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Chapter 1

Introduction

1.1 Background

Since its invention by Floer [9] in 1988, Floer homology has been an important tool in
the study of low-dimensional topology. The Seiberg-Witten version of Floer theory,
also known as monopole Floer homology, is developed by Kronheimer and Mrowka in
their book [18]. The theory associates abelian groups to 3-manifolds and homomor-
phisms to cobordisms between them.

There are now a number of Floer homology theories of 3-manifolds and 4-dimensional
cobordisms ({14], [27]). Many important results come from these and equivalences
between them. There is a natural question of building a space, or a more general
object, whose homology is Floer homology. This Floer homotopy type would poten-
tially give stronger invariants in low-dimensional topology and provide new insights
and applications of Floer theories.

The quest for finding Floer homotopy type was started by Cohen, Jones, and Segal
in [4]. Floer homotopy type for Seiberg-Witten theory was successfully constructed by
Manolescu [22] for 3-manifolds with & = 0 in 2003. Later, Kronheimer and Manolescu
[17] extended the result to the case b, = 1 with nontorsion spin® structure. Recently,
Lipshitz and Sarkar [21] constructed a Khovanov homotopy type, a spectrum whose
singular homology is Khovanov homology. This homotopy type can distinguish knots

with the same Khovanov homology [32].



The idea of finite dimensional approximation is to approximate a map or a flow
on an infinite-dimensional vector space by using sufficiently large finite-dimensional
subspaces. The use of finite dimensional approximation in nonlinear analysis dates
back to Svarc’s work in 1964 [33]. Furuta [L1] applied the technique to prove the
10/8-theorem. Later, Bauer and Furuta [2],[3] constructed a stable cohomotopy in-
variant from Seiberg-Witten theory on closed 4-manifolds. Similar ideas can be used
to construct stable homotopy invariants from flows on a Hilbert space. Finite dimen-
sional approximation for flows was studied by Geba, Izydorek, and Pruszko [12] for a

flow on a Hilbert space and by Manolescu [22] in the Seiberg-Witten case.

1.2 Overview

In Chapter 2, we provide a background in Conley index theory which will be used
in this thesis. We also make a refinement and clarification of some results.

In Chapter 3, we study finite dimensional approximation on Hilbert spaces mo-
tivated by [12]. We hope that this gives a unifying approach for finite dimensional
approximation in more general context.

In Chapter 4, we extend the construction of Seiberg-Witten-Floer stable homotopy
type in [17], [22], [23], and [24]. We still apply finite dimensional approximation to the
Seiberg-Witten flow on the Coulomb slice. The resulting object is a (pro)-spectrum
SWE(Y,s), called the Manolescu-Floer spectrum. This can be viewed as a universal
cover of the Floer homotopy type because there is still an action from harmonic gauge
groups left.

In Chapter 5, we provide explicit calculation of the Manolescu-Floer spectrum for
the manifolds S! x 82 and 73.

In Chapter 6, we use the concept introduced in [8] to construct the twisted
Manolescu-Floer spectrum S/'V\V_I?‘(K s). We also discuss the process of taking ho-
mology of W(Y] 5) and try to compute relevant homology groups.

In the Appendix, we provide background and various computation in homology.
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Chapter 2

Conley Theory

2.1 Basic Definitions

Let Q be a locally compact, Hausdorff topological space. A flow on (2 is a continuous
map v : @ x R — Q such that y(z,0) = z and y(z,s +t) = y(7v(z, s),t) for all z € Q
and s,t any real numbers. We will denote the image ~y(z,t) by 7:(z), or simply x - ¢
when understood. Our context of interest will be a flow on a vector space generated
by a gradient-like vector field.

The main objects in the study of Conley theory are isolating neighborhoods and

isolated invariant sets. Let us introduce the following definitions.
Definition 1. Let M be a subset of 2.

(i) Denote by AT (M) = {z € M|z -R* C M}, the invariant subset in positive

time direction.

(ii) Denote by A~(M) = {z € M|z - R~ C M}, the invariant subset in positive time

direction.

(iii) The mazimal invariant subset of M is given by Inv(M) = {z € M|z -R C M}.
Note that Inv(M) = AT (M)N A~ (M).

(iv) For subsets Z C Y C §, Z is positively invariant relative to Y if the condition
z € Zand z-[0,t] CY implies z - [0,¢] C Z.

11



(v) A compact subset X of Q is called an isolating neighborhood if Inv(X) is con-
tained in Int(X) the interior of X.

(vi) A compact subset S of §2 is called an isolated invariant set if there is an isolating

neighborhood X so that Inv(X) = S.

Given an isolated invariant set or an isolating neighborhood, one will be able to
extract some topological data, which can be viewed as a generalization of a Morse
index (in the case the flow is generated by a gradient vector field). Now, we introduce

an important concept of an index pair.

Definition 2. Let S be an isolated invariant set. A pair of compact subsets (N, L)

is called an index pair for S if the following conditions hold
(i) S € N\L (this implies S = Inv(N\L)),
(i) L is positively invariant relative to N,

(iii) L is an exit set for N, i.e. if z € N but z-[0,00) € N, then there exists ¢t > 0
such that - [0,t] C Nand z -t € L.

For an isolating neighborhood X with Inv(X) = S, we will also called (N, L) an
index pair for X if it is an index pair for S. This definition does not depend on X
but sometimes it is convenient to emphasize the isolating neighborhood instead of
the isolated invariant set. This leads to another definition and we hope to make some

clarification here.

Definition 3. Let X be an isolating neighborhood with Inv(X) = S. A pair of
compact subsets (N, L) is called an index pair for S relative to X if the following

conditions hold
(i) SCc N\L,
(ii) N, L are positively invariant relative to X,

(iii) If z € N but z - [0,00) € X, then there exists ¢t > 0 such that z-[0,¢] ¢ N and
z-t€ L.

12



The last condition can be viewed as L is an exit set for IV relative to X. The above
definition is used by Conley in his original work [5], whereas the one in Definition 2

is used in [19] and [31].

Example 1. Consider a flow on R? given by (z,y) -t = (27¢z, 2ty). The origin (0,0)
is an isolated invariant set, as a hyperbolic fixed point. Indeed, any neighborhood
of the origin is an isolating neighborhood. Let us pick the square D = [—2,2]? for
a fixed isolating neighborhood and consider its horizontal sides L = [-2,2] x {£2}.
One can see that (D, L) is an index pair for the origin.

Let also consider a smaller square D; = [—1, 1]? its horizontal sides L[, = [-1,1] x
{£1}. The pair (Ds, L) is an index pair for the origin, however it is not an index

pair relative to D.

YONNON

v /£ 4

U W e

Figure 2-1: Examples of index pairs

We note that a condition for of a pair (/V, L) in Definition 3 does not require
the inclusion L C N. Nevertheless, we can consider the pair (N U L, L) or the pair
(N, N n L), if one would demand the inclusion.

It’s clear that an index pair relative to X is always an index pair for its isolated in-
variant set, but the converse does not hold in general as in the previous example. Still,
one can modify an index pair to an index pair relative to an isolating neighborhood.

We introduce another definition.

Definition 4. Let Y be a subset of X. We define the minimal positively invariant

set of ¥ relative to X as the set P(Y,X)={y-t|y € Yand y-[0,¢] C X}.
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To obtain an index pair relative to X, the idea is to enlarge L by its maximal

positively invariant set. We will deduce the statement by the following lemmas.
Lemma 1.
(i) If (N, L) is an indez pair relative to X, then LN AT (X) = @.

(i) Let Y be a compact subset of X disjoint from A*(X), then the set P(Y, X) is
compact. Moreover, we have P(Y,X) N A*t(X) = 0.

Proof.

(i) Suppose that z € LN A*(X). Since z-R* C X, we have z - Rt C L because
L is positively invariant. Since L is compact, the limit point lim;_.., z - ¢ is also

in L. This will contradict with S C N\L since the limit point lies in S.

(i) (cf. [22]) We will show that P(Y,X) is closed. Suppose that z, = y, - t,
converges to z for y, € Y and y, - [0,t,] C X. Since Y is compact, we pass to
a subsequence that y, — y. We claim that the sequence {t,} is bounded, so
that ¢, — t. By continuity, we see that y - [0,t] C X and y, - t, — y - t. Hence
z € P(Y, X) as desired.

If {¢,.} is not bounded, we can also choose a subsequence such that y,, - [0,n] C
Y. By continuity, we have y - [0,00) C X which contradicts to the fact that
Y NnAHX)=0.

a

Corollary 1. Let X .be an isolating neighborhood with Inv(X) = S and (N, L) be an
indez pair for S with L, N C X. Then, the pair (N U P(L,X), P(L,X)) is an index
pair for S relative to X

Proof. We have just shown that P(L,X) is compact. The only remaining nontrivial
part is to show that N U P(L, X) is positively invariant relative to X. Suppose that
z € N (it is obvious when =z € P(L, X)) and that z - [0,#] C X, then we want to
show that z - [0,¢] C N U P(L, X). We can assume that z - R* ¢ N or we are done.

14



Since L is an exit set, there is ¢’ such that z - [0,#] C N and z-# € L. The case
t' > tis trivial. If ¢’ < t, we have that z - [t/,t] ¢ P(L,X) by its definition. Hence
z-[0,t) c NUP(L, X). O

Two basic results in Conley theory are that, given a fixed isolated invariant set (or
a fixed isolating neighborhood), an index pair always exists and that all the pointed
spaces of the form (N/L, [L]), where (N, L) is an index pair, are homotopy equivalent.
This leads to a definition

Definition 5. For an isolated invariant set (or an isolating neighborhood) S, we
define its (homotopy) Conley index as a homotopy type of a pointed space (N/L, [L])
where (N, L) is an index pair of S.

To determine the Conley index of an isolated invariant set, one convenient way is
to find a special isolating neighborhood such that every point on its boundary leaves

the neighborhood immediately in one or another time direction. More precisely,

Definition 6. (cf. [6] , [30]) For a compact subset N, we define

nt = {z € ON |38 > 0 such that z - (—=do,0) N N = @},
n” = {z € 8N |38 > 0 such that = - (0,6) N N = 0}.

Then, N is called an isolating block if 9N = n* Un~. The set n~ will also be called

an exit set.

One immediately see that an isolating block N is an isolating neighborhood and
the pair (N,n7) is its index pair. To understand the homotopy type of (N/n~,[n7]),

we introduce some useful lemmas.

Lemma 2. [5] Let Y be a compact set and Z be a locally contractible compact subset
of Y. Suppose that Z is contractible to a point yo of Y and that Z is a strong
deformation retract of its neighborhood in Y. Then (Y/Z,[Z]) is homotopy equivalent
to (Y,yo) V (ST A (Z, zp)) for any point z of Z.

15



Note. The condition that Z is a strong deformation retract of its neighborhood in Y,

namely (Y, Z) is an NDR-pair, is equivalent to that Z — Y is a cofibration.

The main idea is that Y/Z is homotopy equivalent to the mapping cone with the
cone point as its based point. Then we use the contraction of Z to yy to collapse the
mapping region to a point, so that the cone part becomes the (unreduced) suspension
of Z joining to Y at yo.

Consequently, if the pair (N,n~) satisfies above conditions, one only needs to

understand homotopy types of N and n~ individually. Furthermore, we have
Lemma 3. [6]/ n™ is a strong deformation retract of N — AT(N).
Let us introduce another useful concept of a product flow.

Definition 7. Let ;1,72 be a flow on €21, respectively. A product flow v; X 72 is
defined on Ql X 92 by (1'1,21?2) -t (’Yl(lil,t),’)’z(xz,t)).

It is not hard to check that, for i = 1,2, if X; is an isolating neighborhood of S;
with respect to a flow ; on €;, then X; x X5 is an isolating neighborhood of S; x Sz
with respect to the product flow. Moreover, if (N, L;) is an index pair for S;, then
(N7 x Na, Ny X Ly U Ly x N») is an index pair of S; X S;. In other words, the Conley
index of the product S; x S; is given by a smash product (N1/Lq, [L1]) A (N1/ Ly, [L1])

Example 2. An important class of examples is a linear flow on a finite-dimensional
vector space. Let L be a linear map on V and consider a flow v, given by a formula
v.(v,t) = e tLy. For simplicity, we assume that L is self-adjoint and has no kernel.
It is called a linear flow because v, (v,t) is an integral curve of the following ODE

_%7L(vvt) = L7L(v’t)' (211)

We can see that {0} is an isolated invariant set of this flow. Let us decompose
V = V* @ V™ to the positive and the negative eigenspace of L. As in Example
1, one can check that (B(V*Y) x B(V™),B(V*) x S(V7)) is an index pair for {0},
where B(W) and S(W) denote a unit disk and a unit sphere in W respectively.

16



Consequently, the Conley index has a homotopy type of B(V~)/S(V~) which can
be identified with the sphere SV, the compactification of V'~ with a based point at
infinity.

Note that one can replace (V' 1,V ™) by any pair of maximal positive and maximal
negative subspace of V with respect to L. The flow v, can be regarded as a product
flow on V*t x V~. One can decompose further to any direct sum of L-invariant
subspaces.

Alternatively, we can show that B(V) is an isolating block of the origin. On the
unit sphere, a point is leaving B(V) if (Lv,v) < 0 and is entering B(V) if (Lv,v) > 0.

When (Lwv,v) = 0, we consider the second derivative of the norm a trajectory y(t)

D @ = 4L (e), Lvo(e) = 41 L v )P

This is always positive (except at the origin) because L has no kernel. It follows that

a point on S(V) with {Lv,v) = 0 is also leaving B(V') as a bounce-off point.

Note. In (2.1.1), we have a minus sign as we will be considering a downward gradient
flow throughout this paper. A relevant functional on V is f(v) = $(Lv,v). The

dimension of V™~ agrees with the index of the origin as a critical point.

2.2 Conley Index as a Connected Simple System

We have mentioned that the homotopy type of (N/L,[L]) is an invariant for an
isolated invariant set. It is sometimes useful to consider a collection of all index
pairs and natural homotopy equivalences between them. One motivation is to reduce
ambiguity of the choice of index pairs and maps when dealing with ‘morphisms’
between Conley indices.

For this purpose, we introduce a notion of a connected simple system. Roughly
speaking, a connected simple system is a subcategory of a homotopy category of

pointed topological spaces. The ‘connected’ part means that there is a map between

17



every pair of objects and the ‘simple’ part means that all the maps between a pair of

objects are in the same homotopy class of a homotopy equivalence.

Definition 8. A connected simple system I = (Z,,1,) consists of a collection Z,
of pointed spaces and a collection Z,, of homotopy classes of pointed maps between
them. In particular, for each X and Y in Z,, a homotopy class Z,,(X,Y) € [X,Y] is

specified with the following conditions
(i) Zm(X,X) = [idx] for all X € T,

(i) Zna(X,Y) = [f] and Z(Y, Z) = [g], then T,o(X, Z) = [go f] for each X,Y, Z €
Z..

Next, we describe a morphism between connected simple systems.

Definition 9. Let 7,7 be connected simple systems. A morphism & : 7 — J is a
collection of homotopy classes of maps between their objects. For each X € 7, and

X' € J,, a homotopy class ®(X, X’) € [X, X'] is specified with a property that

() I Za(¥,X) = [f], B(X, X') = [4], and Jn(X",¥") = [g] , then B(Y,Y") =
[godo f]forany X,Y € Z, and X", Y’ € J,.

One can see that choosing a homotopy class of maps between a certain X € 7,
and a certain X’ € 7, is sufficient to construct a morphism @ : 7 — 7.

With the above definitions, we can form a category CSS of connected simple
systems.

Back to Conley theory, we describe natural maps between index pairs of an isolated
invariant set. Given two index pairs (N7, L;) and (Nz, Ls), one can find T > 0

(sometimes called the common squeeze time) so that for all ¢ > T we have
(1) x- [—t,t] C Nl\Ll 1mphes T e N2\L2
(11) x - [—"t, t] C Nz\LZ implies = € Nl\Ll

Then we have a continuous map f : Ny/Ly x [T, 00) — Ny/L, induced by the flow
defined by

18



x -3t if - O,Qt N1 Ll and x - t,gt N2 L2,
falg < 3 T DA N £,3t] N\

[Lo) otherwise.

We will refer to the maps in this form as the flow map. It is not hard to see that

a composition of flow maps is also a flow map.

Definition 10. For an isolated invariant set (or an isolating neighborhood) S, we
define its Conley index Z(S) as a connected simple system whose objects consist of
pointed spaces (N/L,[L]) arising from is index pairs (N, L) of S. The morphisms con-
sist of homotopy classes of flow maps defined above. The above discussion guarantees

that Z(S) is a connected simple system.

We note that the definition for Z(S) above is introduced by Salamon [31] and
is different from Conley’s original definition [5] since their choices of maps between
index pairs are different. Nonetheless, they are shown to be equivalent by Kurland in
[19]. As in [16], Conley theory can also be formulated as a functor from a category

of isolated invariant sets to CSS.

Given a pointed space X, one can consider a connected simple system [X] con-
sisting of X as the only object with a class of the identity map. This gives a functor

from Top, to CSS.

Given two connected simple systems Z and J, one can form a smash product

Z A J whose objects and classes of maps are given by

(IAT)e={XAX'|X€Tand X €J}, (2.2.1)
ZIADm(XAX Y AY) = Tn(X,Y) A Tn(X,Y). (2.2.2)

This characterizes a Conley index for a product flow as

Z(S1 % Sa,m1 % 72) = I(S1,m1) A Z(S2,72)- (2:2.3)

19



Using above convention, we can also talk about a suspension of a connected simple

system by saying ©7 = [S}] A L.

2.3 Attractor-Repeller Pairs

Under certain circumstance, Conley indices of isolated invariant sets can be re-
lated. We present two important constructions.

The first case is when an isolated invariant set has a decomposition as following

Definition 11. Let S be an isolated invariant set and define the w-limit sets w(U) :=
MNiso cl(U - [t,00)) and w*(U) := [ys0 cl(U - (o0, —t]).
(i) A compact subset A of S is called an attractor (relative to S) if there is a

neighborhood U of A in S such that the limit set w(U) = A.

(i) A compact subset B of S is called a repeller (relative to S) if there is a neigh-
borhood U of B in S such that the limit set w*(U) = B.

(iii) For an attractor A C S, define A* := {z € S|w(x) N A = @}. This is a repeller
and is called the complementary repeller of A. Moreover (A, A*) is called an

attractor-repeller pair.

Note that an attractor and a repeller are also isolated invariant sets. A basic
result for an attractor-repeller pair (A, A*) of S is that on can find compacts subset
N3 C Ny C N; so that (Ny, N3) is an index pair for A, (N1, N3) is an index pair
for A, (N1, N,) is an index pair for A*. The inclusions give a sequence of maps
Na/N3 — Ni/N3 — N;/N; and one can also choose (N, N;) to be an NDR-pair
and define a map N;/N; — X(Ny/N3). This induces well-defined morphisms between
Conley indices, i.e. they are independent of choices in the above constructions. In

sumriary,

Proposition 1. [31] The above construction induces a coexact sequence of connected

simple systems

Z(A) — I(S) —I(A") 5> ZI(A) —--- .

20



2.4 Equivariant Conley Index

The notion of equivariant Conley index was introduced by Floer in [10]. Let G be
a compact Lie group and consider a G-equivariant flow on a G-space §2. Most of the
construction earlier can be done in the equivariant setting by replacing all the spaces
and maps by equivariant ones.

For example, given a G-invariant isolating neighborhood or a G-invariant isolated
invariant set, we define a G-index pair by a pair of G-spaces which is an index pair
nonequivariantly (Definition 2 or 3). Indeed, given a nonequivariant index pair (N, L),
we can consider a pair obtained by its orbit (G - N,G - L). It is straightforward to
check that this will be a G-index pair. A homotopy Conley index is the based G-
space (N/L,[L]) and a collection of such spaces and flow maps forms an equivariant
connected simple system.

One need to slightly modify Lemma 2 when entering equivariant setting because
a G-space may not contain a G-based point (for example, when the G-action is free).
Consequently, the reduced suspension for an unbased G-space may not defined, unlike
the nonequivariant case where one can pick some point of the space for a based point.

We restate the result

Lemma 4. Let (Y,Z) be a G-NDR pair and suppose that Z is contractible (equiv-
atrantly) to a point yo of Y. Then a G-space (Y/Z,[Z]) is equivariantly homotopy
equivalent to a G-space (Y,yo) V (SZ,[Z x {0}]), where SZ = Z x [0,1]/{(21,0) ~

(22,0) and (z1,1) ~ (22, 1)} is the unreduced suspension.

Note that SZ has at least two fixed points, so it is never free as a based G-space
even if Z is free. For a basic example, we take an orthogonal G-representation V
and consider the unit disk D(V') and the unit sphere S(V') as unbased G-spaces. The
pair (D(V),S(V)) is a G-NDR pair and D(V)/S(V) is homeomorphic to SV, the
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one-point compactification of V' with {co} as a based point. Moreover, after adding

a based point to D(V') and S(V), we have a cofiber sequence

S(V)y = D(V)y — SY.

2.5 Duality

Given a flow v, we can consider its reverse flow —v, i.e. —v(t) = y(—t). Notice
that an isolating neighborhood and its isolated invariant set does not depend on the
direction of the flow, but its Conley index can change. Under some circumstances,
we will show that these indices are dual of each other in homotopy theoretic sense.
Consider a flow v on a finite-dimensional smooth manifold M. Let X be an
isolating neighborhood. Following Robbin and Salamon [29], we can find a special
index pair (N, L) such that N is a submanifold (with corners) and its boundary

decomposes to exit sets of v and —v. More precisely,

Proposition 2. For an isolating neighborhood X , there is an index pair (N, L) such
that N is a submanifold with boundary ON = Ly U L_ and (N,L_) is an indez pair
of X with respect to —-y.

Proof. Let S be the maximal invariant subset of X. First, recall that we can construct
a smooth Lyapunov function f: X — R such that f(z) =0on S and f(t-z)) < f(x)
whenever [0,7] -z C X — S and t > 0 (cf. [29]).

For small é > 0, we choose sufficiently small € > 0 so that f(—d -z) — f(z) > 2¢
for all x € 0X (We might need to extend f to a neighborhood of X that contains
[—6,8] - X). Then, we set

N={zeX|-e< f(a) < f(~5-2) < e}
= XN €, 00) N (f o (=8) (00, 4]

From our choice of €, we see that N C Int(X). By choosing a regular value, we can

ensure that N is a submanifold with boundary ON = L, U L_, where
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Ly =Nnf e
L_.=Nn(§-f(e)-

It is clear that S C Int(N — L) and that L, is positively invariant. Suppose
that x € N but t-z ¢ N for some ¢t > 0. Since N C Int(X), we can assume that
[0,t]-z C X so that f(¢-x) < f(z). Similarly, we have f((—d+1)-z) < f(—0-z) <e.
This implies that f(t-z) < —e¢, so the path [0,¢] - = passes through the set L. Hence
(N, L,) is an index pair for X with respect to «. One can check that (N, L_) is an

index pair for the reverse flow by similar argument.

g

Example 3. One simple example is the case when M = R? with a flow given by
t-(z,y) = (2'z,27ty). The origin (0,0) is an isolated invariant set, as a hyperbolic
fixed point. We can take the square X = [0,1]? for its isolating neighborhood. We

2

can use f(z,y) = y*—z? as a Lyapunov function in the proof above (see Figure 2-2).

Figure 2-2: This demonstrates a special isolating neighborhood for the origin.

From now on, we will focus on a setting where we have an equivariant flow on a
G-representation V. Note that, in the proof above, we can average f over the action
of G so that N, L, and L_ are G-invariant manifolds.

Before proceeding, we recall some definitions from [25].

Definition 12. Let X and Y be based G-spaces and V be a representation of G. We
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say that X and Y are V- dual if there are G-maps
e:YAX -8 and 7:8V - XAY

such that the following diagrams are stably homotopy commutative.

s ax TN ¥ Ay ax
~ idAe
XASY
and
yasy Ay x Ay
T eAid
s ay 204 v ay,
where 7 is the transposition map and o is the sign map o(v) = —v.

We now state the duality result.

Proposition 3. Let v be a G-flow on a finite dimensional G-representation V and
denote —~ by its reverse flow. For a G-invariant isolating neighborhood X , the Conley

indices T(X,v) and Z(X,—v) are V-dual.

Proof. We choose an index pair (N, L, ) as in the previous proposition. It is clear that
(N,L,) is a G-ENR pair. By results in [20] and [25], the unreduced mapping cones
C(N,L4) and C(V — Ly, V — N) are V-dual. Then, we notice that C(NV, L,) has a
homotopy type of N/L, while C(V — L4,V — N) has a homotopy type of N/L_. O
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2.6 Maps to Conley indices

We will also need to construct maps from spaces to Conley indices. We begin with a

lemma shown in [22].

Lemma 5. Let X be an isolating neighborhood with Inv(X) = S. If a pair (A, B) of

compact subsets of X satisfies the following
(i) If x € AT(X)N A, then [0,00) -z NIX =0,
(it) BN AT (X) =0,
then there ezists an indez pair (N,L) of S such that AC N and B C L.

In application, suppose we have a map f : M — X and a subspace K of M. If it
turns out that the pair (f(M), f(K)) satisfies the hypothesis of the previous lemma,
then we can find an index pair (N, L) and obtain a map induced from the inclusion
f:M/K— N/L.

It remains to show that this map is independent (up to homotopy) of the choice
of index pairs. That is it is a well-defined map from M/K to a connected simple
system.

Given two index pairs (N7, L) and (N3, Lo) with A C Ny, Nz and B C Ly, Ly, we

wish to show that the maps F* o1 and 15, in the diagram below, are homotopic

A/B —— Ny/IL4
Fy
NZ/L27

where 21,15 are inclusions and F} is a flow map.

The result from [19] implies that this is the case when we have the inclusion
(N1, L1) C (N3, L2). More precisely, there is a homotopy between the composition
Ni/Li < Ny/Ly 33 Ny/L; and the identity. Also, the inclusion Ni/Ly < Na/Ly is
homotopic to a flow map Ny/L, ﬁ» No/L,.
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For a general case, we will construct a sequence of inclusions that relates ( Ny, L)
and (Ng, L2) through index pairs which contain (A, B).

Since the subsets N; and L; are contained in X, we can consider a pair (N; U
P(L;, X), P(L;, X)) which is an index pair relative to X by from Lemma 1. Next, we

will consider its intersection

Lemma 6. If (N1, L;), (N2, L2) are indeg pairs relative to X, then (N1 N Ny, Ly N Ly)

18 also an index pair relative to X.

Proof. The only nontrivial part here is to show the exit set property. Suppose that
£ € NyN N; and - R* € X. Then there exist t;,%; such that z - [0,2;] € N; and
z-t; € L;, where ¢ = 1,2. Let us assume that ¢; > t;. Since Ny, Ly are positively
invariant relative to X, we see that = - [0,;] C Np and z-t; € Ly as well, thus we

have the desired result. O

Remark. The intersection of two index pairs (with Definition 3) need not be an index

pair in general.

Now we have a collection of inclusions of index pairs containing (A4, B). This is

shown in the diagram below (we abbreviate P(L) for P(L, X) in the diagram).

(N1 U P(Ly), P(Ly)) (N2 U P(Lg), P(Ls))

() (N:U P(L;), P(Ly))

i=1,2

(N, Ly) (N2, Ly)
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Chapter 3

Finite Dimensional Approxiamtion

on Hilbert Spaces

3.1 Conley Theory on Hilbert Spaces

Conley index theory was developed for a flow on locally compact space, so one cannot
apply it directly in infinite-dimensional setting. Geba, Izydorek, and Pruszko [12] use
finite-dimensional approximation and define a stable version of Conley index for a
special class of flows.

Let H be a Hilbert space. A vector field on H is a continuous map from H to

itself. We will be interested in a special class of vector fields.

Definition 13. We say that a vector field F' : H — H is permissible if F' admits a
decomposition F' = L + K such that

(i) L is a self-adjoint Fredholm operator on H.
(ii) K is locally Lipschitz and compact (possibly nonlinear).

(iii) there exist positive constants ¢, d so that ||K(z)|| < c|lz|| + m forallz € H

We will also say that a pair (L, K), or simply FF' = L + K, is a permissible
decomposition for F' if it satisfies conditions above. In addition, L and K will be

referred as a linear part and a compact part of F respectively.
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The last condition implies that F is subquadratic i.e. there exist positive constants

¢,d such that 2|(F(z),z)| < ¢|zf® + d for all z € H.

Remark. The class of vector fields studied in [12] is slightly more general than our

definition above. For example,

(i) For F = L + K, a linear part L need not be self-adjoint. We still require that
any eigenspace of L is finite dimensional and its spectrum spec(L) is isolated

from the imaginary axis in the complex plane.

(i) The last condition in Definition 13 can be omitted. However, one can always
use a cut-off function to make F' subquadratic when studying a fixed bounded

subset of H.

Given two different permissible decomposition F' = L; + K; = Ly + K,, we see
that the difference L; — L, is compact. In fact, this gives a one-to-one correspondence
between a set of permissible decompositions of F' and a space of linear self-adjoint
compact operators.

We will also extend this notion to a family of vector fields.

Definition 14. Let A be a metric space, regarded as a parameter space. We say that
a family of vector fields F' : H x A — H is a permissible family of vector fields if
there is a decomposition F'(x,\) = L(x, A) + K(z, A) satisfy the following properties,

where we sometimes write F for the restriction F(-,A\) on a point in A € A,

(i) For each A, the decomposition Fy = Ly + K is a permissible decomposition.
(i) Ly is a continuous family in the norm topology of bounded linear operators.
(ii) K : H x A — H is compact.

(iv) There exist positive constants C, D so that || K(z,M)|| < Cllz|| + o for all
(z,\) € H x A.

Such a decomposition is also called a permissible decomposition for the family.
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We will now consider a family of flows on H generated by a family of vector fields
F. More precisely, we look at a family of flows 77 : H x R x A — H which is a solution

of the following ODE

%n(x,t,)\) = F(n(z,t,)), \) (3.1.1)

n(z,0,A) ==z (3.1.2)

Note. The subquadratic condition guarantees that 7 is defined for all time ¢ (cf. [34]).

Otherwise, we would only have a local flow.

One special case of a family of vector fields is a family obtained from a sequence of
vector fields with an appropriate limit. We can identify and topologize N, = NU{occ}
as a subspace {1|n € N} U {0} of the interval [0, 1].

It is straightforward to check the following condition for compactness of a map

parametrized by N,.

Lemma 7. A map K : H X Ny, — H s compact if K(-,n): H — H is compact for
each n and K(-,n) converges to K(-,00) pointwise uniformly on any fized bounded

subset of H.
We now prove an important result for flows generated by permissible vector fields.

Proposition 4. Let X be a closed and bounded subset of H and 1 be a family of flows
generated by a family of permissible vector fields F = L+ K : H X A — H. Then,
the projection to second factor pry: Inv(X x A,n) C H X A — A is proper.

Proof. Let {(zn, \n)} be a sequence in Inv(X x A) with A, — X\. Let H = H, & H_&
Hy be the spectral decomposition corresponding to positive, negative, kernel part of
Ly respectively. Let 7y, 1y be the orthogonal projection from H onto Hi, Hy.

We will show that the sequence {z,} has a Cauchy subsequence by decomposing
T, with respect to Hy and Hy. Since the set Inv(X x A) is a closed subset of a

complete space, the Cauchy subsequence will be also convergent.
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Since L) is a self-adjoint Fredholm operator, there is 4 > 0 such that the interval

(-4, 4) contains no spectrum of Ly except possibly 0. Then we have that
|let || > e¥||z|| for all 2 € H,.

Now let € > 0 be arbitrary. Since X is bounded, we assume that X C B(R) a ball
of radius R. We choose T > 0 so that ¢ > %. Using an integral equation, we can

write a formula for 7 as following
t
n(z,t,A) = etz 4 et / e "I K (n(z, T, ), A)dT. (3.1.3)
0

Denote U(z,t,A) = e*l» fot e "I K (n(z,T,)), \)dr.

Claim. The sequence U(zn,T,A,) has a Cauchy subsequence (cf. [28] Proposition
A.18).

Proof. Since F is subquadratic, we have
9 2 2
3z (@ 6 NI = 2(F(n(z,1,A), A), (2,8, X)) < ellnlz,t, )|I" +d

and consequently

d
In(z, t, MI* < e |lz]|* + S =1)

for positive time ¢. Then the set {(n(z,, 7, n), An) : n€Nand 0<7<T}isa
bounded subset of H x A, and so its image under K is precompact. Consequently
the set {Te‘TL*nK(n(mn, T,An),A) :n€Nand 0 <7 < T} 1s also precompact.

Finally, we use the fact that, in a Hilbert space, a convex hull of a precompact set
is precompact. We see that the sequence U(z,, T, A,) has a Cauchy subsequence as

claimed.

a

By the claim, we can pass to a subsequence such that {U(z,,T, A,)} is Cauchy.
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Since {(Zn,An)} is an element of an invariant set, 7(z,,T, A,) lies in X C B(R) as

well. Thus,

" (@ — 2a)l| < [T gy + |[eTEATEN gy | 4 (2, A, T

+H77(In7T’ ’\n)H + HU(:L’m,T, Am) - U(:EmTv ’\TL)H

< 3R for m,n sufficiently large.
On the other hand,
TL, TL, 3
€7 (@m = za)ll 2 [l T (2m = 2a)ll 2 ~—llms (2m) — 74 (2a)|

Combining with the previous inequality, the sequence {m;(z,)} has a Cauchy
subsequence.

Similarly, the sequence {m_(z,)} also has a Cauchy subsequence. On the other
hand, the sequence {m¢(z,)} is a bounded sequence in a finite-dimensional Euclidean
space, so it has a Cauchy subsequence as well.

Therefore the sequence {(xn,A,)} has a Cauchy subsequence and we finish the
proof.

O
Definition 15. For a flow ¢ on a Hilbert space, a closed and bounded subset X of
H is called an isolating neighborhood if Inv(X, ¢} C Int(X).
From the previous proposition, we can deduce continuity of an isolating neighbor-
hood for a family of flows. Denote the flow 7(-,-,A) : H x R — H by n,.
Corollary 2. The set {\ € A : X is an isolating neighborhood for the flow n)\} is

open.

Proof. We will show that the compliment of this set is closed. Let {A,} be a sequence
in A such that there exists {z,} with z, € Inv(X,7,,) N 8X and A, — A. From
properness of the projection pry, there is a subsequence of {z,} with z, — z for some

x € H. Since 7 is continuous and X is closed, we see that z € Inv(X,n,) NoX. O
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For & moment, we will consider a fixed isolating neighborhood X for a flow ¢ on H
generated by a permissible vector field F with F' = L+ K a permissible decomposition.

From Corollary 2, we know that X is also an isolating neighborhood for flows in
a neighborhood of ¢ when it is a part of a family of flows. To strengthen this result,
we will introduce some (pseudo)metrics for which X is an isolating neighborhood for
flows generated by ‘nearby’ vector fields.

For compact maps K; and Ks, since X is bounded, we can define a pseudometric

which depends on the set X
px(Kl,Kz) = SUE “(Kl - Kz).’lf“ . (314)
T€

This gives a pseudometric for two permissible decomposition Fy = L; + K; and

Fo=L+ K,
ﬁx(Ll + Kl,Lz + Kz) = ”L1 - Lz“ + px(Kl, Kg) (315)

As a consequence of Proposition 4, we can show that

Proposition 5. There is € > 0 such that X is an isolating neighborhood for any flow
n generated by F, = L, + K, with px(L, + K,;,L + K) <e.

Proof. Suppose the statement is false. There is a sequence of permissible decompo-
sition F,, = L, + K, such that px(L, + K,,L + K) < €, with ¢, — 0. There also
exists a sequence {z,} such that z, € Inv(X,n,) and z, lies in the boundary 8X ,
where 7, is generated by F,.

We will show that the sequence {z,} is Cauchy and arrive at a contradiction.

Consider
t
Un(z,t) = e”‘/ e_TL"Kn(n,,(x,'r))dT, (3.1.6)
0
¢
Upn(z,t) = e‘L/ e~ "L K (n,(z, 7))dr. (3.1.7)
0

By compactness of K, we have that a sequence {Up,(zn,t)}, for a fixed ¢, is
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Cauchy. Since px(Ln + Kn, L + K) goes to 0, we see that ||Up(2n,t) — Uon(@a, t)|l
also goes to 0, so that a sequence {U,(zn,t)} is also Cauchy.

Using an integral equation for flows (3.1.3) and invariance of z,, one can see that
the quantity He‘L(xm - a:n)H is uniformly bounded. Then, similar to the proof of
Proposition 4, we can deduce that {z,} is Cauchy and complete the proof.

a

3.2 Compression of Vector Fields

In this section, let ¢ be a flow on H generated by a permissible vector field F' and let
X be an isolating neighborhood with respect to the flow ¢.

For a finite-dimensional subspace V C H, we want to be able to study a flow on
V approximating the flow ¢ on H. Let 7y be the orthogonal projection from H onto
V. We also adopt a notation ||V — W|| = ||#y — 7w|| using operator norm.

Let F = L + K be a permissible decomposition. We will be interested in a vector

field of the form
Fv =7l'vL’lTv+(1 —Wv)L(l —7Tv)+7'l'vK, (321)

and a flow ¢y generated by Fy. This vector field Fyy can be considered as a
compression of F' on V

Consider a linear part my Lmy + (1 — wy)L(1 — my) of Fy. Viewing L as a block
matrix on H = V @ V1, the linear part of Fy is then the diagonal blocks. Whereas,

the difference
L — (ﬂ'vL’fl’v - (1 - Wv)L(l - 71'\/)) = ﬂ'vL(l — ﬂ'v) + (1 - 7Tv)L7l'V (322)

gives the antidiagonal blocks. »
Note that the difference wy L(1 -7y )+ (1 —7y ) L7y is finite rank, so the linear part
of Fy is also Fredholm. It is then straightforward to check that Fy is a permissible

vector field.
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Our goal is to approximate F' by Fy so that X is an isolating neighborhood for
¢y as well. We can use a pseudometric defined in (3.1.5) and try to find Fy that
satisfies hypothesis of Proposition 5.

For linear parts, we consider an operator norm of the difference as in (3.2.2)

lmvL(1 — wy) + (1 — wy ) Loy || = ||avL(l — 7y) — (1 — 7y ) Lay]| (3.2.3)
= |y L — Ly, (3.2.4)

where the last line holds since we can replace one of the blocks (1 — 7y)Lwy with
—(1 — my) Lwy without changing the norm.
For compact parts, we need to consider a norm of ||[(1 — my, )Kz|| for z € X. We

recall a following fact:

Lemma 8. Suppose that {V,} is a sequence of subspaces of H such that my, — 1
pointwise and K : H — H is a compact map. Then my K converges to K pointwise

uniformly on any bounded set.

Proof. We will prove this by contradiction. Let B be a bounded subset of H and
suppose there exists a sequence {z;} in B such that ”(1 - anj)K(mj)H > § and n;

goes to infinity.

Since {xz;} is bounded, K(z;) converges to some y in H. Then

|2 = m K (@)

IA

= m &) = )| + | @ = 7w, )
1K (25 =yl + |[(1 = v, Yo

< ¢ for sufficiently large j.

IA

And we reach a contradiction.

O

This leads to a definition for subspaces that are good for finite-dimensional ap-

proximation.
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Definition 16. Let {V,} be a sequence of finite-dimensional subspaces of H. We
call that the sequence {V,} is an asymptotically-invariant ezhausting sequence with

respect to L if it satisfy
(i) my, L + Lmy, — 0 in operator norm,
(ii) my, converges to identity pointwise (i.e. in strong operator topology).

The term ‘asymptotically-invariant’ is referred to the second condition as a sub-
space V, will be approaching an invariant subspace. The first condition is inspired
by the following fact:

One can see that a sequence {V,,} is asymptotically-invariant exhausting with
respect to L implies that it is asymptotically-invariant exhausting with respect to L,
when L' — L is compact. Hence, if we fix a permissible vector field, the definition
of an asymptotically-invariant exhausting sequence is independent of the choice of
permissible decomposition of F'.

We can conclude
Proposition 6. Let {V,} be an asymptotically-invariant exhausting sequence of sub-
spaces and let F,, be a family of vector fields parametrized by Ny, defined by

F, = FVn = 7Z'V”L71'V71 -+ (1 — ’/TVn)L(l — 7Tvn) + 7TvnK,

and Foo = F. Then F is a permissible family of vector fields.

Consequently, we can show that X is an isolating neighborhood for the flow ¢y,

for sufficiently large n. In fact, we have a slightly stronger result.

Proposition 7. Let {V,} be an asymptotically-invariant ezhausting sequence. Then
there are €, N > 0 such that X is an isolating neighborhood for the flow ¢w for any
subspace W such that ||[W —V,|| <eandn> N .

Proof. Suppose the contrary, then we can find a sequence {e,,} of positive real con-
verging to 0, a sequence {n,,} going to infinity, and a sequence of subspaces {W,,}

with ||W,, — Va,.|| < € such that X is not an isolating neighborhood for ¢w,,.
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It is not hard to see that {W,,} is also an asymptotically-invariant exhausting se-
quence. Then Fy,, is a permissible family of vector fields and we reach a contradiction

from continuity of the Conley index.

We now observe that V is an invariant subspace of the vector field Fy from the
construction. Moreover, the vector field is equal to mv F on V. Consequently, the

flow ¢y restricted on V does not depend on a decomposition of F.

If X is an isolating neighborhood for the flow ¢y, then so is X N V. We can then
consider X NV C V as an isolating neighborhood with respect to the flow ¢y on V.
Since we are now in the finite-dimensional case and X NV is compact, we obtain the
Conley index

(X NV, ¢v)

We will now establish relation between Conley indices of different spaces. Given

an asymptotically-invariant exhausting sequence

Let V, W be finite-dimensional subspaces of H with an orthogonal decomposition

W =V @ U. We consider a vector field Fy given by
FV,W = 7rvL7TV + ﬂ'ULﬂ'U + (1 e Ww)L(l - 7rw) + 7TvK.

Since mw = 7y + 7y, we have an identity wy Lmy — wy Lny — iy Loy = ny Ly +

wy Ly and we obtain

\L — my Ly — nyLay — (1 — mw ) L(1 — 7w ) ||
<||(1 = 7w )Law + 7w L(1 — ww)|| + || 7y Ly + 7y Loy||
=I(1 = 7w ) Low — 7w L(1 — 7w)|| + V2 ||my Ly |
< | Lmw = mw Ll + V2|1 = 7v) Lav]|

= ”Lﬂ'W - WwL” —+ ”L’R’V —7TvL“
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We have an identity, for z € U,
nyLz = Lz + (ryL — Lwy)x = Lz + (mwL — Law)x — (wyL — Lay)z  (3.2.5)

Denote Uy by the kernel of the self-adjoint operator nyLay on U. We have a
decomposition U = Uy ® U; and also denote e™% by the flow generated by the linear

vector field ny L.

Proposition 8. Let F be a family of vector fields over the interval I = [0,1] given
by Fy = (1 — 8$)Fyw + sFy and ® be the family of flows generated by F. Suppose
that X x I is an isolating neighborhood for ®. Then

I(X NW,éw) XI(X NV,év) NI(B(R,U1),e™")

Proof. We see that the vector field F', is W-invariant for each s, so we can consider the
family of flow ® on W x I and (X NW) x I becomes a compact isolating neighborhood.
Denote ¢y w by the flow generated by Fy. By continuity of the Conley index, we
have

I(XNW,ow) 2I(XNW, dvw).

Next, we consider the flow ¢yw on W. The vector field Fyy restricted to W
becomes my Loy + 7y Lwy + wy K, which is linear on U-component as W =V @ U.

We observe that a vector in W with nonzero U;-component will give an exponential
flow on the U;-component, and its trajectory cannot stay in the bounded set X for all
time. Consequently, if w € Inv(XNW, ¢y w ), then z € V@Uy, and Inv(XNW, dpy.w) =
Inv(X N(V & Uy), dyw)-

Denote B(R,U;) by the ball of radius R in U; centered at the origin. We also see
that the set P = (X N (V @ Up)) x B(R,Uy) is an isolating neighborhood for ¢y,u
and Inv(P, py,w) = Inv(X N (V & Uy), pvw). Thus

I(X NW,¢vw) = I(P, pvw)
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as they are isolating neighborhoods for the same isolated invariant set.

Consider a family of flows v, on W generated by a family of vector fields

o~

Fy(v +u) = my Lay (v) + wyL(u) + vy K (v + su),

where v € V @ Uy and v € U;. Similarly, we can conclude that the invariant set
of Inv(P, 9;) lies in V @ Uy for each s. On V @ Uy, the vector field F., becomes 7y F.
In particular, P is an isolating neighborhood for the flow ¢, with the same invariant

set for each s. By continuity of the Conley index, we have that
I(Pv(bV,W) ZI(P7¢1) gI(P)¢0)

The flow 3y on W can be decomposed as a product flow. One is the flow 7

generated by 7y Lmy + my K on V @ Uy and another is the flow e™* on U;. Hence,
I(P, o) = I(X N (V @ Up),n) AZ(B(R,Uy),e™")

Finally, one can regard the flow 7 as a family of flow on V parametrized by Uj.
Since X is bounded, we see that X N (V x Up) = X N (V x B(Ry, Uy)) for some Ry.
We now have a product family of flows on V' over the compact set B(Rgy, Up) with
XN (V x B(Ry, Up) as an isolating neighborhood. Using local continuity of the Conley
index, we have

IXn(Vely)n =2L(X NV, év)
d
Given an asymptotically-invariant exhausting sequence {V,}, we will now con-
struct a family of permissible vector fields parametrized by Ny, x [0,1]. This will
give isomorphisms between Coney indices of Z(X N V,, ¢y, ) up to suspensions for n
sufficiently large. Consider a family of vector fields F), ; defined by
Fn;s = (1 - S)Fvnyvn+1 + SFVn+17

38



and Fi s = F. We see that the linear part of F), ; converges to L.

In general, the segment joining two Fredholm maps might not lie in the space of
Fredholm maps. However, without loss of generality, we can consider n sufficiently
large so that L, and L, ; lie in the convex neighborhood of L. With this, we can

conclude that F), , is a permissible family.

Hence, by continuity, there exists N so that X is an isolating neighborhood for

the flow ¢, for all s € [0,1] and n > N.

Let us now consider a relation between Conley indices from Proposition 8. Suppose
that W = V @ U and let U™ be a negative definite subspace with respect to my Lmy.

Then we have
I(X NW,éw) ZXIT(XNV,py)ASY". (3.2.6)

We wish to associate a well-defined stable homotopy object to X. One candidate
to consider is a coordinate-free spectrum E, which assigns a space E (V) to each finite-
dimensional subspace V of a fixed infinite-dimensional inner product space (namely,

a universe) with a structure map
YYEV) - E(W),

when W=V @U.

But the relation in (3.2.6) has the term SY” rather than SY. To resolve this, we

could assign a space (or a connected simple system) BV Z(X NV, ¢y) to V so that
2V (SV'I(X Vi) 25V (BI(X 0V, 6v)) = SV IX O W, bw).
Hence, we have a spectrum E(X) associated to X given by
EX)V)=2V"I(X NV, ¢y) (3.2.7)

Note that the positive and negative space depends on a choice of a quadratic form
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on H, which usually arises from a self-adjoint operator. This choice only changes its
associated spectrum by a suspension. Hence, we can view it as a choice of grading
for a spectrum associated to X.

Alternatively, we can also consider the desuspension £~V Z(X NV, ¢y ). Similarly,
we have 57V Z(X NV, ¢y) = LW I(XNW, ¢w). This could be consider as a stable
homotopy type of X.
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Chapter 4

Manolescu-Floer Spectra for

3-manifolds

4.1 Preliminaries

Throughout the thesis, we will use [18] as a foundation for setting up Seiberg-Witten
theory for 3-manifolds and 4-manifolds.

Let Y be a closed, oriented, Riemannian 3-manifold and equip Y with a fixed
spin® structure s. Let S be the associated spinor bundle and A(Y") the space of spin®
connections on S. We have Clifford multiplication p : TY — End(S) which extends
to differential forms. We also fix a reference spin¢ connection By.

Denote the configuration space C(Y,s) = A(Y) & I'(S) and consider the Chern-
Simons-Dirac functional £ : C(Y,s) — R on this configuration space. For a pair of a

spin® connection B and a section ¥ of the spinor bundle, the functional is given by

1

L(B,T) = —§L(Bt~B3)/\(FBz + Fge) + /Y(DB\I!,\II> dvol, (4.1.1)

B —

where B! is the induced connection on A%S, Fg is the curvature 2-form, and Dp

is the Dirac operator associated to B.

Recall that A(Y') is an affine space with the model space Q!(Y’;iR) by an identi-
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fication By + b ® 1g for b € Q(Y;iR), so we have the tangent space

Tisw)C(Y,s) = C=(Y;iT"Y & S)

with L2norm ||b]|* + ||¢||°. Then, we can compute the gradient of £

1
gradﬁ = (5 * FBt +p_l (\II\IJ*)O y DB\I/) s

where the subscript 0 denotes the trace-free part of the Hermitian endomorphism
Ud*, A critical point for this gradient vector field is also known as a solution of the

3-dimensional Seiberg-Witten equation

L Fget p7H (U0, = 0,
2 (4.1.2)
Dp¥ =0.

One distinguished feature of the Seiberg-Witten theory is that one can interpret
a trajectory of the downward gradient flow of the Chern-Simons-Dirac functional as
a solution of the 4-dimensional Seiberg-Witten equation on the cylinder I x Y.

In general, let X be an oriented, Riemannian 4-manifold, possibly with a boundary
and equip X with a spin® structure sx. The spinor bundle Sx has a decomposition
Sx = St @S~ and the Clifford multiplication induces an isometry between self-dual

2-forms and skew-Hermitian endomorphisms of S,

p: AT — su(St).

We have the Dirac operator D} : T'(St) — I'(S~) for each A in the set of spin®
connection Ax. We can now define the 4-dimensional Seiberg-Witten map on the

space of 4-dimensional configuration C(X) = Ax & T'(S*), as following

F:C(X) — i3 (X) & T(S")

1 - *
(4,®) — (EF; - p 1 (99%),, D} ).
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The equation F(A,®) = 0 is known as the 4-dimensional Seiberg-Witten equation

1

_Fﬁ - p_l (‘II‘II*) = 07

2 4 ¢ (4.1.3)
D& =0.

An important special case is when a 4-manifold is a cylinder Z = R x Y, where
Y is a 3-manifold and Z is equipped with the induced spin® structure from Y. A
time-dependent pair (B, ¥) € C(Y,s) gives rise to a configuration (A4, ®) € C(Z) and

it satisfies

1 . d - «
Epz(FXt) - (CI)(I) )0 =—p (EBt +xFg +2p 1 (‘I"I/ )0) y

d
Dt®d = —¥ 4 DpV¥.
A dt + g

(4.1.4)

This is another important feature of Seiberg-Witten theory; A trajectory of the
downward gradient flow of the Chern-Simons-Dirac functional on a 3-manifold Y

corresponds to a solution of the Seiberg-Witten equation on the cylinder R x Y.

To guarantee some generic conditions, we need to consider a perturbation of the
Chern-Simons-Dirac functional. First, we can perturb £ by a closed, real-valued

2-form w by setting

L.(B,¥) = L(B,T) +/(Bt —BY Aiw

We will also need to perturb £, by a class of functions called tame perturbations
(cf. [18]). We will recall properties of tame perturbations later. Suppose that such
a function f : C(Y,s) — R has formal gradient q. Then a perturbed Chern-Simons-

Dirac functional £ is given by

L=Lo+ f
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with gradient

grad £ = grad £ — 2(xiw, 0) + g.

We now have the perturbed gradient flow equation

iB“’ = — % FBt - 2p_1 (\IJ\IJ*)O +4 % w — 2q0(B7 \Il)y
dfi (4.1.5)
E‘t'\Ij = “DB‘I’ - ql(Bv \Il),

and the corresponding perturbed 4-dimensional Seiberg-Witten map on a cylinder

Sw,q given by

1 . 5
gW,q(Aa (b) = (EFX?’ - p_l ((I)q)*)o - 2iw* + qo(Aa (I))7 DZ(I) + ql(A’ Q))

Here we will introduce another useful notion. For a configuration (A, ®) on a
4-manifold X with boundary 0X =Y, we define the (perturbed) topological energy
E5% by

1
g:,?g(A, @) = Z/ (FAt — 4z'w) A (FAt - 4iw) — / (@Iy,DB(I)ly> + 2g(A, ‘I))
X Y

The topological energy depends only on topology of X and the restriction (B, ¥)
of (A, ®) on the boundary as we have

Eo5(A, @) =C - 2£(B,7),

where C is a topological constant. In the cylindrical case Z = I x Y and (A, ®)
arises from a trajectory (B(t), U(t)) with I = [t;, 5], the topological energy is simply

twice the drop of the Chern-Simons-Dirac functional between two end points, i.e.
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EXP(A, @) = 2(£(B(t1), U(t1)) — £(B(t2), ¥(t2))). (4.1.6)

We now discuss the gauge group G(Y) = Map(Y, S?) acting on the configuration
space C(Y,s). For u: Y — S!, the action is given by

u(B,¥) = (B —u'du ® 1g,u?).

We now look at the change of the perturbed functional under the action of G(Y').

Note that the function g is gauge invariant by the construction.

£(u(B,0)) —£(B, V) = ([u] U (4nfw] + 27%c1(s))) [Y], (4.1.7)

where [u] € H!(Y;Z) is the corresponding cohomology class of u~*du/(2xi) and
[w] € H3(Y; R) is the cohomology class of w.

We see that the functional £ is not necessarily invariant under the full gauge
group depending on the form w, although it is always invariant under the identity

component G¢(Y) of G(Y'). This leads to the following definition.

Definition 17. The period class of £ is the cohomology class ¢g = 4n{w] + 2r%¢, (s)
in H2(Y;R). We say that the perturbation £ is balanced if the class cg is zero,
or equivalently £ is fully gauge invariant. We also say that the perturbation £ is

positively monotone if cg = tey(s) for some positive real number ¢.

The main idea in constructing monopole Floer homology is to compute Morse
homology of the quotient configuration space B(Y,s) = C(Y,s)/G(Y) with respect
to the downward gradient flow of the Chern-Simons-Dirac functional. The gradient
vector field of the functional gives rise to the 3-dimensional (perturbed) Seiberg-

Witten map:
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F:C(Y,s) > C®Y;iT"Y @ §)

1
(B,¥) — (5 * Fpe + P~ (BT, + q°(B,¥) — 2 xiw, D?)

The Seiberg-Witten map is equivariant under the action of G(Y'), where the in-

duced action on a tangent vector is given by u - (b,%) = (b, us).

4.1.1 Compactness and Boundedness Result

A fundaméntal result in Seiberg-Witten theory is the compactness of the solutions,
modulo gauge transformations, of the Seiberg-Witten equation. Note that the gauge
group G(X) = Map(X, S') on a 4-manifold and its action is defined in the same way
as the 3-dimensional case.

Pick a reference connection Ay, we say that a configuration (A, ®) satisfies the

Coulomb-Neumann condition if

d*(A'— Af) =0, in X,
(A*— Af,7) =0, in X,

where 71 is the normal vector of the boundary. We also choose a basis {v;} of the
group H;(X;Z)/torsion. Then we say that (A, ®) satisfies the cycle condition if for
all 5

z’/PD(q/j) A (A = AL) € [0, 2m).

For any configuration (A, ®), it turns out that one can always find a gauge trans-
formation u such that w - (A, ®) satisfy both the Coulomb-Neumann condition and
the cycle condition. Moreover, this gauge transformation is unique up to multiplying
by constant functions.

We quote the main compactness result:
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Proposition 9. (18], Theorem 10.7.1) Let Z = [t1,to] X Y and q be a tame per-
turbation. Let (An, ®n) € C(Z) be a sequence of solutions ., q(An, @n) = 0 with a

uniform bound on the topological energy
Ef,‘ffl’(An, ¢,) <C.

Then there is a gauge transformation u, such that a subsequence of u, - (A,, @)

converges in L%, ((Z'), for any interior cylinder Z' = [t},t5] X Y.

We now consider Seiberg-Witten trajectories on Y, that is a solution of Seiberg-
Witten equations on R x Y. From now on, we will also assume that our perturbation

q is admissible. The main property we need is that
(i) A set of critical points grad £ = 0 is finite modulo gauge transformation.
(i1) The moduli spaces of trajectories are regular.

With this hypothesis, we can deduce the following uniform boundedness result:

Proposition 10. There is a uniform energy bound for Seiberg- Witten trajectories

with finite energy.

Proof. (Sketch) For a fixed interval I and a real number s, let A, be a 4-dimensional
configuration obtained from the trajectory on a translated interval I 4+ s. Since the

energy of the trajectory is finite, we see that
EXP(A,) — 0 as s — foo.

This implies that A; converges to a configuration with zero energy, which has to
be a trivial trajectory at one of the critical points. Thus the energy of v is bounded
by a difference of £ between two critical points. Using the fact that critical points
are finite modulo gauge and the identity 4.1.7, we consider two cases.

If the perturbation is positively monotone, we pick representative ay,...,qa, of
critical points. Suppose that v is a trajectory from u - a; to a; (up to gauge) so that

the dimension gr(u - a;, a;) of the corresponding moduli space is nonnegative.
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We also recall a formula
gr(u - a;,05) = gr(a;, 0;) — 20 (fu] U c1()) [Y] (41.8)

Thus we have that

£(u - a;) —£(a;) =t ([u] Uer(s)) [Y] + £(a;) — £(ay) (4.1.9)
t
< = an(an, o)+ £(00) — £(ay), (4.1.10)
as t is positive. The right hand side now depends only on ay,...,a,.

The balanced case is obvious, because £ becomes gauge invariant.

The pointwise uniform bound follows immediately from Proposition 9.

Corollary 3. There exists a constant Cy, for each positive integer k such that, for any

Seiberg- Witten trajectory -y with finite energy, we have a uniform bound ||u; - y(t)|| 2 <

Cy for all t, where «(t) is a restriction of v on {t} x Y and u, € G(Y) is a gauge

transformation in.

4.2 The Coulomb Slice

Recall that the space B(Y,s) can be identified with a Hilbert bundle over the Picard

torus H(Y;R)/H'(Y;Z), which is not a vector space. In order to apply finite di-

mensional approximation technique, we will consider a slightly smaller gauge group so

that the quotient space is an affine space and also good for setting up elliptic theory.

Consider the following subspace of C(Y,s) defined by

Kp, = {(Bo +b®1,7) € C(Y,5)|d"b = 0} .

This subspace is called a Coulomb slice. It is obtained as a quotient of C(Y) s) by a
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gauge subgroup G+ = {e* | £ € C®(Y;iR) and [, £ = 0}. We have a diffeomorphism

Gt x Kp, — C(Y,s)
(€5 (Bo+b®1,0)) — (Bo + (b— df) ® 1,¢*)

The quotient group G(Y)/G* can be identified with G", the group of harmonic
maps from Y to S'. With a fixed basepoint yy of Y, we can decompose

Gh= HY(Y;Z) x S*,

where each integral cohomology class can be represented uniquely by a pointed
harmonic map u : Y — S* and the S part represents constant maps. Consequently,
the residual gauge group H!(Y;Z) x S acts on the Coulomb slice Kg, and we have
identification

B(Y,s) = Kg,/(H'(Y;Z) x S%)

Next we describe how to find a representative in a Coulomb slice for each configu-
ration (Bg +b® 1, ¥). This is the same as finding an element in Kp, that lies in the

same G1-orbit. This process will be called a (nonlinear) Coulomb projection.

Since an element of G' is of the form e¢ , we only have to solve for an imaginary-
valued function £ satisfying d*d¢ = d*b and fY & = 0. Such a function is unique and

we will also denote it by £(b) , considered as a map

£ : QYY;iR) — C™(Y;iR). (4.2.1)

One can also regard the map £ as a composition of d* and the Green operator of

d*d, so that it becomes an operator of order —1.

We will shift our viewpoint from affine spaces their underlying vector spaces. Let

K =kerd* ® T'(S) C Q1(Y;iR) & ['(S), which we still call a Coulomb slice. Then we
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have an explicit formula for a Coulomb projection

Im: QY(Y;iR)®(S) = K (4.2.2)
(b, ) — (b— d&(b),esOV) (4.2.3)

For a fixed By, we also denote

Hp(Be +b®1,T) =TI(b, ¥).

Next, we will study a vector field on K induced from a vector field on C(Y,s).

There is an inclusion ¢p, : K <= C(Y, s) given by

[’BO(b’d}) = (BO +0® 172/))7

so that Ilg, o tg, = II. For a time dependent (b,%), we look at the derivative

9 _9,_ &)

YAd

_ 06 O ey, OB €

This gives a formula for a push forward of a tangent vector (3,%) at (Bo+b®1, ¥)
by (note that £(b) = 0 because & is coclosed),

(DeI1)(B, %) = (B — d€(B), £PE(B)T + £ Pyp). (4.2.4)
= (B — d&(8),£(B)T + ¥). (4.2.5)

This map can be thought as a linearized Coulomb projection of a tangent space

at (Bo + b® 1,¥). We notice that the above formula does not depends only on V.
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Remark. When B, = By + by ® 1, we see that

gZ(HBo © LBl)(ba 7/’) = '%(bg +b— dé(bo + b)7 65(b0+b)\11)
_ (90 90y ooy L 0¥
= (57 ~ &(5;), ™G T + =)

= ) 211(5, ).

Given a vector filed X : C(Y) — TC(Y'), we can consider a composition [I5 & =

(DII) o X o 1, so we have the following diagram
X
C(Y,s) —— TC(Y,9)

DIl

LBg
I, X
K2 | K.

The formula for IIp & is given by

I, X (5,%) = (X1 (o (b, %)) — dE( X (eno (5, %)), E( X120 (0, )Y + Ao (o (B ¥))),

where X = (X, &2).

To justify the construction, we consider a particular lift to C(Y,s) for a time

dependent (b, ¢) € K given by

(B(t), U(t)) = elo {PilaabiDde . (B, 4 p(t) @ 1,9(2)).

Then we have a derivative

b .
%(B, 7) = % — dE (X (i (b, ), o EXLBBINS (¢ () (15 (b, 1)) )0 + %—f)).

In particular, when %(b,f«/)) = Il & + ), we have

%(B, V) + X(B,7) = (W1 (b,9), e GOy (b, 4)).
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The special case when J = 0 implies that a trajectory on K generated by a vector
field —ITp X is a Coulomb projection of a trajectory generated by —A& on C(Y,s) .
We will apply this principle to a Seiberg-Witten trajectory.

We would also like to recover I F as a gradient vector field of £ restricted to K.
To obtain this, we need another metric on X which is not the standard one. There is

a decomposition of the tangent space of (Y, s) at (B, )
T5,wC(Y,s) = TBv) ® KB,

where J(g v) is the image under linearization of the gauge group action. To define a
new metric on X, we use the L?-norm of the projection onto K(gy+s,) of a tangent
vector as its norm under this new metric at (b,%). Since £ is invariant under the
identity component of the gauge group, it is not hard to check that the gradient of £

on K with the above metric is ITg F.

There is an action of G(Y) on K induced by a gauge action on TC(Y'), namely

w- (8,9) = (b,up). (4.26)

When a vector field X is G(Y')-equivariant, we can observe relationship between
I, X and IIY g X', where u is a gauge transformation and u - By = By — u~'du the

gauge action on connections,

((DH) oXo Lu'Bo) (bv ’U/(f}) = (DH)WIJ (X(’LL ' LBo(ba d))))
= (DI)uy (u - X (¢85, (b, %))
= u - (DI)y (X(e5, (b, 9))) -

In other words, we have
Bo X (b — urdu, w)) = u I3, X (b, ). (4.2.7)
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Recall that the 3-dimensional Seiberg-Witten map is given by
1
F(B,0) = (5* Fpe + p~ 1 (TT*), — 2 xiw, Dp¥) + q(B, ¥),
and is G(Y )-equivariant. Since d*(xdb) = 0, we see that

§(F1(emo (b, %)) = E(F1(emy (b, ¥)) — *db) (4.2.8)

= E(% * Fge +p7 ' (") —2xiw+ qm(Bo+b®@ 1,9))  (4.2.9)

We will want to decompose ITg F to linear and nonlinear parts. One natural

choice for a linear part is

L(b,4)) = (xdb, D), (4.2.10)

and we write
}‘30.7: =L+Q. (4.2.11)

From the above observation, the nonlinear part ) consists of constants, pertur-
bations, and terms involving pointwise multiplication. Before proceeding, we will
check that @ has nice compactness properties, allowing us to apply finite-dimensional

approximation.

Definition 18. We say that @ is quadratic-like if , for trajectories z,(t) and z(¢)

defined on compact interval, we have

(i) If z$(¢) is uniformly bounded in L}_;4y norm and 29 (t) converges to z(t)
uniformly in L_; topology for 0 < j < s, then (£)°Q(z4(t)) is uniformly
bounded in L_, norm and also converges to (%)SQ(x(t)) uniformly in L2 _,_,

topology.
(ii) Q extends to a continuous map L2(Z), where Z is a cylinder I x Y’

Now we also recall some properties of a tame perturbation.
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(i) For k > 1, q defines a smooth vector field on Cx(Y). The first derivative Dq

extends to a smooth map

Dy : Cx(Y) — Hom(T, T), (4.2.12)

and its derivative is a multilinear map in Mult®(x,7",7") with a norm satisfying

1D3 gall < QU+ 1)@ + Bl )0+ 121z ). (4.213)

(ii) For & > 2, the induced 4-dimensional perturbation g extends to a smooth map

q:C(2) > T, (4.2.14)

Lemma 9. If Q is of the form Q(b,¢) = q(Bo + b ® 1,%), then Q is quadratic-like.

Proof. For s = 0, we observe that Q(v(b)) — Q(y(a)) = fab D,yQ(v'(t))dt. Taking
a segment between two points, we see that @ is a bounded map on L2 +1 and is also
uniformly continuous on a bounded set.

Recall a formula for a derivative of @

(%)8@@:@)):2 > DRy (), 2e@®) | . (4215)

m=1 a;>1
a1+...+am=s

Consider a term D7},\q (:U(C'l)(t), e ,:c("’")(t)) in the summand and suppose that
a1 = max {a;}. From the property of a tame perturbation, the derivative Dlinaisa
multilinear map Mult™ (X, LZ_, , LZ_, ) whose norm is control by LZ_, of z(t).

Since 1 <m < s <k-1and a; > 1foreach j, we see that k—a; > k—s+m—1 >
k — s > 1. From convergence and boundedness of mg)(t) in Li_j topology, we can
conclude that (2)°q(z,(t)) converges to (%)sq(x(t)) uniformly in L2_, topology (and
indeed in LZ_,_, topology).

O
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It is clear that the quadratic-like property is closed under addition. We will show

that it is also closed under multiplication.
Lemma 10. If Q,, Q> satisfy property is quadratic-like, then so does (Q11Q-.

Proof. Recall a product rule for derivatives

0 0 \qa 0.,
(2 @EOHREON = Y clg) QGO D). (4216
ap+ag=s
Consider the term (%)alQl (m(t))ﬁ(-g—t)”Qg(x(t)), from hypothesis, we have that
(%)aiQi(mn(t)) converges to (%)"‘Qi(y;(t)) uniformly in Li_, _; topology.
Without loss of generality, suppose that a; < a;. We consider the following

sequence of maps:

L2y x Ly = Dy = L, (42.17)
Li—al—l X Li—az—l - Li—ag-—l - Lz—s—l' (4-2'18)

We observe that k—a; —1>k—35/2—12> (k—1)/2 > 3/2 and this inequality is
strict when k& > 4. Hence, we can apply Sobolev multiplication theorem so that the
multiplication above is continuous. The last map is obtained from Sobolev embedding

theorem since ay < s .

For the 4-dimensional map, we can see that é\lﬁ@\z is continuous from Sobolev

multiplication.

Finally, we note that a differential operator of order 1 is quadratic-like. A com-
position of with a differential operator of order 0 also preserves the quadratic-like

property.
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4.3 Finite Dimensional Approximation

The main idea to construct the Seiberg-Witten-Floer homotopy type is to approxi-
mate the downward gradient flow on the Coulomb slice by compressing the flow to
its finite dimensional subspaces.

The flow on K is generated by the vector field —F' = —L — @ defined previously.
The linear part L is a self-adjoint operator and gives L? decomposition of X by its
eigenspaces. To allow more classes of subspaces, we introduce a linear operator K,
which is compact and self-adjoint.

The class of projections we consider is a a class of finite rank smoothing operator.

In addition, we require the following properties for a sequence of projections {7}

(i) We normalize so that 7, has norm less than or equal to 1 in B(L2).
(ii) =, converges to 1 pointwise in L%

iii) [L,m,] is an operator on L2 and the norm converges to 0
P k g

These properties depend on the class of D modulo smoothing operators.

Let V, be the image of n,. We consider a flow on V,, generated by —F,, where
F, =7, F. (4.3.1)

We also call F;, a compression of —F' on V,,. Note that a flow generated by —F’
is only partially defined, but its compression is well-defined on a finite dimensional

subspace of smooth sections.

The following proposition and its proof is a slight adaptation of the result in [22].

Proposition 11. Let R be a closed and bounded subset of K. Suppose that R is an
i1solating neighborhood for —F' on K. For sufficiently large n, R NV, is an isolating
neighborhood for a flow generated by —F,.

Proof. Suppose the contrary: there is a sequence such that RNV, is not an isolating
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neighborhood. By definition, we have a trajectory z, : R — RNV, such that
— 2@ (t) = T F (zn(t))

and z,(0) € OR after reparametrization.

Consider the L2-norm of the derivative

Since R is bounded in L, -norm, {7, F(z,(t))]| 12 is uniformly bounded because

0
a.’ﬁn (t)

| = ImFE®l; (432

F is quadratic-like. By Arzela-Ascoli theorem, a subsequence of z, converges to a

trajectory = in L2-norm uniformly on compact intervals.

We obhserve that

F(z(t)) = mnF(za(t)) = D(@(t) — 2a(t)) + [D, Ta] 20 (t)
+mn(Q(z(t)) — Qlza(1))) + (1 — m)Q(2(2))

This shows that —Zz,(t) = 7, F(2A(t)) converges to F(z(t)) L% _,-norm uniformly

on compact intervals. Thus, the derivatives Zz,(t) converges to Zz(t) and we have

0
——a(t) = Fla(®)

Thus z(t) is a Coulomb projection of a Seiberg-Witten trajectory with finite en-

ergy. By Corollary 3, we have that z(t) is smooth and satisfies a priori bound.

Next, we will show that (Z)°z, converges to (£)"z in L}_, uniformly on compact
intervals. Note that we already have the case s = 0,1 from above, so we will proceed

with induction. Consider

()@ ~ an) = ()" (Fa(t) = TP (an(®)
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We can break apart the right hand side similar to above paragraph

(9" (F(a(t) — 7Bz (1) = D{(32)"(a(6) = 7)) + D, (2) 200
() Q) - (5)°Qea(1))

(1T (5 QD)

With this, we can conclude that z,, converges to z in LZ(Z), where Z = I x Y.

Finally, we apply elliptic estimate using an operator —% — D on the cylinder.

+ 1z = znll 2z
Li(2)

19}
I =13, < (-3¢ = D)o = 22)

We can break apart the first term on the right hand side as following

5}

(=5; = D)@ = z0) = [D, malzn + 7a(Q(x) = Qlan)) + (1 - m)Q(z)  (4.3.3)

This also goes to 0 by the hypothesis and property * of @. Then, by bootstrapping,
we have that x,(0) converges to 2(0) in L2, which is a contradiction because z(0)
cannot lie on the boundary of R.

a

We point out two important quantities involving 7, in the above proof. The first

one is the norm of the commutator

[D,n,) : L2 — L? (4.3.4)
and the second quantity is
sup [1(1 - )Q@) | (4.3.5)
z€ER
for s = 0,...,k + 1. These are the quantities we assume that they converge to zero

in the hypothesis of the proposition. Analogous to Proposition 5 in the Hilbert space

setup, we can generalize Proposition 11 as following
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Proposition 12. Let R be a closed and bounded subset of K. Suppose that R is an
isolating neighborhood for —F' on K. There is € > 0 such that if F; = Dy + @
satisfying

D — Dillzz <€ and ilelgll(Q — Q@) <€

fors=0,...,k+1, then R is also an isolating neighborhood for —F;

Once we have finite dimensional approximation Z(R NV, myF), we can associate

a spectrum to R in the same manner as (3.2.7)

Definition 19. Let R be a closed and bounded subset of K. A spectrum E(R,F)
associated to R with respect to a flow generated by F is given by

ER,F)V)=I(RNV,xyF)AS"",

where V7 is a positive space with respect to a reference quadratic form.

4.4 Constructing Isolating Neighborhoods in the

Coulomb Slice

Our next task is to find a suitable choice of isolating neighborhoods in the Coulomb

slice for finite dimensional approximation. By Hodge decomposition, we have
K= Qh@Qi@F(S),

where Q5 = R" is the harmonic 1-forms and 2, = Im(d*) is its orthogonal comple-
ment. Then, we can view the Coulomb slice as a (trivial) bundle over R.

The set of critical points and trajectories between them are bounded modulo the
full gauge group. However there is a residual action of harmonic maps on the Coulomb

slice, so that critical points and trajectories between them lie in a union of balls

Str(R) = Z™ - B(R).
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which is no longer bounded.

To apply finite dimensional approximation, we will cut the set Str(R) to obtain
a bounded region by level sets of certain functions. Moreover, we will construct an
appropriate filtration of bounded subsets of Str(R). Each bounded region gives rise to
a spectrum from finite dimensional approximation and the inclusion of subsets in the
filtration will induce morphisms between these spectra. This construction generalizes
the one in [17] from & =1 to a general 3-manifold.

To obtain a bounded subset, we will try to control the translational action of Zb
by functions which are quasiperiodic under translation by H}(Y;Z) = @?1:1 Zh;. For
each h;, there is a unique pointed harmonic map u; : Y > S! such that ih; = u; " 1du;.

For a vector a = (a1, as,.. .,y ) € R | we say that f has period « if for each j

f('LLj . .’L') = f(iU) + Q;.

With this notation, the Chern-Simons-Dirac functional £ has period o where

ag; = ([u5] Ueg) [Y]
= ([u;] U (47fw] + 2ncy(s))) [¥] -

Another important property for cut-off functions is transversality.

Definition 20. We say that a smooth function f : K — R is positively (resp. nega-
tively) transverse to a vector field X if (grad f, X') > 0 (resp. < 0) on some level set
fY(a).
Remark. A transverse function for a vector field can be viewed as a dual notion of a
pseudo-gradient vector field for a function.

This implies that for a function f positively transverse to X, the value of f

is decreasing along a nonconstant trajectory of a flow generated by —X. We now

consider a class of good functions for constructing the Seiberg-Witten flow.

Definition 21. A smooth function f : £ — R is called a positive (resp. negative)

good function if it satisfies
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(i) f is positively (resp. negatively) transverse to grad £.
(ii) grad f = grad£ + ¢ for small §
(iii) f has period a for some o € R,
(iv) f is bounded on B(R).
Denote F, (resp. F_) by the set of positive (resp. negative) good functions.
We first show that the set of good functions is nonempty.

Proposition 13. There exists a positive good function with period lying in a neigh-
borhood of g in R . Similarly, there exists a negative good function with period in

a neighborhood of —oz.

Proof. Let p; : K — R be the projection to the j-th component of H'(Y;R) =
@g‘:l Rh;. Since the set of critical points of grad £ is discrete, we can find a closed
interval [a;, b;] C [0, 1] such that p;'[a;, b;] contains no critical point.

By properness property of the Seiberg-Witten equation, |grad£{z)|| > € > 0 for
all z € p;'[aj,b;]. We can construct a smooth function g : [a,b] — R satisfying
g(a) =0, g(b) =6 # 0, and |¢’(z)| < € on (a,b). Then we extend the domain of g to
R by setting g(z + 1) = g(z) + 4.

Now consider a function f; = g o p; +£. We clearly see that f; is bounded on

B(R) and

(- 7) = fi(@) + g ifi#]

fj(a:)—}-a,g,j +6 ifi=7.

To show that f; is positively transverse to £ , we have

(grad f;, grad £) = (grad(g o p;), grad £) + [|grad £
> —¢|lgrad£| + ||lgrad £||* > 0,
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when grad(g o p;) is nonzero. In the case that grad(g o p;) is zero, we simply have
(grad f;, grad£) = llgrad£||> > 0 and the equality holds only at the critical point
of £ . Thus, f; is a positive good function with period ag + de;, where {e;} is the
standard basis of R?.

Finally, we observe that ¢, fi +t2 f2 is a positive good function with period ¢,y +
taay if fi, fo are positive good functions with period o, a; respectively and ¢;, ¢ are
positive numbers. Similarly, — f is a negative good function with period —a if f is a
positive good function with period cr.

O

Remark. In fact, there exists a positive good function with period lying in a small

positive cone containing g in R%.

Consider a positive good function f with period . We have

by
! ((Zcﬂj) il?) = f(z) +c-a,

Jj=1
where ¢ = (c1,¢2,. .., ¢, ) is regarded as a coefficient of translation. We see that

the set of translations from B(R) to Str(R)Nf~![m,n] is bounded by two hyperplanes
whose normal vector is o.

Let {a;} be a basis of R” such that each c; is sufficiently close to cg. Then,
there exist positive good functions f; with period o; by Proposition 13. From the

above observation, we have

Figure 4-1: An example of a region bounded by hyperplane.

Lemma 11. The set Str(R)N (ﬂ?‘zl fj_l[aj,bj]) is bounded.
We set
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Rmn = Str(R) N (ﬁ fj“l[m,n]) .
j=1
For convenience, we consider an exhausting sequence {V;} of finite dimensional
subspaces of K obtained from eigenspaces of L. Let ¢; be the compressed flow on V;
generated by the vector field —L — m@Q. From Proposition 11, for sufficiently large I,
the set VN R, will be an isolating neighborhood for the flow ¢; . Denote an,n by

the corresponding isolated invariant set and Z (S,l,m) by its Conley index.

Note that Rimn C Rmnt1 and Ryp C Rym—1n41 by definition. From our choice

of the functions f;, we observe that

rgrad f;, wgrad£) = ||x grad£)|* + (w6, 7 grad £) ,
7

on V;. This tells us that the value of f; is also decreasing along nonconstant
trajectories of the compressed flows. In particular, we have that S,ln,n C S,lnm 4118 an
attractor subset. Thus we obtain a map Z(S},,) — Z(Sk, ;1) induced by inclusion

of index pairs, given by an attractor-repeller pair coexact sequence.

SRR
,: XXX
o SRS
RO :\
202626%0%5.
:,:,o,o.o SO,

2 .:}“

v

Figure 4-2: An example of a region bounded by hyperplane.

On the other hand, S, C 8.,_,, is a repeller subset, and we have a map in

opposite direction. Together, we have a diagram
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D I(S!

m—

. — IS

1 n+1) - I(sl

—l,n)

— I

T

Sl
1

When we change from the subspace V| to V1, the Conley indices are related by
I(SHL) = I(8), ,) A S?. We then have a cube diagram

I(Siine) I(Sma+1)
(Sl+1 I(Sl+1
I(Sl —-1,n+1) I(S}n,n-H)
Z(Shos, - 7(s},,)

where the vertical maps are suspensions. This gives a diagram of spectra

1

e E(Rm—l,n+1) — E(Rm,n+1) ek

1

~

A E(Rm—l,n)

A

A

'

—— E(Rpp) — -
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Definition 22. The Manolescu-Floer (pro-)spectrum SW F7 (Y, s) is given by a limit

of the diagram of spectra E(R, ) as —m,n — oo.

The notation SWF means we use positive functions for both upper bound and
lower bound for the level sets. Note that SW Fit (Y, s) is not a spectrum because there

is an arrow that points opposite to the inclusion.

4.4.1 The Balanced Case

In the case of balanced perturbation, we have an alternative construction of the stable
Conley index because the period oy is zero. As a consequence of Proposition 13, there

exist both positive and negative good functions with period near the origin.

Pick an oriented basis {a;} of R® such that the norm of «; is sufficiently small.
Choose positive good functions f; and negative good functions g; both with period

aj. Now we consider the region

b
R = Str(R) N (ﬂ (7 (—o0,nl N1 g7 [m, oo))) :
j=1

Similar to the balanced case, the region 'ﬁm,n is bounded and we can apply finite
dimensional approximation. Let {V;} be an exhausting sequence of K with the com-
pressed flow ¢;. Again, ﬁlmn will be an isolating neighborhood for sufficiently large
I, and we denote g,’n,n by the corresponding isolated invariant set with 7 (gfnn) its

Conley index.

The only difference in this case is that the set gfnn is an attractor subset of both

St_1, and g,’nn +1- We then have a diagram
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I I(S'rln-l,n+1) -~ I(an,n-l-—l) -

(S ) —I(S!

-1n

We can define SW F* (Y, s) similarly. But, notice that SW F* (Y, s) is now a spectrum

because all the direction of all arrows agree with the inclusion.

4.4.2 Duality

We denote —Y by a manifold Y with reversed orientation.

When Y is equipped with a spin® structure s, we can obtain a spin® structure for
—Y with the same spinor bundle with Clifford multiplication p_y = —py. Given a
pair of perturbation (w, q) for Y, we also choose the pair (w, —q) for —Y

All the construction proceeds essentially in the same way. The main difference is

that the signs of the Chern-Simons-Dirac functional its gradient change, i.e.
£_y = —£y and grad£_y = — grad-Ly.

We now consider good functons for —Y. Note that the Coulomb slice K of Y and
—Y are the same but the period ag_, is equal to —ag, . Suppose that f is a positive
good function for Y with period o, then we see that f is also a negative good function

for —Y with the same peiod.

Let {f;} be a positive good function basis for Y, then a collection {~f;} is a
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positive good basis for —Y. With the notation as before, we see that

R(=Y)Lp—m = R(Y),

—-n,—m m,n?

i.e. these two regions are the same. However, the compressed flows on K for —Y
are the reverse of those for Y. We observe that an isolating neighborhood and its
isolated invariant set does not depend on the direction of the flow, but its Conley
index can change. Denote —¢ by the reverse of the flow ¢, that is —¢(t) = ¢(—t).
Then,

I(S(=Y) s b-y) = Z(S(Y ) —0v)-

From ?7??, this is a V| dual of Z(S (Y)ﬁ,m, ¢y). Then, we get a dual diagram

B — D%I(an—l,n+l) R DV’I(Srln,n+1) DA

Y
oo e—— DMI(Sh ) 1) — DVI(Sh yy), ~——

m

where we denote DV by V-dual.
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Chapter 5

Calculation

In this section, we present calculation of the Floer homotopy type in some special
cases. The 3-manifolds in which we particularly interest are the product S! x S? and

the three-torus 7T3.

5.1 Outline

We will first outline parts of strategies which apply to these cases. Since the 3-
manifolds of interest have nonnegative scalar curvature, the corresponding solutions
of the unperturbed Seiberg-Witten equations are reducible, and are gauge equivalent

to flat connections. Recall that we have a decomposition of the Coulomb slice
K=Q,® 0, &T(S5).

With a based flat connection By fixed, the zero locus of the induced vector field on
the Coulomb slice is then the entire Q;-subspace.

'To obtain a bounded isolating neighborhood and admissibility, we need to perturb
the Chern-Simon-Dirac functional. We start by picking a Morse function f on the

Picard torus (when b; > 0)

T = HY(Y;iR)/(2miH (Y;Z)).
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There is a projection map from the configuration space onto the harmonic part m, :
C(Y,s) — Qj given by
(BU =+ b® I,T,b) =2 bh1

where by, is the harmonic part of . Then, we have a composition fom, : C(Y,s) — R

which will also be denoted by f. Consider a perturbed functional of the form

£=L+f. (5.1.1)

Since the gradient of f only affect the 2,-component, reducible solutions of the per-
turbed equations correspond to critical points of f on T. On a Coulomb slice, the
induced flow on the j-subspace and the critical points are Z”-translation of those

on the torus.

In the case of our interest, all critical points and trajectories between them will
lie in the harmonic ,-subspace. The appropriate isolating neighborhoods on the
Coulomb slice to apply finite-dimensional approximation then arise as a tubular neigh-
borhood of an isolating neighborhood on Q; = R" with respect to the downward

gradient flow of f (See Figure 5-1).

Figure 5-1: A tubular neighborhood as an isolating neighborhood.

In order to have an explicit description for Conley indices of these isolating neigh-
borhoods, we use linear isomorphism on the vector space to reduce the flow to a
linear one. For a general setting, let - be a flow on a vector space V generated by a
vector field F'. Let A be a linear automorphism of V. We can consider a new flow
74 on V given by va(z,t) = A~'y(Az,t). It is straightforward to check that the two
flows are equivalent (depicted by the diagram below) and that ~,4 is generated by

70



Fy= ATIFA.

Next, we will use the fact that one can choose a radius of the tubular neighbor-
hood for an isolating neighborhood to be arbitrarily small. After applying scaling
automorphism in the normal direction, we normalize a radius of a tubular neighbor-
hood to 1. On the other hand, the new vector field will be approaching a linear vector

field as the radius gets smaller.

More explicitly, suppose that we have a model case of a vector space H & V with
a vector field of the form (V f(h), L(h)v + Qu), where L(h) is a self-adjoint linear
operator depending on A and @ is quadratic on v-variable. With the formula above,

the scaling process of vector fields will look like

Scali
Isolating neighborhood : v(e) _ Scame | v(1)
Scaling
Vector field (on V) : L{h)v + wQu L(h)v + enQu
Finite dimensional approximation : :
i ;
L{(h)v+ Qv L(h)v

This shows that the linearized vector field has the form (V f(h), L(h)v). A trajec-
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tory (h(t),v(t)) comes from a solution of a differential equation

_%h(t) = V(h(t) (5.1.2a)

d
—Ev(t) = L(h(t))v(t). (5.1.2b)

We see that the h(t)-part is just a gradient flow line flow line and the v(t)-part is a
linear ODE with variable coefficient. This can be seen as a family version of a linear

flow (Example 2).

Let also assume that we choose an isolating neighborhood Xwith respect to the
gradient flow in the base space H. Its tubular neighborhood in H & V is simply
X x B(1), where B(1) is a unit disk in V' whose boundary is a unit sphere S(1).
Under certain condition, this tubular neighborhood will also be an isolating block
(Definition 6). Consequently, to compute its Conley index, we only need to determine

an exit set which is on the boundary (X x B(1)) U (X x S(1)).

The above equations allow us to analyze an exit set on X x S(1) by considering

derivative of the norm of v(t)

d , . d
S0 = (o), 0(0) + (), (o)
= =2(L(h(t))v(t), v(t).
It follows that a point (ho,ve) on X x S(1) is entering (resp. leaving) the tubular
neighborhood when the quantity (L(hq)vy,vq) is positive (resp. negative). For the

case that (L{ho)vo,vg) is zero, we also need to check the second derivative to ensure

that the point leaves the neighborhood immediately. One obtains

5 O = =2 (G EBONO + L0, 000 + (LAhENe), 5000

— 2 (2L - FEGEON ) o), 00)
= 2((2(L(hE)))? + VL) - T (h(E) (), 0(0),
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where we have 2(L(h(t))) = —VL(h(t)) - Vf(h(t)) by the chain rule. We deduce
that when the quantity {(2(L(ho))? + VL(ho) - V f(ho)) vo,vo) is positive, the norm
|lv(#)|| has a local minimum at (hg,vo). If this condition holds for each point with
(L(h)vo,v0) = 0, then every point on X x S(1) will leave the neighborhood immedi-

ately in one or another time direction.

(a)

i

=

Figure 5-2: A tubular neighborhood as an isolating block.

Note that when hy is a critical point of V f, the flow on {ho} x V is invariant and
is a linear flow. The second derivative becomes 4{(L(ho))?vo, o). For the tubular
neighborhood to be an isolating block, we also require that the linear operator L(hyg)
at each critical point has no kernel.

In summary, we have deduced

Lemma 12. In the above situation, suppose that X is an isolating block for the
gradient flow on H. The tubular neighborhood X x B(1) is an isolating block for the
flow generated by (V f(h), L(h)v) if the following conditions hold

e The operator L(hy) has no kernel when hy is a eritical point for Vf,

e The quantity ((2(L(hg))? + VL(hg) - Vf(ho)) vo, vo) is positive for each point on
X x B(1) such that (L(h)vy,v) = 0.

Under this hypothesis, its ezit set can be described as a union of the set {(h,v) €
X xB(1) | h lies in the ezit set of X} and the set {(h,v) € X xS(1) | {L(h)v,v) < 0}.

We remark that an exit set on X x .S(1) can be viewed as an intersection of a unit
sphere S(1) and a nonpositive cone {v | (L(h)v,v) < 0} varying along the fiber. We

will also refer to this by a unit nonpositive cone. An interesting example arises when
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an index of L(h) changes so that the homotopy type of this cone is not constant (See

Figure 5-3).

Figure 5-3: An exit set for a tubular neighborhood.

Denote by Cone<(V, L) a unit nonpositive cone in V' with respect to L. We can

simplify and decompose Cone<(V, L) as in the following lemma

Lemma 13. Suppose that V can be decomposed as a direct sum Vi@ Vs of L-invariant

subspaces. Then
Cone<(V, L) = Cone<(Vi, L) * Cone<(V2, L),

where x denotes the join operation.

Proof. Recall that there is a retraction from Cone<(V, L) to a unit sphere S(V~) ofa
maximal nonpositive subspace V= of V. This retraction is given by V\V*t — S(V ™)
where v is sent to my-v/||my-v| a normalized orthogonal projection onto V'~ and V*
is its complementary maximal positive subspace.

Choose a maximal nonpositive subspace V;™ of V; then we see that V" & V; is a

maximal nonpositive subspace of V' and

Cone<(V, L) & S(Vy” @ V5") & S(Vy")  S(Vy") & Cone(Vi, L) x Conex(Va, L).

52 SlxS§?

We will present a construction of SWF for the 3-manifold S! x S2. We will be

mainly interested in the case when ¢;(s) is torsion. When ¢;(s) is nontorsion, there
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is no critical point and SWF is trivial.

Equip S! x §% with a round metric, which has positive scalar curvature. Pick a flat
connection By which is trivial in S!-variable and consider the perturbed functional
£ = L + f as described earlier.

The vector field on the Coulomb slice with respect to the decomposition 1, ®

Q, ®T(S) is given by
(bh7 b_l_) 1/)) = (Vf + th(w)v *dbl + 71‘_1.71('2'0)75(7—(1/)))1/} + DBo+b1/})7 (521)

where 7(¢)) denotes the quadratic term p™ (¥*), and 7(¢) denotes the term 7(¥) —
dé(7()). Then the scaled vector field of the direction normal to b, is

(VF + Emp7 (), *dby + e 7(), €€(T(¥))% + ebiw + Dpytan¥)- (5.2.2)

As € — 0, we see that the limiting vector field is given by

(Vf, *db.L7 DBo-I'-bh'l/))y (52.3)

which is linear except the term Dgy4p,%. This can be viewed as a linear flow with
varying operators. We will focus on a flow generated by (V f, Dpgy 4, %) on 5, @ T'(S)
since the flow on €2 is a linear flow independent of other components

In this case, one can explicitly describe finite dimensional model of Dirac operators
using Fourier series and spherical harmonics. We first describe spinors of a spin bundle
on S? which can be identified with L ® L~!, where L is the canonical line bundle of
5% = CP!. Following notations of [35], with the stereographic projection to C to give
a chart on S%2— (0,0, 1), an L%-orthonormal basis of the space of sections of L is given

by

which is indexed by { € N— 1 and m € {-I,-1+1,...,1} with 7, s nonnegative
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integers. Similarly, sections of L™! has a basis indexed by the same set of (I,m) given

by

o, 2, ()

r—s=m+%

The spin connection on L & L~! is induced by the Levi-Civita connection. With

respect to isotropic bases, the Clifford multiplication is given by

The spinor bundle of S x S2 is a pull-back of the spin bundle on S2. Let 6 be a

coordinate on S! factor. The Clifford multiplication extends by assigning
df — oy =

Then, the Dirac operator on S! x S? is given by (note that the sign is different from
one in [35])

Dp, =01 + ¢T2V(1+zz)g’g + 0-3v(1+z2)36—z'

7
00
Since a smooth function on S! has a Fourier series expansion, we can combine

with the spherical harmonics above and introduce a basis for spinors

Y;mn:z_e ’Ymn::
SCI 54 I
The direct sum of these subspaces gives an L?-decomposition for I'(S). It is not hard

to check that, for an operator Dpg,1ia49 and a € R,

1
DBo+iad91/l,1mn - (l + lmn + (TL + a))/l R %%

DBo+iad9Yl,1m,n = (n + a)l/l,lm,n + (l + 5)Y12m
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1

Thus, on the subspace V., = span {Y Yfm,n}, the Dirac operator D, acts as

lommn )
a matrix
(141 n+ta
kg (5.2.4)
n+a l+13

We see that D, has no kernel for any a. Moreover, ), has no eigenvalue in the
interval (—1/2,1/2).

We now look at isolating neighborhoods for the vector field (V f, Dg,+4,%) on
Q, ®T(S). The function f comes from a Morse function on S*, which we will choose
to be f(#) = —epcos@ for a sufficiently small ¢ > 0. On Q, = R, a set of critical
points is {mm |m € Z} and trajectories of the downward gradient flow travel from
mn to (m £ 1) for each odd integer k. An isolating neighborhood we will consider
is the interval I = [—2km — o, 2k + Jg], which is an isolating block with no exit set
for each integer . Moreover, an isolated invariant set of I is an attractor relative

to an an isolated invariant set of I;,; with respect to inclusion Iy C Ijy;.

Note. To be consistent with the period of T, we identify a € R with 51;?2{; df rather

than iadf. We denote D, := Dpg ., Liady SO that the matrix of Dgy2, on Y} and

. i .
the matrix of D, on Y} ny1 18 the same.

Figure 5-4: Isolating neighborhoods.

Claim. Any tubular neighborhood gives an isolating block.

Proof. We will use criteria described in earlier observation, in particular, we Will
check that 2D% + VD, - V f(a) is positive definite (which is stronger than the desired
condition). Since D, has no eigenvalue in the interval (—1/2,1/2), we have | D,v||? >

1|lv||? for all a. On the other hand, the matrix of VD, - Vf(a) on Vipmn is given

0 —sina
by 2 whose eigenvalues are controlled by €. Thus, for ¢ small
—sina 0
enough, 2D? + VD, - Vf(a) is positive definite . O
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We begin to describe Conley indices of these tubular neighborhoods. For a subset

X C R? and a subspace V of I'(S), we define

v(X,V):={(a,v) € X x V||jv|| £ 1} (5.2.5)
n~(X,V) = {(a,v) € X x V|||v|| =1 and (L(h)v,v) < 0} (5.2.6)

We consider v(Ii,V) when V is a (finite) direct sum of those Y}’  and Y2 .
The advantage of these subspaces is that they are invariant subspaces for all D,
simultaneously. The Conley index of v(Ii, V') with respect to (V f(a), D,v) restricted
on R x V will serve as a finite dimensional approximation of v(I,I'(S)).

Since I has no exit point on its boundary, we have that n=(Ix,V) is an exit set
for v(I1, V). From now on, we will also work in the S'-equivariant context, where S*
acts as a scalar multiplication by a unit complex number on I'(S). Both v(Ii, V) and
(I, V) are clearly S'-invariant by definition.

We see that n= (I, V) is a submanifold of dv(I, V), so (v(Ix,V),l(I, V)) is an
S1.NDR pair. Moreover, we easily see that n~([,, V) is contractible to a point in
v(I, V) and v (I, V) deformation retracts to a point. By applying Lemma 4, we have
that

v(I, V)/n~= (I, V) =2 Sn™ (L, V).

Recall that S denotes the unreduced suspension.

For a € I, we first consider a fiber of n~ (I, V') over a which is the unit nonpositive
cone {v € V|||v|| =1 and (D,v,v) < 0}. When D, has no kernel, this is homotopy
equivalent to the unit sphere of a maximal negative definite subspace V'~ of V' (with
respect to D,) just as in the case of a linear flow on a vector space.

Since D, has no kernel for all a, the dimension of a maximal negative definite
subspace V- with respect to IJ, is constant. Then we can choose a continuous family
of V- over R, which is equivalent to choose a continuous function from R to an
appropriate Grassmannian. This provides a retraction of the unit nonpositive cone
to the unit sphere of V= fiberwise. Hence we deduce that n~ (I, V) is homotopy

equivalent to a sphere bundle over Iy. Then we can deform n~ (I, V) to a product
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I x S(V;) for some ag € Ii.

Suppose that V has p summands of ¥}} . ’s and ¥;2 s each of which has one
positive and one negative eigenvalue with respect to D,. Then Sn~ (I, V') is homotopy
equivalent to the one-point compactification of V- = CP. Hence, the (homotopy)

Conley index is given by

I(v(I,V)) = [S¥].

Notice that, when V = Vi & V; of the same form

The inclusion I C Ix4; as an attractor induces a map between Conley indices.
We can see that (v(Ix, V)Un™ (Ixy1, V), n ™ (Ig41, V') is an index pair for v(I, V). As

in Proposition 1, the map is induced by an inclusion of index pairs
v(Le, V) /0™ (I, V) = v(Ikesa, V)/n" (T4, V)
By naturality of the mapping cone construction, this is equivalent to a map
Sn™ (I, V) = S (I, V),
induced by an inclusion n™ (I, V) C n™(Ik41, V). Hence, the map
[ = Z(w(Ix, V) = Z((Lk+1, V) = [ST]

is given by the identity map.

Roughly speaking, the Conley index Z(v(I,V)) is given by S¥e. By choosing
D,, as the reference quadratic form, the V-space assigned to the spectrum E(v(I}))
is precisely SY. By applying desuspension, we could say that the stable homotopy
type of v(I) is the O-sphere.

Since the map induced by the inclusion Iy C Ix4 is the identity map, we can

conclude

Theorem 1. The stable homotopy type of SW F(S! x §2,5) is S°.
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5.3 T3

5.3 The only interesting case is also the case when c¢;(s) is torsion. We equip the torus
with a flat metric. Since 7% does not have positive scalar curvature, some ideas from
the case S x $? will need to be modified.

Let By be the trivial connection. Since the Dirac operator Dp, has kernel, another
kind of perturbation is required. As in [18], we consider the perturbed Chern-Simon-

Dirac functional of the form
£=L—6/2)¢)* +¢f,

where § and e are sufficiently small positive number (the choice of ¢ depends on §)
and f is induced from a Morse function on 7. Consequently, a linearized vector field

has the form

(eV f,*dby, (Dpysb, — 6)1).

The spinor bundle is given by trivial bundle 7T x C? and its section is a pair of
complex-valued functions on T3. For finite dimensional model, we can use Fourier

series to write a function on 7% as

D Coymamge MOTrafrinsds), (5.3.1)
n1,n2,n3€Z
where ¢z is a complex number.

The Clifford multiplication identifies the 1-form d; with the Pauli matrix o;, that

i 0 0 —1 0 1

dgl — s d92 4 s d93 —

0 —i 1 0 i 0
We can now describe Dirac operators explicitly in each Fourier mode. Denote V,, », n,
by a 2-dimensional subspace spanned by (ei(m81+n2024n383) () and (0, eHm01+n202+n303))

then we have

I'S)= P Vimams

n1,M2,N3EZ
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and it is easy to check that Dg, acts on V| n, n, 8s & matrix

-1y —TNn3 — ’I’in

—ng -+ 'I’L2'i [£5]

We can identify Qj with R® so that (by,by,b3) € R? cdrresponds to a connection
by = 2—11r-z'(b1d91 + bodfy + bsdf3) so that the operator Dp,ys, — 01 (denoted by Dy) acts

on Vy, nans (denoted by Vi) as a matrix

—(TL1+'3‘;‘|: ) —(TL3+2£3:)— (712-*-%)7,
. (5.3.2)
~(ng+ &) + (na + 2)i n+&L-4
The gauge translational action can be observed as the matrix of Dj,, . on Vj is the

same as the matrix of D; on V.4

We now look at isolating neighborhoods for the vector field (eV £, (Dgy+b, — 6)¢)
on Q @ '(S). We can pick a Morse function to be f(8;,8;,03) = —cost — cosfy —
cos 93; The flow on ), = R3 is basically the product of the one in the S! x S2
case. Similarly, a family of isolating neighborhoods we will consider consists of the
cube I = [—(2k + ), (2k + $)7]®, which is also an isolating block with no exit set.
Moreover, an isolated invariant set of I is an attractor relative to an an isolated

invariant set of I,; with respect to inclusion I C Ijyq.

The eigenvalues of the matrix (5.3.2) is —(H:\/(nl + 292 4 (np + 2)2 4+ (ng + 2)2.
Since my,ng,ng are integers, D, ; has kernel on a small sphere SZ s centered at
27 (b1, ba, bs) for each triple of integers (by, ba, b3). The point 27 (by, ba, b) is an index
0 critical point and the kernel of D, z on S2,, centered at this point is a (complex)

1-dimensional subspace of V_p, _p, _p,.
Claim. Any tubular neighborhood gives an isolating block.

Proof. We will also be using criteria described in earlier observation. We will still
show that 2Dbg +VD;-Vf (B) is positive definite. However, the argument will be
slightly more complicated since Dy can have kernel. By gauge translation, we can

consider only Dj in the cube [—m,«]3. On the subspace complementary to Vog,0, the
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Figure 5-5: The flow on Q4

norm of an eigenvalue of Dj is bounded away from 0, so that the same argument in

the case S* x S%applies.

We will consider a set of pairs (b,v), where b lies on S2 ; centered at the origin

and v is a unit vector in Vg0 which is also in the kernel of D;. One can check that
“bl -4 —b3 - bQ’L _bl +46

the kernel of is given by L when b; # 6
—bs+byi by —& VR |y 4 b

0 -
and otherwise. We also have that the matrix of V.D;- V f(b) on Vj g is given by
1

€ — sin by — sin by — sin by

27 | _sin bs + sin byt sin by

Roughly speaking, an element in the kernel of D corresponds to the larger eigenvalue
of Dy so that it will correspond to the positive eigenvalue of V.D;-V f (5) From above,

we can calculate
- 1
’2—67E<VD5‘ - Vf(b)'l), U> = S(bl sin bl + b2 sin b2 + b3 sin bg) > g,

where we use an approximation zsinz > z2/2 for small z. Consequently, we can
choose a neighborhood of the pairs (E,v) such that the quantity %(VD;- vf (g)v,'v)
is bounded below by a positive constant (depended on §). Hence (VD;- Vf (f;)v,v)

is positive in this neighborhood regardless of e.
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On the other hand, the norm of an eigenvalue of Dy is bounded away from 0
outside this neighborhood. Similar to the case S1 x §% we can choose sufficiently
small € so that the term (2D§v,v) dominates the term (VD; -V f (b)v, v). Therefore,
we can ensure that 2D2 + VD; - Vf (b) is positive definite. O

Note. Tt is crucial that § and € are both positive. It is also important to perturb

Dgyp, by 81 so that Dg has no kernel at a critical point of f.

We first try to understand an exit set n=(X,Vho0) (as defined in (5.2.6))of a
tubular neighborhoods of some subset X in the subspace Vpoo = C? of parallel

sections. Recall that a matrix of D, > on Vjg is given by

—by—0 —bg—boi
—by+bt b -9

(5.3.3)

and its eigenvalues are —§ & /b2 + b3 + b2.

For a point b with ||5|| < 2wd, the quadratic form associated to Dy is negative
definite, so its unit nonpositive cone is the whole unit sphere S* C C?. When 18] =
278, Dy has kernel but its unit nonpositive cone is still the sphere S3.

On the other hand, for a point b with ||b]| > 26, the quadratic form associated
to Dj has signature (1,1) and its unit nonpositive cone deformation retracts to a
circle in S$3. This circle is the unit circle of a maximal negative definite subspace with
respect to Dy. We can choose this circle to be a rotation by unit complex numbers
of a unit eigenvector corresponding to the negative eigenvalue.

With this we can deduce
Lemma 14.

(i) If X is a ball of radius R, then n™(X, Vo 00) is homotopy equivalent to the unit
3-sphere S3 C C%.

(ii) If X is a sphere of radius R greater than 26, then n™ (X, Vyoo) is homotopy
equivalent to the 3-sphere S® C S% x C? as the Hopf bundle.
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Proof.

(1)

(1)

This is trivial when R < 274 since n= (X, Voppo) = X x S3. If R > 276, we
construct a deformation retraction to {0} x S* by a map H (g,v,s) = (s g, v).
The only nontrivial part is to check is that a unit nonpositive cone at b contains

in a unit nonpositive cone at sb when s € [0,1]. By (5.3.3), we see that

D+ 01 = sDy + sél. Thus,

<D3Efv7v> = S<ng,'v> + (1 - 3)(_52) < ma‘x{<ngvv> ’ _52}'

For the matrix (5.3.3), one can find that an eigenvector corresponding to the

eigenvalue —d— R is given by ! when (by, b2, b3) # (—R,0,0) and
—b3 + boi

otherwise. We see that this eigenvector is independent of § and the norm of b.
This gives a continuous family of maximal negative definite subspaces over X,

so that n™ (X, Vo 0,0) is a circle bundle over S2. More explicitly, after normalizing

-b -1
b3 +b3+b% = 1, a fiber over S? is an orbit of the vector ﬁ ) 1+ . (when
—03 21

0
by # —1 and otherwise) under multiplication by unit complex numbers.
1

This is precisely the description of the Hopf bundle.

a

With the above lemma as a building block, we can now describe an exit set

n~ (X, V) and the Conley index of v(X, V) in more general case. Another important

ingredient is the gauge translational action, i.e. the matrix of Dy, oz 00 Vi is the

same as the matrix of Dy on Vi, 4.

For example, let us consider a square [—3, 27 + 3]? x {0} and a subspace V =

D -

01 V_i,—jo. We observe that the situation in Lemma 14 occurs with the center

shifted to (27i,274,0) on the subspace V_; _;o for each critical point. Near one of

these points, the matrix of Dy on V has signature (3,5) since it is negative definite

on V_; _;o and has a signature (1,1) on other summands. Outside this neighborhood,
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the matrix of Dg on V has signature (4,4). Consequently, the exit set will take the
form of a bundle with fiber S7 except 4 singular points whose fiber is $° (See Figure

5-6).

(—'+—"*;———+) (—+—+|—+—-)
:‘...,-'t‘m_.-'. i e
P b

(== =4 = =) (= + ===+ —+)

Figure 5-6: The signature of quadratic forms on €

Denote by Ay by the set {(ny,ng, n3) | n1, n2,n3 € {—k, —k+1,...,k}} correspond-
ing to all (2k + 1)? critical points of f lying inside I. With the above argument, we
can deduce that

Pick a point by in I away from the points in A := 27w (A N A). First, deform I
to a wedge sum of 3-balls by choosing ¢ copies of 2-spheres, each of which contains
exactly one point in A and disjoint from each other except at the basepoint 50. This
gives a homotopy equivalence between n~ (I, V) and a bundle, denoted by E, with
singularities over the wedge sum of 3-balls.

Note that the fiber of E at the basepoint by is the cone Cone<(V, Dy, ) which is
homotopy equivalent to the (2p — 1)-sphere by choosing a negative eigenvector vz of
Dy restricting on the subspace Vi for each @ € A. Using a bump function near I;g,
we can deform a fiber of E in that neighborhood to S%~! as well.

Consider a 3-ball B3, in the wedge summand, corresponding to the ball containing
orm € A. For a point b in B2, the operator Dj restricting on Vz has no kernel for

-.Vﬁ to

@i # m. Since B3 is contractible, we can deform the cone in the part of @ -

a constant family so that

Cones(@ Vi, Dg) = Cone<(Vis, Dy) x S(@ Cvzo),

REA iR

85



from an identity in Lemma 13. By an argument in Lemma 14, we can construct a
homotopy equivalence between the family of Cone<(Vss, D;) over B2 and the sphere
S(Vin). Together, we see that E)| B3, is homotopy equivalent to the sphere S (Cv}l,o @
Dica Cuz,), where "U:?:,o is a vector linearly independent to v ; in Viz. We can move
the wedge point by along with its fiber to {2mm} x V so that the homotopy leaves
this subspace fixed.

After applying this procedure to each 3-ball, we can conclude that n~ (I, V) is
homotopy equivalent to a “S??~!-sum” of ¢ copies of S#*1. More explicitly, we have
the sphere S(Cu} o & @ Cvzy) for each 1M € Ay N A and these spheres intersect
each other exactly at S((D;ca Cvz,). Then, we see that the unreduced suspension of

— . 41
a 5%~ l.sum of S%*! is a S -sum of ST

Proposition 14. Let A C Z3 be a subset of the cubic lattice. Suppose that A has
p elements and |[AN Ai| = q. Then, n~(Ix, @zcp Va) can be described as an S%~1-
bundle over I, with q singular points whose fiber is S+, Moreover, if A’ is a subset

of the lattice disjoint from A and Ay, we have
n~ (I, @ Vi) =2 n” (L, @ Vi) * S(GB Vo).
REAUN AeA REN
Consequently,

Sn™(Ir, D Va)=Sn (L, PVa)A (N §%).

REAUA’ fEA EA’

Proof. We will only check the second part. From Lemma 13, we have

Cone( @ Vi, D) = Cone< (@ Vi, Dy) * Cones(@ Vi, Dg).

REAUA! AEA neN

Since A’ is disjoint from A, we can choose a continuous family of maximal negative
definite subspaces V_- depending on b € I, for each 7@ € A’. Since I is contractible,

we can deform a family of S(V=) to a constant family, so that Cone<(;cp Vi, Dy) =
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S(Bjca Vo ) for some by € I. Hence,

7A,bo

n (I, €D Vi) 2 n (5L, P VR) » SIEP Vi)

REAUA neEA TeEN

Figure 5-7: An S%sum as an unreduced suspension.

Since v(I, V') is contractible, we also have
I(w(Ix, V) = [Sn™ (I, V)]

Similar to the S! x S2 case, a map between Conley indices v(Ix, V) — v(Ix41,V) is
induced by the inclusion n~ (I, V) C ™ (Ig41, V).

Let us try to compute homology of Sn~ (I, V), where V = B, Vi and denote
A= 2n(Ax 1 A) for simplicity. First, we decompose I; to a disjoint union of balls
[z B4, b) centered at critical points and a complement I \ ez B(3m0, b) so
that its intersection is a union of 2-sphere centered at critical points. This gives a

decomposition n~ (I, V) = U; U U, where

Uy =n"(I, V) N[ B@3,6) x V and Us=n"(I, V) N (I \ [ [ B(4x6,8)) x V-
bek BeR
With p and ¢ as in Proposition 14, we see that, up to homotopy equivalence, U; is
a disjoint union of ¢ copies of S**! and U, is an $??~!-bundle over a wedge sum
V/? S2. The intersection U; MU, is a disjoint union of q copies of an $*~!-bundle over
S52. Note that the S'-action on n~ (I, V) and the above decomposition is free, so its
S'-homology is equivalent to nonequivariant homology of its quotient.

We apply the Mayer-Vietoris sequence. The quotient of U; is a disjoint union

-
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[1?CP?. The quotient of U, is a CPP~!-bundle over \/? S? whose homology is iso-
morphic to the product H,(CPP1) ® H,(\/? S?) given by Serre spectral sequence.
Similarly, the quotient of U; NU; is a disjoint union of a CPP~1-bundle over S%, whose

homology is also given by H,(CPP™!) @ H,(S5?).

HS() 0 2 ... 2p-2 2p
UNU, 2?9 7% z¥ 78
U, 2?7 AR/
U, 7 7ati 79+l 74

The inclusion map on homology is induced by S? — \/?S§?% and CPP~! — CP2.
The Hopf map induces isomorphism in the top dimension stpl (UyNUy) — prl (Uy).
Consequently, we have the homology of n~(I;, V) is given by

. Z, m=0,2,...,2p—2
Hy (n”~ (I, V)) = -

Z: m=12p
To compute homology of Sn~ (i, V), we recall a cofiber sequence
n” (I, V)4 = v(Ii, V)4 — Sn™ (L, V).
Since v(Ix, V) is contractible, we have

7971, m=2p+1
HS (Sn™ (I, V) =

Z, m=2p+2,2p+4,...

We can reproduce and generalize the computation using cyclic homology theory.
This is further elaborated in Section A.1.

From Proposition 14, the Conley index Z(v(I, V') is given by Sn™(Ix, Dy ep Va)A
(Asear S¥ ). By choosing D,, as the reference quadratic form, we can describe the
part Sn™ (I, @Dzep Vi) as the smash product of the S%-sum of §Yi over ii € A with

AieaS¥a . This gives a reformulation of Z(v(Ix,V)) as a suspension of the S°-sum

of Y7 by SV
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Similar to the S! x S? case, we could say that the stable homotopy type of v(Iy)
is precisely the S%sum of S Vi for it corresponding to each critical point in Ii.
Since the map induced by the inclusion Iy C Ix4q is given by inclusion, we can

conclude

Theorem 2. The stable homotopy type of SWF(T3,s) is the S°-sum of Z* copies of

SC. Each copy corresponds to the positive eigenspace V" for i € Z3.
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Chapter 6

Twisted Manolescu-Floer Spectra

6.1 Twisted Parametrized Spectra

The concept of twisted parametrized spectra was introduced by Douglas in [8]. Roughly
speaking, a twisted parametrized spectrum is a bundle whose fiber is a spectrum
twisted by automorphisms of the category of spectra.

When there is no twisting by automorphisms of the category of spectra, we recover
a parametrized spectrum (cf. [26]). One can describe a parametrized spectrum over
a space X as a sequence of parametrized spaces F, over X related by fiberwise
suspensions.

Consider a twisted parametrized spectrum over a circle whose monodromy around
the circle is given by the suspension £. One may describe this locally as a parametrized
spectrum over some open set of the circle, but cannot globally describe this as a se-
quence of ex-spaces over the circle globally because of the shift from monodromy.

The above example illustrates that one could formulate twisted parametrized spec-

tra as sections of a “line bundle” of the category Sp of spectra.

Definition 23. Let X be a space. A haunt over X is a locally free rank-one module
over the structure stack Ox of parametrized spectra over X. Given a haunt over X,
a twisted parametrized spectrum is a global section of this haunt. With this setup, a

twisted parametrized spectrum always comes with its underlying haunt.
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One can think of the category Sp as a ring with units given by invertible spectra
Pic(8°), also known as the Picard category of the sphere spectrum. We also know
that Pic(S?) is weakly equivalent to aut(Sp), the simplicial set of self equivalences
of the category of spectra. Viewing Pic(5°) as a structure group, a haunt over X is
classified by a homotopy class of maps [X, BPic(S)].

We now return to Seiberg-Witten theory. Because the spectrum SWF(Y,s) is
obtained by performing finite dimensional approximation on the Coulomb slice, the
harmonic gauge group G" has an induced action on SWF(Y,s). Using this action,
we will form a twisted parametrized spectrum over the Picard torus T.

Consider a bounded region R in the Coulomb slice. We will compare finite di-
mensional approximation of u - R, for u € G", with that of R. Recall the equation

(4.2.7) which relates induced gradient vector fields under gauge action
I, X (b — u™ du, ugh) = u Ty X (b, ).

Let V be a finite-dimensional subspace of the Coulomb slice. The above relation

implies equivalence between Conley indices
Z(u- (ROV), 05, &) =u-Z(RNV, I X). (6.1.1)

This gives an action of u on Conley indices. If we assume that V' contains a subspace
of harmonic 1-forms, we see that v -V = uV where the right hand side means the
partial action of u by multiplication in the spinor part. In particular, u- (RNV) =

(u-RYyN(uV).

We now consider the spectrum the spectrum E(R) by its V-space
ER)(V) =Z(RNV,II} X) A SV

The action of u also extends to the suspension part, given by u - Svffo = S("V)XO.
This is motivated by the fact that the ambient subspace of u- (RNV) = (u-R) has

become u V' instead of V. Note that the subspace (uV)], is not the same as u(V)7 in
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general. From an identity {(u™"Lou)v,¥) = (Loutp, uy), we can identify the positive

space (uV)} with Vi, where we define u - Lo := u™' Lou.

In summary, the action of u is given by the map
T(RAV, I X) A S¥E0 - I((u - R) N (uV), T, X) A S¥ro, (6.1.2)

which we view as a combination of two actions: one on Conley indices and one on
the (suspension) spheres. For the first part, we see that the Conley index is shifted
by the action of u as in (6.1.1). This induces an automorphism on SWF(Y,s).

For the second part, we have a map between spheres
§VE = §%re

which comes from a projection HZBO — Hj}, between semi-infinite positive spaces.
It is this part that creates a twist for a twisted parametrized spectrum. Since the
difference of Ly and u - Lg is compact, we know that this projection is Fredholm.
We can then thought of the above map between spheres as an image under the J-
homomorphism of this Fredholm map. Additionally, the space of Fredholm map has
a homotopy type of Z x BU so we have

Z x BU % Z x BG ~ Pic(S°).

By the Bott periodicity theorem, the classifying space of Z x BU is the infinite
unitary group U. This says that a classifying map for this haunt over the Picard

torus comes from the composite
T—-U-— BPz'c(SO).

We will specifically describe the construction using an open cover in this case when
a torus is a base space. Consider an n-torus covered by 2" open sets obtained from

a product of the cover of a circle with two intervals S! = Uy U U;. We will denote
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a product of open sets by concatenating the subscript in a vector form, e.g. the cell
Un, X Up, X Uy, will be denoted by Uy, o ng)- We will also use a bold letter to denote
a vector with 0 := (0,0,0) for the origin and use e; for the vector with 1 at the i*!

slot and 0 elsewhere.

__gl

UO Uel

Figure 6-1: An open cover with transition functions for a torus.

For convenience, we retracts each intersection to an appropriate face of Uy, viewed

as an m-cube.

Definition 24. A twisted Manolescu-Floer spectrum SWF (Y, s) is defined as a prod-

uct parametrized spectrum Uy, x SWF(Y,s) on each open set Uy,. The transition

function is given as a product of transition functions on 7% = (S*)» where a transi-

tion function g; on the i*" copy of S! is given by the action 6.1.2 applied to u;.

6.2 Homology of Twisted Parametrized Spectra

We now turn to discussion of homology theories for twisted parametrized spectra.
Let E be a parametrized spectrum over X and r be a spectrum. Recall that an

r-homology for £ can be defined as
m(E) =m(E/X A7) =m((E Ax 1)/ X),

where Ax is the fiberwise smash product and the process of quotient by the basepoint

section /X gives back an unparametrized object.
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We first point out that the situation for twisted parametrized spectra is different
from that of parametrized spectra. This is because a twisted parametrized spectrum
does not arise from ex-spaces, and so one cannot collapse the base section to obtain
globally defined homotopy type. One approach to define its homology is to first take
a generalized homology functor to create a new haunt associated to the homology
and then one can take the homotopy groups if the associated haunt is trivial.

Let R be a commutative ring spectrum. Regarding a category of spectra as a
category of S%-modules, we can use R-multiplication to pass this to a category of
R-modules. Given a haunt, its associated R-haunt is its tensor stack with a stack of
parametrized R-modules. This induces a map Pic(S®) — Pic(R) as well as a map
BPic(S8%) — BPic(R) between classifying spaces. See [8] for more details.

Let E be a twisted parametrized spectrum over X with H as the underlying haunt.
We obtain a twisted parametrized R-module E Ax R as a global section of the R-
haunt Hg. If the haunt Hp is trivial, then EA x R becomes a parametrized R-module

whose homotopy groups now defined.

Definition 25. Suppose that the associated R-haunt of a haunt H over X is trivial
with a trivialization 7. The R-homology group of a twisted parametrized spectrum

E of the haunt H is given by
RI(E) = m(r(E Ax R)/X).

This group might depends on the trivialization 7.

One can check that the associated R-haunt is trivial by looking at a composite of
the classifying map X — BPic(S°) — BPic(R), which could be null-homotopic even
when the map X — BPic(S°) is not.

When c;(s) is torsion, we know that the classifying map T — U factors through
the inclusion SU(2) — U from Lemma 35.1.2 of [18]. Consequently, the classifying

map for the R-haunt comes from the composite

T — SU(2) — U — BPic(S°) — BPic(R).
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It turns out that, in many cases, a map S® ~ SU(2) — BPic(R) is always null-
homotopic. This amounts to checking that the homotopy group ms(BPic(R)) is
trivial. On the other hand, note that w3(BPic(S°)) = Z/2.

Since Pic(R) ~ Pic°(R) x BGL;(R), where Pic®(R) is the equivalence classes of

invertible R-modules and GL;(R) is the self-equivalences of R, we have

w3(BPic(R)) = me(Pic(R))
= m(BGL(R))  (because Pic’(R) is discrete)
= 7T1(GL1(R)) = WI(R).

In the last line, the higher homotopy groups of GL,(R) agree with those of R because
GL1(R) is the unit components of R. Thus, if m(R) = R;(S°) is trivial, then so is
the associated R-haunt.

As we have a parametrized spectrum, its homotopy groups can be computed using

the generalized Serre spectral sequence.

Proposition 15. (c¢f. [26]) Let E be a parametrized spectrum over a CW complex

X. Under some technical hypothesis, there is a strongly convergent spectral sequence

Epg = @ Tg(Ez) — Tpiq(E).

p—cells

Furthermore, one can identify E, , with C (X, m,(E,)) so that

Bp oy = Hy(X, 7y(E5)),

where wa(E,) denotes a coefficient system.

The spectral sequence arises from a filtration of the pull-back parametrized spec-
trum EP over the p-skeleton of X. The E'-page comes from a derived couple associ-
ated to a long exact sequence of the pair (E?, EP~1).

The case for nontorsion ¢,(s) is more complicated in many aspects. First, the

classifying map T — U does not factor through SU(2) anymore. However, the ob-
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struction corresponds to a class H!(T) coming from spectral flow around a loop. One
could hope to develop a theory for Z/l-graded homology groups instead. Second,
SWF(Y,s) is not a spectrum but a pro-spectrum, unless we require a perturbation
to be balanced.

We can describe a trivialization explicitly for a haunt over a torus given by the
open cover from previous section. This means we have a map from an open set Up, to
the structure group compatible with transition functions. We only need to concern
about the twist coming from the action SVio — §¥To,

One can describe a process of constructing a global trivialization inductively on
open sets similar to a cell by cell approach. Denote U, by a set of Uy, such that m
contains exactly p 1’s. Since we have a local trivialization, we can start by a map
sending everything from Up to the identity. Next, for each U,, € U,, we have that
U., intersects with Uy at exactly two of the (n — 1)-faces. The transition functions
force that a trivialization on U,, would send one of this faces to the identity and
another face to g;. Thus, we have a trivialization if we can extend this boundary
condition to the whole U,,. This is the same as finding a path from g; to the identity.
In other words, the first obstruction is whether g; is homotopic to identity for each
i=1,...,n.

For U, +.; € U, its intersection with Uy is given by four (n — 2)-faces and the
transition functions give a boundary condition on these faces. If we have a trivializa-
tion on U, from the previous step, the trivialization on U, and U,,, or viewed as a
homotopy, will force more boundary condition on four (n — 1)-faces of Ue,4e,. Thus
we will have a global trivialization if we can continue to construct a map on U+,
with this boundary condition. This is equivalent to extending a loop to a disk.

Inductively, we can extend a trivialization on U, to U4, if we can extend a map
on ODP*! to DP*! for each open set in U,y which can be viewed as a (p + 1)-cell.
Indeed, if one has a trivialization, the map on 8DP*! can be viewed as the attaching
map of the cell.

We consider the problem of extending a trivialization from 8DP*! to DP*!. Recall

that the twisting comes from a projection H EBD — H, which can be regarded as an
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Figure 6-2: A trivialization for a torus.

element of the restricted general linear group. We can find an extension if the index
bundle of the family over dDP*! is trivial. This index bundle induces the Thom
bundle and we can find an extension on a spectrum level if this Thom bundle is
equivalent to a trivial bundle over #DP*!., When passing to R-module, the condition
for an extension becomes that this Thom bundle has an R-trivialization.

In summary, to be able to take R-homology, one only needs to find an R-orientation

for the Thom bundle associated to each cell of the torus.

Proposition 16. When c,(s) is torsion, the twisted Manolescu-Floer spectrum SWF (Y, s)
is orientable for the S'-equivariant Borel homology H*Sl, the c-homology H 5t and the

*

Tate homology HS n

6.3 The Manifolds S! x 52 and T° Revisited

As a continuation of Chapter 5, we will investigate the twisted spectra SWF (S1x 5?%)
and SWF (T®) and their homology groups in this section.

The homology theories of interest are the S!-equivariant Borel homology Hfl,
coBorel homology (or c-homology) HS', and Tate homology HS'. See the Appendix
for more background.

Consider the manifold (S! x §2,s) with the torsion spin® structure. Since the

action on Conley indices is trivial and the family of Dirac operator has no kernel, we

can conclude that

Proposition 17. The twisted spectrum SWF(S' x S2,s) is equivalent to the trivial
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parametrized spectrum S* x SWF(S! x S%,s).

Corollary 4. The homology groups of m(sl x S2,5) is given by
HS'(SWF(S! x §2,5)) = H,(S") ® HS'(5°)

and analogous statements hold for the HS' and HS' theories.

For the torus 7° with the torsion spin® structure, the action on Conley indices is
given by a shift in Z? axis. We can choose a Dirac operator away from a critical of
index 0 so that SWF (S' x S?,5) is trivial on the 2-skeleton of T°. This shows that
the E'-page of the Serre spectral sequence agrees with the one from twisted cellular
homology for local coefficient.

The detailed computation is given in Section A.2. We have that the E%-page of
ﬁfl(m(T?’,s)) is given by

0 1 2 3
112 0 0 0
0({0 0 0 0

-1z 728 73 Z
-2({0 0 0 O
-3lz 78 73 Z

The E?-page of ﬁf%%(T{s)) is given by

3

2z 722 72 Z
0 0 0 0
0z 23 7° Z

|
—
o

0 0

o

—21Z 7 73 Z
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We see that the differential d? vanishes trivially for these two theories. This is not

the case for the E2-page of HS (§_VVI?‘(T3,5))

EZ

Conjecture 1. The differential d* : E3, — E3, is an isomorphism. Consequently,

we have an E°-term

Apart from the d? of HS' (m (T3,5)), the only higher differential left is d® on
the E3-page of each of the theories.

Conjecture 2. The nontrivial differential d® is an isomorphism for each of the the-

ories.
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Chapter 7

4-Manifolds with Boundaries

7.1 Preliminaries

Let X be a compact, connected, oriented, Riemannian 4-manifold with nonempty
boundary X = Y. We choose a metric so that a neighborhood of the boundary
is isometric to the cylinder I x Y for some interval I = (—C,0]. Let sx be a spin®
structure on X and s be the induced spin€ structure on Y. Denote Sx = ST ® S~ by
the spinor bundle of X and S by the spinor bundle of Y.

We pick a perturbation q on the boundary 3-manifold Y. This induces a pertur-
bation on the cylinder, but not for a general 4-manifold. We will need a perturbation
p on X supported in the collar neighborhood so that the restriction on {0} X Y is g.

In addition, we assume that p is of the form

p = Bq + Bopo (7.1.1)

in the collar neighborhood, where £ is a cut-off function with value 1 near the bound-
ary, o is a bump function supported in (—C,0), and p, is a perturbation on Y.

As in the 3-dimensional case, it is important to impose some gauge fixing condi-
tions to obtain a slice of the quotient configuration space. For a 1-form a € Q!(X),
we say that a satisfies the Coulomb condition if a is coclosed i.e. d*a = 0.

However, the Coulomb condition is not sufficient to deduce Fredholm property for
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the boundary-value problems. One also need to impose a condition on the restriction
of a on the boundary y. One of the standard boundary conditions is the Neumann

boundary condition given by

(a,) =0 at X, (7.1.2)

where 71 is the normal vector to the boundary.

In this paper, we will consider another boundary condition, which is can be viewed
as the Coulomb condition on the boundary. We say that a 1-form a satisfies the

boundary Coulomb condition if

d;(awx) =0 at 8X, (713)

where we write d; here to emphasize that we restrict a on 0X then take the

3-dimensional d*.

One might view the condition dj(ajsx) = 0 as complementary to the Nenmann
condition. To see this, we use hodge theory to decompose the 1-form a in the collar

neighborhood of 0X as
a=q; + ﬂt + ’}’tdt, (714)

where o, is an exact 1-form on Y, 3, is a coclosed 1-form on Y , =, is a O-form on Y,

and each of them is time dependént.

The Neumann condition simply means v; = 0 , whereas the boundary Coulomb

condition means ag = 0.

We now define the Coulomb slice for a 4-manifold X. Using above terminology,
we denote a space of configuration whose 1-form part satisfies the Coulomb condition

and the boundary Coulomb condition by

Coul®“(X) = {(a,¢) € iQ'(X)®(ST) | d"a = 0 and dj(apx) =0}, (7.1.5)
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and we also denote a space of configuration whose 1-form part satisfies the Coulomb-

Neumann condition by
Coul®N(X) = {(a,9) € iQY(X) @ T(S) | d*a =0 and {(a,7) = 0}. (7.1.6)

The advantage of using Coul®“(X) is that the restriction of its element is already
in the 3-dimensional Coulomb slice Coul(Y"). On the other hand, for an element in
Coul®N (X), its restriction is not necessarily in Coul(Y’) and one need to compose the
restriction with the (nonlinear) Coulomb projection when applying finite dimensional

approximation.

7.2 Atiyah-Patodi-Singer boundary-value problem

We will prove basic properties of the boundary-value problem coming from lineariza-

tion of the Seiberg-Witten maps between Coulomb slices.

For a reference connection Ag, we have a linear map

D : Coul®C(X) —iQ2(X) @ I(S™) & iQ°(X) (7.2.1)
(a,4) — (d¥a, D} ¢,d"a). (7.2.2)

We study a map of the form
D@ (II"or): Coul®®(X) —iQ2(X)@(S7) @iQ(X) ® Coul(Y),  (7.2.3)

where r denotes the restriction map and I1~ is an appropriate projection on Coul(Y)
for Atiyah-Patodi-Singer boundary condition. We will show that this map, extended

to Sobolev completion, is Fredholm with a priori estimate.

Recall that, first, the restriction map extends to a continuous map between Sobolev
spaces

P LX) — L2y ().
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We also recall that, on the 3-dimensional Coulomb slice Coul(Y) = iKer(d*) &

['(S), there is an operator

Ly : iKer(d*) ® T(S) — iKer(d") ® I'(S) (7.2.4)
(b, %) > (*db, Dg, ), (7.2.5)

Denote Hy by its nonpositive eigenspace and Il by the projection onto Hj . The

projection II™ is chosen to be a projection commensurate to Il .

We also use the following facts. When I is commensurate to I1, we have Index

Ind(D @ 1I) = Ind(D & Ily) + Ind(IIy)

When an operator D of the form

D=Di®Dy,:V —-W, &W,, (726)

it is not hard to check that

KGI(D) = Ker(DllKer(Dz))) = Ker(D2’Ker(D1))7 and (727)
Coker(D) = Coker(Ds) @ Coker(D1|Ker(D,)) (7.2.8)
= Coker(D;) ® Coker(Ds|ker(D,)) (7.2.9)

Proposition 18. The map D & (Il” o) in (7.2.8) is Fredholm and we have an

estimate

lzll < C (D[l + (Lo )zl + ||zl =) (7.2.10)

Proof. The main idea is to apply the Atiyah-Patodi-Singer boundary-value problem
(cf. [1]) and comparing two different semi-infinite subspaces as in [18]. One subspace
arises from a spectral boundary condition while another comes from a semi-infinite

subspace of the Coulomb slice of Y.

We consider an elliptic operator D coming from a linear part of the Seiberg-Witten
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map combined with the Coulomb gauge fixing

D iM(X) @ T(ST) — Q2 (X) ® T(S7) @ iQ°(X) (7.2.11)
(a,¢) — (d*a, D} ¢,d"a). (7.2.12)

One can write D = Dy + K , where K extends to an operator of order 0 and Dy

has the form
Dy=—+1L, (7.2.13)

in the collar neighborhood (up to isomorphisms). The operator L is a first-order,

self-adjoint elliptic operator given by

L QYY) @ T(S) @ iQ°(Y) — iQ (V) @ T(S) @ iQ°(Y) (7.2.14)
(b,,¢) — (xdb — dc, Dpyt, —d*b), (7.2.15)

which is a linear part of the 3-dimensional Seiberg-Witten map with the Coulomb
gauge fixing. Using the Hodge decomposition, we can write L restricted to i) e
iQUY) = iIm(d) ® iKer(d*) ®iQ°(Y) as a block

0 0 —d
0 «d 0. (7.2.16)
—d* 0 0

From the above decomposition, one can also view the domain of L as Coul(Y)®

iIm(d) ® iQ°(Y), so that L = Lo & L, where L; has a block form

0 —d
-d* 0

(7.2.17)
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Now we apply the Atiyah-Patodi-Singer boundary-value problem. The operator
D& (M or):iQY(X)@T(S*) - i (X)aN(ST) @i'(X)@ H™  (7.2.18)

is Fredholm, where H~ C Coul(Y)®iIm(d)®iQ2°(Y) is the nonpositive eigenspace
of L and I~ is its spectral projection.

On the space iIm(d) ®iQ°(Y'), let H{ is the nonpositive eigenspace of L; and Il
be its spectral projection and denote I3 be a projection onto 2lm(d) @® {const}. We
see that II~ = [l @ II] and it is commensurate to a projection II~ & II7.

Observe that dd* is positive, self-adjoint on iIm(d). Then, for each b € iIm(d),
the pair (b, d*(dd*)~1/2b) lies in H . Moreover, (0, c) lies in H{ when c is a constant
function. Hence, H; is complementary to {0} @ {const}*.

Consequently, the kernel of II~ @ II; is complementary to the image of I~ @ II;.
By Proposition 17.2.6 of [18], the operator D & ((II~ @ II,) o r) is Fredholm.

Finally, we compare D & ((IT~ @ Il,) o r) with D @ ((I1~ ® II,) o ) where I, is a
projection onto i/m(d) ® {0}. By setting, Dy = d* @ ([Iy 0 ), we see that Ker(D,) =
Coul®C(X) and the cokernel of D, is the cokernel of d* which has dimension by(X).
Thus, the map D & (I~ o r) is Fredholm with index

Ind(D @ (IT" o 7)) = Ind(D & (II” o 7)) + Ind(II"TI;) + bo(X) + bo(Y)  (7.2.19)

The estimate is also a consequence of the Atiyah-Patodi-Singer theorem combined
with commensurate projections.

0

7.3 Finite Dimensional Approximation

We will apply finite dimensional approximation to the Seiberg-Witten map together

with a boundary condition as in [22]. Consider the map

3o ® (I"or) : Coul®C(X) — 02 (X) @T(S™) @ Coul(Y), (7.3.1)
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where §, is the Seiberg-Witten map with a decomposition §, = D + (. For conve-
nience, denote Vx by iQ3 (X) @ I'(S7).

We outline the construction which is based on [22]. First we pick a sufficiently
large radius R. The image of the ball B(R) C Coul®C(X) under the restriction map
is bounded. We can pick a bounded isolating neighborhood R containing this image.
For each positive integer n, we consider a projection I on Coul(Y) commensurate
to Il .

Since D @ (II; or) is Fredholm, we can pick a finite-dimensional subspace V, ®W,
of Vx @ Coul(Y) that contains the cokernel this map. We can also choose W, so that
R NW, is an isolating neighborhood of the compressed flow on W,,. Let U, be the
preimage of V,, ® W,, under D & (II; or).

Consider a map §, @ (Il or) on the ball
B(R,U,) — B(R',V,) x R.
We will try to show that this gives rise to a quotient map
B(R,U,)/S(R,Un) — B(en, Vn)/Bl(en, Va)¢ A N/L,

where (N, L) is an index pair of RN W,, by applying Lemma 5. The map in the first
factor sends everything outside the ball of radius €, to the basepoint. An important
part is to check the hypothesis of Lemma 5 for existence of such (N, L). Consequently,

this gives a map
SV — S AZ(RNW,) (7.3.2)

We show that this construction works when V,,, W, are sufficiently large and ¢, is

sufficiently small.

Lemma 15. Let {z,} be a bounded sequence in L%, such that (D + @), — 0 in

L2. Suppose that there are half-trajectories y, : [0,00) — W, uniformly bounded in
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L3112 and satisfy

—é—at-yn(t) = o Fyn(t), (7.3.3)

together with y,(0) = (w, o r)zn. Then, after passing to a subsequence, the sequence

{zn} converges to z in L}, and there erists a Seiberg-Witten half-trajectory y with

y(0) = r(z).

Proof. First we consider the weak limit 2, — z in L ;. Then we have z,, — z in L?
by Rellich lemma. Since a linear map preserves weak limits and Q is continuous in
L2, we have (D + @)z, — (D + Q)z weakly in L2 .

On the other hand, we see that

H (D + Q) (7.3.4)

< [+ @)z

+ ”(1 — ) Qzn | -

The first term goes to 0 by hypothesis while the second term also goes to 0 because
(1 — #,) converges to 0 uniformly on compact subset. Thus, (D + Q)z must equal to

0. Moreover

|D(@n — )| < (D + Q)2 0. (73.5)

+ ‘le - QA-Tn

Next, we move on to the restriction of z,, to 3-dimensional configuration. Similar
to the proof of Proposition 11, there is a half-trajectory y : [0,00) — K such that
Yn(t) = y(t) in L2, /2 uniformly on compact subsets of the open half-line (0, co) but

only in Li_l /2 On compact subsets of the closed half-line [0, 00). We also have
-2 (t) = Fy(t) (7.3.6)
Consider the exponential that 2 (e!Pn~) = e!Pn~(D + 2)
! 9
6DW“7U)—ﬂ’7@)=i/‘fDW‘(D7U)+5?ﬂﬂ)dt (7.3.7)
0
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When v = y — y,, we see that

(D + '(‘;9; (yn - Z/) = (D'n‘n - ﬂ'nD)yn + 7rn(Qy - Qyn) + (1 - ﬂ-n)Qy' (738)

Since L, — 7w, — 0 as a bounded operator on L2 +1/2 and yn uniformly bounded,
so that (Dm, — 7, D)ya(t) — 0 in Li+1/2 uniformly on [0, 0o).
For the other terms, we use the fact that e!’n~ and @ is a bounded map on

Lz, /2> 80 that

€27~ (rn (Qu(1) = Qua(®)) + (1 = QU 5, < R

on [0, 1] for some constant R'.
We fix § > 0. By continuity of @, we have that Qu,(t) — Qy(f) in L +1/2
uniformly on [4,1]. We also have that y is smooth on [4,1] so that [|y(t)||,> = is

e+3/2

bounded on this interval. By compactness of @, we get that (1 — 7,)Qy(t) — 0 in
L3 11/, uniformly on [6, 1] as well.

Hence, for ¢ sufficiently small and n sufficiently large,

/ 27 (ra(Qu(D) ~ Qunle) + (L~ =)QuO) ], At =0 (789

We conclude that in L}, , topology

7= @(0) = 3 (O))|| < €7~ (1) — #a(1)) = 7~ (@(0) — ¥ (0)) || + ||€°7 ((1) — (1))

< [eom @+ Zm0 - o) |t + emw) = smia)

and the last line goes to 0.

Since r is linear and by, we have that r(z,) converges weakly to r(z) in L, /2
In particular, 7~ y,(0) = 7~ m,7(z,) converges weakly to 77r(z) in L7, /2 Thus we
must have 7~ 7(z) = #"y(0). The elliptic estimate implies that z, converges to z in
L}y, and we also have r(z) = y(0).

a
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We will need boundedness result for Seiberg-Witten half-trajectories result anal-

ogous to Corollary 3 for the case of 3-manifolds.

Proposition 19. ([18], Proposition 24.6.4) For C > 0, the space of (broken) X-

trajectories with energy < C is compact.
We now state the main result.

Proposition 20. For V,,,W,, sufficiently large and €, sufficiently small, the map
o ® (II; or) satisfies the hypothesis of Lemma 5.

Proof. (Sketch) We will prove by contradiction. Suppose there is a sequence of V,,, W,,,
and €, not giving a pre-index pair. This gives a sequence {z,} of approximate solu-
tions of the 4-dimensional Seiberg-Witten equation and a sequence {y,} of approx-
imate Seiberg-Witten half-trajectories such that r(z,) = y,(0). By Lemma 15, the
sequence {x,} converges to a solution z and {y, } converges to a half-trajectory y with
r(z) = y(0). Together, we have an X-trajectory with finite energy. The contradiction

arises from compactness and boundedness property from Proposition 19. O

It is not hard to see that such maps commute with maps between Conley indices

of attractor-repeller pair. As a result, we have a map

S — SWF(Y).
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Appendix A

Homology Computation

A.1 Equivariant Homology and Cyclic Homology

In this section, we will provide a background for equivariant homology theory. Al-
though, we will mainly focus on the S-equivariant Borel homology and Tate homol-
ogy, we will use a general framework set up by Greenlees and May in their book [13].
We will also introduce cyclic homology theories which is equivalent to S!-equivariant

homology theories but can be computed more explicitly.

Classically, the Borel homology of a G-space X is defined to be the homology of

its homotopy quotient, i.e.
HE(X) = H,(X x¢ EG).
In general, given a G-spectrum kg, we define the following spectra
flke) = kg ANEG., clkc) = F(EGy,kg), t(kg) = F(EGy,ka) A EG,

where F(EG., kg) is the function spectrum and EG is the unreduced suspension of

EG with one of the conepoints as the basepoint. These spectra give homology and
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cohomology theories for a G-spectrum (or a G-space) X by

fka)a(X) = [S%, X A fkg)le and  f(ke)™ = [X,S% A f(ke)]e-

The spectrum f(kg) is called the free G-spectrum associated to kg and it follows
that f(kg) represents a version of Borel homology. The spectrum t(kg) is called the
Tate G-spectrum associated to k¢ as it represents Tate homology and cohomology
theories. The spectrum c(kg) is called the geometric completion of kg.

One of of the properties of these three spectra associated to k¢ is that they form

a cofibration sequence

flkc) — clka) — t(ka)

and consequently give rise to a long exact sequence of homology groups

. = F(kG)a(X) = clhe)n(X) = tka)n(X) = Flkg)no1(X) = ...

From now on, we will be mainly concerned with the case G = S! and kg = HZ the
Eilenberg-MacLane spectrum regarded as an S!-spectrum with trivial action. The
associated homology and cohomology theories in this case can be computed using

cyclic homology and cohomology theory introduced by Jones in [15].

Definition 26. Let P := Z[u,u™!] where deg(u) = 2 and C be a chain complex with
a degree one operator J such that dJ + Jd = 0 and J2 = 0. Define a differential on
P ® C by the formula

d(up® z) =p ® J(z) +up ® d(z),

where p € Z[u,u™!]. This also gives a differential on a quotient complex Pt ® C and
a subcomplex P~ ® C where P~ is the negative degree part of P and P+ := P/P~ =
Z{u).

Let X be a pointed CW-complex with a cellular action by S'. The circle action

induces a degree one operator J on the reduced cellular chain complex C,(X) given
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by J(z) = f.(c®x) where c is the single 1-cell of S and f is the action §* x X — X.
One can check that dJ + Jd = 0 and J? = 0, so we have a complex P ® C\(X) as
in the above definition. It turns out that the homology of this complexes agree with

appropriate S'-equivariant homology theories.

Proposition 21. ([13], Theorem 14.2) There are isomorphisms

HS (X)) == Ho(P* ® Cu(X)) = f(HZ)n11(X),
S (X) = Hyea (P~ ® Cu(X)) = c(HL)n 41 (X),
HY (X) := Hy(P ® Cu(X)) = t(HZ)n42(X)-

The homology Hsl,ﬁfl,ﬁfl will be called Borel homology, c-homology, and Tate

*

homology respectively. The c-homology is sometimes referred as coBorel homology.

We first remark that we slightly change the notation and the grading from [13] to
align with Floer homology groups. Our Jl'-_{f1 is their I/-}fjrl and our ﬁfl is their FISI,

so the long exact sequence has a form
oo BSYX) = Ha(X) = HS (X)) » HS (X)) — ...

Second, we can define these homology groups with coeflicient in an arbitrary
abelian group. The above isomorphisms still hold, but we need to replace HZ with a
spectrum corresponding to an appropriate Mackey functor.

For example, the homology groups for S° are given by

4 -3 2 -1 01 2 3 4
HS(S® ... Z 0 Z 0 Z 0 Z 0 Z
HS' (5% 0 0 0 0 Z 0Z 0Z
HS(SY ... 0 Z 0 Z 0 0 0 0 0

Now, we consider the one-point compactification SC of the complex plane with
a circle action given by complex multiplication. We can give S€ a CW-structure

with a cellular action by S'. First, give SC a cell decomposition with 2 cells in each
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dimension just as the 2-sphere. Denote z%,y*, z* by its O-cells, 1-cells, and 2-cells
respectively. The standard differential of the cellular chain complex is given by

dyt =zt —z~, det =yt + 9y,

dy- =z~ —z%, de”=—-yt—y.

The circle action by complex multiplication acts nontrivially on the 1-cells. Viewing
z~ as {oo} or the north pole and z* as {0} or the south pole, we see that y*
travels from {oo} to {0} along the negative imaginary axis and y~ travels from {0}
to {co} along the positive imaginary axis. The cells z* and z~ are right and left
hemispheres given an outward normal orientation. As in Figure A-1, the S'-action is
the counterclockwise rotation around the z-axis. We see that the image of y* under

rotation gives a sphere with outward normal, while the image of y~ gives a sphere

with inward normal. Thus, the action of J is given by

JyHy=2zt+2", Jy)=—-zt-2".

zt

Figure A-1: A CW-structure on S® with a cellular action by S*.

Let X be the S%-sum of N copies of the spheres S€ as described in Section 5.3.
The above CW-structure of ST gives a cell decomposition of X by given by two 0-
cells {z*,27}, 2N 1-cells {y}*,yj_}, and 2N 2-cells {zj,zj_} for j =1,...,N with
differential

dyf =zt —z7, dzf =yf +yj,
dy; =z~ —zt, dz = —yf -5

and the J-action J(y;") = +(zf + z; ). The first few terms of the chain complex
Pt ® C,(X) is given by
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where Z is the augmented group for a reduced cellular chain complex. The u-term

does not affect the differential except when pairing with a chain from C1(X), e.g.

d(uy]) = 2 + 27 +u(zt —z7).

With this, one can find the homology groups H.(P* ® C,(X))

1 2 3 45 67
H{Pr*@C(X) ZN' Z 0 Z 0 Z 0

The group H;(P* ® C.(X)) consists of classes [ c;yj] such that 3 c; = 0 and,
for each positive even integer k, the group Hx(Pt ® C\(X)) is generated by a class
[z - 27)].

For the complex P~ ® C,(X), the first few terms of the chain complex is given by
1 1 c 1 1 1 D% 1C' 1C 1C’ x
- S C(X)D—Go(X) SOX)®-Z —Ca(X)o~ 0o(X) = =Ci(X) 2(X)-

Similarly, we can find that its homology groups are given by

0 -1 2 3 4 5 -6
H(P-®C.(X)) ZV 0 Z 0 Z 0 Z

The group Ho(P~ ® C.(X)) consists of classes [> c;u~'(2] + z;)] and, for each
negative even integer k, the group Hx(P~ ® C,(X)) is generated by a class [u¥/2(z+ —
z7)]. Finally, we have the chain complex of P ® C,(X) is given by

=" CY(X) B UNZ = unCo(X) @ uTICH(X) — ..,

with its homology groups

3 2 101 2 3
H(PRC(X) ... 0 Z 0 Z 0 Z 0

We observe that H5'(X) = H5"(S°). This is because the Tate homology only detects
the singular part under the circle action and the action on X is free except at two

fixed points.
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A.2 Twisted Cellular Homology

In this section, we introduce a twisted cellular homology theory to compute homology

with local coefficient. Some treatments can be found in [7].

We will specialize to the homology of the three-torus with a local system of equiv-
ariant homology of another space. In our case, we can start at a chain level by setting
up a twisted chain complex. Let X be a space and suppose that X has a CW struc-
ture with a cellular Z3-action. On the cellular chain level, this means that there is a
Z3-action on each chain group C;(X) and the action intertwines with the differential.
With this we will define a chain complex which is a product of C,(T®) and C,(X)
but twisted by the Z3-action. This chain complex can be viewed as coming from a

twisted CW-structure of the homotopy quotient X xzs EZ3 of X.

Since the total space EZ3 is R?, we can consider a standard lattice CW-structure
on R? with a free cellular Z3-action. We first consider a cell structure of the real line
whose O-cells and 1-cells are given by €0 and el for each n € Z. The differential is
given by

d(el) =ed,, — €.

This gives a product cell structure on R* and we will denote a product of cells by

concatenating a superscript and putting a subscript in a vector form, e.g. the cell

0

€

x ey, % €n, will be denoted by €f20 . We will also use a bold letter to denote

a vector and, in particular, use bold letters i, j, k for the standard basis
i=(1,0,0), j:=(0,1,0), k:=(0,0,1)

and 0 := (0, 0,0) for the origin. With this notation, the boundary of the cube is given
by a formula
delll = 1L _ (01 _ 10l plol 10 Lo
1 ] .
A differential for a twisted complex is induced by the differential on C,(R3)®C,(X)
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quotient by the diagonal action. For example, we have

1 010 100 , _100 110
def®@z) = ()" — g’ —ei® + ) @z — gy ®dx

=eVRir— e’ ®r— e’ ®jr+ e’ @z — ey’ @ du. (A.2.1)

This allows us to compute a homology with local coefficient system.

Suppose further that X has a circle action which induces a degree one operator
J on C,(X) as in the previous section. If the circle action and the operator J is
compatible with the Z3-action, we can consider the product of complexes C,(R?) and

P ® C,(X) twisted by a Z3-action (as well as Pt and P7).

Let X be a S%sum of Z* copies of S€ with a CW-structure described in the
previous section. We can index the 1-cells and 2-cells {y;}, vy, 21,25} by an element
of Z3, so that the action of m € Z? is translation of a subscript n — m + n and the

action is trivial on O-cells.

We will use a spectral sequence of a filtered complex to compute the homology of
this twisted cellular homology. Similar to the case of a double complex, one of the

canonical filtration is given by

FpCpyq = @ CT(RS) ®zs Cs(P ® Cu(X)).

r4+s=ptq
r<p

By shifting a subscript of each term from C,(R®) to 0 as in (A.2.1), we see that the
El-page is obtained by taking homology in vertical direction. We can identify the
E'-term as

El, = Cy(T%) ® Hy(P ® C.(X)).

Remark. This spectral sequence only agrees with the Serre spectral sequence of
S%(T3, s) only on the E'-page and the groups on E*-page. The higher differentials
are not necessarily the same. This is because the differential here only accounts for
the Z3-action on X but not the action on the category of spectra. However, one

could still hope to modify the differential to make the chain complex equivalent to
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the Morse-Floer complex for Floer homology.

We will start with the local coefficient system in H,(P~®C,(X)). From the result
in Section A.1, the E'-page is given by

0 1 2 3
0 |Co(T®) ® (B 2) Ci(T®)®(B"2) CuT*)® (D" 2Z) CxT?) & (D 2)
-1 0 0 0 0
-2 Co(T}H ®Z C(THRZ Co(T3®Z C3(T? ®Z
-3 0 0 0 0
—4 C(THRZ Ci(THRZ Co(T3 ®Z C3(T3H®Z

We will proceed by computing the differential d'. For a negative even integer ¢,
a generator of Hy(P* ® C,(X)) is represented by a cycle u#?(z+ — z~). Since this is
is just

invariant under the Z3-action, the horizontal differential d! : E} o — EL 44,

the differential of C,(T) which is zero. Thus, for such ¢, we have

E. = H,(T%).

On the other hand, recall that the group Ho(P~ ® C,(X)) has a basis given
by {[u™'(2} + 23)]}nezs, each of which is not invariant under the Z3-action. As a
result, the differential d'. for E;,o is not as trivial as in other groups. To simplify the
computation, we will slightly change the viewpoint by shifting the subscript of the

term (z + 27) to O instead. In other word, we rewrite an element of E;%,o as

eo® (D calu™ (2 +20))) = (D nen) ® ™ (23 + 25)]-

nez? nez3

We can then identify E, with the (lattice) cellular chain group C,(R®) and the
differential d' can be identified with the standard differential on C,(R3). Therefore,
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we have

Z, p=0
EZ,():

0, p#0.
Because there is a shift in the grading, the homology of 72 with local coefficient
~cl
in the c-homology of X, denoted by H, (T3, ﬂf (X)), is the group EZ,_; of above

spectral sequence.

Next, we look at the spectral sequence of local system in H,(P* ® C,(X)) whose
E'-page is given by

4 CQ(TB) RZ Cy (T3) RZ Cg(Ta) ®Z Cg(T3) RZ
3 0 0 0 0
2 Co(T*) ®Z Ci(T) L Co(T*) ® Z C3(T°)®Z

1 QT e @"'2) I @2 GI)e @ '2) GIT)e @ D)

0 1 2 3

Analogously, the differential d' for Ezl,’q is zero when ¢ # 1. We recall that the
group H (Pt ® C,(X)) consists of classes [>, czscayd] with > sacn = 0 with
finitely many nonzero terms. We also shift y} to yg similar to the P~ case, but we
will identify E%, with a subgroup of Cp(R?) instead.

We define a balanced chain group Cg“l (R3) as a kernel of the generalized augmented
map € : Cp(R?) — Cp(T?) which adds up all the coefficient of the term in the same
Z3-orbit. It is straightforward to see that a boundary of a balanced chain is also
balanced, and C?*(R?) becomes a subcomplex of C,(R3). In fact, a boundary of any
chain is balanced because it holds for each of a generator. We now identify a complex
(EL,,d) with the balanced chain complex (C2*(R?), d).

Observe that a p-cycle of C,(R®) is always balanced for p > 0. Because we
know that H,(R3) = 0, any p-cycle is a boundary and is therefore balanced from the

previous paragraph. Consequently, if a chain is a boundary of an unbalanced chain,
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it cannot be a boundalfy of a balanced chain.

We claim that Ho(C?*(R?)) has a basis {[e{® — eJ™], [eJ° — 007, [ — €8]},
where we can view each element as de}*, ded!?, and ded®! respectively. A group of
balanced 0-cycles is generated by {eX° — eX°},,.o and we can choose a path from n
to 0 as a 1-chain. By adding an appropriate linear combination of el®, €3, and 3!,
we can make this 1-chain balanced. This shows that €2 — 3% is homologous to a
linear combination of del®, de!®, and ded™. On the other hand, a linear combination
of el ed1%, and ed™ is not balanced unless it is zero, so {[dej*®], [ded¥], [dedM]} is
linearly independent.

Similarly, one can check that H,(C%!(R3)) is generated by a boundary of genera-

tors of Cp1 (7). In summary, we have

73, p=0,1
Epy=4Z, p=2

0, otherwise.

Lastly, the spectral sequence of local system in H,(P ® C,(X)) is simpler than
the others because a generator of the homology group H,(P ® C,(X)) is of the form

uF(z+ — z7)] which is invariant under Z3-action. The E2-page is given by
g g

B2, = Hy(T%) ® Hy(P ® C.(X)).

A.3 RO(G)-graded Equivariant Homology

Besides an integer grading, an equivariant homology theory also comes with RO(G)-
grading. This can be seen from the definition k,(X) = [S%, X A k] where we can let
a be any virtual representation of G.

Let X be a G-space, kg be a G-spectrum, and f(kg) := kg A EG+. In our case,
G = S! and kg is the Eilenberg-Maclane spectrum so that f (kg) represents the Borel

homology. The action of S on X is either trivial or free (induced by multiplication by
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unit complex numbers). We will try to compute f(kg)&,,.(X) =[S, X A f(ko)la
by relating it to integer-graded groups and nonequivariant homology groups.

The sphere S¢*™ can be viewed as the unreduced suspension of a unit sphere
S(CHR™) 2 S(C)xS(R™). Then the orbit space S©+"/G is the unreduced suspension
of {pt} » S(R™) = D(R™) while the fixed point space is the unreduced suspension of
S(R™). We deduce that, for spaces,

(ST, X = [(D™, 8™), (X, X)) (A.3.1)
We claim that this extends to stable category, i.e.

[SC*, X A f(ka)e = (D™, S™), (X A f(ke), (X A f(ke))®)] (A3.2)
=72 (X A fka), (X A f(kg))®). (A.3.3)

Next, we use the long exact sequence of relative homotopy groups
— mha(B) = mia(A) — i (A, B) — m(B) — mi(A) —

Since the action on S™ is free, we have 72((X A f(kg))®) = f(kg)S(X) and m3H(X A
fkg)) = mH( X Nkg) = kn(X) because EG is contractible. Therefore, we have a long

exact sequence
— f(k6)541(X) = Enya(X) = [(k6)En(X) — flka)7 (X) = kn(X) —
After plugging in Borel homology, we have
= HY (X) = Hya(X) = f(k6)n(X) = HLy(X) = Ha(X) =

Similar argument applies to the c-homology and Tate homology.
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