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Let’s take a walk through memory lane for a moment...



In the Beginning....

There were some strange observations by some very
smart people.

e
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Image courtesy NASA.



In the Beginning....

The weirdness just kept going.

Image removed due to copyright restrictions. See the image
here: http://icanhascheezburger.com/2007/06/02/im-in-ur-quantum-box/.



http://icanhascheezburger.com/2007/06/02/im-in-ur-quantum-box/

It Became Clear...

...that matter behaved like waves (and vice versa).

And that we had to lose our “classical” concepts of
absolute position and momentum.

And instead consider a particle as a wave, whose
square is the probability of finding it.

W(r,7r) = Aexpli(ker —wt)]

But how would we describe the

behavior of this wave!?




Then, F=ma for
Quantum Mechanics

2

_ V2L V(F, t)]w(r ) = ih, ¢(r t)

2m




It Was Wonderful

Emission Line Spectrum

It explained many things.

hzdrogen
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Courtesy of David Manthey. Used with permission.
Source: http://www.orbitals.com/orb/orbtable.htm.

I's

It predicted the energy
levels in hydrogen.

It gave us atomic
orbitals.


http://www.orbitals.com/orb/orbtable.htm

It Was Wonderful

It gave us the means to understand much of
chemistry.

Group — 1 2 3 4 5 6 7 8 9 o 11 12 13 14 15 16 17 18

| Perind

1 2

1 H He
5 3 4 5 é 7 8 9 10
Li Be B C N O F Ne

3 11 12 13 14 15 16 17 18
Na || Mg Al Si P S Cl Ay

4 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
K Ca Sc Ti v Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr

5 37 38 39 40 41 42 43 44 45 46 47 42 49 50 51 52 53 54
Rh Sr W Zr Nb || Mo Te Ru Rh Pd Ag Cd In Sn Sh Te I e

6 55 56 72 3 74 5 %6 77 8 9 80 81 82 83 84 85 86
Cs Ba Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi Po At Rn
. 87 88 104 (| 105 (| 106 | 107 || 108 || 109 (| 110 || 111 112 || 113 || 114 || 115 || 116 || 117 || 118
Fr Ra Rf || Db Sg Bh Hs It Ds Rg Cn (| Uut (| Uug || Uup (| Uuk || Ous ([ Uuo

. 57 67 68 69 70 !

Lanthanides | 7, Ho || Br || Tm || ¥ || Lu
" 89 99 100 (| 101 ([ 102 || 103

Actinides [ Es || Fro || Ma || Mo || Lx




Nature Does > | electron!

It was impossible to solve for more than a single
electron.

Enter (stage left) computational quantum mechanics!

But...



We Don’t Have The
Age of the Universe

Which is how long it would take currently to solve the
Schrodinger equation exactly on a computer.

So...we looked at this guy’s back.

Screenshot of article removed due to copyright restrictions; see the article online:
http://blogs.discovermagazine.com/loom/2009/05/23/sigmas-from-shoulder-to-shoulder-science-tattoos/.

And started making some approximations.


http://blogs.discovermagazine.com/loom/2009/05/23/sigmas-from-shoulder-to-shoulder-science-tattoos/

The Two Paths

YV is a wave function of all positions & time.

2

LV VED] () = i

2m

Chemists (mostly) Physicists (mostly)

<~ <>

Y = something H = something
simpler simpler

“mean field’ methods



Working with the Density

E[n] — T[’I’L] + Vii + Vie [’I’L] + Vee [’I’L]
kinetic ion-electron
ion-ion electron-electron
n=#__ | W(N*) | p(N?)
I 8 8
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| L(f)‘ 0:(T) = €,04(7),

_y I/(“n
=7

ion potential

Hartree potential

d&*r" + Vxe[n(7)],

exchange-correlation
potential



Review:Why DFT?
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Review: Self-consistent

Kohn-Sham equations

cycle

Construct Vign given atomic numbers and
positions of ions

-
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2m
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Review: Crystal symmetries

A crystal is built up
of a unit cell and
periodic replicas thereof.

lattice unit cell

Image of M. C. Escher's "Mobius with Birds" removed due to copyright restrictions.



Review: Crystal symmetries

7 Crystal Classes

4 Lattice Types
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Reciprocal Lattice &
Brillouin Zone

Associated with each real space lattice, there exists
something we call a reciprocal lattice.

The reciprocal lattice is the set of wave-vectors which
are commensurate with the real space lattice.

It is defined by a set of vectors a*, b*, and c* such that
a* is perpendicular to b and c of the Bravais lattice, and
the product a* x a is |.



Reciprocal Lattice &
Brillouin Zone

It is defined by a set of vectors a*, b*, and c* such that a*
is perpendicular to b and ¢ of the Bravais lattice, and the

product a* x a is |. —
D

In particular: a =

a-bxc e ——
6 Ok

Brillouin 2. BZ ".
s/  bxe .
] — a'-= —
=N nbxe

BCC FCC

Image from Wikimedia Commons,
http://commons.wikimedia.org.

© source unknown. All rights reserved.
This content is excluded from our Creative
Commons license. For more information,



http://commons.wikimedia.org
http://ocw.mit.edu/fairuse

Review: T he inverse
lattice

real space lattice (BCC) inverse lattice (FCC)




The Brillouin zone

inverse lattice

P
N

The Brillouin zone is a special
unit cell of the inverse lattice.
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Image by Gang65 on Wikimedia Commons. License: CC-BY.
This content is excluded from our Creative Commons license.

For more information, see http://ocw.mit.edu/fairuse.


http://en.wikipedia.org/wiki/File:Brillouin_zone.svg
http://ocw.mit.edu/fairuse

The Brillouin zone

Brillouin zone of the FCC lattice



Bloch’s Theorem (Take 2)

Reciprocal lattice vectors have special properties of
particular value for calculations of solids.

Remember that we write the reciprocal lattice vector:
G =2mna” +2amb +2moc

We added the 2 simply for convenience, and the n, m,
O, are integers.

Now consider the behavior of the function exp(iGr).



Bloch’s Theorem (Take 2)

exp(iG-r) = exp:i(Znna* +2mmb +2moc¢ ) (ca + Bb + yc)]

= exp:i(ZJma + 2amf3 + ZJwy)]

= cosRanoa + 2amp + 2mo0y) + isin(2ano + 2amp + 2m07)
As r is varied, lattice vector coefficients (&,B,Y) change
between 0 and | and the function exp(iG.r) changes too.
However, since n, m, and o are integral, exp(iG-r) will
always vary with the periodicity of the real-space lattice.
iGR _ 1 iy (7) = Z c;elCiT
J

automatically periodic in R!



Bloch’s Theorem (Take 2)

The periodicity of the lattice in a solid means that the
values of a function (e.g., density) will be identical at
equivalent points on the lattice.

The wavefunction, on the other hand, is periodic but
only when multiplied by a phase factor.

NEW quantum number k that
lives in the inverse lattice!

This is known as Bloch’s theorem. T



Periodic potentials

Results of the Bloch theorem:

(7 + R)[? = |5 ()

bz (7 + R) = oy (7)etF R

charge density

is lattice periodic

if solution

also solution

p




Periodic potentials

Schrddinger certain quantum
equation symmetry number

hydrogen spherical L
‘ ‘ n T
atom sY mme’crg ¥ @( )
[H,L?*| = HL? — L*H =0
[H,L.,] =0

Period LC translational
solid . symmetry

[H,T] =0

s AR




The band structure

Different wave functions can satisfy the Bloch theorem for the same k:
eigenfunctions and eigenvalues labelled with k and the index n

- V@A) = e — ¥, ()

2m
€n.k

/

energy bands



The band structure

Atom

Molecule

Antibonding p

Antibonding s

Bonding p

Bonding s

Solid

Conduction band
from antibonding
p orbitals

Conduction band
from antibonding
s orbitals

Valence band from
p bonding orbitals

Valence band from
s bonding orbitals

Image by MIT OpenCourseWare.




The band structure

Silicon

energy levels
in the Brillouin zone




The band structure

Silicon

energy levels — |
in the Brillouin zone L A I A X UK 3 T

eeeeeeeeeeeeeeeeeeeeeeeee



The Ferm

| energy

— > E(eV)

-10

"

Image by MIT OpenCourseWare

gap: also visible
in the DOS

Fermi energy

one band can hold two

L S,
OCCUF"ed \ electrons (spin up and

down)



The electron density

electron
density
of silicon




Structural properties

Forces on the atoms can be calculated with the
Hellmann—Feynman theorem:

For A=atomic position, we Forces automatically in
get the force on that atom. most codes.



Structural properties

Etot A

finding the
equilibrium |

lattice constant

Q

dlat

mm>  mass density

me=1.66054 10?7 Kg




Structural properties

finding the
stress/pressure
and the bulk
modulus

Etot A
-,
Vo \
Op 0*E
Obulk = —V — =
ol av ~  aV?



Calculating the band
structure

|. Find the converged ground state
density and potential.
3-step procedure 2. For the converged potential calculate
the energies at k-points along lines.
3. Use some software to plot the band
structure.

Kohn-Sham equations
{—h—v | Vm] 5:(7) = (),

2m

_V / e'n, ﬂ,| ) 8% 4 Violma(),
n(@ = |¢:i(7)?

7 .
~ / L A T A X UK = T

Image by MIT OpenCourseWare.



Calculating the DOS

|. Find the converged ground state
density and potential.

3- -step procedure 2. For the converged potential calculate
energies at a VERY dense k-mesh.

3. Use some software to plot the DOS.

Kohn-Sham equations
ey m] $:(7) = (),

2m

e? 7? 3 . Image removed due to copyright restrictions. Please see
Ve =V 4 = d r + Vxe[ns(7)], Fig. 3 in Yu, R., and X. F. Zhang. "Platinum Nitride with
| Fluorite Structure." Applied Physics Letters 86 (2005): 121913.
— A2
n(r) = E |3 (7)]




Metal/insulator

silicon

Are any bands crossing
the Fermi energy?

YES: METAL
/ NO: INSULATOR

Fermi energy

Number of electrons in unit cell:
EVEN: MAYBE INSULATOR
ODD: FOR SURE METAL

-10

Image by MIT OpenCourseWare.



Metal/insulator

Density of States vs Energy

diamond:
insulator




Metal/insulator
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Fig. 3. Self-consistent APW energy band structure for BaBi0,.

Courtesy of Elsevier, Inc., http://www.sciencedirect.com. Used with permission.



http://www.sciencedirect.com

Simple optical properties

gap

photon has almost
no momentum:
only vertical transitions

possible |

energy conversation and L A r A X UK I r
momentum conversation apply

-10f

Image by MIT OpenCourseWare.



Silicon Solar Cells Have
to Be Thick ($$%)

9 .
It’s all in
the band_ eeeeeeeeeeeeeeeeeeee //www tf.uni-kiel.de/matwis/amat/semi_en/kap_ 2/illustr/si_banddiagram .qif.
structure!



http://www.tf.uni-kiel.de/matwis/amat/semi_en/kap_2/illustr/si_banddiagram.gif
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