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Abstract
The development of next generation of high-speed mobile communication systems
requires cost-effective transmission techniques. Orthogonal Frequency Division Multiplexing (OFDM) is a transmission scheme that has gathered much attention lately
for its high performance at comparably low complexity. It has already been adapted
in the European radio(DAB)and TV(DVB-T)standards, and IEEE 802.11a.
Despite its many advantages, there are drawbacks that prevent the widespread
acceptance of OFDM. An inherent problem of OFDM is that the transmitted signals
can suffer from high peak-to-mean envelope power ratio (PMEPR). This leads to
smaller range of transmission and inefficient use of complex linear power amplifiers.
Many researchers have addressed this problem. Existing signal processing solutions
include clipping, windowing, peak cancellation and oversampling. Others use specific
codes to ensure that only codewords of low PEMPR are transmitted. A promising coding technique generates OFDM signals from Golay complementary sequences,
which place upper-bounds on the peak-to-average power ratio as 3dB. This technique
has already been adopted by IEEE 802.11a. Davis and Jedwab have made major contribution by linking Golay complementary sequences to certain cosets of first-order
Reed-Muller code in second-order Reed-Muller code, thus taking advantages of its
well-known structure and encoding and decoding algorithms.
In this thesis we will examine OFDM signals modulated over the 16-QAM constellation. Here we construct a new 16-QAM code that will yield low PMEPR. The
code will also benefit from simple encoding method and a low complexity decoding
algorithm, which is an attractive for practical implementation of OFDM system.
Thesis Supervisor: Vahid Tarokh
Title: Associate Professor
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Chapter 1
Introduction
The explosive growth of the internet and rapid expansion of mobile communications
have prompted much research and development to increase data speed over both
wireline and wireless links. Transmission through the wireless medium is more problematic due to the instantaneous nature of the connection. Two major problems arise
here: time variation of the channel and interference between multiple users. Thus in
addition to combat noise, we need to address these two issues when we are designing
modulation and detection (as well as coding and decoding) techniques.
In the wireless environment, the signal sent by the transmitting antenna can take
multiple paths to reach the receiving antenna. The receiver sees the sent signal
plus various reflected copies (from ground, buildings, and moving reflectors), where
each has travelled a different distance and incurred certain level of noise and phase
shift. We can model the received waveform as the sum of many responses of different
path, strength, and phase. To describe a given ith path in terms of an input/output
relationship between the transmitter and the receiver, we can ascribe an attenuation
factor Oi (t) and a propagation delay ri(t) at time t. The difference in propagation time

between the longest and shortest path is known as the multipath delay spread. It is
primarily a property of physical surroundings, independent of the data transmission
rate.
As we shorten symbol durations to increase data rate, we find that the ratio of
delay spread to symbol duration increases, thus introducing intersymbol interference
11

(ISI). When the symbol duration becomes short, it is likely that a signal travelling a
shorter path might arrive at the receiver ahead of another signal transmitted earlier
that has to take a longer path. Interference between the two symbols occurs, and we
call this phenomenon ISI. The interference level is already high for wireless systems,
thus increasing data rates will exacerbate interference further. In addition the complexity of the receiver will increase as symbol duration shortens and ISI increases. The
receiver needs to estimate the values via received waveforms, and it usually does not
have any information about individual path strengths and delays, only the aggregate
values. Generally for every order of magnitude of date rate increase, the complexity
increases by twice that order.
Multicarrier communications is a promising approach to solve this problem in a
cost-effective manner. This modulation technique allows multiple carriers to split
a high-rate data stream into streams of lower rate, which are then transmitted in
parallel over different subcarrier frequencies. The lower data rate on each subcarrier
allows us to use a longer symbol duration, hence alleviating intersymbol interference
and receiver complexity. There are many variations to multi-carrier communications
modulation technique. In this thesis we will focus specifically on Orthogonal Frequency Division Multiplexing (OFDM), and we will explain the basics in Chapter
2.
Though OFDM shows much potential, there are drawbacks which prevent widespread
acceptance of this technique. A main concern is that OFDM signals can incur large
peak-to-mean envelope power ratio (PMEPR). Under device or regulatory power constraints, high PMEPR has the effect of reducing average power of OFDM signals,
which will result in smaller range of transmissions and also leads to inefficient use of
amplifiers. In Chapter 3 we will discuss this problem in detail and present several
existing solutions using signal processing techniques.
Another series of works on the PMEPR problem applies coding techniques to
the transmitting signals. The PMEPR of such encoded signal is mathematically
upper-bounded by as low as 3dB. Chapter 4 will summarize important results from
literatures relating to these PMEPR reducing codes. In Chapter 5 we will proceed to
12

the original work undertaken for this thesis. We will discuss quadrature amplitude
modulated (QAM) codes with low PMEPR. After describing the mathematical properties of complementary QAM sequences, we will present constructions of 16-QAM
constellation codes with low PMEPR and its simulated results.

In Chapter 6 we

summarize the what we have done and suggest possible future research.

13
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Chapter 2
Orthogonal Frequency Division
Multiplexing (OFDM) Basics
The basic principle of OFDM is to transmit data by dividing it into several lower rate
data streams, which are then modulated in parallel over a number of frequency-spaced
subcarriers. Lower data rate and longer symbol duration will decrease the relative
amount of dispersion in time caused by multipath delay spread. By introducing a
guard time for every OFDM symbol, we can almost completely eliminate ISI. In addition we can cyclically extend each symbol to avoid intercarrier interference. Figure
2-1 below shows a block diagram of an OFDM modem, where the top chain illustrates
a simplified process of transmitter and the bottom path points out the steps taken in
a receiver.

Input

Encoder

-Fra

S

t

1

&

d-

BitsPaall&wnoigR

Opu

Decoder

PIrae

FFT

f

ADC

Time &Freq
Sync.

Figure 2-1: Block diagram of an OFDM transceiver
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2.1

Generation of OFDM Signal Using the IFFT

An OFDM signal consists of a sum of subcarriers that are modulated by using phase
shift keying (PSK) or quadrature modulation (QAM). Let a = (aoa

1

, -,

, an-

a sequence of complex QAM symbols. Let T be the symbol duration and
subcarrier frequencies, for i = 0, 1,-

,n

fi

1

) be

be the

- 1. A transmitted OFDM symbol starting

at time t = t, can be written as
n-1

s(t) =

aie2 7fi(t-ts) t, 5 t < t, + T

(2.1)

i=O

= 0
The carrier frequencies

t < t, or t > t, + T

fi are related

by

fi = f + iAf,

where

f is

(2.2)
the smallest carrier

frequency, and Af is an integer multiple of the OFDM symbol rate 1. Each subcarrier
has exactly an integer number of cycles in the symbol interval T, thus subcarriers are
orthogonal to each other. This property enables frequency bands to overlap without
causing interference to each other. Also note that the number of cycles between
adjacent subcarriers differ by only one, thus when we demodulate the kth subcarrier
by downconverting the signal with a frequency of

fk

=

f

+ kAf and integrating the

signal over T seconds, we arrive at result below:

/ts+T

n-1
_

t

2

7rfk (t-t,)

~

i=O

n-1

i

2 7rifi

-t)dt

t +T

ai ]

=
i=O

2,7rj(i-k)-''

dt

t.,

n-1

SZaiT6(i-k)

i=o

akT

We can also observe the orthogonality of the OFDM subcarriers in frequency
domain. Each OFDM symbol contains subcarriers of constant nonzero envelope over
a T-second interval. The spectrum of every symbol can be shown as a convolution
of a group of Dirac pulses, located at the subcarrier frequencies, with the spectrum
of a square pulse that is nonzero for a T-second period and zero otherwise. Hence
the spectrum of the kth OFDM subcarrier is sinc(7r(f - fk)T), scaled by the complex
QAM symbol ak, and it is zero for all integer multiple of 1/T away from fk. Figure 2-2
16

shows the overlapping sinc spectra of individual subcarriers. (Note that the spectra
need not have the same amplitude). The OFDM receiver essentially calculates the

Figure 2-2: Spectra of individual subcarriers

spectrum values at points of maxima of individual subcarriers. Since at the maximum
of each subcarrier spectrum all other subcarrier spectra have amplitude zero, thus we
can demodulate each subcarrier without interference from others. In other words, the
spectrum fulfills Nyquist's criterion for a pulse shape that will be free of ISI.
The complex OFDM baseband signal defined in (2.1) is simply the inverse Fourier
transform of the N QAM input symbols. The time discrete equivalent is the N-point
inverse discrete Fourier transform (IDFT) given by
NV-i

s(n) = E

aie2"

(2.3)

-

i=O

where the time t is replaced by a sample number n. In practice IDFT can be efficiently
implemented by IFFT, inverse fast Fourier transform. IFFT drastically reduces the
amount of calculations by exploiting patterns in the IDFT operations. By using a
radix-2 algorithm, an N-point IFFT requires only !log 2 N complex multiplications.
We can further lessen the amount of computation to

!N(log

2

N - 2) by using a radix-

4 algorithm. In general IFFT can achieve O(Nlog 2N) complexity, thus comparing
to the O(N 2 ) complexity required by IDFT, we see drastic savings as we increase
number of subcarriers and increase sample points N.
17

2.2

Guard Time and Cyclic Extension

A major benefit of OFDM is that the effect of multipath delay spread can be kept at
minimum. By dividing the input data stream into n subcarriers, the symbol duration
becomes n times smaller, thus reduces the relative multipath delay spread by the
same factor n.
Furthermore we can introduce a guard time TG which will eliminate intersymbol
interference almost entirely. We can choose the guard time larger than the expected
delay spread, thus adjacent symbols would not affect each other. Since the relative
multipath delay spread is small, the required guard time relative to the symbol duration is also small. The spectrum efficiency of an OFDM system will not be affected
much by the insertion of guard time.
Suppose we add the guard time before the present symbol, now we wonder what
we should transmit during TG. The simplest choice is to transmit nothing, however
this will generate intercarrier interference (ICI). By introducing the guard time, we
are no longer guaranteed that we can integrate over an integer number of cycles
during demodulation. In the example shown in Figure 2-3 we have subcarrier 1 and
a delayed subcarrier 2 due to multipath. When we demodulate the first subcarrier,
there is no integer number of cycles difference between subcarrier 1 and 2 in the
Fourier transform interval. Thus orthogonality no longer holds, and subcarriers will
interfere with each other.
We can eliminate ICI by cyclically extend the OFDM symbol during guard time
as shown in Figure 2-4. During the guard time we can transmit the last T0 seconds
of the same signal. As long as delays are smaller than the guard time, this technique
ensures the delayed multipath copies of the symbol always have an integer number of
cycles within the FFT interval, meaning no ICI. In addition the transition between
guard time to symbol period will be smooth.
When the multipath delay exceeds the guard time, we might expect phase transitions to occur inside the FFT interval. Again we would lose orthogonality and ICI
would result. Figure 2-5 shows the level of interference introduced. It depicts three
18

Subcarrier

#1

Part of subcarrier #2 causing
Cy n subcarrser #1
Delayed subcarrler #2

Guard time

FFT Integration time = 1/carrier spacing

OFDM symbol time

Figure 2-3: ICI due to multipath delay, nothing is transmitted during guard time

constellation diagrams that were derived from a simulation of an OFDM link with
48 subcarriers, each modulated by using 16-QAM. Figure (a) shows the case when
delay is less than guard time, and we see the undistorted constellation as expected.
In (b) the multipath delay exceeds the guard time by a small 3 percent fraction of
the FFT interval. ICI arises since subcarriers are not orthogonal to each other, still
the interference is small enough that the received constellation is discernable. In the
last case (c), the multipath delay spread exceeds guard time by 10 percent of the
FFT interval. Now we see that the interference is so large that the constellation is
blurry will unacceptable large error rate. The example illustrates the importance of
having a reasonable estimate on the maximum multipath delay when we implement
an OFDM system.

2.3

Windowing

In previous sections we have discussed forming an OFDM signal by IFFT, along with
cyclically extension to minimize ICI and ISI. One more issue we need to address
is the sharp phase transitions at symbol boundaries due to modulation. The sharp
19
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Figure 2-4: OFDM symbol with cyclic extension

transitions result in slow roll off of out-of-band spectrum. Figure 2-6 shows the power
spectral density of 16, 64, and 256 subcarriers. Although with more subcarriers,
the spectrum decreases more rapidly in the beginning, the -40-dB bandwidth is still
relatively large, almost four times the -3-dB bandwidth.
To enable a sharper drop-off of the spectrum, we apply windowing to individual OFDM symbols. Windowing an OFDM symbol allows amplitude drop to zero
smoothly at the boundaries. A common window type is the raised cosine window,
shown in 2-7. We can allow an overlap of 3T, between symbols, where 3 is the roll
off factor of the raised cosine.
After multiplying the symbol with the window, Figure 2-8 shows large improvement of power drop-off of out-of-band spectrum in the case of 64 subcarriers. The
slower the window roll off in time (larger 3), the better the performance.
Judging from above results, we might prefer larger roll-off factor 3 to obtain good
spectrum behavior. It however comes as the cost of decreased tolerance toward delay
spread. The roll-off of the window modulates the amplitude of subcarriers, thus
disrupts orthogonality between carriers and introduces ICI and ISI. Hence the rolloff
factor of 13 reduces the effective guard time by OT,.
On the other hand, we can use filtering instead of windowing. By filtering the
20
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Figure 2-5: 16-QAM constellation for OFDM transmissions. (a) delay i guard time;
(b) delay exceeds guard time by 3% of FFT interval; (c)delay exceeds guard time by
10% of FFT interval
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Figure 2-6: PSD without windowing for 16,64,and 256 subcarriers.

spectrum to our liking, we produce equivalently a convolution in time domain. Filtering however must be done with care. Too much rippling effects in time will distort
the OFDM symbol envelope, which again will translate to less delay spread tolerance. The trade off between low out-of-band spectrum and high tolerance against
delay exists nonetheless.
21
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Figure 2-7: Cyclic extension with raised cosine window.
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Figure 2-8: Spectra of raised cosine windowing with varied 3.

2.4

Receiver Operation

In a single-carrier system, the implementation complexity lies in equalization, which
is essential when we encounter large delay spread. OFDM, on the other hand, does
not need equalizer, since we have taken precaution against delay while constructing
the signal.

The complexity of OFDM mainly depends on FFT, which is used to

demodulate the subcarriers.
We see the block diagram of OFDM transceiver that in the last steps of reciever,
FFT produces estimates ro, ri, -. , r,

of input data ao, a,

, a,_,. Mathemati-

cally we can write the model as:
ri = aa

+ ni,

i= 0, 1, ..., n - I

(2.4)

where ac is a complex number that characterizes the channel and ni is the sampled
noise. The receiver then apply suitable error correction algorithms to extract the
22

input bits. Accurate determination of symbol timing and frequency offsets, and good
channel estimates are essential for the successful implementation of OFDM systems.
Having given a general idea of workings of an OFDM system, we will proceed
to the focus of this our work. We will concentrate our effort mainly upon the first
block and the last block in Figure 2-1, namely the encoding and decoding. No doubt
choosing the right code will affect the performance of entire OFDM system. There
are many coding techniques aimed to solve different problems of OFDM. In this thesis
we will investigates codes that reduce the inherent high peak-to-mean envelope power
ratio in OFDM signals. We will treat the problem in details in the following chapter.

23
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Chapter 3
The Peak-to-Mean Envelope Power
Ratio (PMEPR) of OFDM Signals
An OFDM signal is the sum of signals modulated independently over n subcarriers.
As a result it can have large instantaneous power compare to the average,. especially
when signals on all n subcarriers carry the same phase. In this case, the signal has a
peak power that is n times the average power. This effect is illustrated in Figure 3-1
of a 16-channel OFDM signal. Here the peak power is 16 times the average.
4

3

L2.
0.5
00L

to

12

14

1

Figure 3-1: Spectra of individual subcarriers
Although these peaks occur infrequently, their presence cause much complications.
If the peak envelope power is subject to design or regulatory constraints, it is effectively reducing the average power of OFDM signals, which will result in a smaller
25

range of transmission. Moreover if battery power is a constraint, typical in mobile
applications , then the power amplifiers required to behave linearly up to the peak
envelope power will operate inefficiently, leading to short battery life. Other disadvantages include increased complexity in the analog-to-digital and digital-to-analog
converters. All these drawbacks motivates us to find a solution for the high PMEPR
problem in OFDM.

3.1

Definition of PMEPR

In an OFDM system, at each time t = 0, T, 2T, ... blocks of k bits arrive at the

encoder. These k bits are encoded as a vector c of n constellation symbols from a
constellation Q. The vectors are called codewords, and the ensemble of all possible
codewords is a code C The signal at time t is modelled by the real part of the complex
envelope:
n-1

s(t)

cie 2 7ri(fo+iAf)t

=

(3.1)

i=O
for 0 < t < -,

where fo is the smallest carrier frequency and Af is the bandwidth

of each tone.
For any codeword c, the instantaneous power of the transmitted signal R(s(t))
is equal {R(s(t))} 2 . This power is less than or equal to the function P(t) = |s(t)12,

which is called the envelope power of the OFDM signal.
The average value of the envelope power is exactly equal to I|c 12. For any codeword c E C, let p(c) denotes the probability of the transmitted c. The mean envelope
power of the transmitted signals is then given by
Pay =

L

c I 2 p(c).

cEC

Now we define the peak-to-mean envelope power ratio of the codeword c to be:
PMEPR(c)

-

maxoctrTs(t)|2
Pav

(3.2)

For any unit energy constellation 1 , the average envelope power IIc 12 is equal to
n. We also know that the maximum peak is achieved when the subcarriers are in

26

phase and ci is the symbol of maximum energy. The peak power maxot<T IS(t)

2

is then equal to (n - maxcec Ic)2. Combining above observations together, for QAM
constellation of unit average energy, we can write:
PMEPR -

(n - maxrcEcjC2 ) 2
n

=

n -maxEclclC2 .

(3.3)

For example, A 4-QAM constellation (an equal-energy constellation) will yield PMEPR
of n. A 16-QAM constellation (not an equal-energy constellation) has PMEPR

=

1.8n.
We would like to design code C such that PMEPR(C) = maxcEcPMEPR(c) are
small.

3.2

Distribution of the PMEPR

We have mentioned previously that high peak power appears rarely. To see this, we
can consider the probability of that the peak power exceeds a certain value. We can
write the complex baseband OFDM signal of n subcarriers as
n-1

SWt =

V~-i=o

aie 27rip

(3.4)

Here the ai's are the QAM symbols to be modulated. From central limit theorem it
follows that for large values of n the real and imaginary values of s(t) both become
Gaussian distributed. The mean and variance of the distribution depend upon the
signal constellation ai's are taken from. For 4-QAM constellation, s(t) is Gaussian
distributed with mean zero and variance 1/2. When we are modulating over a 16-

QAM

constellation of unit average energy, the mean is still zero and variance is also

1/2. The amplitude of the OFDM signal will have a Rayleigh distribution, while the
power is of central chi-square distribution with two degrees of freedom and zero mean.
The cumulative distribution function is given by
F(z) = 1 - e-z

(3.5)

Figure 3-2(reproduced from [9], p.121) depicts the probability that the PMEPR ratio
27
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Figure 3-2: PMEPR ratio in dB
exceeds a certain value. The curves stay close to that of the Gaussian distribution
until the power ratio comes within a few dB from the maximum peak power of 10 log n
dB. We can see that only 1 percent of the time that the envelope power will exceed
the mean by more than 2.5 times. The probability drops to 0.1 percent when peak
power goes above 4 times of the mean. This suggests that high power peaks appears
rarely.
We can derive the cumulative distribution function for the peak power per OFDM
symbol. The probability that the PMEPR is below some threshold level is
P(PMEPR < z) = F(Z)"

=

(1 - e-z)n,

(3.6)

assuming that the signal is not over-sampled, and we receive n samples mutually
uncorrelated.
When we oversample the signal, we might obtain better description on the cumulative distribution function. We can no longer assume that the samples are uncorrelated,
thus above equation won't hold. However we could account the oversampling with
an subcarriers, where ce is the sampling factor great than one. Essentially we approximate the effect of oversampling by adding independent samples. The distribution of
the PMEPR will become
P(PMEPR < z) = F(z)n

=

(1 -

-z)cn,

(3.7)

The figure 3-3 ([9], p.123) below corresponds to the equation above, where a = 2.8.
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Figure 3-3: PMEPR ratio in dB

The dotted lines are curves obtained from simulations. For 64 and more subcarriers,
the results of approximation are quite accurate. If we examine the plot more carefully,
we see that for 64 subcarriers, about 10-6 of all possible QPSK sequences have a
PMEPR less than 4.2 dB. This means that 10-6 - 2'28 of all 128-bit sequences would
be lost if only symbols with PMEPR less than 4.2dB can be transmitted.

This

performance definitely leaves room for improvement.

3.3

Clipping and Peak Widowing

Since solving the PMEPR problem would remove a major obstacle to the implementation of OFDM, it has been an active area of research. Several approaches exist,
such as clipping and windowing, and peak cancellation.
The simplest solution is clipping, which limits the amplitude to a desirable maximum level. This idea is reasonable since high PMEPR occurs rather infrequently,
thus it is possible to remove the peaks without distorting the signal significantly. The
key is to keep the distortion at a minimum.
When we examine the effect of clipping in frequency domain, we see that it introduces nonlinear distortion to the OFDM signal and significantly increases the level
of the out-of-band radiation, which can easily be seen in Figure 3-5

([91,

p.124). The

amount of distortion depends upon the constellation size, number of subcarriers, and
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of course, the clipping level.
Clipping a signal can be thought as a multiplication of the OFDM signal with a
rectangular window, which specifies the maximum amplitude allowed. The spectrum
of the clipped signal is thus the original signal spectrum convolved with the spectrum
of the window function. This operation will widen the spectrum. Also the fact that
the window opening is kept narrow so to minimize distortion in time (Figure 3-4,[9],
p.124) means that the spectrum would be wider and further exacerbate the problem.
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Figure 3-4: Windowing an OFDM time signal

The spectrum of a rectangular window also suffers slow roll-off proportional to 1/f,
thus out-of-band power remains significant. We can of course reduce it by choosing
a more sophisticated window, such as Cosine, Kaiser, and Hamming windows. It's
effect can be seen below in Figure 3-5,([9], p.125). In addition we can lengthen the
window in time, thus narrowing the spectrum.
These techniques depend on a good estimation of the power spectral, such as PSD,
to characterize the spectral leakage caused by clipping. PSD can be computed by
Fourier transform of its autocorrelation function, which involves a statistical averaging
of the waveform. Conventionally people treats the distortive effects of clipping as
additive Gaussian noise, with variance equal to the energy of the clipped portion of
the waveform. This approach is reasonable if the level is set low and several clipping
events happen during an OFDM symbol interval. In most practical cases however, the
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Figure 3-5: Frequency spectrum of an OFDM signal with clipping and peak windowing

level is set high so the clipping event is rare and error probability remains low. In this
case clipping is in the form of impulsive noise rather than a continuous background
Gaussian noise. Hence the methods that requires statistical averaging such as PSD
can not accurately reflect the instantaneous nature of the clipping process.
It is reasonable to assume that the more accurate model of the distortion due
to clipping will yield performance a few orders of magnitude lower. Work done in
[5] shows this by identifying the clipping as a rare event and evaluating it based on
conditional properties of the large deviations of a stationary Gaussian process.

3.4

Peak Cancellation

To avoid the problems arise from clipping and windowing, we can turn to linear
peak cancellation technique. Instead of multiplying the input signal by a factor, we
can subtract a reference function from the input, thus reduces the peak power of
at least one signal sample. The key is to select an appropriate reference function.
A sinc function with fast roll-off is suitable, but it has infinite support. Hence in
practice we have to time-limit it by multiplying with a raised cosine window. Figure
3-6([9], p.135) shows the resulting signal after we apply the peak cancellation. Its
corresponding spectrum is shown in Figure 3-7([9], p.136).
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It shows the spectral

density for an OFDM system with 32 carriers. The worst PMEPR of this system is
15dB. After processing it is reduced to 4dB, and peak cancellation alters the spectrum
very little compare to clipping.

3.5

Computation of PMEPR by Oversampling

We see that in order for above algorithm to work properly, we need accurate (as
well as fast) computation of the peak magnitude of the transmitted signal. Since in
practically systems the signal is digitally generated and processed, the peaks have
to be determined on an oversampling grid. For efficient implementation we desire to
relate the peak value of the signal to the peak value of the samples. Recently such
relationship is established in [15].
Sampling theorem states that sampling a band-limited signal of finite energy at
Nyquist rate will guarantee reconstruction, however oversampling the signal can provide robust recovery so that small errors in the samples would not lead to large errors
in the reconstruction. In [15] it is shown that with moderate oversampling, the peak
value of the samples can give an upper bound on the peak value of the signal. This
relationship is further extended to complex band-limited signals, such as OFDM signals, thus it can be used to compute the codeword with the highest PMEPR. On the
other hand oversampling increases the implementation costs. This trade-off can be
addressed while designing an OFDM system.
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Chapter 4

PMEPR Reduction Codes

We know from previous section that only a small fraction of all possible OFDM
symbols has undesirably high peak-to-average power ratio. This suggests that we can
select certain codes which would only produce OFDM symbols with PMEPR below
a given level. A technique developed in [6] is to select for transmission codewords
which can reduce the PMEPR. This algorithm sifts out these codewords by exhaustive
search, and also inconveniently requires a large lookup tables for both encoding and
decoding end. The result gives no knowledge of coding structure and neither does
it provide error correction. A more constructive approach developed by Davis and
Jedwab uses Golay complimentary sequences to theoretically guarantee low PMEPR
[2, 3, 8, 10, 11, 12]. Their theory associates Golay complementary sequences with
special cosets of the classical Reed-Muller codes, thus creating this amazing class of
codes with large minimum distance, efficient decoding algorithms, and PMEPR lower
than 3dB. This technique is promising, and it is the basis of our work in this thesis.
Let us now examine some properties of Golay sequences.
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4.1

OFDM Signal Envelope Power

We know from earlier sections that the transmitted OFDM signal is the real part of
the complex envelope
n-1

(4.1)

s(t)= Lai(t)eifit
i=O

where fi is the frequency of the ith carrier and ai(t) is constant over a symbol period.
In order to ensure orthogonality the carrier frequencies are related by
(4.2)

f, = f + izf
for some constant

f,

where Af is an integer multiple of the OFDM symbol rate

1/T. The instantaneous envelope power of the signal is the real-valued function
P(t) = 1s(t)12 . Combining 4.1 and 4.2 gives

P(t) =< s(t), s(t) >

au(t)ak*(t)e 2

=

r(i-k)Aft

(43)

i,k

Let ai(t) = ai over a symbol period, and let P(t) denotes the envelope power of the
sequence a = (ao, a 1 , ...

, an -

1). Then by putting k = i + u in above expression, we

arrive at:
n-1

P(t)

2

|ai12 +

aia*i+ue juAft =
a3

=
u

z

i=O

aa*i
U AO

We can define PA as the first term of (4.4): PA

=

wuAft

(4.4)

i

En- 1

jai 12 . It is equal to n if ai's

are chosen from a unit average energy constellation. The aperiodic autocorrelation
of sequence a at a shift of u is by definition
C(u) =

Zaia*i+u,

(4.5)

5

(4.6)

we can rewrite (4.4) as
P(t) = PA +

u$O
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C(u)e 2 rjuz ft.

4.2

Golay Complementary Sequences

Golay complementary sequence is an idea first introduced by Marcel J. E. Golay in
1961 [4]. Golay complementary sequences are sequence pairs for which the sum of
autocorrelation functions is zero for all nonzero delay shifts.
Definition 4.2.1 Let sequence a = (ao, a,--

, an_1)

and b = (bo, b,

,

,- ),

where aj, bi are complex numbers. The sequences a and b are a Golay complementary
pair of length n if Ca(u) + Cb(u) = 0 for every u

#

0. Any sequence which is a

member of a Golay complementary pair is called a Golay complementary sequence.
Now we can present an upper bound for the PMEPR of Golay sequences.
Theorem 4.2.1 For any Golay sequence with symbols chosen from a constellation
of unit average energy, the PMEPR is bounded by 2.
Proof: Let a = (ao, ai,-

,-,)

and b = (bo, bi,-

1

) be a Golay com-

plementary pair. By definition Ca(u) + Cb(u) = 0 for all u f

0. When u = 0,

,b,

according to (4.6), Pa(t) + Pb(t) = PA + PB = 2n. Because Pb(t) is positive , thus
Pa(t)

PA + PB, and PMEPR < 2n = 2.

We can see by using a complementary code as input to generate an OFDM signal,
PMEPR would not exceed 2(3dB), a far improvement from PMEPR generated by
uncoded symbols. For example in the case of 16 channels transmission, PMEPR is
reduced by approximately 9dB in comparison with the uncoded case. We want to
systematically construct codes with this amazing property.

4.3

Golay Complementary Sequences in Reed-Muller
Codes

Davis and Jedwab made an important contribution to this problem when they made
a connection between Golay complementary sequences and certain Reed-Muller codes
over QAM constellations. Here we will introduce their results that are relevant to our
work.
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4.3.1

Reed-Muller Codes

In order to understand Davis and Jedwab's theorem, we need to define first and second
order Reed-Muller code (RM) first. Reed-Muller codes are some of the oldest error
correcting codes. It was invented in 1954 by D. E. Muller and I. S. Reed. RM(1, 5)
was used in 1972 on Mariner 9 to transmit black and white images of Grand Canyon
on Mars. Reed-Muller codes are relatively easy to encode and decode, and they offer
good error correction capability.
Let Xi,

-.- , Xm denote variables with values {0, 1}. A Boolean function f will

X2,

maps these variables to Z 2 : {(X 1 ,X 2 ,- -

,)i

variable xi as itself being a Boolean function
2m

l

E {0, 1}} -+ Z2. We can regard each

fi(Xi, x 2 ,---

,Xm) = xi and consider the

monomials

1, Xi, x 2 ,

-

,Xm,

iX2, XiX3,

,Xm-Xm,

-

,X1X2

(4.7)

. Xm.

We know that every such Boolean function f can be written uniquely as a linear
combination of these monomials over Z 2 , where the coefficient of each monomial also
belongs to Z2. With each Boolean function f, we can identify a length

2

m

Z2

sequence

f = (fofi ... fm-i) in which

fi = f (iO, ii,

and

(ii

1 ...

, ir. i),

im- 1) is the binary expansion of the integer i. For example when m = 3,

we have

f

=

(f(0, 0, 0), f (0, 0, 1), f (0, 1, 0), f (0, 1, 1), f (1, 0, 0), f,(1 0,1), f (1, 1, 0), f (1, 1, 1))

and the generator matrix for code RM(2,3) is
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1

1 11

11

xI

0 0 0 0 1

x2

0

0

x3

0

1 0

1

1

1

11

0

1 0

1

1

0 1

1

1

1 0 1

x 1x

2

0

0

0

0

0

0

1

1

x 1x

3

0

0

0

0

0

1

0

1

x 2x 3

0

0

0

1

0

0

0

1

Of course we need not limit the operation to Z2. Let use define a generalized
Boolean Function to be a function

f

from Z2

--+

2
2

h,

where h > 1. It can easily be

proven that such function can be uniquely expressed as a linear combination over
of monomials in (4.7), where the coefficient of each monomial belongs to

f

one-to-one mapping exists between Boolean function
drop the distinction and refer to both as

Z 2h .

Z 2h

Since

and the sequence f, we will

f.

Let us now define a binary linear code C over Z2. The C is the set of length n
vectors c = co, c,. -

,

c_ 1,

where ci takes on values {0, 1}. Define a to be some vector

over Z2, then the set a + C is a coset of C, and a is called the coset leader. RM(r,m)
is a r-th order linear binary code of length n = 2 ' and minimum Hamming distance
2 m-r.

The codewords are obtained with all the linear combinations of the rows of

generator matrix. The first order Reed-Muller code RM(1, m) is defined to be the
set of Boolean functions generated by 1 and first order monomials x,, X2,

...

, Xm-

We define the second order Reed-Muller code RM(2, m) to be the set of Boolean
functions generated by 1, the first order monomials
order monomials X1X 2 ,

-, Xm-1Xm.

x

1

, x 2 , ... , xm, and the second

It's important to note that a second-order Reed-

Muller code RM(2, m) includes RM(1, m), since the generator matrix of first-order
code is embedded in the second-order generator.

Connection between Golay and RM codes

4.3.2
Let (

=

exp(2*r), and let g(i) =' ' for i

(E

Z2 .

maps {0, 1} to the BPSK constellation{+1, -1}.
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For example when h = 1, then g(-)

For any Boolean function f = (fo, fl, - - - , f2m-1), we define g(f) to be the vector

(g(fo), g(fi), ...

, g(f

2m_ 1

g(.) then maps binary vectors into BPSK sequences. If

)).

S denotes a set of Boolean function, then we define g(S) = {g(f) I f e S}.
Here we recall an important theorem of Davis and Jedwab[3]:
Theorem 4.3.1 Let 7r denotes any permutation of the set 1, 2,...
Let

M-1

f (xi, X 2

,-

Xm) =

,m

and ck E Z2h.

m-1
Crn-

+

2

h-

X(k)Xr(k+r)-

k=1

k=1

Then the sequences
a(xi, X2, ---

f (X1,

,XM) =

X2,

I

m)

+ c

and

b(xi, x 2 ,-

,Xm) =

f (X1, X 2 ,-

are a Golay complementary pair of length

2

,

xm) +

2 h-1Xr(1)

+ c'

m over Z2h for any c, c' E

Z 2h

The proof of this theorem can be found in [2], so we would not replicate it here.
We know that E=L 1

ckXk

denotes the construction of RM(1, m) code. This theorem

connects Golay complementary sequences with RM code, thus taking advantage of the
well-known structure, such as set size and minimum distance, of RM code. Instead
of inventing new algorithms to encode and decode Golay sequences, we can rely on

easy encoding and decoding methods of RM codes.
Corollary 4.3.1 For any permutation 7r of the symbolsl, 2,...

,

m, and for any c, c' E

Z2h
m

a(x1, x 2 ,-

,

m-1

ckXk + 2 h1 E

Xm) =
k=1

xr(k)xr(k+1)

+ c

k=1

is a Golay sequence of length 2 m.

Corollary (4.3.1) gives 2h(m+l).m!/2 Golay sequences over Z 2 h of length 27 .

k=

Xr(k)X1(k)

gives m!/2 choices, and Ek=1 ckXk constructs RM 2h(1, m) of size 2h - 2+'1. Essentially we can find m!/2 cosets of RM(1, m) in RM(2, m).
leader in the form of EZ-1

X7r(k)Xtr(k+1),

Each coset has a coset

and this will produce a Golay sequences with

PMEPR< 2.
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Chapter 5
OFDM Low PMEPR 16-QAM
Code
We have seen in previous sections that certain cosets of RM codes are Golay complementary sequences. When these sequences are used as input to an OFDM system, they produce low PMEPR. The most popular type of modulation scheme for
OFDM signals is Quadrature Amplitude Modulation (QAM). We can obtain coding
gain without using more bandwidth by increasing constellation size. In Figure 5-1
we show the setup for QPSK, 16-QAM, and 64-QAM constellation. They are have
square shapes, and they are symmetric across both axes. In Section 5.1 we will show

N

E

0

N
Figure 5-1: QPSK, 16-QAM, and 64-QAM signal constellation

a simple encoding scheme for the 16-QAM constellation. Using the theorems of Davis
and Jedwab [2, 3], an upper bound on the PMEPR of this new code can be derived in
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Section 5.2. The code is also amenable to a minimum-distance decoding algorithm.
Though the decoder is suboptimal, but it requires low complexity computation, which
is an attractive advantage in practical implementation.

Construction of 16-QAM Codes

5.1

The 16-QAM constellation is a square signal set that is symmetric across both axes.
There are many ways to construct this constellation. Here we will assemble it with
two scaled QPSK, where each QPSK can be generated with two BPSK constellations.
The BPSK constellation is the set {+1, -1},

and it can be expressed as

BPSK = {exp(j7x), x = 0, 1}.

For any set of complex numbers A and any complex number a, let aA denote the set

{ az

| z E A}. If A and B are sets consisting of complex numbers, then we can define
A+B = {zi +z

2

| zi E A

andz 2 E B}.

It is easy to see that

2

BPSK + -jBPSK
2

(5.1)

gives the QPSK constellation. Any point of this constellation can be represented by:

v/-(-1)Mi + v2j(-1)Y'k

2

2

for some Xi, yk E Z2. In this way one can associate with any QPSK sequence c
cOc 1

...

cn_1

a unique sequence (xO, Vo), (X1 , Yi) ---

,

Yn-1) where

=

(xi, yi) E Z 2 X

Z 2 , 0 < i < n - 1. The construction of QPSK code follows:

Construction I: Let C1 and C2 denote BPSK codes of length n. The set sum
CQ=

2

C1 +

2

2

is the QPSK code sum of C1 and C2 . A simple lemma on the power ratio of QPSK
codes follows:
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Lemma 5.1.1 Let C1 and C2 denote BPSK codes. Suppose that PMEPR(ci) < B 1

for ci E C1 and PMEPR(c 2 )

B 2 for c 2 E C2 , then PMEPR(cQ) < 1(VTY +

B2 ) 2

for all cQ E CQ of above construction.
Similarly we can structure the 16-QAM constellation as the complex sum of two
scaled QPSK constellations:
16 - QAM =

2

QPSK +

1

QPSK

(5.2)

Figure 5-2 shows the geometric structure of this construction. The vertices of the
blue center square indicates the first QPSK signal set, and the smaller red square
connections the symbols of the second QPSK. When they are superimposed together,
we have a 16-QAM constellation.
Im

Re

Figure 5-2: Construction of a 16-QAM code with QPSK codes

Note that the QPSK constellation can also be realized as the set {exp(j
0, 1, 2, 3}. Thus one can associate with any QPSK sequence c

sequence XoX1... -

1where

=

)jx,

X =

cOc 1 ... c_1 a unique

xi E Z4 and ci = exp(jz)jx. Any point on the 16-QAM

constellation can be expressed by:
2
7r
I
exp (j-)j"i+ -exp
/5
,/4'
for some Xi,

Yk

E Z4.

7
(j)jYk
4

To be consistent, we scale this constellation to have unit

average energy. For any 16-QAM sequence c

sequence (XO, yO), (X1 , y 1 ) - - -

, (Xn_1, Yn_1)

=

cOc 1

..

c_ 1 , we can associate a unique

where (xi, yi) E Z4 XZ, 0 < i < n - 1.
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After modulation the transmitted signal looks like:
sc (t)

= sx'y (t) =

where x

-

=

XoX1

=

I

:(7 5 exp (j -7)j"+

- --

l_

and y = yoyi -

exp (j

)jYk)

exp[27rj(f + iNf)t],

The instantaneous envelope power is

-

thus
PC (t) = PXy (t) := |sY (t)| 2

=

5

(5.3)

|I2sx(t) + sy (t)| 2

Above observations lead us to consider the following construction:
Construction II: Let C 1 , C2 , C3 and C4 be BPSK codes of length n. Let CQ1 and

CQ2 denote two QPSK codes of length n, where CQ, =
vC 3

E C1 +

j3LC2 , and CQ2 =

+ jv1C 4 . Then the set sum
C =

gives a 16-QAM code.

CQ1 +

1CQ2

Combining constructions of QPSK and 16-QAM, we can

rewrite the 16-QAM code as a sum of four BPSK codes:
C =

{(C1 + 1C3) + j(C2 + C4)}.
2
e5 2

(5.4)

This allows us to relate the bounds of BPSK codes to that of 16-QAM code C in
Lemma 5.1.3. Before we do that, we will summarize a result from [13]:
Lemma 5.1.2 Let A G Z 4' be a set of sequences that is invariant under the mapping
x -* x + 2.

Then for any set of B E Z 4 n, 16-QAM OFDM transmission using an

equal-probable set of codewords A x B (or B x A) requires a mean envelope power
Pav = n.

Proof: For any length n sequence x in Z4, let z = x + 2 denotes the sequence given
by zi = xi + 2 for i = 0, 1, - - - , n - 1. Let c denote a codeword correspond to the pair

(x, y) E A x B, and let d be a codeword corresponding to (x + 2, y) E A x B. By
direct computation we arrive at cI1 2 + Ild | 2

=

2n. We know that (x, y)

is a one-to-one map, then I cjf 2 = n and P,

=

n.

44

-+

(x + 2, y)

Lemma 5.1.3 Let C1 ,C 2 , C3 and C4 be BPSK codes of length n. Suppose PMEPR(ci) <

Bi for i = 1, 2, 3, and 4, then
PMEPR(c) < 2
-5

1

B1+

B 3 ±+
+ /B

B 2 ) + 2(

4 ))

for all c E C, where C is constructed from (5.4).
Proof:
Let c =

(c 1 + Ic 3 ) + j

PC(t)

(c 2 + Ic 4 ). Using Equation (5.3), we observe that

2

= 25

(SC (t) +

1
2St)

1
+ j(Sc2 (t) + 2S4(t)

2

Apply the triangle inequality to the quantity in right, we have:
1
1
Sc1(t) + 1Sc3 (t) + S, 2 (t) + SC4 (t)
2

1
1
(SC, (t) + -SC
(t))
+
j(Sc
(t)
+
SC4 (t))
3
2
22

Following earlier definition of PMEPR, we can write
PMEPR(ci)

-

Sc (t)| 2

n

< Bi, for i = 1, 2,3,4.

This becomes
Bin, for i = 1, 2,3, 4.

|Se,(t)l

Combining these inequalities together, we achieve an upper bound on the peak power:
Pc(t)

; n

B+

/B 2 ) +f(/3

+

B4 ) .

In 5.1.2 we derive that a 16-QAM OFDM transmitted signal has P, = n, thus
PMEPR(c) <

5.2

(

B 2 ) +1 (1/3 + /B 4 )
2

7+

PMEPR Bounds of 16-QAM Codes

Let g(i) = (-1)' for i = 0, 1, then g(-) maps {0, 1} to the BPSK constellation.
For any Boolean function f = (fo, fi, - - - , f2m-1), we define g(f) to be the vector
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(g(fo), g(fh), - , g(f2m-1)).

g(-) then maps binary vectors into BPSK sequences. If

S denotes a set of Boolean function, then we define g(S) = {g(f) I f E S}.
Recall that in Chapter 5, we presented an important theorem of Davis and Jedwab[3]
2

which states that any element c of g(RM(1, m)+ZI

x0 (i)xo(i+1)) is a BPSK vector

of length 2m with PMEPR(c) < 2, for any permutation of the set 0, 1, -

,

m - 1.

This would give m!/2 cosets of the first order Reed-Muller code RM(1, m) in the second order Reed-Muller code RM(2, m). The images of the codewords of each coset
have PMEPR< 2. Our constructions conclude in the following theorem:
Theorem 5.2.1 Let o-1 , u-2 denote any two permutations of the set 0, 1, -

1. For 1= 1, 2, let C1

=

i= 2 x(i)xj(i+1)).

g( RM(1,m) +

,

m - 1.

Any element cQ of the

set
C

=

2 C1 +

2

C

(5.5)

is a QPSK vector of length 2' with PMEPR(c) < 4.
2. Let CQ, and CQ2 be two QPSK codes generated in above fashion. Then any
element c of the set
C = 2 CQi + I CQ 2

(5.6)

is a 16-QAM vector of length 2m with PMEPR(c) < 7.2.
Proof: The first part of the Theorem(5.2.1) follows directly from Theorem(4.3.1)
and Lemma(5.1.1). Since C1 and C2 each produces m!/2.- 2 m+1 sequences that have
PMEPR bounded by 3 dB, their composition will produce

(MI)24m+1

sequences that

have PMEPR < 6 dB.
Knowing this bound and Lemma 5.1.3, we naturally arrive at the second result
of this theorem. The new bound on 16-QAM codes is twice as much as the bound
achieved in [13], where the 16-QAM codes are assembled with Golay Complementary

QPSK

codes. This encoding method however is simpler and does not require much

computation for appropriate codes. Compare to the uncoded 16-QAM codes which
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has PMEPR of 1.8n, where n is the number of subcarriers, this is still an impressive
improvement. For example when the system operates with 16 subcarriers, we will see
a 6 dB improvement if the input is coded as such. In the next section, we provide a
straightforward minimum distance OFDM decoding algorithm.

5.3
5.3.1

Minimum Distance OFDM Decoding Algorithm
Maximum Likelihood Decoder

Let C denotes any code defined over a 16-QAM constellation(note this is not an equalenergy constellation), and let
ai, i = 0, 1,

...

a denotes the decoded codeword.

, n - 1 are known at the receiver.

Assume channel gains

The ideal maximum likelihood

decoder decides in favor of the codeword c if it minimizes the decision metric among
all possible codewords:
n-1

c=arg min E
cC

I - aici 2

i=O

After expansion,we have
n-1

I

n-1

n-1

Iri - aicil2 = E
[
ri|2 + Z(ailI2cil2 - (ria c + rciaci)).
i=O

i=O

i=

The first term does not vary with codewords, thus it could be neglected. The decision
metric is simply:
n-i

E(lail'Ici|2 - (rialc + rai
aci))

(5.7)

i=

Next we could add

_O ril2Ioil2 to the above sum. The additional term is again

independent of the codewords. We conclude that the ML OFDM decoder decides in
favor of the codeword c

=

c0cI

...

cn-

1

if it minimizes the decision metric

n-1

n-1
2

(rT 1 1a,1

2

+

ICI

2

-

ria C

- r

aic) +

i=0

L(ija

12IC,2) -

Cu

2

).

i=0

which in turn is equal to
n-1

n-1

riac - ci|2 + Z(jai12 - 1)Icui2.
i=O

i=O
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(5.8)

The first term of the equation denotes a minimum distance decoder, and that is
what we want to further develop in the following paragraphs. Note that by neglecting
the second term of above equation, the decoder will become suboptimal, however it
will allow for faster decoding algorithm, which can be useful in practical applications.

5.3.2

Minimum Distance Decoder

Let us restating our construction of a 16-QAM code. Each 16-QAM code is generated
with four BPSK codes C1 , C2 , C3 and C4 of length n. The construction is in the form
of

C=

5

{(Ci + C3 ) + j(C2 + C4 )}
2

2

(5.9)

Clearly the real and complex portion of the code are each made up of two scaled
BPSK codes. This tells us when we decode a 16-QAM code, we want to decode the
received r to the four BPSK codes: C1 , C2 , C3 and C4 .

Minimum distance decoding requires that we compute the distance from the received codeword r to every codeword in the set and decode it to the one at minimum
distance away. Suppose r = r, + jrj is received, where r, and ri are two arbitrary
n-dimension real vectors. Since they represent orthogonal components of r and the
constellation is symmetrically arranged about both axes, we can decode r, and ri
separately.
Let us start with decoding rr. We can project the 16-QAM constellation onto the
real axis. All signal points take on four points symmetrically spaced about the origin,
shown in Figure 5-3. We can encode these four points as vi + 1w 2 , where vi, wj are

Figure 5-3: Projection of 16-QAM constellation onto the real axis
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each a BPSK first order RM code RM(1, m). vi can be thought as the contribution
from the first QPSK code and wj from the second.
Next we can define a binary orthogonal code Om within RM(1, mn) as a set of
2m

codewords of length 2 m and minimum distance 2 m-1. The codewords within the

set are orthogonal to each other, as the name indicates. It is important to note that
RM(1, m) consists of the Om U (1 + Om), where 1 + Om is the complement of Om. In

other words, RM(1, m) is a biorthogonal code of 2 m complementary codeword pairs.
This knowledge will simplify the encoding to tv± t lw3 , vi, wj E Om.
By minimum distance we will decode r, to the closest combination of vi and wj
and assign vi to 61 and wj to 63 :
{c 1 ,

3}

arg

=

r

min

-

vi,wjERM(1,m)

= arg

I|r, t

min

vi

(vi + -w)
2
1

-wj /|2
2

vi,WjEOm

Since both vi, wj are chosen from the same set
they are the same codeword ( i =
* Case 1: i

=

j,

-+ wi

j)

||2

0 m,

we can consider two cases:

or they represent different codewords (i # j).

=v

This is a special case when wj and vi are in fact the same codeword. With some
substitution and rearrangment, the quantity we need to minimize becomes:

min

1

|1rr - (±v, ± -v,)||

2

Vi,VjEOm
=

2

min{irr ± Vi 12 |rr ± vi(12}
2

2

viEom,

For simplicity we normalize the energy of codeword ((v(( 2 to 1 (where we have

it equal to n before). The decision metric we need to evaluate becomes:
.

1

4

viEOm

" Case 2: i

#

,-

w =

3
4

vi) + -, 3((r,, ±vi) + -)}

{c, 63 }j=j= arg min {(rr,

(5.10)

y

This is the general case when the two codewords are different. The expression
we need to minimize is just

min Ijrr

- (±vii

vi,VjEOm
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1
2

-vj)1|

2

After some grooming it becomes:
{&1, E3}isA

=

arg

min {(rr, t2vi) + (rr, ±V ) + -

(5.11)

4

Vi,V3 EOm

In each case we can find the codeword pair {vi,w} that give the minimum distance, then we should pick the pair that yields the smaller of the two minimums and
assign it to the receieved. This concludes decoding of r,. Similarly we can decode
the complex portion ri following the same steps. Project all signal points onto the
imaginary axis. Encode the four points as a combination of two BPSK codes and find
the pair that is at minimum distance away from ri.
We will summarize above steps in the algorithm below:
Algorithm 5.3.1 For any received r = r, + jri, where rr and ri are two arbitrary
n-dimension real vectors, we will decode rr and ri separately. To decode rr, we follow
these steps:
1. Project the 16-QAM constellation onto the real axis.
2. Encode each of the four points on the real axis as ±vi ± !j,

vi, wj E Om,

where Om is a orthogonal subset of RM(1, m).
3. Find { 1,63 }j= 3

=

arg minvEo,{(rr, ±vi) +

4. Find {c1, E 3}is

=

arg minv,vj Eom {rr, -±2vi)+ (rr, ±vj) +

5. Finally compare the two minima: {I,E 3 }

=

, 3((rr, ±vi) + j)}

min ({

1 , C3}i=,

}
{Ci, c3}isj)

Repeat above steps to decode ri to 62 and C4 .

5.4

Computation Complexity of the Decoder

The minimum distance algorithm described above is straightforward, however it would
not be useful unless it is computationally efficient. We can see that for the decision
metric, the computation is dominated by the inner products of (r, ±vi) , vi E Om.
We will show that this requires comparatively little computation.
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Theorem 4.3.1 states that each of the BPSK codes is encoded with a coset of
RM(1, m):

RM(1, m) + f, where f is the coset leader taken from the generator
Here o denotes a permutation of the set

~-2 xa(i)xe,(i+1).

matrix of RM(2, m):

I - 1. Recall the mapping g(i)
0,1, ..-m

{0, 1} with BPSK alphabets {1, -1}.

=

(-1)' for i = 0, 1 replaces binary elements

Let R

=

((-1)foro, (-1)flri, ...

(-1)--1rn-1),

then determining the closest codeword of r to g(RM(1, m)) +f is equivalent to finding
the closest codeword of R to the BPSK map of RM(1, m).
Note that we took advantage of the structure of RM(1, n) and encode the vi's
from the set Om. The image of Om under BPSK map is a set of 2 m orthogonal vectors,
and the same holds true for 1 + Om. Since all elements of Om are ±1 after the map,
g(Om) produces a Hadamard matrix H2m , where each row corresponds to a codeword.
Similarly the complement 1+ Om produces -H

2m

under mapping. Evaluating (r, ±v)

amounts to the matrix multiplication IH2m RTI, which is also known as the Hadamard
transform of R.
In case 1 we are looking for the minimum of (r, ±vi) , vi G Om This is equivalent
to finding the smallest component of
element Yk of the vector(yo, Y1, -

IH2m RT1.

, y 2 m-1-1)T

If for some 0 < k < 2M - 1, the k-th
= H 2mRT has the smallest absolute

value amongst all, then we decode R to either the k-th row of H 2 m (if Yk > 0), or to

the k-th row of its complement -H

2m

(if Yk < 0). Case 2 requires a little more work,

where we also need to locate the second smallest value of

IH 2m

RT1.

Two wonderful properties of Hadamard matrix can further reduce the amount of
computations. First we note that elements of H 2m are t1. This implies that matrix
multiplications of |H

2

mRTI are just real additions and subtractions: multiplying by

+1 is addition; multiplying by -1 is subtraction. Secondly the Hadamard matrix is
recursive, meaning when n = 2 ' for m > 2, a n x n H2m is constructed with H 2 -i:
=

(:Hm-1

H2-1

(H2m-1

-H2,,-1

When we take advantage of this recursiveness, we see that computation of H 2mRT
is scaled down to two smaller matrix multiplications: H2m -1 [Ro, - -- , R 2m -1_
H 2M -1 [R 2 m -1,

,R

2

1 ]T

and

m-_]T. Direct calculation of H 2 mRT will require 2 m x 2 m multi-
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plications, however with recursive calculation we need only m2m real additions and
subtractions.
In general we only consider Reed-Muller code up to RM(1,5). With RM(1,5) we
are transmitting 6 bits of information for every 32 bits used. Encoding input with
any larger Reed-Muller code will produce data steam in which less than 10% of bits
carry any information. This becomes wasteful and thus not desirable. The simulated
result in figure 5-4 shows the bit error rate for the uncoded 16-QAM code, and ones
coded with RM(1,2), RM(1,3), and RM(1,4). We see that a coding gain of about
8dB can be obtained by going from uncoded 16-QAM to a 16-QAM RM(1,4) code of
rate 5/16.
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Figure 5-4: Comparison of BER of QAM codes for OFDM
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Chapter 6
Conclusion
In this thesis we discussed OFDM as a modulation technique that shows strong potential to meet the requirements of next generation mobile communications in a costeffective manner. We introduced the basics of OFDM and focused on a key problem
of OFDM, high PMEPR. There are of course many ways to rectify this drawback, and
we brushed upon the pros and cons of a few signal processing solutions. The main
approach taken by this thesis is from a coding perspective. We know that the input
can be encoded with certain codes which mathematically upper-bound the peak-tomean ratio to be within acceptable range. In Chapter 5 we specifically talked about a
16-QAM code that is not only easily encodable and decodable, but also possesses low
PMEPR. We constructed this code with four BPSK codes, where each BPSK code
is taken from certain cosets of RM(1, m) in RM(2, m) that has PMEPR bounded
by 2. The minimum distance decoding algorithm requires only m2' real additions
and subtractions. The tradeoff is that we are penalized with higher PMEPR. This
code yields a PMEPR bounded by 7.2, twice than what could be achieved [13, 1].
Nevertheless the merit of this code outweighs its drawback. In addition we can follow
the same line of thoughts and extend the construction higher order constellations,
such as 32-QAM or even 64-QAM if necessary.
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