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ABSTRACT

Let X be a C° manifold of dim 4k, oriented,
with boundary 9X, where 23X 1is not C® but locally
as the boundary of the product of two manifolds with
ordinary C% boundary.

For a special Riemannian metric on X (corresponding
to a product metric near the boundary), we prove an
a priori inequality for the signature operator (that is,
d+8 acting between certain sub-bundles of the bundle of
differential forms) using non-local boundary conditions
on 9X. These conditions are defined using eigen-
functions of essentially the tangential part of d+§
on the pieces of 23X of dimension 4k~1l, subjected to
boundary conditions on the piece of dimension 4k-2.

Using this inequality, we define closed extensions
of d+6 with finite dimensional kernels and closed
images. We study such kernels and give other applications
related to the Laplace operator.

Thesis Supervisor: 1I. M. Singer
Title: Professor of Mathematics
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Introduction

In [3], Atiyah, Patodi and Singer studied a non-local
boundary value problem for certain kinds of first order
elliptic differential operators on manifolds with c”
boundary, and gave a formula expressing the index of
such problem. The formula is especially interesting as
it contains two different contributions to the index:
one of the same type as in the index theorem for closed
manifolds (i.e. the integral over the manifold of certain
characteristic form) and a term related to the spectrum
of an elliptic self-adjoint differential operator acting
on the boundary, essentially the tangential part of the
operator on the interior, that they called the n invariant
of the boundary (actually, there is a third term of very
simple interpretation). One important operator which
fits into the above group is the signature operator, that
is d+8§ acting between two subbundles of the bundle of
differential forms, provided the manifold is taken with

a Riemannian metric that is a product near the boundary.

If we now consider the product of two manifolds with
boundary, say X and Y, due to the multiplicativity of
the signature we can write the signature of X x Y wusing

the above result for X and Y. We obtain an expression



where one term is the uéual integral over X x Y, and
three more terms that roughly can be interpreted as
contributions from X x 3Y, 3X x Y and 29X x 9Y,
involving spectrums for differential operators on

these manifolds.

We consider in this work a manifold X whose
boundary %X 1is not Cw, but locally it is like the
product.case, that is 98X = ?l\) ?2, where Yj's are
manifolds with ¢C° boundary. We attempted to obtain
an index for d+§, acting between the usual bundles

related to the signature, and subjected to certain non-

local boundary conditions.

As suggested by the product case, we obtain
spectrums and complete sets of eigenfunctions for the
tangential parts of d+§ on Yl and Y2, using again
non-local boundary conditions in order to get self-adjoint
operators. This is done in part I, where we also prove

some estimates that we use afterwards.

When 23X 1is Cw, the existence of the index and the
formula for it are obtained constructing an explicit
parametrix. In our case, such construction cannot be

carried out. 1Instead, we prove an a priori inequality
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for the first Sobolev space. The presence of "corners"
on 23X forces us to use stronger norm than Hl/2 on
the boundary to take into account compatibility conditions

at the corner. Part II consists of the proof of this

inequality, which is the main result of this work.

Using this, we define closed, densely defined

operators (A and A_), which are extensions of d+§

+
on certain differential forms. These operators have
finite dimensional kernels and closed images, and we
get A_C A+*. We didn't succeed in proving that they
have an index (implied by A_ = A+*). If proven, this
last equality would give some indication about the con-
tribution of 38X to this index (using heat equation
methods). The main problem when one tries to prove

*
A = A_ comes from the difficulty in describing com-

+
pletely the set of restrictions to 38X of the elements

in the domains of A, and A_. For the c” case this

can be done, as we remark at the end of Part III, so

one can prove at least the existence of an index without
using the parametrix. We also describe some properties

of the elements in ker A+, as well as other consequences

of the a priori inequality like a weak Hodge theorem and

a set of generalized eigenfunctions for the Laplace operator

on X (in the sense that they are not necessarily c” on the

closure of X).
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I. Operators on faces of the boundarv.

Let Y be a 4k-~1l dimensional manifold with c”
boundary 9Y, oriented and with a Riemannian metric

that is a product near the boundary.

We use < , > for the inner product of differential
forms induced by the Riemannian metric, dv for the volume

element and

(olv) = J <¢,¥>dv for product in L2 sense.
Y

Finally * denotes the Hodge star operator (for this

and what follows, see for instance [13], Chapter 1IV).

Def 1

D = -e_(*d - (-1)Pa*) on p-forms on VY,
where

1
k+xp (p=-1)
e, = (-1) 2

then it is immediate that: A 1is a lSt order, elliptic,

formally self-adjoint operator.

Denote by u the normal coordinate to 09Y, so that

. . . 2
du is inner co-normal, |du]l‘ = <du,du> = 1.
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Then we can write near oY:
D = 08 + D , Wwhere

oua

g = -e_(*e

B,
o) du ~ (-1) edu*)

® = me (*dy - (-1)Pd )

on p-forms, e is exterior multiplication by du and

du

dt is exterior derivation along directions tangential

to 9dY.
Can check easily: & acting on Cw(Q(Y)IaY)

is also a formally self-adijoint operator.

Prop. 1
Do =-0v

Proof:

an immediate calculation shows
2

D™ = A = Laplace operator on Y
&32 = A8 = Laplace operator on 23Y¥ in the sense:
A8(¢+w“du) = Aa¢ + (A8¢)Adu, where ¢,y are forms
tangential to 3Y. DMNow:

D% = 6%3% /012 + 0D + Do + D2

but 02 = =1, 50:
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D2 = - 3%/3u0% + D + Do + D?

so as the metric is a product near the boundary, we

know A = - 82/8u2 + Aa, then proposition follows.
Now:

D= 0(3/3u - a®) = g(5/0u +A) o= 0 ®
and

SO:

Q. is a formally self-adjoint 15% order elliptic
operator on C (Q(¥)]3Y). Then it has a set {¢j} of
c” eigenfunctions, orthonormal and complete in L2 sense,
Note:

if u, > 0 is an eigenvalue, Cx¢j = u.d.

] it3’

then:
Q(c¢j) = - uj(ccbj)

s0 we can assume that for “j # 0, the eigenfunctions

are of the form {¢j,d¢j}, Uy > 0.

Write D =L + M, where



12.

L = -ep*d on p-forms, and we can check:

i

i) L*=1L, L éd

i) M* = M, M° = 48

iii) IM =ML = 0

Then near the boundary, with op = OL(du):
L=cLa/au+£,
M=o, a/3u + "M,

and from the previous equations for L, M

of relations between GL,...,Nn.

Also define on a p-form ¢:

vo = (=1)T*¢ if p = 2q
(-1)T*¢ if p = 2q-1
Then by direct computation we obtain
i) vz =1, vk =0
ii) Dv = vD, VL = Mv

iii) v& = vem

Let u # 0 be an eigenvalue of o

we get a set

(they are the
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same as those ofQ.), then have a finite dimensional

(e o]
vector space of C sections:

v=vw = {¢| ¢ = uo}

From ML = LM = 0, we obtain L= ML =0, If

|

¢ € Vi
DLo =22 = £D¢ = u( Lo
and similar equations for M\, . As a consequence:

QQ,,’YYI:V—*V, and also Vv : V » V,

Then we have that <& , 'YL as linear operators

on V can be simultaneously diagonalized, and usincg
that £2 + o = 2 = uzI, and v =™y, we

arrive to:

there is an orthonormal basis for V of the form
{¢1,...,¢N,v¢l,...,v¢N} so that:

L o5 = Moy, Mgy =0

JLv¢j =0, WNLv¢j = u(vey)

as for the eigenvalue -u, same is accomplished by
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{ov¢j, 0¢j}.

But now:

if © ¢ = p¢, then

Q.(¢-0¢) = (=0®) (¢=0¢)
= =uo¢ + u¢
= u($-0¢)

O (¢+0¢) = =u(¢+0¢)

Then we see:

can find a basis, orthonormal, consisting of c”
sections for the space of {¢|Q¢ = ueé} of the form

{¢l,...,¢N, v¢l,...,v¢N}, and for =-u can take
{ood.,0vd.}.
¢3, ¢j

Mow we look at the eigenvalue 0. The solutions
of Q¢ = 0 are the same than those of O ¢ = 0, which

2
in turn are those of & ¢ = Aa¢ = 0,

Then we see that gbcb 0 will be valid for the

il

homogeneous degree components of ¢, and recalling that
as JY 1is a compact manifold without boundary, we see
Aa¢p = 0 if and only if d¢p = 6¢p = (0, But if we look

to the explicit form of £ , N, we see:
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®¢=0 if and only if oe:d):rW\q):o

Now note: -cf,GL = oMm, so O : ker® > ker ®

LM

and have:

2 2
[ - *:_ == e
L L' M Opr O, 7 Oy 1.

Final property that we need is o¢_Vv = vo Then usina

L M*
normal forms for anti-symmetric operators, we aget an
orthonormal basis for ker & , consisting of harmonic

forms of the type {¢j,v¢j,c¢j,ov¢j}, withs:

5 0v¢j = on¢j.

Now denote by B the followinag operator on Lz(aY):

By = g(W!aj¢j+Bj0¢j)(aj¢j+6j0¢j)

where

i) {¢j,0¢j} is a basis as previously described,
the ¢j correspond to uj > 0, and we supress the v
for simplicity

ii) aj = cos ej, Bj = sin ej, and besides thevy satisfv
a) they are the same inside each V(”ﬁ)' i.e.
for eigenfunctions with same eigenvalue.

b) There is ¢ so that: |cos eil >¢c >0

for all j.
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2
. = B.7 = cos 26, > O
) oy T By j =

We summarize the properties of the operator B in

the following

Prop. 2
2 _
1) B =B and B* = B
2) By = 0 implies Bvy = 0
3) By = 0 if and only if (1-B)oyp = 0

4) B is bounded from H® -+ HS {Sobolev spaces)

and its range is closed.
Proof: the first three are easy consequences of the form
of our basis, we just do 3) in detail:
By = 0 iff ¢, + B.0¢.) = 0 for all

1 (Wluj¢3 Bj ¢j) r j

iff (w|—02(uj¢j + Bjc¢j)) =0 for all j (¢° = -1)

iff (ow[(—8j¢j + ajo¢j)) = 0 for all j (o* = -0)

iff (1-B)oy = 0.

Finally 4) comes from the fact that:

1% (9Y) = {Z(aj¢j + bjc¢j) such that:

2
(|a.
(] jl
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and || ]]i is equivalent to above sum + || ||22. So the

L
proposition is proven.

One can try to characterize the above operators B
from some general properties. We observe that B

satisfies the relations:

2

oZs = Ba? (1)

Q
i

Bo + 0B (ii)

. s s
If we assume some B, continuous from H™ -+ H

and orthogonal projector when restricted to L2, satis-
fies the above equations, the first of these reduces
the problem to one of linear algebra on each finite

dimensional space W(Xj) = V(Xj) ® V(*Kj) =

{¢|O?¢ = Aj2¢}. Both ¢ and B 1leave W invariant.
In spite that equation (ii) imposes many conditions
on B, it is not enough to determine that B should have

the previous form.

A more interesting problem arises if we try to
obtain a B using these equations just at the symbol
level (in those cases when B 1is a pseudo-differential
operator). This would give a more invariant explanation
to B, we note that the important point is the commutation

relations satisfied by o, which in turn is a special
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case of Clifford multiplication by the conormal du.

In general B is not a pseudo-differential operator,
but anyways many important properties of well posed
elliptic boundary value problems (as defined in [15],

Ch. VI) are valid for the pair (D,B). First we note

that we have the inequality:

1]l < c tl[pgl}, + [lell, + [IBo]] }
2+1 L L '3 H5L+1/2(3Y)

for & >0, || ||, denotes norm in 5 (¥) .

We can see this as follows: call B0 the operator
corresponding to Bj = 0 for all Jj. This is a
pseudo-differential operator of order zero (as observed
in [3], where it is called P). We can calculate its
symbol (top order) using Seeley's formulas for fractional
powers of pseudo-differential operators, and then we get
that it coincides with the symbol of the operators called
P, in [15] and Q in [10], Chapter II, corresponding

to 3/3%u +Q.. But then Th. 2.2.1 in [10] tells us:

[1(T-B,) ¢ <c {|po]|_ .+ [lo]lg}
l 0 IIHS+1/2(3Y) — s s s

so in order to establish the inequaltiy we only need

to estimate B0¢ by BB,$. But it is immediate from
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the expression for B and the condition b) imposed
that there is C > 0 so that:

[ 1Byo ! < |IBByo] ]
0% it vy = o® 1t oy,

so the inequality is valid.

Also we can construct a parametrix for D with
boundary conditions B¢ = 0. This is an operator R,

2+1

continuous from HZ(Y) + H (Y) so that

a) BR¢ = 0 on 23Y

b) R 1is a two sided inverse of D modulo
operators which are continuous from

H2 -+ HEL+1 (note then they are compact).

The construction of such R is carried out in
complete detail in [3], so we won't repeat it here.
Everything done there is valid in this case (except the
assertions about the kernels of the operators), with
the obvious modifications as we are using B instead

of BO'

Then recalling Green's formula for lSt order
differential operators and Prop. 2, 3) we see that DB’

that is D with domain
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Dom Dy = {¢ € Hl(Y) | B¢ = 0 on dY}

is self-adjoint, and as in the usual case we get:

Dy has a complete set of C eigenfunctions {wj},

corresponding to a sequence of real eigenvalues {kj},

and the wj satisfy B¢j =0 on 23Y,.

Now we proceed to make some calculations that will
be used in proving a priori estimates.
Def, 2

He(¥) = {p e B (¥) | By = 0 on aY)

with norm:

wl 1%, = 11ow] 1%+ o] Jul]?
HB

norms on right hand side are L2, and o > 0 is a constant

to be chosen later.

Fix now f£ in Cm([0,+w)) so that:
1 if 0 <u<1/2
f(u) = 0 if u > 3/4

>0 otherwise

Consider the following bilinear functional (the spaces
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where it acts will be precise):
L(y,4) = § <foy, —,a%(fcppdv(Y)
then:

|2 (Y, 9)]

I A

ol ] 5] <= (€6 ||
L2 au L2

Now:

if both ¢ and ¢ belong to H;(Y), using the
special form of the boundary condition we see that if we
integrate by parts the expression for £ above, the

boundary integral disappears, so in this case:
R, 0) = - S < (f0y), £>Av(Y)
¥ u
and then:

]
LY, 0) | < ||5=(£0) )
L] < ig@n ] ,llell

Lemma 1

there is C = C(f,f') > 0 so that for all

Y € Hé(Y) we have:
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llg%(fw)llz < l[DWIIZ + Cl|¢]|2, all norms are L2.

Proof:
D = o(3/3u +Q), then if ¢ ¢ Hé and ¢ = 0
for w > 3/4 we have:
2 ]
1ol 1% = 1192112 + Jlool1? - 7 <o,00>
v 9Y

As ¢ € Hl/Z(BY), the boundary integral is well defined.

Now: as B¢ = 0, this means on 23Y:
= (=B b, + 0.0
¢ Zaj( BJ¢J ajo¢])
then the boundary integral is equal to:

2 2

- Xla. oL T-B. ’

2y Tuytay=p4%)
J

and as it is preceded by a minus sign, using our con-

dition i), ¢) for the a.r Bj' we see

J

[1po || = II%I 12 + Jlao|]? + (positive quantity)

Now set ¢ = fy, then %% = f%% + £f'Y and the lemma

follows immediately.
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In this moment we are able to fix o in the defi-
nition of the norm of Hé(Y): we set a > C, where C

is that of the above lemma.

Then: if ¢, ¢ ¢ Hé(Y), we have

12 (¢,0) |

A

o | 1w , and
HHé HLz

|2 (o, 9) |

| A

| vl |L2[ |l IHé

Now we apply an interpolation theorem, all the
notation and norms that appear are as in [5], more

precisely we use 10.1 of that reference, with:

- . _ _ 12 - Rr =
Al = B2 = HB(Y), A2 = Bl = L"(Y), A=8B=¢
SO
_ _ 1 .
Alr\ Bl = A2 fa B2 = HB(Y), then if we set
1/2 _ 2 1
= [Hl(Y) L2(Y)] we have
B 14 . 1/21
Prop. 3

2 can be extended to a sesqui-linear continuous

functional:
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1/2

I HB

(Y) x Hé/z(Y) -+ £ and we have

[2(d,0) ]

| A

Lol 4 plTwll 10
Hy Hy

We define now a second bilinear functional:

b(d,9) = - {¢|Dy)

which is well defined if for instance ¢,y are in Hé(Y).
We recall that D with that domain is self-adjoint,

then we get:

|b(o,v) |

I A

ll¢|IL2|!wIIHé

|b(¢,v) |

| A

II¢I|HéIlwIIL2

so the same arguments as given for {4 «can be applied

to b, and we get:

Prop. 4

b can be extended to a sesqui-linear continuous

functional:

1/2

B (Y) - ¢ and we have

. o1/2
b : HB (Y) x H

o | < [lell 1l 1vll 4,
HB Hy
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Now:

interpolation spaces can also be defined as domains
of fractional powers of self-adjoint operators, and for

our case we obtain the same spaces (see for instance [11],

Chapter I). Then we see:
1/2 _ 2
Hy' “(Y) = {Zajwj | Z|Aj| ]ajl < o}

where: {wj} are eigenfunctions of D, and {Aj} their

eigenvalues.

As consequence of above and density of Hl and

B
Hé/z, we get:
. _ _ . 1/2
if ¢ = Zajwj, Y = ijwj both in HB ’
then:
b = -ZA.b.a., and then
(b, ¢) ]bj 3

L 2
‘(¢|D¢) = ijiajl

We need a last lemma to obtain the estimate we'll need.

Lemma 2

1/2

There is C > 0 so that for all ¢ ¢ HB

(),

¢ = Eajwj we have:
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eIl 5 1 = zhyl layl?

2
+cllell”,
[L™/Hgly /o L

the norm on the left is as defined in [5].

Proof: consider the L2 valued function

2
- o0(1/2=-z2) 1/2-z
f.(z) = e A R
where &§ > 0. Then
£(1/2) = ¢ and we can calculate ||f6(it)[[22 and
L

£fo(1l+it) 2 , then it is immediate from its definition
§ Hl
B
that:

2
Hell1? , 1 < e2ahyl lay)?

2
+alfol %)
[L™,Hgl, /5 L

and taking a sequence § ¥ 0¥ the lemma is proven.

Finally we combine the previous lemmas and
propositions to get our final one, whose proof has

already been done:

we observe that if ¢ = Zajwj in Hé/z and the

aj = 0 for all Aj > 0, then:



2 2
- D = - X AL = L | A T > 0 :
(¢]0¢) B T P I C N
]
Prop. 5

there is ¢ > 0 so that for all ¢ ¢ Hé/z(Y)

such that ¢ = I ajw we have:

x.<o 3 3
3

-(¢|Do) + f<fa¢,§%(f¢)>dv(Y) + CII¢l|22 > 0.
v L

As we will see in the next section, we need above
inequality exactly, that is, without multiplying
-(¢|Dp) by a positive constant, in which case it is a
trivial consequence of estimates for elliptic boundary

value problems.

We present an example to illustrate how the
operator B appears. For notation and the results used,

see [4], part 6 and [3], part 4.

Consider two manifolds with boundary, X and Y, of
dimensions 4k and 4m respectively. Then we know that
the signature of X x Y 1is equal to (sign X)-(sign Y).

Moreover, as

T =T, ® T (we use product metric and

orientations), then
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R, (X x ¥) = 8, (X)~0, (¥) + 9_(X)~2_(¥)

Q_(X x Y) Q, (X)~0_(¥) + Q_(X) 0, (Y)

so if we have harmonic forms representing the cohomology
classes involved in the calculation of the signature of
X and Y, we can construct using exterior products
those necessary for X x ¥ (we need to use Kunneth Th

as in [18], Chapter 5 and Prop. 4.9 of [3], but can be
easily checked).

So consider ¢~y where ¢ ¢ Q+(X), P € Q+(Y),

dd = 60 = 0 and same for ¢y on Y, both representing
elements in (H*(+,9+¢) » H*(*)). We use subscript 1

for objects associated to X or 3X and 2 for Y.
. 1 .
Then 1if ul(¢) = §(¢+Tl¢) = ¢, where py is the
= of sz+(x)|BX with Q(8X), then:

pid~yp) = o~y

where u corresponds to 23X X Y.
For the operator D on 33X x Y explicit calculation

shows:

= A *® ~
D =Dy ~ T, + (e9%)) » 1,(d,+8,)
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where *. = Hodge opt. induced by X on dX, So:

1

if ¢j is an eigenfunction of

Dl¢j = uj¢j, then

D(q)JAW) = uj (¢jA\P)

The tangential part of D on

called ® is:
8 = p 1, + g% 10,0,

where:

2

du is inner conormal to 9Y

Now we have: near 3Y

A, : Qi(Y) - Qi(Y)
O, 3 8 (Y) » &_(Y)
- +

and A0, = =05R, A2* = 4,
so if:

Ba¥k = Y¥ks then

+ +
A

Dl, i.e.

0X X 3Y, that is what we

d, + 8, = 0,(du) (3/3u + A,)

in ¥, o, = oz(du).
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denoting by + their components in Q+.

As our ¥ 1is in Q+, we look for eigenfunctions of

related to ¢jAwk' where wk £ Q+(Y). Set:

= "~ e * ~
€1 = PytVgr €y = mE ¥ dinoouy
then note:
e, = uiel + Y€,
2 T Y€1 T W&,

Using above equations, we get eigenvalues + (yk + p )l/2

and passing to Q= —GD® we obtain: if

1/2 (v, 2 1/2
V2
C
_ 1/2 2,.2.1/2
h, = L { (vt +(Yk+u )T e (yp g+ (i) T ey )
V2c
where:
2 _ 1/2 2 2
c” = (uj + (Yk+u ) + Y

then they satisfy:
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_ 1/2
_ 2,1/2
oh, = 112 =1

1 = h, and ||hj

and if we express ey in terms of hl, h

1 2, 2.1/2
e, = ——:{(Yk+uj+(yk+uj) Yhy

1/2y,
+ (UJ-Yk*‘(Yk'Hl ) }

and:

(eqlae)) = —E—(Y}ju )l/zYk(u 54y

o

Note:

2 1/2 .
uj + (u +Yk > 0 SO

sign (e, |oe;) = sign v,
1 1 k

For simplicity write:

e, = ah1 + bhz, then note:

a2+b2=l

In our case:

from the boundary conditions satisfied by

2:

2,1/2,

®

and vy,



32.

we have that “j < 0 and Yy < 0, so:
(ejlae;) <0

This corresponds to our situation for the proof of
Lemma 1, and as we'll see to condition ii), ¢) in the

definition of B.

We see that B should be projection on the ortho-
gonal space to ey that is:
Bf = (flbhl—ahz)(bhl—ahz)

2 2 2 2
we already noted a” + b™ = 1, and b“ - a“ > 0 as

our calculation for (el|ae1) shows, so this corresponds

to property ii), c).

Finally we check that b stays away from 0,

Note:

1 2
b= ——C(lyv [ = lusl + (yp+u
)/IC k J k

2

1/2
j) )

as Yk'“j < 0, so the numerator of b is always

> vl 2min Ly [ |y <0} >0 and as |y, | » =,

b tends to a finite limit > 0, and same for u

In more precise way:
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2 1/2

Consider b“ = ;i5(2y2+2u2+2lyl( )1/2-2|y||u[—2|u[( ) )

set x = |ul, v = |v|

c“ = 2(x2+y2) - 2x(x2+y2)1/2

2{(x2+y2) - X (x2+yz)l/2}

Numerator is:

2,1/2 1/2

2{(x2+y2) - x(x“4+v } o+ 2{y(x2+y2) xy}

so passing to polar coordinates we get

rzsin g - rzsin 0 cos B

)
r2 - rzcos 0

o
i

%(l +

%(1 + sin 0)

and we note: x > |u|l >0, y > |y] >0

were |y

i . . <0
min {Iujll My }

|v] = min {|v, | | v, < 0}
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II. An a priori estimate

Weconsider now X a C . manifold of dimension 4k,

whose boundary can be written as 93X = ?l\J Y,, the

2’
Yj being in turn c” manifolds with C" boundary, and
so that Yl ny,s= BYl n BYZ = aYl = 8Y2 1s a compact

manifold without boundary X is also compact, and it is

oriented.

On X we have a Riemannian metric which is a
product near the Yj's and near Ylf\ ?é is isometric
to a product of the form (?lr\ YZ) x [0,3/2) x [0,3/2).
Such metrics exist, as is proven in [6], for instance.

S0 we have two coordinates:

X4 normal coordinate to Y2, defined up to 3/2

X, normal coordinate to Yy, defined up to 3/2

so that:

<dx, ,dx.> = 6.,
i J 13

where we denote by < , > the inner product induced by

the Riemannian metric on differential forms.

Now we take d+6 acting on differential forms.

We can write:
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d+6 G(dxz)(a/ax2 + Al) near V., and

d+§

O(dxl)(a/axl + A2) near Y,,

4

where the Aj contain the derivatives tancential to Yﬁ'

and ¢ = SEr symbol of d+6, We also have maps:

My RN G 00 5 0 > F(e+T(6))

k+%p(p-l)
*

where T = (-1) = g *

P

on p-forms. Then can check that the uj, 3 =1,2
establish isomorphisms of vector bundles, and using
induced metrics and orientations on the Yi by X
calculation shows:
UL (9) s (W) >y = 2<o,y>
R | 3 X 2 Y.

If:

D. = =¢_(*.d. - (~1)Pa.*.
3 p( 33 (=1) 3 J)

acting on p-forms on Yj, subscripts referring to operators

induced on Yj’ we can prove by direct calculation:

We fix again f € Cw([O,w)) as follows:



36.

£(u) = 0 if u >

] o

0 otherwise

v

and we fix boundary value problems for each Dj' boundary
conditions Bj' on each Yj' satisfving the properties

stated on the first part.

Theorem 1

There is C > 0 such that: for all ¢ ¢ Cm(?,ﬂ+(?))

and ¥ = 0 on Yltw Y., we have

2

| 1wl] 5 < cli]](a+s)y 1wl L+ 5l led]| }
Ihl“‘ | H1,2 IL2 leg Hé/z(Y.)
. 7
g
where:

¢1 denote projection of u; (¢) on the span of

eigenfunctions of Dy corresponding to eigenvalues

]
that are > 0.

The rest of this section consists of the proof of

above inequalitv.

First we note: can replace all above || || by

s



37.

[0 1% and 119l ,  bvany [l]| _  for a
L™ (X) H™(X)

fixed s < 1.

Secondly: if ¢ is supported in the interior of ¥,
the inequality is well known. &o we see that it is
enough to prove:

|10 15 < f] ] @s) (£(xp)w) ||

IA

+ | (@+8) (£(x )0 | |7

2 5102
+ Ilw|l + Z|l¢+[|hl/2(y )} (1)
B B
So assume now ¢ is a C  form supported in Y, x {o,11,
and equal to 0 on ?il\ ?2. We then have:
[|¢]|i is equivalent to
1 1
30 |2 2 2

[ g | ax, + [ |[o]] dx, + |[o]]
o 2 rf(ypxxy) 20 (Y xx,) 2 L2 (x)

If on Y, we have an elliptic boundary value problem,

with a 1% order interior operator A; and boundary

conditions B, as in Part I, then: |[¢||2l is
H™ (Y, xx,)
172
equivalent to:

2 2 2
1A 6] ] + | Byl ] + |]ol]
1 L2(lex2 1 Hl/z(aYlXXZ) LZ(lexz)
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Then we see: in order to prove (1), we only need to

estimate
|1 £(x) 28| |2 + flllA (£9) | |2 o
2 §§; Lz(x) 0 1 Lz(lexz) 2
Il Ik
+ B, (£9) ax (2)
0 1 Hl/z(BYlXXZ) 2

by the right hand side of (1),

Strictly we should say Dj' etc, and the corresponding
isomorphisms, but it is clear what we mean and much simpler
to write.

Now we proceed to develop the terms in the right
hand side of (1), Recall that o0* = =g and 02 = =1
(see for instance [13], Chapter IV), then using the
decomposition of d+6 near Y,:

18

|1 (a+s)6]1% = |[ae/ax,1 1% + |]ay6]]?

+ 2 Re (8¢/8x2|Al¢)

(all norms in L2(X)).

Set now Pp = 9, (dxl), then
1
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m— [ <6,A ¢>dv(¥))

3¢
< A, o>dv(Y,)
X, lexz f ox., "1 1

lex2 2

+ f <¢,Al%§—>dv(Yl)
YlXX2 2

2 Re f <E§—,Al¢>dv(Yl)

, 3
llxx2 2

+ f <Pl¢ r——gi >dV(3Yl)
Blex2 2
(dv(+) denotes Riemannian volume element of the

corresponding manifold).

We integrate above equality with respect to X,

between zero and one, Recalling that ¢ = 0 at Xy = 1,
we get
. P
- [ <¢,Ap¢>dv(Y;) = 2 Re (=2 9)
Y 2
1
+ fldxz [ <py 6, pi—>dv (3Y,)
0 9Y. Xx 2

172

The last integral above is equal to:

é <pl¢,§%;>dv(Y2)
2
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so we get:

|l (a+s) o] ]2 24 |agell? = [ <o,n 9av(y,)
Y

1

i

; ;
[ <P10,gp>dv(¥,)
Y 2
2
and a similar expression for a form supported on

Y, x [o,L).

Applying this to ¢ = f(xz)w and f(xl)w, and

recalling that £(0) = 1, we get:

] (@+6) (£ 0 12 + [ (a+6) (£x)0) | |2

n

2 gt 112+ 2l ag e | |2
J -

- [ <bnppavtry) - <f(xl)p2w,§%z(f(xl)¢)>dv(Y1)
1 1

- [ <wnguavyy) - <f(xz)plw,§%;(f(x2)w)>dv(Y2) (3)
2 2
Now we add c{z|lef112, ,  + [lvlI%, ) for
SR N Y 1® (X)

an s < 1., We will prove the following: after adding

Cs{...} to the last two lines of the right hand side of
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above equality, the resulting quantity is positive.
Assuming this claim, we can finish the proof of (1) as
follows: by the remark preceeding (2), we see that the

following inequality implies (1):

f 1B, (£9) || R ax, < c{||5- <f¢>||2

(BYlsz) L (%)

Hapen 1%, o+ [wll?, 3
L (X) H™ (X)

In order to prove this, we observe: consider SYl X X,

as the boundary of the manifold Y, x x, = 3Y, x [0,1l) x X

1 2
(coordinate X; on [0,1)). Then:

1l

If & 1is any form supported on SYl x [0,1) x Xo

and L 1is any ISt order elliptic differential operator

on l[gl[z is equivalent to:
yt (Y sz)
2
12812, : f 1e] 12, ax,
*1 L (Y lsz) L (alexlXXz)
2
+ [lgll?,
12 (Yqxx,)

and
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2
| IBE] |
Hl/z(ay

| A

c, lle]]?
sz) 1 Hl/z(alexz)

c{above sum}

A

and after we integrate above inequality with

E = £(x))£(xy) ¥,

But now note: the first and third term that we
get are already included in (3), so we only need to

explicit L. For this set:

L =1L = -pyA; * a/axl, then is clear that

|lne] |2 A 1212 )
L) ~ "2y 9%, " 12y

then our estimate for fI[Bl[|2 follows after adding

cllwllzs , here 1,2 < g < 1.
H™ (X)

So we only need now to prove our assertion about

the last two lines in (3).

We use our isomorphisms and see that: if ¢ near
Y, comes from ¢ and we decompose ¢ in oF + o~
corresponding to non-negative and negative eigenfunctions
of Dy, we get (except for a l/2 factor that is

irrelevant)
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0 2
{£ <qf¢+r§§z(f¢+)> + i <qf¢+13§1(f¢_)>
2 P
+ f <qf¢_l———(f¢ )> + f <qf¢ 03“ (f¢ )>}
Y 90Xy T+ Y =9Xy T
- i <¢_1D¢_> - i: <¢+1D¢+>

we have suppressed mention to Yl, term for Y is of

the same form, and
-1
q = Ul Plul

is precisely the symbol of D in direction dx this

ll
can be seen using the equations:

Gd+6(dx2) = 0d+5(dxl)p2 and the relation between D

and Al.

<]

As ¥ was C_ on X and 0 on —2

have that ¢ e Hy/2(¥).

Now: wusing the same arguments of part I and
abstract theorems on interpolation, we obtain the
following inequalities:

. P 2
i) S <qfo, ,m—(£f0,)>| < c||o,]|]
v + §xl + —_ + Hé/z(y)
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i) s {<qf¢+.3§I(f¢_)> + <qf¢_.3§I<f¢+)>}l
Y

A
Q
o
+
il
~
N

(Y)

[ 1o_11
(Y) H%/z

A

2 2
el lo_|| + c(e)]]e ,
SRRy
B B

e > 0,

2

(here we use |a||b| < eb® + c(e) a?)

iii) |f <¢,,0¢,>| < c|lo.|]|?
y = + Hé/Z

and according to Prop. 5, we have for some c > 0:

3 a 2
iv) = S <o_,Do_> + [ <qfé_,mo=(£6_)> + c||o_]| > 0
Y Y 1 7 L2 (y) ~

then by (3), it is clear that we have proven:

the inequality:

|1el]? < ct]| (a+s) | |2 + 1wl)?
ul(x) = L2 (%) 2

L7 (X)
+ex||ed]|? +c(erz]|ed||? }
e Hé/z(Y.) /2y
5 3 By d

In order to finish the proof of the theorem, we must

show that the term with ¢2 can be eliminated, Due to
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the €, which can be made as small as desired, we see

that it is enough to prove:

1,2
i b (6

Hel11%, <clllvll?,  + Il
-11y2 = .1 1/2
Hp” “ (Y, H™ (X) HE % (¥q)

We suppress subindex 1 and proceed to prove above

inequality.
Set ¢, = r a.$¢.,, the ¢. Dbeing the eigen-
A.>0 33 ]
functions of Dy . Then define for X 2 0:
-A.xz
E=1f(xy) I e I “a¢.
A >0 1)
where f 1is as before, then as ||¢+H2l is equi-
H(Y)
2 2 2 .
valent to Z|A.[%[a.[® + [[o |]|%,, we easily get:
it +h
. . 1
1) & is in H(X)
2) ElYy = ¢,
3) |lg]] < clle,ll
ut(x) ~ * Hé/z(Y)

Consider now the difference ¢-£, we get then

(o=-5) |Y = ¢_.
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In order to prove (6), due to the presence of

Ll on the right hand side, it is necessary only
H™ (X)

2

|

timat LA, . i = Za.¢.. But:
to estimate I] j[la:l if ¢_ aj¢] ut

- pX )\.Ia.[2 - [ <¢_,D9_>
r<0 7 d Y

j 1

- [ <¢=~£,D(9=E) > (7)
¥

Using our development of d+9d:

[ tar0) (ev=n (@) 1125 = [lgg=tevnen 117 + |lev-uco) |1

2f <¢=&,D(4=-£)>
¥,

0
- 21 <) (4m8) s m) > (8)
2

Now we need the following lemma

Lemma 3
Let v e HY'(X) be such that vy = VIYl is in

Hl/2(Y ). Then:
Bl 1
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v, = le2 is in Hl/z(Yz) and there is ¢ inde-

By

pendent of v such that

}

2 2 2
vyl < elllvl] + vy 1]
211 172 1 1 r,)

1/2
(v,) H™ (X) H
By 2 B,

Proof:

Denote by t a variable equal to Xq when it appears
on v, and X, in Ve Then from results of (7], last
section, on compatibility conditions of restrictions of
elements of Hl(R“ X R X R+) to R" x R, X {0} and

K

R" x {0} x R,, we get due to local nature of restrictions

that they apply to our case, and have:

[gae [ lvpmv,l? < ollvll?,

BYlXt H™ (X)

Noting that By is an orthogonal projection on

Lz(aYl), have:

2 2
|v,-v |“ = | By (vy=v,) | < + | (1-B,) (v,-v
BXZXt 172 aYlXt 1702 aYIXt 1 172

Now combining results from [17], section 4 and

[11], Chapter I, we see that the norms Hé/z(Y) are
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equivalent to:

1
norm B2 (y) + (f %dt / [Bllz)l/2
0 Y xt
so hypothesis about vy implies:
Flae [ geywyl? < ol 12
=dt B < cliv
5 t ale 1V1 1 1/2(Y )
By

but then by the previous lines, we see writing
2 2
|Byv 2] < IBl(vl-v2)| + |[Byv,|® that statement

of lemma follows.

We apply Lemma 3 to £, and recalling observation 3)

about §, we get:

|el]? < cllo,
Hl/Z(YZ) (¥))
1 l

and also to ¢-§. As

If <py (9= a), (¢ £)>] < clle-g]] W72y

¥ G/ (Y,)

1

isolating quantity (7) from the expression (8), we see
2
|

that all terms are bounded by ||y 1
H™(X)

and
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2
|l
H

o, 1/2 multiplied by constants, that is we have

B, (¥,)

proven (6).

But then we have completed the proof of the Theorem.
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III. Consequences

Now we proceed to define an extension of

this

Def. 3

Set

v={yp e Hl(X,Q+) | there is {wn}‘g_c“(§,9+)
so that

a) wn -~ 3 in Hl sense

and define:
A+w = (d+8)y for Y e V.

We observe:

Ay = lim (d+6)wn, the limit taken in L2

d+8. For

sense, and

the result is independent of the approximating sequence.

Also we see:

a) C?(X,Q+) < V, obviously, and



51.

b) If ¥ eV, and ¢ = p{¢) on Yj’ then

¢ € Hl/z(Y) and ¢ = I aj¢j’ the series
A.<0
J

converges in HS(Y) sense for s < % where the ¢j are

the eigenfunctions of the DB.

The first assertion is consequence of restriction
theorems for Sobolev spaces and for the second see for

instance [2] or [17].

We make the following remark: it is well known
that Cw(i) is dense in Hl(x), as is proved for instance
in [1], Section 2. One can prove that the subset of
c”(X) satisfying y =0 on ?i n ?2 is also dense in
Hl(X), the proof can be adapted from related results
in [11], Chapter I. So we see that c) is the only

condition that we are imposing in the definition of B.

Prop. 6
AL, considered as an unbounded operator from

LZ(X,Q+) - LZ(X,Q_), is a closed, densely defined opera-

tor. Also: there is ¢ > 0 so that for all ¢ e V:

[l 3 < etllapll o+ vl o)
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Proof:

it is clear that A_ 1is densely defined, as

CE - V. We now prove the inequality: if ¢ e Cw(§,9+)

tends to ¢ 1in the definition of V, then we can apply

our theorem to the wn's, sO:

! <c{l|(a+8)y + 1y + 7 wj }
| nl!Hl_ || ol 2t 1ol 2l nﬁuHé{z(Yj)
J

but by the properties of our sequence, taking the limit

as n > » we obtain precisely the claimed inequality.

Now we prove that A, is closed: let vy b

Ay, > & {wn} € V and limits in L% sense.

Then using the inequality we have just proven,

we see wn + ¢ in Hl sense, and then A+wn T A Y =g

in L2 sense, as d+8§ 1is a first order differential
operator. To see that ¢ can be approximated by a
sequence {¢n} E_Cm(§,9+) as described in the definition

of V, choose sequences {¢n,ng < ¢© so that ¢n - -+ wn
’ - 4

as m - » with properties required, and choose an
appropriate diagonal subsequence from the "square" of

the {¢n m}. So Prop. 6 is proven.
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We now examine the kernel of A+. For this we
define a manifold X so that X i, explicitly
Def. 4

X=X v Yy x (==,0] 0 ¥, x (-=,0]

have coordinate X, in Yl x (=»,0] and X; on
Y2 x (=»,0]. We extend the Riemannian metric and
orientation of X to X in the obvious way, i.e.

maintaining the product structure we had near ax.
Note that the isomorphisms My ot Q(Yj) > Q+(X)|Yj

prolong to Q(Yj x {x}) - Q+(X)lij{x} over Yj x (=»,0].

Now assume we have ¢ = X a.¢p. 1in Hl/z(Y), where
J
Y is Yl or Y2, then define on Y x (-«,0]
-ij
E=1I e aj¢j (x = Xy Or x, accordingly)

and ¢ = u(g).

Then is easy to see:
1) £ is in c” n B°(Y x (-»,0]) for s < 1

2) (g% + D)E=0 on Y x {(-»,0) and then

(d&+8)y = 0 there.
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3) 1lim £ = ¢ in HU(Y) for t < %
x-+0
4) ||gC,x) ]| 5 < ce ®® | where

L™(Y)

a = min {Ile so that Ay < 0}

Suppose there is n & V so that:

A

4N =0 and nlY = u(e).

Define then the following distribution on Y x (—m,%):

1
n on Y, X (0,~2—)

Yy on Yl X (=,0)

so T is in Lz.
We now calculate (d+o)T in distribution sense,

so let £ ¢ Cg(Y X (-W,%)), then we have:

TI(d+8)f] = [ <n, (A+8)£> + [ <P, (d+8) £>
¥Yx(0,1/2) Yx (~,0)
We use Green's formula to reduce integrals to

expressions involving only values over Y.

a) For the first integral: as n ¢ Hl and

(d+o)n = 0 on X, we see as £ = 0 near 3Y that it
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is equal to an expression of the form [ %(n,f) , where
Y

2 only involves the values of n and £ on Y

(i.e. there are no derivatives)

b) PFor the second integral: set Z€ =Y x {=w,-g),
then

J <P, (@+8)f> = lim+ S <y, (a+8) £>

¥x (=o,0) g0 Z€

Now we use Green's formula for Ze’ and by remark 3)
on previous page we can take the limit as ¢ ¥ O+, getting
the same integral as in a) but with a minus sign due to

the opposite orientations induced on Y from the two

sides. So we get:
= 1
(d+8)T =0 on Y x (—W,j)

in distribution sense. Using this we now state the

following

Prop. 7

The kernel of A, is finite dimensional, and its

elements extend to solutions of (d+8)¢ = 0 on i, such
¢ are in c” N Hs(i,Q+) for s < 1.

As a consequence, the elements of ker A are

oo

C on X\(Yln Y2).
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Proof:

the first assertion is an immediate consequence of
the inequality in Prop. 6 and the compactness of the
injection Hl(x) - LZ(X). The prolongation to X is
done as we have just described to Yj x (=»,0], and
such elements are C~ as solutions of the elliptic
equation (d+6)¢ = 0, and that they belong to H° for

s < 1 was observed in remark 1) about &. So Prop. 7

is proven.

For the image of A+(V) in L2(X,Q_), we have

Prop. 8

there is C > 0 so that for all ¢ & V n (ker A+)L

(L in Lz-sense) we have:

el < cllayl|
al(x) ~ L2 (x)

S50: A+(V) is closed in L2(X,Q_).

Proof:

it is a standard argument, if not there is sequence

¥, so that ||a,y [] + 0, ]pr||l = 1, etc. and this

would contradict the compactness of the injection
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al(x) » L2(x).

We can use Dirichlet principle to solve equation
Ad = w, for we L2(X,Q+) n (ker A_‘_)'L . The arguments
are as in [12], Chapter 7 so we don't give many

details.

Minimizing the functional on V
T() = |[@8)ypl|? - 2@l

we obtain an element Gw in V n (ker A+)* .

Denote by H the orthogonal projection of L2(X,Q+)
onto ker A+, and recall that all our operators, boundary

conditions, etc. are real.

The properties of G can be summarized in
Prop. 9
2 2 . e
G : L (X,Q+) > L (X,Q+) satisfies

1) G 1is a compact, self-adjoint, non-negative
operator

2) ker G = ker A+

3) G(Lz) c V n (ker A+)L and G 1is continuous

as map from L2 + V, V with Hl topology
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4) The following egt is satisfied:

Re ((d+8)Gu| (a+8)yY) = (w-H(w) |¥)

for all w e L2, Y € V. If all elements

are real:

((d+8)Guw] (a+8) ) = (w-H(w) )

In particular:
AGw = w-H(w) 1in distribution sense.

5) G has a basis of eigenfunctions ’{wj} oV

and eigenvalues {O,l/kj} where 0 < Aj’

xj + +w, complete in L2(X,Q+).

They also satisfy: ij = ijj

6) Any w € L2 can be written as:

w = H{w) & AGw

Now consider AL L2(X,Q+) -> LZ(X,Q_)

unbounded operator, and we look for:

A7 12x,0) — LA (X,92,)
+ 1l 1y

its adjoint in Hilbert space sense.
First we note:

A, G 2 *
4+GL” € Dom (A, )
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by property 3) of G.
Def. 5

B(X,2_) = {y e L2(x,0_) | (@8 v e 1%(X,9,)
(in distribution sense)}

As the formal adjoint of (d+§) 1is again (d+6), we see:
*
Dom (A, ) < E.

2 2 2
On E we take: |[|y[]|g = el %, + |l @&)rv| |7,
L L

Now we prove an important property of E:

Prop. 10

The set

li
o
O
B
=]

W= {¢ec(Xa)l¢
is dense in E.

Proof:

note that it is enough to prove that Cw(f) is
dense in E, as this implies the density of Hl, and

then use the remark following definition 3.
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So take & : E - § continuous linear functional,

any such functional can be written as

L(P) = (ElY) + (n](a+8)y)

with &, n ¢ L2(X). Assuming £ = 0 on C (X), we

0 on E.

prove %

Choose M a manifold such that X << M, and
denote by gl and nq the extensions by 0 of & and

n to M. Thenas % =0 on C (X), we get:

(d+5)n = —El in distribution sense on M.
1

But then nj; e Hioc(M)' and as n; = 0 on M-X, we see:

n e Hp(X,2.), and ((@&+8)n|y) - (n] (@+8)¥) = 0 for all
y € C (X). Now choose {nj} E:CE(X,Q_) so that
n. > n in Hl sense

3 0 )

Take a general ¢ € E, then:

(n] (@+8)y) = lim (nj[(d+6)w)‘

1 . ,
but ¢ ¢ Hloc(x) as d+§ elliptic, so:

(njl(d+a>w> = ((a+8)ny[v)

SO



61l.

lim (njl(d+6)w) = ((d+8)n|y)

then &(y) = 0, as we wanted to prove.

Now we look in detail to Green formula for

(d+8). If &, n are in C%(X), we then have:

((@+8) g|n) - (] (a+8)n) = [ Ea*n = na*E
X

the integral on the right only involves forms of
dimension 4k-1. Now if we assume £ in Cm(§,9+)
and n in Cm(f,Q_), we have for homogeneous degree

components:

Collecting terms in above integral using these

equations, we get:

((a+8) Eln) - (E](a+d8)n) = 2 [ E.*n (9)
X

Call b(&,n) the right hand side of above equation.

Then we see that by definition of V and Prop. 10,
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b extends to a continuous sesquilinear form
b :V xE-=>¢
and clearly

Prop. 11

Dom (A,") = {y ¢ E(X,0_)|b(+,y) = 0 on V)

If we now use the following isomorphisms, where

b f R0 > () |y 0 F(6+T())

W2 e > oKyt ¥ > 2 T(9)

take then ¢, ¢ so that
U+(¢5 =&, u_(yY) =n over Y.

Taking now u+(¢)A*u_(w), we neglect those terms
containing the conormal to Y as they don't contribute

to the integral (9), and we get:

1]
i
o =

2 ou, (@) A*u_(¥) I oa*T(Y)
Y Y

1
DO =

I <4 v () >,av(Y) (10)
Y

= - ZGlvay
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that is:

- = - Ll j
((@+8)eln) - (] (a+8)n) = - 5 §<¢ vy (¥ ))Yj

where Vj is (—l)psp*j on p-forms over Yj (see

definition on B on Part I).

Now recall: near Yl (similar for Y2), we had the‘

decomposition:
d+s§ = o(dxz) (a/ax2 + Aq)
and

Dy = uy Aqgy

If we do same calculation for &_(X) and the iso-

morphism u_, the result is:

_ -1
Dl - U_ lU_

So we observe: all our results for Q+(X) can be
repeated for Q_(X), but this time we have to consider
as boundary values for the corresponding space V the
span of the eigenfunctions corresponding to the eigen-

values that are > 0.
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Equation (10) gives the explanation to conditions
for B in order that we have 2) of Prop. 2. From

equation (10) and self-explanatory notation, we have

Prop. 12

Let ¢ ¢ V(X,Q+) and Y & V(X,Q_), then:

(B, o19) = (¢]a_y)

SO

*

A, is an extension of A_

We conclude making some remarks on how to prove
existence of the index in the case of " boundary with-
out using a parametrix. As in any case the parametrix is
needed to obtain the formula giving it, we won't go into

too many details.

The a priori inequalities are valid, we indicate

*
how one proves A, = A_.

We have the corresponding space E, with c” sections

g1/

dense in it. Looking to (1ll) we see that, as 2(ax)

l/Z(BX) are in duality by integration, and the

l/z(BX)

and H
restriction map from Hl(x) + H is onto and con-

tinuous, theelements of E define sections over 8X in
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H_l/z(ax). Then, they can be expressed by series of the

form Zaj¢j, the ¢j being the solutions of D¢j = Aj¢j’

and satisfying the condition

The bilinear functional b 1is then:

b(¢,9) = Ibjay

where
¢ = tb.¢. in VvV, y = Zaj¢j in E

and we write k(j) to take Vv into account. But now:

if we have any ¢j on 3X such that it corresponds

to Aj < 0, we can find ¢ € V so that ¢]9X = ¢j. It

suffices to extend ¢j as constant along the normal to
89X and multiply this by a c® cut-off function equal

to 1 on 3X.

*
As Db(¢,p) =0 for ¢ £V and ¢ £ Dom A+<5 E,

we see: such Y have expansions
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Using a variant of Friedrichs' Lemma (with boundary
conditions), we can construct a sequence wn € Hlfx)
so that ¥ + ¥, (d+8))_ =+ (d+6)y both in L® sense,
and the wn have boundary wvalues as ¢ above. But
then the a priori inequality says the wn are a Cauchy
1

sequence in Hl sense, and so ¢ 1is H and then it

belongs to Dom A_.

As we see, the crucial point in the argument is that
the boundary values of the elements in V give the whole

set {¢j|¢j corresponds to xj < 0}.

In the Coo case, the elements of ker A+ are
closed and co-closed. The proof in [3] uses the extension

i of X, but this can be also proven as follows:
D=L+ M with IM = ML = 0 (see Part I),

so if D¢ = A¢p, we get:

DLé = L2¢ = LD$ = ALo

same for M, so M and L 1leave invariant the finite
dimensional spaces V(A) = {¢|D¢ = A¢}, but then by
simultaneous diagonalization we can split V(i) in

VL 4] VM’ where L acts as AI on VL’ 0 on VM and

vice-versa for M.
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Assume now we have ¢ ¢ Q+(X), (d+8)Ye¢ = 0,
¢ = z aj¢j on 93X (after using the corresponding
A.<0

isomorphisms), then we get using Green's formula:

2_— =
[lael]™ = -(aof89)y = (8]Lo) 5y
but now
_ 1
Lo = LZa.'X~ L$., so
I
- 1 2 2
(¢IL¢)3X_ Z}\_j' lajl |[L¢j||

(recall L* = L), but as the Aj < 0, above quantity is
< 0, but |]d¢|]2 > 0 so only possibility is 0. So

dé = 8¢ = O.

To repeat this argument in our case requires to
examine the boundary conditions satisfied by L¢ on Y
for the elements D¢ = Ap, B¢ = 0 on 3Y. This involves
in

a long calculation as we must use oy, besides ¢

any case in order to obtain a similar division of the

DI

eigenfunctions of D, one would need to impose more

conditions on B and in that case it does not give

self-adjointness for DB'
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