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Abstract

We address the problem of dynamic channel assignment and blocking probability for
connection-oriented traffic in a multihop wireless network. Specifically, we present an
exact blocking probability analysis for a single channel wireless line network and derive
blocking probability formulas for both bi-directional and uni-directional calls. In the
multiple channel case, we present a simplified analytical model and obtain approxi-
mate blocking probability formulas that predict the simulation results very accurately,
especially, for low to moderate number of channels. We apply the formulas derived to
consider the effect of transmission radius on blocking probability. We show that in a
line network with equal length calls, it is preferable to use larger transmission radius;
while for a more dense grid network we make simplified analytical arguments show-
ing that it is more desirable to use smaller transmission radius. Finally, we present
a novel channel assignment algorithm that aims at reducing blocking probability by
cleverly reusing the channels while also satisfying the wireless transmission /reception
constraints. We compare its performance with other channel assignment algorithms
such as the rearrangement, random and the first fit algorithm.
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Chapter 1

Introduction

Wireless communication witnessed a tremendous growth in the last decade and con-
tinues to expand rapidly with the development of new technologies. Cellular networks,
for wireless voice telephony, have been successfully deployed around the world. How-
ever with a rapidly expanding set of wireless users there is a growing need for local
wireless networks that can be quickly setup in any terrain. Unfortunately, cellular
networks do not provide this flexibility as they require a massive infrastructure in-
vestment. Multihop wireless networks are a promising alternative towards achieving

this goal.

A multi-hop wireless network (also called an ad-hoc network) is a cooperative net-
work where data streams may be transmitted over multiple wireless links (multiple
hops) to reach the destination. The nodes in such a network operate not only as hosts
but also as routers forwarding data streams for other nodes that are not within direct
transmission range of each other. Unlike its cellular counterpart, this network can be
easily deployed in any terrain without the need for any fixed infrastructure. Though
easily deployed, a wireless ad-hoc network introduces added complexity into problems
of routing [1], scheduling and network connectivity [2]. In addition, such a network
should also be able to provide quality of service guarantees to have widespread appli-

cation asg its cellular counterpart.
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Recently, there has been increased focus on issues relating to Quality of Service
(QoS) guarantees for wireless ad-hoc networks [3], [4], [5], [6]. The work in QoS
guarantees has focussed mainly on finding source-destination routes that satisfy end
to end QoS requirements, often given in terms of the required channels (bandwidth).
The problem of which channels to allocate from amongst the available channels and
the effect of transmission radius on the blocking probability of calls is the focus of
this thesis. In this work, we study a line and a grid network as they are good repre-

sentatives of a sparse and a dense network respectively.

The problem of dynamic channel assignment has been considered in the context
of cellular networks [14], [16], [17], [18]. However, in a multi-hop wireless network the
problem differs significantly from its counterpart in the cellular network. In a cellular
network (potentially many) nodes communicate only with the nearest base-station.
In contrast, in a multi-hop wireless network, transmission of data takes place over
multiple wireless links to reach the destination. This imposes additional complexity
as non-conflicting channels must be allocated on the wireless links along the source-
destination path. Another difference between the two networks is that a cellular
network has a regular cell structure which makes the set of interfering cells fixed.
While, in a multi-hop wireless network, the set of interfering nodes can be varied by
varying the strength of the transmitted signal. This also has the effect of altering
the hop length of the calls. With a larger signal strength, a node can communicate
with a node further away and reach the destination node in fewer hops albeit at the

expense of interference with a larger set of nodes.

The performance metric considered in this thesis is the steady state blocking prob-
ability of a call. Blocking probability as a performance metric has been widely used
by researchers in studying various networks. Some of the work on blocking proba-
bility includes [21], [22] in all-optical networks, [9], [10], [11], [12], in circuit-switched
networks and [13], [16], [18], in cellular networks. In [13], Kelly considered a cellu-

lar network (where nodes communicate with the nearest base-station) with a linear
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topology and compared the fixed and the rearrangement channel assignment algo-
rithm. The result was derived in the limit of the length of the line network tending to
infinity. We consider a similar limiting argument for the blocking probability analysis

of the wireless line network.

The primary contribution of this thesis includes the development of an exact block-
ing probability analysis for a single channel wireless line network with single hop calls
and a good approximate model for the multiple channel case. We then apply the
blocking probability formulas derived to consider the effect of transmission power on
blocking probability in a line and a grid network. We show that in a line network it is
preferable to use larger transmission radius and communicate directly rather than go
multihop to reach the destination (assuming all calls are of the same length); while
in a more dense grid network it is more desirable to use smaller transmission radius.
Since the line and grid network represent a sparse and a dense network respectively,
these results have significant implications in the design of such networks. The result
also clearly brings forth the significance of the density of the network on blocking
probability in a multi-hop environment. Finally, we develop a channel assignment
algorithm for single and multi-hop calls in a wireless network. Our algorithm signifi-
cantly outperform the naive random algorithm. More importantly, our results show
that the effect of the channel assignment algorithm is more significant when a) the
network has a dense topology (e.g., grid) and b) the call length is large. This obser-
vation is somewhat intuitive as when the network is dense, efficient packing of the

channels becomes critical.

The rest of the thesis is organized as follows. In Chapter 2, we describe the
wireless interference and the traffic model. Chapter 3 presents blocking probability
analysis for a line network including an exact analysis for the single channel case
and an approximation in the multiple channel case. Chapter 4 considers the effect of
transmission radius on blocking probability in a line and a grid network. In Chapter 5,

we present channel assignment algorithms for multihop calls in a general topology
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wireless network and simulation results that compare their performance. Finally,

Chapter 6 concludes the work and provides future research directions.
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Chapter 2

Network Model

2.1 Wireless Interference Model

A wireless network is modeled as a two-dimensional graph G = (N, A) where N is the
set of nodes and A is the set of wireless links which are assumed to be bi-directional.
We say that a wireless link exists between any two nodes if they are within direct
transmission range of each other. All nodes in the network have an omnidirectional
antenna and are assumed to transmit with the same constant power. We investigate
a static wireless network whose topology does not change with time. We refer to
the shared resource in the network to service a call as a channel. For example, in a
time division multiaccess (TDMA) network, a channel is a time slot within the time-
division multiaccess frame and for a frequency division multiaccess (FDMA) network
a channel is a distinct frequency band. Any transmission or reception is assumed to

completely utilize the channel.

To understand the call service mechanism, consider a time division multi-access
(TDMA) system. Time is divided into frames which are further sub-divided into
slots (called time slots). The total number of time slots in a frame is the total chan-
nel resources available in the network. The data transfer between any two adjacent
nodes (nodes that are within direct transmission range), takes place in the time slots

within a frame. Since we consider only connection-oriented traffic (explained in Sec-
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tion 2.2), a time slot must be reserved a priori to allow the data transfer without
any interference from the neighboring nodes. Once a time slot is reserved, the call
is serviced in that time slot over multiple frames for the entire duration of the call.
In case of multi-hop calls, such a mechanism is repeated over all the hops along the
entire length of the path. However, neighboring links cannot share the same time slot
as interference imposes certain constraints on the simultaneous use of a channel. A
frequency division multi-access (FDMA) system is identical to a TDMA system with
the time slots being replaced by distinct frequency bands.

We assume a disk model of interference and define the transmission radius of a
node (say T') as the radius of a circle (called the transmission circle) outside which
the interference due to node T is negligible. Within the transmission radius of node
T, we assume complete interference of the signal transmitted by node T with other
ongoing transmissions. For any two nodes T and R, we say that node R is a neighbor
of node T if R lies within the transmission radius of 7. Since the links are assumed to
be bi-directional, T is also a neighbor of R. Let the set consisting of neighbors of node
T and node R be denoted as Ny and Ny respectively. To explain the interference
model, we consider the following example of a data transfer from node T to node R
(T — R) in channel . We refer to node T, as the transmitting node and R, as the
receiving node. For call T — R to be successful, the following criteria needs to be

satisfied.

1. Nodes T and R must not be involved in any other call transmission/reception
in channel . This criterion ensures that a node cannot simultaneously serve

two calls in the same channel.

2. Neighbors of the transmitting node (P € Nr) must not receive any other data
in channel «y. Otherwise the transmission from node T will result in interference
and data loss at node P. However, note that a node P € Ny can transmit in

channel v if this does not violate Condition 3.

3. Neighbors of the receiving node (Q € Ng) must not transmit any other data
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in channel . Otherwise the transmission from node @ will result in the loss
of data received at node R. However, note that a node Q € Ny can receive in
channel + if this does not violate Condition 2 (This happens for nodes that are

neighbors of both T and R).

The above “idealized” model approximates realistic interference assumptions and
is commonly used in the study of wireless networks [3], [19], [20]. We consider two
types of calls in this work; one involving a uni-directional data transfer and the other
a bi-directional data transfer. The next two sections describe each type of call in
detail and present examples that illustrate the simultaneous channel use constraints

(referred to as the wireless constraints) in either case.

2.1.1 Uni-directional Calls

A uni-directional call from the source node S, to the destination node D, involves
data transfer in one direction from node S to node D (S — D). Each call is assumed
to require a single channel for service on each hop. For a multihop call, a channel
must be reserved on every link along the entire length of the path. The wireless
constraints on a single link are explained in the example below (Figure 2-1). Let the
path of a multi-hop call be {S, N1,.., Ny, D} where, S is the source node, D is the
destination node and Ny, .., NV, are the intermediate nodes. The data transfer takes
place as § — N; — N.. — D. Let 7,7, ..,Vk+1 be the channels selected on the
respective links along the path from S to D. The channel assignment is feasible, if for
every link 7 the single hop wireless constraints (Figure 2-1) are satisfied in the chosen

channel «; for that link.

Figure 2-1 example : Consider a single hop data transmission from node Z — Y
in some channel v. Nodes Z and Y cannot participate in any other transmis-
sion/reception in channel 4. Nodes A, B are neighbors of Z and they cannot
receive any transmission from their neighbors in channel y. Note that, node A can

transmit to node P which is its neighbor but not a neighbor of Z. Neighbors of node
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Y are C, D and they cannot transmit in channel 4. Note again that node C can
receive from node @) which is its neighbor but not a neighbor of Y. In Figure 2-1, the

set of interfering data transfers are marked ‘X’.

Figure 2-1: Interference model for uni-directional data transfer (Z — Y in the figure).

2.1.2 Bi-directional Calls

A call between any two nodes S, D is defined as bi-directional if there is data transfer
in both directions (S — D and D — §). We continue to make the assumption that
each call requires a single channel for service on every link along the entire length
of the path. The actual mechanism by which the data transfer takes place, in either
direction on each link, using a single channel is immaterial. One possible way would
be to further subdivide the channel reserved on each link. However, we ignore this
detail by assuming a bi-directional data transfer on a single “super” channel. The
wireless constraints for a single hop bi-directional call are explained in the example
below (Figure 2-2). For a multihop call, these constraints must be satisfied at every
link on the entire path. Let the path of the multi-hop call be {S, Ny, .., Ny, D} along
links S < Ny, N; & Na,..., N, & D. Let 73,72, .., Yx+1 be the channels selected on
the respective links along the path from S to D. The channel assignment is feasible,
if for every link ¢ the single hop wireless constraints (Figure 2-2), are satisfied in the

chosen channel 7; on that link.
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Figure 2-2 example : Consider a single hop bi-directional data transfer between
nodes A and B in channel . Since both nodes A and B transmit and receive data
(in channel v) during the duration of the call, all the three conditions as stated ear-
lier apply to both the nodes. It follows from Conditions 2 and 3 that neighbors of
node A cannot service any other bi-directional call. A similar condition holds for
the neighbors of node B. Let a node be labelled inactive (in ) if it is not involved
in transmission on channel v and active (in ) otherwise. With this notation, we
get a more simplified single hop simultaneous channel use constraint as follows. For
the bi-directional call A < B to be successful (in channel v), neighbors of node A
(excluding B) and neighbors of node B (excluding A) must be inactive. As shown in
Figure 2-2, nodes A;, A, are neighbors of A and they cannot service any other call
in channel v (while call A < B is active). Neighbors of node B are B;, B, and they
cannot service any other call in channel 7. In the figure, the set of interfering data

transfers are marked ‘X’.

Figure 2-2: Interference model for bi-directional data transfer (A « B in the figure).

2.2 Traffic Model

All calls in the network are assumed to be connection-oriented. A connection-oriented
call requires dedicated resources for service during the entire duration of the call.
These resources are held up while the call is in progress and simultaneously released
at the end of the call. We assume that all calls require a single channel for service on

each link. The call arrival and departure process is described next. Let C; represent
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the call arriving at node i and destined for node j. Let X;(¢) denote the arrival
process of this call and Z;; denote the time this call remains in service. The arrival
process X;;(t) is independent of all the other call arrival processes and is assumed to
be Poisson with rate A;;. The service time Z;; is independent of the arrival times and
service periods of other calls and is distributed according to an Exponential distri-
bution with mean 1/p,;. In this work, we assume a uniform traffic model and set all

the arrival rates A;; = A and the service rates pu,; = .
We consider bi-directional and uni-directional calls which differ in the set of wire-

less constraints on the successful service of a call. To keep the analysis tractable, we

consider networks in which calls are either all bi-directional or all uni-directional.
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Chapter 3

Line Network

3.1 Introduction

In wireless networks, dynamic channel assignment algorithms can be compared using
various performance metrics. As noted earlier, the performance metric in this work
is the probability that in steady state an arriving call is blocked. To compute this
blocking probability, we construct a stochastic model of the system and analyze its
steady state behavior. However, analyzing a general network using the stochastic
model is very difficult. Therefore, we consider simpler networks (line network and
grid network) with symmetrical loads. These networks help us understand the be-
havior of blocking probability under different network parameters and the conclusions
drawn here can be applied to more general networks. In this chapter, we analyze a
line network where the nodes are located unit distance apart from each other, the

transmission radius of each node is unity and all the links have uniform load.

We first consider the simplest non-trivial case of single hop calls and a single chan-
nel available in the network. By considering the limiting behavior (length of the line
network — oo), we obtain an elegant formula that computes the exact blocking prob-
ability in the single channel case. We then present a simplified approximate model
for computing the blocking probability in the multiple channel case for the random

channel allocation policy. This policy is explained in detail in the later sections. The
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next chapter builds upon this work and extends it to a more general line network.
The insights gained and the formulas derived in this chapter are used in the subse-
quent chapter to study the effect of transmission radius on blocking probability in a

line and a grid network.

The rest of the chapter is organized as follows. In Section 3.2 we consider a
line network with a single channel. We first analyze the blocking probability in a line
network with all single hop bi-directional calls (Section 3.2.1) followed by the analysis
for single hop uni-directional calls (Section 3.2.2). Section 3.3 presents a simplified
model for analyzing blocking probability in the multiple channel case for the random
channel assignment policy. Using the simplified model, we derive blocking probability

formulas that predict very well the values obtained from simulation results.

3.2 Single Channel Wireless Line Network

Consider a Wireless Line Network with nodes located at positions z = —m, —m+1,....,
m—1, m. We label these nodes as X_,,, X_,,11,..., X;n—1, X;n with each node having
a transmission radius of unity as shown in Figure 3-1. Since the transmission range
of every node is unity, each node can communicate directly with a node on its left

and a node on its right.

o—O0 0 0 0 0 °

X X X

-m -m+1 X

X

X0 X m-1 m

-m+2 m-2

Figure 3-1: A Line Network.

The reason behind considering a line network with even number of links (2m)
is to simplify the blocking probability analysis when we later consider the limiting
behavior (with the length of the line tending to infinity). This simplification does
not in any way affect the limiting results. The reason for considering an infinite line

network is that the edge effects can be eliminated and each node then has an identical
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environment. This simplifies the blocking probability analysis and gives elegant and
useful results that have applicability for finite length line networks. Before proceed-
ing with the analysis, we first present an observation that plays a central role in the

subsequent proofs.

Observation: If X and Y are disjoint discrete sets and f(x) and g(y) are any two
functions defined on X and Y, then

Y f@el) = F@NQ 9w) (3.1)

(z,y)EX XY zEX yeY
Equation 3.1 can be trivially proved as follows. Let the set X’ be z1, z,, ..., zx and the

set ) be y1,y2, .--, 4 then,

Q@O 9w) = (Fl@) + -+ f@))9n) + - + 9(w) (3.2)

zeX yey

Expanding the above expression, it can be shown to equal the left hand side of Equa-

tion 3.1.

We begin by considering single hop calls and a single channel available in the
network. Single hop calls are between nodes that are within direct transmission range
of each other. The line network either has all bi-directional calls or all uni-directional

calls. In the subsections that follow, we treat each case separately.

3.2.1 Bi-directional Calls

A wireless link (or simply link) is said to exist between any two nodes if they are
within direct transmission range of each other. For a node X} in the line network,
there is a link between nodes (Xj_1, Xx) and between nodes (X, Xi41). We label
the links in an increasing order with link (X_,,, X_,,4+1) labelled L_,,, link (X_,.41,
X_m42) labelled L_p,11, .., link (X,,—1, X,,) labelled L,, ;. Thus, there are total 2m

links (L_p, L_m+1, -y Lim—y) in the network. A link is said to be active if there is a
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call in service on that link.

Ck-2 Cra1 Ck Cks1 Cxa2
P N A SN SN

--------- o0 o 0o o o

k-2 Liv1 Lk
Xk X1 Xk Xkl Xks2 Xk43

Figure 3-2: Constraints on the simultaneous service of adjacent bi-directional calls.

Let Cy denote a call between nodes X, and Xiy,. Cx = 0, if the call is inactive and
Cr = 1, if the call is active. Following the constraints as noted in Section 2.1.2, call
C} can be successfully serviced in the single available channel if node X;_; (neighbor
of X)) and node Xy,o (neighbor of Xy,) are inactive. This implies that calls Cj_,,
Cx-1, Cr+1, Cxy2 must be inactive (Figure 3-2). We refer to these constraints as the

wireless constraints.
o Cj—1 =0, (Node X} cannot service any other call).
e Ciry1 =0, (Node Xi;1 cannot service any other call).

e Cy_2 =0, (Node X;_; cannot service any other call as it is within the trans-

mission range of node Xj).

e Ciio = 0, (Node Xy,2 cannot service any other call as it is within the trans-

mission range of node Xj41).

The traffic model follows from Section 2.2. Calls (Cy) arrive according to an inde-
pendent Poisson process of rate A\. The call holding period of all calls is independent
of earlier arrival times and holding periods of other calls and identically distributed
according to an Exponential distribution with mean 1/y. There is no admission con-
trol and no buffering of calls in the network. If a call cannot be accepted then it is
dropped. Otherwise it holds the channel for the entire duration of the call. We refer
to this network as WLN-1.
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Theorem 1. The blocking probability of a call in a WLN-1 line network with the

length of the line network tending to infinity and finite v = A/ is,

1.3

Pp=1——
B 1+ 2v238

(3.3)

where x 1s the unique root in (0,1] of va® +x = 1.

Proof : Let ni(t) be the number of calls Cy in progress at time t. Let v = \/u
and define the vector n(t) = {n(t)}, £ € —m,...,m — 1. State n is admissible if
n > 0 and satisfies the wireless constraints as described earlier. Let G(m) denote the
set of all admissible states for a line network with m links (or m + 1 nodes). Since
we consider a line network with 2m links, the set of all admissible states is G(2m).
We could express the set G(m) mathematically but the analysis that follows does not
require such an explicit description of the state space. The local constraints on the

simultaneous use of a channel at a node suffice for the analysis.

The stochastic process (n(t),¢ > 0) is an aperiodic, irreducible, finite state Markov
process and hence has a unique stationary distribution 7(n) = P(n = (n_pm, .., "m—1))
given by the following product form solution [7]. The normalization constant in the
product form solution is denoted as S{2m), where 2m denotes a line network with

2m links.

(n) = ks*(z;m)l—_lm% ., neg@m) (3.4)

The normalization constant S(2m) makes m(n) a probability distribution and it can

be computed by summing 7(n) over all n € G(2m).

sem= 3 I :"' (3.5)

neg(2m) r=-m

Since we are dealing with a single channel network n, = 0 or 1 and n,! = 1. Hence

we can drop the term n,! from Expression 3.4 and re-write as,
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1 m~1

w(n) = S@m) I:I v, n € G(2m) (3.6)

r=—m

S@em) = Y ﬂ v (3.7)

neG(2m) r=-m

— Z V”—m+--+"m-1 (38)
)

neG(2m
Let niotar = N + .. + Tm—1, then,

1

m(n) = S@m) el e G(2m) (3.9)
S@m) = Y yhew (3.10)
neG(2m)

Consider the call Cy of the line network. The non-blocking states for call C, are
{n :n € G(2m) and n_y,n_1,ng,n1,ny = 0}, assuming m > 2. Denote this set as
N By and let Pyp.,, be the probability that in steady state call C, is not blocked.
Then,

Ploom = Y, w(n) (3.11)
neN By
0 _ EHENB() pMotal
PNB,?m - Eneg(zm) Dhtotal (312)

The set of non-blocking states for call Cyp must have calls C_,, C_;, Cy, C, C, inac-
tive. Therefore, to evaluate the numerator in Equation 3.12 we must characterize the
feasible states of the remaining calls (C_,,,..,C_3 and Cs, .., Cp,_1). It turns out that
we do not have to explicitly describe this set. Rather, we can exploit the symmetry
in the line network to evaluate the numerator. Before proceeding forward we make

the following definitions.

Let G, be the state space of calls C_,,,.., C_3 and Gr be the state space of calls
03,.., Cm—l- Then,
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G = state space of WLN-1 with m — 2 links

= G(m-—2);
Gr = state space of WLN-1 with m — 3 links
= G(m-3)

Calls C_,,, .., C_3 are not affected by the simultaneous service of calls Cs, .., Crp_1
which makes the state space G, independent of Gz. Therefore, the set N By is the
cartesian product of the sets G;, and Gr (by independence) and can be written as,
NBy = {GLXGgr, n_3,n_1,n0,n1,n2 = 0}. We can now evaluate Expression 3.12
using Equation 3.1. Let, np = n_,, + .. + n_3 and ng = n3 + .. + n,,—;. With this

notation and n_s, n_;,ng, ny, Ny = 0 we get,

Zynmml — Z (Vn—m+~-+n—3)(V"3+--+"m—1) (3.13)
NBy NBy
= Qv (3.14)
Sr Gr
Pl — 2l en ™) (315)

Eneg(Zm) Ntotal
0 (EQ(m—Z) VnL)(Zg(m—3) Vnn)
PNpom = - (3.16)
Zneg(zm) /' ttota

Using our notation for the normalization constant we get,

Z v = S(m—2)

g(m—2)

Z V't = S(m - 3)
Gem—3)

Z [l — S(2m)
G2m)

The expression for the probability of non-blocking of call Cj can now be expressed in
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a more simplified way as,

Pypon = S _52()2‘5;5;” =3 (3.17)

The size of the state space, G(m), increases very rapidly with the length of the
line. Hence, calculating S(m) by summing over all the feasible states is not practical.
However, the symmetry of the line network facilitates an iterative evaluation of S(m).
The set of feasible states can be partitioned into a set of states for which the leftmost
call is inactive and the set of states for which the leftmost call is active. For the former
state space S(m) equals S(m — 1). In the latter state space, the wireless constraint
forces the next two calls on the right (of the leftmost call) to be inactive and the state
of the remaining calls on the line is independent of the leftmost active call. Thus, for
the latter state space, S(m) equals vS(m — 3). Let S()|{constraint} represent the

evaluation of the function S() under the specified constraint.

S(m) = S(m)|{leftmost call inactive} + S(m)|{leftmost call active} (3.18)
Sim) = Sm—-1)+vS(m—-3), m>3 (3.19)

S(k) =1,k <0 (defn), S(1) =1+ v, and S(2) =1+ 2v.

Using the above equations we can evaluate P% B,2m for a line network with 2m links
for any m. Following a similar methodology, we can easily generalize the approach
and evaluate the probability of non-blocking Pk B,m of a call Cy, Vk and for any finite
m. It turns out that if we look at the limiting behavior (lim,, ), an elegant formula
for the blocking probability of any call in the network is obtained. Simulation results
(Table 3.1) have shown that this formula very closely approximates the blocking
probability for finite length line networks and is much easier to evaluate than the
iterative formula presented earlier. The iterative formula becomes cumbersome to
deal with as the length of the line increases. We now proceed to consider the limiting

behavior. Re-writing Equation 3.17 and taking limits we get,
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S(m—2)S(m-3)
(S(m—l)S(m—l))

S(2m)
(S(m—l)S(m~1))
(S(m—2)5(m—-3) )

S(m-1)S(m—1)

S(2m)

S(m—l)S(m—l))

(3.20)

lim Pyg,, = lim (3.21)

m-—o0 m—oo (

To evaluate the denominator in the above equation, we need to evaluate S(2m).
This is done by partitioning the state space of WLN-1 into a set of states conditioned
on all the possible states of calls (C_;,Cy). We then evaluate S(2m) over each of
the partitioned state space and sum them up. There are four cases that need to be

considered.

1. C_1,Cy both inactive. In this case, calls C_,,, .., C_5 do not interfere with calls
Cy, .., Cr—1. Thus, the state of calls C_,,, .., C_, is independent of the state of
calls C4, .., Cp—1 and we get, (Note that using the earlier notation, feasible state
space of {C_p,,..,C_2} = G(m —1) and the feasible state space of {C}, ..,Crr1}
= G(m—1))

S(2m) = Z Yr-mttn_z Z prttnme

G(m—1) G(m—1)
S(2m) = Sim-1)S(m—-1)

2. C_; active, Cy inactive. Since C_; is active, calls C_3, C_,, C} must be inactive.
This leaves the state of calls C_,, .., C_4 independent of the state of the calls
(3, ..,Cn-1. The feasible state space of {C_,,,..,C_4} = G(m — 3) and the
feasible state space of {C5,..,Cpi_1} = G(m — 2).

S(Zm) _ ( Z Vn_m+..+n_4) 1/( z Vn2+..+nm_1)

G(m—3) G(m—2)
S(2m) = vS(m-3)S(m—2)
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3. C_y inactive, Cy active. By symmetry (with case 2),

S(2m) =vS(m — 2)S(m - 3).

4. C_y, Cy both active. This state is infeasible.
Thus we have,

S(2m) = S2m)|{C_1,Co =0} + S2m)|[{C-1 =1,Cp = 0} (3.22)
+S’(2m)l{C_1 =0,Cy = 1}
S(2m) = S(m—-1)S(m 1)+ 2vS(m — 2)S(m — 3) (3.23)

Plugging Equation 3.23 in Equation 3.21 we get,

S(m—2)S(m—-3)
lim Pyg,, = lim Stm—1)5(m—1)
m—o0 ’

m—co | 4 95, S=2S(m=3)

S(m—1)S(m—-1)

(3.24)

When m — oo the probability of non-blocking Pyp of any call, by symmetry, is
equal to the probability of non-blocking of call Cy. We can drop the super script 0
and re-write as (assuming the limit exists which we later show that it does exist),

S(m—2)S(m—3)
PNB — lim S(m—1)S(m—1)

m—oo | 4 21/5(7"'—2)3(7"'_3)

S(m—1)S(m—1)

(3.25)

To prove the existence of the limit and evaluate its value, we go back and examine

Equation 3.19 that evaluates S(m) iteratively.

Sim) = S(m-1)+vS(m-23) (3.26)
_ 8(m-1) S(m-3)

L= 5o s (3.27)

1 = lim S(gz )1)+y lim. S(;’z’n:f) (3.28)

Since the left hand side of the above equation is 1, the limits on the right hand side
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must exist. Let,

. S(m-1)
nltlgéo S(m)
Then,
. S(m-23) . 8m-=3) .. Sm-2) Sim-1)
A A, 1
A TSy S, Sm = 2) oo S(m — 1) msse  S(m)
Making change of variables, (k =m —2,l =m — 1)
. S(m-=3) . Sk-1), Sl-1) . Sim-1)
-~/ _— 1 1
A =S m) o TSR TS0 e T S0m)
= _’L‘3
In terms of z, Equation 3.28 can be written as,
=z +vz? (3.29)

We go back and examine what z represents. The normalization constant S(m) is a
non-negative monotonically increasing function of m, V v > 0 and gives an indication
of the size of the state space. With this interpretation, z is the state space expansion
factor (in terms of the normalization constant S(m)) in the limit (m — o). For all
finite v > 0, S(k) < S(k+1), k > 1 which implies that z € (0, 1]. The existence of a
root of the cubic Equation 3.29 in (0, 1] for any finite v > 0 can be proved as follows.
Re-write Equation 3.29 as,

1
vt +1==
T

The function 1/z is a positive decreasing function and takes values between [1, 00) in
the interval 2 € (0, 1]. Function, vz? + 1 is a positive non-decreasing function taking
values between (1,1+ v] in z € (0,1]. Since we assumed that v > 0, the two curves

must intersect at a unique point in (0,1]. This is illustrated in Figure 3-3.

33



1+v

Figure 3-3: Plot indicating the intersection point between 1/x and 1 + vz?.

Py p can now be evaluated in terms of x as,

5(m—2)S(m—3)
Pyvp = lim S(m—1)S(m—1)
s 5(m—-2)S(m—3)
M=% 1+ 2V S ST
1+ 2vad

Finally, the probability of blocking Pg = 1 — Pyp, is,
:1,:3

Pp=1———
B 14 2vaxd’

v’ +z =1 (3.30)

This completes the proof of Theorem 1.

Blocking probability

Load (nu)
Figure 3-4: Blocking probability plot for bi-directional calls (plot of Pg = 1— #iza)
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Figure 3-4 is a plot of Pg (Equation 3.30) for various values of the load v. The
value of z is computed by finding a root in (0,1] of vz® + z = 1. Being a cubic poly-
nomial, the root can be evaluated very easily either analytically or using numerical

methods.

Table 3.1 compares the blocking probability values computed theoretically using
Expression 3.30 with the values obtained from simulations of a line network with 10
nodes. In the simulations, blocking probability of the center call is computed as the
edge effects are minimal for this call. As seen from the table, the blocking probability

formula (Equation 3.30) accurately predicts the values even for small length line

networks.
Length = 10 nodes
v Theoretical Simulated
Blocking prob. | Blocking prob.

0.00005 0.000249 0.000244
0.00040 0.001995 0.001987
0.00160 0.007929 0.007933
0.01280 0.059734 0.059813
0.10240 0.328020 0.331024
0.81920 0.775250 0.780030

Table 3.1: Comparison of theoretically computed and simulated blocking probability
values for finite length line network and bi-directional calls.

To understand Equation 3.30 in more detail, we compare it with the standard
M/M/1/1 blocking probability expression. The steady state blocking probability in
a M/M/1/1 system with load v/ is given by,

Py = (3.31)

We make the comparison by calculating an equivalent load ¢/ in the M/M/1/1 block-
ing probability expression (Eqn 3.31) that has the same blocking as that obtained
from Equation 3.30 for load v. The significance of the effective load is that, if we

isolate a particular link of the line network then load v’ on this isolated link would
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have the same blocking probability as experienced by the link within the line network

(with symmetrical load v). To calculate v/, we equate Equation 3.30 and 3.31.

I/’ i .’133
L 1+ 2vg3
, 14+ (Q2v-1)2°
=

Define factor g as, g = /v, then g can be expressed as,

14+ (2v —1)z?

— (3.32)

g —

A plot of g for different values of load v is presented in Figure 3-5. Evaluating the
limits in Equation 3.32, we get lim,_,og = 5 and lim,_, ¢ = 3. The understanding
behind these values of g is that at light load (lim,_,q) each arriving call contributes an
equivalent load of 5 calls; while at high loads (lim,_..,) each arriving call contributes

an equivalent load of 3 calls. These values can be explained in detail as follows.

Value of g
@ -~ = -~ s
> - R kY @ &

w
@

w
-

4

Load (nu)

Figure 3-5: Plot of g = v//v for bi-directional calls.

v — 0: Each single hop call, Ck, in WLN-1 has four other neighboring interfering
calls (Cx—2, Ck—1, Cky1, Crs2). To serve any of these 5 calls, a channel on link L,
must be free. In the low load case almost all the calls get served and the chances of
more than one call being active from among the 5 calls, Cx_s, .., Ck42, is negligible.

Thus, the total rate seen by link L; is five times the arrival rate and the value of g
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as v — 01is 5.

v — 0o: At very high loads, the highly probable states of the network are the
maximally packed states [15]. In WLN-1 network, the maximally packed states have
an active call every two hops apart. The largest set of mutually interfering calls is
three and at very high loads (due to maximal packing), these calls mutually block
the channels. Thus, the total rate seen by link L, is three times the arrival rate and

the value of g as v — 0 is 3.

3.2.2 TUni-directional Calls

We extend the blocking probability analysis of Section 3.2.1 to the case of unidi-
rectional calls in a line network. A unidirectional call from node X to node Xj
involves data transfer only in one direction (X; — Xyy1). Therefore, in this case,
calls Xy — X1 and X1 — X are distinct. This adds more complexity to the set
of interfering calls and manifests itself in a more tedious blocking probability analysis.
However, interestingly, an exact expression can be obtained even in this case in the

limit of the length of the line network tending to infinity.

The line network is identical to that considered in Section 3.2.1. The wireless in-
terference model follows from Section 2.1. The notation for the calls is as follows. We
label the call from node X; — X4, as Cy and the call from node X;,; — X; as Cyjyy.
Thus, the set of distinct calls in the network are C_s,,,, C_2/m41, -, Com_2, Com—1. Calls
arrive according to independent Poisson processes each of rate A\. There is a single
channel available in the network. If the arriving call cannot be accommodated for
service then it is lost and does not reattempt service request. Otherwise the call is
connected and holds the channel for the holding period of the call. The call holding
period of all calls is independent of earlier arrival times and holding periods of other

calls and Exponentially distributed with mean 1/4u.

Consider a particular call Cr (k, even). This call is from node Xy — Xi/a41.

The set of local constraints for servicing this call are as follows.
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e Since node X/, is only transmitting for the entire duration of call Cj, neighbors
(Xk/2-1 and Xy /o41) of this node including itself cannot receive any other call.

This implies that calls Cx_4, Cx—2, Cx—1, Crs1, Cry3 must be inactive.

e Node X} 241 is the receiver for call Cy. Therefore neighbors (X, and Xj/210)
of this node including itself cannot transmit any other call while call C} is in

progress. This constrains the calls Cy_1, Cx11, Cry2, Cry3, Cria to be inactive.

Combining all the constraints, we find that for call C} to be successfully serviced
in the available channel, calls Cy_4, Cx-2, Cr—1, Ck+1, Cry2, Cr+3, Crysa must be inac-
tive. Figure 3-6 shows these constraints for call C}, k being even. Calls marked ‘X’
must be inactive for call Cy to be successfully serviced . A similar set of conditions

can be obtained for the case when k is odd. We refer to this network as WLN-1(uni).

Cra  Cra  Ck Cke2 Ckes

Cis Cr-1 Cis1 Crs3 Ckss

Figure 3-6: Constraints on the simultaneous service of adjacent uni-directional calls.

Theorem 2. The blocking probability of a call in a WLN-1(uni) line network with
the length of the line network tending to infinity and finite v = A/ is,

Ty

Pp=1-—
B v3(1 — )2 + dvzy

(3.33)
z and y satisfy the following relations,

o(l — 1)’ +42° = v(1—z)?

vP = vz

and z is the unique root in [0,1) of x(1 — z)? + 42?2 = v(1 — 2).
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Proof: Let ni(t) be the number of calls, C, in progress at time ¢. Let v = \/u
and define the vector n(t) = (nk(t),k € —2m,...,2m — 1). State n is admissible if
n > 0 and satisfies the constraints as described earlier. Let H(m) denote the set of all
admissible states for a line network with m links (or m + 1 nodes). Since we consider
a line network with 2m links (nodes —m,..,m), the set of all admissible states is
H(2m). As in the bidirectional case, an explicit description of the admissible state
space is not required. The local constraints on the simultaneous use of a channel
suffice for the analysis. The stochastic process (n(t),¢ > 0) is an aperiodic, recurrent
Markov process and hence has a unique product form stationary distribution 7(n) =
P(n = (n_2m, .., N2m-1)). The normalization constant in the product form expression

is denoted as N(2m).

1
1 v
71'(11) = N—(2’;n_5 rzllmn—,.!. y ne H(Qm)

The normalization constant N(2m) makes 7(n) a probability distribution and it can
be computed by summing #(n) over all n € H(2m). For a single channel network

n, =0 or 1 and n,! =1 and we get,

2m—

m(n) = N(;m) H V', n € H(2m) (3.34)

r=—2m

2m—

N(@2m) = Z H v (3.35)

neH(2m) r=-2m

— Z Vn—2m+-.+n2m—1 (336)

neM(2m)
Let Total = N—2m + .- + Nam-1, thena

1

— Motal
7(n) N(Zm)y ,  n€EH(2m) (3.37)
N@m) = Y yrow (3.38)
neH(2m)

Following Section 3.2.1 we focus on call Cy of the line network. The non-blocking
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states for call Cy are {n: n € H(2m), n_q, n_z, n_y, ng, N1, N2, n3, ng = 0}. Denote

this state space as N'By. The probability that call Cy is not blocked is,

Pyg = Y w(n) (3.39)
neN By
E 1% l/ntotal
Py nelVBo (3.40)
NB ZnE’H(Zm) 1/Mtotal

To evaluate the numerator in Equation 3.40, we must characterize the set of non-
blocking states. It turns out that we do not have to explicitly describe the set N By.
Rather, as done in the bidirectional case, we can exploit the symmetry in the line

network to evaluate the numerator.

Let Cy, represent the set of calls, C_s,,, C_amt1, -, C—s, C_3 (call C_4 is excluded
as it is inactive in the set A'By) and Cg represent the set of calls, Cs, Cs, .., Com-1-
The set N By consists of all the feasible states of calls Cy,, Cr with {C_4, C_s, C_y, Co,
C1, Cs, C3, C4} = 0. Nodes for the calls Cy, are not within direct transmission range
of the nodes for Cg. Therefore, the calls in C}, are not affected by the simultaneous
service of calls in Cr which makes the state ny, = {n_sy, .., n—5,n_3} independent of

the state ng = {ns, .., Na;m—1} and we can apply Equation 3.1. Let,

ny = Neopm+..+n_g-+n_3

H; = feasible state space of calls C},
ng = Nzt ..+ Nom

Hr = feasible state space of calls Cg

We can now evaluate Expression 3.40 using the above notation and Equation 3.1.

Z pMotal Z (yn_2m+..+n_5+n_3)(Un5+..+n2m—1) (3_41)

N Bg HLXHp

= O_ v > vme) (3.42)
He Hr
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po. — Sy V(T ) e

Notal
ZnE'H(2m) piots

To make the evaluation of the above expression easier, we take the limit, lim,,_, ..
The limiting condition eliminates the edge effects of finite length line networks and
leads to an elegant formula for the blocking probability of a call. Simulation results
(Table 3.2) have shown that this formula very closely approximates the actual blocking
probability for finite length line networks. Thus, the result obtained here is not
restrictive. When m — oo the probability of non-blocking, Pypg, of any call is by
symmetry equal to the probability of non-blocking of call Cy and we can drop the
super script 0. Re-writing Equation 3.43 and taking the limit, lim,,_,.,, we get,

(EHL vL )(ZHR VR )

lm P°. = I Nim—1) '\ " Nm=1)
mgvréo NB ml—l}go Zne‘H(2m! viiotal
N(m-1)N(m-1)

: Sy P Srp "R
p = e (3.45)

800 TN

(3.44)

To evaluate the limits in the above expression, we use the conditioning argument

and the symmetry in the line network as used in the case of bidirectional calls.

ZV”H = Z V'R {ns inactive} + Z V™E {ns active}
Hr Hp,n5=0 Hpr,ms=1

when ns = 0 (inactive), the feasible state space of calls {Cs, .., Com—1} = H(m — 3).

Thus we get,

Z R — Z et tnamo1 _ N(m__ 3)

Hp,ns=0 H(m—3)

when ns = 1, we have ng, n7,ng = 0 and conditioning on ng we get,

Z V™ = uvN(m — 5) {ny inactive} + Z v™*® {ng active}

Hp,ns5=1,n9=0 Hp,ns=1ng=1
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Proceeding this way,

{m—3

SOt = N(m — 3) + vN(m — 5) + 2N(m — T) + .. + 524, m odd
Hr

(m-4)

Z,/‘R:N(m_3)+yN(m~5)+z/2N(m—7)+..+y =t m even
Hr

Taking the limit (lim,,_,) we get,

(3.46)

Define the following limits (the existence of these limits is shown later). We choose

this definition of the limit as it simplifies the evaluation of the blocking probability

expression.
. vN (m)
lim ——— =
. vN(m)
1 R S —
moso Nm+ 1) Y
v: = vz

In terms of z and y, we can rewrite expression 3.46 as,

Z’H yR
m—oo N(m — 1)

Il

1
;(:v+a:2 +z* 4+ 2%.) (3.47)
x
= 4
v(l —x) (3.48)
Following a similar reasoning, we can evaluate lim,—co (g, ¥**/N(m — 1)) and the

denominator lim,,_,o(N(2m)/N(m — 1)N(m — 1)) in Equation 3.45.

S, v N(m ~2) N(m ~ 4)
im ——— = lim ———< i — .. .
A Nm—D AR Nm D) T AR N1 (3.49)
= %(1+x+$2+m3+ ) (3.50)
_ Y
= i D (3.51)
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To evaluate NV (2m), we partition the state space H(2rn) into a set for which {C_,,
C_1, Gy, C1} = 0 (inactive) and a set for which atleast one of the call amongst {C_j,
C_1, Gy, C1} is active. For the former state space N(2m) = N(m — 1)N(m — 1) and
for the latter state space we make a conditioning argument identical to that made

earlier, to obtain the second term in the following equation.

N(@2m) = N(m-1)?+ (3.52)
4v(N(m —3) + vN(m —5) + ..)(N(m — 2) +

vN(m—4)+.)
. N(2m) 4 2 2
lim N(m =17 1+ V(a:+z +. Ny +yzr+yz*+..) (3.53)
_ 4y
= 1t (3.54)

Using the above results, we can evaluate Pg in terms of z and y. However to
complete the proof, we need to prove the existence of the limit > and evaluate its
value (Note that y can be calculated from z using y*> = vz). Using the conditioning

argument and symmetry of the line network, we evaluate the function N(m + 1) as,

N(m+1) = N(m)+2vN(m-—2)+ (3.55)
20°N(m —4) + .. + 203, m even

N(m+1) = N(m)+2vN(m-—2)+ (3.56)
202N(m —4) + ..+ 2™, m odd

Dividing by N(m + 1) and taking limit(lim,,.,) we get,

1. wvNm) 1 . v’N(m-2)

1=- —_— —_—t
ymgrgl;oN(m—}-l) yml—Igo N(m+1)

(3.57)

Since the left hand side (LHS) of the above equation is 1, the limits on the right hand
side (RHS) must exist. This proves the existence of the limits and also provides a

way to compute its value. Rewriting Equation 3.57 in terms of z and y we get,
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1 = L49:Y 4028
v 174 14
- %(1+2x+2x2+...) (3.59)

¥ .. (3.58)

The normalization constant N(m) is a non-negative monotonically non-decreasing
function of m, V v > 0. This implies that y > z. Since Equation 3.59 is satisfied for
all values of v, the infinite series in  must converge and z € [0, 1) for all finite values
of v. Using y = v/vz and excluding the cases z =0 (v =0) and z — 1 (v — 00), we

get the following cubic equation in z.

\/§(1+12_x$) ~ 1 (3.60)

z(l—z)? +42* = v(1-x)? (3.61)

To prove that there exists a unique solution in (0, 1) of the cubic equation, for any
finite value of v > 0, we re-write Equation 3.61 as, (Note that by neglecting v = 0

case, we have z > 0)
4z v

1+ — ==
+(1—x)2 T

v

The function Z is a positive decreasing function and takes values between [v, 00) in
the interval z € (0,1). Function, 1 + (13—2)’-’ is a positive increasing function taking
values between (1,00) in x € (0,1). Since v is assumed to be positive, the two curves
must intersect at a unique point in (0,1). Finally, the blocking probability of a call,

Pg, is given by,
Ty

Pg=1-
B vi(1 —z)? + dvzy

(3.62)

where z and y satisfy the following relations

z(l—x)? +42° = v(l —2)?

v: = vz

This completes the proof of Theorem 2.
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Table 3.2 compares the blocking probability values computed theoretically using
Expression 3.62 with the values obtained from simulations of a line network with
10 nodes. In the simulations, blocking probability of the center call is computed
as the edge effects are minimal for this call. As seen from the table, the blocking
probability formula (Equation 3.62) accurately predicts values even for small length

line networks.

Length = 10 nodes
v Theoretical Simulated
Blocking prob. | Blocking prob.
0.00001 0.0000799 0.000082
0.00004 0.0003198 0.000313
0.00016 0.0012781 0.001285
0.00256 0.0200130 0.019928
0.04096 0.2396400 0.239738
0.65536 0.8061500 0.807249

Table 3.2: Comparison of theoretically computed and simulated blocking probability
values for finite length line network and uni-directional calls.

Following the arguments of the bidirectional case, we compare the blocking prob-
ability expression (Equation 3.62) with the standard M/M/1/1 formula. We compute
an effective load v’ in the M/M/1/1 expression (Equation 3.31) that gives the same
blocking as that obtained from Equation 3.62 for load v. The significance of the
effective load is that if we isolate a particular link of the line network then load +/
on this isolated link would have the same blocking probability as experienced by the
link within the line network (with symmetrical load v). The effective load ¢/ can be

computed by equating Equation 3.62 and 3.31.

Voo zy
1+v 1= v2(1 —x)? + 4vzy
S V(1 —z)2 + (4v — 1)zy
zy

For unidirectional calls the factor ¢ defined as, g = v/ /v, is given by,
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21—-z)2+ (v —1
g (1= m)* + (4= 1)y (363)
vy

Value of g

Load (nu)

Figure 3-7: Plot of g = v/ /v for uni-directional calls.

A plot of g for different values of the load v is presented in Figure 3-7. When v — 0,
the value of g equals 8 which is the number of interfering calls plus one (the particular
call). When v — oo, g equals 4, which is the size of the largest set of mutually
interfering calls. These values conform to the reasoning presented for bidirectional

calls and it is applicable here as well.

3.3 Multiple Channels

The earlier sections considered a line network with a single channel. In the single
channel case, if the channel is available (allocating the channel to the incoming call
satisfies the wireless constraints) then it is assigned otherwise the call is dropped.
However, in the multiple channel case, we may have situations when there are many
free channels available and a channel allocation decision must be made. In this
section, we analyze a line network with multiple channels and single hop calls. We
consider the random channel allocation policy and attempt to compute the blocking
probability of a call for this policy. Extending the analysis of the single channel

case to multiple channels is not straight forward. The difficulty arises in evaluating

46



the normalization constant in the steady state probability distribution expression.
Therefore, we consider a simplified analytical model and derive approximate blocking

probability formulas that predict very well the values obtained from simulations.

3.3.1 Random Channel Allocation Policy

A random channel assignment policy, assigns a channel on a link randomly from
among the free channels on that link. Free channels refer to those channels that do
not have any calls in progress and the acceptance of a call in those channels does not
violate the wireless transmission/reception constraints. The random policy is very
easy to implement practically and its performance study helps us evaluate other dy-
namic resource allocation algorithms. We then look for policies which perform better
than the random policy in terms of steady state blocking probability. Our region of
comparison will always be the region of low blocking probability. It has been shown
that in the high blocking regime, the random policy outperforms the rearrangement
policy in a linear cellular network, [13]. However such a regime is not very interesting

as in practice, networks operate in the low blocking regime.

The analysis of the random policy cannot be carried out along the same lines
as the single channel analysis. This is because the state vector n defined earlier as,
(n = {n} ,where n; = number of calls in progress on link L;) does not completely
describe the system behavior. To make a channel allocation decision for a new ar-
riving call, we must have knowledge of the channels already occupied by the ongoing
calls. The vector n = {n;} does not provide this information and is not sufficient to
describe the system. We could expand the state space to include information about
the state of the channels on each link but this would make the state space very large.
Even if we could characterize such a state space, it would be hard to find a steady
state probability distribution over this expanded state space. Thus, we devise an
approximate model of the system from which we compute the steady state blocking
probability. We then present plots that compare the theoretically predicted blocking

probability values and the simulation results. What follows next is a description of
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this approximate model.

The traffic model is similar to that considered in Sections 3.2.1 and 3.2.2. Calls
arrive according to independent Poisson processes each of rate A and the holding pe-
riod of each call is Exponentially distributed with mean . The load v is defined as
v = A/p. There is no buffering of calls in the network. If a call cannot be accepted
then it is dropped. Otherwise it holds the channel for the entire duration of the call.
Instead of looking at the entire network, we focus on the behavior of a single link.
We first construct a model of the behavior of a single link in the single channel case
and then extend it to the multiple channel case. Though we present the model for a

line network, it can also be applied to a general network with minor modifications.

Let us consider a link L; of the line network. For the present, assume that there
is only a single channel v in the network and denote its state on link L as Si. We
model S as a three state process as shown in Figure 3-8. The three states being the
free state (denoted ), the busy state (denoted Bu) and the blocked state (denoted
Bl). The link Ly is said to be in the blocked state if the channel is occupied by a
call on a neighboring interfering link thereby making the channel unavailable on link
Ly. The amount of time that the state is in the free state before making a transition
to the busy state is Exponentially distributed with rate X\. Let Yr_z be the random
variable that denotes the amount of time the state Sy is in the free state before going

to the blocked state.

Suppose that the present state S, = F (free state). If we knew the state of channel
< on other links then Yr_, 5 is an Exponential random variable with rate equal to the
sum of the rates of the competing arrival processes on interfering links. The number
of such competing processes will vary depending on the present state of other links.
Thus, conditioned on the state of the network, Yr_pg is Exponentially distributed.
However, unconditionally Yr_ g has a general distribution. We approximate Yr_p

as an Exponential random variable with an average rate X'. The amount of time
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that the state Sk is in the blocked state before making a transition to the free state
is taken as a general distribution with mean 1/p/. With these assumptions, Sy is a
three state random process having a steady state distribution identical to a Markov

process [7] with transition rates as shown in Figure 3-8.

Blocked
state

}\’I

Free
state

Figure 3-8: Three state Markov process model of the channel on a link.

Consider the following notation for the steady state probability distribution of the

process S.

7wy = probability of being in the free state.
mg, = probability of being in the busy state.

g = probability of being in the blocked state.

Let Pp denote the steady state probability that an incoming call is blocked. Then as
a function of the transition rates, we can compute Pg by solving the detailed balance

equation of the three state Markov process. Let, v/ = X'/, and v = \/p, then,

e = (1/V)7mr

rm = (1/V)7mg
Tr+ g+ = 1

Pp = mpy+ mp
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Solving these equations we get,

Pg

-~y _
v=v +v 1 P,

(3.64)

In Section 3.2.1 and Section 3.2.2, we computed the exact blocking probability,
Pg, of a call in a single channel line network for both bi-directional and uni-directional
calls. Combining the results of those sections with Equation 3.64, we can calculate
the equivalent load +/ in the model (note that load v is a known parameter). Given
an arrival rate A and the departure rate p of the calls, we can interpret )’ as an
independent rate of call arrivals that block the channel on a link. The offered load of

such calls is ¢/,

In the multiple channel case, define the state of a link as X (¢) = (Xp(t), Xu(t))
where X, is the number of busy channels and Xj; the number of blocked channels
on that link, at time ¢. Let p be the total number of channels in the network. At any
time ¢, the state X (¢) = (Xpu(t), Xu(t)) must satisfy X, (t) + Xy () < p. We assume
that the transition rates among the states of the process X(¢) do not depend on the
state of the system and model these transitions as shown in Figure 3-9. The transition
time from (Xpu(t), Xei(t)) — (Xpu(t)+1, Xu(t)) is Exponentially distributed with rate
A and the transition time from (X, (t), Xp(t)) = (Xeu(t), Xu(t) + 1) is modeled as
Exponentially distributed with rate X'. The steady state distribution of X (t) is iden-

tical to that of a Markov process with state transition diagram as shown in Figure 3-9.

Let 7(i, 7) denote the steady state probability that X takes value (7,5). Then

the steady state probability of blocking P5*™ is equal to 3, +j=p (3, 7). Solving the

detailed balance equations [7] we get,

PEmt = ) w(ig)




(k+1)w

Figure 3-9: State transition diagram for the random channel allocation policy.

Define E(v,p) as the Erlang B formula (8] for a load v and p servers.

@P)
E(v,p) = 2! 3.65
() 1+v+ 8+ .+ (369

Then in terms of the Erlang B formula we have,
Py = E(5,p) (3.66)

We next consider bi-directional and uni-directional calls and present formulas for
and P in terms of the offered load v. Plots comparing the theoretically computed

P4 values and the simulation results are also presented.

Bi-directional calls

In Section 3.2.1, we derived the exact single channel blocking probability, Pg, ex-

pression for an infinite WLN-1 network. We use that result (Equation 3.30) and
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Equation 3.64, to evaluate v.

"= (3.67)
1+ (2v —1)z3
= (—3:3')— (3.68)

where x € (0, 1] satisfies vz + z = 1.
Using Equation 3.66, we compute the steady state blocking probability of a call for p

channels and the random channel allocation policy.

pPgTend = E(v,p) (3.69)
1 2v —1)z3
b= % vad+x =1 (3.70)

Plots comparing the predicted blocking probability values and the simulation re-
sults for 20 and 50 channels are shown in Figure 3-10. The length of the line network
is 30 nodes and blocking probability is computed for the center call (the edge effects
are minimal for this call). As seen in Figure 3-10, the predicted values are very accu-
rate for low to moderate values of p. In the next chapter, we build upon this work and

use the formulas derived here to study the effect of transmission radius on blocking

probability.
° Number of siots = 20 o Number of slots = S0
10 T T 10 T T
—w— simulated |J —#— simulated |]
—»+— calculated |] [ —»— calculated
107" E
% 107 E
=3 ]
§ 107% L 4
1
107 4
—5
10 (=] 8 10 12 14 16

4 5
Arrival rate to each call Arrival rate to each call

Figure 3-10: Comparison of theoretical and simulated values for bi-directional calls
and random channel allocation policy.
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Uni-directional calls

The exact expression for the blocking probability of calls in an infinite WLN-1(uni)

network was derived in Section 3.2.2. Using Equation 3.62 and Equation 3.64 we

evaluate 7,

_ Py
= (3.71)

Vi1 —x)? + dvzy — zy (3.72)
Ty '

where z € [0, 1) satisfies z(1 — z)? 4 422 = (1 — z)? and y* = vz.
Using Equation 3.66, we compute the steady state blocking probability of a call for p

channels and the random channel allocation policy.

Py~ B(5,p) 3.73)
V(1 — z)? + dvay — zy (3.74)
Ty )

v =

Figure 3-11 presents plots comparing the predicted blocking probability values
and the simulation results for 20 and 50 channels. The length of the line network
is 30 nodes and blocking probability is computed for the center call. As seen in
Figure 3-11, the predicted values are very accurate for low to moderate values of p.

Number of channels=50

Number of channels=20

Blocking probabilty

Blocking probabilty

—— simulated
—— calculated

10 11

—— simulated
—— calculated -

1oy =2 3 4 5 ] 7 ) )
Load (nu) of each call

Load (nu) of each call

Figure 3-11: Comparison of theoretical and simulated values for uni-directional calls
and random channel allocation policy.
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3.4 Summary

In this chapter, we derived exact blocking probability formulas for bi-directional
(Equation 3.3) and uni-directional calls (Equation 3.33) in the single channel line
network case. We obtained the result in the limit of the length of the line network
tending to infinity, however, the result is very accurate for finite length line networks
as well (Table 3.1 and 3.2) . We compared these formulas to the standard M/M/1/1
blocking probability expression and obtained useful insights on the effective load (v')
that helped us construct the model for the multiple channel case. Our methodol-
ogy of analysis is not restrictive to the cases considered in this chapter but can be
applied to other symmetrical systems as well. One extension of the methodology is
the blocking probability analysis for a generalized line network presented in the next
chapter. Finally in Section 3.3, we presented a simplified analytical model in the
multiple channel case for the random channel allocation policy. We derived approx-
imate blocking probability formulas for both bi-directional and uni-directional calls
that accurately predict the values obtained from simulation results, especially, for low

to moderate number of channels (Figures 3-10 and 3-11).
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Chapter 4

Effect of Transmission Radius on

Blocking Probability

4.1 Introduction

We have modeled an ad-hoc wireless network as a two-dimensional graph G = (N, A)
where N denotes the set of nodes and A is the set of wireless links. Assuming that
all nodes transmit with constant power, an edge exists between any two nodes if they
are both within direct transmission range of each other. Thus, given the transmission
radius of each node, the topology of the network as a graph is well defined. This
topology can be varied by changing the transmission radius of the nodes (which can
be achieved by changing the transmission power). For dynamic channel allocation
policies, the blocking probability of calls in the network is influenced by the topology
of the network. In a sparsely connected network, a node has fewer neighbors and less
constraints on the spatial re-use of a channel while in a densely connected network, a

node has more neighbors and hence more constraints on the spatial re-use of a channel.

Consider a multi-hop call in the network between nodes S and D, where the route
of the call involves multiple hops. In this case, a different channel must be assigned
over adjoining hops and the set of channels chosen must satisfy the wireless con-

straints as noted in Section 2.1. We could however increase the transmission radius
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of the two nodes S,D and have a direct transmission of the call. In this case the
multi-hop call becomes a single hop call and a single channel is required to service
the call. However, the nodes now have more neighbors and more constraints on the
use of a channel to service this call. Thus, we have the following tradeoff in the above
example. In the first case (smaller transmission radius), we require multiple channels
to service the call but fewer constraints on the use of a channel at each hop along the
length of the path. In the second case (larger transmission radius), a single channel
is required to service the call but there are more constraints on the use of a channel.
In this chapter, we explore this tradeoff in more detail and study the influence of
transmission radius of the nodes on blocking probability of calls. We first analyze the
tradeoff in a line network with nodes located in a straight line unit distance apart

and then consider a network with nodes located as a grid.

The chapter is organized as follows. In Section 4.2, we generalize the blocking
probability analysis to a line network with transmission radius r. The section is
further subdivided into an exact blocking probability analysis for the single channel
case and an approximation in the multiple channel case. Section 4.3 considers the
effect of transmission radius on blocking probability in a line network. The conclusion
drawn in this section is that it is preferable in terms of blocking probability to use
a larger transmission radius in a line network . Finally, Section 4.4 considers a grid
network and concludes that it is more preferable to use a smaller transmission radius.
Thus, we see that varying the transmission radius has different effects depending on

the density of the nodes in the wireless network.

4.2 Blocking Probability Analysis in a Generalized

Wireless Line Network

A line network, as define earlier, consists of nodes located in a straight line at unit

distance apart from each other. In order to have connectivity in the network, each
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node must have a minimum transmission radius of unity. In the analysis that follows,
we assume that all nodes transmit with the same constant power. Thus, the transmis-
sion radius of each node is r,7 > 1 and r is an integer. We consider only bi-directional
calls as it is more amenable to a simple analysis. The work can be easily extended to

unidirectional calls albeit at a more complicated mathematical calculation.

We consider the following traffic model. All calls in the network are bi-directional
and of length r which means that the calls are between two nodes that are r units
apart. Since the transmission radius of the nodes is r, all calls in the network are
single hop. Calls arrive according to independent Poisson processes each of rate .
The call holding period of all calls is independent of earlier arrival times and holding
periods of other calls and identically distributed according to an Exponential distri-
bution with mean 1/u. There is no buffering in the network. If a call cannot be
accepted then it is dropped. Otherwise it holds the channel for the entire duration of

the call.

First, we analyze the single channel network, followed by an extension to the

multiple channel case and the random channel allocation policy.

4.2.1 Single Channel

Consider a line network with 2m + 1 nodes located at positions z = —m, —m +1,....,
m (m is assumed much larger than r). The transmission radius of each node is r
and all calls are of length ». We label the nodes as X_,,, X_,.41,..., Xin. Let Cy
denote the call between nodes X and Xg,,.. Cy = 0 if the call is inactive and Cj, = 1

if the call is active. Note that there are 2m+1—r distinct calls, C_,,,, C_pns1, .., Crer.

We say that a node Xj is active if either call C)_, or call ( is active and node X is
inactive otherwise. For call Cj (Cj is between nodes X and Xj.,) to be successfully
serviced, neighbors of node Xj and neighbors of node Xj,, must be inactive. Since

the transmission radius of each node is 7, neighbors of node X, are nodes Xj_,,..,

57



Xi4» and neighbors of node Xy,, are nodes Xi,.., Xipyo,. This implies that nodes
Xi—psery Xprop must be inactive or equivalently calls Cy_ay.,.., Cryo, must be inactive.

In summary, we have the following local constraint,

Call Cy, is successfully serviced if, calls Cy_a, .., Cryor are inactive. (4.1)

We refer to this network as WLN-r. It is a generalization of the WLN-1 network
considered in Section 3.2.1. The key difference from WLN-1 is that, now, a node

interferes with many more nodes.

Theorem 3. The blocking probability of a call in @ WLN-r (r € Z%) line network
with the length of the line network tending to infinity and finite v = \/u is,

.732T+l

Pp=1-—%
B 1+ 2ryg2r+l

(4.2)

x 1s the unique root in (0,1] of vz* 1 + 2 =1

Proof: Let ng(t) denote the number of calls Cy in progress. Let v = A\/p and
define the vector n(t) = (nx(t),k € —m,...,m — r). State n is admissible if n > 0
satisfies the wireless constraints as described in Section 2.1. Let G"(m) denote the set
of all admissible states for a network with m nodes. Since we consider a line network
with 2m + 1 nodes, the set of all admissible states is G"(2m + 1). The analysis that
follows does not require an explicit description of the complete state space. The local

constraints on the spatial re-use of a channel suffice for the analysis.

The stochastic process (n(¢),¢ > 0) is an aperiodic, irreducible, finite state Markov
process and hence has a unique stationary distribution 7(n) = P(n = (n_pm, -, Bm—r))
given by a product form solution. The normalization constant in the product form
solution is denoted as S"(2m+1). The product form distribution is same as in the unit

transmission radius case but over a different admissible state space and is expressed
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1 m—r oo
m(n) = S@m+1) H :L_z' , megG (2m+1) (4.3)
Srem+1) = Y 11 ,;_n' , neg(2m+1) (4.4)

negr(2m+1) i=-m

For a single channel network n; = 0 or 1 and n;! = 1. Let nyptar = n_pm + .. + Nppp,

then we can re-write 7(n) as,

1
— Ntotal T 2 1 i
m(n) ST(2m+1)V , mMeEG(2m+1) (4.5)
Sr@Em+1) = Yy (4.6)
negr(2m+1)

Consider the call Cy of the line network. Let GN(2m + 1) represent the set of
non-blocking states, n, for the call Cy. Let P} denote the probability that in steady

state call Cy is not blocked. Then Py can be expressed as,

Pls = Y ) (7)
negy, (2m+1)

po . Zmegilemin U (4.8)

NB ST(2m+1) '

Using condition 4.1, call Cy can be successfully serviced, if calls C_,,,.., Cy, are in-
active. The state space G5 (2m + 1) can now be defined as the set of states n where

Te—2ry.-y Nor = 0.

To characterize G (2m + 1), we need to determine the feasible state space of the
remaining calls (C_,,.., C_or—1) and (Cor41,.., Crn—r). Given (C_y,.,.., Cz,) = 0, the
state of calls (C_pm,.., C_ar—1) is not constrained by the state of calls (Capy1,.., Crner).
Therefore, the state of calls C_,,,.., C_q,_; is independent of the state of calls Cy,41,..,

Cpo_r. Let,
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H = feasible state space of calls C_,,,.., C_z._1

1

state space of WLN-r with m — r nodes

= G'(m—r);

<
I

feasible state space of calls Co,41,.., Crner

state space of WLN-r with m — 2r nodes
= G"(m—2r)

Since the set of calls (C_,.., C—2,—1) and (Cap41,.., Cin—r) are independent given
C_2p,.., Cop = 0, the set Gy (2m + 1) is the cartesian product of G"(m — r) and
G"(m — 2r).

Gn@2m+1)=G"(m—r)XG (m —2r)

Using Equation 3.1, it follows that,

Z V"total — Z (Vn4m+-.+'n—-2'r—1)(Vﬂ2r+1+--+nm~1‘) (49)

negy, (2m+1) neGT(m—r)XGr(m-—2r)
— Z Vn‘m+..+n—2r—1 Z Vn2r+1 +.. 4N —r (4-10)
gr(m—r) Gr{m—2r)
= S"(m—7)S"(m—2r) (4.11)

We can re-write Equation 4.8 as,

S"(m — r)S"(m — 2r)
ST(2m + 1)

Plg = (4.12)

Following a similar analysis as in the unit transmission radius case, we consider
the limiting behavior (m — oo) with the length of the line network tending to infinity.
In an infinite line network the edge effects vanish and each node then has an identical
environment. Since we consider a uniform traffic model, the blocking probability
of each call becomes identical and an elegant formula is obtained in this limiting

case. Before proceeding to take the limits, we first evaluate the denominator in
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Equation 4.12 in terms of the S"(.) function of lower arguments. This is done by
conditioning on the state of calls (C_,,.., Cy,.., Cr_1). For these conditioned calls,
other than the all zero state, there are 2r distinct cases corresponding to each call
being active and the rest inactive, i.e. C, = 1,Cz, = 0 Vp,l € {~r,..,7 — 1}.
Note that a state with more than one call being active among C_,,.., Cy,.., C,_; is
infeasible. Let S™()|{constraint} represent the evaluation of the function S7() under

the specified constraint and p,l € {—r,..,r — 1} in the equations that follow.

S"@em+1) = S"@2m+1)[{C-,,..,Crs =0} + (4.13)
S 57 (2m 4 DIC, = 1, Gy = 0}
= Sr(m)p;”_(rm —r 1)+ (4.14)
S 57 (2m 4 DI{Cy = 1,Cigy = 0)
=

To evaluate the above equation, we reverse the order of summation and let p =
r — 7. As the reversed summation of p runs from r — 1 to —r, j runs from 1 to
2r. For a particular term in the summation, the condition C,, = 1 can be written as
C,_; = 1. Using condition 4.1, the set of calls that must be inactive (for C,_; = 1)
are C_,_j,.., C3—;. This leaves the state of calls (C_,,,..,C_,_;_1) independent of
the state of calls (Csr—jt1, .., Cm—r). Thus for this particular term, the normalization
constant S™(2m + 1) (under the constraint C, = 1, Cix, = 0,1 € {~r,..,r —1}) equals
ST(m — 7)87(m — 3r + j).

S"(2m+1) = S"(m)S"(m—r+1)+ (4.15)
ZSr(Qm + 1){Cp =1,Clyp = 0}
= S"m)S"(m—r+1)+ (4.16)
2r
I/ZST(TH —5)S"(m —3r+j3)
ST(2m + 1) ~ 14w Z ST (m — j)S" m—3r+j) (4.17)

St(m)S™(m —r+1) -r+1)
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Define the following limit (the existence of the limit is proved later).

. S (m-1)

When the length of the line network tends to infinity, we have lim,, .o, P%5 = Py,
the probability of non-blocking of any call. Taking the limit on both sides of Equa-
tion 4.12 and re-writing it we get,

ST (m~-r)8" (m~2r)

_ . ST(m)ST (m—~r+1)
N e (4.19)
57 (m)ST(m~r+1)

Pyp

. S7(m—r)S"(m—2r)
_ My, o0 Fromyg ooy (4.20)
2r 1. S7(m—3)S7 (m—3r+j) .
14w 3 i ~§rssmim 11y
p2rtl
o (4.21)

1+ 2ryg?r+l

To prove the existence of the limit and evaluate its value, we express S"(m) in
terms of the function S7(.) of lower arguments. This is achieved by conditioning on
the state of the call associated with the leftmost node of the line network. The two

cases include the call being inactive and the call being active.

S"(m) = ST(m—-1)+vS"(m—2r—1) (4.22)
S"(m-1) vS(m—2r—1)
1 ) S (4.23)
. S"(m-=1) . vS"(m-—-2r-1)
V= i =y T 5y (4.24)

Since the left hand side of the above equation is 1, the limits on the right hand side
exist. The value of the limit z can be computed by solving the following polynomial

obtained by re-writing Equation 4.24 in terms of x.
1=z +vz¥*! (4.25)

Combining Equations 4.25 and 4.21, the blocking probability of a call is given by,
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CC2T+1

— 2r+1 __

We next show the existence of a unique value of z € (0,1]. We exclude the case
of v — oo. The normalization constant S”(m) is a non-negative monotonically non-
decreasing function of m,Vv > 0. Therefore, S™(m) < S"(m + 1) and = must lie in
(0,1]. To show that Equation 4.25 has a unique root in (0, 1] for finite v, we re-write
it as,

vz¥ +1= % (4.27)

The function 1/z is a positive decreasing function and takes values between [1, o) in
the interval € (0,1]. Function, vz® + 1, (Vr > 1) is a positive increasing function
taking values between (1,1 + v| in « € (0,1]. Since we assumed that v > 0, the
two curves must intersect at a unique point in (0,1]. This completes the proof of

Theorem 3.

4.2.2 Multiple Channels.

This section extends the single channel analysis to the case of multiple channels. The
transmission radius of each node of the line network is r units, all calls are of length r
and the random channel allocation policy is followed to assign the channels. As argued
in the unit transmission radius case (Section 3.3), the exact blocking probability
analysis of the random assignment policy is not easy. The difficulty lies in computing
the steady state probability distribution over the admissible state space. However, we
can construct an approximate model identical to that of the unit transmission radius
case (Section 3.3.1). Following Section 3.3.1, we evaluate the equivalent load v/ from

the single channel model as,

P
Vv = - _‘;DB (4.28)
1+ (2rv — 1)z?rtl

1
= T , (v +1= ;) (4.29)

If the total number of channels is p then the blocking probability for the random
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policy is computed from the Erlang B formula with load & = v/ + v. Thus,

Py = E(,p), (@=v+v) (4.30)
P

E(i,p) = L — 4.31
(#p) 1+o+5+.+5 (4.31)

where, E(v,p) is the Erlang B formula for a load v and p servers. We next present
plots comparing the blocking probability values calculated from Equation 4.31 and the
values obtained from simulations. Figure 4-1 shows comparison plots for r = 2 and
r = 10 with 20 channels. As seen from the figure, in the case of moderate number of
channels the theoretically calculated values are very accurate, even for longer length

calls (r = 10).

Transmission radius,r=2 Transmission radius,r=10

10 10
—w— simulated —— simulated
—— calculated —— calculated
107 b i
g g_ -2
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10™° .
1 1.5 =2 2.5 3 0.3 0.4 0.5 0.6
Load (nu) of each call Load (nu) of each call

Figure 4-1: Comparison of theoretical and simulated values for r = 2 and r = 10 with
20 channels.

Figure 4-2 presents comparison plots for r = 2 and » = 10 with 50 channels. We
observe that as the number of channels becomes large (larger value of p), the theoret-
ically computed values are less accurate. However, even in this case the theoretical

curve follows closely the simulation results.
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Figure 4-2: Comparison of theoretical and simulated values for r = 2 and 7 = 10 with
50 channels.

4.3 Effect of Transmission Radius in a Line Net-

work

The topology of a wireless network, as a two dimensional graph, can be varied by
changing the transmission radius of the nodes. This in turn affects the blocking prob-
ability of the calls. In case of multi-hop calls, if we use a smaller transmission radius
then multiple channels are required to service the call but there are fewer constraints
on the use of a channel at each hop along the length of the path. If we use a larger
transmission radius (such that the destination is within the transmission range), a
single channel is required to service the call but there are more constraints on the use
of a channel. To understand this tradeoff and its effect on blocking probability, we
first consider the simplest non-trivial example in a line network and then generalize
the conclusions drawn from this example. In this section, we conclude that in a line
network it is preferable in terms of blocking probability to use a larger transmission

radius.

Consider first, the following simplest non-trivial example. Consider a line network
with two channels and all calls of length two (all calls are between nodes that are

two hops apart). The traffic model is identical to that considered earlier. Consider
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two scenarios, the first in which all nodes have a transmission radius of unity (r = 1)
and thus all calls are two hop long. Each call requires a distinct channel on each
hop as adjacent links are interfering. In this case, we use the rearrangement channel

assignment policy (Section 5.2) and compute the exact blocking probability of a call.

The second scenario is one in which all nodes have a transmission radius of two
units (r = 2) and hence all calls are single hop. Here, analyzing the exact blocking
probability of a call for the rearrangement policy is difficult. Therefore, we consider
a sub-optimal policy that selects a channel randomly from the two channels for each
new arriving call. If the channel is free (non-blocked and non-busy) then it is allocated
otherwise the incoming call is dropped. The policy clearly under utilizes the channels,
as it rejects a call (if the randomly selected channel is not free) without considering
the state of the other channel. It performs a simple random splitting of the incoming
arrival stream into two independent Poisson processes of rate A/2 with the split load
applied to each channel. We compute the blocking probability for this case and
compare it with the unit transmission radius case. The following result shows that,
even with this very ineflicient random policy, it is better to transmit with a larger

radius.

Theorem 4. The blocking probability for case v = 2 is lower than the blocking
probability for case T =1, for p =2 (2 channels) and all finite load v > 0.

Pg {r=2} < Pg {r=1}, v € (0,00). (4.32)

Proof: ~We analyze each case separately and then compare the blocking proba-

bility expression obtained for each case.

Case a : Transmission radius of all nodes is unity

The analysis of blocking probability follows the methodology used in Section 4.2.1
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with an identical line network model (but with each node having a transmission radius
of unity). Since all calls are of length two, Cy denotes the call between nodes X, and
Xgt2- Let ng(t) be the number of calls Cy in progress and define the state vector
as, n(t) = (ng(t),k € —m,...,m —2). Since we use the rearrangement policy for
assigning channels, the vector n = (n_,,,...,n,,—2) completely describes the system
behavior. The stochastic process n(t) is an aperiodic, irreducible, finite state Markov
process with a product form steady state distribution. S(2m+ 1) is the normalization
constant and G(2m + 1) denotes the admissible state space (where 2m + 1 denotes a

line network with 2m + 1 nodes).

1 j

™) = ST D

2 .
’;—JT, neg@m+1) (4.33)
m 3

i==

Since adjacent hops cannot share the same channel, each call requires two channels
to get served. As there are only two channels in the network, we get the constraint

0 <mn; <1, Vj and n;! = 1. With this constraint, Equation 4.33 reduces to,

w(n) = S—(EniTl) 1 v, negG@2m+1) (4.34)
S@2m+1) = Z ﬁ v, negm+1) (4.35)

ne G(2m+1) j=-m
Let ngotas = n_pp + .. + Ny, then,

1

ﬂ(n) = m Vntntal, n 6 g(2m + ].) (436)
S@Em+1) = Y, v neg@m+1) (4.37)
ne G(2m+1)

Following a similar reasoning as done in Section 4.2.1, the wireless constraints trans-

lated in terms of the constraints on the state of calls reduce to,

Call C}, is successfully serviced if, calls Cyx_o, Cy_1, Cyy1, Cryo are inactive. (4.38)

67



We consider the probability of non-blocking, Pyg, of call Cy and then take the
limit (limp, o). The set of non-blocking states of call Cy are {n : n € G(2m + 1)
and n_s,..,ny = 0}. Let this state be denoted as G(2m + 1). To characterize
GX(2m + 1), we need to determine the feasible state space of the remaining calls
(Cems-., C—3) and (Cs,.., Cm—z). Given (C_,,.., Cs) = 0, the state of calls (C_,,,..,
C_3) is not constrained by the state of calls (Cs,.., Crm—2). Therefore, the state of calls
(C—m,.., C_3) is independent of the state of calls (Cj,.., Cp,_2). Since the state space
of calls (C_,,.., C_3) is G(m) and the state space of calls (Cs,.., Cp,—2) is G(m — 2),
we can express G%(2m + 1) as G(m)XG(m —2). We can now apply Equation 3.1 and

n_g,..,n2 = 0 to evaluate Py 5.

PYy = > w(n) (4.39)
negy (2m+1)

Nitotal
Zneg}{,(zmﬂ)’/ o

= S@m+1) (440

_ Linegimyxgm-g) V"Rt (4.41)
S@2m+1) '

_ Qg V) (g ngy VT 2) (4.42)

= S@m+1) '

_ 8(m)S(m—2)

T TSemt (44

To evaluate S(2m + 1), we partitioning the state space G(2m + 1) into a set of states
conditioned on all the possible states of calls (C_;, Cp). We then evaluate S(2m + 1)
over each of the partitioned state space and sum them up. The conditioning argument
uses the constraint 4.38 and is identical to the argument made in Section 4.2.1. The

possible states of calls (C_4, Cy) are,

1. C_;,Cy both inactive. In this case, calls C_,,, .., C_s do not interfere with calls
C1,..,Cp—2. Thus, the state of calls C_,,,..,C_, is independent of the state of
calls C1, .., Cr—2 and we get, (Note that using the earlier notation, feasible state
space of (C_p,,..,C_3) = G(m + 1) and the feasible state space of (Cy, .., Cru—2)
= G(m))
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S(Zm + 1) = Z anm+‘~+n—2 Z V‘n1+..+nm_2
G(m+1) G(m)
S@m+1) = S(m+1)S(m)

2. C_; active, Cp inactive. Since C_; is active, calls C_3, C_,, C; must be inactive.
This leaves the state of calls C_,,, .., C_4 independent of the state of the calls
Cy, .., Cp—a. The feasible state space of (C_,..,C_4) = G(m — 1) and the
feasible state space of (Cs, .., Crh-2) = G(m — 1).

S2m+1) = ( Z l/n""+"+"_4) I/( Z Vn2+”+nm_2)

G(m—1) G(m-—1)
S@2m+1) = vS(m—-1)S(m—-1)

3. C_; inactive, Cy active. Since Cj is active, calls C_,, C_y, C;, C, must be in-
active. This leaves the state of calls C_,,,..,C_3 independent of the state of
the calls Cj, .., Crr_z. The feasible state space of (C_,,..,C—3) = G(m) and the
feasible state space of (Cs, .., Cp_2) = G(m — 2).

S(Qm + 1) — (Z Vn_m+..+n—3) v ( Z I/n3+"+n"'—2)
G(m) G(m—2)
S2m+1) = vS(m)S(m—2)

4. C_1, Cy both active. This state is infeasible.

Summing up all the above cases we get,
S2m + 1) = S(m +1)S(m) + vS(m)S(m — 2) + vS(m — 1)S(m — 1) (4.44)

Taking the limit (lim,,—, ), the probability of non-blocking of a call is given by,

S(m)S(m-2)
M—00 S(m+1)S(m) (445)

. S(m)S(m-2) . S(m-1)S(m—1)
L4 vl —oo S5t + ¥ litm oo =SSt

lim

Pyp =
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Let,

. Sim-=1)
l _— .
o S(m) y (4.46)
Then Pnp can be expressed in terms of y as,
=
P _— —— .
NE = 11 900 (4.47)

To evaluate the limit and prove its existence, we evaluate S(m) by conditioning

on the state of the leftmost call. This gives,

S(m) = S(m—-1)4+vS(m-3) (4.48)
— m S(m —1) » lim S(m - 3)
L= TSy e T S m) (4.49)

Since the left hand side is 1, the limits on the right hand side must exist and we get
the following cubic equation.

1=y + vy’ (4.50)

From the definition (Equation 4.46) it is clear that y lies in (0,1] for all finite v > 0.

To show that Equation 4.50 has a unique root in (0,1] we re-write it as,
1
vyl 4+ 1= -
Y

The function 1/y is a positive decreasing function and takes values between [1, 00) in
the interval y € (0, 1]. Function, vy? + 1 is a positive non-decreasing function taking
values between (1,1 + v in y € (0,1]. Since we assumed that v > 0, the two curves
must intersect at a unique point in (0,1]. Finally, the expression for the blocking

probability of a call is,

:‘/3

Pp=1-—Y _
B 1+ 2vy®’

v +y=1 (4.51)

Case b : Transmission radius of all nodes is two units
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In this case, as noted earlier, for each arriving call a channel is randomly selected
with equal probability from the two channels. If the chosen channel is free (non-
blocked and non-busy) then it is allocated otherwise the incoming call is dropped.
Clearly, this policy is sub-optimal. It amounts to simply splitting the incoming Pois-
son arrival stream and assigning the split streams to each channel respectively. Since
the splitting is done with equal probability, the split streams are Poisson with rate
A/2. Thus, the blocking probability of a call is equal to the blocking probability with
load (A/2u) in a single channel WLN-2 network (as each node has a transmission
radius of two units and all calls are of length two). This system has been solved
exactly in Section 4.2.1 and Equation 4.26 gives the exact blocking probability when
the length of the line network tends to infinity. Plugging v/2 (v = A/pu) and r =2 in
Equation 4.26 we get,

5

z 7.
_ —r’ =1 .52
[ 4225 x+2:1: (4.52)

Pg=1-

To compare Cases (a) and (b), we need to compare Equations 4.51 and 4.52 for
the same load v. For load v = 0, Pg is zero for both cases (a) and (b). Exclud-
ing the v — oo case, we will show that for all finite v, there does not exist a load
U for which the two blocking probabilities are equal. Since Pg > 0 is a bounded
continuous function of v, we conclude that the blocking probability in one case is
always higher than in the other case. To complete the proof, we finally show that

Pg(Case b) < Pg(Case a) for a specific v (here we take v = 1).

Let © > 0 be such that the blocking probability in Cases (a) and (b) are equal.
Let # and § be the unique root in (0,1) of the polynomials £z°+z = 1 and 2y +y = 1
respectively (Note that since # is strictly greater than 0, T and § are strictly less than

1). Equating 4.51 and 4.52, we get,

i.S :63
_— = T 4.53
1+ 443 1+ 20° (4.53)

#® =3 (4.54)
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7 and ¢ also satisfy the following equalities,

-

%5;5+5: = 1 (4.55)

PP+ = 1 (4.56)
Substituting, #2°% = #§* = 1~ § = 1 — %/3, in Equation 4.55 we get,
2% — 33 =1 (4.57)

However, no value of # lying in (0,1) satisfies the above equation. This can be proved
by noting that the function 2z — % is a monotonically increasing function in (0,1)
(its derivative, 2 — (5/3)z%? is positive in (0,1)). It takes value 0 at z = 0 and value
1 at = 1. Thus, for z € (0,1), 2 — 2% # 1 and we arrive at a contradiction. The
conclusion drawn is that for finite v > 0, blocking probability for Cases (a) and (b)
cannot be equal. Since Pg > 0 is a continuous function of v, the blocking probability
in one case is always higher than in the other case. By substituting v = 1, it can
be easily shown that Pg(Case b) < Pg(Case a) (Note that if there exists a v for
which Pg(Case b) > Pg(Case a), then the two Pg curves must cross each other at
some » but we have shown that no such 7 exists). Thus, we conclude that for all
finite load, v, the blocking probability for r = 2 case is smaller than » = 1 case and
it is preferable to use a larger transmission radius. Figure 4-3 is a plot of blocking

probability for Cases (a) and (b) (Equations 4.51 and 4.52).

Line network with p channels and all calls of length k£ units

To generalize the conclusion drawn above, we consider a line network with p channels
and all calls of length £ > 1 (k = 1 is the single hop case for which the transmission
radius must be 1). Here again, we consider two scenarios one in which all nodes have
a transmission radius of unity and thus all calls are k¥ hop long. The other in which

all nodes have a transmission radius of k units and hence all calls are single hop.
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Figure 4-3: Blocking probability for calls of length 2 with radius 1 (Eqn. 4.51) and
radius 2 (Eqn. 4.52).

The arrival process of each call is an independent Poisson process of rate A and the
call holding period is Exponentially distributed with mean 1/4 (define v = A\/u). In
both cases, we assume a random channel assignment policy and use the approximate

formulas derived in Section 4.2.2 to make the comparison.
Case A : Transmission radius of all nodes is one unit

An exact analysis of blocking probability for all values of the traffic load is difficult.
Therefore, we consider a simplified model and focus on the low blocking probability
regime. In practice, networks operate in this regime and so the conclusions drawn
here have practical significance. In wireline circuit switched networks, blocking prob-
ability analysis of multihop calls is based on the reduced load approximation [12]. We

make a similar approximation but also consider a further low blocking simplification.

In the low blocking probability regime, almost all calls get serviced and the average
load on each link is ~ kv (sum of the loads of all calls hopping through a link).
Assuming this load to be Poisson, the probability that none of the channels on a link
are free (either busy or blocked) can be computed by considering this as an equivalent

system with load kv on each link and r = 1 (Equation 4.30). Let this probability be
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denoted as Py and E() be the Erlang B function.

1
v o= , (kvz?+1= ;) (4.58)

P, = E(7,p) (4.59)

For a k hop call to be served, it must not be blocked on all the hops along the
entire length of the path. Therefore, the probability of blocking of the call is greater
than the probability of blocking on the first hop. But, the probability of blocking on
the first hop is equal to Pr. Denoting the blocking probability of a call as Pg*¢4 we
have,

Pt > P = E(,p) (4.60)

This is a very weak lower bound on blocking probability, yet it suffices to show
that using a larger transmission radius yields an even lower blocking probability. To

see this consider Case B.
Case B : Transmission radius of all nodes is k units

For this system, the blocking probability of a call has been computed in Sec-
tion 4.2.2. Let PZ**? denote this blocking probability. Substituting, » = k& and load
= v, in Equation 4.30, we get,

1+ (2kv — 1)z?*+!
T

Pg>® = E(7,p) (4.62)

1
, (v +1= ;) (4.61)

First, we show that Pg**® < Py from which it follows (using inequality 4.60) that
PgeseB « pgeseA To prove PE*e® < Pp, we make an argument identical to that made
in the simpler example considered earlier. For load v = 0, Pg"“B and P, are both
zero. Excluding the v — oo case, we will show that for all finite loads and all k¥ > 1,

there does not exist a load v for which the two blocking probabilities are equal. Since
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PgseB and Py, are continuous functions of v, we conclude that one function is always
higher than the other. To complete the proof, we finally show that Pg**F < Py for

a specific v and k (here we take v = 1 and k = 2).

Let us assume that v > 0 is such that Pg’“B and P are equal. Let z;, be the
root in (0,1) of the function kvz® + z = 1 and z; be the root in (0,1) of the function
vz?$*1 4 ¢ = 1. Since by assumption PE**? = P, we can equate the effective load

7 in the Erlang B formula for Pg*8 and Py.

1+ (2kv — D23 14 (2kv — 1)a?
s = = (4.63)
It = g3 (4.64)
z, and z; also satisfy the following equalities,

kv 4z = 1 (4.65)
vektl Ly = 1 (4.66)

Substituting, vad = vzl =1 -z, =1 — xf/ (2+1) i Equation 4.65 we get,
k—ka¥ D g =1 (4.67)

However, no value of z; lying in (0,1) satisfies the above equation. This can be proved
by noting that the function k — kz*®*+1) 4 x is a monotonically decreasing function
in (0,1) (its derivative, 1 — %x@'%)/@k“) is negative in (0,1), for k > 1). It takes
value k(> 1) at z = 0 and value 1 at z = 1. Thus, for x € (0,1), k— kz¥@k+1) 14 £ ]
and we arrive at a contradiction. The conclusion drawn is that for finite v > 0, PgsP
and P, cannot be equal. Similarly, we can show that for a fixed v, there does not
exist k > 1 (taking k real) such that Pg**F = P; (they are equal at k = 1). Since
Pg#eB and Py, are continuous functions of v and k (taking k real), we conclude that
one function is always higher than the other. For v = 1 and k = 2, it can be easily

shown that P < Pp (Note that if there exists a (v, k) for which Pg*f > Pr
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then the two curves must cross each other at some (7, iﬂﬁ) but we have shown that
no such (7, k) exists). This completes the proof that for all finite v and real k > 1,
PgaseB < pgaseA The result also holds true for k being integer (since it holds for real
k). Thus, we conclude that it is preferable, in terms of blocking probability, to use a

larger transmission radius.

Figure 4-4 presents simulation results verifying this claim. The blocking probabil-
ity of the center call is computed in each simulation (as the edge effects are minimal
for this call). The first plot has all calls of length 3 and two scenarios of radius 1
and 3. The second plot has all calls of length 6 with radius 1 and 6. Note that the
reduction in blocking probability by using a larger transmission radius is a few orders

of magnitude and this difference increases with the length of the calls.
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Figure 4-4: Comparison of blocking probability in a line network for calls of length 3
and 6 and different transmission radius.

4.4 Effect of Transmission Radius in a Grid Net-

work

In the single channel line network with all calls single hop, we observed that as v — 0,

7 = 5v (total load of interfering calls plus the load on the concerned link). This ob-
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servation can be shown to hold for a single channel general network as well by making
the low load approximation in the steady state probability distribution i.e. as v — 0,
7 = av where a = total number of interfering calls + 1 (this includes the concerned

call). This is proved as follows.

Consider a single channel network with a general topology. Since there is only a
single channel, such a network can have only single hop calls. Let calls arrive according
to independent Poisson processes of rate A and the service times be independent
identically distributed according to an Exponential distribution with mean 1/u. As
before, define the state of the network as n(t) = {ng(t)}, k € set of calls, where n; =
number of calls & in progress (0 < ni < 1). The stochastic process (n(¢),t > 0) is an
aperiodic, irreducible, finite state Markov process and hence has a unique stationary
distribution 7 (n) given by the following product form solution (G is the feasible state

space, N is the normalization constant and v = A\/p).

rm) = L g (4.68)

N
N = Zg:l;[z/"" (4.69)

The blocking probability, Pg, of a particular call can be computed by summing 7(n)
over all those states that are blocking for that call. Let this set be denoted as B.

_ 2pllv™
L )

In the low load regime (v — 0), we can re-write Equation 4.70 by partitioning
B into a set of states (denote as B;) for which there is only one active call and
the set of states (denote as B;) in which more than one call is active. The set of
blocking states for which only one call is active must consist of states in which either
the concerned call is active or one of the neighboring interfering calls is active. Let
« = number of interfering calls+ 1. Before proceeding forward we make the following

definition.
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Let f(z) be a function of z. We say that f(x) has order o(z) if,

TAC) (4.71)

z—0 X

With this definition we have,

ST = DI+ > I (4.72)
B k k Bs k

By
= av+o(v) (4.73)
N = Zg: IkI V™ =14 Buv+ o(v) (4.74)

where (3 is some finite constant. We can now compute the effective load 7 for small

v by equating the M/M/1/1 expression and Equation 4.70.

v 2pllv™
—_— = = 4.75
1+ 0 Eg [T, v ( )
av + o(v)
S 4.76
14 Bv 4+ o(v) (4.76)
UV ~ av, smallv (4.77)

To extend the approximation to the multiple channel case, we follow the model
of Section 3.3.1. Thus, at low loads, the blocking probability of a single hop call
is Pg = E(,p), where 7 = the total load of interfering calls plus the load of the
concerned call. However, to consider the effect of transmission radius, we need to
compute the blocking probability in the multihop case as well. In this case, we make

the reduced load approximation [12] with the low blocking simplification.

We consider the example of a grid network where nodes are located as a two
dimensional mesh. To be concise, we consider a grid network with all calls of length
3 and load v (calls are between nodes {z,y} — {z + 3,y} and {z,y} — {z,y +3}).
The approach can be easily generalized to calls of any arbitrary length. In the first
scenario, the transmission radius of each node is 1. Here, each link has 23 interfering

links (including itself). Figure 4-5 shows the set of interfering links for link A < B.
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In the figure the interfering links are marked ‘X’ and the transmission radius of all the
nodes is unity. Note that there are 22 links marked ‘X’ such that a bi-directional data
transfer on these links interferes with the data transfer A < B (thus, a = 22+1 = 23).
We first make the reduced load approximation to compute the average load on each
link. In the low blocking regime, almost all calls get served and the average load on
each link is =~ 3v. Treating the system as an equivalent network with load 3v on each
link, the probability that no channel is free at a link is £(23 3w, p). Making a further
approximation that the links block independently, the probability that a 3-hop call
is blocked is = 1 — (1 — E(69v,p))* ~ 3E(69v, p).

Transmission circle of B

Transmission circle of A

Figure 4-5: Constraints on the service of a bi-directional call in a grid network with
nodes having unit transmission radius.

In the second scenario, transmission radius of each node is 3 and hence all calls
are single hop. As stated earlier, for small v, the effective load on a single hop link
is equal to the sum of the load on neighboring interfering links and its own load. For
a grid network with radius 3 and single hop calls, each link has 135 interfering links

(including the concerned link) all of which carry load v. Thus, the value of 7 = 135v
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and the blocking probability of a call is Pg = E(135v,p). Clearly, for low v and
moderate number of channels, E(135v,p) > 3E(69v, p) (to see this take v = 1/135
then, E(1,p) > 3E(ZX, p) for p > 3), which suggests that it is preferable in terms of

blocking probability to use a smaller transmission radius.

Figure 4-6 presents simulation results that justify this conclusion. The plot shows
the blocking probability of the center call in a 20X20 grid with 30 channels. All calls

are of length of 3 and two cases of radius 1 and 3 are considered.

20 X 20 Grid with 30 channels

Blocking probability

—e- radius=1,hop=3
02 025 03 035 04 0.45
Load (nu) of each call

Figure 4-6: Comparison of blocking probability in a grid network for calls of length
3 and different transmission radius.

4.5 Summary

In this chapter, we considered the effect of transmission radius on blocking probability
in a line and a grid network. We studied the following tradeoff. If we use a smaller
transmission radius then a call would require more hops and multiple channels would
be needed to service the call (as neighboring hops cannot share the same channel). If
we use a larger transmission radius (such that the destination is within the transmis-
sion range), the call can be serviced in a single hop and a single channel is required

to serve the call. However, the increased transmission power will cause interference
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with many more nodes.

We first presented the blocking probability analysis in a generalized wireless line
network with bi-directional calls (Section 4.2). The result obtained in the single

channel case is (Equation 4.2),

x2r+1

Pp=1— —un—0u— vx

2r+1
, T
1+ 2ryz2r+l

r=1

In the multiple channel case (Section 4.2.2), we considered a simplified model (that
uses the single channel result) and obtained approximate blocking probability formu-
las that very accurately predict the values obtained from simulations, especially for

low to moderate number of channels (Figure 4-1).

To study the effect of transmission radius, we first considered a simple non-trivial
example in a line network that clearly highlights this tradeoff (Theorem 4). Then
using the approximate blocking probability formulas derived for the multiple channel
case we draw the following conclusion. Assuming that all calls are of the same length,
in the sparse line topology it is preferable to use larger transmission radius and
communicate directly rather than go multihop to reach the destination; while in the

dense grid topology it is more desirable to use smaller transmission radius.
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Chapter 5

Dynamic Channel Assignment

Algorithms

5.1 Introduction

In the last chapter, we have seen that in a wireless network, the blocking probability
of calls is affected by the transmission radius of the nodes (which in turn depends
on the transmission power used by the nodes). However, once we fix the transmis-
sion radius of the nodes, blocking probability of calls also depends on how we assign
the channels to the incoming calls. The channel assignment algorithms have a pro-
found impact on the blocking of calls. In this chapter, we study the performance of
some dynamic channel allocation policies. We also propose an algorithm called the

Local Channel Re-use Algorithm and show that it performs better than other policies.

We will consider two network topologies for comparing the different policies. The
first one is the line network where the nodes are located in a line at unit distance
apart from each other. The second one is the grid network where the nodes are lo-
cated as a two dimensional mesh. The reason for choosing these two topologies is that
they are good representatives of a sparse network and a dense network respectively
and the conclusions drawn here have significant implications in the design of such

networks. To independently study the effect of channel assignment on blocking prob-
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ability (eliminate the effect of transmission radius), we fix the transmission radius of

each node at unity by appropriately choosing the transmission power.

We will consider only dynamic channel allocation policies where the available
channels are shared by all the nodes in the network and the channels are allocated
to the calls in real-time. We could also do a fixed spatial partitioning of the channels
such that the spatial channel reuse constraints are satisfied. In this case the set of
interfering links will be allocated different sets of channels. Each link then acts inde-
pendently and a channel is allocated to a requesting call whenever the set of available
channels for that link is non-empty. Such a channel partitioning scheme would be
highly network topology dependent. Since a wireless ad-hoc network does not have a

fixed topology, a general scheme of channel partitioning might be highly inefficient.

Corson and Zhu [3] considered the problem of calculating the maximum available
bandwidth (number of channels) on a multihop path. They showed the problem to be
NP-complete and proposed a heuristic algorithm to calculate the bandwidth. How-
ever, they did not consider the problem of channel assignment to minimize the call
blocking probability when the incoming call does not require the entire bandwidth.
Our goal in this chapter is to first present channel assignment algorithms for one-hop
calls where the source and the destination nodes are neighbors. We then extend it to
the case of multihop calls. We regard a multihop call as a sequence of single hop calls
and implement the channel assignment algorithm repeatedly along the entire length

of the multihop path.

The dynamic channel allocation algorithms that we consider in this work include
the rearrangement algorithm, the random algorithm, the first fit algorithm and the
local channel re-use algorithm. These algorithms will be explained in more detail in
the sections that follow. Whereas the rearrangement algorithm requires rearrange-
ment of the channels allocated to the calls in progress, the other policies do not

require any rearrangement of the channels. Hence we classify the other policies as
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non-rearranging policies. Non-rearranging policies are practically more appealing in
large wireless networks as they can be implemented much more easily than the rear-

rangement policy.

The rest of the chapter is organized as follows. Section 5.2 describes the rearrange-
ment algorithm and gives mathematical conditions for the feasibility of rearrangement
in a line network. Section 5.3 explains the non-rearranging channel assignment poli-
cies which include the random, first fit and the LCRA algorithms. Finally, Section 5.4
presents simulation results for the line and the grid network. In this section, we also
draw conclusions about the effect of other parameters such as the hop length of the
calls and the degree of the nodes (the number of neighbors a node has) on call block-
ing. We consider only bi-directional calls for the simulations. However, similar results
can be obtained for the uni-directional case as well. In the simulations, blocking prob-
ability of a call is computed as the ratio of the number of calls rejected to the number

of call arrivals over a very large simulation time.

5.2 Rearrangement Algorithm

The rearrangement algorithm was first presented in cellular networks by Everitt and
Macfadyen [14]. Since then it has been widely used as a benchmark to compare the
performance of other policies. The rearrangement policy has a unique feature that it
does not do any admission control. Under this policy, in any state of the network, if
there are resources available to admit the incoming call then the call will be accepted
even if this requires rearranging the channels allocated to the calls in progress. Thus
to describe this policy, we need to make some definitions about the admissibility of a
state. We will assume a fixed route system where the route of each call is fixed and
does not change dynamically with time. If a call cannot be accepted on a particular

route then it is dropped and does not attempt service through another route.

We first describe the algorithm for a network with a general topology and then
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show that in the case of a line network it has a very simple description. For a general
network, let Q be the set of all source-destination pairs and ¢ € Q be a particular call.
Note that the set Q can consist of both single and multi-hop calls. Let a, denote the
number of calls of type g in progress. Let the state of the network be a = {a,},9 € Q.

Definition: State a is admissible if there exists an allocation of channels to the
calls (ag, € o) such that the wireless transmission/reception constraints as described

in Section 2.1, are satisfied.

The rearrangement policy accepts a call whenever this leads to a state a which
is admissible. The policy thus accepts a call whenever possible, even if this involves
a rearrangement of the channels allocated to calls already in progress. Implementing
this algorithm in large general networks is practically impossible. Even simulating
this policy involves a search over a large set of feasible channel assignments which in
most networks is practically infeasible. However, in case of a line network there is a
simple characterization of the state space in terms of necessary and sufficient condi-
tions for a state to be admissible. The following is a description of these conditions

for a line network.

Let us consider a line network with m + 1 nodes located unit distance apart and
transmission radius of each node equal to unity. This implies that each node can
communicate directly with a node on its left and a node on its right. For a node
Xk, k € {1,..,m + 1} in the line network (other than the edge nodes that have only
one neighbor), there is a link between nodes (X;_1, Xi), labeled Ly_;, and between
nodes (X, Xk+1), labeled L. Thus, there are in total m links Ly, Lo, ..., L,,, in the
line network. Let ni be the number of calls in progress on link L; and define the
vector n = (nq,na, .., Ny, ). Let p be the number of channels available in the network.
Since we consider a fixed route system, given a particular state « (state of the calls,
as described earlier) of the line network, we can determine the number of calls (ny)

on each link. Therefore, given o, we can determine the state (n) of the links. The
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necessary and sufficient conditions for a state n to be admissible are,

ng, >0 VkeE{l,..,m} (5.1)

n <p (5.2)

m+ny <p (5.3)

g+ Ng—1+ -2 <p ,Vke{3,..,m} (5.4)

Necessity: The necessity of the above conditions is proved by noting that calls
on links Ly, Ly_1, Ly form a set of mutually interfering calls and hence any channel

assignment must satisfy ng + ng—1 + ng—2 < p.

Sufficiency: The sufficiency of conditions 5.2-5.4 is proved by presenting a chan-
nel assignment scheme that assigns channels to the calls whenever the state n satisfies
those conditions. Thus, we begin by assuming that n satisfies the above conditions.
Consider an assignment scheme that assigns channels starting from the leftmost link,
Ly, of the line network. The first three links, Ly, Ls, L3, are assigned a set of ny, ng,
ns non-overlapping channels respectively. Condition n; + ns + n3 < p ensures that
such a set of non-overlapping channels exists. We next assign channels to calls on

link L. There are two cases to be considered as follows.

e If ny < n,, then we assign n4 channels from among the set of n; channels that
were assigned to calls on link L;. Since calls on link L; do not interfere with
calls on link L4, the assignment of channels to calls on links L;, Ly, L3, Ly is

admissible.

e If ny > ny, then we assign n; channels that were assigned to calls on link L,
plus the additional channels ngy — n;. The additional channels are chosen such
that they are non-overlapping with the channels assigned to calls on links L,
L3. Condition ny + nz + n4 < p ensures that such a set exists. Thus, we have

an admissible assignment of channels to calls on links L, Ly, L3 and L.

Proceeding this way, let us assume that we have an admissible assignment on links L,
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.y Lg—1. We next assign channels to calls on link Ly by comparing n; and niz_s and
following the above two steps of assignment replacing n; with nx_3 and n4 with ny.
Thus by induction, if the above set of conditions on ng, k € {1,2,..,m} are satisfied,

we have a feasible assignment of channels to the calls.

The above set of conditions and the channel assignment approach can be easily

generalized to a line network where the nodes have transmission radius r,r € Z*.

5.3 Non-rearranging Algorithms

This section considers algorithms that do not require rearrangement of the channels
allocated to the calls already in progress. The algorithms that we study are the ran-
dom algorithm, the first fit algorithm and the local channel re-use algorithm. These
algorithms base their decision on the set of free channels available at a node. Free
channels refer to those channels such that the acceptance of a call in those channels
does not violate the wireless transmission/reception constraints as explained earlier

in Section 2.1. If a call cannot be assigned a channel then it is dropped.

Let Fu denote the set of free channels at node N. Fu contains all those channels
in which node N and its neighbors are inactive (not transmitting/receiving). Simi-
larly we can define the set of free channels for a link N < M (N, M are two nodes)
as the set of all those channels that are free at both nodes N and M. This set can
be obtained from the sets Fn and Fp as, Fyon = Fy N Fy.

Single Hop Calls

Let there be a single hop call between nodes S and D. Fs and Fp are the set of
free channels associated with nodes S and D respectively. Since the call is single hop,
nodes S and D are neighbors. The set of available channels for this call using link

S > D is the intersection between sets Fg and Fp (FsNFp). Let §() be the decision
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function which selects one channel from the set F¢ N Fp. The difference between the
random, first fit and the local channel re-use algorithms is in the decision function
g(). These differences are explained in the later sections. Let -y, be the chosen channel

then =, is given by v, = §(Fs N Fp).

Multihop Calls

A multihop call is regarded as a sequence of single hop calls where the first call
arrives on the first link followed by an arrival on the second link and so on until the
last link of the multihop path. With this interpretation, we assign channels for the
multihop call by repeating the single hop assignment procedure in a sequence over
the multihop path. After choosing a channel on a particular hop, the information
about the chosen channel is communicated to the next hop node before the channel

decision is made on the next hop.

To be more precise, consider a multihop call between nodes S and D along the
path S, Ny, Na,.., D. To allocate channels to this call start at the source node S. Let
the channel chosen on link S +» N; be denoted as ;. Then, 71 = g(Fs N Fp,). The
information about the selected channel on link S <« N; is communicated to node Ns.
Neighbors of nodes S and N; along the path including themselves (nodes S, Ny, N»)
cannot choose channel ;. Thus, nodes S, Ny and N, update their set of free chan-
nels. Let the updated sets of nodes N7 and N> be denoted as j'—Np ]:'NQ. Channel 7,
is then chosen from the set Fn, N Fn, as 72 = §(Fn; N Fn,). This information about
the selected channel (v;) is communicated to node N3. Channel +y; is chosen from
the updated sets of free channels of nodes N2 and N;. The process repeats until a
channel is allocated on the last link N, «— D. If the assignment is successful, all other
neighboring nodes (neighbors of S, Ny, .., D) other than those along the path update
their set of free channels. If at any step there are no free channels available on that
link then the call is dropped and the nodes along the path once again update their

set of free channels to the set present before the call request was made.
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Figure 5-1: Multihop channel assignment (S, Ny, Na, N3, D is the path of the multihop
call).

The procedure is illustrated in the example shown in Figure 5-1. The figure shows
only the source-destination path while all the other nodes of the network are not
shown. Since the call is 4-hop long, there are 4 steps involved and an arbitrary chan-
nel assignment policy is followed for the purpose of illustration. The last step shows
the final allocated set of channels. In the first step Fs N Fn, = {1,2} and channel 1
is chosen. Neighbors of nodes S and N, along the path including themselves (nodes
S, N1, N3) cannot choose channel 1. Thus, Nodes S, N; and N, update their set of
free channels as shown in the second step. In the second step, the set of free chan-
nels on link Ny — N, is Fu, N j-:-Nz = {2,4} and channel 2 is chosen. Neighbors of
nodes N; and N, along the path including themselves (nodes .S, Ny, N3, N3) cannot
choose channel 2. They update their set of free channels shown in the third step.

Fn, N Fn, = {4} and channel 4 is chosen. Neighbors of nodes N, and N3 along
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the path including themselves (nodes Ny, N, N3, D) cannot choose channel 4. They
update their sets of free channels and in the fourth step, Fn, N Fp = {1,3} of which
channel 1 is chosen. The final assignment is shown in the last step. All other neigh-
bors of S, Ny, Ny, N3, D (not shown in the figure) update their sets of free channels

based on this assignment.

As noted earlier, the random, first fit and the local channel re-use algorithms differ
in the decision function g() given a particular set I of free channels. These differences

are explained next.

5.3.1 Random Algorithm

The random channel assignment algorithm allocates a channel randomly from the
set, of free channels available on the link on which the call request was made. Thus,
the channel decision function §(I') chooses a channel v, randomly from among the

channels in the set T'.

5.3.2 First Fit Algorithm

The first fit algorithm orders the channels (y1,72,..,7,) by assigning them an in-
dex number. Assuming that all the channels are equivalent, the index numbers are
assigned to the channels arbitrarily. The channel decision function §(I') chooses a
channel -, that has the lowest index among the channels in the set . This policy
has been studied earlier by researchers for wavelength assignment in WDM optical

networks [23].

Intuitively, the first fit algorithm uses the channel resources more efficiently than
the random algorithm. In the first fit algorithm, channels with lower index numbers
are used more often for servicing the calls than the higher index numbered channels.
This causes a packing of the calls onto the lower index numbered channels. Thus two

calls which are non-interfering are more likely to share a channel in the first fit policy
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than in the random assignment policy. This effectively entails re-use of the channels

already in use in the network leaving more resources free for the future calls.

5.3.3 Local Channel Re-use Algorithm (LCRA)

The local channel re-use algorithm assigns an index number to the channels (v,
Y2,--,Yp) i & way identical to the first fit algorithm. The channel decision function,
g(), minimizes a certain criterion 2 (explained later) over the set of available free chan-
nels. We first present a mathematical description of the decision function followed by
an intuitive explanation of why the algorithm uses the channels more efficiently than

the random policy.

To explain the channel decision function §(), consider a link S < D on which
the channel needs to be allocated. Fg¢ and Fp are the set of free channels in the
present state associated with nodes S and D respectively. Let I' represent the set
of free channels available on the link S < D. The set T is given by I' = Fg N Fp.
The elements of the set I" (the free channels) are denoted as 1, v2, .., | where, |T'| =
number of elements in the set I'. To make a channel decision, the algorithm also
takes into account the free channels available at the neighbors of nodes S and D
(the neighboring nodes are represented by the sets Ns and Np respectively). Let the
nodes in Ng UNp be denoted as Ny, N, .., Njazunp and let Fu,, Fy,, .. be their set
of free chanuels in the present state when the service request is made on link S «— D.
We want to choose a channel, <., such that v, minimizes the number of nodes in
Ns U Np that have channel v, as a free channel in the present state. Choosing such
a channel will make that channel blocked for the least number of neighboring nodes.

Define an indicator variable Iy and a function Q() as follows,

In(vw) = 1, if v is free at node N; in the present state

= 0, otherwise.
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Q(v) = Number of neighbors of S and D that have ; as a free channel

= > Ivtw

NeNsUND

Choose the channel v, that minimizes the function () over the set, T', of free channels.
Thus we get,
Ye = §(T') = arg min, er (k) (5.5)

If there are more than one - that minimize () then the smallest indexed ~; is se-

lected.

To understand how this algorithm uses the channels in an efficient manner, con-
sider that we choose channel v, from the set I'. Then, the neighbors of node S (set
Ns) and node D (set Mp) cannot use channel +, as long as the allocated call is active.
Therefore, given that we choose ., all those nodes in Ng U Np that had ~, as a free
channel before the call request was made, remove -y, from their set of free channels. It
might be beneficial to have this set of nodes that get blocked in channel ~,, to be as
small as possible. The fact that some nodes (in Mg UNp) do not have v, in their set
of free channels also implies that there is presently an active call in the neighborhood
of those nodes but that call does not interfere with the new incoming call on § « D.
Choosing such a channel will then lead to a local re-use of the channels. Thus we see
that by having an optimization criterion as discussed earlier, the algorithm indirectly

tries to locally re-use the channels as much as possible.

In the above formulation, we assumed that all the nodes in the network experi-
ence the same call arrival rates. However in a general network with multihop calls,
there might be more channel requests at some nodes than at other nodes. In such a
situation, we can generalize the LCRA algorithm by assigning weights to the nodes.

These weights represent a priority ordering of the nodes. The generalized form of the
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LCRA algorithm is as follows.

Let wy be the weight assigned to node N. A node with a higher priority is as-
signed a higher weight. These weights can be chosen based on the objective that
needs to be achieved. In the case of minimizing blocking probability, the weight of a
node can be chosen in proportion to the rate at which channel requests are made at

that node.

Let function Qu () be defined as,

Qwlw)= D, In(www
NeNsUND
Choose channel 7, that minimizes the function Qu () over the set, I', of free channels.

Thus we get,
Ve = §(I') = arg minyer Qw(v) (5.6)

If there are more than one <y that minimize Qw () then the smallest indexed -y is

selected.

5.4 Simulation Results

In this section, we present simulation results that compare the performance of the
above stated algorithms in a line and a grid network. We compute the blocking prob-
ability of the center call as the edge effects for this call are minimal. The simulation
results also show trends about the effects of other network parameters such as den-
sity of the nodes and hop length of the calls. Since a line and a grid network are
good representatives of a sparse and a dense network respectively, these conclusions
have significant implications in the design of such networks. In both networks, the
transmission radius of each node is fixed at unity. The arrival process of all the calls
is Poisson and of the same rate while the departure time is Exponentially distributed

with mean 1. The load in the plots is in Erlangs and all calls are assumed to be bi-
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directional. All gains are calculated with respect to the random channel assignment

policy.

Figure 5-2 compares the blocking probability in a line network with 30 nodes,
unit length calls and 50 channels. In the low blocking regime (10~3-10~!), substantial
gain in blocking probability as compared to the random policy is achieved. LCRA
performs better than both the random and the first fit algorithms. The significance
of having lower blocking probability is that if we fix a particular value of blocking
probability, then, LCRA can support a higher load for each call as compared to ran-
dom and first fit algorithms. As expected the rearrangement algorithm has the lowest

blocking probability.

30 node line network, single hop calls

Blocking probability

—+— random
-~ first fit
—— LCRA

=y L i ]

8 9 10 11 2 13 14 16
Load (nu) of each call

Figure 5-2: Comparison of blocking probability in a line network for unit length calls
and different channel assignment algorithms.

Simulating the rearrangement policy in a grid network is practically difficult.
Therefore, in a grid network we compare the blocking probability for the random,
first fit and the LCRA algorithms. Figure 5-3 shows the comparison plot for a 20X20
grid with 50 channels and unit length calls. Blocking probability gains as compared to

the random policy are higher than in the line network. This observation is somewhat
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intuitive as in a grid network a node has more interfering neighbors as compared to
a line network. Therefore, spatially re-using the channels will pack the calls onto
significantly lesser number of channels, thereby having a greater impact on reducing
the blocking probability. This shows that an efficient channel assignment algorithm

becomes more critical in dense networks.

20X20 Grid, 50 channels and 1-hop calls

Blocking probability
3

—+— random
—o— first fit
—— LCRA
10° . - . v X
15 2 25 3 35 4 45
Load (nu) of each call

Figure 5-3: Comparison of blocking probability in a grid network for unit length calls
and different channel assignment algorithms.

We next consider the effect of hop length of the calls in a line network. We
consider a line network with 50 channels and all calls 6-hop long (between nodes
6 units apart). Figure 5-4 compares the blocking probability for random, first fit,
LCRA and the rearrangement algorithms. As in the case of unit length calls LCRA
outperforms random and first fit algorithms while the rearrangement algorithm has

the lowest blocking probability curve.

Next, we compare the performance of LCRA for the case of 1-hop and 6-hop calls
by computing the percentage gain in the load (compared to the random algorithm) for
a fixed blocking probability. As shown in Figure 5-5, the percentage gain in the load
is higher in the 6-hop call case than in the 1-hop case. This can be easily understood

by noting that as we maximize the channel reuse over each hop, the gains become
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Figure 5-4: Comparison of blocking probability in a line network for 6-hop calls
(length 6 units) and different channel assignment algorithms.

higher with increasing path length. The efficient use of the channels has a greater
impact for calls with longer length. Thus, we conclude that efficient channel reuse

becomes important as the hop length of the calls increase.
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Gain in load of LCRA for 6-hop and 1-hop calls
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Figure 5-5: Comparison of gain in the load for LCRA for 6-hop and 1-hop calls in a
line network.

98



Chapter 6

Conclusion

We considered the problem of dynamic channel assignment in multihop wireless net-
works. We followed an analytical approach and derived exact blocking probability

formulas for bi-directional and uni-directional calls in a single channel line network.

¢ Bi-directional Calls (Section 3.2.1)

Pp = 1———— (6.1)

v+ = 1

e Uni-directional Calls (Section 3.2.2)

Ty
V31 —z)? + dvxy
z(1—2)*+42* = v(1—-2)*, y¥*=vz

Py = 1 (6.2)

We compared these formulas to the standard M/M/1/1 blocking probability expres-
sion and obtained useful insights on equivalent load (+/) that helped us construct the
model for the multiple channel case. Our methodology of analysis is not restrictive
to the cases considered in this work but can be applied to other symmetrical systems
as well. For example in Section 4.2.1, we used a similar analytical technique to con-

sider a generalization in the single channel line network. We obtained the following
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blocking probability result for bi-directional calls (The case of » = 1 reduces to the

earlier result Equation 6.1).

1.27'1‘—1

P S
B 14 2rpg2rtl

(6.3)

vttt 4 = 1

Extending the work to the multiple channel case, we presented a simplified ana-
lytical model (Section 3.3) based on the single channel results for the random channel
allocation policy. We derived approximate blocking probability formulas that ac-
curately predict the values obtained from simulation results, especially, for low to

moderate number of channels (Figures 3-10, 3-11 and 4-1).

We, then, applied the formulas derived to consider the effect of transmission radius
on blocking probability. Specifically (assuming that all calls are of the same length),
we showed that in the sparse line topology it is preferable to use larger transmission
radius and communicate directly rather than go multihop to reach the destination
(Section 4.3); while in the dense grid topology it is more desirable to use smaller
transmission radius (Section 4.4). This result clearly highlights the significance of the

density of the network on blocking probability in a multihop environment.

Finally, we developed a novel channel assignment algorithm (Local Channel Reuse
Algorithm, LCRA) that aims at reducing blocking probability by cleverly reusing the
channels while also satisfying the wireless transmission/reception constraints (Sec-
tion 5.3). We compared our algorithm to other channel assignment algorithms such
as the rearrangement, random and the first fit algorithms. We showed through simu-
lations that an efficient channel assignment algorithm can significantly reduce block-
ing probability; especially for densely connected networks and multihop calls (Sec-

tion 5.4).

Important extensions to this work include a detailed study of the effects of network
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parameters such as the density of the nodes and the hop length of the calls. It would
also be interesting to investigate channel assignment schemes when the nodes are

mobile and the network topology changes with time.
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