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Chapter 1

Introduction

This thesis investigates the structure of a certain set of representations which are small in
the sense that their annhilator in the universal enveloping algebra is maximal. The small-
ness of these representations make them good candidates for studying via orbit method
techniques. As well, their smallness allows them to be written as a sum of virtual represen-
tations, leading to a character formula for their K-types.

The representations we consider are the Langlands quotients of the double cover of
SL(m) at infinitesmal character %p. These representations are known to be unitary [18]
(Theorem 4.2), and hence are of interest. The infinitesmal character 1p was chosen so that
the generalized principal series would be reducible. We expected this would be a good place
to look for small representations.

1.1 Outline of the problem

The structure of infinite dimensional representations is often studied by an investigation of
their restriction to a maximal compact subgroup. The objective of this thesis is to work
towards determining the K type spectrum for those Langlands quotients of the double cover
of SL(m) with infinitesmal character %p possessing a maximal primitive ideal. Although an
explicit description of the K types can only be conjectured at this time, a character formula
for the restriction of these Langlands quotients is given. We also wish to understand whether
these representations are unipotent and to determine their place in the orbit method.

1.2 Outline of the thesis

The goal in chapter one is to determine which genuine Langlands quotients of the double
cover of SL(m) have a maximal primitive ideal. This takes considerable preparation. We
first determine what are the isomorphism classes of genuine discrete series for the subgroups
M of cuspidal parabolics P = M AN. Next we use the notion of coherent families of vir-
tual (g, K) modules and Vogan’s theorem on 7 invariance to count the number of genuine

7



8 CHAPTER 1. INTRODUCTION

Langlands quotients with infinitesmal character %p having a maximal primitive ideal. We
find this number is 4 in the case of the double cover of SL(2l) and is 1 in the case of the
double cover of SL(2[ +1). In SL(2{) two of the Langlands quotients have minimal parabol-
ics and two have maximal parabolics. For SL(2/ + 1) the genuine Langlands quotient with
infinitesmal character %p having a maximal primitive ideal is the quotient of a principal
series representation.

In Chapter 3, we determine the place of those representations of chapter 1, in the orbit
method. First we identify the nilpotent orbit the representations are “attached” to. We
find there are 2 and 4 genuine admissible orbit data for the nilpotent orbit in the case of the
double cover of SL(2/ + 1) and the double cover of SL(2l) respectively. The orbit method
conjectures that under certain conditions, the representations attached to the orbit may be
realized as algebraic sections of an algebraic vector bundle. The conditions are satisfied for
the orbit in the case of SL(2] + 1) and we explicitly determine the K types of the algebraic
representation.

In Chapter 4, we prove a character formula for Langlands quotients with infinitesmal
character %p having a maximal primitive ideal. We write the Langlands quotients as a
sum of virtual representions. The K types of these virtual representations can be explicitly
determined by Blattner’s formula. In deriving the character formula we first determine
the lowest K types of the Langlands quotients under consideration. For the Langlands
quotients of principal series we use the fact that the lowest K type of these representations
are the highest weight of fine representations of the maximal compact subgroup. For the
Langlands quotients with maximal parabolic we find the lowest K type directly. We then
turn to certain sums of virtual characters which we prove to be irreducible and having
maximal primitive ideal. By matching lowest K types we prove the character formula. An
explicit multiplicity free formula for the K types of our representations is conjectured.



Chapter 2

—_ N—

Langlands quotients for SL(m)

2.1 Introduction

—~——

In this chapter we explicitly determine the Langlands quotients for SL(m) with infinitesmal
character %p having a maximal primitive ideal. This result will be crucial for the orbit
method results and character formula derivation in chapters 3 and 4. Unless otherwise
specified G will be a connected real semisimple Lie group with with maximal compact
subgroup K and complexified Lie algebra g. We write the Cartan decomposition of g as
g=EtDs.

T N——

2.2  The group SL(m)

Let SL(m) be the group of determinant one real m x m matrices. We begin with a familiar
structure theorem.

Proposition 2.1 (Iwasawa decompostion for SL(m) ) Let K = SO(m), A the subgroup of
SL(m) of diagonal matrices with positive diagonal entries, and let N be the upper triangular
group with 1 in each diagonal entry. Then SL(m) = KAN in the sense that multiplication
K x Ax N — SL(m) is a diffeomorphism onto.

The fundamental group of SL(m), 71 (SL(m)), is Z or Z/2Z depending whether m = 2
or m > 3 respectively. The covers of SL(m) are the quotients of the universal cover SL(m)
by subgroups of 71 (SL(m)). We note that all such subgroups are central and hence normal
in the universal cover so the quotient is a group. Because m; (SL(m)l@ a unique subgroup

of index 2, SL(m) has a unique double cover which we denote by SL(m).

The subgroup K = SO(m) in the Iwasawa decompositon contains all of the nontrivial

topology of SL(m). Identifying A and N with one of their two leaves in KAN allows us to
write K AN as the double cover of SL(m). The double cover of K is the group Spin(m),
which we describe next.
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2.2.1 The Clifford algebra and Spin(m)

Given a symmetric bilinear form @ on a vector space V, the Clifford algebra, ¢(Q), is an
associative algebra with identity, ep, which contains and is generated by V, with the relation
vw + wv = —2Q (v, w)eg, for all v,w € V. The Clifford algebra can be constructed quickly
by taking the tensor algebra T*(V) = @,,5, V®" and setting c¢(Q) = T*(V)/I(Q), where
I(Q) is the two-sided ideal generated by all elements of the form v ® v 4+ Q(v, v)eq.

We will be interested in the case where V = R™ and Q is a positive definite quadratic
form. If e,...,en is the standard basis for V' = R™ then we define Q(e;,e;) = 0 if i # 3
for 1 <4, <m, and Q(e;,¢e;) = 1 for 1 <4 < m. With this form the Clifford algebra has
the following relations: epeg = eo, ege; = ejeq = e;, e;e; +eje; = 0 (i # j), and e? = —ey.
The products e;1 - - - ejx, with 1 <4; <49 < --- < i, < m together with eg form a basis for
¢(Q) making ¢ a 2™ dimensional vector space.

The Clifford algebra has a natural Z/2Z grading given by ¢(Q) = ¢(Q)®"*" & c(Q)°%,
where ¢(Q)*’*" is spanned by products of an even number of basis elements in V and ¢(Q)°%¢
is spanned by products of an odd number. The algebra c¢(Q)***" is a 2™~! dimension sub-
algebra of ¢(Q).

The Clifford algebra has an anti-involution z — z*, determined by
(- vp) = (=) vy v

for any v1,...,v, in V. The Clifford algebra also has an involution a which is the identity
on ¢(Q)®*" and minus the identity on ¢(Q)°%; i.e.,

a(vl PP '(UT'): (_].)T’U]_ "”'U’I"
Spin(Q) consists of the following subalgebra of invertible elements in ¢(Q):
Spin(Q) ={z € c(Q)*":z-z*=1and z-V -z* C V}.

We will need the following:
Lemma 2.2 The centralizer of V in Spin(Q) is teg

Proof. Let V' be an m dimensional vector space over R with symmetric positive defi-
nite bilinear form (. To prove the claim let z € Spin(Q). Suppose that z-v = v - z for
all v € V. Letting e; be a monomial in Spin(Q), We may write z = _aje;. We have
ere; = (—l)ulejej if j ¢ I whereas eje; = (—1)|I|‘lej61 if j € I. Soif Y ares centralizes

ej, then necessarily j ¢ I whenever a; # 0. So the centralizer of V' in ¢(Q)®’¢" is R - e.
The only elements of R - ey in Spin(Q) are +eq. [ ]
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Any z in Spin(Q) determines an endomorphism p(z) of V' by
plz)v)=z-v-z*veV.
We have the following:

Proposition 2.3 Let V be a vector space with dimension at least two having a symmetric
bilinear form Q. For xz € Spin(Q), p(z) is in SO(Q). The mapping

p : Spin(Q) — SO(Q)

is a homomorphism, making Spin(Q) a connected two-sheeted covering of SO(Q). The
kernel of p is {*ep}.

Proof. It is easy to check that p(z) preserves the quadradic form @ (i.e. Q(p(z)(v), p(z)(v)) =
Q(v,v)) using the fact that Q(v,v) = v-v = —v-v* for v € V. This shows that
p(Spin(Q)) C SO(QR). From Lemma 2.2, we see that the kernel of p is +eg. To show
that p is surjective we use the fact that SO(Q) is a reflection group, consisting of prod-
ucts of an even number of reflections. If R € SO(Q) is written as a product of reflections
Ry, 0---0R,, , then the two elements in p~!(R) are £v; - var. To complete the proof, we
must check that Spin(Q) is connected, or equivalently (using the connectivity of SO(Q)),
that the two elements in the kernel of p are connected. The elements +e( are connected by
the path eg cos(t) + ejeasin(t), 0 < ¢t < 7 in Spin(Q). |

2.3 The genuine discrete series of M

—

2.3.1 The cuspidal parabolic subgroups of SL(m)

The Langlands decomposition describes a parabolic subgroup, P, of SL(m) as a product
P = MAN. Here A = expa, where a is a maximal abelian subalgebra of pNs. N is the
unipotent radical of P and the Levi subgroup, M A, is the centralizer of A in G. The double
cover of the parabolic is written as P = MAN.

The parabolic subgroups of SL(m) are in one to one correspondence with the set of
subsets of simple roots of sl(m). The subgroup M for each parabolic consists of blocks
of determinant plus or minus one, SL(ni)*,SL(n2)*,...,SL(n,)* along the diagonal of
SL(m), such that n; + --- +n, = m and M has deteminant one.

A parabolic subgroup P is cuspidal if M in the Langlands decomposition of P contains
a compact Cartan subgroup. Since M is a product of SL(n;)*, each n; must be less than
or equal to two in that case. Here we are using the fact that SL(n) has a compact Cartan
subgroup iff n equals 1 or 2.

Next we describe M for the cuspidal parabolics.
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———~———

Lemma 2.4 Let ]\/4;1; denote the group M for the minimal parabolic of SL(m). Then

e ~——

Myyin 15 a finite group of order 2™ equal to all even monomials in Spin(m).

Proof. The group M consists of +1 along the diagonal with an even number of signs.
Hence the order of M is 2~1. The preimage of a pair of negative signs in the i** and gt
diagonal entries are +e;e; in Spin(m). The claim follows. [ |

Lemma 2.5 Let € be the nontrivial element in the kernel of the projection homomorphism

—

of SL(2) to SL(2). Let M, be the identity component of M for a nonminimal parabolic
consisting of b SL(2)* diagonal blocks. Then M, = (SL(2))®/A where A is the subgroup of
{1,€}® of elements (x1,...,xp), with Ilz; = 1. Furthermore, if the SL(2)* diagonal blocks
in M are consecutive from the top then ey and the set of monomials €;,,-,. .., e, , having
ij € {2,4,...,20,2b + 1,26+ 2,...,m} and iy < --- < i9; are a complete set of coset
representatives for M/]\Z

Proof. In M, each SL(2)* block has determinant one and all other diagonal entries are

—~———

one. Thinking of SL(2) as SL(2), we have (SL(2))®/{1,€}®. The description of M, in the
claim follows.

The group M is the product of My with the set of diagonal matrices with £1 along the
diagonal having an even number of signs. Because minus the identity is in SL(2) we may
choose our set to have the first odd diagonal entries equal to 1. The kernel of the projection

homomorphism of M to M , namely +1, is in SL(2) so the coefficients of the monomials
in Spin(m) must be positive. The preimage of this set is the finite set of order 2%~ in
Spin(m) given in the statement of the lemma. |

—~——

2.3.2  The discrete series of SL(2)

For a unimodular group G, an irreducible unitary representation 7 is in the discrete series
if every nonzero matrix coefficient (7(g)v1,v2) is in L?. Harish-Chandra showed that a
connected semisimple Lie group has a non-empty discrete series exactly when it contains
a compact Cartan subgroup. Harish Chandra parameterized the discrete series by \ € t*,
dominant with respect to a positive imaginary root system A*(g,t). We will denote the
discrete series with Harish Chandra parameter \ by §,.

The unimodular group SL(2) has a compact Cartan subgroup, Spin(2), and hence a
discrete series ¢y. Letting AT(g,t) = e; — ey and A = T(e1 —e2) = (%, —1%), for a positive
integer n, the discrete series 6(%)_%) has lowest K type % + 1. With the opposite choice of

positive imaginary roots, the discrete series J has lowest K type —5 — L.

_%f})
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2.3.3 The genuine discrete series of ]\m for minimal parabolics

We will be interested in discrete series of M , associated with cuspidal parabolics, which
do not descend to discrete series of the linear group M. To make this precise we want our
discrete series to send the non trivial element of the projection homomorphism M — M
to —1. The kernel of the projection homomorphism is +1, and so we require §(—1) = —1.
Such representations are called genuine.

First we will describe the genuine discrete series for m, associated with the minimal
pariLE/olic. The group is finite and the discrete series are just the finite group representations

of Mp,in. To find these we use the following fact about finite group representations.

Lemma 2.6 Let G be a finite group of order N, let p1,p2,... represent the distinct iso-
morphism classes of irreducible representations of G.
(a) There are finitely many isomorphism classes of irreducible representations, the same

as the number of conjugacy classes in the group.
(b)Let d; be the dimension of the irreducible representation p;, and let r be the number
of irreducible representations. Then N =d? + -+ d2.

Proof. The first part of the claim follows directly from the Peter-Weyl theorem for
compact groups which says that the irreducible characters are an orthonormal basis for
the space of class functions. The second part of the claim follows from the fact that any
irreducible representation p; of G appears in the regular representation dim p; times. W

We will use this lemma to prove the following.

—_—~—

Proposition 2.7 For SL(2n + 1) there are 22 one-dimensional nongenuine representa-

tions and one 2"™-dimensional genuine irreducible represention of Mpip .

Proof. By Lemma 2.4 the order of m is 22"+l The group M,,;, consists of all
monomials in Spin(2n + 1). The center of this group is tey and it is not difficult to verify
that there are 22" + 1 conjugacy classes consisting of each element of the center and & each
monomial e;;, -+ - - - €i,, With iy < --- <9 in Spin(2n 4+ 1). By lemma 2.6 we conclude that
there are 22" + 1 irreducible representations of J\//I;;; The group M, is an abelian group
of order 22" and so it has 22" one-dimensional representations. These representations lift to

representations of M,,;,. There is only one way to write 220+l a5 a sum of 22” + 1 squares
where 22" of the squares are the square of one, namely 22711 = 12 4. 124 (27)2. It follows

from lemma 2.6 that m has 22" one-dimensional representations and one 2"-dimensional
irreducible representation. The 2™-dimensional irreducible representation doesn’t descend
to a representation of M and hence must be genuine. The one dimensional representations
do descend and are not genuine.

|
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—~—

Proposition 2.8 For SL(2n) there are 2°"~! non genuine one-dimensional representations

and two 2" '-dimensional genuine irreducible representions of Mpin-

Proof. The proof is analogous to the above proposition. The order of M, is 22" and it
consists of all monomials in Spin(2n). The center for this group is +eg and +ej-ey----- e
and there are 22"~! 4 2 conjugacy classes. There are 22"~! one dimensional represenations

of the abelian group M,,;, which lift to 1\7;1; There is only one way to write 22" as
a sum of 22"~ 4 2 squares where 22"~! of the squares are the square of one, namely
22 =12+ 124 (2712 + (277 1)2. The two 2"~ !-dimensional irreducible representations
don’t descend to representations of M and hence must be genuine. The one dimensional
representations do descend and are not genuine. |

We will need to be able to distinguish the two genuine irreducible representations of

—~—

M,,in. This is achieved below.

—— e~

Proposition 2.9 The two genuine irreducible representations of My, in SL(2n) are dis-

tinguished by their restriction to the center of M.

Proof. The center Z of 1\/4_7\,;,; consists of the four element abelian group {xep,+ey-----
e2n}. There are two genuine irreducible representations, £, £, of Z sending ey = e1--- e,
to (vV—1)" and —(v/=I)" respectively. The representations £ and & can be extended
to irreducible genuine representations {* and £~ respectively (for example by taking an

irreducible component of the induced representation). Because ey is central in M,,;,, by
Schur’s lemma ¥ (en) and £~ (ey) are a scalar times the identity with scalar equal to
&f(en) and &7 (en) respectively. The representations ¢ and ¢~ are not isomorphic since
their restrictions to Z are not isomorphic. By lemma 2.8 there are exactly two genuine

—

irreducible representations of My, and so these representations must be ¢+ and ¢~. B

—~——

In the sequel we will write & * for the two genuine irreducible representations of M,,;, In

—_—

SL(2n). We will also sometimes write ¢* for the single genuine irreducible representations

—~——

of Mypin in SL(2n + 1) with the understanding that &+ = £~

2.3.4 The genuine discrete series of M for nonminimal cuspidal parabolics

We will first establish what are the genuine discrete series of SL(2). We may write Spin(2) as
cos(£)+erepsin(4) for 0 < ¢ < 4. The discrete series restricted to Spin(2), Oi(n %)(cos(%)—f-

Pt
) ~ (n+2)it (n+6)it
erezsin(L)), have K types et 7 et 2

amounts to setting ¢ = 2r. Then Jy(n _n)(~1) equals eF@tn)im oE(nt6)im 1t follows

that n must be odd for Ji(%,_%) to be genuine.

,-... BEvaluating the discrete series at —1
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By Lemma 2.5 M, = SL( ) /A where A is the subgroup of {1, €} of elements (z1, . . ., z}),

with I1z; = 1. For a discrete series of Mo to be genuine it should be genuine for each SL(2)
in the product, thereby sending the subgroup A to 1.

~———

A discrete series of the product of SL(2) is the product of discrete series for each SL(2).

The genuine discrete series for the identity component of M has Harish-Chandra parameter

_ (2041 241 241 241 .
A= (2t 2t 24+,— 2=,...), for integers I;.

—~——

Let Zﬁ(@) be the centralizer of My in M for SL(m). We extend 6’\|Z(1\7;)’ where

Z(M,) = ZM(M) N M,, to a representation of ZM(AZ). In the case where m = 2, by a
statement analogous to Proposition 2.9 there are precisely two genuine irreducible represen-
tations of Z37(M,) distinguished by their evaluation at the central element ey = (e1-----em)
in Z37(M,). Although these representations are defined in terms of J, we abuse nota-
tion and write these two representations of ZM(]\A/I:,) as &+ where £t (ey) = V —1' and
& (en) = —\/—ll. In the case where m = 2l + 1 by a statement analogous to Propo-
sition 2.7 there is one genuine irreducible representation of Z3;(M,) extending &y 2(33)"
For convenience, will denote this representation by é* with the understanding that £+ = ¢

We are finally ready to describe the genuine discrete series for the disconnected group
M. Let ) be a genuine discrete series for My and let {i be a_genuine representation of
ZM(M ). Then ¢+ ® 8y is a genuine discrete series of Z (M ) - Mp. We denote the genuine

discrete series of M by 5i where 5i = Indg" (%) fi ® 0.

2.3.5 Isomorphisms among the genuine discrete series of M for nonmin-
imal cuspidal parabolics

Due to the disconnectedness of M for nonminimal cuspidal parabolics there are isomor-
phisms among the genuine discrete series we need to be aware of. In what follows let b be

the number of SL(2) blocks in M. The Harish-Chandra parameter

2l1+1_2l1+1 2l2+1_2l2+1 2, +1 2, +1

A= —
( 4 ’ 4 ’ 4 ) 4 I ’ 4 ’ 4 )a

where [; is an integer, will be abbreviated (+A1, Ao, .. :l:/\b) where A; s the positive half

integer |l;-+%|. The genuine discrete series representations of M in SL( ) are 5( AL ANy

M
Indzﬁ(ﬁ:).%f Q@ O(£A1, %22, Np)-
First a general isomorphism statement about induced spaces.

Lemma 2.10 Let H C G be a subgroup of G and let ™ be a representation of H. Let
g € NE the normalizer of H in G. Then Ind$r = IndGg - © where (g - )(h) = w(ghg™1).
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Proof. By definition Ind%n is the space of functions on G which transform as f(zh) =
m(h™1)f(z) for + € G and h € H. Our isomorphism will take a function f from Ind§r
and send it to a function f' from Ind$g - 7 where f'(z) = f(zg~!). To show that this
function is well defined note that f'(zh) = f(zhg™!) = f(zg~'(ghg™')). Since g is in
the normalizer of H, ghg™! € H and f(zg~'(ghg™!)) = n(gh g~ 1) f(zg~"') which equals
(g-m)(h~1) f'(z) as required. All steps in the above derivation are reversible so our map is
a bijection. Furthermore right translation commutes with left translation by g so our map
is an isomorphism. ]

To apply this proposition below we will let 7 = ¢+ ® O(A1,...,ny)s the subgroup H =

ZM(AZ) . ]\%, and G = M. We will need to find elements g € Ng and understand how
they change 7 under conjugation.

In proving Proposition 2.12 about the isomorphism of genuine discrete series of M for
a non minimal parabolic it is enough to consider the case when the b diagonal SL(2) blocks
in M are consecutive from the top left.

Let
Jev = {J1,--.,J2r} be a subset of {2,4,...,2b},
Koy = {ki,...,kp_2r} be the set {2,4,...,26}\{J1,..-,Jor},
Jodd = {J1,---,jor—1} be a subset of {2,4,...,2b},
Koaa = {k1,.. ., kp—or+1} be the set {2,4,...,20}\{j1,..., 720 }-
And let
€Jew = €j1 7 """ " €hayy €Ky = €yt €hob-2r7 €Joda = €j1 """ " Chap_ns €Koqq T €k €kob—2r41°

Let t; = cos(%i) + ei_1e; sin(%’l) in Spin(m) for 1 <27 < b and 0 < §; < 47 and write

tew = tj1 oo lings tKew =ty oo by g5 Elpgg = 51 - by, UKpag = thy " " " oy _gpy -

To further simplify notation we will write the Harish-Chandra parameter (A1,...,\)
as (A, Ak.,) or (Aouar AKoaa)-

Lemma 2.11 Let b be the number of copies of SL(2) in M, inside SL(m). The result of
conjugating the genuine irreducible representations of Zz(M,)My by ey,, when (2b = m)
and by ey, €241, when 2b <m is:

e']ev ’ (é':t ® 6()‘Jev 7AKeu)) = gi ® 5(*AJev:)\Ke'u) (m = 26)

and
€Jpqa€2b+1 * (§i ® 6()‘Jodd ”\Kodd)) =¢t @ 5(—)‘Joddv)‘1<odd) (m < 2b)

In the case where m is odd or m=2b, €T = ¢~
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Proof. We first consider the action of e;,, and e; ez +1 on the side of the tensor
product involving the discrete series of M,. We have (ey,, - 6x,,, Ax.,)) (tJentK.,) €quals
0., ,)\K”)(t;i) tKew) = O(=As., Axoy)) (Beu K., ). A similar statement holds for the action of
€J54q €2b+1-

Note that because ¢+ was defined as an extension of oxlz(m,) the ttin ¢t ® Orsys
is different from the ¢ in ¢t ® O(=xy., A K.,)» etc. We apologize for the notation.

The action of e;,, and ey, e2+1 on < sends €7 to itself and £~ to itself since ¢+ are
distinguished by a central element.

When rn is odd then there is just a single extension of §x|z(ar,) to Z(M,) = Zp(M,).
In the case where m = 2b, Z(M,) = Zy(M,) so no extension is necessary. [

From Lemmas 2.10 and 2.11, we immediately have the following isomorphism statement
for genuine discrete series of M for nonminimal cuspidal parabolics.

AKey)

— —_———

Proposition 2.12 Let b be the number of copies of SL(2) in M inside SL(m). We have,

6(5;1 ) &~ 5(5;\1 i)‘b)if (£A1,+XA9, ..., 1)) has an even number of signs or2b < m.

In the case where m is odd or m = 2b, £€T =€,

2.4 Coherent families and maximal primitive ideals

2.4.1 The infinitesimal character of an irreducible (g, K) module

The action of the center of the universal enveloping algebra plays an important role in un-
derstanding the structure of irreducible admissible (g, K) modules. This action is described
by a representation’s infinitesimal character, which we make precise below.

Let us fix a Cartan subalgebra h of g and a Borel subalgebra b = h + n (with nilrad-
ical n). Let n~ denote the opposite nilradical, so that g = n~ + h + n. The Poincare-
Birkhoff-Witt theorem gives us a decomposition of the universal enveloping algebra of g as

U(g) =U(b) D(n"U(g) + U(g)n).

Let Z(g) be the center of the universal enveloping algebra and let X' : Z(g) — U(h)
be the projection on U(h) in the above decomposition of U(g). Let p be one half the sum
of the positive roots given by b. We regard U(h) as the algebra of polynomial functions on
b*, and define T,,f(X) = f(XA — p) for f € U(h) and A € h*. The Harish-Chandra map from
Z(g) into U(b) is by definition x = T, o x'. Here T, depends on b and x is independent of
b. For A € b*, let x» : Z(g) — C be the composition of x with evaluation at \.

We have the following result of Harish-Chandra [2],
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Theorem 2.13 (Harish-Chandra) Every homomorphism from Zy(M,)(g) to C is of the
form xx for some XA € bx. Furthermore, xx = xx iff there is a w € W(g,b) such that
A = w.

The center Z(g) is known to act by scalars on any irreducible (g, K) module X. The
corresponding homomorphism x : Z(g) — C defined by xa(2)z = 2z -z, (z € X,z €
Z(g)) is called the infinitesimal character of X. We often abuse notation and say X has
infinitesimal character A\. By Theorem 2.13 we see that elements in the Weyl group orbit
of X all define the same infinitesimal character.

2.4.2 The Langlands quotient of a generalized principal series represen-
tation

Let P = M AN be a cuspidal parabolic of G, d) a discrete series for M, and v an irreducible
character on A with Rer weakly dominant with respect to P.

The Langlands quotient, Jp(dy ® v), is the largest completely reducible quotient of
Indp(d) ®v). The infinitesimal character of Jp(dy ®v) is A+v. If v is weakly antidominant
with respect to P, Jp(d ® v) is the maximal submodule of Indz(6x ® v) and is called a
Langland subrepresentation.

The parameter A € (m N &)* and v are called the Harish-Chandra parameter, and the
continuous parameter respectively. These two pieces of data together, v = (A,v), called
the Langlands parameter, specify the Langlands quotient Jp(dy ® v). If §) is the genuine
discrete series 5;[ we will often write the Langlands quotient as Jg (7). When &1 = &~
we write Jp(y). Note that A doesn’t distinguish between 5/\i so the Langlands parameter
doesn’t uniquely specify the Langlands quotient here.

We will be concerned with the case where G = SL(m), and §) is a genuine discrete series
representation of M ,and A+ v = % p.

The following theorem places the Langlands quotient at the heart of representation
theory of real groups [7].

Theorem 2.14 (Langlands Classification theorem) Let G be a connected semisimple Lie
group and let X be an irreducible (g, K) module. Then there is a cuspidal parabolic subgroup
P =MAN of G, a discrete series representation 8y of M, and an irreducible character v of
A weakly positive with respect to P, such that X is equivalent to a summand of Jp(d ® v).
Furthermore, the pair (P,0 @ v) is unique up to conjugation in G when v is strictly positive
with respect to P..

In the case where P is a minimal parabolic, the Langlands quotient, Jp(d ® v), is called
a principal series representation. For nonminimal parabolics it is called a principal, gener-
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discrete series subrepresentation Langlands quotient

/ \
S VAR

_11j2 —7)2 —3@ Q’/z 5/2  9/2

Langlands quotient discrete series subrepresentation

/ \
N

—9/2  —5/2 —1WQ‘/2 72 11/2

—~—

Figure 2.1: The four genuine irreducible representations of SL(2) are shown inside of the
principal series Indp, . (¢t ® %p) and Indp,, (£~ ® 1p).

alized series.

——

2.4.3 An example: The Langlands quotients for SL(2) with infinitesimal
character p

The group SL(2) has two cuspidal parabolics, namely the minimal parabolic, %, and the
whole group, Ppez. Let &€& be the two genuine irreducible representions of M, and 6( 11y,

5(_1 1y the genuine irreducible representations of M,,,, with Harish-Chandra parameter
474

+1p. There are four Langlands quotients of SL(2) with infinitesimal character p: the two
quotients of principal series Jp_, (£t ® %p), and Jp,, (£~ ® % p), and two discrete series with

m

Harish-Chandra parameter :I:%p. The two discrete series can be realized as subquotients in
Jp

m

in (@ —%p). Figure 2.1 shows how the K types for the two principal series contain

the K types of their Langlands quotient and submodule.

2.4.4 Coherent families of virtual (g, K) modules

For every irreducible (g, K) module of G there is the notion of a coherent family of virtual
(g, K) modules based at that representation. The properties of coherent families will be
important for all that follows. We begin with some definitions.
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Let V(g, K) be the Grothendieck group of virtual (g, K) modules. A wirtual (g, K) mod-
ule is a linear combination of irreducible (g, K') modules with integer coefficients. We will
also need a lattice of weights. For this let H C G be a Cartan subgroup of G and let H be
the irreducible characters of H. The weight lattice in H is the subgroup A of H consisting
of weights of finite dimensional representations of G. By identifying A with a subgroup of
h* we write £ + X\ € h*.

Fix a weight £ € h* and write £ + A = {{ + A|A € A}. A coherent family of virtual
(9, K) modules (based on H and £ + A) is amap ® : £ + A — V (g, K) satisfying

a) ®(¢ + \) has infinitesimal character £ + X € h*, and

b) If F is any finite dimensional representation of G with weights A(F) then
PEFNOF = 3 @6+ (A+p)

HEA(F)

From this point we will abuse notation and say that a coherent family ® is based at an
irreducible (g, K) module.Furthermore we will embed H in h* and write £ + X\ € h*.

We have the following result stating the existence of a coherent family based at a rep-
resentation [7].

Proposition 2.15 Given an irreducible (g, K) module X of reqular infinitesimal character
&, there exists a unique coherent family ® on & + A such that ®(£) = X

The members of the coherent family we will be most interested in are parameterized
by a cone in the weight lattice. Let R(¢) = {a € A(¢) : 2%% € Z} be the integral roots
with respect to & and let R1(£) = {a € R(£) : (£,a) > 0} be the positive integral roots with
respect to §. The integral roots are a root system in . The integral Weyl group, denoted
W(R()), is a subgroup of the Weyl group W (A(€)), generated by reflections s, about the
positive integral roots. We say that a weight is dominant regular if it lies properly inside the
dominant Weyl chamber (i.e. the weight doesn’t lie on a wall). The relationship between
the dominant AT (3p) Weyl chamber and the dominant R*(3p) Weyl chamber in h* for

s[(3) are illustrated in figure 2.2.

We will be primarily interested only in those members of a coherent family parameterized
by a cone in a lattice. The following result can be found in [7].

Proposition 2.16 A coherent family based at an irreducible (g, K) module with regular
infinitesimal character £ has the property that if v € £ + X is dominant regular with respect
to RT (&) then ®(v) is an irreducible (g, K) module.
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(01 —1) wall dommant AT(3 (I —10) wall
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Figure 2.2: Dominant A*(3p) and R (3p) chambers in h* for s[(3

To describe the behavior of the coherent family outside the R*(¢) dominant Weyl cham-
ber we need to introduce the idea of a (g, K) module’s 7 invariant.

2.4.5 Translation functors and 7 invariance

We now introduce Zuckerman’s exact translation functor, \Il » from the category of Harish-
Chandra modules with regular infinitesimal character £ to the category of Harish-Chandra
modules with infinitesimal character £ + A\ € £ + A.

We define a projection functor, Py, on the category of Harish Chandra modules. Let X
be a Harish-Chandra module, then Py X is the maximal subspace of X on which z — x,(z)
acts nilpotently for every z € Z(g). Given any Harish-Chandra module we have X =
®D,cp Py X, where the sum is finite and each P,X is a Harish-Chandra submodule of X.
Let F* be a finite dimensional representatlon with extremal weight A\. We define the Zuck-
erman translation functor to be \IJH)\(X) Peia(F* @ Pe(X)).

We use Zuckerman functors to define the 7 invariant of a Harish-Chandra module, X,
with regular infinitesimal character £&. Let RT¢ be a positive set of integral roots with
respect to ¢ and let « be a simple root in R*¢. Let @ be a coherent family based at X.
The Borho-Jantzen-Duflo T invariant of X consists of the simple integral roots a such that
\If5 A(X) = 0 whenever £ + X lies on an « wall. Another way to say this is that for every

A € A such that (o, & + ) =0 and (B3,£ + A) > 0, for B € RT(¢) — a, ®(£ + )) is zero.

From the definition of the 7 invariant of X it is clear that any irreducible (g, K') module
in the coherent family based at X has the same 7 invariant.

The following alternative definition of 7 invariant will be useful to us [2].
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Wi ...

—irrep if @ € 7(®(¢))
irrep +--- if a & 7(P(&)).

Figure 2.3: Picture for s[(3): RT(£) dominant regular lattice points in £ + A parameterize
irreducible representations in the coherent family. There is a dichotomy in the case of non
R*(¢) dominant regular lattice points.

Proposition 2.17 Let X be an irreducible (g, K) module with regular infinitesimal char-
acter £. Let a be a simple root of RT(§). Then a € 7(X) iff ®(say) = —P(y), for all
vye&+ A

If X is a virtual (g, K) module with regular infinitesimal character v we say that a
simple root o € R™(7) is in the 7 invariant of X if it is the 7 invariant of each irreducible
term of X. Next we have a proposition describing the coherent family based at £ outside
of the R*(¢) dominant integral chamber [7].

Proposition 2.18 Fiz a simple root a € RT(£). Let v € £ + A be a member of the weight
lattice based at & with (y,B) > 0 for all § € R*(¢). We have the following dichotomy.

(a) B(sa7) = —®(7), if 2 € 7(X)
(b) ®(say) = ®(y)+ character of a representation, if a & 7(X)

Figure 2.3 illustrates a coherent family based at an irreducible (g, K) module for g =
s{(3).

In computing the 7 invariants of a Langlands quotient we will make use of a theorem
by Vogan [7]. We will need the following definition. Suppose « is a real root for a O-

stable Cartan H. Let ¢, : s[(2,R) — g be an injection so that H, = ¢, ( (1) _01 ) € a,

(=" X) = 0a(X). Set mq = exp(pa ( _Oﬂ g )) €L
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Theorem 2.19 (Vogan) Let G be a semisimple Lie group, with a ©-invariant Cartan sub-
group H =TA, and let P = MAN be a cuspidal parabolic subgroup. Let Jp(6y @ v) be a
Langlands quotient having nonsingular Langlands parameter v = (\,v) € b* (i.e.(y,a) # 0
for all & € A()). Suppose that oo € R () is simple in A*(7y) and 2(v,a)/{a,a) € Z.

a) If a is a real root (i.e.®(a) = —a ), then a necessary and sufficient condition for
a € 7(Jp(0x®v)) is that the eigenvalues of 6x(my) be of the form e, exp (£2mi(v, )/ (e, o))
where €, is £1 depending on a condition described in [2)].

b) If & is a complex root (i.e. ©(a) # ta) then a necessary and sufficient condition for
a € 7(Jp(dy @ v)) is that Oa & R (7).

c¢) If a is compact imaginary then o € 7(Jp(dy ® v)). If a is noncompact imaginary
then a & T(Jp(dx @ v)).
Corollary 2.20 Let G = SL(m), H = T A be a ©-invariant Cartan subgroup, and P =
MAN be a cuspidal parabolic subgroup. Let Jp(5x ® v) be a genuine Langlands quotient

having nonsingular Langlands parameter v = (\,v) € h*. Then no real root can be in the T
invariant of Jp(y @ v).

Proof. Suppose that a € R*(y) is simple in A*(y) and 2(v,a)/{a,a) € Z. Then
€q exp (£27i(v, ) /{a, @) is +1. However, m, is a monomial in Spin(m) and hence m2 =

—1. We have §)(—1) = —1 since dy is genuine and it follows that d)(mg) has eigenvalues
+v—1. Therefore the eigenvalues of §5(mq) are not of the form +exp (£27i(v, a)/(a, @)).
n

2.4.6 Maximal primitive ideals

The primitive ideal of an irreducible (g, K) module, X, is the annihilator of X in the uni-
versal enveloping algebra U(g). We say that a primitive ideal, ann(X), has infinitesimal
character A if X does. A theorem of Duflo [3] says that every primitive ideal of infinitesimal
character A is the annihilator of an irreducible highest weight module L(\') where X € h*
is in the Weyl group orbit of A. Here L()’) is the unique irreducible quotient of the Verma
module M (\') = U(g) ®U(b) Cy —, with highest weight X — p for a fixed Cartan subalgebra

contained in a Borel subalgebra b. There are exactly |W/W?| non-isomorphic simple high-
est weight modules with infinitesimal character A\, namely L(w)) for w € W. It follows that
the number of primitive ideals with a given infinitesimal character is finite. We denote this
set by Prim)U(g). If X' is dominant and regular integral than L()\') is a finite dimensional
representation and its annihilator is the unique mazimal primitive ideal having infinitesi-
mal character A. The annihilator of the irreducible Verma module, L(wo)') = M (woX'),
where wy is the longest element in W(R™(\)) is the unique minimal primitive ideal with
infinitesimal character A. We shall denote the maximal, and minimal primitive ideals with
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infinitesimal character A by I™3%()) and I™"()).

Duflo, Borho-Jantzen showed that the “almost” minimal primitive ideals with a given
infinitesimal character A\ (i.e. primitive ideals properly containing only the minimal primi-
tive ideal), denoted by I"™"(s,, A) are parameterized by the simple integral roots a € Rt .
Similarly, the “almost” maximal primitive ideals (i.e. primitive ideals properly contained in
only the maximal primitive ideal), denoted by I"%*(s,, \) are parameterized by the simple
integral roots a € R\

Proposition 2.21 (B-J-Duflo) Let X be an irreducible (g, K') module with reqular infinites-
imal character A. The following conditions on a simple integral root o € RT(\) are equiva-
lent.

a) UNYCX =0 (definition for a € (X))

b) ann X D I™"(s,, \)
c) ann X & ™% (54, )

Corollary 2.22 The 7 invariant is an order preserving map from Prim)U(g) to subsets
of simple roots in RT\. A primitive ideal is mazimal iff every simple root of Rt X is in 7.

Proof. Suppose I; and I are primitive ideals with I; C I5. By Proposition 2.21, 7(I;) C
7(I2). Furthermore, since the maximal primitive ideal contains the “almost” minimal prim-
itive ideals, its 7 invariant contains all of the simple roots of R*(\). To prove the converse,
suppose that I is not a maximal primitive ideal, then I # CI™*®()\). It follows that
I C '™ (54, \) for some «, and hence a ¢ 7(I).

[ |

2.5 Langlands quotients with a maximal primitive ideal

We wish to determine the Langlands quotients for SL(m) with infinitesimal character %p
having a maximal primitive ideal (i.e. where all simple integral roots with respect to % p are
7 invariants for our representation). Theorem 2.19 provides a way to check that an integral
root « is a 7 invariant. However, one cannot apply Theorem 2.19 directly unless the integral
root « is a simple root for A+(%p). Unfortunately for %p = (2=, =+ %, AU —mT_l) none
of the integral roots of R+(%p) are simple roots in A+(%p).

We propose to find the Langlands quotients with infinitesimal character %p having a
maximal primitive ideal, by first determining how many of them there are. It suffices to
determine the number of Langlands quotients with maximal primitive ideal at an infinites-
imal character in the dominant regular R+(%) chamber. This follows from the fact that
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irreducible members of a coherent family based at infinitesimal character %p all have the
same T invariants.

We need to find an infinitesimal character % p+ X in the dominant regular integral Weyl
chamber based at % p with respect to which all simple integral roots are simple in A(%p-}— A).

Proposition 2.23 Let G = SL(2l), | > 1 and let v be a Weyl group representative of the
infinitesimal character (pj—1,pi—2,---,P0sN0, N1, ---,N_1), where

= %8 and p; = po +1

=% gndn; =ng—i, for i€ {0,1,...,0 -1} °

DPo

The weight v lies in the dominant regular R+(-21-p) chamber based at %p and the simple
integral roots in R () are simple in At+y.

Proof. <y is a representative of the infinitesimal character % p+(20, 21,21, -21,...,21,—2I).
It is easy to check that p; and n; have the values given in the claim. The p; are all positive
and differ from one another by an integer. Similarly, the n; are all negative and differ
from one another by an integer. Because of the descending ordering p;_; > pj_g > -+ >
po > ng > -+ > ny_1 of its entries, +y lies in the dominant regular R+(%p) chamber based
at %—p and {e; —ey,...,e1_1 — e, €41 — €142,...,€9_1 — ey} are simple integral roots for
both R*(y) and Aty. Taking another Weyl group representative of v, say w - v makes
w-{e1 —ez,...,e_1 — €, €41 —€4a,...,e2_1 — ey} simple integral roots for Rt (w -) and
At (w - ). [

————~——

Proposition 2.24 Let G = SL(2l + 1), | > 1), and let ' be a Weyl group representative
of the infinitesimal character (p},p)_y,...,Py Ny Ny, ..., n]_o,n%,_;), where

py =% and pj =po+j for j €{0,1,...,1}
ny = —3 and nl = ng —i, for i €{0,1,...,1-2,31 —1}

The weight ' lies in the dominant regular R+(%p) chamber based at %p and the simple
integral roots in RY(y') are simple in Aty

Proof. The statement is less symmetric looking than Proposition 2.23 because of the
odd number of entries in y'. The proof however is no different than Proposition 2.23 except
that v is a representative of the infinitesimal character %p+ (20, -21,21,-21,...,21,—41,2l).
Professor Vogan has informed me that translating by the (I, —(l +1),...,—(l +1),1) would
have made the formulas prettier. Due to time constraints we have chosen however to stick
with (21, -21,21,-2I,...,2l,—4l,2l). |

For the purpose of counting the number of maximal primitive ideals we will study
the Langlands quotients having infinitesimal character (p;_1,pi—2,.-.,P0,M0, 71, -,1_1)
in the even case and (p},p|_i,-..,p4,ng,n},-..,nj_y,n%,_;) in the odd case. The following
will help us determine which Weyl group representatives of an infinitesimal character can
be Langlands parameters.
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Lemma 2.25 With n;, p; as in Proposition 2.23 the inequalities, n; > p";—"’“ and pj;"" >

p; are impossible for any i,7,k € {0,1,...,1 —1}.

Proof. To prove the first inequality it suffices to show that 29%”—‘—1 > ng since pg+n;_1 =

min{p; + nx : 5,k € {0,...,0 — 1}} and ny = max{n; : ¢ € {0,...,0 — 1}}. Indeed,
potmiy _ podno—ltl _ =4l o —61=3
z 2 =72 4

To prove the second inequality it suffices to show that Z_’L—-_l;'_n(_{ < po since p;_1 +ng =

max{p; + ng : j,k € {0,...,01 —1}} and po = min{p; : i € {0,...,1 — 1}}. Indeed,
pi—1+no _ potl—14mno __ [-1 6l+3 _
7 = 2 =73 <73 =Po u

Lemma 2.26 With nl, p as in Proposition 2.24 the inequalities, n > pj;n’“ and pj;nk >
P} are impossible for all p;,p; € {po,...,pi} and all n;,ng € {no,...,ni_2,n31—1}.

Proof. To prove the first inequality it suffices to show that WL% > ng. Indeed,
Po+ny_y _ —3l+1-1%
2 - 2

sl 1o 31
=—3tg>—5—53=n

To prove the second inequality it suffices to show that I—"% < pf. Indeed, 2E%0 =
l—

1
2 3 _
= <3 =Po u

We are now ready to count the number of Langlands quotients having maximal primitive
ideal. We start by considering Langlands quotients with minimal parabolics. This is the
easiest case.

Proposition 2.27 Langlands quotients of principal series representations with infinitesi-

mal character (pl~17pl—27 Y L PR PRI anl—l) or (p;)pé_la v ap6a n6a nlla fe 1n;_2’ ngl—1)7
as defined in Proposition 2.23 and Proposition 2.24, do not have a mazimal primitive ideal.

Proof. The real form of the Cartan subalgebra h C sl(m) associated with a mini-
mal parabolic is a diagonal matrix with real entries. It follows that all integral roots are
real. For the infinitesimal characters given in the claim, all integral roots are simple in
A*v(Proposition 2.23 and Proposition 2.24), and by Corollary 2.20 cannot be a 7 invari-
ant. |

Next we consider Langlands quotients with nonminimal parabolics. We begin with a
lemma about Langlands parameters for Langlands quotients with a nonminimal parabolic.

Lemma 2.28 Let (ai1,...,an) be a Langlands parameter of a genuine Langlands quotient
with cuspidal parabolic P = MAN. If the linear group M has an SL(2) block along the
{7, 7 +1} diagonal entries then a; — a1 € N. When immediately followed by another SL(2)
block the Langlands parameter must satisfy aj+;j+1 > aj“;‘”” , otherwise g,+_;]+_1 > ajqo.
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If the SL(2) block along the {j,j + 1} diagonal entries is immediately preceded by an SL(2)
block the Langlands parameter must satisfy Q'L‘zgaj'l > aj+gj+1 , otherwise aj_; > gi;m
If no SL(2) block begins or ends at the {j,j + 1} diagonal entries then a; > a;j11.

Proof. Suppose that M has an SL(2) block along the {j,5 + 1} diagonal entries. Then
entries j and j + 1 of the Harish-Chandra parameter are (..., 2=3%1 C _;j“) ,-..) and

entries j and j + 1 of the continuous parameter, v are (..., 275+ Lteirl ). We must
have a; —ajy1 € N for our Harish-Chandra parameter to belong to a genuine discrete series.
For v to be the continous parameter of a Langlands quotient it must be weakly dominant
with respect to P. As a result we must have the (4 + 2) entry of the continous parameter
be less than or equal to the j 4 1 entry. When our SL(2) block is immediately followed by
another SL(2) block this translates to the condition that % +;j+1 > aj“;aj“. When our
SL(2) block is not immediately followed by another SL(2) block we have gﬁr—;”—l > ajyo.

The other parts of the lemma follow in the same way. [ ]

Proposition 2.29 Let G = SL(2!) and let P = M AN be a non minimal cuspidal parabolic
subgroup of G'. With notation as in Proposition 2.23 let (pi_1,pi—2, - - -, Po, Mg, N1, - - - ,N—1)
be the infinitesimal character of a Langlands quotient with parabolic P. The diagonal SL(2)
blocks in the linear group M must be consecutive and centered in the matriz. For the

Langlands quotient to have a mazimal primitive ideal, the number of blocks, b, must equal
{—1orl.

Proof. Our Langlands parameter is in the Weyl group orbit of the infinitesimal character
(Pi-1,P1-2,---,P0,M0,M1,-..,m_1). By Lemma 2.28 for there to be a SL(2) block in the
{7,7 +1} diagonal entry of M the difference between the j and j + 1 entry of the Langlands
parameter must be a half integer. It follows that one of the two entries must be positive
and the other one negative. By Lemma 2.25, if the SL(2) block in M is not immediately
followed by another SL(2) block then the j + 2 entry of the Langlands parameter must be
negative. If there is another SL(2) block further down the diagonal of M then we would
have a situation where n; > &% or I—”%li > p; for some 4,5,k € {0,1,...,0 — 1}. This is
impossible by Proposition 2.27. If the SL(2) block in the {4, 5 + 1} diagonal entry of M is
not immediately preceeded by another SL(2) block then the j — 1 entry of the Langlands
parameter must be positive. Were there to be another SL(2) block further up the diagonal
of M then we again would have a situation where n; > % J;"’“ or g%'n’“ > p; for some
i,5,k €{0,1,...,1 —1}. Tt follows that the SL(2) blocks must be consecutive in M.

Suppose the SL(2) blocks lie along the j through j + 2b— 1 diagonal entries in M. Each
pair of entries between j and j + 2b + 1 in the Langlands parameter contains a positive
and a negative entry. Furthermore, entries 1 through 7 — 1 of the Langlands parameter are
descending positive numbers while entries j + 2b + 2 through 2! are des cending negative
numbers. Since there are an equal number of positive and negative entries in the Langlands
parameters, the SL(2) blocks must be centered in M (i.e. b=1— j).

Finally we show that to have a maximal primitive ideal, then b must equal [ — 1 or I.
Indeed if this were not the case than either a simple integral root would be a real root or the
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positive entry of the first SL(2) block would be greater than one of the preceding positive
entries (for example (p2, po, p1,11, 10, n2).. By Corollary 2.20, a simple integral root cannot
be real if the Langlands quotient has a maximal primitive idea. As well, the second scenario
is ruled out by an easy tau invariant computation. |

Proposition 2.30 Let G = SL(20 +1) and let P = MAN be a non minimal cuspidal
parabolic subgroup of G. Let (p},pj_q,---D0>T0, M, 1]_o,n5_;) be the infinitesimal
character of a Langlands quotient with parabolic ﬁ, with notation as in Proposition 2.2/ .
The diagonal SL(2) blocks in the linear group M must be consecutive and centered along the
lower 2l diagonal entries of M. For the Langlands quotient to have a mazimal primitive
ideal, the number of blocks, b, must equal [.

Proof. The proof is almost identical to the proof of Proposition 2.29. Because the
Langlands parameter contains [ + 1 positive entries, the SL(2) blocks in the linear group M
must be one off the center of the diagonal. |

Proposition 2.31 In the notation of Proposition 2.23, there are four Langlands quotients

of SL(2l) with infinitesimal character (pi—1,pi—2;- - ,P0, N0, N1, -, M—1) having a mazimi-
mal primitive ideal.

Proof. By Proposition 2.29 there are only two subgroups M we need to consider, namely
when the linear group M contains b = | — 1 and b = [ diagonal SL(2) blocks centered in
M. In the case where b = [ — 1 by Proposition 2.12 the genuine discrete series of M are,
up to isomorphism, (55;’.”,)%), where ); are positive half integers. In the case where b = [

by Proposition 2.12 the genuine discrete series of M are, up to isomorphism, 55;1"“,)\17) and
+
6(§A1,...,—Ab)’
We first prove the proposition for SL(4). Let M contain one SL(2) block along the second
and third diagonal entries. The Langlands parameters we are considering are permutations
of (p1,po,no,n1). Because the Harish-Chandra parameter is a positive half integer, we
must have a positive and a negative entry in the second and third entries respectively of
the Langlands parameter. Furthermore, by Lemma 2.25 the first entry of the Langlands
parameter must be positive and the fourth entry negative. Any permutation with these
restrictions is a Langlands parameter for our parabolic. However requiring the simple
integral roots to be 7 invariant pins things down. The root, e; — ez is simple and integral
for the Langlands parameter (p1,po,n0,n1) and ©(e; — e2) = —e1 + e3 € A7 (7). Also for
the other simple integral root, ©(e3 — e4) = —ea + €4 € A7 (7). Hence e; — e and e3 — ey
are 7 invariants and so the Langlands quotient with Langlands parameter (pi,po,n0,n1)
has a maximal primitive ideal. It is easy to check that the three other possible Langlands
parameters don’t have both simple roots as 7 invariants. We have two genuine Langlands
quotients with this Langlands parameter, JI%L; 1 (p1,po,ng,m1)-

where )\; are positive half integers and £ = ¢

—~—
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Next we consider the case for SL(4) where M contain two SL(2) blocks. By Propo-
sition 2.12, up to isomorphism of the discrete series of M , the first and second entries of
the Langlands parameter must be positive and negative respectively, but the third and
fourth entries can be positive or negative in any order. There are four permutations of
(P1,m0,p0,n1) Where positive entries can be interchanged and negative entries can be inter-
changed. The simple integral roots are +(e; — e3) and +(ea — e4). Suppose that e; — es is
simple. Then ©(e; —e3) = —ey +e4. Hence for e — e3 to be a 7 invariant, e, + e4 must be a
simple root. It follows that the Langlands quotient with Langlands parameter (p,, ng, po, ni)
has 7 invariants e; — e3 and e — e4. If on the otherhand e3 — e; is simple, then to be a 7
invariant, es — ez would have to be simple. However by Lemma 2.28, (pg, n1,p1,n0) isn’t a
Langlands parameter because % < pl;—"o. Switching the third and fourth entries in the
above argument shows (p1,n¢,n1,po) is also a Langlands parameter with simple integral
roots which are 7 invariant. The two resulting Langlands quotients with maximal primitive
ideal are/Ji-Ez (pl, o, Po, nl) and pr:2 (pl, no, nl,po).

For SL(2l), investigation of Langlands parameters whose simple integral roots are 7 in-
variants does not require us to look at more than two integral roots at a time, and hence the
above arguments directly generalize. The four Langlands quotients with a maximal primi-

. +
tive ideal are J —— (p1—1,p1-2, M0, - - -, Po, M—2, 1) and I, (P-1,m0, P12, M1, .. ., Po, Mu-1),
b=l~1 =

and Jg— (pi-1,M0, P12, 71, - - -, P1, M—2, M1, D0)- u

Proposition 2.32 In the notation of Proposition 2.24, there is one Langlands quotient

of SL(2] + 1) with infinitesimal character (PP P15+ -1 Pys T2y, MY, - - - s, My 1) having a
mazimimal primitive ideal.

Proof. The proof is almost identical to Proposition 2.31. The Langlands quotient with
maximal primitive ideal is I (P} P15 M5 - - M _gy Dy Mgy 1)- [ ]

=l

Corollary 2.33 SL(2l) has four representations with mazimal primitive ideals with in-
finitesimal character %p, and SL(2l + 1) has one representation with mazimal primitive
ideals with infinitesimal character %p.

Proof. This follows from what was said just prior to Proposition 2.23. [ ]

We now identify the Langlands quotients at infinitesimal character % p having a maximal
primitive ideal. To do this we will need to translate our Langlands quotient in the coherent
family. We begin with a statement that tells us how to do this.

Lemma 2.34 Let G be a semisimple group, with Cartan subgroup H and parabolic subgroup
MAN. Let v = (\v) € b* be a Langlands parameter. Let Indpran(V,) be a generalized
principal series representation. Let ' = (N,v') € b* be an extremal weight of a finite

dimensional representation FV of G. Then \Il:’,ﬂ,lndgm,v('y) = Indf,,AN("y +7).
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Proof. One has \IJ;; oy Ind$; 4 (7) = Ind$ 4 N(‘I’?, (7)) following an arguement of Zuck-

erman [4]. Then \Ifz_m,(V,y) =Py (Vy ® FV |pan) = Vo
|

Next we need to introduce the notion of induction-in-stages [5].

Lemma 2.35 (Induction-in-stages) Let G be a semisimple Lie group with parabolic sub-
group MAN. Let Indf/IAN(f, A) be a generalized principal series representation with Lang-
lands parameter (£,)). Given a parabolic subgroup M'A'N' O M AN we have the following
induction-in-stages formula,

Ind§ 4y (¢, ) = Ind§p 4w (Id3E 40 v (€, v]a)], ),

where M" = M NM', A" =AnNM', N"= NNM' and o" = orthogonal complement of o

ina, so thata=a ®a’.

Theorem 2.36 The Langlands quotients of SL(21) with infinitesimal character 1p having
. . “y e B j: 1 1 1

a mazimal primitive ideal are J5  (5p), Jr_(5p), and Jp,_,(S(ey_,—ex)3P)-

Proof. To simplify the notation we will write P, instead of P,—;. For each of the
representations in the claim there exists a coherent family based at that representation. We
will translate each representation to the member of the coherent family with infinitesimal
character %p + (21,-2l,...,2l,—2l). The translated representation will be a Langlands
quotient from Proposition 2.31 having a maximal primitive ideal.

We start with the representations J,ﬂ;m(% p). By Corollary 2.34,

1 1 1
4 + _ +
\Ilg +(2l,72[,.4.,2l,—21)1nd13;;t(é ,ép) = Ind%(ﬁ ,§p+ (21,—21,...,21,—21)).

p
1
Because Ind is an exact functor \I’iZJr (221,21 721)(J1§v (3p)) is an irreducible quotient
2 3 Yy ely min
in Ind=—— (%, 4p 4+ (21,-21,...,2l,—-21)). However, because the continous parameter v =
Prin 2

% p+(21,—21,...,2l,—2l) is not weakly dominant with respect to Ppp, it is not a Langlands
quotient.

To find the irreducible quotient in Indﬁ;;1 (€%, %p + (21,-2l,...,21,-21)) it is help-
ful to write this representation in another way using the induction-in-stages formula of
Lemma 2.35. Let Ppin = Myuin AN be the Iwasawa decomposition of the minimal parabolic,
and let P,_; = M| {A'N' be the Iwasawa decomposition of the parabolic where M;
has | — 1 SL(2) blocks centered along the diagonal. Letting A” = AN M;_; and N" =
N N M;_;, the subgroup M A" N" consists of [ — 1 upper triangular 2 x 2 blocks centered
along the diagonal. In the notation of Proposition 2.23 we write %p—f— (21,-21,...,2l,-2l) =
(p1—1,m0,P1—2,- - - ,M—2,P0,N—1). We have the identity

Indﬁ;’; (€i7 v) = Indﬁl_l (IndMA//N//(§i7 viar), V'ﬂ’)
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where
V= (pl-—hno,pl—%nla (R 7p0anl~l)a
_ no—pi—2 _ (Ro—pi_2) = 2 Po_ _ (- z—po)
l/|a// = (0, D) y 2 P 0)
_ no+pi—2 No+pPi-2 nt 2+;Do ”l 2+Po
V|a’~(Pl—, D) ) P} PR 5 ’ > — 1)

The irreducible quotient of Indz~— (¢*,v) is the irreducible quotient of Indg ( irre-

ducible quotient of Indgz .y (¢%,v]g)). This follows from the fact that Ind is exact,
but Ind of an irreducible quotient isn’t necessarily irreducible. The irreducible quotient
of Indgz 4 nn (€ ¢, v|gr) is the genuine discrete series 5(17: 210 p0—ni_1)° It follows that
the Langlands quotient Jp,_, (pi—1, P12, M0, - - - ,Po, M—2,M—1) is the irreducible quotient of
Ind~ (¢%,v). We know from Proposition 2.31 that this representation has a maximal
pr1m1t1ve ideal.

Proving that the Langlands quotients having nonminimal parabolic have a maximal
primitive ideal is much easier since their translation to an irreducible with infintesmal
character %p +(20,-21,...,2l,-2l) is a Langlands quotient. We have

1, 1
\I};m—(zl,—zt,...,2l,—2l)1nd131( p) =Indp ( p+ (21,-21,...,21,-2l)).

As %p + (21,—21,...,2l,—2l) is dominant with respect to B, \I'2p+(2l 2l’“.’ﬂ’_m)t]ﬁl(%p)
is a Langlands quotient in Inds (2p + (21,-21,...,21,—2l)). From Proposition 2.31 we
know that this Langlands quotlent has a maxxmal prlmltlve ideal. Similarly we find that

lp

zp-l—(?l ot 21, —2) Pl(sem —en3p) = Jﬁ(5621v1—621(§p+ (21,-21,...,2l,—2l)) which we
showed in Proposition 2.31 to have a maximal primitive ideal. |

——~——

Theorem 2.37 The Langlands quotient of SL(2l + 1) with infinitesimal character L 5P hav-
ing a mazimal primitive ideal is Jp,, (3p).

Proof. The proof is analogous to the proof that Jlfmm(%p) has a maximal primitive
ideal. We choose a coherent family based at this representation and translate to the irre-
ducible representation having infinitesimal character %er (21,-21,...,2l,—41,2l). Using an
induction-in-stages argument we find that

i 1
3P _ /o / ! / ! !
‘I’%H( 20,-21,...,—4l, 2,)J mm(2l’) = Jp, (P Pi15 -+ s PO, 10> TV 5 - - -5 g5 M3y )

where Jp, (9}, D)1, -, Dy» 1G>, - - ., _o,mYy_,) is the Langlands quotient shown to have a
maximal primitive ideal in Proposition 2.32. |
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Chapter 3

The orbit method picture

3.1 Introduction

Because the Langlands quotients considered in chapter 1 have a maximal primitive ideal,
they provide a good paradigm for how unitary representations can be “attached” to nilpo-
tent coadjoint orbits. By saying that a representation is attached to a nilpotent orbit, we
roughly mean that the associated variety of the annhilator of the representation is the clo-
sure of the nilpotent orbit. There may be several representations attached in this sense. The
orbit method conjectures that when the orbit satisfies a certain condition on the codimen-
sion of its boundary then the set of representations attached to the orbit is parameterized
by the set of admissible orbit data. With each admissible orbit datum, the orbit method
gives a realisation of the locally finite K types of the attached representation.

To establish notation, we will let G' denote a real semisimple Lie group with Lie algebra
go- G¢ will be the complexification of G with Lie algebra g. K will be a maximal compact
subgroup of G with complexification K¢

Let ©¢ be a Cartan involution on g fixing €, the Lie algebra of K¢. If Z = X + /1Y
in g, then O¢(2) = —(oZ)t =-X'- v—1 )_/t, where o is complex conjugation with respect
to the real form (i.e. o(X ++/—1Y) = X —+/—1Y). Let £ and s be the 1 and —1 eigenspace
of O¢.

In the case where g = sl(m,C) and the real form is sl(m), then OcZ = —Z%. We have
t and s equal to the skew symmetric and symmetric matrices in sl(m, C) respectively.

3.2 Attaching a nilpotent orbit

We outline below how one finds the nilpotent orbit “attached” to our Langlands quotients,
having a maximal primitive ideal and infintesmal character %p.

33
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Let I C U(g) be a primitive ideal. Then the quotient ring U(g)/I is a finitely generated
U(g)-module. The natural grading on U(g) defines a filtration on U(g)/I and makes the
associated graded algebra gr(U(g)/I). Regarding S(g) as an algebra of polynomial func-
tions on g we define the associated variety of I to be V(I) = {\ € g*|p(A\) = 0 whenever

pegrl}.

The orbit of an element of g* under the action of Ad*(G¢) is called a coadjoint nilpotent
orbit or nilpotent orbit if its closure is a cone. Formally,

N* = {X € g*| for allt € C*,t\ € G¢ - A}
We have the following result (Corollary 4.7 [12]).

Proposition 3.1 Let I C U(g) be a primitive ideal. The associated variety V(I) is the
closure of a single coadjoint nilpotent orbit in g*.

Because of the identification of g with g, we will not distinguish between nilpotent
coadjoint orbits and nilpotent adjoint orbits. If the primitive ideal I is maximal and has
infinitesimal character A then we write O¢ () for the nilpotent orbit whose closure is V(I).
We wish to identify Oc(3p) for g = sl(m, C) in the case where I is a maximal primitive ideal.

One ingredient for identifying the nilpotent orbit is the Springer correspondence between
nilpotent orbits and Weyl group representations. The nilpotent orbits for sl(m,C) are in
one to one correspondence with the partitions of m. To a partition of m = [mq,..., mgy] we
associate the nilpotent orbit

Jml
Olmy,.oma] = SL(m, C) - , where Jp,, =
Imy

o m; X1,

The irreducible representations of the symmetric group on m letters, S,,, are in one to
one correspondence with the partitions of m ( partitions of m correspond to the conjugacy
classes of S, which in turn correspond to the irreducible representations of S,,).

We will need the following characterization of the representations of the symmetric group
due to Young [13].

Proposition 3.2 Let [my,...,mq] be a partition of m and [mq,...,mg]" = [f1,..., fa] the
conjugate partition. A representation of Sy, is characterized by two properties: its restriction
to the subgroup ]_[fl:1 Sm; contains the trivial representation, while its restriction to H?zl Sy
contains a copy of the sign representation.
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The Weyl group for sl(m,C) is S,,. The integral Weyl group with respect to %p is
S; x Sy and Sy41 x S) for m = 21 and m = 21 + 1 respectively. This group acts on a coherent
family of virtual (g, K) modules by the coherent continuation representation, defined as
follows. Given a coherent family ® based at an irreducible (g, K) module, X, with regular
infinitesmal character -y, then s,®()\) = ®(so)\) for @ € R* () a simple integral root and
X € v+ A. If X has a maximal primitive ideal then by Proposition 2.17, s,®(y) = —®(y).

We wish to extend this representation of the integral Weyl group to the entire Weyl
group. There is no well defined representation of the Weyl group on the coherent family

———

of (g, K) modules for SL(m). There is however an integral Weyl group equivariant map
between the virtual (g, K) modules having a maximal primitive ideal and the symmetric
algebra, S%(h*), where d is the number of positive integral roots [15](Theorem 4.2.2). The
integral Weyl group acts by the sign representation on Haie Rty Qi € S%(p*). This charac-
terizes a Weyl group representation on S¢(h*) with conjugacy classes [n,n]* or [n + 1,n]
by Proposition 3.2 (verification that Sé contains the trivial representation is left to the
reader ). By the Springer Correspondence this Weyl group representation corresponds to
the nilpotent orbit O, n)¢ or Opy1e- Rossman shows that this is the nilpotent orbit

Oc(%p) [14]

3.3 K¢ orbits

In connection with determining admissible orbit data we will be concerned with action of
Kc on (g/€)* (i.e K¢ orbits). The corresponding nilpotent cone is Ny = N* N (g/€)*.
We have the following result [12] (Corollary 5.20).

Proposition 3.3 Let A € g*. The intersection Oc(A) N (g/€)* is a finite union of K¢
orbits.

We will need to explicitly determine the K¢ orbits associated with Oc(% p). The Kostant-
Sekiguchi correspondence relates K¢ orbits on nilpotent elements in s to G orbits on nilpo-
tent elements in g,. By finding the decomposition of Oc(3p) N g, into G orbits, we may use
the Kostant-Sekiguchi correspondence to determine the K¢ orbits.

To find the SL(m) nilpotent orbits we begin by first finding the GL(m) nilpotent orbits.
We note that adjoint orbits of a linear group and its double cover coincide so we will not

——

write SL(m) orbits.

Proposition 3.4 The GL(m) nilpotent orbits correspond to the partitions of m. To a
partition of m = [my,...,mg] we associate the nilpotent orbit
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Imy
Oy ,...mq) = GL(m) - , where Jp,, =
Im

—_ O

d

My XMy
Proof. This follows directly from the theorem on rational canonical form. |

Each GL(m) nilpotent orbit as given in Proposition 3.4 may decompose as a sum of
SL(m) nilpotent orbits. For example we have

GL(2)-[ 8(1) ] :SL(2)-[ ! } u SL(2)-{ ! }
The next statement indicates that example generalizes to SL(2n).

Proposition 3.5 The SL(2n + 1) nilpotent orbits are the same as the GL(2n + 1) nilpotent
orbits. The GL(2n) nilpotent orbits splits as a union of at most two SL(2n) nilpotent orbits.
If the rows of the partition are all even, then there are two SL(m) orbits, otherwise there is
Just one.

Proof. Let X € GL(2n) and J be a nilpotent matrix in Jordan canonical form. Conjugating
J by X and by W\i{lﬁ are equivalent and mlz(m € SL(2n + 1). For the second

part of the claim define GL(2n)* = {z € GL(2n) : det X > 0} and GL(2n)” = {z €

GL(2n) : det X < 0}. Indeed, the action of GL(2n)* and SL(2n) coincide by the above
-1
1
argument. Further we have GL(2n)~™ = GL(2n)* . . It follows that the

action of GL(2n)~ and
-1
1
SL(2n) . coincide. For the last part of the claim one must determine

-1

whether . -J € SL(2n) - J. This we leave to the reader.

Let Jin,,..,mq) be a nilpotent element of SL(m) in canonical Jordan form.
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Corollary 3.6 The SL(2n) nilpotent orbits are SL(2n) - Jim, .. m, and

-1 -1
SL(2n) - J[ml,---,md] '
1 1
for all partitions [m1, ..., mg] of 2n. The SL(2n+1) nilpotent orbits are SL(2n+1)-Jim, ...my)
for all partitions [my,...,mg] of 2n + 1.

Proof. This follows immediately from the proof of Proposition 3.5. ]

Next we use the Kostant-Sekiguchi correspondence [12] to find the corresponding K¢
orbits.

Theorem 3.7 (Kostant-Sekiguchi Correspondence) Let ¢ : sl(2,C) — g be a homomor-
phism respecting notions of complex conjugation in sl(2,C) and g and respecting Cartan
involution. Then there is a one to one correspondence between G nilpotent orbits and K¢
nilpotent orbits given by,

1
oo[0h] e F5T

An important example is for g = sl(2). Here ¢ is the identity map and the SL(2) orbits
=1
SL(2)-[ ! ] USL(2)-[ -1 ] corresponds to the SO(2, C) orbits SO(Z,C)-[ _%E_IT ] U
1 v=1 ’
1
2

S0(2,C) - [ S

=

— N

Corollary 3.8 For SL(21),

Oc(50) N (6/0)" =

1 —1 1 1
-1 -1 i —1

1
Kc- =
€y

For SL(2l + 1),
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r 1 —1 ]
- -1
1 —i
. 1 - -1
Oc(5p) N (9/8)" = Kc - 5
1 —
- -1
B 0]
Proof. This follows immediately from Theorem 3.7 and Corollary 3.6. ]

To find KT we write the centralizer of a nonzero nilpotent element in ¢ as the direct sum
of a nilpotent ideal and a reductive subalgebra. Let z be a nonzero nilpotent element of g,
and {z,y,h} a standard sl(2) triple containing z. We have K& = {g € K¢ : Ad(g)z = z},
with Levi subgroup, K(sc[(Q’C, of elements of K¢ commuting with the image of s[(2). We can
write K& = Ké‘a’c -U”" as a semidirect product of Ké[@’(c) and the unipotent radical, U*
as in [13] (Lemma 3.7.3). To find U we let u be the nilpotent subalgebra, of ¢ consisting of
the sum of the positive eigenspaces of ad(h). We let U = expu and U be the centralizer
of z in U. The Levi decomposition of K& can be written as k= Eg@) @ u”. The reductive
part of the Levi decomposition, %I(z) in s0(2/ 4 ¢,C), is a diagonal embedding of so(l, C).
We will denote this diagonal subalgebra by so(l, C).

Lemma 3.9 The identity component of Kg(z) in SO(2l +¢€,C), € € {0,1}, is isomorphic
to its double cover. The full group can be realised as {+1,+ejes} - SO(I, C).

Proof. The identity component of the linear group with Lie algebra so(l,C) consists of
two copies of SO(I, C). In the case where ¢ = 1 the lower diagonal entry is 1. We denote this
diagonal group by SO(I,C). In the double cover, the non trivial element in the projection
homomorphism onto the linear group, —1, is multiplied in both copies giving 1. The first
statement in the claim follows from this. The linear group with Lie algebra so(l,C) is the
semidirect product of the matrices with —1 along the first two diagonal entries and 1 along
all other diagonal entries, with SO(I, C). Identifying SO(I, C) with its double cover, we have

K2 = {41, £eje5} - SO(I, O). n

We will write O(l,C) for the group K(ﬁc[(z).

3.4 Admissible K¢ orbits

Let z € N* and define y(z) to be the character by which K& acts on top degree differential
forms at z:

Y(z) : K& = C, (2)(k) = det(Ad” (k)] e/ee)-
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A represention ¢ of K¢ is called admissible if the differential of ¢ is %d’y(m). We have
det Ad*(k)|(e/e=)- = (det Ad(k)|e/e=) " and trad®(k)|(e/es)- = —trad(k)|e/e . Hence the test
for admissibility is

1
dé'(k‘) = —Qad(k‘)lg/ez fOI‘ all & € Ew

Lemma 3.10 For £ = so(m,C), tr adklgc/gé =0 for all k € €.

Proof. We have the Levi decomposition so(2 + ¢,C)* = so(l,C) @ u® for € € {0,1}.
For | > 2, s0(l,C) is semisimple so its one dimensional representation dy must be zero. It
follows that ad(k) is traceless since ad-nilpotent elements are. One can check directly that
the claim holds true for the case [ =1 and [ = 2. [ |

It follows from Lemma 3.10 that an irreducible representation of SO(m, C)® is admissible
if its differential is zero.

Lemma 3.11 Let 7 be an irreducible algebraic representation of K& = O(1,C) - U*. Then
U?® acts by the trivial representation.

Proof. Let m : K& — GL(V). Then 7(U¥) is a unipotent algebraic group in GL(V'). By
Engel’s theorem Jv € V fixed by U*. Because U” is a normal subgroup, VU* is a nonzero
KZ invariant subspace of V. By the irreducibility of r, VU® =V, so U” acts trivially. H

Theorem 3.12 There are 4 genuine admissible Spin(2l,C) orbit data, and 2 genuine ad-
missible Spin(2l + 1,C) orbit data for O@(%p).

Proof. Let 7 be an irreducible representation of K&. By Lemma 3.11, m acts by the
trivial representation on U®. For 7 to be admissible, by Lemma 3.10, its differential must be
zero. This forces 7 to be the trivial representation on SO(/, C). Hence we may think of 7 as
an irreducible representation of {+1,+ejes}. There are two such genuine representations,
7t and 7~ defined by 7t (e1es) = vV—1 and 7 (e1e2) = —+/—1. Because there are two
Spin(2l,C) orbits, O+ has 4 admissible orbit data (zt,z) and (7%, z'). Because there is
one Spin(2l + 1,C) orbits Op ;: has 2 admissible orbit data (n¥%, 2). [ |

3.5 Orbit method prediction of K types

The following statement lies at the heart of attaching representations to nilpotent orbits [12]
(Conjecture 12.1).

Conjecture 3.13 Suppose X is an irreducible unipotent Harish-Chandra module and O a
nilpotent coadjoint orbit with V(gr AnnX) = O and assume the codimension of 00 in O is
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at least 4 . Then there is an element x € O N (g/€)* and an admissible representation T of
the stabilizer K& such that, as a representation of K¢,

X Ind’,ﬁg (7)

We wish to use Conjecture 3.13 to determine the K types of our Langlands quotient
with maximal primitive ideal and infinitesmal character 2,0 attached to (9@(2/)) We first
check whether (9@(2,0) satisfies the codimension hypothesis of the conjecture.

Lemma 3.14 The codimension of the boundary of the complex nilpotent orbit Ot of
sl(21,C) is 2 and the the codimension of the boundary of the complex nilpotent orbit O[Hl,l]
of sl(20 +1,C) is 4.

Proof. We use the formula of Corollary 6.1.4 in [13] to compute the dimension of a
complex nilpotent orbit of sl(m). The boundary of Oy, it 18 Opy1,-13¢- It has codimension
2. The boundary of Oy 4, it 18 Opy24-13¢- It has codimension 4. ]

The codimension condition of Conjecture 3.13, is satisfied for the nilpotent orbit Oy,
of 5[(21 +1,C). Then the algebraic representation in Conjecture 3.13 is our Langlands quo-
tient Jp (2 p)|k from chapter one thought of as a representation of Kc. We note that

min
—~—

O[141,7¢ has two admissible orbits but SL(m) has only one Langlands quotient with maxi-
mal primitive ideal and infinitesmal character %p. We thus have an example where there the
orbit method overestimates the number of irreducible representions attached to an orbit.

e ~——

Indeed Torasso observed this for the case of SL(3) [17].

In hope that one of the algebraic representations given in the conjecture is our Langlands
quotient, we will proceed to determine the K¢ types of the algebraic representation. To
investigate the K types of Ind C( ) it will be convenient to use the transitivity property
of induction. Let {z,y,h}, be a sl(2,C) triple and ¥ as above Lemma 3.9. By Lemma
3.8.4 in [13], the sum of the non-negative ad(h) weight spaces is a parabolic subalgebra
of ¢ containing €. This parabolic subalgebra is gl(l,C) @ u. Here gl({,C) is a diagonal
subalgebra of £ containing o(/,C). At the group level we write the parabolic subgroup as

GL(l,C) - U. Because the unipotent groups U and U® play no role in the representation,
we will omit them from the notation. By the transitivity property of induction we have,

Inde (x) = Ind"e_ [nd®-00 5
K¢ GL(L,0) o(1,0)

To analyse the K types we will use the Borel-Weil Theorem [5]

Theorem 3.15 (Borel-Weil Theorem) For a compact connected Lie group K, if A € t*
is dominant and analytically integral and €y, denotes the corresponding homomorphic one-
dimensional representation of B, then a realization of an irreducible representation of K
with highest weight X\ is the space IndBcf)\
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We see that to determine the K types of I ndﬁ% (n%) it suffices to determine the irre-

——~——
———

ducible representations £, of GL([,C) in I ndgi(l%(c)ﬂi
Proposition 3.16 For admissible representations ©% of K& the K types of Indﬁ%(w'*)

are (2k1 + 1,...,2k, + 1) and the K types of Indﬁ%(ﬂ") are (2k; + %,...,le + -g—) for
ki >-->k >0.

Proof. The det? cover of GL(1,C), is Gf(\l,/(C) ={(g,2) € GL(I,C) x C* : det g = 22}. The
subgroup O(I,C) = {(z,y) : detz = 2%} has 2 genuine characters: det%, det2. We note
that det? = 7+ and det? = 7~ in the statement of the proposition.

We have the identity IndS:LO (det%)“ = (det%)“®IndG,L\(l/’C) 1fora € {1, 3}. IndS=9

o(1,0) o(1,0) o(L,0)
counsists of algebraic functions on GL(l,C) containing an O(l,C) fixed vector. By Helga-

son’s theorem on spherical representations [19] (theorem 4.12) the K types of I ndg%l%)@) 1

are (2kq,...,2k,). Twisting by det? adds (3,...,3) and twisting by det? adds 3,....3)
proving the claim.
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Chapter 4

A character formula

4.1 Lowest K types

In chapter one we showed that there are four Langlands quotients of SL(2!) with infintesmal
character % p having a maximal primitive ideal. For SL(2/ + 1) we showed that there is a
single Langlands quotient with infintesmal character % p having a maximal primitive ideal.
We maintain the same notation as chapter 1 except that we suppose that G is split (the
group G being split allows us to consider a real root space decomposition of g). Our aim
in this chapter is to give a character formula for the K types of these Langlands quotients.
We turn now to the determination of their lowest K types.

We can assign a non-negative real number to each 7w € K, roughly the length of the
highest weight of 7. The lowest K types of a non-zero (g, K) module,X, are the irreducible
representations of K, with non zero multiplicity in X, minimal with respect to this “norm”
on K.

We begin by determining the lowest K types for those Langlands quotients induced from
a minimal parabolic subgroup. To do this will involve a discussion of fine representations
of K as presented in [9].

For each positive root @ € A(g,h) let ¢, : s[(2) — g be an injection so that H, =
1 0
o ( 0 —1 ) € 8, pa(—'X) = Opa(X), and Xo = @a ( 8 (1) ) lies in the a root space

0 1
-1 0
the relation 6 X, = X_, only determines X_.,, and hence Z,, up to a sign. We say that
an irreducible representation p of K is fine if u(iZ,) has eigenvalues between —1 and 1 for
each positive root a. (We abuse notation and denote the differential of u as u).

of ain g. Let Z4 = ¢, ) € t. Note that the bracket relations on H,, X4, and

—~—

Proposition 4.1 Let G = SL(m) for m = 2n or m = 2n + 1. The fine representations of

43
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K = Spin(m) have highest weight (mi,mo, ..., my,) with |my| < 1.

Proof. For each root « of sl(m) we determine which representations u of so(m) evaluated
at 1Z4 take eigenvalues between —1 and 1. We will see below that we only need to consider
the root a = e; — e2. The roots e; — e; and ez — e; of sl(m) have the unit matrices Ejo,
E respectively as their root vectors. Together with their bracket, [Er2, E21], these root
vectors span a copy of sl(2) sitting inside of sl(m). Z,_., equals +(FE;3 — F51) and spans
a copy of s0(2) sitting inside of .

We would like to extend the action of the Weyl group of sl(m) to Z,, and establish

———

their conjugacy under the Weyl group. We identify the analytic Weyl group of SL(m)
with the analytic Weyl group of the linear group. The analytic Weyl group of SL(m) is
the normalizer of b in SO(m) modulo the centralizer of h in SO(m). This consists of all
monomial matrices (i.e. matrices with one nonzero entry in every row and column) in
SO(m), modulo all diagonal matrices with entries 1 having an even number of negative
signs. Coset representatives are n x n permutation matrices with the nonzero entry in the
first column negated if the permutation matrix has determinant minus one. The Weyl group
acts on h by conjugation. Because Ej3 — FEj; is not in the Cartan subalgebra of sl(2) the
Weyl group action on E13 — Ey; is only well defined if we identify E1y — E9; with E9 — Ejs.
This sign problem occurs because different coset representatives of the identity element of
the Weyl group map Ej» — Ey; to different signs of Ejs — E;. For example in sl(3,R)
the identity matrix and the diagonal matrix with 1 in the first diagonal entry and —1 in
the last two diagonal entries map Ej9 — Fo1 to Ej9 — Eoy and Ey; — Ej respectively. We
can extend the action to Ze, ., however since Z,, _., is defined only up to a sign. In this
way we get a well defined action of the Weyl group on Z, for every positive root . The
Weyl group permutes Z, according to the fomula wZ,w™! = Z,,, where w is an element
of the Weyl group. To see this one can first use the bracket relations on Hy, X414, together
with the formula wH,w™" = Hyq to show that wX,w™! is a root vector of wa ( wXaw™?
makes sense since X, is only defined up to a sign). Each root space being one dimensional
imples that the Weyl group maps Z, into a multiple of Z,,. Then wZ,w™! = Z,,, follows
from the Weyl group consisting of monomial matrices with entries 1. Because the Weyl
group acts transitively on the roots of sl(m) the Z, are all conjugate to one another by an
element of the Weyl group. This indicates that to check the fineness of a representation y
of so(mn) it suffices to check that the eigenvalues of 1(iZ,,_.,) are between —1 and 1.

If X = (m1,mya,...,my) is a highest weight of a representation x of so(m), then for
m = 2n, the lowest weight is (—m1, —ma,...,—my) and for m = 2n + 1 the lowest weight
is (—my, —mg,..., —mp_1,my,). These weights are in the so(m) Weyl group orbit of the

highest weight of y. By the theorem of highest weight, the weights of y are A — > « for
positive roots «. It is important to note that the weights of ;1 have a smaller e; coefficient
than that of the highest weight. Since iZ,, _, is ¢ times an element of the Cartan subalgebra
of s0(m), the weights of u applied to (iZ,,_,) are the eigenvalues of (i Z,,_.,). Applying
a weight 3 = (I1,...,l,) to iZ,, _, picks off the first coefficient up to a sign. In other words,
B(iZe,—e,) = l1e1(1Ze, —¢,) = *l1 is an eigenvalue of 1(iZe,—e,). This implies that the e;
coefficient of the highest and lowest weights of 1 give a bound on the size of the eigenvalues
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of p(iZe, —e,) namely the eigenvalues necessarily have absolute value less than m;. |

Taking into account what the dominant analytically integral forms are for Spin(m) we
immediately get the following result.

Corollary 4.2 The fine representations of Spin(2n) have highest weights: (1,0,...,0),

(1,1,0,...,0), ..., (1,...,1,0,0), (1,..., 1), (3,....3) and (},...,%,=3). The fine rep-
resentations of Spin(2n+1), have highest weights (1,0,...,0), (1,1,0,...,0), ..., (1,...,1)
and (%,...,%).

Let Indpsan (6 ® ) be a generalized principal series of a semisimple Lie group G. Its K
types are independent of v since we have the equality Ind5¥4N (6 ® v)|x = Ind¥ (). Let

A(d) be the set of lowest K types of Indpran (6 @ v).

We have the following theorems of Vogan [9].

Theorem 4.3 Suppose G is split and P is minimal and § € M, then A(6) consists of fine
representations of K.

It follows from Theorem 4.3 that the lowest K type of the principal series of SL(m) are
fine representations. A generalized principal series can have many irreducible constituents,
known as Langlands subquotients. The next result states that the lowest K types of these
quotients taken together is precisely the set of lowest K types of the generalized principal
series.

Theorem 4.4 (Corollary 4.6 in [10]) Let Indp(d,v) be a generalized principal series of a
connected split semisimple Lie group. FEach subquotient of Indp(6,v) has lowest K type in
A(d) and every p € A(S) is the lowest K type for a Langlands subgquotient of Indp(4,v).
The number of Langlands subquotients is one unless v annihilates some real root.

We now determine the lowest K types of the Langlands quotients having a minimal
parabolic.

Lemma 4.5 With notation as below Proposition 2.9 let ut and p~ be fine representations
of K = Spin(21) whose restriction to M contains £ and €~ respectively. Then pu* and p~
have highest weights (%,...,%) and (3,..., 1, —1%) respectively.

Proof. Because pt and p~ are fine representations of K their hightest weight must be
among the set of [ highest weights given in Corollary 4.2. The restriction of u* and p~
to M contains a genuine irreducible representations so ™ and g~ must send —1 to the
scalar matrix —1. This rules out the possibility that they have highest weight with integer
coefficients. It remains to determine which of the half integer highest weight representations
contains ¢t and which contains £~. Recall that £t and &1 are differentiated by their eval-

uation at the central element e;. We have £t (ef) = \/—11 and £ (ef) = —v=T. Indeed,
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n, o (er) = (expv/=13)! = V=T = ¢*(er) and pa,i-iler) = (expv/=17)"7% =

Yy - & (er) proving the claim. [ ]

From Lemma 4.5 we immediately have the following statements.

e ~————

Corollary 4.6 The Langlands quotients JJr (2,0) and J;min(%p) for SL(2l) have lowest
K types ( ,%) and (2,.. % %), respectwely

—~——

Corollary 4.7 The lowest K type for the Langlands quotient Jp (%p) of SL(20 + 1) 1s

1 1 min
(35 3)-

—~——

Next we determine the lowest K types for the Langlands quotients of SL(2!) having
nonminimal parabolic. Letting ag be the simple root ap = eg_; — ey and s,, the simple
reflection with respect to ag. We showed in Chapter 1 that Jp,(5p), and Jp, (sqq 1p) have

a maximal cuspidal parabolic subgroup in SL(2l). Let Aj,(3p) be the positive roots in
A+(2 p) which lie in M (i.e. the imaginary roots) and pj; half the sum of the roots in
AT (2p) We have the following result.

——

Proposition 4.8 Let P = MAN be a mazimal cuspidal parabolic subgroup of SL(2l). Let
v = (\,v) be a Langlands parameter. For X = (A1,...,\;) and ppr = (p1,. .., p1), the lowest
K type for the generalized principal series Inds (X, v) has extremal weight (A +p1,..., N\ +

pr)-

Proof. For determining K types it suffices to restrict the generalized principal series

to K. We have Inds(\,v)|z = Indf/mK(cS,\lﬁm}). The discrete series d(y,, . y,) of M has
M U K types with highest weight (Ag,,..., Ar,) where Ay, = A\; + p; + sign(p;)2k;,

1 <14 <, for integers k; > 0. We have N Zkl,..l,klzo()‘kw .+yAk). Then,

Indgrz( D0 Qe X)) = D> Indgr z(kys- o Awy)-
k1, k>0 ki,...k>0

To prove the proposmon it then suffices to show that Indg; =(Ax,,...,Ar,) has lowest
K type with extremal weight (Ag,,...,Ax,). By Frobenious reciprocity, the irreducible
representation of K with extremal weight (ag,...,a;) is not in Indz =(Ak,,...,Ag,) if
a; <\ for1<i<l.

It remains to show that Indy7 7 (Aks,- .., Ax,) has K type (Ag,,...,As,). This follows
easily from Frobenious reciprocity. |

wni

Corollary 4.9 Wzth notation as in Proposition 4.8 the lowest K types of Jp,(% ), and
Jp,(Sao3p) for SL(2I) have highest weight (5, AU 5) and (5, ce —5) respectively.
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Proof. The generalized principal series Ind p, (%p), and Indp, (sq, % p) have a unique lowest
K type since P, doesn’t contain any real roots (see Theorem 4.4). Hence, the claim will

follow by showing that they have lowest K types (3, ..., %) and (%, e —%) respectively. For
Langlands parameter (A, v) = %p, we have A = (%, ...,3)and ppr = (1,...,1). Similarly for

Langlands parameter (A, v) = Sqq %p, we have )\ = (%, ey %, —%) and ppsr = (1,...,1,-1).
The claim then follows immediately from Proposition 4.8. [ |

—

4.2 Characters of virtual representations

By a virtual represenatation we will mean a formal finite combination of irreducible repre-
sentations with integer coefficients. In this section we will express the Langlands quotients
having maximal primitive ideal and infinitesmal character % p as a sum of virtual represen-
tations. Blattner’s formula can be applied directly to compute the K types of the virtual
representations [11]. This provides a tractable way for determining the K types for our
Langlands quotients.

We begin by introducing the notion of the continued fundamental series for a semisimple
connected Lie group G [11]. Let T C K be a maximal torus, g = £ +p be Cartan decompo-
sition of g, and A = Centy(T'). Let H = Centg(T) = T A be a maximally compact Cartan.
Let MA = Centg(A) be a Levi subgroup. The subgroup M given by MA = Centg(A)
has a compact Cartan subgroup, 7', and hence discrete series representations. Let ¥ be a
© stable positive root system for b in g. Define ¥y, to be the roots of M in ¥ (i.e. the
positive imaginary roots). For A € t*, dominant with respect to Uy, we write ©p7(¥ar, A)
for the character of the discrete series 6y of M with Harish Chandra parameter . Let
p be an extremal weight of a finite dimensional representation of M. Thinking of d) as
a virtual (m, M N K) module we can form the coherent family ®,s based at Jx. We de-
fine ©37(¥pr, A + 1) to be the character of the virtual representation ®pr(A + p). For
v = (A\,v) € b*, we define the character of a continued fundamental series for G to be
O(V,v) = Ind§; 4n (O (¥ar, A) ® v ® 1). Here MAN is a maximal cuspidal parabolic sub-
group of G and ©r(¥ s, \) is notation for the corresponding virtual (m, K N M) module.
We have the following result [10]

Theorem 4.10 Ify = ()\,v) € b* is strictly dominant for U then ©(V,y) is the character
of the Langlands quotient with Langlands parameter . Letting ® be a coherent family
based at this irreducible representation, and p be the extremal weight of a finite dimensional
representation of G, then (¥, v+ p) is the character of the virtual (g, K) module ®(y+p).

There is a theory of coherent families of characters of virtual (g, K) modules paralleling
the theory of coherent families of virtual (g, K) modules described in chapter 1. We will
often blur the distinction between characters of virtual representations, ©(¥,~), and the
virtual representations themselves.

—~——

We have the following result describing the K types of the virtual characters for SL(2).



48 CHAPTER 4. A CHARACTER FORMULA

——

Lemma 4.11 For SL(2) the K types of ©(¥,\) are A + p + sign(p)(2k) for nonnegative
integers k.

Let ¥ be the standard positive roots for s{(2!) or s[(2/+1) and define wqy = S(e1—e2)S(e3—eq)”
" S(eg_1—ey) AN Sag = S(ey_,—ey). We will abbreviate various sums of virtual characters
as follows.

@(g,...,g) = %Z ))(—1)w9(‘1’aw - 30);

Ou,.. = %Z eW(R+(wo 1oy (=1 O (¥, w - wozp);

OGt-h = EWEW(R+(Saow0 o) (1O (500 ¥, w - wosae 3p);
9(% 2= ZwEW(R+ (Sag p))( v @(sao\li,w-sao%p).

We have the following result about lowest K types of a sum of virtual representations.
Note that the lowest K type of a virtual representation may have negative multiplicity.

Lemma 4.12 With notation as above,

1. 9(%)._.,%) has lowest K type (3,..., %) with multiplicity 1.

2. 6(; 1 has lowest K type (%, ey %) with multiplicity +1.

1.
3. 6(%’_”7% 1 has lowest K type (% .,%, —%) with multiplicity +1.
4. 9(%,.._’%’_%) has lowest K type (%,...,%,—%) with multiplicity 1.

Proof. Let A be an element in the integral Weyl group orbit of %p. We have O(¥, )|z =
nd%m?@M(\I!M, )‘Ii*)lﬁnf(' Let \Ilgw be the root £(eg;—1—eg;) in Wps so Upp = {Th,, ..., \I’ﬁw}
Also let Ale = (Ar,..., A)- Restricting O (¥ps, A=) to the maximal torus T gives us
Onm(Pa, Ale )l = (G)(\IJM,)\l), .,O(T4,,\)). From Lemma 4.11 we know that the K
types of @(\Ifgw, Aj) are (Aj + ij + sign p’M )2k;) for nonnegative integers k;. Using Frobe-
nius reciprocity we find that ©(¥, ) has Iowest K type with extremal welght A+ pure
Furthermore, among the sum of virtual representations ZwGW( r+oy) — 1Y O(x,wA), the vir-
tual representation ©(*, A) corresponding to w = 1 has the lowest K type. It follows that
ZweW(RJr(/\) —1"O(*,wA) has lowest K type A+ pps. Applying this to the sums of virtual
representations in the claim gives the desired lowest K type.

Note that there are !! elements in the integral Weyl group orbit, W(R*(3p)) - (3p),
all with the same sign, whose restriction to t* equals 2,0|t* Hence, the lowest K type of
Zwew( RH(Lp)) ( DHYO(Y,w- 5 1p) has multiplicity +I!. The multiplicity of the lowest K type
of the other sums of virtual representations is found analogously. Since the lowest K type of
ZwEW(R+( p))( HYe(v,w- 2p) lies in the discrete series character ©(¥, 1p) it must have
positive multlphClty [!. Similarly the lowest K type for ZweW(R“F(saO Ep))(—l)“’@(sao\lf, w -
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Sao %p) must have positive multiplicity {!. It turns out that the lowest K types of the other
sums of virtual representations in the claim have positive multiplicity I! but we will have to
wait till Theorem 4.14 to see this. u

A character version of Proposition 2.17 says that if ©(y) is an irreducible character,
then a simple root o € R* () is a 7 invariant iff O(s,y) = —O(y). If ©(¥,7) is a virtual
character, a simple root « € R (y) is a 7 invariant iff O(¥,s,y) = —O(¥,~). Indeed
it is clear that if each genuine representation in ©(¥,v) has « in its 7 invariant then
O(T,s,7) = —O(¥,v). To show the converse we note that we can’t have a situation
whereby the virtual represention equals X — Y, and s,X = Y since if @ ¢ 7(X) then by
Proposition 2.18 s, X = X+ (nonzero representation).

We observe the following.

Lemma 4.13 The sums of virtual representations of Lemma 4.12 have a mazimal primitive
ideal.

Proof. Indeed, the sums of virtual representations were constructed to have the property
that s, acts by the sign representation, for every simple integral root. |

Theorem 4.14 With the notation introduced above Lemma 4.12 we have the following

character formulas for Langlands quotients of SL(2l) with infintesmal character %p, having
a mazimal primitive ideal:

4- Tr(5a03P) = O3, 8,-3)-

Proof. First we show that G)( ESE is an irreducible representation. This sum of virtual
3.2

representations has infinitesmal character % p and by Lemma 4.13 has a maximal primitive
ideal. It must therefore be an integer linear combination of the four Langlands quotients
with infinitesmal character % p having a maximal primitive ideal. In Lemma 4.12 we showed
that 6( 3.8 has lowest K type (%, ey %) with multiplicity 1. Because the four Langlands

quotients under consideration have lowest K types (%,...,%), (%,...,%), (%,..., %,—%),

and (—;—, ceey %, —%), our sum of virtual representations must be irreducible and equal to the
Langlands quotient with lowest K type (%, een %), namely Jpl(%p). The same argument
shows that Jp,(5a03p) = 9(%,.”,%,_3).

2
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We use a coherent continuation argument to show that the other two surs of virtual rep-
resentations are in fact irreducible representations. Consider a coherent family based at the

irreducible character 6(37”. g). Ifp= (—%, %, cee —%, %) is the extremal weight of a finite

dimensional representation of SL(2l) Then } p+p= w02 p is dominant with respect to the
integral roots with respect to 1 3p. Using properties of translatlon functors on virtual charac-

ters [7] (Theorem 4.6) and [10] ( Lemmas 5.3 — 5.5) we have \112 +u(@(3 3)) = 9(
2

o 1.1y
2° 2 2
The translated 1rredu01ble representation is necessarily irreducible by Proposition 2.16. Slm-

ilary we have ¥’ 2p (6( 3 3.3 3y) = O 1 1) The dominance of 54, 3p+ 4 also proves

Sag3PHI T 31

the irreducibility of ©,1 1 _1,. Finally, matching lowest K types proves the claim. |
( 2 2 L) )

Theorem 4.15 With the notation introduced above Lemma /.12 we have the following

character formula for the Langlands quotient of SL(2l + 1) with infintesmal character %p
having a mazimal primitive ideal:

PREARRD

Proof: The proof is identical to the proof that Jp,(3p) = 9(%,.‘. 2 in Theorem 4.14. W

The character formula of this chapter we believe comes close to giving away the K

types of the Langlands quotients under investigation. Based on our findings for SL(m) with
2 < m < 6 we conclude this thesis with a conjecture saying that the weights of our small
unitary representations are multiplicity free.

Conjecture 4.16 The Langlands quotients with minimal parabolic, Ji (%p), of SL(2()
have K types ( + 2kq,.. 2 + 2k;_ 1,:|:(2 + 2k;)) where ki > ko > --- > kl >0

The Langlands quotients with mazimal cuspidal parabolic, Jpl(%p) and Jp,(sq, %p), of

—~——

SL(21), have K types (3 +2k1,..., 3 +2k_1,+£(3 + 2k))) where ky > ky > --- >k, >0
The Langlands quotient with minimal parabolic, Jp, . ( p) of SL@I\: 1) has K types
( + 2kq, . ..,2+2kl) where k1 > ko > --- >k > 0.
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