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.ABSTRACT

A Diagremmatic Repfesentation of Certain

Problems in General Eéuilibrium Theories

by John Ching-Han Fei

Submitted for the Degree of Doctor of Philosophy in the Department of )
Economics and Social Science.on May 9, 1952. . Y

This is a study of a collection of problems which belong to the
field of static general equilibrium theories in economic llterature. The
problems ares the equalization of factor prices, the analysis of "special-
ization status", and the study of the "world" productive efficiency in the
international trade theories. Furthermore, certain problems in the history
of economic doctrines, in regard to the value and distribution theories
of the Austrians, Ricardo and Marshall, are examined from the viewpoint
of general equilibrium asnalysis,

The systematic use of diagrammatic methods provides the unifying
scheme of the otherwise unrelated problems. The thesis, then, is inte-
grated from the viewpoint of method of analysis. The ease with which
the unrelated problems can be similarly treated testifies the belief that
there exists a group of explanatory principles which are applicable to
all the problems selected.

: The economic problems which are studies in this thesis must be
smenable to the two dimensional limitation inherent in the diagrammatic
methods. Simplified assumptions will have to be made. This means that
eny conclusions to be drawn from the use of these methods will only be
approximations of reality, and the thesis is, therefore, highly abstract.
On the other hand, the writer believes thet most of the problems studied
are of such a nature that they cannot be satisfactorily treated by a

literary exposition.

In spite of the clumsiness of diagrammatic methods, as compared,
for example, with the algebraic methods, the erguments in this thesis are
developed in & rigorous and logical order. The individual economic prob-
lems, instead of being treated exhaustively at once, are introduced in to
the development of the arguments et convenient stages to allow a more
systemetic exploitetion of the "methods of analysis'.

No mathematical background beyond high school algebra is required
of the readers. The merit of the thesis, to a large extent, is pedagogicel,
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Chapter I.

Production Functions

Section one:t Production Functions -~ General Consideretions

Production functions describe the quantitative relationships
between inputs (or factors of production) and outputs (or commodities).
From the viewpoint of the economic enalysts, they are engineering
'knowledge sssumed (or taken for granted) for en analytical problem at
hand. The empiricel verification of the validity of such assumptions
constitutes the work of engineering research and does not concern the
economist as such.

The expfession "engineering knowledge" suggests that a production
function is technical "know-how" possessed by a "conscious mind", which
is another entity that“the econdmist essumes to exist (e.g. ecoﬁomicfman,
"entrepreneur","factor owner"). Since it is also assumed, as a general
practice of the economic analyst, that the conscious mind has the purpose
of realizing en optimum result, the production function describes, in one
sense or enother, the maximum output obtainable with various combinations
of the inputs. For simplicity, we shall speak of a production function
as if there were only one output and two factors of production., Through-
out this thesis, we shall not discuss the more complicated cases.

Rigorously, the properties of any entity in an analytical system
- is describable and definable only in terms of the operational relation-

ships that are assumed to exist between the entity and the other entities



belongiﬁg to the same system. A production function, then, defines the
factors of production and the outputs involved - since it describes the
operational relationships among them. In other words, there may be other
interesting properties of, for examplé, a factor of production (physical,
chemical, ethical or philosophical etc.), but they do not concern the
; analyti§a1 economist if these properties are not defined in terms‘of
the operational rélationships between a factor of preduction and the
othef‘entities. On the other hand, the opefation’relationships, when
fully given, sufficiently describe an entity such as a factor of production.
A production function, however, defines only one aspect of the
factors of production and the outputs. The other aspect of these entities
are defined by the operational relationships as related in the prefer-
ence system of a cénscioué mind. The former may be called the productive
éspect of the factors of production and the commodities and the latter,

the psychologicel sspect. The former aspect is "engineering" in nature

and the letter is “psychological" in nature. Both of them afe datea
assumed by the ecohomist. In the present chapter, we are concerned:

with the former aspect, or the definitions of the factors of productions
and the commodities. That is to say, we are concerned with the production

function.

Section two: Factors and outputs

Both a factor of production and an output, related in a production
function, are, rigorously speaking, the "services" yielded (or yieldable)

by some dursble (or non-durable) agents, The conceptual distinction of



the "services" from the "agent" which generastes them, represents a most

significant aévance in tﬁinking in the history of economic thought.l/
However, in this thesis, we are concerned only with the static theory;

so this distinction cen be neglected., We can speak, indiscriminately, of
the "service of a factor of production (or product)" or the hfactor of
prodﬁction (or the product)" themselves. )

However, we must not‘infer from this practice that the time dimens-
ion is completely suppressed for a production function --if we cen cleim
any relevancy of our analysis to the facts of the realistic world at all.
In other words, we have to imagine that a production function relateé the
output and the factors of production as applied during a certein interval
of time; only, for the sake of simplicity, the tiﬁe interval is
assumed t;ibe uniform for all the problems considered. The production
function itself, then, has a time dimension of one unit pefiod.

Another simplifiéatidn that wé want to make with respect to
the properties of the factors of production and the output is thet they
are finely divisible (as releted in a production function). The purpose

of such en essumption grew out of the requirement of marginel anelysis,

that is, we want to know, for example, the effect on output of an addition

;/It was a contribution of the great French economist, L. Walreas.
See, for instance, G. J. Stigler, Production and Distribution Theories,
Macmillan, 1941, p. 246 f£f.
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2/
(or subgraction) of a small quantity of & factor of production.

Section three: Properties of Production Functions

There are certain properties of the production function which
will be assumed throughout this thesis, Some of these properties are
derivable from the nature of a productipn function so far assumed;
others are justifiable only by empiricel research hence constituting new
assumptions., In any case, our discussions will be brief, since these
properties are usually assumed by economists esnd discussions on them are
easiiy found.

The properties of a production function which we want to assume
can be best described for our purpose with the aid of a diagram. For
the case of two factors of production and one output, e system of pro-
duction contours (disgrem one) mey be drawn which shows the meximum out-
put obtainable at various combinations of the two inputs. The two factors
are called land (T) and lebor (L) and the output is called clothing (C).
Since the output is cardiznally defined (i.e. we can add or subtract
two outputs and obtein a sum or difference), there is an "index" for
every iso-product curve - i.e. the combinations of the faétérs thch
yield the same output as defined by the index. We shall call thesé iso-

product curves the. production contours. (e.g. €1, €ps in diagram one).,

2/It is tempting to justify the assumption of "perfect divisability"
by referring to the time dimension of the service (and the output).
This justification, however, raises serious problems for a static
theory which cannot be easily handled — for then the fector (and
product) takes on a two-dimensional character which nullifies the
effort to standardize the time period of the production function.
The problem is non~-stetic. (The first serious attempt to deal with
a problem of this kind is probably made by Jevons. See e.g. Stigler,
Production and Distribution Theories, p. 26.)

3/See, e.g., Stigler Theory of Prices, p. 69 on indifference curves



(1) The production contours cannot have & positive slope.

This property is derivable from the essumed "meximum" property
of a production function. If a production contour ﬁas a positive slope,
the same output can be produced by several combinations of the two
facﬁoré with some combinations representing more units of input of
both factors (i.e. represented by the 16wer points on a contour with
positive slope). These inefficient ways of production, from the engin-
eer's viewpoint, musf be ruled out provided there is no "disposal problém.

(And the "disposal® problem may be neglected for all practical purposes).

(2) Production contours camot cross each other.

This is another property derivable from the assumed properties
of the production function given so far. If two production contour cross
each other, the output represented by the two contours - i,e., the indices
of the two contours - must be exactly the same. With two negatively
sloped production contours crossing each other and with the same index
of oﬁtput, the ergument leading to the justification of property one,

applies in this case too.

(3) The production contouré shoﬁld not_be concave to the origin.

(They may be convex to the origin, horizontel or vertical (straight)
lines -.Diagram 1). The slopes of the production contours mey be called
the margihai rates of substitution. . It indicates the units of one factor
ghat have to be added (or given up) when one unit of the other factor is
withdrawn (or added) if the output is to remain unchanged. This property
of a production function stetes, then, that the marginal rate of substi-

tution must not be increasingj; or, it should be more difficult to substitute



one factor by another (and in the limiting cases, it becomes impossible
to substitute any.more) after a substitution in the same diréction had
teken place.

Property (3), then, mey be called the "imperfect substitutability
assuuption of the two factors", in contrast to the case of "perfect
substitutability" under which-a production contour will be fepresented
by a,(negatively\éloped) straight line. This lattéf case éeeﬁs‘to suggest
that the two factors are exactly the same as far as their relationships
with the particular level of output is concerned. The two factors differ
from each other only in that one factor cen be looked upon as & constant
multiple of the other, When the factors are finely divisible, this
distinction can be eliminated by a redefinition of the unit of one of the

factors, Hence, our assumption of diminishing marginal rate of sub-

stitution seems to be justifisble by the assumption of two different

factors of production, which is apparently what our interest dictates
when we postulate two factors of production instead of one.

However, the rule of the diminishing marginal rate of substitution
is ﬁustifiable only by empirical observation. That is to say, there is
.no logical necessity that we can derive this property from the other
assumptions of a production function made so far, On this account, the
findings of engineering studies probably do not contradict the assumptions

made by the economists.

4/The two limiting points (P end Q in diagram 1) mark the places where the
marginal rate of substitution becomes zero or infinite. They may be so close
to each other that the middle part of the curve is eliminated, in which case
we have "complete non-substitutability" for that output. This case will not
be considered in this thesis. On the other hand, the two limiting points may
be so far apart that the horizontal and vertical portions of the contours mey
be neglected. For simplicity we will often consider this special case.



Finally, we shall assume throughout this thesis the property of
"constant returns to scale" for all the production functions. This
éeans that the total outpué of a commodity will be proportional to
the quantities of the inputs applied. A more rigorous formulation of
this property, in terms of the map of production contours, wili be given
in the following chapter ~-where a number of properties of the contour

5/ .

maps, deductible from this assumption, will be discussed,

5/Econdmists seem to hold different opinions as to whether the property
of constant returns to scale is deduc%ible from other properties of
the factors of production and outputs ——especially the assumption of
fine divisibility. (See e.g. Professor Chamberlin "The Theory of
Monopolistic Competition" Sixth Edition, Appendix B, "The cost curves
of the individual producer.") It seems to the writer.that the
controversy of "proportion" vs. "size" is "engineering" in nature.
It should be settled by the engineers.rather than the economists,
The writer frankly makes this assumption as an unvsrified hypothesis.
Ag will be evident in our later analysis, this is a drastic simplifi-
cgtion from the viewpoint of geometrical presentation.
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Chapter II.

Deduced Properties of Production Functions

With Constent Returns to Scale

In Chapter I we'ﬁave assumed, or deduced, four basic properties
for the production‘functiona which will be édhered to throyhout this
theéié. The production contours arei 1) cardinally defined iso-output
curves with nggative slope; 2);hon-crossing; %) non-concave (to the origin);
‘and 4) satisfy:the condition. of constaﬁt returns to scale. In this |
chapter we shall deduce a numbsr of properties‘- which will be called
"rules" - of such a pfoduétioﬁ function which will be used in our
énalysis in thé later chapters.

A1l the "proofs" in ihis chapter will be geometrical, in line
with the spirit‘of thi; thesis. A number is attached to each property

(i.e. rule for more convenient reference in our lester chapters,
. ’ .

Rule ones On any diagonal line, the outputs at any two points are

proportional to the radial distances.

In diagram two, let P and Q be any two éoints on COR which is any
radial line; Let ¢y and cp be the indices of the production contours
passing through P and Q respectively. Rule one states thats

O0P/OQ = ¢y /c2.

This merely states, in a more precise way, the meening of constant

returns to scale, no proof is required. (Obviouély, OP/0Q meaéurea tﬁe

ratio of inputs (for either factor) at these two points.)
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Rule two: On any redial line, equel distances measure equal increment

(or decrement) of output.

In di;gram two, let the distance between S and T equal the
distance P and Q. Let the indices of the production contours passing
through P, Q, 8 aﬁd T be ¢y, c2, c3, and c) respectively.

Prove: cp-c3 =cy~c3 | |
Proofs by rule one, 0Q/OP = cp/c1; OT/08 = c4/c3 and OP/0S = 01/05
we have, (cg - e1)/(cy - 05)
= (e1/e3) « (2 - c1)/ey
' (c4.- 03)/c5

= (c_fc ) » (eofeq) -1
1% (ey/es) - 1

= (op/os) - LQQZQBIg:.l
, © (or/os) -1

~ (or - 0s)/0s
-(0Q-0P) =FQ =1
T (oT - 08) ST
So, Cop=-¢Cy = clY - 03 QED.

Rule threet The whole system of production contours can be deduced from

any one production contour,

Prooft 1In disgram 2, let the production contour representing ¢,
units of output be given. Let c¢co be any quantity of output for which we
went to find the production contour.

‘Let OR be any radial line intersecting ¢, at P, On OR, mark the

radial distence 0Q such that 0Q equals to OP x (cp/c1), a known quantity.
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So we have:r 0Q/OP = cp/cy

Hence, by rule bne, point Q is a point lying on the production contour
with ¢p units of output. (We implicitly essume that for any point in the
mep there is one and only one output). Similarly we can find all other
points on the production contour with cp units of output by taking all
other radial lines; and we can also build up any production contour in
this wey. This property will simplify our exposition iﬁ the later sec-
tions --since we can, then, concentrate on one contour instead of drawing

out the whole system.

Rule fours When two redisl lines determine a series of pairs of points

on the same production contours, streight lines joining esch

pair of points asre parallel.

In diagram 2, let OR and OK be any two radial lines intersecting
the production contours c; and ¢, at points P, Q; D and E., Join the
streight lines PD and EQ.

Proves  DP// EQ
Proof. OQ/OP = OE/OD = c5/C1ee.sss....by rule one.
Hence triangles OPD and OQE ere similar,
We have, DP// EQ
QED

Rule five: The slopes of the production contours st points intersected

by the same (any) radiel line will be the same.

Proofs In the proof of Rule (4) disgram (2), let OK approach OR (i.e.
let the angle d approach to zero). The slopes of DP and EQ
approach the slopes of the production contours at points P and Q

respectively. Since DP always parallels EQ (rule four), the

slopes of the production contours at P and Q must be the same., QED,
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‘The economic significence of this property is quite obvious. It
states thet the marginal rate of substitution of the two factors will be
the seme for any given input-ratio of the two factors,

: There are certain adventages, as will be evident in our later
enalysis, if we write this rule in another system of notations. Let
points Pgand Q¢be any two points in a contour map. Let the subscripts
in P and Q represent the input-ratios corresponding to the two points -
see diagram 5; Let S(Pg) and S(Q¢) represent the slopes of the production
contouré passing through ﬁhese poihts. (In diagram 3, theée values are
represented by the slopes of the tangent lines at P and Q@ ). With this
notation, wé can write out rule five more neatly as follows:

S(Pe) = 5(Qp) ir 0=F

We may also take this opportunity to adopt a convention which will

be adhered to throughout this thesis. This convention involves an agree-

ment as to the way we speak of the ratios and the ways we shall represent

these ratios in our diegrams. We may formelly list our conventions as
. followss
1) When we speak of the input retio, we take land as the
numerator (and labor as the denominator).
2) When we speak of the marginal rate of substitution, we
| take the units of land that are required'to subsﬁitute one
unit of labor. (Land is esgain the numerator). In view of
our discussion inqchapter one, the marginal rate of substitution,
in our convention, equals the ﬂwage-rent ratio"; this means

- -

“that, in our convention, when a retio is high, lsbor is,
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or tends to be better off (and land worse off). This

"humeniterien" association of & "high" with "labor better off"

-~

frather than iand) may be a usef&llﬂnémonic&evice.

3) In our diagrems, we shall alweys take the vertical axis
(Y-axis) for land and the horizontal axis (X-axis) for labor.

4) The input ratio is then represented by the natural slopes of
the radial lines --which are always positive. (These values
are represented by the subscripts of the points in the contour
mep). In this way, as convention number one (above) dictates,
a higbgg iﬁput ratio is represented by a ﬂlé;gg;" radial angle,
and vice versa. ) )

5) For the marginal rate of substitution, we will take the
absélute value - i,e, a positive value., This value is then
represented by the tangent of the smaller angle made by the
horizontal exis and the tangent to amy production contour at

- points for which the marginal rate of substitution is considered.

Our conventions (No. 2 above and the present one) implies that

a higher marginal rate of subastitution will be represented by

a "larger" angle.

Referring to diagram 3, we see, for example, that when the angle ¢
is greater than 8, the angle S(Q¢) is greater than S(P6).

In conclusion, in the conventions we have adoptedx “highsf in words

- -

are reflected by "large" in geometrical expression.

- -
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Rule six: The lebor-free ridge line (0;) and land-free ridge line

(04) which ere radial lines, divide the whole contour map into three

regions: the land-free recion, the lsbor-free region and the

non-free region. The slopes of the production contours in the

three regions are, respectively, infinite, finite, and zero.

(Also, aﬁy region may be empty). (See Diagrem 4)

We mey call the lines joini£g the points ofbthe production cothurs
heving the same slope "iso-slope linés". By rule five above, we know
that the “iso-slope-li;esf are radial lines.

Th;ré are two iso-;lope—lines which are of pérticular interest to
our later analysis, namely; the two ;so-slope lines (Qr radial lines)
which intersect the production contours at pointé where the contours be-

come horizontél,‘or vertical; respectively. We will call the former the

labor-free ridge line and denote it by Gl; and the latter the land-free

ridge line and denote it by Oy. (See Diagram ﬁﬁu

- Since the production contours cannot be concave to the origin,
" the shape of any one production contour, in the general cese, must be as
depicted in Diagram 3. There are three portions for any contour: =a
vertical portion, a hérizontal-portion and a portion with finite slope,
demarked by two pointes - e.g.(Py, Q4 for contour ¢2), The two ridge-
lines (0) and Oy) then, pass through the two demerkation points,
'réspectiQely. r .

Buﬂ, as we know, the whole systems of contours mey be generated by

any one contour (Rule three), end the slopes of the contours at the same

input ra%io must be the seme (Rule five), hence the ridge-lines trisected
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the whole mep of contours into three regions, in which the élopes of
the contours are infinite, finite and zero respectively. (See diagram 4).

 We may call the three regions: "land free" (slope infinite),
"non-free" (slope finite) and "labor—frée“ (slope‘zero). If an equili-
grium position is established in any regi;n, under perfect competition,
factor rewards will be as the name of the region would indicate. This is
true because the factor price ratio, in equilibrium, equals the marginal
rate of substitution,

The ridge lines, then, indicate thé input ratios at which the

two factors ere on the mergin (or "ridge") of becoming free. The sub-

seripts in Oy and Oy (i.e. "t" and "1") heve double significancess they

represent the factor thet is becoming free ("t" for land and "1' for

labor) at what input ratio. The capitel letter in Oy and Cy (i.e. "c")
will be used‘@o.represent the commodity for which the contour map i; )
drawn (i.e. "O" stands for clothing). We shall use other capital letters
for other commodities. However, in our leter usage, we will take “o"
(or “C," as representing either the ridge lines themselves or the i;pui
ratios-at which the ridge lines occur, depending upon the connotation

of the text.

It is evident that, with our convention, Ry is necessarily greater
than R}. The economic interpretation is that more lands heve to be
combined with one unit of labor in order to render land "redundant" than
to render labor "redundant." N

It is fur%her eviden£ that, in conforming with the spirit of

"proportionality" and "constant returns to scale", there is a symmetrical

relationship with respect to the retios of input of the two factors.
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Hence, in our following "proofs", we shall confine our attention to
one of the two "free regionsv; the other half of the prbof will be taken
es self evident: )

The existence of all three regions is probably generally true as
an engineefing fact. However, in our following analysis, we shall often
neglect the existence of the two "free-regions" for the purpose of simpli-
cation. (There is one particular‘case vhere tﬁe free regions cannot be

neglected - i.e. the case of the Ricardien rent theory which occupies our

attention in a later chapter).

Rule seven: In the non-free resion, the marginal rate of substitution

ig greater the greater is the input retio; in the land-free

and labor-free regions, the marginal retesof substitutions

are infinite and zero respectively.
With our notetions de&eloped earlier, rﬁle seven mey be written
est
7.1) 8(Q4) > S(Pe) if ¢ 76 and if C1<P < Oy
4 or 0y< < Cy or both.
7.2) 8(Pg)
7.3) S(Ps)

Theée broperties are merely precise statements of what was implied

0 if < 0

infinity if 8> Oy

in our discussion of Rule (6) and the non-concave (to the origin) property

of the production contours, No proof is required.
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‘ o S
Rule eight: In the non-free region, we have S(Q¢) < S(P6) if and only

N .
if‘Pif o s where the equality end inequality sisns correspond.

This property follows directly from Rule (5) and Rule (7) above.

It merely states the necessary and sufficient conditions for the equality
 (and inequelity) of the slopes of the production contours in terms of

the slopes of the radial lines.

Rule ninet The averare physical productivity of any factor of production

remains unchanzed when the input ratio is fixed, i.e. regard-

less of the size of the inputs.

The average physical productivity for any factor of production is
defined as the total output divided by the units of input of that factor.
With reference to diagrem twe, the average physicel productivities of
labor at points P and S (on OR radial line) are, respectively:

cy/0U at P
and ¢3/OV at S, where PU and SV are perpendicular
to the horizontal axis.
Prove:r ¢3/0U = 05/0V
Proofs Triangles OUP and OVS are similar, we have
0S/0P = ov/ou
but 0S/OP = ca/cl.......by rule one.
We have 05/51;= ov/ou |
or ¢1/0U = c5/0V © QED.

(The proof applies to all three regions since we have mede no reference
to the slopes of the production contours). ' The economic interpretation

of this property follows directly from the proPerty'of constent returns

to escales end need no furthér elaboration,
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Rule Ten: In the non-free region, the average physical productivity of

lebor (lend) is higher the higher (lower) is the input ratio;

in the free-regions, the averege physical productivity of the

non-free factor remains constant.

Let the subscript in APP.q - (i.e.'“el")'represent the point for
wﬁich the averege physicel productivity ié‘confidered. The second half
of Rule (10) is readily proved as follows (Dieg. 5). In the land-free
region, consider APPg; and APPgz of labor (i.e. the non-free factor).
Let the radial line 035 interéect the production contour, on which el lies,
at 62, we have:

APP62 APPe5.ot.oo-o-by rU]-e (9)

and APP,q = APPe2.v.......by the fact that the production con-

tours in this region are straight
lines; both output and input at el
and e2 are the same.
We have: APP.; = APPe5 QED.
(Similaerly we cen prove that in'the‘labor-free region the APP of land
remains constant),

Let us next prove the first half of Rule (10). In Diagram 5, let
points P and Q be two points, in the non-free region, with the same amount
of the input of land (i.e. OH). Let the input of labor et P and Q be
OL; and OL, respecfively; and let the outputs be ¢} and ¢, respectively,
(For labof, APP.P = ¢1/0Lj and APP.Q = ¢p/OLp). Let Lo be greater than
Lj so that the inputiratio at P is greater £han the ihput retio at Q.

So for the case of labor, all we have to do is to prove that:

APP.P 2 APP.Q or equivalently ¢1/0L; > cp/OLy
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Prooft Join the OP radial line, which, when extended, intersects the
vertical line (passing through Q) QL, at point S. Let the output at 8
be cz. The production contour cp neéessarily intersects the OS redial
line gt a point lower than S - e.g. at T, (by the assumption thet in the
non-free region the contours are negatively sloped.) We havet

or <08 or e3< ¢3
By rule nine, APP.P = APP.S .
¢o/0Ls 05/01..2 = APP.S

So APP.Q < APP.S = APP/P

APP.Q

i

hence APP.Q < APP.P QED

What was proved above can be stéted in a form familiar to partial
equilibrium analysis. In the non-free region, if we hold the quantity
of land constant (at H) and successively add more and more labor, the
everage physical productivity of lebor declines continuously. That this
is a necessﬁry condition for competitive equilibrium hed been frequently
pointed out in economic literaturé.

By Rule (9) above, the general statement of the first half of
Rule (10) is proved, nemely, the average physical productivity of labor
declines when the input ratio is smaller. (e.g. the APP of any point
on the OS radial line (since they are all equal) will be greater than
the APP at Q --end greater than any APP at points with the same inpuf
ratio as point Q).

Similerly, the symmetrical case, for the average physicel product-

ivity of land, can be proved.

)

1/See e.g. Hicks, Vaelue and Capital, page 81
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Rule eleven: a) In the non-free region, the marginel physical pro-

ductivity of labor increases when the input ratio is higher.

b) In the land-free region the marginel physicel vroductivity

of labor is constant.and equal to average physical pro-

ductivity of labor.

c) In the lebor-free region, the marginal physical pro-

ductivity of labor is zero. (The symmetrical cases for the

marginal physical productivity of land can be similarly
stated) |

Karginal productivity is defined as the increment (or decrement)
of total output, per unit of labor, when the increase (or decrease) of
labor is small, holding the other factor constant. Part (c) of Rule (11)
can be séen directly from, e.g. Diegrem 4., In the labor-free region,
since the produﬁtion contours are horizéntal lines, total output will not
be affected when labor input alone is increased.

Part (b) can be proved as follows. In Diegram 6, let HH' be any
horizontal line - i.e., the input of land is being held constantron this
line. In the lend-free region, teke four points on HH', el, e2, e5, and
e7, such that the increment of lebor from el to e2 equals to thet from
e5 to 47. Furthermbre, define these increments as one unit of labor,
Let the outputs at the four points be ¢y, co, cs5 end ¢y respectively.

We have, MPPyy = cp - ¢3 and MFPj5 = ¢7 - ¢5 .

Prove: -cg - ¢l =cy - c5

Proof: Let the four contours intersect Ct (the land-free ridge line)
at E, F, J, and X respectively. Obviously, the distances EF
end JK are equel - since the distances ele2 and 6547 are equal.

So we have: ©p - €] = €7 = C5........by rule (2) QED.
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It is our purpose to show next that in this region the MPP of
labor equals the APP of labor, i.e., we want to

Provet APP,g5 = c2 - c¢1 (the righthend side of the equality is seen
to be the MPP at e2)

Proof: Since the distance between lI and 12 has been defined as one
unit of labor, the input of labor at e2 is 012/1112

So we haves

co/(0lo/ 1 l2)
c2 x l1b/0k

But |} b/0l, = EF/OF = (OF-OE)/OF = 1 - OE/OF

APP.o,

=1 - (cl/cg).......by rule one

= (ep - 01)/°é

So APP.gp = c2.(c2 = c1)cp

co - C)
MPP.eZ
QED.

It is our pufpose to prove, next, pert (a) of Rule (11), namely,
the marginal physical productivity of labor decreases as ratio of input
decreases, in the non-free region. For this purpose, let us first prove
a special case, nemely, the case under which the quantity of land is
held constant - HH' in Diagram 6.

Let P be an& point in the non-free region, through which a
horizontal line HH' and the radial line OR are drawn. From point P,
mark off, successively, equal distances on OR, i.e. PU and UV, Let the
output at P, U and V be ¢y, ¢p and §4 respectively. We haye:

1) cp - ¢y = ¢l = 62.0uenu... by Rule (1).
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Let the production contours of ¢, and ¢}, intersect HH' at
points . end S respectively. Through point Q draw the radiél line OK
intersecting the production contour cj at T. Point T is necessarily
higher than point S,

Join the straight lines UQ and VT, we know:

UQ Il VI........by rule (4) |

Let VT intersect HH' jat point M. Draw the production contour
through point M, i.e. Cz. ’By the convexity property of the production
contour (c4) point M lies to the left of S. This givens

(2) 3 < ¢y

We have, PQ = Q4......by the facts that PU 7 uw
and UQ })] VM

Let us define these distances as representing one unit of labor,
so that MPP of labor at point P end point Q are (co - 013 and (05 - ¢5)
respectively. We want to A
Prove: MFP.P > MFP.Q, or equivalently, ¢y - ¢3 > ¢z - Cp
Prove: We have cp - ¢y = ¢4 - ¢p..o....by (1) above.

¢4 = ca > c3 = cpeevnn..by (2) above.
Hence (c2 - ¢1) > (e3 - ¢2)
’ QED.

Whet we have proved aboée‘is the familiar assertion in the partial
equilibrium analysis that marginael phnysical productivity of labor decreases
if successively more labor is applied on the same amount of land - or th e
so-called "law of diminishing returns". (The symmetrical case for the

"diminishing returns® ofland applied to a fixed quantity of labor cen be
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2/
similarly proved). .

The complétion of the proof for part (a) of rule (11) depends
upon the éroof thet, for any given input ratio, the merginal physical
productivity of eny factor of production is fixed - i.e. regardless of
the size of inputs.. (If this is true, together with the partial proof
given above, the marginal physicalrproductivity of labor would be higher

the higher the input ratio, which is what part (c¢) of rule (11) asserts.)

2/It is obvious thet the "law of diminishing merginal return" (and
"average return" as proved in Rule (1)) above) is derivable from
the assumption of "imperfect substitutability" of the two factors
of production gnd the assumption of constant returns to scale.
(For instance, in the "free-regions" the law of diminishing returns
does not hold for marginal and average product,because, in the
free-regions the production contours are straight lines. The general
case of "negetively sloped" "straisht" production contours (i.e. the
general case of perfect substitutability) under which &he.laws of
diminishing returns do not hold if the assumption of constant
returns to scale is assumed, cen be similarly proved). Mrs., Joan
Robinson stated (Economics of Imperfect Competition, Mecmillan, 1948
page 330) "What the Law of Diminishing Returns really states is
that here is a 1limit to the extent to which one factor of production
can be substituted for another.....Tne Law of Diminishing Returns
then follows from the definition of & factor of production and re-
quires no further proof." It must be obvious that Mrs. Robinson was
taking the assumption of."constant returns to scale" for granted - or
else the statements are not true. (Prof. Hicks hes_commented on
this point in Value and Capital, page 95, footnote 2).

3/This proof is given as rule (13) below.
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Rule ‘twelve: In the non-free region, the marginal phvsical productivity

of any factor is smaller than the average physical pro-

ductivity of the same factor.

In Diagram 6, define the distance between P and Q (i.e. L1L2)
as one unit of labor (as we did in the proof of Rule (11)). Marginal
physical productivity of labor at point P is (co - °1)' It is our
purpdae to
Prove:  APP.P >02 - Cl.

Proofs The inputs of labor at point P are OL;/LjLo units. The
average physicel productivity of labor at P is then:
APP.P = ¢y/(0OL;/L;Lo)
= ¢ « (LyLp/0Ly)

NQ/oN > GQ/0G

But L1L2/0L2

co = €1
“= eesesoby rules (1) end (2)

We have APP.P = ¢ (LjLo/OLi)> c1 (."_2__;_'131_) =cp - ¢

i.e. APP.P > (cp - ¢y)
, QED._
This property is evident enough in the partial equilibrium analysis -
i.e. when average physical productivity is falling the marginal physical
productivity must be lower than the aversge physical productivity. This
fule, together with the rules proved above (especially rule 10 and rule 11)
enable us to plot the traditional ?partial equilibrium diagrem" (e.g.

where total output is plotted against one variable input with the other
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&/

input being held constent. We will have an occasion to use these

Ypartisl equilibrium diegrems" in our later analysis.

~

Rule thirteen: When the input ratio is fixed, the merginel physical

productivity of any factor of production is determined -

i.e. regardless of the size of the input.

The proofs for the two non-free regions have been conveniently
demonstreated earlier. All vwe have to prove is for the non-free region.

In diagram 7, let OR be any radial line in the n@gn-free region.
Let P and Q be any two points on OR with outputs ¢, and c3 respectively.
Mafk off, horizontally, from P and Q two equel distances P and QN., Let
the production contours passing through points M and N represent cp and ¢y
units of output respectively. Let ¢y and ¢, intersect OR at points S and
T respectively. Join the straight lines, SM, TN, ON and QM.

If we define the distances P and QN as representing one unit of
labor, (cp - c3) an& (c4 - c3) will be the merginel productivities of
labor at points P and Q.respectively. It is our purpose to prove that

MPP.P = MPP.Q or, equivalently, (c2 = ¢y) = (c4 - cp)

4/See for example the article "On the Law of Variable Proportions" by
Professor J. M. Cassels, reprinted in "Readings in the Theory of Income
Distribution" page 103. The production contours there produced
(page 110) emphasized the "disposal problem" which was neglected by
the present writer, - i.e..some portions of.the production contours
are positively sloped,

5/See above part (b) and (c¢) of rule (11) on page 22 '
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Proof: If we know that PS = QT, then, by rule (2) above, we definitely

know that (co - cl) equais (ey - c3) and the theory is proved.

(But PS does not equal to QT when the unit of input is large).

Consider the trianglgs PMS and QNT. These two triangles would be
equal if SM and IN are parallel. (Since the angles SFM and TQM are
equal; PM equals QN by construction). |

Thus, when the factors of production are finely divisible - which
is our assumption -~ we can let the increment of labor be small by re-
defining the unit (e.g. PM' and QN' are equal). Should this be done,
the straight lines joining, e.g. S'M' and T'N' are approximately parallel
by rule (4) sbove. (These straight lines are so close to the production
contours that we cannot even show them separately in our diegrem, al-
tﬁough we can still show the increments of inputs and outputs quite
"comfortably"). Hence, when the increments of the inputs are smell,
iriangles PM'S' and QN'T' are approximetely equal. PS' approximately
equals QT' and‘the thebry is approximately proved.

Similarly, the case for the equalization of the marginal physical

productivity of land can be proved.

Rule fourteen: The marginal physical productivity of labor times the

number of units of labor plus the marginal physical

productivity of land times the units of land eaquals

total output. (The Euler Theorem)

The proof for the non-free regions is egain implied in our proofs

earlier, What we need to prove is for the non-free region.
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In diagram 8, let point P be any point in the map of production
-contours, let the production contour passing through point P be C3e
Let‘the quentities of inputs.at P be OL units of labor and OT units of
land.

Through point P draw the tangential line MN. Through points
L and T draw LV and TU, respectively, parallel to MN, intersecting the
radiel line OP at points V and U. (By rule ( 5) above, we know that
LV and TU are‘tangential to the production contours at‘points V end U.)
Let thé.production contours passing through V and U be ¢y and c¢p
respectively. |

We know, first of all, that the ﬁriangles OVL and TUP are equal
(TP equals OL;{!OL = /UPT; NLO = /UTP). We have:

Up = OV
end OV 4 OU = OP.
By rule (2) we know:
cp+ cp =c3

Hence, it is only necessary for us to prove that; at point P

(OL units of labor) x MPR = cy.....(1)

(OT units of lend) x MPP = coe....(2)

Let us prove (1). Let the distance LL' on the horizontal axis
represeht the increment of one unit of labor. Let the vertical line SL'
intersect the horizontal line TP (extended) at S. Let the production
contour passing through point S be c¢j. It is then obvious that at point P:

MPP; = c4 - c3.....(3)
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If LL' represents one unit of labor, we further know that the
input of lébor at point Kfia

OL/LL' units.

So we have: OL units of labor x MPP; = OL/LL' x §c4;:_g§).....(4)
Let cy iﬁtersect OR at point Q. Since‘we know that the |
 distence 0P/c5 marks off one unit of output

along the OR radisl line, (by rule (2)).....(5)

80 We havé, by rule (2), cj units of output equal to OQ/(OP/c5) units

of output. Hence, we knowt -

¢4 - ¢35 = (0Q/(OP/c3) - c3)

(0Q/OP - 1)c3

(0Q - OF)(c3/0P)

(PQ/OP)cs substitute into (4)

we have:‘(CL/LL')(PQ/OP)c5
= (OL/OPYPQ/LL Jes.....(6) -

But if the incfement.bf iaﬁbr is small, the portion of production
contour SQ approaches a straight line pardllel to MN (and LV), hence we
knowt (from the similar triasngles PSQ and OLV) »

PQ/LL' = OV/OL substitute in (6),
ve hever (OL/OP)(OV/OL)es
- aioesen)

By (5) ebove, we know thétxthis last expression equsals 03 units
of output. Since this expression is derived from (4), we know (1) is
proved. Similarly, (2) can be proved.

QED.
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Rule (14) stetes that if all factors receive payment in products
equal to the amount of their respective marginal physicel products, the

total output will be exactly exhausted.

Rule fifteent The marginal rate of substitution equals the ratio of

marginal physical productivities of the two factors of

production., -
In diagram @, let cp intersect OR and PM at points V and S

respectively; let c3 intersect OR at U. The marginal rate of substitu-~
tion at point V, along the co contour is the ratio of PS units of land to
FN units of labor. But if PN and PFiggpe representing one unit of laebor
and lend respectively, PS units of land is PS/PM units of land ("PS"
refers to the geometric distance and PS/PM refers to the number of units

when PM is defined as a unit). So the merginal rate of substitution iss

MRS, = PB/PM = PS/PM = PS/PM
FN/FN , -

When the changes are small, the increments of output are propor-
tional to the increments of inputs:

MRS = PS/PM.......by rule (5 ) which states that the production

PV/PU

It u

contours are approximstely

parallel on OR.

2~ ° .,.....by rule (1) and rule (2)
03-01

- MFP.1
MPP.t

QED.
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This property of = pfoduction function enables us to represent
the ratio of factor reward by the slope of the production contours; -
which represents the marginal rate of substitution - if the factors are

paid respectively their marginal physical product.

Rule sixteens If all the factors ere paid their respective marginal

physical products, the exchenge value of the total output,

at any point in the map of production contour, in terms

of the ?wage unit" and "rent unit" respectively, can be

represented, respectively by the X-intersect and Y-

intersect of the straight line tangent to the production

contour at this point.

In diagram 9,§ the exchange value of the total output equals the
market value of OL units labor plus Ot units of land - by rule (i#)
which states the "product exhaustion" property of the production function
of constant returﬁs to scale. Since Ot units of land equal in exchenge
value 1L units of labor (by rule(15) which stetes that the ratio of
factor rewards equals the slope of the production contours), the exchange
value of total output (cl)equals to Ol plus 1L, or OL units of labor,
(8imilerly, we can prove that it equals OT units of land in exchange value).
The distance OL (OT), then represents the total value of output, or the
total income of factors, and the distances dl and 1L(tT, and Ot) represent
the size of wage bill end rent bill, respectively, in terms of wage (rent)
unit., This geometrical property of a production contour map will be very
useful for our leter analysis. Needless to say, this property is generally
true only under the assumption of "constant returns to scale" and the as-
sumption that factor reward, in terms of Yproduct wnit", equéls the

marginal physical product.
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Chapter III.

The Box Diagrams

Section onet Two Products

For an analyéia of the problems of "exchange", naturally, we
have to introduce into our analytical framéwork at ieast two commodities,
for which two production functiona (with constant feturns to scale) must
be postulated.

As we have mentioned above, the production functions define the
productive.aspect of the products and fectors involved; when there are
two or more products (and factors of production), the production func-
tions, postulated for each of the commodities, jointly define the opera-
tionel reletionships that are essumed to exist among all the commodities
and the factors of production, nemely, as a group—relaﬁionshipa. The
quantitative reletionships between them necessarily become more compli-
cated, so that in order to reduce the problem to a manageable extent,
reiative to our purpose of "diagrammatic representation", certain as-
sumptions have to be made té 8implify our problems.

Throughout this thesis, we will assume that there are two pro-
ducts, and for the production of each commodity the same two factors of
production ere required. Desﬁite this drastic simplification, we
shall &iscover in our later analysis that even under this simplified
assumption fhe analysis of the problems of prdductive equilibrium of a
atatic economy is a problem which cannot be satisfactorily handled by

our method ~ i.e. diagrammatic method.
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Section twos Relative factor intensities of the two commodities.

We want to define the two commodities, which will be analyzed, in
such a way that they are different from each other, as far as their
productive aspects are concerned. Fof this purpose, the concept of
relative factor intensities of the two commodities must be introduced,
This can be most conveniently done with the aid of the maps of pro&uction
contours of the two commodities.

Let us call the two commodities clothing (C) and food (F). The
maps of production contours may be drawn. However, by rule (3) of the
previous chapter, we can teke one production contour from each map es
representative of the whole map - since any one production contour may
génerate the whole map under the assumption of constant returns to scale.
The‘two representative ﬁroduction contours, one from each map, are
shown in diagrem 10, where c¢j; is the production contour for clothing and
fy is the production contour for food.

The relative factor intensities of the two commodities may be
operationaliy defined as follows?

"Pood is & reletively land intensive commodity if, at

;ny input ratio (except in a factor-free region for both
commodities), the merginel rate of substitution of the two
factors is lower for the production of food than for the
production of clothing.

i/
Referring to disgram 10, @&nd with the notations developed earlier

1/According to our verbal definition given above, the definition should

be writtent

S(Fg) < S(Ce) if 6P :
The "inequality sign" can be placed in the "if-clause" by the convexity
property of the production contours - i.e. by rule 8..
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this definition may be stated more neatly in the following forms
Rule (16) S(Fg)< S(Cp) if P70 and ir F1<O< Fy ‘ —
o or if C1<$< Oy
Qhere Fy, F4, Oy end C, represent the input
rafios”at ﬁhe labor-free and land-free ridge
lines for the two commodities.
It is furtﬁer obvious that, by the definition of the reletive
fector intensities of the two commodities, we haves |
Rule (18) Ft 7 Ct
| and F‘l 2 C1
This means, for example, that the input ratio corresponding to
the land free ridge line for food (Ft) must be greater than that cor-
responding to the lend-free ridge line for clothing (Ct). Otherwise,
‘the definition of relative factor intensities is contradicted - see
diagrem 10,
There are severel intuitive explanations of this definition of
relative factor intensities. Food is land intensive if, at the same
input ratio, it takes a smaller quantity of land to substitute'the same
amount of labor, as compared with the production of clothing. In other
words land is more important for\the production of food than for clothing -
vice versa for labor. Another way to realize the significence df this
definition (intuitively) is to draw a number of production contours for
each product in the‘same diagrem. Then, it will be seen that the pro-~
duction contours for food have lower slope at any given point than those

for clothing, This makes it likely that an addition of labor alone will
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affect the total output of clothing more reedily than that of food

(and vice Qersa for a net increase of land). Still another way of look-
ing at the definition is in terms of rule (18) above, which states that
land becomes a redundant (free) agent at a higher input ratio (more 1an&
per unit of labor) for the production of food than for clothing.

Several miscellaneous observations may be made with respect to

this definition:

a) Our definition is unambiguous by rule (5) of production
functions of constant returns to scale, which stateé that the
mérginal rate of subsﬁitution is fixed for any input ratio.
(In other words, this definition is "possible" because of
the essumption of constant returns to scale).

b) By the concavity properties of the production contours,
this definition mey be resteted in the following form:

Rule (16.5)6>¢ ir s(Fg) = S(C+).2./ This form will be
relevant to our analyéis in certain cases below.

¢) This definition elways holds as defined. Specifically we do
not allow the case uhder which the marginal rates of substi-
tution, at certain input ratios, are higher for food than for
clothing., In other words, we assume that food is always

relatively land intensive.

2/Subject to the seme qualifying conditions (if F<O<Ft or if C <¢<0t) es
~in rule (16) on page 39 . That rule (16.5) is valid can be readily seen
from the logical diasgrem of rule (16) accompanying diagram 10,
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d) We can easily and comfortably give such a definition of
feiaiive factor intensities for the case of two factors and
two products. When there are more factors and products, the
formulation of any éuch qualitative conditions of the pro-
duction functions is not readily treated by diagremmetical
method., Consequently we want to realize and emphasize the
severe limitations that have been imposed upon the scope of
content of this thesis which is nothing more than villustra;

tive“ of certein theoretical problems in static theory.

-

Section three: The box diagram

Wnen the éndowments of the two factors of production for a parti-
cular "economy" are known, & box diagram may be constructed to show the
optimuﬁ patterﬁs of allocation of resources for the production of the
two commodities. Let us first construct such a box diagram and then
briefly explein the relevance of the box diagraem to the analysis of the
operation of the feconomy“ at the end of the present section. Throughout
the present chapt;r we shéll neglect the ridge lines of the two maps of
production contours,

In diagram 11, let the contour map fzr clothing first be drawn,

taking the lower-left corner as the origin., The horizontel and vertical

3/That is to say, we assume that the non-free region coincides with the
entire map. The general case, under which this is not true, will be
more conveniently discussed in a latér chapter.

4/This convention will be adopted throughout the thesis, i.e. the
lower-left corner of & box will elways be taken as the origin for
the clothing-map, the upper-right corner for the origin of food-map.
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distances of point A to point O, can be teken to represent the endow-
ments of land and lebor respectively for a given economy A (which will
be called a "country A"). Point "A" can then be taken as the origin of
the food map.- plotted‘ﬁp side down; A box, OBAC is obteained.

The locus of the points of tangencies bf the contours - belonging
to the different meps, e.g. points P and T, will be called the curve of

optimum ellocation of resources, or, more simply, the "optimum-allocetion

gggggf for country A, (i.e. curve OPA in diagram 11). iThis neme is
prope;, since, away from this curve, it is alweys possible to increase
thg production of both commodities by re-allocating factors of production
in such a way as to move toward the curve. Expressed differently, any
point on the OA curve represénts an optimum-asllocation pattern in the
sense that when the output of one commodity is predetermined, the output
of the other commodity is the "maximum" at any point on the curve,
relative to the given endowmenés of reéources.

When nothing.is known of tﬁe conditions of Operatién of the
economy - except the given endowments of resources which must be used
and the technology of production (represented by the production functions) -
the OA curve, as its name implies, represents the ideal pattern of allo-
cation of the resources (from the viewpoint of "production efficiency").
It obviously represents the ideal ways of produétion (of the two com;‘
modities) under any economic institution in which the economizing of the
productive resources is a social goal. In other words, the OA curve
furnishes a criterion on which the productive efficiency of an economy

mey be judged (or the productive efficiencies of different economic

systems mey be compared ) - e.g. by investigating whether the factual"

- -



bely

performance of an economy will likely be established at a point on the
OA curve given the "institutional set-up". The optimum allocation of
resources curve, then, is something belonging to the sphere of study of

R

"welfere economics".
) ‘A competiti;e capitalistic system can cleim its superiority on
this account - i.e. the "rule of operation" of a competitive system, when
fully adhered to, will likely bring esbout éhe ideal production efficiency
pictured above. The assertion, however, constitutes the anaiysis of the
‘operation of the competitive system., Under the assumption of static
competition, full employment of resources will always be established.
Equilibrium will then be established at some point in the box —repre-
senting full employment. If the "equilibrium position" is not established
at a point on the optimum allocatidn-curve OA, the ratios of rewards of
the two factors of production (represented by the slope of the production
contours)will be different for the two industries. Some factors of pro-
a

duction are apparently not satisfied - reconcenirating will occur to bring

the equilibrium position to a point on the optimum allocation curve.

Section fours The geometric properties of the Optimum-Allocation Curves

There are certain geometrical properties of an optimum allocation
curve which may be pointed out. The following properties are stated in
terms of the conventions already laid down - on the choosing of the axes
(for the factors of production) and the origins (for the outputs). (It
must also be remembered that the assumption of constant returns to scale
and the assumption of the relative factor intensities asre retained

throughout the thesis.)
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Rule nineteen: The optimum allocation curve (OA) can only lie below the

diagonal line (Straight line OA)

In diagram 11, this property cen be formally proved as follows:
Let point Q be a point which lies on or above the diagonal OA, Join OQ
and AQ.making the angles QOB and QAC (which are designeted by ¢y and £,
respectively in diagram 11). It is obvious:
c1 ) fi
So by rule (16); we haves
S(Q°1)> S(Qfl)
Hence, point Q cannot be & point on the optimum allocation curve if it
lies on or above the OA diagonal - for the two production contours do
not have the same slope, as shown.
QED
- The economic interpretation of Rule (19) iss when equilibrium
is established, the input retio for the production of clothing is neces-
sarily lower than the input ratio for the production of food., This is
ensured by the definition of the relative factor-intensities of the two

commodities as was implied in the proof.

Rule twenty: The straight line joining asny point on the optimum-

‘allocation curve with either of the two origins (A or 0)

cannot intersect the optimum allocstion curve - (i.e. &

straight line passing through either origin can intersect
the OA curve at most once - not counting the origin.)
This property mekes it so that the slope of the optimuu-allocation

curve must be positive - i.e. OA runs from the lower left origin upward
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to the upper-right origin, Since the slopes of the production contours
are non-negative, this implies that a mo%rement along the optimum allo-

cation curve upward indicates an increase of the production of clothing

and decrease of food, vice versa.

The proof for this property can be more conveniently carried out

in the course of the proof for the following property.

5/This can be readily proved as follows: Let PQ be a horizontal,
verticel, or a negatively sloped portion of the optimum allocation
curve, Take a point on PQ, namely point R. Join OR and AR, extended
to F and E. Point Q necessarily lies in the enclosed boundary of
the rectangular REBF. 8Since the optimum allocetion curve necessarily
passes through the origin, so, no matter to which origin (A or 0)
the optimum allocetion is drawn from point Q, the curve will have to
intersect either RF or RE. This contradicts rule (20), hence the
optimum allocation curve cannot be horizontal or negatively sloped.

This property of the optimum allocation curve - i.e. positive slope -
can be used to prove Rule (21) below. Hence, it is seen, rule (20) end
rule (21) mutually imply each other.
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Rule twenty-one: A movement upward alons the optimum-allocation curve

toward point "A" indicates increased input ratios for

both commodities. (i.e. higher points on OA represent

higher land-labor ratio according to our convention).

And hence the factor-price ratio will be higher too.

In diagrem 11, let P and T represent two points on the optimum
allocation curve OA, such that T is higher than P. Join the straight
/
: |
lines OP, AP, OT and AT. Let the input ratios at P and Q be P, P,

Tc and Tp (a8 indicated by the subscripts). Let the production contours

~—

. . 1
passing through point P and R be drawn.

s( Pf)

s( Tf) «ssoby the prbperty of production contour.

We have: S(P,)

and S(Tg)
By Rule (8) we have
: . Z
S(Pc) 3 S(T,) if and only if P, Z T,
3(Tp)5 S(Pp) if end only if TS Pp
.Combining thesé equalii.;ies and inequalities we haves
' S
S(T) = 8(T,) 2 S(P,) = S(Pp) = (1) if, and only if,
N A :
TIcZ Pp and Pa Tp
(the equality and inequelities signs follow order).
We have: if T, = P, then Pp = Tp (otherwise there is a conjcradiction.)
This prgves rule (20) above - i.e. "any straight line passing -
through one of the origins (O or A) and a ioint on the OA curve cannot
intersect OA curve again',
From the same con;litional equality, and inequality, we derive:

vhen T, 7 P,, then Tp > Pp
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This proves rule (21) namely, the input ratios for the two
commodiﬁies alvays changé iﬁ the same direction as equilibrium position
changes from one point on the optimum allocation curve to another.

As will be evident in our later analysis, this property of the
optimum allocation curve proves to be very important.

Since wé know, by rule (20) above, thet the slope of the optimum
allocation curve is positive, and that a movement upward along tﬂe opti-
mum allocation curve indicates more output of clothing, rule (21) implies

the fact that as more outputs of clothing are produced the input ratios

are higher in the production of both commodities, and the factor price

ratio also becomes higher (by rule 8).

Section five:t The exchange value of total outputs and the product price

ratio.
As will be evident in our later analysis, it is highly desirable
if we can find a geometrical expression for the prbduct-price ratios

in the box diagram. For this purpose let us first establish the fol-

lowing rules for a box diagrams

Rule twenty-two: The ratio of the exchange values of the total outputs

of the two commodities (i.e. value of clothing divided

by value of food) at eny point of equilibrium on the

optimum allocation curve can be represented by the ratios

of the distances along the main diagonal of the box,

_respectivélv from the two origiqgﬁ to the point on the

mein diagonal intersected by s straight line tangentiasl

t+o0 the production contours passing through that point

of equilibrium.
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In diagram 12, let P be a point on OA curve. Through point P
draw & étraight line MN tangential to the production contours c¢j; and fl
passing through (and tangential at) point P. Let MN intersect the main
diagonal AQ et pbint I. Let the ekchange value of ¢ units of clothing
to f7 units of food be denoted by Ex. It is éur purpose to prove that

Ex = OI/IA
Proofs Let MN intersect the vertical sides (extended) of the box
at points M and N. The exchange value of ¢; units of clothing,
in terms of "rent unit" is ON (by rule 16). Similarly, the
exchange valﬁe of £3 uﬁits of food, in terms of rent unit, is AM.
Hence,
Ex = ON/AM
By the similar triangles, OIN and AIN we havef
Ex = ON/AM
= OI/IA
QED

Wé are only one stép removed from the derivation of a geometrical
expression of-the product-price ratios in the box diagream, If'cl and fl
are defined respectively as one unit of clothing and food, then OI/IA

represents the product price ratio, at point Pl,

We know, in any case (i.e. regardless of the definition of units),
the geometrical expression OI/IA represents the ratio of values of outpﬁt
by "industrisl sectors", this understanding will be helpful to our later
anaiysis of thelkfcardian rent theéry. It may be called the "industrial-

jzation ratio”.
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From diagram 12 it is eesily seen that the industrialization ratio
is highér at a higher point on the optimum allocation curve - e.g. point
Q is higher than P and OI'/I'A > OI/IA. This is because of the fact
that point Q is higher than ?.ggg QI' is steeper than PI (by rule 21) -
the economic interpretation of these'two effects (causing higher
industrializetion ratio) are obvious: not only more clothing is produced

but the price of clothiﬁg will be higher, as‘will be proved immedietely.

Rule twenty-three: A movement along the optimum-allocation curve upward

toward point A indicates an increase of product

price ratio (i.e. higher ratio of "price of clothing"
to "price of food" by our conventién). )

This proposifion.is intuitivel& quite obvious - for we know that,
e.g. a higﬁer price ratio must be established, in fevor of clothing,
to call forth en increasing supply (i.e. production) of clothing, vice
versa, It ié our purpose to prove this intuitively obvious fact by the
diegremmatic method.

In diagram 13, let a box with optimum-ellocation curve OA be con-
structed, Let the outputs at point P, on OA curve, be ¢y units of
food and f; units of clothing. Let point Q-be another point on OA with
outputs ¢, and £, By rule (20), on page 45, we know that the output
(ratio) bf ciothing is higher at point Q than at point P.

Join the radial lines OQ and AQ. Let OQ intersect the production
contour ¢y at point T; and let AQ (extended) intersect the production f;

at point S. Through points Q, S, and T draw the tangential lines UV,

M'N' and MN respectively, intersecting the vertical sxes at the points
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iﬁdicated. Let MN intersect OA diagonal at point E, Through point P
draw the tangential line XY, intersecting the OA diagonal at point I,
It is immediately obvious, by rule (8) thats
UV /I MN Il M'N' and all these straight lines are steeper than
eveenna(1)
Let us prove the following (two) propositionss
a) OI smaller then OE
b) AN' smaller than AN,
Proposition (aj is true because of the facts that point T lies between IY
and IA? and that MN is steeper than XY (by (1) above). Proposition
(b) is true because of the facts that point P lie§ above MN and below M'N!
(by the convexities of the production contours). o
If we define ¢j and f as one unit of clothing and food respectively,

we know, by rule (22), that

product price ¢ retio at P is OI/IAvecees(2)

We want to deri&e a geometriéal ekpression for.the product price
ratio at point Q. First, we know that the units of outputs at Q arel
92/c1 for clothing and fQ/fl for food, if cj and fl are defined one unit
of the two commodities respectively., By rule (1) and by (1) ebove, we
can derive readily the geometrical expressions for the units of outputs:

oU/M...(3)
AV/ANY .. .(4)

Units of output of clothing et Qi cp/cy = 0Q/OT

Units of output of food at Qs fo/fy = AQ/AS
Since the total values of output, in terms of rent unit, ét point
Q, are OU for clothing and AV for food (rule 16), we derive, immediately

the following equalities for point Q:

6/This is true because 0Q is less steep than OA diagonal by rule (19) and
the production contour c¢j lies above XY by comstruction,
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From (3) price of clothing in rent units
| ou/(ou/au) = ay
From (4) price of food in rent units
AV/(AV/AN') = AN
This givest , .'. ' g
Producg-price ratio at point Q: OM/AN'
> OM/AN....by (a)
= OE/EA....by (1)
OI/IA....by (b)
The last expression is seen to be the produc£ price ratio—at point P
(by (2) ebove). Hence rule (23) is proved. |

QED.

Section six: The Social Distribution Ratio'

In enticipation of our later analysis - especially on the
Ricardie¥) rent theory and the related issue ~ it is desirable if we can
find a geometrical expression for the "social distribution ratio" in
the box diagram. ‘

The faocial distribution ratiof mey be defined as the ratio of
the income of the owners of "labor factor" to the income of the owners
of the "land factor“. In other words, it is the total wage bill divided
by the %otél rent bill. For this purpose, let us establish the follow-

ing rule:
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* Rule twenty-four:s The social distribution ratio (S8r) corresponding to

any point on fhe optimum-allocatién curve can be dia-

gremmatically represented by the ratio of the "vertical

distance" between the two points on the "vertical axes®

intersected by a straight line tangentiel to the (two)

production contours passing through the voint of equii-

ibrium to the distance of the "vertical' side of the box.

(The inverse of the social distribution ratio - i.e. 1/Sr ~ can
be represented diagrammatically By the ratio of the distances as des-
cribed above except for "vertical' the expression "horizontal' may be
substituted) ) ) )

In diagfam 14, let OBAC be the box. Let P be any point on the
optimum-allocetion curveOA, Let MN be the siraight line passing through
point P and tangential to the4production contours passing through point P.
Let MN intersect the two vertical axes at points N and M (and let it
intersect the two horizontal axes at points U and V).

Through point N draw a horizontal line NH inferaecting the vertical
axis on the opposite side at point H. (Through point U draw & vertical

line UI intersect the horizontal axis on the opposite eide at point I.)

The vertical distance between the two points (M and N) intersected

by the tangential line MN (or UV) on the vertical axes is HM. (The

horizontal distance between the two points (U and V) intersected by the

tengential line UV (or MN) on the horizontal axes ié v.)

It is obvious thats HM/AC = OC/IV.

The triangles NHM and UIV are similar. This givess HM o Hl/ But
g BN =T

- HN = AC and 00 = UI. Substitute these values in the equality and the
result is shown,
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This gives: HM/0C = AC/IV
» It is owr pﬁrpose to pfove that these expressions may be used to
represent the social distribution ratio (sr). (See the statement of
rule (24) above) A
Proves Sr = HM/0C
Proof's Through point P draw the horizontal line JK intersecting
fhe vertical axes at poirnts J and K. '
Through P draw the verticel line ST interéecting the horizontal axes
at points S and T.
By rule (16) the total value of the output of clothing, in terms of
éreni unitfiis ON, which is divided to the share of wage bill (JN) and
rent bill (OJ). Similerly, the value of the total output of food, in
terms of the rent unit, is AM - divided into the wage bill of KM and
rent bill of AK. Hence, we haves
Total wage bill = IN 4 K
= HK + XM
= HM

Total rent bill = OJ 4 AK

(OY JC

= 00

So we haves or = total wage bill _ HM
total rent bill OC

QED.

(The direct proof of Sr = AO/I& makes use of the “wage units" into which

- -~

all values are converted).
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We can make certain applications of this rule (24). First of all
‘it can be equally proved that the social distribution’raﬁio is higher -
i.é.>flabor as whole better off relative to lend@" - when more clothing
(fhe iabor-intensive commodity) is produced. This intuitively obvious
fact can be unembiguously proved as followss

In diegrem 14, let point Q be & higher point on OA curve than P,
By rule (20) above, point Q represents‘more output of clothing than P.
The tangéntiél line passing through Q (i.e. M'N') is steeper than MN,
the verticel distance of the two pointé (M ahd-N‘) intersected by M'N’
oh the vertical axes must be longer (i.e; H'M' D> HM). The fact alone
is sufficienﬂ to prove that the sociél diatriﬁutibnlratio at point Q is
greatef than that at point P, by rule‘(24), since the distence OC is
unchanged. As a corollary, we can géneraiize our findings in this

and the previous sections into the following convenient rules

Rule twenty-fives The "output-ratio", "input ratios in the production

of both commodities", the "marginal rate of substitu-

tion (the factor-price ratio)", the "product price

ratio", the"industrialization ratioMand the "social

vdistribution ratio" increase snd decrease together -

represented, diagremmatically - by moving along the

OA curve upward and downward, respectively.




Cha Eter IV .

Factor Price Equalization
| and

Specialization Status

In the previous chapters we have derived a number of "rules"

for pro&uction functions with constant returns to scales, for the
definition of the relative factor intensities of the two commodities
(food end clothing), and for the optimum allocation curves in the box

diegrams, In the present chapter we shall meke use of these results

for the analysis of certain problems in international trade theory.

Seciion ones Equelization of factor prices in Internetional trade

equilibrium
The necessity of a complete equalization of factor prices between

trading countries under certain.equilibrium conditions (which will be

1/

more precisely stated later) has been proved by Professor Samuelson,
In this section we'prove the seme theory by disgrammatic method,
Professor Samuelson made the following assumptions in his proof:

1, two countries with given factor endowments

2, two factors of production - land (T) and labor (L)

3. two outputs with different factor intensities -
food fF) and clothing (C).

4, production functions with constent returns to scale.

5. identical techniques of production of both
commodities for the two countries.

- 1/P. A. Semuelson, "Factor Price Equilization Once Again®. Economic
. Journal, June, 1949, '
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free trade

perfect competition in e static world

. no transportation cost or other trade barriers
, complete factor mobility within each country;
complete factor immobility between countries.

O O~ O\
* o

All these assumptions will be @aintained for the time béihg.

"It is’ immediately seen that our preparations in the previous chepters
are directly applicable ‘o a problem limited by this list of aséumptiong.
| ' When the quantities of factor endowments for the two countries
are given, we cen cons£ruct two box diagrams, on;'for eacp country,
and obtain two optimum allocation curves, However, in diagrem 15, the
two boxes are superimposed on sach othe? in such a way that the contour
- systems, for the productibn of clothing, of the two countriés coincids.

There are turee contour-maps inbthis diegram: a map for the production
of clothing for both countries (whiéh takes the lower lef't corner as
the "common origin") and two maps of production contours for food, one
for éach country, thch take,,respectively, the upper-right corners of
the tﬁo boxes as thé origins. The two countries may be labeled country

A and country B; the quentities of facto; endowments for the two countries
are seen to be OD and OE units of labor and OC and OG units of land for
countries A and B respectivelf. The fact the contour systems for the
production of clothing coincide is ensured by the assumption that the

techniques of production are the same for the two countries.

| Tﬁo optimum-allocation curves can be derived - i.e. curves OA and
0B. Through poiht O draw a redial line OR intersecting the two optimum
allocation curves et point P (on OA) end Q (on OB), Join the straight
lines PA and QB. It is our pﬁrpose'to prové, firét of all, that PA and

QB.arevparallei.



61

Let the production contours passing through point P and Q be
cl, qg,‘fl and £2 respectively for the outputs of clothing and food for
countries A‘and B. (See diegram]5) Let the angle ROE be denoted by‘
"e! and let the angles PAC and QBG be denoted by "fa" and "fb! respect- ‘

- -

ively. Then, with the notations we have develope& eérlier, we haves
S(Pc) = S(Pfa)

5(Q,)

S(bej.....by construction, point P and Q are
points of tangency.

but 8(P,) = S(Qc).....by rule (8) and by construction.
hence S(Rféz = S(Qéb)
We have fa -‘fb.;;...;.by rule (8) ebove.
hence PAll QB |
| - .
This property of a "box diegram" involving two countries is so
important for our developm;nt that we %ant to call it rule (25) which

reads:

Rule twenty-five: In a box diagram of two countries,‘the étraight lines

joining the two origins of food maps, respectively,

with the two points on the optimum allocation curves

intersected by the same radiel line from the common

origin of clothing map are parallel.

Whenever a pair of points, one on each optimum allocation curve,
is obtained as the points of intersection by any OR radial line from

the origin for clothing, we will say, by rule (25) that the pair of

points setisfy "the parallel relationship".

If a pair of points satisfies the parallel relationship, we

know thét the factor price ratios of the two countries are completely
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equalized e=if the pair répresents the equilibrium position of the

two countries. That this is true is implied in our derivation of

Rule (25) above Q-thé input ratios for the production of the same
commodit& by different countries are the seme (for food and for cloth~
ing) by Rule'(8), thé‘marginal rates of substitution (or factor price
ratios) must be‘equalized between the two countries. This observation

may be‘generalized as rule (26) which readss

Rule twenty-six: If a pair of points satisfies "the parallel relation-

éhip" the input ratios for the production of +the same

commodity by different countries are the same; the

merginal rates of substitution at the two pdinta are

equalized, and consequently the factor price ratios are

equalized between the two countries if the pair of

point represents equilibrjium positions.

It is our purpose to prove, next, the following property of a

box diagram involving two countries:

Rule twenty-seven: If the equilibrium positions of the two countries are

established st a pair of points setisfying the"parallel

-

relationship" then the product-price ratios are com=

pletely equalized between the two countries,

Diagram 16 is a reproduction of diagram 15. Let the radial line
OR intefsect the optimum allocation curves at points P and Q respectively.
Let the production contours passing through these points be ¢y, ¢co, 3
and f,. Through points P and Q draw the tangential lines MN and UV,
intersecting the vertical axes at points M, N and U, V respectively for

the two countries.
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If c¢; and £; are defined as one unit of clothing and food
respectively, the product price ratio forvéountry A equels OM/AN by
rule (22). Let ihe product price ratio, for country B, at point Q be
repreéentedvﬁy Py, it is our purpose to |
Prove: P, = oM/AN
Proof's The outputs of the two commodities, for coﬁntry B, et point Q

are c2/cy units of clothing and £,/f) units of food - sincel
¢y and £y are defined as one unit of clothing and food res-
pectivély. By rule (1) we haves
Units output of cloihing at Q = ¢p/cy = 0Q/OP
Units output of food at Q = fo/f; = BQ/AP
- The exchange values of total'outputs, in-terms of rent units,
are OU (for 0Q/OP units of clothing) and BV (for BQ/AP units of food)

by rule (16). Hence we have:

pb = QU OPg the numerator and denominator being the prices
BV/ (BQ/AP of clothing and food, in terms of rent units,
: : : respectively.

= OU/BV x OP/0Q x BQ/AP.......(1)

Since MN and UV are paraliel (by rule 26 above), we know that the
triangles OPM and OQU are similar; also, the triangies AIN and BQV are
similar (ell three sides are parallel by the parallel relatiohship).

We derive the following equalities:

0P/0Q

it

Q40U

and BQ/AP = BV/AN

Substitute these equalities in (1) above, we have

Pb = OU/BV x OM/OU x EV/AN

OM /AN

QED.
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Rules (27) and (26) together state that if the equilibrium
positions of‘the.two cbun%ries can be represented by a pair of points

satisfying "the parallel relationship" both factor-price ratios and

product-price ratios are completely equalized between the two countries.

Section twos vThe proof

Having equipped ourselves with this knowledge it is a simple
matter to prove the theory of ﬂequalization of factor pricesf. However,
we want to state very clearly,‘first, what we want to prove.. The theory
actually reads as follows:

"If the equilibrium is esteblished in such a wey that neither

- .

country is completely specialized, then factor-price ratios will be

completely equalized between the two countries®
N 2/
First of all, it must be emphatically pointed out, that the theory

concerns only "incomplete speciaslization for both countries". The theory

does not claim to assert that "incomplete specializetion for one or both
countriesf will be the actual équilibrium positions; all it asserts is
that if béth.éoﬁnﬁries ére incompletely specialized then we have fector
price equalization,

We can arbitrarily pick e pair of points - e.g. (P and Q) in
diagram 17 - one on each optimum allocetion curve (OA and OB), The pair
should be picked in such a'way that neither country is complétely specialized.
(Hence we are forbidden to pick point 0, A and B because they represent
complete specialization.) We now ask: under what conditions will the arbi-
trary pair of points picked in this way represent a conceivable equilibrium.

position?

g/See P. A. Samuelson, op.cit. Economic Journal June 1949, page 182

3/In other words, when ome or both bountries are actuallx completely
. specialized, the theory becomes irrelevant.
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This pair of poiﬁta may or may not satisfy the‘pérallel relation-
ship - ﬁhﬁch can be easily tested by drawing a radial line from point
0, through either P or Q and see if it intersects the other point or
not; if it does, the péir does satisfy the relationship, otherwise the
pair doesn't., If the pair does satisfy the relationship, we know by
rule (26) and rﬁie (27) that both factor price éatios and product price

rétios are completely équalized between the two countries. (The pair is

compatible with the requirement that "product-price ratios" must be

equalized.in the equilibrium position‘--since, by assumpti;n, there is
only one product "market" in the whole "world".)

If this arﬁitrariiy constructed ﬁai&’oé boints does not satisfy
the paréllel relationship - as shown in diagram 17 - we can draw a radial
line through either point, e.g. 1 through point P. The radial line
OR1 then musfé}ntersect the optimum allocation curve OB at a point other

than point Q, e.g. point R on OB, Point R then serves as a "reference

point". )

7 The product price ratios between the ﬂreference point R" and
-point P, by rule (27) above, must be the éamé; The product price ratiés
between R and Q must be different = by rule (25) which states that fo:
different points on the same opﬁimum allocstion curve, the product price
ratio mgst be different. QActually, in the case depicted inAdiagram 17,
we can meke a sfronger statémentxéhat the p:odﬁct.ratio is higher at R

then at point Q). Hence, the product price ratio at point P is different

from the produc£ price ratio at point Q. This proves: if a pair of poifits

" does not satisfy the relationship it cannot represent an equilibrium position -

4/Namely, if it intersects OB curve at all. Let us assume for the moment
- that it does intersect OB curve.
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because it is incompatible with the assumption of equalization of
product price ratios when there is only "one" product "market" in the
vworld". Henée the theory is proved ——since if all the possible
équiliﬁrium positions must satisfy the parallel relationship, we know

by rule (26) that factor-price ratios are completely equalized.

Section three: Further elaboretions on the Proof

if ié evidenﬁ that the éompleﬁion of our pfoof hinges upon
possibility of finding a reference point - e.g. point R in diagram 17.
If the reference point cannot be found our proof fails. In this sectioﬁ
we-will aﬁalyze this situation and the methods which we will have to
employ to overcome this difficulty.

In diagram 18, let diagram 17 be reproduced in which the two
diagonais OA and OBrare shown. It is immediately obvious that if the
input ratio fof the production of clothing at point P is higher than the

endownment ratio of country B - represented by the slope of the diagonel

OB the redial line passing through point P (i.e. OR1l) cannot intersect
the other optimum allocetion curve OQB,

Through point B draw a straight line BC parallei to AO diagonal,
Let point C be the point of intersection of BC and the optimum allocation
curve OB, Draw the radialiline oc (i.e. OR2). Let point Q be another
point lying.on the OCB curve below point C. ‘We want to show that a
radial line dr&wn through point Q (i.e. OR3) cannot intersect the optimum
allocation curve OA at a point other then the origin "o,

Now suﬁpose OR3 does intersect the OPA curve af é point K. Join

AK and BQ, which must be parallel by the perallel reletionship (rule 25).
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But we know AK is steeper than OA diagonel - by rule (19); and BQ is
less steep than BO - by rule (25). Since BC parallels AO by construction,
we know BQ must be less steep than Ak. This contradicts rule (25),

namely, the parellel relationship. Hence we know: & radisl line drawn

thrbuyh a8 point on OB curve lower than point C cannot intersect the

optimum-allocetion curve OA (e.g. point F),
Let the point of'intersection of the OB diagonal with the optimum-
allocation curve OA be point T, By our discussion above, we know: only,

and all, radial lines lyinzy between points T and C intersect both optimum-

allocation curves - OA and OB, In other words, & redial line, inter-

seéﬁing>thev0A‘curvé at a point higher than point T (e.g. ORl), cannot
intersect the OB curve; a radi&i line, intersecting the OB curve at s
point lower than C, cannot intersect the OA curve.

If an arbitrary peir of points, one on each optimum allocation
curve is picked in such a wey thet, for instance, P is above T and Q is
below G, it is obvious that the radial line passing through either point
cannot intersect the "other" optimum allocetion curve. In other words,
we cannot obtain a siﬁgle "reference point" in the way described in the

] .
previous section, and our proof is not completed. But in this case, the

situation can be easily salvaged by draﬁing a "reference radial line"

(e.g. OR4) intersecting both optimum-ellocation curves at iwo reference

points (Fband E). Ve can then argue that the price ratio at point Q

5/If E(onOCB) is higher than C, OE necessarily intersetc OAg?g. F)
~,/This can be easily proved as follows: Join BE which is steeper than BC

and A0, Through point A draw a streaight line, parellel to BE, i.e,

AF which must necessarily intersect OA optimum-allocation curve at a
point (F). The fact that radial line passing through point F on OA

curve necessarily intersects OB at point E can be easily seen by the
perallel relationship - for BE parallels AF,
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must be lower than at point P - with reference to the two reference points -
and hence we cen arrive at the seme conclusion required for the comple-
tion of our proof, namely, as long as a pair of points does not satisfy

the parallel relationship it cannot represent the equilibrium position -
since it is incompatiblé with product-price equalization under conditions

of incomplete specialization.

Difficulty arises when the factor endowment ratios of the two
countriés are 80 different from each other ——the method of "reference-
radiel-line" described sbove fails us. Let the endowment ratio of
country B'bé lowered to a value lower than the #input ratio in the pro-
duction of clothingf corresponding to point C. A(e.g. point B! in diagrem
18 is the upper-rigﬂt corner of the new box for country B', for which an

optimﬁm-allocation curve OGB' is drawn.)' In this case, it is obvious

thet no redisl line drawn from the origip 0" will ever intersect both

optimum~allocation curves (OA and OB'), In other words, the "parallel

relationahipf cannot Be sgtisfied by‘any peir of points, one én each
optimum alloéation curve (e.z. P and G), no matter how the pair is picked.
Obviously we cannot find e single "reference radial line" intersecting
both optimum allocation curve,

| The difficulty ceused by this situation can be overcome by inter-

posing a "reference country" which "bridges the gap" between the two

countries under investigatién. For‘instance, count;y B can now be teken
as 8 "reference country" interposed between country 4 end B'. Let the
pair of points be (P and G), The radial lines R4 and R3 are drawn in
such a way that R4 intersects both OA and OB curves and R3 intersects

both OB and OB' curve. (We have one reference country, (B), two
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reference radial lines (OR4 and OR3) and four reference points (F,E,Q,M).)
We can then argue in a zig-zag way that the product-price ratio at point |
G must be lower than that at point P - taking successively the inequali-
ties and equalities through points G,M,Q,E,F and P. The same conclusion
required for the completion of the proof is obtainable, i.e. the incom-
paetibility of a pair of points not satisfying the perallel relationship
with product price equalization.
However, the method of interposing a 1gigglgf reference country

fails us again if the endowment ratios of thé two cauntries under inves-

tigation are "too different". We have to interpose more than one refer-

ence country to fbridge the‘gapf. Exactly how many reference countries
do we have to inierpose before %he gap can be bridged will be analyzed

in the following sections. It turns out that we have to investigete a
problem, which is not the concern of the theory of equalization of factor
prices, before the question can be conveniently answered, namely the

problem of "the compatibility of incomplete specialization for both

countries with various endowment ratios of the two countries". This will
be the subject of the following section = which is really a digression

from the process of the proof of theory of "egualization of factor prices"

-

and may be considered as "other applications of the box disgrams",

Section fourt Specislization status

In this section we will consider the "specialization statuses

of the two countries under various assumptions of the éndowment ratios
of the two countries. By specializetion status we mean either "completely

specialized" or "incompletely specialized” in production of a country -

the two "events" are mutually exclusive.
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In diagrem 18, returning to the two original countries A and B
with opﬁimum-allocation curves OTA and OCB, we have proved that if

point Q lies below point O (a critical point) then product-price ratios

between the tﬁo countries cannot be equalized no matter where point P

is located on the optimum-allocation curve OA, What, then, is the
specialization status of country A if point Q is the actual equilibrium
position of country B? It is fairly obvious that, as long as country A
is incompletely speciglized, product price ratios cennot be equalized
between the two countries, and hence it cannot represent the equilibrium
position of country A, In this cese, a stronger statement cean be mede,
namely, country A becomeé completely specialized in the production of
food, the equilébrium position of country A must be represented by the

origin point O.. 8o we derive the rules when the equilibrjum position

of country B is lower than O, country A is completely specialized in the

production of food.

But we have pointed out ebove, that a radial line highér then the
radial line OR2 (e.g. OR4 intersects OB curve at E which is higher then
0) necessarily intersects the OA curve; and that a radial line lies below

OR2 (e.g. OR3) cannot intersect the OA curve. Hence we know thet the slope

6/From a purely logical standpoint, we have to argue, first, that the
equilibrium position of country A must be represented by either point
A or point O (i.e. if country A must be completely specialized, it
must either completely specialize in the production of clothing,
at "A", or of "food" at "O"), the former point must be ruled out by a
certain "dynamic" consideration or by the fact that given the product
price ratio, as determined at point "Q" in country B, the exchange
value of total output at A is lower then that et O, and hence A must
be ruled out as the equilibrium position of country A (a "static"
reasoning”). The point is definitely trivial — we will briefly dis-
cuss the point in Appendix A.
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of the radial line OR2 represents the slope of the optimum-sllocation

curve OA near the end point O. In other words, the slope of the OA curve

at the end point O defines the input ratio for the production of clothing

in country A when a little bit of clothing is produced in this country.

In view of our discussion above we derive the following rules (teking

country A as the "home" country.)

Rule twenty-eight: If the eaqulibrium position is established in such a

way that the input-ratio in the production of clothing

in the "other country" is equal to, or lower than,

the slope of the optimum-allocation curve of the

"ome" country at the lower end, the home country

becomes completely specialized in the production of

food.

In a similer way, we can first argue that the slope of the pro-
duction contour at the upper end (B) for country B cen be represented by
the slope of the straight line AT. If the equilibrium position of country
A (the fotherf country) is such that the input ratio in the production

of food is higher than the slope of AT (e.g. at point P on OA curve),

then country B must be completely specialized in the production of »

L}

clothing. Hence, taking country B now as the "home" country, we derive

a rule parallel to rule (28):

7/A11 these propositions cen be proved in an exactly similar way

" (as we did in the parallel case) if, instead of point "O", we
choose the origin of the food map as the common origin.for the
boxes of the two countries (i.e. let the production contours for
food, for both countries, coincide.)
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Rule twenty-nine: If the equilibrium position is established in such a .

wav thet the input-ratio in the production of food in

the "other country" is equal to, or higher than, the

slope of the optimum-allocation curve of the "home"

country at the upber end, the home country becomes

completely specialized in the production of clothing,

Hence we see the slopes of the optimum allocation curves at the

upper and lower ends define a pair of critical input ratios - representing,

respectively, the input-ratio when "a little bit" of food and clothing
8 . .

are. produced, We may call them the "upper critical ratio" and the

"lower critical ratio" --respectively for the upper-end slope and the

lower-end slope for any given optimum-allocation curve., We can restate

rules (28) and (29) in the following comprehensive form:

Rule thirty: The upper and lower end slopes of any optimum-allocetion

curve define the upper and lower critical retios of & given

country such that if the input-ratio for the production of

clothing (food) of enother country is equel to, or hicher

(1lower) than, the upper (lower) critical ratio, the home

country is completely specialized in the produdtion of

clothing (food).

The significance of this rule will be more evident if we can

prove the following proposition:

8/The writer cannot see any economic significence of the slope of
. the optimum-allocation of resource curves except at the end points -
vwhich, as we will see, are full of meanings,



A w Z

N

Drag 20



75

"Rule thirty-one: The upper and lower critical ratios are determined

by the endowment ratio of a given country —=—the size

of the country is immaterial.

This propcsiﬁion can be proved.vefy‘éaéily. In diaegram 19 let
the gndbwment retios of two countries A and B be the same (i.e. repre-
h sented by the slope of the "common" disgonal OAB). The optimum ellocation
curves are OPA and OQB. Le£ CR behany radial line intersection OA and |
OB curves at points P and Q respectively. Join ?A énd QB, which are
pérallel (by the parallelvreiatiénship)._ Now let the OR radial line
graduallyrapproach the diagonél bAB; PA and BQ approaéh the slopes of
the optimum-allocation curves near thé end-points (point A and B). The
proposition is prov;d for the upper critical ratio. The lower critical
ratio can be similarly proved.

By rule (31), we;can plot the upper and_lower critical ratios

against the endowment ratio of the home country. In diagram 20, let the

endowment ratio of coﬁhtfy A be represented, on the horizontal axis (which
- is marked as the "home endowment ratio") by the distance OA. The vertical
distances AA, and‘AAQ represent the upéer and lower critical ratio of
country A. Let the 450 1ine OD be drawn, intersdcting the vertical line
Ad; 8t point‘Ad. The vertical distence AAl theﬁ represents the endowment
ratio of country A. If we take all endowment ratios of the #homef

country end plot the upper and lower critical ratios, we obtain the

"upper critical curve" and "lower criticel curve®., The diagram may be

called the "critical diagram®.

9/If the origin of the food-map is chosen as the common origin, the
proof will be exactly the same,
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Section five: The critical diagram

There are certain geometrical properties of the critical curves
which mey be explicitly pointed out.

e) the upper and lower critical curves straddle the 45° line OD

This property can be easily proved. Referring to the béx diagram

of any country (e.g. diegrem 18, teke the "box" for country A), we know

that the upper and lower critical ratios are really the input ratios for

the production of food and clothing respectively (when the outputs are
small). .Since the optimum-allocation curve necessarily lies in the lower
half of the "box" bisected by the main diagonal (OA), (by rule 19), it is
immediately Sbviéus that the upper critical ratio is higher than the lower
eritical retio, and the two straddle the endovment ratio -~which lies on
the 45° line OD.

b) the two critical curves pass through the origin

In diegrem 18, it is seen that the optimum allocation curve for
country B', (with very low endowment ratio) is flattened. Thus, when the
endowment ratio approaches zero, the optimum-allocation curve approached
the mein diagonal, both the upper and the lower critical ratio approach

Zero.

¢) the two eritical curves approach infinity as the endowment-ratio

approaches infinity

Vhen the endowment ratio of a country approaches infinity, the
optimum-allocation curve agein epproaches the main diegonal - which has

an "infinite" slope. The two critical ratios approach infinite too.
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d) the slopes of the two critical curves are positive

Tﬁis>propertj éan;be more cdnvenientiy proved‘at a later point
(see beiow; rege 80 » footnote 13). For the time being we will take it
as an unproved hypothéeis. The eéonomic interpretation of this property
is:  when the endowment ratio is higher both the upper and the lower

critical ratios become higher.

e) the upper and lower critical curves are symmetrical to OD (the 45°)

line in their geometrical shapes

~ In diagram 20, through the point A draw a horizontel ‘line
4By, iﬁtersecting OD at Bd. Through By draw a vertical line BB,
in£ersecting the horizontél axis and the upper critical curve Af points
B end B,, respectively. (The distances OB or BBg represents'the endowment
ratio of country B, which'is lower than that of country A). It is our
purpose to prove £hat the distences ByBy and BjA; are the same,

What we want to prove can be ététed in an elternative way. If,
after the point By is obtained in the way described above, a horizontal
line is again dréwn through B, we can alternatively prove that this
horizontal line necessarily fasses through the point Aj - thch marks
the endowment ratio for which the lower critical ratio is marked by Al.
In other words, what we want to prove is that we can inscribe perfect
éguaren between the two critical lines if we take any point on the OD
line as the lower-left corner of a "square". N
We can accdmplish whet we wa;t to p;ove more readily if weAcan

state it in terms of economic language. We want to prove that if the
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10/ _
endowment ratio (Bg) . of country B equals the lower critical ratio (All

of another countf& A, the upper critical ratio of country B (B,,) equéls‘

the endowment ratio of country A (A;), vice versa. As we wili see below,

fhat if this.iélnot true, thére ié‘aﬁ apparent aﬁsurdity from the view-
point of economic reasonings. |
The proof formally begins as follows: In diegram 18, we recall
that point C is obtained on the optimuﬁ—allocation curve of country B by
drawing a straight line through point B, the slope of which equals the

endovment rafio of country A, If a radial line is drawn through point O

pessing through point O, (OC or OR2) we know that the slope of this radial

line represents the lower>critica1 fatio of country A. It is then obvious

that we can take the box of any suitable size for "countiy B" and do the
same thing - i.e., locating the lower critical ratio of country A.
Thus, in'diagram 21, let the box of any suiteble size (i.e.

suitable endowment ratio) represent the box of a country - i.e. the box

OMBN, Through point B draw the radiel line with a value of slope equal
to the endowment ratib of country A (i.e. Ad), and obtain point C. The
slope of the straight 00 then equals the lowér critical value of country

1/
A

10/We will use the notations Au, Ay, A3, B,» Bys By, Ou, Cgs> Cpeeeeato
represent the upper and lower critical ratios,. the endowment ratios
of the various countries indicated by the cepitel letters (the sub-
scripts: "u' "1" and "d" stends for the upper critical ratio, lower
criticaliratio and endowment ratio respectively.)

11/The fact that we will always obtain the same lower critical value,
given the endowment ratio, by teking the box of any suitable size
(endowment ratio) is ensured by the parallel relationship.
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The box of country B, in diagrem 21, is, then, a geometrical
deéice_?ith the aid of whiéh wé can derive the lower criticel ratio
given the endowment raﬁiq of & given country. (This geometrical device
is of some value since we know thet it is,usuﬁliy not very easy to draw,
accurately, the tangential line to a curve at the end point of fhe-curve.)r

. N
By exactly parallel argument, we know that if the endowment ratio of a

country (By in diagram 21) is represented by the slope of & radiel line
drawn froh the 1ower-1eft’origin, the slope of the radial line passing

through the p01nt of intersection (C) from the upper-right origin repre-

sents the upper critical ratio correspondlng to the given endowment ratio
12/ ‘
(Bu)

If this is true then the fact that the two critical curves
(diagrem 21) are symmetrical to the OD line is already proved, For what
is stated in diagram 21 is: if the .endowment ratio of country B (By)
equals the lower critical ratio of country A (4;), then the upper critical
ratio of country B (B,) equals the endowment ratio of country A (Ad) '

Thus property (e) (pege 779 of the two critical curves are proved,

12/Refer back to diagram 18, the slope of OT represents the endovment
- ratio of country B and the slope of TVA represents the upper critical
ratio of country B

13/In view of our discussion above, we can derive the "eritical map"
(i.e. diagram 21) more accurately when the optimum-allocation curves:
cen be more or less accurately drawn, The geometrical device is as
follows; in diagrem 22, let a number of boxes be placed as shown,
The optimum-allocation curves CB, BA can be drawn. First, through
point B draw a straight line FQ with a value of slope equal to the
endowment ratio of a given country B (i.e. Bl). Draw the straight
lines from the origins A and C to the points of intersection P and
Q - i.e. OP and AQ. The slope of CP and AQ represent the lower and
upper critical ratios of a country with the endowment ratio equal
to that of country B. If we vary the slope of the straight line PBQ

(shifting the points of intersection P and Q correspondingly) we can find
the upper and lower critical ratios corresponding to endowment ratios at
the neighborhood of country B, It is then obvious that when the endowment
ratio is higher, both the upper and the lower critical ratios will be
higher - by rule (25). This means that the slopes of the upper and lower
critical curves must be positive,



81

.

Section six: The Equi}ibrium Position (of trade) ss seen in the
Critical Map
Referring to diegram 18, we know that the input ratios for the
production of clothing of a given countrj are straddled by the endowment

ratio of the country (as the upper 1limit) and the lower critical retio

of the country (as the lower 1limit). (Teke country A for instance, the
input ratio for the production of clothing lies between the slopes of the
diagonal OA and the rﬁdi&l line OC (or OR2). This is ensured by the fact
that the optimum allocation curve can only lie below the diagonal, and
the fact that the lower critical retio defines the lower limit of the
input-ratio for the production of clothing.)

Similarly, we know that for any given country, the input-ratios

in the production of food are straddled by the endowment ratio (as the

lower limit) and the upper criticel retio (as the upper limit) of the
given country.

Referring now to diagrem 20, we know that the input ratios for
the production of food and clothing, respectively, for country A (for
instance) must be represented by a pair of points Ap and A, respecﬁively,
in such a way that Ap lies in the range AjA,; and Ac lies'in the range
A 44,

Referring to diagrams 18 and 20,if the equilibrium position of
country A (represented bykthe point P in diegram 18) moves upward, as
ceused e.g. by a strangthening of the demand for clothing, both A, and
‘Ac (in diegram 20) shift upward.- The limiting position is reached when
country A becomes completely specialized in the production of clothing -
in which case point P (diagram 18) reaches point A, and Ap and A, (in

diagrem 20) approaches A, and A3 simulteneously. (Similarly we know that
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as the relative strength of demand for clothing decreases Ap and Ag
(diagrem 20) shift downward, reaching Ag and Ay simultaneously ae country
A becomes cémpletely specialized in the production of food.)

In diagram 20, when one of the two equilibrium input retios is
known (e.g. Ap of the pair Ap and A,) the other input ratio can be
easily obtained disgrammatically by "inscribing a perfect square" (green,
as shown) with the upper-horizontal side éassing through Ap; the-other
equilibrium input ratio (Ac) is obteined as the point of intersection
of the "lower horizontal side" of the perfect squere with the vertical
line AA; (corresponding to the endowment ratio of the country). Two
such perfect squares, (green) with‘(Af, A;) and (A'p, A'.) as the
two sets of equilibrium input ratios, are shown in diagraﬁ 20.

This can be easily proved as follows: in diagram 20, let the
horizontal sides of the perfect square corresponding to Af and A; inter-
sect the 45° line OD and the lower critical curve at Zq and 2, respectively.
Let the country with the endowment ratio of Zd (and the lower critical
ratio of Zl) be country Z. In diagram 23, let the box for country A
be shown. The equilibrium position of country A is shown to be point P
with input ratios of Ap and A, respectively for food and clothing. Now

if the endowment ratio of country Z equals the input ratio for the pro-

duction of food in country A (i.e. 23 equels Af), it is immediately ob-

vious that the lower critical ratio of country Z (i.e. Zl) equals the

input ratio for the production of clothing in country A (i.e. Ac).
Hence the method described above, for the location of the other input
ratio (A;) given one input ratio (Ap) on the vertical line AAu (diagram

20) is proved to be correct.
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~ Bection sevent Applications of the Oritical Map

With ﬁhe aid of the critical maps we can analyze the problems
releting to specializetion status, mentioned earlier (in Section 4),
in a more systematic way. Categorically we will present these applica-
tions in order.

1, Let us first demonstrate rules (28), (29) and (30) of section
4 above in the critical map..

In disgram 24, let'@he critical map be redrawn. If the endowment
ratio of a country B is given, (Bd), we can locate the points B, and By
representing thevupper and lower critical ratios for country B. Through
points By and By draw the horizontal lines ByM and BiN intersecting 450
line OD at points M and N respectively. The linee dropped from points
M and N vertically (i.e. MBu and NB1) intersect the horizontal axis at
B, and By which again mark the upper and lower critical ratios of country
B on the horizontal axis. (Since OD is the 45° line).

Let the endowment ratio of another country A be A; such that Ay
' is greater than B. It‘is our purpose to show tﬁat incomplete specializa-
tion in production for both countries is not obtainable for these endow-
ment ratios (Bg and Ay) of the two countries. We can even make & stronger
statementts in this caée, either country A will be completely specialized
in the production of food or country B will be completely specialized in
the production or clothing if the other country is incompletely specialized.
That this statement is tfbe is exactlvahat has been said in rules(28)
end (29) - vhich can be seen in the foilowing way. .

ﬁeferring to'diagram 24k we know that if country B is incompletely

specialized, the equilibrium input ratios of country B (i.e. By and Bg)
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can be represented by the pair of points (Bf and B, on the vertical
line BB, intersected by (the upper and lower horizontal sides of) a
(green) perfect square inscribed between the two critical curves.

(1) Bc £ Bd .....
But if Ad is greater than Bu by construction we have

(2) Al‘>'Bd eseeeby the fact that the slopes of the critical

curves are positive.
From (1) and (2), we have:
Be < A1

This condition states that the input ratio for the productioh
of clothing (B;) for one country (B) which is incompletely specialized,
ig lower tﬁah the lower critical ratio of country A. Hence the result

of rule (28) is directly applicable, So we conclude thet if country B

is incompletely specialized country A must be completely speciaslized in

the production of food.

On the other hand, if country A is incompletely specialized, we
can derive the inequality Ap > B, by exactly similar argument (i.e.
Ap > A > B,) and the result of rule (29) is directly applicable. We

conclude, fhén, if country A is incomplefelv specialized country B is

completely specialized in the production of clothing.

By exactly parallel argument, we can show that if the endowment
ratio of another country (A'd) is such that it is lower than B,, either
country B will become complétely specialized in the production of food
or country A' will become completely specialized in the production of

clothing, if the other country is incompletely specialized,
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Hence we can restate rule (30), with an applicetion of the
critical map, in the following forms

"When the endowment ratio of a country is known, the
-upper and lower critical ratios of the country are
completely determined (by technological considerations).
If the endowment retio of another country is greater
(smaller) than the upper (lower) critical retio of
this country, then, if the home country is incompletely
specialized, the other country will become completely
specialized in the production of food (clothing); and
if the other country is incompletely specialized, the

home country is completely sp301a11zed in the production
of clothing (food)

-

2. We cen now analyze the cases in which the endowvment ratios of
the other countries are straddled by the upper and lower criticel ratios
of the home country - which is taken as country B.

In diagram 25 let the endowment ratio of éountry B be given as Bj.
We construct the upper and lower critical ratio for coﬁntry B on the
horizontal axis as before (B, and By). Let us essume that the equilibrium
position of country B is ggégg and we lmow the equilibrium input ratios
of country B (i.e. Bf end Bg) fall on the horizontal sides of a (green)
perfect square (diagram 25){

Let the endowment ratio of the other country be variously repre-
sented by Ay, Ay, C4q and C'd. These points are chosen such thet all

of them are straddled by the upper and lower critical ratios of country

B (B, and By). >(Apparent1y these points, lying on the 459 1ine OD, must
be included in one or the other perfect square (red) constructed from
(Bu,Bd) end (By,B ) respectively - see diagram 25,

‘Let the p01nt Ay be included in the green perfect square. This

point, then, represents the endowment ratio of a country straddled by

the input ratios for the production of the two commodities (Bp and Bg)
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of co;ntry B which, we assume, is an incompletely specialized country.
We want to prove that country Ad is incompletely specialized too.

That this is true is seen from the direct application of the
perallel relationship (i.e. rule 25) which stetes that: when the input
ratios for the production of clothiﬁg are equalized between the two
countries (i.e. Bg = Ac) the input ratios for the production of food must

be equalized too; That.the product-price ratios are equalized between

the two equilibrium positions (i.e. represented by (Bp,B;) for country B
_1.‘_*/
and (Af,Ac) for country A) is further ensured by rule (27)

Slmllarly we can prove that countries with the endowment ratloa
like C4 in diegrem 25 - i.e. straddled by By and By - must also be in-

15/

completely specialized countries.

14/From a rigorous logical vlewp01nt there is a missing link in this
argyment, namely, (referring to diagrem 26 below) if equilibrium of
country B is established at point P, how do we know that the equili-
brium position of country A must be established at point Q even
though P and Q satisfy the parallel relationship? This seems to
be & trivial point from the viewpoint of the economists. It will
be investigates in Appendix I of this chapter. .

15/Hence we see that there are at least two significances of the perfect
squares inscribed between the two critical curves. Referring to
diagram 25 the two red perfect squares, constructed from the endow-
ment ratio (Bd), the upper critical ratio (Bu) and the lower critical
ratio (B ) of & country (B) tell us whether incomplete specialization
for both countries will be obtainable ~ depending upon whether or not
the endowment retio of "the other" country (marked on OD) is contained
in one or the other (red) perfect.square. The green perfect square
in diagrem 25 (or rather the upper and lower horizontel sides of the
green perfect square) indicates the equilibrium imput ratios (for
food and clothing) of all the incompletely specialized coumtries,
These "colors" will be adhered to throughout this chapter. A third
economic interpretation of the perfect squares will be assigned still
another color (grey).
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A second application of the critical map may be stated in
the following forms

"If the endowment ratio of a country (Ad or Cd in
_diagram 26) lies between the input ratios (e.g.
B and Bg). of a non-specializing country (e.g.
country B), then, the country is incompletely
specialized too."

%. On the other hand, if the endowment ratio of "another"

country (e.g. country A'g), while lower than the upper critical ratic

(By) 6f:m the incompletel& specializing country (B) is actually higher

thaﬁ the input ratio in the production of food (ij of the incompletely

L]

specializing country, it is evident that the other" country becomes

completely specialized in the production of fsod, b& rule (28). Simi-
larly, we know that a country with endowment ratio C'y aatisfying the
condition Bl@'d< B, becomes completely specialized in' the production
of clothing.

Hence, we can state our conclusion in the following form:

"When the endowment ratios of the two countries are

.not so different that incomplete specialization of
production for both countries is obteinable, this

state of affairs may or may not be realized. When

the endowment ratio of a country is straddled by

the input ratios for the production of food and
clothing of an incompletely specializing country,

the country is also incompletely specialized; if the
endowment retio is greater (lower) than the input ratio,
for the production of food (clothing) of an incomplétely  r,
tpecialized country, the country becomes completely
specialized for the production of food (clothing)." 16/

16/Another remark may be added for the application of this results
when the endowment ratios of two countries are given, the actual
determination of the specialization status of the countries
involved is a completely unanswered question. For an analysis of
this question, we have to introduce into our enalytical framework
the relative strength of demand for the two products of the two
countries. Until then the question must be postponed. (See below,
Chapter V)
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4, Another epplication of our eritical map, waich is immediately
derived from our discussions above may be explicitly pointed out. Tﬁe
proposition may be-stated in the following forms

"When any one input ratio of an incompletely specialized
.country is known, a range of endowment ratios is com-
pletely determined such that if the endowment ratio of
a country falls within, above, or below this range,

the country is, respectively, incompletely specialized,
completely specialized in the production of food, or
completely specialized in the production of clothing.”

This proposition is diegrammatically represented in diegram 23.
Let the.critical curves be drawn. If we know the input ratio for the
ﬁroduction of one commodity at the equilibrium position (e.g. Bg), we

can readily derive the other input ratio (e.g. Bf). The meaning of our

statement above cen be easily verified.:
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Appendix I.

The propositions derived in the present chapter are valid from
the staﬁdpoint of hon-rigorous economic reasonings. However, from the
viewpoint of a rigorous geometrical (i.e. logical) proof, there are a
numbér of unprove@ propositions which have been pointed out in the foot~
notes in the relevant sections. These loopholes will receive our explicit
attentioﬁ in this appendix.

1/ ,

(2) We have stated that if the equilibrium position of an in-
completel& specializing country is given (represented by a point oxn the
optimum-allocation curve), and if there exists a point on the opt imum-
allocation curve of anotﬁer country such tha£ the pair of points satiafies
the parallel relationship, then the equilibrium position must be repre-
sented by the pair of points - in other words, the equilibrium position
of the "other" country must be represented by the point mentioned.

ﬁeferring to diegrem 26, our (unproved) assertion is thats if the
equilibrium position of country B is represented by point P, then equil-~
ibrium position of country A must be represented by point Q. (P,Q
 satisfy the parallel relationship.)

For the completion of the'pfoof of this proposition we can, first,
rule out all poihts on the optimum curve OA (i.e. excepting points O, A
and Q) as incompatible with equelization of product-price ratios of the

. 2/
two countrieas., So what we want to rule out now are the two end points

'1/See footnote 14 on page 87 sabove.

2/In this case point Q can be taken as a reference point for the purpose
of "ruling out" all other points.

-



27

Diag.
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o aﬁd A - representing the positions where country A becomes completely
speciaiized in food or clothing.

That this seemingly triviel problem, from the viewpoint of economic
reasonings, actually does constitute a problem from the viewpoint of a
rigorous geometrical,froof is evident if we realize the fact that when we
ruled out the other points on OA curve (es incompatible with the equili-

brium position) we make use of the condition of "non-equalization of

product-price éatios“; but if country A is cbmpletely specialized (in
the production of either commodity) we cannot obtain a meaningful measure

of the "domestically determihed product-price ratio"which can be compered

with the productzpfice ratio determined by the productive force in the
foreign country.

For the completion of this proof, let us first prove the follow-
ing general proposition for & "domestic economy": (i.e. a domestic
problem)

© "tpe total value of output (of the two commodities)
-is & maximum if production is carried out at the
equilibrium position rether then on any other points

on the optimum-allocation curve under the product-
price ratio prevailing at the equilibrium position.”

In diagram 27, let the equilibrium position of country 2 be
represented by poiﬁt P on the optimum-ellocation curve OP - with outputs
01 and £; units of clothing and food respectively. Join ZP and OP (i.e.

OR). Let point Q be & point, lying on the optimum curve above point P,

*3/That point "Q" is compatible with all the requirements of the
equilibrium.pdsition is ensured by rule (27). We want to prove
that it is the necessary equilibrium position of country A.

4/1f we allow a certain "dynamic" consideration, the problem becomes
. trivial. However, a "dynamic consideration" is not the concern of the
present thesis -~ by agreement.



93

with outputs Cy and f,, Let OR and ZP intersect Oy and F, at point O
end F respectiveiy. Throﬁgh points P, C and F draw the tangentiel lines
MN, UV and XY respectively intersecting the vertical axis at poiAts
indicated. These tangential lines are parallel by rule (8). By rule
(16) ebove, we know that the total value of output, in terms of rent
uniés for instence, can be represented by the sum of the distancest
@ plus ZN
Under the same product-price fatio,.lg productionvis actually carried out
at point Q, then the total value of Cé units of clothing and f, units of
food can be represented, respectively, by the distances OU and ZY. Total
value of output would bes
QU plus ZY
It is our purpose to

Proves QU plus ZY< @1 plus ZN
Prooft This inequality can be restated in the forms

oU - a2 - ZY
which is equivalent to

UM <:NY in view of our diasgram.
Since the tangential lines are parallel, we derives

W=VN .....(1)
By the convexitiea of the produétion contours, and by the fact that XY is
parallel to UV, we derives

NY >VN  .....(2)
From (1) and (2) we derive:

Uﬂ = VN'<:NY which gives

OU plus ZY‘: OM plus ZN

QED.
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It may be pointed out that this theorem applies regardless of
the 1océtion of the point Q. When point Q is located at point Z, for
instance, we knoﬁ that the tangential line U'V' (C' is the point of
intersection of OR with ¢3) must be lower than point 2, we know im-

mediately:

QU!' plus zero L o plus zn

When poiﬁ£ Q.liea Below.poiht P (or even at point O) the proof
is similar,

Now referring back to disgrem 263 if the equilibfium position
of country B is established at P, we know that the product-price retio
correspondihg fo this equilibrium position will equally hold in country
A - by the assumption that there is only one output merket. If the
equilibrium position of country A is not esthblished at point Q, which
is a point having the same product-price retio, then the total value of
outputs in country A is not maximized regardless of the actuel location
of the fequilibrium point" of countr& A - by the theory we just proved.
If we a;sume perfect knowiedge in a static world, this will be incompatible
with the equilibrium positionfi/

(v) Angther loophole which can now be investigated in the validity

of rule (28)., Referring to diagrem 18, the rule says that if equili-

brium position of country B is represented by point Q, with input-ratio

5/We can imagine that in this case, country A is producing for a world
market and has relatively 1little influence on the world product-prices
eatablished therein -~ because we have assumed that the equilibrium
position of country B is at point P,

6/Rules (28)(29) and (30) are similar in nature, so only rule (28) will

. be investigated. See footnote 6 on page 71. It may be pointed out
that our analysis of specialization status in section 7 is largely
dependent upon the assumption of these rules,
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for the production of clothing lower than the lower critical ratio of
country A, then country A is completely specialized in the production
of food. | |

In the present case, if a ﬁrefereéce radial line" (e.g. OR4)
with two "reference points" (e.g.‘E snd F) can be found, we can immed-
iately ruie out ell points‘on the optimum allocation OA, except the two
complete-specializétion points A end O, as incompatible with the equili-
brium price ratios established at point Q in country B — which, we assume,
is the equilibrium position. So we need to rule out only point A —
which means country A can oﬁly be completely specialized in the product-
ion of food.

First, let us state a proposition which is immediately obviouss

"If a country is completely specialized in the pro-
.duction of food, then, when the price (ratio) of
food increases, the country will remain completely
specialized in the production of food". 7/

Now if we take the radial line OR2 as the.reference radial line
(OR2 intersects OA curve at point O) we know that had the eduilibrium
position of country B been established at point O, (i.e. we take point O
as the reference point) the product—pricé ratio at this point would have

caused country A to become completely specielized in the production of

food -~ because the total value of output would have been maximum only at

1/BEven this self evident statement is stronger than what we need

. relatively to our purpose. What will be sufficient for our purpose
is the wesker statement: if a country is already completely spec-
jalized in the production of food, then when the price (ratio) of
food increases, the country cannot become completely specialized in
the production of clothing (!) --since we have ruled out all the
incomplete-specialization-points on the optimm-allocation curve.
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this point (o). But point Q of country B actually represents a lower
product-priée.ratio (i.e. higher price for food) than that of point C
(by rule ). Hence we know country A would be even more assuredly
éompletely épecialized in the production of food, by our statement on
the previous page. Hence rule (28) is ensured to be valid. (Also
rule 29)

(c) In our analysis of the épecialization status of the various
countries; we made little mention of the sizes of the various countries —-
except that the critical ratios are completely determined by the endow-
ment ratios, ‘Wé‘can complete our analysis by the remerk that: the
specialization status of two countries will always precisely be the same
if their endowment ratios are the same. That this is true can be
immediatély seen from diagram 19 —in view of our analysis underteken

above.,
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Appendix II

The completion of the proof of the theory of equalizetion of factor prices.

We have pointed out,‘gt the end of section 3, that the comple-
tion of the proof of equalization of fiactor prices hinges upon the
pbséibilitonf finding the ieference.points and the reference radial
lines in such & way that the product-price ratios between any two
arbitrarily picked points can be compared. \

Wle have left the proof uncompléted « gince we have not investi-
gated the possibility of finding such reference points and reference
radial lines. Still more, when the endowment ratios of the two countries
are so different such that the paraliel relationship cannot be setisfied
at any pair of arbitrarily chosen points, we have to use other methods
“to bridge the gap. This possibility has notkbeen investigated at all.
With the aid of the critical map we can now analyze these.problems
_in a more systematical way.

In diagram 28 (neglect the grey square) let the endowment ratio
of counﬁry B be given as Bj. Teking By, on OD, as the lower-left corner,
we can inscribe a red perféctisquare with the upper-right corner located
et point Dy. From point Dl, taken as the lower-left corner, another
perfect séuare‘can be inséribed, with the upper right origin at the
pointjDa. The same process can be repeated. In this way, given the
endowmént ratio of a country By, we can inscribe a series of red perfect
squares, taking successively the points, Bg, Dy, Do, D5.....Dn, Dpgjecece

as the lower left corners., If we identif& the perfect squares by their

~
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Diag _ 2.9

Diag. 30
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respective lower left corner, we can call them: "Square" number O, 1,

-

2,w5.....n,'nfl,}...., (as merked in the diagram, starting from the
endowment retio of country B - i.e. Bd ).
If the endowment ratio of country A is higher then By, A must

be located on OD at a point higher than Bg. Let us define the "degree

of difference of endowment ratios betweeh couhtries A and B," d;noted by
Dep in the following way: | ‘
g "If Ad is included in, or lying on the lower-left

‘éorner of the nth perfect square, constructed from

the endowment ratio ratio of By, the degree of

difference of endowment ratioé between Ad and Bd~

will be called nth degree, namely: Dgp = n."
| As shown in the diagfam, when Ap (i.e. fhe endo;ment ratio of
country A) is included in the second square or located et the point D,,
the endowﬁent ratios of countries A and B differ by two degrees - i.é.
Dab = 2, Similarly the degree of difference between Bd and An in the
ﬁth perfect square would be equél to n-degree, and s0 on.-

We can firgt show, that when Dab equals zero, we can always com-
plete our proof. 1In diagfam 29, let.Ad fall inside thé perfect square
number zero or on Bd. We can arbitrarily designate two "incomplete
specialization poihtsf, one for each country; nsmely, thé lower green
square M and the uépe; green square N. The lower (green) square M inter-

sects BB, at Bp and B, which represents the equilibrium input ratios for

the prbauctioﬁ of fobd and clothing respectively for country B. The

upper (green) squere N intersects AAy at Ap and A; representing the
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input ratios for country A at this arbitrarily chosen equilibrium
position., It is obvious that the lower green square M contains point
By, and the'upper green square N contains the point A3 --if the con-
dition of incomplete specialization‘for both countries is satisfied.
If Dab = 0, we can always construct a (grey) square (R) such thaet it
conﬁaina both A3 and Bg because of the fact that theysiopes of the
critical curves are positive,

The grey square then necessarily intersects BB' and AA' at four
points, X,Y,U and V, such that all the four points éfe includéd between
the two critical curves., This is sufficient for the completion of the
proof of the theory = for the grey square corresponds to & suitably chosen

reference radial line and the input ratios at (X,Y) and (U,V) correspond

to that indicated at the two reference points, one‘on each optimum-
1/
allocation curve of a country, intersected by the same radial line, .

In other words, for Dab = D, no reference country needs to be postulated.

If the endowment ratio differs by one or more degree (i.e. Dgp 1)
this device fails. Referring to diagram 30, when A3 is located in~the ‘
(red) square No. 1, we apparently cennot find a grey box containing both
points, By and Ay - even when Ad is as low as D). In this case we have

to postulate a reference country, which cen be done in the following way.

1/The correspondance between this case in the critical diegram and e.g.
diagram 18, is as follows: (descriptions in the parentheses refer to
diagrem 29)

. point Q (corresponds to Bg,B,)

point P (corresponds to Ap,Ac)

radial line OR4 (corresponds to the grey square)

point E (corresponds to X,Y)

point F (corresponds to U,V)

g/This means that there can be no reference radial line intersection
. the optimum-allocation curves of both countries at (two) non-end points.
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First, construct two grey squares, R, and Rl’ such that Pj.-

square containsrBd and Ry-square contains A; and such that the lower

lef't corner of Ry -square (i.e. point R1) is included in Ry~square.

(In other words, the two grey squares are interlocked). This is possible
even when Ad is almost (but not quite) as high as Do, - &3 long as Dgp
equels one degree). There must then be at least one vertical 1ine,'

e.g. RRq intersecting the two grey squares at four points. The country

with endowment ratio Rd can beAtaken ag the reference countrv and the

two grey squares can be taken as the two reference radial lines; the
four pairs of points, intersected by the upper and lower horizontel sides
of the two grey squares on the vertical lines BBy, (one pair), RRgq

3/

(two pairs) end AAy (one pair) are the four reference points.. The

equilibriuﬁ positions‘of the two countries can then be postulated as
represented by the two green squares M and N, with the aid of the refer-
ence points and the reference radial lines, the proof can be completed.

In view of our discussions so~far made, we can derive the fol-
lowing conclusion, which will be referred to as rule Ayt

"When the endowment ratios of the two countries differ

.by zero degree, the proof of equalization of factor
prices can be completed without postulating a reference
country; when the endowment ratios differ by one degree,

~ the proof can be, and can only be, completed by postulating
one, and at least one reference country with two reference
radial lines, and four reference points."

-

j/The correspondance between this case and diagram 18 is as follows:
1et the countries by A and B' (disgram 19). Country B becomes the
"reference country", two reference radial lines are OR4 and OR3, and
the four reference.points are F,E,Q,M. These reference country,radial
lines, points cen then be used to bridge the gap between the two
arbitrarily chosen points P (on OA) and G (on oB). The inequality of
the product price ratios at points P and G can be obtained by arguing
in a "zigzag" way.

- -
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In order to generalize our'result to the n—degreé case (i.e.
| , £/
Dab equals n) we have to meke use of the principle of induction,
For this reaéon let us first investigate the reletionship between the

number of interlocked (grey) squares and the degree of difference of

the two endowment ratios (DaB).

We can first prove {he.following propositions: when the en-
dowment ratios Ad and Bd differ by n-degree, we can construct a series
of exactly ri¢l "interlocked squares" (grey) such that the first (grey)
square includes‘therpoiﬁt deand £hé nth square includes the point Ad, .

Referring to diagraﬁ 28, let An4l be the endowment ratio of
country A which is included in the perfect square number Nil, or lies
on the point Dn¢l - i.e. Dab equals n+l. We can always construct a grey
square Rn+2 céntaining thé point Anfl such that the point Ran is con-
tained in the (red) square number n ~this is true even the point An+l

is almost as high as D If P(n) is true, Rn*z must now be included

ny*

in the grey square Roxl which is the "last" square of a series of inter-
locked (grey) squares ~-with the "first" (grey) square containing the
point Bd. Tﬁe squares Rn$2 and Rn#4l are then interlocked. Hence when

P(n) 1s true P(n+l) must necessarily be true. So P(n) is true for all n.

4/The induction principle which we will meke use of is as follows: if

. proposition one P(1) is true and if "P(n) is true implies that P(n plus
one) is true", then.P(n) is true for. all n. (We meke use of the critical
map.for the completion of the proof of our theory mainly because of the
fact that the induction principle can be more conveniently applied).

5/Applying the induction principle, we know first that P(1l) is true -
i.e. when Bab equals one, we need two interlocked (grey) squares to
"interlock" points Bd and Ad (by rule Al, see diagram 30). What we
need to prove ist "if P(n) is true then P(n plus 1) is true.

-
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For an& two conjacent interlocked (grey) squares, we can
~péstgla£e>a reference country with endowment ratio represented by a
point (on OD) contained in both comjacent interlocked square - e.g.
in diasgram 50, Rq (on OD) is included in the squares Ry and Ry. For
n+l interlocked (grey) ééuares, there must be exactl& n such reference
countries which,ie can postulate. |

For the case Bag'equai to n, the completion of our‘proof is
demonstfated in diagfam 31 - where the two green squares represent the
arbitrarily chosen equilibrium positions of the two countries. Ve
conéludes ' |

"When the resources endowments of countries A and B differ

by n-degree (Dgh = n), the proof of the theory of equalization

‘of factor priées can.be completed by the postulating of not

more than n reference countries, with (n+l) redisl lines and

Z(n4l) reference points."

-
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Chapter V.

The Determination of the International Equilibrium Positions
and the

Analysis of the "World" Production Efficiencies

In our previous chapter we have made certain applications of the
box diagrams for the analysis of problems in the field of international
trade theory. We shall consider certain other applications, in the same
field, in this chapter. The topics which will be analyzed are as indi-

cated in the title of the chapter, which will be more fully explained.

Section one: The Relative Strength of Demand and the Determinstion of

the General Eguilibrium System, with Applications.

In our analysis in the previous chliapter, we have taken the
equilibrium position, and the changes of the equilibrium positions for
granted. Specifically, we have neglected the relative strengths of
demand for the two commodities, by the two countries, so that we could
not have meaningfully talked about the determination of the general
equilibrium system. Here we shall try to show at least vaguely, the
relative strengths of demand "at work" —- and hence the determination
of the international equilibrium position, all in one diagram.

We can do this, most éimply, by teking one point for each
country on its optimum allocation curve to represent the "isolation
equilibrium position“.of this country - i.e., the equilibrium position
which would have been established had the country been completely iso-
lated. The isolation point (or rather the output ratio corresponding

to the isolation point) can then be taken as a measure of the relative

strength of demand for the commodities in this country.
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In diagram 32, let Ia and Ib represent the isolation eguilibrium
position of countries A and B respectively. If 211 trade barriers dis-
appear and if the relative strengths of demand in the two countries are
normai%/ equilibrium position, after trade, will be represented by a pair.

2/

of points - e.g., Ea end Eb - satisfying the parallel relationship and

located in such positions that Ia lies above, and Ib iies below thet
redial iine (OR) passing through the pair of points (Ea and Eb)é{
The production equilibrium position of.country A shifts dovnward,
after trade, from Ia to Ea; and that of country B shifts upward from Ib
to Eb, (indicated by the solid arrows). The exact equilibrium position
is not determinable by this "diagramatic method". We only know that OR
must run between Ia and Ib., This is true because, as depicted in the
diagramAfor instance, the product price retio must have been higher in
country A than in country B in isolation. The eguilibrium product price
ratio becomes lower for country A (and higher for country B) so that

country A becomes an exporter of food and importer of clothing; for country

B the opposite is true.

1/We can define "normal" (or "stable" in the Hicksian Sense in Value and
Capital) in the intuitively obvious way: when the price ratio is
higher (i.e. price of clothing becomes relatively higher), the demand
ratio becomes lower (i.e. more food and less clothing will be demanded
at the eguilibrium position).

2/0therwise, product price ratios cannot be equaliied by rule (27 ).
Q/Namely, the "equilibrium radizl line" OR must be located between the

two isolation points such that one isolation point lies above, and the
other lies below, the equilibrium radial line. If this is not true,
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Needless to say, the introduction of the relative strength of
demand into our analytical framework in this way (i.e. the diagramatic
solution of the final equilibrium position, given the initial isolation
equilibrium positions) is highly unsatisfactory. On the one hend, the
determination of the "isolation equilibrium position", itself, is left
unexplained, On the other hand, given the initial isolation equilibrium
positions, the determination of the final equilibrium position is agein
quite vague. However, if the relative strengths of demand are normal,
~ in the sense understandable in common sense, we can still say that our

diagramatic solution of the problem does indicate tHe general tendencies

(or the general direction) of the (correct) final equilibrium positions.

Fn. 3/cont'd.

the relative strengths of demend for the two commodities by both
countries cannot be normal. {or instance, if the final equilibrium
position is established at OR™, it is easily seen that, relative to
the product price ratlos established at Ia and Ib, the price of food
becomes relatively higher for both countries, and hence, if the
relative strengths of demand for both countries are normal (by assumotion),
the consumptions of food will decline, absolutely, for both countries.
But, the equilibrium position ORl, indicates that the output of food
by both countries has increased -- this contradicts the assumption of
the normality of demand for both countries, and hence, OR™ cannot '
represent the final equilibrium position. (See discussion in text and
footnote L4/)

4/As indeed, it is probably impossible to demonstrate the solution of a
complete determination of a general eguilibrium system, 21l in one
diagram, on the level of abstraction involving two commodities and two
factors of production. We have to postulate, in addition, at least
two trading individuals, with two preference systems indicating the
supply (of factor) and demand (of product) conditions. There will
then be more dimensions than a two-dimensionazl diagram can handle.

5/There seem to be (at least) two distinct difficulties which have been
assumed away. Firstly, we know that there are two equilibrium conditions
which have to be satisfied in the equilibrium position of international
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It fhe reauits of our diagramatic solutions are generally accept-
able, we can derive, immediately, the following propositions - which can
be considered as the direct applicetions of the box diagram (with the
forces of the relative strengths of demand introduced):

1. The equilibrium product—price ratio lies between the initial

| isolation~equilibrium price ratios of the two countries,

2, The eduilibrium factor-price ratio lies between the initial
isoletion-equilibrium factor-price ratios of the two countries,

3. When a protective teriff (or other trade barriers) is imposed,
tﬁe new production equilibrium positions of the two countries

(represented by Ta end Tb in diagram 33 shift towerd the isola-

tion equilibrium positions of the two countries respectively,

(indicated by the dotted arrows); and when the protective tariff

is "prohibitive", the limiting positions (Ia, Ib) will be reached.

Fn, 5/ cont'd.

trade: (a) complete equalization of product price ratios; (b) complete
equalizetion of total values of import and export for any country. The
second condition fails to be representable in the box diagram. (The
first condition is being represented by the parallel relationship). For
a more setisfactory diagrammetic analysis of this problem, maeking use of
the "national preference system" and the (so-called) "map of production
frontier", see Dr, W. W, Leontieff "The use of Indifference Curves in
the Analysis of Foreign Trade," reprinted in the Readings in the Theory
of Internationael Trade. The second fifficulty which has been assumed
away is the dynamic process of approaching the equilibrium position,
from the initial equilibrium positions -~ i.e., the converging process.
Apperently our disgrems are far from adequate to handle this problem.
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These observations are immediately seen from diegram 32, and hardly need
any further explanationfi/

Especially worth noticing is proposition (2). For, by this pro-
position, if we know the isolation equilibrium positions of the two count-
ries, we readily know the impact of foreign trade on functional distribu-
tion of one and/or both countries; and we elso know the impact of foreign
trade on the “sociél_distribution ratio" of one end/or both countries,
Coupled with §r0position (3), we then kﬁow what shouid be the propér, .
e.g. "protection policy" to bring ebout certein desireble results. This
problém seems to be a réalistic one and has received the treatment of the

8/

economists on the theoretical level,

6/For propositions (1) and (2) see rule (25) Proposition (3) can be
disgrammatically proved by Dr. Leontieff's method. See footnote/ci .

1/Take the case depicted in diagrem 32 for instence, where the functional
distribution ratio becomes unfavorable for labor in country A after
trade. By rule (R5), we know that the social distribution ratio is
also adversely affected (for labor). If the desired goal of policy is
to improve the relative position of labor, the proper policy for country
A to adopt is to impose trade restrictions - to bring Ta higher. We
can say that if the relative strengths of demend for the two commodities
are epproximately the seme for the two countries - as indicated, for
instance, by the fact that the output retios at Ia end Ib are approxi-
meately the same - the final equilibrium will be established in such a
way that the land-abundent country (as measured by the relative endow-
ment ratios of the two countries, e.g. country A in diagram 32) becomes
the exporter of food, which is the situation depicted in diagrem 32
This means, of course, that ordinarily the imposition of trade bearriers
by a land-abundant country tends to improve the distribution ratio
(functional and social) in favor of labor, which was the argument used
in the "Australian Case" cited in footnote (8) below. (In other words,
ordinarily, a labor-sbundant country cannot use this argument).

8/The case of "Australian Protective Tariff" is an example. See e.g.

4

. C. Samuelson "The Australian Case for Protection Re-examined."
Q.J.E. LIV (1939-49) 143-151. -
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Another application of our diagremmatic methods may be pointed out.
We know that if the initial equilibrium positions of one or both countries
are higher, the final equilibrium poéitions will be higher, Our diagram-
matic method, then, not only solves & static general equilibrium problem
but also will be of some use for the enalysis of a "comperetive static"

problem - or, at least, for an indication of the geheral directions of

the solution of & comparative static problem,

Section two: The Determination of the Specialization Status of the

S ————————————

Trading Countries.

In our analysis of the specialization status of the trading
countries in the previous chapter, we observed thet we were incapable
to solve the problem then.lg/(This is obviously true because we could
not have hoped to analyze the determination of the equilibrium position
without knowing the reletive strengths of demand;) We can now briefly
anal&ze this problem.

In disgram 33 let the optimum éllocétion curves OA, and OB be
shown - for countries A and B. Let the critical point C be located - by
drawing BC parallel to the OA diagonal.ll/ We know that the slope of OC

represents the lower critical ratio of country A and the slope of AD

represents the upper critical ratio of country B,

9/This statement is not always true, but it would be true if, for example,
the initial equilibrium point, or points, are raised sufficiently high.
This is true because the equilibrium radial line OR always runs between
the two initial equilibrium points.

10/See footnote 1& on page 88

11/See page 67 above. (BC11AD)
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When the initial equilibrium positions of the two countries are
given, we can readily derive the following conclusions, with the aid of
diegram , (and with the understanding that the equilibrium radiel line
necessarily runs between the initial equilibrium points of tﬂe two
countries):

é) If Ia lies in the portion (on the OA curve) between
points O and D and if Ib lies in the portion (on the
0B curve) between points C and B,.both countries will
be incompletely specialized.

b) If I'a lies between points D and A and if Ib lies
between C and B, country B may become completely
specislized for the production of clothing but country
A camnot become completely spécialized.

c) If Ia lies between O and D and if I'b lies between
0 and C; country A may bedome complétely specialized
in the production of food but country B cannot become
completely specialized.

d) If I'a lies between A and D and I'b lies between O
and C all the results in a) b) end ¢), ebove, are

12/

pOSSibleo

12/Apparently the four propositions exhaust all the possible significant
combinations of the locations of the initial equilibrium positions
of the two countries —if neither country is initially completely
specialized.
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The geometrical velidity of these statements is immediately
seen from the diagram and no further elaboration is required. The
economic interpretetions of these results are also quite obvious. Teke
proposition (b), for instance. It states that if the forces of demand
for clothing are strong‘in both countries, the labor-sbundant country
(B) may be "forced" into the status of complete specialization in pro-
duction for“clothiﬁg (before the land-abundent country (A) will be forced
to do so.)

This diagrammeticel method cen be easily extended to the analysis
of the other interesting ceses. Take the case in which the endowment
ratio of country B is so differenﬁli/%rom that of country A that point
B, in diagram 33, actually lies below OR. In this case, no matter where
Ia and Ib arevlocated, incomplete specialization for both countries is
not obtainable. The conclusion supports our previous assertion in

14/
Chapter IV,

The strength of our conclusions on the.analysis of specialization

status can be further improved if we take into consideration the "size"

' of the various

of the countries, in addition to the endowment "ratios'
countries. Intuitively we know that it is morehlikely for a small country
to be completely specialized than for & big country. This intuitively ob-
vious conclusion finds support in the analysis by our diagrammetic method,
This will be done more conveniently in a later chapter when the problems
of multiple equilibrium, i.e. equilibrium involving more then two trading

15/
countries, are discussed.

13/In other words the endowment ratios of the two countries must differ
by more than "zero" degree. See pagelOO above.

14/See page 86 ébove; (Notice, apparently we can make the stronger
statement there cited).

15/See below page 1.8
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Section three: Factor Immobility and VWorld Production Efficiency.

In tbis section we Qpply the technique of box disgram to study
"the effect of iﬁterhational immobility of factoré of production on the
production efficiency,froﬁ the world-viewpoint under the assumption of
conplete and incompleﬁe specialization."

In diagram (k) 1et.fac£or endowm;nts of country A and B be rep-
reseﬁted by boxes OLAZ end OGBS respectively. The "world" endowment will
" be ODVE -- the box BUW equals to OLAZ, The optimum allocation curves for
countries A, B and the "world" can be drawn -- the curves O A, O B and
0 W. (We have threé systems of contour meps with origins at A, B, end
W for food). The cur&e O represents the world production efficiency
with perfect factor mobility between countries.

We define the éituation where the combined output of the two count-

"world" optimum allo-

ries can be represented by a point on OW (i.e., the
cation cgrvé) as cases where the "production efficieﬁby from the world
?iewpoint“ is not impaired. Otherwise, we considered the world production
efficienc& as being impaired, by definition. The OW curve.defines, in &
‘schedule sense, the optimum oﬁtput of the entire world; from the viéw—

point of broduction ef‘ficiencyf It actuelly becbmes the optimum alloca-

tion curve of the entire'world if the two couﬁffies are completely integrated -~
or, in the langusge of ogr assumptions, if the factor immobility between
countries is relaxed. When tne assumption of factor immobility is not

relaxed, the OW curve properly belongs to the sphefe of study of "inter-
national welfare economice“»and should be distinguished from the 6A curve

and the OB curve which belong to the study of the operation of a competi-

tive system.
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We shall study, first of all, the cases where neither country is
completely specialized in trade equilibrium. Let the streight line OR
represent any equilibrium position where neither country is completely
specialized. CR intersects the three optimum~ellocation curves at M,

N end P, Join the parallel lines MA, NB and PW. Through B draw BT
parellel to OR intersecting WP at T. NBTP is a parallelogram. Draw the
diegonal lines OA end PW, which are parallel. The triangles OAM and BWT
are equel. Thus we have:

OM equal to BT equal to NP;

BN equal to TP. AM equal to WT. So we have QM plus ON

equals OP and AM plus BN equals WP,

Under the assumption of constant returns to scale, the last two
equalities mean thet the combined output of the two countries can be
represented by & point on the world optimum allocation curve (OW). The

~conclusion must be: under any equilibrium position, the world productiom

efficiency cannot be improved by an integration of the two countries (i.e.,

by an elimination of the barriers to international factor mobility, e.g.
"Immigration laws").

Vnen one country is completely specialized the conclusion is dif-

ferent. In diegram (3) OR1 represents the equilibrium position where
country B is on the margin of complete specialization (for clothing).
Let OR2 represent the actual equilibrium position, which intersects OA
(curve) at S and O et H., Let the production contours passing through
tﬁe'points S and B be Cl and 02, respectively, for clothing. Let Cl
intersect OR1 at K; and 02 intersect OR2 at N, By the assumption of

constant returns to scale the straight lines SK and NB are parallel.
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Join the straiéht lines AS and WH. Through B draw e straight line
BT parallel to OR2 intersection WH (extended) et T. Tarough T draw a
straigh% line parallel to NB (and SK) intersecting OR2 and OR1l at X
and Y respectively. NBTX is a perallelogram. The triengles OKS and BIT
are equal, (This can be readily.seen if the relative positions of the
curves in the boxes OZAL and BYWU are compared). So we know:

OK equals BY and OS equals BT equals NX

aﬁd OK plus OB equels OY and OS_plus ON equals OX

Since the combined output of clothing by éountries A and B is
represented by 02 plus Cl, the ?ombined oﬁtput must be represented by a
contour passing through point X and point Y by the aésumptién of constant
returns to scale. Let this contour be C3. |

The output of food -- which is now produced by country A elone -~
is represented'by a contour (belonging té the contour map of the box OLAZ)
passing through point S. Since AS and WT ére equal and -parallel, the
output of food in the "world" box must be represented by a contour passing
through point T, i.e. Fl. Tﬁe contours C3 end Fl1, which repreéent the
actual combined output in the."world" box, obviously cannot be tangent
to each other —- for C3 cannot‘pass ihrough point. T if it passes through
point X and point ¥ -~ by the concavaty of the contours. Thus, actual

combined output cannot be represented by a point on the "world" optimum

allocation, The conclusion must be: in an equilibrium position, when

one or both countries are completely specislized, the production efficiency

16/ ‘
of. the world is_jmpaired., This ig s consequence of internstionel immobility

16/Three remarks may be added:

(a) The case in which both countries become completely specialized in the
production of the same commodity is apparently the limiting case. In
diegrem 13, draw OA diagonal and call this line OR3. Points X', Y' and T!,
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of factor of production:f The common sense interpretation ig that the

best way to use the world resources cannot be achieved. It is possible

to increase the output of both commodities by a reallocation of resources

across the national frontier in order to realize a better result obtain-—

able under the given state of technology of production.

-Fn. 16/ cont'd.

(v)

(c)

which are connected by a straight line, must fall on OR%; ORl and point
W respectively. The straight line connecting them is parallel to Bl.
Contour O4 (passing through X and Y) represents world output of clothing
with no output of food.

In diagrem éﬁ) or B89, point Q is the point of intersection of OB curve
with OW curve., The general rule for the intersection of two or more
optimum allocation curves is as follows: if the streight line connect-—

ing the two upper right vertices of two boxes intersects the optimum

allocation curve of one box, it intersects the optimum allocation curve
of the other box at the same point (e.g. OB curve, OW curve and WB line
(extended) meet at Q).

In our cese, because BQ is parallel to AC (since WB is parallel to ),
point Q becomes the point where "the parallel relationship" is on the
margin of being unable to be setisfied between country A and B. (See
footnote on page®7; point Q corresponds to point C in diagraml8).

The economic interpretation of point Q is as follows. When OR inter-
sects OB curve below point Q, country A becomes completely specialized.
It can be similarly shown that this impairs world production efficiency.
This is symmetricael to the case proved in the text.

Our conclusion does not apply to the case where the endowment ratios

of the two countries are the same. When both countries ere completely
specialized in clothing, for instance, X', Y' fall on W -~ world pro-
duction efficiency is not impaired. ‘
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Section four: Product Imperfect Mobility and World Production Efficiency

We can study the effect of a tariff on the production efficiency
from the world point of view;lZ/ Let us meke the simplifying assumption
that when the tariff equilibrium is established, no country is completely
specialized. The technique used in this study closely follows the tech-
nique developed in the last section -- therefore the boxes and optimum
allocation curves in Diegram36need no explanation.,

Let the tariff equilibrium positions of the two countries be
represented by points I and L on the two optimum‘allocation curves.,
Points I and L are picked in such a way that they do not satisfy "the
parallel relationnhip” -- otherwise product price ratios will be equel-
ized between the two éountries which is generally incompatible with the
existence of a tariff. Through I and L, draw the redial lines OR2 and
OR1 intersecting the three optimum allocation curves at (I, N, P) and
(M, L, Q) respectively. Join the parallel lines (AM, BL, WQ) and (AI,BN,WP).

From B draw BF parallel to OR2, intersecting WP at F, BNPF is a
parallelogram. From A draw AG parallel to ORl, intersecting WQ at G.
AMQG is a parallelogram.

BN equals FP, AM equels GQ.

Since AI plus BN equals WP, so AI equals WF. Since AM plus BL

equals WQ, so BL equals WG. Thus we know, in the food~contour-mep of

the"world", the output of food of country A is represented by the contour
passing through point F (i.e. F,); and that of country B is represented
by the contour passing through point G (i.e. M ). Let F1 intersect WP

at E; let F2 intersect WQ at H. Join the parallel lines (GE, FH),

*

17/The technique of the box diagrem suggested in this section applies
equally well to the case of a "subsidy".
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In the clothing confour map, let Cl pass through point I; and let
C2Ipa98'through point L -~ Cl and 02 represent the output of clothing by
country A and B respectively. Let Cl intersect ORl at K; and let C2 inter-
gect OR2 at J, Join the parallel lines IK, LJ. |

From point L, draw LT pérallel OR2. From point F, draw FT parallel
WQ. LT end FT intersect at T. Through T draw a straight line parallel
to JL (and IK) intersecting ORl and OR2 at Y and X reépeétively. Through
T draw another straight line parallel to HF (eand GE)‘intersecting WP

" (extended) end WQ at V and U respectively.
18/

Triasngles FIV and WGE are equal; FIUH is a parallelogram. From
these relationships, we readiiy derive:

WG equals HU, FV equals WE,

and hence WG plus WH equals WU
and WE plus WF equals WV,

19/ ,
Triangles LTY and OIK are equalz; LTXJ is a parallelogram. From

these relationships, we readily derives
LY equals OK, OI equals JX.

and hence OI plus OJ equals OX

end OK plus OL equals OY,

By the essumption of constant returns to scale, we know that in
the "world" contour systems, combined output of food is represented by

a contour passing through points U and V; combined output of clothing is

18/A11 three sides are pasrallel, and FT equals WG (equals BL), since FBLT
is a parallelogram,

19/A11 three sides are parallel and LT equals OI (equals BF). TLBF is a
. parallelogrem. It is seen that OI equals BF because "AI equals end
parallels WF." . -

-
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represented by>a contour passing through points X and Y. Let F3 and G3
be the two contours.

By the property of concavity of the contours, 03 and F3 necessarily
straddle point T —- hence, they cannot be tangent to each other. Total
- output cannot-be represented by a point on the world optimum allocation
curve (OW). So we concludes

“Tariff impairs production efficiency from the world viewpoint."

So we see (in view of the lest section) that both imperfect mobility of
factor and imperfect mobility of product tend to impeir the production
efficiency of the world as a whole.
20/
These are cases where "the rule" of Dr. Lerner is not satisfied.
However, the tariff is probably more irksome not only because it is more
artificiel, but also, as we saw, because it always impairs world pro-

21/

duction efficiency, while factor immobility only does that sometimes.

20/A. P, Lerner "The economics of Control" The Macmillan Company, 1944,

21/This remark is subject to the quelification that under certain con-
ditions factor immobility impairs world efficiency too. This will
be the case where the difference of the endowment ratios between
the two countries is so great that "the parallel relationship" can
never be satisfied between them. - -
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Chapter VI,

The Box Diagram and The Map of Production Frontiers -

Applications to Multi-equilibrium Problems in Internationel Trade,

Section ones Introduction

| Our diagrammatic aﬁalysis of the problems of internationel trade,
undertaken in the previous chapters, can now be generalized .in two ways.
First, we can relax the assumption of "two countries" and analyze the
multi-equilibrium problems of international trade - i.e. equilibrium
involving any number of countries., Secondly, we can anelyze the cases
under which one factor of production may become a gree agent‘;hen equili-
brium is established. The present chapter is devotedvfor the analyses
of these problems.

The undertekings of this chapter also pave the way for our

analysis in the following chapter —-on certain problems in the history
of economic doctrines. Fér this reason, we will develop, in this chapter,
the so-called "map of production frontiers" from the box diagram, which
facilitatés ou; later exposition.

. Finally, wé include an appendix at the end of this chapter deal:
ing with the construction of the “critical map#l/under the generalized

-

conditions es indicated in the first paregraph above,

Section two: The Ridge Lines

The analysis in the previous chapters ruled out the possibility
that one of the factors mey become a free agent. We want to generalize

our diagrammatic representation in order to take care of this possibility.

1/The "critical mep" as developed in Chapter IV above, See page 76

-~
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That one factor of production may become a free agent is the
consequence of the fact that the marginal rates of substitution of the
two factors (as defined by the production contour meps) mey become
infinite or zero. Geometrically, this stege of effairs is represented
by the vertical and the horizontal portions of the productions contours.

The economic significances of the PRidge Lines" of the contour maps,

discussed earlier,g/;ust now be exploited.

In diagram 3% the two maps of production contours - red for
clothing and green for food - are superimposed upon each other, right
silde up. The four ridge lines - Tf, Tc,, Lf, and Lc - are shown.

We recall that they are straight lines, Zy the essumption of production
functions with constant returns to scale and that Tf 2 Tc and Lf D Lec,
by the definition of the fe}ative fector intensities of the two commodi-

ties,

2/See above page 16 , Chapter I

3/See page sbove. In footnote _/ on page 'y we have assigned a
double meaning to these expressions, e.g. Tf represents the land
(Capitel T) free ridge line for the production of food (subscript f)
and also represents the input ratio corresponding to the (same) ridge

line,
4/see above page 16

5/3ee above page 39 . Rigorously, the only limitations on the input
ratios for the "set" of ridge lines are as stated in the text.
However, in our.exposition throughout this chepter, we have added
another explicit assumption, nemely, Tc Lf (see disgram 37). The
implicetion of this simplication will be discussed in the appendix.



87T



129

We also recall that ﬁhe region of a map of prodgction contour,
straddled by the two ridge-lines of the (same) mep is called the non-free
. region of the mapfé/ Tﬁe non-free regions of both méps, and the labor-

free and land-free regions of both maps, are indicated in diagram
In diegrem 38, a box diagram.is Qoﬁstfucted with the four ridge
lines ehowﬁ - Te, Le, Tf and Lf. It is seen that the common ground
Acovered’by the non-free regions of both maps (for food énd clothing) is
included in the triangle ABD, The area enclosed’by the triangle ABD,
then, may be called the non-free region of the box diagrem, From diegram
s it is clearly seen, that the optimum allocation cur&es - €.z, APD -
lie, and oniy lie, in the non-free region of a box diagram. (This is
true because §f the faﬁt that, e.g. the optimum allocation curve passes
through point D, which is clearly a point of tangency of the production
ooniours.)
| In the triangle DEO (diagram38, the (horizontel) contours of the
éwo maps. coincide. Labor is the reduﬁdant'factor end land is the scarce
factor. The marginal rates of-substitution are always zéro in both in-
. dustries. It is evident that, in this region, a commodity has constant
opportunity cost in terms of the other commodity. The product price
ratio is éompletely governed by the ratio of the quantities of the scarce
factor (in the present case, lend) Fembodied" in each unit of the two

-

commodities.

QVSee above page 16

1/This is true by the essumption of production functions with constant
returns to scale. Let the vertical distances between (S, Q) and (Q, T) -
all in triengle DEO - be the seme. (Diag. 38) Then (c3-c2) = (c2-cl)
and (f2-f1) = (£3-f2) (See page 1l above.) Starting from point T,
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When equilibrium is established in the non-free region of a box
diagrem - i.e. in the case represented in diasgrem 38 when the demand
for clothing is sufficiently strong so that equilibrium position is
established at e point on the (grey) curve AFD - neither factor will
be a free agent. This is true because of the fact that the slopes of
the production contours et the points of equilibrium are neither zero nor
infinite:é/ Othefwise, one factor of production - i.e. in this case labor -

will become a free agent, (e.g. when equilibrium position i{s established

at point Q);g/

Fn. 7/ cont'd.

when more food is successively produced, e.g. fl1, £2, £5, the supcessive
increments of (f£2-f1) and (£3-f2) units of food are obtained at the
opportunity costs, in terms of clothing, of (c3-c2) and (c2-cl) units
successively. The product price ratio always equals tos

price of clothing = £2-f1 = £3-£2
price of food c3-c2 c2-cl

Let the vertical distances between T, Q and Q,S be k-units of land.
The product price ratio can be alternatively represented by:

price of clothing = k/(c3-c2 = k/(c2-cl

price of food k;(fg'fl) k (f3—f2)
The numerators and denominators represent the amounts of the scarce
factor (lend) embodied in one unit of clothing and food, respectively.

_/Thls state of affairs in the present case included the upper end point
"AY but excluded the lower end point D of the optimum allocation curve
AFD, For, at point D, obviously labor is free. At point A, on the other
hand, the production contours for the production of food are irrelevant;
it is the slope of the production contour for clothing, at point A,
which indicates the equilibrium factor price ratio at point A,

9/It is obvious that, in this case, it is immaterial et which point the
equilibrium position should be represented in DOE as long as the vertical
position is "correct" --i.e. corresponding to the relative strength of
demend for the two commodities. (For example, the equilibrium position
point Q can be alternatively represented by any point on the horizontal
line between Q1 and Q2, diag. 38)
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Section three: The "Complete Box Diagram"

In diégraanQ; let the quantity of‘the land-endowments for all
cpuntries ay b, ¢, d, ......bé the same, namely, OT; and let the labor-
endgwments of these countries be represented by the horizontal distances
Ta, Tby Tcy Tde.....etc. The box diagrams of £heae countries are super-
imposed upon each other. (The right-vertical sides of all the boxes are
not shown)., |

Draw all the four ridge lines, Tf, Te, Lf and Lc from the lower-
left (cdmmon) origin of the boxes of the various countries (as in diag-
ram 37. Let the points of intersection of the ridge~lines with the
upper-~horizontal side of the boxes be‘the points ¢, £, i, and n res-
pectively. (See diagram 39). These four points demarked five regionsi
A, B, 0, D and E, in an ascending order of relative labor abundancy. The
special case described in diegram38 above, is a country in region D --
€48, couﬁtry m, where the straight lines (green) mM and Lf ere parallel.

For other countries, the optimum allocation curves can be readily
found when the regions tb which they belong are kmown. For instance,
country d, in\region B has an optimum allocation curve running from
po;nt O to point D which is the point of intersection of Tc and a straight
line (dotted green) parallel to Tf, passing through point d. This is true
because of the fact that the common ground covered by the two non-free
regions of the meps of production contours for food and clothings (nemely
the non-free region of the box diagram), is enclosed by the triangle

.10/
oDD! .

10/A straight line (dotted green) should be completéd between D and D',
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Hence, it is seen, all the countries in region D, i.e. all the
countries with endowment ratios between Lf and Lc, haeve optimum allo-
cation curves which terminate, at the lower ends, on the ridge line Lec.
This is true because of the fact that the straight lines (solid green) -
e.g. jJ, kK, 1L, Meveres = through the upper-right corners of the boxes
of these countries, - e.g. j, ky 1, m...... = necessarily intersect the
ridge line Lc if they are parallel to Lf (solid green) e.g. at points
Js Ky Ly M...... Referring back to diagrem38, it is evident that the
optimum allocation curves of these countries must be terminated at these

11/ 12/
points -~ e,g. J, K, L, M,...on Lec.

Similarly, all countries, in region B - i.e. the countries with
endowment ratios between Tf and Tc, such as countries d and e - have
optimum allocation curves which terminate, at the upper ends, on Tc.li/

Hence, countries in regions B and D heve "incomplete" optimum
allocatﬁon curves. (They are representéd by the‘grey curve; in diagram 39)

For countries in regions A and E no optimum allocetion curve can

be drawn - as indeed, there is no technical problem of allocation of

resources for these countries, since one of the factors is slways redundant,

11/These points are, reépectively, the lowest points in the non-free
regions. They correspond to point D in diagrem 38.

12/This is true because of the fact that Lc is less steep than Lf.

13/That is, the straight lines (dotted green) dD, eE, which are parallel
to Tf (898441 green), necessarily intersect the ridge line Tc -
e.g. at points D and E which are the highest points, respectively,
in the non-free regions of the box diagrams.
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The only countries which have optimum allocation curves of "full"

length -~ i.e. running from point O to the upper-horizontal éides-of

the boxes - are all the countries in region O, (These countries have
endowment ratios between Lf and Tc; their optimum ellocation curves ars
represented by black curves in diagram 39). These observations can be
easily verified, in each case, by drawing in the ridge lines ( perallel
to Tf end Lf) and by observing the locetion of the "non-free regions" of

TV, )

the meps of the production contours in the box diagrams.

Section four: The Multi-egquilibrium of International Trade

In diegram 39, an equilibrium position of international trade
can be represented by a radial line, e.g. OR, intersecting the optimum
allocetion curves of the various countries at a series of points, e.g.
Qg, Qn, Qi, Qj......which are the equilibrium positions of countries
gy Ny iy jyeeesss The series of points of intersection indicate the
patterns of resource allocation of the vaerious countries. This is true
because of the fact that the "parallel‘relationship“ still holds for any
pair of countries (i.e. the dotted black lines th,~iQi, 3Qje...are
parallel). From this it can be readily proved that the product price
ratios,'ﬁetwéen any pair of countries, are equalizedli/and hence, by in-

duction, the product price ratios of all countries must be equalized at

the series of points.

14/Hence, it is seen, thet our discussions in the previous chapters are
only special cases. In disgram 39, let Tc and Tf approach the verti-
cal axis OT and let Lf and Lc approach the horizontal axis. All the
countries, regardless of the endowment ratios, will be in region C.

15/See above page (2,
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, If we may assume, as an expository device, that every point on
the ceiling of diagram represents a "country" - i.e. if we may assume
that there are an infinite number of coﬁntries,'each with endowment of
land OT, representing all possible endowment ratios - then, for any
equilibrium position, two countries stend out on the margin of complete
specialization, one for each commodity. For instance, at equilibrium
position OR, country g and country k are on the margin of complete spec-

ialization for food and clothing respectively. Let us call them the

"marginal food country" (country g) and the "marginel clothing country"
fespectively. A | )
It is obvious, by the "parallel relationship", that the input
ratio for the production of clothing (food) for any'incompletely spec-
ialized country, equals the endowment ratio of the marginal clothing
(food) country. Hence, when the equilibrium position of any incompletely
specialized country is given, it is a simple matter to locate the two
marginal countries in e.g. diagram 39 (i.e. to determine the endowment
ratios of the two marginal countries.)
We will maeke certain applications of our diegram (39) in the three
following sections (V, VI and VII). Our anelysis will bevbrief; and,
in most cases, we will only state the conclusions of the analysis.
This is due to the fact that the validity of the assertions which will

be made are either implicit in the construction of diagrem 39, or can

be readily deduced therefrom.
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Section five: The Prospect of Factor Reward

First of all, aﬁ "internal problem" can be easily analyzed with
the aid of our diagrem -vnamely, the "prospects" of reward for the two
factors of production, relative to thé endowmenf ratios of the countries.
For this problem, the significant classifications of the countries, ac-
cording to the ratios of factor—endowmeﬂt, are the five regions: A, B,
Cy, Dy, and E - in an ascending order of relative labor abundance (diagram
39:

(e) Region A includes all countries with endowment ratios greater
than Tf. For these countries, land is always redundant and is always a
free agent regardless of the relative strength of demand for the two
commoditiés. Labor - the scarce factor - always received all the product -
i.e. the full distributive share is accruable to labor. For this reeson,

Region A may be called the land-absolutely-sbundant region, (or, the

countries included in this region, e.g. a, and b, may be called the
lend-absolutely-abundent countries.)

(b) Region B includes all countries with endowment ratios between
If and Te where land may be free, depending upon the relative strength of
demand for the two commodities. (If the demand for the lend-intensive
commodity (food)is strong enough, lend will not be free, otﬁerwise it
will be a free agent). Labor, on the other hand, is never a free agent.
For this reason, the countries in this region (B) may be called the

land-relatively-abundant countries,

(c¢) Region C includes all countries with the dndowment ratios

between Tc and Lf. Neither factor will ever be a free agent regardless



137

of the relative strength of demand. For this reason, the countries in

this region may be called the non-free-countries,

(d) Region D, which includes the countries with the endowment
ratios between Lf and Lc, is symmetrical to region B, Labor may become
free while land is never a free agent., For this reason, Region D may be

celled a lebor-relatively-abundant region.

(e) Region E includes all boundaries with endowment ratios higher

than Le. It is symmetrical to Region A end may be called the labor-

absolutely-abundant region where labor is always free while land is

never free. ’

As is implied in the constructionvof diegram 39, the classifi-
cation of the five regions is completely governed by the technological
considerations, i.e. they are determined by the input ratios correspond-
ing to the four ridge lines.

The distinction of the five regions is somewhat interesting from
the viewpoint of the development of value theory in the history of
economic doctrine., This problem will receive our detailed analysis in

i/

the following chapter,

Section sixt The Specializaetion Status and the Theory of Equalization

of Factor vprices.

In a previous chapter, we have considered the theory of internationel

equalization of factor prices, of Professor Samuelson, for the case of
17/
two countries. In this section, we extend the analysis to include

"meny countries", and we also meke the more generalized assumption that

18/

one of the two factors may become free,

16/see below  Chapter VII

17/See above page 58,

18/See section one of this chapter,
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We aaéume, first of all, that the eqﬁilibrium position is alreedy
determined -~ e.g. as represented'by the radial line OR in diagrem
For the analysis of the equalization of factor prices, at this parti-
culer equilibrium, the significant claasificatiéig/of the countries, ac-

cording to the endowment ratios, are as followss (See diagram 39)

I. Region A ~ the land-absolutely-abundent countries defined

in the previous section.

'II. Region E - the labor-absolutely-abundant-region defined in

the previous section,

IITI. The incompletely-specialized countries - the countries with

endowment ratios falling between the édndowment ratios of the
two merginal countries (i.e. countries g-k inclusive for OR
in diagrem ).

IV. The infra-marginal-food-countries - the countries with endow-

ment ratios lying between Tf and the endowment ratio of the

20/

merginal food countries (i.e. countries c-g inclusive).

V. The infra-marginal-clothing-countries - countries with endow-

ment ratios lying between Le and the endowment retio of the
" marginal clothing country (i.e. countries k~n inclusive).
The determination of the five regions depends upon technologicel

considerations and the equilibrium product-price ratio (which cen be

19/Not to be confused with the classification (of five regions) under-
taken in the previous section which dealt, entirely, with an internal
problem. The classifications, here undertaken, are marked at the
top of diagram

20/I% may be observed thet Region A (i.e. the land-absolutely-abundant
region) is also included in the infra-marginal region for complete
specialization in food. However, relative to the purpose of this section,
it should be separated.
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traced back to the forces of the relative strength of demand). As will
be pointed out 1ater,gl/;his classification of %he countries (into five
groups) is possible (for eny given equilibrium position) only under
particular assumptions.

The five groups of countries, as identified above, are indicated
at the top of diagram39. With the aid of this classification (and
disgram39), we may readily state the following conclusions with respect
to the theory of equalization of factor prices, (with only moderate

elaborations)s

(2) For incompletely specielized countries (i.e. countries

g~k inclusive), factor prices are equalized, both abso-

lutely and relatively, between the countries.

The fact that factor price ratios of these countries are equalized
(i.e. factor prices are equalized reletively) is a straightforward ex-
tension of our earlier analysis., We have beeﬁ.able to prove thet for
any peir of countries in this group, the factor price‘ratios must be
equalized%g/ Hence, by induction, the factor price ratios of all countries
in this g}oup must be completely equalized.

Whet we mean by the assertion that factor prices are equalized
absolutely can be il}ustrated by the reward of lebor in different

countries. The marginal physical productivity of labor, for the production

of the same commodity (food or clothing) must be completely equalized

21/See below page 176,

22/See section II on page Glabove.
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between:the countries in this group. This is true by Rule (13 on
page 28 , which states that the marginalbphysical productivities are
completely determined by the ratio of inputs (for the production of

23/ |
either commodity).

The ﬁreal'wage" of labor, at this particular equilibrium position,
can be repnéeented as‘in,diagram1+0. The marginal physicel productivity
ofllabor, for the production of clothing, is plotted on the x-a#is
ke.g. 0C), and the merginal physical productivity of labor for the pro-

. duction of food is plotted on the Y-axis (e.g. OF). The slope of the
straight line FO, then represents thenéquilibrium préduct price ratio.
This is true due to the fact thet OC and OF represent the reward of labor,
(in terms of clothing-unit and food-unit), employed in the different
industries of the same country. - The exchange value of OF units of foéd,
neéessarily equals OC units of clothing —~by the assumption of perfect
mobility éf labor betwsen the-ﬂwo industries. Hence, OF/OC represents
the product price ratio (price of food/price of clothing).

The straight line FO in diegram LQ then, cen be teken to repre-
sent the real wage of labor, in the sense that the actual consumption of
labor can be represented by a point on it.gi/kThe problems of index numbers,
which is the basis on which an "embiguous measure" of real wage can be

obtained, are avoided in diagram),0)

23 /Apparently the ratios of input, for the production of the same com-
modities, by the different countries in this group are equalized - by
the parallel relationship.

24/Boiling down to its logical content, a trivial version of labor theory
of velue was born out of this fact. See chapter VIIbelow, page 218,

25/This is true by the fact that the slope of FC represehts product price
ratio., The actual consumption point ~ e.g. point P in diagrem Q-
is obtained as the point of tangency of FC with the psychological pref-
erence systems of the individual labors.
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Since the marginal physical productivities of labor in ali
countries are equalized (and the product price ratios are, of course,
also equalized), diegram 40 (i.e. the curve FC) can be teken to repre-
sent the real wage of all countries at this particular~equilibrium level,
Hence, the real wages are equalized absolutely between the various coun-
. tries in thia‘group.

Similarly, the real rents of the various dountries, at this parti-
cular equilibrium level, must also be completely eqdalized, absolutely.

(b) For infra-merginal-food (clothing) countries, both factor

price ratios, end absolute level of factor rewards, are different for

all countries. The higher the endowmant retio (as compared with the other

~ countries) the higher will be the factor-pricq'ratio and the higher

(the lower) the real wage (real rent). (The limiting position is reeched

when endowment ratio is as high (low) as Le(Tf) where Region E (4) is
reached end lebor (land) becomes a free ageht.)

This conclusion is easily supported —with the aid of diagrem 39
Imagine that the production contours for clothing are there. The in-
creasing endownment of.labor is represented by moving from point k to
point n along the horizontal line kn (i.e. for the infrasmerginal country
for the production of clothing). The slopes of the production contours
must be decreasing as the point moves toward point A - by rule (11) on
page (18). This proves thet the factor price ratio is decreasing as the

26/

endowment ratio is decresased.

26/The contour meps for the production of food are irrelevant for the
determination of the distribution - -because all the factors of pro-
duction are being allocated for the production of clothing, for this
group of countries,
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Since the input ratios for the production of clothing are higher
when the endowment ratios of these countries are higher, rule (11 )
on page 22 states that the marginal physical productivity of labor will

‘be higher when the input retio is higher. Referring to diagrem 40, the
marginal physical productivities of lebor in countries k, 1, my Nyeeece
can be represented by the horizontel distance of the points G, Cl, Cm,
Cn. The (dotted) straight lines, (which are parallei to the straight
line FC) represent the real wage of these countries --since the slope of
FO represents the equilibrium product price ratios for all countries.

It is seen that e.g. the real wage of country m is smeller then thet of

country 1 (i.e. the straight line FmOm is everywhere lower than the
27/ A

straight line FI1C1,

In disgrem/;00 , when the déndowment ratio is as low as Lc - i.e.
country n - the production contour at point n will be horizontal. This
means that the factor price ratio and the real wage will be zero,

Similerly, for the infra-marginal-food countries - i.e. countries
c-g inclusive - it can be easily shown that both the factor price ratio
end the absolute level of factor reward are different from country to
country. When the input ratio is higher (e.g. country d rather than
country e), the factor price ratio is higher and the level of real wage
(rent) is higher (lower), until point ¢ (i.e. the endowment ratio Tf) is
reached where the factor-price ratio is infinite, the level of real rent

is zero (and the level of reesl wage is the highest).

27/See footnote 25/ above on pege lhl. '
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(¢) _For countries in Region A (E) where land (labor) is

always free, the absolute wages (rent) (and trivielly, the

factor price ratios) are eguelized betwean themselves, and

are higher than the countries in the otherizegiQQSS.l

This is easily seen from diagram39 ; Teke countries w end z -~
in region E - for instance. The marginal and average physical pro-
ductivities of land at points w an& z are apparently the seme (it is the
production contours for the production of clothing that are relevent. )
Similarly, it cen be easily proved that the marginal and average physical
productivities of labor, at point & and b (in Region A), for the pro-
duction of food, are completely equalized. Furthermore, it cén be easily
seen that the configuration of factor reward for countries in region E
¢A) is similar to that of country n (c), in which, the reward of lend
(labor) is higher than all countries not in region E (4).

In view of the observations made above, the theory of Professor
Semuelson may be modified in the following forms

(1) Incomplete specislization is a sufficient (but not necessary)

condition for the complete equalization of factor price, both absolutely

and relatively,

(2) For countries with a factor of production which is always

redundant (i.e. countries in region A orR:), factor rewards are completely

equalized betwsen countries with the seme redundant factor, regardless

of the equilibrium position.

Section seven: Generalization

Two assumptions which we have made in the analysis of the last

two sections may be relexed: (1) thet the endowment of "land" for all
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countries is the same (e.g. OT in diagram39 ). (2) thet there are an
infinite number of countries.

(1) With the aid of the box diagrams, it can be easily shown
that the configurations of factor rewards (i.e. the factor price-ratios
and the absolute level of factor reward) will be equalized for all

countries with the same endowment ratio when equilibrium is established

between them. The fact that equilibrium factor rewasrds are independent
of the sizes of the countries are ensured by the assumption of production
28/
functions with constant returns to scale.
Since our enalysis in the previous section (Section six and

diagram 39) included all endowment ratios, it automatically tekes care

of countries with any pattern of factor endowment - ratio and size.

With respect to the internsl problem anslyzed in section five -
i.e., on the prospect of factor rewards - it can also be easily shown
that the implications of the classification of the various countries,
according to the endowméntvratios, into the five regions (A, B, C, D
end E as determined by Tf, Tc, Lf and Lc -- diasgrem 39) will be equally
valid when countries of all sizes are considered.gg/ In other words,
the prospect of factor rewards is completely‘determined by the endowment
ratios —- and is independent df the sizes of the countries.

Hence it is seen that our analysis in the two previous sections

30/

are general and exhaustive of all possible patterns of factor endowment.

28 /Compare with the analysis underteken on page 75 earlier.

29/For the implications of the classifications (i.e. for the meaning
of "prospect of factor rewards) see section five above,

30/See, however, page 113 below ’
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This generalization (from "endowment ratios" to "sizes of factor endow-
ment) cean be easily made bécguse of the ass&mptién of production functions
with constant returns to scale.

(2) The sssumption of an infinite number of countries is clearly .
an expository device. The technique of analysis developed in the last
two sections should apply equally well to any number of countries, All
the countries represented in e.g. diagram 39 (or even in the more genersal
~case, where ell countries with any size of the factor endowments, may be
‘represented in a disgrem -- e.g. someihing like disgram/]l below) can be
treated as reference countries, with the aid of which a designated group

31/
of countries can be analyzed.
We can even say that: it is the technique of diagrsmmatic analysis

which should be emphasized rather then the concrete conclusions which have

32/

been reached in the previous sections.

31/Vore precisely, when a finite number of countries are under investi-
gation, the positions of the critical countries isoleted in the
previous sections (i.e. countries with the endowment ratios Tf, Tc,
Lf and Le and the marginal food end clothing countries - see diegram 39 )
are often more interesting and crucial., They (alone) can be taken
as the reference countries (and their optimum ellocetion curves
plotted as auxiliary curves) which are often sufficient to throw
much light on the analysis of a designated group of countries.

32/The significance of this assertion will be fully realized in the
appendix of chapter VI (see page 176), where it will be shown that
our anelysis in the previous sections is not exhaustive of all the
possibilities at all,
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Diag. 4/




148

Section eight: The Determination .of Specialization Status for Many

Trading Countries.

In chapfer IV we have analyzed the "determination" of the
specialization status of the trading countéies by the diagrammetic
methods, for the case of two countries, This analysis will be gen-
eralized in the "many countriesé case in this section. As before, our
anelysis in fhis‘section is, £6~a large extent, intuitive -- the validity
of the conclusions appeals to "common sense" rather than to precise
»quant?iitive reasonings; end tﬁe concluaion; must be accepted with
reservations.

In diégram 41, let there be three countries (A, B and C) ini-

tielly in the "world" for which the "isolation equilibrium positions"

are shown -- i.e. Ia, Iﬁ and Ic, éhese points are chosen so as to‘
indicate the fact that the relative strengths of demand for the two
commodities are approximately the same in the individual countries
throughout the world. (The'relative strengths of demand will be
"isolated" (methodologically) in this way throughout this section).

‘ Th; equilibrium position, efter trade, between the three countries,
can be represented by the radial line ORl. It is seen that countries

A snd C are the exporter of clothing and country B is the exporter of

food. Country A is incompletely specialized while country C (B) is com-

pletely specialized in the production of clothing (food).

33/See above, page 112

34/For the meaning of "isolation equilibrium position", see pagel0§
above. The isolation equilibrium positions of countries C and B
(for which no optimum allocation curves can be drawn) cen be repre-
sented by any point in the "box" with the "correct" vertical and
horizogtal positions, respectively. (see footnotegb/ on pagel30
above. oo
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Is‘it probable ﬁhat these specialization statuses (of the three
countries) likely hold under ell "normal" circumstances --under the
assumption that the relative atreﬁgths of demand for the two commodities
are everywhere alike? It is very improbable, in this case, that country
A becomes completely ﬁpecialized efter trade. This ie true (intuitively)
because of the fact that if country A is'completely specialized (for the
production of food, for instance) the structure of production of this
country must have changed drastically, relative to the volume of trade,
ss compared with the isolation equilibrium position. (i.e. the pro-
duction equilibrium position of country A has chenged from Ia to point 0).
We expect such a thing to happen oﬁly when there exists an important
world market for food (i.e. importing countries for food), to which
country A cen export (food). Since country C, then, will be the only
importing country (for food, in this case when country A is completely

specialized), and because of the fact that country C is a small country,

it cannot be the country which absorbs the hugh export.of country A
(plus that of country B) and be the only supplier of clothing = to ell
the three countries, Hence country A could not have been completely
specialized, |

This seems to be suggestive of the fact that the completely

specialized countries are likely to be the small countries - e.g. countries

B and O in the present cese., However, e more comprehensive conclusion

35/This is most likely true under the assumption that the relative
strengths of demand are everywhere the same, but is most certeinly
true when the relative strength of demand is also price-inelastic.
(If country A is completely specialized in the production food, there
would be too much food and too little clothing for the whole world
(supplied by country O alone) as compared with the isolation outputs
of the world).
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seems to be that: the completely specialized countries are likely to

be those countries with the endowment ratios very different from the

world average. (In the present case, the mere fact that country A is

large ensures that the endowment ratio of country A cannot differ dras-
tically from the world average, When there are relatively few coﬁntries
the size of country A as "heavily weighted" in the computation of the
world average. Hence, thé underlined conciusion above still applies in
the present case.)

The likelihood of this conclusion can be seen when more countries
are added in the way shown in diagrem 41 - i.e., countries D, E, F and G
are newly added countries., The equilibrium position is rebresented by
the radial OR2. (Countries A, F and C are the exporters of clothing and
| countries B, D, E, G are the exporters of food). It is seen that country
A is now compietely specialiied in the production of clothing - to supply
the world merket which is now composed of the importing countries (for
clothing) of E and G (in addition to B) which are more suitable for the

. 36/

production of'food than A,

Fer diegrem 41, it is seen that the endowment ratio of country A
is "more different" from the world average (than before) because of the

fact that the newly added countries (D,E,F and G with endowment ratios

higher than that of country A) have raised the world average. If the

36/The newly added countries are countries D,E,F and G. Relative to
country A, all these countries are relative land-sbundant countries,
more suitable for the production of food than country A,
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relative strengths of demand of the newly added countries (as repre-
sented by the isolation equilibrium positions Id, Ie, If and Ig) are
similar to that of the other countries, the wofld price of clothing must
now become higher because of the fect that the newly added countries are
relatively land-abundent countries. The increased price of clothing
has "forced" country A into the status of complete specialization for
the froduction of clothing. Hence, our formula holds,

Our formal enalysis on the problem of specialization status -
i.e. our formal exércise of the technique of box-diagram - is now com-
pleted. We will say a few words, in the remainder of this section, on
the.significénce (or the vaiue)fof our analysis of this problem - from
the utilitarian‘viewpoint.

It is needless to say that we cannot very easily find exemples
in the realistic world to test the validity (and still less, the pre-
dictive power) of our analysis because of the fact that the essumptions
of our analysis are so simple. Yet, broadly speaking, it is probably
true that our analysis is not entirely irrelevant to the facts of the
realistic world in the sense that, in international and inter-regional
trade, we often find highly specialized regions of production which can
be expleained by the drastic difference in resources endowments under the

38/

opsration of (loose) market force.

37/That is when there are many countries, the weight of the sizes of a
single country is relatively not as influential (on the world average).
It is the deviation from world average which determines, approximately,
the specialization status of the individual countries = when there
are either many or few countries.

\

38/e.g. the one-product-colonial economy, or the "mining aree" within

an economy etc. . - -
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As it is well known, there are many reasons ceusing the com=-
pleteiy specialized countries (especially agricultural countries) to
refuse the dictation of the mérket force and to become incompletely
specialized, A usual way to achieve this goal is through indust;ial—
ization - which repiesents, essentially, an effort to change the endow-
ment ratios (e.g. capital to labor Jwhich may be called on economic ad-
justmant) - testifying the correctness of the general spirit of our
analysis.

Another way to achleve the status of incamplete specialization
(which is more effective) is through politicel adjustment. The countries
concerned mey become (artifically) "isolated" - i.e. insulated from the
dictation of the market force outsiée the poiitical boundary by the
adoption of the various kinds of trade restriction). These facts can
be easily demonstrated by ouf diagrammatic methods.

The writer believe that, barring transitional and dynamic consid-
eration, the long run desirability of free trade througﬁout the world,
under the favorable conditions of perfect competition, should be recog-
nizes as an acceptable international ethics -~guiding the enactments of
trading policies. If this belief is acceptable, the gquestion of
specialization stetus tekes on a significance roughly comparable to the
"infant industry argument" —nemely, if iu@omplete specialization, as

undesirablev from the viewpoint of the

such, is being considered as "

39/See, for example, N. S. Buchanan and F. A. Lutz, "Rebuilding the World
Economy" » The Twenty Century Fund 1947, page 181..

40 /see Professor C. P, Kindleberger "The Dollar Shortage", The Technology
Press of M.I.T., 1950, pages 222-224, -
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individual countries, the question is then; how long the political ad-
justment (e.g. tariff) must last before the economic adjustment (e.g.
iﬂdustrialization) can be accomplished to such a degree that will enable
the individual countries to obtein a degree of industrialization (con-
sidered desirable) and to participate in the femily of world trade with
"ethical trading policies - i.e, free trade.

A Faced with a problem of this kind, the classification of the
countries, into two groups, nemely, completely specialized countries and
incompletely specialized coﬁntries, as had been done in an eerlier sect-
ion, is somewhet significent.

This is true because of the existence of the infra-marginal.(food
and clothing) countries as far as specialization status is concernedaﬁl/
If we only know that a country is incompletely specialized, we know
reasonably well that “the day is not far off" fof the country to improve
her endowment ratio (ihrough, e.g. real capi£a1 accumulation in the in-
dustrialization process) to the desirable direction and extent so thet
the country will be able to participate in world trade as an ethical
member - even though the country has to rely on political adjustment to
effect the transition temporarily.

‘On the other hend, if a country is completely specialized, we do

not know "how infra" is the position of the countr§ - the endowment

retio of the country may be "way off" from the "desirable" ratio of factor

41/See Diagram 39
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endowment (namely, that ratio which is compazable with free trade and
the’acceptable degree of industrialization).—g/
It is safe to conclude, however, thét: what must be emphasized is,
again, the method of analysis: given the equilibrium position of the
international trade, and the endowment ratio of a country, we know, ap-
proximately, to what extent a country has to modify her endowment ratiz
in order to achieve a certain (desirable) degree of industrialization;—i/
It is feirly easy to demonstrate the logic of the analysis of a problem
of this kind, with the aid of the diagrammetic methods developed in

this chapter.

42/0n a closer examination, however, it seems advisable to say that our
argument in this connection (in the text) is more (or less) meaningful
depending upon the difference between the endowment ratios of the
marginel food country and the marginal clothing country. Referring
to diagram39 , if point g end point k ere close together, our argu-
ment in the text is more meeningful. This is true because of the
fact that, in such case, it will be relatively easy for a country
which is already incompletely specialized, to change her degree of
industrialization, through a slight modification of her endowment
ratio and produce a higher ratio of industrial output. When the
distance between point g and point k is great, our argument loses
force. Hence, it is seen that the solution of our problem hinges
upon the character of the production functions, in*addition to the
other equilibrium conditions.

43/This is more easily true, if the country involved is a small
country -—otherwise it is no longer reasonable to assume that the
equilibrium position will remain the same after the program of in-
dustrialization of the country is completed.
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‘Section ninet The Map of Production Frontiers

In this section we will show the relationships bétween the box
diagrem and the so-called map of production frontiers —-or the map of
obtimum output curves. In diagram 422 map of production frontiers is
constructed., It is derived from diagraﬁ 39. The vertical axis and the
horizontel axis are teken to represent the outputs of food and clothing,

44/
respectively.

For every optimum a location curvevin diegram 39, there is a cor-
responding production frontier in diagrem 42 (solid curves). The five
regions: A, B, G, D and.E,'identified in section five from the box
diegrem (39) are indicated in the frontier map belﬁw the horizontel axis,
The correspondence between the two maps can be developsd in the following
ways$ |

1) Countries in Region C - From diagram 39, it is seen that this

group of countries have optimum allocation curves with full length. By
rule (25 ) on page 57, we know that the product price ratio is mono-
tonically increasing, between the two points rebresenting complete spec-
ialization for clothing and food, respectively --as the equilibrium posi-
tion changes from a lower point to & higher point on the optimum alloca-

tion curves (i.e. when more clothing ~ and less food - are produced).

44 /T4 is unfortunate that when this system of exes is chosen, the output
. ratio, which is taken throughout this thesis as the units of clothing
per unit of food, must be represented by the "inverse slope (rather
than the slope) of the radial line passing through any point for
which the output ratio is considered. The reason that this (incon-
venient) system of axes is adopted will be evident in our analysis
in the following chapter.
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This is reflected in diagram/.2 , where it is seen that the production
 frontiers are entirely "curved" for countries in region C — on any (one)
production frontiers in~this r;gion, the absolute value of the slope

of the frontier is higher at a lower point between the two points repre-
senting complete specialization (e.g. between point h and point h' for
the production frontier of country h). ‘

(The production frontiers of éountries in region C are repre-
sented by solid black curves which are the type of curves used for the
optimum allocation curves for these countries. The two countries lying
at the margins, at each end, of this region, are country f end country i,
respectively, as can be seen from both meps - diegram 39 and disgrami?2 o)

2) Countries in Region D - From disgram 39, it is seen that the

optimum allocation curves for this group of countries are "{ncomplete®
at the lower ends ~-indicating the fact that when the outp&t of food ﬁaa
increased to a certain point, the product price retio, instead of de-
clining, becomes constant with every further increase of the output of
food (until complete specializetion for the production of food is
reached).

This state of affairs is reflected in diagram 42 by the fect that
the production frontiers in this region (D) become straight lines (rather
than curved) et the upper portions. (The solid grey lines are used for
the production frgntiera and the optimum allocation curves for this

group of countries.)

45 /See above, footnote jb/o
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The fact thet, in diagram39, the optimum allocation curves of
all countries in region D terminate on Lec, (e.g. at points J, X, L. and
M...) is reflected in disgram L2 by the fact that the production frontiers
of these countries "become" straight lines at the points J, K, L, and M.
The fact that these "turning points" fall on the same straight line -
‘i.e. the straight line In - will be proved later.éé/

Ve may observe, first of all, that the lower limit of the product
price ratios for all the countries in this group are identical. This~cah
be easily proved with the aid of such diagrems as38, where it is seen
that the product price rati§ becomes constant when the equilibrium posi-
tion is established at a lower point than D.AZ/

It can also be easily proved thst, when the equilibrium position
of a country in this region (D) is established in the constent cost re-
gion, labor becomes redundent so that any further addition of labor (with
the quantity of land being held fixed) will not affect total outputs

48/
(specifically, will not increase total outputs). In the map of production

Aé/From diagram 39, it is obvious that as the radial line OR approaches
Lc, the product price ratioss/established at points J, K, L and M are
completely equalized. This fect alone ensures that J, K, L and M fall
on one straight line - which is the limiting case of a proposition
which will be proved later. (See page 162below). (Footnote 56/)

47/Nemely, this "constant opportunity cost" will be the same for all
countries in region D.

48/In diagram 38, (which is & box diagrem of a country in region D),
when the equilibrium position is established at point G, any further
addition of labor only makes labor more redundant - -because land is
the bottleneck factor. Any addition of labor will shift the upper-
right corner of the box (i.e. point A), further to the right, hori-
zontally —with the whole map of production contours for food shifts
horizontally. The fact that the "new" country (with a lower endowment
ratio) can only produce the szme amount of, e.g. food, (i.c. £2 at
point Q) if she produces the same amount of clothing (i.e. c2 at point Q)
as compared with country A is clearly indicated by the fact that the
production contour f2, always coincides with the production contour c2,
over the horizontal portione, when f2 is shifted horizontally.
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frontiers, this is reflected by the fact that the "straight-line por-
tions" of the production frontiers of this group of countries necessarily
coincide. In diagram 42, the straight line In is, then, composed of
the straight line portions of the production frontiers of all‘the count~

ries in region D.

3) Countfiea in Region E - The countries in Region E, for which no

opt imum allocetion curve cen be drawn (in disgram 39), have the straight
line In as the common production frontier in diegremyZ . This is sup-
ported by a simple extension of the arguments used above.

4) Oountries in Region B - The optimum allocetion curves for the

countries iﬁ this region are incomplete at the higher ends (diagram 39).
This is reflected in diagramhéi; by the fact that the production front-
iers of th{s group of countries become straight lines at the lower ends,
indiceting the fact of constant oprortunity cost. (The solid grey
curves are used for the optimum allocation curves and the production
frontiers of these countrigs;)

. It can be easily proved that the straight-iine portions of the
production frontiers of these countries (e.g. Ee and Dd) are parallel.
'Furtﬁermore, the point (e.g. D éna E) where the production frontiers

. 50/
becomé' straight line fall on one straight line (fc' dotted blue).

49 /The production frontier for country n is the straight line In in
diagrami42 . Further addition of labor-endowment to that of country
n will no longer produce any effect on outputs ~ because country n
always produces under the condition of constant opportunity cost.
(See footnote 48)

50/In diagrem 39, when OR approaches Tc, the equilibrium price ratios
established at points E and D (of countries e and d) are equalized.
If the point D end E, (which are the "turning points" of the production
frontiers for countries d and e in diagrem 39) represent product price
equalization points, the.assertion in the text cen be easily proved
with the observation which will be made on pagelOZ2 below. Tuotnote 56/,

3
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The positions of the production frontier of a country in this

region is alwaeys higher than that of another country if the labor
endowment is higher (than the other country: e.g. the production
frontier of country e is higher than the production contour of country d).
Furthermore, the distances between the parallel (straight-line) portions
of the production frontiers (e.g. dD and Ee) are proportional to labor
endowments of the various countrieajzl/ It is seen thgt there is asym-
metry of the production\frontiera of the countries in region B and
region D.)

5) Countries in Region A - For these countries, (for which the

optimum allocation curves cannot be shown in diagram 39, the production
frontiers are parallel, and the horizontal distances between them are
proportional to the endowment of labor (i.e. the scarce factor). These

52/

assertions can be readily proved,

51/This observation can be easily proved with the aid of diagrams
like t postulating two countries (in diagrem 38 with the upper-
right corners of the boxes lying between points U and V. It is
easily seen that, e.g. when the output of one commodity is fixed,
the output of the other commodity is higher for the country with
more labor endowed. This asymmetry between the frontiers in regions
B and D is due to the fact that the quantity of land (rather than
labor) is being held fixed for all countries considered. When the
constant opportunity cost range is reached, in this case, land is
the redundent egent end lebor is the scarce (bottleneck) agent.
When more labor is added, the redundant land will be gradually “ab-
sorbed", end the optimum outputs of the two commodities will be.
proportional to the endowment of the scarce factor (labor) as long
as there are still redundant factors (land).

52/These production frontiers - e.g. aa', bb'...etc. - are, of course,
parallel to dD and eD of countries in region B. 1In other words,
the triangle Ofc' in diegrem/2 enclosed the constant price-region,
in which land is always redundant and free.
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Equal-Price Contours:

The dotted (blue) lines in diagram 423 are the equal-price-
contours - i.e. they connect points on the production frontiers of the
various countries with equal slope (representing equal product price
~ratios).

The equal price contours are straight lines. This can be readily

proved with the aid of diagram 39. Teke any radial line OR, for instance,
The points of the optimum allocation curves which it intersects - i.e.
Qh, Qi, Qj... - represent equilibrium positions with completely equalized
product price ratios (by rule 27 on pege ©2). At these points, the
increments of the output from ¢puntry h to country i and from country i
to country j are in the ratios of QhQi/QiQj for clothing and Quh'/Qii'
for foodﬁii/by rule (1 ) on pege 10 . But, by the similar triangles

QnQih' and QiQji' (all three sides are parallel), we have:

Qhh'/QhQi = Qii'/QiQj
This condition states that: the ratio of increments of the two
outputs from country h to country i equals thet from country i to
country j. Referring to diesgrem 44, this condition ensures that Qh,
Qi and Qj fall on the ssme straight line if the product price ratios are

54/

equalized between them.

53/Qih' and Qji' are horizontel lines by construction.

54/In diagram 42 the ratio of increment of the two commodities from
Qh to Qi is represented by the slope of the straight line connecting
the points Qh and Qi. The same ratio is represented by the slope of
the straight line connection Qi and Qj. In other words, the straight
line comnecting any pair of points with product price equalization
must have the same slope. The equal-product-price lines (dotted blue)
must be a straight line.
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By the theory of equalization of factor prices, investigated

earlier, all the points (on the product frontiers, e.g. Qh, Qi, Qj)

on the same equal-préduct-price contour (e.g. the straight line kg')

also represents complete equalization of factor prices, absolutely and

relatively.

This fact is somewhat interesting reletive to our

analysis in the following chapter,

55/See above

56/See above
positions
frontiers

section six on page 137

regel39. These points obviously represent the equilibrium
of the incompletely specialized countries. The production
of the marginal food (clothing) countries - i.e. countrles g

and k respectively - intersect the equal-price contour - i.e. g'k
(dotted blue) - at the upper and lower ends, (of g'k), respectively.
Incidentsally, it is then obvious that the points J, K, L and ¥ (which
are the "turning points" of the production frontiers in region D) fall
on one straight line In, in diagram 42 (elso, points E and D, etc.
fall on the same straight line c'f) because of the fact that the
product price ratios are equalized at these points. (See above foot-

note 40O

» 59/)

57/It can also be shown that the ratios of increments of (both) outputs,
. from point Qh to Qi and from Qi to Qj, equals to the ratio of the
increment of labor-endowments from country h to country i and from
country 1 to country jo Referring to diagram39, it is easily seen

thatt

Quh! = QhQi = hi
Qii'  QhQj  ij

(The last ratio in thie equality is the ratio of the successive
" increments of labors).



163

' Food.

Clothing ¥ A -
Diag. 43

.Dl'&.g. 4_4_



164

Generalized Production Frontier Maps

So far, for the construction of diagfam 39,-w9 have held the
quantity of land endowment constent for'all countries (i.e. OT in
diagren{fy. When the quantity of land is variable, the production
frontiers of any country can be easily derived, geometrically, from
diegrem 4L, in the following way: when the endowment retio, of a country is given
i.e. country XEQ/; the size of factor'endowments of country Xmust be a
multiple of one country represented in.diasgrem 39 (Or 43. Let this
country be country f,

The production frontier of country X cen be geometrically derived
from the production frontier of country f, by projecting the latter
production frontiers (which is known), in the radial direction, in such
a way that for any output ratio, the radiel distance OE' and 0! (see
diagrem /) bear the seme proportion as the ratio of factor endowments
of the two countries. This can be easily proved by the method of box
diagram. The equal-pricé contour between the two couniries, are "con-

6o/

nected" by the radial lines, e.g. OR in diasgram 43.

58/Country X has endowment of land other than OT in diagram 3Q; we want
to construct a production frontier for this country.

59/This is true because of the fact that all the endowment ratios are
represented in these diegrems.

60/In diegram 44, for eny equalibrium position OR, it is reedily seen,
by the parallel relationship thet, ‘
OA = £ £Qf
0B XQ @x »
These equalities state that when the product price ratios are equalized,
the ratios of output of clothing (OA/OB) end food (jA/XB) equal the
ratio of factor endowments (0j/0X).
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When equilibrium is established between these two countries, it

is readily seen that the factor prices are equalized, absolutely and
61/ . .

relatively.

61/See footnote 60/above., -
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Apvendix

The Generalized Critical Map

In chapter IV above, we have developed a critical map from the
box diagram. Such‘a map is reproduced in diagram 45, We recall. that the
upper and lower critical curves indicate the upper and lower critical

ratios, for any endowment ratio(of a country) as indicated on the hori-

zontal axis. The upper and lower critical ratios are the upper and lower
enc-slopes of the optimum allocation curve (with "full" length) in the

box disgrem, of a country with "that" endowment ratio. The upper and

lower critical curves are positively sloped and are symmetrical with
1/

respect to the 45-degree line - OD. .

» For any equilibrium positién, the equilibrium input ratios of
the two industries, of the various incompletely specialized countries,
‘can be represented by a (green) perféct square inscribed between the two
critical curves - e.g. pérfect square k-g in diagram 45. This reflects
the equilibrium condition that the input ratios for the production of |
the same commodity, of all the incompletely speciaslized countries, are

the same., Furthermore, the endowment ratio of the marginal food (cloth-

ing) country, equals the input ratio for the prodhction of food (clothing)

2/

of any (and all) incompletely specialized countries. Hence, in diagram

45 countries k énd ¢ are the marginal clothing and food countries,
respectively for the equilibrium position depicted in diegram 39 (i.e.

equilibrium position represented by OR).

1/See Chapter IV, sections 5.

2/See above page 135,
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This critical map can now be generalized to include the possi-

bility that one of the factors may become a free agent at the equili-
brium positions. The critical map for this more general case is repre-
sented in diagram 46 which is derived from diagram 39 in the following
wey. (First,’mark off the fogr ihput retios of the ridge lines Tf,
Te, Lf énd Lc on the vertical axis. Draw the horizontal lines th}ough
these pginté interseéting the 45-degree line OD at points c;f,i, and n
which ere projected directly on the horizontal*aXis. The f'ive regions
A, B, 0, D, and E - identified in section V qlfor the study of the

3/

"internal'problem“ - are marked above the horizontal axis. .

Consider country i in diagrem 39. It is tue country with the

endowment ratio Lf and hence lies on the margin between regions C and
L/

D. Of all the countries which have "full-length" optimum-ellocation

curves (black) i.e. countries in region C, it is the country with the

lowest endowment ratio (Lf). The lower-critical ratio - i.e. the lower

end slope of the optimquailocation curve - of country i equals Lc,

This can be proved as followss

3/See above section V

4/Country i is the country in which labor is on the margin of "may
be free" (see pege 136above). It should not be confused with
country.k which is the marginsl clothing country. (While the critical
" position of country i is completely determined by technology con-
gsiderations, the critical position of country k is partially determined
by the particular equilibrium position - whica is governed by the
reletive strength of demand for the two commodities.)
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In diagrem 39 the straight lins (dotted black) jQ; end iQ; are
parallei by the parallel relationship —vsince the points Qj and Qi are
intersected by the radial line OR by construction. Now let the point
Qj epproach point J which lies on Lc, the radial line passing through
Qj (e.g. OR) then approaches the radial line Le, and the point Qi, on
the optimum-allocation curve of country i (i.e. iQiO) approaches point
O.. This proves that the lower end slope of the curve iQ; equals the
| slope of the redial line OR, which approaches the radial line Lc as the
limiting position.

Hence we‘know: when the endowment ratio of a country (e.g.
countfy i) equals Lf, the lower critical ratio equals Lc. ?his is

indicated in diegram 46, Similarly, when the endowment ratio of a

country - e.g. country f - equals Tec, the upper critical equals Tf,
as indicated in diagram 46, ‘

It is our purpose to show next that the country with the endow-

ment retio Lec (e.g. country n in diagram 39) hes an upper critical ratio
Lf. This cen be proved as followas

Oonsider the optimum allocation curve of country i, namely
1Q;0, in diagrem 39, If we let Qi approach point O as before, the radial
line passing through the point Qi approaches the ridge line Lc - as
shown immediaiely above - and the (dotted black) line iQ; approaches Lf,
This fact is sufficient to prove that when the input ratio equals Lc
(i.e. OR approaches Lc), the upper critical ratio approaches Lf (i.e.

iQi approaches Lf).

5/This is true because of the fact that the jQ; and iQ; always parallel
. (dotted black); and they approach, respectively, the perallel lines
(solid green).jJ and iO which are parallel by construction.
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This fact is indicated in diagrem 46 - i.e, when the endowment
ratio eéuals Le, the upper critical ratio equals Lp -~ i.e. for country
n, Similarly; when the endowment ratio équals T (e.g. that of country
¢) the lower critical ratio equals I, as indicafed in diagram 46.

In diagram 39 it is clearly seen thet the lower critical ratios
of all countries in Region D - i,e., countries i-n inclusive - have the

seme lower critical ratio (i.e. Le). The lower critical ratios in the

pfesent case sigpify thaf: when.tﬁese countries begin to produce
clothing in such a wey that labor is no longer free, the input ratioss
for the production of clothing of =all counfries in region D equal Lc:J/
Hence in diagram 46 we see that the lower critical éurves become
the horizontel line - with height Ly - for all countries in region D.
Similarly, we sée that the upper cfitical ratios of all countries ih

region B equalas Tp - i.e. the horizontal portion with height Tf. The

critical disgrem "begins" and "ends" with "perfect squares".

The equiligrium p;sitioﬁ OR, in diaéram 39, is repr;sented again
by the (green) perfect square in diagram 46. The specializétion status
of the various countries is indicated in diagram 46 below the horizontal
axis.

When the world demand for food is stronger, the equilibrium posi-

tion will be represented by a lower perfect square in diagram 46 (and by

6/vether the lower end slopes of the (grey) optimum-allocation curves
of these countries (e.g. the slope at points J, K, L, M....) equal Lec
or not is economically irrelevant, because of the fact that the lower
end slopes at these points no longer represent the input ratios, then
the optimum-allocation curves are "incomplete" at the lower (end higher)
ends, . N



172

a lower retail line (than OR) in diagram 39. Corresponding to this
weakening of the world demand for clothing, the endowment ratios of the
marginal food country and the marginal clothing country become lower,
and the input ratios for the production of both commodities by all the
(new group of ) non-specializing countries will be lowef (than the
input ratios of the old groups of non-specializing countries before the
change of the strength of demand). The product price ratio becomes
lower too. ' |

With a continuous weakening of the world demand for clothing,
the limiting position will be reached. In diagram 46 this limi;c.ing
position is represented by the perfect squere n-i, and in the diegram
39 by the radial line w?ich is coinciding with the ridge line Lc. The
merginal food country approaches coﬁntry i and the marginal clbthing

country epproaches country n. When this limiting position is reached,

the world product price ratio reaches the lowest limit. A further

lowering of product price ratio is not only imposeible but is also in-
consigstant with the existance of international trade because the range
of constant opportunity cost has been reacﬁed.

Similarly, the product price’ratio established in the position

under which country f (c) is the marginal clothing (food) country (i.e.

7/It can be easily seen that with the change of the relative strength

of demand - a “"comparative static problem" - the factor price ratios

of some countries will not be effected. In the case discussed in the

text, the factor price ratio of the (old) infra marginal food countries
(and countries in Region A) will not be effected., Other cases can be
similarly snalyzed. In short, functional distribution ratio will only
be effected when the pattern of allocation of resources (of & particular
country) is effected.
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in diegram 39 OR approaches Tc, and in diagram 46 the green square
approaches the perfect equaré f-c) the product’price ratio there es-
tablished will- be the upper limit of all possible price ratios. The
product price ratios of the world will always be straddled by the
higher and lower limits established at the limiting positions at the
two extremes,

The positions of the ridge lines (or rather the set of values of
the input retios corresponding to the ridge lines Tf, Tc, Lf and Lc)
are taken as assumed value‘s. When LT and Lc approach zero and Tf and
Tc approaech infinity, all ﬂhe countries necessarily fall in region C,
nemely, the non-free region in which neither factor will ever be free,
This can also be clearly seen from diagram 46: if we let Lf and Lc
approach zero, end Tf and Tc epproach infinity, diagram 46 becomes
diasgram 45 which is clearly a special case.

Through this chapter we have added another restriction of the
set of values assigned to Tf, Tc, Lf and Lc, namely, ip addition to
Tf > Tc and Lf > Le (which are true by the definition of the relastive

factor intensities of the two conmodities) we have made the edditional
assumption that Te > Lf.é/ This additional assumption was mede to facili-
tate our exposition, éﬁd, the implication of this restriction must now

be investigated.

8/See above footnote _5_/on pagel27. From diagram 38 it is seen that
this added assumption emounts to the assertion thet there should be
et least one common input ratio wnich lies in the non-free regions
of the maps of production contours for the production of both
comnodities, '
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When the assumption Tc;> Lf is relaxed the critical map is
represented in diagram 47 where it is seen that Lf;> Té. Consequently
the horizontal portions of the upper critical curve and the lower critical
curve overlep ovef the range marked C' on the horizontal axis. The
endownent raﬂios of all countries in this Region (C') lie between Lf
and Tec,

.The box diagram of a country in Region C! is cgnstructed as in
diagrem 48. 1In thiﬁ disgram it is seen that the condition Lf)> Te¢ is
satisfied (i.é. Lf is steeper than Tc, drawn from point O). That
éountry A is.a céuntry in the Region C' is indicated by the fact that
point A (the upper-right corner of the box) is straddled by Lf end Te
(drawn from point 0). If Lf and Tc are dréwn from point A (paralleling
those drawn from point O, respectively;) the common ground covered
by the non-free regions of the two maps is enclosed by the recteangle
MNVU - and the optimum-allocation curve of this country must lie in
this region,'runﬁing from point N to point U. The important thing to
notice is that the optimum-allocation curve is "incomplete" at both

10/
ends.

Country 4 in (Regién C') as indicated in disgram 48 is, then, a

country in which both factors may become free agents depending upon the

9/The conditions Tf ? Te, Lf > Lc must of course be retained.
The case where Lf = Tc is a limiting case and need not be
discussed,

10/This is always true if point A lies between Lf and Tc.
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relative strength of demand for the two commodities. In dicgrem 47
the countries in Region D (i.e. countries with the endowment ratios

between Lc_and Tc) are tﬁe labor'relativelv abundant countries, and

the countries in region B (i.e. countries with the endowment retios

: 11/
between Lf and Tf) are the land reletive asbundant countries. That

the optimum;allocétion curves for these two groups of countries are
broken, rpspectively,4at the lower and the upper ends cen be easily
checked by the method of box diagram.

~~1n spite of the fact that countries in Region C' have not re-
ceived our explicit attention throughout this chapter, they probably
represent_the most general cases «in the sense that the optimum-allo-
cation curves of the countries in the other regions can be readily
derived from the optimum-allocation curves of this group of countries
(end appeer tb be special cases). For example,‘in diagram 48 let Tc be
higher than point A, point N, then,‘reached point A and we have a
country in Region D. Let both point Tc and point Lc become higher than
‘ point A, the optimum~allocation curve disappeers, and we have a country
in region E. Other cases can easily be generated from this optimum-
allocation curve'by similarvmethods.

Hence it is seen that the classificetion of the countries under-

taken in both section V and section VI are only special cases, after all,

11/See section V above.

12/The interpretations (and the naming of) of regions A end E in
diegrem 47 are identical to that in e.g. diagrem 46. This can
also be easily checked.



(Region C disappears in diagram 47 - i.e. under the assumption 1§M7 Tc -
and region C' disappears in diagrem 46 - i.e. under the assumption

Tec 7 Lf.) Fortunately, we have exhausted all the possibilities - of

the set 6f values which could be assigned to Tf, Tc, Lf and Lc - by the
ceses investigated under mep 46 and map 47 if the other assumptions
which we made are to be satisfied.

Howe&er, it is safe for us to draw the concluding remark thet
what should be emphasized ere the diagremmatic methods of enslysis which
are beiﬁg employed throughout this thesis, rather than the concrete
conclusions which have been deduced throughout the previous sectioms.

It is probably true thet from the viewpoint of intellectual progress,
the training in analytical ability is more importent than the derivetion
of concrete conclusions — which are the major concerns and interests

of the "applied economics,"

-
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Chepter VII.

Diagrammatic Representations

of the Value and Distribution Theories

of Ricardo Marshail and the Austrians.

Section one:t Introduction

Inrthis.chapter 6ur attention tirms to certain issues in the
history of economic doctrine related to the value and distribution
theorieé.‘ Wle shall try to represent, by diagrammetic methods, the value
and distribution theories of D. Ricardo, A, Marshall end the “Austrians"
who have contributed so much to the development of this brancﬁ of )

economié theories,

In the short space allotted to a treatment of the development
(nearly 100 years) of such a broad subject as value and distribution
theories, it is necessary fo? us to be selective and concentrate on
certain aspects of the theories of these economists. In this chapter
the writer hopes to demonetféte what he believes to be the most signi-
ficant features of the theories of these economists, in contrasting
to each other, and from the viewpoint of the evolution of economic
doctrines, by diagrammatic methods. ‘

Another word of caution may be explicitly registered with respect
to the undertaeking of this chapter. In our disgrammatic representations
of the various theories under consideration, it is obvious that we cannot
tolerate any ambiguity as to the quantitative analytical assumptions -

 which is an adventege (or disadvantage?) of our method. In our under-

takings, then, we encounter the difficulty that the theoriets considered
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might'not heve learned (o% did’not care) to étate, explicitly, their
éqsumptipns’in the forms thch are desirable from the modern analyﬁical
vie@poiht;'xln thet eyent we musf attribute to them certain analyticel
'aééuqétiona in our exppsition, for the purpose of building up models
whigb ére considered répresehtatiVe, perhaps, from the viewpoint of

"ma%imum likelihood" of the theories of these economists.

'{ We cén say tﬁat the nemes of the three economics are chosen for
tH;;r repreéentative'values and are "impressionistic". The models which
wili’be 1ébe1ed as "Aﬁstriansf, "Ricerdien" and "Marshallian" ere merely
representative of fﬁe theorieé associeted Qith tﬁese economiéts, in the
sengé; which ﬁill be explained in due course,

.In the following section, let us first demonstrate the value and

diéﬂribution theories of the Austrians.

Section two: .The Austrians.

‘In'chronological sequence, W. S. Jevops;gas the forerunner of the
ﬁutiiity" or "subjective" theorists of velue %-ihg "new" theories being
éradﬁallj popﬁlafizéd by‘C. Menger and hié followers as.the Austrian Schqol.l/

According to the subjective theorists, the causal relationship
between cost and price was somewhat inverted from the position taken by
the "bld“ Classical School — the subjecti&e (or psychological) element
wes taken as the "causal factor" and the éost of production was obtainable
through a prOCessAof "imputatioﬁﬁ. The "real cost" theory of value, of

2/ .

e.g. Ricardo, was no longer acéeﬁted.

1/See e.g. Prof. Knight "Capital end Interest", reprinted in "Readings
in the Theory of Income Distribution" page 386. .

2/Knigut, op._cit. page 386.
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vahe recognition of the subjective elements brought about meny
revolutionary changes in economic theories. Production, in the ﬁnew“
theory, consists of using factors of production of all kinds in Q reia-
tionship of symmetrical cooperation for the purpose of creating (final)
consume:s' service, and distribution simply became the valuation of the

productive servig¢es in the imputetion process - i.e. the determination of

the functional distribution to the factors of'production, "The radical
transfdrmation of the classical system mey be dated from the‘promulgation
of ‘utility’ or *subject’ theory of value..."..

" The transformation from the "o1d" to the "new", especially with
respect.to the integration of the vélue‘and distfibuiion theories under
the fnew# spirit, was not accomplished by Jevons;é/ Professor Stigler has

poinéed out  "Jevons' theory of distribution contributed little to the

soluticn of thé problem of distribution; although they contein the germs

of some important later development'.
The model which will be built shortly is mote properly called
"Austrian" for the (additional) technical reason that the quantities of

éhe resources are assumed to be fixed. As Professor Stigler has pointed

3/In contrast to the old classical conception (e.g. Smithian and
Ricardian) of production as creation of tangible wealth. Op.cit.

ﬁ/?or a discussion of the significance of the impact of the subjective

theory on digtribution, see Professor Stigler, "Production and
Distribution Theories", Chapter I. '

i/Knight, op.cit. page 386.

Q/Ae has been pointed out by Prof. Stigler, the process of integration
of value and distribution theories was a slow one., op.cit. page 3

1/stigler op.cit. page 35
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"...Bohm-Bawerk's deteiled exposition differs in one important respect.

' The usuel Austrien assumption of complete fixity of the quentity of pro-

'.ductiveArésources'(or, more prbperly, of the flow of productive services)
is an‘explicif pért of his enalysis".
| ' Tﬁé diagrammatic representatibn of the Aﬁétrian Theory of value
éna‘distribution has'already been underteken in our analysis in the pre-
vious chapters;- In diagramé 49 and 50 a box diagram (of country A) and
the correapondingvmap.of production frontier are shown., In the frontier
map, teke the radial line OR - or rather the slope of the radial line
?OR;— as representing‘the relative strength of demend for the two commodi-
tiés. A'relativelyvstronger demand for clothing, for instance, will be
represented by a steeper OR line (i.e. ORAmoves;ﬁoward the direction
indirected by the arrow) represenfing & higher demend ratio (or output
ratio) in fevor of clothing. In the box disgrem, the equilibrium position
will then be represented by a higher point (Q rathér than P). By rule
25, we know that the prbduct price ratio and the functional‘distribution
retio (i.e. factor price ratio) become higher. (The geometrical ex-
.pressions for these measurements in the frontier map and/or the box
diagram ﬁave been discussed in the previous chapterfzg
: ' 1o/
The analytical assumptions underlying this model are quite obvious.
For our later purposes we mey explicitly point out here that we have
.asaumed for this model that for both labor and land the supply is com-

pletely inelastic with respect to factor rewards and that both factors

8/8tigler op.cit. page 183
9/See above page 57.

10/See e.g. the assumptions listed on page 58 above.
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11/

are useful for the production of both commodities. In other words,

we did not differentiate the two factors of production, either from

2 . ‘ » . . I \ N : 3
the viewpoint: of the productive properties nor from the viewpoint: of

the supply conditions. This is representative of the spirit of the

subjective theorists (referring to "rent"),

"It will be seen that exactly the ssme principle
.applies to wage. A man who cen earn six shillings
a day in one employment will not turn to another
kind of work unless he expects to get six shillings
a day or more from it."

"The parallelism between the theories of rent and
ages is seen to be perfect in theory."

"Rates of wages are governed by the same formsl
‘laws as rents." 12/

In the followin section, we shall try to construct a,
what mey be called, static Ricardian lModel.

Section threet A Static Ricardian Model

The old Classical economists, in their discussion of the

"distribution" problems, made only the differentiation of agricul—

tural products (or "raw produce") on the one hend, and industrial

products on the othér = i.e. they neglected the individual products

within the two broad classifications. This has been clearly pointed

13/

out by Professor Buchenan, who wrotes

11/As shown in disgrems49 and 50, we did not postulate a "free-region"

for any factor of production.
12/Quotations from WeSe Jevons, "Theory of Political Economy."

13/Prof. D. H. Buchanen "The Historical approach to Rent and Price
Theories" reprinted in Reedings in the Theory of Income Distribution,
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“Until the last paragraph but one of the introductory
section he (i.e. Adem Smith) speaks of rent in general
terms...giving no hint that he is dealing with the rent
paid for producting a "particuler commodity, taken

separatelg" (609)

"They (i.e. Ricardo end Maelthus) did not place one kind of
raw produce over egainst another, but placed "raw produce®
over against "menufactures". At no place in VWest's '
Application of Cepital to Land, kHalthus's Neture and
Progress of Rent, or in Ricardo's chapter on Rent in the
Principles is there any discussion of the supply of a
perticular product...' (page 619, italic original).

If this is the case, it is‘reasonable to attribute to the 0Old
Clessical economists, the azsumption of the production functions with
constant returns to acale;L—/ In whet follows, we will take "food" as
the representative-égricultura (raw) product and "clothing" as the
representetive industrial (manufactured) product, for the dld Classical
economists, and for the production of these products, we assume pro-
duction functions with constant returns to scale.

Whaet will be called a "static Ricardian Modelf in this section,
is then representative (fimpréssionisticf) of the poéitions taken by
the Old COlassical economists, in general; in this respect.

Another characteristic of the analyticael assumption of the 0ld

Classical economists is that: 1lebor was assumed to be the only factor

useful for the production of the manufectured product (clothing) = or

14/See footnote 30 ,n pege 194 below where it will be pointed out that
this assumption was attributed to the classical economists by
e.g. Wicksteed.
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15/
land is only useful for the production of raw produce (food). This

is again explicitly pointed out by Professor Buchanans

"This land (i.e. referring to the distribution theories
of Adam Smith) wes in a very different situation from
the fields which had sharply competing uses...It must
be used for generalised raw produce or return to nature"
(607, underline supplied)

"Ricardo's treatment mekes much of the shiftins of labor
(and capitel) between rew produce end manufactures, but
never comes to the shifting of land, because by his hy-
pothesis land hed only one use and did not shift to manu-
factures" (620) (underline supplied)

The production fuhctions, for the production of food and
cldthing, then, can be represented, by the diegremmatic methods usuelly

found suiteble for "partial equilibrium" enalysis, as in diagram 51,

The total outputs of clothing, when verious quantities of labor (only)
are applied, can be represented by the radiel (straight) line OC, re-
flecting the condition of constant returns to scale. The total output
of food, when various quantifies of labor are applied on a fixed amount
of land, can be represented by the curve OF. (When equilibrium is es-
tablished at point P, the distanées LfD and DP represent the size of the
total rent bill and the partiel wageAbill originated in the farming

16/ 11/

sector).

_jz/In other words, while labor is useful for the production of both
. food and clothlng, lend is useful for the production of food only.
What is meent by "useful® or "useless" will be translated into
"diegremmetical lenguege" shortly. It is true that, for Ricardo,
capital is another factor of production. ie neglect the cepital for
e reason which will be discussed below. See page 205.

16/Given point P, (or the distance of OLp), point D is obtained in
guch a way thet it-lies on the same horlzontal line passing through
point M, which is the point of intersection of the tengential line at
P with the vertical exis. The fact that PD equals to wege bill (in
terms of food) can be easily proved by the fact that the slope of the
tengential line represents the marginal physicel productivity of labor.
The fact that DL, represents the Rent Bill - i.e. marginal physical
productivity of.land times the units of land - is essured by the Euler
Theorem - i.e. rule 14,
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These production functions can be represented, alternativély by
the method of box diagram. 1In diagram 52, the box diesgrem is constructed
‘(middle) when‘the endowments of resources are given ~ i.,e., OL units of
labor and AL units of land. The only "peculiarity" of this box is
that the production contours for the production of the industriel product
(clothing) are vertical (straight) lines (with "indices" proportional
to the hofizontél distences from the lower left“origin 6) reflecting the
assumptipn thet land is useless for the production of clothing. Ve see,
then, the assumption that land has no alternstive use from the viewpoint
of(the "ferming sector" is only a special case of the more general

18/ 19/

assumption of the productlve propertles of land.

Fn. 16 cont'd.
The proof of the Euler Theorem from diagrem II (for food) was first
accomplished by S. J. Chapmen (Stigler op.cit. pege 337. "He pre-
sents a most elegant diagremmatic proof that the residual shere is
equal to the marginael product of the factor receiving the residuel."
The proof wes reporduced by Prof. Stigler on page 337-339) The writer

. 1is inclined to think thet this diagrammatic proof is more complicated
than the one given as rule (1l4) in this thesis ~ making use of the
production contours-and also, by the very neture of the theorem, it is
more desirable (from the pedogogiceal v1ewp01nt) to prove it from the
contour map.

17/In drawing the totel output curve for the production of food, we
made the assumption inplicitly that the marginal physical productivity
of labor is constantly diminishing and does not approsch zero in the
relevant range. This amounts to the assumption that the ridge
lines, for the production of food, coincide with the two axes,
respectively, so that the whole map of production contour is in the
non-free region. (See below page 18 ) The more genereal case will
be discussed in a later section. (See below Section VII)
Since the marginal physical productivities of the factors are deter-
mined by the ratio of input (rule 13), the curve marginal to the total
product curve (OF) is fixed if we take the horizontal axis measuring
input retios.

- 18/Since the production contours are vertical, the withdrawal or

. addition of land has no effect on the output of clothinz. We cen
say that this is the special case where the lend-free ridge line (and
consequently the labor-free ridge line) for the contour mep of clothing,

coincides with the horizontal side of the box.
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The optimum allocation curve for this box is the (grey) lower-
horizontal side of the box,(i. e. OL)reflecting the fact that all the
lend will alweys be allotted to the>agricultura1 product, as should be
3 20/ ,
expected,

The production frontier map corresponding to this optimum allo-
cation curve is plotted in the diagram 52 immediately below - i.e, curve
'UV - in such a way that the vertical axis (food-axis) is lined up with
. the lower-left origin of the box diagrem. (The unit of clothing is defined
in such a way that when OL umits (or all the) labors are allocated for
the production of clothing, the total output (of clothing) is IV units in

the frontier maep such that IV equals OL in gedmetrical length.) The pro-

duction frontier UV is concave to the origin everywhere,

19/As has been pointed out in footnote 17 on page 187, the contour map
for the production of food, &8s shown in the diagrem, is also a
special case. The two ridge-lines for the production of this com-
modity are not shown because they coincide, respectively, with the
two axes Al and AB, ‘

20/From the viewpoint of welfare economics, the lower-horizontal side

. is obviously the optimum allocation curve - e.g. if equilibrium is
not established at a point on OL (e.g. at point Q) the production of
food can be increased, without effecting the output of clothing, by
reallocating more land to the agricultural sector,
That OL also represents the possible equilibrium position as a
result of the operation of the competitive system is evident - by the
fact thet if equilibrium is established at point Q, (and if full-
employment is ensured by perfect competition, equilibrium position
must be represented by & point in (or on the sides of) the box), land

" owners receive nothing in the industriel sector and receive something
from the sgricultural sector. This is impossible under the assumption
of "perfect mobility" of land between the two sectors. (Incidentally
we see that the "equality" at the margin is not a necessary des-
cription for the.equilibrium position. What is relevant for economic
analysis is the "incompatability with the equilibrium conditions at
points other thar those satisfying the equilibrium conditions" - a
meaningful tautalogy. -
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The diegrams, suitable for partial equilibrium analysis (intro-
duced earlier) are plotted.in the upper region of diagram 52, The upper-

horizontal side of the box (BA) is used es the horizontal axis, (with

origin at point B) for the total output curve of clothing (i.e. BC radial
line in this diegrem is OC in diagram 51).. The total output curve for

the production of food (i.e. OF in diagram 51) is placed up-side-down

in this diagram with the origin (8) lined up with upper-right corner of
‘the fbox" - i.e. point A.

‘ In this model,.if the reletive strength of demand is given, as
representative by the slope of the radial line ODy in the frontier map,
equilibrium will be established at point Pl‘ Thé equilibrium positions
in the box diagram, the total output curve for clothing; and the total
output curve for food will be represented respectively, by the points -
E,, I Gye

The streight line (blue) MElf tangential to the production contour
of food, passing through point E; can be drawn. Let MEl intersect the
AB axis at point M. From point G, (on the totel food-output curve SF)
we can locate point Dil merking the two distributive shares in the 7
farming sector of théAeconomy - i.e. D&Lfl and DiGl for rent bill and

2/ - |

waege bill respectively.

In this set of diagrams, meny significant meesurements at the

equilibfium poeitions can find geometrical expressions. For example;

outputs of clothing (food) (chl) contour in the box diegrem or the

horizontal (vertical) distance IF; (FyPy) in the map of production frontier

21/See footnote 16 on page 185 above,
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or the vertical distance L I; (Lf£Gy) in the total output map), product

price ratio (slope of MEl in the box diagram) social distribution retio

22/ 23/

(OL divided by MLc in the box diagrm) etc,

. With the ald of our diegrems, we can say quite a few things, on
certain issues in the history. of ec;nomic doctrine with respect to the
velue and distribution theories. Let us present them in the following
‘(random) order:

(1) For the Old Classicel economists, distribution means the

"distribution" of annual output to the various social classes (in our

model, the land-owning class and the laboring class). In the words of
Professor Buchanan:

"But rent as a share in the distribution of the annual
.produce of the nation was something different, it was the
total income of a "class"of society (607 quotetion merk
original, discussion referring to Adem Smith)

"The corn law discussion centered about the question as
to what determined the price of raw produce to the urban
population, But it was not a question of the value of
particular commodities...It was a question of the value
of the gross produce furnished by one class, the rural
cless. . It was dominated by the class point of view."
(617) end "Their discussions were dominated by the point
of view of distribution between socisl classes." (618,
discuseion referring to Ricardo and Malthus, italic
original)

22/By rule 24,

23/We also see readily the expression of wage bills and rent bills,
in terms of products, directly in the total output meps as shown.
We can find similar geometrical expressions of the wage bill and rent
bill in the box diamgrem by rule 24. Also OEl divided by AM gives
us the ratio of the value of the indusirial products to the
farming products.




191

The fact that the theoretical interest of the Old Classicel

economists was centered about the social (or Class) distribution problems

~can be'explainedvby historical incidences and the then preveiling indus-

trial end social background. (Adem Smith more or less inherited the

g 24/
problem from the French Physiocrats., Ricardo and Melthus were agita-
’ " 25/
ting the practical corn-law issue at the turn of the century.) = With

the passing of the historical incidents, the theoretical intefeét of the

younger generation, symbolized by the‘person.of Jevons, whose interest

-

was Similanr: to the Austriens, has changed, . &8 has' been pointed out by
Professor Buchanan:

"Jevons represents the further development of those
‘influences which were apparent in Mill. He lived

under different conditions and was interested in a -
different aspect of economic study. After a thirty-
year campaign the corn-law question had been solved and
elmost forgotten before Jevons reached meture age.....
Jevons was not concerned with the problem which chiefly - )
concerned men in Ricardo's time, the practical distri-
bution of the annual produce emong the different
"classes" of the community. He was interested in...

a theory.of exchange." (628) - . L

In other words, in the "static Ricerdian model" constructed above,
the critical measurements for the 0ld Classical economists dre’such rﬁtios

as OL/MLc rather than the slope of MEl.. Tt was the social distribution

ratio rather than the functional distribution ratio which was the major

26/

concern of the Classical economists,

24/See Buchanan op.cit. Sections II and III

25/op.cit. Section v

26/Under a simplified (but probably reelistic) assumption as to the dis-
tribution of the ownership of resources (i.e. labors only own "labor",
and lendlords only own "land"), the old Classical economists "equated"
the two problems. < ‘
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(2) 1t is evident from’oﬁr diegram (52) thét in order to solve
the functional distribution and the social diétribution problem, "the
other blade of the scigsof§ is completely necessary in our model.‘ In
other words, the 0ld Classical economists could not have solved the
functional distribution nor the social distribution problem -esince they
have neglected the‘relative strength of demand. The absurdity of the
"labor theory of Qalue" of the Old Classical economists will receive our

21/

éetailed criticism at a later section of this chapter.

(3) Our static Ricardien model of this section is probably very
misleading since we have neglected the supply conditions of the two
factors (labor and land) postulated by the 0ld Classical econoﬁists;
This question will be analyzéd in the following sections where we wiil
construct other models more representative of the Ricardian Rent Tueory.
| (4) The two total outfut curves which have been\plaped_on toﬁ
of the box diagram .in diagram (52) are clearly redundant'aé_far as the
solving of thé generel equilibrium problem is ¢oncerned — there is
nothing which we can read from the twokcurveé that we cannot read in the
box diagram and the frontier map. They are placed there (diagram 52)
in order to show the reletionship between the "partial equilibrium
enelysis" end the "general equilibrium analysiéﬁ.

Eépecially worth mentioning is the Mershellien fstrategy" of
éxposition’which "built upf the analysis of the general equilibfium

problem from partial eqﬁilibrium analysis,

27/See below Section VIII page 21L.
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The Mershallian rules of geme, as is well known, differentiated
between short run and long run, waich is éssentially an adjustment
flag" type of enalysis. With respect to the lend, Mershell imagined
thet not only the total quantity of land is fixed in the "old" country,
but also that the land, in parcels, used by any individuai fifm, is
fixed in the short run:gé/ The lend is, then, a fixed factor in the
short run for a firm to which various amounts of the other factors
(e.g. labor) must be addéd. In this way, the payment of "rent", f;;-
2

stitutes a "short run surplus", from the view point of the firm.

28/For the arguments in this problem, see Professor D. VWorcester,
Reconsideration of Rent Theory, A.E.R. Vol. XXXVI, No. 3, June 1946,
The fact that Marshall's treating of the factor "land" on a different
basis than the other factors of production was mainly.caused by the
desire of Marshall to facilitate exposition for the purpose of
general discussion, as was pointed out by Professor Worcester (page
261 footnote 6) "Jevons, Wicksteed, Davenport and meny others have
argued against the Marshallien concept, holding that rent should not
be measured as a surplus since it is unnecessary to do so and it
adds nothing to exposition. Moreover, it mekes the theory unneces- :
gsarily complex by putting rent on a basis different than other expenses...
Furthermore, they think thet it ought so to be regerded because of the
smooth wey in which it would then fit in the lerger freamework of
economic theory., Marshall acknowledges the final point and condones
it for this purpose, but not for generel discussion., The dispute,
then, was almost exclusively about the implications of the method
and not the definition of the result." Again on pege 275, Professor
Worcester quoted Marshell in his defence of the "fixed factor concept®.
“Thus he wrote, %...in discussions written specially for mathematicel .
readers it is no doubt right to be very bold in the search of wide
generalizations...but it is not in the treatise such as the present
in which mathematics is used only to express in terse and more
precise language those methods of enalysis and reasoning which
ordinary people adopt, more or less consciously in the affairs of
everyday life!" The meaning of this rather long footnote is to
support the assertion of the writer in the text, that the partial
equilibrium of the Marshallien type is merely a strategy for the
exploitation of the general equilibrium problem.

29/The "short-run-surplus", from the viewpoint of the firm, owing to ad-
justment lag, is drastically different from the Old Classical conception
of "rent as a surplus" which, the writer believes, should be explained
by the differentiated.long-run supply conditions of land and labor.
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The exposition is based upon a partial equilibrium psychology and the
total output curves (and the relsted merginel end average output curves
and cost curves)‘are especially suitable for this kind of strategy.
This strategy, in spite of its questionable relevancy to the
facts of the realistic world, is too "Classical® in flavor —in that
rent was treated as a surplus. Underhthe assumbtion of production functions
‘with consﬂanﬁ returns to scale, the equivalent of the "surpluaﬁ approach

and the "generalized positive" epproach, was first accbmplished by

Professor P. H. Wicksteed's "Co-ordination", which have received the

30/

systematic analysis of Professor Stigler.

Section four: The Classical "Land" and “"Labor".

In the last section we have exemined the different "messurements”
thet inﬁerested Ricardo and the Austriens. (We have been éble to find )
geometrical expressions for these measurements, i.e. functional diaﬁri-
butioh ve class distribution, in our diagram) But we came to the con-

-clusion that our Ricardian model constructed.in the last section cannot

truly represent the major interest of Ricardo —so that, in order to do

Fn.'29 cont'd,

(See Appendix A below). Ve may quote Professor Stigler's observation
on the personality of Professor Marshall (op.cit. 63) "The other
important characteristic (i.e. the Marshallien works in generel),
from our viewpoint, is Mershall's veneration for the classical econo-
mists...he had a pronounced tendency so to phrese his own doctrines
g8 to minimize the change from the classical tradition,”

30/See Stigler op.cit. Chapter XII, especially section on Wicksteed
(page 323 £f ). On pege 327 of this treatment, we found that the
assumption of production functions with constant returns to scale
was ettributed to Ricardo by Professor Wicksteed. This attribution
of Prof. Wicksteed has received at least a tacit sanction of FProfessor
Stigler who wrote, as an introductory remark to his exposition of
Wicksteed (326) "Because he'(Wicksteed) says perhaps as many judicious
things about the Ricardian theory as one man has ever said, this portion

of his analysis deserves detailed presentation.“

-~
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jﬁstice‘to Ricardo, we have to construct new Ricardian models. This
inevitabiy ipvolves the analysis of the édditional assumptions mede by
Ricardo,

I# facilitates our exposition if we conéider, from the rigorous
analytiéal viewpoint, the v;;ious legitimate assumptions which we are
entitléd to make with respect.to such an entit& as factor of production" —
and‘then_invesiigate the Ricerdian assumptions. )

Teke "land" for instance, it was conceived by Ricardo as "the
original, inéestrﬁptiblé powers of tue soil" net of any “improveﬁent"

(or the "capital eleﬁent").artificialiy added.il/ This "éower", as

| ‘ p o 32/ .
variously interpreted by the Classical_economista, consists of the
Yseometrical relatidnship"; the frain fallﬁ,:vthe weather", a "bounty
gift of nature" (for the éhysﬂacfd@a.“nigggrdly given gift ofﬁnature" (for
Ricardis) etc.;.eic. -

To the modern analytical economists, it is clear, however, that a
description of the physical, chemical, ethical or theological properties
of a factor of productidnAis neither important nor interesting. What is
"relevantﬁ and what we definitely want to know ere the operational rela-

£ionahip between "factors" and the other entities in the analytical

system. As we have pointed out earlier, the significant descriptions

31/Ricardo, "Principles of Political Economy" Everymen's Library Edition
by Ernest Rhys, J. M. Dent & Son, Ltd., pege 33.

32/The land considered here is the "land" in the "old" country of Marshall.

33/See Chapter I, page 2
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of a factor of production, from the analytical viewpoint, consists of
two, and only two, categoriess

1) the productive espect of a factor of production which

describes the "efficiency of production" of .a factor
relative to, and in conjunction with, the other factors

of productions, for the production of various commodities.

2) the supply conditions of a factor which describe the
! conditions (definable in terms of other analytical enti-
ties in the same system) under which the factor, o; factors,
L
will be.supp;ied to various uses.

These éwo aspects of informetion on a factor, when fully given as
“data#, ere sufficient descriptions of & factor — other informations are
redunéant. Since we have already defined the productive aspect of the
factors - i.e. by the production contours - what remains to be considered
are the Ricardian assumptions with respect. io the supply conditions of
~ land and of labor. -

In spite of their occasionél digreésions on ﬁirrelevant descript-

jons", the Classicel economists, on the whole, in their capacities as

enalyticel ecoﬁomiéta, mede rather cleer cut assumptions as to the

supply conditions of land -—namely,'the supply of land is completely ine-

lestic with respect to the variation of the reward peyeble to the owners.

34/As we heve pointed out earlier, (page 2), these aspects are, res-
pectively, engineering knowledge and psychological knowledge in nature.

35/Ricerdo, vage 110.
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For the supply conditions surrounding "labor", the Classical
‘economists conceived the idea that, in the long run; it is infinitely
elastic at a (minimum) real wage level — namely, the so-called iron law
of wages. For Ricardo stated:

"The natural price of labor is the price which is
.necessary to enable the laborers, one with another,
to subsist and to perpetuate their race, without
either increase or diminution" (52)

This supply condition is subsequently more olearly (and obera-
tionally) defined:

"When the market price of labor exceeds its natural
_price...lebor rears & numerous family...(or)...by the
encouragement which high wages give to the increase of
population, the number of laborers is increased...(and
conversely)...when the market price of labor is below its
-natural price...it is only after their privetions have
reduced their number that the market price of labor
will rise to its natural price".
Hence, if we take the "owmer" as a femily unit, the supply of labor (as
a factor of production) is infinitely elastic at the minimum wage
level in the long run. The only smbiguity is the "minimum wage" or the
"natural price". However, Ricardo's subsequent discussions suggested
that by natural price he meant a stock of wage goods with specific com-
| | | 36/
position, i.e. the netural price is the "real wage" of labors.

For the short nun supply of labor, the assumption is less clear

cut. Héwever, it is obvious thet Ricardo admitted the possibility of

36/See Ricardo, pages 58,59 where the spending pattern is computed, by
numerical examples, of the income of a worker — where he considered a
worker "worse off" when he cannot purchase the same quantity of
"jndustrial product" as before. (See also footnote 37 on page 198).
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temporary'divérgént of actual wege established in the market and the
minimum wage — for indeed, this divergence is cfucial for the fdynamic
mechanism" of the Ricafdian distribution theory which will be considered
in the foilowing section, Theré we will inierpret (or attribute to
him) his assumption as to the short run‘suppiy condition of labor.ig/

we may edd e remark that, with respect to the supply conditions
of labor; Ricardo made no allowance for the "sectoral prefereﬁce" - i.e.
‘labors (or owners) are qgite indifferent as to the two sectors (farming
or industrial) to which they will sell their services as long as the
' rewards are the same, This rather trivial remark proves to be of
some interesi for the value théory of Ricardo.

These fairly clear cut assumptioﬁs‘gs to the supply conditions
of labor and land of éhe Classicéi schéél ﬁéfe'been, unfortunately,
. entangled with cher.qnnecessary phklosopﬁicalﬂo; sociological properties
of the two factors, which, as we.bave obéerved,:are completely irrelevant

for economic analysis,

Section five: Ricardo's Dynamic Distribution Theories’

Onée‘the supply con&ition;kof the two factors of production are
‘introduced into the analyﬂiéal fremework, the analysis of the “dynamic
distribution theory of Ricardd“ bégins. Let us point out, firét of all,
certain features of this theor&. (The actual construction of a "Ricardien
ﬁode1€ will be undertaken in the following secfion which will be.based

upon fhe simplifications deduced from the analysis of this section.)

37/See Gaide and Rist "History of Economic Doctrine"
38 /See' below, page ZOi}
39/5ee .:éuchananf,;.op,.ci«t;.x,page 620, . o oz (
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That a large part of Ricardo's analysis was dealing‘with a
dynamic distribution theory had been clearly pointed out by Professor
Harrod (in "Toward Dynamic Economicsf).Aq A brief outline of Ricardo's
dynamic theéry (fdyﬁamic" in the "Harrod" sense) was given in the same
book.fl/ Let us first outline this “outline# in the following forms

l.uThe motivating force of a‘growing‘economy is capital accumula~
tion,, which is governed by profit expectation,

2. Capital is the‘wage fund, the function of which is to motivate

| A2/
(or "adyance-to") "productive" lebor.

5. In thé‘sﬁort run wh;n wage fund increases, and with consteant
population, real wage ihcreases. |

4, In the long run population increases by the (assumed) operation
of the Iron law of wages.

5. As population and the accumulated capital increase, land is
more intensively cultivated. Hence, reht increases by the assumption of
law of diminishing returns. |

6. donsequently, the product-less-rent share that goes to labor
end capital (i.e. wage plus profit) decreases percentagewisé. |

7. In the long run, real wage will always be mainteined at the

minimum wage level; so profit declines as accumulation proceeds,

4

40/Prof. Harrod pointed out (page 15) that "dynamic theory --- occupied
at least half of the attention of the O0ld Classical Schoolf.

41 /Toward Dynamic Economics, page 15-20. For another diagrammatic
representation of this theory, see Baumel: Economic Dynemics,
Chapter 2. '

42 /Let us neglect the "equipment" category of capital and concentrate on
the "wage fund" category. This diverges from Prof. Harrod's interest
but is perhaps.more representative of the dyneamic distribution theory
of Ricardo,
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8. In conclusion, the long run’tendency is for the rent share
to increasé,_wage rete maintain constant, and profit rate diminishes -~
to the point where capital accumulation ceases and the long run (pessi-
mistic) stationary state is reached.ﬁi/

From the modern viewpoint, it is not difficult to detect at least
the followingvambiguity of this dynamic distribution theory. (And we

"knows our "diagrammatic" enalysis cannot stend any ambiguity).

1. With regard to the "supply condition of lebor", we noticed that

it must bghave in such a way és to gllow & short run 1gé,of ad justment
so thet actusl wege, established in the ".nvzarke‘b“‘ place, can be different
from the,“minimum" wage\-otherwise the aynamic‘mechanism is spoiled.
Since this 'féhort.run lag'f is cruciel, the supply conditionés of labor,

in the short run, must be more precisely defined. To simplify matters
we can imagine thet the dynemic process of growth is composed of succes-

sive (shorter) periods and that during each period the supply of labor

is completely inelestic with respect to "real wagelike land. The

size of popuiation, in the next period will increase (or decrease) if
difference between ggiggi wage and minimum wage, in the current period, is
positive (or negative). (We could have postulated a functional rela-

tionship between the rate of population increase and the "rate of change"

of this "difference® (or the "duration" of a certain level of difference)

80 &8 to-have a quantatively determined growth-path through time,

43 /le neglect such elements of Ricardian theory as the technical
invention, the possibility of the change of minimym wage through time,
etc.
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But for the sake of simplicity, let us neglect this refinement and
satisfy ourselves with a postulation merely on the direction of pofula—
tion change.)

The a;sumption of the short run inelastic supply of labor seems
to be the logical zzterpretation of the wége fund theory of capital in
the rigorous form;ff/.It serves to determine the actual wage in every
period if the stock of wage fund. (capital) is known in each period.

2. Unfortunately, the size of the Qage fund Eoming to the market
in each period was left unexplained in the dynemic theory outlined above,
This fundamental defect of the wage funi theory has-feceived the most“
severe eriticism from Profeésor Knight;~§( In his words the question
~ becomess
Y. ..what actually determined the division of ﬂhe
.produce-less-rent between capitalist and the laborers...
or what determines the emount which the capitalist must

pay as wages, before he gets his own share, fixed by
subtraction (7)" (189)

In other words, whatrdetérmined the size of Qage fund, which,

" together with the (given) inelastic supply of labor in eny given period,

will serve to determine the actual wage in that period?

44 /Speaking on the "old" Classical dymamic models, Professor Baumel
" remerked, op.cit. page 16, "McCullocK went so far as to edopt a
perfectly rigid wage fund theory which held that wages were given .
by the total capital in existence divided by the number of workers,
i.e. by the quantity of capital per wage earner". This implies of course,
the assumption that the short run supply of labor is completely inelastic,
Just how a less rigid wage fund theory will fit into the analysis was an
‘unanswered question. As indeed, the diagremmatic representation of the
dynemic theory of the old classical school, by Prof. Baumal, did not face
‘squarely the difficulties considered in the following paragrephs of this
section - and was very vague. (This is a criticism on Ricardo rather than
on Prof. Baumagl). .

45/F. Knight "The Ricardian theory of Production and Distribution" - The
_ Canadian Journal of Economics and Political Science, I, 1935, page 185 ff,
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The.answericleérly ggggg§ be, e.g. what is required for the
aupportvof the labor, for ﬂhen,‘in any period, real wage always exactly
equals the minimum wage and the dynamic mechanism is spailed —~=which is
a highly unfavorable interpretation of Ricardo. As Professor Knight
hes saids |

"since the theory purports to explain, and must explain,
.the division of the joint labor-capital share which

actually takes place, nust be short-run monetary theory,
and not one which merely states or explains a long-run

tendencx.“ (189)

The long-run tendency is what will eventueally happen in the long-rum
pessimistic state (of Ricardo); and the short-run determination of the
real wage - through the deterﬁination of the size of wage fund - is
what ectually happens in (each of) the successive short periods. This,
according to Professor Knight, was left unexplained by Ricardo. The
answer, according to Professor Knight, is:

"Thus the subsistence theory of wages rests on the

.deeper assumption that the employer-capitalist makes the

division arbitrarily and this is the clear import of the

text“ (190) and again

"The deeper aspect of this theory that capitalists make

-the division between themselves and their laborers by

arbitrary fiat, is strongly confirmed by the tone of
the discussion in Smlth and Mill" (190)

Hence we know that the size of wege fund i; detefmined by arbitrary de-
cisions of the capitalisis in aggregate; However, the difficulty is
etill there. This is true because: if it is within the power of the

- capitalists (the "masﬁersf) to sﬁipuiate the necessary peyment to the
workers (the Qser;antsf) it is natural, to the self-interest of the

"masteré“,»to fix the actual wage et the minimum wage level; and if
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this is.true, there can be no'ééviatidn of the ectual wage from the

minimum wege level and the dynamic mechanism of Ricardo is again spoiled.
There are at leést two wa&s to escape this dilemma -~ i.e. to

reconciie the co-existence of the.wage'fund thebry and the (desired)

result that there can-be é-deviation of actual wage from tlie minimum wage

in the short‘period. The first»ong is to postulete a bargaining power
on the part of the labor_élags (thg éervants) = labors “would not be so
* helplessly subjégting £heir fete to fbe mercy of the‘capitalizzs. The
actual short run wage 15 then determined by ?class;atrugglef.—_/ The
secondj%&ﬁ is to postulate another determinaﬁt of the size‘éf short run
vage fpnd ~'i.,e. the savings of the capitalists; and the modern economists
would have no difficulty identifying this "other determinent" as, e.g.
the fconsumption function? - in which the level of income is the determi-
nant-of savings. )

With respect to the "first way out", we know'that this line of

thought leads to the "exploitation school". In the absence of an impartial

market force, & "personal force" must be substituted in its place so that

the economists could find a solution of an apparently realistic social
problem, If the velidity of this line of thought is accepted, there is
48

little need for the modern distribution theory. Of course, we cannot

46/In modern terminology, this would become a bilateral monopoly problem —

" and, generally, no definite solution is obtaineble., Mrs. J, Robinson,
writing on the long-period theory of employment of Marx, (Essay on Marxien
Economics) wrote "In these circumstences, the level of real weges is de-
termined by the bargaining power of capitealists as & class and workers as
a class. So long as the workers do not combine, they are helpless, and
must teke what they can get. Weges therefore tend to be depressed to the
lower limit set by subsistence level."

47/See Keynes, "The General Theory" -

48/The modern distribution theory,. under which functionel distribution is
determined by market force was a contribution of the subjective theorists
(1870-1895). Contrasting the "new" with the "old", Prof. Stigler stated

-
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reject fhe exploitation theories only on the ground thet they render
useless the modern (elégaﬁt) distribution theory. The mein reason for the
rejection of this school of thought is that we question the relevazcy of
the hypéthesis of this school to the facts of the realistic world.—z/
Consequently, we cannot teke this escape to build our dynamic Ricardial
model.

The second escape seems to be more promising, HoweQer, on a closer
examination, it is highly doubtful that this would be e faithful inter-

) . . 50/
prétation of the "dynamic distribution theory" of Ricardo. Consequently,

Fn. 48 cont'd.
(Production end Distribution Theory, page 1 ) "It was in this querter-
-century that economic theory was transformed from en art, in many res—
pects literary, to a science of growing rigour".

49/In one way or another, the exploitation school assumes the existance
of "classes" which is more a "belief" than a testable hypothesis. They
mey be criticized in the words of Professor Knight, who wrote (“Profit",
reprinted in "Readings in the Theory of Income Distribution") "“The .
labor theories of value and of production rest in the first. place on
a confusion between ethical end economic or scientific explanatory
principles” (536) which is criticism of the exploitetion school in
general, and again "...wages were supposed to.be determined independ-
ently, the final share of the capitalist being left as a residuum.
The most important commentary on this classical scheme of distribu-~
tion is the negative statement that it failed completely to "implement"
the process of distribution through any discussion of the actual work—.
ings of competitive (or monopolistic) principle of price fixing., Fruit-
ful treatment of the distribution problem...ceme about graduelly as
a result of the new treatment of value introduced by the utility theor-
ists" (534) which can be taken as & criticism of the distribution
theory of the exploitation school in particular.

50/The writer believes that no moderﬁ_economic student, in his rightfull
- mind, will regard the (income-determined) savings as a wage fund.
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the secdﬁd escape can not be adopted on which ouf Rigardien Model will be
‘erected.

What we will do, fof'the construction'éf a dynemic Ricardian
'model, is to neglect the fcapitalf element compiétely;il/'For what it
is worth, we can construcé a dynaﬁic,model for the study of the
ﬂproductionAand distribution"theory WithoutAthevcapital element -—£1though

- . : L 52/ .
much, of the spirit of the Ricardian theory is lost.

However, in ail fairness to thet great name, wé can still call
our model - which will be constructed presently - "Ricardien". For what
we will do is to retain mbst of the'ﬁs;lvagable“ elements of his theory
from the viewpoint of the modern dis;ribution tﬁeories. With respect to
his distribution theory, we know labor and caéital are "dosed" together

for production, end & dose is applied on "land". The determination of

the two distributive sharest:. rent and "reward for cavital and laborf

was rightfully regarded by Ricardo as determined by a competitive
mechanism, and the solution of the problem foreshadowed the later #marginal
ang}ygia“.' This was the most significant contribution of Ricardo as far

. ' 55/

a8 distribution theories are concerned,

51/We neglect both the "wage fund" end the "equipment" elements of
- Capital of Ricardo. . - . )

52/For we know that capital accumulation is really the motivating force
of the Ricardiah theory. (See sbove page 199)

53/As Professor Knight hes stated, op.cit. page 178 ",..It is in con-
nection with rent thet we find the nearest approach in the classical
writings to a real theory of distribution meening e process of imputa-
tion on the basis of final increment".
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Another element which we definitely want to preserve (as & sal-
 vageab1e element) is the "dynamic" neture of his theories. The problem
" of “g;gﬂggﬁ is a much negiected pfoblem in the New-classical Tradition;ig/
‘In éhisvreépect, the wiédom of this "old" classical economist deserves
‘the highest praise.

| The Ricardian Model that will be constructed below should be

read with the understanding that it is not a "faithful" representation

of the Ricardo's dynemic distribution theory,-rather, it is a very favorable

interpretation of his theories.

.Sec£ion six: Dynemized Ricardian Model

| Within fhe limitationbof our interpretation of the "dynamic
Ricardian model",kthe actual construction of the model (diégrammatically)
is e relaﬁively“easy task — since we have acquired all the geometrical
background. As indeed,;diagfaﬁ (42) (on pege 153 - i.e. the map of
production frontier - which we have constructed for the study of the
"muitiple equilibrium problems" (in the field of international trade
éheorieg) can be used without ﬁodification. All we need to p§int out is

56/

thaﬁ diagram 42 is derived from diagram 39, in which the quantity of

54/See Harrod, op.cit. Chapter I

55/This offers an example of the similarity of the problems in the whole
field of economic study - i.e. it seems to suggest that there exists
a system of unified principles which explain a wide range of economic
problems; and precisely owing to this fact, the related (group of)
economic problems constitute a separated field of study, namely, a
distinct scientific subject.

56/See discussions on pages 156-162 for the derivation of the mep of
production frontiers %diag.LyZ) from the box diagrem (diagram 39).
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land is being held constent for all "countries". Instead of "ell
countries" k) the different boxes - or, the different opblmum—allocatlon
- curves and the different production frontiers - now represent the differ-

ent sizes of population for a "given country". The quantity of land of

this country is being held fixed es population increases. This is

probably not a misrepresentation of Ricardo and the whole Classical

school., The (five) regions now represent the five stages of growth -
in the onder of the sizes of the population. The distinction of the five
states of growth will be relevant to our enalysis in the following
section,

There is one feature of this dynemized Ricardian Model which we
want to point out; namely, in our present model, land is assumed to be
useful for the producfion of both commodities —vwvhereas, in our Ricardian
model constructed in Section III above, we assume that lend has no use
in the production of clothing.

The analysis of the dynemic diétribuﬁion theory of Ricardo can be
formally represented as follows: historically a country is in stage
one - i.e. foint C in diagrem /2, - where land is & free factor.ié/

If the “growth peth" is known (e.g. the straight line 0Q;) 1ntersect1ng
higher and higher productlon frontiers corresponding to succ3351vely larger

sizes of,population (higher solid curves) at a series of points e.g.

D', E', G, Qf...(with sizes of population successively, d, ', g, iy...)

57/At least Mershall is included in this group. See footnote 32 fn page i95

58/The area included in OfC' is the land free region
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the series of points is the successive equilibrium positioh in each period.
The growth path itself is determined, among other things, by the
relative strengths of demend for the two commodities in each of the suc-
cessive period. Had the relative strength of demand been more favorable
for food, (i.e. the ratio of output of food to clothing is larger), the
growth path would have been represented by a steeper radial line - e.g.
OQh. The growth path, of course, need not be represented by a straight
line; but for simplicity, let us assume for the moment that the growth
path can be reéresented by a st;aight line in order to isolate the "demand"
side of the problem., The dynemic mechanism can be briefly indicate&. ~
We first postulate a level of "minimum" wagé —~vhich is essumed o be
fixéd throughout. When equiliﬁrium is'established at point C, labors

received the whole national product - (since land was a free agent).

If the actual wage established at point O is higher than the minimﬁm wege,

ﬁhe size of population in the next period becomes greater, and equilibrium

position will be established at a higher point - e.g. point D'. Again,
the actual wage esteblished at point D' is compered with the “fixedf
minimum wege; if actual wage still éxceeds ninimpm wage, the éize of pop-
ulatibn increases egain., In this way, a sequence of equilibrium points
(i.e. G,D',E',O,Qi) is generated by this dynemic mechanism.

If’the growth path is a straight line (economicelly the reletive
strength of demand for the two commodities remains price inelastic at a
fixed'outfut ratio), the radial line 0Q; intersects higher and higher price.
line (dotted Blue). This means, of course, that the (actual) real wage

gradually declineé through time. A point Q3 is finally reached vhere

s~
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actual wage equals ﬁminimum wageﬁ. The population, then, ceases to grow
end the long run (péssimistic) séationary state, (for Ricardo) is reached.
The size of populétion is assumed to be equal to i, when the minimum

wage is established.

If, after the stationafy state is reached, the relative strength
of demand for food increases - represented, e.g. by a more steep radial
line OQ,mthe equilibrium position will be established at point Q, which
is the point of intersection of the radial line 0Q, and the equal-price
contour (g'K dotted blue) passing through point Q;. This is true because

with a reduction of the size of the populaetion, the minimum wage can be

meinteined et this "demand ratio. In other words, tke long run equili-

brium will alwaeys be established at a point lving on the equal - price

contour g'K, depending upon the relative strehgth of demend for the two
commodities. (This is true because we know that the level of real wage
remeins unchanged - at the "minimum wage"

60/ .
tablished anywhere on g'K.

level - if equilibrium is es~

It is then obvious in the long run stetionery state (in our model)
~ the adjustment to change of relative strength of demend requires popule-
tion change. If, however, the "fluctuation" of the relative strength of

demand is rather sudden then the populstion adjustment fails to respond

59/The final equilibrium point Qj must stop short of stage five, (but
mey reach certain point in stage four depending upon the relative
strength of demand for the two commodities) for when stage five is
reached, lebor becomes a free agent and is clearly "impossible".

- -

60/See above, page 137,
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instenteneously (in the "short run") , +the product price ratio will

have to change; For insﬂance, if tﬁe size of population haes been ad-
justed to the point Q; (with populatioh size i), the short run equili-
brium position, when demand ratio shifted to the radial line OQp, will
be established at point 8 which represents e point with higher food
price than that established at point Q; with the same size of population.
(Eventually, equilibrium will shift to point Q, in order to meintain both
the minimum wage and the demand ratio).

We readily identify the adjustment. along the production' frontier
Ii (or along any production frontier corresponding to a fixed size of

~ 62/
populetion) the Austrien adjustment. The movement along the Radial

line 0Q. (or along any growth path not necessarily a straight line) is
i g

the Ricardian adjustment, and the movement along g'K (or along any

equal-price line representing minimum wage) the Marshallian Problem, for

a reason which will be suggested below.
In the following sections we will make certain comparisons of

the theoretical conclusion of the three models so far constructed.

61/Although both the "short run" and the "short period" (in our
exposition of the dynemic Ricardo) are.phenomena caused by the leg
in population adjustment, they should be distinguished. The "short
period" is relevent to a "process analysis" and the "short run"
is more properly a "comparative static analysis". Economically, the
short period refers.to certain points of time during a growth process
and the short run refers to a lag of adjustment when the stationary
state is already reached.

62/See above section II, page 179,

éj/See below page 223,
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Section seven: The Equilibrium Configurations of the Three Models

We can easily derive certain conclusions, respectively for the
’ 2
ﬂthreef models, with the aid of our disgrem (diagream 42). Let us point

them out orderly.

(1) Dynamic Ricardo Model
' In the dynamic Ricardian Model, if the growth path is a straight
line - i.e. if the relative strength of demend for the two commodities
régains approximately the same - we know:
a) The price of food increase; gradually (relative to the
~ price of ciothing). | !
b) The price of labor (or rather the price of "capital and
' labor" since they are dosed together)'décreéses.absolutely

. 65/

end relatively to the price of land service.

¢) The effect of population grdwth on sociel distribution ratio

] 66/
- (i.e. wage bill divided by rent bill) is indeterminant.

64/Referring to diagram 42, if the growth path is a straight line, the
ratios of output for all sizes of population, will be equalized.
Referring to diagram 42, it is seen that if the equilibrium position
_before population increase is Qi (i.e. populetion size i) when popu-
lation increases to size j, the new equilibrium position must be
represented by a point lower than Qj if the same (old) output retio is

intained. (Sinc 3 i . R .

to be meintaine (Since g%?<3%§- which gives %( gqi s the

i
ratio of output of clothing to food is higher at Qj than at Qi)' The

new product price ratio must be lower than the old product price ratio
(established at Q; before population increase) if the output ratio
is to be maintained.

65/3ee Fn. Ol/.above,

66/In other words, the labor's share (relative to the land-owner's share)
of the total netional product is effected by two opposing forces, a) the-
declining functional distribution ratio adversely effected the social
distribution ratio,  from:the viewpoint of the labor class; and b) the
increasing size of lebor force tends to effect social distribution ratio
more "favorably" to labor. When the growth path is a straight line, the
net result is generally unknown. This can be proved by geometric methods.
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Hence, in spite of the fact that social distribution ratio

was what interested Ricardo most we cannot support the thesis that
éocial distribution ratio necessarily declines as the populetion-
growth (and capitzl accumulation) proceeds (when we "isolsted"
the forces of the relative strength of demand for the two commoditieéQZ/
by ass;ming a radial-line-growth-path).

If thekgrowth path is not along a radial line, these con-~
clusions apparently do not hold. For instance, if the growth path
(in diegram 42) after point G, concaves downward sufficiently (aiong
the dotted arrow) so that the growth path intersects successive "lower"
equal-price contour and "higher" production frontiers (i.e. larger size

of population) the price of clothing becomes higher and higher and the

funetional distribution becomes mbre and more favorable to lebor. The

social distribution ratio then necessarily becomes more favorable to
€8/ '
lzbor class. This state of affairs is brought about by the faect that

ﬁg/ﬁence, strictly speeking, the "pessimism" of Ricardo was unfounded,
" if the "social distribution" retio is emphasized. (If the funct-
ional distribution ratio is emphasized, then the "pessimist is
Justified, as has been pointed out above in footnote 64 on page 211)

68/In other words, both factors, identified in footnote 66 on page 211,
will be favorable to lsbor class.
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a8 population increases the relative strength of demend becomes more
and more favorable to the "labor-intensive commodity" —~the clothing.
This is, of course, what should be the expected intuitively.

If we take the function distribution redio as a measure of rela-

tive welfare positionﬁyof tﬁé labor (ahd landowners) we have just come

to the conclusion thet the laborers will likely becéme worse off as
population increases and whnen the relative strength of demend is isolated.
This probably will be the case if we can make the additional assumption
that food is a "necessity" and clothing is a "luxury"! (reletive to each
other) - vaich is probabi& not a very misleading assﬁmpﬁion. If this is
true fhén, as population increases, the society as a whole becomes poorer
and poorer (since we assume that the quantity of land is unaugmenteble
which serves as a bottle-neck for the aggregate income of the nation)

end a larger share of the resources must be devoted for the pro&uction

69/

of the "necessity" — food - to feed the increasing population,  The

growth bath will then more likely be along & radial line if not actually

concaved upwaerd - representing en ever increasing output ratio in favor

of food. And if the growth path concaves upward sufficiently, not only
the functionel distribution ratio, but also the "social distribution ratio"
‘will be deteriorated from the labor (and capital) stendpoint. In other

words, the gqualitative conclusion of Ricardo B lérgely supporte& if this

assumption - on the nature of the demand of the two commodities - is made.

69/This assertion is not rigorous. Since we do not know the personal
" distribution of resources in perticular end "wealth" in general we do
not know the actuel relative strength of demand — and we do not know
the exact location of the growth path. Our assertion is essentielly
e deduction of the "non-rigorous type" —which are not lacking in the
history of economic.thought. :
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(2) The Austrian Model

- QuéliﬁatiféAééﬁclusions for the Austrian Model =~ which has

been identified as a fshort run population lag modEI“zg/;re more easy
to ﬁake. Yle simply répeat what we have said earlierlll/ The social
distribution ratio, functiona} distribution ratio, output retio, product
price ratio, inputArétios allnrise and fall together, as governed by the

relative strength of demand of the two commodities, and they change in

the same direction,

(3) Marshallian Model

T In thé iéng fﬁn Marshellian Model, in which the size of popu-
letion is adjusted to the optimﬁm size for the maintainance of minimum
waege and a particular demand ratio (represented by a movement along

the e.g. equal price contour g'K) the product . price ratio is always the

gsame. The functional distributién ratio is also maintained st a con- .
stant level. The social distribution becomes more favorsble for labor
class when the relative strength of demand becomes more favorable to

: : 72/
the labor intensive commodity - clothing.,

Section eicht: The Role of the Relative Strength of Demand
Let us now briefly examine the role played by the relative

strength of demand for the two commodities in the three models considered

- 70/See above page: 210,
zl/See rule (25)

72/This is obvious: when the wage-rent ratio is fixed, the social dis-
tribution retio (way bill - rent bill ratio) is higher if lgbor-rent
ratio is nigher —-as will be brought about by a strengthening of the
demand for clothing.
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’

in the last section and the "static Ricardial Model" constructed in

Section III above. Our purpose is to examine theispecial features of the

value and distribution theories of the various models involved.

l. Phe: Austriah Model |

e

The central festure of the Austrien Model conetrueted above is
the strategic iMportanee essigned to the force of reletive strength of
demand — almost everything'else seeme’te be the "effect" of "demend".
The subjective:(psgchological) veluation Af the eonsumefe seems toiﬁe ‘
the sole "cauee".,v Our model, then, represents the splrlt of the
enthuSLasm of the early proponents of the subgectzte theorlea of value.

e can even say, with Marshall that e.g;\Jeyons errored on_tae
other extreme - i.e. by over empha8121ny the demand factor. lfrom tﬁe
viewpoint of statlc general equlllbrlum theor;es, l-'\:1.1: ;Z;es twe>b1ades

pf scfssors to cut" — and Marshall was no @eubtfglght.

2. The Static Ricardian Model

In Section III we have constructed e)stetie Ricardian model which
differs from the Jevonian\model only in‘thatilan& was assumed to have no
use for the industrial secﬁor —-for the production of clothing. It is now

apparent to us that in this Rlcardlan model the relaulve strength of demand

for the two commodities is as \.ndispenuble for the determination of the

13/The concept of "cause and effect relationship" (1'6. ‘causelity") as
a scientific principle is obsolete. What we meen by ' cause and effect"
in this connectlon, is strictly from the viewpoint of "method of
analysis" —i.e. owing to the peculiar construction of.our model (1n
wnich the supplies of the factors are assumed to be fixed) the only

thing that can vary significantly and 1ndependentlx is the relative
strength of demand for the commodities. .

T4/5ee Marshall, Prlnclple Eight Edition Appendlx I. From a philosophical
standpoint, one perhaps cen meke an argument out of the assertion that
"Psychological valuation" rather than "cost" is more fundamental for value.
However, phulosophlcal obeervatlons are not.relevant to an analytical

problem, ;‘
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equilibrium position, as ‘in the Jevoniap model. -(See diagram 52 on page
186 ) However, it is well known that Ricardo had arrived at the conclu-
sioﬁ thet the relative prices are determined by the "marginal lagor cost" -
i.e. the flabor theory of value"., We can launch a belated attack on the
.obéolete énd erronsous labor théory of velue, with the aid of our diegrams.
Starting from the nation that "labor is the real price" of every-
thing, Ricardo apparently conceived tﬁe idea thet the exchange value
(which Ricardo strenuously distinguished from “wealthf) of a stock of
commodities is strictly proportional to the quéntity of labor pain ?bmbodiedf

16

in them. = (This "humenitarian™ way of thinking, if represented in our

-

-

diegram 52 becomes something as‘followsz et point Fl, the exchange value
of the total‘output of food to clothing will be Oﬁl/ El which is the retio
of the quantities df labor embodied in the two stocks of commodities
produced at point P1).

Realizing thaf this is apparently not what was actually found in

the market plece, Ricardo skillfully pointed his finger at the margin

and argued that it is the labor embodied invthe'product produced under the
most difficu1t circumstance;zz/; meaning by this the cultivation at the |
extensive margin.(i.e; the worst land currently being uséd) which, Ricardo
knew, is equal to the intensive ﬁargin of cultivetion - that counts. In

this way, he reasoned, the labor theory of value is inpregnable. But to a
modern reader, his "no rent land" and his emphasis on'fdifferentiai rentf
(his slightening of the fscarcit& rent") are all devices for the preserv;tion

. . 78/
of his merginel labor theory of value.

15/Ricardo, Chapter XX

76/See Ricardo op.cit. Chapter I. After quoting the femous "beaver and
deer" parable of Smith, Ricardo stated, dogmatically: "Thet this is
really the foundation of exchange valve of all things, excepting those
which cannot be increased by humen industry, is a doctrine of the utmost
importance...If the quantity of labor realized in commodities regulates
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It is to be noted, however, that Ricardo was perfecfly right in
- the sense that the exchange ratio does equal the guantities of lebor
embodied at the margin., The big question ist how end where do we
locate the margin of cultivation? (In disgram52 , if we let Oﬁ (changes
e.g. to 0D2 the maigins will 6haﬂge); The modern answer is, of course fby
the other blade of the scissorsf which Ricardo slighted. )
Ir wé take a,véry sympatﬁetic explanation of Ricardo, as Marshall
would heve us do;ég/by interpreting him as "taking the demand for granted"
this means, in our diagram (dlagram 52) for‘lnstance, we have to hold OD )

constant, In this way Ricardo is absolved from the responsibility of

"determining the margin. But the difficulty does not end here.

Footnote 76 cont'd.
their exchange value, every increase of the quantity of labor must
augment the value of that commodity on whlch 1t is exercised, as every
diminution must lower it." :

11/For the unconditional 1abor pein cost theory only holds in the stege
of growth before the land is eppropriasted. See Ricardo page 37 of
Chapter II,

18/See Gide and Rist "History of Economic Doctrine" page 152.

19/If we essume a one product economy the question, of course, does not
srise —for then, given the assumption of full employment (under the
essumption of static competition, full employment is always realized),
the margin of cultivation is determined when the endowments of the two
factors are given (if the supply 8f factors is perfectly 1nelastic). )
If there are two (or more) products, this becomes a problem! Ricardo
could have neglected the problem of "value" - and the labor theory of
value - and concentrate on the analysis of ."distribution" which, we
know, was his major interest, by essuming a.one product economy.

80/See Marshall, Principle Appendix I page 813 where Marshall states "If
. then we seek to understand him rightly, we must interpret him gener-
ously", and on page 814 Marshell stated, at the margin of the page,
"He took utility for granted, because its influence is relstively
simple."
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In the first place, the "pain" (labor) cost theory of value is
still completely wrong if any ethicai;inference is implied. The

marginal unit of wheat is exchanged with the marginal unit of clothing

stridtly inrﬁhe proportion of labor embodied (in one unit each of the
two commodities) - perhaps, in harmony with social justicéél/- but all
the other (infra—marginaf) unite of wheat are exchanged for clothing not
prdportionél to embodied labor pain —and strictly involves social un-

82/

justice.,
8/

In the second place, if we taeke the static Austrian model
then all what has been said of "labor and pain" sbove, cen be substi-
tuted by "land and non-pein" and all the statements still hold - namely,
products are exchenged strictly in proportion to the service of "land"

gl/ - ;

embodied in one unit each of the two commodities.

We we know, no matter how favorable we interpret Ricardo, labor
theofy of value is completely trivial., For in both the Austrian and in

the static Ricardian models, the merginal labor costs (labor embodied)

only indicated (or reflected) the exchange ratio. Analyticelly, this‘ig

determined by the sssumption that there is free mobility of lebor between

the two sectors and that there is no sectorial preference in the supply

81 /For 1nstance, somethlng like "money cost! s determined by competitive
force, equals "real cost" which was the position taken by Mershall (for

the Stationary.State, at.least. See principle page 810)

82/Vle may wittedly edd, the total units of social unjustice exceed the
“total units of social justice by total units of output of "wheat" minus
two! (Since one unit of sociel unjustice is cancelled by the marpinal
unit of social justice"). '

83 /Namely, any production frontier in diegrem 42. This model, according
. %o Prof. Buchenen, was not con51dered by Ricardo, but was definitely
considered by Marshall.

84/And how about "social justice'?

-
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of labor. Under these assumptions, "marcinal labor theorv of value'

fdliowé; F&f,“aﬁparéntli, ﬁhe fétiddof méfginal physiéal products éf
_labor, in £he production of the two commodities (which are the reciprocals
of the marginel labor costs — or labor embodied) necessarily équals the
inverse of product price ratio (éfherwise laborers will move from one
sector‘tb another until this equality is satisfiedz)hence ﬁmarginal labor
theory of value" )

Without %he other blade of the scissor - the relative strength of
demand - the problem cen never be solved (as long as there are two or
more commodities). And when this éroblem is solved, there is no place
for the trivial amarginal lebor theory of value" and still less for the
erroneous “embodied labor theory of valueﬁ. Ricardo definitely has
saved himsélf from the embarrassing situaiion only by obscurity.

We can now see, incidentally,the difference between the Austrian
model and the Ricardian model. While in the Jevonian model, both lebor
and land embodied in the marginal units of the two products, cen be taken
as an findicatorf (not determinant) of exchange value, this cannot be
done iﬁ the Ricaédian Model - for in this model land has no alternative
uge for the viewpoint of the farming sector. This might have caused one
to believe that "rent" is a "surplus" (en effect) while wege (or labor cost)

8/

is the "cause" — but in fact, marginal labor costs are indicators too.

85/In other words, labor hes an opportunlty cost from the "sector" viewpoint,
. while land has no such opportunlty cost.- But in the stetic Ricardian
model, to say that rent is the "surplus" (effect) in the sense that labor
is the cause is a completely unintelligent, mysterious, and erroneous
assertion. If, in the short run, both the supplies of lsbor and land
are perfectly inelastic, it is more meaningful to .say that, in the
Ricardian model (and the Jevonian model) the relative strength of demand
is the "cause" of the ups and.downs of rent (rate or share).
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This whole "bundle" of pain cost theory was inherited by the

"exploitation school®. Even more mysterious philosophicel properties
N . 86/ .
have to be ascribed to the factor "labor®, The quality of the theories

86/In a sympathetic review of the theories of Marx, Prof. P. M. Sweezy
(The Theory of Capitelistic Development, Oxford University Press, I.Y.
1942) emphasized the Marxian distinction of "the qualitative value
problem" and the "quantitetive value problem" (page 25 "The great
originality of Marx's velue theory lies in its recognition of these
two elements of the.problem..."). Prof. Sweezy further pointed out
(page 34) "That critics of Merx have concentrated their attention of
this prospect of the theory (note: the"Quantative" aspect, rather than
the "galitative aspect"), and at that one-sidedly,.is no accident; their
attitude towards the value problems hes disposed them to a preoccupation
with exchance ratios to the neglect of the character of the socisgl
relations which lie hidden beneath the surface". The writer frankly
admits thet he is "one-sided" (in leaunching the attack in the text)
because he is preoccupied with the problems of "exchange ratios".
With respect to the qualitative value problem, Prof. Sweezy wrote:
(page 29) "We may sum up the qualitetive reletion of value to labor
with the following statement: On the one hand all labor is, speeking
phisiologicelly, an expenditure of humen labor power, and in its )
character of identical abstract human labor, it creates and forms the
values of commodities. On the other hand, all labor is the expenditure
human labor power in & special form and with a definite aim, end in
this, its character of concrete useful labor, it produces use values".
It seems to the writer that the first half of the statement of Prof..
Sweezy (i.e. "on the one hand") expresses a phjlosophical (or religbus)
belief. (Historically, the role of the prime creator of value hed
been variously assigned to "land" to "God" etc). The second half of
the statement (i.e. "on the other hand"), seems to express the idea
that the "concrete useful® labor, in a.'special form", is embodied in
the "use values" that labor creates —which is, nonetheless, a philo-
sophical belief _too.
In view of the fact that Prof. Sweezy had teken the trouble to defend
the quantitative vealue theory of Marx (in leter chapter - i.e. Chapter
III) in a language understendable to "those brought up in the main
tredition of economic thought", we cen safely conclude that the philo-
sophical observetions on the nature of labor (i.e. those pertaining
to the qualitative value problem cited above) are largely irrelevent
to the analysis of the "exchange ratio" of a capitalistic system. (A4s
indeed it should be; since the concept.of "value", as such, is a
philosophical one if it does not refer to exchange value — which is
something to be explained by analysis).
The apology of Prof, Sweezy for the labor theory value of Marx clearly
indicated thet the theory is only an approximation (page 42, "AS a
first epproximation Marx assumes thet there is an exact correspondence
between exchange retios and labor-time ratios") and "exceptions" will

1
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of the "exploitation school" could have been greatly improved without
. 81/

the pain cost theory of value,

3. Dynemic Ricardian Model

Ve éan ériﬁicize laBor théory of value again, in the background of
the historical growth process., Labor theory of value unconditionally
holds only in the earlier period'when there was a superabundant supply
of land. (Referring to diegram 42, this is in region A, or the "atage
of growthf numbef 4, e.g. points included in OfC). In this stage of
growth, 1énd was like air end water; no matter how sfrong is the demand

for the land intensive commodity (food) rent could not arise. Laborers

Fn. 86 cont'd.
have to be made if this rigid form of labor theory of value is adhered
o (page 44) "It is clearly not difficult to think of cases which '
violate this assumption...for example, opera singers, ster baseball
players, mathematiciens...But these are exceptional cases). (We see,
incidentally, that the category of phenomenon which Prof. Sweezy
wanted to rule out as exceptions, is precisely those relating to
"scarcity velue". In other words, the quantity velue theory of Marx,
is hardly any more advanced than the 0ld Classical Theories.)
Prof. Sweezy quoted Prof. Schumpeter and cited Prof. Keynes (pages
51-52) to support the thesis thet it is legitimate to neglect the
relative strength of demand (page 52 "We see that Marx's relative
neglect of the problems of consumer's.choice finds ample support in
recent trends in economic thinking"). This is true precisely because
of the fect that the problem of exchange retio should not be the
preoccuphtion of the theorists concerned. (page 52, "Schumpeter in
e eoffect admits that for the problems in which he is interested - busi-
ness cycles and the developmental tendencies of the capitaelist system
the theory of consumers' choice is of little or no relevance). In
other words, the labor theory of value is an inflerior theory af'ter
all - if one is concerned with the problem of exchange ratio - and
no mythology can save it,

874irs. J. Robinson has attempted a reconstruction of the exploitation
. theories by first pointing out that the exploitetion theories can do
without this bundle of labor theory of value. See J. Robinson, An
Essay on Marxien Economics, Macmillan chapter 3 (on pege 27 Mrs,
Robinson wrote "I hope thet it will become clear, in the following
pages that no point of substance in Marx 8 argument depends upon the
labor theory of value." )

- .



222

were the general bottleneck factors. In this region exchange ratio is
completely govefned by the quantities of labor embodied in the various
commodities.

But after the edge of the land-absolutely free region (A) is
approached, (e.g. OQ; intersects the straight line €c' at point C),
land may or iay not be superabundant —depending upon the relative'
strength of demand of the two commodities. Had the relative strength
of demand been stronger in favor of food (e.g.'the growth path were
Othrather than 0Q;), the land would no longer be a free good at the
seme size of populafion. In othef words, the size of ﬁbpulation cor-
responding to the mergin of superabundance of land‘depends upon the rela-
tive strength of demand.

After the land relatively free region (B) is passed (i.e. the

growth path passes point E' on fc' and reaches the "third" stage of growth

(C)) 1and will definitely not.be a free good any more — and the trivial

88/This state of affairs was clearly recognized by Ricardo when he wrote °
- (34) "On the first settling of a country in which there is an abundance

of rich and fertile land, a very small proportion of which is required
to be cultiveted for the support of the actual population...there will
be no rent, for no one would pay for the use of land when there was an
ebundant quantity not yet appropriated, and therefore, at the disposal

of whosoever might choose to cultivete it." That the ratio of exchange -

is governed by labor embodied in this stage, he wrote (37) "The most
fertile and most favorably situsted land will be first cultivated, and

the exchangable value of its produce will be adjusted in the same manner

as the exchengeable value of all other commodities (note: Ricardo

apparently meent "all other commodities - produced in the industrial
" sector - for the production of which the land has no use) by the

total quantity of labor necessary...to produce it and bring it to

merket." (Notice, in this stage both the "marginal lebor theory of value"

and the "embodiment labor theory of value" hold. They will fall down
together.in the next stege of growth.) ' )
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merginal labor theory of value which has been criticized above, comes
into force (the embodied lebor theory of value fails),
Hence, it is clearly seen that the labor theories of value are

only special cases, from the analytical viewpoint, of the more general

89/

"general equilibrium theory".

4, The long-run Mershallian Model

In our long run Marshallian model, we arrived at an interesting

conclusion: relative price of commodities are independent of the rele-
90/
tive strength of demand. We, irristably, recall the often quoted asser-
91/ '
tion of Marshall:

"Thus we may conclude that, as a general rule, the
.shorter the period which we are considering, the
greater must be the share of our attention which is
given to the influence of demand on value; and the
longer the period, the more important will be the
influence of cost of production on value."

What is more interesting, we have been able to corroborate this

assertion of Marshall, even in & more confirmed tone, (and words for words)

89/0ur hlstorical approach of the value problem probably represents the
. psychology of Ricardo: his femous second chapter on rent was written
after the first chepter on velue and was supposedly ean eleboration
on the velue theory. (His first chapter corresponds to our "land free
region" (stage one and partly two of growth) and his second chapter
corresponds to our "non-free-region" (the second and the third
stages of growth).

90/See page 21h.abo§e.

91/Mershall, Principle page 349. This is the main reason that we choose
to call the "long run stationary state of Ricardo" a "Marshallien
model”., In other words, in this way, we can support the assertion of
Marshell from the viewpoint of the general equilibrium theory. (In
addition to this reason, the nature of the "long run" equilibrium
model, also reminds us of the "stationary state" of Marshall. However,
we choose to call our model Marshallian temporarily, only to reject
it in the remeainder of this section).
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92/

as a result of our disgremmatical analysis, Can we claim that we have
told ‘in diagrammatic language what Marshall wanted to say?
In order to answer this question we have to answer; first of
v all, the question: why heve we been able to reach such a conclusion -
i.e. product price retio is independant of demand in the lMarshallian model?
In the first place, we arrived at this conclusion because we
have made the assumption of iron law of weges - so that, in the long
run, the size of population is govermed by the relative strength of demand
for the two commodities. Did Mershall assume irsn law of w;ges? The
answer is "yes", according to Professor Hafros:gl/
"We know well how lovingly he (i.e. Marshall) treasured
all the bits and pieces of traditicnel theory...Even the
iron law of wages reappears; its guise is softened and
rendered kindly, but it is there all the same.f
On this eccount, we probably can'claiﬁ that our médel gain a
u

certain "Marshellian" flavor.

But on a closer examinetion, we found that we have assumed, not

only the ironm law of wages (defined in terms of a vague level of minimum:

wage), but we have actually assumed a rigid composition of wage good for

the "minimum wege". This amounts to the assumption that the marzinal

92/A comparison of the conclusions which we have arrived at (see above
pages 214 ) of the short run Austrian model and the long run
Mershallian model confirms this stetement. In the Marshallien model,
the relative cormodity prices are completely independent of the rela-
tive strength of the demand of the two commodities; and in the short
run Austrian model, the product price ratio is largely governed by the
relative strength of dem%nd.

93 /Harrod, op.cit. page 15



225

phvsigal productivity of lasbor, in both industries, should remain

absolutely the same, in the long run. Given the assumption of production
function with constant returns to scele, this means that the "input-
ratiosﬁ‘in both industries should remein the same; and that tﬂe size of

populetion changes whenever the two fixed input ratios ere not main-

taiped. If this is the case, then the commodity prices ratio will
inevitablj be meintained in the long run.

So the crucial question becomes: did Marshall postulate a fixed
;composition of wage good? Moreover, did he postulaete the "minimum wage"
in terms of a fixed compoéition of wage good, which will bé maintained ;n
the stetionary state such that the size of population fluctuetes in
response to a chénge of the relative strength of demand for the two com-
modities? In the ﬁwell-roundedf exposition of Marshall, such a proposi-

tion is simply too "acute" and "novel" for Marshall. Marsnall would be

the first one to accuse us if we try to intefpret him in this way, fors

94/From diegrem39 , (end comparing with diegram 42) these assertions
will become immedietely obvious. We might point out: the "fixed-input
ratios in both industries", "the fixed product-price retio", and the
"fixed marsinal physical productivities in both industries", "the fixed
.- composition of wage goods" are uniquely correlated to each_ other.
Tnis is true by the assumption of constant returns to scale.

Further, these assertions will remain to be true even though we will
postulate o verisble (rather than fixed) supply of lend — provided a
fixed stock of land, where determined in size, becomes completely
inelastic in supply. Tihis can be easily demonstrated by the method
of box diagrems. Ve can then call "land" in our long run Marshallien
model the "capitel" end give our model an additional dimension (i.e.
a variable amount of capital) enabling it to resemble, more, the
Harshallian position. (after all, land is capitel for the Classical
School). We, then, will heve more right to cell our long run model
"Marshallian",
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"In this world (note in the realistic world) every
.plein and simple doctrine as to the reletions between
cost of production, demand end velue is necessarily
false and the greater the appearance of lucidity which
is given to it by skillful exposition, the more mis-
chievous it is." (368)

And no one can deny thet we heve given our long run Marshallian
model a ?great appearance of lucidity" (although it may not be very
skillful), and hence, very mischievous, indeed. But in the imeginary
stetionary state, for which more skillful expcsition is supposedly per-

mitted, and in which, in the words of Marshall:

"(In e stationary state)...the plain rule would be
‘that cost of production governs value" (367)

we found; that it is a "state':

M_..in which population is statiomery" (367)

This spoils all our fun of "nunting". Wnat is represented in our

long run fMarshallianmodelf is a ffunf much more longer then the sta-
tionary sﬁate of Mershall ;‘becagée.wé postulated an ultimate ad justment
of the size of populetion. And, in his "mild form of iron lew of wagesf
Mersinell used such "well rounded" expreséion:' )
"Turning néxt to the gréwth of wealth, we observed

_how every inctease of wealth tends in meny weys to
meke a greater increase more easily then before" 95/

(314)

e could find little gupport for our assertion of a fixed-compo-
sition of wage goods defined as the pivoting minimum wege. We must then
concludes despite all our efforts to support the Marshallian assertion
(or the Classical assertion in general), namely, that in the long run
cost of production (rather tnan demand, or the "two" bledes of scissors)

governs value, our model is not "Marshallian®.

95/What Marshall had in mind is what was discussed earlier on page
180-192 in the "Principles" on such topics as "marriege-rate", "birth-
rate®...etc. ' ‘
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