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THE NEOCLASSICAL ANALYSIS OF

EXT!|nL ECONOMS AND DISRO-IEs



Mtroduction

The concept of eoternal economies is one which frequently arises

in connection with the theory of economic development. The reason for

the importance attached to it is that the presence of ecternal economies

under certain circumstances can drive a wedge between social and private

marginal products, resulting in deviations from the social optimm in

a competitive system. This, in turn, may call for corrective govern.-

mental interference.

The concept of external economies originated with Mrshall who

used it as an analytical device to explain production at falling unit

costs. With the advent of the theory of monopolistic competition, how-

ever, a more legitimate analytical tool was created to handle such

phennmena, while the concept of external economies took on new impor-

tance in arguments concerning optimal allocation in a purely competitive

state and in socialist or planned economies. An increasing weight was

given to the divergences of social and private marginal cost as an ob-

structive phenomenon to the decentralised achievement of the ideal, and

there was a tendency to refer loosely to divergences of this nature as

external economies or diseconomies.

The terms external economies and diseconomies properly include a

good number of phenomena which may or may not give rise to the above
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mentioned divergnes. Such are, for instance, situations involving

the M&__hallian forward falling supply curve, technical interconnections

among firms, externalities operating directly on the consumer and even

the simple adjustment mechanism of the purely competitive general equi-

librium model.

It should be mentioned at the very outset of this paper that the

recognition of the istnce of certain typs of externaities, far from

being helpful, bas in the post been something of a *red herring" in the

analysis of optimal allocation. This is the case of pecuniary external

econmies and diseconomies.

Pecuniary eternal effects operating on a firm in a general equi.

Ubrim framework are, under all circumstances, the manifestations of

the workings of the general equilibrim system itself. In other words,

when the conditions underlying the general equilibrim system change,

the maximising mechanism grinds out a new solution together with a new

set of prices. The change in prices, of course, will have an external

effect on the decision-making of the competitive firm.

Pecuniary external economies and disecoomies1 refer to just one

variety of an infinity of possible outcomes of the adjustment mechanism.

As such, there is no reason whatsoever to suppose that they ever would
2

lead to misallocation, barring the cases where the adjustment mechanism

1
A more detailed treatment will be given below.

2
That pecuniary external diseconomies are but transfer costs in a

purely competitive system, being instrumental rather than detrimental for
the achievement of the optium, was the outcome of the well-known controversy
between A. C. Pigou and A. A. Young. For a detailed discussion of this argu.
ment, see H. S. Ellis and W. Fellner: "External Fconomies and Diseconomies,"
in the AmeriVan Economic ewol. III, 1943, pp. 93-,11.
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is already crippled ty a more basic factor, nasly output restriction.

In this latter ease the blame should be propery allocated to those

eleents of the system that are responsible for output restrictiones

monopolies and their competitive "pseudo-ounterparts," firms operatin

with technically interconnected production funations. 1

Those who attach a great signifioanme to the role of eternl

pecuniary soonomies in a developing eonay operate under the implicit

assuption that the process of economic development necessari3y has to

create a significant umber of socially uncontrollable monopolies and

external technological effects, This, of course, my be a valid asesuqmp

tion, but the proper conclusion is that greter attention should be

given to the real cause of the divergences between marginal private

and Soial products such as the different types of output restrictions.

A last word of caution is in order in connection with eaternal

pecuniary effects. The discussion af these effects iAnolves the

notion of a straightforward functional relationship between the out-

put of the different industries and factor prices. For expository

purposes--and with silent theorisig--euch functional relationships

are used in partial equilibrium analysis. They vanish, however, in a

general equilibrium setting, where depending on the nature of the

shifts involved, "arything can happen."

Since the concept of external eonowmies, used in a vague sense

rather then in a rigorously defined form, is gaining iportanes in

the theory of economic growth, a precise analytical formlation of

the issue would be necessary to eliminate the present ambiguities,

'LrA detailed treatment follows below.



In the following an attempt will be made to present the concept

of xternal economies sa conceived tr neoclassical econamiste. This

will be done both In the context of pawtial equilaiium anakreis and

welfare theory.

The exposition relies on considerable literature which, however,
duo to limitations imposed by space, cannot be discussed. In addlition
to those who are noted in the text, the following Important contributors
should be mentioned: W. J. Baumol, R. L. Bishop, H. S. Ellis, w. Feliner,
A. Lerner, P. A. Samuelson, and T. de Scitovsky.



I.1 The Concepts of Internal and kternal

Econatesand Diseconomnies of Seale

1.1 Internal Econaes and DiseonMies

Though the aim of this part is to clarify problems created by

external economies and diseconores, it seems necessary at this point

to refer back to the forces underlying the slope of the unit cost curve.

This has to be done for two reasons. One is the fact that the presence

of external economies in one firm may be the manifestation of internal

economies in another firm. Secondly, by integration, horizontal or

vertical, economies previously external to one or more firms can be

incorporated into the cost function (a phenomenon frequently referred

to as internalisation of external economies), and vice versa.

1.2 It is customary to refer to the average cost curveof a firm

in its generalized form as a U-shaped one. It iv an empirical observa-m

tion that as a firm gradually increases its output, its average cost

decreases due to factors hiich are cownnly referred to as economies

of scale. There is, however, a critical output (more realistically a

critical range of outputs) where the economies of scale are just balanced

by diseconomies thich accompany increases in production. From this

critical point (or range) average cost increases as production increases,

economies of scale being increasingly outweighed by the diseconomies.

6
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1.3 Non-olinearities in the cost function can be attributed to the

characteristics and properties of inputs and processes. Mbst of the

causes underlying economies and diseconomies of scale can be described

in terms of

a. indivisibility (lumpiness) of factors of production

b. interaction of production units (both physical and
organisational)

C, purely technological facts,

The above categories are by no meins completely independent of each

other. Indivisibility, for instance, is clearly a technological fact,

Nevertheless, it is useful to differentiate between technological facts

of this nature, on the one hand, and those that are concerned with phe-

nomena such as the relation between diareters and volums or relative

heat losses of a furnsee.

The group of factors producing economies of scale, classified

under "interaction of production units," refers to the indivisibility

of certain productive processes1 the law of diminishing returns,

organisational advantages and disadvantages, etc. To illustrate, let

us take a few exemles. Economies of scale derived from the division

of labor would originate clearly from the causes listed under (a) and

(b). Labor is not finely divisible;I conanquently, a productive oper-

tion has to reach a certain sise before specialisation can begin.

Specialisation in itself is not enough1 however, to result in economiec

I
Labor (as all inputs and outputs) is finely divisible if counted

in units per time, This is, however, irrelevant in the context of pe-
cialisation where physical divisibility for any given tire instanc is
required
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of scale. It has to be stipulated that the interaction of specialised

labor with the other productive factors wil result in a more efficient

productive process than that of the non-specialised labor.

Diseconomies of scale will always be present (sooner or later)

when one or more productive factors are fixed in quantity while others

are variable. Also organisational complications will arise as the

productive process becomes more complicated (through specialization)

and the volume of production increases. Here again a differentiation

can be established between purely technical causes and interactions

diseconomies of interaction would manifest themselves in the increasing

inefficiency of the bureaucracy while purely technical factors Would

act through phenomena such as the quadratic increase of comunication

lines as communication points increase.

.IA External Economies and Diseconomies

The definition given by neoclassical economists to external

economies and diseconomies refers to the effects of the total output

of the industry on the cost curve of the individual firm. More spew

cifically, in the case of external economies the cost curves of

individual firms within the industry will shift downward as industry

output increases, whereas in the presence of external diseconomies

the shift is in the opposite direction.

An objection can be made at this point against the use of the

industry concept in this context. On the one hand, the concept of

industry suffers from ambiguity; on the other hand, it seems unduly

restrictive to limit the analysis of external economies to the reactions



of individual cost curves to the output of the industry alone and to

exclude firm outside the industry.

l.5 The shift in the cost curve, necessary for external economies

or diseconomies, is induced by a change in the data from which the cost

curve is derived. Cost curves are based on the current state of tech-w

nology and the prevailing market prices of the productive factors. A

purely competitive firm (acting an such both in the product and factor

markets) will not bedle to affect the prices of inputs by its indi-

vidual decisions. As a consequence, its manager accepts the prevailing

factor prices as given and bases his maximising decisions on them.

If the price of an input changes, the optimal factor combinations

will change, and the cost curve shifts upward or d ownward (usually,

hwever, not in a parallel fashion).

Another alternative is that some existing interrelation between

the production functions of tuo or more firms, operating on the efficiency

of the productive inputs, will have an effect on the output of the

individual firm. heMnever one of the technically interconnected firms

changes its scale of operation (output or factor quantities), the

output of the other firms also changes. The result is a shift of the

individual cost curves (even if factor prices remain constant).

Based on these alternative ways by whIch cost curves may shift,

Viner? classified economies and diseconoruies as pecuniary and technological.

IJ. Viner, "Cost Curves and Supply Curves," in A.E.A. Reai in
Price Theo (Chicago: Richard D. Irwin, Inc., 1952) reprinted from
Zeitshf f uer Nationaloko Vol. III (1931).
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Accordingly, pecuniary external economies and diseconomies operate

through changes in factor prices induced by shifts of the total demand

for productive factors in response to a change in the output of the

industry (or anr other firm in the econorqp). Technological external

economies and disconomies operate through a change in the efficiency

of the productive innuts in response to a change in the total output

of the industry (or ary other fir), even if the prices of productive

factors remain constant.

It might be more appropriate, however, to reformulate the defini..

tion of external technological economies and diseconomies in terms of

the productive factore rather than the output of the firm whose activi-

ties give rise to these effects. In subsequent parts of the study this

formulation will be adopted, unless otherwise specified. Such a con-

ception broadens the gererlity of the notion by including all tech-

nological interconnections--those which operate through the output of

a firm and also the ones where the effects are the result of a different

choice of factor combinations. Accordingly, external technological

economies and diseconomies operate through a change in efficiency of

the productive inputs of a firm in response to a change in the total

quantities of productive inputs employed by the industry (or any

other firm), even if the prices of productive factors remain constant,

The difference between pecuniary and technological external of-

fects is readily demonstrated by the use of a mathematical model. Let

ei be the average cost of the i-th firm producing the commodity x, j
the j-th factor employed in the production of x , P the price of tho
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j3%h faoter and xk the product of the kath firm. Then, using vector

notation, write

og~ ~ ~~~ 1W ,)

P .P1, . . . aP,.... P

Xk -x, . . . ,s, . .. .

This relationship states that the average cost of the i-th firm

is a function of its output (function of technology) and the prices of

the productive inputs. The production function, however, stipulates

in addition to productive inputs also the inputs euployed in the pro-

duction of the output of the k-th firm. The rationale is that If 9h
changes, z will also change, either because of the direct influence

of V1' (or xk) on the production of x, or, because a change in 9' hash Ii
an effect on the form of the production function of xi which, in turn,

vwrnts a reorganisation of the productive factors in order to fulf

fill the requiremwzen af least cost production.

Prices of productive inputs are shown as functions of the outputs

of the other firms in the econonv. If the total demand for inputs

22t is important to realise that the functional relationship
P P is based on a good amount of implicit theorising and servos

on3,y expositional purposes. In the general nulti-good case we have no
kowledge of what the properties of this function would be either in
a purely competitive or In a mnopolistic situation. The sam remarks
do not refer to the function describing technological interrelations,
Here, at least under ideal conditions, the exact form and properties
of the function can be stipulated.
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changes as a consequence of the activity of the other firs, the

prices of the productive factors used by the i-th firm will change.

The total change in c1 due to external effects (other factors

being held constant) is Viven by

i d k h

The first half of the righto-hand side sum refers to technological,

the second half to pecuniary external effects.

Pecuniary external economies will be present if

_ 0

,a a*AI 14 k

and pecuniary external diseconoisiss will be present if

0 0 0

ar, axh
15 k .

These conditions hold since the first mviber of the product is always

positive and the second by assumption is negative for external economies

and positive for diseconomios.

The case of external technological effects is somewhat lese

straightforward. The sign of _C will depend on whether production

takes place at falling or rising unit cost and is independent of

external effects. For this reason we can consider only the chang

of x, with respect to $. Thus technological external conomies
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will operate if

0 14k

and external technological diseconomies will operate it

0 1+k.

Notice that in the case of external pecuniary diseconomies

setting i equal to k. we get monopsory power within the i-ath firm.

1.6 Technological external economies and diseconomies are

usually considered unimportant and rare in the neoclassical literature,

The examples given refer to the overcrowding of an unappropriated

natural resource (such as fishing) or excessive use of a public high-

way. Further examples are given by Meade which are, in Scitovsky's

terminology, somewhat bucolic in nature--concerning themselves with

apples and bees and forests and grain.

A soswhat different case of external technological economies

in the reorganisation of the industry when a certain sise is reached

(such as the creation of a sales agency). In this case the production

functions of the individual firms undergo a change. In order to

minimise cost for any given production, an appropriate change will

be necessary in the selection of the quantities of productive factors,

As opposed to the technological category greater weight was

attached to the pecuniary class, particularly to external pecuniary



disecononies. Even in the case of pure competition where individul

producers are confronted with horisontal factor supply curves, the

industry in its entirety may well be able to affect factor prices

causing the cost curves of the individual producer to shift. This

is even more so if the factor in question is specific to the industry

in the sense that the industry might be employing a substantial part

of the total factor supply.

Peouniry external economies refer to situations where an in-

creased demand for a factor results in a lower factor price. It is

usual to think in this context of factors (intermediate goods) which

are produced at falling unit cost, implying the presence of mnopoly.

It is, however, objected--and justly so--that in addition to decreasing

cost the shift of the nasnd curve has to be such as to induce an in-

crease in output and a willingness on the monopolist's part to share

the benefits of falling cost with the purchasing firm.a

Integration (horisontal or vertical) will transform external

economies or diseconomies into internal ones. It is interesting to

note, however, that integration may changre the character of the

economies or diseconomies in question. Thus, a pecuniary external

econoemy can be transformed into a technologcal internal economy by

vertical integration. The opposite is also true. Technological

internal economies can be changed into Pecuniary external economies

by vertical disintegration.

1
It can be easily demonstrated that a rightward shift of the

demand curve may have perverse effects on the mnopolist's profit
maximising decision in the sense that the new output may be smaller
rather than blgger relative to the previous quantity producede



Is

It is worthhIle to mention at this point Uh possible significance

of this change of character for the theory of eonomic development. The

process of development can be thought of--in an abstract and limited

way--mas a process of continuous externalisation of economies and dis-

economies through vertical disintegration. If one single firm is

established in an unindustrialised country, all stages of production

will have to be realised by this firm. It will have to create its

Own power, service depart0ents, etc. As more and more firms operate,

an increasing number of service and utility industries will take

over the production of those operations which previously constituted-

to a varying degree--an integral part of the productive activities

of each individual firm. The process itself is vertical disintegration.

The result is a continuous change in cost structure where internal

ehoocal economies and diseconomies are transformd into ex-

ternal 2ecuna ones. Notice, however, that such a view, abstract

as it is, takes the creation of monopolies for granted.

1.7 ternal economies or diseconomies shift the cost curves of

the individual firrs upward or downward depending on their relative

strength, and only in the borderline case, when diseconoruies exactly

offset economies, would the cost curves maintain the same position.

The not manifestation of external economies and diseconomies in the

industry supply curve is in its downward or upward sloping character.

1
The term monopoly in this context is not necessarily identical

to the concept as used in connection with Western capitalism. Monopolies
may arise in underdeveloped countries due to the lack of vigorous entre-
preneurship rather than the wilful exclusion of copetitors from the
market.
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A hrisantl-indust3y supp2Iy curve, hawever does not neseeai3y

Im3 the absence of external economies am daeoonomie; neither is

an upaed sloping industry supp3 arve a neoessary implication of the

pres of external a(ost ourves of indvidual firms

MV not necessarily be at an equal level).

1.8 Reversible and Ireversble BAtenM l Enamis

The concepts of irreversibIlities a rseversbilities vere non-

oeived by Marshal. Me wtion ws that certain azteml oonomie

no awhieved by an increased innty output WOUd remain effective,

even if output contracted again. Clearl3 such would be the case it

more extensive industrial activity resulted In the bettering of the

skils of labor or in other tehnical progress.

1atergnl economies mafest thIselves in a daumnward-loping

induster supply curve. In this case an increase in d1m decreases

the eqnilibriummarket prces. Suoh a representation, however, skes

the baMling of the irreversibility problem diffisult in a statie

frea NOk. It my be mr illustrative, even if not more 3egitimate,

to Oeeneive of a horisontal or positive3y sloped supply ourve shifting

in Sespoms to a shift in demand in such a way that the nw equilibrim

interseetion is at a lower prIfe than previously. If this operation

works in both directions, then the process is reversible (which it

2The terminology itseIf is post-Marshaittan. The conoptOs are
sattered widely throughout bMrshall's PnefEn s (8th ed.;

TMODI ?'1bCZ0ilanl & Co., Ltd., 1920), pp. 26&, 2712417 625,
8W8 etc.
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really has to be under otrict statics). If it works only towards the

right, then it is irreversible.

Though Marshall was sufficiently vague about forward-falling

supply curves and irreversibilities, it is clear that he worried not

only about finding an explanation for production at falling unit cost

alone but also for the irreversible gains of urbanisation, the coales-

cone of markets, the clustering of producers around a labor pool,

induced versus autonomous technological progress, and other phenoiena

necessarily dynamic in character. There is little doubt that the

importance of external economies lies along precisely these lines

and that the bucolic and other examples ifich fit into the framwourk

provided by the assuretions of the neoclassical analysis understate

the significance of external economies.



1.2 Distortions Caused br External Iffects

in Optm Allocation

NAoh of the discussion concerning external eoonoides and dis-

economies is centered wound the problem of divergences between

private and social mirginal cost. Under what conditions will the

different external effects give rise to these divergences? The

answer is provided by investigating each external effect in the

context of welfare analysis. For this purpose the assumptions on

which the welfare system is constructed should be spelled out care-

fully. In so doing, ach of the misunderstanding frequently en-

countered in the literature can be clarified.

2.1 The Assumptions of the Neoclassical Welfare Analysis

Let us adopt the usual neoclassical procedure by separating the

problem of efficient production allocation from exchange conditions.

The usual neoclassical assumptions for dealing with problems of

production aret

1. given, fix!ed supplies of productive factors, invariant

to changes in factor prices which are allocated by firms

according to the rules of least cost production, subject

to limitations provided by the production functions;

2. Given production functions have a convex surface;

18



19

3. Pure coiesetition prevails in all rarketal

4 . Technological external effects do not exist, 1

Based upon the given factor supplies and production functions,

we construct an "Edgeworth box" where the tangency of the isoquants

will provide the locus of efficient production points (generalised

contract curve). The rmaning of efficiency in this context is that

holding all products but one at a constant level, it should not be

possible to produce more of that one good by a suitable rearrangement

of the productive factors.

Along the contract curve the ratio of the marginal product of

a factor in the first line of production to that in a second line

of production will be equal to the ratio of the marginal product of

any other factor in the first line of production to that in the

second line of production. The reciprocal of this ratio is further

equal to the ratio of the marginal cost of the first good to that

of the second good.

It is a theorem that under the assuriptions stated, the conditions

of a purely competitive optirnubased on the principle of profit maxi.

mization, always coincide with those of efficient production, i.e,

the firms will produce at a point on the generalised contract curve,

where any increase in the output of one good necesarily results in

a decrease in the output of one or more other goods.

1
Condition 4 also excludes the existence of unappropriated factors

of production.
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A somewhat sipler device than the generalised contract curve

is the transformation curve (derived from the generalised contract

curve). Production which takes place at any point other than those

defined by the transformation curve is inefficient or impossible.

Pure competition will always lead to efficient production, i.e.#

at a point on the transformation function Itself.

2.2 Differences between Private and Social Marginal Products

With the assumptions listed above no difference can exist be-

tween private and social marginal costs. This follows from the fact

that each firm's output depends only on the quantities of its own

factors.

Let us now relax some of the assumptions listed under 2.1 and

investigate the ways by which discrepancies between the social and

private marginal product come into existence. Assume the existence

of some technological interaction between two productive processes.

The examples given below will show their effects on the maximising

decisions of the managers of the processes.

Take first the following case where x and x2 stand for the two

outputs, V1 and V2 for two different types of factors employed in

the two processes respectively. The factor V, is not employed by

the second process; it is, however, shown in the nroduction function

of x2 as its presence has a beneficial influence on the production

of x2 . The same with V2 for the production of .
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Then the following equations will denote the two processes:

S2 = F2(V21 VI)

It is iaftediately obvious that each factor will have a marginal

product in b processes, whether hired or not. This very fact is

the cause of the divergence between private and social marginal product.

In pure competition factors are so hired that the value of their

marginal product should equal their respective price. In our case,

each manager hires only one of the factors; the other factor, the

presence of which exerts a beneficial influence on the process, is

hired by the other firm respectively. In so doing-and in the ab-

sence of collusive practices-each manager ill calculate the value

of the marginal product of his hired factor based on its marginal

productivity in the process where it is employed, and he will neglect

its marginal productivity in the other process,

I E stands for product prices and P, for factor prices, then

the value of the factorsu social marginal productivity (VSMP) i

defined by

X 1 2 bV

VSMP2 a P B + P
'2 lb v, 1-aV
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and optiml allocation is achieved when

P aSMP
V1

and P VSMP2
2

But hiring is done, as stated previously, to fulfill the conditions1

V2 2'' *6V

It follows that the quantity of factors emloyed in both

processes is less than the socially desirable amount.

A different example, similar to the one provided by Heads is
2

the following cam,

1 In the case of external technological diseconomies the inequalities
are reversed, and we are confronted with higher employment in both processes
than socially desirable

2
J. E. Meade, "External Economies and Diseconondes in a Competitive

Situation," the Economic Journal Vol. LII, March 1952, pp. 54-67.
Actually, Meade gives an exale for his reciprocal interaction model
which fits more the case of the interacting factors described above
than his own model. e c oeives of an orchard and a bee-keeping firm
interacting in such a way that an increase in the output of one affects
the output of the other, which, in turn, has its effect on the first,
etc., in an infinite converging series. It is, however, the factors
of production and not the respective outputs which interact. If the
beekeeper increaseithe number of hives, more apple blossoms will be
fertilised, but the resulting increase in the output of apples will
not in any way affect the output of honey. The opposite is also true.

(footnote continued on next page)
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TWo production functions are given and the favorable effect

ot the output of the other process is taken into account esplicitly

In each. If 1 ard x2 stand for the respective outputs and 182

for the factors eqployed, then

2 a "2 (V2 1 3)

Holding every factor constant but one in the first industry and

persdtting the reciprocal technical interaction to operate freely,

the arginal pkgsical product of the one variable fector is given

by the following expressio

(footnote continued) There is no infinite interaction series, tough--
as in the case discussed above-each factor, whether employed In bee
keeping or in the orchard, will have a marginal productivity in both
processes. Though Made's "real life eample" does not quite tif!
model, his analysis of the model is accurate an stivmAting. A com-

int is in order, hoaever, on the second part of his paper which refers
to what he calls the "crention of atmosphere." There is no real digp.
tiUnction between his model of creating atmsphere and his more general
models it is nothing but a special case of the latter (having the
general form x a F(L, C) A(Z), where A(Z) is the "atmosphere factor"),
The feature of the model, which lands it special character, is in the
form of interaction, resulting in a change in the affected production
function such that the marginal rates of substitution between factors
remain unchanged in the process. Actually, there is no reason to be-*
lieve that a "change in atmosphere" would have no effect on the marginal
rates of substitution

21 U expression is obtained by totally differentiating both pro-
duction functions. The partials involving the factors held constant
are sero. The rest follows easily.



A similar epwession can be obtained for the total change in x
with respect to the sam variable factor mled in the first proceses

B~F aF
"OP BF2

3 1- - '

The above expressions are nothing but instantaneous mltipliers

swuncrg the infinite series of reperoussions of reciprocal interaction

set into notion by hiring an additional unit of the variable factor.

To derive further conclusions, we have to assume now that the system

is stable. In other words, the growth of outputs due to lnteractim

nist converge to a finite limit,1

The social murginal produo of the factor will consist of its

warginal product, taking reperoussions into account, b in the prom

duction of 3C ard the production of 2. The relevant eeumibzum

Wontdition for a social optimm is then

P, d* P P dz TSP

S J1

asumption of convergende an of favorable interaction
imposes the following boundary conditions

S X2 L __gi



Dt each manager, with no concern for what good the factor will

do for the other process equates PVl to the value of the marginal

product of the factor based on its marginal productivity in the

process where it is hired. Thus

Fi

and the amount hired of the factor will be lees than the socially

desirable amount for proper all ona

ice tat if either or are sero in the utiplier

marginal product expression, then In this cas there is

no ntual interaction. However, the fact that one of the partials
is not sero indicates that there is a one way interaction. It follows
tha'soe factors nst have marginal productivities also in the process
where they are not euploved. The analysis of this case is similar to
the one preset;itrn the first example.

It should be mentioned that Svend aureen in his paper "Eiternal
Eona-ae in Economio Development" (presented at an Evening Seminar

of the Center for International Studies, M.I.T., on December 16, 195M)
is in error when he claims that the divergence betweGn the social and

private mrginal product is found in the fact that is greater

then (see p. 9). Actually, in the case of oneAsided interactions

the two are equal; in reciprocal interaction loses its significance

and the true private marginal product of the factor is , reflecting

the niltiplier relation.
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2.3 The eaple of the technical interaction clarif les the

problem in the framwoik of we2fare allocation.

It was stated earlier that the condition of efficient alloa-

tion is the equality of the rates of substitution, these being equal

to the reciprocal ratio of the cr r ni arginl costs. In a

co.petitive equilibrium each firm equates price to marginal cost.

It is then tautological that the price ratio of two coamodites

has to be equal to the ratio of the corresponding mrginal costs.

The ratio of the marginal costs defines the slope at each point of

the transformation curve, and it follows that the price line has to

be tangent to the transformtion curve under conditions of efficient

allocation. This condition is autonateally achieved by universally

operating pure competition (under the stated assumptions) since the

conditions of ocpetitive egnilihrium are identical with those de-

fining the equality of rates of substitution for each individual

and each factor of production. This imp1ies in effect, that max-

ginal social costs have to be equal to marginal private costs or,

in other words, it is indifferent whether we equate the ratio of

mginal social costs or -arginal private costs to the respective

price ratios, since the optium will be reached in exact3g the sam

way. The conclusion, as stated earlier, holds g if the proper

assumptions are vald

We have demnstrated the way divergenees between marginal prim

vate and social products come about when technological interaction

exists among two firms. Similar divergences will be created by
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monopoly and annopesar influeumes which will be discussed in parn"

grapW below. Th. cause of the divergences is then in the system's

inability to compensate or penalise those mrginal activities of

individuals (executed wilful3y as in the case of MOnopoly practices

or unuittingly as in the case of external technological economies)

which are desirable or undesirable for the social whole.

The divergence and its effect can be represented in the sim

plified case of a two-dlMensional diagram where the price line oute

across the transformtion curve rather than being tangent to it,

Am now that production takes place at a point on the trano-

formatio scheul and that the good on the I

being produced under onditions vhere its marginal private cost is

relatively higher then its social equivalent (as was the case in the

m3aple given under 2.2). The price line under these conditions

will be steeper than the slope of the transformation curve at the

point of production (see Figure 3A). If the marginal social cost,

on the other hands is higher than private mrginal cost, the price

line is less steep than the slope of the transformation curve at

the point of intersection (see Figure ID).

Though under these assumptions there will be no unemloyment

and factor allocation is efficient in the purey technical sense (one

of the goods being held constant, the other one is mrwumised), however,

the national product is not nisd in terms of value (i.e., the

Conmodity ooqposition of output could be iMproved from the point

3 ?his will be the case if the factor market is competitive.
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External. Tecbnologic4 Economies

ism 1

I?)'

External Technological Disecanmies
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of vim of individal satisfaction).

Maihtmticly if the transformtion cur is defined as

?(z1, X2) a O

the ratio of the social mrginal costs .il be

waoT3. and T2 re ent the drvtives an

The optimum output will be achieved where

P

2 2

At this point factors are allocated efficient3y and the value of

the total product is mimi.sed Should the private mginal cost

of X exseed its social marginal cost, then

2 2

If private Oarginal cost is snaller than social mrginal cost, then

Having reached this far In the ana3ysis, ve shall nor oqplete

the system by including denan! eonditionsi The price ratio * of
2

1AssMe inlependt oonsmwr tastes and rationality in maximising
satisfaction for each and every indivih1.



conrse is not a given but the outoom of the general equilibrium

Mnohaaisme kquilibrium will be reached at a point whee the aar-

ginl rate of teeformtion (the slope of the trasformation curve)

is equal to the marginal rate of substitution (the slope of indif-

ference curves) for each and every individual.1  the slope af the

budget line being tangent to both the teensformation curve and the

highest attainable indifference curve of each Individual define

the price ratio . Under such conditions each person's satis-

.2

faction is nrasead.

It is again a theorem that universally operating pure com-

petition will lead to a result which satisfies the conditions of

double tangenSy.

It was demnstrated that technological external effects within

the systma vioUate the optimal production conditions. It follows

that the condition of double tangency canneot hold either with the

result that the satisfaction of some individuals could be increased

without dmininsn the satisfaction of the others, This is so even

if the price ratio is tangential to each person's indifference curve

at the point where the price line cuts through the transformation

function (so that factor allocation is efficient technologically).

2.6 it was mentioned at the ver outset of this part that

external pecuniary effects by themselves do not give rise to divergenes

,The aggregation of firms iMplies the asswmption of constant
returns to scale in production.
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betveen the private and social marginal ratios. Notice also that

the absence a xternul pecuniary effects was not required amnng the

assuuption listed under 2.1; a social optimn could still be reached

by aompetitive man0. Certain types of external pecuniary effects

were assumed awy implicttig those which are based on the produo-

tion of an intermamate good at falling unit costs or on monopseer

power of individual firm are ruled out by the assumption of universal

coenpeition.

Other external pecuniary effects still remain and operate without

being detrimental to the coqpetitive achievement of the social opti-

wun. For instanae, an increase of output in one of the goods in

response to a change in emend vill probably result in bidding up

the prices of sme of the inputs needed for the production of the

incressed output (especially the price of the factor specific to

the production of the good in question). The changes in factor

prices are neessary to the transfer of factors from one occupation

into the other. Thea pecuniary external diseconoies operating under

such assumption are instrmnwtal rather than detrimental to the

achieIvement of the opt e (t n be mentioned that should the

contracting industries release every factor at the same rate as the

expAnding one eploys them, no change in factor prices needs to

take place.)

2.5 If the adjustment of the "real" factors of the econoW are

haspered by the output distortions caused either by technical

'See page 3, footnote ..
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interconnections or monopoly practices, the change in the price

system (resultng in external pecunia7 effects) reflects the fact

that the equilibtritai sbquent to a change in basic data, is not

optimal. Sins external peciuiary effects of the detrimental kind

are usually associated with monopolies, let us briefly -- minu

their effect on the equilibrium system.

It In a weflknown fact that a monopolist restricts his output.

In deeiding the proper quantities of factors to be hired, he equates

the Iv1rginal reven product (marginel revenue times the rarginal

produAt) of the factor to its price. The consequence is lower

employmnt than would be desirable from the social point of view.

The diagranatic representation of monopoly effects (assume

that the good on the horisontal axis is produced under monopoly

practices) is identical to that of external technological economies

(see Figure IA above). 1 If production takes place under conditions

Sine a monopolist can produce in a phase of Increasing
returns and the presence of external technological effects n io-
ply that purely acUpetitive industries hdve a forvard-falling supply
curve, It is relevant and important to Investigate the effects of
incresing returns on the transformtion curve. It is customary
to show the presence of increasing returne by the concavity of the
transformation curve partialy or throughout its whole range. It
is also customary to refer to a convex transfornation curve as one
reflecting increasing costs. The convexity of the transformation
curve iMplies, hoever, increasing costs in terms of one comodity
which has to be given up in increasing quantities whern"me other
commodity's production is increased by equal ince nts (aslliig
technically efficient allocation)* It reveals, however, only
little about the properties of the underlying production functions
both of which can be in a phase of increasing returns to scale
in spite of the convexity of the tranfornation function. A
siMp1ified proof of this proposition is given in the Appendix
of Part I.

(footnote contimed on next page)
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of efficient technical allocation, the price line will be steeper

than the slope of the transformation curve at the point of Inter-

section. The intersection itself will take place in that section

of the trAnsfornation funetion which is boundoed on one side by the

axis of the good produced by the pure competitor ard on the other

side by the point of optimn output and at that point where the

monopolist'l profits are mwdimdsed.

Notice the striking sMilarity between wilful mnopoly be-

havior and the unwitting practice of technically Interconnected

fir-. Both erploy less of their factors of production than the

quantities necessary for optimial allocation, guided by the equation

of the price of the factor to rginal magnitudes which are not

the socially desirable ones.

(footnote contimed) Given a concave transformation curve, pure
copetition can raintain a stable equilibrium at other than vertex
points if the concavity is the result of technological ex-
ternal rections. Otherwise, pure copetition would always
result in rushing to one or the other vertex points. It follows
that In the case of technological external economies, the mechanics
of pure copetition may reeult in minimisation rather than umnxmi-m
sation. To avoid the added complications created by concave
trensformation curves in welfare aralysis, all situations dis-
cussed In the following pages refer to convex transformation
curves (even though the underlying functions may operate In a
phase of increasing returns to scale).



1.3 The renetoning of Nfternl afects
in a Oeneral Egnilibrim System

3.1 TechnolI al Extornal Boonomies and Diseconomies

When Increasing costs or constant returns prevail throughout

the Syste, external peuniary effects caused by increasing returns

camot exist. Technological external anam a , houmer, can Uel

be present. As demnstrated earlier, the quantities produced will

be under the socially desirable amounts in the presence of these

econies unles comunal. Is possible. 2 This, in turn&

my result in monopolistic practices. The question can be posed

whether monopoly activity or coopetitive production is preferable

under these circumstances. In both cases the respective outputs

are below the socially desirable amount. Monopoly my be desirable

if the monopolist' a output is nearer to the optimum than would be

the output of the pure competitors. This is the more so since

imonopoly can be made to "behave" with relatively eiiple measures

'This statement does not iMy, however that monopolies now
do not have to be excluded to avoid pecuniary externalities.
Shifts of demand for the monopolists product can be such that an
increase in quantity produced may be sold at a E price, even
though the monopolist produces at increasing average cost, The
statement thus refers to the traditional type of external peouniary
oonoaiaes which may exist if an intermediate good used by a oom-

petitive firm is produced on the falling segment of the average
cost curve.

28ee paragraph 2.2, pp. 20-25.

3i



heneve' the intersection of demM and uArginal cost is abov, the

unt coost3 (which is the case now by the excausion of increasing

returns).

An alternative possibility is that one of the outputs is prom

duced wder monopoly, and the other under pure coqpetition with the

presence of external technological ecnonae. If the assumpton

is mode that the level of total eMployment is fixed in society,

then the output restriction practices of the monopolist my in-

crease the competitive outputs towards the optiuen.

There are several combinationo possible, even within the frame-

work of a two-output econour, of the interaction of monopoly and

external technological economies. While some of them will further

inereose the deviation from the optinum, others may well act to

offset alreSay existing discrepancies between the marginal social

and! private products.

3.2 External Pecuniary Eonomies and D conomies

If one of the processes works in a phase of increasing returns,

we know that the unrimising decisions of the firm are of the mono-

polistic kind. It is usually in this connemtion that external pecu-

niary eoomies are attributed the ability to drive a wedge between

social and private marginal ratios. Notice, however, that the

wedge is there from the very beginning in the form of monopoly &o..

tivities. The external pecnniary economies are nothing but the

Ibe problem of subsidies does not arise.
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mnifetations of an alreay rippled equilibrium _8haniam- If the

ono'polist is mad, to *behave" (equate price to mnrginal cost), the

external peciniary ffects are also made Maless.

In order to investigate the nature of the ease, we write that

the cost of ioth firm is a function of its own output and of the

price of the intermediate good (P ) which, in turn, depends on the-a
quantity of a produced. 1 The as tion is rede that shifts in

desed fort are such which bring about an increase of production

and a lowering of prices with the onopolist. Accordingly,

610a c,(xl PS)

with 0 .

It should be explained that P, even without specifying it as-R
in the equation above, is alread iyplicitly present in the function

being one of the parmeIters. Bringing it into the relationship

ezplicitly, we establish P as a regular variable. A change in

P 9 of course, will result in a different choice of factor proportions.

The final effect is the change in the shape of the cost curve acecpa-

nied by a vertical shift.

or the economies to operote, two industries have to expand
their outputs simultaneously which is incompatible with efficient
technological allocation in the two good case. The analysis can be
extended to include a third good. Here the expansion of one of the
industries acompianied by the industry producing an Intermdiate good
will be eXeted with a sinniteneous decrease in the production of the
third good. However, this is a system whose properties are not known
to us.
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Under eeq*etitive long-run eqnii-rum, each irxividual firm

will produce at the minima unit cost point. From the relation

C I aej we find1 that

dCl doI ai

dxi

do
At the miniam unit cost point a 0 and mrginal cost equals

dx1

average cost.

With the admission of one of the factor prices, P , as a

variable, the minimm unit cost and the position of the marginal

cost curve becomes a less straightforward proposition. Thus

dxi x, PSd

Substituting into the marginal cost relationshipp we have

"aZIa

we indiateLy see that at the poit where '6i equals sero,

.. rginl cost vii not .q1u .it cost. We. ,th.t mut h.

positive and by previous assuzption has to be n The sig

represents total cost and ei aerae cost.
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of the product consequently is negative. It follos that "tue"

marginel cost mst be sm1ae* than unit cost at the point where

equals seo. Also, where marginl cost is sm1ler than unit

cost, the latter ast have a negative slope.

The oenpetitive output will not under these otroumsncee re-

sult in an optimal quantity. Each Individual firm will equate prios

to the "partial" marginal cost. But evn it every firm in the in-

dustry would recognise the existence of external economies, they

would not increase their output to the proper quantity unless sub-

sidies were provided to offset the losses.

We have seen in the case of technological external econoUes

that In the absence of direct government interference, monopoly

my be preferable to pure conpetition. This is decidedly not the

case with pecuniary external economies. The purely competitive

industry restricts its output; nevertheless, Industry output will

expand until the profit of the individual firm is sero.

Substituting a monopoly, the equilibrium output would neces-

eerily be smaller (assuming profit maiminsing behavior). This mast

be so since the monopolist would equate marginal revenue to marginal

cost instead of price to average cost (as done by the purely copeti-

tive industry).

Since two Industries in the system produce below the socially

desirable amount, it follows tat, assuming technologically efficient

alloction, the third industry will produce more than the optima.
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If this inhistry is trnformd into a mopoly by horisontal inte-

gration, the subsequent restriction of output and release of factors

my result in the expansion of the other two industries in the diree-

tion of the social optiam.

A simila case to that of monopoly can be established for the

Preseneof nopsos. M4onopsomy in itself will create a discrepanc

between the private and social Targinal product. Care should be

taken however, to differentiate between monopsoi power ezereised

by a single f irm as against a purely copetitive rinustry' ability

to affect factor prices. In the case of the latter, no ham is

done to the attainent of the social optmums each firm within

the industry equates the value of sarginal product of the factor

to its price. The monopsonist--one single firm-faced individually

with a rising factor supply cume will take advantage of the situa-

tion by restricting Mployment to the intersection of the value of

marginal product of the factor to its marginal cost (which is higher

than its price). The restriction in eMployment gives rise to die*

tortions to the social optimus.

Tonopsory practices may result in external pecuniary dis-

economies to a firm which obtains an intermediate good from the

mnopsonist. This, however, is by no means certain and it will de-

pend on the elasticities of demand and on the nature of the shift

of demand involved.

Mbonopsory can be ard usually is exercised in conjunction with

monopoly. The following inequalities given by Joan Robinson" am

'The terminology used here is not Mrs. Robinson' as.
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up the different alternativess

VWF PWF a = PF*

Wre VHP, stands for the value of the marginml product of a factor,

?WPF for its argiml revenue product (mrginal physical product times

merginal revenue at the corresponding level of production), 1P, for

the marginl cost of the factor and P. for its krket price or wage.

The left-ahnd side refes to the ampolistio ccploittion af the

marks6, whereas the right-hand side refers to the Konopsonistic one.

Though the differunt oombinations may give rise to several ways

by which discrepancies between the social ad private -mrginal prod.

uot can be created* which, in turn, ma have externl effects on

other firm in the systms, the subject will not be further discussed.

The ana3yis twolved Is similar to that presented for ezteml peen.

niary economies created by monopolies, coplicated by the assuMptions

which have to be made about demand elsaticities.



I10 Eternal Iffects. Casitui Skills-

and Changit Productiop Fnctions

The previous discussion referred to situations where the total

supply of each factor and the state of technology was held invariant.

Let us consider cases nov where both the total supply of factor and

prodUstion funetions an undergo changes. Under these assmaptions,

if universa3ly pure copetition prevails (and technical inter-m

connections between production functions do not exist), the =-ohanies

of pure competition will lead to the social optimum much the same

way as in the previous situation.

.1 COe of the important externalities underlying a forward.

falling uply curve may be analysed in this connection. It is a

well-knowM argument (which originated with Marshall) that as output

increases in the econorn, the skill of the labor force also increases.

This is, of course, a dynamic argument, but in the subsequent analysis

an attempt will be made to present it in a static framework.

The 4280ple of increasing skills is an interesting ons. It is

well suited to demonstrate the essence of the difference between

technological and pecuniary exterml effects and soe fallacies to

which careless reasoning my lead.

A change in the skill of labor can be analysed in two ways.

0- alternative is that we assme, production functions given, a

l1
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fted ptrseal supp2y of labor tich we convert into "efficienqr

unita" computed by the use of some Inde based on arginai produce-

tivitiee. When skills inorease, the supply ourwe of labor In of-'

fioienq uits hilfts to the right.

Such an approsoh hoever, is a misleading one (for reasoas

whiah will be discussed in a Moment) and the notion of efficiency

units is ill-defined. So lt us tutn to the second alternative.

We shall deftne the production fuAnion in such a way that

with each Ohange in the si11a of the labor supp3y a new function

becomes relevant, while the total supply of the factor remins

invariant. This toonm that a a skills change, the isoquante of

the function will shift reflecting the various new cobintion

of inputs which wil load to the production of different specified

levels of outputs. In this process isoquants are so rearranged

that the corresponding outputs produced by Identieal faetor com

binations will be greater after than those before the change In

skil1. The final result is sonething similar to Hicks' labor

saving innovation.

Let us investigate now what the external effect consists of

and how it comes about. Assum that to each level of total output,

there corresponds a certain level of skill. When the econor e-

pands (due, says to a plvsical increase in the supply of an input),

the level of production increases and with it the level of skI1s

of the labor force. It is clear that the totality of firm in the

process of increasing the production of the different marketable



outputs also prodes a n9mkestable outputs skiIls. The Creation

of skLis, in turn, affects each fIrm a production function in the

above discussed mner.

The productive factors engaged ty each fir will have a narginal

productivity in terms af the good in the production of which they are

eployTed. They also have a -arginal productivity in tems of all other

produota, the production funAtions of whinh are affected through the

mrgial contributions of thes facters to the general level of okills.

Each =ager, however, as demonstwated in the discussion of exe-

ternal technological , will disregard whatever uarginal

produtivity a factor my have in the production of other goods and

compute the value of its msginal product based on its margiml pro-

ductivity in the process where it is employed. The result is that

the distribution of labor among the different f ir-w will not be the

same as the socially desirable one.

Labormeaving innovations (such as the shift in production fune-

tions in response to a change in skills) will have, of course, pecu-

niary effects. In a one good, two factor econvoq, it will decrease

the relative or absolute share of labor In the distribution of the

total product (unless the other factor is redundant). With the change

in relative or absolute shares, factor prices will elso change which,

in turn, will have its effect on the cost curves. Since the shift

of cost curves is due to factors external to the firu, the shift can

be attributed to external pecuniary economis or diseconomies. The

effebt of these external pemdary econaes or dies&onomies can be

43
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an82"w exa cta he sam w as we hav done preriousb.

Let us consider nwm uhat we hav de.nstrated above. Doe to

changing skills the firms experience two types of eaternal effectes

one is tachnologicul (operating on the production function), the

other Is pecnniary (operating through changes in factor prices).

It is most iportant to realie that the distortion In welfare

allocation is due to the distortions caused by the h

erw1l internation. Whatever distortions the uternsl pecuniary

effects an have9 they are reflections of the fact that the alloca-

tion of factors among the tirms is already distorted due to techno-

logical interaction. If the latter Is offset by appropriate taxation

or subsIdies, the pecuniary external effects are nothing but the

tools of the general equilibriu mechanim adjusbing to the shifting

of the production functions,

Notice that technological external effects have taken over the

role of monopolies in oreating conditions which result in pecuniary

external effects of the type associated with welfare distortion.

At the outset of this section it was mentioned that there is

an alternative way to anflyse the problem of increasing skills, and

the notion of a supply curve in efficiency units was established.

It was also mentioned that the analysis based on the efficioney

supply curve (apart from the fact that this is an ill-defined con-

cept) might be misleading. here Is the reason. As the efficiency

supply of labor shifts due to a change In total output in the economw,

the marginal product mrve of labor (in efficiency units) will shift.
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This alters factor prices (relative or absolute) ad the firm's

cost function undergoes a change due to external peauniary eonoates

or diacornomes. So far, so good. In this type of analysis, hwever,

no mention is made about the technological interocxnsctions among the

firwa. Th careless conclusion is easily reached here that eeternal

pecniary effects are cause for velfare distortions. The distortions

coused by the technological m4a1oation we omouflaged by the

shitting efficiency supply curwe.

4.2 An eseentially similar treatmeat can be given to the prob..

lea of induced technological change. Here an increased productive

activity in an industy or the whole soioanog wl result in an I-

provement of productive techniques manifested by the shifting of

production frnctions. The ana3ysis of the case Is not necessary

here Since it follows eaoty the steps of the above reasoning.



Conclusion

The prerious put aied to demonstrate the workings of the

peoiniasy and technologi0l eternal effects within the setting of

the nmooleesical framewik. t was d monstrated that pecuniary

external effects are no I canse to welfare menanoation, and

inaOMzeah as they lead to distortions, they do so only becuse the

generel equilibrium mechanism is alreai disturbed by the presence

of more basic factors. These are monopolies and technological ex-

ternal interconnections among the production functions of the differ-

out fUsm. In the absence of the atter peIuniary external effects

are nothing but the manifestations of the general equilibrium ad-

justment meehanisn.

For this reason it eee to be important to approach the prob-

lea from the viewpoint of productivity rather than cost. If the

social optan Is not achieved, the investigation of the causes

should focus on the practices of the monopolies and on the fact

that certain productive factors may have margiml productivities--

positive or negative.-In other than those processes where they

are hirede

Mfonopolies and purely coipetitive firms operating under the

influence of external technological effects have something in common.

46
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Both prodnae (Oepley) other then socalty desirshs quantities. The

mnopo'ist does this by equating the mrginal revenu prodnet of the

factors rather than the value of its Margiml produet, to the price

of the factor. The pure copetitor, on the other hand, dogs not

take into consideration the marginal product of his factor In other

lines of production when co-uting the valus at its marginal product.

The result to simlar.

The solution is in penalizing or rewarding (whatever the case

may call for) those argiml activities which lead to misa1location.

Benvolent collusion under the ciroumetanoes mr be desirable. Just

as tuo mopolists (producing eeqplomentary goods) can enter into

collusive practices whib will Increase both the welfare of con

sumrs and their own profits, pure opetitors by collusive hiring

my eliminate the effects of tehnological interaction.



AlitndiMxto Part I

The production funtions at purely aooMetitive industries-

under certain assusptions-- e hogenouof the first order.

Tecniha1 intersction between flme and industries will change the

haraFter of the functions by creating increasing returns to seale.

Mhile purely competitive firms cannot produce on a falling

seguent of the average coat curve, monopolie can. This, in effect,

implies that the monopolist my produce in a phase of increasing

returns to scale in the production function.

If increasing returns to scale prevail in both industries of

a two good, two factor model, what right do we have to assum a

convex transformtion function?

In the following pages it will be demonstrated that it is

possible to have a conveo trensformation function, even though both

production functions underlying it operate in a phase of increasing

returns. Before civing a more deta.iled demonstration, consider the

following nonrigarous heuristic argument.

It is a well-known fact that, given two homogeneous functions

of the first order, the resulting transformation function may demon-

strate strong corvexity. By renumbering the isoquants of the two

functions in such a way that the resulting increasing returns to

48
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scale are infinitesiml in both, the co wponding tranMfomtion

function vill wdergo a change, Based on tm ntion of continuity,

houever, we instinctively know that a transformation cum with

strong conrezity aill not sudden asum a ConMave shape following

this operation.

Let us turn nw toa more rigorous dentrtion of the sam

proposition by establishing sufficient oanditions.

Assum the existence of two production functions, both of them

honogeneous of order greater than one and two factors of production,

the supply of which is given.

X a F(XV Ci), with the property X. F(XX %)I n> I

y a G(Lu ) C-", O(X(-) (0-C,))l n >

'EST +I

EaW0 +C
z y

Let us form the EdgeWorth boz, the sides of which conform to L

and 0. The efficlent points of production will be defined by the

aeficieney locus," i.e, th Ioce= of the points of tangencies of

the respective isoquants.

Br the assuiption of homogeneity, we know that the efficiency

locus will be a monotonical2y increasing function of x and vill lie

on one or the other aide of the diagonml of the bat without crooing

it. It my have# however, an inflection point which, for the sake

of simplicity, we rule out.

v



50

Ir a is the good praoIed by labor-Inteneive mheods, then the

enereliad contract curve is formalised ty

0.

and the condition of wmotonic increase without irtlection is given

by

0 } d2#< o for aln L.

The geostrie representation iU found in Figure 2. Along the

efficienay loous for each cepital-labor ratio (defined by the slope

of a straght line drawn from the o origin to =W point of the con.

tract curve), there exists a unique quantity of £ produced. This

follons from the properties of the ( ) function.

Thus -

x a x (c BX 1x

As Is a funation of and C of L it folws that z is a

function of alone along the contract curve.

Each designates a unique quantity of C and along the

ontract curve. Given fixed factor supplies, the residuals will fix

CCfor elbh unique quantit of and p . in effecthe onteact

ithere will be a unique quantity of y, prduedaong the contract
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CUrVe-a41o a function of Z. We tbu have two parstri quations

Y a F2 (4)i

If a a monotoie12lg I ing convex

<0) f aonof and Is a AonAn

deorensing cOnM ) 0) fanction of then

the transformation function between & and X has

the property that < o. In the liit both

and X my be straight line functions of for

the theorem to hold.

The geometric representations are given in Figures 3& and

3B.

To Admnstrate the validity of the theorem two propositions

have to be verified.

E s Wd g can be functions of such

as described by the theom Wven though the

respective production functions are homogeneous

of order greater than one.
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III ther. exists a relationship betueen

the properties of F , '2' and ?(xy) such

as to ensbla us to predict the propertis of the

latter based on the properties of the former.

To Verigy Lam i, lt us recal that in our ez m is a

laborMintensive coMmdity (there is n loss of generality in this

asau~Aions if £ is dspitAl-intensive, an analogous argument can

be coined). lot us also remind ourselves that along a ray from

the origin g is prduced nder increasing returns to scale. The

contract ourve# hawever, is so defined that for each g there belongs
C

a different which Increases as I insreases. In other words, as

the production of x increases and factor proportions are so adjusted

that the conditions of efficient allocation are observed, the labor

intensity of the production is gradually atered down by adopting

increasingy capital-intensive methods. As we increase the pro-
Cz

duction of and with it the marginal rate of substitution of

capital for labor also Increases. In effect, with each successive

adaptation of a higher the amount of capital, which ong wou2d

have to give up In order to stay on the r isoqumnt if labor were

substituted for it In equal irments, in it the snoessive

increase in the arginal rate of substitution is significant and the

ITh verification of Lam I by purdy =athemtical means is
not difficult, lam n, however, does not lend itself readily to
uthematical treatment. For this reason a verbal proof is retained
here for both Lmm I and Lea II.



order of the hmogenmoe function is on3y lighty greater than o,

it tollous that as Increases, & will increase but at a dlalniheing

rate. This proves that part of Laws I which refers to & as funation

As the oowmpooding proof for the state nt ooring b is

read3y fond by essentia3y simlnar reasoning, the oopletion of the

proof t ar ms I wIll be oitte*S.

If *e haeu reached this far, then w awe alost hown. The proof

of asa II and with It the proof of the theorm is readily found.

The mark of convexity in the teWformtion function is that

as the production of one of the goods is successively increased by

identical quantities, the production of the other good by

increasing amounts. (In the continuous case the liirt of the Inere.

ments is taken.)

Dos the above property hold In our case? It most certainly

does. To demostrate this the elegant wy, assume that a is a

straight line function of (the limiting case) and g is a concave

(4 >0) function of . The proof of the more general aase, in
dXj

which both functions are nnnear, readilyo folls from this special

Lot us push along the efficiency locus from the origin of a
towards the origin of X In successive steps such that the length of

each step is determined by an identical incrmnt in JZ.

4W proof for the limiting case, where x is a straight line
function of Iv foflows readny from the above.
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In tew of the prako tion at a this will mean identical Inwee

mente for mch ancessive equal iranrmt in N. For the production

of X the equal inoremnts in i np successively increasing doore-

ment. This proves the coneity of the transformation fSnation for

the ecil ease. What about the general case when in a ooneez

( ( 0) function of In this case as is increased by

equal incremnts, the corresponing incremnts in X will be sue-

cessive2y diminishing a phenomnon which further reinforces the

coFeaity at the transformtion function. This ooqpletee the proof

of the theorem.

HWing reached this far, it is vorthuhile to point out the

follwing interesting corollary to our theorem.

Corola If the production funtions of F and

Sare homogeneous of order greater than one, and

the paraumetri equations are both straight line

functions, thmen e resulting transformation

nve il be also a straight line function.

This is so even though the off icieny locus is

ome= and not a straight lim.

The proof of the corollary follows straight from the proof of

the theorem and does not need separate treatMInt.


