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ABSTRACT

In the active and passive microwave remote sensing of earth terrain, scattering
effects due to medium inhomogeneities and surface roughness play a dominant role
in the determination of brightness temperatures and radar backscattering coefficients.
The volume scattering effects are accounted for by modelling earth terrain either as
a random medium or as a homogeneous medium containing discrete scatterers. The
rough surface effects are studied with models of random and periodic rough surfaces.
In order to more realistically model earth terrain. a composite model which accounts
for volume and rough surface scattering is developed.

The volume scattering effects due to medium inhomogeneities are studied by char-
acterizing earth terrain with a layered random medium model. The radiative transfer
theory is used to calculate the backscattering and bistatic scattering coefficients from a
two-layer random medium. Radiative transfer equations are solved numerically using
the Fourier series expansion and the Gaussian quadrature method. In order to explain
the scattering and emission characteristics of earth terrain which exhibit the effects
of layered structure, the results are generalized to the case of multi-layered random
medium. The complexity of the problem is kept at the same level as the two-layer
cases by deriving effective boundary conditions which incorporate all the properties of
the medium below that boundary.

The rough surface effects are studied with the models of random and periodic
rough surfaces. The scattering and emission characteristics of randomly rough surface
is studied by deriving bistatic scattering coefficients for the reflected and the trans-
mitted waves with the Kirchhoff approach and the small perturbation method. The
geometrical optics solution modified to incorporate the shadowing effect is used to
study energy conservation and to derive the upper and lower bounds for the emissivi-
ties. The small perturbation method is modified with the use of a cumulant technique
which is shown to have wider regions of validity. Active remote sensing of plowed
fields is studied with the model of a randomly perturbed quasiperiodic surface and the
Kirchhoff approach. The narrow-band Gaussian random variation around the spatial



frequency of the sinusoidal variation is used to introduce the quasiperiodicity. It is
shown that there is a large difference between the cases where the incident wave vector
is parallel or perpendicular to the row direction. When the incident wave vector is per-
pendicular to the row direction. the maximum value of the backscattering cross section
does not necessarily occur at normal incidence. The scattering pattern is interpreted
as a convolution of the scattering patterns for the sinusoidal and the random rough
surfaces.

The composite model comprising an inhomogeneous laver over a homogeneous
halfspace with rough boundaries is developed to study the scattering and emission
characteristics of earth terrain. The radiative transfer theory is used. The random
medium and discrete scatterer models are used to incorporate the volume scattering
effects. To model rough top and bottom interfaces, the bistatic scattering coefficients
for a randomly rough surface obtained using a combination of Kirchhoff theory and
geometrical optics approach are used. Rough surface effects are incorporated into the
radiative transfer theory by modifying the boundary conditions. Because the bistatic
scattering coefficients for the rough surface violate energy conservation there is ambi-
guity in the emissivity. However, two alternate formulations are used to calculate the
emissivity. By calculating the bistatic scattering coefficients of the scattering layer with
rough top and bottom interfaces and integrating over the upper hemisphere an upper
limit for the emissivity is obtained by invoking the principle of reciprocity. A lower
limit for the emissivity is obtained by directly calculating thermal microwave emission
and assuming that the same medium is at a uniform temperature. It is shown that
the backscattering cross section for the angles of incidence near nadir is dominated by
the rough surface effects whereas the large angle of incidence behavior is dominated by
the volume scattering effects. The rough surface also causes the angular behavior of
thermal emission to become flatter and displays smaller differences between horizontal
and vertical polarizations due to more coupling of intensities at the boundaries.
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CHAPTER 1

Introduction

The remote sensing of the earth and the elements of its environment at microwave
frequencies have been found to contain many practical applications. The primary ad-
vantage inherent in remote sensing at microwave frequencies over optical and infrared
frequencies is in its all-weather, day-and-night operational capabilities. Active and pas-
sive microwave remote sensing with both radar and radiometer have been investigated
in areas of snow and ice covered land or water {Rouse, 1969; Waite and McDonald,
1969; Johnson and Farmer, 1971; Meier and Edgerton, 1971; Gloersen et al., 1973;
Ketchum and Tooma, 1973; Elachi et al., 1976; Kunzi et al. , 1976; Parashar et al.,
1977; Ulaby et al., 1977; Zwally, 1977; Hofer and Schanda, 1978; Hofer and Good,
1979; Rango et al., 1979, vegetation canopy {Ulaby, 1975; Ulaby et al., 1975; Bush
and Ulaby, 1976, 1978, cloud and rainfall {Grody, 1976; Tsang et al., 1977| , and
soil moisture studies Dickey et al., 1974; Schmugge et al., 1974; Ulaby and Batlivala,
1976a.b: Njoku and Kong. 1977: Newton and Rouse, 1980: Wang et al., 1980; Jackson
and Schmugge, 1981; Njoku and O’Neill. 1981; Wang et al., 1983]|. While extensive
effort has been concentrated in the measurement and collection of voluminous exper-
imental data, theoretical models that are useful in interpreting these data have not
been satisfactorily developed, especially where combinations of absorption. scattering,

layering and rough surface are important factors. Although past theoretical emphasis
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has been largely concentrated on rough surface scattering, recent theoretical models
have been proposed to account for volume scattering effects.

The scattering of electromagnetic waves from a randomly rough surface has been
studied extensively for many vears. Two basic analytical approaches have been the
Kirchhoff approach (KA) Beckmann and Spizzichino. 1963;: Kodis, 1966; Stogryn,
1967; Sancer. 1969; Smith, 1967; Sung and Holzer, 1976: Tsang and Kong, 1980a;
and the small perturbation method (SPM) [Rice. 1963: Valenzuela, 1967, 1968,. The
KA approximates the surface fields using the tangent plane approximation. Under the
tangent plane approximation, the fields at any point of the surface are approximated
by the fields that would be present on the tangent plane at that point. Thus, the
tangent plane approximation requires a large radius 0f curvature relative to the incident
wavelength at every point on the surface. The SPM assumes that the surface variations
are much smaller than the incident wavelength and the slopes of the rough surface are
relatively small. The bistatic scattering coefficients for the reflected and transmitted
waves have been derived using both the KA and SPM.

The Kirchhoff approximated diffraction integral for a dielectric rough surface is
still difficult to evalute analytically and further approximations are usually made. The
integrands which depend on the local surface slopes can be expanded in slope terms
about zero slope, and then can be integrated by parts discarding the edge effect |Leader,
1971; Tsang and Newton, 1982 . The integrals can then be evaluated by keeping only a
few terms of the expansion. In the high frequency limit, the geometrical optics solution
can be obtained using the method of stationary phase. The geometrical optics solution
is independent of frequency and states that the scattered intensity is proportional to
the probability of the occurrence of the slopes which will specularly reflect or transmit

the incident wave into the direction of observation ‘Barrick, 1968].
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The scattering of electromagnetic waves from a slightly rough surface can be
studied using a perturbation method. In the SPM due to Rice {1963, it is assumed
that the surface variations are much smaller than the incident wavelength and the
slopes of the rough surface are relatively small. The Rayleigh hypothesis is used to
express the reflected and transmittéd fields into upward and downward going waves.
The field amplitudes are determined from the boundary conditions and the divergence
relations. The extended boundary condition (EBC) method may also be used with the
perturbation method to solve for the scattered fields 'Agarwal, 1977; Nieto-Vesperinas,
1982!. In the EBC method, the surface currents on the rough surface are first calcu-
lated. The scattered fields then can be calculated from the diffraction integral by
making use of the calculated surface fields. Both of the perturbation methods yield
the same expansions for the scattered fields, because the expansions of the amplitudes
of the scattered fields are unique within their circles of convergence [Maradudin, 1983].
The SPM has been used to calculate the scattered fields up to the second-order. The
zeroth-order solutions are just reflected and transmitted fields from a flat surface. The
first-order solution gives the lowest-order incoherent transmitted and reflected inten-
sities. However, the first-order solution does not give the depolarization effect in the
backscattering direction. The second-order solution gives the lowest-order correction
due to the rough surface to the coherent reflection and transmission coefficients. Also,
the depolarization of the backscattering power is illustrated with the second-order
solution.

Scattering of electromagnetic waves from a periodic rough surface is of interest in
the remote sensing of plowed vegetation fields with row structures. The variations of the
radar scattering coefficients and the radiometric brightness temperatures due to change

in the look direction relative to the row direction are observed to be significant [Wang
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et al., 1980; Ulaby et al., 1981 . The extended boundary condition (EBC) method
has been used to solve for the scattered fields from periodic surfaces [Waterman, 1975;
Chuang and Kong, 1981, 1982 . The method is based on Green’s theorem relating the
amplitudes of the incident plane waves to the Fourier components of the fields on the
periodic surface, which in turn gives the amplitudes of the diffracted Floquet waves.
Thus the amplitudes of the diffracted Floquet waves can be solved in terms of the
amplitudes of the incident plane waves directly by a transition matrix. After obtaining
the scattered field amplitudes the emissivity of the periodic surface can be calculated
using the principles of reciprocity and energy conservation. Because of the exact nature
of the theory, the reciprocity relation and the energy conservation have been shown to
hold exactly and the unambiguous emissivity of the periodic rough surface has been
obtained {Kong et al., 1984].

Scattering of electromagnetic waves from a randomly perturbed sinusoidal sur-
face is of interest in the active remote sensing of plowed fields. The variation of the
radar scattering coefficients due to the change in the look direction relative to the
row direction have been well documented [Batlivala and Ulaby, 1976; Ulaby and Bare,
1979; Fenner et al., 1980]. In the past, the problem of electromagnetic wave scattering
from periodic or random rough surface has been extensively studied. The problem
of scattering by randomly perturbed periodic surface has been studied by assuming
that the periodic surface causes a tilting effect Ulaby et al., 1982]. In this approach
the scattering coefficients of the random rough surfaces obtained using the Kirchhoff
approximation or small perturbation method is averaged over the change in local inci-
dence angle due to the periodic surface. This approach has also been used to solve the
scattering from a composite random rough surface with small and large scale variations

‘Semenov, 1966; Wu and Fung, 1972].
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In the active and passive microwave remote sensing of earth terrain. the scattering
effects due to medium inhomogeneities and rough interfaces play a dominant role in
the determination of brightness temperatures and radar backscattering coefficients.
The effects of volume scattering have been treated with two theoretical models for
the terrain media: (1) the random medium model where scattering effects can be
accounted for by introducing a randomly fluctuating part in the permittivities, and (2)
the discrete scatterer model where discrete scatterers are imbedded in a homogeneous
background medium.

In the theoretical developments for passive remote sensing the effect of volume
scattering due to medium inhomogeneity was first accounted for by Gurvich et al.

i

11973 . They derived expressions for the brightness temperature of a halfspace random
medium with a laminar structure, assuming uniform temperature distribution. Tsang
and Kong [1975] solved the problem of thermal microwave emission from a halfspace
random medium with a laminar structure and nonuniform temperature distribution
using the radiative transfer theory. England {1974 first examined thermal microwave
emission from a uniform low-loss dielectric medium containing randomly distributed
isotropic scatterers, with a radiative transfer approach. He [1975] then considered
the more general case of a scattering layer over a homogeneous halfspace, using the
radiative transfer theory and a Rayleigh scattering model. Tsang and Kong [1977a]
derived a more general result than that of England for both the halfspace and two-layer
case, using a Mie scattering model. With the Born approximation, Tsang and Kong
11976a] obtained the emissvity of a halfspace random medium with a three-dimensional
variation.

In active remote sensing, Stogryn [1974] first calculated the bistatic scattering

coefficients for a random medium with a spherical correlation function using a pertur-
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bation approach. Leader 1975 studied scattering from Rayleigh scatterers imbedded
in a dielectric slab using the matrix doubling method. Using the Born approximation,
Tsang and Kong (1976a’ studied scattering of electromagnetic waves by a halfspace
random medium. They [1978] also developed the radiative transfer theory to calculate
the bistatic scattering coefficients from a halfspace random medium. An iterative ap-
proach is used to obtain results to the second order. in order to exhibit depolarizaton
of backscattered power. Using the first-order renormalization method, Fung and Fung
11977} obtained the bistatic scattering coefficients from a vegetation-like halfspace ran-
dom medium. Fung [1979] then extended the result to the case of a vegetation-like
layer over a homogeneous halfspace. Zuniga and Kong [1980] studied the scattering
frorﬁ a slab of random medium using the Born approximation. Then, Zuniga et al.
11980! extended the result to the second order in albedo to show the depolarization
effect in the backscattering direction.

The radiative transfer theory has been useful in the interpretation of remote
sensing data [Kong et al., 1979]. Even though it deals only with the intensities of the
field quantities and neglects their coherent nature, it accounts for the multiple scat-
tering and obeys energy conservation. The modified radiative transfer (MRT) theory
'Tsang and Kong, 1976¢; Zuniga and Kong, 1980, 1981] which takes into account the
partial coherent effects due to the boundaries has been derived for the cases when
the interference effects become important |Blinn et al., 1972]. The MRT equations
have been developed for a two-layer random medium with laminar structure by ap-
plying the nonlinear approximation to Dyson’s equation and the ladder approximation
to the Bethe-Salpeter equation Tsang and Kong, 1976¢c|. Then, the MRT equations
for electromagnetic wave propogation in a two-layer medium with three-dimensional

permittivity fluctuations are derived Zuniga and Kong, 1980, 1981;. The MRT equa-
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tions are then solved with the first order renormalization approximation to obtain the
backscattering cross sections.

In the microwave remote sensing of earth terrain, the multi-layered models have
shown to be more realistic in the interpretation of the data. In the passive remote
sensing the radiative transfer theory has been used to study thermal microwave emis-
sion from a multi-layered random medium with laminar strucrures [Djermakoye and

Kong, 1979]

i

The propagation matrix formulism is applied to obtain closed-form so-
lutions. For the inhomogeneous slab random medium with non-uniform scattering,
absorption and a temperature profile in the vertical direction, the method of invariant
imbedding has been used |Tsang and Kong, 1977b,. The boundary value problem of
the radiative transfer equations is converted to an initial value problem starting at
zero slab thickness. Thermal microwave emission from a three-layer random medium
with three-dimensional variations has also been studied using the radiative transfer
theory |Tsang and Kong, 1980b}. The quadrature method is used and the results are
found to be useful in the interpretation of snow data exhibiting diurnal change [Hofer
and Shanda. 1978; Stiles and Ulaby, 1980|. In the active remote sensing, the scattering
from multi-layered random medium has been solved using the Born approximation and
the propagation matrix formulism [Zuniga et al., 1979 . The radiative transfer theory
also has been applied to scattering from multi-layer of Rayleigh scatterers where the
iterative approach is used to obtain solutions to first-order |Shin, 1980; Karam and
Fung, 1982].

Most of the previous work on volume scattering all assumed planar boundaries,
and the effect of rough surface scattering was neglected. However, in order to under-
stand in a more meaningful way the problems of radar backscattering and thermal

microwave emission from natural terrains. a composite model that can account for
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both the volume and surface scattering effects must be studied. Recently. the Ravleigh
scattering model has been used with the radiative transfer equations to study the com-
bined volume and rough surface scattering effects Fung and Chen, 1981a.b; Fung and
Eom, 1981].

In Chapters 2 and 3, the scattering and emission from random rough surface
are studied. The scattering of electromagnetic waves from a randomly rough surface
has been studied extensively for many years. Two basic analytical approaches have
been the Kirchhoff approach (KA) and the small perturbation method (SPM). The
KA approximates the surface fields using the tangent plane approximation. Under the
tangent plane approximation, the fields at any point of the surface are approximated by
the fields that would be present on the tangent plane at that point. The SPM assumes
that the surface variations are much smaller than the incident wavelength and the slopes
of the rough surface are relatively small. The bistatic scattering coefficients derived
under the KA and SPM are reviewed and summarized in Chapters 2 and 3, respectively.
The bistatic scattering coefficients for the transmitted fields are also derived using KA
and SPM in order to study the energy conservation of the various approximations.
The emissivity of the random rough surface are calcualted by integrating the bistatic
scattering coefficients over the upper hemisphere. The geometrical optics solutions are
modified using the shadowing functions. The upper and lower limit of the emissivity
are obtained using the modified geometrical optics solutions.

In Chapter 4, the cumulant technique is used to modify the SPM solutions. The
resulting modified SPM solution are shown to have a wider region of validity than the
conventional SPM results and to agree with the KA results for all values of the variance
of the surface heights in the limit of large correlation lentghs. The bistatic scattering

coefficients for the reflected waves are calculated. The emissivities are also calculated by
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integrating over the upper hemisphere the reflected coherent and incoherent scattering
coefficients.

In Chapter 5. the Kirchhoff approximation is used to study the scattering of elec-
tromagnetic waves from a randomly perturbed quasiperiodic surface. In order to more
realistically model the plowed fields we characterize the rough surface as a composite
surface with a Gaussian random variation. a sinusoidal variation and a narrow-band
Gaussian random variation around the same spatial frequency. Introduction of the
narrow-band random variation causes the surface to be quasi-periodic. The physical
optics integral obtained with the Kirchhoff approximation is evaluated to obtain the
coherent and incoherent bistatic coefficients. In the geometrical optics limit, the sta-
tionary phase method is used to further simplify the results. In this limit it is shown
that the bistatic scattering coefficients are proportional to the probability of the occur-
rence of the slé)pes which will specularly reflect the incident wave into the observation
direction. The theoretical results are illustrated for the various cases by plotting the
backscattering cross sections as a function of the angle of incidence with the incident
wave vector either parallel or perpendicular to the row direction. The appearances of
peaks are explained in terms of the scattering patterns for sinusoidal surfaces.

In Chapter 6. the problem of thermal microwave emission from a multi-layered
random medium on top of homogeneous halfspace is solved using the radiative transfer
theory. The brightness temperatures are calculated using a numerical approach. The
radiative transfer equations are solved using a quadrature method where the integrals
are replaced by the summation over the discrete quadrature angles. The resulting
system of first-order differential equations are solved by obtaining eigenvalues and
eigenvectors and matching the boundary conditions. The effective boundary conditions

are derived in terms of the effective reflection matrices and the effective source vectors



to reduce the complexity of the problem to that of a two-layer problem. The effective
reflection matrices and the effective source vectors are solved recursively by considering
only one layer at a time. The numerical solutions are illustrated by plotting brightness
temperatures as functions of frequency and observation angle for multi-layered cases.

In Chapter 7, the problem of scattering from a multi-layer random medium is
solved using the radiative transfer theory. Using all four Stokes parameters, the bistatic
scattering coefficients of two-layer random medium are first calculated using a numer-
ical approach which provides a valid solution for both small and large albedos. A
Fourier-series expansion in the azimuthal direction is used to eliminate the azimuthal
¢-dependence from the radiative transfer equations. Then, the set of equations without
the ¢-dependence is solved using the method of Gaussian quadrature. The integrals
in the radiative transfer equations are replaced by a Gaussian quadrature and the re-
sulting system of first-order differential equations is solved by obtaining eigenvalues
and eigenvectors and matching the boundary conditions. The order of system of eigen-
equations is reduced for more efficient computation by making use of the symmetry
properties of the scattering function matrix. Then in Chapter 8, the results are gen-
eralized to the case of scattering from multi-layered random medium. The effective
boundary conditions are derived in terms of the effective reflection matrices to reduce
the complexity of the problem to that of a two-layer problem. The effective reflection
matrices are solved recursively by considering only one layer at a time. The numerical
results are illustrated by plotting backscattering cross sections and the bistatic scat-
tering coefficients as functions of frequency, incident angle, and the scattering angles.

In Chapter 9, the radiative transfer theory is used to solve the problem of ther-
mal microwave emission from a scattering layer overlying a homogeneous halfspace

with rough interfaces at the top and bottom boundaries. Mie scattering phase func-
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tion is used for volume scattering. and the bistatic scattering coefficients of a Gaussian
random surface, obtained using a combination of the Kirchhoff approximation and a
geometrical optics approach. is used for rough surface scattering. The rough surface ef-
fects are incorporated into the radiative transfer equations by modifying the boundary
conditions satisfied by the intensities at the top and bottom interfaces. The radiative
transfer equations are solved numerically, using the Gaussian quadrature method. Be-
vcause the bistatic coefficients of the rough surface violate energy conservation there is
ambiguity in the emissivity. However, using two alternate formulations, the upper and
lower limits of the emissivity are calculated. By calculating the bistatic coefficients of
a scattering layer with rough top and bottom interfaces and integrating over the scat-
tering angles in the upper hemisphere we can obtain an upper limit for the eﬁissivity
by invoking the principle of reciprocity. A lower limit for the emissivity is obtained by
directly calculating thermal microwave emission and assuming that the same medium
is at a uniform temperature. The theoretical results are illustrated by plotting the
brightness temperatures as functions of observation angles and polarizations.

In Chapter 10, the problem of scattering from a two-layer random medium with
rough boundaries is solved using the radiative transfer theory. The rough surface effects
are incorporated into the radiative transfer equations by modifying the boundary con-
ditions. The reflected and transmitted bistatic scattering coefficients derived with the
randomly rough surface models are used to derived the boundary conditions satisfied
‘ by the intensities at the top and bottom interfaces. The radiative transfer equations
are solved numerically using the Fourier-series expansion and the Gaussian quadrature
method. The order of system of eigen-equations is reduced for more efficient compu-
tation by making use of the symmetry properties of the scattering function matrix.

The thoeretical results are illustrated by plotting the backscattering cross sections as



functions of frequency and incident angle.

In Chapter 11. various theoretical models developed in this thesis for microwave

remote sensing of earth terrain are summarized and the recommendations for future

studies are made.



CHAPTER 2

Scattering and Emission by Random Rough Surfaces -

Kirchhoff Approximation

The scattering of electromagnetic waves from a random rough surface is stud-
ied using the Kirchhoff approximation. The tangent plane approximation is used to
approximate the surface fields. The bistatic scattering coefficients for the reflected
and transmitted waves are derived. The integrands which depend on the local surface
slopes are expanded in slope terms and the integrals are evaluated by keeping only a
few terms of the expansion. In the high frequency limit, the geometrical optics solution
1s obtained using the method of stationary phase. The geometrical optics solution is
independent of frequency and states that the scattered intensity is proportional to the
probability of the occurrence of the slopes which will specularly reflect or transmit the
incident wave into the direction of observation. The bistatic scattering coefficients are
modified to incorporate the shadowing effects. The sum of reflected and transmitted
intensities is shown to be always less than the incident intensity and this is used to
derive the upper and lower bounds for the correct emissivity of the rough surface in

the geometrical optics limit.
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2.1 Introduction

The scattering of electromagnetic waves from a randomly rough surface has been
studied extensively for many years. Two basic analytical approaches have been the
Kirchhoff approach (KA) [Beckmann and Spizzichino. 1963: Semenov, 1965; Kodis,
1966: Stogryn, 1967; Barrick, 1968; Fung and Chan. 1969; Sancer, 1969; Lynch and
Wagner. 1970; Leader, 1971; Sung and Holzer. 1976; Sung and Ekerhardt, 1978; Tsang
and Kong, 1980a.b; Bass and Fuks, 1979: Ulaby et al.. 1981 and the small perturbation
method (SPM) |Rice. 1963; Valenzuela, 1967, 1968: Agarwal, 1977; Nieto-Vesperina,
1982!. The KA approximates the surface fields using the tangent plane approximation.
Under the tangent plane approximation, the fields at any point of the surface are
approximated by the fields that would be present on the tangent plane at that point.
Thus, the tangent plane approximation requires a large radius of curvature relative

. to the incident wavelength at every point on the surface. The SPM assumes that the
surface variations are much smaller than the incident wavelength and the slopes of the
rough surface are relatively small.

In this chapter we derive the bistatic scattering coefficients for the reflected and
transmitted waves using the KA. The Kirchhoff approximated diffraction integral for
a dielectric rough surface is still difficult to evaluate analytically and further approx-
imations are usually made. The integrands which depend on the local surface slopes
can be expanded in slope terms about zero slopes, and then can be integrated by part
discarding the edge effect. The integrals can then be evaluated by keeping only a few
terms of the expansion. In the high frequency limit, the geometrical optics solution can
be obtained using the method of stationary phase. The geometrical optics solution is

independent of frequency and states that the scattered intensity is proportional to the
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probability of the occurrence of the slopes which will specularly reflect or transmit the
incident wave into the direction of observation. The bistatic scattering coefficients are
modified to incorporate the shadowing effects. The sum of reflected and transmitted
intensities is then shown to be always less than the incident intensity. This used to
derive the upper and lower bounds for the correct emissivity of the rough surface in

the geometrical optics limit.



2.2 Formulation

Consider a plane wave incident upon a random rough surface 'Fig. 2.1. The

electric field of the incident wave is given by

|
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I
AN
&
\(“-\
>
3
—_
[
~—

where k, denotes the incident wave vector and é; the polarization of the electric field
vector. The rough surface is characterized by a random height distribution = = f(7.)
where f(7.) is a Gaussian random variable with zero mean, (f(7.)} = 0. The scattered
and the transmitted fields are given by the diffraction integral. From Huygens’ princi-
ple, which expresses the field at an observation point in terms of fields at the boundary
surface, the following expressions are obtained for the scattered fields in region 0 and

the transmitted fields in region 1 [Kong, 1975].
E.(f) = / a5 {iwnG(r.7) - [a > H(F) = ¥ x G(7.7) - [ x E(7)] } (2a)

E7) = / a5 {1wp,G1(F,7) - [7a > B(F)| = ¥ % Gu(7,7) - [a > E(7)] | (26)

where S’ denotes the rough surface on which the surface integration is to be carried
out, 7 and #, are the unit vectors normal to the rough surafce and pointing into the
reflected and transmitted regions, respectively Fig. 2. The dyadic Green's function

for homogenous space of the region 0 and 1, 5(?, ') and 51(&7’), are

(3a)
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and

Gi(7.7') = li* ppr—— (3h)

where k = w . r. and k; = w ;. If the observation point is in the far field region.

then the dyadic Green's functions simplify to

= = A~ A € i

F(7, ) = (1 -k )47rr6 ‘ (4)
e TS T VL
Gl(T,T ) o~ (] b k,k,) any € ’ (5)

where k. and k, denotes the scattered and transmitted direction in region 0 and region
1, repectively.
Substituting (4) and (5) into the diffraction integral (2), we obtain, in the re-

flected direction k. and transmitted direction &,

_ k Thkr — A R _ _ R . _ R -
J(F) = ’4’; (1~ k. / ds’ {k, x {fx E(7) = n i H(7)] fet7 (6a)

— k e”‘l" = - p— T.
E/(7) = = (]—lc,~,)</" dS" {ke x [ < B(7)1+my > H(F)jfe ™ (66)

where n and n, are the wave impedances in the regions 0 and 1, respectively.



2.3 Tangent Plane Approximation

In the Kirchhoff approach, an approximate expression for the surface fields is
obtained under the tangent plane approximation. Under the tangent plane approxi-
mation, the fields at any point of the surface are approximated by the fields that would
be present on the tangent plane at that point. Thus. the tangent plane approximation
requires a large radius of curvature relative to the incident wavelength at every point
on the surface | Beckman and Spizzichino, 1963].

First we form an orthonormal system (f..4,, k;) at the point #. with

R ]?Zi X 7 -
#= ]lAcixr‘zl )
P = §i ¥ I"\:z (8)
where, #(7') = —f,4(7"), is the normal to the surface at the point 7 pointing into the region

0. The unit vectors §; and #, are the local pérpendicular and parallel polarization vectors
at the point 7 In applng the tangent plane approximation, we solve the boundary value
problem for the TE and TM polarization of an wave incident onto an infinite planar
interface taking the tangent plane to be the interface. We decompose the incident field
into locally perpendicular and parallel polarization fields.

The perpendicular component of the incident field is
(€0 §)GEe™ ™
so that the local reflected field is

(éi | 61)61E1»Rh€l;];



[4¢]
[

where R;, is the local Fresnel reflection coefficient

kcosb;; — \/kf — k?sin” 6,
Rh = — (9‘1)
kcosf;; + \y/kf — kZsin- 4y,

with ¢, as the local angle of incident at the point 7. The magnetic fields associated

with the above are

and

1. s ava ik,
;k X (61' ) qi)q,E,,R),€ k.

where k, is the local reflected direction and is related to the incident direction by

Hence the tangential electric field of this perpendicular component is

=t

;L x E = (ﬁ x lit)(é‘[ é;)(l ~+ R")E’,el“:,-r
and the associated magnetic field is

7ol i » T
Ax H= (&g x [(ki x §i) =+ R (ks x qi)] E 7
n

= —(1- Ry)(A- Iﬁci)———(ei’;q")@iE,,e*R 2

where we have made use of the relations #-§ =0 and # -k, = - k,. The calculations
can be repeated for local parallel polarized component with local reflection coefficient

for vertical polarization.

. /AN .
€rkcosb,; — e,.vk; — k2sin4,,
R, = — {9b)
€,kcosb;; + e,,\/kf — kZsin~ty,




Summing up the local parallel and perpendicular polarized components

tain

7ix E(r') = E., {(51 )R x @)1+ Ry) + (8 B)A - k)Gi(1 - R,) } ek T
== Eu s angs s N ik, 7
i x H(F") = —n—{—(e,wa-)(wk,)q,'(l—Rz,)+(€z pz')(nXQ1)(]+R1r)Ie :

The local angle of incident can be calculated from the formula

Pt S

cosb;, = —n -

The normal vector at the point # is given by

where o and g are the local slopes in the z and y directions,

52 2y
az’

a I. !

= f(azu;y)

Substituting (10) into (6). we obtain, after some algebraic manipulations,

Lotkr — - -,
E,(F):Zke E,,(T—k,k,,)-/A dr' F(a, B)ek: =k T

4rr

ikfezk,r

4rr

Ei(F) =

E,,(?— keky) / d’fl;j\’—v(aaﬁ)e”;'_z”;l
A
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. we ob-

(10a)

(108)

(12)

(13a)

(13b)

(14qa)

(14h)



where

F(a,8) =(1 - a® =+ pg%)/> {-(e, G ki) (1 - Ry) 4 (8, Rl < G)(1+ R,)

- (éz @)(k X (;7 > 61])(] -+ Rh) - (E, ‘i‘i)(ﬂ ];2)('1’(- ~ ‘j’)(l - R")} (150’)

N(o,8) = (1~a" = g%)!2 {—";( i) (R ki)Gi(1 - Ry) - %(e, £)(A x §:)(1+ R.)
(8 Gk x (A x G0 (1 Ry) + (&) (R ki) (ke > 6:)(1 - R,) | (15¢)
The orthonormal systems for the incident, reflected and transmitted fields are given

respectively by (4, ki, k), (2., k., k.) and (&, by, ki) with

~

k; = Zsin#f; cos ¢; + gsin b, sin ¢; — Z cos b; (16a)
h, = —%sin ¢: + Jcos @; (16b)
9; = —%cosb;cos¢; — ffcosf;sin¢; — Zsint; (16¢)
k.= 2sinf.cos ¢, + §sinf, sin g, +~ cosh, (17a)
h.= —%siné. + §cos ¢. (178)
U, = Zcostl,cosd, ~ gcosf sind. — Zsiné, (17¢)
k, = %sinf, cos ¢, + §sin b, sin ¢, — 3 cos b, (18a)
;1,, = —Zsin¢s + §cos ¢y (18b)

0y = —Zcosby cos ¢y — §cosbysin gy — Zsinby (18¢)
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We note that except for the phase factors. the expressions in the integrands of the
diffraction integral, (14). are not explicit functions of 7'. They are explicit functions of
the slopes o and # which are functions of 7. The tangent plane approximated diffraction
integrals, as expressed in (14). do not take into account the effects of shadowing and
multiple scattering.

At this point the question of shadowing comes in naturally. When the direction
of incidence is not normal to the z - v plane, some points on the rough surface will not
be illuminated directly {Fig. 2.2/. For some points |point 1, Fig. 2.2 the local angle of

incidence 6;; is not defined since
cosby, = —f- -k, <0 (19)

All the points on the rough surface with such local slopes will not be illuminated
directly. Some other points [point 2, Fig. 2| are not directly illuminated, even though
- the local angle of incidence is well defined, because of the height of rough surface at
that point relative to the heights of the surrounding points. However, even without
the complication due to shadowing the diffraction integrals for the scattered fields are
difficult to evaluate analytically. This is because the local reflection coefficients R, and
R, are functions of the surface slopes. One solution would be to evaluate the integrals
numerically for a given realization of the random rough surface. Then, the shadowing
effect can be incorporated directly during the numerical integration. In the limiting
case of a perfectly conducting random rough surface, the local reflection coeflicients
R, and R, are 1 and -1, respectively, and do not depend on the local surface slopes.
Then, by neglecting the shadowing effect so that at all the points of the rough surface,
Aix E=0and 7 x H = 27 x H; (even at the points with slopes such that they cannot be

directly illuminated), the diffraction integrals can be cast into a well-defined integral.
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For the dielectric random rough surface. various approximations have been ap-
plied to the Kirchhoff approximated diffraction integrals. The integrands which depend
on the local surface slopes can be expanded in slope terms about zero slopes. and, then
integrated by parts discarding the edge effect [Leader, 1971,. Usually only a few terms
of the expansion are kept. In the high frequency limit the geometrical optics solution
can be obtained from (14) with the stationary phase method. The geometrical optics
solution is independent of frequency and states that the scattered intensity is propor-
tional to the probability of the occurrence of the slopes which will specularly reflect or
transmit the incident wave into the direction of observation {Barrick, 1968 .

In the calculation of the reflected fields, the expression for the diffraction integral,
(14a). contains the total field (incident and reflected) on the surface. The scattered
field in region 0 evaluated from (14a) are the same whether one uses the total field
or the reflected field on the surface of rough interface. However, when the integrand
F(a,pB) is approximated the results using total or reflected surface fields may not give
the same result |Holzer and Sung, 1978]. For the case when shadowing is present,
using the total field or the reflected field on the illuminated region, while assuming no
incident wave for the shadowed region, corresponds to different approximations and the
results obtained for the scattered fields are different. The geometrical optics solution
is independent of whether total or reflected field is used since the integrand F(a,8) is

evaluated at the stationary phase points «,, and §3..



2.4 Coherent and Incoherent Scattering Coefficients

The scattered intensities from a random rough surface can in general be decom-
posed into coherent and incoherent components. Coherent components only contribute
in the specular reflected or transmitted directions while incoherent components con-
tribute in all directions. In the limiting case of flat surface the scattered intensity
consists of only the specularly reflected and transmitted coherent intensities. In the
other limiting case of a very rough surface, the coherent components almost vanish
and intensities are incoherently scattered. In this section we solve for the coherent
and incoherent scattered intensities by further approximating the integrands in the
Kirchhoff approximated diffraction integrals.

One commonly used approximation is to expand the integrands F(«, §) and N(a, 5)
in slope terms about the zero slopes and to keep only the lowest few terms |Leader,

1971]. Expanding F and N we obtain

= = aF | 3F |

F(a,8) = F(0,0) + o — +8 == + o (20a)
aa @ =0 aB lu.(‘i:()

— — N N

N6 =N@o+a 2 w201 . (208)

L. A=0 P olad=0

where F(0,0) is F(a,B) evaluated at o = 5 = 0, etc. For angle of incidence near normal
and for surfaces with small mean square surface slope. the Fresnel reflection coefficients
only vary slightly with the change of local angle of incidence. Thus, we shall keep only

the first terms in (20) in our subsquent calculations. Thus, from (14), we have

E.= E (T - k.k.) F(0,0)I (21a)




38

E.(I - kik,) - N(0,0) I, (210)

where the integrals I and I, are given by
1= / R T g (220)
A

T (20
A

The scattered fields are now separated into a mean field and a fluctuating part of the

field
E(7F) = Eu(F) + £.(7) (23a)
E (7) = Eum(7) + &E4(7) (23b)

with
(7)) =) =0 (24)

and
(E.(F)) = Eul7) (25a)
(FY(F» = Efm,(F) (25b)

The total scattered intensity is then a sum of coherent and incoherent intensities

(E.(7)%) = |Eunl?

+
—~
)
&
—_
3
~—
%)
-~

(264a)

(Ed(7)2) = Epi? = 1E(F) 2 (26b)
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In view of (21) and (22), we have

|E o (7)17 = %f— [(z. F(0.0)) "~ > 7(0,0))'2] TVNIE (27a)

(3. F(0. o))i"’+ g(h, »7(0,0))52] D, (278)

{E.(7)%) = km'f, [
B 12 = SSEL 60 10,07+ i 0.0 | e (280)
(€ = HEL o, N0+ |ih - Wio.0]| s (28t)
where
Dy = (1) - 1)? (290)
(29%)

2 ST A2
- !'\,Iy,);

D-It = <“If| /

At this point, we need to further specify the height distribution f(7.). The rough

surface is assumed to be a Gaussian process. The probability for f(7,) is independent

of the position 7, on the rough surface and has gaussian distribution

g7/

P(f("_'i)) = \/2_71’0

where o is the standard deviation of the surface height. For two points on the surface,
7.1 and 7, the joint probability density [Davenport and Root, 1958] is

f2-2CHf2 + f3 51y

202(1 - C?)

— - _ 1 —_
p (fl(r_Ll)v f’.’(rJ.'-’)) - 27“,_.3\/@ exp
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where C is the correlation coefficient between the two points and is a function of 7_,

and 7.,. For a statistically homogeneous isotropic surface, it is only a function of

r=\zr—122)? + (u1 = v2)?.

JFEL)f(Fez) = e Clp) (32)
Cc(0) =1 (33a)
C(oo) =0 (33b)
IC(p)| <1 (33¢)
It can now easily be shown that
ety = [ appti) e = exp [—%o%ﬂ] (34)

where () denotes the ensemble average. Similarly,

oc o
(ewlh(?u D—fz(?ull'} — / / df 1 df2 p(f1. f2) et tfi—T2)
. - o0 —oC

exp (—o%v? (1 - C(p))] (35)
The expressions for |(I)|?, D;|(I;)|? and D;, can now be derived in terms of the statistical
moments of the height distribution.

The integral I is given by

I = /; giu T eik,i.-MF';) d?'; (36)
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where

Ed = E, — E_.‘ = k,i_,,.’i‘ -+ kdu@ -+ ]C,] z (37)

The ensemble average of I is given by
d = / eFas Ttk 1T g7 (38)
A
In view of (34), we obtain, after carrying out the d7', integration.
(I'=4L,L,exp [—%kg__og] sinc (k.. L,)sinc (k. L,) (39)
where sinc z = sinz/z, 2L, and 2L, are the lengths of rough surface in the z and y

directions, respectively so that

A,=4L,L, (40)

Therefore,

\I;'? = 16L2L2 exp |—k3.02] sinc®(ky, L,) sinc®(kay Ly) (41)

I Ty

By allowing L, and L, to approach infinity in the above expression, we obtain
(D" = 47 A, exp [—k7.07] (k) (Kay) (42)
where ¢ is the Dirac delta function and we made use of the following identity:

L,L, . - .2 . .
lim —=¥sinc” (k. L,)sinc” (ku,Ly,) = 6(kar) 6 (kay) (43)
2
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The integral for (I7*;: is given by

/]]» :/ dF . / d'FL Eti;’.i (. —;4I"r't.!}'-.-:!./v?-}—I(;l))\/ (44)
A 4 ’

Using (35) and making the usual change of variables of the difference and half the sum

of coordinates, we obtain
2L, 2L, o .
ary = / dz / dy (2L, — iz|) (2L, — (y|) exp(tk.,z + tka,y) exp r_—lcfl:cr: (1= C(p))  (45)
—-2L, -2L,
The correlation function C(p) is assumed to have a gaussian form [Barrick, 1970}

Clp) = e /P (46)

where [ is the correlation length for the random variable f(7.) in the transverse plane.
The expression for the standard deviation of the integral / can now be evaluated in

closed form. We first note that |(I}i2 can be also be expressed as
X 2L, aL,
U= = / dx / dy (2L, - iz:)(2L, — |y|) exp(tka T + tkayy) exp(—o2k3.) (47)
-2L, -2L .,

Combining (45) and (47) and in view of (46), we note that the contribution of the
integral of (J1'; — |(I'"2 come from iz| and iy| of the same order of ! and the integrand is
pratically zero for s = (22 + y2)!/2 larger then a few I’s. Assuming the illuminated rough

surface contains many correlation lengths L,,L, > I, we obtain

Dy =(II') - |(D]?

= A,,/ da:/ dy {exp [-0?k3. (1 - Clr))! — exp |—c?k3, | Y exp [tharz + iky,ul  (48)



Converting the integral in (48) to cylindrical coordinates and carrying out the

integral in dé gives a Bessel function in the integrand. We further make a power series

expansion
exp (~ak3.(1 = Clp))) — exp (~0°k3.) = exp (~0%k3.) [‘Z‘ (CEE” exp (- ";)} (49)
and make use of the integral identity
/”OC dp pd.,(kap)e ™m0 1 = % exp (— i’f:) (50)
Using (49)-(50) in (48), we obtain |Gradshteyn and Ryzhik, 1965]
D; =1y - {(Di?
= ﬂA,,',’Zc: %—)113 exp [—- @#] exp |—o?k3. | (51)

In a similar manner, the expressions for i(1,)1> and D,;, may be derived. They are

(I = 47" A, exp [—0 2k}, ] 6 (kpar )6 (Key) (52)
and
o0 2 a2 2
kﬁ_ 2\ k.” ‘k'”l" : o
D;, = A, (t'i_-'a)_ﬂexp _ (_L‘_-r—”’)_ exp | -0k}, ] (53)
= m!m 4m -
where
ke = ki — ki = kyasd + ktayl + ka-2 (54)

The bistatic scattering coefficients for the reflected intensities are defined as

arr3(S, ).

TR Ry = (
vatke ki) = e 5,

(a,t =v,h) (55)
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where subscript a represents the polarization of the incident wave, subscript ¢ the
polarization of the scattered wave, S, the Poynting power density of the incident wave,
S, the Poynting power density of the scattered wave. A.. the area of the rough surface
projected to the z - vy plane, and 4, the incident angle. From (21), we calculate the
vertically and horizontally polarized coherent and incoherent sca.ﬁtered intensities for
the cases of vertically and horizontally polarized incident fields according to (27). Let

F,(0,0) = F(0,0)]|,

6 =h,

(56)

F(0,0) can be calculated by setting « = § = 0 in (12) and (15a). Next we take the dot

product with 9. and h..

h. F(0,0) = |(1 - Ry.)cosb; — (1 + Ry.,)cosf.)cos(¢. — ¢;) (57a)
6. F,(0,0) = [(1 = Ry,.,) cos b, cos 8, — (1 + Ry,.,)|sin(¢. — ;) (57b)
h.-F,(0,0) = [(1+ R,.,) — (1= Ru.,)cost, cos b.isin(¢. — ¢;) (57¢)
.- Fu(0,0) = [—(1+ R,.,)cos 6. + (1 — R,..) cos 6;]cos(¢. — ¢;) (57d)

The R,., and R,,, of the above equations are respectively the Fresnel reflection coefficients
of a smooth surface for vertically and horizontally polarized incident waves, and are
equal to the expressions in (9a) and (9b) with 4,; replaced by 4,.

In view of (27), the bistatic scattering coeffcients 47, can be decomposed into a

coherent part 7, and an incoherent part 47 .

ik k) =40 (ko k)~ AT (K. k) (58)
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where
ro(L ];) k= N f 00:21(] N (59)
~y T, Kj) = — Q. - , . i .2 .
o 4rm A, cosf, @ 1(0.0) 71
C(hok) =~ . Fuf0.0)° D (595)
7:,.. CRERAZY 47:'A,,COS":, ido I.( N ) 7 !

The coherent scattered wave only exists in the specular direction. Thus, using A(42)

and (57). and since

6(kas)blkay) = &(6. — 8;)6(e. — ¢:)/(k>sin b, cos 6;)

we find that

sin 0y

0 if a#b

7:,,,,(;:4*7 1;:!) =

{ LT exp(—4k>02cos?6;)6(6. — 0;)6(¢. — ¢:) if a=b (60)

By the same token, we define the bistatic scattering coefficients for the transmit-

ted intensities to be,

471'7'2(51)1
¢

i(S«:)u (61)

¢ ke, k) =
'7)»41( Ty ) A,,COS

where S, is the Poynting power density of the transmitted wave. Following exactly the

same procedure we obtain

~ -

’r,'u,(ict, fc,) = ’Yf»,,, (fchfci) + ’7;,,-‘(1%/51') (62)

where
At (b k) = — 2T s, W(0,0) 2 (1) (63a)
car A6 T AT A, cosb;m, T MR
t (1 1 k? N . x5 2
Vi (ke ki) a, - N.(0,0):” Dy, (63b)

T 47 A, cosh, a
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with
N.,(0,0) = N(0.0) _, (64)
and
;1‘1 F’I(OO) = [7,7,'_1(1 - Rhu) cos ";1 - (] - Rhu) cos Hr} COS(Q"f - ¢1) (650‘)
1
o - Ny (0,0) = [—A'Z]—J(l — Ry.)cosb,costy — (1+ R;,,,)J sin(¢, — ¢;) (656)
hy -N,(0,0) = [’7—‘(1 + R,.)+ (1 - R,.)cost, cos ﬁf] sin(¢y — ¢,) {65¢)
n
9 - N,(0,0) = [%(1 + R,.,)cosb, + (1 — R,..) cos 6,} cos(ds — ¢1) (65d)

Again, the coherent component only exists in the specular transmission direction, and

we find

.. nycosé,2 11+ R, |2
’7,1,7”.(](?,,1(:,') = 47 11 1t vo|

Tcosf, smfL exp [—(kl cosf,; — kcos 91')202]5(6'1 — 815)6(¢r — &) (66a)

ncosf 2|1+ Ry,..°
T

vE, (K., k)=4 exp [—(k, cosfl; — kcos 6,)202:56(6, —81;)8{p — &) (66b)

7y cosb; sinfy,

and

'7::,,:.(ictx ]::1) =0 fOT a# b (66)

where 4, is related to 4, by the Snell’s law

kisinfy; = ksinb; (67)

We note that the coherent component is only nonzero in the specular direction. Also

as ko increases, the coherent component diminishes exponentially.



2.5 Geometrical Optics Solution

Under the geometric optics limit as k — oc. the asvmptotic solution to the Kirch-
hoff approximated diffraction integrals can be derived using the method of stationary
phase. The coherent component of the scattered fields will vanish in this limit and
only incoherent component will remain. The bistatic scattering coefficients for the
reflected and transmitted fields are derived and shown to be proportional to the prob-
ability of the occurrence of the slopes which will specularly reflected or transmit the
incident wave into the observation direction. The bistatic scattering coefficients satisfy
reciprocity but violates energy conservation. This is due to the neglect of the effects
of multiple scattering and shadowing. The scattering coefficients are modified to in-
corporate the shadowing effects. The sum of reflected and transmitted intensities are
then shown to be always less than the incident intensity since only the single scattering
solution is used. However, this will be made use of in the next section to derive the
upper and lower bounds for the correct emissivity of a rough surface in the geometrical

optics limit.



Stationary Phase Method

The diffraction integrals are evaluated using the method of stationary phase.

reflected fields are first calculated. From (14), the exponential phase factor is

Y = E,] 7= k.],rI’ - kth/?/l i k,,;f(r'.y')

To determine the stationary phase point, we set

oY
5;7 =0=ky, + ka- a..

so that at the stationary phase point

Similarily by differentiating the phase term v with respect to y’ we get

4 = _ .y

o
k;l.:
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The

(68)

(69)

(70)

Thus, the slopes o and g assume values of o, and £, at the stationary phase point.

The slopes a., and 3, are such that the incident and scattered wave direction form a

specular reflection. This can be seen from the fact that from (12) we have
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Replacing the surface slopes o and 4 by a.. and &, we obtain, from (14).

= o tkeT =L . 1 ik
E(7) = - E.(I - k.k.} Fla. 3. dr! et {73)
4rr Ja
The scattered intensity is
= .. k;’lEU:: ;= A n L — " .2 ) _
UF °y = — . ) <) ' 4
VE.% = S (T -k Flan ) Al _ (74)
where
ar = (/ dh/ dr', eiiuwh-?;)ezkm/lF_th(F;Jz‘) (75)
A A

The above integral can be solved by the method of asymptotics. For large k, contribu-
tions of the integral come from regions where (z’,y') is close to (z,y). Expanding f(z',v')

about (z,y),

fle"¥) = f(z.y) + alz’ — z) + B(v' — )

ad oo 1 8""""}‘ ,
+ (U A - ° r__ " 76
DI oy by el Gl (v' - v) (76)

71=t) m=0
n+rnmFO. 1

and replacing the integration variables by

u=k(z-z') (77a)

v=kiy-y') (778)
we obtain

ar

~

- <E15A,,//dudv exp [’iu(qx +ag.) = 1v(gy + Bg:) + O(%) )

4n3A,,, R .
= P (6(gs + @g:) 6(qu + Bg:); (78)
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where

=

(79)

Ql
Il
|

Therefore,

e}

A, [ [~ ) . . .
/ / da dﬁ“(?.raqr.')(\(q:u + D’q;)p(a,p’) (80)
—oc J—oc

fo— o ) k*

where p(a, 3) is the probability density function for the slopes at the surface. Thus,

47"‘-'44: kti.r kvl;u

(Lim II") = “2 20 g Kdr D 81
JULIEE k2. P TR (81)
For the gaussian random rough surface
1 (1:"'?'62
_ i} e 82
pla,f) 2m?;cr"(0)fe"p[ 202;('"(0)i] (82)

where ¢ is the standard deviation of the height of rough surface and ¢”(0) is the double
derivative of the correlation function at p = 0. Thus, ¢iC"(0)| is the mean square surface

slope <2 and for the gaussian correlation function with correlation length ¢

(]

a

2 =a2C"0) = 257 (83)
Hence
27 A k3 + kcl
:/11;\ — . _ oir dy 84
= ey [ 267, 0210 (0] (84)

Another way to evaluate (I/I*) is to perform the ensemble average first, and then to

approximate the integral. From (45) and (75)

2L, 2L, o ' )
ury= [ dn [T ayeL - la) eL, - W) T e Kot (1 0D ()
—2L, -2L,
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Since k3.0° > 1, most of the contribution comes from around the origin. Thus expanding
the integrand about the origin we have 1 - C(g) = %i(""(0)//2 and substituting into (84).

the integral can be evaluated readily by making use of the integral identity

o - 1 k(? ' .
‘/; dpp .k, ¢) exp(—ap”) = 55 €XP |7 4o (86)

The final result for (J11'} is the same as (84).
For an incident field with polarization #,, the scattered intensity for polarization

a. is given by

. K2E) | — ) )
(IE.{r)}%) = l —— 8. Fila.,,B8.) " (I} (87)
167=2r=
where
Fi(e.,B.) = Fla., B . (88)

and using (15a), we find that

k't

= T~ i 89
k2|k, x k.42, d (89)

!&s : FI,(Q“, ﬁ“) Z:

with

~

for = (ke k) (b E)RR = (&2 K)(0 E) Ry (90c)
fhv = i('Ds . ]}1',)(;11’ : i{}.-)Rh - (;7"' : 12:1)({]1 . I‘(\?_,)R,, %- (90b)
fon = (ke - B} (31 B Ry = (00 R} (R KR (90¢)

fun = oo k) (8 k) Ry = (b E)(h kR, (90d)
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and R, and R, are evaluated at

/ AL ~ A
ler/kvl:I s k.l._nl/ k:l:y -2

1o o o ~
\/k,?.r/k'.‘l:_ + k3 k3 + 1

dy’

A= (91)

Then, the bistatic scattering coefficients for the reflected intensities are. in view of (55)
and (84)

’771)»“;“ 1::1) =

ik,ig;j ex _ kt‘?l’r - k:%j/ d (92)
COS&,!]AC? xk,i“‘kj_ 202|C(0). p 2k3.a21C"(0)! Jab

We note that, from (90), the geometrical optics solution does not depend on whether
the total or scattered field is used in the diffraction integral because F(«, §) is evaluated
at the stationary phase point |Holzer and Sung, 1978].

In the backscattering direction k. = —k,. The backscattering cross sections are

defined to be

0,11,(12,-) = cos b, ';Z,J—IE,»,IE,) (93)
From (92). we obtain
‘ |R}- tan é;
= tx 8 ' = - H L4 T T A vt~y 94
un(8:) = aue(61) cosd6;2021C'"(0): exp 202{C"(0)i (04)

02)1(61) = olrl,ﬂ(gi) =0 (95)

where R is the reflection coefficient at normal incidence. We note from (95) that there
is no depolarization in the backscattering direction.

The bistatic scattering coeflicients for the transmitted waves can be derived in
a similar manner. The stationary phase method is used to evaluate the diffraction

integral for the transmitted fields. The stationary phase points are given by

kt:l,r
a, = —— 96a
o (96a)
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W

PR (96t)
}Cf.-l:

where a,, and 4., are the values that the slopes o and & assume at the stationary phase

point. We note that at the stationary phase point

-+ /
PO kf,i’r/ktd z kt:iu kfd y + 2 (97)

v kt(lr’ kf.z» + kﬁzg,/kii: + 1

and it can be shown

ki — (ki 2)A = ke — (b, 2)R (98)

which is a statement of Snell’s law that the tangential components of the wave vectors k.
and k, must be equal. Thus, the slopes «.. and 4.. are such that incident and transmitted
wave directions form a specular transmission.

The transmitted field is obtained from (14) by replacing « and 8 by «., and 4...

—_ k — T =
Ei(7) = - et CE(T = ko) ~1\'(a,,,ﬂ,,)/ dF', ekt (99)
A
The transmitted intensity is
= .0 Kk?E,?*>
(B3 = 52T k) Nlaw, )| ;) (100)
167=r-
where
(]f / dr / dr PRISFIR L -7 etheasl T )= S H\ (101)

Again the above integral is solved by the method of asymptotics to yield

v 2TrA, k:zr + kt?'iu
o o rA, ot @ taw 102
(It 1)) k2 UOEC"(O): exp [ zkr—.i:a i('lr(())l ( )

tdz



The bistatic scattering coefficients for the transmitted intensities are, in view (61)

- 2k3 ka7 - k)2 1 k7, = k7,
t 1t 1 n tedor tdy ’ .
ke k) = L p |~ |, 103
e ) IR ST RESTELT UM I 102

—= T
cos #iik, x kel4k}, mi o2 CMO

with

Woo = (ke k) (R B (1= Ri) + (8, E) (8 /2;,)'—:7‘-(1 + R,,)i (104a)
Wi = | = (8 - ki) (hi - k)(1+ Ry,) + (hye k)(5: - fc,)%(l + R)' (104b)
Won = |(he - ki) (8 ke) (1 + Ry) = (8¢ ki) (R - ic,)%(] - R)l (104¢)
Wi = |(90 ki) (1 - ke)(1 + Ri) + (he - ki) (R - ke) %(1 - R,.)%Q (104d)

The reflection coefficients R, and R, are to be taken at the stationary phase point so

that

Ry= ——~— (A'. (105q)

R, = ('f' ‘)‘ = (105¢)



Specular Surface Limit

In the limit «=C"(0) — 0, which means that the variance of the slope goes to zero.

a specular surface is obtained. In such a limit

1 k7 - k:; . <k1 k;.
li —_— S U - ——’) 106
w2l 20%("/(0);6"’)[ 262 o20mo) | T 7\ ke s (106)

In terms of angular variable 4, ¢

c kd'r kdu cOos 471 o i
é T ) =g (6, — 8) 6@ — @ L7
<k'i: kd; sin 6, ( ) {4) d’ ) ( )

which implies that it is nonvanishing only at 4. = 6, and ¢. = ¢,. Then, the bistatic

scattering coefficients for the reflected intensities simplify to

4r

yr ok ki) = IR,,|26(8. ~ 6)6(0. — ¢ 108
lvzv(k~ 7kl) sinﬁ,- |R ! 6( R ) (6" ¢ ) ( G.)
,on e 4T s S
’Yhh(k-” ki) = th,n{_ L\’(b~ - 61)0(‘1)« - @1) (108}7)
sinf;
"”r“’_(i(\:“i(‘:i) = VZIL(]::«""]EI) =0 (IOSC)

where R,., and R, are the Fresnel reflection coefficients of a flat surface. In a similar

manner. the bistatic scattering coefficients for the transmitted intensities simplify to

T * 47r B e - N
Voo lke, ki) = = (1 - iR..12) &(6 — 61)6(de — ¢1) (109a)
sinf,,
t ~ ~ . 47 . ~ - - -y
Tiw (ke ki) = (1= [Ru.%) 6er = 615)8 (90 — ¢2) (109%)

sith



“;'},,,(k,.]%,'} = ’r:.h(l:”h i":) =0 (1095)

where

k
), = sin* (;— sin 9,) (110)
<) s

Therefore. all the scattered intensities are scattered into the specular reflection and
transmission directions of a flat surface.

The bistatic scattering coefficients obtained in this section are single scattering
solutions which neglect the multiple scattering and shadowing effects. In this present
form. they satisfy the principle of reciprocity but violate the energy conservation. In
the next section we will investigate the reciprocity and energy conservation relations.
Then the bistatic coefficients are modified to incorporate the shadowing effects and

later used to study the emissivity of a rough surface in the geometrical optics limit.
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Reciprocity and Conservation of Energy

We note that a reciprocity relation exists for the bistatic transmission and reflec-
tion coefficients obtained in (92) and (103). Consider two media 1 and 2 with indices of
refraction n, and n, and with wave numbers k, and k,. The two media are separated by
a rough surface. Then the bistatic transmission coefficient 2! (k., k,) signifies a wave
incident from angle (4,,4,) with polarization ¢ onto angle (¢..¢,) in medium 2 with ~
polarization a. This is obtained from (103) by substituting (6;,4.) = (61, ¢1), (61, ¢¢) =
(62,92), ki = ko, and k = k,. Similarly ~':2(k,, k,) is for an incident wave from medium 2
and can be obtained by substituting in (103) (6., ¢:) = (62, 62). (61.¢¢) = (61,¢.). ki = k, and
k = ko. The following reciprocity relation-is seen to hold for the bistatic transmission

coefficients.

n? cosf, ' lhcz.lz:l =nZ cosfp 12 }EL‘EQ 111
1 a 2 ak

For the bistatic reflection coefficients, we similarly obtain the following reciprocity
relations

cosf, '7'“(1::,,12_.) = cos b, ’),’"‘"(;3,,1?1,') (112)

ab

and

co 0,.7312-’(12,,12,) = cos 9,»'7,')32(/::,., lAc,) (113)

™

where ~71(k., k) and 473(k.. k) are the bistatic reflection coefficients in media 1 and 2
between an incident wave with polarization ¢ and a sacttered wave with polarization a.
In the definition for the bistatic scattering coefficients we note that S, A4.,cos4; is

the power intercepted by the surface area normal to the direction of the incident wave.

The total power reflected back is 25, integrated over the upper hemisphere. Similarly,
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the total transmitted power is rS, integrated over the lower hemisphere. We define

the reflectivity

) 1 n;j2 S 27 e
i) = - 3 / di sin b, / de. k. ) (114a)
and the transmissivity
. 1 ”/2 - . - =T t T T
t],(ﬁ,) = E Z ) df‘f sin 4 I dq!)f '7”"[15,1.’5,') (114b)

where the summation a is over both the vertical and horizontal polarizations.
Making use of (90)-(92), we find the reflectivities for the vertical and horizontal

polarizations to be

.

r (9-)—/"/2(19 sin 6 /Jd¢ 1 | KK,
e IR T areriono) P | 2kZ, 0210 7(0)]
y i}:t“ﬂ

4 cos 0,‘|k,‘ X k,IQk:}:

[(}li k)R + (81 k)R (115a)

o

0= /ﬂ/2d6 " 2’rd 1 k(:lz.n+kl1.ll

x [kat® [(avic )2|R), 2 + (b - k.)?IR ] (115b)
4 cos ﬁ7‘]21 x "\C.,Qk"i 1 «) 4ty 1 Py ERY St
where we made use of the fact that

«'121)3';'("’-‘7.-';:1)2 (116)

Similarly, making use of (104)-(106), the transmissivities for the vertical and horizontal

polarizations are found to be

- ~
_ kt-'i:r =+ kt«l_’u :l

/2 2m
1
to(6:) = df, sin 6 dpy —— > _iar
(6:) / csin / P rarico)] P |7 22,02 10m0)]

[(;Lt '1:3:)2(1 — |Ry]?) + (9 '/;t)z(l - ]R,lz)] (117a)

cos b, {k; > kyi2k},



ti(f) = /‘Mgdé7 Qinf}/% : ] x ———hkﬁi"'* iy
S TS Pt amemon(oy P | T 2k2, 02107 (0))

k2 k2R ki) (A k) . R, .
X = ~ D, k) (1 - 'Ry, )= (hy ki) (1 — (RIF 1176
cos 6; ki x kri2kd,, [ B0 = B = R0 ) (1178
where we made use of
!Av.’x A‘Hz: (ilr »Ei)3+(6,~k,):: (;41 fff)g"‘(ﬁz ‘icf)z (118)

1+ Ri® = (1~ [R,]7) ('("; ;‘;)) (119a)
ng(n - ky
1+ &= (1- 1R, 2) Pk (1196)
ni ne(fi - ky)
with
k
ne = I’ (120)

Conservation of energy relations should also exist for the reflectivity and trans-
missivity functions. However, as pointed out before, because shadowing and multiple
scattering effects are ignored, conservatioﬁ of energy is only approximately satisfied
‘Lvnch and Wagner. 1970]. To investigate the violation of the conservation of energy,
we define

Ah(gr) =1- rh('-qz) - t),(f;,) (]21(1)
A(f) = 1= r,(6:) - ta(6)) (1218)

In Fig. 2.3, A.(4;) and A,(4;) are plotted as a function of incident angle. We see that
energy loss becomes severe as incident angle increases. However, as incident angle is

further increased, the trend reverses and the sum of reflected and transmitted energy
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becomes greater than unity. Near the normal angle of incidence there is little shadowing
and most of the rough surface is illuminated. Therefore, since we only have the single
scattering solution there is loss of energy. At higher angle of incidence, the multiple
scattering solutions are still left out. However, the shadowing effect dominates and
the single scattering solution is blowing up as incident angle is increased. In the next
section we modify the bistatic scattering coefficients to include the effect of shadowing
and show that in doing so the sum of reflected and transmitted energy is always less

than unity.
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Shadowing Effect

The bistatic scattering coefficients are now modified to account for the shadowing
effect. The modified scattering coefficients satisfy reciprocity but still do not conserve
energy since multiple scattering effects are neglected. The sum of reflected and trans-
mitted energy is shown to be always less than unity. The modified bistatic scattering
coefficients will be used in the next section to derive the upper and lower bound for
the correct emissivity of the rough surface.

The bistatic reflection coefficients are first considered. The diffraction integral
for the reflected field, (14), is modified with the addition of an illumination function

Lk, k..7), as follows:

E.(F) = S B,(T- kuk.) - / 47", Fla, ) L (ki k., 7) s 7 (122)
A

where L (k;, k.,7) = 1 if a ray having a direction £, is not intersected by the surface and
illuminates the point 7 and if the line drawn from the point 7 in the direction k. does
not strike the surface, and L (k;,k.,7') = 0 otherwise [Sancer, 1969]. The above integral

is evaluated by the method of stationary phase. The scattered intensity is, from (74).
T T - k) Flan,8) 1) (123)
where (17') is now modified to include shadowing

<11'>=</ dF;/ dF R T Lk R F L) L (ke b, ) eRes T =0T (124)
A A
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The above integral is solved by the method of asymptotics as in (76)-(82). We also

note that as k — oc,

dim L(k k7o) Lk k7)< Lk ke ) Ltk ke ’;’u - ;)
= L?(k,.k..7.) (125)
Hence we obtain the following expression analogous to (81).
. A,,4 \2 ! YR " -
Gim 117 = 255 [dLpa,s 1) Lk k) (126)
oC d= U

; P
Ay &

ly=— s = = 22
iz Fix

where p(a, 5, L) is the joint probability density function for o, 4 and L. Since the process
is homogeneous the result above is independent of 7. Representing in terms of the

conditional probability density

ple,B, L) = pla, B) p(L | a, B) (127)

where

p(Lia B) =Pkl a,B)6(L 1)+ [1— Pr(k, k.| a.ﬂ)] §(L) (128)

with Pp(k, k. a, ) the probability that a point will be illuminated by rays having the

directions k, and —k. given the value of the slope at the point. Thus, using (82)

R A 471'3 1 k% -+ k:i) <~ ~ ‘ ki’ ki
(Ir; === xp |- =5 | P | ki k- —, - 129
T T ameriono) P [ 2kzomcnon | T\ TR T (129)

The bistatic reflection coefficients are modified to

A s IO a sl kg, kg,
Vo, (ks ki) = (ke ki) P (k.,k.. —T ) (130)
‘ ! kd; krl;’



There have been many works on incorporating the shadowing effect into the bistatic
scattering coefficients iBeckman, 1965: Wagner. 1967; Smith, 1967a, b; Sancer, 1969..
We use the shadowing function derived by Smith and Sancer to modify the bistatic

scattering coefficients.

s klll ktlu
Py {kiko ===, === ) = S(.4, 131
L(k) P (¢..4,) (131)
where
—i = ¢1 + . B, >4
L+Age.) ~' 7 Ve 2 W
Sk, k) = 3 a0 $u=¢,+ 7, b6, > 6, (132)
1 .
TTEGLITA] otherwise
and
4= cotf (133)
1 2 s 24,2 7]
A(p) = ; /j— w72 _erfe 134
=3 |/zoe vy (134)

s? is the mean square surface slope

2= a0"(0) (135)

and erfc is the complementary error function. The bistatic transmission coefficients

can be modified in a similar fashion. Thus

¥ kes ki) = 8 (ke ki) S2 (64, 6:) (136)

where

1
1+ A(pe) + A(w)

S't(ﬁ,,ﬁ,) = (]37)
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The modified reflectivity and transmissivity functions " (¢,) and t}"(4,) are ob-
tained from (114) by substituting in the modified bistatic scattering coefficients into
the equation. The energy conservation is again studied by plotting A, and 4A,. In Fig.

2.4, we can see that the sum of reflected and transmitted energy are always less than

unity.



Emissivities

The emissivity of a rough surface can be calculated from the bistatic reflection
coefficients. 1t is defined to be {Peake, 1959,

1 w/2 ] L 2 ’ ) o
ealfiy0i) = 1= in Z / dé. suléﬂ/l dé vy, (b, @i d4) (138)

b=u.hv"

The coherent and incoherent bistatic reflection coefficients derived from the Kirchhoff
approximated diffraction integrals in (59) are used to calculate the emissivity of the
rough surface. In terms of the coherent and incoherent reflectivity functions, the
emissivity is given by

ea() =1—r. (6:) — ro.(6:) (139)

where, for a=c or i

2

1 w/2 2r
r6) = 3= 3 [ dbesing, [ dpanl (60956140 (140)

b=w.h V"

In the above equation the dependence on the azimuthal angle of incidence ¢, is dropped
since the rough surface is isotropic and the results are independent of ¢,. After sub-
stituting in the explicit expressions for the bistatic scattering coefficients and carrying

out the angular integration. we obtain

r. (6;) = 'R.. “exp {—4k2€:COS: 6,] (141)
N k212 m/2 ) . I e (kO’(COSé, + COS&;‘))BY” _
ri (6:) = ry— / df. sinf, exp [-—o'k,‘i:j Z — e~ Um

m=1

x {;(l +R.,.)—-(1- R.,.)cosb,cos G,jdw

z m

-+ —(1 +R,)cosb,+ (1 - R,,)cosb, ;: (I,,(a:,,,) - Ll(z_"‘)> } (142)

s "
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where ¢ = v. h and

v = k202(sin? 4, + sin“ 6 ) (143)
4a4m

k=" sing,sinf,
T = T (144)

and /.. and I, are the zeroth and first-order modified Bessel functions. We note that if
the reflected field is used instead of the total field in the diffraction integral, then, for

a=v OT h

k312 /2 f >~ (ko(cos 6.+ cos §;))>™
. 61’ ! ’u'l‘.'l . si . 2 '.’_‘ s z — Y
ro(fi) = 1Rl 8cosf, /,, dx sinf.exp ~o7ku) ,;] mim ¢
')I ‘. - o I -
x {(1 + cos f; cos 6,)‘M =+ {cosf. + cosé,)” (I,,(x,,,) - —l(—l—'—l> } (145)
Ty, Zn

The difference between the incoherent reflectivities obtained using the total or
the reflected field in the diffraction integral is due to the approximation made on the
integrand F(a, 8). If the next order term in the expansion of F(q, 5) in slope terms about
the zero slopes are kept in (20b) while neglecting the shadowing effect, then the results
obtained using the total and the reflected field can be shown to be the same. Note that
in neglecting the shadowing effect, we are applying the tangent plane approximation
even to the points on the rough surface that cannot be directly illuminated. The above
model has some success in matching brightness temperature measurements from soils
with rough surfaces {Tsang and Newton, 1982; Schmugge. 1983. The model with
coherent reflectivity alone is discussed in Choudhury et al. {1979 .

The emissivity may also be calculated in terms of the bistatic transmission coef-

ficients from medium 1 to medium 0, in view of (113)

, n
m/2 - njcosf,

1 o T )
eads, ¢i) = s Z / dé sin f, / dpy it (6, ¢i61, 1) 2 - (146)
b=v.h -

>cos
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The emissivities calculated using (138) and (146) are only the same if the bistatic
scattering coeflicients satisfy the principles of reciprocity and energy conservation.
Thus we are obtaining the approximated solution for the emissivity using (138), since
the scattering coeflicients that we made use of satisfy the reciprocity relation and
energyv conservation only approximately at best.

The emissivity of a random rough surface in the high frequency limit can be
calculated using the bistatic scattering coefficients derived in the geometrical optics
limit. The modified scattering coefficients, given by (130) and (136). which incor-
porate the shadowing effect are used. As stated before, a well defined emissivity of a
medium depends on (1) the satisfaction of reciprocity relations, and (2) the satisfaction
of conservation of energy by bistatic scattering coefficients. The modified scattering
coefficients satisfy the reciprocity but violate the energy conservation since only the
single scattering solution is used. Thus there is ambiguity and the results obtained
using (138) and (146) are not the same. However, the sum of reflected and transmitted
intensity is shown to be always less than unity and this fact can be made use of to
derive the upper and lower limits of the correct emissivity.

The emissivity calculated using (138) represents the upper limit of the correct
solution since the bistatic reflection coefficients are obtained using only the single
scattering solution. If the higher-order scattering effects are included, the net reflected
intensity will be higher and the emissivity will always be lower. Thus, in view of (141)

and (145), the upper bound solution for the emissivity is given by
ed(6:) =1 r"(5:) (147)

where m denotes modified reflectivity with incorporation of shadowing effects according

to (130). The emissivity calculated using (146) represents the lower limit of the correct



6&

solution. If the higher-order scattering effects at the rough boundary are included.
the bistatic transmission coefficients will always increase. Consequently, more thermal
emission from the medium 1 will be transmitted. and the emissivity will always increase.
Using the reciprocity relations satisfied by the bistatic transmiséion coefficients. (111).

the lower bound solution for the emissivity is given by in view of (141),
e(d) = ¢ (#)) (148)
Therefore. the two solutions given by (147) and (148) represent the upper and lower

limits of the correct solution, and the ambiguity is due to the violation of energy

conservation.
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CHAPTER 3

Scattering and Emission by Random Rough Surfaces -

Small Perturbation Method

The scattering of electromagnetic waves from a slightly rough surface is studied
using a perturbation method. The extended boundary condition method is used with
the perturbation method to solve for the scattered and transmitted fields to the second
order. The zeroth-order solutions are just the reflected and transmitted fields of a
flat surface. The first-order solutions give the lowest-order incoherent reflected and
transmitted intensities. The second-order solution gives the lowest-order correction
to the coherent reflection and transmission coefficients and the depolarization in the

backscattered power.



3.1 Introduction

The scattering of electromagnetic waves from a slightly rough surface can be
studied using a perturbation method. In the small perturbation method (SPM) due to
Rice [1963 . it is assumed that the surface variations are much smaller than the incident
wavelength and the slopes of the rough surface are relatively small. The SPM makes
use of Rayleigh hypothesis to express the reflected and transmitted fields into upward
and downward going waves, respectively. The field amplitudes are then determined
from the boundary conditions and the divergence relations. The extended boundary
condition (EBC) method may also be used with the perturbation method to solve for
the scattered fields [Agarwal, 1977'; Nieto-Vesperina, 1982]. In the EBC method, the
surface currents on the rough surface are first calculated. The scattered fields then
can be calculated from the diffraction integral by making use of the calculated surface
fields. Both perturbation methods yield the same expansions for the scattered fields,
because the expansions of the amplitudes of the scattered fields are unique within their
circles of convergence [Maradudin, 1983].

In this chapter we derive the bistatic scattering coefficients for the reflected and
transmitted waves using the SPM. The EBC method is used to formulate the prob-
lem. Even though the Rayleigh method is simpler in the sense that the scattered
fields amplitudes are obtained directly. the EBC method is conceptually consistent
with the previous chapter on scattering from random rough surface with the Kirchhoff
approach. The SPM is used to calculate the scattered fields up to the second-order.
The zeroth-order solutions are just the reflected and transmitted fields of a flat surface.
The first-order solutions give the lowest-order incoherent transmitted and reflected in-

tensities. However, the first-order solution does not give the depolarization effect in the



backscattering direction. The second-order solution gives the lowest-order correction

to the coherent reflection and transmission coefficients and the depolarization in the

backscattering power.
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3.2 Formulation

Consider a plane wave in free space with electric field E, = ¢, E,. exp(tk; -7) incident
upon a slightly rough surface of a medium with permittivity ¢;. The rough surface
is characterized by a random height distribution z = f(¥,) where f(7.) is a random
variable with zero mean. : f(7_)) = 0. Let f,,,, and f,.., be the minimum and maximum
values of the surface profile f(7.). From Huygens’ principle, the total field E(7) in free

space and the transmitted field E,(7) in the dielectric medium satisfy

E, (7))~ / ds’ {wu,ﬁ(?, ') Ax H(F") ~ V x G(7.7) - 7% E(F')]}

E(7) 2> f(F.) (1d)

/ ds’ {iw,ul G\(F.7) - [hax H(F)] + V x Gy(7.7) - (A x 'E](F')}}
.

'

{0 z> f(7.) (2a)
E\(7) z < f(71) (28)

where S’ denotes the rough surface in which the surface integration is to be carried out,
A and 7, are the unit vectors normal to the rough surface and pointing into the free
space and the dielectric medium, respectively, and G(7,7) and G,(7,7) are respectively
the dyadic Green’s functions for free space and homogeneous dielectric of region 1. We
make use of the integral representation of dyadic Green’s function [Appendix Ai.

Since tangential fields are continuous, we can define surface field unknowns

dS'n i x H(F) = dr', a(7,) :dS':—er“zx H,(7) {3a)



|
~1

Evaluating (1b) for z < f,... and (2a) for = > f,... we obtain

T S P
E,(F):g;/dki CM‘HT“e—“\”Ede_‘e thoor 61}.:,1( ol

o { [ol=ke(=ka) = h(=k)h(~k) | - a(7)

>
|
band
3
~—
AL

o [Fh(=ko)e(—ke) = E=R)h(=k2) | B | (40)

0= 1 /dEJ_ etki T gikiez ki /d?'ie"il';l e~ ikaef T

1z

k

= [eulkiestons) + ha(kr)haless) | -a(7))

X
—N—

—

-+

—

";"l(kl:)él(klz) +él(k1:);"l(k1:)] Z(FL)} (4b)

where f,.:n, and fma., are the minimum and maximum values of the surface profile f(7',).
The above equations are the extended boundary conditions, which can be used to solve

for the surface fields along with the following equations which are results of (3a) and

(3b)

Aa(r)-a(7.) =0 (5a)
a(F) - b(F.) =0 (5b)
The unit normal vector to the rough surface #(7,) is given by

—23f(7,)/0x' — §9f(r'.)/0y' + £
V1+(9f/02')2 + (af/dy')?

=

(6)




Thus. (5) can be rewritten as

L (IF) BT - )
O;(T_) - (.., arl-L ty ENY > a;( _;_) (7 )

(7)) = (fafa(:f + 178];(:,*) ) ho() (76)

with a. and . as the z components of @ and t respectively.
Once the surface fields are obtained, then the scattered field in free space and
the transmitted field in medium 1 can be derived from the diffraction integrals. Thus,

evaluating (1a) and (2b) for z > f,... and z < f,,., respectively, we obtain

_ 1 — Tz 1~ k =] . =t
E. (7)) =~ g2 dky etk+T Etk'“—"_ /dFﬁ_ eTtha Tl gmikaflTL)

x {[é(kz]é(kz) +h(k2)ﬁ(k2)] AR [—iz(k:)é(k:) 4 é(kz)ﬁ(lcz)] ~5(F'l)} (8a)

— 1 . P - T T g
Ef(;) — q/dki etl\L‘r_Leﬂzk,,-k_-l/drl;e ik T ezk“f\ril

8= 1z

x {Ekj [gl(_kls)él(—kl:) + ill(_klz);ll(_kls)] -a(r)

- [—;u(—ku)él(‘kl;) + 51(—101:)21(‘151:)] E(F,J.)} (8b)

Therefore, the objective is to solve for the surface fields using (4) and (7), and then to
solve for the scattered fields using (8).

The surface fields are calculated by making a perturbation expansion. We let

=) ;l
ar) = 3 ) (9)
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Timy _,
b(r) = Yo ) (o0)

1

where @ and }"' are respectively the m-th order solution of @ and &. We also have

S I (= f(77))™
‘ B ; m! (10a)
(T 2 S (zekif(FL))™ (100
m!

T

The above expansions can be substituted into (4) to obtain the set of equations for the

different order solutions with f regarded as a small parameter. Also, from (7) and (9)

al"I(F) = b7y ) = 0 (1)

a i a —II m”m - i
arr(7) = m (s2040) - LY (120)

- JOf(r) | L9f(F )) Slm—1)
{mif= y — 1) L b, ' 2b
i) = m (s200 L 20D ) e (12

Thus, we are assuming
3 =4 a 34{

kS ki f7), 2L 2 (13)

ar'’ ay'
Substituting (9)-(10) into (4) and (7) and equating the same order terms we can cal-
culate the surface fields to zeroth-order. first-order. etc. Then, from (8). the scattered
fields can be obtained to different order. In the following sections we solve for the
surface fields, and then the scattered field up to the second-order. The zeroth-order
solution is just the reflected and transmitted fields of a flat surface. The first-order so-
lution gives the lowest-order incoherent scattered intensities. However, the first-order
solution does not give the depolarization effect in the backscattering direction. The
second-order solution gives the lowest-order correction to the coherent reflection and

transmission coefficients. Also, depolarization of the backscattered power is manifested.
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3.3 Zeroth-Order Solution

The zeroth-order solution can be obtained by keeping only the lowest-order terms
in the expansion of (7) and (8). We first define the orthonormal system (7,. §,. %,). which

are given by

ku: kl'L

j, = T — — 4§ — =Ak-1 14a
b= i i é(kzi) (14a)

k. o kg
foo= pofl L gom 14b
| & Ikm -+ ykm ( )
2 =3 (14c¢)

where k2 = k3, + k2, and let

a(F!) = diay (7)) + piay(7!y) + Ziaz(FL) (15a)
E(F.L = éib‘l(F,_L) + f’ibp(F’_L) + éib:(?l_]_) (155)

To solve for the-zeroth order solution, we note that

Et(?) — gl E“eik_i_' F R

~

—¢ _1_ E. dzieiiiii —ik.z 47 eiii, 7 o—ik T (16)
‘4w -

Using (16) in (4a), we note that the 47, integration in (4a) must produce a Dirac delta

function of the form é(k, - k,,). Hence

216:,‘

{[é(—kzi)é(—k;i) + E(-k:i)ﬁ(—kn)] @)

+ [Fhl-ka)e(—ke) = -k~ B ) (17a)
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Hence from (4b), we have

[él(klzi)él(kl:r) + Bl(klzi);ll(kln):l : a‘“’(?’_;)f:

— (i

- [—E‘I(km)éj(m) - él(km)iu(k-l..,;)] B(F) =0 (176)

Using (11) and (15) in (17) and noting that the dot products of #; and g, with ¢ and &

can be calculated from (14). (A4) and (A3), we have from (17a)

ik, T k

v ’ ki
g, et = Z—E {é(‘k;i) (a,‘l“'(F') + =

7 k"t {0y (=1 O) (=t
20000 ) + bk (Sepnen 606 ) | s

Using (17b), we have

ka,ll“)(?') — ke b,‘,‘”(?'} =0 (18b)
kl;’lfzz a;("”(;,) + bl(l“)(;') =0 (180)

Since (18a) contains two scalar equations, (18) provides four equations for the four

unknowns a,", a}”, ¢,"', and t”". Solving them and substituting back into a'"}(¥',) and

Tl

EO(7)) gives
) = T )R T (19a)
E(U](F,—L) _ gi‘))(Eli)ei}?_‘_,-?l (lgb)
where
=0} E Y= (é(—k ~ k:z R 20 )
a, (ki:) = (E(—k:)- 61:)7(1 - Ry.) (20a
al"(ky;) = (h(—ks) &)1+ R..) (208)
0} + - kg
bq (klf) = _(h(‘k:t) : 61)7(1 - Rzm) (206)

10}

by (kii) = (B(—k=) - &)(1+ Ry.) (20d)



and R,,.. and R,., are the Fresnel reflection coefficients for the TE and TM waves

ki — ki
- =t = 21
le k:z -+ kl:i ( a)
R, = Gk b (21)

€1k:1‘ + Cuklf:i

The unit vectors &(—k.;) and h(—k.;) are related to the previously used unit vectors k;

and %, as

é(—k;,‘) = —]’l,‘ (220)
h(—k.) = -4, (226)

Therefore, from (8), the reflected and transmitted fields are given by

=il

E« = {th(é(—k:z’ ’ 61))€(k:1) - eru(;"(_k:l) ' é.1));\7'(’6.1)} Eweiz'lii-%ik“: (230')

e k . . -
E: " = {(1 + Rhu)(é(—k:’i) : éi)él(_klzi) + k—(l - Rw')(h(-k:i) ’ éi)hl(_kl:z) } E«»elk'lvr'L_tk“”
1

(23b)

which are just the reflected and transmitted fields from a flat surface.



3.4 First-Order Solution

The first-order solution for the surface fields can be obtained by substituting

(9)-(10) into (4), (7). (12) and equating first-order terms. From (12a) and (19a)

a(:“;(;f! ) — (5:3)’(?'_1_) + {/af(F’_L)) ‘5“))(E_Li) eiﬁ*,i", (24)

- dz! T a9y

To simplify (24), we introduce the Fourier transforms

A - (771r—)~ /d?'i (7 ) e e Tl (260)
B - (211r)’~’ /‘Wi ANCATEESE (26b)

and multiply equation (24) by exp|—ik, - 7,]/(2r)> and integrate over d7',. We obtain,
l 4 1

by expressing 3f(7',)/9z' and 3f(7,)/dy’ in terms of F(k,),

AR = { (M) al (k) + <M _ km‘) a’(}’l(En)}iF(El — ki) (27q)
o "n

1

Similarly from (12b)

— ~ — k. k. — ko . — — —_
B!_'l ) (k_L _ k,rk;/z kju r1 b,‘") kii - }C‘rkn -+ k?lk_m _ IC r b['“)(k_g_,ﬁ ZF(]C_L _ k_Li (27b)
: k. d k o)

”n m

1

Next we match both sides of equation (4a) to first order. We note that

dF e~ FL Tl ik:/(F’JJ]
[/ Tt ¢ first order
= /d?’le”iz*'?l [ik;f(Fg)a‘"”(ic‘.i,-)e‘zw'?' + a"”(;’)]

= (27)? [ik:F(E_v C B (kL) + Z‘“(L)] (28)
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Hence the first order equation from (4a) is

— - - . k
0= d]{_L thoro =tk
/ € € P

. {[‘(—k:)é(—k;) " il(~k;)il(—-k:)] . [Z“'(E) < k@ E ) F(E, ~ E*i)]

—(0),—

- [-E(-k:)e(—k:) +é(—k:)iz(—k:)] . [E‘“(E;) +ik b (kL) Pk, - zh)]} (29a)
and from (4b). in a similiar fashion, we obtain

— o= _k
0= [ B
kl:

X {kﬁl [31(101:)31(101:) + ;ll(kl:);l»l(kls)] . [ZHD(%J) _ ikl:a(“)(Eﬁ_i)F(E; _ Eii)]

+[—iz,(klz)al(klz)+el(klz)in(k,:)] [’E“"(L)—iklj“"(h,—)F(;}-—Eh)]} (298)

Equations (29a) and (29b) are vector equations so that there are four scalar
equations contained in them. Hence (27) and (29) are six scalar equations for the six
unknowns A;''(k.), Al'(k.), A (kL), B{(ky), B/*'(ky), B!*(k.). After much algebraic

manipulation, we obtain

ANk =iF(k. -Fi)A, (ki) (30a)

——=(1i — o) _

B'!'(k.)=1F(k. - k.)B, (ki) (300)

where the explicit expansions for 4}, A!!', B)'' and B!’ are given in Appendix B.
The first-order scattered fields can now be obtained from (8). To first-order, we

obtain

k.

y {[é(k:)é(k:) - E(k;)ﬁ(k;)] . [K‘U(Eﬂ — ik . F(k; — lzu)a_lnl(‘lgu)]

- [Fhtk)étk:) = (k) h(k:)] - [B(RL) ~ ik F(RL - BL)E " (R L) } (31a)



Ei(—kil)Er(—kio) + El(—kl:)l}l(—kk)] [Z’”(L) vk Flk - Eh)a—“"'(h,)]
= [Fhat=Ra ) = k)b (k)| [BY R + kPR - L,)E""(L,-)}}(zw)
In view of (30) and the fact that

(FEL)) = s [ a5, = 0 (32)

we have

EMN =(E") =0

Thus, the first-order solution does not modify the coherent reflection and transmission
coefficients and we have to calculate the second-order solution to see the correction
terms due to rough surface.

The lowest-order incoherent scattering coefficients can be derived from (31), by
considering the vertically and horizontally polarized incident field and calculating the
vertically and horizontally polarized scattered fields. We first calculate the scattered
fields in the free space. For an incident field with polarization a, the scattered intensity

with polarization &, is given by

VBN = [ dE g W (L - Fl)

= /dn,kﬁcosg_. oW (k. —k_il) (33)

where W (jk. —k,|) is the Fourier transform of the correlation function and

ZK- k'r r1 i\ :2
2k.., ( ke + kyky )I (34)

|
= B (kT - k*
fhh | ( 1 )(]C: + kl;)(k;I —+ kl:z) kl'kl'i



s 2kk k- kg — ks \ 1
= Lk - k) i T ) 345
v ( ! )(kfk; + kgkl:)(kn - kl;z) (\ k/'k/’l i ( )
; 2k . k. ek — koky T
IH: IE,, k2~k3 1z vz whers T m)\ 34
fhl ( 1 )(}\_~ N }Cl:)(k?k;; - k:klu) \ k/,‘."l,, ( C)
i 2k2k. k= kokoo = kykyi \107
L= E(k? - k7 Tt —k ke — ki ks, (——-—~— o = Ty -”‘) C (34d
f7 ! : ( ! )(k]?k_ - kzkl:)(kfk:i + kgkl:i} [ e kI e . k/'k/'f I ( )
In deriving (33), we made use of
(F(E)F(kL)) = 8(k, — k)W (K1) (35)
For a Gaussian correlation function we have
T T 1 o 2 2\
%% (,k‘\ - k_L,;) = EU I~ exp |— (k,h + kdy)z (36)
where
ko =k, —k_, (37)

and o is the standard derviation of the surface height and [ is the correlation length
for f(r.) in the transverse plane.

The bistatic scattering coefficients ~7,(k., k) are defined as the ratio of scattered
power of polarization b, per unit solid angle in direction k. and the intercepted power

of polarization a, in direction k; averaged over 4r radians. Therefore. in view of (33),

k*cos, fi, W (ks — k_;1)

(38)
cost; |[E,|

ko k) = 4n

Substituting (34) and (36) into the above equation and rearranging terms, we obtain

S 4k*0212 cos= 6, cos> 4, . 12
Vialkos ki) = i exp [—kir'Z] (39)

cos #;




where
ki, = k? (sin®6. + sin®¢, — 2sin 6. sin b, cos(é. — &) (40)
and
| (kT — k2) s
o= H o, — @, i1
fui (ke + kp) (ke + koo cos{ ) (41a)
(kT — k2)kk,. 2
ch = T 2 sin*{q. — @; ilh
for (k3. + k2ky2) (ks ~ kiz) (¢ ) (418)
; (k;—’_ kg)kklzt \2 e 2
i = s 2 o 1. 41C
fh i(k: + kl:)(k‘»?k:1 4 k’_?k]:i) [ 8 (Q ¢ ) ( )
| bk (k2k2s 3 2 , w?’_’
Jow =1 (kT - k2) (kTk?sin 6, sin 6, — k%k,.ky-; cos(¢. — ¢1)x (41d)

|(k2k. + k%ky.)(k2ko; + k2ky.,)

In the backscattering direction k., = —k;. The backscattering cross section per unit area

are
onn(b:) = 4k?o?1% cos? 4, {Rh,,]zexp [—k"’l"’ sin> 0,} (42q)
o 22 k? - k2)(k3k2sin?0; + k2% ki) 0 0 on L s -
(6) = k20212 cost g, | y 22 exp [~ k202 sin® 6, 42b
Cuu(8i) o0°l”cos i Kk + F2k1o)? ; exp | sin” 6; | (42b)
ouh(oi) = ahv(oi) =0 (42C)

Therefore, there is no depolarization in the backscattering direction.
The bistatic scattering coefficients for the transmitted fields in the medium 1 can

be obtained from (31b). Following the same procedure we obtain

4k7k3021% cos® 64 cos? 6;

. R
Thalkr ki) = o Wi exp [—kaz/ﬂ (43)

cost; 71

where

lc;",l/, = k3sinf; + k*sin®8; — 2k k sin 6, sin 6, cos(dt — ¢;) (44)



and
; (k-f — k.?) oy .
= L cosTlar m o 45
hh ,(k; + ICJ.;)(](:1 — 'Icl.:{) ‘ CO: (uf d ) ( 1)
k3§ — k2)kk. -
Wr’.,'h = ( 1 ) : Sill'(';"f _ (;‘3) (45[,)

i(kfk»_ k2k (ko + k)

W " (kT = k2)kk,. c )
= ~ sin- _ 4',’ "
" |(k: + k];)(kfk;, - k:kl;i) m ((pi ¢ ) ( UC)

(k})_ kz)klk . . o ‘Q
1k b s {'11- = 21 S T P
(k'fk: + kzki;)(k%k:i ¥ kgkl:‘) |K1ksIn by sty + k-k. co<(¢, P! )‘[i

M’:rr = ; (45d)
|

The first-order solution gives the lowest order incoherent scattered intensities.
The bistatic reflection and transmission coefficients can be easily shown to satisfy the
principle of reciprocity. However, in the first-order solution, there is no depolarization
effect in the backscattering direction and the coherent reflection and transmission co-
efficients are not modified. Therefore, to calculate corrections to coherent reflection

and transmission coefficients, we need to calculate the second-order solution.
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3.5 Second-Order Solution

The second-order solution for the surface fields and the scattered fields can be
obtained from (4}, (7) and (8) by collecting and equating the second-order terms.
We will first consider the case of a horizontally polarized incident wave, & = &(—k.,).
The second-order scattered field in é(k.) and k(k.) polarizations. which corresponds to
horizontally and vertically polarized scattered fields, respectively, can be calculated to

be

E(F) = /dh etk s Tu gikos /da F(E, ~ kL) (kL ~K.)

[ K} — k2 (k,,k,, — koky,

~ T k3 — k2 (kpky + kyky;
(i’ y M e yhyi
ko )Bq (k.) k;+klz<

e LRI

«
lk: + kl: ok
1 k? — k® kyk, + kyky: _ .
’Ek:—i- " (k1z — ky22) ( k,.k,,,—y v ) b,',“’(lci,v)} (46a)

E2)(7) = / df L % ke / dF, F(E. - Fy)F(ky — F.)

k2~ k2 , [Rbky — ki ko, ST (
" {“ kik. ~ k2k,. kok [ kj ki A kL) kK i

kbkoi + Kikyi\ = o
_—_'__’> A,',“(ki)J

(k3 = k2)kkys (kokai + kukii \ 21yt (63 = k2kky (kykei — kokyi \ 201

_ : ! _ ! ! Bk
k2k. + k2k. k,k,, B (kL) kik. + kZk,. k, ki v (k)
1 (k2 - k2)k ., (k,,kﬁ -~ k,k,,l) —

B LA | L IO T I e AL AT 46b
Zlcfk:-fk?kl;( P~ ki) k, k. d (k) (46t)

where
b;,“j(z_u) =1~ R},“ (47)
AN(EL) = Rk (Roka = bk ) KkE (ki eukai )
q - k IC,,IC,;;' koky: + k;‘: kl'kﬂf

k:klz+ k,:: k;rkri + kukui ? (0)(71
: 1 . 48
- k < ICI;k/n bl' (kl') ( a)
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:’i‘,l)(z_?.) = {k/"kl”' (k~"k-r1 + kyky, ) - ( kkJ: __ koky. + kz)
! K k,vk,-: k:k.l:. + k,', k
k.rkﬂ - k,,k‘", ) <k‘,,k‘_” - k;rkm > T
« uly : ? BNk 486
( k/,kl,, ‘ k,.k,,, ) iz ( L ) ( )
- - ki — k* brkeo — kgky \ [ kiky, — kyk, T
B(l] k ‘ — : i _ kQ ( Jfe ulan ( RS uhr l'r“” k’ i 48
1 ( d') kak; -+ }C‘ikj:, " kl'k['l ) kpk/'i " ( - ) ( C)
- k2 - k2) (k3 = k2) . (kyke — koky \° .
B“) A — —k i ( 1 _ 1 e i yi ) b((li kii 48d
I ( J.) { iz (k;_ + kl‘-:) (kvlzk; = kgkjv-') e kl,k",, ‘ P ( ) ( )

Thus, by taking ensemble average of (48), we obtain the lowest order correction to the

coherent reflection coefficients. By making use of

(F(k', — kL )F(ky — K ) = 6(ky — k)W (k. -kl (49)

we obtain
(B2 = ethorToeibe (b, — k). / dk', BIW(E' )W (K, — k1.l) (50)
(ElZh =0 (51)

There is no depolarization of the coherent waves on the specular direction since we
have an isotropic rough surface. In view of (20a), the modified reflection coefficient for

the horizontal polarization is,

(kf - kg) 2 ,,/ 1 2] 2142
272 ) . ) S R AV
——“—(k;, - k1:,)20 l : k,dk,exp 4(k/' k)

(ki - k7) k.k,. ki - k2 kﬁ ( ]1(1)> .
- ki, z 1, - — 52
X {[ (k. = k1) K24 hok + ki | L(z) + PR (z) z (52)

RU.[ :Rh,u + k:l

where

z =~k k,0° (53)

2
“
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and 1. and I, are the zeroth and first order modified Bessel functions.
The modified reflection coefficient for the vertical polarization can also be ob-
tained by considering a vertically polarized incident field and calculating for the scat-

tered fields. Following the same procedure we obtain

Sr|1 = R,,,. -k

(kg_k:—’) 2.2 .272 ~ 1 2 232
e e el LRl

ke k k2 k2 k2
k B N 2._L"1_ S S §-11

-+ k? - k? k‘f’:j - k'.l,-7 ],,(I) _ ]1(1') _ k’l-’ - k2 kl::klz’l _1_.
k.+ ki ki kZ+k k). T

I.(z)

The modified coherent transmission coefficients for the horizontal and vertical

polarization can be calculated similarly to give

kI-k%) L. [~ 1, 0 . 5.im
Xo1 =1+ Ry, + k., IE(%;TI?—)_;U‘I‘ /; k/, dlc,, exp [— Z(k; -+ k;J[-}
21 2 )

X {(kz - kl:) [1,,(2) - k?’—:‘:ﬁlli’r)] — %(k:,‘ - klzi)I,,(I)} (55(1)

and

Y'H] =1+ R'uu"’ k;1

(k'f - k'l) 2292 < 1 2 2} bf)
kia=l® k,dk, - —(k;+ k)"
(k’szi + kzkl:z’)z JU O ! n EXP 4( r - "1)

1 k2k
. I 2,~ _ -2 » _ k:—kz 1o
X { Z(k Al-z klk_,)]“(l) ( 1 )(]CJ:;C + k:,kl:)-[”("r')

klz — k:’ ~ . kg,kzxkl:'i Il(z)‘
- -—-—-——-—-k-,‘k ~,],, ki -k~ —“:/— Iu -]
ke + k. o F (o) + (k3 )(k;k: + k2k,.) (z) z )
ke + ki, , , |
-——_ Wt K1z — ILET 55b
TS ki (k2k o, — k3. u,(:)} (556)

The depolarization scattered intensity in the backscattering direction can be
obtained by considering a horizontally polarized incident field and calculating the ver-

tically polarized scattered intensity or vice versa. From reciprocity the two solutions
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0., and ¢, can be shown to be the same. The second-order scattered field for a hor-
izontally polarized incident field is given by (48b). Keeping only the terms that do
not vanish in the backscattering direction and calculating the scattered intensity in
the backscattering direction. the depolarized backscattering cross section per unit area

can be calculated to be

. n PO Zk(k/f - kﬁ):klalk:i ‘:
iu\Te) =0uh 61 = 8k~ S .
onu(f:) =0un(bi) = 87k~ co (kker + K2k o) (kei ~ ko)

T i(k:tik:/ — kyikfr)(k:nk;lr + k,,,k,’,) 3 T n ! T .
dk, Y Wk, — k)W (kL + kL 56

After carrying out the d¢’-integration the above equation simplifies to

1 ap aral (kF = k2)%k)s | 1,22
)= ) = ~kScos? b — k2
Uhv(gf) gvh(et) 2k cos®f;0%l '(k%k;, + kzklz,’)(k“‘ + klzi)] exp 2 m
oc le .
x / dk, ——L——— exp [— lk:?l'} (56b)
0 |k2k!, + k3kL|” 2

Therefore, by obtaining the second-order solution we can show the depolarization effect

in the backscattered direction.
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Appendix A: Integral Representation of Dyadic Green’s Function

The integral representation of the free space dyadic Green’s function is given by

, s Jdk_ 2 [e(k)2(k.) = hik)hi.) | eF 7 2>z
= 87,7 8 ke
Gr.7) = -22700 - (41)
g - [dk, * [é(—k,_,)é(-k;.) - B(—Aﬁ;)fz(—k:)] R
where
k=k,5+k,0+ k.2 (A2)
K = }C,i B k_u@ - k:::-: (AS)
B(k.) = kx 3/1k x 5 = k-l—(a“:k_,, — ok,) (A4)
"
N 1 - =k, k,
)= —¢ = (% - 0 . Lz A5
h{k P X k k,,k,,(Ik + gky) + P (A5)
é(—k:) = é(k:) (A6)
. 1. — ke o k. ‘
h{—k.) = I;:e *x K = —“—k,-/(xk., - gk,) + ;f—’z (A6)
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CHAPTER 4

Scattering and Emission by Random Rough Surfaces -

Modified Small Perturbation Method

The scattering of electromagnetic waves from a randomly rough dielectric surface
is studied using a modified small perturbation method. The extended boundary condi-
tion method is used to solve for the scattered and transmitted fields. The small pertur-
bation method (SPM) is modified with the use of cumulant technique. The coherent
reflectivities and the bistatic scattering coefficients are derived using the modified SPM
and are shown to have wider regions of validity than the conventional SPM result. The
emissivity of the rough surface is then calculated by integrating the bistatic scattering

coefficients over the upper hemisphere.
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4.1 Introduction

Over the years. extensive theoretical and éxperimenta] investigations have been
performed on scattering and emission of random rough surfaces and applied to sea,
planetary and soil surfaces. Most of the work utilized either the Kirchhoff approach
Beckmann and Spizzichino, 1963; Semenov. 1965; Kodis, 1966: Stogryn, 1967; Bar-
rick, 1968: Fung and Chan, 1969; Sancer, 1969: Lynch and Wagner, 1970; Leader,
1971: Sung and Holzer, 1976; Sung and Ekerhardt. 1978; Tsang and Kong, 1980a,b;
Bass and Fuks, 1979: Ulaby et al., 1981] or the small perturbation method [Rice, 1963;
Valenzuela, 1967, 1968; Agarwal, 1977; Nieto-Vesperina. 1982 The small perturbation
method is used to study the rough surface with the height small compared with a
wavelength and the slope much smaller than unity. The Kirchhoff approach has been
used to study rough surfaces with large radius of curvatures. In recent years, there
has been considerable interest in the development of more general theories which can
bridge these two limiting methods. The full wave approach [Bahar, 1978; Bahar and
Barrick, 1983] has been used for composite surfaces which cannot be decomposed into
small-scale perturbations and large-scale surfaces. It has also been used to study de-
polarization effects. The diagrammatic approach Zipfel and DeSanto, 1972; DeSanto,
1974; DeSanto, 1983 makes use of the Feynman diagram and has been used to obtain
the coherent intensity beyond the Kirchhoff approximation and compared with some
experimental data.

In this chapter we study the problem of scattering and emission from a randomly
rough dielectric surface using the modified SPM. The extended boundary condition
method is used to solve for the scattered and transmitted fields. The small perturbation

method is modified with the use of cumulant technique to derive the coherent reflection
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coefficients and the bistatic scattering coefficients. The results are shown to have wider
regions of validity than the conventional SPM results. The emissivity is obtained by
integrating the bistatic scattering coefficients over the upper hemisphere. The results
are illustrated by comparing with the emissivities obtained with the KA for the various

cases.
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4.2 Formulation

Consider a plane wave in free space with electric field E, = 2, exp(:k, - 7) incident
upon a randomly rough surface with permittivity .,. The rough surface is characterized
by a height distribution z = f(7.) where f(7_) is a random variable with zero mean,
‘f(r.), = 0. Let f,,., and f,,.. be the minimum and maximum values of the surface
profile f(7.). From Huygen's principle. the total field E(7) in free space, and the

transmitted field E,(7) in the dielectric medium satisfy

Ed(7) + / ds’ {iwyl,z—'(i’, #) - [ax HF) + V x G(F7) - iax E(F’)]}
E(7) z> f(FL) (1a)

0 z < f(r1) (18)

/ a5’ {iwﬂl 51(?’ ) [ﬁ" x ﬁl(?)} -V x 51(7» ') ['ﬁd x -El(?")}}

{0 z > f(F_L) (20.)

E\(7) z < f(F.) (2¢)

where S’ denotes the rough surface over which the surface integration is to be carried
out, # and 7, are the unit vectors normal to the rough surface and pointing into the free
space and the dielectric medium. respectively. and G(7,7) and G,(7,7') are respectively
the dyadic Green’s functions for free space and the homogeneous dielectric of region 1.

Evaluating (1b) for = < f,,.:, and (2a) for z > f,,.., we obtain the extended bound-
ary conditions which can be solved for the surface fields [Chapter 3, Sec 3.2]. Once the

surface fields are obtained, then the scattered field in free space and the transmitted
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field in medium 1 can be derived from the diffraction integrals. Thus, evaluating (1a)

and (2b) for z > f,... and z < f,..,, respectively. we obtain

— 1 - 3 = c T = g
E,.(F) — /ko 61’-_' T 61}.-:;]:‘_ /d?_’lé-'}“"r‘ ekzl;_-‘!tr‘i

&87°

x {[a(/c,,)e(k;) " iz(k;)fz(k;)] A7) - [—fz(k:)é(k:) - &(k)h(k:)| vE(FL)} (3a)

E,(?) _ 1,, /dE_; 6&; ;‘e-i;‘lzﬁ/dFLe‘iz* T gtkiafiT)
8= kl_-;
£ ~ - R b o — (=t
X k 61(—1(1;)61(—]\,1;)7}11( kl:)hl( kl:) a(r_L)
1
+ [—izl(-kl:)€1(—kl:)+ 61(—k1:)izl(—k1:)] b(7, } (3b)
where
dF' (7)) = dS'n i x H(7') = dS" nl i fox H () (4a)
1

d¥' b(7',) = dS' 7 x E(7') = dS' 7 x E,(7) (4b)

In Chapter 2 we used the Kirchhoff approximation to solve for the scattered fields from
the above diffraction integrals by making use of tangent plane approximation for the
surface fields. In Chapter 3 we used the small perturbation method to calculate the
surface fields and the scattered fields by making a perturbation expansion. In this
chapter we will modify the SPM with the cumulant average technique and solve for
the scattered fields.

We will consider the case of horizontally polarized scattered field due to the
horizontally polarized incident wave in detail to illustrate the modified SPM. The SPM

and KA results are derived in Chapters 2 and 3. The coherent reflected field with the
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lowest order correction due to the rough surface, obtained with the SPM Chapter 3.

Sec. 3.5] is given by
(Ej. = Ry ethe Tagrhes {1 < (ke ki) /dE: BUWE )W (K, - E__,-g)} (5)

where R, is the Fresnel reflection coefficient for the TE wave. In the limit | — oc,
where [ is the correlation length for f(7,) in the transverse plane, the above expression
simplifies to

(Ene = Rio[1 = 2kZ0% etk T gthens (6)

The coherent reflected wave under the Kirchhoff Approximation is derived in Chapter
2 to be

(Ej.) = Ry, e~ 20" eikaTo ik (7)

In the limit k.,0 < 1, the above expression reduces to
(Ensi = Ri {1 = 2k3,0% e Fer T rbars (8)
which checks with the SPM result in the I — oc limit. In the next section we will modify

the SPM with the cumulant technique such that in the limit  — oo the KA result given

by (7) is obtained and in the limit k.;0 < 1, the SPM result given by (5) is obtained.
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4.3 Modified Small Perturbation Method

The horizontally polarized scattered field for the incident wave with horizon-
tal polarization has been derived in Chapter 3 using SPM by making a perturbation

expansion. The expressions for the second-order solution is given by

EL(7) = Ry o T e (9)

T ik, T 3 T 1 ,krk‘m"fktkn m
E)(F) = - /dkl ekeTe R Pk — k) (k. — ki) (——k-k———) B0k L) (10)
prhvm /

E\?(7) = / dR, eFaTa gikes / k. F(E. —F.)F(F k)

(e s (5
. %:ﬁ_—;—‘l—(kl k) (Lk;ik—) b;:"(hi)} (11)
where
FlkL) = o [ar gty e e (12)
bk L) =1+ Ry, (15)

In the modified SPM we first assume that the scattered field can be expressed in

the following form:

1 — = ) T T —
Ey.(r) = e /dk.L eRLTL gikes (ki: = k)(1+ Ry.) /d;/l o —ilk L=k )7

k: + k:z’

kokoi + bk \ ook i1 [ Kokun = kukai\ [ ketk 7, ) }
: yfr . T ) 1 K z )T -1 16
8 {< kl'km' ) ‘ nT k,.k ) (e ) ( )

-pPon
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where h.(7') and h.(7) are the unknown functions to be determined by making a

perturbation expansion. We let

m!

oc {rn) 7 oc ‘(imj 7
ho(fi)= > w ho(Fe) = > ho 17.) (17)

m=1 T=1

Substituting the above expansion into (16) and further expanding the equation for the
scattered field, we can solve for ™' and »'"' by comparing with the SPM result. The

first-order result is given by

HM k)= ~iF(k, — ki) HYEk ) =0 (18)
where
m) . 1 —1 ) (=t —ik 7,
H{" kL) = ﬁ/duh.‘. (7 ) etk (19)
Thus, we have
RIVFL) = = f (7)) R ) =0 (20)

The second-order results are given by

HO(E, —Fis) = ~(ke + k) /dz; HOE ~ FO)HYE, - )

+ /d;?’i Flk. -k )F(k. - k.. {(ku —kyi) - 2%} (21a)
27 41

C o BV

oy —r — - - -
HEFL ~FL) = [dRLF(EL - FF(E, - B (216)
» dq

The coherent reflected field is obtained by taking the ensemble average of (16).

We have

<E},_,‘(F)> — Rh” {E'Zk.,:}'_ (v’ )t'? €1E;,rr_.. ezk,,: (22)
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If we make the regular perturbation expansion of the above expression and take the
ensemble average. then we obtain the same result as the SPM. Thus, we make use of
cumulant average technique Shen and Maradudin. 1980: Kubo. 1962, in performing

the ensemble average in (16). The cumulant average is defined such that

{(:2"'“" (r;)‘/\ = exp ‘:(21.:): R 1}'] (23)

3\

where (-}, stands for cumulant average. For a random variable y, there is an exact
relationship between the cumulant average (x";. and the moments (x") for m < n [Kubo,

1962]. The first two relations are given by
)= (24a)

)= (x)? (24)

The left-hand-side of (23) is normally evaluated by making the power series expansion:

PYS -1 1 ; n
(2T ) = 1 (2heiho(FL) = S UZkaiho (FL)) ) = (25)
Similarly, we expand
(el FL) 1\ = (2 k(7). ~ %((21:;,}1,.(?'_.))2;,, . (26)

Note that by substituting (25) and (26) into (23) and by further expanding the right-
hand-side of (23), the relation between the cumulant average and moments of the

random variable can be obtained by equating the same order terms.
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We evaluate (26) using the perturbation expansion for #.(7.). We have, by keep-

ing the terms to the second order,

SR

S (T : ; . 5 5 1 . 5
(Bt T AL = 2k P ) = S 2k k(L)

t

= ki PUFL ) + 2k RIV(FL ) (27)

where we made use of the fact (r!''(7,)) = 0. Thus. the coherent reflected field for the

horizontal polarization is given by
(Ej.) = Ry, eF4 74 ehors exp [(k;, + ki) / dk” B! (R )W (. — kL) (28)

We note that the above result agree with the SPM result and the KA result, given by

(5) and (7), in the respective limits of k.,c < 1 and | — co.



4.4 Bistatic Scattering Coefficients

The bistatic scattering coefficients can be derived by calculating the incoherent

scattered intensities. From (16) we have. by making use of cumulant average technique

~ - 4x . 4 ; kT —k?
kLl k) = k2kZ, | ! |
vk sk) = o (ke = k)2 | (ks + kpz) (ker = oysg) |

‘: (k:rk:ri -+ k‘ukyi>2
k.,

X exp 5:—2R€§M1L1(EL,7€7Li)E:4W /dnl e {exp (ke + k.i)? C("’);— 1}

where
T - 1, 5, 5 o k. —+ k*z T 5
Mk k_i) = (k2= kZ)o" - (—‘"*——'le(k.Luku) (30)
2 2k.;
with

o . (k3 - &)
Mk ko) = 2k | dky Skiz — - =3
ks k) =2 / *{ ST R K2k SRR

(k2 = k2K (Kl kg — khky \° o -
‘ ' Wk, — ki

b))

(31)

For the correlation function C(7,) with the gaussian dependence, the integrals in (29)

) can be carried out. We have

and (31
- - 1 4 i k3 - k* 2
ki, ki) = :2 g | : i os”
Yk L ) oy k‘k“k*k-l) Iy k-,+k1~)| (¢ — ¢4)
k2 12 (52
) [(k: + kzi)a]?™ +k., o) i
x exp [— 2 Re|M,,i (k. k., H"Z:l exp 4;'n
e . " 12
Myilk i k_ i) = k.jo?l° / k;, dk;], exp {—(k,',' - k;”)Z]
)
(k3 - k?) (k1= k%) | 2 1u(2)
k., — —A 27 ; . 33
{[ Ry z) = K2kl + k2Kl (35)
(34)

where
k3, = k24 K2 — 2k k. cos(d — ¢:)
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r= ~k'k

58
2t

- (35)

and 1, and I, are the zeroth and first order modified Bessel functions.
The vertically polarized scattered field for the horizontally polarized incident field
is obtained in a similar manner. We assume that the scattered fields can be expressed

in the following form:

_ 1 T ks 2 kT - k® S
Ew(r):—sn:/dk;e ko -Le":'k % kkl"'kzkl*kzkl (1+Rhu)/drle (ho—kihry
T Ky 1R 2
) = kok, + k,k e gE
(Ic:-rk,,)cmtr_lb _ xrPhopd T u e (h+kaiv (7 ) _
X {(e 1) + (—_“-k,,k,n > (e 1)

kokyi = kyke, (kethzy o, (7)) ;
“+ ) k =z e JULT ) 1 36
( P ) ( ) )

Then the bistatic scattering coefficient can be derived by following exactly the same

procedure. We have

Yuh (E_Ly %_Li) =

an k3 k9 4 : kkl:(k? - kz) !2 (k.’/kwi - k.rkm' 2
cosf; 7 (ko + koi)? [ (k3ks + k2kp) (ko + ki) | k,k,,

R - - 1 T - P D gt \1
X exp |-2 Re[M,’,‘{(ki,kh)” s /d?'_. e HEL—kL T {exp [(k: + k., )?C(F)| — 1}
(37)

where

k/:ii 03+ (k: + k:i)
kl:: 2k:1

My (ko ki) = %(kf - kZ)o® + %(k: - k:) Myi(k_isk 1) (38)
The bistatic scattering coefficients for the vertically polarized incident wave can
also be derived following exactly the same procedure as outlined in the previous section.

For the vertically and horizontally polarized scattered fields we assume the following
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form:
1 - T F ikl 2 k3 - k- STk
E,,.. 7] — dk th_ 7, Jik.: H 1 - Rm, /\d—-l‘ —tlk =k )T
r (T) 8773 € 4 k: = k:, Il.'rfk; . k‘:}\‘1: ( ) ) r, e
R N P £ k= k:rk.n - k_,,k-“ A O ST
% {k,.k,,ze“" [T LA e F_kl k; , <_kl’k;”_’_ ) ¢ k. e T )
kZ kykyi — kiky \ 7 -
B (2 B, 71T Y NSO L B } 4
k7 ( e ) (¢ ) (39)
ks e 2 ki k22 .
E“ 7) — dk thy T, _tk.:z =1 1 1+R1u /d ik A‘|r,
s (7) - L€ e W ki ( ) | d7'.
x k!lkf” - k-"klli (eik:+k:;)hfi7l' _ 1) _ ki"k-'” + k!lkyi) (eik:+k:-]hi(F’l) _ 1)} (40)
kyk kki
where R,.. is the Fresnel reflection coefficient for the vertical polarization. Then, the

bistatic scattering coefficients are calculated to be

gk
(k%k: -+ kzkl:)(k%k:,' -+ k:kl:i) i

- 4
wolk )= k2 k-
olks ko) = bff. "k’(k ¥ k)2
bk + kyky: ) ."’

k* -
X lk kl" exp ‘ Mz!z(klﬁk—l-l)] - -kl kl ,exp| Mm(k.-tki1)_§ ( k k ]
phvyn

] I —“.E;-EJx)-F'_L 7 2=t V]
% /d {exp [(k: + k.0)?C(7)] - 1} (41)

bl kg o4 4 ’ kkl 1(k1 - ko) i (kuku krk!n>2
s :(lc +k-,)-|(k-—4—k1 Whikoi + k2k12,) | k.k

phop
1 —1 —z(k —ky, )7 r 2vy=t \1

X exp ‘—2 RelM! (k. k.,) e dr', e LT {exp (ko + k=0)2C(7L)] - 1}
(42)

"Hw(E;,Eu) =
. [¢

where
T 1,, 2 2 k. k~1'
Mm(kJ.f ki1) E(k - I“;z) ( ~2-;C_ - )M;r'i(kiﬂk;l) (43(1)
. 1 a o k: + k:i R 7 o
Mk, ki) = (kD = k2o + £—27C*—)M,..(ku,ku) (43t)
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— . o ~ k- o1 . 4
Mk, k)= =(kZ- k?,.) 2 = (k. + ko) (k: + ke )M”,-(Icu,km] (43¢)
- kl:n Zk-z
with
- - k. — kT~ k= =k ., 'k, — klky: — -
o o ) = _2___1. A ! 1 /k _ 1= ( ahvra yvut w, k _ k ‘i,
Myikoi k) k,. /dl-k“ {k’fkg *I:Qk’hk" MRS kLKL N Kk, (k. = Fuil)
(44a)

_ — 2 2 k: -2 k'k, k'k,i + klk,
M1lzv1'(k_;nkii):2kzi/dk. {ﬁl_- (kT - k°) _ ki i ( . y*u )

- kl:’ ké + k’i: k131 k/’:: - kék’l- \ k,',km' /
(k7 - k2) . (/c',k_,f + Kl kg ) - -
+ 3 k! : W (k' — k. 44b
k3k! + k2K, " k' k.o (k. = keil) (44t)

The coherent reflected field for vertical polarization is given by

= - . k2 _ k'l
/E,,..\ — itk Ty ik T 1 R,,,, 1
VS = € L U R e e
> o (T T k= o AT T .
x _k,-n expi_Mvi(k.Luk-‘.i)} - Ekim exp\_M1r1(klf’kiin (40)
1

For Gaussian corrleation function, we have

2% k!
Kk —Lll(z)} (46a)

k2L(x) + et
) ek,

oI T 252 = ' -, k’f - k*

o kie KL+ k|, Dk k2 ki

S (I,,(x) _ M)} (46t)

C 3kt + k2kl z

_ o k2 (k2 - k2 k3 Kk,
M (k. i k)= 2k:,~/ k;,dk;,e-y{ (—1— - L—l—]‘)) I{z) - =4 " [ (1)



109

4.5 Emissivities

By using energy conservation and reciprocity arguments. the emissivity can be

expressed in the following form |Peake. 1959 :
en(b,) =1— r3(6:) — ru(8)) B=v, h (47)

where r;, is the coherent reflectivity and !, is the incoherent reflectivity. The reflectiv-
ities are given by

ra6,) = [Ral* (48)

r(8) = ‘% Z / dq)/ db‘amﬂ Younll, 364, 1) (49)

a=u.h

where R, is the coherent reﬂectlon coefficient.
The coherent reflection coefficients of the rough surface derived with the modified
SPM is given by

R’l = Rh«,eXP{Mhi(Eu-,E_Li)] (500')

~

2 — — . k-
{_kl-'i exp[‘_M;:;'(k_Liek_u)f-i' -

k2 — k2

1
R, = 1+ R,.)5——
( N )ka:ﬂ + kzkl:i

T K. enpl =My, (B )] | (500
The emissivities can be obtained by making use of the expressions for the bistatic

scattering coefficients derived in the previous section. For the correlation function

with Gaussian dependence we obtain, after carrying out the d¢-integration,

; 1 w2 i — k2 ;
L (8,) = d6sin 6 k2 k212 '
T},( ) COSG,’/, s = (]C +1C-,,')3 ! k. +}C1 )(/C:{—l'kl:i)i
oo o
i 1. . k |(k: + k:i)o']-‘-m - Il(xm)
i—2 Re|M;,;(k kg = eVl (zy) - —
x exp (=2 Re[Mji(k L, k. ”in“l e (2m) = ==
Y LA, 2 | kk,, (k2 — k2) 12
dbsin 6 k2 k2, 1° ' iz |
cosgi/ e e e, k)2 (k2K + k2k12) (ks = Kpsg) |

(k -+ 1‘1"1) 1071:6_."".11(1"')

m!'m ZTin

X exp [—2 Re[M,',,,‘(EL,Eh)}:' Z

m=1

(51a)
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~

/2 "

"/ . 2 ki - k* |
désinf k2 k2, 12

/ SR T R T Rk T PR

T:*(ﬁi] =

cos b;

- [(k +k"')’r 2 -1 I‘ 252 T« 1 (L L. 7
D e ek T exp 2 ReMy (R B )

2 > : 7 7 - 1 m
—tk“ky ki, “exp (—2Re!M (k.. k_,) []“(Im) _ _*(i_)]

"):7[1
_ch{k ke ik kb exp —MUE_ k) exp — M (k_, _,)j}]l(z,,,}}
S S 2 kki-i(k7 ~ k?) i
+ db sin 6 k2 k2 12
cosﬁi/ T s O T k)2 1(ke = kue) (K2key ~+ K2k pz) |
, . k. *k~ Ii(zm)
{—2ReiM! (k. ki, ke = kei)o ™y, Tal 51b
x exp [~2 Re{M,,(k ., Zl e - (51b)
where
’2 1'2
(k "z)4m T = kr'km’z';l (52)

The emissivities calculated using the modified SPM is illustrated and compared
with the result obtained using the KA |Chap. 2, Eqs. (141) and (145)] for the various
cases. In Fig. 4.1 we illustrate the effect of standard deviation of the surface height
0. As o is increased there is an increase in the emissivities except at large observation
angles for vertical polarization. Also. the difference between vertical and horizontal
polarizations becomes smaller. In Fig. 4.2 the KA result for the same set of parameters
are illustrated. The KA result is not valid for large angles of observation. For angles
near nadir there is increase in the emissivities which is larger than the modified SPM
results. In Figs. 4.3 and 4.4 the effect of increasing the correlation length ! is illustrated.
There is a decrease in the emissivities near nadir as ! is increased. We note that as
| — oo the emissivity of the rough surface approaches that of the flat surface since the
sum of coherent and incoherent reflected intensities is equal to the reflected intensity

of the flat surface. In Figs. 4.5 and 4.6 we increase o and ! by the same ratio, which
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is equivalent to increasing the frequency for the same parameters. We note that while
there is a slight increase in the emissivity near nadir angles for KA, there is a decrease
for MSPM. We note that the coherent reflectivities obtained using the KA does not
depend on the corrleation length / while the modified SPM results is a function of both

o and .
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A EMISSIVITY

Freq. = 1.4 GHz

0.3
flat surface
€ = 2050
— — —=23.0cm, 2 =15 cm
0.2
ko = 0.88, ki =4.4
\
———— o=1cm, 2=15cm
0.1 - ko = 0.29
L | ] ! 1 ] ] L
10 20 30 40 50 60 70 80 6

Figure 4.1  Emissivities as a function of observation angle - Modified Small

Perturbation Method.
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'} EMISSIVITY
1.0
0.9
0.8
0.7
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0.4
Freq. = 1.4 GHz
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0.2 = ko = 0.88, kg =
- === og=1c¢m, 2=15c¢cm,
0.1 ke = 0.29
] i ] ] | | | ] -
10 20 30 40 50 60 70 80 ]

Figure 4.2  Emissivities as a function of observation angle — Kirchhoff Approximation.
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Figure 4.3  Emissivities as a function of observation angle — Modified Small

Perturbation Method.
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4 EMISSIVITY

Freq. = 1.4 GHz
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ko = 0.88, k& = 4.4
0.1
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Figure 4.4  Emissivities as a function of observation angle — Kirchhoff Approximation.
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4 EMISSIVITY

Freq. = 1.4 GHz

flat surface

—— —g=3cm, 2=15¢cm

0.3 B 0 ko = 0.88, ki = 4.4
- = ¢ =1cm, 2 =5c¢m
ko = 0.29, ki = 1.47
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i | ! L L Il I .
10 20 30 40 50 60 70 80 ¢

Figure 4.5 Emissivities as a function of observation angle - Modified Small

Perturbation Method.
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4 EMISSIVITY
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Figure 4.6  Emissivities as a function of observation angle — Kirchhoff Approximation.
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CHAPTER 5

Scattering of Electromagnetic Waves from a Randomly

Perturbed Quasiperiodic Surface

Scattering of electromagnetic waves from a randomly perturbed quasiperiodic
surface is studied for active remote sensing of plowed fields. Kirchhoff approximation
is used. Narrow-band Gaussian random variation around the spatial frequency of
the sinusoidal variation is used to introduce the quasiperiodicity. The physical optics
integral is evaluated to obtain closed-form solutions for coherent and incoherent bistatic
scattering coefficients. In the geometrical optics limit, it is shown that the bistatic
scattering coefficients are proportional to the probability of the occurrence of the slopes
which will specularly reflect the incident wave into the observation direction. The
theoretical results are illustrated for the various cases by plotting backscattering cross
sections as a function of the angle of incidence. It is shown that there is a large
difference between cases where the incident wave vector is parallel or perpendicular to
the row direction. When the incident wave vector is perpendicular to the row direction,
the maximum value of the backscattering cross section does not necessarily occur at
normal incidence. The scattering coefficients can be interpreted as a convolution of
the scattering patterns for the sinusoidal and the random rough surfaces. For the
backscattering cross sections we observe occurrence of peaks whose relative magnitudes

and locations are explained in terms of the scattering patterns for sinusoidal surfaces.
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5.1 Introduction

Scattering of electromagnetic waves from a randomly perturbed sinusoidal surface
is of interest in the active remote sensing of plowed fields. The variations of the
radar scattering coefficients due to the change in the look direction relative to the
row direction have been well documented |Batlivala and Ulaby, 1976: Ulaby and Bare.,
1979: Fenner et al., 1980]. In the past, the problem of electromagnetic wave scattering
from periodic [Waterman, 1975; Jordan and Lang, 1979; Chuang and Kong, 1982]
or random [Rice, 1951; Beckmann and Spizzichino, 1963; Stogryn, 1967: Valenzuela,
1967; Sancer, 1969; Leader, 1971; Tsang and Kong, 1980a] rough surfaces has been
extensively studied. The problem of scattering by randomly perturbed surface has
been studied by assuming that the periodic surface causes a tilting effect [Ulaby et
al., 1982]. In this approach the scattering coefficients of the random rough surfaces
obtained using the Kirchhoff approximation or small perturbation method is averaged
over the change in local incidence angle due to the periodic surface. This approach
has also béen used to solve the scattering from a composite random rough surface with
small and large variations [Semenov, 1966; Wu and Fung, 1972].

In this chapter we use the Kirchhoff approximation to study the scattering of
electromagnetic waves from a randomly perturbed quasiperiodic surface. In order
to more realistically model the plowed fields we characterize the rough surface as a
composite surface with a Gaussian random variation, a sinusoidal variation and a
narrow-band Gaussian random variation around the same spatial frequency. In the
plowed fields there are some random variations on the period and amplitude of the
sinusoidal variation as we move from one row to the next. This variation can be

modelled by introducing the narrow-band Gaussian random process on top of the basic
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sinusoidal variation, which will cause the surface to be quasiperiodic. The physical
optics integral obtained with the Kirchhoff approximation is evaluated to obtain the
coherent and incoherent bistatic scattering coefficients. In the geometrical optics limit,
the stationary phase method is used to further simplify the results. In this limit it can-
be shown that the bistatic scattering coefficients are proportional to the probability
of the occurrence of the slopes which will specularly reflect the incident wave into
the observation direction. The theoretical results are illustrated for the various cases
by plotting the backscattering cross sections as a function of the angle of incidence
with the incident wave vector either parallel or perpendicular to the row direction.
The appearances of peaks will be explained in terms of the scattering patterns for

sinusoidal surfaces.



121

5.2 Formulation

Consider a plane wave incident on a randomly perturbed quasiperiodic surface

'Fig. 5.1,. The electric field of the incident wave is given by
—E'—,»(F) =& E, exp(ik, -7) (1)

where k, denotes the incident wave vector and ¢, the polarization of the incident electric
field vector. The rough surface is characterized by a height distribution Z = f(z,y).

which is given by

f1,9) = &(m2) + Alo) cos (B + v(a) ) + Boos (Fz+9) 2)

where ¢(z,y) is a Gaussian random variable with zero mean
{&(z,¥)) =0 (3)

A(z) cos|(2r/P)z + (z)] is described by a narrow-band Gaussian random process [Dav-
enport and Root, 1958; Appendix A, centered around the spatial frequency of 27/P
where the variations of the envelope A(z) and the phase w(z) are slow compared to
those of cos(27/P)z, and B and ¢ are assumed to be constants. Using the vector Kirch-
hoff approach, the scattered electric field E,(7) can be expressed in the following form
'Stogryn, 1967; Sancer, 1969; Leader, 1971; Tsang and Kong, 1980a]:

- ikexp(ikr)

E (7) = ypo (I - l%fc) /A F{a, B) exp(tk, - r)dF', (4)
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where A, is the area of the rough surface projected onto the z - y plane, k. is the unit

vector in the observation direction, and

ol
Il
Bl
|
b
:
=
=

Fla,8) = (1+ a2+ )V {1 = R EB)E - 406~ (6 77 < 4)(1+ R)
(6)
+(é: @1-)112, (e x )1 = Ry) =+ (& - By ki) (ke > g )(1 — R,,)}

In (6), o and g are the local slopes in the r and y directions,

(', ')

a= ———a—:—r—l—— (7a)
_8f(="¥")
5= Ul (70

# is the local normal to the rough surface,

—Za— B+ 2
(1+ a2+ p2)1/2

(8)

ﬁ:

7 and § are respectively, the unit vectors in the directions of the local parallel and

perpendicular polarizations of the incident wave,

. 1::, x 7l

qi = % = (9(1)
’ki X i

ﬁt =g X 121 (Qb)

R, and R, are the Fresnel reflection coefficients for TM and TE waves with local

incidence angle:

(10a)



with

and the orthonormal system for the incident and scattered fields are given by

k, = Zsinf;cos ¢; + §sinb;sin ¢, — Zcos b,

0, = —Zcosb;cos ¢; — §cos b, sin ¢; — Zsin b;

ny =k k
ki = w0
k= wy/uoe.

~

h;i = —Zsin ¢; + §cos ¢,

«=2Zsinf,cosd,+ ysinb,sin ¢, + Zcosb,

he= —Zsin¢.+ gcos .

«.=Z%cosf,cos¢,+ Gcosh.sing. — Zsinf.

(108)

(12a)

(12b)

{12¢)

(13a)

(13b)

{13¢)

The Kirchhoff approximated diffraction integral in its present form is still difficult

to evaluate and further approximation is necessary. One commonly used approximation

is to expahd F(a, 8) in the power series of slope terms about the zero slope and to keep

only the first few terms {Leader, 1971; Tsang and Newton, 1982]. However, in this

chapter we shall expand F(a, 8) about the slopes at the stationary phase point a, and

B

{14a)
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- "C:i'u
) _ R 14b
Bo= = (148)
where
ks = k(sin¥; cos ¢; — sin#, cos &) (15a)
kg, = k(sin 6, sin ¢; — sin &, sin ¢.) (156)
ki, = —k(cos b, + cos¥,) (15¢)
Therefore, we expand F(«, ) as follows:
— - oF SF |
Fla,B) = F(a.,,B.,) + ———I (a—a,)+ == (B-B)+ (16)
aa ., p, aﬂ !u‘,['f‘,

Keeping only the first term in the above equation, we obtain from (4),

= _ tkexp(tkr)

E.(7) E.(I - k.k.)F(a,, B (17)

47r

where the integral I is given by

I= / exp(ik, - 7')d7’, (18)
A

Then the scattered fields E.(7) is separated into a mean field E,,() and a fluctuating
part of the field &(7)

E.(7) = E,.(F) + £(7) , (19)

with



and

(E.(F)) = En(7) (21)

so that the total scattered intensity is a sum of coherent and incoherent scattered

intensities.
(E.C = E.A 7~ TR (22)
From (17) and (18). we have
2 IC'7 E,,§2 - 2 -~ —_ 52 . e}
(lEm(T)[ ) = 16'1r'3ré l:v Fla,, 8.} + ih ~F(a,,,5,,)i ];(I,\' (23)
and
JiF =y 13 k'J‘E"IQ . T 2 i T IQ
(€@ = Tom2r? {v, Fla,,B.)| + |k F(a,,,ﬁ,,)! ]D, (24)
where
Dy = (I*) - (D (25)

The explicit expressions for |(1){2 and D; for the randomly perturbed quasiperiodic
surface are derived and expressed in terms of the statistical moments of the height
distribution [Appendix B.. The advantage of expanding F(a,3) around the stationary
phase point (a,.4.) is that the bistatic scattering coefficients derived from (24) and
(25) satisfy the principle of recprocity and at high frequency limit the geometrical
optics solutions can be obtained from (25) without making any modifications [Stogryn,
1967]. Also, since F(a, ) is evaluated at the stationary phase point the same solution

is obtained using total or reflected field on the surface [Holzer and Sung, 1978].
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5.3 Coherent and Incoherent Scattering Coefficients

The bistatic scattering coefficients are defined as Peake. 1959

P 4rr?]
4l»k.~<~ki ‘:—:”' [= .h 26
7 I( ' ) A,,COS ﬁ,’],’]. (a/ v ) ( )
where 1., and I, are, respectively, the intensity of the scattered wave in polarization
a and the intensity of the incident wave in polarization ¢. From (23) and (24) we first
calculate the vertically and horizontally polarized coherent and incoherent scattered
intensities for the cases of vertically and horizontally polarized incident fields. For an

incident field with polarization #;, the scattered intensities with polarization a. is given

by [Stogryn, 1967]

.= kZ2|E)? — 2,2
= — 4. - 27
|E(7)] Tor2y2 1 Fia., B.)1" (T)] (27)
=2 k? !Euiz ~ Al 2
15(7‘)' = —1—6—7—(2—7‘2_ a."'Flr(auvﬁu)! D] (28)
where
Fi(a.,B.) = F(a., ﬂl,);‘“:bx (29)
and
- s Tyl
& Fulen, B) = ————fu (30)
k2l x k. k3.
with
foo = |(he B)(hi k) Ry + (8. k(0 k)R] (310)
| i
for = (he ki) (8 E)Ry - (0. )R k)R, (315)
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fhe = i("ﬂ : 1;1)(;1'1 ' 'IACA)RI: - (;"" 'kz)(i’? 'fﬁ)R, (31‘")
fun = o k) (8 k)R, ~+ (he - R (R, kIR, (31d)

and R, and R;, which are given by (10). are evaluated at

~

i]"-41,;7"/1“3'1:_ - gkatu /kzl: + Z
(k2 k2~ ko ko —1)i 2

dr! Ay

n=

(32)

In view of (27) and (28), the bistatic scattering coefficients can be decomposed into a

1 2
|

coherent part v, and an incoherent part 4’,. Substituting in the expressions for |(I)

and D;, (B10) and (B18), into (27) and (28), we have

”,,l,(i&,,l}j):’7:;),(1::.«,121)+’7f,l,(]2371;i) (33)
where
PP mik, o A e o~ 27\ . ;
Yo lenr i) = e i expl—k2(e2+ 02) Y W (kaB) e (""f’*"?)dhzu) (34)
cos f; !ki X k‘ k=, t=-oc
P (r T [kl
'Y:zh(k-«vki) 3 fha (Dh + Dl:) (35)

>

~

ey
|
cosé?,k?",x gk

~1

In (34), J, is the nth-order Bessel function and ¢ is the Dirac delta function. It can easily

be shown that the bistatic scattering coefficients satisfy the principle of reciprocity,

cosb; ’y,u,(l:c,, ic,) = cos ¥, ’71,.‘(/%1, /AC-) (36)

When the incident wave vector is not perpendicular to the row direction of the

periodic surface (k,; # 0), the coherent scattering coefficient, (34), gives rise to scattered
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intensities along the directions of Floquet modes, forming a cone. This conical diffrac-
tion is a characteristic of scattering from a periodic surface |Chuang and Kong, 1982".
A part of incoherent scattering coefficient will also give rise to conical diffraction. The
second term on the right-hand side of (35) has ¢(k,,) dependence and this will give rise
to scattered intensities only in the direction k,. = k,, forming a cone shape. However,
unlike the coherent term, which only scatters into a set of discrete directions, this term
will scatter intensities in all k,. directions.

In the backscattering direction ¢, = 6, and ¢. = ¢, + ». The backscattering cross

sections per unit area are defined to be

Oun(k) = cos by (ki k) (37)

From (33)-(35), we obtain
Ounl(ki) = onn(ki) = 07 (k) + o (k) + ob(k:) (38)
ony (k) = oun (ki) = 0 (39)

where

~ . 4mk?|R?? S 2
o' (ki) = —m— exp |—4kZ, (a7 + 0F). z Jo(2k.iB) 1 ¢ <2k” +n— iz > $(2k i) (40)
on k* R'n k2.o2)m l“
a’i(k:) :coi Z iJ(2k, B) exp | ~41»~,(0' + 0 ; Z (4 "U
= 1 H=—oc m=1
ksi + pm < o)™ 1
X exp (— ( P ) : ] ) Z Z “)m' ( ) m'! E
m'=1n=0u

keyy +{(u+m'—2n - 1’ e
< exp (_[ (1 P )7 ] o k_;“;)} (41)
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with
~ /‘1 12m!
7= V - IZm
T zk: ;R‘: - > Lol - ~ - iyt
ob(ki) = (:0“391 0 (2ky) Z (Ju(2k::B),"exp —4kzi (o~ + U:)J
o pH=—oc

-

i 1 /m j'—ﬁ] (4kZ a3 ke + (u+m-—2n)x
x [ — 1,2 exp | -
2m (n)\’ m m! P P |

=

I

) -

and R is the Fresnel reflection coefficient at normal incidence. We note that there is no
depolarization in the backscattering direction, and because of the é(2k,.) dependence,
o"(k;) terms contribute only when the incident wave vector is perpendicular to the row

direction of the periodic surface.
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5.4 Geometrical Optics Solution

Under the geometrical optics limit as k — oc. further simplifications can be made
for the expressions of i(1}/° and D;. Since k,.c.k;.c, = 1. the coherent component of
the scattered fields are negligible and only the incoherent scattering coefficients will
remain. Under the stationary phase approximation the bistatic scattering coefficients

simplify to

i2] kel
kio _ 925 gno!) (ke
(k—“ 2rfsing ) (ku-:)

e 2e2 ]
5.8y 82 §2

. R IE.H 1 27 ,
Tl k) = ——E g [T g

~

where 7 and s are, respectively, the mean square surface slopes in the z and y directions
<2 = 02|C"(0)] + o2i(27/P)? + |CL(0)]] (44a)

2= 52iC"(0)] (448)

Q
ty

In the above equations, " and ¢! are the second derivatives of the correlation functions

and for Gaussian correlation functions assumed
(o) = 2/1° (45a)

IC(0)i = 2/17 (458)

The probability of finding slopes («, 8) at point 7, on the surface can be calculated

to be
{a + 271'% sin (¥%z + ¢))j2

Plafr ), A(7.)| = 5 exp (— - ’gi) (46)

2s2 2

(3%

<N

&8
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Averaging the above expression over one period we obtain the averaged PDF for o, 5

1 /7 1 o= 2rfsin (L ~¢) " 32
Pla.8) = = dr - exp | — = L ( . ). (47)
P 0 27.‘:‘,,-\» y e

which is prqport-ional to the geometrical optics solution. Therefore, the geometrical
optics result states that the scattered intensity is proportional to the probability of the
occurrence of the slopes which will specularly reflect the incident wave into the direction
of the scattered wave |Barrick, 1968). We also note that in the geometrical optics limit
there is no difference between the above solution and the solution obtained using the

incoherent model [Ulaby et al., 1982] except for the factors due to quasiperiodicity.



5.5 Results and Discussion

The backscattering cross sections per unit area ~|(k;) are calculated and illus-
trated for various cases. The conically diffracted coherent and incoherent components,
o'(k;) and oi(k,). which only contribute when the incident wave is perpendicular to the
row direction of the periodic surface, are not included in the calculations. In order to
correctly incorporate the contributions from these components, the characteristics of
the antenna used to make the measurements must be taken into account.

The results of randomly perturbed sinusoidal surface cases, o, = 0, are first illus-
trated in Figs. 5.2-5.9. In Fig. 5.2, the backscattering cross sections per unit area o(k;)
are plotted as a function of incidence angle for different frequencies. As the frequency
is increased, the solution approaches the geometrical optics result as expected. The
difference between the cases where the incident wave vector is parallel, ¢, = 90°, or
perpendicular, ¢, = 0°, to the row direction is seen to be large. For the ¢; = 0° case the
maximum value of o(k,) is shown to be not at normal incidence. In Fig. 5.3 the effect
of change in the amplitubde of sinusoidal variation B is illustrated for 5.0 GHz. As B
is decreased the results of ¢, = 0° and ¢, = 90° cases approach each other and when
B = 0 we reproduce the random rough surface result which is independent of azimutal
incident angle ¢,.

In Fig. 5.4 the effect of the correlation length [ at 1.4 GHz is illustrated. As !
is increased, the o(k;) falls off faster as a function of 4, for ¢, = 90° and there is an
appearance of peaks for 4; = 0°. The change in o(k,) as ¢, is varied is shown in Fig. 5.5.
The appearance of the peaks for ¢; = 0° can be explained as follows.

The result for a randomly perturbed sinusoidal surface is related to the convo-

lution of the results for the sinusoidal surface with those of the random rough surface.



For a sinusoidal surface, we have contribution in the backscattering direction only when

it coincides with one of the Floquet modes direction.
2. = (48)

As [ is increased the scattering pattern from a random rough surface is sharply peaked
around the specular direction. Therefore. by making ¢ sufficiently large, we obtain the
result which is sharply peaked at the mode directions given by (48). This is illustrated
in Fig. 5.6(a). The locations and amplitudes of the Floquet modes are plotted in Fig.
5.6(a). Notice that for the cases of ! = 100cm. we see from Fig. 5.6(a) that the peaks
are visibly illustrated. When [ is smaller the scattering pattern of the random rough
surface becomes broader and we do not reproduce all the peaks. However, the peaks
around the two dominant modes, n = 1 and n = 4, are still reproduced for I = 50cm.
When ! is further decreased none of the peaks are reproduced and we have a fairly flat
behavior.

In Fig. 5.7(a), the effect of change in B at 1.4 GHz is illustrated. Note that as
B is decreased, there seems to be a shifting of the peaks. Since the period P is not
changed, the locations of the modes do not change. However, as we can see from Fig.
5.7(b), the amplitude of each mode is changed as B is changed. The location of the
mode with the maximum amplitude is shifted as B is varied and the results in Fig.
5.7(a) reflect this effect. When B = 0 only the amplitude of the n = 0 mode is nonzero
and the random rough surface result is reproduced.

The effect of change in thekperiod P is illustrated in Fig. 5.8. The locations of
the modes will change as P changes while the amplitude of each mode will not change
since B is the same. As can be seen from Fig. 5.8, when P is increased the modes are

spaced closer together and when P is decreased the modes become further apart.



The effect of change in o is shown in Fig. 5.9(a). Initially, as o is increased the
backscattering cross section c(k,) is increased. Then as ¢ is further increased there is
a decrease near normal incidence and a disappearance of one of the peaks. This is
due to the change in the scattering characteristics of the random rough surface in the
absence of sinusoidal variation. In Fig. 5.9(b) the backscattering cross section for the
random rough surface is plotted. Note that for - = 5cm there is a decrease near normal
incidence and a broadening of the scattering pattern which explains the trends in Fig.
5.9(a).

In Fig. 5.10(a) and 5.10(b) we illustrate the results for randomly perturbed
quasiperiodic surfaces, B = 0 and o, # 0. In Fig. 5.10(a) the backscattering cross
sections are plotted for different correlation lengths . Again, as ! is increased there
is an appearance of peaks. But unlike the sinusoidal case, the values of the peaks are
monotonically decreasing with increasing angle of incidence. It is interesting to look
at the solution in the limit I, — oo since we obtain a much simpler analytical solution.

From (B14) we obtain, for B =0,

2L, 2L, - . . . ) 2 0 3
(I :/ dx/ dyctk‘.u.'r.Ll2L:’ ~{zi[2L, — |y|iexp —kij.0" + k,‘,:a‘(,'(h)_i
-2L. -2L,

% exp [—k,:;;crf + k?,:rrfC';,.(:c):jf (49)

In the limit {, — «. we obtain

2L, oL, oc . — 27
ar =/ d:c/ dy Z exp —k3.07 I,(k3.0%)exp [i (k,u -+ in—;) -F__}
—2L, 2L, T

< [2L,  [zl}|2L, — lyl|exp |~k3.0? + k3.02C(F )] (50)

where I, is the n-th order modified Bessel function. This is similar to the randomly

perturbed sinusoidal surface result. In this case the amplitudes of the modes are given
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by the modified Bessel functions whereas before they were given in terms of the Bessel
functions. The amplitudes of the modes are plotted in Fig. 5.10(b) and we can see
that they are monotonically decreasing as n is increased. which explains the results in
Fig. 5.10(a). Also note that as ¢, is decreased only the first few modes have larger
amplitudes and as n is increased they decay much faster. When ¢, =0, only the n =0
mode remains and we reproduce the random rough surface results.

The above result in the limit ¢, — o0, (50). can also be related to the randomly

perturbed sinusoidal surface case. When ¢, = 0, we obtain

2L, 2L, 3 o )
{ar; =/ dz/ dy Y J2(k..B)exp [2 (k.u wn?) -n]
2L -2L. 7"

< (2L, — [zfl2L, — ]l exp —k3.0? + k302C(FL)] (51)

For a narrow-band Gaussian random process, A(z)cos|(27/P)z + ¥(z)}, the PDF for A(z)

and y(z) is given by

IA

A —4%) for A>0, 0< 2
P(A.¢) = { 2l exp( _n;) =Y, << 2w (52)
0 otherwise
Therefore, if we treat the amplitude B and the phase v of sinusoidal variation as random
variables with PDF given by (52), and take the average of (51) with respect to B and
v, we obtain the randomly perturbed quasiperiodic surface result, given by (50), by

making use of

N

& B 0 2 5 2
/ dB Jr:;)(k'i:B) Bo exp (- f>> = exp(—lc,‘ko;)fn(—-k(}:z?;) (53)
0 (g 202

r

In Figs. 5.11 and 5.12 we illustrate the combined effect of the previous cases.

In Fig. 5.11 the backscattering cross sections are plotted for different ! for the case
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B = 10cm and o, = 5cm. The ¢, = 0° results are seen to be much more flatter as a
function of incident angle than the corresponding cases in Fig. 5.10(a). The effect of
varving c. is illustrated in Fig. 5.12. Therefore. by varving ~, and B we can obtain

different combinations of the previous two cases when «, = 0 or B = 0.



Appendix A: Narrow-Band Gaussian Random Process

The narrow-band Gaussian random process can be expressed as 'Davenport and

Root. 1958

. 2 9
A(z) cos [%1 - zp(z)} = &.(x)cos %‘:.’l‘ - &.sin —PEI {A1)

where ¢.(z) and ¢.(z) are independent Gaussian random variables with zero means

(€-(z)) = (u(2)) =0 (A2)

and
(Elz1)€u(z2)) = (Eu(z1)€u(22)) = 03C (12, — 22) (A3)
(€cfz1)€ulz2)) =0 (A4)

where o, is the standard deviations of ¢.(z) and ¢.(z) and C,(|z, — z2!) is the normalized
correlation function. The covariance of narrow-band Gaussian random processes at z,

and z. is given by
9 ¢
(A{z /) cos [%xl + y’)(zl)} A(z2) cos [%Ig + z/z(a:g)J} = 02C,.(izy — z2|) cos 2%(::1 ) (A5)

The probability density function in terms of 4 and v is given by

‘4,exp(—2“};) for A>0, 0<y<o2r

0 otherwise

(A46)
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Appendix B: Calculations of ('~ and D,

The integral 71 is given by

1=/ exp(ik, 7')dr', (B1)
A

The ensemble average of 7 is given by

I = f dz'dy' exp(iky,z’ + thkayy')(exp [tha f(2', ¥')]) (B2)
A,
with
; . ' 1., o 4 : 27,
(exp [tka: f(2',y')]) = exp |- Ski.(0% + o) | exp |tka:B cos Bt ¢ (B3)
where
o? = (€% (B4)
ol = (&) = (D) (B5)
Therefore,
/T 1, o) o >, . 27«" . I R .
) =4L,Lyexp |\~ ki.(07 +0;) ";m a, sinc || kg + nj;) L,|sinc (kg L,]  (B6)
where

a, = (=1)"J,,(—k.s.B) exp [z’n (g + ¢>)] (B7)
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J,, is the nth-order Bessel function, 2L, and 2L, are the lengths of the rough surface in

the z and y directions, respectively, so that
A,=4L,L, (B8)

Assuming that the area illuminated contains many periods (L., L, > P), we have

oC

KIY® ~ 16L2 2LZexp |[—k3. (0" + 03); Z ]a,,!zsinc: [(k,,: + n%) L,] sinc” lkayLy) (B9)

n=—0o0

By allowing L, and L, to approach infinity in the above equation, we obtain

(T2 = 472 A, exp |—k3.(0% + 02)] ,szoo la,i2é (k(u + n%) 8 (kay) (B10)
where ¢ is the Dirac delta function.
The integral for (71*) is given by
ury= [ ar [ e R - e (Raclflm ) - ) (B
With the change of variables we have

x exp [—k7.0% + k3.02C(FL)] exp [—k:‘;:of + k3.07 cos 27)711 C,(z)}
(B12)

where

a,(z)=J, [2k,1;Bsin (%z)]
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Expanding a,(z) and carrying out the dz’ and dy’ integrations, we obtain

‘ 1 2L . 2L, e oc r_ — . 27 _ o
r; = 5/‘-21._,(11/:21,‘_ dy Z Z B, exp lv. <k(1,; -xﬂ—P‘> ’_] 2L, — |yl

N=—0C = — x
1 o 27 ) 2r
N e {exp [’ml (2L, - ;rZ)J — exp [—m—r (2L, — 7)}}
g P P
P H . " A 2T .
x exp |—ki.0° = kj.0°C(7.) exp |—kj o7 ~ k;j.07 cos Ve C.(z) (B13)

where

ﬁnu = (_1)‘1J1:—;l(k:l:B) J1L+u(kd::B)

It is clear from the above equation that the n = 0 term is proportional to L, while the
n % 0 term is proportional to P. The argument of the Bessel function k,.B will dictate
the number of terms that needs to be summed up. However, if L, > P (we eventually
take the limit L, — oo later on), then the n = 0 term will make dominant contributions

and other terms will be negligible. Therefore, keeping only the n = 0 term, we obtain

=

2L, 2L, o B o
11" = d b, Kk +2u= )
(Ir) /-sz x/_u“dy Z ,eXP[z( i I“P)

J=-—00

_] 2L, — izl[2L, - jy]
" o e} s o — - n o " A 2
x exp |~kj.0°+ kj.0°C(r_.)|exp |—kj.0; + kj.o; cos ka C,{z) (B14)
where

b[l. = J":)(k:l:B) (B]S]

We assume the correlation functions '(7.) and ,(z) to have a Gaussian form

C(7L) = exp [— (2% + y*)/1?] (B16)

27121

Culz) =exp -z (B17)
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where [ is the correlation length for the random variable ¢(7 ) in the transverse plane
and [, is the correlation length for the random variables ¢.(z) and ¢.(z) in the z direction.

The expressions for the standard deviation of the integral 7 can now be evaluated
in a closed form. Assuming L,,L, > [,l,, P. we obtain from (B10), (B14), (B16). and

(B17),

D]———/I]“—‘(]: n”(D]J_‘-D]z) (318)

with

k2 & . 0 o o (K2 02)M 2 27\ | 2
D;, = T Z b, exp 'l—k:'::(a"+o;)_| Z (——'l'—!)——- (exp {— [(k,“—% u—r) "‘kfz;,} —-—}

m! m P 4m
H=-co m=1
00 ' a oy mt! ~
1 (m' (k3,02)" 1 . 12 pX S
+ — Atd7z) 2 k3, — (ks + 1_on) 2 B19
m"él 1;! " (n ) m'! q exp du im { (N tm n) P 4mq ( )
where
=4/1+ Bm!
7= \/ Zm
and

k:' i oc oo m 1 ) . . e ﬁ ]CF,,UE m
Dy, = ?o(k:iu) Z b, Z z am <r:) exp |—kj.(0° + 7)) v‘;:—l,———( L )

H=-—0c m=1ln=0 m!
or]? 12
X exp {— [k'“ + (p+m=—2n) —P_} 4—:;} (B20)
where we made use of
Ly .. s i
lim —sinc” (ka,L,) = 6(kuy) {B21)

L,—oc0 T

We note that when (> [,, P, the expressions for D;,, (B19), can be simplified to

]C?' oo . . . oo k"’_ 2\ 1o : 2 . 2
Dy~ — D buexp [—ki.(07+0%)] > Qi-)—%exp {— [(k:l;r+ﬂ%) + k,’m] l—}

m! 4m
H=-—oc m=1

(B22)



After some manipulations, the above expression further simplifies to

1 r ](‘,:) . " - oon o> kl:,. 2 111 l:’
D;, = ﬁ/, df? exp :—k;.{c” 7). Z (ki.o )_

/ 2r NS .| F ,
x exp {- [(k.i.r + k,;,_,27rgsin %1) - 1:'7‘,} —} (B23)

The above result is consistent with the result obtained using the incoherent model
[Ulaby et al., 1982] where the physical optics solutions is averaged over the local slopes.
This is due to the fact that when the period P is much larger than the correlation length
! then within the correlation length the periodic component will appear to be planar

with the local slope.
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Figure 5.1 Geometrical configuration of the problem.
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l I I | |

q. = 1.4 GHz ----Freq. = 50 GHz
——Freq. =25 GHz —-— Geometrical

Optics Result
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ALm=m=N
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(ki)

10 20 30 40 510)

Figure 5.2  ¢(k,) as a function of 4, for different frequencies with ¢ = 1 ¢cm. { = 10 cm,

B=10cm, P= 100 cm. o, = 0. and ¢; = (6.0 + ¢0.6)c.,.
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Figure 5.3  o(k,) as a function of 4, for different values of B at 5.0 GHz with P = 100

cm,o=1cm. = 10cm, o, = 0, and ¢, = (6.0 + 10.6)c,,.
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Figure 5.4  o(k,) as a function of 4, for different values of ! at 1.4 GHz with o = 1 cm.

B=10cm, P= 100 cm, o, = 0, and ¢, = (6.0 + 10.6)¢,..
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Figure 5.5 o(k,) as a function of 4, for different azimuthal angle of incidence 4, at
1.4 GHz with o =1 cm, l= 50 cm. B= 10 cm, P = 100 cm, o, = 0. and

¢ = (6.0 +10.6)c...
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Figure 5.6  (a) o(k,) as a function of 4, for different values of { at 1.4 GHz with ¢ =

lem, B=10cm, P= 100 cm. o, = 0, and ¢, = (6.0~ 70.6)c.,.
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(b)
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Figure 5.6  (b) Locations and amplitudes of the modes for B = 10 cm.
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Figure 5.7 (a) o(k,) as a function of 4, for different values of B at 1.4 GHz with ¢ =

1cm,!=50cm, P=100 cm, o, = 0, and ¢, = (6.0 + 10.6)e,,.
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Figure 5.7 (b) Locations and amplitudes of the modes for B= 7 cm and B= 5 cm.
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Figure 5.8  o(k;) as a function of ¢; for different values of P at 1.4 GHz with ¢ = 1 cm.

l=50cm, B=10cm, P= 100 cm, ¢, = 0, and ¢, = (6.0 + 10.6),..
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Figure 5.9 (a) o(k,) as a function of ¢, for different values of ¢ at 1.4 GHz with | =

50 cm, B= 10 cm. P= 100 cm, o, = 0. and ¢, = (6.0 + 40.6)e,..
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(b)
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(b) o(k,) as a function of ¢, for different values of ¢ at 1.4 GHz with / =

50 cm, B= 0,0, =0.and ¢, = (6.0 + 10.6)c,.
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Figure 5.10 (a) o(k,) as a function of ¢, for different values of | at 1.4 GHz with ¢ =

lem,B=0,P=100cm. o, =5 cm, {, = 300 cm, and ¢; = (6.0 + 20.6)«,..
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(b)
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Figure 5.10 (b) Locations and amplitudes of the modes for ¢, = 5 cm and ¢, = 2 cm.
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Figure 5.11 o(k,) as a function of 4, for different values of I at 1.4 GHz with ¢ = 1 c¢m,

B=10cm, P=100cm, o, = 5 cm, [, = 300 cm, and ¢, = (6.0 + 20.6)¢,.
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Figure 5.12 o(k,) as a function of 4, for different values of ¢, at 1.4 GHz with ¢ = 1

cm, /=50cm, B=10cm, P= 100 cm. {, = 300 cm, and ¢; = (6.0 + 10.6)¢,..
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CHAPTER 6

Radiative Transfer Theory for Passive Remote Sensing

of Multi-Layered Randonm Medium

Microwave thermal emission from the multi-layered random medium is studied
using the radiative transfer theory. The brightness temperature is obtained by solving
the radiative transfer equations numerically using the quadrature method. The effec-
tive boundary conditions are derived which reduce the complexity of the problem to
that of a two-layer case. The theoretical results are illustrated for the various cases by

plotting brightness temperatures as functions of frequency and observation angle.
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6.1 Introduction

In the microwave remote sensing of earth terrain. the multi-lavered random
medium or discrete scatterer models have been applied to account for the volume scat-
tering effects. The multi-layered models have shown to be more realistic in interpreting
the remote sensing data Njoku and Kong, 1977: Tsang et al.. 1975, 1977. Tsang and
Kong. 1979 .. In the active remote sensing, the scattering from a multi-layered random
medium has been solved using the Born approximation and the propagation matrix
formulism |Zuniga et al., 1979] . The radiative transfer theory also has been applied
to scattering from a multi-layer of Rayleigh scatterers with rough boundaries where
the iterative approach is used to obtain solutions to first-order [Shin, 1980; Karam
and Fung, 1982]. In the passive remote sensing the radiative transfer theory has been
used to study thermal microwave emission from a multi-layered random medium with
laminar structures Djermakoye and Kong, 1979 . The propagation matrix formulism
'Kong. 1975 is applied to obtain closed form solutions. For the inhomogeneous slab
random medium with nonuniform scattering, absorption and temperature profiles in
the vertical direction, the method of invariant imbedding has been used [Tsang and
Kong, 1977b!. The boundary value problem of the radiative transfer equations is con-
verted to an initial value problem starting at zero slab thickness. Thermal microwave
emission from a three-layer random medium with three-dimensional variations has
also been studied using the radiative transfer theory Tsang and Kong, 1980b,. The
quadrature method Tsang and Kong, 1976b, 1977a is used and the results are found
to be useful in the interpretation of snow data exhibiting diurnal changes [Hofer and
Schanda, 1978; Stiles and Ulaby, 1980'.

In this chapter we solve the problem of thermal microwave emssion from a multi-
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layered random medium on top of homogeneous halfspace using the radiative transfer
theory. The brightness temperatures are calculated using a numerical approach. The
quadrature method where the integrals in the radiative transfer equations are replaced
by the summation over the discrete quadrature angles is used. The resulting system
of first-order differential equations is solved by obtaining eigenvalues and eigenvectors
and matching the boundary conditions. The effective boundary conditions are derived
in terms of the effective reflection matrices and the effective source vectors to reduce
the complexity of the problem to that of a two-layer problem. The effective reflec-
tion matrices and the effective source vectors can be solved recursively by considering
only one layer at a time. The numerical results are illustrated by plotting brightness

temperatures as functions of frequency and observation angle.
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6.2 Formulation

Consider N-layered random medium on top of a homogeneous halfspace with per-
mittivity ¢x., and physical temperature Tn., Fig. 6.1". The i-th layer is characterized
by the permittivity ¢ + ¢;;, where ¢, stands for the randomly fluctuating part whose
amplitude is very small and whose ensemble average is zero, and the temperature T;.
The radiative transfer equations which govern the propagation of intensities inside the

lI-th random layer are, for 0 < ¢, < r,

N d = £3 = — L = —_
cOos f’z'd—z][(gl,z) = —K,,111(91,2) - K,[(ﬂ[) . ][(61,2) -+ K,,[C)T[ -+ / dﬁ,’sin U;Pl(ﬁl,ﬁ;) . 11(9;,2) (1)

4

where

T(61,2) = []“'(0"2)] (2)
(6, 2)
I, is the vertically polarized intensity, I,, is the horizontally polarized intensity, K.
denotes the absorption loss, K.(6) denotes the scattering loss, ¢, = Kej/e, A? with K
denoting the Boltzmann constant, and P,(6,,4!) is the scattering function matrix which
relates scattered intensities into the direction 4, to the incident intensities in the di-
rection ¢;, The random permittivity fluctuation is characterized by the variance of the
fluctuation ¢, and the correlation function with lateral correlation length !, and vertical
correlation length (.;. The correlation function is assumed to have gaussian dependence
laterally and exponential dependence vertically. The scattering function matrix and
the scattering coefficient have been derived by applying Born approximation with the

far-field solution and are well known |Appendixi.

The boundary conditions are, for 0 < ¢, < /2, at z = d;, where I =1,2,-- -, N

Lioi(m = 615n,2= —di) = Rysaylfien) - Tisa(bre1, 2 = —dy) + ?lu-u) T(r—b.z2=~d) (3)
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Ti(61,2 = —di)) = Rygey)(61) - Ir — 6,2 = ~d)) ~ ?Hv’l)l(gl—%l) Tl 2 = —dy) (4)

and at z =0

jl(ﬂ —fz = O) = ﬁ]u(fﬁ) -71(!"1.: = O) - ?..1(("}.) . j,;‘-z,(ﬁ,.) (5)

where we have broken up intensities into upward going intensities I,(4;, z) and downward
going intensities I;(r — ¢,,z). In the above equations ?,”-,,(91) represents the coupling
from region [ to region | -1 and ﬁ,”ﬂ;(ﬁl) represents the coupling from upward going
intensities into downward going intensities at the boundary of region | and region [ +1,

‘Chapter 7. Appendix B|. The sky radiation 7..,(4.) is taken to be

jsky(ﬁu) — C,,T,u’r[l _ e_K .,Lts.‘..u‘;{ (6)

where T, denotes the air temperature, K., denotes the absorption coefficient of the
air. t is the thickness of the atmosphere, and C,, = K/)2.

Once the radiative transfer equations are solved subject to the boundary condi-
tions (3) and (4), the brightness temperature as measured by a radiometer is obtained
from

Tr(4.) = Tiléh) Ti(61.2 = 0) = = Ruy(6.) - T uku(6.) (7)

1
.

where

TB("",») = (8)

Tm(ﬁu)]
Tpu(4.)
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6.3 Quadrature Method

The radiative transfer equations for the /-th random layer will be solved numer-

ically using the quadrature method. First. the particular solution is given by

I/ (61,2) = /T, (9)

The homogeneous solutions are obtained by applying the quadrature method where
the integrals in the radiative transfer equations are replaced by the summation over the
d‘iscret,e quadrature angles. The resulting system of first-order differential equations
with constant coefficients are solved by obtaining eigenvalues and eigenvectors and
matching the boundary conditions. In obtaining eigenvalues and eigenvectors the order
of system of equations can be reduced by factor of two by making use of the symmetry
properties of the scattering function matrix and noting that the eigenvalues occur in
pairs such that if ¢ is an eigenvalue so is - ¢.

Breaking up the intensities into upward and downward propagating intensities,
denoted by superscripts + and — respectively, we apply the quadrature method over the
n; quadrature angles. In the absence of the source term, the following set of equations
are obtained by making use of the symmetry properties of the scattering function

matrix:

i —I7=-K., 1, +F I +B T (10a)

-G, —I =-K., I, =B, I +F, - T, (100)
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where /7 and I are 2n; x 1 matrices

[ Loy, 2) 7 [ L~ a0y, 2) 7
- ]1- N & == 1:1 - nos 2
T - 1t 2) i - (k.. 2) (11)
(e z) Li(—piy, 2)
-Ih.l(ﬂlunz)- -I’Il(-/llﬂ_‘fz)-
F, and B, are 2n, » 2n, matrices
[Py (i) - Pl mn) P, p) - Prodpins pan)
? _ Pll((“lna /l-ll) T Pllz(/*"hl-v ﬂln) Pl2;(l‘vln>#11) T PlQ;(/"‘ln:ﬂln) (12)
| =
Poym, ) - Porwen, men)  Poz(minemin) - Poo(pans i)
Py (iny i) - Poy(pan, un) Poopnspy) - Poo (B, fin) |
rPllz(#ll:_ﬂ'l]) Pll:(ﬂllv“,“—lu) Plz;(ﬂtu‘ﬂu) Pl’.’[(“ll) _/J'ln)-
= Pll;(#lna —,U‘ll) e Pllx(/"ln: —P'ln) Pl?:(,u'ln: _/-‘ll) o PlQ;(ﬂlns _“ln)
B, = (13)
PQJ;‘(M’[].!_MII) qu(#u, "lllu] Pzz,(uu,—#n) o P'z'z‘(ltu,—#m)
-P'Zl;()u'lnv _p'll) o P‘Zl[(#lua -ﬂ'ln) P?Q:(/‘Lln, —#11) o P’ZB[(/"’I!U —p'ln) E

and K,,, i, and g, are the 2n, x 2n, diagonal matrices

R—«:l - dia'glKe'vlu Y K« vl Kf‘hl,) T Krh.ln.,i (14)
/:l’l :dia‘g[ﬂll)” :Ml'!)#ll!”')ﬂ'ln_‘{ (15)
a = diaglaiy, -, @i, @i, . Qy, | (16)

In the above equation %y, and a;; are discrete quadrature angles and the corresponding
weighting functions and they obey the relations a;; = a ;; and u;;, = —p_;;. The extinction
coefficients K,;, can be calculated as follows:

Kyt'l, = Kal + Z(F[.;al;/ + B‘Lal,].) 1= 11 o ,2711 (17)

1=l
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The quadrature angles in the different layers are related by the Snell’s law. Since
¢l are not the same the number of quadrature angles will vary from one layer to the
next. In order to have ¢, scan the whole range of angles in the region (, we first apply
the Gaussian quadrature method to the layer I’ where ¢, is the largest. Then. =+, are
the zeroes of the Legendre polynomial P.,(u)) and a,,; are the corresponding Christoffel
weighting functions. We have n, = n where n denotes the largest quadrature points.
Once the quadrature angles in region !’ are fixed, the quadrature angles in the other

regions ! are related to the angles in region I’ by the Snell’s law.

6; = sin—l{\/el',/e,' sin 6, | (18)

Since ¢} < ¢/,, we have, in general, n; < n;.

For the layers where ¢ # ¢,, the trapezoidal rule of integration is used. We have

} " n;
[ it = X anflms) = 3 ouls ) = F(-my) (19)
-1 J=-n; 1=1
where
1
ajp=1- 5(#11 + piz) (20a)
1 .
ar; = 5(#1(;-11—#1(1‘&1)) 7=2 -1 (208)
1
Ay = 5(#1::: + Wi, - 1)) (200)

When ¢; = ¢/.. the Gaussian-Legendre quadrature method is used for layer 1.
The number of eigen-equations in the quadrature method can be reduced by the

factor of two by defining
Tu=1+1] (21a)

Tu=1; -1, (21¢)
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Then, from (10), we obtain

;EI
|
~

|
=
_
[ %]
(]
2
g

-
a

~
|

o ||
x

—
—
[aV]
o
i
=

where W, and 4, are the 4n, x 4n, matrices

Sl

| = —}—f—,[-k(?[ “51) Sy (23‘1)

il = —?wl + (f{ + ﬁ() : i( (23b)
The homogeneous solution can be obtained in the form

Tu.l = 7111. et (240.)

-I_Nl = 7.«1‘ e"!; (24b)

Substituting the above equations into (22a) and (22b), we now have 2n, eigenvalue

equations.

(ﬁ;l'wl'ﬁl_l‘Z(—alglz)'l,u =0 (25)
Lo =o ‘5

where 1, is an n, x n, identity matrix. Thus, if «, is an eigenvalue, so is —a;.
Once the eigenvalues o, and the corresponding eigenvectors 1, are obtained, we
let E, = (Zut,- Lotz -, Lu,,.) be the 2n; x 2n; eigenmatrix. Then the total solution for the

upward and downward propagating intensities are given by

-

7, = [Tl + (E[ -+ 5,) ~§([2 + dl—l) ST — (El - al) . l_/l(z + dl) yl] (27(1)

I, =c [T, +(E-Q) Dilz~di_)) 5+ (Ei+Q) Tilz+d) 7| (27t)
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where

Q=% ' 4 E &' (28)
& = diagjoy, oz, . arz,, | : (29)
5‘(2) — diagie"iuz’e"!z;’, .. .’6"5%::% (30)
(:fl(z) = diag je"1F e R ~.€7"‘3'-‘"'} (31)
T, is the 2n; x 1 matrix
T
_ T,
T, = 1. (32)
T,

and z, and g, are the 2n, x 1 matrices which represent 4n, unknowns to be determined
by the boundary conditions.

The boundary conditions, which are to be used to determine the constants z, and
7,, can be obtained by discretizing the boundary conditions for the radiative transfer

equations given by (3)—(5). They are, at z=-d,, {=1,2,- -, N

I (z=-d) = ﬁ(l-&-l)l Tz = =d) + Tigsny 1) (2= ~d)) (33)
I/ (z=~di) = Ruusry 1) (2= ~dy) + Tz 1y Diealz = —dy) (34)

and at z=0
7;(2 = 0' = ﬁjn : 7:(2 - 0) - %Hl '7.«[.'“ (35)

where Ry, is the 2n, x 2n, matrix which is obtained by evaluating the coupling matrix
ﬁ“,ﬂ,(ﬁ,) at n; discrete angles, and i‘,ﬂ, is the 2n; x 2n;,, matrix which is obtained by

evaluating the coupling matrix T,,.,,(6) at the quadrature angles.
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6.4 Effective Boundary Conditions

The problem of determining the unknown constants 7, and 7, by matching the
boundary conditions at N -1 boundaries can be simplfied greatly by using the eflective
boundary conditions. The idea is to come up with the effective boundary condition at
z = —d, in terms of the properties of the region { and the effective boundary condition
at z = —d;. Thus, only a two-layer problem needs to be solved at a time. The effective
boundary conditions can be derived in terms of the effective reflection matrices and
the effective source vectors which can be solved recursively. Therefore, the size of the
matrices need not be increased compared to the two-layer case and the complexity of
the problem is not increased. In this way the brightness temperature can be computed
very efficiently.

Consider [-th random layer for | = 1,2,---,N. First, we assume that the effective

boundary conditions at z = —d, can be expressed as follows:

- :Cﬁ —_ = —€
Ti(e = —d) = Rl Tr (s = —di) + Tuary 160 (36)

eff

. . . =€ . - .
where the effective reflection matrix R,(J,ﬁ:“ and the effective source vector I, contain
all the information regarding I'-th layer where {/ < I. Our goal is to come up with an
effective boundary condition at z = —d; which relates the downward propagating inten-
sity to the upward propagating intensity in region [ — 1. Thus. the effective reflection

. . | =eff —eff
matrix and the effective source vector at z = —-d,_, , R,”,, and I,/ should be expressed

in terms of the properties of the I-th layer and the eflective reflection matrix and source

vector at z = —d;. The boundary conditions at z = —d,_, is given by

I/ (z=~di-)) = ﬁuuu : 7;(2 =—d_) - -T_(l—lll I_\(z=—di-y) (37)
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and

71_11(2 =—dj-) = ﬁu—uz Iy (z=—dioy) + iu-u (2= —di-y) (38)

Substituting in the solutions for the upward and downward propagating intensities.

given by (27). into the boundary conditions (36) and (37), we obtain

il

[

1= 51) - ﬁm-n (E + 51)] ST+ [(fl + 51) - 1:?141—11 (E, - 51)] ‘ ﬁ1(‘(‘11 —di-1)) g

= = — 1 = e
= - [11 - Rtu-n] T+ C—;ITu—ul A lz= —di_y) (39)

= = =eff = = = = =eff = =1_
[(El + Q) — Ryiqy - (E —Q:)] Di(=(di = di-1)) T+ [((Er= Q) = Ry, (E1+ Q)| ¥

= =—eff 1= —e
= - [II_RHH-H] 'T‘+ET(I+1)I‘II-g (40)

The above equations can be solved for the constants z, and y,. We let

?1 = [?} (41)

_  [M.,. M.
M[ = [:llv :1 :l (42)
Mo Moo,
- [1 = [o
]Vl = ‘J\l = = (43)
0 1,
— —71 +§1u—1)
o=| _ g (44
"‘I[ -+ Rlll-"l)



where

M. =(E -Q)- ﬁ1(171 (fl - 51) (45a)
Mz = [+ Q) - Rueesy (B0 - Q)] - Dul=di = di-)) (45¢)
— = = =eff - =

Mz = (E:~Q)- R ., (E1-Q) Di(—(d; = di-1)) (45¢)
_ = = :eﬁ = =

Mo, = (EI"QI)'RHHJ,'(EI'QI) (45d)

Then, (39) and (40) can be written into a compact form as

Il

—_ 1 = = —_— = 1 ::’ = —€
[‘fl: FNI"T“-IHII[-I(Z:_dl—1)+ol'Tl;ahl‘Tll*’lN‘I!-{:ﬂl‘ (46)

The boundary condition (38) can now be used to derive the effective boundary

condition at z = —d;. We have, from (27),

I/ (z=-di)) = C, [Tz +(Ei+Q) %~ (Ei - Q) Dul—(di — di-1)) - ?1] (47)

We let
f[ = I:fl fgi] (48)

where
L,=(E+Q) (49a)

Lo, = (B~ Q) Dil~(di - di—1)) (495)



Then, making use of (46), we obtain

— — = =1 :; = —_ '_—. — ‘_—;l = —€
]I (Z:'—dl_l):("[T]*L['MI . .N(‘T“_l“‘]l_l(é::’dzfj)"([O['T[—\'AI'T“_(..J” ]I—lﬂj}
(50)

Substituting the above equation into (38) we obtain the following effective boundary

conditions at z = —d,_ |,
—— :Cﬂ _— = _e
Ii_j(z=-d-)=R,_, I,_,(z=—-di-1) + Ty, I 7 (51)
where
:eﬂ = = = ==l = =
Ry_yw=Ru_yy+Ti-yy Li My Ny - Ty_yy (52)
and
—€ — = —_=—=1 = __ = =1 =t = —€
11ﬁ=C'1T1+CcL1-M, O Ty+L,-M, -N, Tu+1u‘11+q (53)

The above effective boundary condition at z = —d,_, is defined in terms of the properties
of the I-th layer and the effective boundary condition at z = —d,. Therefore, the eflective
reflection matrix and the effective source vector can be calculated recursively, and we

only need to consider a two-layer problem at a time. Note that at z = —d,, we have

—eff - ,
Ryine1i= Byinv+t (54)
and
_e — _
]N'qL:]Nﬂ:CN-:»JTNH (55)

We start the calculation at the N-th layer where Ry x-,, and Ix., are known and

obtain the effective boundary condition at z = —dx_,. Once the effective boundary at



= —dn_, is obtained we start over and calculate the effective boundary conditions at

f

—e _
z = —dn_». This is repeated until we have calculated R,;]” and Ifﬂ. Then, the brightness

N
|

temperature is obtained from

_ 1 =effl - 1= -e .
TB = E—R"] '1,;”,‘— (_'T]“ Ilﬁ (O())
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6.5 Results and Discussion

In this section we illustrate the numerical results of the brightness temperatures
for layered random medium. In our calculations » = 16 is used. In Figures 6.2-6.6 we
show the result of data matching of the brightness temperature measurements from a
snow field |Shiue et al., 1978 . Experiments have been conducted by NASA Goddard
Space Flight Center in cooperation with the National Bureau of Standards in the
Rocky Mountains of Colorado during the winter season of 1977-1978. A set of four
microwave radiometers at frequencies 5, 10.7, 18, and 37 GHz were used to measure
the brightness temperature of a snowpack. In Fig. 6.2, the brightness temperatures
are plotted as a function of frequency for viewing angle of 33°, and matched with a
two-layer model. Ground truth measurements of depth gives d = 66cm. The angular
dependence of the brightness temperatures at four different frequencies are matched
with the same theoretical parameters in Figs. 6.3, 6.4, 6.5 and 6.6.

In Fig. 6.7, the brightness temperatures is plotted as a function of frequency for
a three-layer random medium and compared with the two-layer case. In a three-layer
case we introduced a thin lossy layer at the top to model the melting of snowpack
in the afternoon due to sun-light illumination. This model can be used to explain
the diurnal change in the snowfield [Hofer and Schanda, 1978; Stiles and Ulaby, 1980]
where brightness temperature decreases as a function of frequency in the morning and

increases in the afternoon.



Appendix:  Scattering Function Matrix. Scattering Coefficient, and Absorption Co-

efficient for the Random Medium

The scattering function matrix have been derived for the random medium whose

fluctuating permittivity is characterized by the correlation function

<en()epl7") >= ael?blF = 7)

(A1)

where ¢, is the variance of the fluctuation and the function &,(7' — 7") is the normalized

correlation function. For the correlation function we assume gaussian dependence

laterally and exponential dependence vertically

(1./ — IH)Q - (yl _ yu)'l 3 !zl — 2"4
2 Iz

,11 “

bi(F — 7)) =exp |—

The spectral density for the above correlation function is given by

L2,
(6, 01,6],0}) = L
(60, @161, ¢1) 4721 + kJ*1%/(cos 8] — cos 6;)?]

121’2
. .o o
x exp |- —"|sin? 6! < sin~ 6, — 2sin 6! sin #; cos(¢! — ¢1)]
P 3 l l l )

The scattering function matrix is given by {Tsang and Kong, 1976b|

Pi(81,8]) =

where

Pyy. = q(b,0))e ™ [sin2 61sin? 8 In(z;) + 2 sin 6, sin 6] cos 6, cos 8} I,(z1)

1, a
- Ecos‘ﬂlcos' 6;(Ln(z1) + I2{z1))

(42)

(43)

(A4)



Pioo = qu(61,6])e ¥ = cos? 4,(1n(z1) — T2(z1))

VR

le‘ = 91(91,61')6_“‘ c053€;(1(.(11) - I'-’(Il))

LSV R

ot »-u]
Pzo= qla#)e ~" s (1u(20) = Io(2)

with

160y = T il
qulf1.6)) = 4 1+ k]*lZ(cost; — cos§})?

2

1 . 2 . . 2
Y= Zklgll,,(sm‘ 6, ~+ sin" 6])

1 . .
z = Eklez, sin 6, sin 6}

and I,, is the m-th order modified Bessel function.

The scattering coefficient K ,(6;) is given by

where

K‘III(HI,) = / df’lSin t’;l iPJl:(BI-, (J[l) - P31(71~HI')

Khl(gll) = / dﬁlsillf’p {Pl'_v;(ﬁ(,ﬁ[’) -+ PZ"—’{(HHHII);

The absorption coefficient K, is given by

Ko =2k

where k!’ is the imaginary part of the wave number in region .
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(45)

(A8)

(49)

(A10)

(A11)

(A12)

(A13)

(A14)
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Figure 6.1 Geometrical configuration of the problem.
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CHAPTER 7

Radiative Transfer Theory for Active Remote Sensing

of Two-Layer Random Medium

The radiative transfer theory with a two-layer random medium model is used to
study the effect of volume scattering for active remote sensing of low-loss and scatter-
ing dominant areas. Bistatic scattering coefficents are obtained by solving the radia-
tive transfer equations numerically using the Fourier-series expansion in the azimuthal
direction and the Gaussian quadrature method. Depolarization effect in the backscat-
tering direction is exhibited. Theoretical results are compared and illustrated for the

various cases.
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7.1 Introduction

In microwave remote sensing of earth terrain, the effects of volume scattering have
been treated with random medium and discrete scatterer models for terrain media.
The discrete scatterer model with the radiative transfer theory has been used to study
passive and active microwave remote sensing. In passive remote sensing, Rayleigh and
Mie scattering functions have been used to study the thermal microwave emission from
layered medium with planar and rough interfaces [England, 1975; Chang et al., 1976;
Tsang and Kong, 1977a, 1979; Kong et al., 1979; Fung and Chen, 1981a; Shin and
Kong, 1982]. In active remote sensing, the Rayleigh scattering model has been used
extensively [Shin and Kong, 1981; Fung and Eom, 1981; Fung and Chen, 1981b; Karam
and Fung, 1982]. The random medium model with the radiative transfer theory has
been used to study passive remote sensing from layered earth terrain [Gurvich et al.,
1973; Tsang and Kong, 1975, 1976b, 1980b; Djermakoye and Kong, 1979; Chuang
and Kong, 1980]. In active remote sensing, wave approaches with iterative solutions
have been used widely with the random medium model to calculate the scattering
coefficients [Tsang and Kong, 1976a; Zuniga and Kong, 1980; Zuniga et al., 1979,1980].
The depolarization effect in the backscattering direction has been shown to be the
second-order effect [Zuniga et al., 1980]. The radiative transfer theory with the random
medium model has been applied to active remote sensing by Tsang and Kong [1978]
where the iterative approach is applied to second order in albedo to calculate the
bistatic scattering coefficients from a halfspace random medium.

In this chapter we solve the problem of scattering from a layer of random medium
on top of a homogeneous halfspace using the radiative transfer theory. Using all four

Stokes parameters the bistatic scattering coefficents are calculated using a numeri-
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cal approach which provides a valid solution for both small and large albedos. A
Fourier-series expansion in the azimuthal direction is used to eliminate the azimuthal
¢ dependence from the radiative transfer equations. Then the set of equations without
the ¢ dependence is solved using the method of Gaussian quadrature. The integrals
in the radiative transfer equations are replaced by a Gaussian quadrature and the re-
sulting system of first-order differential equations is solved by obtaining eigenvalues
and eigenvectors and matching the boundary conditions. The order of system of eigen-
equations is reduced for more efficient computation by making use of the symmetry
properties of the scattering function matrix. The numerical results are illustrated by
plotting backscattering cross sections and the bistatic scattering coefficients as func-

tions of frequency, incident angle, and the scattering angles.
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7.2 Formulation

Consider a layer of random medium characterized by the permittivity e, + ¢,
where ¢; stands for the randomly fluctuating part whose amplitude is very small and
whose ensemble average is zero, on top of a homogeneous medium with permittivity e
[Fig. 7.1]. The radiative transfer equations which govern the propagation of intensities

inside the scattering medium are, for 0 < § < =,

m 2m —
cosec—:lzf(e,¢,z) = —K(,T(G,qb,z)~R,(9)‘7(0,¢,z)+/ do'sine'/ d¢' P(8,¢;6'¢") 1(6',4',2) (1)
9] 0

where
1,(6,9,2)

o= [ )
V(6,¢,z2)

I, is the vertically polarized specific intensity, I, is the horizontally polarized specific
intensity, and U and V represent the correlation between two polarizations [Tsang and
Kong, 1978; Shin and Kong, 1981], f(e,gé;a',qs') is a 4 x 4 scattering function matrix,
which relates scattered intensities into the direction (6, 4) from the incident intensities in
the direction (¢’,¢’), K. is the loss per unit length due to absorption, and K. () is the loss
per unit length due to scattering. The random permittivity fluctuation is characterized
by the variance of the fluctuation 6 and the correlation function with lateral correlation
length I, and vertical correlation length i.. The scattering function matrix and the
scattering coefficient have been derived by applying Born approximation with the far-
field solution and the explicit expressions for the correlation function with gaussian

dependence laterally and exponential dependence vertically are given in Appendix A

[Tsang and Kong, 1978].
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Consider an incident wave with specific intensity I..(r - 6.,,4,) impinging from
region 0, which is assumed to be free space, upon the scattering layer. The incident

beam in region O assumes the form

Trn'(ﬂ' - 0,,, ¢u) = jui 5((:05 6:; — cos 6«;1') 5(¢u - d)ni) (3)

where the use of Dirac delta function is made.
The boundary conditions for the four Stokes parameters at a planar dielectric
interface have been derived [Tsang and Kong, 1975 from the continuity of tangential

electric and magnetic fields. The results are, for 0 < 6 < n/2, at 2 =0,

I(?I' - 5, ¢,Z = 0) = 5"__01(9,)) : 701'(7" - 605 ¢n) + ﬁl()(e) : 7(9, ¢x z = 0) (4)

and, at z = —d,

1(6,6,2 = —d) = Ry2(0) - T(m — 6, ¢,2 = —d) | (5)

where we have broken up intensities in the scattering layer into upward going intensities
1(9,4,z) and downward going intensities I(r — 6,4,2). In the above equations, To:(6.)
represents the coupling from region 0 to region 1, R,.(f) represents the coupling from
upward going intensities into downward going intensities at the boundary of region 1
and region 0, and R,.(f) represents similar coupling at the boundary of region 1 and
region 2 [Appendix B].

Once the radiative transfer equations are solved subject to the boundary condi-

tions (4) and (5), the intensity in the direction (4.., ¢..) in region 0 is

T,,(G,,,, ¢’l.m) = %1()(93) : 7(0.4, ¢.~4,2 = 0) + f()1(90) . 74ri(7r - 0”7 ¢o) (6)
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where T,0(6) represents the coupling from region 1 to region 0. The bistatic scattering
coefficients v, (8..«,#.,.;0..:, .:) are defined as the ratio of the scattered power of polariza-
tion A8 per unit solid angle in the direction (4...,¢..) and the intercepted incident power

of polarization o in the direction (6.,,4,.) averaged over 4 radians |Peake, 1959].

cos 64;:4 In{"«(er;s) ¢'u.«)

cos b, 1,0

'7/111(90,!7 ¢’4m; ét;ia ¢’li) =4x

(7)

where o,4 = v or h with v denoting vertical polarization and » denoting horizontal po-

larization. In the backscattering direction 4, = 4., and ¢.. = »— ¢... The backscattering

cross sections per unit area are defined to be

Ul"(l(grﬁ) = cos Bui '7[‘14:(001'3 T+ ¢4n'; en*i, ¢u‘i) (8)
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7.3 Fourier Series Expansion

The radiative transfer equations can be solved using an iterative approach which
gives closed form solutions |Tsang and Kong, 1978; Shin and Kong, 1981] when the
effect of scattering is small (small albedo). The radiative transfer equations and the
boundary conditions are cast into the integral equation form, then an iterative process
is applied to solve the integral equation to both the first and second order in albedo.
The depolarization of the backscattered intensities has been shown to be the second-
order effect. However, for the general cases when the effect of scattering is not small,
we must resort to the numerical approach to solve the radiative transfer equations.
We first use a Fourier-series expansion in the azimuthal direction to eliminate the

¢-dependence from the radiative transfer equations. We let

oo

1(6,¢,2) = Z [Tmc(ﬁ,z) cosmi¢ — ¢;) + 7"“(6, z)sinm(¢ — qS,—)] (8)

m=0

= Catan e 1 =rnc ) Y =rms« N Y
PUOGi8'0) = 3 gy [P (8 cosm(s = )+ P (0,00 sinm(o = 9] (9
where superscript m indicates the order of harmonic in the azimuthal direction, super-

scripts ¢ and s indicate the cosine and sine dependence, and Neumann number 6, =0

for m # 0 and ¢, = 1. Also note that the zeroth-order sine dependence terms are zero.

X ]

I''(6,2z)=0 (10a)

P(6,0" =0 (10b)

Substituting (8) and (9) into the radiative transfer equations, the ¢'-integration can

be carried out. Then, by collecting terms with the same sine or cosine dependence, we



obtain a set of equations without the ¢ dependence. For m=0,1,2, -

d =T e = =
cos 051 (6,2) = —K.,I (8,2) — K.(8) - I (9.2)
+ / d6'sin 6’ [?"""(9,0') T8 - P (6,68 T""‘(a',z)]
0
d SIS ST e S

cosf—T""(6,2) = ~K.T (6,2) - K.(6) - T"7(6,2)

=mc —1mns

+/ d’sin ¢’ [?’"”(a,e')-T""'(o',z)+ﬁ (6,6") - T (9',2)]
O
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(11)

(12)

The closed form expressions for the Fourier-series expanded scattering func-

tion matrices P (6,6') and P (6,6') are obtained [Appendix C]. We note that for

azimuthally isotropic media the scattering function matrix can be expanded as

PP 00

—me P"I,L' Pi".(,‘ O 0
P o9,6)=| 22 . '
0 0 P. 35 PRy
L o 0 Py Pped
T 0 0 PB P

o o Py Py
PRt P 00
L P PR 0 0 |

2
P (9,6 =

(13a)

(13b)

Thus, the coupled equations (11) and (12) can be changed into two decoupled equations

by defining
o ];)’L('(a’ Z) -

1(6,2)
[]":.s(g,z)
-Vﬂl,.n(e’ Z) ]

ST

I (8,2) =

[ 17(6,2) T
1(8,2)
Ume(8,z)
LV™e(6, 2) |

o

I (8,2) =

(14a)

(14b)
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where superscripts ¢ and o stands for even or odd dependence in the first two Stokes

parameters. Decoupled equations are given by, for m =0,1,2,- -

-

d —n =t = —me T = e \
cosﬁd—f (6,z) =-K,I (8,z) - K.(0)-T (6,z)+ / df'sind'P (6,0"')- I (8',2) (15a)
2 0

d ~mo =Tmao = —=neo T =rma =rmo
cosﬁa—;I (6,2) =-K,I (6,2z) —K.(8)-T (6,2z) + / df'sing'P  (6,0")-1 (8, 2) (15b)
0

where ,
Py Py —Ply —PIy
—me P’;Ii.cf Péa,( — Prlé:." —- ’1)15.«
P (4,6)=1| " - i 16a
( ’ ) Pnls Prn..« P"u' Prn:- ( )
31 32 33 34
ms 1708 mee me
P41 42 P43 44
Pry Py P Py
5™ (6.9 Py PR PR P (160)
9,8") = 16
~ * ). (3
( ms ms 7.0 e
PSI P32 PBG P34
UL I me me
P41 42 43 P44

In order to derive the boundary conditions for the Fourier-series expanded inten-

sities, we first expand the incident intensity I,(r — 4., ¢..) into the Fourier series:

Toi(ﬂl - 01:7 ¢u) - T«n' 6((:05 01; — Cos gui) 5(¢u - d)ui)

[+ ]
=1, 6(cosb,, — cos 6.:) z ﬁ cosm(d, — dui) (17)

m=0 '

Substituting the above equation along with the Fourier-series expanded intensities into
the boundary conditions in (4) and (5) and collecting terms with the same azimuthal
dependence, the boundary conditions for each harmonic can be obtained. The results
are, for a =eoro,and 0<f < r/2,at z=0

=TLa

1

o

(r—8,2=0)=To(8.) T (r—6,)+Rd) T "6,z =0) (18)
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and at z = —-d

Frea

(6)-1

Bl

Tm«x(g’z - —d) — (71’ — 0,2 = —d) (19)

where

7IL o

=t 1
4:1 (7!- ): I,

o m O‘(COS (9,, — COs 9,,{) (20)

with
Iﬂi 1

—me Iy
I,,i = (210)
0

(U

01

=TIL¢} O
I, = (218)
U

V;

We define m,,,. to be the number of harmonics that has to be kept in the expan-

sion of the scattering function matrix such that

P ""‘(9; 0') = ?"”(6’01) ~0 fOI‘ m> My,axr (22)

Then, for m > m,,., the radiative transfer equations simplify to

d —1’L4 T - _1’“

cosf?d— (6,z) =—-K., I —K.6) I (6,2) (23a)

(6,2) = —K.I™ - K.(6) T"(6,2) (235)

2410
cosf —I

and the solutions to these equations can be obtained analytically, without resorting to

the numerical approach.
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7.4 Gaussian Quadrature Method

The set of decoupled radiative transfer equations without the azimuthal depen-
dence for each harmonic can be solved numerically using the Gaussian quadrature
method. The integrals in the radiative transfer equations are replaced by a Gaussian
quadrature, an appropriately weighted sum over 2n intervals between 2n zeroes of the
even-order Legendre polynomial P, (8). The resulting system of 8n first-order differ-
ential equations are solved by obtaining eigenvalues and eigenvectors and matching
the boundary conditions. In obtaining the eigenvalues and eigenvectors, the order of
system of equations can be reduced by factor two to 4n equations by making use of the
symmetry properties of the scattering function matrix and noting that the eigenvalues
occur in pairs such that if ¢ is an eigenvalue, so is —¢. We first break up the radiative
transfer equations into two set of equations by defining, for a=¢,f=00r a=o0,8 =c¢,

and m=0,1,2, -

I 9,2 ];nu (0’2) h
I.(8,2) = n@a (240)
I,(6,2)] [ I (6,2) ]
- I, (0,2 Umi(8, z) ]
I»(6,2) = St I (24b)
L,(#,2) | [V™(6,2)]
= PP 1 P 1o T -Pnldx P"“' N
Pll(o,ﬁl) = 11, 112 _ 11 12 (Zsa)
| Piis, Pu..| [Pt Pl
) .P 211 P, 2 ,,- .Prmn Pm,u'
P12(0,0') = 12, 1242 — 13 14 (25b)
| Pia,, P2, [ P@me Py
= -P 11 P2 loq .Prnq P'!,""-
Pou(6,6)=| sl I s %2 (25¢)
.P21‘.'1 P'Zl'.".'_ _P:Iu P‘{g"’-
= ~P‘2“ P, Q. [ prma pmal]
Pay(6,0") = L I 34 (254)
| P22, P22, | | P3Py~ |
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We then have

0059%71(6’,2) = —?MH/ df’ sin 6’ [J:D“(a,e') -71(9',z)+$m(a,9').72(9',2)] (26a)
O
d - = 7r = — = —
cosf —Ta(6,2) = =K 2(6) +/ d6’ sin 6’ [le(a,o')-11(9',Z)+P22(9,9')Azg(e',z)] (26b)
QO
where
K.(0) =K.+ K., (27a)
Ko(f) = Ko+ Koo (270)
with
K Hoo0 (28a)
a1 = a
01 0 K,
K, +K; 0
= 2
K.o= [ . ] (28b)
0o Ktk

The scattering function matrix can be shown to satisfy the following properties. For

a,f=1o0r2,
Pou(b,8) = Pon(n—6,7— 6" (29a)
Pou(r—6,8') = Pou(f,n—0') (290)
and for a # 4
?uﬁ(g;g') - —ﬁll{“’(ﬂ- - 01 T — 9’) (300’)

?,,H(ﬂ'— 9,9') = —:P-‘,/:l(e,ﬂ e 9’) (30b)
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Further breaking up the intensities into upward and downward propagating in-

tensities, denoted by superscripts + and - respectively, and applying the Gaussian

quadrature method, we obtain the following set of equations by making use of the

symmetry properties of the scattering function matrix:

I
|
’_‘N
I
|

|
=i
|
i
I
|

=i
~
3

!

|

|
=
~

N

Il

|

K. I, +F, I +B, I, +F,
K., 7;+§11.Tf+f11 I, — B
Ko Iy +Foy I, +Boy - T, +Fap
K. I, =By I, —Fa -1, + Ban

where, for o,/ = 1,2, I and I] are 2n x 1 matrices

.Iu,(/‘hz) ]

Iul(l‘mz)
Iu-_a (l‘l’z)

-Iug (ll'ny Z) -

and F,, and B, are 2n x 2n matrices

-Pﬂ/"u(“l’/“l)

? _ Paﬂ“(/"'rn /“1)
Pu/”zx(l"'lyll'l)

.Paﬂ'_-l (/f'na /“1)

[ Popy, (b1, —p1)

§ _ Pu/*u(/""—i _/‘1)
Puﬂ:;(l"la _Ml)

- PU/”'.U (l"’nv —/"'l)

Paﬁ“ (l“‘l) P‘n)

Pa/"“ (ﬂ'n) l“u)
Pll/"'_$1 (y‘l’ ,u,,_)

Puﬂ'z.\ (p'u: ,un)

P«)ﬂ“(u’la _I-"n)

Pu/'iu(l"n: "F"n)
Pu/"'.'x(ru'l’ —-ru’")

P'lﬂ'_'l (/"n: —’ﬂ'n)

Puﬂ;g(:“’l) ﬂ'l)

Pﬂﬂl: (/“ru ,u'l)
Pu/”z:(:“'ly ,Ul)

Puﬁz: (l"n» Nl)

Pu/ﬂz (,Ul, ‘#1)

Pu/'fm(p'na _P'l)
Pu,l"_‘?(#l’ —“1)

P..ﬂn (Mn, —HL)

9"

)

PIu,("IthZ)-

Iul("ﬂnyz)
[113(_#1’ z)

.L;;(”/‘nu Z) J

|
w3
+
&l
-
©
~
w

w4

Pa/ﬁg (#1 3 /‘n) 1

Puﬁy_r (ﬂn) ﬂ'n)
Pd/‘:: (/“1 ’ “'")

Pﬂﬁn (/-‘na :u'") E

Paﬂ;g(l‘l) -I‘L") 1

Paﬂw(ﬂ'n’ _“n)
P.ps, (#1, _ll-n,)

Puﬂ'.v.v(l-l'na _.U'n) -

(31a)

(31b)

(32a)

(315)

(33)

(34)

(35)
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and z and @ are the 2n x 2n diagonal matrices

/-_;:diag{uh"';/“naﬂly'”)p‘n} (36)

Ezdiag[aj,"'aanwal:'"’a”} (37)

In the above equation +u; are the zeroes of the Legendre polynomial P, ,(u) and a, are
the corresponding Christoffel weighting functions and we made use of the relations
a;i=a_; and p, = —p_,.

The system of 8n first-order differential equations, (31) and (32), can be cast into

more compact form by defining 4n x 1 matrices I, and I,

=+ Tj 1 - -
I = [ ] = §[I¢1+I.«] (39)

and where, for 1 = 1,2, 7, =T, +1, and 7., = I - TI,;. Then, from (31) and (32), we

obtain

7 27, -W.1 (40a)

dz

—d- = -

i ST.=4 1. (40b)

dz

where W and A are the 4n x 4n matrices
Ve [?l _ ]* [‘f“’i“’ Frer Dl 3 (410

0 K. (Fay — Bay)  (F22+ Bao)
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i [le =0 J [(iu‘FEn) (ilZ“zl'z) = (42b)
0 K. (Fai + Bzy)  (Fa2 — Bao)
and the z and @ are 4n x 4n diagonal matrices

ﬁ = dla'glp'lv Y 22 TN S U LR 5 R 27PN T A PR a/‘ﬂ] (410)

3: dia’giah' @y, Ay, 3Gy Gy, gy, Ay ,a,,! (42b)

The homogeneous solution can be obtained in the form

T,=1T,.e* (43a)

I,=1,,% (430)

Substituting the above equations into (40a) and (40b), we now have 4n eigenvalue

equations.

A ag_l-—) 1,,=0 (44)
Isu: a—lﬁ_l 'i‘I(lu (45)

where I is an identity matrix. Thus, if « is an eigenvalue, so is —a. Once the eigenvalues

a, and the corresponding eigenvectors I,; are obtained, we let E = (T.,,,Ta,, -, Ta..) be
the 4n x 4n eigenmatrix. Then the total solution for the upward propagating intensity
is given by

~Q) U(z+d) -7 (46)

Ql
ol
~
8l
+
)

T'=(E+

where

Qll
I
|
>l
Sl
Ri|

(47)



199

a = diagia,,az. - . ay, (48)
5(2) =diagie" e e (49)
U(z) = diag = =" R (50)

and z and y are the 4n x 1 matrices which represent 8n unknowns to be determined by
the boundary conditions.

In a similar manner, the downward propagating intensity I~ can calculated. We

obtain,
I"=(E+Q) D(z) 2+(E -Q) - U(z=d) 3 (51)
where
E=n'Ww. 03" (52a)
0-=7"'2a E3" (526)
and
— K. 0 F,.-B Fio+Bia) ] _
W_—[ f =]" (—11 =11) (=1 ;) = (530)
0 —K 2 _(f:)l - B';’l) ~(F2'_‘"' B’_’,Q)
— K 0 (F,,- B ~(F.-B,»)] _
Z:_[ 1 _ N (—ll =ll) (=l :1) 6 (53b)
0 K, (Fay -~ Ba)) (Foo — Bao)

In the random medium model, the eigenvalue equations can be simplified further since
there is no coupling between the first three Stokes parameters, I,, I,,, and U, and the last
Stokes parameter V in the scattering function matrix. However, the Stokes parameters
U and V are coupled together in the boundary conditions and, in general, we have to

keep all four Stokes parameters.
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The boundary conditions, which are to be used to determine the constants z and
i of the upward and downward propagating intensities given by (46) and (51), are, at

z= —d.

and at 0

n
I

(55)

where R, and R,, are the 4n x 4n matrices which are obtained by evaluating the 4 x 4
coupling matrices R,2(4) and B,,(6) at n discrete quadrature angles, and T, is the 4nx4n;
matrix which is obtained by evaluating the coupling matrix T,, at the quadrature
angles. The n; is the number of quadrature angles in region 0 and the quadrature
angles are related by the Snell’s law. Since ¢, > ¢, we have n; < n. Thus, for the
quadrature angles in region 1 which are greater than the critical angle between regions
1 and O, ¢, where i > n,, there is no incident intensity. In the above equation (55),
the incident intensity 7., is obtained by discretizing the incident intensity given by
(20), which is given in terms of the delta function. One way to bypass the problem
of discretizing the delta function is to change the source term at the boundary into
the source term in the volume by calculating the zeroth-order solution explicitly and
using the radiative transfer equations for the higher order terms with the zeroth-order
solution acting as the volume source [Fung and Chen, 1981b.. In this section we
discretize the delta function in a consistent manner and keep the source term at the
boundary. This approach gives the same solution as the other approach and also the
formulation does not have to be changed when the boundary conditions are changed

to incorporate the rough surface scattering/Fung and Chen, 1981b].
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Consider an integral given by
I= /'dﬁ'sine'f(a.e')g(ﬁ') (56)

Using the Gaussian quadrature method the integral 7 is approximated as

1

I = Z a, f6.6,) g, (57)

J=-n

If we now let g(#') = 6(cos 8’ — cosb,;) where 4,, is one of the quadrature angles in region

0, then the integral / can be evaluated exactly to give

€, CoOst,,
I=f(6,6)=

€} cos b,

(58)

where ¢, is the corresponding incident angle in region 1 which is related to 6. by Snell’s

law, and we made use of Tsang and Kong, 1978

. cosf,,;
dé’ sin 6’d¢' = dﬂi" sin (J"lfT CO___ d‘j" (59)

€} cosé, ‘

Therefore. comparing (58) with (57), we obtain the discrete form for the delta function:

1 €, cosb,,
g = by L2 (60)
aj €} cost,
where
. 1 if j=1 i
050 = { . (61)
0 otherwise

The incident intensities for even and odd terms in each harmonics, given by (20), can

now be cast into the quadrature form by making use of the above relations.
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Substituting in the expressions for the upward and downward propagating inten-
sities into the boundary conditions (54) and (55), we obtain the following 8» equations

for 8n unknowns z and w:

=

(F+Q)-Fu E-Q)] Doty - [E-@-Fu (F-Q)] 5=0 (020

~——

The above equations can be solved for the constants 7 and y for each cases when the
incident intensity is at one of the quadrature angles. Note that in the halfspace random
medium case when d — oc, D — 0 and the equations for 7 and 7 become decoupled and
the matrix equation does not become singular [Fung and Chen, 1981b]. This is due to
the form of the solution assumed in (46) and (51).

Once the constants z and 7 are determined, the scattered intensities from region
1 to region O, represented by the first term on the right-hand-side of (6), can be

determined. We have

=Tw [(E+Q)-2+(E-Q) D(-d) ¥ (63)

Thus, the complete solution can be obtained by solving the radiative transfer equa-
tions using the Gaussian quadrature method for each harmonic as outlined above and

reintroducing the azimuthal dependence. The total scattered intensities in region O is

given by

- = = = = = —_ == -1 = —
Iu,.(d),,) = {R(u -+ Tl(\ . [I - Rlu : ng »exp;’-,ﬂ ! : A’,dl] : Tn_[} : ],,,'(S(é,, - ¢,,1’)



o
o
W

- Z {?w : [7”“%2 =0) - [7 - ﬁlu : ﬁy; cexp —pu ' ?d‘]

=0

JR—
= Frrec .
: Tn] V‘[u' ] cosrn(d',,—@,,,)

g

+?“, T (z=0)sinm(¢, — ¢,,,-)} (64)

<t~

where we have summed up the zeroth-order solution and 7" (z = 0) and " (= 0) are
the upward propagating mth cosine and sine harmonics evaluated at z = 0. Once the
scattered intensities in region O are obtained, the bistatic scattering coefficients and
the backscattering cross sections can be obtained from (7) and (8). We note that if we
are only interested in calculating the scattering intensities for vertically or horizontally
polarized intensities only, then we only need to calculate the even series. This is because

the odd series. represented by (14b). are zero due to the fact the incident intensity for

the odd series as given by (21b) is zero.



204

7.5 Results and Discussion

The backscattering cross sections and the bistatic scattering coefficients are cal-
culated and illustrated for the various cases. ln our calculations n = 16 is used. The
backscattering cross sections are illustrated as functions of frequency and incident an-
gle. The bistatic scattering coefficients are plotted as functions of scattering‘ang]es f.
and ¢..

In Fig. 7.2 the horizontally polarized and depolarized backscattering cross sec-
tions are plotted as a function of frequency for a 48cm thick random medium. Backscat-
tering cross sections increase as frequency is increased. This is due to the fact that
as frequency increases the albedo |K./(K. + K.)] increases and the scattering becomes
dominant over the absorption. Also, the difference between the like-like polarized re-
turn and the depolarized return decreases. In Fig. 7.3 the backscattering cross sections
are plotted as a function of incident angle at 10 GHz.

In Fig. 7.4, the bistatic scattering coefficients ~,, and ~,, are plotted as a function
of scattering angle 6.. The positive 4, corresponds to the forward scattering case where
#.= 0 whereas negative ¢, corresponds to the backward scattering case with ¢.= 180°.
We note that there is symmetry about the 4. = 0 axis which is the typical of Rayleigh
scatterers. For correlation lengths small compared to the wavelength, the scattering
pattern of the random medium is that of the Rayleigh scatterers [Tsang and Kong,
1976b]. The number of harmonics needed in this case was three which is the same as
the case involving Rayleigh scatterers {Shin and Kong, 1981]. In Fig. 7.5 we show the
bistatic scattering coefficients for larger correlation length {,. Unlike the previous case
there is no symmetry. The number of harmonics needed in the computation is also

larger than the previous case.



o
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In Figs. 7.6-7.9, the bistatic scattering coefficients are plotted as a function of
azimuthal scattering angle ¢. for 4, = 6. = 33°. We only plot from ¢. = 0° to ¢. = 180°
because the bistatc scattering coefficients are symmetrical. In Fig. 7.6, the bistatic
scattering coefficients ~,, and n,), are plotted for the case of small correlation length /,.
There is a symmetry in the bistatic scattering coefficients about ¢. = 90°. In Fig. 7.7,
vnn and ~,, are compared. We note there is no symmetry for the bistatic scattering
coefficient v,,. In Figs. 7.8 and 7.9, the bistatic scattering coefficients are plotted for
the case of large correlation length {,. We note that the scattering coeflicients are more
peaked toward the forward scattering direction and that there is no symmetry about

the ¢. = 90° axis.
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Appendix A: Scattering Function Matrix, Scattering Coefficient, and Absorption

Coefficient for the Random Medium

The scattering function matrix have been derived for the random medium whose

fluctuating permittivity is characterized by the correlation function

{er(F)es (7)) = ST b(F — 7) (A1)

where ¢ is the variance of the fluctuation and the function b(7' — 7) is the normalized

correlation function. The scattering function matrix is given by [Tsang and Kong,

1978]
P11 P12 pia O
= ) p21 p22 p2z O
Bl6,6:6"0") = T (5, g;00 9 |7 T (42)
2 pa1 p32 p32 O

0 0 0 pas
where ®(4, ¢;6',4") is the spectral density of the fluctuation which is given by the Fourier

transform of the correlation function and

P11 = sin>6sin® 6’ + 2sin 6 sin 8’ cos 6 cos 6’ cos(¢ — ¢') + cos’ 6 cos? 6’ cos*(p — ¢) (A3)
pi2 = cos®fsin’(¢ — ¢') ’ (A4)

P13 = cosfisinfsinfd’sin(¢p — ¢’} + cos” 6 cos¢'sin(p — ¢') cos(¢ — ¢') (A5)

pa1 = cos”'sin*(¢ — ¢’) (A6)

paz = cos?(¢ — ¢') (AT)

paz = —cosf'sin(¢ — ¢') cos(¢ — ¢') (48)
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pay = —2sinésin ' cos b’ sin(¢ — ¢') — 2cosb cos” 8! cos(¢p — ¢')sin(¢ — ¢') (A9)
Pan = 2cosfsin(¢ — ¢') cos(e — ¢') (410)

paz = sinfsind’ cos(¢ — 6') + cos b cost'icos*(¢ — ¢') — sin(¢ — ¢')] (A11)
pas = sinfsin b’ cos{p — ¢') + cos b cos §’ (A12)

For the correlation function we assume gaussian dependence laterally and exponential

dependence vertically

7! - In):z + (y/ —- yn)fz 3 lzl — Z"}

b(r' — 7"") = exp [— ( E ] (A13)
» z
Then the spectral density is given by
®(0,¢:6',¢") = . Ll exp |- ¥ Etrsinz 6' +sin®§ — 2sin 8’ sin 6 cos(¢’ — #)]
’ ’ 4721 + k'?12(cos 8’ — cos6)2] 4
(A14)
The scattering coefficient K, (¢) is given by
K, 0 0 0
— . 0 K, 0 0 (415)
K.(9) = L 15
+(6) 0o o Eh 0
0 o 0 ozt
where
[ Wk{l45 ’ AW ! ! ’ n ]
Ko(0')= [ dO——0(6,¢:6",0")ipnu(0, 90", ¢') + p2u(6, 936", )] (A16)
4m
gl Wk{l‘lé ! ni ! ] ! ’
Kh(ﬁ): dq 2 q)(e¢,9a¢)5p12(gy¢76’¢)+p2’2(6a¢a0s¢” (A17)
4m

and the dQ integration is carried over a 4= solid angle. The absorption coefficient K, is

given by

K, = 2k (418)

where £/ is the imaginary part of the wave number in region 1.
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Appendix B: Coupling Matrices for Stokes Parameters at Planar Dielectric Interface

The coupling matrices in the boundary conditions take the form |Tsang and

Kong, 1978; Shin and Kong, 1981}, for a, 5 = 0.1.2,

towa(fa) 0 0 0
= €’; 0 t’lu-’ (6" 0 0
Tu/4(9u) = _j‘ e ) - (Bl)
€ 0 0 g‘.m(f’.,) _hu/"l(étr)
0 0 h4.ﬁl(9q) 91.1‘1(911)
and
Tvuﬁ(gur) 0 0 0
= 0 Tha 3(60) 0 0
Ru/‘i(gu) - I (B2)
0 0 Wuﬁwu) -Zuﬂ(gu)
0 0 Zu/’f(gu) Wu/"(gd)
where
tuu/‘f(ﬁu) =1- rnuﬁ(gu) (B3)
thuﬂ(au) =1- rhu/’f(gu) (B4)
Gup(fu) = (cosby/cosb,)Re(Y,n X, ,) (B5)
hap(fa) = (cosb/cos b, ) Im(Y,sX ;) (B6)

for ¢, less than the critical angle, otherwise

gu!"(g") = h(,”(f’,,) =0 (B7)

and

Xu/'l(€u) =1+ Ruﬂ(ﬂn) (BS)

}’:,/-1(0,.) =1~ S!l["(‘gl') . (Bg)
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where R, 4(6.,) and S..(6.) are the TE and TM Fresnel reflection coefficients. and

TWY(.['"f;u) = iS:yH(H‘.)EQ (Blo)
rhui'l(eu) = iRvu“(gu);: (Bll)
W,,,4(9,,) = Re(Sm-fR.'.m) (Blz)

Zrt/i(ﬁll) = ]m(SuHR.I,,‘tl) (BIS)



Appendix C:

Fourier Series Expansion of the Scattering Function Matrix
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The scattering function matrix given in Appendix A can be expanded into the

cosine and sine series as follows:

o0

= ] =1
Pl6.o:60'¢") = ~.--——[P 6.6 cos
(6,9 :6'¢") ';::“(0“ I (6.6") co
where .
el Py 0
" S 08 0
P (6,0 =q6,0 | "
0 0 p35
L 0 0 pyy
[ O 0 ply
—1ns 0 0 F"'&"
P(6,6") = q(6,6") o
p3T P30
LpY pis 0
with
Skl 121,

mie —a') = P (6.6')sinml(g - ¢')]

0
6

e

Phs

e

Faq J

118 =

Pia
poy
0

O -

Q(9=9') =

e

4 1+ k212 (co:ﬁ—co:ﬁ’)"

pl =Y sin” 6 sin” 6'1,,(z) + sin§sin ¥’ cos b cos 6'(1,,, _1(z) + Ln+1(z))

| 1
-+ c0529c05'0'(31,,,(a:) + ZL"—B(I) +

4—1m+2(1))]

5,1
p11”" =€ UCOS-EZ I:Im(I) ( ,,,_')(IE) + Im+"( ))]

1 1
P:')"] = e—yco E [1,,,(1‘) 2(11r1~'2(x) + 1m+2(x))]

e
pon = e Y

L

[1,,,(1‘) S(Ln-2(z) + fm+2($))]

(C1)

(C2)

(C3)

(C4)

(C'5)

(C'6)

(€7)

(c8)



1
Py = e‘”E [sin 6sinb'(I,,—(z) + I,,~1(z)) + cosb cos 8'(I,,-2(z) + I,,,-,‘g(:z:))}

. 1
oy =eY [cos §cos§'l,, (z) + sinfsin§' (I, - (z) ~ 1,,,+l(x))}

Pl =Y cosﬁ% [sinﬁsinﬁ'(],,,‘l(z) - L,si(7)) + %costﬁ‘cos 6'(1,, —2(z) — ],,,.;3(17))]
pos = —e Ycos 9'2(117,—2(15) = I, 22(z))

= —e Ycosh' [sinésin 6" (1, —y(z) = L +1(z)) + %cosﬁcos 8'(1-2(z) — 1,,,+g(z))]

phs =€ Y cos 0%(],,,_9(1) - I,,+2(z))

es o rIes s ks
Pis =pP2g =Py =pys =0

| T W
y= Zk'l"’ll‘,(sm" ¢ + sin ")

1 . .
z = Ek'fl;'? sin # sin 8’

and I,, is the m-th order modified Bessel function.

211

(Co9)

(C10)

(C11)

(C12)

(C14)

(C15)

(C16)

(c17)

(C18)



Incident intensity 2z Scattered intensity

902 R

Region O €,

z=0
6.
Region 1 €1=€im+€14(7), 6, lsy 1,
-\ s = 2 ¢ r—r' 1 +iy—u')? iz—z'
(e1s(Pei (7)) = e, & exp [ Lrmriptuma!i® _ il

z=—d

Region 2 €2

Figure 7.1 Geometrical configuration of the problem.
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Figure 7.2 Backscattering cross sections as a function of frequency.
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Figure 7.3 Backscattering cross sections as a function of incident angle at 10 GHz.
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Figure 7.7  Bistatic scattering coefficients ~:, and .. as a function of azimuthal

scattering angle ¢. at 10 GHz.
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scattering angle ¢. at 10 GHz.
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CHAPTER 8

Radiative Transfer Theory for Active Remote Sensing

of Multi-Layered Random Medium

The scattering from multi-layered random medium is studied using the radiative
transfer theory. Bistatic scattering coefficients are obtained by numerically solving the
radiative transfer equations using Fourier-series expansion in the azimuthal direction
and the Guassian quadrature method. The effective boundary conditions are derived
which reduce the complexity of the problem to that of a two-layer case. Theoretical

results are compared and illustrated for the various cases.
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8.1 Introduction

In the microwave remote sensing of earth terrain. multi-layered random medium
or discrete scatterer models have been applied to account for the volume scattering
effects. The multi-layered models have shown to be more realistic in interpreting the
remote sensing data Tsang et al., 1975, 1977: Njoku and Kong. 1977; Tsang and
Kong, 1979]. In the passive remote sensing the radiative transfer theory has been used
to study thermal microwave emission from a multi-layered random medium with lam-
inar structures [Djermakoye and Kong, 1979]. The propagation matrix formulism is
applied to obtain closed form solutions. For the inhomogeneous slab random medium
with nonuniform scattering, absorption and temperature profiles in the vertical direc-
tion, the method of invariant imbedding has been used Tsang and Kong, 1977b]. The
boundary value problem of the radiative transfer equations is converted to an initial
value problem starting at zero slab thickness. In the active remote sensing, the scatter-
ing from multi-layered random medium has been solved using the Born approximation
and the propagation matrix formulism iZuniga et al., 1979,. The radiative transfer
theory also has been applied to scattering from multi-layer of Rayleigh scatterers with
rough boundaries where the iterative approach is used to obtain solutions to first-order
Shin. 1980; Karam and Fung, 1982..

In this chapter we solve the problem of scattering from a multi-layered random
medium on top of homogeneous halfspace using the radiative transfer theory. The
bistatic scattering coefficients are calculated using a numerical approach. A Fourier-
series expansion in the azimuthal direction is used to eliminate the azimuthal ¢ de-
pendence from the radiative transfer equations. Then, the set of equations without

the ¢-dependence is solved using the Gaussian quadrature method where the integrals



in the radiative transfer equations are replaced by the Gaussian quadrature and the
resulting system of first-order differential equations is solve by obtaining eigenvalues
and eigenvectors and matching the boundary conditions. The effective boundary con-
ditions are derived in terms of the effective reflection matrices to reduce the complexity
of.the problem to that of a two-laver problem. The effective reflection matrices can
be solved recursively by considering only one layer at a time. The numerical results
are illustrated by plotting backscattering cross sections as a function of frequency for

multi-layered cases.



8.2 Formulation

Consider a N-layered random medium on top of a homogeneous halfspace with
permittivity «~_., ‘Fig. 8.1. The i-th layer is characterized by the permittivity « — ¢,
where ¢/, stands for the randomly fluctuating part whose amplitude is very small and
whose ensemble average is zero, and the mean permittivity has small imaginary part,
e; = ¢;+-1¢)’ where ¢]' < ¢]. We further assume that the real part of the mean permittivities
of the random layers are the same. ¢ = ¢, for | = 2,3, | N. The radiative transfer
equations which govern the propagation of intensities inside the i-th random medium

are, for 0 < 6 < =,

d _ _ — _ m 2 — _
cost‘f&;h(ﬁ,aﬁ,z) =-Kul(8,8,2) — K.u(6) ~I,(6,¢,z)+/ df8'sin 9'/ do' Pi(6,¢;8'.¢") 1(6',¢', 2)
(1)
where

I,,1(9,¢‘,2)

_ Ih,l(gvd)ez)
L6, ¢,2) = , (2)

l/l(ﬁ.;t',z)

Vi(b, ¢,2)

1. is the vertically polarized specific intensity, I,, is the horizontally polarized specific
intensity. and U, and V, represent the correlation between two polarizations [ Tsang and
Kong. 1978; Shin and Kong, 1981, ?1(6,¢;9',¢’) is a 4 x 4 scattering function matrix,
which relates scattered intensities into the direction (¢,4) to the incident intensities
in the direction (¢’,¢'), K., is the loss per unit length due to absorption, and -I_?,I(H)
is the loss per unit length due to scattering. The random permittivity fluctuation is
characterized by the variance of the fluctuation ¢ and the correlation function with

lateral correlation length {,; and vertical correlation length i.,. The correlation function



[Sv]
[V
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is assumed to have gaussian dependence laterally and exponential dependence verti-
cally. The scattering function matrix and the scattering coeflicient have been derived
by applving Born approximation with the far-field solution and are well known [ Tsang
and Kong, 1978 .

Consider an incident wave with specific intensity 1.,(r - 4., ¢.,) impinging from
region 0, which is assumed to be free space. upon the layered random medium. The

incident beam in region 0 assumes the form

Li(m~6,,¢.)=1,6(cosb.. —cost, ;) b0, — ¢ui) (3)

where the use of Dirac delta function is made.

The boundary conditions for the specific intensities are [Tsang and Kong, 1978

foro<d <n/2,at z=d, where l=1,2,--- N -1

7[+1(7T—6,¢',Z: —dl)zll(ﬂ—9,¢’,22—d{) (4)
71(6:‘?72:_dl)zjl-'rl(g’!‘z"zzvdl) (5)
at z = —dpy
In(f, 0,2 = —dn) = Ryinon(8) Tn(r=f.0.2 = —dy) (6)
and,at z =0
Ti(r=6,6,2=0)=Tu(6,) L.(r—6.6.)+ R 1,(8,0,z=0) (7)

where we have broken up intensities in the scattering layer into upward going intensities

Ti(4,¢,2) and downward going intensities I,(r — 6.¢.2z). In the above equations T..(6.)
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represents the coupling from region O to region 1. R,.(¢) represents the coupling from
upward going intensities into downward going intensities at the boundary of region 1
and region 0, and ‘ﬁ—xwﬂ.(f?) represents similar coupling at the boundary of region N
and region N +1 [Chapter 7, Appendix B..

Once the radiative transfer equations are solved subject to the boundary condi-

tions (4) and (5). the scattered intensity in the direction (4..,¢..) in region 0 is

1,.(9‘,,. 47,,,.) = ?10(95) ‘71(9.~, Pu, 2 = O) - §lu(i‘;u) : 7:'1(77 -t d’..) (8)

where i(.(ﬁ) represents the coupling from region 1 to region 0. The bistatic scattering
coefficients v, (4..., ¢..;9.., #..) are defined as the ratio of the scattered power of polariza-
tion A per unit solid angle in the direction (6...,¢...) and the intercepted incident power
of polarization « in the direction (.., 4.,) averaged over 4r radians [Tsang and Kong,

1978; Peake, 1959..

cosb,,u Lopu(Biny @)

cos by d,ni

(9)

Vit Gons Porn; iy i) = 47

where o, 3 = v or h with v denoting vertical polarization and » denoting horizontal po-

larization. In the backscattering direction 4,.. = 4., and ¢... = r+¢.,. The backscattering

cross sections per unit area are defined to be

O (fux (64»1) = Cos 6’:;1 '7/'1:1(but T ‘1'“1'; 601 ’ ¢'t'1) (10)
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8.3 Numerical Solution

The radiative transfer equations can be solved using a numerical approach. First,
the azimuthal dependence from the radiative transfer equations are eliminated using
the Fourier series expansion. Then, the resulting set of equations without the az-
imuthal dependence is solved numerically using the Gaussian quadrature method. The
integrals in the radiative transfer theory are replaced by Gaussian quadratures and the
resulting system of first-order differential equation with constant coefficients are solved
by obtaining eigenvalues and eigenvectors and matching the boundary conditions.

The numerical solution for the specific intensities inside the /-th layer is given by

[Chapter 7}, for each harmonic and for even or odd series,

7? = (iz + Q——:) '_51(2 +diy) T+ (fl - 51) ?1(2 +di) -y, (11a)

I = (E +Q) Dilz+di-y) 7+ (f: - 6:) Tz +d) -7, (118)

where 7 and I, represent the upward and downward propagating intensities and z,
and y, are the unknown constants.

The boundary conditions, which are to be used to determine the constants %; and
g, of the upward and downward propagating intensities given by (11), can be obtained
by discretizing the boundary conditions for the radiative transfer equations given by

(4)-(7). They are, at z=—d;, [=1,2,- ,N -1



and at = =0

o (15))

Once the constants 7, and 3, are determined. the scattered intensities in region O
from the random medium, represented by the first term on the right-hand-side of (8),

can be determined. We have

S|

T,,, = 10 7?(2 = 0)

i
el

w [Bi+Q) 3+ (E:- Q) Di(-di) 7, (16)

The complete solution is obtained by solving the radiative transfer equations using
the Gaussian quadrature method for each harmonic and reintroducing the azimuthal

dependence. The total scattered intensities in region 0 is given by

- = = = = —_— = -1 = - N
]4m(¢,,) = {R:u" Tjn‘ [1‘ Rlll'RN(N+1) ~exp[~;7 I‘K,dj] 'Tnj}‘],.10(¢u'—¢«n)

Miyp:y

= —me™ =z = = -1 = 17! = Fme ,
-+ Z Tlu' Il (ZZO)— [1—R1¢;'RN1N+”'€XP — U K,dj] 'T(u ],,1‘ cosm(@,,—tﬁ,,,‘)

=

4Ty T (2 = 0) sin m(s., — m)} (17)
where
= 1\: —_—
K,d=zf\'«‘r(dt"dl—1) (18)
=1

=t ~rns

and 7" (2 =0) and T, +(z = 0) are the upward propagating mth cosine and sine har-
monics evaluated at z = 0. In (17) the zeroth-order solution has been summed up. Once

the scattered intensities in region 0 are obtained, the bistatic scattering coefficients and

the backscattering cross sections can be obtained from (9) and (10).



229

8.4 Effective Boundary Conditions

The problem of determining the unknown constants %, and g, by matching the
boundary conditions at N —1 boundaries can be simplfied greatly by using the effective
boundary conditions. The idea is to come up with the effective boundary condition at
z = —d, in terms of the properties of the region ! and the effective boundary condition
at z = —d;. Thus. only a two-layer problem needs to be solved at a time. The effective
boundary conditions can be derived in terms of the effective reflection matrices which
can be solved recursively. Therefore, the sizes of the matrices need not be increased
compared to the two-layer case and the complexity of the problem is not increased. In
this way the scattered intensity can be computed very efficiently.

Consider I-th random layer for | = 2,3,---, N. First, we assume that the effective

boundary conditions at z = —d; can be expressed as follows:

il

I'(z=~d) = Ryjoy, I/ (2= -d)) (19)

where the effective reflection matrix contains all the information regarding !’-th layer
where I’ < I. Our goal is to come up with an effective boundary condition at z = —d,
which relates the downward propagating intensity to the upward propagating intensity
in region [ - 1. Thus, the effective reflection matrix at z = —d,_,, i,‘l_f”, , should be

expressed in terms of the properties of the /-th layer and the effective reflection matrix

at z = —d;. The boundary conditions at z = —d,_, are given by
I (z=—di-)) =1,_,(z=—di-)) {20)

and

I (2= ~di-)) =1, (2 = —di_1) (21)



Substituting in the solutions for the upward and downward propagating intensities,

given by (11), into the boundary conditions (19) and (20), we obtain

(E,~ Q) 7~ (E, - Q) D(~(di~di-)) 5=1,_,(c=~di1) (22)

=

= = :Cﬂ — —t = e — :Qﬁ —t =
(EI'FQI)‘Rqug‘(Ez“QI) D(=(di ~di-1))Z + (EI_QI)_RI(I+1)'(EI_Q1) g, =0 (23)

The above equations can be solved for the constants 7, and y,. We let

C; = [f[] (24)
Yy

M, My,
- = (25)
Moy M

= [7,]
Nl = (26)

where

My, = (E+Q) (27a)
M = (f: - 5:) Dy(~(d; - di-1)) (278)
= = = :eﬁ =! = = -
Moo= [(Ei+@Q)— Ry (B, + Q)| Di(—(di = du-1)) (27¢)
— — = —_—eﬂ = =

Moo = (£ - Q) - Ry (£, Q) (27d)

Then, (22) and (23) can be written in compact form as

ﬁ[ 51 - ﬁ[ 7171(2’ - _‘dl—l) (28)



Therefore, the constants z, and y, are given in terms of I,_,(z = —d,_,).

i
-

3}
It
|
=
:N
1l
{
)

(29)

The boundary condition (21) can now be used to relate 7,_, to 7,_,. Substituting (11)

into (21), we have

I (z=~die))=(E,+ Q) Z+(E,— Q) D(~(di—di_1)) - 7, (30)

We let
flz fjl igl] (31)

where
L. =(E+Q) (32a)
Lo, = (Ei- Q) - Dul—(di - di-1)) (32b)

Then. subsituting (29) into (30) we obtain the following effective boundary condition

at z = —‘d[_1:
eﬁ .
I (z==dio)) =Ry, I \(z=—di)) (33)
where
eff =1 = ;
R(I 1|z—Ll M, N, (34)
The above effective reflection matrix at z = —d;_, is defined in terms of the properties

of the I-th layer and the effective reflection matrix at z = —d,. Therefore, the effective
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reflection matrix can be calculated recursively and we only need to consider a two-layer

problem at a time. Note that at z = —d,, we have

—eff =

H}\'H\v'*]‘: Ryinvan (35)

We start the calculation at the N-th laver where ﬁ\rmﬂ. is known and obtain the

. . . =€ . .
effective reflection matrix at z = -dx_,. Once R(;ﬁllw is obtained we start over and
calculate the effective reflection matrix at z = —dx_». This is repeated until we have
=eff . : : : :
calculated R ., the effective reflection matrix at z = —d,. In region 1, we obtain the

following equations for the constants z, and 3, upon matching the boundary conditions:

[(fl} + 511) - ﬁlu ‘ (EJ h 51)] I+ [(El - 61) - ﬁw ) (fl - 51)] '51(“11) Y= ?”1 ’ ];, (36)

—€ = = =€ =t
e 4

[(f1+51)— 2 (f'l"ﬁll)] ‘51("511)51‘* [(EI—QJ_RV.’ '(El—al)} "y, =0 (37)

The above equations can be solved for the constants z, and y,. Then, the scattered

intensity in region O is obtained from (16) and (17).



8.5 Results and Discussion

In this section we illustrate the numerical results of the backscattering cross
sections for layered random medium. In our calculations n = 16 is used. In Figs.
8.2 and 8.3, the backscattering cross sections for like-like polarized return o), and for
depolarized return o, are plotted as a function of frequency. The results for three-
layer random medium are compared with the two-layer case. In the three-layer case
we introduced a thin lossy layer at the top, which can be used to model the melting
of snowpack in the afternoon due to sun-light illumination {Hofer and Schanda, 1978:
Stiles and Ulaby, 1980]. The parameters used were the same as the ones used in Chapter
6 to illustrate the diurnal change in the brightness temperature measurements from
snowpacks. We note that in the afternoon, compared with the morning case, there is

a slight decrease in the backscattered power at low frequencies while the decrease may

be substantial at higher frequencies.
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Figure 8.2  Backscattering cross section for horizontally polarized like-like return o

as a function of frequency for a three-layer random medium.
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CHAPTER 9

Theory for Thermal Microwave Emission from a Homogeneous Layer

with Rough Surfaces Containing Spherical Scatterers

The radiative transfer theory is used to solve the problem of thermal microwave
emission from a homogeneous layer containing spherical scatterers. To model volume
scattering effects, we use the Mie phase functions. To model rough top and bottom
interfaces. we use the bistatic coefficients for a randomly rough surface obtained using a
combination of Kirchhoff theory and geometrical optics approach. Because the bistatic
coefficients violate energy conservation, there is ambiguity in the emissivity. However,
using two alternate formulations, the upper and lower limits of the emissivity are
calculated. The effect of a rough surface is incorporated into the radiative transfer
theory by modifying the boundary conditions for the intensities. The radiative transfer
equations are then solved numerically by using a Gaussian quadrature method, and
the results are illustrated by plotting the brightness temperatures as a function of
observation angle for different polarizations. It is shown that the presence of a bottom
rough surface increases the brightness temperature except at high angles for vertical
polarization. The rough surface at the top boundary makes the angular behavior flatter

and displays smaller differences between horizontal and vertical polarizations.



9.1 Introduction

In the passive microwave remote sensing of earth terrain the scattering effects
due to medium inhomogeneities and rough interfaces play a dominant role in the de-
termination of brightness temperatures. The effects of volume scattering have been
treated with two theoretical models for the terrain media: (1) the random medium
model where scattering effects can be accounted for by introducing a randomly fluc-
tuating part in the permittivities. and (2) the discrete scatterer model where discrete
scatterers are imbedded in a homogeneous baékground medium. The random medium
model has been used extensively to study the thermal microwave emission from earth
terrain |Tsang and Kong, 1975, 1976a.b.c. 1980b: Djermakoye and Kong, 1979]. Using
the discrete scatterer model, England {1975 first examined emission darkening of a
medium containing Rayleigh scatterers with the radiative transfer theory. More gen-
eralized results have been obtained [Chang et al., 1976; Tsang and Kong. 1977a, 1979;
Kong et al., 1979] by making use of Mie scattering phase functions. These previous
works on volume scattering all assumed planar boundaries, and the effect of rough sur-
face scattering was neglected. However, in order to understand in a more meaningful
way the problem of thermal microwave emission from natural terrains, we must study
a composite model that can account for both the volume and surface scattering effects.

In this chapter we use radiative transfer theory to solve the problem of thermal
microwave emission from a scattering layer overlaying a homogeneous half space with
rough interfaces at the top and bottom boundaries. Mie scattering phase functions
are used for volume scattering, and the bistatic scattering coefficients of a Gaussian
random surface, obtained using a combination of the Kirchhoff approximation and a

geometrical optics approach, are used for rough surface scattering. The rough surface
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effects are incorporated into the radiative transfer equations by modifying the boundary
conditions satisfied by the intensities at the top and bottom interfaces. The radiative
transfer equations are solved numerically, using the Gaussian quadrature method. We
use two alternate formulations to calculate the emissivity of the scattering laver. By
calculating the bistatic coefficients of a scattering layer with rough top and bottom
interfaces and intergrating over the scattered angles in the upper hemisphere we obtain
an upper limit for the emissivity by invoking the principle of reciprocity. A lower limit
for the emissivity is obtained by directly calculating thermal microwave emission and
assuming that the same medium is at a uniform temperature. The theoretical results
are illustrated by plotting the brightness temperatures as functions of observation angle

and polarization.



9.2 Formulation

Consider a slab of a homogeneous medium with permittivity ¢, = | +:c/ and phys-
ical temperature T,, containing randomly distributed spherical scatterers with radius
a and permittivity ¢. = ¢/ + 4¢”, on top of a homogeneous medium with a permittivity
¢z = ¢4 —1¢4 and temperature T, [Fig. 9.1 . The radiative transfer equations that govern
the propagation of intensities inside the scattering layer are, for 0 < 6 < .

-

cosﬁ%j(ﬁ,z) = -K,(6,2) - K.I(6.2) - K.C,T, + / | d6'sin ' P(6,6")  T(8', 2) (1)
< (3]
where
- 1.(6,2)
1{6,z) = | _ (2)
I,,A(G,z)

I is the vertically polarized intensity, I, is the horizontally polarized intensity, K, de-
notes the absorption loss, K, denotes the scattering loss, C, = K¢/ /e,A2 with K denoting
the Boltzmann constant, and P(4, ) is the scattering function matrix which relates the
intensity scattered in the direction 4 to the intensity incident in the direction ¢’. For
spherical scatterers of arbitrary size the Mie scattering phase functions can be used,
and the expressions for the absorption and scattering coefficients K, and K. and the
scattering function matrix ?(9,6’) are given in Appendix A Tsang and Kong, 1977a|.

The boundary conditions are, for 0 < 6 < z/2 at z = 0,
I(r—6,z=0) = / 46’ sin ﬁ'ﬁln(ﬁ, 6') - I(8'.z =0) (3)
and at z = —-d

/2 — _
I(6,2= —d) = / df'siné' R »(6,60") - I{(r — 0", 2 = —d)
0

19

*/ -dg'_sina': Toy(6,65) - T2(6%) (4)
()
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where we have broken up intensities into upward going intensities I(9,z) and downward
going intensities I(r — 6,z). In the above equations. R,.(¢,#') represents the coupling
from upward going intensities in the direction #’ into the downward going intensities in
the direction (r—¢) at the boundary of region 1 and region 0, ﬁlg(v.ﬁ’) represents similar
coupling at the boundary of region 1 and region 2. and T ,,(é.65) represents the coupling
from region 2 to region 1. Once the radiative transfer equations are solved subject to
the boundary conditions (3) and (4), the brightness temperature as measured by a
radiometer is obtained from

)

— 1 /2 = -
/ d6"sin @' T (6., 6") - 1(6', 2 = 0) (5)
O

Tp(6.) = c

where
Torl®) } (6)

Talt) = [Tnh(9~)

71(,(0,,,9') represents coupling from region 1 to region 0 and C., = K,/3*. When T, = T»,

the emissivity of the medium can be calculated by

[e,,(&,,)
€} (9,,)

1

T,

TB,,(G,,)]
Tpi(4.)
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9.3 Boundary Conditions

The boundary conditions for th.e intensities at the planar dielectric interfaces
have been derived from the continuity of tangential electric and magnetic fields | Tsang
and Kong, 1978,. For a rough interface the coupling matrices can be obtained from
bistatic scattering coefficients for a rough interface. We model the interface to be an
isotropic Gaussian random surface and assume that the Kirchhoff approximation can
be used. The bistatic reflectivity function between the scattered direction k. and the

incident direction k, is defined to be

(8)
and the bistatic transmissivity function between &, and k, is defined to be

(9)

where subscript a represents the polarization of the incident wave, subscript ¢ the po-
larization of the scattered wave. S, S,, S, the Poynting power density of the incident.
scattered, and transmitted waves. A, the area of the rough surface projected onto the
zy plane, ¢, the incident angle, and r the distance from the observation point to the sur-
face. The expressions for P.,(k., k) and Q,.(k. k) have been derived by means of vector
diffraction integral and the method of stationary phase and are well known [Stogryn,
1967; Tsang and Kong, 1980a| (also see Appendix B). It has been shown that the
solution obtained under the Kirchhoff approximation satisfies reciprocity but violates

energy conservation Lynch and Wagner. 1968,1970; Tsang and Kong, 1980a . This
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1s due to the neglect of the effects of multiple scattering and shadowing. There have
been many works on incorporating the shadowing effect into the bistatic coefficients
‘Beckman. 1965: Wagner. 1967: Smith. 1967a.b: Sancer. 1969 . In this chapter we use
the shadowing function derived by Sancer 1969 and modify the bistatic reflectivity

and transmissivity functions as follows:

>

~

= . ~ Prn(};w Az’ P‘l'h(kn'iv-i)
P(k,?k,)=b(/" ":) PO " s (]0)
Pk ki) Punlk.. k;) |
—_ . . e I:?,.‘.i;:, vh 12?_...;21’ ]
Qo k) = (61,4, [Q (k) Quills k) (11)
Qh,n(ks- k1) th(k.-v kl) J
where
s B 1
S(6,,62) = T A(m) < A(m0) (12)
A(;A):% \/2/7riexp(-—,u2/252)—erfc(;t/\/is) (13)

¢% is the mean square surface slope, u = cot4, and erfc is the complementary error
function.
Making use of (8) and (9) to relate the reflected and transmitted intensities to

the incident intensities, we obtain

I.(6 ¢»)=/ Cdo, | de, Bk k) T ) (14)
0 U Ccost/

- ™/ - cosf; = . .~ - .

]1("1‘ ¢t) = dt}x d¢'1 - Q(kf k1) ’11(617‘@1) (13)
0 " cos ty

Comparing the above equations with (3) and (4) and noting that the thermal microwave

emission is independent of the azimuthal angle ¢, we obtain the coupling matrices:

= , " cosb,, = - = .
T (B, bi) :/ d¢ . == Q(kur, ki) (16)

COS t/,41
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= i =T costh,, =, -
R,,,-vg(&_,q,,.fv',”') :/ dd!,“ s B P(}CI-;,,}C‘“‘) (17)

The single scattering solution under the Kirchhoff approximation neglects the
multiple scattering effect. Therefore, even with the shadowing effects accounted for.

the energy conservation is only approximately observed. 1t can be shown that

< T

Z/ dt?_.sint'f,./ dg . Pk, k,)S(E..6,) ~ Z/ db, sine,/

i 1
o

s

rdq),Q,,,,,(l},,IE,)S(ﬁt,6,') <1
(18)

Because of this violation of energy conservation there is ambiguity in the emissivity of

a rough surface [Tsang and Kong. 1980a. The emissivity of a medium may also be

calculated with a commonly used formula [Peake. 1959,

. 1 <.
C.,(k,‘ =1- _/ . dnkﬁ 'r(kﬂak1) (19)
) %: 47 Jhemisphere s

where ~., (k., k;) is the bistatic scattering coefficient due to the rough surface and volume
scattering. The radiative transfer equations satisfy reciprocity and energy conservation.
Therefore, for planar boundaries the above formula and the result of (7) are the same
since the transmissivities and the reflectivities for the planar boundaries also satisfy
reciprocity and energy conservation. However, for the rough surface case, because of
violation of energy conservation, results due to (7) and (19) are not the same, and

there is ambiguity in the emissivity.
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9.4 Emissivity

The radiative transfer theory can be used to calculate the commonly used emssiv-
ity Equation (19) of a layer of homogeneous medium containing spherical scatterers
with rough interfaces. The radiative transfer equations inside the scattering medium
take the form 'Shin and Kong, 1981

2

cos€%7(€,¢,z) =-K,I(6,8,z2) - K.I{6,¢,z) + /‘ dd)'/ d6’sin 9'?(5,¢;€',¢') I8, ¢',2) (20)

[ o

where the intensity I(4, ¢,z) contains all four Stoke’s parameters,

L,(0,4,2)
- Il 9,¢',Z
6,62 = | 10007 (21)
U(b,¢,z)
Vb, e,z)
The boundary conditions are, for 0 < 6 < =/2,
_ 2n m/2 — -
I{n —8,¢.z2=0) = / dd>,,/ dé., sinb, To(b, #;6.,0.)  1.i(r—6.,9¢.)
0 0
2r T/2 — _
f/ d¢,'/ d8'sin 8" R (6, 6; 6", ¢") - 1(6",4',2 = 0) (22)
[}) )
_ 2r m/2 — _
16, 0.2=—-d)= / d¢'/ dé’'sin @' R :(6,8;6',¢") - I(x — 6',¢,2 = —d) (23)
o O
The incident beam in region 0, T,,(r — 6., ¢..), assumes the form
Iim—6,6.) =1,6(cosb, —cosb.)é(d. — dui) (24)

where the use of the Dirac delta function is made.
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Once the radiative transfer equations are solved subject to the boundary condi-

tions, the scattered intensity in the direction (¢...¢..) in region 0 is determined from

_ 2 w/2 — _ )
1.(8,,0..) = / dcb,,/ dosin b, Roy(7oe.corn o)) Lalr~6.,¢.)
0 [
2r ~/2

+ / dq&'/ v dﬁ'sinﬁ'%m(ﬁ,,y.c/r,,_,:(:"‘.cf") 198, 2 =0) (25)
t {1

The bistatic scattering coefficient v, (4..., ¢...; 6., 6..) is defined as the ratio of scattered
power of polarization 3 per unit solid angle in the direction (6..., ¢...) and the intercepted

incident power of polarization « in the direction (é,,,¢..) averaged over 4« radians.

47 cos b, Iy,
g (Bons @i Oy &) = ————""— 26)
RE ( . Do iy ¢ 1) coséb., 1'” (
with «,8 = v or k.
The radiative transfer equations can be solved with a numerical approach. A

Fourier series expansion is used to eliminate the azimuthal ¢ dependence from the

radiative transfer equations. We let

(e o)

I(5, 9. z) = T‘(ﬁ, z) + Z [7’“"(6,2) cosm(¢ — &) + T”“(B,z) sinm{¢ — dv,)] {(27)

m=1

P(6.¢:6",¢) =P (4,2) + 5 [’ﬁ"""(a, 6 cosm(d — ¢') + P (6.6")sinm(d — ¢')] (28)

m=1

where the superscript m indicates the order of harmonics in the azimuthal direction
and the superscripts ¢ and s indicate the cosine and sine dependence. Substituting

(27) and (28) into the radiative transfer equations, the ¢’ integration can be carried
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out. Then, by collecting terms with the same cosine or sine dependence, we obtain,

for m=0,

d - 0 — . = —
cosé’d—:] (6,2)=-K.I (¢,2) - K.I (6,z) + 27r/ dé'sin8' P (4,8') I (6'.2) (29)

and for m > 1

T —17:4 =T

co~“—] (8.2)= —K, " (6,2) - K.T"" (4. 2)

-w/rda'sina'{'ﬁ""’(e,w).ﬁ" (6,2) = P (5,6") T"'(¢".2) } (30)

d h=11R] (2 7ll

coséaj (6,2) = _K'lT (6,2) - (5,2)

+7r/:d9’sin<9’{P' (6,6) T"(8,2) =P (6,6") T (¢",2) } (31)

Similarily, by expanding the reflection and transmission matrices and the incident
intensity into Fourier series, the boundary conditions for each harmonic can be obtained
from (22) and (23). Once the scattered intensities in region 0 are obtained, the bistatic

scattering coefficients can be obtained from (26). In terms of its Fourier components,

1

Yis(toray @oibin, d.i) = dmcos b,  ————
cosf,,; 1,

x {-’b’,(%)*i D (60) cosmlde = Gui) + I3 (6,) sinm(do. — b)) } (33)

=1
Then. the emissivity can be obtained using (19)

o

1 n/2 o
€y 9,,,‘ =1- -_— dé",, sin é’,,‘ d 0 a uy $e 1-::“ lr»
(5..) ZM/ T il i)

w2 ) 2rcos b, I (4...)
1- Z/“ dé..sin b, ﬁ’ (33)
Ial

I

cosb,.1,,;

We note that in calculating the emissivity only the zeroth-order harmonic is needed
because of ¢,. integration, and therefore the complexity of the problem is the same as

the formulation in Section 9.2.



9.5 Numerical Results and Discussion

Our task now is to solve the radiative transfer equations subject to the boundary
conditions. We solve the equations by a numerical approach using a Gaussian quadra-
ture method. We first replace the boundary conditions by a Gaussian quadrature,
an appropriately weighted sum over 2» intervals between 2n zeroes of the even-order
Legendre polynomial P.,(6). In our calculations. n = 16 is used. The resulting system
of first-order differential equations with constant coefficients is then solved by obtain-
ing eigenvalues and eigenvectors and matching the boundary conditions [Tsang and
Kong, 1977a, 1980b). Once the brightness temperatures and the bistatic scattering
coefficients are obtained, we can calculate the upper and lower limits of the emissivity
using (19) and (7), respectively. The emissivity calculated using (19) represents the
upper limit of the correct solution since the bistatic scattering coefficients are obtained
using only the single scattering solution for the rough interfaces. If the higher-order
scattering effects at the rough surfaces are included, the net reflected power will be
higher and the emissivity will always be lower. The emissivity calculated using (6) and
(7) with boundary conditions incorporating only single scattering effects represents the
lower limit of the correct solution. If the higher-order scattering effects at the rough
interfaces are included, the elements of the transmission and reflection matrices in (18)
and (17) will both increase. Consequently. more thermal emission from the bottom ho-
mogeneous medium and the scattering medium will be transmitted, and the emissivity
is always increased. Therefore, the two results represent the upper and lower limits
of the correct solution, and the ambiguity is due to the violation of energy conserva-
tion. Note that a well-defined emissivity of a medium depends on (1) the satisfaction

of reciprocity relations, and (2) the satisfaction of conservation of energy by bistatic
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scattering coefficients.

In Fig. 9.2, the eflect of the rough bottom boundary is illustrated by plotting
the brightness termperatures as a function of observation angle for the vertical and
horizontal polarizations (optical depth == K,.d). The volume scattering effects are not
included in order to isolate the rough surface scattering effects on the emissivities. The
solid lines represent the upper and lower limits of the correct solution for the rough
surface case. and the dotted lines represent the plane boundary case. Compared to the
planar bottom boundary case, there is a general increase in the brightness temperature
except at the high angles for vertical polarization. This decrease is due to the decrease
in the emissivity of the bottom medium for the vertical polarization. The increase
in the brightness temperature at nadir is due to the interaction of the rough bottom
boundary and the top boundary. If we consider an incident beam at nadir, some of
the reflected intensities from the rough bottom boundary will be incident at the first
boundary at an angle greater than the critical angle. Therefore, the net reflected
intensity in region 0 is smaller, and the emissivity will increase. Also note the larger
ambiguity for the horizontal polarization due to worse energy conservation. If we keep
all the parameters the same and increase the permittivity ¢,, the overall brightness
temperature will decrease due to higher reflectivity at the bottom boundary. Also, the
difference between the plane and rough bottom boundaries is greater |Fig. 9.3). In Fig.
9.4, the mean square surface slope <2 is increased to 0.1. There is a larger increase in
the brightness temperature. However, the ambiguity is also larger due to worse energy
conservation. In Fig. 9.5 we increase the permittivify of region 1, ¢, = (3.0 + ¢0.0018)e.,
and also increase ¢, = 12¢,, such that R,, and T., remain the same. We note the larger
difference between the results of plane and rough bottom boundaries. This is due to

the fact that for larger ¢, the critical angle is smaller.
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In Figs. 9.6 and 9.7, the brightness temperature is plotted for the cases of rough
top boundary for two different mean square surface slopes. Both polarizations show the
flattening of the angular behavior. For larger mean square surface slope. the angular
behavior is more flat and also the ambiguity is increased. In Fig. 9.8 the results for
the rough top and bottom boundaries are illustrated. We see that the effects of rough
top and bottom boundaries are superimposed resulting in increasing of the brightness
temperature at nadir and flattening of the angular behavior.

In Figs. 9.9, 9.10. and 9.11, the results of volume scattering (albedo = K./(K, +
K.)) combined with the rough surface scattering are shown. There is darkening of the
brightness temperature due to volume scattering. Also. there is larger coupling of the
intensities propagating in the different directions causing the larger ambiguities at nadir
angles. In Figs. 9.12 and 9.13, we compare the theoretical results with an experimental
data set obtained during the winter season of 1977-78 in Colorado Shiue et al., 1978]
for vertical and horizontal polarizations at 18 GHz. The combined volume and rough

surface scattering model gives a better match with the data set which exhibits a fairly

flat angular behavior.
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Appendix A: Absorption Coefficient, Scattering Coefficient, and Scattering Function

Matrix for a Homogeneous Medium Containing Mie Scatterers

The scattering coefficient K, is given by

2

2 i "
K.=N=5 > "(2n+1)(A, "~ B,

n=1

(A1)

where N is the number of scattering spheres per unit volume and &/ is the real part of

the wave number in region 1, k,. The coefficients 4, and B, are given by |Deirmendjian,

1969

An =

_ Relg,(p1)liko /K Fa(p2) + n/p)] = Reign—1(p1),

qn(m)lks/’ciFn(p;) +n/p1] = gn-1(e1)

B - _Belanlpi)llki/k Fulpo) + n/p1] — Relgn—i1(p))]

Qn(pl”kll/ksFu(pZ) + n,/p]} - Qn-l(PJ)

where k. = w\/.c;, p1 = kla, and p» = k.a. The function F,.(p2) satisfy the recurrence

formula

- Fn"—l(pg)]

and

The function g, (s,) satisfy the recurrence formula

2n —1

P1

gulp1) = gn-1(p1) = gn-2(p1)

and

g.(p1) = —1exp(ip1)

(A4)

(45)

(A6)
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91(p1) = —explrpy) [l - [ll} (A8)

The absorption coefficient K, can be divided into two parts, K., and K,.. K., is
the absorption due to the background medium. and K,. is the absorption coefficient
due to the scatterers.

Ku = Ku,l, - Kus (Ag)

K., =2k7(1- f) (A10)
Ki.=K.—-K. (A11)

where f is the fractional volume occupied by the scatterers and K.., is the extinction

coefficient due to the scatterers which is given by

K., = —N% S (2n+ 1)Re(A, + B,) (A12)

1 n=1

The scattering function matrix is given by |Tsang and Kong, 1977a]

- Pi(6.6) Pia(6,0"
P(6,6") = ulf.6) - Pialf,) (A13)
P>y (6,60")  Pao(6,0")

T

87N | &
Pi(8,6") = pE !ZJ n(n+l) si/(cos B)s (cosﬂ)l
167TN = < 1 ”m m ’ m ™m ' :
. e mzz:l 'Z_;Lm[A,,mt (cosB)t} (cos §') + B, s (cosB) s} (cos ')} (A14)

2

oC
Z ———-[A,,t"‘ cos f)s;(cos 6') = B, s (cos 6)t1"* (cos 6')] (A15)
=11 n(n + l)

K
|
i



167N = | — , , , 1
Pay(6.6") = }:T Sy ;(anI) Au el cos 6)t]) (cos ) + B, (cos 63 (cos )] (A16)
1 m=1 in:m ' i
L4 87N ‘ - An o o i:
Paalf #) = — » Y l)s,,(cose)s,,(cosﬁ');
h! =1 :
1(’7—"\ - m 2y ™ : ld
]P,: Z Z A, s (cosf)e (cos B') + B, m=t ( cos 8)t7"(cos f )]; (A17)
m=1in=m i
where
/2
Pj'{cos8) [(2n + 1){n — m)! !
”m sf) = LAl Al8
L (cos6) sin 6 ( 2(n+ m)! ( )
om . 1/2
sp'(cos ) = ncos ) (cos §) ~ {2n — 1( - — m‘)] ' (cosf) (A19)

and P]"(cos6) is the associated Legendre polynomial of degree n and order m. The

function ¢"(cos 4) obeys the recurrence relations

1/2
2 3
t7 1 (cosb) = —siné [2: i 2} ti(cosb) (A20)
tr, (cosd) = (2m + 3)/%cos 6 ¢ (cos §) (A21)

n-— m- 2n — 3

o 12 Y 011/2
+ -1)° -
1" (cos §) = [—znﬁ“—lf,} ((211 - 1)/2cos bt (cosf) — [u] ti"_o(cos 6)) (A22)

Note that t{(cosf) = —/3/2 and s”(cos6) = mcos6¢" (cosf). The functions ™ cosf) and
1 / n " n

s (cosd) are well behaved as n and m become large.
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Appendix B: Bistatic Reflectivity and Transmissivity Functions for Gaussian Random

Surface

The bistatic reflectivity functions have been determined to be [Stogryn, 1967

kai 1 k3

T T ! ‘ul'

Pk ki) = ——— I o3 eXP [—2‘:2;{9 } fua (B1)
4 k; X ko ki cost, T TS

where

~

f"ﬁ = i(;ls : 1::1)(;2'1 ' ks)Rh -+ ({)~ : 1::1)(51 ']::M)R‘n :-

~

for = |(he - B (85 R R = (0. B)(hi - kR, |

2
-

'(13.. i)k - k)R, — (R Ei) (9 k)R,

fhr =

' 2

fu = (00 R)(®: - k)R + (he i) (he - k) Ry

~

ki = Zsinf;cos ¢, + gsinb,; sin ¢; — Zcosb,

k.= Zsinf.cos¢.+ gsinb, sin¢.+ 2cosf.

~

h, = —Zsing, ~ fcosd, = £ x ki/|5 X ki

7 A e , LA _ 2 RS 7
h,= ~%sin¢g.+ Jcos¢, = 2 x k./iZ x k,|
¥, = —Zcosf;cos; —ycosl,;sing; — Zsinb; = h; x k;

.= Zcosb,cos ¢, + fcosh,.sind, — Zsinf, = h, x k,

kd = kz - ks = ik:l.‘l -+ 3716,1;/ + ék:i:



ks = k(siné; cos ¢; — sin b, cos ¢.)

kiy = k(sin 6, sin ¢; — sin 6. sin ¢,)

ky. = —k(cosb; + cozt,)
o _ 2 .o
k:lll - k:l.r - kdu

<2 is the mean square surface slope and the reflection coefficients for the horizontal and

vertical polarizations are

with

&kd:r/kd; + gk«ly/k'l: + é
(k3. k3. + k3, / k3. + 1)1/2

dy

n =

n, = kf/k
k= wy/p,e
k = wy/p. €

The bistatic transmissivity functions have been determined to be [Tsang and

Kong, 1980a

I k? Tl (R k)21 k2
Qlul(kfyki): ! 41! J ( f) PO exp [" <] ]Wlm (BZ)

where

(he ki) (Re- ko) (1 + Ry) + (B¢ ki) (®; - ke)

i ne

R 1+R,,i



N, P 1+ R, I

H’)n - '_('Df'kz)(h»i ki)(] -+ Rh) i (hfk1)('(’ kf) n i

1 |

‘ - . . 1+R
W= he k)& k)1 + Ry) — (& - k) (Ry k) -
1

Lo . ... . 1=R,°

Won = (& B0 k)1 = Ru) = (e k) e o) ==
1

ky = Zsinf; cos ¢y + §sin by sin ¢y — 2 cos b,

hy = —Zsin ¢y + ycos ¢y

0y = —Z cosb cos ¢y — §cos by sin @y — Zsin by

kti = k't - kt = iktl:r -+ gkdu + 2k11;

k., = ksinf; cos ¢; — k; sin 64 cos ¢4

kgy = ksin6; sin ¢, — ky sin 64 sin ¢y

ki. = —kcosf; + ks cos by
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Figure 9.1 Geometrical configuration of the problem.



258

—=———— Plane Bottom Boundary
Rough Bottom Boundary
260 = =
v \
—~ \
250 |- _~
4 —
--—-—: \
240 —~
~~
~ \
230 - \ H
N \
220 | \ \
Tg \ \
210 F \ \
6 \ \
200 I7 \ l
€, = (1.5 +10.0015) ¢, \ |
190 I d= 20¢cm
— TN N $2=0.05 \
180 €, =6 € Freq. = 10 GHz \
T= 272° \
Optical Depth = 0.05i
170 + \
| 1 1 1 I | ] \ 1
10 20 30 40 50 60 70 80
6
Figure 9.2  Brightness temperature as a function of angle for rough surface at bottom

boundary.



(V]
[}
e}

250 -

2490

230

220

«—— —= — Plane Bottom Boundary

Rough Bottom Boundary

210
Ts
200
190
180
= (1l i0.

€,= (1.5 +10.0015) €,

70 d=20¢cm AN
VW\’ ’2= 0.05 \

€,=15€, Freq. =10 GHz \\
160 - T=272° \

I ! 1 ] I |

A} A\
10 20 30 40 50 60 70 \ 80
6
Figure 9.3  Brightness temperature as a function of angle for rough surface at bottom

boundary with ¢, = 15¢,.



260

260

250

240

230
————— Plane Bottom Boundary \ \
———esmeem=  Rough Bottom Boundary
220 . \ \
H \ \
TB \ \
210 — \ \
2]
% \ |
200 - \ |
€5 +i10.0015) € \ ‘
190 |- d=20cm \
NN NN 2= 0.1 \
€28 Tearee \

180 —

170 ~ \

10 20 30 40 50 60 70 80

Figure 9.4  Brightness temperature as a function of angle for rough surface at bottom

boundary with s? = 0.1.



261

260
Vv
—~
250
240
———— Plane Bottom Boundary
Rough Bottom Boundary
230 =
\:
S—
~
220
Ts
210 [~
200 [
190 €, = (3.0 +1i0.0018) €
d=20cm \

~ S~~~ 52 2 0.05

180 1™ €, = 126, Freq. = 10 GHz H
T= 272° \

170 Optical Depth = 0.044

] 1 1 1 1 1 1 ]

10 20 30° 40 50 60 70 80

2]

Figure 9.5 Brightness temperature as a function of angle for rough surface at bottom

boundary with ¢; = (3.0 + 70.0018)e,..



260

250

240

230

————— Piane Top Boundary
220 |- =—————— Rough Top Boundary

210

8
200
$2=0.05

€ = (1.5+ i0.00I5)€°

190 —

d=20cm
180 | €, =6¢, Freq. = 10 GHz \
T =272° \
170 — \
\
: ‘ L ' I 1 L \ |
10 20 30 40 50 60 70 80

Figure 9.6  Brightness temperature as a function of angle for rough surface at top

boundary.



260

240

230

220

210

200

180

180

170

Figure 9.7

~===Plane Top Boundary

Rough Top Boundary

-~
"

(1.5 + ‘IO.OOIS)GO

d= 20 cm
€2 = 6€g Freq. = 10 GHz \
T = 272° \
I ] I ! ] I | ]
10 20 30 40 50 60 70 80

Brightness temperature as a function of angle for rough surface at top

boundary with 2 = 0.1.



v
260 — —
250 — \
g
B ———— /
240 + T
~
~
H N\ \
N
230 |- N \
N

—~ ———~ Plane Topand Bottom Boundaries AN \

220 = ______  Rough Topand Bottom Boundaries \ \

o | | \ \

200 - $220.05 \

el = (1.5+i0.0015) eo \ \
d =20cm ‘

90 - \

T L, g2 =0.05
' €2:6¢€g Freq. =10 GHz
'80 T= 2720 \

170 \

10 20 30 40 50 60 70 80

Figure 9.8  Brightness temperature as a function of angle for rough surfaces at top

and bottom boundaries.



260

250

240

230

220

210

200

190

180

170

Figure 9.9

— ———- Plane Bottom Boundary
Rough Bottom Boundary
- -
| //’/ \
//"
" \
f—— <
- ——
~— -
~
~
~
AN \

- H \ \

— 9 ‘
€ = (1.5+ 10.0015) €, \
€, = (3.2 +i0.0005)€, d = 20cm \

= a=0,15¢cm ft =10% \ \

’\/\MSZ = 0.05 \
€, =6¢ Freq.= 10 GHz \ \
B T=272° \
Albedo = 0.48 \
| Optical Depth =0.091
1 1 1 ! ! ] ] )
10 20 30 40 50 60 70 80
]
Brightness temperature as a function of angle for rough surface at bottom

boundary with volume scattering.




266

260 |- —
~N
v \\
250 - :
- \
240 je=m \
\
20 | N\ \
----- Plane Top Boundary ‘ \
220 L — Rough Top Boudary ) \
Ts \

210 (- \ \

200 I~ +220.05 \ \
€,= (1.5 +i0.0015) €, \ \
190 — €,= (32+i00005) ¢, d9=20cm \ \
o= O.5cm  f=10% \ \
180 = €, 6¢, Freq. =10 GHz
T=272° \
170 |- \
| L | ! 1 1 1 |
10 20 0 40 50 60 70 80
6

Figure 9.10 Brightness temperature as a function of angle for rough surface at top

boundary with volume scattering.



267

————— Plane Top ond Bottom Boundaries
260 L Rough Top and Botiom Boundaries
— V
~~ N\
250 - \
= \
240 T \
~
~
~
~N
230 | N \
N

O\ \

220 |- \ \
"N\

210 |- 8 \ \

#=0.05 \ \

200 |- €,= (1.5+10.0015) €, \

€,= (3.2+10.0005)€, d=20cm \ \

az O.USecm =10%
190 \ \
L S W N S ‘2 = 0.05 \

€ =6€q Freq. = |0 GHz \

iI80 — T = 2720 \

170 \

Figure 9.11 Brightness temperature as a function of angle for rough surface at top

and bottom boundaries with volume scattering.



=== == === === Plane Top Boundary

260 — e Rough Top Boundary
250 -
VERTICAL POLARIZATION

240 |—

— ——4—-—-——;—'——
230 —— —A— —A A A
220 —

s
210 p—
(2]

200 P

€ = (1.5+10.00375) €°

190 €, =(32¢ 10.00288)60 d=66cm \
az .75 mm f=8.3% \
80 €2 = (6.0 t 10.6)60 Freq.= (8 GHz \
T = 272% \
7o |- \

50 60 70 80

o

o

8
®al

Figure 9.12 Brightness temperature as a function of angle at 18 GHz for vertical

polarization.



260 —

250 —

240 |~

230

220

210 P~

200 —

190

180 —

170 =

HORIZONTAL POLARIZATION

_____ Plane Top Boundary
Rough Top Boundary

€,

€

a= l.75mm f=83%

(1.5 + i0.00375 ieo
. = (3.2+10.00288)¢,

€,= (6.0+1i0.6) ¢,

Figure 9.13

Freq. = 18 GHz
T=272°

| _1
40 50
8

269

Brightness terperature as a function of angle at 18 GHz for horizontal

polarization.



270

CHAPTER 10

Theory for Active Remote Sensing of Two-Layer

Random Medium with Rough Surfaces

The radiative transfer theory is used to solve the problem of scattering from a
layer of random medium on top of a homogeneous halfspace with rough top and bottom
boundaries. The coherent and incoherent bistatic scattering coefficients for the rough
surface are used to modify the boundary conditions. The radiative transfer equations
are solved numerically using the Fourier-series expansion in the azimuthal direction and
the Gaussian quadrature method. The combined volume and rough surface scattering
effects are studied by calculating the bistatic scattering coefficients. The theoretical

results are compared and illustrated for the various cases.
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10.1 Introduction

In microwave remote sensing of earth terrain. the effects of volume scattering have
been treated with random medium and discrete scatterer models for terrain media.
The discrete scatterer model with the radiative transfer theory has been used to study
passive and active microwave remote sensing. In passive remote sensing, Rayleigh and
Mie scattering functions have been used to study the thermal microwave emission from
layvered medium with planar and rough interfaces {England, 1975; Chang et al., 1976;
Tsang and Kong. 1977a, 1979; Kong et al., 1979: Fung and Chen, 1981a; Shin and
Kong, 1982". In active remote sensing, the Rayleigh scattering model has been used
extensively Shin and Kong, 1981; Fung and Eom, 1981; Fung and Chen, 1981b; Karam
and Fung, 1982]. The random medium model with the radiative transfer theory has
been used to study passive remote sensing from layered earth terrain [Gurvich et al.,
1973; Tsang and Kong, 1975, 1976b, 1980b; Djermakoye and Kong, 1979; Chuang
and Kong, 1980]. In active remote sensing, wave approaches with iterative solutions
have been used widely with the random medium model to calculate the scattering
coefficients |{Tsang and Kong, 1976a; Zuniga and Kong, 1980; Zuniga et al., 1979,
1980.. The radiative transfer theory with the random medium model has been applied
to active remote sensing by Tsang and Kong [1978] where the iterative approach is
applied to second order in albedo to calculate the bistatic scattering coefficients from
a halfspace random medium. In order to more realistically model the natural terrain,
a composite model that can account for both the volume and rough surface scattering
effects are needed. The Rayleigh scattering model for the volume scattering with the
geometrical optics solution for the random rough surface scattering have been used to

study the combined effects |[Fung and Eom, 1981; Fung and Chen, 1981b; Karam and



Fung. 1982..

In this chapter we use the radiative transfer theory to solve the problem of scat-
tering from a layer of random medium on top of a homogeneous halfspace with rough
interfaces at the top and bottom boundaries. Using all four Stokes parameters the
bistatic scattering coefficients are calculated using a numerical approach which pro-
vides a valid solution for both small and large albedos. The coherent and incoherent
bistatic scattering coefficients for the rough surface are used to modify the boundary
conditions satisfied by the intensities at the top and bottom interfaces. A Fourier-series
expansion in the azimuthal direction is used to eliminate the azimuthal ¢-dependence
from the radiative transfer equations and the boundary conditions. Then the set of
equations without the ¢-dependence is solved using the method of Gaussian quadra-
ture. The integrals in the radiative transfer equations are replaced by a Gaussian
quadrature and the resulting system of first-order differential equations is solved by
obtaining eigenvalues and eigenvectors and matching the boundary conditions. Legen-
dre quadrature method is used to properly discretize the boundary conditions which
contain both the coherent and incoherent bistatic scattering coefficients. The numerical
results are illustrated by plotting backscattering cross sections as functions of incident

angle and frequency.
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10.2 Formulation

Consider a layer of random medium with rough interfaces characterized by the
permittivity «, - ¢;. where ¢, stands for the randomly fluctuating part whose amplitude
1s very small and whose ensemble average is zero, on top of a homogeneous medium
with permittivity e; [Fig. 10.1.. The radiative transfer equations which govern the

propagation of intensities inside the scattering medium are, for 0 < 4 < ,

cosﬁ%j({?,d’,z) =-K,I(6,¢.2)~ f.(ﬁ) I(6,¢.2) + / ‘ dd’sin f?'/g d¢>'$(0,¢;0'¢)') 1(8',¢",2) (1)
where
1,(6,¢9,2)
. I)!(6’¢‘:2)
1(6,4.2) = (2)
U(é,¢,2)
Vb, ¢e,z)

I, is the vertically polarized specific intensity, I, is the horizontally polarized specific
intensity, and U and V representing the correlation between two polarizations [Tsang
and Kong, 1978; Shin and Kong, 1981}, ?(0,¢;9',¢') is a 4 x 4 scattering function matrix,
which relates scattered intensities into the direction (4, ¢) from the incident intensities in
the direction (¢',4), K., is the loss per unit length due to absorption, and X .(é) is the loss
per unit length due to scattering. The random permittivity fluctuation is characterized
by the variance of the fluctuation 5 and the correlation function with lateral correlation
length {, and vertical correlation length I.. The scattering function matrix and the
scattering coefficient have been derived by applying Born approximation with the far-
field solution and the explicit expressions for the correlation function with gaussian

dependence laterally and exponential dependence vertically are given in Chapter 7

‘Tsang and Kong, 1978; Chapter 7, Appendix Al.
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Consider an incident wave with specific intensity 7.,(r - #.,.¢.) impinging from
region 0. which is assumed to be free space, upon the scattering layer. The incident

beam in region 0 assumes the form

Iim—¢.8.)=1,,6¢(cosé, — cos Eo) &g, — doi) (3)

where the use of Dirac delta function is made.

The boundary conditions are, for 0 < ¢ < /2,

_ 2m m/2 — —
](7( — 6’¢;‘z = 0) = / d¢'l// d6’,’,sin ﬂ’" T()l(g-, ¢';9,'n ¢):,) ' Ini(ﬂ - 6(’[’¢4’))
1 0

N /dd/ 48 sin 8 Ryole, 436',¢") T(6', 4",z = 0) (4)
[} th

1(6,6,2 = —d) = / ' d¢>’/ ' d6'sin8' Rio(6,8:6",¢") T(n — 0", 6,2 = —d) (5)
(y 0

where we have broken up the intensities in the scattering layer into upward going
intensities I(¢, ¢,2) and downward going intensities I(r — 4,¢,z). In the above equations
7(.,(6‘, #;6.,4¢.) represents the coupling from region 0 to region 1, ﬁw(ﬁ, #;6',¢") represents
the coupling from upward going intensity in the direction (¢, ¢') into downward going
intensity in the direction (r - 4,¢) at the boundary of region 1 and region 0, and
flg(ﬁ,égé’,q’»') represents similar coupling at the boundary of region 1 and region 2.
Once the radiative transfer equations are solved subject to the boundary condi-

tions, the scattered intensity in the direction (4..., ¢...) in region 0 is determined from

_ 2m m/2 — —
T8y ) = / dg!, / d8" sin 8!, Ros(Bm, s 07, $1) - Tou(m — 6 8"
() Q)

“J
(0]

2

2n n/2 — _
d¢'/ d6'sin 0’ T 1(6.,e, ¢ 0e; 6", 8") - 1(8', 9", 2 = 0) (6)
3]



where T,,(6...¢.. 6'.¢') represents coupling from region 1 to region 0.
The bistatic scattering coefficient ~,..,(#..., ¢...:6.,. ¢.,;) is defined as the ratio of the
scattered power of polarization f per unit solid angle in the direction (¢...,¢...) and the

intercepted incident power of polarization « in the direction (4.,,¢.,;) averaged over 4r

radians 'Peake, 1959 .

- cos 6“.- ]l “N(Hus Qz‘tm)
Vivalbos doibon, dog) = 4T o gm I,,..,,

where a, 8 = v or h with v denoting vertical polarization and » denoting horizontal po-
larization. In the backscattering direction 4,,.. = 6., and ¢.,. = - ¢.,. The backscattering

cross sections per unit area are defined to be

01441(001) = cos 6u1 7/"!(6:&7 T+ ¢u'i; 91'1) ¢l:i) (8)
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10.3 Boundary Conditions

The boundary conditions satisfied by the specific intensities at rough dielectric
interfaces are derived in this section. Unlike the planar interface case where the cou-
pling at the boundary is only to the specular reflection and transmission directions,
the incident intensity is coupled to all of t.he reflection and transmission directions.
The reflection and transmission matrices are related to the bistatic scattering matri-
ces. which is the generalization of the bistatic scattering coefficients to include the
correlation between polarizations of the scattered fields.

Consider a plane wave incident from medium 1 onto medium 2 along the direction

k; upon a rough dielectric interface. The electric field of the incident wave is given by
—E_, =é FE,; eik"; (9)

where k; denotes the incident wave vector and ¢, is the polarization of the electric field
vector. The rough surface is characterized by a random height distribution =z = f(7.)
where f(7.) is a Gaussian random variable with zero mean, (f(7.)) = 0. The incident
field will generate the reflected and transmitted fields in medium 1 and 2, respectively.
The solutions to the problem of scattering from a random rough surface have been
studied in Chapters 2, 3, and 4. In general, the scattered and transmitted fields for
vertical and horizontal polarizations for the incident field with vertical and horizontal

polarizations are given by

[Eu.«. eik’r [ 17:;(9”7(1’#;6{,&{) ;},(95)¢~;0i,¢i)}
Elh.-_ r _f):v((').-y ¢.~;01’)¢1') f):},(esa ¢.~;€i: d’z)

Ewi
(10)
E;

(11)

Em‘- eik‘-_,r -fél,v(et,d’f;eia(i’i) f:yh(éh¢’l;6iy ¢'1)] [Evi]
E’Lf_ r _f}t”;(&fa¢f;€i5¢'i) f;,,},(0h¢t;6i’¢i) Ehi
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Now the scattered specific intensities can be expressed in terms of the incident specific

intensities.
I.= R, 1T, (12)
—jt = —T.J- 71 (13)

where 1,, 1., and I, are the column matrices for the specific intensities containing the

four Stokes parameters

I,
7 L., ,
o= v, a=71,rt (14)
V(l
and
Riolbu,duibir ) = —— T (15)
1200 ¢ui i, @) = A,,COSB,«
Tialtr, $036i,65) = —— 1T (16)
1219, Pty Ve P — A,,COS&f -
with
(If‘l‘l<‘> <' 1(v.h‘~) Re‘/(f:vll:f;"r); —Im (fnh 1)17)>
T Gfit?) (i 2 Re((fin i) ~Im((f,,, iin)) (17)
ZRC((f“ f}n J: ZRE\(fth hh)\ Re{ (fm fhh - f1 hfh': )\ —1m<(fm: hh fvhfh'v'»
ZIm (foIn )) Zlm (frh ;L.h)!\, ]m\(f;mf),), + f;»hf;:.r)r" (fm fhh - f,,),f)l,j))

Thus, the boundary conditions for the specific intensities at a rough interface is given

by

. 21 n/2 — .
T.(k.) =/ dqs,-/ d8, sin 6, R1o(8ur 1365, 95) - Tu(k) (18)
0 €

A 2m n/2 - .
Ta(k) = / d#, / d6; sin b, Ty (B de; 00, 85) - To (k) (19)
1] (8]



278

The reflected and transmitted intensities at the directions k. and k; are given by in-

tegration of all the scattered intensities which are coupled to that direction from the

incident intensity.
The reflection and transmission coupling matrices can also be related to the

previously used bistatic scattering coefficients. First. we generalize the definition of

bistatic scattering coefficients to include the correlation between polarizations. We

define the bistatic scattering matrix 5 whose elements are given by

‘ gﬁ s 6-" ~
a6y i 0, 60) = am L Ten6rs80) o, f=1,2,34 (20)
cos b, I,
where
Ilu Iiru
— ]Zu Ih.(
I, = = * a=1,s (21)
]311 LY:
]4:1 ‘/u

The previously used bistatic scattering coefficients are
(22)

Ve = V11 Toh = Y12 Yhe = Y21 Tuh = 722

The reflection coupling matrix is related to the bistatic scattering matrix as follows:
(23)

1 cosé; —, .
= - Hb*a *;6'7 ”1
yrboory (6., du;bi, ¢1)

§12(6y7¢}.~;615 ¢)l)

In a similar manner, we can relate the transmission coupling matrix to the bistatic

scattering coefficients for the transmitted intensities:
(24)

1 cosf, —
= - '7r(017¢t;€i1¢'1’)

47 cos b,

?12(51, ¢4; 0, @)



279

The explicit expressions for the reflection and transmission matrices. obtained using the
scattered and transmitted fields derived by a combination of Kirchhoff approximation
and geometrical optics approach, are given in Appendix A. The other solutions for the
scattering from a rough dielectric interface, such as small perturbation method (SPM)
or modified SPM, can also be used to derive the coupling matrices to be used with the
radiative transfer equations.

We also note that the coupling matrices can be broken up into coherent and in-
coherent components in a manner similar to the breaking up of the bistatic scattering
coefficients. The coherent components only couple the incident intensity into the spec-
ular reflection and transmission directions while the incoherent components couple to

all reflection and transmission directions.

§12(6:‘7¢x; 61’7¢1') = ng(ﬁs‘ 2 01, ¢'1) + _R?l:,((q,, ¢.~;617 ¢1) (25)

?12(01@'11 51,4)1') = Tlg(f?r, @1 b4, ¢:‘) + ?12(61, ¢f;91‘,¢z‘) (26)



10.4 Fourier Series Expansion

The radiative transfer equations and the associated boundary conditions can be
solved using a numerical approach. We first use a Fourier-series expansion in the az-

imuthal direction to eliminate the ¢-dependence from the radiative transfer equations.

We let

I{6,06,2) = Z [7"”'(9,2) cosm(¢d — ¢,) = T (6,2)sinm(¢ — ¢,—)] {(27)

=i

o

== l =t 7R R i ] . '
P, e = 3 e [P (6,6 cosml — ¢) + P (6,6 sinmlg — ¢)]  (28)
m =0 ™

where the superscript m indicates the order of harmonic in the azimuthal direction,
the superscripts ¢ and ¢ indicate the cosine and sine dependence, and the Neumann
number ¢,, = 0 for m # 0 and ¢, = 1. Substituting (27) and (28) into the radiative
transfer equations, the ¢’-integration can be carried out. Then, by collecting terms
with the same sine or cosine dependence, we obtain a set of equations without the
¢-dependence {Chapter 7, Section 7.3].

The ¢-dependence from the boundary conditions can also be eliminated using the

Fourier-series expansion. We let

1.i(=—6., ¢$.) = 1., 6{cos b, — coséb,,) Z (T-“:—l—); cosm(¢.. — ¢.) (29)
m=0 "
and, for o, 4 = 0, 1, 2,
R,,(0,4:6',¢") = R,,,(6) 6(cosf — cosf’) Y T, comie = ¢) (30a)
=0 m
= e 1 —100 , —tns .
R(,{'I(é): q”;ﬁ,) ¢',) = Z m [Ru,"’l(ﬁv ¢ )COS m(d) - ¢I) + Ru/’l (6’ 0,) sin m(d) - ¢l)] (30b)

m=0
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o

= = o ) 1

T, (6, 0:6],0)=T,,(6.)&(cosb, — cosé’) ';::“ m cosm(¢.. — ¢') (31a)
= ) MI ” oc 1 =T , =R . ' .
Tofe.abl al) = m [T..J (7,8 ycosm(g.,. — ¢!) =T, (F.¢)sinm(e., — o,‘))] (318)

=

where 4., and ¢ are related by the Snell’s law.
Substituting (29). (30), and (31) into the boundary conditions (4) and (5) and
carrying out the d¢’ and d¢! integrations. we obtain the following set of equations. For

0<é<w/2and m=0,1,2, -

" (r—b,2= / §/,sin 6], 01(9,9,,) I (” —-8)+ T(u (6 fl): T::(("" - 6«’,)]
/ de sin6'R,,(6,6") T" (6",2 = 0)
/ §"&in ' Rm (6' 6') - T""(g"z =0)- Ry, (6 0') - —‘"”(0',2 = 0)] (32a)

m/2
7""‘(,,.. 6,z =0) :/ dé! sin 6! T(,l (6.6) I"I (7 —€l)
3}

b

w2
/ 'sin §’ Rl,,(t‘f ') T (6',2 = 0)
6

m/2
7" (6.2 = —d) :/ d6'sin @' R ,(6,8") T (n - 6",z = —d)

dé
d#'siné’ R, (6.6') - T (6.2 = 0) + Ry (6,6') - T (9,2 = 0)] (320)

ﬂi/")

46’ sin 6’ ['ﬁ'l';"(e,e') T (r—6"2=—d)—Rys(6,8) T (r—62= —d]]
(33a)

|
—

—m /2 = -m
(f,z=—-d) = / df'sind’' R ,(6,6') - I (x —6',z=—d)
{

w/2 : .
+/ d6'sine’ [Ry; (6.6) - T (n— 8",z = —d) + R 5 (6,6') - T""(r = ¢,z = =)
' (33b)



where

iz

I, (r—6)=1, d({cos b, — cosb,;) (34)

o

{6, = 1=

We note that the Fourier-series expanded coupling matrices for azimuthally
isotropic rough boundaries do not couple the first two Stokes parameters to the last
two Stokes parameters. The coupling matrices can be expanded as follows. For A= R

orT.and a,# =0,1, 2,

- AT T -
Al “y A..,un 0 0
e me
=me Aulvl;-, A:.m:.: 0 0 .
A"” - 0 0 A A (300)
afiza /i3
I e
- 0 0 A(ll‘l‘;a, Au/‘f“ -
7" IR -
0 0 Alll"]: A.z/t“
=ms 0 0 A ::l: A
- oz w/flay
A“ﬁ - A A 0 (35b)
wfizy afize 0
s IR
'Au/1“ AuH‘: 0 0 -

Thus, the boundary conditions (32) and (33) can be decoupled by defining

- 111.114'(63 2) -
=T 171"“(6,2
7" (6,2)= | ) (36a)
17"“(9,2)

LV (6, 2) ]

-]17‘“,..(6’2) -
Ie(e, 2

(6,2) _ h ( : ) (36b)

(71::17(5’2

)
V6, 2)

FHios

I

where superscripts ¢ and ¢ stands for even or odd dependence in the first two Stokes
parameters. After carrying out the d4., integration, the decoupled boundary conditions

are given by, for « = ¢ or o,

S

I

FrLa

(m—8,2=0) =Ty, (6.) T "(r- 6.)~ T (6,6,)T,

"”

FrHLQ

ﬂ/g — Tt
+ / dé' sin 8" [ﬁm(g,ﬁ') Ty (e,a')] T8 2 = 0) (37a)
0
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—=ma

(6.2=—d) = / a6 siné' [R,(6.6') ~ Ryo (6.6)] T""(r = #,2 = —a) (378)
O

Nltl

where. for A= Ror T,and o, =0, 1.2

T T 17! i
A.."J i A. {19 A:lu An/‘lJ
me I _ AMm s
= A aiday Au Han Au!!—n Aull"'4
an = - - . e (38(1)
A ity '44-/“3: Au:‘r:,; 41114
m 17~ i M1
A" Mat ‘4ur‘"4: Au 143 A:./-£44
m m g ms
4,”1“ A.m,n 4«m“ A,./uq
e " 1« R
= _ wfhay 44./1~n 41'/‘w'{ A,.HH b
ap = (38b)
ML L~ A"I ATII4'
wfizy aftan aitza w134
e~ s e e
A iy A'l/“" A gy ‘4'11744
and. for a = ¢ or o,
=frea . =mua 1
I, (r—8)=1, —————~§(cosb, — cosb,,) (39)
(6, + )=
with
Im ]
I,
=4 (a3
I, = 0 (40a)
0 J
0 1
0

= {40t)

The radiative transfer equations for the even and odd series can be obtained in

a similar manner. We have, for a=eoroand m=0,1,2, -

d =trer =tia = —-nm —‘Vllil
;I (6,2)=~K.J "(6,2) ~K.(6) T (6 z)—*/ d6'sin ' P (0 8"y - I (8',z)  (41)
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where P~ (4,6') is defined in a similar manner to (38) [Chapter 7, Section 7.3].

We define m,,.., and m’

THar

to be the number of harmonics that has to be kept in the
expansions of the scattering function matrix and the coupling matrices. respectively,

such that

==t =1

P {(56)~P (9,4 ~0 for m > muu (42)

and

A, = Am; ~ 0 for m>m! {(43)

Ty

Then, for m > m,,,, the radiative transfer equations simplify to

Sriax

~K.8) T

—]‘”l o STHa

d
o8 ff — 6 =-K,
cosf— (6, 2) K,I

(9, 2) (44)

where o = ¢ or 0. Similarly, for m > m!  _ the boundary conditions simplify to

TreeLr

SrrLex

T""(r=6,2=0)=Ty(6.) T " (x—6.)+Ry(6) T""(6,2 = 0) (450)

)

and

Friax

I

T

(6,2 =-d) = R,,(8) T""(r - 6.2 = —d) (45%)

where d4' integrations are carried out. Thus, for m > maxm,,..,,m!, .|, we can use the

trsr j

simplified radiative transfer equations and the boundary conditions, given by (44) and

(45), to obtain the solutions analytically without resorting to the numerical approach.



10.5 Numerical Solution

The set of decoupled radiative transfer equations without the azimuthal depen-
dence for each harmonic can be solved numerically using the Gaussian quadrature
method. The integrals in the radiative transfer equations are replaced by Gaussian
quadratures and the resulting system of first-order differential equation with constants
coefficients are solved by obtaining eigenvalues and eigenvectors. The numerical solu-
tion for the specific intensity is given by Chapter 7], for each harmonic and for even
or odd series,

1

+

(E+Q) D{z) 7= (E-Q) Ulz+4d) ¥ (460)

T =(E£+Q) D(z) 2= (E -Q) U(z+4d) 3 (466)

where I~ and T represent the upward and downward propagating intensities and z
and v are the unknown constants.

The boundary conditions, which are to be used to determine the unknown con-
stants z and gy, can be obtained by discretizing the boundary conditions given by (37).
Following the procedure outlined in the Appendix B, we obtain the following set of

equations:

I'(2=-d) =Rz 1 (2= —d) (48a)

Substituting in the expressions for the upward and downward propagating in-
tensities into the boundary conditions (54) and (55), we obtain the following set of

equations for 7 and ¥:
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Qll
[l

[

The above equations can be solved for the constants z and 7 for the each cases when the

~Q)-F (E-Q) D(-d) - [E-Q-Fiz (E-Q)] 5=0 (49

incident intensity is at one of the quadrature angles. Note that in the halfspace random
medium case when d — o. D — 0 and the equations for 7 and 7 become decoupled and
the matrix equation does not become singular Fung and Chen. 1981b.. This is due to
the form of the solution assumed in (46).

Once the constants z and y are determined, the scattered intensities from region
1 to region O, represented by the first term on the right-hand-side of (6), can be

determined. We have

=T [E+Q) 2+ (E-Q) D(-d) 3] (50)

Thus, the complete solution can be obtained by solving the radiative transfer equa-
tions using the Gaussian quadrature method for each harmonic as outlined above and
reintroducing the azimuthal dependence. The total scattered intensities in region O is

given by

cosm(., — ¢.i) =+ Ryy T sinm(g, — ¢..)

|
=

= I = =mast . A .
+T,,- I (z=0)cosm(¢.— ¢.i)+T,,- I (z=0)sinm(¢., — ¢..;)

=rnas

+ [?Y:, : T”ﬁ (z=0)-T,, - e (== 0)} cosm(d., — ¢.i)

|

=1 = Frc
) d]] Ty, - 1., cosm(d., — d.:)

o

+ [?'L’f T =0+ Ty T" (2= 0)} sin m(¢,, - m)} (51)
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where m! = = maxim,,..,.m! and for m > m” we have evaluated the scattered

intensities analytically and summed them up. Once the scattered intensities in region
0 are obtained, the bistatic scattering coeflicients and the backscattering cross sections
can be obtained fromn (7) and (&). We note that if we are only interested in calculating
the scattering intensities for vertically or horizontally polarized intensities, then we
only need to calculate the even series. This is because the odd series, represented by

(36b). is zero due to the fact the incident intensity for the odd series as given by (40b)

is zero.
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10.6 Results and Discussion

In this section we illustrate the theoretical results by plotting backscattering
cross sections as functions of incident angle and frequency for various cases. In our
calculations n = 16 is used. The combined volume and rough surface scattering model
is illustrated using the geometrical optics solution for the rough surface modified with
the shadowing function. In Fig. 10.2, the backscattering cross sections for like-like
polarized return o;;, and depolarized return o,;, are plotted as a function of incident
angle at 5.0 GHz. The bottom boundary is assumed to be rough with mean square
surface slope <% = 0.05. We note that unlike the case of only volume scattering, which
has a fairly smooth angular dependence, we have a peak near nadir. This is due to
the contribution from the bottom rough surface. Also, depolarization return for the
combined model is higher than the volume scattering model. In the volume scattering
case, the depolarizaion of the backscattered power is due to the second-order and
higher-order scattering effects. However, in the presence of a rough boundary, there is
the effect of interaction between the rough surface and volume scattering.

In Fig. 10.3, we compare the backscattering cross sections for volume scattering,
rough surface scattering, and the combined volume and rough surface scattering. We
can see that the backscattering cross section near nadir is dominated by the rough
surface scattering whereas for larger angles of incidence volume scattering effects dom-
inate.

In Figs. 10.4 and 10.5, we compare the volume scattering effects and the combined
volume and rough surface scattering effects by plotting the backscattering cross sections
as a function of frequency. In Fig. 10.4 the angle of incidence is 6, = 4.2°. At low

frequencies the backscattered power due to volume scattering diminishes and the rough
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surface effects dominate. As frequency is increased the effect of the bottom rough
surface diminishes since the intensities do not penetrate the scattering layer as much
as at lower frequencies, and the backscattered power is due to the volume scattering.
In Fig. 10.5. we illustrate the same case for the angle of incidence ¢, = 32¢. Again,
the rough surface scattering dominates at low frequencies. However, the rough surface
scattering effect diminishes faster as frequency is increased which is due to the fact
that at higher incident angles the intensities have to travel a longer path before being

affected by the bottom rough surface.



Appendix A: Expressions for Coupling Matrices obtained using Geometrical Optics

Seolution

The reflection and transmission coupling matrices at the rough dielectric interface

can be obtained using the scattered and the transmitted fields derived by a combination

of Kirchhoff approximation and geometrical optics approach. The explicit expressions

for the coupling matrices R,. and T ;. are given by [Chapter 2, Section 2.5

5 1 [k 1al® 1 klar = Klay | =7 :
Ri- 6, ,‘;91‘, i} = = ,.H —'——‘-—0—'——(—” C,.(6., 30y @i
12(60¢ ¢) cos . 4|k, x k.|4k3,, 2ms? P 2k3,. <2 126 @ ¢:)

?12(917 ¢f$ 61) d’l) =

1 k3koa®(R k)?ny 1 o k3. + k34,
cosfy |k; x ]}44};3(1: No 2me2 2k3, <?

=T
C1o(0, @43 05, 84)

where 2 is the mean square surface slope

E],i = -](_‘,,' - E
koa =k, = ke
lflv’t2 3 1':'}:§2 Re(ft“h f;"r) —Im(ft'r'h 1‘).1))
Cpa 12 P fee 12 a’ g « o’
?" _ tfh'r' " i ;nh [ Re(fh'h h.r) - Im( fh'u h.h )

12 T B . B B . . "
ZRe(fr"l' fhlr ) 2Re(f1'1.h ;l'h ) Re(f;f'1f h‘h, - fw.h fh S ) - ‘[m(fv'1: fh'h - f,,'l, fh:r )
21m(f,‘,‘,, flt:zf ) Zlm(f;:’h fllz‘h) ]m( f’(’r‘r ;:h + frl',h ;:'1’ ) Re(f;]”ﬁ ;n’h - fl'l.'l I(:v )

with

~

fro= (ke ki) (hi k) Ry, + (0. ki) (6i k)R,

vy

~

fo=—(b. k) (hi - k)R, + (he k) (5 k)R,

~ ~

o= (he k) (5 k)R — (0. ki) (hi kR,

(A1)

(42)

(43)

(A4)

(A5)

(46)

(A7)

(A8)



fin = (=t k)& kR, = (k.- k) (ki k)R, (49)
and
flo= e B k)0 = RE) = (& k)G )0+ RY) (A10)
fio= =@ B k)1~ R = (b K8, m%u + R!) (A11)
fi = (ke R) (50 k(1= B) = (30 ki)(he )20+ RY) (412)
fin =60 k) (B k)1 = R + (he - k) (hi - ke %(1 +R!) (A13)

R, and R, and R! and R} are the local reflection coefficients for the vertical and hor-
izontal polarizations evaluated at the stationary phase points (a.,4.) and (a’, '), re-
spectively. |

As mentioned in Chapter 2, the geometrical optics solution used to derived the
boundary conditons for rough dielectric interface satisfies the principle of reciprocity
but violates the principle of energy conservation. This is due to the neglect of the effects
of multiple scattering and shadowing. The shadowing effects can be incorporated to
modify the boundary conditions. Following the same procedure as in Chapter 2, we
obtain

Rio(k.ik) = S(k. k) Rio(ka ki) (A14)
T 1o(k; ki) = S(ke, ki) T ok k) (A15)

where S(k,, k,) is the probability that a point will be illuminated by rays having the
directions k4 and —k., given the values of the slope at the point and has been discussed

in Section 2.5.
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Appendex B: Application of Legendre Quadrature Formula to the Boundary Condi-

tions

The boundary conditions given by (37) can be put into the matrix form using
the quadrature formula. In this appendix we will illustrate the application of the
Legendre quadrature formula to the boundary conditions. The boundary conditions
are approximated in a manner such that the formulation does not have to be changed
when applied to the flat surface case.

Consider the following scalar version of the boundary condition at z = —d:

/2

I(6,2= —d) = / d8'sin 8 r1o(6,6) I(m — 0", 2 = —d) (B1)
1)

One way to approximate the above equations is to apply the Gaussian quadrature

method. We obtain, for 1,5 =1,2,---,n,
I(6i,2=—d) = Y _a;ris6,,6,)I(r - 6;,2= —d) (B2)
1=1

This approach is justified as long the approximation of changing the integration to the
summation is accurate. This means the number of quadrature points n has to be large
enough so that the above approximation is valid. Note that as r,,(¢,6’) becomes more
sharply peaked function at the specular direction. the number of quadrature points
has to be increased. Thus, it would be difficult to use the above approach for the case
of near specular surface. In the limit of specular surface the coupling function is given
by

r12(6,8") = r12(8) 6(cos 6’ — cos ) (B3)
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and boundary condition simplifies to

I(6,2 = —d) = r12(8)] (7 — 6.2 = —d) (B4)

In this limit we note that the number of quadrature points does not have to be large
as long as r;»(6) is a fairly smooth function.

One way to overcome the above problem is to use the Legendre quadrature for-

mula. We let y = cosf. Then. for i1=1,2,-- ,nand ;= -n, -, -1,1,2,-- -, n,
Huiz=—-d) = > wi;I{u, 2= —d) (B5)
J=-n
where
I T(u) ,
i = duria(p, B6
w J H’(ﬂj) /'; “ry (N #)ﬂ _ #J. ( )
Mp) = (= p) (e —np2) (o= pa)(p+ wi)(p+ p2) (1 + pn) (B7)
() = 1) (B8)
py) = —M(p
! dy 1u=u;
pj = cosf; p—y = cos(m — 6;) (B9)

In the above formulation, we note that as r,(u, 4’) becomes a sharply peaked function
around the specular direction. the number of quadrature angles » does not have to
be increased as long as the coefficients w,, are evaluated accurately. In the limit of
specular surface, we have

wij = ri2(u;,) Cay (BIO)

where

{l ife=y (B11)

0 otherwise



294

Therefore, in the limit of specular surface. we have

6.2 =—d) = ria(6)](r — 612 = —d) (B12)
Thus. if we use the Legendre quadrature formula to discretize the boundary conditions,
then as the surface becomes more specular the number of quadrature angles does not

have to be increased and also the formulations does not have to be changed.

The boundary condition (B5) can be cast into the following the following matrix

equation:
I'e=-d) =Wy T (z=-d)+ 012 T (2= —d) (B13)
where
I(,U'J’Z:_d) I(:u'—hz:_d)
I (z=~d)= I (z=-d) = (B14)
I(#mzz—d) ](/L._,,,Z‘—‘ _d)
wy) Wiy
W——lg - (B15)
Wy, | Wny
Wig—1) Wig—n)
U= (B16)
Wy (-1} Wyt —n)
Thus, the appropriate boundary condition is given by
T'z=-d)=Ryp»-T (2 = —d) (B17)

where

3l
5]
i

o]
|

=H

12l W

(B18)
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We note that

~
xS

1R
=

(B19)

and the coupling matrix is given by

||
—
w

il
=l
—
(8]

(B20)

The boundary condition at z = 0 is next considered. Unlike the boundary con-
dition at z = —d, there is an additional source term, which is the incident intensity
being transmitted from the upper region. Consider the following scalar version of the

boundary condition at z = 0:

m/2
I{r —6,2=0) = g(6.6.,) + / df'sin @' r \(6,68")I{6', 2z = 0) (B21)

1)

where g(6,6.,;) represents the incident intensity at 6,, transmitted from region 0 to region
1. The second term in the left-side of the above equation can be approximated following
the same procedure outlined above for the boundary condition at z = —d. Thus, we
will concentrate on approximating the source term g(4,6.,).

We note that for g(¢,6,,) which is a smooth function, there is no problem as long
as the number of quadrature angles is sufficiently large. Then, the boundary condition
can be discretized in a straightforward manner. In the limit of a specular surface, the
source term is given by the delta function and another approach must be used. One
way to bypass the problem of discretizing the delta function is to change the source
term at the boundary into the source term in the volume by calculating the zeroth-
order solution explicitly and using the radiative transfer equations for the higher order

terms with the zeroth-order solution acting as the volume source [Fung and Chen,
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1981b . However, this approach requires two different formulations for the rough and
planar boundaries. Also, the case of near specular surface where the source term is
very sharply peaked in the specular direction cannot be treated easily.

In Chapter 7. we outlined the procedure for discretizing the delta function and
keeping the source term at the boundary. This approach also gives the same solution
as the other approach of using the volume source terms. We will now generalize that
procedure and discretize the sharply peaked incident intensity. Consider an integral
given by

= [ s aten e (B22)

where f(6.6') is a smooth function. Using the Gaussian quadrature method, the integral

I is approximated as

J=n

I~ z a; f(6.8;) 9; (B23)

j=—n

Our task is to come up with a set of coefficients g;, such that the above approximation
is accurate for an arbitrary function g(4’,6.;). Using the Legendre quadrature formula,

the integral 7 is accurately approximated as

1=n

I~ 3" f(6.6))u, (B24)
where
1 : T (p)
jy = d s Mo B25
w, H'(uj)/_J tg(p, p )#_pJ (B25)

Comparing (B24) and (B25). we obtain

g; = —w, (B26)
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If we now let g(6',4,,) = é(cosd’ — cosé,;) where 4,, is one of the quadrature angles

in region 0, the coeflicients w; is given by

Thus. the discrete form for the delta function is given by

.1 €,cost,,
g; = 0j— =
a; ¢ cost,

(B28)

which is the same as the result given in Chapter 7. If ¢(6’.4.,) is a smooth function,

then the coefficients «,; can be approximated as

N A 1 (1)
wy o~ 'y Movi dy ———
J g(l-“] /J’ )H’([Jo]) ,/.:1 /l'# _ llj

= g(u;, poi)ay

Therefore,

g, = gty 1)

(B29)

(B30)

which is also a consistent result. Thus. the disretization of the source term by (B25)

and (B26) gives the correct results in both limits of very sharply peaked and smooth

incident intensities. We also note that

w; >0 for j=-1,-2,--- —n

(B31)
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Figure 10.1 Geometrical configuration of the problem.
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Figure 10.2 Backscattering cross sections as a function of incident angle for rough

surface and volume scattering at 5 GHz.
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Figure 10.3 Backscattering cross sections as a function of incident angle for volume

scattering, rough surface scattering, and combined volume and rough

surface scattering at 5 GHz.
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CHAPTER 11

Conclusions and Recomendations for Future Studies

In this thesis, various theoretical models have been developed for electromagnetic
wave scattering and emission from layered scattering media with applications to mi-
crowave remote sensing of earth terrain. In the active and passive microwave remote
sensing of earth terrain, scattering effects due to medium inhomogeneities and surface
roughness play a dominant role in the determination of brightness temperatures and
radar backscattering coefficients. The volume scattering effects have been accounted
for by modeling earth terrain either as a random medium or as a homogeneous medium
containing discrete scatterers. The rough surface effects have been studied with mod-
els of random and periodic rough surfaces. In order to more realistically model earth
terrain, a composite model which accounts for volume and rough surface scattering is
developed.

The volume scattering effects due to medium inhomogeneities have been studied
by characterizing earth terrain with a layered random medium model. The radiative
transfer theory is used to calculate the backscattering and bistatic scattering coef-
ficients from a two-layer random medium. Radiative transfer equations are solved
numerically using the Fourier series expansion and the Gaussian quadrature method.
In order to explain the scattering and emission characteristics of earth terrain which

exhibit the effects of layered structure, the results have been generalized to the case
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of multi-lavered random medium. The complexity of the problem is kept at the same
level as the two-layer cases by deriving effective boundary conditions which incorporate
all the properties of the medium below that boundary.

The rough surface effects have been studied with the models of random and pe-
riodic rough surfaces. The scattering and emission characteristics of randomly rough
surface is studied by deriving bistatic scattering coefficients for the reflected and the
transmitted waves with the Kirchhoff approach and the small perturbation method.
The geometrical optics solution modified to incorporate the shadowing effect is used to
study energy conservation and to derive the upper and lower bounds for the emissivi-
ties. The small perturbation method is modified with the use of a cumulant technique
which is shown to have wider regions of validity. Active remote sensing of plowed
fields has been studied with the model of a randomly perturbed quasiperiodic surface
and the Kirchhoff approach. The narrow-band Gaussian random variation around the
spatial frequency of the sinusoidal variation is used to introduce the quasiperiodicity.
It is shown that there is a large difference between the cases where the incident wave
vector is parallel or perpendicular to the row direction. When the incident wave vector
is perpendicular to the row direction, the maximum value of the backscattering cross
section does not necessarily occur at normal incidence. The scattering pattern is in-
terpreted as a convolution of the scattering patterns for the sinusoidal and the random
rough surfaces.

The composite model comprising an inhomogeneous layer over a homogeneous
halfspace with rough boundaries has been developed to study the scattering and emis-
sion characteristics of earth terrain. The radiative transfer theory is used. The random
medium and discrete scatterer models are used to incorporate the volume scattering

effects. To model rough top and bottom interfaces, the bistatic scattering coefficients
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for a randomly rough surface obtained using a combination of Kirchhoff theory and
geometrical optics approach are used. Rough surface effects are incorporated into the
radiative transfer theory by modifying the boundary conditions. Because the bistatic
scattering coefficients for the rough surface violate energy conservation there is ambi-
guity in the emissivity. However. two alternate formulations are used to calculate the
emissivity. By calculating the bistatic scattering coefficients of the scattering layer with
rough top and bottom interfaces and integrating over the upper hemisphere an upper
limit for the emissivity is obtained by invoking the principle of reciprocity. A lower
limit for the emissivity is obtained by directly calculating thermal microwave emission
and assuming that the same medium is at a uniform temperature. It has been shown
that the backscattering cross section for the angles of incidence near nadir is dominated
by the rough surface effects whereas the large angle of incidence behavior is dominated
by the volume scattering effects. The rough surface also causes the angular behavior of
thermal emission to become flatter and displays smaller differences between horizontal
and vertical polarizations due to more coupling of intensities at the boundaries.

The task of developing theoretical models is by no means complete. We have
considered primarily the radiative transfer theory which deals with the intensities of
the field quantities and neglects the coherent effects. There is a need to develop a
more complete theory that accounts for the coherence effects. The interference effects
due to the boundaries in the layered structures have been observed to be important in
some snow field measurements. Also, the coherence effects due to the conjugate fields
is large in the backscattering direction, especially for the depolarizied backscattered
intensities.

The problem of scattering and emission of electromagnetic waves from rough

surfaces remains a challenging problem. The solution which accounts for shadowing and
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multiple scattering and satisfies the principles of energy conservation and reciprocity
needs to be investigated.

The combined rough surface and volume scattering problem for the anisotropic
media still remains to be solved. The volume anisotropy plays a dominant role in the
remote sensing of vegetation canopy with row structures or sea ice where the brine
inclusions display a preferred direction. The rough surface anisotropy is a dominant

effect in the remote sensing of plowed fields.
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