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Streamer branching in liquid dielectrics is driven by stochastic and deterministic factors. The presence of
stochastic causes of streamer branching such as inhomogeneities inherited from noisy initial states,
impurities, or charge carrier density fluctuations is inevitable in any dielectric. A fully three-dimensional
streamer model presented in this paper indicates that deterministic origins of branching are intrinsic
attributes of streamers, which in some cases make the branching inevitable depending on shape and
velocity of the volume charge at the streamer frontier. Specifically, any given inhomogeneous
perturbation can result in streamer branching if the volume charge layer at the original streamer head is
relatively thin and slow enough. Furthermore, discrete nature of electrons at the leading edge of an
ionization front always guarantees the existence of a non-zero inhomogeneous perturbation ahead of the
streamer head propagating even in perfectly homogeneous dielectric. Based on the modeling results for
streamers propagating in a liquid dielectric, a gauge on the streamer head geometry is introduced that
determines whether the branching occurs under particular inhomogeneous circumstances. Estimated
number, diameter, and velocity of the born branches agree qualitatively with experimental images of the
streamer branching. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816091]

I. INTRODUCTION

Streamers are thin fast elongating structures with semi-
spherical heads that form in regions of dielectric that are ion-
ized by intense electric fields.1,2 Streamer heads propagate as
ionization waves with velocities much higher than the maxi-
mum drift velocity of electrons.3 Their spatial structure is
inherently three-dimensional as they easily branch out and
become asymmetric. Streamer branching can occur due to
both deterministic and stochastic origins in low and high
density gases, liquids and even solids.4–12 The complex na-
ture and structure of liquids has inhibited the development of
a comprehensive streamer theory in liquid state. Rather, sci-
entists have derived understanding of the basic processes
(e.g., ionization) and the complex phenomena (e.g., streamer
branching) in liquids by utilizing theories from both the
solid-state or compressed gas-state. Streamer research in
the gas-state, in particular, is usually one step ahead of the
liquid-state.6–8 For instance, the ionization mechanisms are
well known in gas state (both low and high pressure gases),
while in liquids we have to incorporate a solid-state ionization
theorem.3 Specifically, over the last two decades, researchers
have enlightened the mechanisms behind the streamer propa-
gation and branching in gases.6,7,10,11 Moreover, significant
improvements in advanced stereo-photography of stream-
ers12 have been used as an enabling tool to investigate the
main origins of streamer branching in gases. Experimental
photography of streamers in liquid dielectrics, on the other
hand, has proven more difficult over the years.1–4 Numerical
modeling seems to be an appropriate alternative for render-
ing understandable three-dimensional images that reveal the
main causes of streamer branching as they have been

successfully used for gaseous media before.10 Modeling of
streamer branching is attractive amongst many different dis-
ciplines due to its complexity and importance in discharge
physics.5–17 Some of the examples of the most effective
modeling and analytical approaches are fractal morphology
of streamer trees,14 conformal mapping,9 electro-hydrodynamic
modeling with or without cylindrical symmetry,5,13 moving
boundary approximation,8 particle models,10 macroscopic
inhomogeneities,13 realistic fluctuations,6 slow branching in
deterministic fluid models,15 multiphase fingering driven by
small signal interfacial waves;16,17 each revealing important
aspects of the streamer branching. However, none of these
studies is capable of giving a thorough answer to the ques-
tion of how and to what extent deterministic and stochastic
elements contribute to the streamer branching. This paper
presents a fully three-dimensional (3-D) model that enables
us to investigate stochastic and deterministic causes of the
streamer branching. Figure 1 compares a properly taken
experimental image of a streamer tree formed in a liquid
dielectric,16 with a corresponding result of our model,
obtained under reasonably similar conditions of dielectric
medium, gap distance, electrode geometry and the applied
voltage. The streamer branch diameters from optical meas-
urements is estimated to be about half of the electrodynamic
diameters, as the model describes. The streamer column
diameters, number of branches and the angle between
branches meaningfully resemble the experimental image.

Initiation of streamer branching requires a finite pertur-
bation.5,6,13 If there is absolutely no perturbation around the
streamer head, which is practically unlikely, in some cases,
the propagation of the streamer in a single column becomes
impossible, i.e., the streamer head becomes bushy and the
propagation velocity drops significantly due to the shielding
effect of the volume charge.3 Two-dimensional models ofa)Email: jouya@mit.edu
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streamer with cylindrical symmetry normally suffer from
lack of asymmetric perturbations especially at high levels of
applied voltage peak.19,20 Required perturbations can be
inherited from the inhomogeneous initial states (such as an
initial electron density fluctuation4,6), macroscopic impurity
perturbations (such as dust particles, air bubbles, water drop-
lets, or other macroscopic objects5,13), or variations of
dielectric densities or molecule alignment.3,4 Our 3-D mod-
eling results show that microscopic inhomogeneities (smaller
than 10 lm) initiate streamer branches in liquid dielectrics
whose characteristics clearly resemble their parents.
Macroscopic inhomogeneities (larger than 10 lm), on the
other hand, dominantly determine the branches’ structure
and velocity. Macroscopic perturbations, which are rare in
practice,3,4 appreciably decrease the sensitivity of branching
dynamics to the applied voltage and even geometry of the
electrodes. Most of the experimental references of this paper
do not include large inhomogeneities, since the results
obtained from the microscopic inhomogeneities reasonably
match better with respective experimental records.

Current theoretical understanding of streamer branching
is presented in Sec. II as well as the 3-D model used for
study of the positive streamer branching. The focus of this
paper is on the streamer branching in transformer oil; how-
ever, the model and its results can be generalized to other

dielectric media. The effects of the applied voltage peak
(up to five times larger than 50 percent breakdown voltage,
UBD (Ref. 3)), rise-time (from 1 ns to 0.1 ls), the electrode
geometry and gap distance are investigated on the shape of
the streamer tree, the number, diameter, and velocity of the
branches in a needle-sphere electrode geometry as given in
Sec. III. Post processing of the results indicates that there is
a clear correlation between the characteristics of the main
streamer stem (also known as leader in the literature) just
before branching and the attributes of the born branches.
This correlation is discussed in detail in Sec. IV as determin-
istic causes of branching.

In numerical modeling, the actual branching triggered
by the physical perturbations must be distinguished from the
artifacts developed by numerical instabilities. As addressed
in Sec. IV, several sanity checks are performed to ensure that
the physical elements are the only initiators of the observed
branching in the model. The modeling results have been
verified with experimental measurements wherever the
actual data is available. The paper concludes in Sec. V with
a summary of the key results.

II. THEORETICAL BACKGROUND

Theoretically, streamers can branch in fully determinis-
tic models through Laplacian instability that resembles the
underlying mechanism of viscous finger branching of a two-
fluid Hele-Shaw flow6 or in an electro-hydrodynamic version
of Rayleigh-Taylor instability with superposed charge
layers.16,17 Such instabilities can develop when the volume
charge layer ahead of the streamer front is much thinner than
the streamer head radius of curvature. In the extreme case of
a planar ionization front, an infinitesimal perturbation is
enough to initiate a branching instability,6 but for a semi-
spherical streamer head with a finite radius of curvature,
only perturbations larger than a certain threshold can trigger
a self-sustaining streamer branching.

In practice, even in carefully filtered ambient, micro-
scopic perturbations are still present. Most of these micro-
scopic inhomogeneities can be categorized into two main
classes: (1) perturbations on the material spatial properties
(presumably permittivity) and (2) fluctuations of the charge
carrier density or the ionization potential.3 We have incorpo-
rated both of these inhomogeneous cases into the modeling.
In applications that are of interest in industry, the macro-
scopic inhomogeneities inside dielectrics are usually avoided
unless breakdown is desirable. Previous studies show that
the macroscopic perturbations such as air bubbles or water
droplets certainly deviate the streamer paths and most prob-
ably initiate the branching. In this paper we focus on micro-
scopic inhomogeneities, which are more complex and also
are much harder to avoid even in extremely purified media
used for electric power insulation, such as transformer oil
or SF6.

A. Description of the model

Our 3-D electro-hydrodynamic model is built upon the
previously developed two-dimensional (2-D) streamer
model,3,19–22 which successfully explained numerous aspects

FIG. 1. Typical view of positive streamer branching in a liquid dielectric.
(a) Experimental image of a positive streamer initiated from a needle elec-
trode16,18,36 and (b) 3-D modeling result of a corresponding case (iso-surface
plot of the electric field distribution). The streamer structures are qualita-
tively similar in experiments and simulations. The fractal structure of the
streamer tree in the experimental image makes it possible to compare the
modeling result also with other nodes of the tree including the one at the
needle electrode tip.
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of streamers, except for the branching phenomena. The gov-
erning equations are based on the drift-dominated charge con-
tinuity Eqs. (1)–(3) for positive ion (qp), negative ion (qn),
and electron (qe) charge densities, coupled through Gauss’
law (4). The thermal diffusion Eq. (5) is included to model
temperature variations (T) in oil due to Ohmic dissipation.
The negative ion and electron charge densities in the govern-
ing equations are both negative quantities. The governing
equations have been solved using a finite element approach23
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where q, E, v, e, kT, cv, and ql are magnitude of electronic
charge, local electric field, oil velocity, permittivity (2.2 e0),
thermal conductivity, specific heat, and mass density, respec-
tively. Representative values for transformer oil are listed in
Table I. In the microsecond time scales of interest for
streamer formation, the oil velocity is negligible such that
v¼ 0. The parameters lp, ln, and le are the mobilities of the
positive ions, negative ions, and electrons, respectively. The
ion-ion recombination constant, Rpn, is obtained from the
Langevin-Debye relationship20,24

Rpn ¼ qðln þ lpÞ=e: (6)

The ion-electron recombination constant, Rpe, is assumed
equal to the ion-ion recombination constant, since using the
Langevin-Debye relationship for the ion-electron recombina-
tion rate leads to some overestimation.20 In addition to
recombination with positive ions, electrons also combine

with neutral molecules to form negative ions. This process is
described as an electron attachment time constant, sa.15,20

The generation and recombination rates play a key role
in describing streamer dynamics. In spite of the recombina-
tion rates that are defined by constants, the field ionization
charge density rate source term, GM, is modeled using the
Zener model of electron tunneling in solids that is improved
by using the Density Functional Theory (DFT)3,9,25,26
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All parameter definitions and values are given in Table I.
Application of the generation term in the form of Eq. (7) in
Eqs. (1) and (3) enables the model to describe the negative
and positive streamers formed by extra high voltages.6

The positive electrode potential is defined by subtracting
two exponential functions that create the standard lightning
impulse voltage according to IEC 60060-1 (Ref. 27) as

Vimpulse ¼ KV0ðe&
t

s1 & e&
t

s2Þ; (8)

where K is a non-dimensional compensation factor to keep
the peak amplitude of the impulse equal to V0, since in gen-
eral, the maximum value of two subtracting exponential
functions in Eq. (8) is not necessarily 1. The potential of the
sphere electrode is set to ground potential. The top, bottom,
and side insulating walls of the breakdown chamber3 have
been assigned to have zero normal displacement field com-
ponents (n

* " D
*

¼ 0). This boundary condition acts as a zero
surface charge equation on the wall that also guarantees cy-
lindrical symmetry. The boundary conditions for the charge
transport continuity equations at electrodes are set to
“convective fluxes” for all species,23 while insulating wall
boundaries are assigned to have no flux of any species. All
boundaries are set to zero normal thermal diffusive flux (i.e.,
n
* "r

*

T ¼ 0) making the approximation that the system is ad-
iabatic on the time scales of interest.

Since diffusion of the charged species is assumed negli-
gible in Eqs. (1)–(3), we have solved the conservative form

TABLE I. Physical parameters used in the streamer model.

Symbol Parameter Value

n0 Number density of ionizable species 1( 1023 m&3 (Refs. 19, 20, and 24)

a Molecular separation distance 3.0( 10&10 m (Refs. 19–22)

m* Effective electron mass 0.1(me¼ 9.1( 10&32 kg (Ref. 24)

D, c Ionization potential function parameters 1.16( 10&18 J, 1.118( 10&23 J cm1/2 V&1/2 (Refs. 3, 21, and 22)

Rpn,Rpe Ion-ion and ion-electron recombination constant 1.64( 10&17 m3 s&1 (Refs. 19 and 20)

lp,ln Positive and negative ion mobilities 10&9 m2 V&1 s&1 (Refs. 19, 20, and 24)

le Electron mobility 10&4 m2 V&1 s&1 (Refs. 19, 20, and 24)

cv Specific heat 1.7( 103 J kg&1 K&1 (Ref. 24)

ql Oil mass density 880 kg m&3 (Refs. 19 and 20)

kT Thermal conductivity 0.13 W m&1 K&1 (Ref. 24)

q Electronic charge 1.602( 10&19 C (Ref. 28)

h Planck’s constant 6.626068( 10&34 m2 kg s&1 (Ref. 28)

sa Electron attachment time constant 200 ns (Refs. 3, 15, and 20)
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of the general convection and diffusion equations with trian-
gular quartic elements.23 Numerical solutions of the charge
continuity equations usually include spatial instabilities
rather than expected smooth solutions.3,23 These spurious
oscillations can be avoided by using artificial nonlinear
crosswind diffusion (CWD) along with different types of
streamline diffusion (SD) such as anisotropic, compensated
streamline upwind Petrov-Galerkin (SUPG) and Galerkin
least-square methods to stabilize the charge continuity equa-
tions.23 It has been shown in Ref. 29 that CWD is more sta-
ble than other over-diffusive discontinuity-capturing
techniques and leads to better numerical behavior, although
it is computationally expensive due to its non-linear nature.23

On the other hand, SD techniques effectively stabilize the
system and accelerate the solution. We have applied minimal
SD and CWD at the same time to optimally stabilize the nu-
merical solution.3,21,22 Minimal artificial diffusion techni-
ques are tuned to balance a tradeoff between removing
nonphysical local oscillations (due to SD) and excessively
smooth results just next to the walls (due to CWD). An aver-
age has been taken whenever any discrepancy is observed
between results of different SD techniques mentioned above.

Two direct solvers, MUMPS and PARDISO, imple-
mented in COMSOL Multiphysics are employed separately
to solve the streamer model. These solvers are well known to
be robust and memory efficient tools in parallel high per-
formance computing.23 These direct solvers have the advant-
age of more accuracy compared to iterative solvers, although
they are computationally much more expensive. Since the
present model contains nonsymmetrical matrices and nonlin-
ear equations, combinations of direct and iterative solvers
have been applied to speed up the solution. Three computers
with a total 48 cores ()3.4 GHz) and 188GB RAM are used
in parallel to solve Eqs. (1)–(8).

B. Microscopic inhomogeneity implementation

The stochastic aspect of the streamer branching pertains
to the spatial distribution, size, and intensity of the inhomo-
geneities. Therefore, the key role of stochastic inhomogene-
ities has to be included in the model in order to observe
streamer branching. Macroscopic perturbations are less inter-
esting than microscopic inhomogeneities from a modeling
point of view for two main reasons: First, they essentially
modify the extent of the streamer; second, in industrial appli-
cations macroscopic impurities are avoided. In the laboratory
experiments, the cause of the branching is definitely not the
macroscopic perturbations, since these experiments are
undertaken in degassed chambers in which the liquid dielec-
tric is filtered several times to eliminate any ionized traces
and gas bubbles. In these experiments, the streamers grow in
a continuously refreshed body of transformer oil.1–4,30 The
stochastic nature of the streamer branching cannot be
expressed in Eqs. (1)–(7), as they only cover macroscopic
quantities and processes. Rather, we define and add a finite
number of spherical regions (particles) whose stochastic
location and intensity convert Eqs. (1)–(7) into a stochastic
model. To implement stochastic perturbations in the model,
we have used continuous uniform distribution functions

(rectangular probabilistic functions) and Gaussian functions
to determine the location and intensity of the individual per-
turbations, respectively. Specifically, a set of spherical
regions with certain radii (Rp in the range of 1 lm–10 lm) is
placed in random locations inside the discharge chamber.
The selected inhomogeneity density determines the number
of spheres. Each of these spherical regions, which contains a
volume charge perturbation, is placed at a stochastic position
with coordinates located by three separate uniform distribu-
tion functions. These spherical regions have the same permit-
tivity as the rest of the dielectric medium.

Theoretically, charge carrier density fluctuations can be
originated by either discrete nature of electrons at the leading
edge of an ionization front where the electron density is low6

or many external sources such as cosmic rays or other sour-
ces of ionizing radiation. As the background electric field
increases, the field ionization generates more discrete free
electrons at different locations of the dielectric that can gain
enough energy to cause microscopic local ionizations. These
local ionizations, occurring at background electric fields
much weaker than the critical breakdown field, produce local
charge densities that can be regarded as microscopic inho-
mogeneities. In our model, we simulate these inhomogene-
ities by adding a stochastic amount of charge generation
rates inside spherical regions, which generates a bias charge
density in them. The intensity of the perturbation charge den-
sity generation rates is determined by continuous Gaussian
functions. The minimum perturbation charge generation rate
(GMp) is zero and maximum generation rate of carrier charge
densities is 1010 Cm&3 s&1, which is roughly one order of
magnitude smaller than the generation rate at the typical pos-
itive streamer head in transformer oil.1–4 This stochastic per-
turbation rate generates inhomogeneous charge densities
(qps) that are in agreement with results of Ref. 6 for a gase-
ous environment exposed to intense electric field. The result
of stochastic perturbation rate in the range of zero and
1010 Cm&3 s&1 in transformer oil, considering the parameter
values of Table I, generates in a maximum additional pertur-
bation in charge density of )104 Cm&3 inside the micro-
scopic inhomogeneities.

The density of the microscopic inhomogeneities (Cp) is
set to 1011 m&3. Considering the volume of the oil in the
chamber, this distribution means that we have to place )106

spheres which makes the number of the mesh elements too
high, since the mesh inside these spheres have to be dense
enough. Therefore, we chose to only place the inhomogene-
ities inside the pillbox close to the streamer head at which
we have refined the mesh. Modeling results prove that inho-
mogeneities farther than 1 mm from the streamer head do not
affect the streamer branching.

III. MODELING RESULTS OF STREAMER BRANCHING
IN TRANSFORMER OIL

We have applied a vast variety of inhomogeneous distri-
butions of perturbations to study the streamer branching spe-
cifically in transformer oil. The qualitative shape of the
streamer tree, number and diameters of the branches and
their velocities are clearly sensitive to the applied voltage
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(and by a lesser extent, to the nonsymmetrical inhomogene-
ities). The branching time decreases as the applied voltage
and/or the rate of rise of the voltage increase. For the same
inhomogeneity, the applied voltage peak essentially deter-
mines the number of branches, while for the same applied
voltage peak, the average angle between the propagation
direction of the branches is determined by the applied volt-
age rate of rise. The modeling results show that deterministic
causes of branching such as electrode geometry and applied
voltage characteristics are as influential as stochastic ele-
ments on the propensity of streamers to branch out.

A. Needle-sphere electrode geometry

Figure 2 shows the discharge chamber geometry for
which we performed the streamer modeling. The positive
impulse voltage shown in Fig. 3 is applied to the needle
electrode to initiate positive streamers. To verify our mod-
eling results, we have used experimental results from
needle-sphere electrode geometry with other different gap
distances. As discussed in Ref. 21, with the same electrode
geometry, if the ratio of the applied voltage peak over the
gap distance is similar, the characteristics of streamers will
be comparable.

Using ten different inhomogeneity distributions and den-
sities obtained by ten different sets of Gaussian functions
and continuous uniform distribution functions, the model has
been run to study the effects of the stochastic parameters on
the attributes of the just born branches.

The results of these ten different sets indicate that the
deterministic roots of the streamer branching are dominant
when the stochastic parameters vary within the boundaries
described in Sec. II B (i.e., jGMpj< 1010 Cm&3 s&1, jqpsj
< 104 Cm&3, Cp¼ 1011 m&3, 1 lm<Rp< 10 lm). The qualita-
tive shape of the streamer tree, number, and diameters of the
branches and their velocities are clearly sensitive to the applied
voltage (and by a lesser extent, to the inhomogeneities).

Among the simulation results, 13 cases have been
selected to be compared with experimental images as shown
in Fig. 4. The modeling parameters are not identical to the
circumstances of the experiments, however they are reason-
ably similar. Specifically, the medium in which streamers

propagate and branch out is the same for both modeling and
experimental results; the maximum electric field sensed in
the gap is almost equal for pairs in each panel of Fig. 4.
Currently, no approach is known to determine the distribu-
tion of inhomogeneities inside the oil. Any measurement of
inhomogeneity structure would be extremely difficult since
these inhomogeneities are not only functions of position, but
they depend on time and electric field intensity as well.
Although the inhomogeneities are not known in experimen-
tal images found in the literature, as can be seen in all the
panels of Fig. 4, the structure of the streamer node and
branches are qualitatively similar which suggests that den-
sity, size, and intensity of inhomogeneous perturbations in
the oil have been properly chosen on realistic orders.

IV. DISCUSSION

In this section, we address two major concerns about the
validity of the model. First, we answer the question of how
can we ensure that the streamer branches are physical, not
originated from numerical instabilities? In Sec. IV B, we
devise a gauge that enables us to predict whether the branch-
ing occurs at an instantaneous time based on the geometry of
the volume charge distribution at the streamer head, and if it
happens, how many branches will be born.

A. Avoiding numerical instabilities: Sanity check

In numerical modeling, the actual branching caused by
the physical perturbations must be distinguished from the
artifacts developed by numerical instabilities. As a sanity
check, we have studied the effect of several symmetric inho-
mogeneous charge densities in oil on the streamer branching.
If the mesh is refined enough to avoid misinterpreting nu-
merical artifacts as streamer branches, the branching must be
symmetric as well. Figure 5 shows one of these symmetric
case studies in which the spatial distributions on the charge

FIG. 2. Needle-sphere electrode geometry used for streamer simulation pur-
poses as described in IEC 60897 standard.31 The electrodes are 25 mm apart,
and the radii of curvature of the needle and sphere electrodes are 40 lm and
6.35 mm, respectively.32

FIG. 3. IEC 60060 lightning impulse voltage (non-dimensional, ~V ¼ V=V0)
with rise-time tr (10%–90% of peak voltage) versus non-dimensional time,
~t ¼ t=s1 generated with subtracting two exponential functions.27 In this pa-
per, the rise-time (tr) varies in the range of 1 ns–100 ns, while the fall-time
(s1 is set to 1 ls for all case studies).
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carrier densities are symmetrical to the plane, y¼ 0. The
streamer branching results in the sanity checks successfully
followed the symmetry of the inhomogeneities (e.g., as can
be seen in Fig. 5 for a representative case), meaning that

numerical instabilities are not amplified by the system. Note
that the three-dimensional mesh of the model is not symmet-
ric to the planes of symmetry (e.g., y¼ 0 in Fig. 5). If there
were significant numerical noise amplifications in the

FIG. 4. Iso-surface plot of electric field
distribution as modeling result of
streamer is compared with correspond-
ing experimental image in the inset
image. Definite breakdown voltage,
UDBD, for the modeling geometry
(gap length, d¼ 25 mm) is equal to
95 kV. The initiation voltage for the
modeling geometry (electrode tip radius,
ri¼ 40 lm) is 30 kV. In the experimen-
tal data, the applied voltages are
expressed in terms of streamer initiation
voltage, Vi, and 50% breakdown volt-
age, UBD, which is the impulse peak at
which the dielectric breaks down in half
of the discharge tests. For each panel
the modeling data is expressed, fol-
lowed by brief information about the
related experiment in Table II.

TABLE II. Key parameters of modeling and experimental cases shown in Figure 4. Initiation voltages, in all cases, are taken from Ref. 35.

Modeling data (peak, rise time) Experiment data obtained from literature (photography method and applied voltage)

(a) 2.85 Vi (0.9 UDBD), 1 ns Streak image of streamer formed by 2.18 Vi (0.33 U50BD¼ 327 kV)
in a 150 mm gap with ri¼ 1 mm (U50BD* 970 kV)33,36

(b) (a): 6 Vi (1.9 UDBD), 100 ns Streak image of streamer formed by 4.88 Vi (1.57 U50BD¼ 583 kV)

in a 100 mm gap with ri¼ 1 mm (U50BD* 370 kV)33,36

(c) (a): 7.66 Vi (2.42 UDBD), 10 ns Schlieren images of streamer formed by 7.25 Vi (100 kV¼ 5.55 U50BD, 30 ns)
in a 2.5 mm gap with ri¼ 25 lm (U50BD* 18 kV)30,36

(d) 8.66 Vi (2.74 UDBD), 100 ns Streak images of streamer formed by 8.2 Vi (0.8 U50BD¼ 24 kV)
in a 3 mm gap with ri¼ 5 lm (U50BD* 30 kV)18,36

(e) 9 Vi (2.84 UDBD), 10 ns Schlieren images of streamer formed by 2.77 Vi (47 KV¼ 1.88 U50BD, 20 ns)
in a 5 mm gap with ri¼ 25 lm (U50BD* 25 kV)30,36

(f) 10.66 Vi (3.37 UDBD), 100 ns Shadowgraphy images of streamer formed by 11.1 Vi (5.55 U50BD¼ 100 kV, 1.2 ls)
in a 2.5 mm gap with ri¼ 30 lm (U50BD* 14 kV)1,36

(g) 11.33 Vi (3.58 UDBD), 10 ns Streak images of streamer formed by 10.23 Vi (1.14 U50BD¼ 30 kV)

in a 2 mm gap with ri¼ 5 lm (U50BD* 30 kV)18,36

(h) 12.6 Vi (4 UDBD), 10 ns Intensifier gate photographs of streamer formed by 13.2 Vi (0.9 U50BD¼ 304 kV)
in a 200 mm gap with ri¼ 40 lm (U50BD* 340 kV)34,36

(i) 10 Vi (3.16 UDBD), 100 ns Schlieren images of streamer formed by 7.25 Vi (5.55 U50BD¼ 100 kV, 300 ns)

in a 2.5 mm gap with ri¼ 25 lm (U50BD* 18 kV)30,36

(j) 15.2 (4.8 UDBD), 10 ns Intensifier gate photographs of streamer formed by 16 Vi (0.87 U50BD¼ 304 kV)
in a 200 mm gap with ri¼ 3 lm (U50BD* 350 kV)34,36

(k) 15.83 Vi (5 UDBD), 100 ns Shadowgraphy images of streamer formed by 14.44 Vi (9.28 U50BD¼ 130 kV, 1.2 ls)
in a 2.5 mm gap with ri¼ 30 lm (U50BD* 14 kV)1,36

(l) 16.1 (5.1 UDBD), 10 ns Intensifier gate photographs of streamer formed by 18.62 Vi (1.38 U50BD¼ 304 kV)

in a 50 mm gap with ri¼ 3 lm (U50BD* 220 kV)34,36

(m) 18.3 Vi (5.8 UDBD), 100 ns Schlieren images of streamer formed by 20.1 Vi (4.3 U50BD¼ 28 kV, 1 ls)
in a 1 mm gap with ri¼ 5 lm (U50BD* 6.5 kV)1,36

063301-6 Jadidian et al. J. Appl. Phys. 114, 063301 (2013)



system, they would appear and disrupt the symmetry of the
results.

B. Geometry of streamer head: Deterministic causes
of branching

To better understand the underlying deterministic causes
that make the streamer shell tear apart at the streamer head,
we have studied the relationship between the branching dy-
namics and the structure of the streamer head to realize
whether branching occurs and if it happens how many propa-
gating branches come out of the main stem. To be able to
quantify this relationship, we have defined three characteris-
tic lengths: ra, rb and d based on the volume charge density
distribution (0.5qmax to qmax) and the head curvature ratio,
a¼ ra/d, as shown in Fig. 6.

The streamer characteristic lengths are measured from
the modeling results of 280 simulation case studies and clas-
sified based upon the number of propagating branches as
shown in Fig. 7. Thin streamers usually have relatively thick
shell of streamer head, which makes the propagating
streamer unable to branch out even in inhomogeneous media
for two main reasons:

1. Small ra: The streamer head is )10–20 lm thick which
increases the probability that the streamer is not influ-
enced by microscopic inhomogeneities unless the inho-
mogeneity density is extremely high. At the current
inhomogeneity size, 5 lm, and density, 1011 m&3, the
streamer takes some detour from its main path, rather than
branching out, even if a spherical inhomogeneity is close
to the streamer head, since the head is strongly stable.

2. Large d: The charge density at the streamer head is rela-
tively high which considerably increases the streamer ve-
locity. Since the higher the streamer velocity, the lower
the branching probability, relatively large d along with
small ra assist the streamer not to branch out.

However, as the streamer column becomes thicker (ra)
and the streamer head crust (d) becomes thinner (as a result
of higher applied voltage peak and/or rate of rise of voltage),
there are some cases in which branching does not occur even
though d and ra are fairly small and large, respectively.
Comparing the results plotted in Fig. 7 suggests that the im-
portant geometrical parameter that determines the number of
just born branches is the head curvature ratio a¼ ra/d,
not merely ra, rb, or d. This ratio seems to be controlled with
the applied voltage characteristics and number density and

FIG. 5. Symmetrical streamer branch-
ing due to symmetric initial electron
disturbance distribution (planes of sym-
metry are x¼ 0 and y¼ 0) showing that
the numerical instabilities are minor
enough to guarantee that the branching
occurs due to physical inhomogeneities.
The propagation direction of the main
streamer column is in &z direction. The
left panel shows iso-surface plots of the
electric field generated by streamer
branching from different view planes
(xy, xz, and xy plane views).

FIG. 6. Streamer head configuration. Three characteristic lengths, ra, rb, and
d, are defined based on the volume charge density distribution (0.5qmax to
qmax) to study the streamer head instability growth, which ultimately causes
the branching. Numerical modeling shows that the chance of branching
increases as the head curvature ratio a¼ ra/d increases. Our previous studies
show that increasing either applied voltage peak or applied voltage rate of
rise would increase a.
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intensity of the inhomogeneities. For a given inhomogeneity,
before running the 3-D model, if we know the steady
streamer head geometry, a approximately determines the
number of the propagating branches. In Fig. 7, the separation
lines between single column, two/three column and multi
column streamers roughly show the critical head curvature
ratio. The value of critical curvature ratio is controlled by
density and intensity of the microscopic inhomogeneities.
Particularly, if either density or intensity of the inhomogene-
ities increases, the critical streamer head curvature ratio will
decrease (slope of the separation lines in Fig. 7 increase).
Based on the results obtained from cases having different
inhomogeneity densities and intensities, the critical head cur-
vature is more sensitive to the perturbation density rather
than the perturbation intensity.

There are a number of additional interesting discussions
raised by observations made on the 3-D geometrical attrib-
utes of a streamer right at the branching:

• Streamer velocity drops just before branching begins.
After branching, each individual branch accelerates again.
In the two/three column streamer region (Fig. 7), one of
the streamer branches usually picks up the maximum ve-
locity which is clearly higher than other branch velocities.
This maximum velocity agrees with experimental evi-
dence found in the literature, even closer than the 2-D axi-
symmetric modeling results. However, for multiple
column streamers (especially for four streamer branches
or more), almost all of the child branches propagate with
roughly similar velocity which is lower than the velocities
reported in experimental records.1,2,4,28

• For a given perturbation intensity, number and thickness of
the streamer branches are determined by the applied volt-
age, unless its diameter is larger than a certain value. This
threshold size in the presented perturbation density and in-
tensity is 10 lm. In other words, for inhomogeneity sizes

above 10 lm, different applied voltages create almost simi-
lar streamer trees. This is particularly reasonable, since
macroscopic inhomogeneities dominantly determine the
streamer behavior. In terms of the visual resemblance
between modeling results and experimental images as pre-
sented in Fig. 4, 5 lm inhomogeneities with density of
1011 m&3 on the charge carriers is optimal combination.

• Modeling results show that the spherical inhomogeneities
(containing maximum charge perturbations of 104 Cm&3)
that are farther than 1 mm from the path of the streamer do
not effectively cause streamer deflections or branching.
Therefore, as mentioned earlier, the inhomogeneties are
limited to be distributed only inside the pillbox close to
the streamer tip, and spherical inhomogeneities beyond
those boundaries are ignored to avoid numerical difficul-
ties (excessive simulation time).

• After the first branching, velocities of the branches
increase which makes the secondary branching unlikely at
least with the current magnitude of the perturbations. It
has also been observed in experiments4,30 that the second-
ary branching does not happen unless the streamer branch
travels over a certain distance from the original node. The
ratio of branching length over streamer diameter of about
12 to 15, reported in Ref. 6, cannot be verified through the
current version of the model due to computational
limitations.

• Some of the case studies presented in this paper are
repeated with inhomogeneities in oil permittivity with
almost identical results. No significant difference was
found in the branching triggered with the inhomogeneities
on permittivity compared to those driven by inhomogene-
ities on charge density. We have examined water droplets,
air bubbles (with higher, 80, and lower, 1, relative permit-
tivities than oil, 2.2, respectively), and conductive dust
particles as microscopic perturbations.13 The streamer
crust is attracted to the bubbles with high conductivities or

FIG. 7. Identification of streamer tree
number of branches based on the
streamer head geometry (characteristic
lengths defined in Figure 6). Colors
show the applied voltage rise-times:
black (1 ls), blue (100 ns), purple
(10 ns), and red (1 ns). Marker shapes
indicate the applied voltage peaks:
130 kV (*), 200 kV ($), 250 kV (!),
300 kV ("), 350 kV (#), 400 kV ($),
and 500 kV ((). The points are
obtained from taking average from ten
different inhomogeneity distributions,
but with the same inhomogeneity ra-
dius, maximum intensity, and density
of 5 lm, 104 Cm&3, and 1011 m&3,
respectively.
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higher permittivities (than oil), while low permittivity
inhomogeneities repel the streamer head. A full discussion
on the forces on the streamer head applied by the
immersed objects in the liquid can be found in Ref. 22.

• The streamer diameters in the experimental images can
be estimated to be about half of the electrodynamic
diameter.6 Therefore, the modeling results describe the
streamer branch’s column diameters precisely. In general,
streamer photography using different approaches such as
Charge Coupled Device photography, Schlieren and
Shadowgraphy,25,33,34 is extremely difficult to use for
study of streamer branching due to small dimensions and
high velocities of streamers. An interesting stereo-
photographic approach to resolve streamer in air is pre-
sented in Ref. 12. In most of these studies, the scientific
goal is to capture streamer trees with the most possible
branches. Therefore, the applied voltage and camera
shooting times have been set to guarantee a high number
of branches, which makes it difficult to find the branching
threshold through the images. In addition, what the streak
cameras capture are not the ionized body of the streamer,
but the path of the emitted light, which is most probably
path of dissipated energy (via joule heating for instance).
Experimental photography is more useful to understand
the fractal structure of the streamer tree not the branching
phenomena itself.14 Therefore, it seems the 3-D modeling
is currently the best practical way to study the branching
phenomena.

• This paper focuses on the streamer branching in liquids. In
other media, other processes may become critically impor-
tant in streamer acceleration and branching. For instance
in gaseous environment, other than stochastic charge den-
sity fluctuations, in intense electric field, run-away elec-
trons can contribute to accelerating and branching of
streamers.7 A 3-D gaseous hybrid model is developed in
Ref. 10 that couples a particle model for single electrons
in the region of high fields and low electron densities with
a fluid model in the rest of the domain.

• According to the current thermal simulations and experimen-
tal evidence, more realistic models of streamers in trans-
former oil must include a gas phase (vapor) and low
temperature collisional plasma phase over a temperature
range from 300 to 2000 K.36 However, previous experience37

in simulating phase conversion (including a plasma phase) in
COMSOL Multiphysics23 indicates that it is extremely diffi-
cult to combine the entire plasma equation set with the pre-
breakdown equations (Eqs. (1)–(7)) with an acceptable con-
vergence, especially in a 3-D geometry.

• In addition to inhomogeneities in the dielectric volume,
the small cracks, and perturbations on the needle electrode
should be addressed in the future. Some of experimental
images show that branching has started right at the needle
itself.30

V. CONCLUDING REMARKS

A fully three-dimensional model of streamers is
employed to investigate the dynamics of streamer branching,
which is an asymmetric phenomenon by its nature. The

modeling results show that the streamer branching has deter-
ministic origins, as well as stochastic roots. Specifically, if
the volume charge layer at the streamer head is thin and slow
enough, even an infinitesimal inhomogeneity is sufficient to
trigger the branching. On the other hand, if the streamer head
is stable, even relatively large perturbations do not grow
instabilities from the streamer head. We have derived a
quantitative gauge for the streamer head geometry that deter-
mines whether branching occurs under specific inhomogene-
ous circumstances. The critical ratio of the streamer charge
sheath thickness over the streamer width, at which branching
occurs, is found for the specific density and intensity of inho-
mogeneities. Comparing the modeling results with corre-
sponding experimental images indicates that the model
predicts the branching phenomena both quantitatively and
qualitatively. In terms of the visual resemblance between
modeling results and experimental images, 5 lm spherical
inhomogeneities with spatial number density of 1011 m&3 is
an optimal combination in transformer oil.
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