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ABSTRACT

Let T be a tree. It is well known that the coefficients of the
characteristic polynomial (CP) of the adjacency matrix of T can be
expressed as the number of matchings of different sizes in T. Graham
and Lovasz have shown that a similar result is true for distance
matrices, although matchings must be replaced with forests of a
certain number of edges. We prove a generalization of their theorem
for trees with weighted edges.

Another theorem of Graham, Hoffman and Hosoya says that the
determinant of the distance matrix of any graph can be computed by
looking only at the 2-connected pieces of the graph. We consider the
weighted case and present a possible approach for paths to proving a
conjecture of Graham®°s about the unimodality of the coefficients of
the CP of the distance matrix of a tree. -

In the final section, we factor the CP of the distance matrix of
the full binary tree into factors with degrees less than log n, where n
is the number of vertices of T. This factoring generalizes to full
k-nary trees. The factors satisfy an easy recursion, and define the CP
of the infinite binary tree. The factoring depends on the automor-
phisms of the binary tree, but we can produce factors for any tree
with a non-trivial involution.
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STANDARD MATHEMATICAL INTRODUCTION

Trees probably don't need an introduction to those of you reading
this, nor is it likely that you need to know what they are or why they
are interesting. Trees are connected graphs without cycles, and they
form one of the most basic classes of examples in graph theory. Trees
are 2-colorable, have no sneaky properties that come from allowing
graphs to have lots of very closely interconnecting edges, and, in
general, are very well behaved. However, in our efforts to understand
the wonderful constructs called graphs, we still are so unknowledge-
able that we don't even understand trees.

Some efforts have been made to classify trees using polynomials,
wvhere, ideally, we havé a unique polynomial with degree n for every
tree on n vertices. All attempts so far have failed. The particular
cases that I am interested in involve the adjacency matrix and the
distance matrix of trees. Now the adjacency matrix of a graph on n
vertices with vertex set vi, VZ""’ Vn’ is an nxn matrix with
entries of 0 and 1; the 1Jth entry is 1 if vi and vJ and adjacent,
and 0 otherwise. The adjacency matrix of a graph characterizes the
graph; therefore it was hoped that the characteristic polynomial of
the adjacency matrix would characterize trees.

After two trees were discovered that disproved that idea, other
aspects of the adjacency matrix were investigated, including its
spectral radius (largest magnitude of an eigenvalue) [CSD]. Another
attempt led to the consideration of the characteristic polynomial of
distance matrices. The distance matrix of a graph on n vertices with

vertex set v

1 VZ’ TR A is an nxn matrix with the 1jth entry the



distance between v, and v,. However, a computer search discovered

i J

two non-isomorphic trees with identical distance matrix characteristic
polynomials. £ﬁ a recent paper, McKay eliminates most polynomials
classically associated with trees as characterizing trees [McK1.

Distance matrices remain something of a mystery. While successive
powers of adjacency matrices count the number of paths between any two
vertices, successive powers of the distance matrix seem to reveal no
information. The coefficients of the characteristic polynomial of the
adjacency matrix count matchings in a tree, while the same coeffici-
ents in the distance matrix count certain obscurely labelled subfor-
ests [G&L] (Section I). However, as will be shown in this thesis,
the characteristic polynomial of the distance matrix of a tree factors
according to its automorphism group. In particular, the characteris-
tic polynomial of the complete binary (and k-ary) tree has an
explicit decomposition (Section IV).

The original questions I worked on involved generalizing some
distance matrix theorems about trees to trees with weighted edges
(Section II). It was hoped that weighting the edges would give some
insight to the contribution of a single edge to the coefficients of
the characteristic polynomial of the distance matrix of a tree. In
fact, the contribution of a leaf can be isolated. Since a tree can be
decomposed by removing one leaf at a time, it is possible, although
time consuming, to build up the characteristic polynomial this way.

A lovely result about the determinant of the distance matrix of
any graph is due to Graham, Hoffman and Hosoya. It states that the

determinant can be computed using only the 2-connected pieces of the



graph. In Section III, we attempt some generalizations of their
theorem, most of which are disappointingly dull. However, it might be
possible to prove Graham's unimodality conjecture (Conjectures V) for
paths using this approach.

We conclude this introduction by mentioning what we believe to be
the most interesting problem and conjecture still open. The problem is
to try to factor the characteristic polynomials of distance matrices
of other classes of trees than the binary trees. Since binary trees
have so much symmetry, the automorphism group method of factoring the
characteristic polynomial gives a lot of information. Other classes
of trees probably will not respond with the same wealth of detail, but
some common factors for common subtrees may be found. The most
interesting open conjecture is whether binary trees are characterized
by their distance matrix éharacteristic polynomials. We know that
trees in general are not determined by their characteristic
polynomials, but it seems unlikely that another tree could imitate the
binary tree so well as to produce the same number of similar factors
as the ones found in Section IV. If the binary trees are
characterized by their characteristic polynomials, it would be
interesting to know other classes of trees that are characterized by

their polynomials.
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Section 0

For those who may not be completely familiar with graph theory
terminology, we present a few definitions. Please be sure to read the
last paragraph, since in it we define notation used throughout the
text. For a more thorough discussion of basic graph concepts, we
recommend [Al. A directed graph G is defined to be a (finite) set of
vertices V(G) along with an edge set, E(G), which is a subset of
V(G)xV(G). An undirected graph (usually just called graph) is an
vertex set V(G) and an edge set E(G) which is a subset of all
unordered pairs of vertices in V(G). The degree of a vertex is
defined to be the number of edges it is contained in. If a vertex is
in an edge e, it is said to be adjacent to e. If two edges share a
common vertex v, they are said to be incident at v.

A walk of length r from vertex v, to vertex v is a sequence of

1 r+i

,vr}, {vr,v }. G is connected if

edges, {vi,vz},{v r+l

Y, ..., {Vr-1

23
for every pair of vertices u and v, there exists a walk from ﬁ to u.
A cycle is a connected graph with every vertex of degree 2. A forest
is a graph that contains no cycle and a tree is a forest that is
connected. A path is a tree with every vertex of degree (2. The
distance between two vertices in a graph is the length of the shortest
path between them.

A leaf is an edge in a tree that contains a vertex of degree 1. A
component of a graph is one of its connected pieces. A graph is said
to be k—comnected if there exist k vertices whose removal disconnects

the graph, but the removal of any k-1 vertices does not disconnect the

graph. Note that a tree is always i-connected. A k-matching is a



_11_

graph with k edges, no pair of which are incident with no isolated
vertices.

We define standard symbols used throughout the text. For any matrix
M, let CP(M) be the characteristic polynomial of M. Label the vertices

of a tree T with Vi’ VZ’ ey vn, and let D(T) = (diJ) = the distance
matrix of a tree, with d1j = the distance from vertex vi to vertex v..
Let A" + dn_zx“'z + ...+ do be the characteristic polynomial of D(T),

CP(D(T)). Let A(T) = (61 ) be the weighted distance matrix, i.e. let

J

the edges of a tree be labelled with xi, xz, cees xn_1 and 61] be the

sum of variables from the x 's on the shortest path from vertex v, to

i i
_ 4N n-2 _ _
vertex vJ. Let CP(A(T)) = X\ + sn_zx + ...+ 60 . Let A(T)—(aiJ)-

the adjacency matrix of a tree, with aij=1 if vertices vy and vJ are
adjacent and 0 otherwise. Let A"+ an_zxn—z ... tag be CP(A(T)).



Section I

It is well known that the coefficients of CP(A(T)) satisfy: [CDS]
a_x =/ (—1)n+k/2L(k/2) if k is even,

0 othervise

where L(i) = # of i-matchings in T. Graham and Lovész, in [G&L1,
investigate the coefficients of CP(D(T)), and show that the coeffici-
ents of the distance matrix satisfy a similar, although somewhat more
complicated property.

Graham's and Lovasz's result can be stated as:
Theorem 1 Let T be a tree. Then dk(T) = (_1)n-12n—k-2§: A; N?(T).
where T has n vertices, F ranges over all forests with i-1,k,k+1 edges
and no isolated vertices, and Ag are integers depending only on F and
k, and N.(T) is the number of forests F contained in T.

F

The coefficients Ag

construction of the tree. My first result is a generalization of this.

can be written down explicitly in terms of the

Let the edges of a tree be labelled with xi,xz,...,xn_1

the weighted distance matrix A(T) is now a sum of variables from the

n
set of x,'s. Let CP(A(T))=Z aku')xk.

i
k=0

so that &6, . in
ij

_ (_ayn—1,n"k-2 k
Theorem 2 §,(T) = (1) "2 ”xi{ ZZJF}
1 F LF

where LF is a labelled copy of F in T and A: is the weighted version

of the A's. The 4%

F's and Ag's will be defined at the end of the

following proof.
This theorem reduces to Theorem 1 when all the xi's are equal to 1.
The same explicit construction of the Jg can be given. We now proceed

to give the proof of Theorems 1 and 2, by using a complicated label-



ling of the forests F contained in T. This proof is a straightforward
generalization of the proof for the unweighted case in (G&L1. Much of

the wording is taken directly from [G&L]1; the whole proof is given for

completeness.

EXAMPLE Let P2 = 0_0_o0 - Then CP(A(PZ))= -x3+2x, CP(D(PZ)) =

-x3+6x+4 and if the weighted version of P2 = o *4 o *2 o, then
_ 23 2 2

CP(A(PZ)) = <=\ + ZX(x1 + XX, + xz) + inxz(x1 + xz)

PROOF OF THEOREMS 1 AND 2
The plan of the proof is fourfold:
1. The inverse A_1 of A=A(T) is found.
2. We can use the relationship between the characteristic polynomial
of a matrix and the characteristic polynomial of the inverse of the
matrix to find CP(A(T)) in terms of CP(A -(T)).
3. The terms of the determinant expansion of A—l-XI are interpreted
as counting the occurrences of‘certain labelled forests F in T.
4. The contribution each forest makes is determined.

Let us label the tree T as follows: Label the vertices Vi’VZ""'vn
and let the first edge on the unique path from vy to v, be labelled

1

with x, _, for 2¢i¢n-1. Let us define the nxn matrix B by

0 X; Xq, sas Xn-|
X =1 O v 0

% - Xq_ (9] "’23‘7' Y (>
1) [y . ~ Al

' [} \ ~ < :

: ¢ . 0

¥py O 0« - 072%,,

Let N=(nij) be the nxn matrix defined by nyy = 1 if d1j= d,,* d1J



and 0 otherwise. Thus n, .=1 iff the unique path from v, to v, contains

ij 1 J
vy Note that gy =My = 1 for all 1i.
Lemma 1 A=NTBN
Proof of Lemma 1: Note that BN = (cij) where c1j = 613 for 1< j<n and

_ _ T
Cij' xi_i(l Znij) for i32. Multiplying by N, we get that

Ton - ' a )
N'BN = (c} E: 1ckJ \ ny 8y 4* z: My Xpmg (1720 ) I
n n
Now Z:znkixk 1(1 Zn E: nki k-1 Z:Zaninkak_i. But

0 if nij=nJ1=0

n n
) MiXg-1 = 844 and ) M1k ¥k-1 = 1 611 1f ny5=1
k=2 k=2

613 if n31=1
Hence (c‘ ) = (8, ).
¢ "% 1]
Lemma 2 N_1= (v, ), where v, = I 1 if i=j
1) i} -1 d;,;=1"and d, ;=1+d
1j 1i
1 0 gerwise
Proof of Lemma 2: Note that vij = =1 iff nij = 1 and vy is adjacent

to vj. Since the 1Jth entry in the product NN-1 i

2: nikvkj , the only terms in the sum which have a nonzero



contribution come from those k with both nikto and ukJ#O. If 1=j then
we must have k=i and the entry is 1. If i#j then the only nonzero
terms are for k=j with nij“jjz 1-1 = 1 and k=k, where dKj=1 and

d1J =1+ d,l'< with niKij = 1(-1) = -1. Thus, for i#j the entry is 0.
Hence NN_1=I.

-1~ T_ _
Lemma 3 N (N )= diagld,+1,d,,ds,...,d, ] = A(T) where d, = the
degree of 7
Proof of Lemma 3: The ijth entry in the product, namely,

n
v., v, ., has the values d,+1 if i=Jj=1, since all k with either k=1
=1 ik 'kj 1

of Vi adjacent to vy

we cannot take k=1; -a_. . if i#j, for we cannot have v_. =v . #0
ij ik " jk

contribute 1 to the sum; d1 if i=j>1, since now

Thus, the only nonzero contribution can occur is v1k=-vjk’ and v1 is

adjacent to v, so that a, =1. This proves the lemma.

J i]

Lemma 4 Let x +x,+...+X =X, and X1=X-xi. Then

172 n-1
q ;-/ i. .. 7
0 \ 2.~ %/ A
- - - Nalx%y N A
© 75 S (RN y
. ‘ : * 1
Z. 1 1 [SEEE'Y 1 -Xlﬂ/an

Proof of Lemma 4 Multiply B-B L.

-1 1

J

Lemma 5 A =(6; ) is given by

6;§ = (2-dy)(2-dy) g -Dy/2 if 1=
2X \ aij/xij if 1#j




where Di is the sum of the 1/x

for the edges xj adjacent to vy and

J

xij is the edge label of the edge adjacent to vertices vy and VJ' If

v. and v, are not adjacent, then x is taken to be 1.

i j ij

Proof of Lemma 5 Use &A™ = N 281 (N"Y)T. The proof of the lemma is a
straightforward calculation.

We now will use some elementary linear algebra to calculate the

cPa”H(T). Let COV) be
-X  2-4
iL‘Ciu "75\‘]71
QL‘<AL

)

2;41\ \“’lk‘Dn

Now C(\) is (n+1)x(n+1), so we label the first row and column of C(\)

with 0 instead of 1, in order to use our previous notation.

n
_ Kk
Let det(C(\)) = g:ock(T)x )

By performing elementary row and column transformations on C()\), (we
multiply the OtR row by (2-d)/(n-1) and add the result to the ith
row) we get that det[C(\)1= -ZnX-CP(A-i). From elementary linear

algebra, we know that CP(A)(\) = (-\)"det(a)-CP(a"H(x1). We also

need
n-1 _.n-2 ol
Lemna 6 [GHH] det(A(T) = (=D (2" %x- [[x,.
i=1

Proof of Lemma 6 The proof appears in Section III.



n-1
Using Lemma 6, we have CP(A)(M) = -2 2x-A" [[x -cpa™ Horh.
1=1

n-1
Hence 6k(T) = (1/4)EI§

i'cn_k(T).

If we expand det[C(\)] and collect the terms which contribute to the

n~k
X' th term, we find
’ r/‘—x
2-d.
_ (_o\D7k \
c (D = -2 Y det \
111121--7ik \
1
L Q’A&K
where the sum ranges over all choices of 1(11<...<1k§n.

Let us examine the expansion of the general determinant
'—x ZadLK
’Z‘dn

det

1)

zL“CiLK

where we label the rows and columns with {0,1,...,k}. An important ob-

servation is that the only permutation choices from the above matrix
which can contribute nonzero terms to the determinant correspond to
permutations

n=(039 32...3g)(Jg+1 Jg+2) UUs+3 Jg+a)---Js+2m1 Js+2m) (Is+am+t)---(Jy)
This follows at once from the fact that since T contains no cycles,

the only nontrivial cycles m can have either involve row 0 and column

0 or have length 2. Furthermore, all the terms aj,j5,3§5j3:---18)5-1]g

must be 1.



Let aij=f}l. The permutation m above corresponds to the term (2)
xij

(Z_djl)ajijz"ajs—ijs(z_djs)(aJs+1Js+Zajs+ZJs+1).'(—DJs+2m+1)'.(-DJk)

in the expansion of (1). When s=0, this has the slightly different

form -x'(aJs+1Js+2aJs+ZJs+1)"(_Djs+2m+1).'(- DJk). We may expand

the term in (2) into three similar terms formed by replacing
(Z'dJ1)(2—dJs) by dJ1dJs-2(dji+dJS)+4.
Next, we interpret the individual terms in the expansion of the

determinants in the above ¢ as enumerating certain subforests F

n-k
of T in which the vertices and edges of F have been marked in various
ways.

(i) For the factor “JiJZ’aJZJS""’“Js-iJs we distinguish the
endpoints and the direction on the path in T from \AT to Vig (if s32)
and one over the weights on the edges as follows:

\ i \

Ly ) > 5 s
@ O~ (0 e U W VR

Y Vag Yoy, Vis- Vo

(ii)(a) For the factor DJ, ve mark an edge of T incident to v with an

arrov pointing to the shaded vertex v and one over the weight of the

edge chosen: ;%;
v, VYm

(ii1)(b) For the factor dJ, we mark an edge of T incident to vj with an

arrow pointing to the shaded vertex vjy:

V, Vm



(iii) For the factor ‘aij“ji) we distinguish the edge {vi,vj} in T and

mark it with one over its weight squared:

(iv) For the factor X, we mark an edge with the symbol e and its
weight:

O———o0
e

(v) For the factor deJ (which will occur only when s=1), we mark one
edge incident to vj with an arrow to vy and a symbol 1 and we mark one
edge (possibly the same edge) with an arrow to vy and a symbol 2;

also, we circle and shade vy-
Yy

The terms in (2) now correspond exactly to the number of ways T can

be marked according to rules just given. Of course, one must keep in
mind the fact that degeneracies may occur; e.g., some edges of T may
receive several marks. The value of (1) is now given by enumerating
all possible ways of marking T according to (i) through (v) and
summing the appropriate signed expressions over all choices of

1€ J4<. . .<JKén.

Of course, the terms of determinant (1) also have signs attached
to them. Specifically each term with the cycle structure of n defined
above has an additional sign factor of (-1)S*m,

A considerable simplification now results from the following

observation. For each marking of T which contains an edge marked by



(ii1), i.e.: &

Vo v
(because of a factor (a&jj&j;j)) there is another marking of T which is

identical excébt for the edge {v4,vyi}, now (degenerately) marked by
17

)y
ig;)
(ii)(a) as
Va V)
Furthermore, the corresponding terms in the expansion of (1) from

which the two markings come have opposite signs. This is obvious,
since the two permutations differ only in that the factor (aij“ji)
in one is replaced by (—Di)(-DJ) in the other and such a change
certainly changes the sign of the permutation. Hence, all the
contributions from the markings of the type in (iii) are canceled out
by all the markings in which the edge {vi,vJ} has two arrows, one to
vy and one to vy, and for which Dj and Dy have been selected from the
diagonal of (1).

Thus, we may henceforth restrict our consideration to permutations
n for which m=0: n=(0j4- - Jg) (Jg+1) - (Jk) (3), provided the edges

tvi,v4} in T marked as

Vo Vy

come only from the factors:- (2-dy)(2-dy) of a term i.e., have no weight
label. However, since for any permutation m above there is at most
one cycle (0j4---jg) containing 0, in the corresponding markings of T,
at most one edge can have arrows at each of its endpoints.

The specific terms of the determinant which come from the shorten-

ed m above are



I. s=0: —X-(-Djl)---(—DJk), sign n=1
II. s=1: (Z-dji)(z-dji)(-DjZ)---(-DJk), sign n=-1

We split this into the sum of the three terms:

(i) dJidji(‘DJZ)"‘(‘DJk)

(ii) ‘4dJ1(-DJ2)"'(—DJk)

(iii) 4(-DJ2)"‘(‘DJk)

s

IITI. s32: (2 dJi)Gjijz‘:st_ijs(Z‘dJs)(-DJs+1)'“(- Djk)’ sign n=(-1)

We also split this into the sum of three terms:

() (dyy=D&y 55" %gmq 3 dis™ Pyguy) 77 Dy
(ii) —((d31—1)+(djs-1))ajijz--aJs_ijs(-DJS+1)--'(— DJk)
(iii) a3132°'“3s-133(-DJs+1)'"(-DJk)

Our next task is to examine the number of ways a given subforest F
of T can be marked so as to contribute to the nonzero terms in I and
II. If F is a forest with connected components C4,...,C¢ (which of
course are trees), we define

|F|=the number of vertices of F,

| IFI1=the number of edges of F,

t
p(F)=TT ICyl, and szz: X4y
1=1 xicF
We let T'x denote the set of all forests having no isolated
vertices and exactly k edges. For the empty forest F*, we set
n(F*)=1,

Since each factor dJi’ DJ and & § corresponds to the marking of a

i
unique edge of T, with the exception of dj1 and dJs in II which may
degenerate, it follows that we must have ||F||=k+1,k,or k-1.

Let F be an arbitrary fixed subforest of T with components

C4s...,C¢ and no isolated points. We wish to determine in how many



ways T may be marked according to the conditions given above so that
the marked edges are exactly the edges of F. Because of the restric-
tions on marking T, it follows that all Cy except possibly one, which

we denote by C*, -have all edges marked according to (ii)(a), i.e., as

A
—N" o
Vy Ve

We say that C; is marked normally in this case. The number of ways Cj
can be marked normally is just |C1I'§E;, the number of vertices of Cj
times one over the product of the edge weights of Cj. This is because
each vertex of such a Cj, except for exactly one vertex v, must have
exactly one edge with an incoming arrow. Now v has all edges with
outgoing arrows. Thus, v serves as a "source” and the direction of
all other arrows are determined. (See Figure 1.) Hence, it suffices
to determine the number of ways the exceptional component C* can be
marked. Each edge in Figure 1 is labelled with one over its variable

label , the variable labels being taken from our original

1
! Xedge
labelling of the edges of T. These labels are not present in Figure 1

to avoid confusing the eye.
Figure 1

As we have noted, F can have only k+1,k, or k-1 edges. We treat
the three cases separately. We first interpret the absolute value of
the terms and then determine the appropriate signs. In the first
case, with |IFl| = k+1, there can be no multiply labelled edges.

There are k+1 labels and k+1 edges and each edge must receive a label.



HFIl=k+1

I. X-(Djl)(DJZ)---(Djk) See Figure 2. If the edge e
corresponding to the choice for the factor X is erased from C*, the
two resulting.bomponents can be arbitrarily marked normally, that is,
using (ii). Thus, for each choice of "source" vertices u and v in C*,
there are d(u,v)=the unweighted distance between u and v in the tree T
possible locations of the edge e. Therefore, there are exactly

-~

2: d(u,v)

fu,vicc*
ways of marking C* in this case. The weight of C* is always xi/xc..
This is because all the edges except e are weighted with one over

their usual label and e is weighted with Xq-

! Xedge '’
re
Figure 2 " 7 (A

Let §(u,v) = the set of the edge weights on the path from u to v.
Since the sign of the permutation n in (3) is +1, the total contribution

to the determinant is

. t
(-pk1pE 1 ) x2
Xr 1=1 1Cil gu,vicCcy xpcédtu,v)

II(1). dJidJi(-DJZ)".(_DJk)' See Figure 3. Since ||Flli=k+1,
there are no multiply marked edges. We use an argument similar to
that in the preceding case (where an extra factor of 2 comes from the
labelling of the edges with 1 or 2). All the edges except those

labelled 1 and 2 are labelled with one over their usual variable.



Figure 3 ’ ) z :}Q
" ) cgza'

\')
We obtain a total contribution in this case of

-

t
k
-1z Py 1 z: 2: XrXg
X i=11Cy1 {u,vISCy {xp,xglcé(u,v), Xp#xg are incident in T

ITI(i). (djl-i)ajijz--aJs_ijS(dJs-i)(-DJS+1)---(- DJk)' Now
on the path between the sources x and y we must choose the two points
Vi and Vjg @S well as a direction. All the edges except the neighbor
of vj, on the unique path from u to Viq o and the neighbor of Vjg on

1
the unique path from v to Vig have the usual weight of Xedge

Figure 4 uo<:/, & l o —;7 ZE—@G—‘&—'O

v
Y)t Vv)ﬁ

Thus, the total contribution in this case is

t
xp  1=11Cil{u,vIECy x#xg not incident in T; ixp,Xglcé(u,v)

The remaining cases II(i), (iii), and II11¢11i), (iii) cannot
contribute for ||F|l=k+1. Combining the above results, we get

Lemma 7: If ||F|l=k+1, then

kK _p® £y / 2 h\
g =By Ly Alx T )X g
xg  1=11C1] (u,vISC;  xpcstu, ) {xp,Xg}céd(u,Vv)

HIFI =k

I. —x°(_DJ1)"'(-DJk)' The multiply marked edge must be an edge



which has both an arrow and the symbol e. All components are

initially marked normally. Then an arbitrary edge of F is selected
1

for e. This edge contributes ;e-xe = 1 as its weight. The total

contribution fs therefore

k+1
-1 N x
Xrp  xpcF

II(1) djidji(-DJZ)---(-DJk). There are two ways an edge can be
lost. They are shown in Figure S. 1In both cases, we must sum over

(u,v) and (v,u) since the sums are not symmetric in u and v.

0 ¢ O 1@
Figure S5 @ v U

(&) (b) |

In S(a), each edge contributes except the one labelled with 1

Xedge

and 2. The total contribution is

K t

X i=1|C1’(u,v)EC ;X is the edge on the path from u to v
F 137 uv 1nc1dentd§o V. P

K
= DT PE) Y x

In figure 5(b), the points u and v cannot be adjacent. Also, we have a
factor of 2 corresponding to the assignment of 1 and 2. Each edge

1
contributes Xedge except the edge labelled 2. Thus, the total

contribution in this case.is



Xuv

F i=1lci|(u,v)EC1; d(u,v)>=2; Xy is the second edge on the path
from v to u.

kg (F)i 1
(-1)"2p(F
X

-

ITI(1). (dji-i)ajijz-'ajs_ijs(djs-i)(-DJs+1)---(- DJk)' The
factor (dji-i) is interpreted as choosing any edge with no weight
adjacent to Vii except the one on the path between Vi, and Vig (with
(djs'i) interpreted similarly). The only possibility for marking C* is
shown in Figure 6. Hence the only edge without a weight is the edge
corresponding to (dJs-i). We must have d(u,v)33, since s»2. Once u
and v and the direction are chosen, there are d(u,v) - 2 choices for
Vig: Each edge contributes ;;i;; except the neighbor of Vjg ON the

unique path to v.

Figure 6

Thus, in this case the contribution is

kY 1YY kg

X 1=1|C1|(u,v)EC . Xec8(u,v); X, is not the 1st or 2nd edge on
F ip *r r
d(u,v)>=é the path from u to v

II(11). 4d11(—D32)---(-DJk). This "term" has the property that it
appears k times in the expansion of the determinant, once for each
choice of the small term dJi' Since there are just k factors in it and
IIF{1=k in this case, no edges are lost, all components are marked
normally but the term dJ1 contributes no weight to the total. The

total contribution is

-0 A §

Xrp  xpcF



III(i1). -((dJ1-1)+(dJS-1))aj132--ajs_ijs(-Djs+1)---(— DJk) The
markings corresponding to this case are shown in Figure 7. As before,
wve must have &(u,v))Z. Each edge contributes the usual except the

neighbor of vy, on the path from u to vy,.
i N1

A —>
Figure 17 A) "é
W A

N v

The contribution is readily calculated to be

t
(-1 ¥*12p0(F) Z 1 Z X
Xp 1=11C1l (u,v)SC; x,cé(u,v); xris not incident to v

II(ii1). 4(DJZ)~--(DJR) At first sight it would appear that
there are no contributions to ||Fll=k from this case. However, it
must be recognized that this term actually occurs n-k+1 times in the
expansion of 6;ik(T). We can write this as
4(n—k+1)(DJz)---(DJk) = 4(n—k)(DJZ)---(DJk) + 4(DJZ)---(DJR)
We interpret the term 4(n—k)(DJZ)'-°(DJk) as selecting distinct edges
incident to VJZ""’ka (as usual) together with another distinct edge

e* with no weight (since T has n-1 edges altogether). The correspond-

1
ing marking is shown in Figure 8. Each edge has weight Xedge except
e*.
¥
“ﬁwv
Figure 8
8 v

This therefore contributes



t
-pRapEY - 1y Y xy
g 1=11Ci] qu,vicc; xpcé(u,v)

There are no other contributions to ||F||=k. We may now sum all the
preceding expressions for the case ||Fll=k to obtain the following
result.

Lemma 8 If |IF|l=k, then
t
K _ 4p(F) - 1
"F_ p———{}:xr Z|_C—|Z Zxr }
X xpcF 1=11%1) {u,v3ECy xpcéd(u,v)
IIFli=k-1
There are no contributions here from I. In this case, every edge
gets a label, so we don't have to cancel out any x4i's, since only
unlabelled edges can overlap.
II¢(1). djldjl(DJZ)---(Djk). There are two possibilities here.
They are shown in Figure 9. In Figure 9(a), an edge of C* is chosen

and one end is distinguished. Thus, this case contributes

K t
-1¥2p(F) 311Gy 11
XF 1;1 lCil

In Figure 9(b), a pair of points u,v with d(u,v)=2 is chosen and the two

edges between them are ordered. Hence, this case contributes

(-1)“2215)25 1 1
xg 1=11Cil  fu,viSCy;d(u,v)=2

W
Figure 9 © @

(a) (b)



IT(ii). 4dJ1(DJZ)~--(DJk). The marking shown in Figure 10 can
contribute to only two terms, namely, 4(D31>---di---(DJ)-'-(DJk)
and 4(D31)---(Di)---dJ---(DJk), since the parenthesized Dj's cannot
place arrows on the same edge. Hence, to mark C*, we simply choose a
distinguished edge. The factor of 2 comes from the two terms to which

this marking contributes. The resulting expression is therefore

t
(_1)k+18p(F) E: 1cyl!
XF i=1 1C1|

Figure 10
Vi Y

II(iii). 4(DJ2)---(DJk). From the discussion of case II(iii) for
|IFI 1=k, we may use the expansion discussed there. In particular, the
second term 4(032)-~-(D3k), now summed just over 1(jz<-~-<jk<n

results in a contribution of

(-1)Kap(F)
Xp
III(1). (dji‘i)ajijz"GJs_ijs(dJS'i)(—DJs+1)'"(- DJk). The
markings of C* contributing to |[F||=k-1 are shown in Figure 11. Since

s»2, we must have d(u,v)?3. The contribution here is

t
(—1)k2P_‘_E)Z 1 )1
xp  1=11Cilgu,vicCy;diu,v)>=3



Figure 11 j oY ﬂ'

Y Vys VY
a
IITG1) . ((dy,=D+(dy =185, 5,7 &3y j(-Dygpy = (= Dy ). The

corresponding marking is shown in Figure 12. We must have d(u,v)32.

Thus, we obtain a contribution of
(- k+14p(F)Z 1 Z 1
xp  111C1 lgu, v3ECy;d(u, v)>=2

IR o
J v

Figure 12 .

W
III(ii1). aJijz"aJs-ijs(—DJs+1)'"(_ DJk)' We show the marking

in Figure 13. The contribution is

Xp Xo 1= 1lci'{u v3ISCy Xp

Figure 13 Y)\

By combining all the expressions we obtain

Lemma 9 If IIFII'k-i then

,.l; = 4pF) J Z eyl _ N\
Xp 1 1 IC4l s

We combine lemmas 6,7and 8 to get
THEOREM 2 Let T be a tree with n32 vertices and distance matrix
AMT). Let F be the family of forests of k edges. Let LF be a

labelled copy of F in T. If we write CP(A(T)) 2: s, (T, then



8y = - 1Zn-k—2 TT Xp f

1
Z 'Z p(F)Z 1 Z for Zxrxs

FeTyeq LFeT Xp  1=11Cilgy, v}_ci Xp€d(u,v)  {xp,Xg}cd(u,v)

DML R S S P

Fclx LFcT Xp xpcF {u,vIECy xpcé(u,v)

y Oy 42_(_1_7_){Zt||C1H o

Fclg-4 LFeT X 1=1 1G4l /

o
— —

Example d(T) = -1)"12"2(n-1) for all trees T

_ (_ 4yD=1,n-3 _
4= (= 1) 2 (4N1+2N2+4N3 4)

where N1 is the number of pairs of disjoint edges, NZ is the number

of paths on 2 edges and N, is the number of edges.

3

Example 60

(-1)n.12n—2TT Xy { z: Xy }

8, = -1)"? “'3TT x, 4 2: (z: 1 ) - 2: (d -2
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Section II

If we could isolate the contribution of a leaf of T to CP(A(T)), then
we could inductively build up CP(A(T)) by peeling off one leaf of T at a
time. Thus, one would hope that the CP(A(T)) would contain the CP(A(T*)),
whenever T* is T minus a leaf. However, the coefficients of the bigger
tree contain more information than those of the smaller tree and
include forests in which the leaf is both an isolated and not an
isolated edge.

For example, let P3= o %4 o X2 0 X3 o-Then CP(A(P3))=

4 2 2 2 2
b\ \ (3x1 + 4x2 + 3x3 + 4x1x2 + 4x2x3 + inxs)
2 2 2 2 2 2
2X(2(x1x2 + xix3 + xzx1 + xzx3 + x3x1 + xsxz) + 4x1x2x3)
-4% X X + x, + x,).

1%X2%3(%y 2 3

Now if we take the partial derivative of the coefficient of \ with
respect to the leaf x3 and set x3=0, ve get

1

5, (P ))I _=2(x% + x2 + 2x,x,), but §,(P,) = 2(xZ + x x + x2).
2 xi—O 1

—é—( 1°3 1 2 1 2)’ 2 1 172 2
8x

3
However, if we set x1=0, for x1 a leaf, we can say something
inductive about CP(A(T)) if we know CP(A(G)) for graphs which are no
longer trees. For any matrix M, let M(i,j) be M with the ith row and
Jth column deleted. If M=A(T), then A(T)(i,i) is the distance matrix of

the graph Gy with its ith vertex v, replaced by a complete graph

i
Ki on the neighbors of Vs and the edge from vJ to Yk in the complete
graph labelled with the sum x1J + Xk

Theorem 3 Let X, be a leaf and vy its vertex of degree 1, vy its other
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vertex. Let T1 be the subtree of T without the edge Xy- Let G be the

graph whose weighted distance matrix is given by {A(T)(i,i))(Z,Z).

Then CP(A(T))Lx = =2\CP(A(T,)) - XZCP(A(G »)
1=0 1 2

Proof of Theorem 3 Once we have set x1 to zero, the first and second
rows are the same except in the first two entries:

-\ 03§ 8., -8 . (Since the matrix is symmetric, the first and
23 .24 2n
0 =X\ 823 824" "S2n

second columns are also the same, except in the first two entries.)
We subtract the second row from the first row and the second column
from the first column to obtain in the first two rows:

-2\ )\ 0 0 -+ 0
X -\ 623 824 d2n

Expanding by the first row gives us -ZXCP(A(Ti)) - xzdet(ns), where H3

is the n-2 x n-2 submatrix of D(T) indexed by rows 3 to n and columns

3 to n. It is easily seen that M, is the weighted distance matrix of

3

G2 above.

. Theorem 3 above gives the most information when, not only is

X, a leaf, but its vertex v2 has degree only 2. In this case, GZ is a

1

tree and each coefficient of CP(A(T)) "contains" the coefficient of
of CP(A(T-xi)) and of CP(A(T-{vi,vz})).

Example When T is a path, we get the most flavor of the theorem.

X X X X =
CP(ACo_"1 6726830 ..- ok o) x1=0 "

—2ACP(ACo_ %2 0. %8 o...0 K o) - N2CPA(o_*3 o..0_"k o))
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We can describe the contribution to CP(A(T)) of a single leaf Xy by
writing CP(A(T)) as a polynomial in Xy but we lose our inductive
interpretation of the terms. In the following theorem, we substitute
determinants which are no longer the determinants of subtrees of T,
but instead can only be expressed in terms of the minors of D(T).
However, it is possible to compare two characteristic polynomials
using this theorem to say exactly if they are equal.

Let Xy be a leaf and vy its vertex of degree 1. Let S =

(A(T) - XI](1,1). So S has no entries containing Xy For the sake of

clarity, we label the rows and columns of S from the set {2,..,n},

instead of the usual. Then CP(A(T)) = det(S)( -\ - zTS-lz) where zT =

{612 613 "'61n]' This is clear, since it is just expanding the

determinant by the first row. Let D2 = [ 622 623 .es 62n] and
_ _ -1 _ -1
J1 = [ x1 x1 .o x1 ]. So z = J1 + DZ' Let S = (Sij)'
Let cof(S) = det(S)z:_szi . Then we have
i,]

Theorem 4 CP(A(T)) = -\det(S) - det(S)Dg S'102

- o AT (oq)2%] = 2
2x1[det(S) x§:2<-1) det(S(Z,J)]) xjcof (S).

= =2\det(S) - deet(S(Z,Z))

n 2+j 2
_2x1[det(S) + xzzz(-1) det(S(Z,j)]). - xjcof(S).
J:

From this we see exactly the contribution of Xy
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Proof of Theorem 4 The proof is simply expanding the term zTS-iz and

T sl = x + 2\%get(s(2,2)).

realizing that;_D2 2
det(S)



Cospectral Trees
Two trees are said to be cospectral if they have the same CP(D(T)).
The smallest pair of cospectral trees are the following: (due to McKay

[McK1).

Seboe Sl

The removal of a leaf from each of these gives the same tree. McKay
has shown that there are infinitély many cospectral pairs as the
number of vertices goes to infinity. All the pairs in his paper
contain copies of the trees above. The following theorem gives
necessary and sufficient conditions for two trees that differ only by
a leaf to be cospectral. The conditions are a direct result of
Theorem 4.

1,v2 be
‘vertices of T. Let 'l'i be T with a leaf added at \A and the leaf

Theorem S Let T be a tree with n vertices as usual and v

vertex of degree 1 labelled x , Since T1 has n+1 vertices. Let

n+l

D(T) = (d1 ) be the distance matrix of T and let D1 if

3 j - 457440

i#j, and D11 = -\ - din'

Then T1 and T2 are cospectral iff the determinants of

o gy Auedit <o do

dl‘b*‘A’l—) - | . Aaq PR Agv\
dutrdiy &oq - dun =L,

\ )

K&\j‘fd»;n &'-‘51\ a.*&n RN ) -—(& J




and

Du t plz._ D\g D"\ et D’"\j
‘7r;*' D%z. E>2é ‘)14 - ‘)*“

\ \ \

< . < 1 =L
<

L8

C .
Dm\rDM?- D s DMW s v 'Dn-“U

are zero. Note that this theorem does not distinguish isomorphic

cospectral pairs.

Proof of Theorem 5 Theorem 4 gives us the contribution of a leaf Xy
Let S=D(T)-\I. Since S is symmetric, det(S(j,i))=det(S(i,j)). Using
the notation of the proof of Theorem 4, we have

CP(A(T,)) = CP(M(T,)) = 2% (det(s(1,1)) - det(s(2,2)))

n . n
-in( Adet(S(1,1)) + xgz (-1)Idet (s(1, ) - x§: (-1 ddet (52, 1) }
=3 =2

Now det(S(1,1)) = det(S(2,2)) iff det(Li) = 0. This is true because
if we expand det(Li) by diagonals, taking an entry from the first row
and an entry from the first column, we get

_1)1*3-1

( (d, ,-d,, )(d, ,+d, )det(S(1,1)(2,2)(j,1)) and its symmetric

11 721 1) 2]
partner

yi+i-1

(-1 (d )(d, .+d, )det(S(1,1)(2,2)(1,j)). Adding these

1579257 (d44%9p4

together we get



-90—

_a itj-1 - . ,
(-1) Z(diidij dZidzj)det(S(i,i)(2,2)(1,3)). But in the expansion

of det(S(1,1)), we get

i+j-1

-1) dZidjzdet(S(i,i)(Z,i)(J,Z)) + dizdzjdet(S(i,i)(1,2)(2,]2)).

Similarly, we can work out the expression for det(S(2,2)). This

proves the equivalence. Showing that

n n
Adet(S(1,1)) + xgz (-1 Jdet (s¢1, 1)) = x§: (-1)3get (s(2, 1) 1s
=3 =

equivalent to det(L2)=0 is similar and not difficult.
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Section III

For any graph G, the following theorem of Graham, Hoffman and
Hosoya breaks down the determinant of the distance matrix into a sum
of terms related to the 2-connected components of the tree [GHH].
This theorem provides a most elegant proof that the determinant of the
distance matrix of any tree on n vertices is the same. One simply
observes that the 2-connected pieces of a tree are its edges.
Theorem 6 [GHH] Let G be a finite graph in which each edge e has
associated with it an arbitrary non-negative length w(e). (The usual
weight chosen for edges is w(e)=1.) Let diJ = P?é?,vj)W(P(vi'VJ))

where P(vi,v ) ranges over all paths from v, to v, and w(P(vi,v ))

J i J 3

denotes the sum of all edge-lengths in P(vi,vJ). Let the 2-connected

,G. . Let (e 1

K = (d;i) and cofactor(D(G))

pieces of G be Gi’GZ"" j

= cof(D(G)) = det(D(G)) z: d;; }
i,]

k
Then det(D(G)) = )  det(D(, N ] cOf (D(G,)) .

Recall that we promised a proof of Lemma 6 from the proof of

Theorem 2, that the determinant of the distance matrix of a weighted

n—1 n-1 )
tree is (-1)n 12n ZTT x1 ( 2: x1 ). Using Theorem 6, we can provide
i=1 i=1

an easy proof by observing that the cofactor of an edge weighted with
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Xy is -in and the determinant is xf.
A simple {gmma from [GHH] will aid us in computing the cofactor of
a matrix. Recall that for any matrix M, M(i,j) is M with its ith row
and jth column deleted. Let M* be M with the first row subtracted from
every other row and the first column subtracted from every other column
(M* retains the first row and column of M).
Lemma 10 [GHH] For any matrix M, cof(M) = det(H'(i,i)).
A version of Theorem 6 that includes the other coefficients of
the characteristic polynomial would seem difficult, as demonstrated by
the straightforward attempt below.
Theorem 7 Let G = G1 and G2 joined together at vertex v.
Let D(Gi) -\ = Hi for i=1,2. Then
CP(A((G)) = det(Hi)cof(Hz) + det(Hz)cof(Hi)

* / * *
+ X(cof(Hi)cof(Hz) + det(Hi)cof(Hz(i,i)) + cof(Hz)cof(Hi)

+ det(M Ycof (M),

2 2(1,1))]

2 . . * .
+ %[ cof (M} cof (M3(1,1)) + cof (M} )cof (M} (1,1)))

Proof of Theorem 7T The proof involves a straightforward application
of the techniques of the proof of Theorem 6 and is not enlightening.
Hence I do not include it here.

We have a description of the coefficients of CP(D(P)) where P is a
path using Theorem 6. Let Div,,v ...,vk} be the kxk submatrix of

1’72’

D(T) whose rows and columns are indexed by v ,V. . Then the

PEACTERRRAN



coefficient of \" K in CP(D(T)) is (for Kk32)

-1k Y det (DEvy,,Vigs -1 Vi)
1€14<15¢ +  *<1ipkn

When T is a path P, we may interpret D{Viivviz'-°~'vik} as the
distance matrix of the path P{ii,iz,...,ik} whose vertices are
VigsVigs .- Vig and whose edges are the k-1 shortest distances from
the set of distances between Vi, ,Vjp,---:Vjy- Since we started with a
path, P{ii’iz""’ik} is still a path and we can apply Theorem 6 above

to get

Theorem 8 Let P be a path with n vertices. The coefficient of x“‘k

in CP(D(P)) is

n-1_k-2
-1 "2 2:(32 si)(s3 sz) (sk sk-i)(sk si)
1¢s,<(s ¢

1 2(---<skn

Proof of Theorem 8 Since P{ii,iz,...,i } is a tree, its 2-connected

k

pieces are its edges. Therefore, its determinant is

2

-5 2(g —5 )(s.-8. )+ (5. -8, I(S,-8,)+(sS =8 )+ - ++(s -5 )]

271 "3 "2 k k-1 21 3 72 k k-1

!

since the distance between s, and o is (sz-sl). When we multiply
this by (-1)“_k we get the above.

Theorem 8 could possibly be used to show the unimodality of
the coefficients of a path as described in the following conjecture.

Conjecture 1 The sequence (1/2“’2)|d0(T)|, (1/2n-3)|d1(T)l, ... 1is
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unimodal, with the peak occuring at (1/2n-[n/2]‘2)Id[n/zl(T)l
(due to R. L. Graham).

We know efgctly how to describe do and we have a closed form
expression for di(T) from Theorem 2. However, we can also look
at di(T) from this point of view:

n
4, (T) = =) det(D(T)H(i,1)).

i=1
Recall that D(T)(i,1) is the distance matrix of the graph Gj with the
vertex vi in T replaced with the complete graph Kdeg(vi) on the
neighbors of vy. The edge between vy and vk, neighbors of vy, is now
weighted 2 in the distance matrix. We can apply Theorem 6 to each Gy
and find the determinant det(D(G;j)) by computing the determinant and
cofactor of each of its 2~conﬁécted'components. These are its complete

graph K and the remaining edges that come directly from T.

deg(vy)

Remark The coefficient of \ in CP(D(T)) is
1" 12" (~deg(v)? + deg(v)(n+3) - 4).
vinT

n
-z: det (D(T)(1,1)).
1=1

Proof of Remark Let deg(vi) = 8- Now di(T)

Using Theorem 6, we can write det(D(T)(i,1)) (zgidet(xgi)>(-2)“'gi'1

+ (n~1-g4) (-1) (- 2)n_g1-2(281-1cof(K1)). Lemmas 11 and 12 below complete
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the proof.

Lemma 11 det (D(Ky)=(-1) " (i-1)

Lemma 12 cof(D(Ky ) =(-1) 1
142 1 1 1
Proof of Lemma 12: D(Ki)_1 - 1 |t vz 1
=1l —i+2
Hence cof(K ) = oY ta-n (1 (e +12-1) ) = iy,
i-1

This remark hasn't given us much new information. However, we can
use the same technique to get a weighted version of the above. It
seems worthwhile to compute the cof and det of a weighted complete
graph, but the coefficient of \ that we obtain in this way is not very
enlightening.

Lemma 13 Let H be a graph on vertices {1,2,...,1}, composed of
disjoint cycles of size)2 (i.e., a 2-cycle has two copies

of'the same edge and hence its total weight is the square of the
weight of the edge) and with no isolated vertices. The weight of
edge e between vertices k and j is the variable ka. Let f = the
number of even cycles of H. Let f' = the number of cycles of size 33

in H.

0 vy12 ¥13 "°° Y14
Then the determinant of Y = ?12 0 y?3 TttoY2i is 2: w(H)
H

Y4i Y21 Y31 " O



vhere o) = 1) 2 ] weer.
r
ec H

Proof of Lemma 13 The proof is simply expanding the determinant of Y as

g;si_i)Sign(o)yio(i)YZO(Z)'"yio(i) where o is a member of Si’ the
permutation group on i letters, with YJJ taken to be zero. The power
of 2 comes from observing that each cycle can appear twice due to the
symmetry of Y.

Lemma 14 Let H* be a graph on vertices {1,2,...,1i}, composed of a
disjoint collection of a path with at least one vertex and

some number of cycles of size 32, possibly none. The weight

of edge e between vertices k and j is the variable ij' Let f*

i + #-connected components of H*. Let f** = #-cycles of size’3

+
[uy

- #~isolated vertices.

0 y12 13 " Y14
Then the cofactor of Y = Y12 0 y?3 Y21 g z: Y(H*)

Y11 Y21 Y31 °°° O H*

_ _ f. f.‘
where $(H*) = (-1)" 2 Ilr;£e>.

Proof of Lemma 14 Notice that in the definition of H* above a 2 vertex

subset of {1,2,...,1i} can appear as a path with weight the weight of
the edge between the vertices, or as a cycle with the square of the
veight of the edge between the vertices. We use Lemma S from above to

write cof(Y) as a determinant:



i

cof(Y) = det(YJk) j,k=2 where ij = yjk— yij- yik and yjj = 0. When we

expand the determinant as a sum of diagonals, as in Lemma 9,
_4,Sign(o) .

z:s( 1) YZO(Z)Y30(3) Yio(i) we observe that each of the terms

ge D4

is a polynomial in the y_ 's with degree i-1. Each member of the set

jk
{2,3,...,1} appears at most twice as a subscript in any monomial from
the terms above. Since there was nothing special about expanding the
cofactor using the first row and column, we can conclude that det(Y)
is a sum of monomials in the ka that satisfy that in any monomial; no
subscript appears more than twice. Take each monomial as representing
the product of the weights of the edges of the graph Gln with the i-1
edges of Gm given by its factors. Then the vertex degrees in Gm are
all less than or equal to two and the graph has i-1 edges. Hence it is
a union of cycles and paths, and since there are i-1 edges, there is
exactly one path.

sign(o)

The sign of a monomial is (-1) + deg(1) in Gm’ where o

represents the ordering the the Y, 's given above. Since Gm always

jk
contains a path, without loss of generality, we may assume deg(1) = 0
or 1. If deg(1)=0, then sign(co) = the # of even cycles in Gm’ and
hence is congruent to 1 + #-connected components of Gm' If deg(1l) =1
then sign(o) = the # of even cycles of Gm + the # of odd paths in Gm’
so 1 + sign(o) is again congruent to i + the # of connected components
of Gm' In order to get the power of 2 in the statement of the lemma,

we observe that each cycle and path can occur twice because of the

symmetry of Y. However, the path containing a single vertex does not



contribute a power of 2.
Theorem 9 Let KAJ = the weighted distance matrix of the complete graph

on the neighbors of v, with the weight of the edge between v. and Vg

J

as x + X Let GAJ be the complete graph whose distance matrix is

Jr js’

KAJ. Let g = deg(vj). If an edge e is not adjacent to a vertex vj,

we say eva.

The coefficient of \ in CP(A(T)) is

=Y n™ 178102784 & [ 2) ot + ) rw(H'>[ 2: X4 ) ]

vi in T xjtv Hc GAy H*c Gay XjEvy

Proof of Theorem 9

n
Now 61(T) = -z: det (A(T)(1i,1)). Using Theorem 6, we can write
i=1

det(A(T)(1,1)) = det(KAy) [] cof (O %j)
XJ¢V

Xyevy 0 Xk€vy

k£j

+ z: cof(KAi)det( X xj) cof g xj)

= det (KA (-2 "L
xjtv



B S

+ cof (KA (-1) 17810278y [ Y %y )[ 1T x5 )
thvi thvi

= (-8 2T X5 [ 2det (KAy) + cof(KAi){ Y x5 ) ]
xjtvi XJ‘Vi

Hence the coefficient of N\ in CP(A(T)) is
Y (-1) V17812 Xy [ 2det (KA;) + cof(KAi)[ Y x4 ] ]

vi in T Xjevy XyEvy

Plugging in Lemmas 13 and 14, we get the Theorem 9.
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Section IV

We now proceed to factor CP(D(T)) using the automorphism group of
the tree. The method involved is to find subspaces V of D(T) such that
D(TY)-V € V. dé then compute the characteristic polynomial of the
action of D(T) on the subspaces. This must divide the characteristic
polynomial of the distance matrix of the whole tree. Let e be the

vector with 1 in the ith place and 0 otherwise. For any set S, let
eg =) e -

seS
Theorem 10 For any graph G, we always have a factor of degree the

number of orbits of G. The associated vector space is defined in the

proof below. The factor from this vector space is called the orbit

factor.

Proof of Theorem 10 Let the vertex orbits of G be Si’ SZ’ oo Sr.

Let vorbit = <esi: 1¢i<r>. Then row(j) times eSi = Z:de’s .  Since
SEi

every automorphism of G preserves distance, z: d 8 = 2: dj',s for
s€Sy s€Sy

every j' in the same orbit as j. This completes the proof.

Theorem 11 Suppose T has a subgraph with a vertex v joined to two

isomorphic copies of rooted tree T* at root u. Suppose that v

disconnects each copy of T* from the rest of T. Then we can find a

factor of CP(D(T)) of degree the number of orbits of rooted tree T*.

Proof of Theorem 11 Let the left-sided copy of T* be labelled T* with

root u and the right-sided copy of T* be labelled T* with root u. Let

the vertex orbits of rooted tree T* be Si’ S .oy Sq and the orbits

2’
- Lq with the correspondence Si-ébi in the

.
of T* be 61, LZ,



isomorphism between T* and T*. Let V = <eS. - eAi:
i

We show that D(T)-VEV. It is clear that the dimension of V is

1<¢i<q>.

the number of orbits of rooted tree T*.

Now D(T)-(eg = e, ) = (3 ap =Y a4, »eoeer 2 dg=d d )
SESi oebi SESi &61
If w is in T, but not in T* or T*, then ) d__ =) d_ =0,
WS W
s€S4 2€hy
since d -d =d_+d )-4( +d ) =0, because s and » are in
ws W wu us wu us

the "same" orbit of T*, If w is in T and ¢ is its image under the

isomorphism, then 2: dws —z: dwA = - ( 2: dws - dwo ) by symmetry.
SCSi AC.bi 5891 o€.61

If w, and w,, are in the same orbit in T*, then d = z: d since
1 2 Wy W
2€hy 44

vy and v, are the same distance away from u and must go through u to

* =
get to T*. Now 2: dW1S z: des since the isomorphism that makes
s€S§ SeSy

vy and vy in the same orbit must preserve distance. Hence the action
of D(T) on V preserves V.

We use Theorem 11 to compute CPD(B,), where B, is the full binary
tree with maximum length r from the top vertex, by finding linearly
independent vector spaces that are preserved under the action of D(T).
For each vertex not on the bottom level we have exactly the situétion
of the preceding theorem. Let the top level be labelled 0 and the
level at distance i from the top be labelled level 1i. Eaéh vertex on

level i forms a Br- with all its descendants. This generates a factor

i
of CP(D(B,)) of degree r-i. Each factor of degree r-i appears in
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CPD(By) 2" times, since level i contains 2" vertices. We also get a

factor of degree r+1 by taking V of the whole tree.

orbit

Theorem 12 Let Br be the full binary tree with maximum distance r

Zr-i 2r-Z
from the top vertex. Then CP(D(Br)) = P1 -Pz "'Pr'or+1 where
. _ 2
each Pi has degree i and in fact, Pi+1(X) = (2+3\)Pi(X) + 2\ Pi_i(X).
Each Pi has leading coefficient (—1)i and P1 = =(\+2), P2 = Xz + 8\ +4,

Proof of Theorem 12 We first show that the vector spaces associated
with the polynomials from Theorem 11 are linearly independent. The
vertex orbits of Br are the levels of the tree. All of the vector
spaces given by Theorem 11 are generated by vectors with non-zero
entries only in one orbit. Hence we need only consider a single orbit
at a time to determine if all the vector spaces are independent. Let
S(m) = {1,2,...,2m} and let M(p) be the 2Px2P matrix whose rows are
given by e

S(p) * s(p-1) ~ 2P les(p-1)’ ®s(p-2) ~ 2P Z+s(p-2) ’

e, — e

1~ %20 €

-e

€2.2P~2+5(p-2) ~ €3-2P"2+8(p-2)’' """’ 3 "%47--- €2p-1 "%2p-

It is easy to show that det M(p) is never zero. We replace

with itself plus e to get 2e and

€s(p-1) ~ €2P~1l+s5(p-1) S(p) S(p-1)

then replace S(p) with itself minus €S(p-1) to get €2p~14+§(p-1) " We

then have that |det M(p)| = 2(det M(p—i))z. When p = 1, we get that
det M(1) = -2. Hence by induction det M(p) is never zero. Therefore

the vector spaces are independent.



Using Theorem 10 and 11, we now have shown Theorem 12, except for
the recursion of the P's. To do this we must compute the matrix of

the action of D(Br) on the vector spaces of Theorem 12. Fix r and let

M be the (2r+1 - 1)xr matrix with columns {e - e

Sy &'

is the set of vertices in Br at distance i from the top and

1¢i<{q} where S1

descendants of the left-hand child of the top, and Li is the other
half of vertices on level 1i.

Now Pr is the characteristic polynomial of the rxr matrix I that
records the action of D(Br) on M. That is, the ijth entry of matrix Il

is the coefficient of e -e
Sy 44

D(B )-(e - e, ). Since we have one vector e - e
r Si .bi Si

Si’ we need compute only row(j)-(eSi - e

orbit SJ to find the ijth entry of II.

If i¢j, then row(j) in D(Br) times eSi - ebi is

in the linear expansion of
for each orbit
44

51) for a single vertex j in

(J=i) + (j=1+2) + 2(j-i+8) + 4(j-i+6)+ ...+ 217 2¢1+5-2) - 217 Laep

= —2¢2t71 oy,

- e is

B

If i>j, then row(j) in D(Br) times eSi

27 -+ a2y ¢ 20-gr0+ L+ 297 20e5m2) - 207N ae)

= —2l7It 17 Ly,
So Pr = det(lI-\1I). We perform some elementary row and column
operations on II-A\I to simplify taking its determinant. First we

divide every row by -2 and substitute y for \/2. Then we subtract

the kth column from the k+15% column, beginning with k = r (the first



column remains the same). Finally we subtract 2 times new row k from

new row k+l for k = 1 to r. Our resulting matrix Zr = (z,.) has

ij

z,, = 0 if 11-j132, z,, = 1%y, 2z, = 1+3y for i1>1, 2z = -y and

11 ii
= 2y. By expanding out the last column, we get that

ij i,i+1

Zi41,1

det(Zr) = (1+3y)det(Zr_ ) + szdet(Z )

1 r-2°°
When we multiply by (-2)" and substitute \/2 for Y, we get

P (\) = =(2+3\)P (\) + 2 XZP o).
r r-1i r-2

We mention without proof that Theorem 12 can be generalized for
full k-nary trees. Let Fr be the full k-nary tree with maximum

distance r from the top vertex. Then CPD(Fr) =
r-1 r-2
(k-1)k (k-1)k
1 P2 Pr Qr+1 wvhere each Pi has degree i and
2

) = -(2+(k+1)X)P1(X) + K\ Pi_i(X). The proof of this will

P
P1+1
appear in an upcoming paper [C]. There will also appear in [C] a more
complicated recursion developed for the Or's, which are the

polynomials associated with the vor t of the full binary tree Br'

bi
Another attempt to find subspaces to use to factor the CP of the

distance matrix led to the following.

Theorem 13 Let s be an involution of the automorphism group of T,

contained in Sn' Let VS be generated by {e1 T €51y’ ®2 T Cg(2)

Then the action of D(T) on Vs'preserves Vs, that is, D(T)~VS c VS.

Proof of Theorem 13

D(T)-(e, - e_. ) = [d1j = dyg(1), d21 ~ dg(1)s -+ »dni ~ dns(1)]

But d4j - d4g(i) = —(dg(1)i — ds(1)s(i)’ since s is an automorphism of
T and therefore preserves distance and also since s is an involution.
Hence D(T)-VS is contained in VS.

Using Theorems 10 and 13, we can factor the CP of the distance



-20-

matrix of a path into "halves", much like the effect of its single
automorphism, the flip. We get a factor of degree |n/2| from its
non-trivial involution. We also get an orbit factor of degree Tn/27.
Thus we can write the CP of a path as the product of two factors, each
of degree approximately half of the number of vertices.

Theorem 13 also allows us to factor the characteristic polynomial
of the distance matrix of a graph, not just a tree. For example, we can

factor the CP of the odd cycle C by taking two involutions, say, the

2k+1
flip that leaves vertex 1 fixed and the flip that leaves vertex 2 fixed

2

plus the factor from V ¢ which is (A-(n"+n)). Each flip gives us a

orbi
factor of degree n. We can easily factor the CP of the distance matrix
of a complete graph on n vertices minus an edge: we get an orbit

factor of degree 2, an involution factor that switches the vertices of
degree n-2, and n-3 involutions that switch the vertices of degree n-1

to get (-DPOZ = (DX - 22Oy O3,
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Group Representation Connection

People knowledgeable about representation theory will tell you that
the results in this section are no surprise. Here is a brief descrip-
tion of why the automorphism group helps factor the characteristic
polynomial. The group representation backgound can be found in [I].
If we take the representation of the automorphism group of G as the
permutation representation on the vertices of G, realized by nxn
matrices, then this representation has a character §. This character ¥
can be written as the sum of irreducible characters, and corresponding
to each irreducible character x there is a vector space VX’ called the
isotypic component of yx, that is invariant under the action of the
automorphism group of G. If x appears with multiplicity greater than 1
in the linear expansion of ¥, then Vx breaks up into a sum of vector
spaces, in, v,

v
X2 Xm(x)
of which are invariant under the automorphism group of G. The distance

, (with m(x) = the multiplicity of x) each

matrix of G is fixed by the automorphism group of G and hence, by
Schur's Lemma, D(G) acts as a scalar axion each in. Then what we have
observed is that

= - dim(V, )
P = T[ [ Oayp o) oo S ) X1

X appears in the linear expansion of ¥



CONJECTURES

Conjecture 1 The sequence (1/2n_2)IdO(T)I, (1/2n_3)ld1(T)|, ... 1is

n-[n/21-2

unimodal, with the peak occuring at (1/2 )ld (TY|

[n/2]
(due to R. L. Graham).

Conjecture 2 Binary trees are characterized by the characteristic

polynomial of their distance matrices. (dve 4o l_%vuqe Ebu+1£1*)

Conjecture 3 If two trees have the same CP(D(T)), they have the same

degree sequence. (due o M4, H’O\JL(3>

Open Problem 4 What other classes of trees have easily factorable

CP(D(T)) 's?

Conjecture 5 If two trees have the same CP(D(T)), then they have the

same automorphism group.

Conjecture 6 CP(D(T)) of a tree with trivial automorphism group has

no rational roots.
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List of Notation

a. = the coefficient of A\ in CP(A(T)).

i
aiJ =1 if vertex v, and vj are adjacent; 0 otherwise.
Ag = the integer coefficient in Theorem 1 that does not depend on T.
d? = the polynomial coefficient in Theorem 2 that corresponds to A?.

A(T) = the adjacency matrix of tree T.
A(G) = the adjacency matrix of graph G.

aij = aij /xij

B = the matrix that makes A(T) = NTBN true.
IC| = the number of vertices in component C.
1ICIl = the number of edges in component C.

cofactor(M) = cof(M) = det(ﬁ)z: mI% for matrix M.

CP(M) = the characteristic polynomial of matrix M.

di = the coefficient of xi in CP(D(T)).

d, . = the distance between vertex v #nd vertex v .

ij i J

d(u,v) = the distance between u and v.

D(T) = the distance matrix of tree T.

D(G) = the distance matrix of graph G.

8, = the coefficient of zin craacmn.

Gij = the weighted distance between vertex v, and vertex Vj'

8(u,v) = the weighted distance between u and v.

A(T) = the weighted distance matrix of tree T.
A(G) = the weighted distance matrix of graph G.
A-1 = the inverse of A(T).

e = special edge labelling in the proof of Theorem 2.

|{F| = the number of vertices in forest F.
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I{FIl = the number of edges in forest F.
gi = degree of vertex vi.
Gi = a 2-connected component of graph G.

L(i) = the number of i-matchings (in an unspecified graph).

M = usually denotes a matrix.

M* = the matrix M with its first row subtracted from every other row

and its first column subtracted from every other column.

NF(T) = the number of copies of forest F contained as a subforest of
tree T.

N = (nij) = the matrix given by nij = 1 if j is on the unique path

from 1 to i and 0 otherwvise.

vij = the 1jth entry of N-i.

Pk = the path on k edges.

P(u,v) = the path from u to v.

p(F) = TT IC| where C is a component of F.

T = a tree.

vy = the ith vertex of tree T.

V = a vector space.

X, =a variable label on the ith edge of tree T.

x1J = the variable label of the edge between vertex vy and vj.

X = the sum of all the variable labels on the edges of weighted

tree T.
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A Philosophical Conclusion

Most mathematicians love to play games. In fact, they love it so
much that they do it all the time. Even more characteristically,
mathematicians love to play games with changing rules, and would claim
that the fun lay in deciding which rules to choose instead of follow-
ing the'ones already picked out. Unfortunately, all this game playing
can be taken to an extreme that, it seems to me, destroys the fun of
the game.

As we all know, the number of mathematicians in the world has been
increasing dramatically, as has the body of mathematical knowledge.
Many journals have sprung up and it is not easy to keep track of
what's going on in one's own field, much less what's going on in other
fields. More than that, the standards of "good" mathematics have be-
come more and more blurred as an inrush of material to be read,
digested or understood and graded--i.e. by accepting for publication—-
has flowed in another tenfold. No one has the time to read yet
another new and probably not very interesting--that is, unlikely to
directly relate to my theorem on characteristic polynomials of the
distance matrices of binary trees-—-paper written by yet another under-
paid, overworked mathematician struggling to meet the standards of
expertise that are never written down, and not well understood.

Graduate schools, whose job one would believe to be that of set-
ting the standards of graduating mathematicians, concentrate on a
single aspect of a mathematician's life to the exclusion of the rest
of mathematical experience. Admittedly, we all know that the
mathematicians who have jobs at graduate schools have not been taught

how to teach others, have not been taught how to give advice, have
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not been taught to describe the process of mind that goes on behind
mathematics, so the best they can do is to encourage the students

to learn about these things the way they did--an ad hoc procedure
developed by trial and error--a procedure that has been used for
hundreds of years by mathematicians without being improved. We like
to think of mathematical methods as always being improved, but we
have not even begun on the basics yet.

An unfortunate effect of our emphasis on newness instead of
quality, is that, instead of consolidating what we have, we are
constanly struggling not to repeat the poorly written work of someone
on a different campus. The requiste to graduate from the graduate
program of a high quality graduate schools is "original research". If
the student's work has been duplicated before graduation, that work
doesn't "count". On the other hand, no matter how uninteresting the
work of said student, as long as it hasn't been previously published,
it's usually enough to get a degree. Students are not asked to write
well--it's considered a bonus if they can. Certainly no one may
expect that after graduation the newly appointed professor will
include writing practice as part of the professorial duties. Other
professorial duties are certain to interfere--classes, homework,
tests-—-duties that already take too much time away from "research".

However, when asked to explain the work that requires such a high
priority and so much time, or even to explain the value of such work,
most mathematicians will say that they "can't". Not only can they not
explain it to others, a lot of the time they can't explain it to
themselves. Now why is it that something they feel is so important

doesn't receive enough of their attention for them to give a good
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description of it? The ansvwer seems to be that we mathematicians
haven't devoted enough time to thinking about what quality work is.
It's usually easy for us to decide if a theorem is high quality--in
retrospect--but standards for how to think about, how to describe, and
how to write mathematics seem to be sorely lacking. Unfortunately,
our confusion about writing mathematics can only lead to confusion

about thinking mathematics.



