MIT
Libraries | D>pace@MIT

MIT Open Access Articles

A Bound from Below on the Temperature
for the Navier--Stokes--Fourier System

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Baer, Eric, and Alexis Vasseur. “A Bound from Below on the Temperature for the
Navier--Stokes--Fourier System.” SIAM Journal on Mathematical Analysis 45, no. 4 (January
2013): 2046-2063. © 2013, Society for Industrial and Applied Mathematics

As Published: http://dx.doi.org/10.1137/120883773
Publisher: Society for Industrial and Applied Mathematics
Persistent URL: http://hdl.handle.net/1721.1/83887

Version: Final published version: final published article, as it appeared in a journal, conference
proceedings, or other formally published context

Terms of Use: Article is made available in accordance with the publisher’s policy and may be
subject to US copyright law. Please refer to the publisher’s site for terms of use.

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/83887

Downloaded 12/09/13 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal §/ojsa.php

SIAM J. MATH. ANAL. (© 2013 Society for Industrial and Applied Mathematics
Vol. 45, No. 4, pp. 2046-2063

A BOUND FROM BELOW ON THE TEMPERATURE FOR THE
NAVIER-STOKES-FOURIER SYSTEM*

ERIC BAER' AND ALEXIS VASSEUR!

Abstract. We give a uniform bound from below on the temperature for a variant of the com-
pressible Navier-Stokes—Fourier system, under suitable hypotheses. This system of equations forms
a mathematical model of the motion of a compressible fluid subject to heat conduction. Building
upon the work of [A. Mellet and A. Vasseur, Monatsh. Math., 157 (2009), pp. 143-161], we identify
a class of weak solutions satisfying a localized form of the entropy inequality (adapted to measure
the set where the temperature becomes small) and use a form of the De Giorgi argument for L°
bounds of solutions to elliptic equations with bounded measurable coefficients.
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1. Introduction. Let Q2 C R3 be a bounded domain with smooth boundary.
We consider weak solutions to a variant of the Navier—Stokes—Fourier system, in the
presence of no external forces and subject to heat conduction driven by Fourier’s law:

Op + div(pu) =0,
(1.1) O (pu) + div(pu @ u) + Vp = divs,
I (ps) + div(psu) + div(=52) = o

in (0,7) x Q, with the initial and boundary conditions

{ p(0,-) = po, (pu)(0,) = (pu)o, 6(0,-) = by,
u(t, Yoo =0, VO(t, ) n(-)]oa =0.

This system of equations models the motion of a viscous, compressible, and heat-
conducting fluid, where p = p(t, z) denotes the density of the fluid, v = u(t, 2) denotes
the velocity of the fluid, and 6 = 6(t,z) denotes the temperature of the fluid. The
quantity p determines the internal pressure of the system, while S, k, s, and ¢ denote
the stress tensor, heat conduction coeflicient, entropy, and entropy production rate,
respectively—our assumptions on the behavior of these quantities are determined by
the particular constitutive relations of our model; for more details, see the discussion
after the statement of Theorem 1.1, as well as the complete specification in section 2.

Recently, Mellet and Vasseur [16] studied bounds from below on the temperature
for a suitable class of weak solutions of a variant of (1.1) when the pressure p(p, 0) is
affine in the temperature variable, i.e.,

p = pe(p) + Rpb,

*Received by the editors July 6, 2012; accepted for publication (in revised form) April 24, 2013;
published electronically July 2, 2013. This work is part of the first author’s Ph.D. thesis at the
University of Texas at Austin, 2012.

http://www.siam.org/journals/sima/45-4/88377.html

TDepartment of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139-4307
(ebaer@math.mit.edu). The work of this author was supported by the National Science Foundation
under Award DMS-1204557.

iDepartment of Mathematics, The University of Texas at Austin, Austin, TX 78712 (vasseur@
math.utexas.edu). The work of this author was partially supported by the NSF.

2046

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/09/13 to 18.51.1.88. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal §/ojsa.php

TEMPERATURE BOUNDS FROM BELOW FOR THE NSF SYSTEM 2047

in which case the entropy equation (that is, the third equation in (1.1)) is replaced by
O(p0) + div(pfu) — div(kV0) = 2u|D(u)]* + A divu|® — Rpf div u.

In [16], the authors use an instance of the De Giorgi argument [6] for boundedness
and regularity of solutions to elliptic equations with bounded measurable coefficients
to establish uniform (in space) bounds on the logarithm of the temperature, which in
turn give uniform bounds on the temperature itself.

The goal of the present work is to adapt the methods of [16] to treat the system
(1.1), in the case that the pressure is no longer strictly affine in the temperature
variable. This change in assumption on the pressure corresponds to a somewhat
more physically accurate model; in particular, the constitutive assumptions on the
quantities driving heat conduction in the system can now be related to basic thermo-
dynamical principles (see [12, 14] for further discussion on this point).

Our main result is then the following theorem.

THEOREM 1.1. Fiz T > 0 and Q a bounded open set. Suppose that S, kK,
o, and the state relations s and p (which, respectively, represent the entropy and
pressure relations of the system) satisfy the criteria established in section 2, and
let (p,u,8) be a weak solution to the Navier—-Stokes—Fourier system (1.1) satisfying
we L2(0,T; HY(Q)),

(1.2) / po Max {1og <i> ,0} dx < oo,
0 fo

and p € L>=(0,T; L (Q)) for some w > 3, along with the local entropy inequality (3.1)
for a.e. 0 <t <T and a.e. 0 <s < t, as well as for a.e. 0 <t < T with s = 0.1
Then for all T € (0,T], there exists n. > 0 such that

a(ta {E) 2 N, T

for a.e. T<t <T and a.e. x € Q.

Theorem 1.1 states that for a particular class of weak solutions, the temperature
is bounded away from zero uniformly in space.? We remark that the assumptions on
the system appearing in section 2 are all physically motivated and are quite general.
In particular, the quantities p = p(p, 0) and s = s(p, 0) represent the internal pressure
and entropy of the system, and their precise forms along with those of the viscous
stress tensor S, heat conduction coefficient x, and entropy production rate o are
determined by the particular properties of the fluid under study. We refer the reader
to [14, Chapter 1] for a full discussion of the derivation and physical relevance of the
Navier—Stokes—Fourier system (1.1).

On the other hand, the assumptions on p, u, and 6(0, -) are more closely connected
with our tools and techniques. As we mentioned above, the authors in [16] use a
variant of the De Giorgi argument for L>° bounds of solutions to elliptic equations
with measurable coefficients to establish the desired L* control over the logarithm of
the temperature (which corresponds in our setting to the entropy, i.e., the quantity

I'We shall describe the significance and relevance of these restrictions on the class of weak solutions
in the discussion below.

2The proof in fact gives a slightly stronger statement, since the argument does not require that
the triple (p,u,s) satisfy the full conditions of a weak solution for (1.1). In particular, the only
properties used in the argument are (i) the bounds u € L2(H}), (1.2), p € L>(L*) with w > 3, (ii)
the local entropy inequality (3.1), and (iii) the conservation of total mass [, p(t, z)dx = [, po(z)dz
(which follows from (1.3)). We use the present statement to emphasize the connection with the
system (1.1).
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s(p,0)). Generally speaking, this technique is based upon the balance of two key
pieces of information:

(a) a localized form of an energy/entropy inequality (e.g., the local energy in-
equality satisfied by suitable weak solutions for the incompressible Navier—Stokes
equations; in our case, this takes the form of the local entropy inequality (3.1)),
and

(b) a nonlinear iteration argument driven by the Chebyshev inequality.

As is often the case (see, e.g., the discussion in [2] for the case of incompressible
Navier—Stokes), in order to obtain an appropriate form of the local entropy inequality
we must restrict the class of weak solutions. In [16], the authors work with the
solutions constructed by Feireisl in [8], which arise as limits of a somewhat involved
approximation procedure. This procedure in particular preserves an appropriate form
of the entropy inequality at the last level of the approximation, which enables the
authors to obtain the desired L>° bounds uniformly in the approximation parameter.

In the present work, we base our notion of weak solution on the existence theory
developed by Feireisl et al. (see [14, Chapter 3], as well as the works [8, 9, 10, 11, 13]).3
In this setting, the identification of an appropriate form of the local entropy inequality
is somewhat more subtle, since the entropy s(p,6) may now depend on both the
density p and the temperature 6 in a nonlinear way. In particular, recalling that
these localized inequalities are typically obtained by multiplying the equation by an
appropriate cutoff function, one observes that the (possibly nonlinear) interaction
of p and 6 inside s(p,0) imposes some difficulty. Moreover, the system possesses
diffusion in € but not in p. Nevertheless, when the functions involved have sufficient
regularity, we can use the product and chain rules to obtain a suitable variant. We
also remark that the De Giorgi technique does not apply to general systems; indeed,
counterexamples (due to De Giorgi) to the corresponding regularity results exist.

Note that the regularity required to perform this procedure is only present at the
very beginning of the approximation procedure described in [14], where the equation
has a number of additional terms which would interfere with the De Giorgi argument.
Indeed, the existence of such smooth solutions for the original system (1.1) is a major
open question. In light of this, we first establish the local entropy inequality for smooth
solutions to the Navier-Stokes—Fourier system (1.1). Our main result, Theorem 1.1,
then imposes this inequality as an assumption used to derive the desired temperature
bounds. We refer to the section below on the existence theory for weak solutions for
further comments on this issue.

Notion of weak solution. As mentioned above, we consider a weak formulation
of the system (1.1), based upon the existence theory developed by Feireisl et al. for a
related system with additional radiative terms. We now recall the relevant notion of
weak solution from [14, section 2.1], written for the system (1.1).

Suppose that S, k, o, s, and p satisfy the consitutive relations established in
section 2 below. We say that a triple of measurable functions (p,u,0) is then a
weak solution of the Navier—Stokes—Fourier system (1.1) if p € L*((0,T) x Q), divu €
LY((0,T) xQ), and, for some ¢ > 1, Vu € L1(0,T; LY(Q;R3**3)), (0,V0) € LI((0,T) x
2)2, with

(i) p>0,0>0ae. on (0,7) x £,
(ii) u|aQ =0, and

3Note that the model described in these works contains an additional radiative term when com-
pared to the system (1.1); at present, this additional term is a required component of the known
existence theory. We discuss this in more detail at the conclusion of this introduction.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(iii) the continuity equation is satisfied in the renormalized sense of [7]; that is,
T
| @)@ - Vo) o
0o Jo

T
= iv ugM dadt — M x
(1.3) | [ e aivusasat = [ B0 0)d

for every b € L>® N CY(0,), B :[0,00) — R defined by

B() = 1+ | A

and all test functions ¢(*) € C1([0,T) x Q), while the momentum and entropy pro-
duction equations are satisfied in the distributional sense; that is,

T
/ / pu - 0,0 + plu @ u] : Vo + pdiv ¢ dedt
0o Ja

T
_ VoD dwdt — [ (ow)e - 62 (0)da
(1.4) _/0 /Qs.ws dadt /Q(p Jo - 62 (0)d

T T
3) L. T3 —KVO o)
/0 /st((?t(b +u-Vo )dxdt+/0 /Q 7 Vo' dxdt
(L5) = (0,6 - / pos(0)6) (0)dz
Q

for all test functions ¢ € CL([0,T) x 4 R?), ¢ € CL([0,T) x Q), together with
the integrability conditions required to make sense of each quantity in (1.3), (1.4),
and (1.5).

Comments on the existence theory for weak solutions. As remarked
above, the existence of weak solutions (in the sense described in the previous section)
satisfying the hypotheses of Theorem 1.1 is not known at present. In this context,
two distinct issues arise: first, the existence of weak solutions for (1.1) itself in the
specific setting of the class of constitutive relations described in section 2 and sec-
ond, existence of weak solutions satisfying the additional hypotheses identified in the
statement of Theorem 1.1.

Concerning the first issue, existence of weak solutions for (1.1), recent work of
Feireisl [8, 9, 10, 11, 14] Feireisl and Novotny [13] have developed an existence theory
for weak solutions of (1.1) when the constitutive relations on the heat conduction,
entropy, internal energy, and pressure adhere to the hypotheses described in section 2
and, moreover, admit an additional term describing the influence of radiation at high
temperatures. It should be noted that this radiative term is currently required for
the existence theory. However, at the present time, it is not clear how to adapt the
proof of Theorem 1.1 to allow for the presence of radiation, and we therefore consider
the nonradiative case (for which existence of weak solutions is at present an open
question).

Turning to the second issue, existence of weak solutions satisfying the full hy-
potheses of Theorem 1.1, the additional assumptions beyond the notion of weak so-
lution amount to integrability for u and p, and the local entropy inequality (3.1).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Note that the integrability condition u € L?(0,T; H}(2)) can be ensured by taking
a = 11in (2.6) and (2.7) (see [14, Theorem 3.2]), while the bound p € L>(0,T; L“(2))
for some w > 3 can be imposed by adding an additional term to the pressure; the
desired bounds then follow for this adjusted equation via the energy inequality (see,
for instance, the treatment in [8]).

Concerning the local entropy inequality, it is reasonable to expect that the argu-
ments we present can be further developed, adapting the proof of existence to preserve
the local entropy inequality in the limit (corresponding to existence of suitable weak
solutions obtained by Caffarelli, Kohn, and Nirenberg in [2]); such an approach is
carried out for a compressible system without heat conduction in [15]. However, we
choose not to pursue these issues further here.

Outline of the paper. We now give a brief outline of the rest of the paper. In
section 2, we establish some notation, fix our assumptions on the constitutive relations,
and give the formal statement of the main results of our study. Sections 3 and 4 are
then devoted to the proofs of the local entropy inequality and the bounds from below
on the temperature, respectively. We conclude with a brief appendix giving a basic
distributional calculation that will be useful for our arguments, and describing how an
additional hypothesis of bounded density can lead to some relaxation in the growth
hypotheses imposed on the entropy.

2. Constitutive relations and general assumptions on the system. We
now introduce some hypotheses that further restrict the constitutive assumptions for
the system (1.1). In particular, in the remainder of the paper we will assume that
p,e,s € C1((0,00) x (0,00)), p,n € C([0,0)), and k € C1([0,0)), P € C([0,00))
satisfy the hypotheses listed below.

We begin by stating some structural hypotheses concerning the influence of vis-
cosity and heat conduction within the fluid. In particular, we will assume that S and
o take the form

S = u(2D(u) — 21 divu) + nl divu,
o> (2D (u) — 21 divul® + 2n| div u/? n /<5|V9|2’
20 62
with D(u) = Vu + (Vu) T, and where o is a Borel measure on [0,7] x €.
Because we are working in a compressible model, the forces driving the fluids
evolution include the pressure that the fluid exerts upon itself, in addition to the

viscous interactions described by the stress tensor S above. The derivation of these
forces arises from thermodynamical considerations, beginning with Gibbs’ equation,

1
(2.2) 0D p.0)5(p,0) = D(,.91¢(p,0) + p(p,0)D(,,0) (;) ,  for p,60>0,

(2.1)

where D(, 9y = (0,,0). As mentioned above, the quantities s and p represent the
entropy and pressure of the system, while e represents the internal energy. Re-
garding p and e, we require that for all p > 0, there exists e(p) > 0 such that
limy_,o+ e(p, 8) = e(p), and that for all p,§ > 0 one has d,p(p,0) > 0, 0 < dye(p,0) <
¢, and |pd,e(p, 0)| < ce(p,d). Moreover, for the purposes of our study we restrict our-
selves to the study of a monoatomic gas in the absence of thermal radiation effects,
in which we have the further relation

(2:3) p(p,0) = 3pe(p,0).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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As a consequence of (2.2) and (2.3), there exists P € C! such that P(0) = 0,
P’(0) > 0, and

2

pio.t) =0ir ()

for all p,# > 0. In accordance with (2.2) and the above hypotheses on p(p, ) and
e(p, ), we have

3 (%P(Z) - ZP’(Z)) '

p .
(24)  s(p0) =S (55) with §(2)=—3 —
Moreover, these hypotheses on p(p, ) and e(p, 0) ensure that
(2:5) S(Z)>—aZ™', Z>0.

Finally, concerning the shear viscosity and heat conduction coefficients p and &,
we shall assume that for some o € (%, 1], the conditions

(2.6) (L4+0%)p < p(0) < (1460,
sup |1/ (0)] < m,
9
and
(2.7) & < k(0) <E(+ 6%

hold for some constants 0 < u <7t < 00, 0 < Kk < E < 00, and ™ > 0.

We remark that all of the above assumptions are physical, internally consistent,
and also consistent with the work [14] (see also [8]), up to the exclusion of the radiative
term as discussed above. For technical reasons, we will also impose two additional
constraints:

(i) the inequality 6 < n(6) holds for ¢ sufficiently small, and
(ii) there exists C> > 0 such that

(2.8) SN(Z) < —CyZ™' VYZ >0.

The constraint (i) is a statement of nondegeneracy of the viscosity coefficient which
enables us to use the diffusion in 6 to control the growth of a quantity like log @, while
the constraint (ii) ensures that the entropy grows sufficiently fast as 6 tends to zero.
Note that the case of affine pressure treated in [16] corresponds to S’(Z) = —Z~1.
We refer to Appendix B for a discussion of how (2.8) can be relaxed when the density
is known to remain bounded.

Having established these assumptions on the constitutive relations, we now ad-
dress the main results of our study.

3. The local entropy inequality for smooth solutions. We now turn to the
local entropy inequality (3.1) that we described in the introduction. In particular, the
statement of this inequality will make strong use of the following truncation operator,
which will be applied to the temperature 6: for C' > 0, we define fc : [0,00) — [0,C)
by

fe(z) = (2= C)— 4+ C = min{z, C}.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Fixing 0 < s < t < T, the local entropy inequality is then

¢ 2D(u) — 21 divul? + 20| div ul? Vo|?
/ pic(tz)de + / / pl2D() = 31 divul® + 29| divel®  w|VO]2
Q s J{9<C}

20 02
t
(3.1) S// (=p*8,5(p, C) divu) da:dt+/p§c(5,x)d:c,
s J{o<cy Q

where

S0 = s(p,C) = s(p, fc(0)).

In particular, smooth solutions to the Navier—Stokes—Fourier system (1.1) satisfy (3.1):

PROPOSITION 3.1. Fiz m € N. If (p,u,0) is a smooth solution to the Navier—
Stokes—Fourier system (1.1) with p € L°°(0,T; L¥()) for some w > 3 and u €
L2(0,T; HY (), then for every 0 < s <t < oo and C > 0 the solution satisfies the
local entropy inequality (3.1).

It should be noted that the existence of such smooth solutions is an oustanding
open question. Nevertheless, Proposition 3.1 indicates the plausability of imposing
(1.1) as an additional restriction on the class of weak solutions.

Proof of Proposition 3.1. Let C' > 0 be given and note that

(3-2) O (psc) +div(pscu) = (I) — (I1),
where we have set
(1) := 9e(ps(p, C)) + div(ps(p, C)u)
and
(1) := Ox(ps(p, fc(0))) + div(ps(p, fo(0))u).
Note that a straightforward calculation gives

(I) = (Gep)s(p; C) + pdis(p, C) + Vs(p,C) - (pu) + s(p, C) div(pu)
= p(0ps(p, C)0ep) + (9ps(p, C)Vp) - (pu)
= —p?0,5(p,C) div u,
where we have used the continuity equation dip + div(pu) = 0 to obtain both the

second and third equalities.
For (II), we will make use of the identity

(3.3) O +V0-u= Oi(ps) + div(psu) + p?0,s(p, 0) divu|,

1
a(p,0)

where we have set a(p,0) = pdyps(p,d). Indeed, using the definition of s and the
product rule, we obtain

Oc(ps) + div(psu)
= 0i(ps(p,0)) + div(ps(p,0)u)
= (Op)s(p,0) + pOis(p,0) + Vs(p,8) - (pu) + s(p, 0) div(pu).
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This is then equal to

P 90001010+ 005(0.0)018] + |0,5(0.6) ¥+ 005t 6)76 - (o
= p0ps(p,0)(Orp + Vp-u) + (pOps(p,0))(0:6 + V6 - u),

which gives the identity.
Returning to (II), we use the product rule to obtain

(II) = (9ep)s(p, fc(0)) + poes(p, fc(0)) + Vs(p, fc(9)) - (pu)
+ 3(p, fc(9)) div(pu)
= p3ps(p, fc(0))(Bep +u-Vp) + pfc(0)des(p, fc(0))(0:0 +u - V)
= —p*0,p5(p, fc(0)) divu+ pf&(0)Des(p, fo(6))(0:0 + u - V0)

so that
(IT) = —p20,s(p, 0) div u + pdys(p, 0) (040 + u - V)

when 0 < C and (1) = (I) when 6 > C.
Combining these calculations, we obtain that (3.2) is equal to

P (0,5(6,0) — By5(p, C)) divu
— (pOys(p,0)) (00 + u - V)
— (=20, s(p, C)) divu — [0, (ps) + div(psu)]

for (¢,x) such that § < C, and equal to 0 when 6 > C.
We then have

d(pSc) + div(pscu)
< [ — p*0,5(p, C) divu

p|2D(u) — 21 divul? 4+ 2n|divul>  k|V6]?
- 59 - Lig<cy(0)

. [ kVE
— div (T) 1{9§C}(0)

< [ — p%0,5(p,C) divu

p|2D(u) — 21 divul? + 2n|divul>  k|V6]?
- 59 - Lig<cy(0)
e (S50

in the sense of distributions, where we have used (1.1), (2.1), and Lemma A.1.* The
desired result follows by integrating over [s, t] x . d

“In fact, solutions of (1.1) satisfy (2.1) with equality. We retain the inequality in our calculation
to emphasize that (3.1) is consistent (at least formally) with (2.1) under weaker notions of solution,
provided that other steps in the argument can be given proper justification.
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4. Temperature bounds: The proof of Theorem 1.1. We next turn to the
proof of Theorem 1.1. Recall that the goal of this theorem is to establish uniform
bounds from below on the temperature 8 for weak solutions satisfying the local entropy
inequality (3.1) (together with certain integrability conditions on p and u).

The proof of this result follows the proof of [16, Theorem 1] and, as we mentioned
above, is based on the use of Stampacchia truncations and De Giorgi’s regularity the-
ory for elliptic partial differential equations. We remark that these methods have seen
much recent application in parabolic problems and the equations of fluid mechanics;
see, for instance, [4] and the references cited there—we also point out the works of
Caffarelli and Vasseur [3], Beiro da Veiga [1], and Chan [5], as well as a treatment
of the partial regularity theory [18].

To facilitate the De Giorgi iteration argument, we recall a lemma showing how
superlinear bounds can lead to improved convergence properties.

LEMMA 4.1. Let C > 1 and B > 1 be given and let (Wy)ren be a sequence in
[0,1] such that for every k € N, Wj4q < C’k“Wk'B. Then there exists C§ such that
0 < Wy < Cf implies Wi, — 0 as k — oo.

The estimate contained in Lemma 4.1 is classical; for a proof, see, for instance,
[18]. With this lemma in hand, we now address the proof of the theorem:

Proof of Theorem 1.1. Let Q C R®, T > 0, and (p, u, ) be given as stated. Fix a
decreasing sequence (Ck)r>0 C RT and an increasing sequence (Tj)r>0 C R, both
to be chosen later in the argument, and define

Uk = U(Ok,Tk),

where for each C' > 0, s > 0, we have set

U(C,s) := esssup/ﬂp(t, x)log (C/ fc(0(t, x))) dz

s<t<T

Tl
—|—/ /—|divu|2x9<c(t,x)d$dt
5 Q 0 B
T 2
K|V
(4.1) +/ /%X@gc(b‘ﬂ)dmt,
5 Q

and where Xg<c = X{(t,2)€[0,T]x2:6(t,z)<C}-

Step 1: Boundedness of Upy1.

Note that 5¢,,, = 0 on {(t,x) : § > Cj41}, while on the set {# < Cpy1} we use
(2.8) to estimate 3¢, , ,, obtaining

Cri1 Cri1 3
_ _ 9w P
(0. Cuin) = s0.0) = [ @o)ptae = [~ () e
Cri 3
Zc/e %dw:clog(CkH/ﬁ).

Invoking the local entropy inequality (3.1) and recalling po(z) = p(0, ), Op(z) =
0(0, z), we therefore get the inequality

T
Upi1 <C ( | | xo<0rsis?(0ys(p. Coora)l divuldade + poécM(po,eo)dx) .
0 Q Q
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Now, making use of (2.4) and (2.5), we obtain

U1 = C’/ / X0<Chin 3/2S< 3/2>|dlvu|dxdt
Cria

k+1

Cri1 3
p() /
— S ( )dwdx
/Q/f 2w5/2 3/2

Crk+1 (60)

T
< C’/ /ngck+lp(t,a:)|divu|da:dt
0o Jo

(4.2) +g/Qpolog(CkH/fcm(@o))dﬂf-

Using Holder in the first term followed by the hypotheses p € L*°(0,T; L¥(2)), u €
L?(0,T; HY(Q)), and (1.2), we therefore obtain

(4.3) Uk+1 < C*

for some C* > 0.

Step 2: Local entropy estimate for Ugq.

Arguing as above, we again invoke the local entropy inequality (3.1) and expand
the interval of integration to [Tk, Tky1] (using —0,s > 0), which gives the estimate

T
Up1 <C (/ / x9§0k+1p2(—8ps(p, Cry1))| div u|dadt
Ty Q

+ / P3Cy.. (5, x)dx)
Q

for a.e. T, < s < Tj11. Integrating both sides of this inequality over s € [Tk, Tj41]
and dividing by Ty4+1 — Tk, we obtain

T
Upt1 <C </ / X9S0k+1p2(_aps(p7 Ck)| diVU')dxdt
T Q

Tt ~
Tk+1 Ty, / /Q P5Crya (07 af)dl‘dﬁ .

Arguing as in (4.2) and recalling that the sequence (Cy) is decreasing, the Cauchy—
Schwarz inequality gives the bound

T
/ / X0<Cuna (=0, Ciyr)| div uldodt
7, Jo

n*/2 divu

gz X0<Cy HPXeSCmHL2([Tk,T];L2(Q>)

L2([Ty, T]; L2 ()

. 1/2
< C'U,i/2 </T /Qp(t,$)2X9<ck+l(t,x)dxdt> ,
k

where we have used the constraint (i) appearing at the end of section 2. This in turn
gives

o

(4.4) U1 <C {U,i/Q(I)l/Z + (H)}
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T
/ /P(taﬁf)QXegckH(t,x)dxdt,
T

Tr41
II) := 5 dxds.
(1) i= gy | oo, eydeds

The next two steps of the arugment consist of estimating the terms (I) and (I7).
Step 3: Chebyshev estimates for (I).
Define

with

(I):

Fy(0) :== xo<c, log (Ck/0),
Ry :=log (Ck/CkJA) ,

and observe that (Cy) decreasing implies that the inequality Ry < Fj(6(¢,z)) holds
on the set {6 < Ci41}. Fix parameters «, 3, p, and ¢ satisfying

(4.5) ae€(0,2), >0, and p,g>1

to be determined later in the argument, and let p’ and ¢’ be the conjugate exponents
to p and q.
Using Holder, we obtain the estimate

T
(I) < Lﬁ/Tk / p(t, x)? Fy(0(t, )P dadt

= ,6’ Hp| L(2 )P ([T, T]; L2 Q))HpaFk(G)B||LP/([Tk7T];Lq/(Q))

(T7 |Q|7a7p7 )

4.6 <
(4.6) < R

o ||L°°(LW(Q))||paFk(0(tax))ﬂ||LP/([Tk7T];Lq/(Q))
provided that a and ¢ satisfy
(4.7) (2—-a)g <w.

We now turn to the task of estimating || p"‘F,f |l /oo - In particular, we obtain

10 F Nl o = N0 P, P

<R P18 ol B Bnﬂ 2 s

LTE LR
= ||kaHL°°L1HFk”L2LG
(4.8) < CUR||Fkl|25s
where we have set p’ = ﬁTQQ and ¢ = ﬁ, ie.,
2 6
49 -z 6
(4.9) p 24+a—p3’ a 6 —5a—p3

The estimate of || Fy|| L2 z6 is based the following inequality of Sobolev type adapted
to the norms appearing in Uy, which we recall from [16].
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LEMMA 4.2 (Sobolev-type inequality, [16]). Let Q C R3 be a bounded domain
with smooth boundary. Given T >0 and p € L*°([0,T]; L*(2)) for some w > 3 such

that
t>—>/p(t,x)dx
Q

is constant in t, there exists C = C'(Q, T, p,w) > 0 such that the inequality

1Fl[ 20, 13;28(0)) < CUlpF ||z (0,1:01(2)) + IV E 220,77 12(2)))

holds for every measurable F : [0,T] x  — [0, 00).

Note that [ p(t,z)dx = [ po(x)dz for a.e. t € [0,T]. Recalling that p € L*>([0,T];
L¥(§2)) is satisfied by hypothesis, we may therefore invoke Lemma 4.2 in our setting
to obtain

o Vo fro
1Fkllpore < € Uk + Ixoson = lle2re

ﬁ_
(4.10) <C (Uk + U;/Q)
Combining (4.6) with (4.8) and (4.10) then gives
C (p L ylatd)2
. < — .
(4.11) 1)< (v + o7

Step 4: Estimate for (II).
Arguing as in (4.2) and recalling that the sequence (Cy) is decreasing, we note
that (2.4) and (2.5) imply

(4.12) S0 (0(5,2), 005, 2)) < xo<0pr (5 2) Fi(6(5, 7))
for a.e. s € [Ty, Tk+1] and a.e. z € Q.

Invoking Hélder and arguing as in Steps 1 and 2 above, we obtain

1
(1) mHFkHLz([Tk,TM];Lﬁ(Q))pregckﬂ||L2([Tk,Tk+1];LG/5(Q))

IN

1 1/2
< m(Uk + U N exo<cr il L2 (me T )s26/59)) -

On the other hand, proceeding as in Step 3, we fix 81 € (0,1) to be determined later
in the argument, and recall that Ry < Fj(0) on {# < Cjy1}. This yields

HPX9<Ck+1 ||L2([Tk,Tk+1];L6/5(Q))

5/6
= ||p6/5X9<Ck+1HL/5/3( [Ty, Thp1];: L1 ()
C(T)
< =5 1p*°Fi(6 )mHLoo(Tk TLL1(Q))
Rk
C(T) 5_p,5/6 5/6
e [l EA VPN [ X)) KAy
R,°
C(T, |9, o1,q1) , 1-58./6 581/6
< T”P”Lw@lw(m)||ka(9)||L°i<[Tk,T];L1>
Ry,
O(Ta|Q|aalaql)H |L=561/6 U5'81/6
Rz,ﬁl/ﬁ Lo (L () ’
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provided that (£ — 81)/(1 — 1) < w. This in turn gives

C

1/2177581/6
T —Tk)RS'Bl/ﬁ (Uk—i—Uk )Uk 1/6
k

(4.13) (IT) <

Step 5: Conclusion of the argument.
Combining (4.4) with (4.11) and (4.13), we obtain

C 14551 1455
) + T Tk)RSBl/G <Uk C+ Uz °
+1 — k

whenever «, 8, p, and ¢ satisfy (4.5), (4.7), (4.9) and 1, q1 satisfy 51 > 0, ¢1 > 1,
(8 -51)/(1=5) <w.

To complete the proof, we will use (4.14) (with an appropriate choice of parame-
ters) and Lemma 4.1 to conclude that Uy, — 0 as k — oo for suitably chosen sequences
(Ck) and (Ty), with limits Cy, — C > 0 and Ty, — 7 > 0, respectively.

Temporarily postponing the choice of (Cy) and (7}), we remark that in order to
apply Lemma 4.1 the powers of Uy appearing on the right side of (4.14) must be greater
than 1. This is the primary motivation behind our choice of parameters; combining
this requirement with (4.5) and (4.9), it suffices to choose o and 3 satisfying

6_
|ﬁ—2|<a<Tﬂ, B> 1.

C 148 2+pta
(414) Uk+1 S W Uk 2 + Uk 4
k

This condition is compatible with (4.7) for w > 3; we therefore choose such a pair
(0, 8).

To choose 1, we note that the condition % + 5% > 1 is satisfied for any §; > %
Moreover, the condition (£ — 31)/(1 — 1) < w is satisfied for 3; sufficiently close to
%; choosing such a value of 1, we see that (4.14) holds.

We now turn to the choice of the sequences (Cy) and (Tx). Fix M > 1 to be
determined later in the argument and let 7 € [0, T] be given. Now, setting

Cj = exp(—M (1 —27%))
and
T, =7(1—27%),
and using Step 1, we obtain
Upsr _ C20HDB/2 - 0okt )(14561/6)

2
c- = e U T ampmre U
02(k+1)ﬁ/2(0*)71—1 <Uk)’71

M#B/2 C*
C2(k+1)(1+5ﬁ1/6)(0*)'y2—1 Us. Y2
+ TM5P1/6 o
max{y1,72}
Uy
< Ok+1 N
> C

for some 1,72 > 1, where C* is as in (4.3). Invoking Lemma 4.1, we find C§ > 0
such that U; < Cf implies Uy — 0 as k — co. On the other hand, by Step 1, we have

U < C C
L= [8/2 + TM5B/6"
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Choosing M sufficiently large, we obtain U, — 0 as desired. We now conclude the
proof as in [16] In particular, taking the limit (since all integrands involved are
nonnegative) we have

2 2
/ / I€|V0| —— 5 Xo<e-M (b, x)dadt < hmmf/ / /£|Vt9| ——Xo<cdxdt =0

so that after observing the identity | 02| Xo<e-Mm = |V log(e=M /f.—n(0))|?, we obtain

that = + log(e=™/f,-n(0)) is constant in x for a.e. t € [r,T]; that is, for a.e. t we
can find A(t) > 0 such that A(t) = log(e™™ /f.-x((t,z))) for a.e. x € Q. Taking the
limit once more and using the weak (renormalized) form of the continuity equation
Op + div(pu) = 0, we therefore have

0= [ plt,z)logle ™ /f.u (6(t,2))dz
Q
:A(t)/ﬂp(t,x)dx
:A(t)/ondac, a.e. te[nT].

We therefore obtain A(t) =0 for a.e. t € [, T], which establishes
O(t,x) > e M

for a.e. t € [7,T] and a.e. € Q. This completes the proof of Theorem 1.1. 0

Appendix A. A distributional calculation. In this brief appendix, we prove
the following lemma, which is used in the proof of Proposition 3.1.
LEMMA A.1. Suppose that 0 is smooth. Then for every C > 0, the inequality

. [ kVE . (kVO
—le T ngc S —le TXQSC

holds in the sense of distributions.
Proof. Let ¢ € D be given such that ¢ > 0, and let C' > 0 be given. Then

o () )
0 - (0<cy 0

:/ xkV0O Védx / /iV6‘¢ Vds.
w<cy 0 afe<cy Y

where v is the unit outer normal to {# < C} and dS is the appropriate surface
measure. The smoothness of 6 gives § = C and VO -v > 0 on 9{6 < C}, so that we
have

0
/ EVO iS00,
oqe<cy 0

which gives the result. O

Appendix B. Allowing slightly nonlinear growth: The case of bounded
density. In this appendix, we show how an additional assumption of bounded density
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can enable us to allow slightly nonlinear growth in the function S compared to the
condition (2.8). In particular, we shall replace (2.8) with the condition

/ &
(B.l) S(Z)S—m,

retaining the other constitutive assumptions established in section 2. Such expanded
growth conditions are relevant in a variety of physical models; see, for instance, [13]
for a typical example. For technical reasons, it is necessary in this case to assume
that the initial temperature 6y is bounded away from zero.

PRrROPOSITION B.1. Let Q be a bounded open set, and let T' > 0 be given. Suppose
that S, k, o, and s, p satisfy the criteria established in section 2 with (2.8) replaced
by (B.1) for some Cy > 0.

Let (p,u,0) be a weak solution of the Navier—Stokes—Fourier system (1.1) satisfy-
ing the local entropy inequality (3.1) for a.e. 0 <t < T with s = 0, together with the
bounds p € L>=([0,T] x Q), u € L?(0,T; H}(Q)), and

(B.2) 3 0>0 suchthat 0y>60 forae x €.
Then there exists np > 0 such that
o(tv ‘T) > nr,

fora.e. 0 <t <T, and a.e. z € Q.

The proof is largely similar to the proof of Proposition 1.1 given above, with some
slight adjustment to account for the different assumption on the intial temperature
profile x — 6(0, z).

Proof. In this setting, we again let (Cy) C R* be a decreasing sequence, and
define

Vj = esssup/ pW (0, Cr, ||pll L= )dx
0<t<T Jo

T
+/ /Q|divu|2X9<ck(t,x)d;vdt
0o Jaf B

T klvel?
+ / / |6‘—2|X0§ck (t,x)dxdt,
0 Q

b
1
W(mb, c) = Xa<b(a,b)/ w—log(B r: )dw.
a 377

Accordingly, arguing as in Step 1 of the proof of Theorem 1.1, we use the inequality

Cri1 3
s(p, Crs1) — s(p,0) = C/ T o w
0

2wlog(3 + —£7)
2 CW(0, Cryr, [lpll=)
along with (3.1) to obtain

Vi1 < C*
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for some C* > 0, as well as
T
Virr < C/ /Xegck+1ﬂ2(—3p8(pa Ck+1))| div u|dzdt
o Ja
1/2 3;
< ' nt/2 divu

erfck ||PX0§ck+1 HLQ([O,T];L2(Q))
< Cvkl/Q(I(W))1/2

L2([0,TL3())

provided that Cj is sufficiently small, where we have set

T
I(W))::/ /p(t,x)2xggck+l(t,x)dxdt.
0o Ja

Note that in performing this calculation, we have used the hypothesis (B.2) to elimi-
nate the term corresponding to the initial condition. Now, setting

EM(0) := W (0, Cr, o]l o),
R](CW) = W(Cr1,Ch, |lpllz=),

a simple calculation shows that R,(CW) < F,gW) (6(t,z)) holds on the set {6 < Cgy1}.
From here, we may proceed as in the proof of Theorem 1.1; we include the full details
for completeness. Fixing «, 3, p, and ¢ satisfying

€(0,2), >0, and p,g>1

we argue as in (4.6) to obtain the estimate
I < W) / / (t, ) F") (0(t, )P dwdt

< 7Hp”Loo [0,T);L« (22 ”paF ( ) ”LP (OT] L ()
(e O

provided that (4.7) holds. Proceeding as in (4.8)—(4.11) (and, in particular, using Lem-
ma 4.2), we write

W W
1o (E V| o o < |IpF h%mﬂ|mm
< vy (HPF ||L°°L1 + HVF ”L?Lz)ﬁ ¢
0 o
< CV¥ <Vk + ‘ Xo<Ci—g )
L2L2

whenever (4.9) is satisfied, where we have observed that log(3 + %) > 1 for a.e.
(t,x) € (0,T) x Q. We therefore obtain

_<¢

(By"))?
9 B ylath)/2

< W(Vk + Vi )
k

(™) < Vit (Vi + V%)
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as before, so that

C (148)/2 (2+a+B)/4

Now, fixing M > 0 and choosing «, 8, Ck, and T as in Step 5 of Theorem 1.1, we
obtain

VkJFl < Chtt v < CkJrl (E)Wl
Cx CxMB/27F C*

for some «; > 1. By Lemma 4.1, we may therefore choose Cj > 0 such that V; < Cp

implies V}, — 0 as k — o0o. As before, we may choose M large enough so that this

smallness condition for V; is satisfied. We then obtain log(e = /.- ()) constant in

x for a.e. t € [0,T]; this implies that for a.e. t € [0, 7], either 8(t,x) > e~ for a.e.

x € Q (in which case the proof is complete), or

(B.3) x> O(t,x) is constant a.e. on ().

Suppose now that (B.3) holds. Then, letting 6(t) = 6(¢,0), we obtain
0= [ pt.a)W (o.M, ol )da
= WO ol [ pt.ado
= WO, o) [ poda

for a.e. t € [0,T], where we have again used the conservation of mass as in the proof
of Proposition 1.1. We therefore have W ((t,z),e=™ || p||L=) = 0, and thus § > e~ M
for a.e. t and x as desired. This completes the proof of Proposition B.1. O
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