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Abstract

The advent of Probabilistically Checkable Proofs (PCP) established the surprising result
that the validity of a proof can be checked with good accuracy by reading only a very small
number of randomly selected locations of the proof. In particular, if one is willing to tolerate
a small probability of error, then one need not even read the entire proof in order to check
its validity! The celebrated PCP theorem [AS92, ALMSS92] shows that it is possible to
encode membership in any NP language into polynomially long proofs in such a manner
that a probabilistic polynomial-time verifier can read only a constant number of locations in
the proof and still reject any adversarially chosen proof of a false claim of membership with
50% probability. The probability of accepting a “false proof” is called the error probability
of the PCP system.

The PCP theorem, in addition to being of inherent interest in proof checking, also has
applications in proving hardness of approximation results for a whole genre of optimization
problems. The appearance of the PCP theorem spurred a lot of research devoted to finding
quantitative strengthenings of it, with improved trade-offs between the different parameters
arising in the proof-checking procedure. A sequence of surprising developments along these
directions recently culminated in the striking results of Hastad showing that every language
in NP has a PCP verifier querying only 3 bits of the proof and having error probability
arbitrarily close to 1/2. This characterization of NP is tight as it is known that no verifier
querying only 3 bits can achieve an error strictly smaller than 1/2, unless P = NP.

Hastad’s construction of the 3-query PCP however has two-sided error in that there is
a small but non-zero probability that even a correct proof is rejected, and this fact is used
in a very critical manner in his construction. It seems somewhat more natural to require
that the verifier only make one-sided error, so that “correct” proofs are always accepted.
There is an aesthetically pleasing element to PCP proof systems with one-sided error: Every
rejected proof has a short counterexample and the proof system explicitly exhibits a flaw
in any proof it rejects; for example in the case of 3 query verifiers, the flaw is in the 3 bits
queried.

We give a tight PCP construction for NP that makes only 3 queries to the proof, has
error probability arbitrarily close to 1/2, and always accepts “correct” proofs. It is known
that such a PCP cannot exist if the 3 queries are made non-adaptively all at once; so one
important aspect of our construction is that the 3 queries are made adaptively i.e the next
query location is chosen depending upon the value of the previously queried bits. This
also establishes for the first time the previously unsuspected result that making queries



adaptively is more powerful than making them all at once. We also extend our PCP
constructions for a slightly higher number of queries and in many cases construct proof
systems with one-sided error achieving the same error probability as the previously best
known constructions, which had to resort to two-sided error.

Thesis Supervisor: Madhu Sudan
Title: Associate Professor
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Chapter 1

Introduction

The notion of proof verification is central to the theory of computing. For example, the
fundamental complexity class NP consists of precisely those languages for which there ex-
ist short (polynomially long) proofs of membership that can be verified by a deterministic
polynomial time algorithm. For the canonical NP-complete problem SAT, the proof that a
formula is satisfiable is simply a satisfying assignment itself, and a polynomial time algo-
rithm can check if the assignment indeed satisfies all clauses in the input formula.

Over the past decade there have been a number of new, different proof checking methods
that have been proposed and studied, both for intrinsic complexity-theoretic purposes and
for other applications. One of these is the now famous notion of a Probabilistically Checkable
Proof (henceforth PCP), which is motivated by the following question: “How can a proof
be written so that it can be verified very efficiently?”! In particular, can one write (encode)
the proof in such a manner that it can be checked with reasonable accuracy even without
looking at the entire proof, i.e can a verification procedure look at only a few locations of
the proof and still spot flaws in incorrect proofs with good probability? This is clearly not
possible if the verifier strategy is deterministic, and such a verifier must necessarily look at
the entire proof. This, however, is not true for a probabilistic verifier that can toss random
coins and probe randomly selected locations of the proof, and this leads to the definition of

the intriguing notion of PCP systems as described below.

Historically the primary interest in studying PCPs was their immediate application to proving hardness
of approximate versions of NP-hard problems, but there is no denying that there is these are of inherent
interest in the domain of proof checking itself.



1.1 Probabilistically Checkable Proofs

Informally, a Probabilistically Checkable Proof (PCP) system for a language L consists of a
verifier V which is a probabilistic polynomial-time Turing machine whose goal is ascertain
membership of an input string = in a language L. The verifier is given oracle access to a
(binary) proof string IT which purportedly proves the statement x € L. The verifier tosses
a certain number of random coins, and decides, based on its random string and = whether
to accept or reject the proof II.

Since we are interested in the efficiency of the proof-checking procedure, we can pa-
rameterize PCP systems by their complexity and performance. For example, for integer
valued functions r and ¢, we can require that the verifier, for inputs = of length n, tosses at
most O(r(n)) random coins and queries the oracle (proof) II in at most O(g(n)) locations;
we refer to such verifiers as (r(n), g(n))-restricted verifiers. (We move freely between the
usages “querying an oracle” and “reading a proof”.) These quantify the complexity of the
verification procedure and we expect that r(n) and ¢(n) will be much smaller functions than
n so that the proof-checking will be very efficient. We can also quantify the performance
of the verifier by additional parameters c(n) and s(n) (called completeness and soundness
respectively) which satisfy : (a) When z € L, there exists a proof II such that the verifier
with input z and oracle access to Il accepts with probability at least c¢(n) over its coin
tosses, and (b) When = ¢ L, for all proofs II the verifier accepts with probability at most
s(n) over its coin tosses. This leads to the formal definition of a class of languages in terms

of the parameters of the PCP systems languages in the class admit.

Definition 1 The class PCPy) 5(n)[(), q(+)] consists of all languages for which there exist

(r(n), g(n))-restricted verifiers with completeness c¢(n) and soundness s(n).

In the notation of the above definition, it is clear that NP = PCP; [0, poly].

It might seem a bit strange that we do not always insist that c¢(n) equal 1 (i.e require
that when x € L, the prover can write down a proof which the verifier always accepts), but
we will see shortly that not requiring so has led to some very interesting results. Whenc =1
and s = 1/2 we omit the subscripts ¢, s and refer to the PCP class as simply PCP[r(n), g(n)].

The study of PCPs has involved interest in a host of parameters which are related to the
efficiency of the proof checking procedure. We have already encountered the most basic ones

among these like query complexity, randomness complexity, completeness and soundness.



We look at these and further parameters in the next section.

1.2 Parameters of PCPs

We now list the parameters relating to PCPs that have been considered in the literature
by various authors; most of these parameters were defined and studied extensively for the
purposes of proving stronger, and sometimes tight, inapproximability results for certain
classical optimization problems. We only define these parameters in this section; their
applications and the motivation to study them are discussed in a later section. All these

parameters are functions of the length n of the input = to the PCP verifier V.

Randomness: This refers to the number of coin tosses that the verifier makes; it is typically

denoted by r(n).

Completeness: Denoted by c¢. Formally defined as:
c(n) = min{mrafx I}’zr [VI{(z; R) accepts] : z € L and |z| = n} .

We are usually interested in PCPs with ¢(n) being some constant function. Of special
interest is the case when the PCP has completeness 1, we then say it has perfect
completeness. A family of PCP constructions, with completeness 1 — ¢ for any € > 0,

is said to have near-perfect completeness.

Soundness: This denotes the maximum probability of accepting a “false proof”. Formally,

the soundness s is defined as:
s(n) = ma.x{mrzimx I;%r [VI(z; R) accepts] : ¢ ¢ L and |z| =n} .

As with the completeness, we are usually interested in PCPs with s(n) being some

constant function.

Error-probability: This stands for the ratio s/c of soundness to completeness.

We now move to various measures of information conveyed by the proof oracle to the

verifier. We only consider oracles which return a single bit on each query.

10



Query Complexity: Denoted by g(n) this refers to the maximum number of queries made

by the verifier to the proof oracle II over all proofs IT and all strings z of length n.

Free-bit complexity: Intuitively the free-bit complezity of a PCP verifier is f, if after
reading f bits of the proof, the verifier knows the (unique) values it should expect in
the remaining bits it is going to read. For instance if the verifier reads three bits of
the proof and accepts iff their parity is 0, then the free-bit complexity of the verifier is
2, since once it reads the values of the first two bits, it knows the value of the third bit
which will cause it to accept. To formalize this, let us denote by patterny (z; R) the
set of all sequences a such that the verifier accepts with input = and random string R
when the sequence of bits it reads from the proof oracle is a. The free-bit complexity
of V is the maximum of (lg|patterny (z; R)|) over all z, R (lg denotes logarithm to
the base 2). Equivalently, a PCP verifier uses f free bits if for any input z, and any
fixed random string R, its acceptance predicate (which is a boolean function of the
bits of proof) can be expressed by a DNF formula with at most 2/ terms every pair of
which are inconsistent, i.e no truth assignment to the bits of proof can simultaneously

satisfy more than one of these terms.

Amortized query complexity: V is said to have amortized query complexity q (for a
constant @) if for some constant £ it reads at most gk bits and has error-probability
at most 2%, The amortized query complexity of a PCP that has query complexity ¢

(for constant g) and soundness and completeness s, ¢ is defined as: § = ¢/ lg(c/s).

Amortized free-bit complexity: The amortized free-bit complexity of a PCP that has
free-bit complexity f (for constant f) and soundness and completeness s, ¢ is likewise

defined as: f = f/l1g(c/s).

Similar to the notation PCP(r, g] we denote PCP classes parameterized in terms of their
free bit complexity as FPCP, ([r, f] for the class of languages which have PCP verifiers with

soundness and completeness s, c and use f free bits and O(r) random coin tosses.

Adaptive Vs. Non-adaptive PCPs: We now discuss another subtlety in the definition
of a PCP. Note that the definition of the PCP allows for the verifier to be adaptive, i.e
to make future queries depending upon the values it reads for its previous queries. The

only restriction is that, for each input z and random string R, it reads at most g bits of
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the proof and then decides to accept or reject. One could imagine requiring the verifier to
be non—adaptive i.e to decide the (at most) ¢ locations of the proof it is going to read all
at once depending upon z, R alone, and then query them and finally accept or reject. A
PCP whose verifier is constrained to be non—-adaptive is called a non-adaptive PCP and is
denoted by naPCP. Whenever we want to make the non-adaptivity of a PCP construction
explicit, we will always use this notation.

One can also define a notion of non-adaptivity associated with the free-bit complexity
of a PCP verifier. The definition we gave for free-bit complexity above corresponds to the
adaptive case. We say a verifier has non-adaptive free-bit complexity f, if for any input =
and any fixed random string R, its acceptance predicate is a boolean function that has at
most 27 satisfying assignments. It is easy to see that a verifier using f non-adaptive free
bits also uses only f (adaptive) free bits; the non-adaptive free-bit complexity of a verifier
could, however, be much higher than its adaptive free-bit complexity. For example if the
acceptance predicate ¢ of the verifier for each fixed z, R is of the form ¢ = (a Ab) V(@ Ac)
for some variables a, b, ¢, then its free-bit complexity is only 1 while its non-adaptive free-
bit complexity is 2 as there are four assignments to (a,b,c) which satisfy . PCP classes

parameterized in terms of their non-adaptive free bit complexity are denoted using naFPCP.

1.3 PCP Constructions: A Brief History

We now begin sketching a brief history of results in the area of PCPs leading up to our
work.?2 The study of PCPs has been a subject of active research in the past few years. A
central and important result early in the area was the result of Babai, Fortnow and Lund [5],
who, stating in the above terminology, proved that NEXP C PCP|poly, poly]. This impor-
tant result was scaled down to the NP level by two independent works. Babai, Fortnow,
Levin and Szegedy [6] proved that there exist PCPs for NP in which the verifier runs in
polylogarithmic time. The definition of PCPs as above was implicit in the seminal work of
Feige, Goldwasser, Lovéasz, Safra and Szegedy [11] who observed a remarkable connection
between PCP systems and the hardness of approximating Max-Clique. They proved that

NP C PCP[lognloglogn,lognloglogn], and as a consequence of their connection to ap-

2We stress that this area is rich in deep and beautiful results and it is impossible to cite each piece of
important work; we have done our best to cite and mention all results that closely relate to our line of study.
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proximating clique deduced that Max-Clique cannot be approximated within any constant
factor unless NP C Dtime(n!81087),

The purpose of proving stronger hardness results for approximating Max-Clique moti-
vated much of the initial investigation on PCPs. Arora and Safra [2] proved that NP C
PCPy ;5[ log, o(log)], this proved that Max-Clique is NP-hard to approximate within any
constant factor. They made the definition of PCPs and of the class PCP[r, ¢] explicit, and
identified query complexity as an important parameter of PCP constructions. Their work
also introduced and used the idea of recursive proof checking (also known as proof compo-
sition) and this has played an important role in all future developments in the area. Arora,
Lund, Motwani, Sudan and Szegedy [1] showed how to reduce the query complexity to a
constant while preserving logarithmic randomness, yielding the celebrated PCP theorem
that states

NP € PCPy,; o[ log, O(1)] .

The above, in addition to being an astonishing and inherently interesting statement about
proof checking itself, also had remarkable applications to proving hardness of approximation
problems: for example NP-hardness of approximating Max-Clique within N¢ for some £ > 0,
and the NP-hardness of approximating MAX 3-SAT within some constant factor.

The appearance of the PCP theorem spurred a lot of research devoted to finding quanti-
tative strengthening of it, with improved trade-offs between the different parameters arising
in the proof-checking procedure. One main motivation behind this line of research is to get
improved, and sometimes tight, hardness results for approximately solving varidus classical
optimization problems like Max-Clique and MAX 3-SAT.

The work in [2, 1] distilled the role of “recursive proof checking” as an important tool
in PCP constructions, and the construction of constant-prover one-round proof systems
became an important step in the latter steps of the recursion as it is instrumental in getting
PCP systems that make only a constant number of queries. In a constant-prover one-round
proof system, a probabilistic polynomial time verifier makes one probe to each one of a
number p (which is O(1)) of provers each of which returns possibly many bits as an answer.
The verifier then decides to accept or reject depending upon the answers it receives. As in
PCPs, there are several parameters of interest here like the number of provers, the answer

sizes of the provers, the randomness complexity of the prover, to name a few. Following
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[1], the task of constructing PCPs bifurcated into the tasks of constructing good constant-
prover proof systems (which will serve as what have been called outer verifiers) and good
inner verification procedures (these notions will be formalized and discussed in detail in the
next Chapter).

PCP constructions ideally require constant-prover proof systems whose error can be
made an arbitrarily small constant while keeping the randomness and answer sizes small, and
the number of provers fixed, preferably two. Early constructions of constant-prover proof
systems due to Lapidot and Shamir [18] and Feige and Lovész [12] used polylogarithmic
randomness and answer sizes. The randomness complexity was reduced to logarithmic in
[1] at the expense of increasing the number of provers to a constant much larger than
2. Bellare et al. [8] achieve the same logarithmic randomness while keeping the number
of provers bounded (they needed 4 provers) and also achieve sub-logarithmic answer sizes.
Significant progress was made when Feige and Kilian [13] constructed constant-prover proof
systems with logarithmic randomness, constant answer size and only 2 provers. Bellare and
Sudan [9] identified extra features of two-prover one-round proof systems that could be
exploited to construct better PCPs; the 2-prover proof systems of [13], however, did not
have such properties, so instead [9] worked with a modification of the proof systems in
[18, 12]. A breakthrough came in the form of Raz’s parallel repetition theorem [21], which
gave a construction of a 2-prover l-round proof system with logarithmic randomness and
constant answer size, and in addition had the properties which [9] needed. The proof system
of Raz has been the “outer verifier” in all future PCP constructions, beginning with the
ones in [7].

This is a good point to remark that constant-prover proof systems, in addition to being of
importance to PCP constructions, are of intrinsic interest and also have direct applications
in proving hardness of approximations; for instance in the inapproximability results for Set
Cover {19, 10]. There still remain interesting questions pertaining to constant-prover proof
systems themselves, and there has been recent work in [22, 3] obtaining constant-prover
proof systems with sub-constant error-probability while using logarithmic randomness and
answer sizes. Our work will not focus on results on constant-prover proof systems; we
will just use the construction of Raz [21] as an “outer verifier” in order to get our PCP
constructions.

The sequence of works [8, 13, 9, 7] identified the important parameters for PCPs (like

14



query bits, free bits, amortized free bits, soundness, etc.), and gave better and better PCP
constructions for NP (all using logarithmic randomness) with improved parameters using
the above constructions of constant-prover proof systems together with some other ideas to
perform efficient “inner verification”. The notion of free bits was implicit in [13] and was
formalized in [9]. Amortized free-bits were introduced in [9] and formalized better in [7].
PCPs with low free bit complexity have applications to proving hardness of approximating
Vertex Cover, while amortized free bits turns out to be the right measure to optimize for
inapproximability results for Max-Clique {9, 7].

A PCP construction with amortized free-bit complexity 2 + £ was given in [7]. This
paper introduced the Long code as an error-correcting code to be used in proof composition,
and this important discovery has been the standard for subsequent constructions. They
also showed that NP C PCPy gg5+.[log,3] and NP C FPCPy g.7935+¢]l0g,2]. They also
considered the question of determining the minimum ¢ for which NP C PCP, /2[10g,q]
and showed that ¢ = 11 would suffice.® Hastad [15], in a major breakthrough, constructed
PCPs with amortized free-bit complexity ¢ for arbitrary ¢ > 0. Trevisan [27] and Sudan
and Trevisan [24] construct PCPs with amortized query complexity 1.5 4 ¢ for any € > 0.

This sequence of developments [5, 4, 11, 2, 1, 8, 13, 9, 21, 7, 15] culminated in the striking
results of Hastad [16] showing that every language in NP has a PCP verifier querying 3 bits
and having error probability arbitrarily close to 1/2. This characterization of NP is tight
in the sense that no verifier querying 3 bits could achieve an error strictly smaller than
3 [29]. Hastad in his papers [15, 16] actually describes a general machinery for analyzing
Long code based PCP constructions using Discrete Fourier analysis, and in principle these

methods could yield a tight analysis of any given verifier.

1.4 Current Research Directions and Our Main Results

Current results in better quantitative improvements to existing PCP constructions (for
NP) can be classified into (broadly) four kind of endeavors depending upon the complexity

measure they are trying to optimize:

3This question was addressed in initial works in order to prove the hardness of approximating Max-Clique.
While we now know amortized free-bits is the right measure for this purpose, the query complexity of a proof
system is still a most natural measure, and it is an intriguing question how many query bits one needs in
order to achieve a certain error probability.
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1. Amortized free bits: This is the correct parameter to optimize for applications to
inapproximability results for Max-Clique, as shown by [9, 7]. A tight result achieving

e amortized free bits for any £ > 0 has been shown by Hastad [15].

2. Free bits: The goal here is to achieve the best soundness possible for PCPs that use
a small number of free bits; free-bit complexity is the right measure to optimize for
obtaining inapproximability results for Vertex Cover. The best known construction
for free bits is again by Hastad [16] and achieves near-perfect completeness, soundness

1/2 using only two free bits.

3. Amortized query bits: This parameter specifies the precise rate at which the error of
a PCP goes down with the number of queries it makes, and also has applications to
the approximability of the Boolean constraint satisfaction problem with constraints
involving at most &k variables, usually called MAX k-CSP. A construction achieving
1.5+ ¢ amortized query bits is known [27, 24], and recently [23] announced an optimal
PCP construction achieving 1 + £ amortized query bits for any € > 0 (a lower bound
of 1 holds for the amortized query complexity of any PCP system powerful enough to
capture NP, assuming P # NP).

4. Query bits: The goal here is to achieve the best soundness possible for PCPs that use
a small number of query bits. The query complexity being such a natural parameter
of the proof-checking procedure, this is a fundamental question in the understanding
of PCPs, and it also has applications to proving hardness results for approximating
fundamental optimization problems like MAX 3-SAT, MAX CuT, MAX 2-SAT, MAX

k-CSP for small values of &, to name a few.

Since tight results have been obtained for the case of amortized query and free bits, our
work focuses on obtaining improved PCP constructions for the parameters of query bits,
and also as corollaries, free bits.

A “tight” PCP construction in terms of query bits follows from the work of Hastad,
namely his 3-query PCP construction with error-probability 1/2 [16]. In the process of
proving this tight characterization of NP in terms of 3-query PCPs, Hastad’s work exposes
some of the previously unexplored subtleties in the definition of a PCP system. Recall

that such a proof system is described by an (r,g)-restricted PCP verifier, and also the
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soundness and completeness parameters s,c. Notice that while the definition allows for the
verifier to make two-sided error i.e have completeness less than 1, most PCP constructions
to date restricted their attention to verifiers making one-sided error (i.e having perfect
completeness). There are several reasons for this: (1) It was not known how to exploit
the power of two-sided error, and (2) Verifiers with one-sided error work better in proof
composition and in many applications to inapproximability results. Moreover, there is an
aesthetically pleasing element to PCP proof systems with one-sided error when looked from
the perspective of proof-checking: There is a short counterexample to any rejected proof
and verifier explicitly exhibits a flaw in any proof it rejects; and in the case of 3 query
verifiers, the flaw is in the 3 bits queried. In fact, the original definition of PCPs in [2, 1]
required the proof system to have perfect completeness.

Hastad’s construction, however, yields a verifier making two-sided error. Specifically,
his construction has near-perfect completeness and when z € L the verifier makes an arbi-
trarily small but non-zero error, i.e he proves NP C PCP;_, , /2[log,3]. The near-perfect
completeness is inherent in his construction and leaves open the question: What is the
lowest error that can be achieved in a 3-query PCP for NP having perfect completeness?
In light of the newly acquired ability to perform (at least in principle) a tight analysis of
almost any PCP verifier through Hastad’s work, it seems feasible to examine this question:
The only challenge seems to be in designing the right PCP verifier. Yet, the best previous
construction of a PCP verifier that queries three bits and has perfect completeness only
achieves an error probability arbitrarily close to 3/4 [16].

Trevisan [26] and Zwick [29] show a fundamental barrier to this quest: They show that
any PCP verifier making 3 non-adaptive queries to the proof oracle, and having perfect
completeness and soundness less than 5/8 can only recognize languages in P. This brings
up another subtlety in the definition of PCPs: as we mentioned in Section 1.2 the definition
actually allows the queries of the verifier to be generated adaptively. Most previous PCP
constructions do not use adaptivity. However, to get a tight answer to the 3-query question,
it seems necessary to build an adaptive verifier; and the only construction of an adaptive
PCP verifier in the literature is a construction of Bellare et al. [7]. Thus this entire area
seems relatively unexplored.

We build a new adaptive 3-query verifier for NP. This verifier is based on a combination

of the adaptive verifier of Bellare et al. [7] and the non-adaptive verifier with perfect com-
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pleteness of Hastad [16]. We perform a tight analysis of this verifier and obtain a somewhat

surprising result:
Theorem 1.1 For every ¢ > 0, NP = PCPl,%+E[Iog,3].

The theorem is tight since, as pointed out earlier, any 3-query verifier for NP must
make an error with probability at least %— [29]. This theorem, therefore, resolves a central
question relating to PCPs by obtaining a tight characterization of NP in terms of a 3-
query PCP making one-sided error. ¢ The surprising element of the result above is that
it shows that an adaptive verifier can achieve a lower error than any non-adaptive verifier
— thereby establishing a separation between adaptive and non-adaptive PCPs. Prior to
this result there was no evidence indicating that such a separation might exist. In fact,
on the contrary, Trevisan [25] points out that adaptive and non-adaptive PCPs actually
have the same power for PCPs with two-sided error. Of technical interest is that we extend
(in retrospect, quite easily) the Fourier analysis method of Hastad to the case of adaptive
PCPs. While our proof of Theorem 1.1 borrows lots of ideas from [16], our presentation
here is self-contained and also different from the one in [16] which does not make proof
composition and the notion of inner verification explicit.

We move on to examine PCPs with slightly higher number of queries. One motivation for
addressing this question is to determine the smallest number of queries required for a (non-
adaptive) PCP to have soundness strictly less than 1/2. This question has the intriguing
aspect of answering what the constant in the PCP Theorem (stated with completeness 1 and
soundness 1/2 and requiring non-adaptivity) actually is. This quest was initiated in [8] and
pursued further in [13, 9, 21, 7] and the best bound prior to our work was 9 and was implicit
in the work of [16]. Another motivation is the following question: Is it true that every
additional query increases the power of PCPs? (L., is PCPq ,4{log,q] C PCP; ¢{log,q + 1],
for some s’ < s?°) It is easy to see that 3 additional bits certainly reduce the error. Yet, for
one additional bit we do not know the answer. In fact, prior to this paper, it was not even
known if there exists a non-trivial q (¢ > 3) for which this statement is true. To answer

such questions, we prove some more new (but not necessarily tight) PCP characterizations

4 At this stage almost every question relating to NP and PCP with 3-queries seems to be tightly resolved,
except for the case of a non-adaptive PCP with perfect completeness where the best soundness achievable
lies somewhere between 5/8 and 3/4.

5This question was posed to us by Oded Goldreich.
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of NP (recall that the notation naPCP below stands for non-adaptive PCP).

Theorem 1.2 For every ¢ > 0, the following hold:
(1) (4 non-adaptive queries) NP = naPCP; 1 1ellog, 4].
(2) (5 adaptive queries) NP = PCP17%+E[log,5].
(3) (5 non-adaptive queries) NP =naPCP, z +ellog, 5].

(4) (6 non-adaptive queries) NP = naPCP, 1 1ellog, 6].

Part (2) of result is where the main technical work is done. Parts (1) and (4) are
immediate corollaries of the adaptive protocols in Theorem 1.1 and Part (2) of the theorem
above: The non-adaptive verifier is obtained by reading all possible bits that may be read
by the adaptive verifier. It is interesting to observe that that for several choices of ¢, the
best known non-adaptive PCP verifier is obtained by starting from an adaptive one. Part
(3) above requires some modification of the verifier of Part (2), and shows that at most 5
non-adaptive queries are required to get soundness below 1/2 (improving the bound of 9
known earlier).

The above results together yield some partial answer to the question posed earlier, since
they exhibit a non-trivial value of ¢ for which ¢ + 1 queries give more power than ¢: For
non-adaptive PCPs, 4 queries are stronger than 3. (This follows from Theorem 1.2 (1) and
the fact that naPCP, 4[log,3] C P for any s < 5/8 [26, 29].) We will observe some more
such results in Chapter 7.

Our PCP constructions also have implications for optimizing free bits. For instance, our
3-query construction also proves that NP C FPCP, /2+E[ log, 2], thereby answering an open
question raised in [7]. We also obtain a few other such results, and also note a result which
hints at potential difficulties which have to be surmounted in order to get PCP constructions
that significantly improve the inapproximability results for Vertex Cover. These results
are described in detail in Chapter 5. We also obtain some results showing that certain
PCP classes (with perfect and near-perfect completeness) and certain soundness to query
complexity trade-offs in fact collapse to P; these results will be mentioned in Chapter 6.

A preliminary version of the results presented in this thesis appeared in the paper [14].
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1.5 Organization of the Thesis

We give some background on the methodology of PCP constructions and describe in detail
the notion of proof composition as needed for our constructions in Chapter 2. We describe
the 3-query PCP construction that proves Theorem 1.1 in Chapter 3. Chapter 4 describes
the PCP constructions with higher number of queries and proves all the parts in Theo-
rem 1.2 above. PCP constructions optimizing free bits that follow from our constructions
in Chapters 3 and 4, together with a few others, are described in Chapter 5. Chapter 6
proves some results that establish limitations on the power of PCPs that make a small
number of queries and have perfect or near-perfect completeness. Finally, in Chapter 7
we make some concluding remarks and list a few open questions and directions for future

research.
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Chapter 2

Proof Methodology and
Background

2.1 Proof Composition: The general paradigm

Our PCP constructions rely on the proof-composition methodology introduced by Arora
and Safra [2] and then refined in [1, 8, 9, 7, 16]. The main idea behind proof composition
is to construct two proof systems, that optimize different efficiency parameters, and then
combine them to build a composed proof system which is efficient under all the parameters.
In this methodology in its current, most convenient form, one composes an outer verifier
Vout that is typically a 2-Provers 1-Round (2P1R) protocol (in which the verifier makes one
query to each of two provers and accepts if their answers are “consistent”) and an inner
verifier Vin. The verifier of the composed system Viomp expects as proof the entry-wise
encoding of the proof of V,y using an error correcting code. Veomp starts of by simulating
Viut, choosing two entries of the proof as Vou, would, and then calls as a subroutine Vi,
whose job is to determine, given two strings, whether they are the valid encodings of two
possible consistent answers that would have been accepted by Viui(see Figure 2-1). Since
this requirement on Vj, is too strong, we relax it to testing if the two strings are close to
valid encodings of consistent answers. The power of this methodology in obtaining very
good parameters for PCP constructions comes from the fact that Viomp inherits the query
complexity and error probability of the inner verifier Vi, and even if Vi, requires a large

amount of randomness, the composed verifier will still only use logarithmic randomness.

21



— =5
X =
/
e
Raz’s verifier A inner verifiers The composed verifier

Figure 2-1: Proof composition

Moreover, as we shall see shortly, an outer verifier that is essentially the best possible one
for our purposes has been given by Raz [21], and therefore resorting to proof composition
reduces the task of designing PCPs to the simpler task of constructing inner verifiers.

Let us look a little more closely at the properties of the inner verifier. It knows the
acceptance criterion of Vi, and, given oracle access to two strings which are allegedly
encodings of answers that V. would have accepted, it job is to test whether this is the
case. In order to design a PCP with completeness ¢ and soundness s, we would like to say
that: (a) Whenever all the conditions are satisfied, Vi, accepts with probability at least c,
and, stating the soundness condition in the contrapositive form, (b) Whenever Vi, accepts
with probability more than s, the strings it is accessing are close to being valid encodings
of answers that would have caused Vg to accept.

The second property above turns out to be a tricky one to formalize. One possible
approach is to require that in the case when Vi, accepts with probability more than s,
there is a. way to “decode” the strings it is accessing independently into possible consistent
answers for the outer 2P1R protocol. This requirement is however too stringent. It turns
out that a weaker requirement that will still suffice for purposes of composition, is to allow
the decoding procedures to be randomized and require that if Vi, accepts with probability
more than s + 4, then the decoding procedure, applied independently to the two strings
which the inner verifier accesses, produces a pair of consistent answers (for V5, in the outer
protocol) with probability at least v > 0, for some v which depends only on 4. Such a

decoding procedure was made explicit in [16] and was implicit in the work of [7].
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We now proceed to explicitly describe the outer verifier and give more details on the

composition scheme the way we define and use it.

2.2 The Outer Verifier

For our outer verifier we use the 2-Prover 1-Round proof system due to Raz [21] which
achieves perfect completeness, constant answer size and small soundness (thé soundness
can be made an arbitrarily small constant by letting the answer size be a sufficiently large
constant). We now describe the construction of such a 2P1R protocol, and later abstract
the details of the Raz verifier to give the final general form of our outer verifier, as will be
most useful to us.

As a consequence of the PCP theorem [2, 1], together with a reduction due to Papadim-
itriou and Yannakakis [20] , there exists a polynomial time reduction that maps an instance
¢ of 3SAT to an instance ¢’ of 3SAT in which each variable occurs in the same constant
number of clauses, with the property that if ¢ is satisfiable then so is ¢/, and if ¢ is not
satisfiable then every assignment satisfies less than a fraction (1 — 1) of the clauses of ¢/,
where 1) > 0 is an absolute constant.

This transformation yields the following 2P1R system for ascertaining membership in
3SAT. Given a formula ¢, we first use the above transformation to produce a formula 4
with N variables and M clauses. The verifier of the 2P1R protocol has oracle access to
two tables (provers) P : [N] — {0,1} and Q : [M] — [7] which allegedly encode the same
satisfying assignment for ¢’ (for an integer n we use [n] to denote the set {1,2,... ,n}).
Specifically, for every variable z, P(z) contains the truth value of z in the assignment. The
Q table supposedly contains, for every clause C, the values of the three variables occurring
in C according to the same assignment as defined by P, and encoded as a number between
1 and 7, which represents, say, the index of the assignment in the lexicographic order among
the satisfying assignments of C.

The verifier operates as follows: It picks at random a clause C' in ¢’ and then one of
the three variables (say the ith variable z for some ¢ € {1,2,3}) occurring in C' again at
random. It then gets answers a = P(z) and b = Q(c). The verifier now determines by, bz, b3
such that b € [7] encodes the satisfying assignment by, bo, b3 of C, and then accepts if b; = 1.

Due to the “gap” that exists in the number of satisfiable clauses of ¢, 1t is easy to show
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Verifier VY%, (p; P,Q)

(First computes a formula ¢' with N variables and M clauses

and which has a “gap” in the number of satisfiable clauses.)
Randomly pick g € [M]*.
Pick a projection function « : [7]* — [2]* according to D(q).
Compute the query p = f(g, 7).
Get answers a = P(p) € [2]* and b = Q(q) € [7]*.
accept iff 7(b) = a.

Figure 2-2: A description of the outer 2-Provers 1-Round Protocol.

that this 2P1R protocol has perfect completeness and soundness (1 —/3) < 1.

Our final outer 2P1R will be obtained by driving down the soundness of the above
protocol by iterating it several times in parallel. For example the u-parallel version of this
protocol does the following: The verifier picks at random u clauses Cy,Ca,...,Cy of ¢
(possibly with repetitions), and for each C; it picks a variable z; occurring in it at random.
The prover P is now expected to encode a satisfying assignment to ¢', and for every u-tuple
of variables P must return the value of this assignment restricted to the variables in that
tuple. The prover Q is expected to return, for every u-tuple of clauses, the value of the same
assignment (that P encodes) restricted to the variables occurring in the u-clauses (encoded
in the obvious way as an element of [7]*). The verifier now gets answers (a1, az,...,ay) =
P(z1,%2,--.,Ty) and (b1, by, ..., by) = Q(C1,Ca,s . ... , Cy) and checks that w(b1, ba,...,by) =
(a1, a9, ... ,a,) where w : [7]* — {0,1}* is the appropriate projection function that extracts
the values of 1, Zs, ..., T, from the values of all the variables occurring in C1, Cy, .. ., Cu.

The parallel repetition theorem of Raz [21] proves that the above u-parallel version of
the basic protocol has soundness ¢* for some absolute constant ¢ < 1. It is clear that the
9P1R has perfect completeness and uses answer size of O(u).

We are now ready to abstract the above verifier into a form that will be useful to us
and that will also aid us in our presentation. We will use the following description of it (see
Figure 2-2): The verifier is parameterized by an integer v and it has oracle access to two
tables P, Q (with P : [N]* — [2]* and @ : [M]* — [7]%; the exact values of N, M will not be
important, we only need N, M to be polynomial in the size of ). (We have also identified
{0,1}* with [2]* in the obvious manner for clarity of presentation.) The verifier then picks,

uniformly at random, an entry ¢ in table @ to query and then picks a projection function
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7 : [7]* — [2]* randomly according to a distribution D(g) that is determined by ¢. It then
decides the query p into P as a deterministic function f of g,w, and then reads a = P(p)
and b = Q(q) from the tables and finally accepts iff 7(b) = a. By the parallel repetition

theorem, we obtain:

Propostion 2.1 For every v > 0, the 2P1R using the verifier V%, for u = O(log1/v) has

perfect completeness, soundness at most v and answer size O(log1/7).

A restriction on the distribution D(q): We now slightly compromise the generality of
the description of our outer verifier of Figure 2-2 by placing a restriction on the possible
distributions D(qg) that the verifier V¥, is allowed to use. For this purpose we first make

the following definition:

Definition 2 A distribution D on functions f : S — T is called o-distinguishing if for
every fited x #y € S,

Pr(f(a) # f(w)] 2 o

We require that each distribution D(q) be the product of distributions D1 (q), D2(q), - .., Du(q)
where each D;(q) is a o-distinguishing distribution on functions =; : [7] — {0,1} (for an
absolute constant o > 0; in fact we may take o = 1/3). We refer to such valid distributions

D(q) as smooth distributions.

Definition 3 A distribution D on functions f : S — T is called smooth if it is the

product of n o-distinguishing distributions D1, Dy, ..., Dy (on functions g: S — T).

The key property of smooth distributions D(q) is that a random function n chosen
according to D(q), with good probability, has the property that the image of a “large” set
under 7 is also quite “large”. We show this by proving the following lemma, which was

shown to us by Luca Trevisan.

Lemma 2.2 (Trevisan) Let I, R be arbitrary finite sets, and D be a smooth distribution

over functions w: X" — R™. Then, for every k and every set § C X7,

512 S = Pr [x(S)] < ok/2] < e~F/®

25



Proof: Let S be a set such that |S| > |Z|*. We define a subset T C S and we prove that
Pr[|7(T)| < ok/2] < e7k/8.
Towards this goal, we will construct a set T' = {s1,...,8k+1} and indices i1,...,%k+1,

such that for every j = 1,...k it is the case that

sjlij] # sj+1lis] = -+ = sptlis]

We prove that such a set T and associated indices 11, . . . , 1541 must always exist. We proceed
by induction on k. (The proof will also define a recursive algorithm to find the set and the
indices — this algorithmic aspect is irrelevant for the sake of the proof.) For the base case
k = 0 we can take i; to be an arbitrary index and T to be a singleton set consisting of
an arbitrary element of S. For larger values of k, we let 4; be an index where not all the
elements of S are equal. Let a be the most popular value in the 4;-th entry of the elements
of S; let s, be an element of S such that s1[i1] # a and let §" = {s € S : s[i1] = a}; observe
that |S'| > |S|/|=| > |X|F~!. Apply the inductive hypothesis to S’ and get a set T CS

of k elements and k indices 1o, ...,4x+1 with the required property. Then T’ U {s1} and

i1,...,x4+1 have the required property for S.
Let T = {s1,...,8k+1} € S and ig,...,%+1 as above. Let a; = s[i;] and let b; be
the common value of s;4+1[ij],. .., sk+1[i;]. Define the random variable X; for j =1,..., k

whose value is 1 when m;, [a;] # 7;,[b;] and O otherwise where 7;; is drawn according to the

o-distinguishing distribution D;;. Then

1. X, are mutually independent 0 /1 random variables, each one with expectation at least

g.

2. ¥, X is a random variable that lower bounds the number of distinct elements of 7(T')

(consider {s; : X; = 1}; then 7 maps this elements to different binary strings.)

By the fact that T C S, by part (2) above, and by Chernoff bounds and part (1) above,

we have
Pr(|7(9)| < ok/2) < Pr[|#(T)| < ok/2] < Pr[>_X; <ok/2] <e*/®. O

As a consequence of the above lemma and the requirement of smoothness we placed on

the distributions D(q), we get
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Lemma 2.3 For every 3 C (7%, the distribution D(q) employed by our outer verifier sat-

1sfies:
o logy | 8| —o1
P > oWy 5 | _ g—ologr|B/16
g Im B 2 — =] =21 e
Proof: Follows from the previous Lemma with choice of k = |log; |8|]. o

2.3 The Inner Verifier

We now need to define a suitable inner verifier that can be used for composition in conjunc-
tion with the outer verifier of Figure 2-2. As was briefly discussed in Section 2.1, the inner
verifier will be given the acceptance predicate m used by the outer verifier and will have
oracle access to supposed encodings A and B of two strings (that lie in {7]* and [2]*) as per
some error-correcting code. The inner verifier needs to check that the two strings A and B
are close to valid encodings of elements a € [2]* and b € [7]* which satisfy the acceptance
criterion of the outer verifier viz., 7(b) = a, and for the purpose of getting composed PCP
verifiers that have small query complexity, the inner verifier needs to do this while making
only few queries into the tables A and B. The hope is that by using very redundant encod-
ings A and B, we will be able to reject invalid A and B with good probability even though
we make only a small number of queries.

In order to be able to define our inner verifiers, we first need to do two things: (a) define
the method of encoding answers a and b of the outer verifier into strings A and B, and (b)
specify a (randomized) decoding procedure, that decodes A and B independently into ¢ and
b such that whenever the inner verifier having access to tables A and B accepts with large
enough probability, a and b satisfy 7(b) = a with “good” probability (recall the discussion

in Section 2.1).

2.3.1 The Long Code

The current standard for the encoding method used in proof composition is the Long code
introduced by Bellare, Goldreich and Sudan [7] and this code has since been instrumental
in all powerful PCP constructions. The Long code of an element z in a domain D consists
of the evaluation f(z) for all the 212l boolean functions f : D — {0,1}. For our purposes,
we will only be using domains D which are either [2]* or [7]* for a positive integer u, though

we still give the presentation in this section for a general domain D. From now on Boolean
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functions will be defined with values in {1, —1} rather than {0,1}. The association is that
—1 stands for 1 (or true) and 1 stands for 0 (or false). This system is a lot easier to work
with as it has the nice property that multiplication in {1, —1} acts as Boolean xor in {0,1}.

We now establish some notation that will be used throughout and also describe the
machinery relating to Long codes that will be necessary and useful for our purposes. For
a domain D, we denote by Fp the set of all functions f : D — {1,—1}. The operator
o denotes composition of functions, and if f € Fgr and m : D — R then the function
(f o) € Fp is defined as (f o 7)(b) = f(n(d)) for any b € D. For two sets «a, 3, we denote
by aAB = (e U B8) \ (e N B) their symmetric difference.

We say that a function A : Fp — {—1,1} is linear iff A(f)A(g) = A(fg) forall f,g € Fp.

There are 2/P! linear functions l,, one for each set a C D; it is defined as

lo(f) = Hf(a)

aCa

(By convention, we say that a product ranging over the empty set equals 1.) Note that the
Long code is the set of linear functions whose support is a singleton, i.e. LONGp = {l(4} :
x € D}, and l(z) is the Long code of .

We will be using the following three standard properties of linear functions:

l{flalg) = la(f9)

La(Nlg(f) = laap(f)
1 Ifa=20
E la(f ) = (2'1)
f 0 otherwise.
(In the third equation above f is picked uniformly at random from Fp.)
It is useful to view a function A : Fp — {—1,1} as a real-valued function A : Fp — R.
The set of functions 4 : Fp — R is a vector space over the reals of dimension 2/P/. We can

define a scalar product between functions as

AB=o Y AGIBY) = EIA(f)B(F)]

feFp

The set of linear functions is easily seen to form an orthonormal basis for the set of

functions A : Fp — R (with respect to the above dot product). This implies that for any
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such function A we have the Fourier expansion
A(f) =Y Aala(f), (2.2)

where for o C D, A, = A -1, is the Fourier coefficient of A w.r.t a. Equation (2.2) above
is an important one and will be used repeatedly in analyzing inner verifiers based on long
codes. Observe that for a function A : Fp — {1, —1}, we have —1 < A, <1 for any a. The

following proves another useful property of the Fourier coefficients of any A : Fp — {1,—-1}.

Propostion 2.4 For any function A : Fp — {1,—1} we have

S Al=1.

Proof: We have

S A =4 A=BAGY) =1

since A(f) = 1. ]

Folding of Long Codes: We will also need the notion of folding as introduced in {7].
Observe that for a long code A = iy, A(f) = f(a) = —(—f(a)) = —A(-f) for any
f € Fp. If A satisfies A(f) = —A(—f) for any f € Fp, we say that A is folded; thus all
long codes are folded. For any function A : Fp — {1,—1}, we can define a new function
A’, called the folding of A, that satisfies such a property. Specifically A’ can be defined as
follows: fix an element ay € D, say the smallest element as per some ordering of elements

in D, and then define:

wip o] A | ) =1 23

—A(-f) | if fao) = -1.
Note that A’ clearly satisfies A'(—f) = —A'(f). We stress that for any f, A’(f) can be
obtained using just one query into A, and that A’ is equal to A if A a valid Long code
of some element a. We therefore assume without loss of generality from now on that the
strings (which are purported long codes), to which the inner verifier is given oracle access,

are all folded.

We now note the following key property of folded functions A : Fp — {1, —1} which is
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Decoding Procedure Decode(4);
/¥ A: Fp — {-1,1}, A folded. Returns an element of D. */
Choose a C D with probability AZ.
Pick an r € « uniformly at random and return z.

Figure 2-3: The Decoding Procedure

proved in [16].

Lemma 2.5 If A: Fp — {1,—1} is folded, then Ag = 0 for all S C D with |S| even. In

particular we have fl@ =0.

Proof: Recall the definition

As=271PL 37 AR T] fl=) -

feFp €S

Since A(f) = —A(—f) and lg(f) = ls(—f) when |S] is even, the two terms corresponding
to f and —f cancel and hence we get Ag=0. m
With this Fourier machinery we are now ready to describe the decoding procedure to be

used with our inner verifier.

2.3.2 The Decoding Procedure

The decoding procedure takes as input A : Fp — {1, —1} (which we assume, without loss of
generality, is folded) and returns an element in D. The description of the decoding procedure
is given in Figure 2-3. We remark that the procedure is well-defined since Parseval’s identity
implies that fii in fact defines a probability distribution, and because the procedure will
never get stuck by picking o = @ as the assumption that A is folded guarantees fl@ =0 (by

Lemma 2.5).

2.3.3 Formalizing “Good” Inner Verifiers

We are now ready to define precisely the requirements on our inner verifiers.

Definition 4 (Inner Verifier) An inner verifier is a randomized oracle program that is
given input a positive integer w and a projection function w : [7]* — [2]*, and has oracle

access to folded functions A: Figu — {1,~1} and B : Fppe — {1, -1},
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Definition 5 (Good Inner Verifier) An inner verifier Vi, is (c, s, q)-good if the follow-
ing properties hold:

e [NUMBER OF QUERIES| For all u, VA’B(u, 7) makes a total of q (possibly adaptive)

n

queries into the oracles A and B.

e [COMPLETENESS] For all u, if A is the Long code of a and B is the Long code of b
and 7(b) = a, then

Pr [V (u, ) accepts] > ¢
(Here the probability is over the internal randomness of V.)

e [SOUNDNESS] For any constant 6 > 0, there is a constant -y > 0 and a positive integer
ug such that for all uw > ug, if ™ is drawn according to a distribution that is smooth,
then

Pr [VA,r B (

m

u, ) accepts] > s + § = Pr [Decode(A™) = 7(Decode(B))] > v

where the probabilities are taken over the distribution of m and over the internal coin
tosses of Vin(u, ) and Decode. (For each B, we let A = A™ to depend on m as we vary

m according to its underlying smooth distribution.)

Remark: A non-adaptive (c, s, ¢)-good inner verifier is a (¢, s, ¢)-good inner verifier that

makes at most g queries non-adaptively for every u,w, A, B.

The above definition is based on the standard definition of an inner verifier (e.g. from
[7]) but it incorporates the possibility that the decoding procedure be randomized! and
also allows the soundness condition to be averaged over the choices of 7. The latter is
a technicality and it makes the definition less elegant as the restriction that 7= be drawn
randomly from smooth distributions has to be placed. With the precise definition of an

inner verifier in place we are now ready to state and prove the Composition Theorem.

!Bellare et al. [7] used a deterministic procedure that returned a list of candidates, and this was concep-
tually similar to the randomized decoding idea that first appeared in [16] which however did not formalize
the notion of an inner verifier explicitly. A definition of inner verifier with respect to a randomized decoding
procedure is explicit in [27].
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Verifier V%, (v; LP, LQ)

(First computes a formula ¢’ with N variables and M clauses

and which has a “gap” in number of satisfiable clauses.)
Randomly pick ¢ € [M]*.
Pick a projection function 7 : {7]* — [2]* according to D(g). (D(q) is smooth.)
Compute the query p = f(g, 7).
Let A= LP(p) and B = LQ(q). (Assume A, B are folded.)
Run Vif’B(u,vr).

Figure 2-4: A composed verifier that uses an inner verifier Vi,
2.4 The Composition Theorem

Theorem 2.6 (Composition Theorem) If there exists a (c, s, q)-good inner verifier, then
for any € > 0, NP = PCP, s, [log, q]. Moreover, if there exists a non-adaptive (c, s, q)-good
inner verifier, then, for any € > 0, NP = naPCP, ,.[log, q].

Proof: The proof follows by composing together (using the method that was briefly
sketched in Section 2.1) the outer verifier described in Figure 2-2 together with a (c, s, g)-
good inner verifier. Let € > 0 be fixed. The PCP verifier Viomp we are claiming to exist will
expect as a proof a pair of tables LP and L() that are the entry-wise Long code of a valid
pair of proof oracles P and @ for the outer verifier of Figure 2-2 (i.e. for each query p (q)
into P (Q), LP(p) (resp. LQ(q)) will be the Long code of P(p) (resp. Q(g))). As discussed
earlier, we may assume that all entries of LP and LQ are folded. We will use the outer
verifier V%, with answer size u, perfect completeness and soundness n (where 7, u will be
specified later, but these will be constants depending only on ¢).

The composed verifier Veomp is described in Figure 2-4. It is parameterized by an
integer u; we assume that u is large enough so that the outer verifier V!, of Figure 2-2 has
soundness 1 where 1 > 0 is a constant that depends only on £ and will be specified later in
the proof. Vg, starts off by simulating the outer verifier Vi3, and picks queries p,¢ and
the projection 7 exactly as Vi, does, and then it executes the inner verification procedure
(using a (¢, 3, g)-good inner verifier V4;) on input u, 7 and with oracle access to the the two
supposed Long codes LP(p) and LQ(q).

Clearly the number of queries that V{;,, makes is the same as that made by Vi,, which

by the assumption of (c, s, ¢)-goodness is at most ¢q. Also, if the inner verifier makes its ¢
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queries non-adaptively, then so does the composed verifier, and hence the statement about
non-adaptive PCP constructions will also follow. Since w is a constant, and M, N are
polynomial in the size of ¢, the randomness complexity of Vig, is dominated by that of
the outer verifier and is clearly O(logn) (where n is the size of the formula ¢).

It is also easy to see that the composed verifier has completeness c. Indeed when ¢ is
satisfiable, let LP and LQ are valid entry-wise Long codes of tables P and @ which will
always cause the outer verifier to accept (such tables P, Q exist because the outer verifier

u . has perfect completeness). The input that is passed to Vi, in this case satisfies the
completeness condition of Vip. Therefore Vi, accepts with probability at least ¢ over its coin
tosses for every possible choice of coin tosses of the outer verifier. This implies that Vigy,
accepts with probability at least c.

The only thing that remains to be proven is that the composed verifier has soundness
s+¢. We show this by proving that if V5, accepts its proofs LP and LQ with probability
at least s + ¢, then ¢ is satisfiable. Using the soundness condition for the outer verifier, in
order to prove that ¢ is satisfiable it suffices to exhibit proofs P, @ that would make Vi,
accept with probability at least 7, and this what we do next to complete the proof.

By an averaging argument, if Vg, accepts with probability at least s + €, then for at

least an /2 fraction of the random choices of ¢ (or equivalently of B = LQ(q)), we have

Pr [VA"B(u, ) accepts] > s +

24
m€rD(q) ( )

B ™

(Note that once g is picked, the choice of 7 fixes p and therefore also fixes A = A™ = LP(p).)
The probability in the above equation is also taken over Vi,’s internal coin tosses. We denote
by G the set of such “good” choices ¢ for which Equation (2.4) holds.

By the soundness condition of the inner verifier Vi, and the fact that D(q) is a smooth
distribution, Equation (2.4) implies that there is a constant y = 7./, such that for all large

enough u > up, for every go € G it is the case that

[Decode(LP(p™)) = m(Decode(LQ(q))] = v (2.5)

r
coin tosses of Decode,negD{(q0)

Now imagine constructing proofs P,Q for the outer verifier by using the randomized

decoding strategy Decode (on the proof LP, LQ) given to the composed verifier) as follows:
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e Independently for each p set P(p) = Decode(LP(p)), and
e Independently for each g set Q(g) = Decode(LQ(q))-

(Remember that Decode is a randomized algorithm; in the above definition of P, Q the
executions of D have to be independent each time.)

We now mention how to fix the parameter u of V%, ; pick u such that V{; has soundness
at most nqgf'ys/ 4 (¥ = ¢ /2 is fixed in Equation (2.5) and by Proposition 2.1 u = Q(log1/n)
will suffice for this purpose) and also such that u > 1y (up was once again fixed in Equa-
tion 2.5).

We now claim that the probability that V%, accepts P, Q constructed as above (expected
over the way P, Q are chosen) is more than . This will clearly imply that there ezist proofs
P, Q that are accepted by V¥, with probability more than 7, and by the soundness condition
of V¥, this will imply that ¢ was satisfiable, as desired. It remains therefore to lower bound

this probability.

P,Q’q’I;'gRD(q) [P(p) =7(Q(9)] > Prige Gl P’Q’ﬁgw [P(p) = 7(Q(g0))lq0 € G]

Y (2.6)

v

>

=S o™

where Step (2.6) follows since at least an £/2 fraction of the choices of ¢ fall in G, and
for each ¢ € G, we can use Equation (2.5) and the construction of P, Q@ to conclude that
we will have 7(Q(g)) = P(p) with probability at least v. This completes the proof of the

Composition Theorem. 0
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Chapter 3

The Adaptive 3-Query PCP

Construction

3.1 Intuition behind the construction

Among the tasks of designing and analyzing PCP verifiers, the latter used to be the more
challenging one, but the wide applicability of the new analysis techniques for inner verifiers
based on Long codes (which were was described in the previous chapter) is shifting much of
the difficulty to the design phase. We will spend much of this section motivating the intuition
behind our tight 3-query PCP construction (which proves Theorem 1.1) and describing the
ideas that lead to it.

As discussed in the previous Chapter, the inner verification problem is: given u, 7 and
given oracle access to folded strings A and B (with A : Fgn — {1,-1} and B : Fizn —
{1,-1}), test whether there exists a b € [7]* such that B is the long code of b and A
is the long code of 7(b). Equivalently, we want to test whether for every f,g; and g2,
the following properties hold: (1) A(f) = B(f o 7); (2) B(g1 A g2) = B(g1) A B(g2); (3)
B(g1g2) = B(g1)B(g2). Properties (2) and (3), together with the fact that B is folded,
ensure that B is a legal long code (of say b), and then Property (1) makes sure that A is
the long code of a which satisfies a = n(b). We will call A and B consistent if they satisfy
the above properties. The goal is therefore to test if A and B are consistent (or “nearly”
consistent) while only making 3 queries in all to A and B.

Assume A and B are consistent, and suppose A(f) = 1: then B(f ow) = 1 and also
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Inner Verifier MBC4E (u,)
Choose uniformly at random f € Fpop, g, h € Fizpe
if A(f) =1 then accept iff B(g) = B(g(f o7 Ah))
if A(f) = —1 then accept iff B(g) = B(g(—f o7 Ah))

Figure 3-1: The Inner Verifier based on the Monomial Basis Check of Bellare et al. [7].

for any h B(f ow Ah) = B(f om) A B(h) = 1 A B(h) = 1. Similarly, if A(f) = —1 then
B(~fow Ah) =1 for every h. So far we used only the first two properties of consistent
strings A and B. Using also the third, we deduce that if A and B are consistent, then for

any f € Fig. and any g,k € Fzju.

A(f)=1 implies B(g) = B(g(fonrAh))
and A(f) = —1 implies B(g) = B(g(—fonmAh)).

(3.1)

Checking this condition is essentially the Monomial Basis Check (MBC) of Bellare et al. [7],
with the minor twist of looking at both A and B (Bellare et al. [7] would instead look only at
B, and then test separately whether A is consistent with B). As a first proposal, we consider
the test of Figure 3-1, which checks the Condition (3.1) for f, g and h chosen uniformly
at random from their domain. Notice that this inner verifier has perfect completeness by
construction and also makes only 3 (adaptive) queries. It is possible to prove that the
soundness is 3/4 and therefore the MBC inner verifier is (1, 3/4, 3)-good. We omit the (not
too hard) analysis, that is based on the techniques of [16]. The following argument shows
that the analysis is tight: if A and B are inconsistent long codes then the MBC verifier
accepts with probability 3/4, and our decoding procedure will have success probability zero
when working with two inconsistent Long codes.

Since the worst case for the MBC verifier arises when A and B are individually correct
but inconsistent, we try to patch the MBC test by adding another test that handles this
case well. A good candidate for this “patching” role is the Projection Test, where f is
taken uniformly from Fio«, g is taken uniformly from 7., and the test accepts iff A(f) =
B(g)B(g(f o 7)). Indeed, one can verify that if A and B are inconsistent long codes, then
with probability 1/2 over the choices of f and g the Projection Test rejects. Combining the
two verification procedures, we define the BGS, verifier (see Figure 3-2) that is very similar

to one used in [7]. This performs the MBC test with probability p and the Projection test
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Inner Verifier BGS,*'? (u,n)
Choose uniformly at random f € Fpe, g,h € Fgju
With probability p do
if A(f) =1 then accept iff B(g) = B(g(f o w A h))
if A(f) =—1 then accept iff B(g) = B(g(—f o7 A h))
With probability 1 —p do
accept iff A(f) = B(g)B(g(f o))

Figure 3-2: The Inner Verifier that combines Monomial Basis Check and Projection Test.

Inner Verifier B-MBC,*? (u,n)
Choose uniformly at random f € Fopu, g € F7ju
Choose at random h € Fi7 such that Vb € [7]%, Pr[h(b) = 1] = p
if A(f) =1 then accept iff B(g) = B(g(f o7 Ah))
if A(f) = —1 then accept iff B(g) = B{g(—fon Ah))

Inner Verifier IV3;48 (u, )

Set t =[1/8], e =62 and g; = e?f/lei'l
Choose p € {e1,...,&¢} uniformly at random

Run B-MBC, 4B (u, 7).

Figure 3-3: The B-MBC, verifier, a version of the MBC verifier where h is biased, and our
final Inner Verifier IV3;.

with probability (1 — p). It turns out that one can show (and this time the calculations are
pretty hard) that it is best to set p = 1/3 and that BGS;/3 is a (1,2/3,3)-good verifier,
i.e. the soundness is 2/3. Again, the analysis can be shown to be tight: no setting of p can

result in a verifier with soundness less than 2/3.

3.2 Obtaining a better 3-query construction

A second look at the BGS, verifier reveals that the two possible tests to be executed are
very related: if we pick h = —1 instead that according to the uniform distribution, then the
Projection Test coincides with the MBC test!. Therefore, we can view BGS,, in the following
equivalent way: it first chooses to pick h according to one out of two possible distributions

(ie. either the uniform distribution on Fj7j« or the deterministic choice of setting h(b) = -1

1Recall that B is folded — otherwise the claim would not be true.
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for every b), then it picks f and g uniformly and performs the MBC test. An alternative
approach, that turns out to be much better, is to “shuffie” the distributions, and to skew
the distribution of h point-wise. This gives rise to the definition of the B-MBC, verifier
(Figure 3-3, top). The analysis of the BGS, verifier suggests that it would be good to set
p =1/6 in B-MBC,. Instead, it turns out that it is better to have p much smaller. We now
see some details of the analysis which will guide us to the right inner verifier construction.

Let A, B, m and p be fixed, and let X = X4 p.p be the random variable whose
value is 1 when B-MBCZ,A’B (u, ) accepts and O otherwise?. The acceptance probability of

B-MBC,* B (u, 7) is E[X], which equals

2 2

N ((1 —QA(f))> ((1 +B(9)B(g;—f om /\h))))]

E K(l +A(f))> ((l+B(9)B(g(f°7r/\h))))
frg:h

Since A is folded, we always have —A(f) = A(—f). Using the linearity of expectation and
the fact that f and —f are identically distributed in the uniform distribution, we get E[X]

equals

2 B (1+A() (1+B(g)B(g{forAh)))
B () ( : )]
= i+ B [B@)Bl(fomAh)

+} B (A()B)B((f 0w AW (3.2)

(there would also be a term —;—Ef}[A( f)] that we omit since it is zero owing to the foldedness
of A).

The expressions arising in (3.2) are extremely hard to bound, but we are fortunate that
their analysis already appeared in the literature! Indeed they are the same expressions aris-
ing in a verifier that Hastad [16] constructs in order to prove a (tight) non-approximability
result for satisfiable instances of MAX 3SAT.® An equivalent description of the verifier of
Hastad is the following: it asks the queries A(f), B(g) and B(—g(f o™ A h)), where f,g,h
are generated as in B-MBC,, then

2The sample space of Xa,B,x,p is given by the possible choices of f, g, and h.

3We are able to provide slightly simpler analyses of these terms than [16] since we allow the projections 7
to be picked from a broad class of distributions rather than the specific one which [16] uses. But the overall
structure of the analysis is the same as that of [16].
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— if A(f) =1 it accepts iff B(g) = —B(—g(f o ™ A h));

- if A(f) = —1 it accepts no matter what is the value of B(g) and B(—g(f o 7 A h)).

Our goal is to prove that, by choosing p small enough, B-MBC, will be a (1,1/2+¢,3)-
good inner verifier for £ > 0 as small as we desire and then by using the composition
theorem we will be done. In order to prove this, we would like to prove that, for any
B, the expectation of B(g)B(g(f o m A h)) can be upper bounded by some arbitrarily
small constant by choosing p correspondingly small, and that whenever the expectation of
A(f)B(g)B(g(f o 7 A h)) is non-negligible, then the probability of success of the decoding
procedure (described in Section 2.3.2) is non-negligible. In order to bound the expectation
of B(g)B(g(fowAh)), however, one cannot fix a particular p, but one has to pick p according
to an appropriate distribution; also the bounds hold only if the expectation is also taken
over 7. Indeed there is a counterexample showing that the expressions of (3.2) cannot be
bounded without going through such additional complications.* Our final verifier IV3;,
described in Figure 3-3, is the same as B-MBC,, except for the choice of p. The strange
distribution of p is the particular one for which we will be able to bound the expressions of
(3.2). The constant ¢ used in the definition of €1,...,¢&; s an absolute constant which will

be left unspecified but can be easily calculated from our proofs.

3.3 Analysis of the 3-Query Protocol
In this section we will prove the following result.
Theorem 3.1 For any é >0, IV3s is a (1,1/2 + 3/2,3)-good inner verifier.

Using the above Theorem together with the Composition Theorem 2.6 gives us the main

theorem of this chapter:
Theorem 3.2 For any ¢ >0, NP = PCPy ;5..[log, 3].
Corollary 3.3 For any ¢ > 0, NP = naPCP4 15, [log, 4].

Proof: Observe that IV3;s can be viewed as making 4 non-adaptive queries. The result

now follows using the Composition Theorem. 0.

4We thank Johan Héastad for showing us such an example.
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3.3.1 Technical Lemmas

We now state and prove the two main lemmas (Lemmas 3.4 and 3.5 below) that will be
required in the proof of Theorem 3.1 (which will be presented in Section 3.3.2). Our
proofs are based on the proofs of these lemmas in [16] but we rework them as we allow the
projections 7 from a wide class of distributions as opposed to the very specific distribution
which [16] uses and it turns out that this in fact simplifies the presentation somewhat.
Recall the definition of the decoding procedure Decode(A4) from Section 2.3.2: it takes as
input a folded string A; it picks a set a with probability Ag and returns an element of the

set « picked uniformly at random.

Lemma 3.4 ([16]) If t = [67'], e, = 62 and &; = 25 for 1 < i < t, and p €

1

{€1,-++, €t} ts chosen uniformly at random, then for large enough positive integers u, for

all folded B : Fiypn — {—1,1},

E [B(9)Blg- (for AR <262+ % < 36
2,7, f,g:h t

assuming 7 is picked according to a smooth distribution. (The parameter p is implicitly used

in bias of the random choice of the function h.)

Lemma 3.5 ([16]) For every é,p > 0, there exists a constant v = 5, > 0, such that
for all large enough u, for all folded strings B : Fiqu — {1,-1} and {A™ : Flop —
{1, =1} }rerp(B)) #f

E [AT(f)B(9)B(g- (fom AR))]| =6,

ﬂ?f’g’h

then Pr [Decode(A™) = n(Decode(B))] > v where the probability is taken over the choice
of ®© from the smooth distribution D(B) and the coin tosses of Decode. (Note that the

parameter p is implicitly used in bias of the random choice of the function h.)
The following fact will be very useful in the proofs of the above two lemmas.

Lemma 3.6 Let B : Fizju — {1, 1} be a folded string and let D(B) be a smooth distribu-

tion on projection functions w : [T|* — [2]*. Then, for any p, 0 < p < 1,

E Bi(1—p)lmB < §
n€rD(B) [61|§2K p ]
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provided K > 2%~ nd™h)

Proof: Since 7 is picked according to a smooth distribution, we can use Lemma 2.3 and

therefore conclude:

E[ 3 gg(l_p)mml] < o8 K/16 | (1 _ pyolog K/4
B:|BIZK
< é

provided K > 71607 'p7 In(2/8) — 99(»™" 371 (recall that o is an absolute constant). O

Proof of Lemma 3.4: Using the Fourier expansions of B(g) and B(g- (f o7 A h)) as in
Equation (2.2), the properties of linear functions (2.1), and using linearity of expectation,

we transform the given expectation, for each fixed p, into

Y. BsBs E [lﬁlAﬂz (@l (fomA h)] .
,31,/62 Wyfvg7h

Since g is picked uniformly and independently at random, the inner expectation is 0
unless 31 = f2 = 3. Let us take expectation fixing 7 also for the moment. For z € n(3),
we define 8; = {y € B : 7(y) = £}. We need to compute, for each 3 with || odd (we only
worry about such 8 as Bg = 0 otherwise by Lemma 2.5)

B [TGeo)Arw)] = I B[ 0@ Aw)

Faih = e sen(g) PP yeﬂz
= (% - (2p — 1)lﬂz|)
x€7r(,8
—1)IB=l 1 — 2p)l6=l
_ sl ((ED (1-2p)
~ xel}m( 1) ( o+ 5 )
- I (( 2) 4 2p) ).
zew(B)

as |B| = Xsen(p) |8s] is odd. For each fixed p the (absolute value of the) expectation we

need to estimate thus becomes

1Bz — 9p)|B=!
p(S8 1 (S5 + ) 53
zen(B)
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One hopes to estimate this sum as a function of p tending to 0 with p. Unfortunately such
a estimate does not exist (and one can construct examples where such a statement would
be false). It turns out, however, that it is easy to bound the expectation of Equation (3.3)
above for small B and large 8 and this is very useful as it will allow us to vary p as per
some distribution so that one can bound (3.3) when we take expectations over p as well.

Let ¢ > 1 be a small absolute constant to be determined. We have

Claim 1 For each fized p > 0 and B,

[B(9)B(g - (fom AR))]| <297 + 3 B3

E
WGRD(B)afag’h ﬁ|p—1/2<lﬁ[<p—c/p

Proof: We split the sum of Equation (3.3) into three parts depending upon which of
the three disjoint intervals [1,p~/2], (p~Y/2,p=¢/P) and [p~¢/P,c0), |B| lies in. The middle
interval need not be estimated as it appears on the right hand side of the estimate stated
in the Claim.

Let us now consider 3 with || small, i.e |3] < p~'/2. Since |A] is odd, there must exist
z € w(B) with |8;] odd (also |B;| < 8] < p~%/2). For such an z

(_1)151! (1 — 2p)!Bs|
2 + 2 )z

0> ( (=14 (1—2p|B])) = —plBal = —p'/? (3.4)

[\DIH

Hence, when |8] < p~1/2,

(=1)l8=l (1 — 2p)IB=l
II ( + )| <P
zen(8)

(using (3.4) and the fact that all factors are bounded by 1 in absolute value), and so

Z B% H ((—12)|51| i (1 —i‘p)wﬂ) < Z ngl/Q Sp1/2 . (3.5)

B:|pI<p=t/2 wew(f) B:1Bl<p=1/2

Let us now consider the 8’s with |8] > p~°/P. For these the relevant expectation to bound

18:

E} [ Z Bﬂ H lﬁw (1 - 2p)|ﬁz| )] < E [ Z B%(]. __p)lﬂ(ﬂ)]]

T

B:B|>p=c/r  xEw(B) B:|B|=p—e/P
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= Z 35 ];r; [(1- p)lw(ﬁ)l]

B:|Bizp=e/P
< X B2
B:18|>p—e/»
< pl/z. (3.6)

where the last but one step follows using Lemma 3.6 together with an appropriate choice

of the (absolute) constant ¢ > 1.

The statement of our Claim now follows from Equations (3.5) and (3.6). O (Claim 1)

All that remains to be done is to now take expectations over the choice of p as well.

Recall that p is drawn uniformly at random from {ey,€s,...,6;} for t = [§71] and where
€ = a?f/fi‘l for 1 < ¢ < t. Hence using Claim 1, we have

E [B(9)Blg-(forAh)]] < E[2p/%+ > B3
p,m,f,g.h 4 ﬂ:p_1/2<|,3|<1)_c/p
< 261/2 + —},

where the last step follows because ¢; > ¢; for 1 < ¢ < ¢t and because the ranges of |3] for

the different values of p are disjoint. Since £7 = §2 and 1/t < §, we have

E [B(9)B(g-(forAh))]| <30
p,7,f,9,h

the Lemma follows. O (Lemma 3.4)

Proof of Lemma 3.5: Using the Fourier expansions of A™(f), B(g) and B(g-(forxAh)) as
in Equation (2.2), the properties of linear functions (2.1), and using linearity of expectation,

we transform the given expectation, for each fixed =, into

Z Aaéﬂléﬁz E [la(f)lﬂlAﬁz(Q)lﬂz (fomA h')]
a7ﬁ17ﬂ2 f’g’h

(We have omitted the superscript = on A for notational convenience.)
Since g is picked uniformly and independently at random, the inner expectation is 0

unless 31 = P2 = B (say). Since f is also picked uniformly and independently at random,
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we can also conclude o € w(8). Using this, our expression simplifies, once a 7 is fixed, to

I
™
:J:-
[
R 1S
o

fE,h [A(f)B(g)B(g'(fovr/\h))]’ [a(f)lﬂ(foﬂ,\h)]

IA

(3.7)

Y 1AalBS E [la(His(f 0w AR
B, aCr(B) fh

We proceed to simplify this expression further:

Y VBB [(Nis(foran)] = 3 1AaB3 T[] B [f(@) I] (F@) Ahw))]

T€Q YL

H E[H /\h(y]

zen(B)\a YEPBz

— 1)I8=]
- Z lAalBﬂH( _(2.1’2;))

B B
aCm(B8) aCr(8)

B TEO
aCn(8)
1 2p — 1)18=l
I (5 + L%)
zem(f)\e

B! — 9p)|8z]
Z_ZBﬂ|A|H( (-1) (1 210) )

rEQ

H ((-—]_2)|ﬂa:| N (1- zp)lﬁzl)(&S)

zen(B)\a

aCw(B)

where the last step follows since |8] = ¥ cr(p) Bz| is odd if Bg # 0. Define h(a, ) to be
the quantity

H ((—12)Iﬁacl o _zp)lﬂxi) H <(_12)I.Bw| N (1 _2;0)16:!)
zET(B)\ex

TEQ
It is not difficult to see that

B (=)=l (1 — 2p)lBel 2 (—1)16=l (1 — 2p)!Pel 2
Y Ra,B) = Hﬂ)[( T 5 >+< 5+ 5 )

oCr(B) zen(
< (1-p)®l ’ (3.9)
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The last step follows from the fact that if |a, |b| < 1—p and |a|+|b| = 1, then a?+b? < (1-p).

It is also easy to see that

> (e, B)] = L. (3.10)
aCr(B)

Hence for each fixed 7 and p, we have

B [A(f)B (g)B(g(fO'lr/\h))]' <

> |AalBR E [la(D)ls(f 0w AB)]| (using (3.7))
8, aCr(p) fh
< z B3 (|dallh(e, B)]) (using (3.8))

aCfr(ﬁ)

1/2 1/2
ZBﬂ(ZAz)(th )+
BIBIZK  oCr(8) aCr(8)
+ > B3| Al |h(a, B)] +

B:BILK
aCr(B))Aal<s/4

+ Y. BjlAullh(e,0)|

B:|BILK
aCr(B),|Aal2d/4

IA

A2 2( 1/2 6 52
< Y B X r@m) 3 B3 +
B:lBI>K aCm(B) B:BI<K
4 ao A
+ 5 Z AgB% (using Equation 3.10))

B:BI<K
aCr(B)lAal>é/4

< Y Bia- )1“(ﬂ>l/2+ + ST OAXBE (3.11)

2K B |BI<K
B:161> bpI<K

where the last step follows using (3.9). We now take expectations over the projection .

Using Lemma 3.6 we conclude

>y

]753[ Z 32 1 _p)|7’(ﬁ)]/2] Z (3.12)
B:|B1ZzK

>

provided K = 2Up™ 087" Gych a choice of K is possible provided 7* > K, and we assume
that u is large enough for this purpose. Now, combining (3.11) and (3.12), together with
the hypothesis of the Lemma that | E [A™(f)B(g)B(g-(fom A h))]l > 48, we get

7r5 797
El Y A2BQ]>9-§=5—2 (3.13)
BlaI<K a4 2 8 '
aCr{f)
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We now estimate the probability of success of the decoding strategy.

agag 1 1
P Decode(A”™) = n(Decode(B > E A2B% —
m,coin tossesrof Decode[ 4" ( (B = “[ ; “ ﬂlal Iﬂl]
aNr(B)7#0
s2 82 1
> E| > Angﬁ] . (3.14)
B:B<K
aCm(B8)
(We have used Ay = 0 in the last step above.)
Combining (3.13) and (3.14) we get
52
P Decode(A™) = n(Decode(B))] > —. 3.15
m,coin fosses of Decode[ ecode(A”) = m(Decode(B))] 2 8K? (3.15)

Recalling that K = PALICEER 5_1), the success probability depends only on p, §, and the proof

is complete. 0O (Lemma 3.5)

3.3.2 Proof of Theorem 3.1

The Proof: The statements about query complexity and completeness are clear, we verify

the soundness claim. Recall that the probability of acceptance of IV3; is

1 1
+ §p,fE,g’h [B(g)B(g(f om AR))] + 5@}3,’1 [A(f)B(g)B(g(f o A h))].

[

By Lemma 3.4,

_E_[Blo)Blg-(fom AR))]

< 34

and hence if Pr [V (A", B, ) accepts] > 1/2 + 3§/2 + 7, we must have

E [A(f)B(9)B(g(f o7 A R))]

> 2y (3.16)
™, :9:h

and invoking Lemma 3.5, we can conclude that I;r [Decode(A™) = w(Decode(B))] > n for
some 77 > 0 for all large enough u. (Note that in (3.16) the expectation is also taken over
p, while Lemma 3.5 works with a fixed p. But clearly if (3.16) holds there exists a p such
that the condition for Lemma 3.5 is satisfied and we can then work with that particular
p.) This verifies the soundness condition of IV3s and concludes the proof that IV3; is a
(1,1/2 + 36/2, 3)-good inner verifier. O

46



Chapter 4

The 5-Query PCP Constructions

In this chapter we describe extensions of our 3-query PCP construction for slightly higher
number of queries. We will first describe the construction of an adaptive 5-query inner

verifier and then obtain some non-adaptive PCP constructions based on it.

4.1 The Inner Verifier Construction

We now construct an inner verifier that makes 5 queries. The way to exploit the additional
queries at our disposal is to query the purported long code A at two functions f1, fo € Fgu
instead of just a single f € Fpou. In the 3 query protocol, the rationale used was that
if f(a) = 1 then (f A h)(a) = 1 for any A and similarly for the case when f(a) = —1.
Similarly if fi(a) = f2(a) = 1, then we must have (f; Ah)(a) = 1 and (fo A h)(a) = 1
for any h, and these two tests can be performed (instead of just one test (f A h)(a) =1
as was done in the 3 query protocol). One might expect that such a test will achieve a
soundness of (1/2)2 = 1/4 by making 5 adaptive queries, and indeed this can be shown
to be the case using the same ananlysis techngiues presented in the previous Chapter.
construction follows the same idea of recycling one bit between two repetitions of a basic
test as in [27]). We, however, now present and analyze a different 5-query test that gives
no improvement (in soundness) over the above-mentioned test for the case of 5 adaptive
queries, but which has other applications (in construction of non-adaptive verifiers) that
the originally suggested one does not. We will use as basis for our test the following fact:
if fi(a) = fa(a) =1, then (fi A fa AR)(a) = (fi A—f2 AR)(a) = (—fi A f2 Ah)(a) for any

h. Thus, we will able to perform two equality tests while reading five bits, so one expects
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Inner Verifier B-V5,48 (u, )
Choose uniformly at random f1, fo € Figpu, g € Fippu
Choose at random h € Fjzju such that Vb € [7]* Pr(h(b) = 1]
Let
Gi=g-(fiomAfaom AR),
Ga=g-(fiomA—fromAh),
G3 :g-(—fl 071’/\f207'('/\h),
Gi=g-(=fiom A—faom Ah).
if A(f1) =1 and A(f2) =1 accept iff B(G1) = B(G2) = B(G3)
if A(f1) =1 and A(f2) = —1 accept iff B(G1) = B(G2) = B(G4)
)
)

p

if A(f1) = —1 and A(f2) = 1 accept iff B(G1) = B(G3) = B(Ga)
if A(f1 = —1 and A(fg) = -1 accept iff B(Gg) = B(G3) = B(G4)

Inner Verifier IV5?’B (u, )
Set t=[6-1], e, =02 and &; = -/F for 1 <i < 1.

i

Choose p € {e1,--,¢€¢} uniformly at random.
Run B-V5,48 (u, )

Figure 4-1: The adaptive 5-query inner verifier with a fixed p and the final inner verifier.

that the soundness should be (1/2)? = 1/4 and indeed we shall prove that to be the case.
In the actual protocol, however, f and h will belong to different spaces and this will be
handled using the projection function 7 as in the construction of our 3-query inner verifier,
and moreover, since we would like all queried bits (functions) to be unbiased, we will also
xor these functions with an unbiased function g. This yields the inner verifier of Figure 4-1.
As in the case of the 3 query protocol, we once again need to pick the bias p at random
from a set of different possibilities for the analysis to work. This gives us the final inner

verifier IV5s of Figure 4-1.

4.2 Analysis of the soundness

We now analyze the soundness of the inner verfier IV55. Let Y denote the indicator random

variable for the acceptance of 1V5;, clearly we have

v - (LEAG)Y 1+ Al)\ 1+ B(G1)B(Gy) 14 B(G1)B(G3)
=T ) =)

1+ A4 1-A 1 + B(G1)B(G B(G)B(G
+ (LA (LAl 1+ BEDEC 2)) (L+ BGB(G)
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+(1 - A(fl))(l +A(f2))(1 +B(G1)B(G3))(1 +B(G1)B(G4))

2 2 2 2
+(1 - x;i(fl))(l - x;(fz))(l + B(G22)B(G3)) (1 + B(G;)B(G4)>

The probability that B-V5, accepts, given input (u,n) and oracle access to (A, B), is

simply the expectation of Y over the choices of fi, f2, 9, h, and this expectation equals:

E [Y] = -+l [B(G1)B(G2) + B(G1)B(Gs) + B(G1)B(G4) + B(G2) B(G3) +
Fuofa,:h 4 8
+B(G2)B(G4) + B(G3)B(Ga)]
+% E [A(fl)B(Gl)B(Gz) — A(f1)B(G3)B(G4) + A(f2) B(G1)B(G3) —
— A(2)B(G2)B(G1)]

1
+5 E [AU)A(f2)B(G2) B(Gs) ~ A(11)A(f2)B(G1) B(Ga)] (4.1)
The following sequence of (simple) lemmas will now help us simplify the above expression.

Lemma 4.1 If f1, f2, f are picked uniformly at random from Fou, g u.a.r from Fizu and
h € Fizu is chosen at random so that Pr [h(b) = 1] = p Vb € [7]%, then

. B, [BG)B(G2) = E [B(9)Blg-(fomnh))

Proof: Note that G is unbiased (i.e Pr[G1(b) = 1] =1/2 Vb e [7]*), and G2 = G1 - (f1 0
A faoomr Ah)-(fiom A—faom Ah) =Gy (fi om Ah) (after some boolean algebra). Thus
the distribution of Gy and G2 when fy, f2, g, h are picked as specified is the same as the
distribution of ¢ and g - (f o # A h) when f, g, h picked randomly as specified. Hence the

above expectations are equal. O

For the same reason, we also have

AE [B(G1)B(G3)] = WE [B(G2)B(G4)] = LB [B(G3)B(Gy4)] = B, [B(g)B(g-(forAh))]
(4.2)

Lemma 4.2 If f1, f2, f are picked uniformly at random from Figu, g u.a.r from Fizu and
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he .7-"[7]u is chosen at random so that Pr[h(b) = 1] = p Vb € [7|%, then

AE [B(G1)B(G4)] = WB [B(G2)B(G3)] = E [B(9)B(g - (f o7 A )]

Proof: We argue about the expectation of B(G1)B(G4), the other expectation being clearly
the same as this one. As before G is an unbiased function on [7]* and has the same
distribution as g, and G4 = G1-(fion A feonAh)-(—fion A—foom Ah) = G1-(—(f1f2)omAh).
Now f1, fo are picked u.a.r from Fgju, so the function —f; - f2 also is a random function
from Figu therefore G4 has the same distribution as g - (f o w A k), and hence B(G1)B(G4)
has the same distributions as B(g)B(g - (f o ® A h)). ]

Lemma 4.3 If f1, fo, f are picked uniformly at random from Fpu, g u.a.r from Fppu and
h e fmu is chosen at random so that Pr{h(b) = 1] = p Vb € [7]¥, then

* E ABEG)BG = E [A2)BG)B(Gs)]= B [A(f)Bl9)Blg(forih))]

.fl,JEQ,h [A(f1)B(G3)B(G4)] = fl,f:g,g,h [A(f2)B(G2)B(G4)] = f,’]%h [A(f)B(g)B(g-(—forrAh))]

Proof: We consider the expectation of A(f,)B(G1)B(G2), the other expectations can be
handled similarly. The proof is similar to those of the previous two lemmas: f; and G, are
unbiased and G2 = G1 - (f1 o # A h) and hence the distribution of f;, G, G5 is the same as
the distribution of f, g, (f o # A h), and the result follows. O

Since A : Figu — {1, —1} is folded, A(—f1) = —A(f1) and hence

B [A(f1)A(f2) B(G2) B(G3)] = — WEo [A(M)A(f2)B(G1)B(G4)],  (43)

and for a similar reason

E [A(f)B(g)B(g- (=femAh)]=— E [A(f)B(g)B(g- (fomAh))]. (4.4)
fg.h fig,h

Now Equation (4.1) together with (4.3) and (4.4) and Lemmas 4.1, 4.2, and 4.3, implies

Y] = 3+3% B [B@B-(FonAM)+5 B ADBGBG-(forAL)

E
f11f2ag)h 2f797h
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1

—7. B [AUDA(f2)Blg- (fiom Afaom AR)B(g - (=from A —faom AhIHS)
f1,.f2,9,h

The second and third terms above are ones which we recognize from the analysis of
the 3-query protocol (Equation (3.2), and we handled them using Lemmas 3.4 and 3.5
respectively). We now proceed to handle the last term by stating and proving a lemma very

similar to Lemma 3.5.

Lemma 4.4 For every d,p > 0, there exists a constant v = 5, > 0, such that for all large
enough u, for all folded strings B : Fizpu — {1, —1} and {A™ : Fopu = {1, =1} }repp(), f

LB AAT(R)B@)BG)| 2 4

then Pr[Decode(A™) = n(Decode(B))] > v where the probability is taken over the choice
of © from the smooth distribution D(B) and the coin tosses of Decode. (Note that the

parameter p is implicitly used in the bias in the random choice of the function h.)

Proof: The proof closely follows that of Lemma 3.5, and in fact after a certain point
we will complete our proof by just resorting to the proof of Lemma 3.5. Using the Fourier
expansions of A(f;) and B(G) as in Equation 2.2 and the properties of linear functions (2.1),

we can transform the given expectation, for each fixed «, into

Z Aalfiaz-éﬁl-éﬁz E [lcu (fl)laz(fQ)llglA[b(g)lﬁl (floﬂ/\fQOﬂ/\h)lﬂz(_floﬂ'/\—fgoﬂ'/\h)].
al ,042,ﬂ1 ,ﬂQ fl Lf?ug’h'

Since g is picked uniformly and independently at random, the inner expectation is 0
unless 1 = @y = F (say). Since f; and fy are also picked uniformly and independently at
random, we can also conclude ay,as C 7(3). Some boolean algebra yields (fyom A faom A
h)-(—=fiom A—faom Ah) = (—f1foom Ah). Incorporating all this, our expression simplifies

to

> AadaB) Bl (e (s((=fif) 0w AR)] (4.6)
8 1,J2;
ay,agCw(B)

Since fi(z) and fa(x) are chosen independently for different values of z, the inner

expectation can be written as a product of expectations, one for each z € w(8). If there
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exists rp € a; — a, then the expectation

Bz = B [Ailzo) T] (—ful@o)falzo) A h(y))]
fhf%h
Y€PBxg
occurs as one of the factors of the inner expectation, and since this expectation E;, can
easily be seen to be 0, the original expectation will be 0 as well. This implies that all
non-zero terms in the summation (4.6) have a3 C ag, and similarly we must have as C o
as well. Thus we have a3 = a2 whenever the inner expectation in (4.6) is non-zero. This

further simplifies our expression to:

> ABE B [la(fifo)ls(=fifzom AR (4.7)
aCn(f)

Now since — f - f2 is a uniformly distributed function in Fyp, and also |/ is odd for Ay #0,

the above simplifies to
Z F a()lg(fom AR)]. (4.8)
[—3 7

Hence for each fixed m we have

E [A"(f)A™(f2)B(G)B(G))| = |- Y. AZB3E [la(f)ig(fom AR)]
flvf?)g)h B f’h
aCn(B)
< | > lAa‘B/%ﬁ[l (F)lg(f om AR)]
ﬁ 7
aCn(B)

since [Ay| < 1implies A2 < |A,|. Comparing with Equation (3.7) of the proof of Lemma 3.5,
we are now in the same position as we were in the proof of Lemma 3.5, and we can complete

the proof using exactly the same approach as used there. |

We are now ready to prove the claimed soundness for the inner verifier AIV5;.
Theorem 4.5 For any § >0, AIV5; is a (1, 1 it 9 5)-good inner verifier.

Proof: The statements about query complexity and completeness are clear, we verify the
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soundness claim. By Lemma 3.4,

E [(B(9)B(g-(for Ah))]| <36

7,0, 9;h

and now using equation (4.5), we have

1 956 1
T < — —— — .
o Pr WA Bumccepts] € 347 45| B ANB@EG (for A h))]'
1
71 B [A(f)A(f2)B(G1)B(GY)]
W’p’f’g,h
and hence if s Ptr . [V(A™, B, m)accepts] > 1/4 + 94/4 + -y, then either
[A(f)B(9)B(g- (fom AR =,
7,p.f .9,k
or
E [A(H)A(f2)B(G1)B(Gy)]| = 27 .
7.0,.f:9:h

Therefore we can use Lemmas 3.5 and 4.4 to conclude that Pr [Decode(A™) = w(Decode(B))] >
7, where n = 1, 5 > 0 for all large enough ». This establishes the soundness property of the

verifier AIV5;, completing the proof that AIV5; is a (1,1/4 4+ 9/4, 5)-good inner verifier.
[

Theorem 4.6 For any e > 0,
PCP1,1/44[log, 5] = NP .

Proof: Follows from the previous Lemma and the Composition Theorem 2.6. 0O

4.3 Constructions of Non-adaptive PCPs

We now consider the problem of constructing non-adaptive PCPs with soundness strictly
less than 1/2. We have already seen in Theorem 3.3 that a soundness arbitrarily close to
1/2 can be achieved by PCPs that make 4 non-adaptive queries. We are going to prove in
this section that 5 non—-adaptive queries suffice to achieve a soundness strictly less than 1/2.

The previous best known construction implicit in the work of Hastad [16] required 9 queries.
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If we only require near-perfect completeness, a construction making 5 non—-adaptive queries
and having soundness 1/4 is known [27]; proving a similar result with perfect completeness
turns out to be more complicated. It is known that three queries do not suffice to achieve a
soundness less than 1/2 (even for PCPs with near-perfect completeness); it reamins unknown

whether four queries will suffice or whether our bound of five queries is in fact optimal.

4.3.1 A construction with 6 non—adaptive queries

Theorem 4.7 For any ¢ > 0,
naPCPy 1/4,.[log, 6] = NP .

Proof: Observe that by reading all the four bits B(G;) for 1 < ¢ < 4, the inner verifer
AIV5; reads only 6 bits non-adaptively. Hence AIV5; is a (1,1/4 + 9§/4,6)-good non-

adaptive inner verifer, and appealing to the Composition Theorem once again, we obtain

the desired PCP. O

Remark: The above theorem implies that, for any ¢ > 0, NP has PCPs with 34+¢ amortized
non—adaptive query bits even with perfect completeness. The best known bound prior to
our work was 3/1g(4/3) + ¢ = 7.2282625 + ¢ amortized query bits implicit in [16]. Note
that Theorem 3.3 itself proves that 4 + € amortized query bits are achievable. If one does
not require perfect completeness, a construction achieving 1.5 4 ¢ amortized query bits has
been obtained recently [27, 24]. Our result implies that approximating satisfiable instances

of k-CSP to within a factor of 2(F/3]=¢ is NP-hard, for any € > 0.

4.3.2 A construction with 5 non-adaptive queries

We modify the inner verifer B-V5, so that it does not read the bit B(G4) and does not
perform any test that involves B(G4). Let us call the new inner verifier B-NAV5,,, which is
shown in Figure 4-2.

In the three cases when either A(f;) # 1 or A(f2) # 1 (or both), B-NAV5, performs
only one test, while when A(f1) = A(f2) = 1 it performs two tests. This implies that the
soundness of B-NAV5, is at least 3/4 x 1/2+ 1/4 x 1/4 = 7/16 (which is the probability

of accepting random, but inconsistent, long codes). We will now show, using the same
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Inner Verifier B-NAV5, 48 (u, )
Choose uniformly at random fi, fo € Fn, g € Fp
Choose at random h € F,, such that Vb € {—1,1}". Pr[h(b) =1] =p
Set
Gi=g-(fiomAfromAh)
Ga=g-(fiomA—faom Ah)
Gs=g-(—fiecmAfaom Ah)
if A(f1) =1 and A(f2) = 1 accept iff B(G1) = B(G2) and B(G:) = B(G?3).
if A(f1) =1 and A(f2) = —1 accept iff B(G1) = B(G2).
if A(f1) = —1 and A(f2) =1 accept iff B(G1) = B(G3).
if A( 1) = —1 and A(fz) = -1 accept iff B(GQ) = B(Gg)

Inner Verifier NATV5:P (u, 7)
Sett=[6"1],e1 =062 and ¢; =526/E"l for1 <i<t.

Choose p € {¢1,---,&:} uniformly at random.
Run B-NAV5,%8 (u, )

Figure 4-2: The non-adaptive 5-query inner verifier with a fixed p and the final inner verifier
NATVSs.

techniques as that of Section 4.2, that this bound is achieved, provided we use the inner
verifier NAIV5; (see Figure 4-2) that runs B-NAVS5, with p chosen according to a certain

distribution.

Analysis of Soundness:

The arithmetization of the above test yields the following expression Z, which equals 1 if

the test accepts, and equals 0 otherwise:

7z =

1+A(f1)) 1+ A(f ) 1+ B(G Gz)) 1+ B(G G3))
2

(1+A f1) (

(1 + B(Gl)B (Ga) ()
)
)

( (

) (=52
( )(1+A ) )(1+B(G1 B(Gs)
+(1=51) )

The probability that this inner verifier B-NAVS5, accepts, given input (u,7) and oracle

1—A(f2 1+ B( GQ)B (Gs)
( (

access to (A, B), is therefore just the expectation of Z over the choices of f1, fa,g,h, and

this expectation equals:
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LB 7] = L~ SB[AGf) + Alf) + A(FA(S)]
+-1% E [B(GV)B(GY) + B(G1)B(Gs) + B(G2)B(Gs)]

5 B [A)B(G)B(G) + A(f2)B(G1)B(Gs)] +

15 E [AU)A(f2)B(G2) B(G3)| (4.9)
——-E[A (f1)B(G1)B(Gs) + A(f1)B(G2)B(Gs) +

+ A(f2)B(G1)B(G2) + Af2) B(G2) B(Gs))

~ 1= E [AUAU)B(G1)B(Ga) — A()A(f2)B(G1)B(Gy)]

Since A is folded, we have E [A(f1)] = E [A(f2)] = 0 and since fi, f2 are chosen indepen-
dently, E[A(f1)A(f2)] = E[A(f1)] x E[A(f2)] = 0. Following the approach of Lemma 4.3,

one can prove that

E [A(f1)B(G1)B(G3)] = _ E [A(fi)B(g)B(d - (f207m AR))]
J1,f2,9,h f1,f2,9",h
= [A(fl)] < B 1Bl "NB(g'- (f20m Ah))]
= 0 .

since fi is chosen independent of f3,¢’, h. For exactly the same reason,

E[A(f1)B(G2)B(G3)] = E[A(f2) B(G1)B(G2)] = E[A(f2) B(G2)B(G3)] = 0.

Arguing as in Lemma 4.3 again, we get

/i }5239 h[A(fl)A(fQ)B(Gl)B(GQ)] = . ff}g, h[A(fl)A(f2)B(g’)B(g' (from AR
= E[AR)] E A()BG)BW - (fiem Ah)]

= 0,

and similarly

[A(f1)A(f2) B(G1)B(G3)] =

E
J1,f2,9,h
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Also, since A is folded, we clearly have:

nE [A(f1)A(f2)B(G2) B(G3)] = “nBon [A(f1)A(f2)B(G1)B(G4)] -

Combining these observations with Lemmas 4.1, 4.2 and 4.3, we get, going back to Equa-

tion (4.9),

6
4+ —

E 16

LE L2 < 5+ 16| B, IBUBG- (e AR

B E [A(f)B(9)B(g- (f o7 Ah))]

f.9:h

[A(f1)A(f2)B(G1)B(G4)] (4.10)

+ - E
16 |f1,f2.9:h

Consider now our final inner verifier NAIV5; defined in Figure 4-2. Using the above Equa-
tion (4.10) and Lemmas 3.4, 3.5 and 4.4, we can prove, exactly as we did in Lemma 4.5,

that

Lemma 4.8 For any § > 0, NAIV5; is a (1,7/16 4 270/16,5)-good non-adaptive inner

verifier.

Theorem 4.9 For any € > 0,

naPCP1 7/164¢[log, 5] = NP .
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Chapter 5

Some Results on Free Bit

Complexity

Free bits are an extremely important parameter measuring the complexity of a PCP con-
struction as it has direct applications to showing hardness of approximating Vertex Cover,

as is formalized in the following Proposition:

Propostion 5.1 ([7]) If NP C FPCP.[log, f], then approzimating Vertex Cover up to a

factor of g—ff—:—‘z — ¢ is NP-hard for any € > 0.

5.1 Free bits and our PCP constructions

5.1.1 The Vertex Cover hardness revisited

The best hardness of approximation result known for vertex cover is a factor of 7/6 — &,
for any € > 0, and is obtained using Proposition 5.1 together with the two free bit PCP
construction of Hastad [16], which has completeness 1 — ¢ and soundness 1/2, for any € > 0.
We now prove that we can achieve the same soundness while also guaranteeing perfect

completeness, thereby answering in the affirmative a question raised in [7].
Theorem 5.2 For any € > 0, we have NP C FPCPy 3 /5, .[log, 2].

Proof: We just observe that the inner verifier IV35 which we used to get our 3-query
PCP construction uses just two free bits. This is because, once A(f) and B(g) are read, the

verifier “knows” the values it expects for the other bits it reads. The theorem now follows
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using the soundness bound we proved for our 3-query PCP in Theorem 3.1. O

Plugging the above into Proposition 5.1, we are therefore able to match the best known
hardness result for approximating Vertex Cover while only using perfect completeness, in-
dicating that imperfect completeness is not inherent at least for the current best inapprox-
imability result for Vertex Cover.

5.1.2 Some other constructions

Using the transformation of PCP systems as given Proposition 11.9 of [7], we also get the

following corollary:

Theorem 5.3 For any € > 0, we have
NP C FPCP 3/4.[log,1g 3].

Theorems 5.2 and 5.5 above can be contrasted with that of Trevisan [26] on PCP classes

defined in terms of non-adaptive free bits collapsing to P, which states that, for all € > 0,

naFPCPl,l/g_E[log,Z] - P, and

naFPCP, 3/4_.[log,lg3] C P.

The free bit complexity of the verifier IV3; is 3 when viewed in the non-adaptive sense
(there are at most 8 satisfying assignments to the boolean predicate tested by IV3;), and

hence we also get:

Theorem 5.4 For any € > 0, we have NP C naFPCPy 1,5, [log, 3].
Finally we get the following result from our 5-query PCP construction:
Theorem 5.5 For any € > 0, we have NP C FPCPy 14,.[log, 3].

Proof: Follows from the fact that the inner verifier IV5; uses only 3 free bits (in the

adaptive sense). )
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5.2 Difficulty of Proving Bound better than 3/2 for Vertex

Cover

This section addresses the question of obtaining significantly better inapproximability re-
sults for Vertex Cover based on PCP constructions. In particular we hint at a potential
difficulty that has to be overcome in extending current PCP constructions to prove a hard-
ness factor of better than 3/2 for approximating Vertex Cover. Rather than as a negative
result, we view this result as pointing out that new type of constructions should be con-
ceived in order to further improve the inapproximability bounds for Vertex Cover, and also
indicating what minimal property such a construction must possess. By Proposition 5.1,
PCPs that use lg 3 free bits can at best prove the hardness of approximating Vertex Cover
within 3/2 — ¢ (this result can be attained by showing NP C FPCP;_. .[log,2]). To get
better inapproximability results, one therefore needs to give good PCP constructions that
use at most one free bit. To get the best bounds, by Proposition 5.1, it is conceivable that
the PCP will have near—perfect completeness (1 — ¢), and we prove below that any such
PCP must be significantly different from existing constructions, as its query complexity can
not be a simple constant (as is the case with existing constructions exploiting near—perfect

completeness), but, in fact, must grow at least as e~1/3,

Theorem 5.6 For all € > 0, assuming P # NP, any PCP system that captures NP that
uses only one free bit and has completeness 1 — €, must make 9(5”1/3) queries if it must

have any soundness s that is strictly bounded away from 1.

Proof: Let a PCP verifier make at most & queries on any sequence of its random bits and
decide membership in an NP-complete language L with completeness (1 — ) and soundness
s < 1. We want to prove a lower bound of Q(E_l/ 3) on k. For any outcome R of its random
coln tosses, it accepts if and only if a certalin boolean formula fg is satisfied, and since the
verifier uses only one free bit, the formula fr is the disjunction of two inconsistent terms
T} and T4 each of which has at most k literals (since the verifier makes at most k queries).
Since T and T2 are inconsistent, there must exist a query z; such that z; € T} and Z; € T3.
By the assumption about the parameters of the PCP, if z € L, at least a (1 — ¢) fraction of

the functions fr are satisfiable, while if 2 ¢ L, at most a fraction s of the functions fr are
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satisfiable. We replace the function fgr by the set of constraints Sg = Shu Slz12 where
SL = {xz =1 :1isa literal in Th,l # a:,} ,

% = {zi = 1:lisa literal in T, 1 # zi}-

Assume, without loss of generality that Sk and 5% each have exactly k implication con-
straints (this may be achieved by repeating certain constraints or adding dummy variables
and constraints which can always be satisfied). Clearly if fr is satisfied, all the constraints
in Sk are satisfied too, and even if fg is not satisfied all constraints in either Sk or 512{
can be satisfied. Thus, if a fraction 1 — € of the functions fr are satisfiable, then at least a
fraction

2k(1 — ) + ke _1_¢

2k 2

of the 2SAT constraints in |Jz Sg are satisfiable.

Now, consider running Zwick’s algorithm [30] for almost-satisfiable 25AT instances on
the 2SAT instance comprising of clauses in |Jp Sg. If a fraction 1 — ¢/2 of the clauses are
satisfiable (as will be the case when = € L), then the algorithm will find an assignment that
satisfies at least a fraction 1 — O(e!/3) of the 2SAT clauses. In the case when z ¢ L, at

most a fraction
s-2k+ (1 —s)(2k —1) 1 (1-23s)
2k - 2k

of the 2SAT clauses are simultaneously satisfiable. Thus, if 1 — %:kﬁl < 1—0(?), we
can decide membership in L in polynomial time by running Zwick’s algorithm on the 25SAT
instance with clauses in UrSg, and accepting only those strings z for which the algorithm
finds an assignment satisfying more than a 1 — Qfl fraction of the 25AT constrains. Since

L is an NP-complete language, this is impossible assuming P # NP, and thus we must have

(1-3) 1/3
1- >1-
or,
ez g = o)
implying that the PCP must read at least Q(e1/3) bits. O
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5.3 A gadget based PCP construction with lg3 free bits

We investigated PCPs that use only one free bit in the previous section. We now consider
what can be achieved with 1g3 free bits (which is the next higher number of free bits

possible). We prove the following:

Theorem 5.7 For any e > 0,
NP C naFPCP,_, 5/¢[ log, Ig 3].

Proof: The construction is obtained from Hastad’s 3-query PCP [16] which simply checks
if the parity of the 3 bits it reads is a certain value 0 or 1 (depending upon the bits it
reads). This construction has free-bit complexity 2 because a 3-parity constraint has four
satisfying assignments. We now give a “gadget” which will express a 3-parity constraint in
terms of 1-ONE constraints (the 1-ONE constraint is a 3-ary boolean constraint defined by
1-ONE(p, q,r) is true iff exactly one of the literals p,q,r is true). The gadget is: replace
the constraint z ® y @ z = 1 (here we treat boolean functions as 0-1 functions in the usual
way) by the three clauses 1-ONE(z, a,b), 1-ONE(y, b, ¢), and 1-ONE(z, ¢,a), where a,b,c
are auxiliary variables specific to this single parity constraint. It is easy to see that if the
original parity constraint was satisfied, then all the three 1-ONE constraints can be satisfied
by assigning appropriate values to a,b and ¢, where as if the parity constraint was violated,
no assignment to a,b and c¢ can satisfy more than two 1-ONE clauses. In the terminology
of (28], this is a 3-gadget.

Now consider again the proof system of Hastad [16] that has completeness (1 — ) and
soundness 1/2 (actually it has soundness 1/2+4 ¢, but assume that the soundness is actually
1/2 by unconditionally rejecting with a certain small probability), and whose verifier always
checks the 3-parity of the three bits it reads. Now, assume that the proof of the above system
is modified to include, in addition to the original proof, also the assignment to the auxiliary
variables a, b, ¢ above for each triple of bits in the original proof (note that this blows up
the size of the proof only by a polynomial factor). Modify the verifier as follows: instead of
reading three bits z;,zo and z3 and checking if 21 @ z» ® 3 = 1, it picks one of the three
1-ONE clauses of the above gadget (for the particular triple z1,z2,z3) at random, reads

the corresponding three bits and checks that the values indeed satisfy 1-ONE.
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The query complexity of the new verifier is still 3, but it has free bit complexity only 1g3
(even in the non-adaptive sense), as any constraint it checks is a 1-ONE constraint which
has only three satisfying assignments. The completeness is at least (1—¢)-1+¢- 2 =1-¢/3,
while a false proof is rejected with probability at least % . % = é, since with probability 1/2 a
parity constraint that is violated is picked (because of the soundness of the original verifier),

and with probability 1/3 a violation is caught through the gadget. The proof system thus

has soundness 5/6. a
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Chapter 6

Weakness Results for PCPs

Our PCP constructions so far are powerful enough to capture all of NP while only making
few queries into the proof and yet having very good soundness. In this chapter, we proceed to
prove the complementary results that PCP classes with certain query complexity and error
probability are weak in the sense that they can only capture languages in P. We achieve this
goal by providing approximation algorithms for constraint satisfaction problems and then
invoking the following results which connect the power of PCPs with the approximability
of the MAX kCSP problem. Recall that MAX kCSP is the constraint satisfaction problem
where all constraints are k-ary boolean functions, and the goal is to find a truth assignment

to the underlying variables that maximizes the number of constraints satisfied.

Fact 1 ([1]) If there exists a polynomial time factor r approzimation algorithm for satisfi-

able instances of MAX kCSP, then naPCP; 4[log, k] C P for any s <r.

Fact 2 ([25]) If there ezists a polynomial time factor r approzimation algorithm for MAX
kCSP, then PCPs[log, k] C P for any s/c <.

Existing approximation algorithms in [25, 26, 29] for various MAX kCSP problems
therefore imply that PCP, 4[log,3] C P for any s/c < 1/2, naPCP14[log,3] C P for any
s < 5/8, PCP,4[log,k] C P for any s/c < 2=k and lastly naPCP; 4[log, k] C P for any
s< (k+1)/2k.

We use the above two results connecting constraint satisfaction problems with limita-
tions of PCPs to limit the the power of k-query PCPs for all values of k, for the special

cases of perfect and near-perfect completeness.
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6.1 Weakness of PCPs with perfect completeness
Theorem 6.1 For an e >0, PCPy 3/0r,1)_[log, k] C P.

Proof: Consider a PCP verifier V for language L that makes k (possibly adaptive) queries,
has perfect completeness, has soundness less than 3/ (2% 4+ 1). Our goal is to show that L
is in P. We prove this by constructing in polynomial time, for the case when z € L, an
explicit proof that will be accepted by V with probability at least 3/ (2% +1). Note that this
yields the following polynomial time procedure to decide membership of z in L: construct
the afore-mentioned proof in polynomial time (if construction of the proof fails, then we
know that x ¢ L, so reject z immediately) and then accept z iff V' accepts this proof with
probability at least 3/(2% +1) (since V has logarithmic randomness this can be also be done
in polynomial time by enumerating over all possible random strings of V).

The construction of such a proof when z € L (which is accepted by V' with probability
at least 3/(2F + 1)) is achieved by considering a random proof and a proof constructed by
finding a satisfying assignment to an appropriately constructed satisfiable 2SAT instance,
and taking the “better” of the two proofs. The details of the construction follow.

For any particular choice R of the random bits of V, the computation of V' can be
modeled as a decision tree Tk of depth at most k. Let m; (respectively mp) denote the
fraction of random strings R for which Tk has exactly one accepting “leaf” (respectively
exactly two accepting leaves). Let m3 = 1 — m; — my be the fraction of R’s for which Tk
has at least three accepting leaves.

It is easy to see that the probability that a decision tree Tr with exactly ! accepting
leaves accepts a random proof equals glk', and hence the probability that V accepts a random
proof is at least gm—lﬁgfis—@ (This is because each decision tree of V has the property
that configurations corresponding to two distinct leaves can never occur simultaneously: and
hence the events corresponding to the various accepting leafs of a particular tree occurring
are mutually exclusive.)

For the case when z € L, consider the following proof: For each tree Tr with just one
accepting leaf, create unary clauses consisting of the (at most &) literals which when set to
true will make Tk accept (these literals will correspond to the variables on the path from
the root to the unique accepting leaf in Tg). For each tree T with exactly two accepting

leaves, there must exist a variable z such that both the left and right subtrees of the tree
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rooted at z have exactly one accepting leaf. Create unary clauses as before for the variables
(other than z) which occur in the path from the root of Tg to z, and if l,l3,...,l, and
T1,7T2,...,Tq are the literals which when set to true will make T accept in the cases when
z = 0 and ¢ = 1 respectively, create the (at most 2k) clauses £ = [y,...,T = [, and
=T, = Tq.

Since V has perfect completeness and « € L, the 28AT formula C comprising all clauses
so created must be satisfiable, and using the polynomial time algorithm for 2SAT, a satis-
fying assignment o for C can be found. Now, let II be the proof that agrees with o on all
variables (bits) occurring in the clauses of C, and arbitrary elsewhere. Clearly, the proba-
bility that V accepts II is at least the probability that V' chooses an R such that Tr has at
most 2 accepting leaves, which is m; + ma.

Combining the bounds on acceptance probability for a random proof and II, we get that,
in the case when z € L, we can, in polynomial time, construct a proof that is accepted by

V with probability at least

min max {ml + ma,
mi,ma,m3:mi+mztms=1

m1+2m2+3m3}_ 3
2k T2kl

6.2 Weakness of PCPs with near-perfect completeness

Theorem 6.2 We have, for any € > 0, PCP;_ ([log, k] C P, where s = E,fj’_—Q — O(%)

Proof: The idea is the same as the above proof, the only difference is that the 2SAT
formula C created as above will not in general be satisfiable since V' no longer has perfect
completeness. If V has completeness 1 — &, however, it is easy to check that at least a
fraction 1 — £/(m1 + mg) of the clauses in C will be satisfiable, and hence we can run the
polynomial time algorithm of Zwick [29] for nearly satisfiable instances of 25AT to find an
assignment o satisfying at least 1 — O((¢/(m1 + m2))'/3) of the clauses in C. As before,
considering a random proof and a proof II constructed so that it agrees with o on all its
variables and is arbitrary elsewhere, will imply, after a few simple calculations, that the

soundness of the verifier cannot be less than

). .

min max {m1+m2—0(k51/3),
my,ma,mz:m+mz+ma=1

m1 + 2ms + 3ms } 3 kel/3

ok :2k+2"0(2k+2
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Chapter 7

Concluding Remarks

We considered the problem of getting the best possible soundness out of a PCP construction
that makes a small number of queries and in addition has perfect completeness. The work
of Hastad [16], in addition to providing some striking constructions of PCPs, also developed
a general analysis technique based on Discrete Fourier Analysis to bound the soundness of
PCP constructions, and in principle reduced the task of obtaining better PCPs to construc-
tion of good inner verifiers without worrying too much about how they can be analyzed
tightly.! This work was the primary driving force behind our work.

One of our principal results is that perfect completeness and a soundness arbitrarily close
to 1/2 can be achieved by 3-query PCPs. This somewhat surprising result is tight in that
one cannot achieve a better soundness, and also demonstrates the power of adaptive queries
in PCP constructions. In fact it demonstrates that adaptivity gives strictly more power
to PCP verifiers as one cannot achieve a soundness smaller than 5/8 using 3 non-adaptive
queries and having perfect completeness.

We also used our techniques to give improved (but not necessarily tight) PCP construc-
tions for a slightly higher number of queries. For example we prove that with 5 queries
one can achieve a soundness of 1/4 + ¢; the best previous construction achieved the same
soundness [27], but as was the case with Hastad’s 3-query PCP, it too resorted to near-
perfect completeness. Thus, we are, once again, able to match the previously best known
soundness, but in addition achieving perfect completeness by resorting to adaptive queries.

This raised questions about the power of adaptivity in general, and in particular whether

11t is however not true that any inner verifier construction can be analyzed tightly now without difficulty,
but at least in principle the techniques to do so seem to exist now while they were unknown earlier.
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they can always be used to do away with near-perfect completeness in PCP constructions
while still achieving the same (or even nearly same) soundness.

While our principal PCP constructions are adaptive, we are able to extract non-adaptive
PCPs out of our constructions which are also better than previously known constructions.
For example our main 3-query result also implies a soundness of 1/2 + ¢ can be attained
by making 4 non-adaptive queries. We are also able to modify our 5-query construction
slightly to conclude that a soundness of 7/16 + ¢ is achievable using just 5 non-adaptive
queries. This result makes significant progress on the question of determining the smallest
number of queries required by a non-adaptive PCP with perfect completeness to achieve a
soundness strictly less than 1/2. Our result shows that 5 queries suffice, while the previous
best bound was 9 queries implicit in the work of [16].

Our result also has some implications for PCP constructions with a small number of
free bits. In particular, we obtain that NP C FPCPy;/5,.[log,2], which can be used to
derive the (already known) hardness result of approximating Vertex Cover within 7/6 — ¢,
but only resorting to perfect completeness. This shows that near-perfect completeness is
not inherent at least to the current inapproximability result for Vertex Cover.

We are also able to deduce some non-trivial values of g for which ¢+ 1 queries are strictly
more powerful than g queries. In order to be able to do this, we design an approximation
algorithm for MAX 4CSP, the constraint satisfaction problem where all constraints are
boolean functions of (at most) four variables, using the semidefinite programming method-
ology of Karloff and Zwick [17, 29]. While the exact performance guarantee can be expressed
in terms of the minimum of a complicated function over a certain range (the function in-
volves the volume function of spherical tetrahedra), it is very hard to bound analytically.
We have run numerical programs to estimate this minimum and based on the results are

able to conclude the following containment result for 4-query PCPs.?

Theorem 7.1 There is a polynomial time factor 0.33-approzimation algorithm for MAX

4CSP.

Corollary 7.2 For any c,s such that sfc < 0.33, PCP.[log,4] C P.

2The statement is not really a “theorem” since we do not have an analytical proof of it. We thank Uri
Zwick for providing us with some of the programs we used to obtain this result.
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Based on the above and our PCP constructions, we are able to exhibit some non-trivial

values of g for which g + 1 queries add more power to PCPs compared to g-query PCPs.

e For non-adaptive PCP, 4 queries are stronger than 3. (This follows from Corollary 3.3

and the fact that naPCPy 4[log, 3] C P for s < 5/8 [26, 29].)

e For adaptive PCP, 5 queries are stronger than 4. (This follows from Theorem 4.6 and
Corollary 7.2.)

e 5 non-adaptive queries are stronger than 4 adaptive queries. (This follows from Corol-
lary 7.2 with ¢ = 1 — ¢ and the fact - proved in [27] — that NP C PCP;_. 1/4]log, 5]

for any € > 0.)

Open Questions: There are plenty of related questions which still remain unanswered
and it is not clear how much current techniques will have to be modified or new techniques

invented to answer some of them. We list some of the most prominent questions below:

1. What is the best soundness achievable by non-adaptive 3 query PCPs with perfect
completeness? It is known that the soundness has to be at least 5/8 and a construction
with soundness 3/4 + ¢ is also known. It is not clear at this moment which of these
two (or if any of the two) is tight, though our guess seems to be that one can achieve

a soundness of 5/8 + ¢ with 3 non-adaptive queries and perfect completeness.

2. Can one achieve a soundness better than 1/2 using 4 queries, even allowing for near-
perfect completeness? What about the same question if in addition the queries are

restricted to be non-adaptive?

3. Can one construct 2 free-bit PCPs with near-perfect completeness and soundness less
than 1/2?7 Such a construction appears difficult, but it will be a very important de-

velopment as it would improve the current inapproximability result for Vertex Cover.

4. Asking questions of a more general nature, is it true that adaptive queries strictly add
more power to g-query PCPs for all ¢ > 37 Is it true that an additional query always

helps, i.e are ¢ + 1 query PCPs more powerful than ¢ query PCPs for all g > 27
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