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Abstract

The WZW form of open superstring field theory has linearized gauge invariances associated with
the BRST operator () and the zero mode 7y of the picture minus-one fermionic superconformal
ghost. We discuss gauge fixing of the free theory in a simple class of gauges using the Faddeev-
Popov method. We find that the world-sheet ghost number of ghost and antighost string fields
ranges over all integers, except one, and at any fixed ghost number, only a finite number of
picture numbers appear. We calculate the propagators in a variety of gauges and determine the
field-antifield content and the free master action in the Batalin-Vilkovisky formalism. Unlike
the case of bosonic string field theory, the resulting master action is not simply related to the
original gauge-invariant action by relaxing the constraint on the ghost and picture numbers.
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1 Introduction and summary

String field theory is an approach to string theory that aims to address non-perturbative questions that
are difficult to study in the context of first quantization. Classical solutions that represent changes
of the open string background are of particular interest, and considerable progress was made in this
subject in the last few years (see, for example, [1} 2] 3] 4 [5]).

A covariant string field theory should satisfy a series of consistency checks. The kinetic term,
for example, must define the known spectrum of the theory. The full action, with the inclusion of
interaction terms, has nontrivial gauge invariances. It must be possible to gauge fix these symmetries,
derive a propagator, and set up a perturbation theory that produces off-shell amplitudes that, on-shell,
agree with the amplitudes in the first-quantized theory. The purpose of these checks is not necessarily
to construct off-shell amplitudes, but rather to test the consistency and understand better the structure
of the theory. Indeed that was the way it turned out for open bosonic string field theory [6]. The
Faddeev-Popov quantization of the theory quickly suggested that the full set of required ghost and
antighost fields could be obtained by relaxing the ghost number constraint on the classical string
field [71, 8] IQI] Moreover, the Batalin-Vilkovisky (BV) quantization approach [I0] [IT] turned out to
be surprisingly effective [I2]. The full master action for open bosonic string field theory—the main
object in this quantization scheme—is simply the classical action evaluated with the unconstrained

string field. For the closed bosonic string field theory, the BV master equation was useful in the

! In this paper we refer to the string field in the gauge-invariant action before gauge fixing as the “classical” string
field, distinguishing it from ghost and antighost fields introduced by gauge fixing.



construction of the full quantum action, since it has a close relation with the constraint that ensures
proper covering of the moduli spaces of Riemann surfaces [I3]. As is the case for open strings, the
closed string field theory master action is simply obtained by relaxing the ghost number constraint on
the classical string field.

It is the purpose of this paper to begin a detailed study of gauge fixing of the WZW open super-
string field theory [14] using the Faddeev-Popov method and the Batalin-Vilkovisky formalism. This
theory describes the Neveu-Schwarz sector of open superstrings using the ‘large’ Hilbert space of the
superconformal ghost sector in terms of &, n, and ¢ [15]. As opposed to some alternative formula-
tions [16] 17, 18] no world-sheet insertions of picture-changing operators are required and the string

field theory action takes the form

1 1
5 = 53 {(€ Qe me®) = [t ot {(eHQe), (e ™)) (1)
g 0
Here {A, B} = AB + BA, g is the open string coupling constant, 7y denotes the zero mode of the
superconformal ghost field n, and @ denotes the BRST operator. These two operators anticommute

and square to zero:
{Qm} =0, Q=ny=0. (1.2)

The string field ® is Grassmann even and has both ghost and picture number zero. Both @ and ng
have ghost number one. While 7 carries picture number minus one, () carries no picture number.
Products of string fields are defined using the star product in [6], and the BPZ inner product of string
fields A and B is denoted by ( A B) or by ( A|B). The action is defined by expanding all exponentials
in formal Taylor series, and we evaluate the associated correlators recalling that in the large Hilbert

space

(£(2)cOcdc(w)e W) £ (1.3)

The action can be shown to be invariant under gauge transformations with infinitesimal gauge param-
eters A and 2:
5e® = (QA)e® + e (), (1.4)

and the equation of motion for the string field is
(e *Qe?) = 0. (1.5)

In this paper we focus on the linearized theory. For notational simplicity we will simply set the

open string coupling equal to one: g = 1. To linearized order the action reduces to Sy given by

So = 5((Q®) (). (1.6

Using bra and ket notation, the kinetic term can be written as
1
So = —3 {(D(0.0)| Qno |®0,0)) - (1.7)
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Here we have written ® = @ o) to emphasize that the classical string field has both ghost number
and picture number zero. Unless indicated otherwise, we take X(, ) to be an object that carries ghost

number g and picture number p. To this order the equation of motion (L5l becomes
0@ Lo = 0, (1.8)
and the gauge transformations (4] become
00®(0,0) = QA + 1nof2. (1.9)
Let us use € for gauge parameters and rewrite (L9]) as
00 (0,0) = Q€(—1,0) + ME-1,1) > (1.10)

where we have indicated the appropriate ghost and picture numbers in the subscripts. Note that
both €_1 ) and €1 1) are Grassmann odd, both have ghost number minus one, but differ in picture
number. The gauge invariances (LI0) have their own gauge invariances. We can change €_; o) and

€(—1,1) Without changing do® ). Indeed, with

01€(—1,0) = Q€(—2,0) + M0€E(-2,1) » A1)
516(—1,1) = Qe€(—2,1) + M0€(—2,2) 5

we readily verify that d1(50®(0,0)) = 0, making use of (L2)). At this stage we have introduced three
gauge parameters, all of ghost number minus two, and with pictures zero, one, and two. The above

redundant transformations have their own redundancy:
02€(—2,0) = Q€(—3,0) + M0E(-3,1) 5
O2€(—2,1) = Q€(—3,1) + M0E(-32) ; (1.12)
02€(_2.9) = Q€(_32) + M0E(—33) s

and this time we verify that d2(d1€(_1,0)) = d2(d1€_1,1)) = 0. At step n, in matrix notation, we have

€(-n Q m O 0 0 €(~(n+1),0)
6(—n7 0 Q@ mno 0 0 €(=(n+1),1)
9 6 B n
5, | €(=n2) — 0 0 @ 0 0 (—( ‘+1),2) (1.13)
€(—n,n) o 0 0 --- @ o €(—(n+1),n)

€(—(n+1),n+1)

The above describes the full structure of redundant symmetries of the theory at linearized level. It is
the starting point for the BRST quantization of the theory, where we select gauge-fixing conditions

and add suitable Faddeev-Popov terms to the action. The above gauge parameters turn into ghosts

n>1, p=0,1,...,n. (1.14)



It follows from the BRST prescription that all of the above ghost fields are Grassmann even, just like
the classical string field @)1 Antighosts must be also added. The Faddeev-Popov quantization is
carried out using a set of gauge conditions that enable us to confirm that the free gauge-fixed action,
after elimination of auxiliary fields, coincides with that of Witten’s free theory [16] in Siegel gauge. The
gauge-fixing conditions here are of type (b, o; &), meaning that ghosts and antighosts are required to
be annihilated by operators made of the zero modes by and §y with a parameter «. (See (2.90]).)

We then turn to the calculation of the propagator of the theory, for which the free gauge-fixed
action is sufficient. As usual, we add to the action linear couplings that associate unconstrained
sources with the classical field, with each ghost, and with each antighost. The propagator is then the
matrix that defines the quadratic couplings of sources in the action, and it is obtained by solving for
all fields in terms of sources using the classical equations of motion. We examine this propagator for
a few types of gauges. In the (by,&p; ) type gauges, the propagator matrix contains the zero mode
Xo = {Q,&} of the picture-changing operator and its powers. The propagator is quite complicated
for a # 0 and simplifies somewhat for o = 0, where it takes the form of matrices of triangular type.

A more intriguing class of gauges are of type (by,dp; «). Here dj is the zero mode of the operator
d = [Q, b¢]. In the language of the twisted N = 2 superconformal algebra [19], dy = ég is a counterpart
of by = G, . Corresponding to the relation {Q, by} = Lo, the anticommutation relation {ny,do} = Ly
holds. In fact, the gauge-fixing conditions bo® ) = do®Pp,0) = 0 were used in the calculation of a
four-point amplitude in [20]. The propagators in this class of gauges are much simpler than in the
(bo, &o; ) type gauges and do not involve picture-changing operators. They further simplify when
a =1 (see [B.59), (3:60), and (B61])). We expect this form of the propagator to be useful in the study
of loop amplitudes.

The gauge structure of the free theory is infinitely reducible. In fact, the equations in (I3
determine the “field /antifield” structure of the theory following the usual Batalin-Vilkovisky procedure
[10, I1] (reviewed in [21] 22| 23]). We write the original gauge symmetry of the classical fields ¢*°

schematically as
«
™0 = R(o(;al e (1.15)
where sum over repeated indices is implicit and R is possibly field dependent. The symmetry is
infinitely reducible if there are gauge invariances of gauge invariances at every stage, namely
«
0eM = R(I;OQ €

0e? = Ré§a3 €3

(1.16)

2 The spacetime fields in such string fields can be even or odd depending on the Grassmann parity of the CFT basis
states.



with the following on-shell relations

RO RO =0, for n=0,1,2,.... (1.17)

(n)an+1 “(n+1)ant2
In this case one introduces fields ¢®* with n > 1 and antifields ¢g,, with n > 0 such that the BV
action reads
S = S(8") + 3 0, Ria,, 0
2l 115)
= S0+ ¢ZOR(%‘;M¢°‘1 + ¢21R(Oﬁa2 O+ ...,

where the dots represent terms at least cubic in ghosts and antifields that are needed for a complete
solution of the master equation. Since all string fields for “fields” in open superstring field theory are
Grassmann even, the R’s are Grassmann odd, and since the inner product with (L3]) needed to form
the action couples states of the same Grassmann parity, the string fields for “antifields” are Grassmann

oddH The antifield @’{g’p)associated with the field @(g’p) is (IJ(

2—g,—1-p)*
— q)(2—97—1—p) . (119)
This follows from (LLIS) where each term in the sum takes the form ¢}, (0¢°), with the gauge

parameter replaced by a ghost field of the same ghost and picture number. This implies that the inner

Ekg,p)

product with (I3]) must be able to couple a field to its antifield. Since this inner product requires a
total ghost number violation of two and a total picture number violation of minus one, the claim in
(CI9) follows. The full field/antifield structure of the theory is therefore

P(_29)
P21y P-1,1) Tp
P20 ®(-10) L0 — —yg

(1.20)
Q-1 P@E-1) Pu-1)

P3,-2) P(4,-2)
D 4,-3)

The string fields @, ,,) with g < 0 on the left side are the “fields,” and the ®, ) with g > 2 on the
right side are the “antifields.” Note the gap at g = 1. Collecting all the fields in ®_ and all antifields

in &, as

oo g co g—1
e = ZZQ)(—g,p)v o = ZZ(I)(!],—P)’ (1.21)
g=0 p=0 g=2p=1

%In open bosonic string field theory the string fields for fields and those for antifields are of the same (odd) Grassmann
parity.



we can show that the free master action S implied by (LI8) and by our identification of fields and
antifields takes the form:

S = — 5 (B |Qmol® ) + (@] (@ +m)®) (1.22)

The master equation {S,S} =0, where {-, -} is the BV antibracket, will be shown to be satisfied.

2 Gauge fixing of the free theory

In this section we perform gauge fixing of the free open superstring field theory using the Faddeev-
Popov method. We first review the procedure in the free open bosonic string field theory, and then we
extend it to open superstring field theory. We also demonstrate that the resulting gauge-fixed action
coincides with that of Witten’s superstring field theory in Siegel gauge after integrating out auxiliary
fields.

2.1 Open bosonic string field theory

The gauge-invariant action of the free theory is given by

So = —5(wQlv), 2.1)

where W, is the open string field. It is Grassmann odd and carries ghost number one, as indicated
by the subscript. The BRST operator @) is BPZ odd: @* = —). This action is invariant under the
following gauge transformation:

0.V = Qe , (2.2)

where ¢j is a Grassmann-even string field of ghost number zero.
The Faddeev-Popov method consists of adding two terms to the gauge-invariant action. The first
term is given by

Ler = N'Fi(9), (2.3)

where F;(¢) = 0 are the gauge-fixing conditions on the field ¢ and A\’ are the corresponding Lagrange
multiplier fields. The second term is the Faddeev-Popov term given by

Lpp = b (CQ%) S Fi(0). (2.4)

It is obtained from Lgr by changing A’ to the antighost fields b* and by changing Fj(¢) to its gauge

transformation 0. F;(¢) with the gauge parameters € replaced by the ghost fields ¢®. The sum of

the two terms Lgp + Lpp is then BRST exact: Lar + Lrp = —0p(b'F;(¢)) under the convention

dpbl = —\.

Let us apply this procedure to the free theory of open bosonic string field theory and choose the
Siegel gauge condition

bo¥1 =0 (2.5)



for gauge fixing. Note that by is BPZ even: b = by. It is convenient to decompose ¥y into two

subsectors according to the zero modes by and ¢ as follows:
Uy = \Ill_ + CO\IIE ) (26)

where U™ and W{ are both annihilated by byg. The superscript ‘~’ indicates the sector without ¢y and
the superscript ‘¢’ indicates the sector with cg, although ¢y has been removed in V{. Therefore ¥{ is
Grassmann even and carries ghost number zero, and so the subscript, which is carried over from Wy,
does not coincide with the ghost number of ¥{. The operator ¢y we used in the decomposition is BPZ

odd: cj = —cp. Using this decomposition, the Siegel gauge condition can be stated as
Ui =0. (2.7)
The gauge-fixing term Sgr implementing this condition can be written as
Sar = —(N|co|P9) , (2.8)

where the Lagrange multiplier field IV is annihilated by by. Note that the insertion of ¢ is necessary
for the inner product to be nonvanishing. The ghost number of /V is two and component fields playing
the role of Lagrange multiplier fields have to be Grassmann even, so the string field NV is Grassmann

even. This term can be equivalently written as
Sar = —(Na|¥y), (2.9)

with the constraint
boNo =0. (2.10)

This can be seen by decomposing N9 before imposing the constraint as
Ny = Ny, + coNy, (2.11)
where N, and N§ are annihilated by by. The inner product (N|W¥y) is then given by
(Na|W1) = (N3 |col¥F) + (Nsfco| ¥y ) - (2.12)

The constraint bg/N2 = 0 eliminates N3, and the remaining field /N, is identified with the Lagrange
multiplier field N. The string field Ny is Grassmann even and carries ghost number two.

Another way to derive Sgr is to use the form byW; = 0 for the gauge-fixing condition and write
Sar = (Ns|bo|Uq). (2.13)
We then redefine the Lagrange multiplier as

Ny = byN; . (2.14)



The resulting field Ns is subject to the constraint byNo = 0. Since {bg,co} = 1, any solution N to
this constraint can be written as No = {bg, co}No = bycgNy = boN3 with N3 = coNy. Therefore, Ny
obtained from the redefinition Ny = boﬁg is equivalent to Ny with the constraint by No = 0.

The Faddeev-Popov term Sgp can be obtained from Sgp by changing No to the Grassmann-odd
antighost field Wy of ghost number two and by changing ¥, to its gauge transformation Qey with €g
replaced by the Grassmann-odd ghost field ¥ of ghost number zero. We have

Spp = —(¥2|Q[VYo) (2.15)
with the constraint
boWy =0, (2.16)
which is inherited from by/No = 0. After integrating out No, the total action we obtain is
S0+ 51 = 5 (W11QIT) — (V@I Wo), (27)
with
bo¥; =0, bpWs = 0. (2.18)

This action Sy + 57 is invariant under the following gauge transformation:

(SE\IIQ = Qe_l . (219)
We can choose
bo¥y =0 (2.20)
for gauge fixing. Repeating the same Faddeev-Popov procedure, we obtain
1
So+S1+ S = —§<‘II1\Q!\I’1> —(02|QWo) — (V3]Q|¥_1), (2.21)
with
b1 =0, bWy =0, boVog =0, by¥3=0, (2.22)

where W3 has ghost number three and W_; has ghost number minus one.
The action Sy 4+ S1 + Ss is invariant under .V _1 = Qe_o. In this way the gauge-fixing procedure

continues, and at the end we obtain

S=> S, (2.23)
n=0
where .
S(] == —§<\I’1|Q|\If1>, Sn == —<\I’n+1|Q|\I’_n+1> for n Z 1 (224)
with
bW, =0, Vn. (2.25)
The action S can also be written compactly as
1 , -
S =—(¥|QI¥) with qf:n;ooqfn, boW =0. (2.26)



2.2 Open superstring field theory

Let us now perform gauge fixing of the free open superstring field theory. We denote a string field of
ghost number g and picture number p by ®(, ). The gauge-invariant action of the free theory is given
by

So = —%<¢(0,0)|Q770|<I>(0,0)> ) (2.27)

where 1)y is the zero mode of the superconformal ghost carrying ghost number one and picture number
minus one. It is therefore BPZ odd: 73 = —np. The action Sy is invariant under the following gauge

transformations:
0e®(0,0) = Q€(—1,0) + M0E(—1,1) - (2.28)

We can choose €_y 1) appropriately such that the condition
50@(070) — 0 (229)

on @) is satisfied. The operator §, we used in the gauge-fixing condition is BPZ even: £; = &o.
Because {no,&} = 1, a field @) satisfying (Z.29)) can be written as

D00 = E0P1,—1) » (2.30)

where (5(1,_1) carrying ghost number one and picture number minus one is in the small Hilbert space,

namely, it is annihilated by 7. The equation of motion

Qno® 0,00 =0 (2.31)

in the large Hilbert space reduces to
Qq>(17_1) - 0 . (232)

Since this is the familiar equation of motion in the small Hilbert space, we know that we can choose
the condition

bo® (1 _1) =0 (2.33)
to fix the remaining gauge symmetry. This gauge-fixing condition can be stated for the original field
0,0y as bo®Pp0) = 0 when Py = 0 is imposed. The condition by® ) = 0 can be satisfied
by appropriately choosing €(_1 ), and it is compatible with §o® ) = 0 by adjusting €_y1). To
summarize, we can choose

bo®0) =0, &P, =0 (2.34)

as the gauge-fixing conditions on @ (g o).
It is convenient to decompose @, ) into four subsectors according to the zero modes by, co, 70,
and &g as follows:

By = Py + 00 QO+ 0P (2.35)

9:p) (g:p (g:p (g:p



where @&;), q)f;p), @&f’p), and q)f;p) are all annihilated by both by and 7y. Note that the subscript

g,p) is carried over from ® and does not indicate the ghost and picture numbers of the fields in the
(9:p)
(9+1,p—1)

C

subsectors. The ghost and picture numbers (g, p) are (g, p) for @&‘p), (9—1,p) for CID(g_p),

for <1>(_;p)7 and (g,p—1) for @fg p)- Using this notation, the gauge-fixing conditions (2.34]) can be stated
as
- _ c— c€
q)(0,0) =0, (I)(O,O) =0, ‘I’(o,o) =0. (2.36)

The gauge-fixing term Sgr implementing these conditions can be written as
Sar = — (N(czé,—nlcofof‘p(_o,_oﬂ + <N(5,§—1)‘00§0’®?0_,0)> + <N(57_—1)‘00§0’(I)?§70)> ’ (2.37)

where the Lagrange multiplier fields IV, (625 _1y N (55—1)7 and N, (5__1) are all annihilated by by and .
Note that the insertion of ¢p&y to each term is necessary for the inner product to be nonvanishing, as

can be seen from (L3). This term can be equivalently written as

Sar = (N,—1)|®(0,0)) (2.38)

with the constraint
bOSON(Z_l) =0. (2.39)

This can be seen by writing N3 _1) before imposing the constraint as
N(z’_l) = N(E,_—l) + C()N(C2_7_1) + foN(;g_l) + CofoN(ci_l) , (2.40)
__ o —&
where N(z,—1)7 N(z,—1)7 N(z,_
bo§oN(2,—1) = 0 eliminates N(CQ__l), and the remaining fields N(cf_

—-— _ c—  _ g _
@(070) =0, (I)(o,o) =0, and (I)(o,o) =0.

Another way to derive Sgr is to use the form by® g0y = {o®P(0,0) = 0 for the gauge-fixing conditions

1) and N(ci_l) are all annihilated by both by and 79. The constraint

1) N(_Q’g_l), and N(_Q,_—l) implement

and write
Sar = — (Ngz,—1)[bo|®(0,0)) — (Ni3,-2)[€0l®(0,0)) - (2.41)

We then redefine the Lagrange multiplier as
Ng,—1y = boNgz,_1) + EN,—2) - (2.42)

The resulting field N _1) is subject to the constraint bp{oN(2,_1) = 0, and the solution to the constraint
can be written as N _1) = boﬁ(&_l) + foﬁ(3,_2)- This time, however, ]\7(3,_1) and N(37_2) are not
uniquely determined for a given solution. Comparing this with the decomposition ([2Z40]), we find that
N(E;l) is in the part boN(3 _1) and COEONé_l) is in the part~£oN(37_2), but &ﬂ\f&?_l) can be in either
part. This ambiguity is related to the fact that a part of N(3_1) and a part of N(3 _o) impose the

same constraint <I>f0_0) = 0. More specifically, if we write ]v(&_l) and j\vf(g’_g) as

o ATC— NTe3 NT _ AT—— N
N(3,—1) == CON(37_1) + COEON(37_1) 5 N(37_2) == N(37_2) + CON(37_2) (243)

10



N(g;m, and ]V(C3_7_2) all annihilated by both by and 79, both 57(635,—1) and N&f—m

fo_p) = 0. So we should be careful if we use ]v(&_l) and N3 _9) as Lagrange

multiplier fields. No such issues arise if we use Ny _y) with the constraint bo§oN(p 1) = 0 as the

. NTCe— ~c£
with N(37_1), N(37_1),

impose the condition ®

Lagrange multiplier field.

The Faddeev-Popov term Sgp can be obtained from Sgr by changing N(; 1y to the Grassmann-
odd antighost field ®(5 _1) and by changing @ o) to its gauge transformations Qe _y o) +no€(—1,1) with
€(—1,0) and €1 1) replaced by the Grassmann-even ghost fields ®(_; gy and ®(_ ), respectively. We

have
Srp = (®(2,—1)] (Q|<I>(—1,o)> + 77o|‘1>(—1,1)>) (2.44)

with the constraint
bo&o®P2,-1) =0, (2.45)

which is inherited from bp§oN(2 _1) = 0. After integrating out Ny _), the total action we obtain is

1
So + 51 = —5{P(0.0)| @m0/ P0,0)) + (P2, 1) <Q|<I>(_1,o>> + m0l®(1,1)) ) (2.46)
with
bo®0,0) =0, &P, =0, bo&oP2,—1)=0. (2.47)

The action S7 can be written in the following form:

S1=(®p-pnl (Q o) ( i(—LO; >> (2.48)

)

This action Sy + 57 is invariant under the following gauge transformations:

0e®(_1,0) = Q€(—2,0) + M0€(=2,1) »

(2.49)
0e®(—1,1) = Q€(—2,1) + M0€(~2,2) ;
which can also be written as
€(—2,0)
P Q m O =2,
5 ¢ 170>> :< ) € : 2.50
< cI’(—1,1) 0 Q@ no e( 2,1) ( )
(_272)
We can choose €_5 1) appropriately such that the condition
§oP(—1,0 =0 (2.51)
on ®_, ) is satisfied. Moreover, we can choose € _5 ) appropriately such that the condition
§oP1,1)=0 (2.52)

on &y is satisfied. Then ®_; o) satisfying ([2.51)) can be written as
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D10y = E0Po,1), (2.53)

where (5(0,_1) is in the small Hilbert space. We can then choose the condition

bo® (1) = 0, (2.54)
to fix the remaining gauge symmetry. This gauge-fixing condition can be stated for the original field
P (_1,0) as bo®(_1,0) = 0 when {o®(_; ¢) = 0 is imposed. The condition by®_ ) = 0 can be satisfied by
appropriately choosing €_s o), and it is compatible with {o®(_; ) = 0 and {o®(_1,1) = 0 by adjusting

€(—2,1) and €_a 7). To summarize, we can choose
bo®—1,00=0, P10 =0, &P11)=0, (2.55)

as the gauge-fixing conditions on ®(_; ) and ®(_y ).

Each of ®(_; 5) and ®_; ;) can be decomposed into four subsectors as before so that we have eight
subsectors in total. It is straightforward to see that the conditions ([2355]) eliminate five of the eight
subsectors and three subsectors remain, which match with the three remaining subsectors of ® 5 )
after imposing the constraint bp§o®(2,_1) = 0. We can thus invert the kinetic term S to obtain the
propagator, as we explicitly do in the next section. It is also straightforward to see that the five

conditions can be implemented by the Lagrange multiplier fields N3 _1y and N3 _5) as
Sar = (N, —1)|®(—1,0)) + (N@,—2)|®—1,1)) 5 (2.56)

with the constraints
bo&oN(3,—1) =0,  &oN(3,—2) =0. (2.57)

This can be verified by decomposing each of N3 _1) and N3 _s) into four subsectors. The correspond-

ing Faddeev-Popov term is then given by

Skp = (P(3,_1)| (Q|¢(—2,0)> + 770|‘1>(—2,1)>) +(P(3,-2)] <Q|¢(—2,1)> + 770|<1>(—2,2)>) (2.58)

with
boo®3,-1) =0, &Pz,_2) =0. (2.59)

After integrating out N3 1) and N3 _s), the total action we obtain is

So+ 51+ Sy =— %@(0,0) Q0P 0,0)) + (P2,-1)] <Q|(I)(—170)> * 770|(I)(—171)>) (2.60)
+ (P (3,—1)] <Q|<I>(—2,0)> + 770|<I>(—2,1)>> + (P32 (Q|(I)(—271)> + 770|q>(_272)>> |
with
bo®,0) =0, &P, =0, boSo®(z,-1) =0, (2.61)

bo®—1,00=0, P10 =0, &P—11)=0, boo®3,-1) =0, &P3,—2) =0.

12



The action S5 can be written in the following form:

Q20
Q m O (=2
Sy = < ( P31y Pi,-2 ) | < 0 Q n g(—m) > (2.62)

D(-20) Q m 0 0\ [0
S| P2y | = 0 Q@ m O U I (2.63)
I 0 0 @ no (=3.2)
6(_373)
It is straightforward to show that we can impose the conditions
bo®(—2,0) = S0P (=200 =0, &oP21) =0, &P22 =0 (2.64)

for gauge fixing. In this way the gauge-fixing procedure continues, and at the end we obtain

S=>" S, (2.65)
n=0
where S,, for n > 1 is
Q nm 0 0 0 o
0 Q no 0 0 q)(—
(=n,1
Sn = <( Plti—1) Puri—z  Pintim) ) ‘ 0 0e 00 >
0 0 0 Q m ) N Pen
(2.66)
with
bo®(—n,0) = §0P(—n0 =0, bo&o®(n+1,-1) =0,
UTE Q(ni1,-2) 267)
P(n2 Pint1,-3 :
of 7] =0, of Y| =0
q>(—n,n) (I)(n-l—l,—n)

2.3 Comparison with Witten’s superstring field theory in Siegel gauge

We have seen that string fields of various ghost and picture numbers appear in the process of gauge
fixing, and we imposed various conditions on these string fields. While those features may look exotic,
we will demonstrate that the gauge-fixed action of the free superstring field theory in the Berkovits
formulation derived in the preceding subsection describes the conventional physics by showing that it
reduces to the gauge-fixed action of the free superstring field theory in the Witten formulation using

Siegel gauge after eliminating auxiliary fields.
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The gauge-invariant action of Witten’s superstring field theory is given by

1

So = —§<<‘I’(1,_1)!Q\‘I’(1,_1)>>7 (2.68)

where ((A|B)) is the BPZ inner product of A and B in the small Hilbert space, which is related to
(A|B) in the large Hilbert space as ((A|B)) = (—1)4(A|&|B) up to an overall sign depending on a
convention. Here (—1)#4 = 1 when A is Grassmann even and (—1)4 = —1 when A is Grassmann odd.
Gauge fixing in Siegel gauge is completely parallel to that in the bosonic string, and the gauge-fixed

action is given by

S=>"5,, (2.69)
n=0
where
- 1 ~
So = —§<<W(1,_1)|Q|\I’(17_1)>>, Sp = _<<\Ij(n+1,—1)|Q|\I’(—n+1,—1)>> for n>1 (2'70)
with
bQ\I/(m_l) =0 s Vn. (2.71)

As in the bosonic case, the action S can also be written compactly as

~ 1 ) >
§=—5((QI¥)) with ¥ = > Uy, b¥=0. (2.72)

n=—oo

Since ¥ is annihilated by by, we need ¢y from @ for the inner product to be nonvanishing. Using

{Q,bo} = Lo, we see that the gauge-fixed action reduces to
§ = —5{(TleoLolw)). (273
Similarly, S, reduces to
So = —%((‘II(L_Q!CoLo\‘IJ(l,—1)>>7 Sn=—{(Tpp1-plcoLol¥(ni1,—1)) for n>1. (2.74)

We will compare this with the gauge-fixed action derived in the preceding subsection. Let us start
with Sp. Under the gauge-fixing conditions ([2.34]) the string field ® (g ) reduces to

®(0.0) = £0® 00, - (2.75)
Then the action Sy reduces to
1 1 _ 1
So = 2< 0 0) ‘SOQTIOSO ’@(00 > = < (00 ’60Q’®(00 > < (00 ‘fOCOLO\(I) > (276)
This coincides with .
So = —§<<‘I’(1,—1)’CoLo"I’(l,—l)» (2.77)
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in Witten’s theory under the identification

Wiy =,

- (2.78)

Let us next consider S;. Under the gauge-fixing conditions ([2.55)), ®(_; ) and ®(_; ;) reduce to
By =P 51gs Prn = QO+ 0b® ) (2.79)

Then the action S; reduces to

S1 = (@01 Q&I ) + (2100l D5y 1) + (a,—1)Imocolol D 1)

e ¢ »: (2.80)
= <(I)(2,—1)’Q§0’(I>(_1,0)> + <(I>(2,—1)‘CI)(_171)> - <(I>(2,—1)‘CO‘(I)(_171)> .
The antighost field @ _;) with the constraint bp§o®(2,—1) = 0 can be decomposed as
R ¢ cé
<I>(2,—1) - (I)(27_1) + EOq)(Q,_l) + CO&Oq)(Z_l) ’ (2'81)
and the last two terms on the right-hand side of (2.80) reduce to
<(I)(2,—1)|q>(__5171)> = - <(I)€§,_1)|CO£O|(I)(__£171)>7 <¢(2,—1)|CO|(I)€€171)> = - <q>(_2§_1)|00£0|q>f5_171)> . (2'82)
Since <I>(__§1 1) and @fﬁl 1 only appear in these terms, these fields act as Lagrange multiplier fields
imposing
®E =0, 5, =0. (2.83)
After integrating out <I>(__51’1) and (I)iél,l)’ the action Sy therefore reduces to
St = (@51 |QGIP L, ) = (@ leoLofol D5y ) - (2.84)
This coincides with
S1=—((¥,_1lcolol¥(o,-1))) (2.85)

in Witten’s theory under the identification

— —— — ¢
Vi 1= —<I>(2’_1) , Vi,—1) = <I>(_170) . (2.86)

We can similarly show that S,, with n > 1 reduces to

Sn = (@11 _p)|Q&IP 5, o)) = (@11 _pylcoLofol® 5, o) (2.87)

and coincides with

Sp = —({(¥mg1,—1)lcoLol¥ (—nt1,-1))) (2.88)
in Witten’s theory under the identification

— —= — ¢
\I’(n+17_1) = _(I)(n+17—1) 5 \P(_n+17_1) == q)(—n70) for n 2 1. (289)

15



We have thus shown that the gauge-fixed action derived in the preceding subsection coincides with
that of Witten’s superstring field theory in Siegel gauge after integrating out auxiliary fields.

While the kinetic term of Witten’s superstring field theory is consistent, there are problems in
the construction of the cubic interaction term using the picture-changing operator. On the other
hand, interaction terms can be constructed without using picture-changing operators in the Berkovits
formulation. We have confirmed that both theories describe the same physics in the free case, and we

expect a regular extension to the interacting theory in the Berkovits formulation.

2.4 Various gauge-fixing conditions

In subsection 2221 we have seen that the completely gauge-fixed action in the WZW-type open super-
string field theory is given by the sum (2:65]) of the original action Sy and all the Faddeev-Popov terms
with the gauge-fixing conditions (2:67). As we will see later in section [l the action (2.63]) is precisely
the solution to the (classical) master equation in the BV formalism if we identify antighosts with
antifields{q From this point of view S is a universal quantity and different gauge-fixed actions can be
obtained simply by imposing different conditions on ®’s. In this subsection, we list some gauge-fixing
conditions different from (ZG7)). For further generalization and for the validity of the gauge-fixing
conditions, see [24].

Let us first mention a one-parameter extension of (2.67)):

bO(I)(—n,O) =0 (n > 0)
goq)(—n,m) + abOCI)(—n m+1) — 0 (0 <m< 1)

boéo®nt1,-1) =0 (n>1),
Ozbo(I)(n_i_l,_m) + 50<I>(n+17_(m+1)) =0 (1<m<n-1).
The previous condition corresponds to the case in which the parameter « is zero. Unlike (267, the
above set of equations includes linear combinations of ®’s.

Another interesting class of gauge-fixing conditions is obtained when we use the zero mode dy of
the operator d = [@, b], instead of &:

bO(I)(—n,O) =0 (n > O)
dO(I)(—n,m) + abOCI)(—n,m—}—l) =0 (0<m<n-1),

bodo®(ny1,-1y =0 (n>1),
abOCI)(n-i-l,—m) + dO(I)(n—}—l,—(m—}—l)) =0 (1<m<n-1).

“In the language of the BV formalism we have chosen a gauge-fixing fermion such that antifields of minimal-sector
fields are identified with antighosts. In this paper we consider only such gauge-fixing conditions, and thus we will not
distinguish antifields and antighosts.
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The operator d is identical to the generator G~ of the twisted N = 2 superconformal algebra inves-
tigated by Berkovits and Vafa [19]. Because d is a counterpart of b, it seems natural to adopt the
symmetric gauge, in which @ = 1.

In the next section we will calculate propagators, mainly considering the gauge (Z.90) with oo = 0,
which is identical to (Z&7]), and the gauge ([Z91]) with oo = 1.

3 Calculation of propagators

Let us derive propagators under the gauge-fixing conditions proposed in the preceding section. For

this purpose, we introduce source terms of the form

Sg = (@00 J2-1)) ; (3.1a)
57{ - Z <(I)(_"vm) ’ J("+2v_m_1)> + <(I)(n+l,—m) ’ J(—n+1,m—1)>
m=0 m=1

Jn+2,-1)
= <((I)(—n,0) . (I)(—n,n)) ‘ >

Jnt2,—(n+1))

J(~(n-1).0)
+ <(@<n+1,—1) @i, n) ‘ : > (n=>1), (3.1b)
J(~(n-1).n-1)
and consider the action
SplJ] = Sn+ 5] (n>0). (3.2)

Here J’s of positive (non-positive) ghost number are Grassmann-even (Grassmann-odd) sources. Each
source is coupled with a ® of the same Grassmann parity. Note that ®’s are subject to their gauge-
fixing conditions, but sources are free from any constraints. The actions Sy and S, for n > 1, were
defined in (2.27) and (2.60]), respectively. Starting from the action ([B.2]), we can calculate propagators
as follows. First we solve the equations of motion of the ®’s derived from S,[J] in order to find a
stationary point. Then we put the solution back into S,[J], to obtain a quadratic form of J’s, from

which propagators can be read off.

3.1 Propagators for gauge fixing with b, and &,

Let us first apply the above-mentioned procedure to the gauge (2.67). To calculate the propagator of

P(0,0) we start from the action

1
So[J] = 5 (P(0,0) 1 Qo | P0,0)) + (Pr0.0) | J2,-1)) - (3.3)
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Gauge-fixing conditions for the field ® o) are of the form

bo®(0,0) = 0P 0,00 =0,

which leads to

®0,0) = {bo; co}{&0, M0} P(0,0) = boco&ono P(o,0) -

Thus, the equation of motion derived from Sy[J] is

0o Cob()(Q??o P 0,0 — J(27—1)> =0

This can be solved easily. Using the identity

§obo bo® b Q
_— = 1 _— — E—
Q@no T To Somo + 50770 ;
we find that the solution is given by
obo

P00 =TT

(3.8)

Note that this solution is consistent with the conditions ([B.4]). Evaluating the action (B3] for this

solution determines the propagator of ® g g:

So[J] = %<J(2,—1 gObO‘J —1>

Next, let us consider ghost propagators. The action Si[J] takes the form

Sl = (@00 (QI2( 1) +ml®( 1))

+{(P2,-1) [ J0,0)) + (P(=1,0) | J3,=1)) + (@(—1,1) | J3,—2)) -

The gauge-fixing conditions at this step are
bo®(—1,00 = &oP(-1,00 = 0,
0P,y = 0,
boo P2,-1) = 0.
Under these conditions, we have
D 1,00 = bocoSomo®(~1,0) »
Q11) =E&mP1,1),
®(9,—1) = {bo, co}{&0,m0} P(2,—1) = (boco + coboomo) P
Therefore, the equations of motion are
(cobo + boconoéo) (QP(—1,0) + m0®(—1,1) + J10,0) =
noocobo (QP 2,1y + J3,-1)) =
noéo (no®2,—1) + J3,-2)) =

18

0,
0,
0.

—1) -

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)



Let us find a solution compatible with the conditions (8.I1]). This can be readily achieved by the use
of the zero mode decomposition ([Z35)) of ®’s. The solution is given by
bo

P10 = — o om0 J(0,0) »
b
Py = <—§0 + L—(; om0 Xo ) J(0,0) 5 (3.14)
b b
Q1) = — L—(; nofoJ3,—1) + (—50 + L_OO noéoXo) J3,-2)

where X is the zero mode of the picture-changing operator X = {Q,£}. When the equations for
®(_1,0) and ®(_; ;) hold, the action S1[J] reduces to

S1J] = (P@,—1) | J0,0) = —(J0,0) | Pr2,—1)) - (3.15)
Substituting the solution (B.I4)) into ([BIH), we immediately obtain
1 1
sl = (Joo| £-bomé T, 1) + (Yoo | (1- L—ObonoXo) &0 5.2 (3.16)

On the other hand, when the equation of motion of ®; _;y holds, the action becomes

S1[J] = (@100 [ J3,-1)) + (@—11) [ J3,-2)) - (3.17)

Needless to say, plugging the solution ([BI4) into [BI7) gives the same result as in (BIG). The above

expression can be rewritten by using a one-by-two propagator matrix:

J,
— (37_1)
Sy [J] <J(070) ‘ (A B) ( J(37_2)>> : (3.18)
with 1 1
= L—Oboﬁofoa B= <1 I boﬂoXo) €o.- (3.19)

We emphasize that the propagator includes the zero mode of the picture-changing operator.

We can continue the calculation in this manner. The action S3[J] takes the form

SolJ] = (P@,—1)l <Q|<I>(—2,o)> +770|<1>(—2,1)>) +(P3,-1) [ J—1,0))

+ (D(3,—2) <Q|‘1>(—2,1)> + 770|‘1>(—2,2)>> +( P39y [ J—1,1)) (320)

+ (P 2,0) | Ja,—1)) + (P21) | Ja,—2)) + (P(2,9) | Ja,-3)) 5

and the gauge-fixing conditions are given by

bo®(—2,0) = £0P(-2,0) =0,

P21 =0,

§oP(—2,2) =0, (3.21)
bo&o®3,-1) =0,

§0P(3,-2) =0.
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When the equations of motion for ®_s ), ®(_2,1), and ®(_5 o) are satisfied, the action Sz[.J] reduces to

SolJ] = (@@—1) [ J—10) +(Pi—2) [Jc1,1) = =10 [ P-1) = Jci [ Ra-2)) - (3:22)
Substituting into ([3.22]) the solution of the equations of motion
D3 1) =~ (AJu—1) + B Ju,_2) + (=X0)B Ju_3)) ,

(3.23)
P3,-9) = =80 J(4,-3) »
we obtain
J,
A B (=Xo)B\ (&Y
SalJ] = <(J(—1,0) J-11) ' (O 0 ( 50) ) J(4,-2) > (3.24)
0 J
(47_3)
At the next step, the propagator matrix is given by
A B (=Xo)B (—Xo)*B
0 0 €o (—Xo0)éo |, (3.25)
0 0 0 €o
and at the n-th step we obtain the n x (n 4 1) matrix
A B (—Xo)B (—Xo0)’B ... (-Xo)"'B
0 0 €o (—Xo)éo - (=X0)" %
0 0 0 o e (R X0)" 6 | (3.26)
0 0 0 0 &o

The propagators in the gauge (Z90) with o # 0 can be calculated in the same manner. The
result, however, is a little complicated. To see this, we calculate the first-step ghost propagator. (Note
that since the condition on @y does not include «, the propagator of @ is independent of the

parameter.) We start with the gauge-fixing conditions below:

)

bo®(_10) =

SoP—1,0) tabo®P_11) =
P11y =

bolo P(2,-1) =

This time, the solution to the equations of motion derived from (B.I0) is

0
07
. (3.27)
0

)

(0% b(]
Q10 = — ( T+aly bono&o + Lo 50770) J(0,0) »

bo «
Q11 = <—50 + Lo §omoXo + T+aly 50@5077050>J(0,0) ) (3.28)

(0% b(]
- ( T+ olo bo&ono + o 77050) J3,-1)

b(] (0%
+ <—§0 + o no&oXo + Tralo §omoboQ8o ) J(3,-2) -

Ppo_1y) =
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The action evaluated for the sources is given by

= J3,-1)
Si[J] = <J(o,0) ‘ (Aa  Ba) <J(37_2) >, (3.29)
with
= @ bo _ bo «a
Ao = T aly boomo + Lo noéo, Ba= (1 o 10Xo 1+ oL f(m()on) o - (3.30)

When a = 0, the expression [3:29) indeed reduces to the form (BI8]).

3.2 Propagators for gauge fixing with b, and d,

Thus far we have calculated propagators in the gauge (2.90]), focusing on the o = 0 case. These
propagators include the zero mode of the picture-changing operator, which originates from the anti-

commutation relation
{Q,%} = Xo. (3.31)

If instead of &y we use an operator whose anticommutator with @) vanishes, we expect that propagators
are dramatically simplified. This is indeed the case: the operator dy, the zero mode of d = [Q, b¢],

provides us with simpler propagators. It satisfies the following algebraic relations:

dg = {bo,do} =0, {Q,do} =0, {m,do}=1Lo. (3.32)

In this subsection we investigate propagators in the gauge (2.91]), concentrating on the symmetric case
a=1.

First we consider ®q ), whose gauge-fixing conditions are
b(](I)(O’()) = d(]q>(070) =0. (333)

In addition to the source Jp _1), we introduce the Lagrange multipliers A(3 _1) and A3 _), and consider
the action Sp[J] + S} with

S5 = (2.0 bo [Aa-1)) + (2.0 do [Aa-2) - (3.34)
The equation of motion is
—Qno (13(070) + J(27_1) + bo)\(g,_l) + do)\(37_2) =0 (3.35)

supplemented by the gauge-fixing conditions ([B.33]). We claim that

by do
@(070) - —L—O L_O J(27_1) . (336)
This follows quickly from the identity
bo do do bo bO dO
— = = -1+ = — — — .
Qo To In + 7,0 + To Q+ To Lo Qo , (3.37)
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acting on J(g _1):

bo do

do
Qo ®0 = —Jo-1+ 7, Ji2,-1) + — Q eyt oI, Qo Ji2,-1) - (3.38)

Note that all terms on the right-hand side, except for the first, simply determine the values of the
Lagrange multipliers in ([8.33]). Such values are not needed in the evaluation of the action since the

solution satisfies the gauge-fixing conditions. Evaluating the action for this solution gives

1 do bo

Sol7] = 5 Jenl 7

5 ~|Je-n)- (3:39)

For the next step we have the gauge-fixing conditions
bodo P2, 1) =
bo@(_LO) =

(3.40)
do®(—11) =

o o o O

do®(—1,0) +b0®(1,1) =

We implement the first and last gauge conditions with Lagrange multipliers. The relevant action is
then S;[J] + S with

== (o] (do]@10) + 0] 2 11)) + (P bodo [ Mg, 1)) - (3.41)

Note that both Jig o) and A4 _g) are Grassmann odd. The gauge-fixed equations of motion are (recall
that dy and by are BPZ even, while ny and @ are BPZ odd)
QP —10) +m0P(—1,1) + J(0,0) T bodoA2,—1) = 0,
cobo (Qq’(z,—l) + Ji3,-1) +do )\(4,—2)> = 0, (3.42)
Jodo <770¢>(2,_1) + J3,-2) + bo >\(4,_2)> =0,

where fj is an operator satisfying {do, fo} = 1H In the last equation one may view J3 _9) + bo A4, _2)

as a source and solve the equation by writing

do dy by do

(I)(2,—1) :——J(3 -2) — L_QbO)\(4’_2) — L—T]() —J( 3,—1) (343)

where the last term has been included with view of the second equation and does not disturb the third

due to the ny factor it includes. Substitution into the second equation with some simplification yields

d d
cobg (L_OQQJ(g’_2) + L—(;T]() J(37_1) + 2d, )\(47_2)> = 0. (3.44)

The equation works out if the Lagrange multiplier is given by

1
/\(4’_2) = —2—LO(QJ(37_2) + 77(]J(37_1)). (3.45)

5 . .
° For a concrete expression of fo, see appendix A of [24].
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Inserting (B.45]) back in ([3.43]), we now have the solution for ®(, _;y. We find

bo do 1dy by 1 by dy
Qp_1) = “To Ji3,-1) — L—OJ(g,—z) + §L_0L_0QJ(3’_2) + §L—OL—O770J(3,—1)- (3.46)

A small rearrangement yields

1 b() b() d() dO
by _1) = — = _ o _9)- 3.47

@=1) 2 (Lo Lo "I, ) T = (LO Q ) T2 (3.47)
When the equations for ®_; ) and ®(_; ;) and the gauge-fixing conditions hold, the action is given

by

S1J] = (®2,-1)| J0,0) = — (Jo,0)| ®2,-1)) - (3.48)
Its evaluation immediately gives
b bp d 1/d dy b
Sl = (Jool 5 (L(z) + L—OOTIOL—((])) [ Jia,-1)) + (J0,0)] §<L_(; + L_(;QL_OO) | J(3,-2)) - (3.49)
This answer can be rewritten by using a one-by-two propagator matrix:
Jiz
S = (Joo| (38 + Bmd) 3+ Eom) (Jo0)). (3.50)

When the equation of motion of ®(5 _;) and the gauge-fixing conditions hold, the action reduces to
S1lJ] = (@ 1,0)| Ji3,-1)) + (P 1)| J5.-2)) - (3.51)

We can thus read the values of the fields, as bras. After BPZ conjugation we obtain

bo do bo
P10 = - _<L0 T, >J(°’0)’ (3.52)
do '
Py = — §<L_o + L_OQL_O) 0.0

In the next step we have to deal with three fields and two antifields. We have the gauge-fixing

conditions

bo ®3,—1) + do®3,-2) = 0,

bo®(—20) = 0
do®(—20) + bo®P(—2,1) = 0, (3.53)
do®(_21) + boP(_22) = 0

do®(22) = 0

The relevant action is Sa[.J] 4+ S5 with

83 == (6.2 (4012 20) +00 |2 21))) = A5 (0 [@(21)) +bo[@(22)))

(3.54)
- <)\(070)| (do ‘¢(37_2)> + b() ‘¢(37_1)>> :
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The equations of motion obtained by varying the fields,

cobo (Q(I)(i%,—l) +do A\5,—2) + J(4,—1)) = 0,
QP3,-2) +1m10P3,-1) T boA5,—2) T doA5,—3) + Ja,—2) = 0, (3.55)
Jodo <770<I>(3,—2) +bo A(5,—3) + J(4,—3)) = 0,
are simpler to solve than those obtained by varying the antifields. By solving the equations for the
antifields we can determine the Lagrange multipliers:

1

AG,—2) = —57— (QJ(4 2y +n0J4 —1)) )
) 2L0 ) )
1 (3.56)
AG,-3) = —2—LO(QJ(4,—3) + 1004, -2)) -
The antifields are then given by
bo bo do 1 do
Pe-ny = - _<L0 LML ) 41 = 57, T (357
1 bg 1sdy do . b '
P3,-2) = 3L, Ju,—2) — §<L_o L_OQL_O) J(4,-3)
Thus the action takes the form
L | bopodo) Lo 0 Ja,-1)
SalJ] = <(J(—1,0) J(—m))‘ (2 o OLO " fﬁ Lo 4 oio) (4,—2 > (3.58)
2 Lo 2 Ji4 3

The full pattern is now clear. The full action S[J] written in terms of propagators and bilinear in

sources takes the form
1 do bo >
S = 5 (2, —1| J(z,_1)> +>  SualJ], (3.59)

where S,,11[J] is the term coupling the sources of the n + 1 antifields at ghost number n + 2, to the
sources of the n + 2 fields at ghost number —(n + 1):

Sn—i—l[J] = <(J(—n,0) J(—n,l) J(_nm)) 'Pn+l,n+2 (3'60)

J(n+3,—(n+2))

Here the propagator matrix P41 pn4+2 has n 4+ 1 rows and n + 2 columns. Its general form is the
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extension of our results in [B.50) and ([B.53):

Dopdopgde o9 o000 0
b d
0 Lo Io
1 0 £ .0
Prtint2 = 3 (n>0). (3.61)
0 o0
b d
om0
b d d b
0 0 0 - 0 o fpbpr

We can readily obtain the result with a general o (# —1) as well. The propagator matrices are given
by

P, —d_ 0
a+1)L,
Pio= (P Pi), Posz= ( abz ’ , (3.62a)
0w La
p, % 0 0 0 0
b Ta+1)Lo
O abg do
(a+1)Lo (a+1)Lo
: 0 ao‘bo 0 : :
Prntint2 = (et} (n>0), (3.62b)
: : . d :
0 ’ (oe-l-f)LO 0
abg d() 0
(a+1)Lo (a+1)Lo
ab,
0 0 0 0 @ +1‘3 . Fa
with d b Qb d
M0G0 0 0 0
P, — . Py= (1 . 3.63
b (O‘+ L0>(a+1)L0 d +O‘L0>(a+1)L0 (3.63)
Note that the case in which @ = —1 is exceptional: the propagators diverge, which means that gauge

fixing is not complete. See [24] for details. When o = 0, the above propagators correspond to those
obtained from (B.26]) by the replacement

§o — Xo—0. (3.64)

20
Ly’
4 Verifying the master equation for the free action

Dynamical fields in string field theory are component fields. The BV formalism is defined in terms of

these component fields, but it is convenient to recast it in terms of string fields. In this section we
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present the BV formalism of open superstring field theory in terms of string fields. We then show that
the free action ([.22]) satisfies the master equation.

The classical master equation is given by
and the antibracket is defined by

 ~(OrAOLB  OpAOLB
a8 =3 (56, 0~ 65 90r ) 2

where ¢;, forms a complete basis of fields and ¢; are the associated antifields. The Grassmann parity
of a field can be arbitrary but the corresponding antifield has the opposite parity. In our case the fields
are the component fields of ®_ and the antifields are the component fields of ®,, with ¢4 defined
in (C27)). With a slight abuse of language we will call ®_ the string field and ® the string antifield.

Let us expand ®_ and @ in terms of their component fields f and @ with indices g, p, and r as

follows:
String field (even) o = Z Z fon®op (4.3a)
(gp)eA— T
String antifield (odd) o, = Z Za;p@;p. (4.3b)
(g:p)EAL T

We took f and a from the initials of “fields” and “antifields.” For each pair (g,p) of the world-sheet
ghost number g and picture number p, we chose a complete basis of states @y , labelled by r such

tha
((I)Z‘]’p ’ ¢2;7p’> = Yg+g',2 5p+p’,—1 5m’ g<0. (4-4)

Since the Grassmann parity of ® , is (—1)7, we have

<(I)g,p ‘ (I);/’,p’> = (_1)g 5g+g’,2 5P+P’7—1 57‘,7" g=>2, (45)

which follows from
(A|B) = (-1)"P(B|A) (4.6)

with (—1)99" = (=1)92-9) = (—1)79" = (—1)9. Here and in what follows a string field in the exponent
of (—1) represents its Grassmann parity: it is 0 mod 2 for a Grassmann-even string field and 1 mod 2 for
a Grassmann-odd string field. While the states ®; , carry ghost and picture numbers, the component
fields f;, and ay,, do no carry these numbers and their subscripts g and p refer to the states that
multiply them. We also introduced the lattice A_ defined by the collection of pairs (g, p) that appear
in ®_ and the lattice A, defined by the collection of pairs (g, p) that appear in ®.

5 We do not need to consider states with g = 1, since they do not appear in the expansion 3.
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As we mentioned in the introduction, fg , and a3_, _;_, should be paired in the BV formalism:

Field-antifield pairing: f;, «— a5, (4.7)

7_1_p :

The Grassmann parity of f;  is (—1)7 and that of ay , is —(—1)¢. The Grassmann parity of a5_, ;_,
1—p- It then follows that ®_ is Grass-
mann even and P is Grassmann odd. Note that ag, and @7 in ®; commute, while f7 &7

prgp T
(=1)9®7 , f;, in ®_. The antibracket (.2 is thus deﬁned by

8RA LB aRA 8LB
{4, B} = - 5= . (4.8)

is indeed opposite to that of fg,, which is paired with aj_, _

Our goal is to rewrite this antibracket (4.8]) directly in terms of string fields and string antifields.
In previous sections we used the notation (AB) or (A|B) for the BPZ inner product of string
fields A and B. When more than two string fields are involved, it is convenient to introduce the

integration symbol as follows

/A*B:<AB>:(A\B>. (4.9)
The relation ([4.6]) is generalized to
/Al*Ag* ok Ay = (—1)ArAztetAn) /Ag* kA, x AL (4.10)
The BPZ inner products of states in the basis (£4)) and (@3] are translated into
/ O kB = OgigraOpayr 1 O g<0, (4.11a)
/ O x D = (—1)9 Ggs g2 Opipr—1 Oy g>2. (4.11b)

We are interested in evaluating { A, B} where A and B depend on fields and antifields only through
&, . Let us first consider {®_, P }. This takes value in a tensor product of two Hilbert spaces of the
string field. We therefore introduce a space number label and write it as {(ID(_l), @f)}. We see that
only the first term on the right-hand side of (£.8]) contributes and find

opo  9,0? o
{(I) Z Z gfr &IEL i - Z Z gq)r,p 2(2;,—1—1)’ (4‘12)
g

(gp)eA_ T —9—1-p (g.p)eA_ T

where the expansion (£3]) was used and the sign factor (—1)Y came from the right derivative that must
go through the state @ , to get to the component field fg,,. An important property of {<I>(_1), <I>f)} is
that it acts as the projector Pa_ to the subspace defined by the lattice A in the following sense:

/IX(l) 1 {(ID(_l),tI)f)} _ (PA+X)(2)7 (4.13)

"We use the symbol * to denote the star product in this section.
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where the subscripts attached to the integration symbol and the star product represent the space
number label. To see this, insert (12 into the left-hand side of (Z.13])

[ x0 3 e aget o, - 3 3 [ el )

gp)EA_ T (g:p)eD_T
and expand X in a complete basis of ghost and picture numbers,
S o)
1) _ / (1
XMW= 3N Xy @) (4.15)
g/,p,:—OO r’

In ([@I4) this expression is contracted with states in the subspace defined by A_. Therefore, in (€13

only states in the subspace defined by A, give nonvanishing contributions and the right-hand side

of (.14 becomes
" (1) r r(2)
DEDIEMED DD EY [LARE I L. (4.10
(¢’ p)eAL 17 (g,p YEA_T
Using the second equation in ([@IT]), we find

Z Z "' Z Z O,/ 9+9’725P+P’7—1‘I’g(—2;7—1—p: Z ZX

(¢'p)eny ! (gp)eA_r (¢'p)eAs !
(4.17)

The right-hand side is the string field X copied into the state space 2, with a projection to the
subspace defined by A;. We have thus shown the relation (£I3]). Similarly, one can prove

/{(I)(_l)’q>f)}*2 X® — (py X)W, (4.18)
2

where Pa_ is the projector to the subspace defined by A_. We can also evaluate {<I>$), <I>(_2)} to obtain

{2l DD DL S . i (4.19)
(g:p)eA- T
/ X0y {2 0P} = —(Py )@, / (o), 0%} 5 X® = —(Pa, X)W, (4.20)
1 2
Let us next consider {A,®,} where A is given by an integral of a product of &, and ®_. It is
useful to define variational derivatives %A and 6RA by
B oRA 5RA
0A = /<5<I>_ * 0D _ 5<I>+ *5<I>+> (4.21)
opA oA
We also define 5= and 65}7 by
B oA oA
5A—/<5<I>_ ST + 0P, + 5<I>+> (4.22)
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aRA

which are related to $f= and 5RA as follows:
5RA A 5LA
—=—(-1)"— 4.23
orA  OpA
—_— = 4.2
0ob_  JP_ (4.23b)
It is important to note that JRA and (‘;&TA are string fields in the subspace defined by A since they

are contracted with the varlatlon 0®_ in the subspace defined by A_. Similarly, 5 M and %A are

string fields in the subspace defined by A_ since they are contracted with the varlatlon 0P, in the

subspace defined by Ay. These can be expressed as follows:

P drRA  ORA opA oA drRA  OrA opA oA (4.24)
S T S T S T S T Sl T S T Sl T ST S '
We can now write
OrA OrA Ord_ 5RA
= = (=1 (I)" 4.2
ofr, / so_ " ap, -V Ses (4.25)
We then obtain
opA 0,0 SpAN (1) N (2
o= X on e, ) Gen) n el
711) GA r g,p 2_97_1_17 1 - (4.26)

ORAN (2) orAN®?)
(PA+ 3P ) <5<1>_ ) ’
where we used (£12), (£I3), and (£24). Deleting the space number label, we can write the relation

as follows:

orA
{A, 0.} = 5o (4.27)
Similarly, one can derive
OrA [ orA . OR® B 5RA DT
aag,p a 5@4. aag,p a 5{)_1_ 9P’
8LA Z?L(I)_ 5LA 6LA
= — = [ DT — .
ofy, / ofr, "o / 92 * 5 (4.28)
oL A B 8L<I>+ 5LA T . oA
day , N day 5<I>+ 9P 5P,
as well as the relations
ORA
{A, q)_} = —E N (429&)
oA
{(I)_H A} - _K ) (429b)
5LA
{P_,A} = 5@ (4.29¢)
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We can see, using ([4.23]), that these relations are consistent with the familiar property of the an-
tibracket:
{A, B} = (—1)AMBHABIB A} (4.30)

Finally, let us consider {A, B} where both A and B are integrals of products made of ®; and ®_.

In this case, we begin with (48] and use ({25), [@2]), @I2), and EIT) to show that

{A, B} // ( (5RA {<I> o2 )}*2 (?;%)(2) N (;5;14) {<I>(1 7@(2)} (gf}%>(2)) '
(4.31)

Using (@I3) or (@I]), @20), and @24), we obtain

B drA 6B OrA LB
{A, B} —/<5@_ *5@+ >0, *5<I>_)’ (4.32)

This is the final expression of the antibracket. The expression (L8] in terms of component fields has

now been written in terms of the string field and the string antifield.
Let us evaluate the antibracket {S, S} for the free action (L22):

S = /(— %@_*Qm@_ +<I>+*(Q+?70)<I>_). (4.33)
Since 56 59
5;_ =Pa, ( — Qno®- +(Q + 770)<I>+> : &L}T =Pa_ ((Q + no)<1>_) : (4.34)
we find
SrS .S
{S S} = / 2 5$+ /PA+ ( — Qme®_ + (Q + no)<I>+) x ((Q + ?70)<I>_> . (4.35)

Here we dropped the projector Pa_ because it is automatically enforced by the other projector Pa
through the BPZ contraction. Since the only string field in ®_ such that Qny®_ is in the subspace
defined by A, is ©(g ) and the action of @ or 7y takes string fields in the subspace defined by A, to
string fields in the subspace defined by A, we have

%{5, S} = /PA+ ( — Qno®_ + (Q + no)<I>+) * ((Q + no)<I>—)
(4.36)
= /( — Qo) + (@ + 770)‘1’+> * ((Q + 770)‘1’—) -

Using (L.2)), we conclude that the antibracket {S, S} vanishes for the free action (£.33).
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5 Conclusions and outlook

This paper is the first part of our report on the gauge structure and quantization of the Neveu-Schwarz
superstring field theory [14]. A preliminary report of our study of these issues was presented by one
of the present authors (S.T.) at the SFT 2010 conference in Kyoto [25]. In this paper we concentrated
on the free theory and studied a class of gauge-fixing conditions and associated propagators. We also
constructed the free master action and proved that it satisfies the classical master equation. One could
further examine a larger class of gauge-fixing conditions and associated propagators. This research
direction is described in [24], which appears concurrently with this paper.

The next problem is to find the full non-linear master action for the interacting case. The result
of our study (in which we were joined by Berkovits) will appear soon in [26]. It turned out that it is
a difficult problem, and we have not been able to obtain a complete form for the master action. One
can think of several approaches to this problem. In [27], it was shown that a partial gauge fixing of
the cubic democratic theory [28] leads to the theory studied here. If this partial gauge fixing could
be extended to the BV level, it could be used in order to infer the full BV master action we are after.
A similar approach, which is presumably simpler, could be to use another cubic theory constructed
in such a way as to be equivalent to the theory we consider here [29]. Being cubic, its BV structure
should be simple. If the relation between the theories could be extended to the BV level, the master
action could be fully written. A very different approach towards the construction of a master action is
to gauge fix some relatively trivial degrees of freedom in a way that leads to a simplified set of ghosts
and antifields. Such an approach was studied by Berkovits [30]. We did not discuss at all in this work
the so-called modified cubic theory [17, [I8], but we note that a quantization of this theory has been
proposed very recently in [31], [32]

The complete open superstring field theory includes both Neveu-Schwarz and Ramond sectors.
In the current discussion we ignored the Ramond sector. Its inclusion is certainly an important
goal. It might be possible to generalize the current construction to the Ramond sector using ideas
from [34], 35, 28] 27]. We leave the incorporation of the Ramond sector for future work.
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