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T~exp(µ)

f(t)=           , t≥0   µ>0

F(t)=Pr(T ≤ t)=

E[T] =             Var(T)=

The Exponential Distribution

µe−µt

1 − e
−µt

1
µ

1
µ2

Properties

1) Memoryless (or Markov) Property

2) If                         independent and

Pr T > t + s |T > s( ) = Pr(T > t )

1T , ..., nT

Min 1T , ..., nT{ }~ exp 1µ + ... + nµ( )then

iT ~ exp( iµ )

Pr T ≤ t + ∆t |T > t{ } ≅ µ∆t3)
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The Poisson Process
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0 time1T 2T 3T

iT ~ iid exp λ( )
N(t) = number of events by time t

N(t) is a Poisson Process

N(t)~ Poisson random variable with mean λt

λ = Arrival rate

sup n ≥ 1: 1T + ... + nT ≤ t{ }
=

0 if           

if

1T > t

1T ≤ t

Pr N t( ) = n{ } =
(λt )n e −λt

n!
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1) Customers arrive according to a Poisson Process

λ = arrival rate

2) There is one server

3) Service times are exponential

µ = service rate

4) First-come first-served (FCFS)

5) Infinite waiting room

6) Long-run behavior

M/M/1 Queue
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Pr(departure ) = Pr iD < iB( )= iµ

iλ + iµ

Birth and Death Process
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X(t) = # of customers in a queueing system

t

Continuous time
Discrete State Space = {0,1,2,…..}

iλ ,  i ≥ 0

i
µ ,  i ≥ 1

birth (arrival) rates

death (service) rates

2 independent clocks when in state i
Arrival             Service

iB ~ exp iλ( ) iD ~ exp iµ( )

Holding time in state iiH = =Min iB , iD( )~ exp iλ + iµ( )

Pr(arrival) = Pr iB < iD( )= iλ
iλ + iµ
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Steady-State Solution to Birth and Death Process
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0 1 n-1 n n+1

0λ n−2λ n−1λ nλ n+1λ

0
µ

n−1
µ n

µ
n+1

µ
n+2

µ

Flow Balance Equations:  Flow into state n = Flow out of state n

nP = Steady-state probability of being in state n

0λ 0P = 1
µ

1P

n−1λ n−1P + n+1
µ

n+1P = ( nλ + nµ ) nP

••••••

2
µ

1λ

1

nPn=0

∞
∑ = nπ

n=0

∞
∑ 0P = 1
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n+1P = nλ

n + 1µ nP +
1

n + 1µ nµ nP − n − 1λ n − 1P( )

Steady-State Solution to Birth and Death Process... Continued
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Solution:  
1P = 0λ

1µ 0P

nP = n − 1λ

nµ n − 1P

= 0

nP = 0λ ... n − 1λ

1µ ... nµ 0P ∆ nπ 0PSo:  
0π = 1

nPn=0

∞
∑ = nπ

n=0

∞
∑ 0P = 1 So:  0P = nπ

n=0

∞
∑( )−1
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Solution to M/M/1 Queue
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M/M/1 Queue = Birth - Death Process with nλ = λ , nµ = µ

ρ =
λ

µ
= utilization rate

nP =
nρ

0P If ρ < 1

nP = Pr(n customers in system) = nρ (1− ρ)

~ geometric distribution

L = E number of customers in system[ ] =
ρ

1 − ρ

0P =
nρ

n=0

∞
∑( )−1

= 1 − ρ  
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Little’s Formula
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W = Steady-state mean waiting time in the system

Little’s Formula:  L = λW

W =
1

µ 1 − ρ( )
 for M /M / 1

qL =  steady - state mean number of customers in queue

qW =  steady - state mean waiting time in queue

qW = W − 1
µ

=
ρ

µ(1 − ρ)
for M/M/1

qL = λ qW =
ρ

2

1 − ρ
for M/M/1

• Generalization of Model M/M/c System
• c identical serves in parallel, each with service rate µ
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Approximations for Single-Station Models

M/M/c qW =
2(c+1)−1ρ

cµ(1 − ρ)

G/G/1 scv =  squared coefficient of variation =
Var

mean2

= 1 if exponential

a
2c =  scv of interarrival time distribution   

s
2c =  scv of service time distribution   

qW = a
2c + S

2c
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

ρ
µ(1 − ρ)

G/G/c qW = a
2c + S

2c
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

ρ 2(c + 1) − 1

cµ(1 − ρ)
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