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ABSTRACT

For guided wave propagation in boreholes, perturbation theory is used to calculate
(1) the partial derivative of the wavenumber or frequency with respect to an elastic
modulus or density, (2) group velocity, and (3) the effect of a borehole with a slightly
irregular cross section upon the phase velocity. The method, which is developed for
a fluid-filled, cylindrical borehole through a transversely isotropic formation, relates
perturbations in formation properties (i.e., elastic moduli, densities, and interface loca-
tions) and wave properties (i.e., wavenumber and frequency) for guided waves with any
azimuthal order number. Velocity perturbations, which are calculated for three com-
mon cross sections of irregular boreholes, show several general characteristics. The
tube and pseudo-Rayleigh waves, which have no azimuthal dependence, completely
smooth the effects of the irregularity making the velocity perturbation independent
of the wave’s orientation. The perturbations for the tube wave are small because it
is a Stoneley wave, but those for the pseudo-Rayleigh wave are much larger because
the borehole shape affects the multiply-reflected part of this wave. The velocity per-
turbations for the flexural and screw waves are similar in character to those for the
pseudo-Rayleigh wave, but because these waves are directional, they can interact with
the irregularity to amplify or diminish the velocity perturbation.

INTRODUCTION

The continental and ocean drilling programs and the oil industry use logging methods
to determine the in-situ properties of rocks. When acoustic logging is performed, the
guided waves provide information about S-wave velocity, transverse isotropy, fractur-
ing, and permeability. To successfully use these guided waves to evaluate formation
properties, a robust method of calculating a Jacobian and a thorough understanding of
their behavior in actual boreholes are necessary. As part of this effort, we have applied
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Hamilton’s Principle 9

every element is the same. The surface between the layers (i.e., the fluid-formation
interface), which is inside the volume element, is designated ¢, and the surfaces at
the end faces and at infinite radius, which are on the exterior of the element, X°.
(This two-layer model with cylindrical symmetry was chosen because it is appropriate
for the geologic sitfuations which will be studied later. Nonetheless, the equations in
this section are general and can be applied to a model having many layers and any
cross-sectional shape.)

Hamilton’s principle will be derived for the normal modes in a borehole. Although
this principle is well known, reviewing it here is necessary to show which guided waves
can be studied with perturbation theory. The Lagrangian energy density is defined as
the kinetic energy density minus the elastic strain energy density:

1 . 1
L= Spuits ~ Sujicijhulk (1)
in which u; is a displacement and 4; and u; ;. indicate differentiation with respect to
time and space. After integrating £ over a volume element and averaging it over one

period, 7, its perturbation is calculated.

m\ &\ &xhu\ &\ dVv Ab?_|lm:in¢zs »v (2)
u w\ ] u M\ m.m. 1 4

Integration by parts is applied to the temporal derivatives, and Gauss’ theorem trans-
forms the volume integral with the spatial derivatives into another volume integral and
two surface integrals.

t+7T
§ \ dat \ Ve = \ 4V puisdu; [T +
i v Vv
i+ T
\ di I.\ dV (pt; — J.p...q.vmﬁp. + [ dS ?h_.ﬂ.im:s._w
t 14 o

- dSn;7iifu; va
Mo

The stress tensor is 7, and the normal to a surface, n;. The notation, [- T, indicates
the change in the quantity, [-], across an interface with the positive contribution from
the outside surface. By convention, the perturbed displacements are chosen to be zero
at t and {+7 making the second volume integral zero. The third volume integral is zero
if the displacements satisfy the equations of motion. The surface integrals account for
the flux of energy through the internal and external surfaces of the volume element.
The surface integral over X' is zero if the stress and the perturbed displacements
are periodic and satisfy the boundary conditions. The integral over X¢ is zero if the
stresses are zero at infinite radius and the net flux through the end faces is zero. These
conditions are satisfied for normal modes which consist of two traveling waves {e.g.,
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Hamilton’s Principle 11

Lagrangian energy due to the changes in the locations of the interfaces. (The location
of each perturbed interface is specified by moving the original interface a distance, A,
along its normal.) The expressions in the integrands are multiplied and only terms to
first order are kept. Integration by parts is applied to the temporal derivatives and
Gauss' theorem to the spatial derivatives.

t+T ,
\ dt \ Ve =
1 v
tbT 1 . i i
‘\M~ R_ﬁ.\«\.&ﬁ\ Am_bﬁd.ﬁﬂ. - Mﬁ&%&ﬁﬁr»V +\d.\&<.b§s.m§ﬂ. M._.n‘
t+T
,\ di l.\d\&,ﬁ\mbmmlﬂ?mvmﬁm| . dSn;riidu; + M.&.m._”ﬁmﬁh._.mmﬁﬁ.”_w
M ‘e T

+ M.A.m, ﬁlah“_.wI\d‘\&a\mﬂ\m&nﬁﬁmz+\<&d\bE%€§ﬂéﬂ.

1 1
+ \ﬁ\ dv Aw&bﬁnEE - m.m&mnazmzv (7)

Equations 5 shows that the first and second integrals are zero. The third, fourth,
and fifth integrals are zero for the same reasons that they were zero when Hamilton’s
principle was applied to the normal modes. The sixth integral is not zero because the
locations of the interfaces have changed. In Appendix A, its integrand is manipulated
to remove the unknown, éu;, and the result is

+

?.q.ﬂ.\.;.mﬁm_w = _Ib.ﬁ_.q.&ﬁwﬁm_w -+ b:.fﬁmﬁ»ﬂw.&

The first term on the right-hand side accounts for the change in the displacements
between the original and the perturbed interfaces, and the second term for the change
in the normal, —h;;. With these simplifications, the final equation is

i+7T
.\ dt h\ dVéweijcijriert |Em€.\ &H\bﬁmﬁm— =
i Vv v

t+T + +
.\ di{— - dSh _Hh + P.q.ﬂ.u.:wﬁ..._._&l + - dSh; _Eﬁuﬁwﬂﬁ.wl
H t t
+em\ dV 6 puiui H\ dVei;8¢:ie (8)
g Jy &P T g [ GV EGOCMER)

The first and second integrals are associated with perturbations in the wavenumber and
frequency, respectively. The third integral accounts for the change in the Lagrangian
energy and displacements due to the changes in the locations of the interfaces, and the
fourth for the changes in the normal to each interface. The fifth and sixth integrals
account for perturbations in the densities and elastic moduli, respectively.
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Hamilton’s Principle 13
Partial Derivatives

Partial derivatives are calculated by relating perturbations in either the elastic moduli
or density to perturbations in either the frequency or wavenumber. To demonstrate
the procedure, the partial derivative of the wavenumber with respect to an elastic
modulus of the formation will be calculated. Equations 9, 10, 11, 12, 13, and 14 are
substituted into equation 8 which simplifies to the derivative,

61 1If
fe; 2 I8 7

because the frequency, borehole shape, densities and all elastic moduli except ¢; are
constant. This equation is used to calculate the partial derivative of the phase velocity,
v, at constant frequency with é! = —ldv/v. The normalized partial derivative of the
phase velocity is dimensionless and is called the sensitivity,

c; bv ¢ I
vée; 2T

A sensitivity can be interpreted as the percent change in phase velocity due to a one
percent change in an elastic modulus or a density. The formulas for all partial deriva-
tives and sensitivities at constant frequency are listed in Table 1. Partial derivatives
and- sensitivities at constant wavenumber are calculated similarly using éw = iév, and,
for example, the sensitivity due an elastic modulus of the formation would be

e bv ¢ I
v e 2w? Il

Examples of sensitivities at constant frequency for flexural waves are shown in
Figure 2. The transversely isotropic formation was selected to be the Green River
shale whose physical properties are tabulated by Thomsen (1986). The integration
over radius was performed numerically using Gaussian quadrature and was terminated
when the sum converged to four significant digits. A more extensive compilation of
sensitivities in hard and soft formations is given by Ellefsen et al. (1988).

Some simple additions can be used to check the accuracy of the sensitivities. Sum-
ming those sensitivities at constant wavenumber associated with the elastic moduli

gives

>.w H..w ° Cy Ic
§ = ATt LaaTs (15)

1 1 (AT y e .
= = Ard a..wn.
S nATwil9[8 | 8 74y +Wmn s
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Hamilton’s Prineiple 15
Slightly Irregular Borehole

Three steps are required to calculate the phase velocities of guided waves in irregular
boreholes. First, dispersion curves are calculated for a circular cylindrical borehole
for which the radius is close to the average radius of the irregular borehole. Second,
the perturbations in wavenumber due to the irregular borehole wall are calculated
with equation 8. Assuming that the frequency is constant and using 8 = —ldv/»,
perturbations in wavenumber can be related to perturbations in phase velocity:

w IF-T1F

fo= 2 T2
v (w2 I

(18)
Third, these velocity corrections are added to the original dispersion curves. However,
because the corrections are usually small, comparing the dispersion curves for the
circular and irregular boreholes would not be worthwhile. Instead the corrections are
displayed as the percent change in the phase velocity, 100% x év/v.

Test results show that the estimated phase velocities are fairly accurate even for
moderately large perturbations in the borehole wall. For the test, the formation was
chosen to be isotropic and have velocities and density like those for the Berea sandstone.
Exact dispersion curves were computed for two cylindrical boreholes (Figure 4a) with
radii, R and R+e¢R, for which R was 0.1016 m (4.0 in.) and ¢ a scaling parameter. The
difference between the velocities at each frequency is the exact perturbation, which is
shown in Figure 4b for the tube wave. Equation 8 was used to estimate the same
perturbations by changing the location of the borehole wall with h(f) = ¢R, and the
results are shown in Figure 4b. For small changes in radius, the velocity perturbations
are very accurate, but as the changes increase, the perturbations become biased at
moderate and high frequencies. This discrepancy between the exact and estimated
velocity perturbations is also observed with the other guided waves. Based upon
these results, the maximum change in borehole shape, for which equation 8 could give
reasonably accurate velocity perturbations, was assumed to be 10% of the radius (i.e.,
e = 0.10).

Velocity perturbations were calculated for three irregular boreholes which are com-
mon in field situations (R. Siegfried, 1988, personal communication). The irregularities
only depend upon azimuth; irregularities with respect to z were not considered because
the rough borehole would cause scattering (see e.g., Brekhovskikh, 1959 or Bouchon
and Schmitt, 1989). The scaling parameter, ¢, was chosen to be 0.10. The formation
properties are like those for the Berea sandstone, and the borehole radius is 0.1016 m.
The first example is an elliptically-shaped borehole (Figure 5a}, which was created by
perturbing the cylindrical borehole wall with ~(8) = Recos?(8 — ¢). The angle, ¢, is
the orientation of the long axis of the perturbation in the borehole wall relative to the
reference axis for the circular cylindrical coordinate system. The percent change in
the phase velocity as a function of frequency is displayed in Figures 5b and 5c. The
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Hamilton’s Principle 17

(for which n = 1 and n = 2, respectively) can have very large or small averages
depending upon the orientation of the perturbation and its mathematical expression.

The effect of an irregular borehole upon the velocity dispersion is insignificant for
many field situations. In the examples presented here, the velocity perturbations for the
tube wave were always less than wﬁ: and for the other guided waves generally about 5%.
Similar results were obtained for boreholes with radii of 0.0762 m (3.0 in) and 0.127 m
(5.0 in). Although € was chosen to (.10 for these examples, it is usually less than about
0.03 or 0.04 for most field situations (R. Siegfried, 1988, personal communication). By
direct scaling, the expected perturbations would be almost zero for the tube wave and
less than about 2% for the other guided waves. Velocity perturbations of this size are
difficult to detect.

CONCLUSIONS

First order perturbation theory with Hamilton’s principle has been applied to guided
wave propagation in a borehole. The formation was assumed to be perfectly elastic, and
the fluid inviscid. With this method, perturbations in frequency, wavenumber, elastic
moduli, density, and the locations of interfaces can be related. Because Hamilton’s
principle only applies to normal modes, only waves like the tube, pseudo-Rayleigh,
and flexural waves can be studied. )

Using a model with two layers, relations between the perturbations were used to
address three problems in acoustic logging. (1) A method for calculating the partial
derivative of the wavenumber or frequency with respect to an elastic modulus or den-
sity was presented. Normalizing the partial derivatives gives the sensitivities of the
phase velocity with respect to an elastic modulus or density, and the accuracy of the
sensitivities can be checked with some simple additions. The equations for the partial
derivatives and sensitivities for isotropic formations are only a slight modification of
those equations for the transversely isotropic formation. (2) A method of calculating
the group velocity of a guided wave in a transversely isotropic formation was pre-
sented. (3) A method of calculating changes in the phase velocity of a guided wave
due to irregularities in the cross-sectional shape of the borehole was presented.

The effect which three common borehole shapes (i.e., elliptical, egg-shaped, and
three-lobed)} have on the velocities was calculated. Although the velocity perturba-
tions for each shape and for each guided wave are different, several generalization can
be made. The tube and pseudo-Rayleigh waves completely smooth the effects of the
irregularity making the velocity perturbations independent of the wave’s orientation
with respect to the irregularity. The perturbations for the tube wave are very small
because it is a Stoneley wave, but those for the pseudo-Rayleigh wave are much larger
because the irregularities affect the multiply-reflected part of this wave. The pertur-
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Hamilton’s Principle 21

The traction, T;, will be used to simplify the derivation for a frictionless interface.
Because the traction is normal to the interface,

[Ti6us]t = [nyTynibus)t . (A —8)
Equation A-4 is substituted into the previous equation:

Eﬂ.m:,«.“_w = Tt.@..h.ﬁrﬁu.,.m -4 Fa.ﬁu.ﬁ.mm.ﬂ+ s TP — wv

and the traction is replaced by the normal component of the stress:

_”3‘4..__..}.%5_% = ﬁlmﬁm.ﬂ.mﬂ\wﬁm.» -+ Fﬂ.ﬁmﬁmﬁwﬂwL;‘ . ALP — Hou

On a welded interface, this equation would reduce to equation A-7 because the last
term would be zero. Therefore, equation A-10 holds for all interfaces.

APPENDIX B

The equations for the displacements associated with a normal mode in a fluid-filled
borehole through a transversely isotropic formation are presented in this appendix.
These equations are based upon the expressions which Tongtaow (1982) derived for a
travelling wave in a borehole with a tool.

The displacements have this general form:

up(r,8,2,t) = W. ﬁﬁﬂ?vmtu + QW?.vml.i cos(nf) cos(wt)
up{r,8,2,t) = W ?@?vmzn + Qw?umI:A sin(nf) cos(wt)
wa(r,8,2,8) = w [U(r)e + Uz(r)e™] cos(nb) cos(ut) - (B-1)

In the circular cylindrical coordinate system, r is the radial distance, z the axial dis-
tance, and # the azimuth. The axial wavenumber is I, the azimuthal order number n,
and the radian frequency w. The functions for the radial dependence of the displace-
ments in the fluid are ’

U(r) = Am THQ,HLSHJ + HaiﬁSHﬁL
Us(r) = 1&.:&33
Usr) = Avill(mar) (B-2)
and in the formation are
Un(r) = —Ayma(1 +ild) T ENE??E + Ri.:swé_ +
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in which R is the borehole radius. The sum of the two integrals over radius will be
designated I'.

The integral associated with a perturbation in frequency is

t+T oo
[ at [ aveus =2 [Tarep (0P + W +10.P) , (C-2)
1 V4 4 0

for which the integral over radius is designated I¥.

Two integrals are associated with perturbations in the boundary locations. To
write these two integrals, this notation will be helpful:

27

I = df cos*(nd)h (C-3)
o
27

Iy = d@ sin®(nd)h (C-4)
0 .
2ar dh

Is = df cos(nd)sin(nf)— (C-5)
0 dé

in which h is only a function of azimuth. The first integral is

i+T
.\ &m.\ dSh ﬁ.ﬁ + 3«3@3»@%L+ = ._P|U1X mOumv
¢ o - 4

27 p? ([UL(RIP Lo + o R)P s + 0B L)}

—5B{exs B (R)P + | Bua (RP +

2|E;+(R)|| Bas( )| cos(arg Err(R) - arg Eso(R))| Lec +
3 |2\ Bry (R)||Exe(B)| cos(arg Ery (R) - arg Ezs(R)) +

2| Egp(R)|| Ee(R)| cos(Egg(R) — arg Ee(R))] Lec +

¢2a | Bus(R)*| Lec + cas [4]Bo(R)PLos + 4| Bro B Lee] +

oo [41Es0(R) Loy — 41 By || Eno( 1)) cos(arg Err(R) — axg Eoo(R)) ] W
t%: Er+(R)? + |Ers (B)|Eao R)| cos(arg Err(R) - arg Eso(R))|Zec +

13 || Ere(R)|| B=z (R)| cos(arg Erp(R) — a1g Exs(R))| Lec +
+
Ce6 mlm_.ﬂ.aﬁmv:ﬁ%mmum cos{arg B, (R) — arg @mmmmui Hnnv )

and the expression delimited by the brackets, [-]T, is designated I}*. The second integral
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Partial Derivative

Quantity of Wavehumber Sensitivity
: : s _wtIf pysv _ ppwv iy
fluid density 7= T 7 S il
. . 6l w? I? s 6V pswu I?
formation density Bor = Ew....ﬂ. mdlm_bm = — .ww 1.%.
fluid elastic modul 8 _ 1D Abv AT
14 elastlc modaulus &.‘Y.ﬂl M.m. ﬁ&..ﬂlwm‘w.
. . &l 1r% e; 6o c; IS
formation elastic modulus 5o = IM.%‘ rv e mlmw.

Table 1: Partial derivatives and sensitivities at

constant frequency for guided waves in

a fluid-filled borehole through a transversely isotropic formation.

Partial Derivative

Quantity of Wavenumber Sensitivity
o _MD o b _ NI
&f bay Io.qw.“. v bay | Hmm.
N 61 _ st 2p [ A TP+ I o bv A+ 2u, I + I3 4 I
s bo, oy Fil v bo, { I
Q &.m _ liﬁ.&,...“.»» !T .N‘.mn.mm —_ M.N..Mu.w mm.!mmi _ mlhw.w‘.mmﬁ l_l .N..Mmm — M.N..Mu.w
Ny 685 Bs I v of, ! I

Table 2: Partial derivatives and sensitivities at constant frequency for guided waves in
a fluid-filled borehole through an isotropic formation.
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Figure 2: Velocity sensitivities at constant frequency for a flexural wave in the Green
River shale. ’
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PERTURBED SHAPE
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Figure 4: (a) Cross sections of two circular cylindrical boreholes with radii £ and
R + ¢R. These models were used to test the accuracy of the velocity corrections.
(b) Percent change in the phase velocity of the tube wave for ¢ = 0.05, 0.10, and
0.20. The solid line is the exact change, and the squares the change estimated with

perturbation theory.
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PERTURBED SHAPE
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Figure 6: (a) Cross sections of the egg-shaped borehole and the original, circular

borehole. (b) Percent change in the phase velocity of the tube, pseudo-Rayleigh,
and screw waves due to the perturbation in the borehole wall. (c) Percent change
in the phase velocity of the flexural wave for three orientations of the perturbation.
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