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1. INTRODUCTION.

Let H denote the division algebra of quaternions. A quaternionic line bundle is a fibre bundle
with fibre H and structure group H* acting on H by left multiplication. The group of quaternions of
unit length is canonically isomorphic to SU(2) so there is a 1-1 correspondence between quaternionic
line bundles and principal SU(2)-bundles.

Unlike real or complex line bundles which are classified by their characteristic classes, quaternionic
line bundles are not. As the group of unit quaternions is nonabelian, the classifying space for
quaternionic line bundles HP® is not an Eilenberg-Maclane space. This makes the problem of
classifying quaternionic line bundles over a space X very hard. Consider for example the case when
X is a sphere. The homotopy long exact sequence of the universal bundle

S3 — ES® — HP*®

shows that m;HP® = 7;_15% so classifying quaternionic line bundles over spheres amounts to
describing the underlying sets of the homotopy groups of S3, a problem whose solution is nowhere
in sight.

The previous example illustrates the close relationship between the classification of quaternionic
line bundles and the structure of the homotopy groups of S®. Although the structure of m,S® is
far from being completely understood, much information about it is known. This is best expressed
in terms of the unstable Adams spectral sequence. What we will do in this thesis is to apply the
available information on 7,52 to the classification of quaternionic line bundles.

The first result which we will prove is a sufficient condition for a cohomology class in H*(X;Z)
to be the Pontryagin class of a quaternionic line bundle over a finite dimensional CW-complex X.
We will find N(d) such that if X is a CW-complex of dimension < d and a € H*(X;Z) is divisible
by N(d) then « is the Pontryagin class of a quaternionic line bundle over X. See Proposition 3.6
for a precise statement.

Most of this thesis deals with classification of quaternionic line bundles over HIP™. A quaternionic
line bundle over HP" is a homotopy class of maps HP™ — HP® or equivalently, by cellular
approximation, a homotopy class of self maps of HP™. In this case, the classification is of special
interest for two reasons. The first is that finite dimensional quaternionic projective spaces play a
universal role: a self map of HP™ will give an operation on quaternionic line bundles over complexes
of dimensions < 4n. The second, which was the original motivation for this work, is that the study
of self maps of HP™ gives information about the homotopy properties of the standard multiplication
of the Lie group SU(2).

Stasheff [St] shows that there is a hierarchy on the set of homotopy classes of self maps of a loop
space X

[X,X] = A1(X) D A2(X) D ... D Ax(X)
where denoting the loop multiplication on X by u,

HX)={feX,X]: fopxpo(fxf}
is the set of H-self maps,

Ay(X) ={f € Aa(X):po(uo(f x f)x f)=po(fxpo(fxf)}
and in general A, (X) is the set of H-self maps of X which “preserve associativity up to (n — 2)-
th higher order homotopy” (see [St]). Aco(X) is the set of loop self maps. When X = SU(2),
A;(X) = Z and results of Stasheff [St] imply that there is a self map of HP™ of degree k (i.e. whose
restriction to HP! has degree k) if and only if £ € A,(SU(2)). Thus the homological classification
of self maps of HP™ is the same as the determination of the sets A,(SU(2)).
Finally, knowledge of the sets A,,(SU(2)) would be of interest because it would give an indication

of which power maps of a finite loop space can be expected to admit an Ap-structure (cf. the work
of McGibbon [MG2, MG3] for n = 2,3).



Our main result is the construction of a number of new self maps of HP" (see Theorem 5.10
for a detailed statement). The main method used in the proof will be obstruction theory based on
the unstable Adams spectral sequence for S®. As a corollary, a conjecture of Feder and Gitler [FG]
regarding the homological classification of self maps of HP™ is verified for n < 5.

Organization of the paper. In section 2 we record the information about the unstable Adams
spectral sequence for HP*° that we will need in the rest of the paper. In section 3 we use this to
prove the result on the existence of quaternionic line bundles over finite dimensional CW-complexes.
The remaining sections are concerned with self maps of HP™. In section 4 we define the obstruc-
tion to extension of a self map of HIP™ and prove some of its basic properties. We also discuss the
homotopy classification of self maps and obtain it in low dimensions in terms of the homological
classification. The latter is the subject of section 5 where we construct quaternionic line bundles
over HP™ with specified Pontryagin classes and as a corollary prove the Feder-Gitler conjecture for
n < 5. Section 6 is devoted to some remarks on certain interesting spherical fibrations over HP™.



2. THE UNSTABLE ADAMS SPECTRAL SEQUENCE FOR HP®.

In this section we record some facts about the unstable Adams spectral sequence for HP*> and
explain how to use the spectral sequence as the basis of an obstruction theory for constructing maps
into HP*. A good general reference for the undefined terms we will use concerning the Steenrod
algebra is [Sc].

The Massey-Peterson spectral sequence. Let U denote the category of unstable modules over
the mod p Steenrod algebra. If M € U, U(M) denotes the free unstable algebra generated by M
and for P € U a free module, we write K(P) for the mod p generalized Eilenberg-Maclane space
such that

H*(K(P);Z/p) = U(P)
Recall from [HM2] that if X is a simply connected space such that
H*(X;Z[p)=U(M)

for some M € U, then the Massey-Peterson spectral sequence is defined. It is the spectral sequence
of a tower of principal fibrations under X

(2.1)
E, — K(Q2P)
E, ————— K(OR,)
X — Ey = K(P)) — K(P1)
where

06— M—Py+— P, +— P, +— ...

is a free resolution of M. The diagram (2.1) is called an unstable Adams resolution for X. For a
simply connected space of finite type this spectral sequence converges strongly and
ESY(X) = Eat (M, Fy) = m— s X ® Zs

Let I(A) denote the augmentation ideal of the Steenrod algebra. Recall that if M, N € U, a map
f: M —s N is minimal if ker(f) C I(A)M. A resolution is minimal if each of its maps is minimal.

Lemma 2.1. If H*(X) = U(M) there is an Adams resolution of X so that in the corresponding
homotopy spectral sequence

E&Y(x) = BV (X)

Proof. Pick a minimal resolution P, for M. This has the property that all the differentials in the
complex Homy (P,,XtZ/2) are trivial (see for example [MT]). Since this complex is the E;-term
of the Massey-Peterson spectral sequence we conclude that, as bigraded vector spaces, Ez(X) =
E;(X). O
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We will consider the associated tower of principal fibrations over X obtained by setting X**+! to be
the homotopy fiber of X — E,.

(2.2)

p2

X2 — 25 K(Q2P,)
n

xt —2 K(QP)

Po

X0= X ——> K(R)
The homotopy spectral sequence of this tower is clearly isomorphic to the Massey-Peterson spectral
sequence.

Definition 2.2. The Adams filtration of a map f : W — X is the largest s such that f factors
through X3,

We can use the tower (2.2) to construct maps W — X as follows. Assuming by induction that
we have constructed a map on the k-skeleton fr : W®*) — X of Adams filtration s, it follows
that the obstructions to extending the map to the (k + 1)-skeleton W(*+1) have filtration > s.
This restricts the set of obstructions we have to rule out in order to guarantee that fi extends to
Se+1 : WEFD — X In order to proceed by induction we will need an estimate of the Adams
filtration of the extension fi41. The following lemma will be useful for this purpose. It gives a
criterion for the vanishing of the obstruction to extension to imply the vanishing of the obstruction
on an Adams cover. If s > ¢, let pf =p; 0---0p,_;.

Lemma 2.3. Suppose that in the homotopy spectral sequence of (2.2) the image of d, in EStit+i
is 0 for each v > q and i > 0. Then p§, is injective on pif 9™ (mp_ X+9-1) C mp_, X°.

Proof. Write Fy = K(2*P,) and consider the (g — 1)-th derived exact couple of the homotopy exact
couple of (2.2):

DPs

g—1 o -1 j’_, -1
7rt—s+1F3(_1) > 71't—sAXs(q ) 7Tt-st(q )
DPs—-1

q—1 J —1(g-1) %2 (g—1
7rt—s+1F3(_2 )_’ﬂt—sXs e )——>7rt——sF3—1 )
Ps—-2

js—2

7rt_3+1Fs(i;1) 2 g X3 2(0-1) "5 wt_sFa(?_;l)

Ps-3

By definition m_,X*@~) = pfti~l(g,_ Xs+te-1) c g, X5  Suppose a € ker(p§.
m—s X0~ — 7, X°(@=1)) is nonzero.
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Then there exists u < s and 0 # v € im(6) C m_,X*@ V) such that pS,(a) = 7. Since
holim, X*® ~ x there alsoisv > s and 3 € 7, X" (¢-1) such that p¥,(8) = a and B ¢ im pys. This
gives a nonzero differential d, : E¥tTu=#+!1 — EV+?~% and concludes the proof. O

The spectral sequence for HP>®. Let M denote the following unstable module

Z/p< z,P?z,P?P? g P P?¥P2z,... > if p>2
Z/p< z,9q¢* z,5q% Sq* ,Sq*® Se®Sq’z,...> ifp=2

where z denotes an element of degree 4. Then H*(HP>;Z/p) = U(M). In general, Adams resolu-
tions are not preserved by looping and so the unstable Adams spectral sequences of X and (X are
quite different. In our special case, however, we have the following

Lemma 2.4. The Massey-Peterson spectral sequences for S* and HP™ are naturally isomorphic.
For each r > 2,s,t

Es,t (53) — Es,t+1 (HPOO)

Proof. First note that H*(S%;Z/p) = U(X®Z /p) and QM = T3Z/p. Since Q; M = 0, applying Q to
a free resolution of M yields a free resolution of 3Z /p. Thus an Adams resolution for S2 can be
obtained by looping an Adams resolution for HP* which implies the result O

The previous lemma makes things easier for us since the Adams spectral sequence for 53 has been
studied extensively. As usual, if p is an odd prime, we set ¢ = 2(p — 1).

Figures 1 and 2 describe the portion of the E; term of the unstable Adams spectral sequence for
HP®> along the vanishing line. As usual, vertical lines represent multiplication by p and the slanted
lines composition on the right with 7 if the prime is 2 and with «; if the prime is odd.

Theorem 2.5 (Mahowald, Miller, Harper-Miller, Thompson). Consider Figures 1 and 2.

(a) Above the classes shown and the dotted lines in the columns where no classes appear, the E,
term vanishes.

(b) The classes in dimensions gk + 3 for p odd and the circled classes in dimensions 8k + 7 and
filtration > 4k + 2 for p = 2 correspond to elements on . S3 which are stable and detected by
the real e-invariant.

(c) The classes in dimensions gk + 2 for p odd are not boundaries.

Proof. Recall from [Mal] and [HM1] that for each prime there is a bigraded complex (A(3), d) such
that

E3'(8%) = H*'7°A(3)
There is a short exact sequence of complexes
0— A(l) m AQB) —m W(1) —0

which induces a split short exact sequence on homology. A(1) is a complex with 0 differential which
corresponds to the Z-tower in t — s = 3.

Let M ® A denote the Ej-term of the stable Adams spectral sequence for the modp Moore
spectrum given by the A-algebra. The main results of [Mal] and [HM1] state that there is a map of
complexes W (1) — M ® A inducing an isomorphism on homology for t —s < 5s — 16 for p = 2 and
t—s < (p+1)gs — (p+ 2)q for p odd. This reduces (a) to a statement about the stable E>-term of
the Moore spectrum except in low dimensions where it is easily checked directly by computing the
homology of the complex A(3).

The E,-term of the Moore spectrum is computed in the required range in [Mi] for p odd and in
[Ma3] for p = 2. It agrees with the description given in Figures 1 and 2 shifted according to Lemma
2.4. This proves (a).
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FIGURE 2. E{™Y(HP*) for p odd.
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Let M™ denote the modp Moore space with top cell in dimension n and i : S*~! — M™ denote
the inclusion of the bottom cell. Let A : M™"*™ — M" withr =8if p=2andr=qifp>2bea
map inducing an isomorphism in K-theory (see [Ad]).

Suppose first that p is odd. Let & denote an extension of a generator a € m2pS? to M?**'. Then
by [Ad, Proposition 12.7], ay = & o AF1 04 € k4253 survives to a stable class which is detected
by the e-invariant. Since oy has Adams filtration at least k it must be represented in E; (S®) by the
class in bidegree (t — s, s) = (¢gk + 2, k).

Next let p = 2. Let ji denote an extension to M3 of the generator p of mS°. Then py =
fio A¥=! 04 € mgt14S® has Adams filtration at least 4k + 1 (the Adams filtration of the Adams
map is 4 since we are in the stable range). It follows that the Toda bracket < px,2,n >€ Tek+75°
has Adams filtration at least 4k + 2. Proposition 12.18 of [Ad] shows that this bracket survives to
a stable class of order 4 detected by the e-invariant so the bracket is represented on FE3(S3) by the
class in bidegree (t — s,s) = (8k + 6,4k + 2). This completes the proof of (b).

Finally, let 3 denote an extension of &? € 44353 to M*P+4. Then f; = BoAF~loi € my(kt1)+1S?
has Adams filtration at least k£ + 1 and is not null by Theorem 1.3 of [Th]. This proves (c).

Remark 2.6. In the previous theorem we have only stated the results we will need in the sequel.
The classes shown in Figures 1 and 2 are all permanent cycles and represent the v;-periodic homotopy
of S3. The circled classes are stable and the filled ones are killed by double suspension. For more
details, see [Ma2] and [Th].

The previous theorem gives partial information on all the homotopy groups of HP*. We will
also require complete information in low dimensions. Given Lemma 2.4, the following theorem is a
small part of the main result of [CM].

Theorem 2.7 (Curtis and Mahowald). The Adams spectral sequence for HP> at the prime 2 for
t — s < 25 is completely described by Figure 3.

For an odd prime, we have the following result

Proposition 2.8. Let p be an odd prime. Then Eg’t(]HIP‘”) is described by Figure 4 fort — s <
2p+1)g-1.

Proof. By Lemma 2.4 we can consider E;’t(Sa) instead. As was already mentioned in the proof of
Theorem 2.5, it follows from [HM1] that if M denotes the modp Moore spectrum (with top cell in
dimension 1), there is a map
E3'(5%) — B30T ()
defined for t > s > 0 which is an isomorphism for s > 3 and 0 <t —s < (2p+ 1)g— 2 and an
epimorphism for s > 2 and t —s < (2p+ 1)g — 2.
By the Localization Theorem [Mi], for s > 3 and t — s < 2pq — 4, E$*(M) is isomorphic to
Fp[v1,b1,0) ® E(h1,0, h2,0)
where the bidegrees (t — s,s) are given by |vi| = (g,1),hip| = (2(p* — 1) — 1,1), and |b )| =
(2p(p—1)—2,2).
Thus, in order to prove the proposition, we must check that for s <3 and t —s < (2p + 1)g — 2,
E3"*(S®) = 0 except for one class in each of the bidegrees (t — s, 5)
(kg+2,k) : 1<k<3
(kg+1,k) : 1<k<3
3, (p+1)q)
@, (p+3)g+2)
@, (p+3)g+1)
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15

K

FIGURE 3. ES'(HP*) at p=2 for t — s < 25.

I —
////'

g // L

L 1 1 1 1 —

4 a+3 2q+3 (p+1)q+1 (p+3)a+1 (2p+1)g-1 t-s

FIGURE 4. E*(HP*) for t — s < (2p + 1)g — 1, for p odd.

We will show this by using the A-algebra. Tangora’s memoir [Ta] is a good reference for any
terms we use which are unfamiliar to the reader. See also [HM1]. Recall that the vector space
A(3) € A(3) generated by the set of admissible monomials with A-endings is a subcomplex and the
inclusion induces an isomorphism in homology for ¢ — s > 0.

A basis for A(3) for s < 3 is given by

s=1 : /\1

s=2 : MAdn(1<m<p)
mAm (1 <m < p)

s=3 : MApA(l<m<p1<k<mp)
pAnM(1 < m <p, 1<k < mp)
AMpmAe(1 <m < p,1 <k < mp)
pipmAr(l <m <p, 1<k < mp)
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To compute the homology of A(3) it is useful to notice that the differential preserves the Cartan
degree (i.e. the number of ’s in a monomial).

A,A1A; and gy A; are cycles. For m > 1, the leading term of d(A3Arm) is —mA Am—1A1 so the
differential is injective on the subspace generated by A;Am with 2 < m < p. Similarly one checks
that d is injective in the subspace generated by p1An, for 2 < m < p. This computes E3*(S3) for
s<2.

For s = 3, we need only consider the monomials for which m + k < 2p since the others lie outside
the range we are interested in. We have a lower bound on the dimension of ker d given by the rank of
the image of d plus the number of classes in filtration 2 on the Moore spectrum. We can get a lower
bound for the rank of d by giving z; € E>* such that the leading terms of {dz;} are all distinct.
We then must show that the two bounds agree. We will give the details only for the Cartan degree
2 summand in A(3) since this is the only case of interest for Corollary 2.9.

First note that pyp1 A1 is a cycle. The leading term of d(py pmAx) is

—kpiptmAr—1 M1 if 1<k<pork>p
(1-m)pipgm—r1 A if k=1,1<m<p
M1 Ambp—1A1 if k=p

so we see that the only monomials of Cartan degree 2 whose differentials have the same leading term
are py e and pippi A for 1 <1< p.
If p #Z 1 mod 4, replace pj A2 with

2
ppiA2 + 7H1M1+1/\1

The leading term of the differential of this element is now pjApg A1 which shows that d is injective
on the linear span of {1 pmAx : m or k # 1} in the range under consideration.
If p = 1 mod 4 replace p A2 with

2
Hifiide + S ppip1 s + H1li—1A3

l
The leading term of the differential of this element is py Ai—1p2A1 which again shows d is injective.
This completes the proof. O

Corollary 2.9. Let p be an odd prime. Then Tan—1(S?) ® Z(y) is detected by the e-invariant for
n < (2p + 1)q/4 but not for n = (2p + 1)g/4.

Proof. The first part follows immediately from Proposition 2.8 and Theorem 2.5 (b). Let ~ denote a

generator of Eg (2p+1)—2 (S3). Then v is a permanent cycle because, for p > 3 there are no classes in

the A-algebra E}"*P"1973(63) and for p = 3 the only class is the generator of 5> which is not a
boundary by Theorem 2.5. Since E} (2P+1a-1 _ g for 5 < 2 we conclude that ~ detects a nontrivial
homotopy class in 7r(2p+1)q_2S3. This class is not detected by the e-invariant. Otherwise it would
be v;-periodic and it follows from Corollary 1.2 of [Th] that there is only one v;-periodic class in

this dimension, namely the one accounted for in Theorem 2.5. O
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3. PONTRYAGIN CLASSES OF QUATERNIONIC LINE BUNDLES.

Let X be a finite dimensional CW complex. In this section we give sufficient conditions for
elements of H*(X;Z) to be Pontryagin classes of quaternionic line bundles.

We will write P for the universal Pontryagin class, which is a generator of H*(HP>;Z)
HP>* 25 K(Z,4)

P is a rational equivalence so we would expect that given a@ € H*(X;Z), some multiple of a can be
realized as a Pontryagin class. This is in fact the case as we will now see.

Definition 3.1. Let k € N. We say that d € Z is a k-divisor if for all CW complezes X of
dimension < k and a € H*(X;Z) such that d|a, a is the Pontryagin class of a quaternionic line
bundle over X.

We denote the set of k-divisors by D(k).

Let 14 denote the fundamental class in H4(K(Z,4);Z). If X is a CW-complex, X ¥) denotes the
k skeleton of some cellular decomposition. In all that follows, the choice of cellular decomposition
will not play a role.

Lemma 3.2. d € D(k) if and only if there is a bundle over K(Z,4)®) with Pontryagin class dis.
Proof. The condition is obviously necessary. Conversely, suppose a bundle
K(Z,4)® £ Hp>

with Pontryagin class di4 exists and X has dimension < k. By cellular approximation, any class
B € H*(X;Z) factors through K(Z,4)®

K(Z,4)®
8.7 l
7
Ve g g
and clearly £ o 3 classifies a bundle with Pontryagin class dg. O

Because the rationalization of HIP* is so simple, it is easy to assemble maps to HP* from local
maps. Let X(,) denote the p-localization of the nilpotent space X and X (o) denote the rationalization.
Recall from [Su] that X is the homotopy inverse limit of the diagram

(3.1) X X AX(/S) a
X(0)

where all the maps are rationalization maps. If X = HP they classify the fundamental classes
HPG) — K (Q4)

We will abuse notation and use the same letter to denote an element in H*(X;Z) and its image
in H*(X;Zy)) under extension of coefficients.

Lemma 3.3. Let X be a space. Then a € H*(X;Z) is the Pontryagin class of a quaternionic line
bundle over X if and only if a is in the image of

P‘
(X, HPG] = [X, K(Z(y),4)]

for every prime p.
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Proof. The condition is clearly necessary. If (&(p)) are local bundles with P, (€(p)) = a then their
rationalizations agree up to homotopy. By (3.1), a choice of homotopy yields a bundle ¢ with
Pontryagin class a € H4(X;Z). O

Fix a prime p. Definition 3.1 and Lemma 3.2 have the obvious local formulations: d € Ly is a
p-local k-divisor if for all CW complexes of dimension < k, dH*(X; Z(p)) is in the image of P, and
we denote the set of p-local k-divisors by D, (k). As before, d is a p-local k-divisor iff there exists

K (Z(p, 9® = HPS
with Py (€) = du4.
Proposition 3.4. There exists ay(k) € Z(y) such that D,(k) :p"P(k)Z(p).

Proof. For any | € Z ;) there is a self map of K (Z (), 4)® inducing multiplication by ! on Hy(—;Zp))-
This gives an action of Z,) on the set of p-local k-divisors for every k. Therefore we can take

ap(k) = | Coin, vp(l)

where v, denotes the p-adic valuation. O

Note that the functions k — a, (k) are nondecreasing. Moreover, since P : HP® — K (Z(p),4) is
a p-local equivalence through dimension 2p + 1, ay(k) = 0 for k < 2p+ 1. In particular the product
appearing in the following statement is finite.

Corollary 3.5. D(k) =, Dy(k) = (prap(k)) VA
Proof. 1t follows from Lemma 3.3 that
D(k) > [\ Dy(k)
P

On the other hand, if d € D(k) let £ be a bundle over K (Z,4)®* with Pontryagin class des. Consider
the diagram

i
(K(Z,9)W) ) ~2— K(Z,4) )

A T
K(Z ), )™

The map j;) is a k-equivalence, so the inclusion i of the k-skeleton of K (Z(p),4) lifts and the
composite

3¢ foe]
K(Z ), ) — (K(Z,4)"“))(p) =1 HPG;

shows that d € D, (k) which completes the proof. |

We would like to determine the functions a,(k). It is not hard to find an upper bound for a, (k)
just using elementary obstruction theory. Fix a prime p. Let HP*[r] denote the homotopy fiber of
a generator of H*(HP3;Z/p")

HPZ — K(Z/p",4)
Then, p" is a k-divisor if and only if the map
HP*[r] — K(Z),4)
classifying the fundamental class in H*(HP> [r]; Z()) admits a section over the k-skeleton. The
obstructions to extending a section lie in
H™(K(Zy),4); tn—1HP® < 4 >)
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At an odd prime, p is an exponent for m,(HP> < 4 >) and at the prime 2, 4 is an exponent [Se].
Since the obstructions are natural, the pullback square

HP>®[r + 1] —> HP>[r]

| l

K(Z (), 4) —— K(Z ), 4)

shows that a,(k + 1) < ap(k) + 1 for p odd and az(k +1) < az(k) + 2.
However, obstruction theory based on the Adams spectral sequence provides much better bounds
for ap(k). Let

0 if k<5

Ba(K) = 4i+j+1 if k=8 +5+jwith 1<j<3o0r j=0and i>0
4i+4 if k=849
4i+5 if k=8 +9+jwith 1<;5<3

and for p odd,

ﬂp(k) = {

These functions describe the vanishing line in the E» term of the unstable Adams spectral sequence
for HP°.

Proposition 3.6. a,(k) < Bp(k).

0 if k<3+4¢
i+1 if k=ig+jwith 4<j<2+gorj=3and ¢>1

Proof. We may assume k > 4. We need to show the existence of a map K (Z(p),4)(k) — HP)

which is multiplication by p®(*) on m4(—). Consider an Adams resolution of HPG as in Lemma
2.1. Then, using the notation of (2.2), 74(X™) = Z(;) and the maps

Xm+l Bmy xm
induce multiplication by p on m4(=).
Hence it is enough to produce a map
K(Z(p),4)(k) — XPe(k)

inducing an isomorphism on m4(—). We certainly have such a map on Sz‘p) C K(Zy), 4)(%)

Since in the homotopy spectral sequence of (2.2) E; = E;, the vanishing line for the E; term of the
Adams spectral sequence described in Theorem 2.5 implies that the space X Br(k) js (k—1)-connected.
Therefore the obstructions to extending the map from S?p) to K(Z(y), 4)®) vanish. a

A lower bound for a,(k) can be obtained by computing the image of the Pontryagin class map
on particular spaces. For instance the results of section 5 (see Proposition 5.5) imply logarithmic
lower bounds for a, (k). However, low dimensional calculations indicate that the upper bound given
in Proposition 3.6 is close to the actual value of ap (k).
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4. HOMOTOPY CLASSIFICATION OVER HP™.

In this section we discuss the classification of quaternionic line bundles over HP™ and we obtain
the classification for n < 3 in terms of the homological classification.

First note that by cellular approximation we have
[HP™,HP"] — [HP", HP>]
so the classification of line bundles is the same as the classification of self maps of HP™. It is more

convenient to take the latter point of view to describe the homotopy classification. Again by cellular
approximation, we have a chain of restriction maps

Z = [HP!,HP'] «— [HP? HP?] +— ... +— [HP™,HP>]
Definition 4.1. Let f be a self map of HP™. The degree of f is the degree of the restriction of f
to HP!.

Thus we see that the classification problem breaks up into two steps:

(i) Determine which self maps of HP™ extend.
(ii) For each map which extends, classify the possible extensions.

We’ll begin by dealing with (i). Recall that we have the Hopf fibration
5t iy ginta _t, gpn
Since 7 is null
QHP™ ~ S3 x Qg4nt3
and an explicit homotopy equivalence is given by the product of the two maps
s3 £ a5t — QHP"
and
Qgints 28 oEpn
so that we have an isomorphism
7 (S @11 8% — m;(HP™)

(a, 8) = hu(a) + E.(B)

Definition 4.2. Let f : HP® — HP™ be a map of degree k. Then o(f) € man+3HP™ is defined by
o(f) := fe(h) — k" 1h.

Proposition 4.3. Let f be a self map of HP™. Then f extends to HP™! if and only if o(f) = 0.
Moreover o(f) € E.(man+253).

Proof. Consider the diagram where the lines are cofiber sequences
A

S4n+3 HP" ]HIPn+1
|
Lol
B Y

S4n+3 HP" HP"'H

If the dotted arrow exists, it follows that ! = k"*1. Since the lines are also fiber sequences through
dimension 4n + 5, the extension exists if and only if f.(h) — k"*'h € mgpn4+3(HP™) vanishes. It
remains to see that fi.(h) — k™ 1h is in the torsion summand of 74,3 (HP™). This follows from the
fact that ]HIP(%") = K(Q,4) and so the obstruction is 0 rationally. O

Remark 4.4. Note that equivalently we can define the obstruction to extension as the composite

s4n+3 1y gp" s HP™ — HP™
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Now, to handle (ii), let f be a self map of HP™ such that o(f) = 0. An extension of f is

determined by a choice of nulhomotopy of the composite
gints 2y gpr L gpr — mpntt
These nulhomotopies form a set on which 7444 (HP™1) = m4,,43(S®) acts transitively. To describe
the action of this group more explicitly, let
v : HP® — HP" v §*"
be a cellular approximation of the map
HP" “2X§ HP™ x §in

where ¢ : HP™ — S%" is the map collapsing the 4(n — 1)-skeleton. Then V sends a generator of
Hyn,(HP™;Z) to the sum of the generators of Hy,(HP™;Z) and Hy,(S*™;7Z).
Definition 4.5. Given a € Ty, 4HP™*! and g a self map of HP™*! the coaction of o on g is the
composite

g o : HP™! Y, gpn+! v gin+t 88 prpn+

The action of my,44(HP™ ') on the set of extensions of f parametrizes the set of homotopy
classes of extensions relative to the 4n-skeleton. 7, (Map(HP™,HP™);) acts on this set and the
orbits of this action form the actual homotopy classes of extensions. Letting Ext(f) denote the set
of extensions of f and picking an identification of the set of relative homotopy classes of extensions
with 74,+3(S%) we have an exact sequence of sets

(4.1) m1 Map(HP" , HP™) ; -2+ 443(S%) — Ext(f)
To calculate these exact sequences for n < 3 we will need some formulas for the obstruction to
extension.

Proposition 4.6. Let f,g be self maps of HP" of degree k and | respectively. Let o € 4, (HP™).
Then

(a) o(f 4a) =o(f) £ ao (nh) + k[i4,q]

(b) o(f o g) =1"o(f) + ko(g)

Proof. Consider the diagram

S4n+3

h
Recall from [Wh] that

(4.2) Tan+s(HP™ V S4n) = Tan+3(HP™) ® mani3 (S4n) ® w4 (HP™) ® 7T4n(S4n)
with the last summand embedded by the Whitehead product of the fundamental classes. The

projections onto the first two summands in (4.2) are given by composition with the collapse maps
on to the wedge summands. Let X denote the cofiber of

gnts 2, gpn y sin
Let z be a generator of H*(X;Z), z a generator of H*"*t4(X;Z) and y an element in H*"(X;Z)
restricting to the generator of S**. Then if zy = kz, the component of 8 along the third summand
is £k[ta, tan)-
Since by [Ja], co h = nuvy, we conclude that in terms of the decomposition (4.2), we have
V o h = h £ nvy, +£ (14, t4n). Hence we get
o(f 1a) = o(f) £ ao (nh) £ k[tg, ]
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which proves (a).

As for (b)
o(fog) = fulgs(h)) — (KI)"h
= f.(I"h+o0(g9)) — (K)"h
I"(k"h + o(f)) + ko(g) — (kKl)"h
as required. 0O

We can also obtain a formula relating composition with the coaction

Proposition 4.7. Let f,g be self maps of HP™ of degrees k,l respectively and o, € m4 HP™.
Then

(g4B)o(f1a)=(g0 f) 1 (k"B +la)
Proof. Note that we have a (4n + 3)-equivalence
HP™ V 4" ~4p 43 HP™ x S

so denoting by k™ : HP™ — S*" the composition of the degree k™ map with the collapse of the
4(n — 1)-skeleton of HP™, we have a commutative diagram

HP" v §4»
Pl
IxkE" gvB

HP™ — HP" v §4* — HP"
hence
(gVvB)o(f xk™)=(gof) k"B
By restricting to each of the wedge summands we see that the following diagram commutes

HP™ v S4n T)ViexD) HP" v §47

/ w‘ / wx
Ha -
HP" ! HP" A HP"

We conclude that
(gVB)o((f xk™)V(ax0)ov

(((ge f)4E*B) Via)o v
((go f) k") Al
(go f) A (k"B +la)

as required. O

We can now describe the homotopy classification of self maps of HP™ in terms of the homological
classification for n < 3. Let S(n, k) be the set of self maps of HP™ of degree k.

The order of the sets S(n, k) for k odd and n < 3 has also been obtained by Iwase, Maruyama
and Oka in [IMO] using similar methods.

Proposition 4.8. Let S(n,k) be the set of self maps of HP™ of degree k. Suppose S(n,k) is
nonempty. Then
2 if kis odd
S(2,k) |=
(2) 152,R)| {1 if k is even
if k is odd

if k is even

(4) 1568 |= {;‘



24

Proof. Consider the sequence (4.1). Since n7(S®) = Z/2, | S(2,k) | is at most 2. Also, since S* is
a co-H-space we have for any k, 7, (map(S*, 5*),k) = n5(S*) = Z/2. A generator of this group is
k + ns where k denotes a degree k self map of S* and + is induced by the comultiplication on S%.

Let f be a self map of HP? of degree k and let o(f, f, H) € ng(HP?) denote the obstruction to
homotopy between f and itself relative to the homotopy H on the 4 skeleton. Then one can check
that,

o(f, £k +m5) = n4 o vs + kna, t4]
Since
[M4,t4] = [ta 03,04 0 Tig)
= [t4,ta] 0 Z(m3 A 3)
= [u,ulon =Qus+ v )on
= TWom=nous
is a generator of mg(HP?), we see that the homomorphism

d
7T1map(57, IHIP2)koH — ﬂg(HP2)
is surjective if and only if the degree is even, which proves (a).
Since m12HP? = 7118% = Z/2 there are at most 2 distinct extensions to HP? of a self map f of

HP?, which differ precisely by the coaction of the nonzero element ¢4 € 7, HP2. By Proposition 4.6
we have

o(es -1 f) = o(f) % €4 0 312 £ kta, €4]

where k is the degree of f. Now €4 0 3v15 = €4 0 115, while [14, €4] = P(e9) = Zv' 0 €7 (see Toda [To,
p. 69]).

Since these two elements generate two distinct Z/2 summands in 7;5HP? we see that the ob-
struction to extension is always changed by the coaction and hence that d is trivial which proves
(b). O

We have seen examples in the proof above of how coaction on a map can alter the obstruction to
extension. Therefore we have the following

Remark 4.9. The vanishing of o(f) does not depend exclusively on the degree of f.

I would like to thank McGibbon for pointing out that this remark also follows from a Theorem of
Mislin [Ms] which states that any self map of HIP® of degree 0 is null and the existence of essential
self maps of HP™ of degree 0 for n = 3,4 and 5 proved by Marcum and Randall [MR].

In the proof of Proposition 4.8 we saw that o(f) may have a nonzero component along €4 o 5.
This element of 715 HP> is detected in the unstable Adams spectral sequence in filtration 4 so we
have the following

Remark 4.10. off) is not necessarily v;-periodic.

Notice however that, in this case, given a self map of HP® we can always alter it by coaction so
as to make the obstruction to extension v;-periodic.

Let SHE(X) denote the group of homotopy classes of self homotopy equivalences of the space X.
For n > 2 any element of SHE(HP"™) must have degree 1 since there is no self map of HP? of degree
-1 (see Theorem 5.2). Hence it follows from the previous proposition that SHE(HP?) = Z/2 and
SHE(HP?) is a group with 4 elements. In fact, Iwase, Maruyama and Oka have shown in [IMO]
that SHE(HP?) = Z /2@ Z /2. In the same paper the authors also show that SHE(HP*) is either 0
or Z/2 and conjecture it is 0.
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5. HOMOLOGICAL CLASSIFICATION OVER HP™.

In this section we discuss the image of the Pontryagin class of quaternionic line bundles over HP™
or, equivalently,the homological classification of self maps of HP™.

We begin by describing a conjecture of Feder and Gitler. We then formulate local versions of
the conjecture. We rephrase these in terms of the obstruction to extension of a self map and then
use obstruction theory based on the Adams spectral sequence to construct maps and prove the
conjecture for n < 5. We conclude by formulating the conjecture in terms of geometric dimension
of certain elements in K-theory of HP".

The Feder-Gitler conjecture. We begin with some preliminaries on the K-theory of HP™. Recall
that the coefficient rings for real and complex K-theories are

KO*(pt) = Z[n, o, BF")/(n®,2n,0® — 4B)
K*(pt) = Z[v*"]

where |n| = —1, |a| = —4,|8| = —8 and |v| = —2. Recall that there is a natural ring map ¢ induced
by complexification of bundles and a natural KO*-module map r induced by forgetting the complex
structure

¢: KO*(X) — K*(X)

r: K*(X) — KO*(X)
which on coefficients are determined by c(a) = 2v?, r(v?) = a.
As usual, we set KO(X) := KO°X),KSp(X) := KO*X),K(X) = K°X). The natural
forgetful map
KSp(X) 2 K(X)

is given by p(z) = v2c(z).

Recall also that there are Adams operations ¥ acting on KO(X) and K(X) which are ring
homomorphisms and are conjugated by the maps ¢ and r.

Using the Atiyah-Hirzebruch spectral sequence it is easy to see that for 1 < n < co we have

KO*(HP") = KO*[[z4]l/(=z3*")

K*(HP™) = K*[[z4]/(z7™)

We have denoted both generators by x4 because they are identified by the map ¢. Note that cis an
injection of the torsion free part of KO*(HP™) in K*(HP™) and similarly for r.

Since the natural projection map CP*"*! —; HP™ determines an injection in complex K-theory,
it is easy to find a formula for the action of the Adams operations on K (HP™) = Z[z]/z™*! where
we have written z for the ring generator v2z4. In particular we have

P2r = 4z + o?

A map f : HP" — HP™ determines a ring endomorphism of K(HP") commuting with Adams
operations. If we write

f*(z) = a1z + azz® + ...

then one easily checks that a; is the degree of f and the relation ¥2f*z = f*i*(zx) recursively
determines the coefficients a,, in terms of a;. Actually, it is not easy to find an explicit formula for
the coefficients from the recursive relations, but it is proved in [FG] that writing k = a4,

9 n—1 .
(5.1) an = @)t g(k — %)
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Note that since the Adams operations v are ring endomorphisms, this gives a formula for the Adams
operations on K (HP™)
Y z) =Pz +... .+

If we write H for the Hopf bundle over HP", then x = H — 2C hence for any map f, f*z is in
the image of p : KSp(HP") — K(HP™). The image of p is additively generated by the elements
z,2z%,z°,.... This together with (5.1) gives us conditions which must be satisfied by the degrees
of self maps of HP™.

Definition 5.1. Let R, be the set of integers satisfying the congruences:

m—1
) oy (2m)! if m is even
(52) Com : H) (k=) = 0mod { (2m)!/2 if m is odd
form=1,... ,n. Let Ry, the set of elements in Z,) satisfying C1,...,Cp.

The discussion above is now summarized by the following result of [FG]

Theorem 5.2 (Feder and Gitler). If f is a self map of HP" of degree k then k € R,,.
In the same paper, Feder and Gitler made the following

Conjecture 5.3 (Feder and Gitler). If k € R,, there is a self map of HP" of degree k.

The conjecture holds trivially for n = 1. For n = 2 it follows from a result of Arkowitz and
Curjel [AC] and McGibbon [MG2] has given a proof for n = 3. It is also true for n = co. It is proved
in [FG] that R is the set of odd square integers and 0. Sullivan [Su] constructed self maps of these
degrees, the unstable Adams operations, later proved to be unique up to homotopy by Mislin [Ms].

McGibbon [MG1] has given further evidence for the conjecture by proving a stable version which
we will now describe. There is a Hurewicz homomorphism

[E°HP",~*HP"| — End(H.(HP")) ~Z"

Theorem 5.4 (McGibbon). (k,k?,... k™) is in the image of the stable Hurewicz homomorphism
iff ke R,.

Thus the maps of Conjecture 5.3 all exist after appropriate suspension. We should note also that
McGibbon obtains in [MG1] the homological classification of stable self maps.

Note that the content of Conjecture 5.3 is that K O-theory together with its primary operations
is sufficiently powerful to detect the homological classification of self maps of HP™. This should be
made clear by Proposition 5.8.

In the rest of this section we will gather further evidence for Conjecture 5.3. Our basic strategy
will be to construct maps inductively by showing that the obstruction to extension vanishes. This
will be done using the knowledge of the unstable Adams spectral sequence for HHP* from section
2. We will conclude by rephrasing the conjecture in terms of the geometric dimension of certain
elements in K (HP™).

The local problem. It follows from Lemma 3.3 that a self map of degree k exists if and only if one
exists after localization at each prime. The local formulations of Theorem 5.2 and Conjecture 5.3
are obtained by replacing R,, with Ry, ,. It is therefore helpful to have a manageable description of
Rpp.
Recall (see [Ei] for example) that k is a 2-adic square and a unit iff it £ = 1 mod 8 and, for p an
odd prime, k is a p-adic square iff K = p*'u where u reduces to a non-zero square in Z/p and ! € Np.
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Proposition 5.5. Re2 = {k € Z(y) : k = 1 mod 8 or k = 0} and for p odd, Reop = {k € Z(p) :
k =12 for somel € Zp}. If 2 < n < 0o then Ry p = Roo p Up M Z(,) where

(i) e2(n) =1+ 2[logyn] .

(it) ep(n) =#{k<n:k=p ork= (%1)107‘1 for some j € N} forp > 2.

Proof. Let Reo2 = {k € Z(3) : k = 1 mod 8 or k = 0} and for p odd Royp = {k € Ly : k=
12 for some ! € Z,}. It is easy to check that these sets are contained in the closure of R =
{0,1,9,25,...} in Z,) with the p-adic topology. Since the solution set of each congruence is closed
we conclude that Reop D Roop for every p.

We will now show that R, , = I.{oo,p U per(“)Z(p) which will immediately imply the desired result,
since ep(n) tends to oo with n.

First take p = 2. If k € Z(y) satisfies C; then either k¥ = 1 mod 8, that is k € f{oog or k = 23] for
some I € Z ) so it suffices to consider solutions of the form k = 2°u with v a unit and e > 3. Note
also that because v ((4m +2)!/2) = v2((4m)!) we can consider only the congruences Cy, for m even.

Now assume the result is true for all n < 2¢. Let 2¢ < 2m < 29t! and let k = 2°u € Ray 2 with
e>3andu€Z ("2). Factoring out units in Z ) we see that k satisfies C,, if and only if it satisfies

m—1
I (k- (2i)*) = 0 mod 2-2(¢4™"
=0
which, writing k£ = 41 and noting that v5((4m)!) = 2m + v, ((2m)!), is equivalent to
m—1
IT @ -14*) = 0 mod 2v=(>™)"
1=0
So if k satisfies C1,... ,Com then [ satisfies Cy,... ,Cp. Since [ is not a unit in Z s it follows by
induction that R2m,2 - Roo,Z C 22d+1Z(2).

Now we must check that k = 229+1] satisfies C, ..., Cam for any [ € Z(3). That is we must check

that for each 5 <m

2j—1
uz(H(k—z'2>) > va((44)!)
z:Ozj_l
2d+1+4 Y 2m() > 2+5+...+[i/2
=0
2+ ...+ [§/2Y) +2d + 1= 215(25) > 254j54...+[5/29]
JH . H 2+ 2d+1 > 25 4 209(29)

The last inequality is easy to check if we write 2j = 2"v with v a unit in Z () and notice that r < d.
The case when p is odd is similar but simpler. One easily checks that

Rn,p=Z(p) ifn< (p+1)/2
R.p =pZ(p)URoo‘p if(p+1)/2<n<p
Rpp = PZ(p) URop
Notice that k € Z () satis:ﬁes C1,Cs, ... ,Cn if and only if it satisfies Cp11)/2, Cp; Caps - - - » Clnyplp-

If n > pand k € Ry — Roo,p then we can write k = p?v for some v € Z(y,). The result now follows
by induction noticing that k satisfies C1, ... C, if and only if v satisfies C1,... ,Cin/p)- O

Just as in the integral case, self maps of HP>™ when localized at a prime are well understood.
The following theorem of Rector (see [Rc]) verifies the local Feder-Gitler conjecture for n = oo.

Theorem 5.6 (Rector). If k € Ry p there is a self map of II-]IP(";’) of degree k € Zy)
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Actually only the maps with unit degrees are constructed in [Rc] but the same argument gives
the statement above.
Since self maps of ]HIP(‘;?) give us self maps of ]H[P(';) for each n, Proposition 5.5 has the following

Corollary 5.7. The Feder-Gitler conjecture holds if there is a self map of lHIP(';,) of degree k for
each k such that per(™|k.

The e-invariant of the obstruction. We will now see what restrictions are imposed on the
obstruction to extension of a self map of HP™ if its degree is in R,,1;. Not very surprisingly it
turns out that all one can guarantee is that the component of the obstruction which is detected by
K O-theory and primary operations vanishes.

Let A be the abelian category of abelian groups with Adams operations (see [Ad]). Write KO(X)
for the reduced K O-theory of X and recall that the e-invariant is a group homomorphism

Z -5 Ext4(KO(X), KO(87+1))
where Z = {a € 7;(X)|KO(a) = 0} and
e(a) = (0 & KO(S7) - KO(X U, €1) = KO(X) — 0)
If X is a sphere there is a natural identification of the target of e with a subgroup of Q/Z. The

stable e-invariant of 8 € m;(S°) is defined by representing 3 as a class 3’ € g1 S®™ for some m
and then setting e®(8) = e(8') € Q/Z. This is independent of the choice of m (for all this see [Ad]).

Proposition 5.8. Let f be a self map of HP™ of degree k and a € m4n425° be such that E,(a) =
o(f). Then e®*(a) =0 if and only if k € Ry y1.

Proof. Recall from the discussion at the beginning of this section that k¥ € R4 if and only if there
is a ring endomorphism f* of K (HP"*!) commuting with Adams operations and such that f*z is
in the image of the forgetful map p. Clearly this still holds if we replace K by KO and p by r o p.

In turn, this is equivalent to the existence of a map of extensions in the category A of groups with
Adams operations

(5.3) 0 — KO(S4"+!) — KO(HP™"t') — KO(HP™) — 0

|
lk""’l 1o lf'
Y
0 —> KO(S4"+4) —> KO(HP™!) —> KO(HP") —> 0

Indeed, the elements ¢* (r(z)) generate KO(HP™) over the rationals so ¢ is determined by its value
on r(z). In turn, this is determined by f*(r(z)) and the fact that ¢(r(z)"*!) = k*+ir(z)n+1.
Consider the extension E in A which is (5.3) as an extension of groups but with Adams operations
P* = k%*. Because KO(HP™) is torsion free, the existence of the map of extensions (5.3) is
equivalent to the existence of the corresponding self map of E.
Using the natural identification KO~%(-) ~ KO(Z*(-)), there is a natural map in A

E 25 (0 » KO(S'"+) » KO(S*HP™) — KO(S*HP™) — 0)

which is termwise an injection of abelian groups. The condition that f*(r(z)) lie in the image of
por is now easily seen to be equivalent to the condition that the self map of E extends over this

monomorphism.
We conclude that & € R, 41 iff the following map of extensions in A exists

0 — KO(S*"+8) —> KO(S4HP" ) —> KO(S*HP™) —> 0

|
lkn+1 I lg:f.
Y

0 — KO(S4"*8) — > KO(S*HP") —> KO(S4HP™) —> 0
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The existence of the map is equivalent to the following equality in Ext 4
e(Z4h) o Tf* = k"t o e(X%h)
where o denotes the Yoneda product in Ext 4. Since the e-invariant sends compositions of maps to
Yoneda products and is a group homomorphism these are equivalent to
e(X*(foh)) = e(k""'Z*h)
e(Z'o(f)) = 0

By Proposition 4.3 o(f) factors through the inclusion of the bottom cell of HP™, letting X =
TAHP™ U,(s) €*™+8, we have a map of extensions

0 — KO(84"*%) — > KO(X) ————> KO(Z*HP") —> 0

| l I
0 —> KO(S4+8) — > KO(S8 Uss, et 8) — > KO(S%) — 0

where 7 denotes the inclusion of the bottom cell. This is equivalent to the equality

e*(a) oi* = e(o(f))

The long exact sequence in Ext induced by
0 — KO(S'HP™ /HP') — KO(S*HP™) 5 KO(S®) — 0

together with the easily checked fact that Hom 4 (KO(S*HP" /HP'), KO(S%"*+8)) = 0 show that
composition with 7* is injective and this concludes the proof. O

Remark 5.9. Clearly the proposition also holds locally. That is, for f a self map of ]HIP(';) of degree
k, e(o(f)) = 0 if and only if k¥ € Rpy1,p.

The previous proposition simultaneously makes Conjecture 5.3 seem unlikely and proves it for
n < 3 since the obstruction groups m6S? and 71952 are both cyclic and generated by elements that
suspend to the image of the J-homomorphism (see {To]).

For n > 3 it is no longer true that the obstruction group is detected by the e-invariant so we
can’t guarantee that the obstruction to extension vanishes. In fact, cf. Remark 4.9, it doesn’t always
vanish. There are self maps of HP3 with degree in R4 whose obstruction to extension doesn’t vanish.
This might cause us to think that the conjecture should fail already for n = 4. That this is not
the case (see Corollary 5.11) is evidence for the conjecture of a stronger nature than had previously
been obtained.

The main theorem. We will now use the Adams spectral sequence obstruction theory to prove

our main theorem. The idea is the same as that of the proof of Proposition 3.6 except that we can

use Proposition 5.8 to rule out the first nontrivial obstruction that occurs in the extension process.
Define

(e,(n) if n<(@p+1l(p-1)/20r n=3
2n -3 if p=2and n>3iseven
_J2n-5 if p=2and n>3isodd
() = 2n=(2p+1)e/4+13  if p>3and (2p+ 1)g/4 <n < (2p+ 1)g/4 + [log, ((2p + 1)/3)]
[4(n —2)/q] if p>3and n2> (2p+1)g/4+ [logy((2p+1)/3)]
L orif p=3and n> (2p+ 1)g/4

Figure 5 shows the graph of v,(n) at a prime p > 3. It bounds the shaded area over the (¢ — s)-axis.
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~___slope 1/q

FIGURE 5. v,(n) for p > 3.

Theorem 5.10. For any k € Z(y) there is a map HPGy — HPZ of degree kpre ()

Proof. As we have already noted, the e-invariant detects the obstruction group 76S? and m05% at
the prime 2. By Corollary 2.9, if p is an odd prime and n < (2p + 1)g/4 the obstruction group
7r4n_1S(3p) is detected by the e-invariant. This proves the theorem for n < (2p + 1)g/4.

Suppose p is odd. Since p is an exponent for m4,-2S°, Proposition 4.6(b) implies that the
obstruction to extension of the composite of self maps of HP™ of degree p* and p*l with I € Z(p)
vanishes. Therefore if p* is a divisor for HP™ with k¥ > 1 then p?* is a divisor for HP™*!. Since
ep((2p+1)q/4) = 3, this gives the case of the theorem for (2p+1)g/4 < n < (2p+1)q/4+ [log,((2p+
1)/3)] and p > 5.

Finally, for the remaining cases, let m = 7,(n) and let k € Z(;). It is enough to produce a map
HP™ — X™ (where X™ is as in (2.2)) of degree k and we have such a map for n = 1. We must
show that we can extend this map to HP™. Consider the diagram

Xm+1
7
- - - lp"‘
-
S4+3 HP! xm F,
lpoo-“opm—l
HP

Suppose that an extension to HP' has been constructed and ! < n. Then, because h has Adams
filtration 1, the obstruction to extending the map to HP**1 o : S*+3 — X™ € 7y 3 X™ lifts to
Xmtl

By Theorem 2.5 there are no nonzero differentials with target EM+i4+3+m+i for p > 2 and
i > 0. Therefore by Lemma 2.3, a € m4;43X m(1) ¢ ma1+3HP® is a class of Adams filtration > m in
T4l+3 HP>.

In the range we are considering, either E3* = 0 or ES** = Z /p corresponds to an element which,
by Theorem 2.5 is detected by the e-invariant. Proposition 5.8 now implies that a is 0 so that we
get a map HP'*! - X™ as required to continue the induction. O

Corollary 5.11. Conjecture 5.8 holds for n < 5.
Proof. This follows immediately from Theorem 5.10 once we note that e;(4) = e2(5) = 5. O

Note that the ad hoc nature of the proof of Theorem 5.10 for p > 3 clearly indicates that the
value obtained for v,(n) is not sharp.

We finish this subsection by pointing out the obstructions that must be overcome in order to
prove the first unsettled case of the Feder-Gitler conjecture at each prime. At the prime 2, the
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first case that remains unsettled is n = 6. The obstruction in question is the class in dimension 23
detected in filtration 9 in the Adams spectral sequence. This class is v;-periodic and hence should
be possible to analyze. The difficulty resides in finding a way of detecting the class on HP® in an
effective way. The means given by Thompson in [Th] requires looping three times.

At an odd prime, the first case that remains unsettled is n = (2p + 1)g/4. The obstruction to be
overcome is the class « in filtration 4 mentioned in the proof of Corollary 2.9. This is not v;-periodic.

Geometric dimension. Since the inclusion

HP* — BSp
classifies an algebra generator z4 of K O*(HP>), it follows that the map f : HP® — HP> of
degree k determines by composition with the inclusion HP*® — BSp the element
k(k4—!— 1) az? + 2k(k — é!)(k —4)
Thus the problem of deciding whether there is a self map of HP™ of degree k is equivalent to that

of deciding whether the element (5.4) in symplectic K-theory has geometric dimension 1.
Assume that (5.4) has geometric dimension 1 on HP"~!.

(5.4) kzs + Bz + ... € KO*(HP™) = K Sp(HP")

BSp(1) <5—— 57

/
HP?-1 / BSp(n —_ 1) < S4n—1
, / _ In—-1
l g -7 i
/- 9
HP® ————— > BSp(n)

Since [HP™, BSp(n)] = KSp(HP™) and KSp(HP™) surjects onto K.Sp(HP™~!) extensions g of f
always exist and we can consider the problem of lifting g up the tower. There is a sequence of
obstruction sets ox(g) C Tan_1S*"=F+3 for 1 < k < n — 1 defined if the previous obstructions
contain 0.

It is not hard to check that under the inclusion map

HP* — BSp(n — k)
the obstruction to extension o(f) is sent to an element of 0z (g) (as long as this obstruction is defined).
Thus we are simply filtering the obstruction group m4,—;HP> by
Fi(man—1HP™) = ker(n4n—1 HP™® — 74,1 BSp(k))
and analyzing one filtration quotient at a time. We have
0=F CFC...CF, =mp_HP*®

The first obstruction to lifting is just the n-th symplectic Pontryagin class of the symplectic vector
bundle classified by g. It is possible to compute its value and one finds not surprisingly that g can
be chosen so that 0,(g) = 0 if and only if the degree of f is in R,. This gives a different proof of
Theorem 5.2.

Finally note that since m4S° = 0 it follows that F,,_; = F,,_,. Therefore the geometric dimension
of the element (5.4) is < n — 2 if k € R,,. In particular, this gives another proof of Conjecture 5.3
for n < 3.
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6. CERTAIN SPHERICAL FIBRATIONS.

In this section we consider certain fibrations over HP™ with fibre S3. Homologically these look
like quaternionic line bundles so it is tempting to look among them for the bundles whose exis-
tence is conjectured in Conjecture 5.3. We will show however, that these fibrations do not contain
representatives of all quaternionic line bundles over HP™.

To simplify the statements we will work locally. It is easy to deduce corresponding integral results.
We begin by defining the fibrations mentioned above.

Let I be a prime and F; denote the algebraic closure of the field F;. According to Friedlander and
Mislin [FM] there exists a map

BSL(2;F,) — BSL(2;C) ~ HP>
inducing an isomorphism in homology with Z/n coefficients for (n,l) = 1. In particular, if p is a
prime not equal to ! then
H*(BSL(2;F1); Z/p) = Z /plz]
with |z| = 4. Recall from [FP] for example that
H*(BSL(2;Fi~);Z/p) = Z/p[z]® Z/p(y)

where |z| = 4, |y| = 3 and the generators are connected by a higher Bockstein operation 8,(y) = z.
Here r is such that the p-Sylow subgroup of SL(2; F;» ) is cyclic of order p™ for p odd or generalized
quaternionic of order 2" for p = 2. By varying [ and n we can realize any r for p odd and any r > 3
for p = 2. In cohomology, the map determined by the inclusion

BSL(2;F») — BSL(2;F))

identifies the classes in degree 4.
Let 7 denote the composite of the two maps above

BSL(2;Fn ) 5 HP*®
Since the p-completion (see [BK]) BSL(2;Fj» ); is rationally trivial, the p-completion of this map
lifts to ]I-]IP("’?). We will also use m to denote this lift. A Serre spectral sequence calculation shows
that the homotopy fiber of 7 has the homology of S?p) so we have the following fiber sequence

S*{p"} — 8%, £+ S8 —s BSL(2;Fn), — HPS

where S3{p"} denotes the homotopy fibre of the degree p” self map of S3. In particular, we see (cf.
[Co}) that

QBSL(2;Fin ), = S*{p"}
For this reason we will from now on write

BS*{p"} .= BSL(2;F»),

The fibration

(6.1) S}y — BS*{p"} — HP
is not homologically distinguishable from a (local) quaternionic line bundle over II-I[P(";’) with Pon-
tryagin class p” (up to a unit in Z,)). However we know that for 7 odd such a bundle can not exist

since up” ¢ R, for any u € Z (;). Now p" € R, , for certain n so one can hope that the restriction
of (6.1) to HP™ has the fibre homotopy type of a quaternionic line bundle. Let

HP LN BSHE(S?F) )
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be the map classifying (6.1). Then we are asking whether a lift exists in the following diagram

HP?>
> (@

-
- -
-
c__
-
-
-

WP~ HP —$ BSHE(SY,)
The following proposition rules this out in general.

Proposition 6.1. If ¢ exists then é extends to HP(';')H.

Proof. Let F, be the homotopy fiber of ¢. Equivalently, F, is the total space of the restriction of
(6.1) to IH[P(';)). Let F, , denote the 4n-skeleton of F,.. Then letting i denote the inclusion, we have

(6.2) Frpp ——— HF,
BS*{prytn) — HEG
Consider the following diagram

M4n+3 (pn) S4n+3 p 4n+3

(») ()
|
S
. Y
n [+ n
BS3{pr}4») HPG) HPG)

l l

BS3 {pn}(4n+4) —— Hp(';-)i*l

The two left columns are cofiber sequences and the horizontal maps are induced by the map
BS3{p"} — HPG; . By (6.2), the composition of the two maps in the middle row is null therefore
the dotted arrow exists. This implies that o(¢) = € o h is divisible by p”. But by the exponent
theorem [Se], p™ is an exponent for 7r4n+25?p) so o(¢) = 0 which completes the proof. a

Thus many of the quaternionic line bundles on HP(, do not arise from the fibrations (6.1). For
instance, a self map of degree 8 of HP@,, does not extend to HP(,, and therefore can not be obtained
by restricting one of the spherical fibrations above. In fact, one can see that this is already the case
for a self map of degree 8 of lHIP(22).
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