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ABSTRACT

A commonly used model for a transversely anisotropic crack rock is that by Hudson
(1980, 1981). This model is based on a simplified analysis of a thin circular crack, with
displacement and stress conditions specified on the boundary. These papers have a
second order correction in addition to the first order term in porosity/crack density. In
this paper we compare the results of Hudson with those of Anderson et al. (1974) and
Cheng (1978) using the long wavelength static approximation and the ellipsoidal crack
model first proposed by Eshelby (1957). We showed that the Hudson model and those
based on the complete Eshelby theory agree for small aspect ratio cracks and small
crack densities, as expected, provided the weak inclusion version of Hudson's model
(1981) is used. For larger crack densities but small aspect ratios, Hudson's first order
term agrees with the Eshelby solution. The expansion in the second order term in crack
density is an asymptotic series and not a uniformly converging series. Thus there is no
general statement one can make about the accuracy of the second order expansion that
is valid for a variety of situations. A new expansion based on the Pade approximation is
proposed which is identical to Hudson's expansion up to second order in density. This
expansion avoids some of the problems associated with Hudson's second order expansion
such as increasing moduli with crack density at relatively small crack densities.

INTRODUCTION

Crack induced anisotropy is of extreme importance in a large number of geophysical
applications ranging from earthquake prediction to petroleum and geothermal explo
ration. The concept of shear wave splitting through a cracked or fractured medium is
widely accepted and is seen to be diagnostic of such a medium. Furthermore, given
the observed shear wave splitting and velocity anisotropy, one can attempt to obtain
crack or fracture parameters such as crack density by the use of a crack model. The
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commonly used crack induced seismic anisotropy model is that of Hudson (1980, 1981),
which is based on a scattering formulation for very small aspect ratio (thickness over
length) cracks. In order to better understand quantitatively the limits and accuracy of
this model, we will examine the Hudson model closely in this paper, especially in com
parison with the first order static model of Anderson et al. (1974) and Cheng (1978)
derived directly from the Eshelby theory, without the limitation of small aspect ratio
cracks. We will also examine the issue of the second order term in the expansion of
the effective properties (seismic velocities) in terms of the crack density. This study is
done with an emphasis on the implications to the interpretation of crack density and
saturation in seismic anisotropy observed from field data.

It is well known that at higher crack densities, the second order term in Hudson's
expansion begins to dominate over the first order term, causing the effective moduli
to increase instead of decrease with increasing crack density. This point can come
at relatively small crack densities (about 0.19 for the compressive moduli with empty
cracks). The whole idea of having a higher order expansion is to try to extend the
first order theory to higher crack densities. However, because of the nature of the
expansion, this is not possible under the present form. By examining this nature and
by comparison with a well known exact solution for isotropic spherical cavities, we
propose a new expansion based on the Pade approximation. We demonstrate that this
expansion is monotonically decreasing with crack density for all crack densities and is
identical to the Hudson expansion up to the second order in crack density. We suggest
that this new form should be more accurate to a higher crack density.

THEORY

For a transversely anisotropic material with the axis of symmetry the 3-axis, the five
independent elastic constants are usually represented by Cll, C13, C33, C44, and C66, cor
responding to the terms Cllll, C13I3, C3333, C2323, and CI2I2 in the fourth order tensor
notation. For the respectively compressional and shear wave velocities, the solutions of
the wave equation are given by (Love, 1927):

2pv2 = Cllsin28 + c33cos211 + £:14

±)(Cll - c44)sin28 - (C33 - c44)cos28)2 +4sin28cos28(C13 + C44)2 (1)

where p is the effective density of the medium, v the velocity. The + sign corresponds
to the quasi-P wave, the - sign the quasi-SV wave. The incidence angle q is measured
from the axis of symmetry (3-axis). For the quasi-SH wave, its velocity is given by:
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pv2 = C66sin29 + c44cos29.
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(2)

The problem now is to find the effective e;;'s for a circular or ellipsoidal crack of
radius a imbedded in an isotropic background medium. The crack is assumed to have
an axis of symmetry along the 3-axis. With the effective e;;'s found, the corresponding
p- and S- wave velocities as a function of crack parameters and incidence angles can be
easily calculated. In the next sections we will outline the two crack models under study
in this paper.

Eshelby's Model

Eshelby (1957) developed an exact solution of strain inside an ellipsoidal inclusion in
an isotropic matrix under applied constant stress or strain. It is a static solution. From
this we can get the effective elastic moduli by considering the potential energy of the
total system with volume V under a constant applied strain eA :

(3)

where Ein, is the change in the energy due to presence of the crack. It is given by

(4)

ef is called the "stress-free" strain of the inclusion. It is the strain necessary to restore
the inclusion to its original form under the applied strain e1. It is related to the applied
strain through a matrix which is a function of the volume of the inclusion and the aspect
ratio of the inclusion, as well as its elastic properties. Yin' is the volume of the inclusion.
The upshot is that

(5)

where <t> is the porosity. Anderson et al. (1974) presented a calculation of velocity
anisotropy as a function of saturation, porosity and aspect ratio of an ellipsoidal crack
based on the Eshelby formulation. Cheng (1978) gave the complete explicit form for
the coefficients el; . The terms are given in the Appendix.
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Hudson's Model

Cheng

Hudson, in a series of papers (Hudson 1980, 1981), developed a second order expansion
for the effective moduli of a crack-induced transversely isotropic medium by means of a
scattering approach. Very small aspect ratio cracks were assumed. The results can be
expressed in the following form:

*_0+1+2
Ci; - Ci; Ci; Ci; (6)

ct; are the effective elastic moduli, c?; the background moduli, cl; the first order correc
tion, and cr; the second order correction. The background moduli are given by:

0
cg3 =,\ + 2J.LCll =

0 ,\C13 -
0 = 0 (7)c44 C66 = J.L,

where '\, J.L are the Lame constants. First order corrections are given by:

1
,\2

Cll = --€U3
J.L

1 ,\(,\ + 2J.L) U
C13 - € 3

J.L
1 =

(,\ + 2J.L)2 U
C33 € 3

J.L
1 -J.L€U1C44 =

and

and second order corrections are given by:

o·, (8)

2 = q ,\2 (U)2
cll 15,\ + 2J.L € 3

2 !L,\(€U )2C13 - 15 3



where

Anisotropic Crack Models

2 l
q
5 (.>. + 2J.!)(EU3)2C33 =

2 2 J.!(3'>' + 8J.!) (EU )2C44 = 15 .>. + 2J.! 1

and 2 O·CBB = ,
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(9)

(10)

E = crack density = 43¢ , 0< = aspect ratio = minor/major axis of ellipsoid, and U3 and
11"0<

U1 are to be defined for various inclusions. For fluid-filled cracks, Hudson (1980,1981)
gave the following expressions for U3 and Ul:

U3 0

Ul
16('>' + 2J.!)

-
3(3'>' + 4J.!)

For dry cracks, the expressions are:

U3 =
4('>' + 2J.!)
3('>' + J.!)

Ul =
16('>' + 2J.!)
3(3'>- + 4J.!) .

(11)

(12)

In addition, Hudson (1981) provided expressions for ''weak'' inclusions. For fluid
filled cracks, these expressions become:

U3
4('>' + 2J.!) 1

=
3('>' + J.!) (1 + K)

Ul =
16('>' + 2J.!)

(13)
3(3'>' + 4J.!)'

with
K _ "'t('>' + 2J.!) (14)

- 1I"0<J.!('>' + J.!)'
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where K,f is the bulk modulus of the fluid. These are derived using simplified versions
of Eshelby's (1957) equations.

NUMERICAL EXAMPLES

In this section we compare the results from the complete first order expansion based
on Eshelby's theory and those of Hudson. Since Hudson used a small aspect ratio
assumption, it is important to know when this breaks down. We should point out
that the formal limit quoted by Hudson is for crack densities less than 0.1 (or a crack
porosity of about 0.42 times the aspect ratio) for both first and second order terms.
However, in practice, many authors had pushed the application to beyond the formal
limit, especially for the second order expansion. It was assumed by many authors that
the second order expansion allows for the extension of the validity of the theory to a
higher crack density. In fact, the whole idea of having a second order expansion is for
precisely that reason, since rocks in the earth tend to have higher crack densities. It
should be pointed out that the formal limit for the exact Eshelby based theories is for
a crack porosity equal to the aspect ratio, or equivalent to a crack density of 0.24.

Fluid-filled Cracks

The first comparison is for the fluid-filled crack model. Figure 1 shows the velocities
for the quasi-P, quasi-SV, and quasi-SH wave as a function of incident angle (measured
from the axis of symmetry) for both Hudson and Eshelby. In this case, Ua = 0 for the
Hudson theory and all the changes in the quasi-P wave velocities come about through
the changes in the shear modulus term. A crack porosity of 0.005 (crack density of 0.12)
and an aspect ratio of 0.01 are used. The background material is a Poisson solid, with >.
= J1 = 39 GPa, with water-saturation and a fluid bulk modulus of 2.2 GPa. As seen in
the figure, the differences in the two results are significant. This difference is due to the
assumption used by Hudson that the fluid saturation does not affect the compressional
moduli, which is only true for an infinitely thin crack.

Weak Inclusions (Including Dry Cracks)

Figure 2 shows the same situation as Figure 1 except now the weak inclusion formulation
is used instead of the fluid-filled crack assumption. The first order theory of Hudson is
used to compare with the first order expansion of Eshelby. The two results are almost
identical. Figure 3 shows the results for the dry crack. All other parameters remain
constant. Again, the results of the first order theory of Hudson agree well with those
from the more complete theory of Eshelby. We thus can expect that for aspect ratios
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less than or equal to 0.01, the first order weak inclusion theory of Hudson is essentially
the same as the much more complicated complete expansion of Eshelby's theory.

Large Aspect Ratio Cracks

Figures 4 and 5 show the result for water-saturated and dry cracks with aspect ratio of
0.1. All other parameters remain the same as in the previous figures. The crack density
is held at 0.12. As we can see from the figures, the difference between the first order
Hudson theory and the Eshelby expansion is a little more than for smaller aspect ratio
cracks. This difference is expected since the Hudson expansion is specifically for small
aspect ratio cracks.

Second Order Hudson Theory

By using a scattering approach, Hudson (1980) developed the second order expansion for
the effective moduli for rocks with crack-induced anisotropy. Figures 6 and 7 compare
the effects of Hudson's second and first order expansions for water-saturated and dry
cracks. The weak inclusion formulation is used for the water-saturated crack. The
other parameters are the same as those used in Figures 2 and 3. The overall effect of
the second order term is to reduce the degree of crack induced anisotropy. Although
the second order corrections for the water-saturated crack case are small, those for the
dry crack case are quite significant, especially for the quasi-SV wave.

In order to understand the relative behavior of the first and second order expansion
for the Hudson model, we take a closer look at the equations. We must first keep in
mind that the expansion in terms of small crack densities is an asymptotic expansion.
Mathematically this means that the expansion is approaching the true solution faster
for the second order than for the first order expansion as crack density approaches zero.
It does not guarantee that the second order expansion at higher crack densities is better
than the first order. To see this consider the following example for dry cracks in a
Poisson solid: with A = J.L we have the following values for the various terms:

Us
16

= 2, Ul = 7' q = 58

1 12
cn --EUs = -2AE

J.L

2 q A2 2 232 2
Cn - 15 A+ 2J.L (EUS ) = 45 AE

cit o 1 21- cll + cll + c1
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232
= 3A - 2Af + 45 Af2

116
- 3A - 2Af(1 - 45 f). (15)

This means that the second order term completely cancels out the first order term when

45
f = 116 '" 0.39. (16)

Worse yet, it implies that ch as a function of crack density will have a turning point,
i.e., cit will increase instead of decrease with crack density, at

45
f = 232 '" 0.19. (17)

All other moduli have similar behavior. Figure 8 shows the plot of normalized
moduli for the first and second order expansion as a function of crack density for a dry
rock. The effective moduli are normalized with respect to the background moduli. The
turning points discussed above are clearly demonstrated.

It is only fair to point out that the formal limit of validity for Hudson's expansions
are for crack densities less than 0.1 (Hudson, 1980, 1981). Within this limit, the second
order expansion is well behaved. However, this limit is usually ignored, even by the
original author (e.g., Hudson and Crampin, 1991). Moreover, the idea of a second order
expansion is to try to extend the theory to high crack densities. Clearly, in the present
form, this is not achieved, at least for dry cracks. This is because the expansion is
asymptotic in crack density and is of alternating sign. The series diverges at relatively
low crack densities. It is invalid for crack densities as least as low as 0.19 in dry cracks,
probably lower.

PROPOSED NEW SECOND ORDER MODEL

In order to get around the difficulties encountered with the turning point and a diverging
series, we look for an alternative expansion to the effective moduli. We look to the more
basic expressions for a form for the expansion. A well known example is the effective
moduli for empty spherical pores in a solid. MacKenzie (1950) had developed the exact
solution for the effective bulk modulus of such a material:

/;,* 1 - ¢
= ---;0-'-,

/;, 1 + 3/;,¢
4J.L

(18)



Anisotropic Crack Models 203

where /<;* and /<; are the effective and background bulk modulus, respectively. The first
order solution in terms of porosity is given by:

/<;* (3/<;)-=1-¢ 1+- ,
/<; 4/1-

and the second order expansion by:

(19)

(20)

Figure 9 shows a plot of the normalized bulk modulus as a function of porosity for
the spherical pores for the exact, first order and second order solution. The shapes of
the first and second order curves are very similar to those for the anisotropic moduli
shown in Figure 8. The expansion in a power series form is of alternating signs and is
divergent. However, the exact solution is well behaved, all the way up to a porosity of
1. We take note of the form of the exact solution given in eq. (18) and thus propose a
new second order expansion for the anisotropic model. Instead of expanding:

we model after the form of the exact solution for the spherical inclusions and expand in
a Pade approximation, namely:

* a l-aE
c··=C;·--

'J J 1 + bE· (21)

This expansion can be made to be identical to Hudson's model up to second order in
crack density E by setting:

and

(22)

Figures 10 to 13 show the comparison of the proposed model with the first and
second order expansions of Hudson for water-saturated and dry rock. The parameters
are the same as in Figures 2 and 3. The new expansion falls between the first and second
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order expansions of Hudson. As a matter of fact, it can be shown that this is always
the case even for large crack densities (less than 1). Moreover, the expansion appears
to be monotonically decreasing with crack density, thus it is more physical and avoids
the problem of the second order expansion outlined above. Perhaps the most important
point is that mathematically it is as valid as Hudson's second order expansion since the
coefficients in the Pade expansion are chosen so that they match Hudson's. By using
the Pade form, this new model has implicit higher order terms in crack density than the
second order power series expansion. These higher order terms, in particular the third
order, while they may not be the exact terms obtalned from a more formal calculation,
are at least of the proper sign. This new expansion thus has all the rigorous validity of
the power series expansion while avoiding its divergent behavior.

CONCLUSIONS

In this paper we did a close examination of Hudson's model for crack induced seismic
anisotropy. We found that Hudson's first order corrections agree with Eshelby's first
order complete expansions for cracks with aspect ratio of 0.01 and less, provided the
weak inclusion formulation is used for the former in the case of fluid saturation. As
expected, Hudson's first order results depart from the complete expansion of Eshelby's
theory for larger aspect ratios. In addition, Hudson's second order term does not nec
essarily extend the validity of the expansion to higher crack densities. In fact, this term
is shown to break down at quite low crack densities. This is not surprising considering
the asymptotic nature of the expansion.

A new expansion based on the Pade approximation is proposed. This expansion is
identical to Hudson's up to the second order in crack density but avoids the problem
of divergence at higher crack densities. Because of its implicit inclusion of higher order
terms, this expansion should be applicable to higher crack densities than the existing
model, although, just as in the case of the existing theories, the formal limits of validity
are very difficult to establish.
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APPENDIX

The effective moduli for fluid-filled ellipsoidal crack (of aspect ratio a, porosity 1, and
axis of symmetry the 3 axis) induced seismic anisotropy using the complete Eshelby
expansion are given by (Eshelby 1957; Cheng, 1978):

where

1 =C11

1 =C33

1 =C13

1C44

1 =C66

'( + 1) + 2J.L(833811 - 831813 - (833 + 811 - 2C - 1) + C(831 + 813 - 811 - 833»
" 831 - 833

D(812 - 811 + 1)
(,\ + 2J.L)( -812 - 811 + 1) + 2'\813 + 4J.LC

D

(,\ + 2J.L)(813 + 83ll - 4J.LC + '\(813 - 812 - 811 - 833 + 2)

2D

1 - 281313

J.L
1 - 281212

with

D =

811 =

833

812 =

813 =

831 =

81212

81313

C

833811 + 833812 - 2831813 - (811 + 812 + 833 - 1 - 3C) - C(811 + 812 + 2(833 - 813 - 83Il)

Qlaa + RIa

Q(~ - 2Iac(
2

) + IeR

Qlab - RIa

Qlaca 2
- RIa

Qlac -Rle

Qlab + RIa
Q(l + ( 2)Iac R(Ia + Ie)

2 + 2

K-f

and
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lac
Ie - Ia

3S2
a

l aa
3Iac

- p--
4

lab
l aa-
3

31<; - 2J1-(1 = 61<; + 2J1-

Sa V1-a2

R
1- 2(1

871"(1 - (1)

Q
3R

= 1- 2(1
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Figure 1: Comparison of quasi-P, quasi-SV and quasi~SH velocities as a function of
angle for Hudson's fluid-filled crack model and Eshelby's model. The background
medium is taken to be a Poisson solid with oX = p, = 39 GPa. The bulk modulus of
water is taken to be 2.2 GPa. The crack aspect ratio is 0.01 and the crack porosity
0.005.
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Figure 2: Same as Figure 1 for Hudson's first order weak inclusion model and Eshelby's
model. The cracks are water-saturated.
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Figure 3: Same as Figure 2 for dry cracks.
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Figure 4: Same as Figure 2 for crack aspect ratio of 0.1 and crack porosity of 0.05.
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Figure 5: Same as Figure 3 for crack aspect ratio of 0.1 and crack porosity of 0.05.
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Figure 10: Comparison of first order, second order, and Pada expansion for normalized
C44 for saturated cracks. For Cll and C33 there is little difference between the three
expansions,
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Figure 13: Comparison of first order, second order, and Pade expansion for normalized
C44 for dry cracks.


