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ABSTRACT

An investigation is made of the possibility that gravity
is the low energy effective theory resulting from a phase
transition at some high energy. I focus on the instabilities
of classical gravity in order to build a model for the universe
shortly after such a transition which is assumed to be of first
order. The dynamics of the evolution of this initial state
are investigated in detail, and the implications for such pro-
cesses as baryosynthesis and monopole production are discussed.
Also, the initial state is investigated in detail, with con-
sideration of the wvalidity and possible refinements of the
initial approximations, and connection is made to the outstand-
ing horizon, flatness, and cosmological constant problems in
cosmology. Finally, I briefly discuss other treatment of
gravity which may have implications for phase transitions in
the early universe.
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Introduction

Science has come closest to theology on a subject of abid-
ing interest to both: the origin and nature of the large scale
universe. Indeed it is hard to distinguish at times which field
has required greater leaps of faith, or imagination. The last
half century has, however, ushered in a remarkable transition in
scientific cosmology. Emerging out of an era of primarily
unfounded hypotheses, it is now possible to seriously consider
constraints which can be imposed on various theoretical models
of the first 10-35 sec of the big bang expansion. Two factors
have made possible these striking developments. On the one
hand, vast improvements in the experimental apparatus of
observational astronomy have allowed the accumulation of fund-
amental data, including the discovery and nature of the Hubble
expansion and of the 3° black body radiation background.1 At
the same time rapid progress in elementary particle physics
has allowed us to extend the regime of validity of the equations
of state for matter by many orders of magnitude. If the observed
big bang expansion implies the universe was hotter as we look
earlier in time, then each new breakthrough in understanding
particle interactions at higher energies gives, in principle,

a new tool to dig one layer deeper into the cosmological fossil
record which the present universe provides.

The situation is complicated, however, by the fact that this
fossil record is extremely meager. Evidence indicates that for
the period immediately preceeding the formation of the objects

we observe today (beginning at kTspacelvl MeV) the universe was



in thermal equilibrium. The equilibrium state at that time was
largely insensitive to the detailed dynamics which led to equi-
librium. The net result is that many high-energy effects of
interest to particle physicists are washed out by eguilibrium.
The only relevant gquantities which survive today are remnants
of non-equilibrium processes; such as the baryon to entropy
ratio,2 and inhomogeneities in matter3 and radiation4 distri-
butions. That there are very few such quantities limits the
applicability of many particle physics calculations for cos-
mology. However it also provides a challenge to particle
physicists to search out developments which may allow a der-
ivation of these fundamental guantities.

Recently the application of the concept of spontaneous
symmétry breaking in field theory has provided a framework
for models to unify interactions and classify particle types
up to energies of the order of 1015 GeV.5 Such energies may have
only been achieved in the very early universe. Yet because
of the efficiency of modern detection technology, these grand
unified symmetries may be measured indirectly in our terrestrial
laboratories through such processes as proton decay and neutrino
mass measurements.6 Naturally the development and potential
experimental verification of grand unified theories has
resulted in a rush of activity to investigate their many impli-
cations. One of these is the fact that phase transitions in
matter interactions as a function of energy are mirrored by
transitions in the dynamics of universe evolution at various
critical temperatures. This possibility of non-equilibrium

behavior specifically determinable within the framework of



particle physics has, for the reasons described earlier, infused
new life into early universe model building by particle physic-
ists to derive the few parameters of observational cosmology.

While the number of such constraints may be insufficient
to imply a unique empirical model of the early universe they
can be supplemented in order to point out important directions
of inquiry. This is because our present, clearly incomplete
models of the neo-natal universe contain a number of paradoxes
which must be resolved to give an acceptable description of
this era. While their "natural resolution" will not be an
empirical test, it may further restrict the class of reasonable
models.  Even if the net result is merely to point out where
our ignorance 1is greatest these combined constraints of cos-
mology may, as grand unified theories are beginning to demon-
strate, provide the only valuable, if not empirical, directions
for progress in particle theory.

In this sense one of the most exciting aspects of recent
developments is that they motivate consideration of an era
where guantum, or semi-classical gravitational effects may
become important. The consistent application of quantum
mechanics to gravity has presented insurmountable difficulties
up to the present time. If we can use the limited developments
in this area to probe for significant effects in the cosmological
era now under investigation we may gain important new insights
for quantum gravity.

For these reasons I consider in this work the relationship
between various problems in cosmology and the peculiarities of

gravity as a field theory, and focus on the role gravity may



play in early universe phase transitions. While I will briefly
discuss potentia{nimportant effects of gravity in matter phase
transitions, I will concentrate on possible phase transitions
more intimately tied to the nature of gravity itself. For
reasons that will be described in more detail in the following
chapter I consider the possibility that classical gravity is
low energy effective theory, the remnant of a phase transition.
Rather than attempting to find the explicit symmetry breaking
which may be responsible for this transition I investigate
aspects of the classical theory which may signal the existence
of such a transition, which might occur in the early

universe. These are then used to build an ansatz for the physics
of the transition region, and the implications of this ansatz
can then be investigated.

We find that the semi-classical effects on which our tran-
sition scenario is based can significantly alter early universe
dynamics, leading to novel methods of treating the horizon
problems, cosmological constant, and baryosynthesis
problems of the standard model, and perhaps avoids
the monopole production problems of other phase transition
scenarios. While only suggestive, our results indicate the
potential importance of the application of early universe
studies to our understanding of quantum gravity.

The specific outline of this work is as follows:

Chapter one provides in more detail the cosmological
and field theoretic motivations for first order phase transitions
in the early universe, and for our hypothesis in particular, and

gives an introduction to the standard FRW model, and to the
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phenomena of first order phase transitions in field theory.

Chapter two gives an introduction to the instabilities and
peculiar thermodynamic behavior of semi-classical gravity which
will be used to build a model. Black hole thermodynamics are
discussed in some detail.

Chapter three provides a brief overview of the model, its
dynamics, and some of its implications.

In Chapter four I give first a detailed review of the
model, a derivation of relevant dynamical equations, and a
qualitative treatment of their solutions. I then provide
a guantitative description of its dynamics based on a numerical
evaluation of the eguations.

Chapter five then provides a reexamination in some detail
of some of the assumptions which went into the description
given in the previous chapter. I also describe how several
paradoxes of the standard FRW model are treated in the context
of this work.

Chapter six is devoted to an investigation of several de-
tailed implications of this scenario. Specifically discussed
are baryosynthesis, monopole production, the nature of inhomo-
geneities, and also implications for supersymmetric
scenarios.

Finally, the last chapter briefly outlines other applications
of gravity to phase transitions in the early universe, as well as
problems and perspectives for future studies of gravity at

finite temperatures.



11

Chapter 1: The Standard Model

and Phase Transitions in Cosmology and Gravity

1.1 The problem of adiabaticity

The standard cosmological model, a hot big-bang followed
by an adiabatic isotropic homogeneous expansion is necessarily
incomplete. The model loses predictive power at the inevitable
singularity at t=0, and requires the imposition of ad-hoc physical
initial conditions at some time t>0.l Moreover, the initial
conditions which must be chosen so that the model agrees with
present observations are highly unnatural. To further explain
this requires a brief description of the standard Friedman-
Robertsdn-Walker (FRW) model.

An isotropic and homogeneous universe is described in

general in terms of comoving coordinates by a metric of the form:

dot < dit - LR ETO\{T' . [ale’“+s'v\‘edﬂ‘—§73 (1.1-1)
-

where x is a constant parameterizing closed, open, or flat
universes. The particular combination of ¥ and R which is
physically relevant can be determined by considering

Einstein's equations for the scale factor R(t), which can be

written as

L of ra
R + X P \-—ZHG P
(/‘O /% > (1.1-2a)

d (pc*R®) . _ pdR? (1.1-2b)
d+ dy

where pc2 is the total energy density, and p is the pressure
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of matter and radiation. Eg. 2(b) represents the statement of

energy conservation. Eg. 2(a) implies that it is only 5%7 which is
R

physically significant. This is why we are free to rescale R
and r so that k takes on the standard values: +1, 0, and -1
for closed, flat, or open universes respectively. It is also

assumed the this expansion is adiabatic:

d (sR?) = o (1.1-3)
it

where s is the entropy density.

To solve these we must supplement them by an equation of
state p(p,T) for matter. If we assume that the early universe
was dominated by radiation in thermal equilibrium (kT >> particle

masses), then we can use the equations of state for radiation

paT4, saT3, to rewrite Eq. (1)=-(3) in terms of temperature.

Note first that (3) implies:

RT=cnt D R = =T (1.1-4)
= T

As we shall show shortly, our universe is approximately

flat (Rpresent is very large), and the approximation k=0 gets

continually better as we extrapolate back in time. Hence, for

early times we can now solve Eg. (2a) in terms of temperature,

neglecting the second term, yielding the relation T2 v t_l.

1/2

This implies from (1.1-4) that R(t) ~ t for a radiation

dominated expansion. Using the fact that t 5%1010 years,

present
one finds that the size of the presently observable region of

2Ot1/2

the universe at earlier times is given by L(t) & 10 cm.
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On the other hand, from the metric (1.1-1), the distance light
will travel in time t is given by:
¢ 1 i '
40 = < RE f dt' @) = 2¢€ (1.1-5)
o
The expressions for L(t) and 2(t) are graphed on figure 1. From
this, we see that the presently observed universe was made up

> 35 sec) causally disconnected volumes

of many (v107° at tv10”
at early times. Why these regions should combine to yield an isotropic and
homogeneous universe is problemmatic (the horizon problem).

We now demonstrate why the adiabatic assumption implies
that the approximation k=0 becomes better at early times, re-

guiring extremely fine tuning of p(t) at early times. Consider

the case |k| = 1 (k=0 is contained in this parameterization
when R-»»)., Eg. (2a) is thus equivalent to:
) ) 2
76 (p-euw)| = ,3_\ (1.1:6)
3 0 R%p '
where pcrit(t) is the value of p(t) for a flat universe (k=0).

1/2

Now for an adiabatic radiation dominated expansion RV t and

P t_z. Hence (6) implies

l(gwu.n\ . Ct (1.1-7)
o

where C is a positive constant.

Hence by choosing times to that Ct<<l the ratio on the left
hand side becomes arbitrarily small. When the constant C is
evaluated3 we find that this ratio becomes vanishingly small even

well after the planck time, implying that we must fix an initial
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condition P=0, with extreme accuracy (the flatness problem) .
Clearly both the horizon and flatness problems stem from
extrapolating back the assumption of adiabaticity, requiring
very large entropy densities at very early times. In an effort
to relax this assumption it is natural to consider ways in
which entropy may have been generated in the early universe.
The possibility that it arose through dissipative hydrodynamic
processes during the expansion seems to have been ruled out.4
However, during the non-equilibrium period associated with a
first order phase transition significant entropy may be
generated via latent heat. Such a possibility has been
suggested, associated with the breaking of grand unified
symmetries? To understand the significance of this suggestion,
and because it will prove useful later, I shall briefly review
the phenomenology of first order phase transitions in field

theory in the next section.

1.2 First order phase transitions in the early universe

The well-defined techniques of statistical mechanics for
the description of phase transitions6 can be carried over with
few changes to describe phase transitions associated with sym-
metry breaking in particle physics. Of particular interest
here are first order transitions which, in statistical mechanics,
are defined as changes of state with discontinuities in various
thermodynamic state functions (energy, entropy, etc.) at the
transition point, as opposed to second order transitions, where

the change of state is continuous. Mathematically, an "order
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parameter" is defined which takes on non-zero values in one phase
("non-symmetric" or "ordered" phase) and is zero in the symmetric
or disordered phase. First order transitions involve a dis-
continuous shift in this parameter.

Also relevent is the fact that at the transition point of
a first order transition both phases coexist: i.e., both cor-
respond to local minima of théir respective free energy fun-
ction ¢(P,T) and thus represent equilibrium (though possibly
metastable) states. At the transition point the free energies
(thermodynamic potentials) are equal. Since both phases are
local minima there exists the possibility for supercooling
however. Regardless, when the discontinuous transition occurs,
it must take place locally at the interface of two phases. For
second order transitions this situation is impossible. Only
one phase represents a local minimum at any time. The whole
system is either in one state or in the other and the tran-
sition describes a singular situation where large-scale fluc-
tuations cause a global transition.

In guantum field theory the role of the free energy is
played by an effective potential Veff($) which is a function of
a classical field ¢ representing the expectation value of a
guantum field ¢. ¢ plays the role of an order parameter for the
transition. Consider for example the field theory described by

the Lagrangian:
,{:{ 3.8 °F —U#) (1.2-1)

To lowest order in M the absolute minimum of the classical potential
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U(¢) corresponds to the vacuum state of the quantum system and

the value of the élassical field at this minimum (¢) is the
expectation value of the gquantum field ¢ in this state. U(¢) must
be altered to take into account both quantum and thermal corrections
to (1.2-1), and the guantity which has the above properties to all
orders in M and temperature is called the effective potential
Veff(E). These corrections and the calculation of Veff($) are
discussed in Appendix I. The symmetries of U(¢) determine the sym-
metries of the Lagrangian (1.2-1), but if U(¢) (or Veff(¢)) has a
non-zero absolute minimum, these symmetries may not be possessed by
the ground state of the theory (spontaneous symmetry breaking).
Moreover, if Veff($) has a local minimum at ¢ = 0 as well as

the absolute minimum at § # 0 (see Fig. 2) then the symmetry
breaking may take place via a first-order transition from the
metastable symmetric state. Thus ¢ acts as an order parameter

describing the transition and V (¢) is equivalent to

eff

the free energy function in statistical mechanics. Its form
as both a function of temperature, and higher order
radiative (loop) contributions (see Appendix I) gives the phase
structure of the quantum thecry.

For example consider the finite temperature one loop eff-
ective potential shown in Figure 3(a). There is only one minimum

of V ($) at each temperature, and 5 the expectation value at

eff Min’

this mimimum, continuously approaches ¢ = 0 as a function of
temperature. This thus represents a second order transition.

(N.B.: the smooth approach to ¢ = 0 is due to the fact that

2
Mgy = é—% at T = Tc’ allowing the long range correlations

da¢” | 3=0
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necessary for such a global transition.)

An alternative possibility, the one on which we shall
concentrate, is shown in Figure 3(b). If the system is
originally at high temperatures T > TC the ground state will be
the symmetric minimum at ¢ = 0. If the system cools to temper-
atures T<<Tc, $ = 0 becomes a metastable local minimum which
may decay via quantum tunnelling resulting in a local first
order transition. This possibility has recently taken on
cosmological significance because the standard big bang model
allows precisely these thermal conditions, and because the
finite temperature effective potential of a wide variety of
realistic grand unified models is of this general form.
Moreover, there exists the possibility for substantial entropy
generation depending on the decay rate of the metastable state,
the decay mechanism, and universe dynamics during the
transition.

Both the decay rate and decay mechanism for first order
transitions induced by effective potentials of the above form
can be determined semi-classically, by extending to field
theory methods used to calculate barrier penetration in guantum
mechanics,7 the details of which are presented in Appendix II.
The result closely parallels nucleation processes in statistical
physics, with quantum fluctuations replacing thermodynamic ones.
Bubbles of the phase ¢ = ¢l materialize (via tunnelling) amidst
the phase ¢ = 0. If it is energetically favorable for them to
grow, they will - converting metastable vacuum to true vacuum.

The decay rate per unit volume (T) is determined from the re-
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lation T = % Im EO' where E0 is the energy of the metastable state
and, using a functional integral formalism, is related to the
Euclidean action of the solution to the equations of motion des-
cribing the bubble at the instant of its formation. The critical
size bubble (VO) is also calculable at least numerically by a
variational method.

An example of how this mechanism may lead to substantial
entropy production within the framework of an expanding uni-
verse is given by the inflationary universe scenario of Guth.8
If the decay rate of the metastable vacuum is slow compared to
universe expansion rate, substantial supercooling may be pos-
sible. As the metastable phase supercools its energy
density approaches a fixed value related to Veff(o) - Veff(a)
(see Fig. 3(b)). Solving Eg. (l.1-2a) for fixed o yields the

asymptotic relation:

R ~ e*F

L, X = Bt o (1.2-2)
3

Thus in this scenario the universe may undergo a non-equilibrium

period of exponential expansion during the transition. After

the transition is complete, sufficient entropy may have been

generated so that the initial pre-transition conditions do not

involve the horizon and flatness problems (see Fig. 1). At

the moment this scenario has fundamental problems associated

with it,9 but several variants are being considered.lo It does

illustrate however the cosmological appeal of the hypothesis of

a first order transition in the early universe. We next consider

whether such a transition may be related to the nature of gravity.
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1.3 Gravity and symmetry breaking

Immediate problems are encountered when attempts are made

to quantize classical gravity. Its Lagrangian:

X;i G R (1.3-1)

contains a coupling constant G with negative dimensions of

—2], and thus dimensional arguments imply that it is

mass ['\»Mp
naively non-renormalizable in perturbation theory. Higher order
diagrams become increasingly divergent requiring an infinite
number of counterterms in the bare Lagrangian proportional to
powers of the curvature tensor and its covariant derivatives.
Gravity coupled to matter has other divergences as well (some

of which may be of cosmological interestll)_

It may be that coupling gravity to matter in specific ways
demanded by certain symmetries might allow a cancellation of
divergences, as is the hope in superqravity.l:l Alternatively,
perhaps these divergences are just a disease of perturbation
theory about flat space and non-perturbative or curved space
effects may remedy this deficiency. They might, for example,
provide some natural physical cutoff at large momenta, thus
changing the short distance structure of the theory. This
last possibility is particularly plausible in the case of
gravitation, which is after all measured
purely by its macroscopic effects.

The simplest natural cutoff is provided by new dynamical

degrees of freedom which are frozen out at some large mass scale,

by symmetry breaking for example, and which leave an effective
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non-renormalizable theory at low energies. As can be demonstrated
easily using functional integrals, or by considering Feynman graphs,
when heavy dynamical degrees of freedom are integrated out of a
theory they leave behind at low energies induced effective non-
renormalizable terms suppressed by powers of the energy over the
mass scale being integrated out. For example the Fermi theory of

weak interactions contains a non-renormalizable four fermion

21

coupling (with dimensional coupling G, " o(M~

Ge (q’;n“fn'%‘f"% sh.e) (1.3-2)
L

This term is induced via heavy intermediate vector boson
exchange in a fundamental renormalizable theory with symmetry

breaking at high energies:

€

[
p ; £
W Ae . &
n v
k M S
n —1

— 1 u‘" - G ‘ {
o~ %2 {;—P {A. L*n - +Q_Yd \f’\/ ~ %1] pr Y,\\*n YCY YV
w
M, —k® y
G
vz

Another example which will be discussed in greater detail
later is the non-linear ¢ model with O(N) internal symmetry,
and which in many ways resembles the Lagrangian of General
Relativity.13 It can be induced from sponaneously broken linear
o model with the symmetry O(N) breaking parameter going to

infinity. The generating functional (see Appendix I) for the
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spontaneously broken linear O(N) theory is given by:121

2031 = [T dTo e (¢ fane La(9 - 5= G*-67) +550) (13-

If ff is positive and o+« the long wavelength (au§ - 0) behavior

is given by:

Z, ) "fﬂ'o{im TSR -6 ee(<[anln (07 « 311) 5 4,

The delta function fixes one component of §, say Xq (i.e. mX o),
0

leaving (N-1) dynamical fields 7m(x). Setting J,=0, and integrat-

0

ing over XO’ we obtain

7,.6) = [T anod s [asfy i) e 2o (F2fR L3 -l’g (1.3-5)

2 - dr*

(plus other measure-dependent terms which are zero in dimensional
regular:i_zat:i.on).]"4 The T fields transform non-linearly under O(N)
transformations, and the effective theory (l.3-5) contains the

2

non-renormalizable coupling A, 1/f7

0
All such non-renormalizable interactions are suppressed by

inverse powers of the mass-scale of the fundamental dynamics.

(In the above model, even though a-w, symmetry restoration is

associated with masses AO_I)%S Thus it is expected that at

low energies observable interactions will be renormalizable.

Gravitation, however, although it is incredibly weak, involves

coherent long-range macroscopic interactions. Since it is only these

macrogscopic interactions we detect, it is natural to suppose that the

non-renormalizable Lagrangian (1.3-1) is an effective one. Indeed, in

order to have long-range coherence, any macroscopically

detectible interaction must involve exchange
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of massless bosons. Moreover, Lorentz invariance alone constrains
the interactions of massless spin two particles to satisfy the

1%

Principle of Equivalence. The unique such theory at long

distances is General Relativity.17

If there is strong field theoretic motivation for considering
gravity to be an effective interaction, there remains the problem
of explicitly determining the fundamental interaction from which
gravity is induced. Whether such a fundamental theory can be
explicitly deduced merely by knowledge of an effective theory is
not clear.l8 The effort most likely must be supplemented by
certain guiding principles, such as renormalizability in the case
of the weak interactions. I will briefly discuss in the final
chapter of this thesis an extension of this idea related to the
treatment of the non-linear ¢ model described earlier which has
been suggested for the case of gravity along with renormalization
group techniques used to implement the idea. There I will also
mention various models which have been proposed as fundamental
theories from which general relativity might be explicitly in-
duced.

The body of this work relies on a different approach, however.
Presumably at the scale at which a cross-over occurs between the
dynamics of general relativity and those of a fundamental theory
there is a phase transition. As has been discussed, such trans-
itions at large energy scales have important consequences. I in-
vestigate here what physical properties of the classical theory
might signal the possible onset of a transitional region, and
characterize its physical properties. This heuristic approach

has the advantage that we need not know the structure of a high-
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energy phase (indeed we may gain as a result some insight into its
structure). Moreover we can use the constraints of cosmology
to test our hypotheses. Presumably these physical constraints

are more reliable than the current prejudices of field theorists.
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2 Gravitational Instabilities and Thermodynamics

Due to its universally attractive nature classical gravity
is beset by instabilities. On the most dramatic scale these
instabilities manifest themselves in gravitational collapse,
and the formation of singularities in space-time. Indeed, it
has been shown that such a singularity in the past is inevitable
in space-time under very general conditions.1 In the semi-
classical treatment of gravity, the event horizons associated
with gravitational collapse result in interesting and peculiar
thermodynamics. It is this thermodynamic structure associated
with gravitational instabilities that I believe most likely points
in the direction of a possible gravitational phase transition, in
ways in which I will describe below.

The peculiar relationship between the instabilities of
universally attractive gravity and thermodynamics manifests itself
even at the Newtonian level through the Jeans instability.2
Consider for example a spherically symmetric distribution of gas
in eguilibrium under its own gravitational field.3 The outward

pressure gradient must equal the inward gravitational force:

de r®

where n is the density and M(r) is the mass enclosed within a
radius r. Multiplying both sides by 47rr3 and integrating by

parts we get:

J

0 0

R

R
3pdretde = j n MO 4yt A (2.2)
=



The L.H.S. is 3PV (P is average pressure) and the R.H.S. is

the negative gravitational energy, yielding the virial condition

APV = —F, (2.3)

Assuming the average gas pressure is given by an ideal gas

at temperature T:

Pg('\’/) =T (2.4)

(2.3) yields (for a uniform density):

INKT = 3 G ME N2 (2.5)
s -
R
where N is the number of gas particles (of uniform mass M). Now,

for an ideal gas the kinetic energy is 3/2 PV = 3/2 NkT. Thus

(2.5) can be rewritten as:
2E, = -¢Cr

Hence the total energy is:

Er=EBorg ~7EcS =3, kTN =3 G Mt (2.6)

This expresses the virial theorem identity that for a self-grav-
itating system the kinetic energy is half the absolute gravitational
energy. Hence for such a system (2.6) shows that the lower its
total energy the higher its kinetic energy. If the system radiates
it gets hotter, and thus has negative specific heat. The total

energy of the system decreases as it collapses because the potential
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energy decreases twice as fast as the kinetic energy.

This thermodynamic instability is not special to Newtonian
gravity. Negative specific heats arise as a feature of general
relativity as well - when it is self-consistently coupled to
guantized matter systems. This is no accident. In a fundamental
way it is tied to the sickness of gravity as a field theory.

The Einstein Action is not positive semi-definite, even when
continued to Euclidean space (a remnant of the virial condition
(2.6)). This instability is reflected in the functional integral
formalism of quantum gravity, where in principle we are instructed
to integrate over all field configurations. However R (the
curvature) can be arbitrarily large with either sign, causing

the integral to be ill-defined. Moreover at finite temperature,
the functional integral is defined in terms of a canonical ensemble
of states in a heat bath (see Appendix 1). The presence of
gravitational states with negative specific heats, even in the
classical theory, implies a breakdown of the ergodicity postulate
at the basis of this ensemble.4 At fixed temperatures some clas-
sical trajectories (associated with negative specific heats) run
into the boundaries of the allowed regions of phase space. Another
way of demonstrating this is to recall that in the canonical
ensemble the number of subsystems which, in a loosely coupled

large system, are in a given energy state Ei’ is proportional to

exp (—Ei/T). If the number of energy levels of one of the
subsystems between E and E+dE is p(E)dE then the probability

of the subsystem having energy in this range is p(E)exp(-E/T)dE.

However for certain subsystems with negative specific heat (such
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as the black holes we will shortly describe) the entropy as a
function energy is such that p(E) v exp(Ez).5 At fixed T this
grows faster than the thermal factor, so the total probability
diverges indicating again a breakdown of the ensemble.

It seems reasonable when investigating the possibility of
a phase transition to concentrate on this thermodynamic instab-
ility, which is of course related to the dynamic instability
of gravitational collapse and the subsequent formation of sing-
ularities.

The peculiar thermodynamic behavior associated with formation
of event horizons when gravity is semi-classically coupled to
guantized matter fields was first investigated by Hawking.6
Since his discovery, his resuits have been confirmed and rederived
via a vast number of independent and equivalent means. For the
purpose of simplicity I will give here the most heuristic
derivation.7 Other methods of obtaining the same result are
given in Appendix 3.

Associated with gravitational collapse, and before the
formation of a singularity occurs the formation of an event
horizon, inside of which the gravitational field is so strong
that classically not even radiation can escape to infinity. This
surface forms the boundary of a classical black hole, shielding
the singularity inside. (Indeed, it is currently hypothesized
that all singularities in space-time must be cloaked behind an
event horizong). For a non-rotating uncharged hole this surface
occurs at the Schwarzschild radius

given by r'bggg. The area of the event horizon is thus given

c
by:
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A= lem TP (2-7)
C‘f

The "no hair theorem"gasserts that the only properties one
can ascertain about a black hole a macroscopic ones associated
with the existence of long-range fields (i.e., its mass, charge,
etc.). Hence no details about the specific particles states
inside the black hole are available, even though geodesic comp-
leteness implies this region must be considered as part of
space~-time, implying an inherent entropy associated with the
black hole event horizon:.LO Bekensteinxlwas the first to point

out that the relation:

AdMet) = ¢& dA + B4T +Cda (2-8)
em 6t

relating the change in equilibrium energy of black holes to changes
in the area of the event horizon A, and changes in its angular
momentum J, and charge Q, (B, C are constants which do not

interest us here), is similar to the first law of thermodynamics:

du = Tds —Pav (2-9)

This relation between event horizon and entropy becomes especially
suggestive when one recognizes that classically the area of the
event horizon of a black hole can only increase.

This, combined with the fact that two black holes which
collide will merge and thus the entropy of the final hole should
be greater than or equal to that of the original separate holes

suggests the relation S = YA (where Yy is a constant to be deter-
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mined). Classically, the number of possible configurations inside
a black hole of mass M (horizon area A) would be infinite due

to the possible presence of an indefinitely large number of
massless particles. However, for the same reason that quantum
mechanics cures the infinities in the distribution of radiation
in a box, the fact that the Compton wavelengths of particles
might be restricted to be less than the radius of the black

hole reduces the number of possible internal configurations to

kC2

2
be large but finite. An explicit computation; yields y = 1K'

giving:

S= kA = ar k G M2

T (2-10)
6w e

Given an entropy in terms of energy we use the thermodynamic

relation T % = (38 to yield
BEJ
/ Q
, 3
kT, = 8¢ (2-11)
g M

This result implies that black holes have associated with

them a finite temperature, and they thus radiate particles

with a thermal spectrum. Moreover (2-11) indicates that black
holes too have negative specific heat - as they radiate they be-
come hotter.

The fact that black holes radiate, implies that under certain
conditions they can exist in equilibrium with radiation. Clearly
for the reasons described earlier, stable isothermal equilibrium
is impossible. However in a box of fixed volume with fixed total

energy E, equilibrium is possible if:
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(a) (b)

Hole Rad

Condition (a) implies that STOT

EHole+ERad =

aTRad s - aTHole
aERad aEHole

is maximized subject to

E, while (b) implies that if the black hole

momentarily emits more radiation than it absorbs, the

temperature of radiation must increase more than that of

the black hole.

Otherwise, due to its negative specific

heat, the black hole would continue to get hotter and

radiate faster.

Constraints (a) and (b) together with the relations

' 1/4 -1 . R
TRadwulERad and THole'La2EHole imply that for equilibrium:
Ted  T3E Taw 0€
= L ok gTNM oS> g 2
nud 4 read ' -‘ﬁ—;‘ T Ru
5 — 2 L D E.=ue

(2-12)

This result is independent of the constants ayr @, and hence

is independent of the number of helicity states which make up

the radiation.

Note also that for a given mass black hole

this provides a constraint on the volume in which it can

remain in equilibrium.

This volume must be small enough so

that the total energy of radiation is less than 1/4 the energy

of the hole.

As long as V is less than this critical volume Ve
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(and greater than the Schwarzschild volume) the most probable

state of a system with total energy E will be that of a single
black hole surrounded by radiation at the same temperature.
Alternatively, if one raises the energy density in a fixed vo-
lume the eqguilibrium state will eventually be that of a black
hole and radiation, coexisting at a temperature less than that
of pure radiation with the same total energy. This is il-
lustrated in Figure 4.

This instability under the formation of black holes can
also be demonstrated in a fixed temperature canonical ensemble.
Among the total ensemble of states the system can occupy at
fixed temperature will be states involving black holes at that
temperature. Thus at least part of the time we would expect
any finite temperature system to evolve such a state. Of course
once formed this state will be unstable against evaporation
or accretion of matter, unless the heat bath keeping the
system at fixed temperature is removed. What is particularly
interesting is that such a state can form not only by thermal
density fluctuations, but by semi-classical quantum tunnelling
effects.l3 The Schwarzchild black hole represents a solution
to the Euclidean equations of motion with period B = 1/T in
imaginary time, and hence gives an instanton contribution to
the finite temperature Euclidean functional integral which
gives the ground state free energy of the theory (see Appendices
I and II). Moreover, the Guassian fluctuations about this
saddlepoint involve negative modes}4giving an imaginary part
to the free energy. As described in Appendix II, this yields

a decay rate for nucleation of black holes from hot "flat"
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space via quantum tunnelling effects}4

As we have discussed above these semiclassical thermodynamic
instabilities are inherent to the description of gravity coupled
to matter. 1In addition, the above arguments suggest that they
should play an increasingly important role as energy densities
and temperatures are increased, and are thus especially relevant
to considerations of the early universe. If then, as we suspect,
gravity is a low energy effective interaction these instabilitie
are likely a reflection of that fact and we might hypothesize
that they play a dominant role in the region near a first order
phase transition involving gravity. Based on the properties
described above, black hole thermodynamics is ideally suited
to the formulation of a model for such a transition region.
Using such a model we will investigate the justification and

implications of this hypothesis in the subsequent chapters.
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3. A Model for Dynamics Near a Gravitational Phase Transition

3(a) Initial State

If black hole configurations become more probable as
energy densities and temperatures are increased, we may
imagine that such configurations were more probable in the
early universe. There has already been speculation that
density fluctuations during the early periods of the Robertson-
Walker expression resulted in an abundance of primordial
black holes.l We consider here however the possibility
that such black holes were already present in the initial
state from which the Robertson-Walker expansion resulted.

In the standard cosmological model there is a natural justifica-
tion for assuming black hole configurations to be present in
the initial state, based on the behavior of particle horizons
at early times. In the FRW radiation dominated model the
horizon volume 23 ~ t3 and the local energy density p ~ t_z.
Hence the total energy contained in a horizon volume goes
as £3p ~ t. We also know the radiation temperature goes as
T ~ t-l/z. The mass of a black hole which radiates at the
temperature is M -~ T-l. Hence the mass of black holes which
could be in equilibrium with the radiation goes as M ~ tl/z.
Thus the ratio of black hole energy at this temperature to
the energy per horizon volume goes as t—l/z. Once this
ratio (with the proper numerical factor in place) gets larger
than 4/5 then, based on earlier arguments about black hole
2

equilibrium“, a state in each horizon volume involving one

black hole surrounded by radiation becomes the favored
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equilibrium configuration.

Hence the "natural" condition at early times in the
Robertson-Walker expansion involves a black hole radiation
mixture. Indeed as the above argument suggests, if this initial state
arose as the result of a local physical process (e.g., tunnelling),
black hole configurations would likely be favored.

Any first order transition involving gravitation is such
a process. While we have concentrated here on the possibility
of a transition to semi-classical gravity as a low energy effec-
tive theory, one should note that these remarks will be rele-
vant to any transition for which gravity plays a dynamical role
(i.e.the effective potential is a function of the metric as a

dynamical field).

There are several reasons one might associate the presence
of black holes to a first order transition. First, we remark
that as a black hole radiation "gas"
evolves into a state involving pure radiation alone, its
specific heat goes from a negative value (dominated by the
black holes) to a positive value. This is reminiscent of

canonical behavior near a first order transition.

Such a turnaround in the thermodynamic behavior
in a quantum system, has been linked before to

the possible onset of a transition.

In addition there is a natural mechanism for the production
of black holes in first order transitions. Based on the field

theory description of such transitions4, they may be described
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by nucleation of bubbles of one phase amidst the surround-
ing the metastable phase. This is the mechanism by which
quantum tunneling allows the expectation value of a gquantum
field to relax to the absolute minimum of the effective po-
tential. After such bubbles form they evolve classically
with the fields inside to relaxing to their equilibrium
expectation values. If, during bubble formation, the energy density
and size of the bubble are such that a metric configuration
which involves a black hole surrounded by radiation at a
temperature T is classically favored, we would expect such
a field configuration to arise inside the "bubble" as a result
of the tunneling process. After the bubbles have occupied all
of space, completing the transition we are left with the remnant
black hole "gas" in local equilibrium with radiation which we may
take as the initial state for the Robertson-Walker expansion.
The actually decay mechanism and decay rate cannot be
calculated until we have a fundamental quantum theory whose
effective potential describes the transition. A calculation
using the classical gravitational Lagrangian (supplemented by
surface terms) of the instability of hot flat space to
nucleate black holes done by Gross et al.s, gives us some
confidence that the time reversed picture of this process
supports our assumptions. Of course, calculations using the
low energy (classical) theory are only suggestive, and strong
quantum effects which presumably govern any gravitational
phase transition will, drastically affect decay rates, etc.
We thus take the above initial state as an ansatz,

and investigate its consequences (i.e. we consider time as
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measured from the moment this state is formed--see Section

4.3 for a more detailed discussion of this point). My recent

letter (see next section) gives a preliminary view of this
investigation. The quantitative results are described here

in the sections which follow.
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The rapprochement between particle physics and@ cosmology can
nct be complete until quantum gravity is fully understood, when it
w: 11 be possible to quantitatively trace the big bang to times

~44

(=5.4x10 s). Developments in particle theory however

m:planck
hive motivated a consideration of pericds shortly thereafter. Not
or 1y might one explain such fundamental guantities as the observed
b: ryon to photon ratio,1 but the early universe may have undergone
prase transitions during which its dynamics may have differed greatly
f:om that of the adiabatic Robertson-Walker model.2 Thus the
e:rly universe can serve as a laboratory in which to test our models
of particle interactions at high energies. In particular, the
resolution of various problems of cosmology may be tied to under-
standing the peculiarities of gravity as a field theory.

The model we present, based on treating classical gravity as
a remnant of a phase transition, is somewhat speculative and pre-
liminary, but illustrates several important aspects of such an
approach: (1) The attempt to couple gquantum mechanics and general
relativity is strongly tied to thermodynamics. Resulting effects
will be important in the early universe, and need further investig-
ation. (2) Quantum, or semi-classical, gravitational effects may
be relevant at temperatures below the planck temperature.

Specifically our model indicates that space may never have been
hotter than the critical temperature for restoration of Grand
Urified gauge symmetries. At the same time it may be possible to
generate the observed baryon excess while suppressing monopole
production. We here briefly outline these results, leaving more
detailed discussions to a future paper.

Although they present some problems, first order transitions

may play a crucial role in early universe dynamics, perhaps resolving
several paradoxes of the standard FRW adiabatic model. 1Indeed, given
the possibility that baryon number may not be conserved all the
observed matter and entropy of the present universe may have been
generated in such a f.ransition.2 Thus the big bang explosion itself
may have been the result of a first order phase transition. 1In an
earlieg.article 13 suggested that it may be feasible to connect such
a possibility to the nature of classical gravity. The gravitational
Lagrangian with its dimensional coupling K = Ié%a'vo(m;ianck) has
the form of a non-renormalizable low energy effective interaction
in an expansion in inverse powers of a large mass scale at which
some heavy degree of freedom is frozen out. In this sense it
resembles the Fermi weak effective Lagrangian. Also, Weinberg
demonstrated on general grounds that any such effective interaction,
in order to have detectable macroscopic effects at large distances
might reasonably have long range dynamics governed by a Lagrangian
like that of gravity.4

Whether it is possible to explicitly deduce from an effective
theory the existence of a transition and the nature of a fundamental
high energy theory is not clear, although renormalization group
techniques may offer some possibilities.5 A more intuitive approach
involves investigating the classical theory for instabilities which
may signal the onset of a transition and may characterize the relevant
physics of the transition region. This is the approach of the present
work. I thus produce an ansatz for the physics of a state immediately
following a transition to a vacuum effectively describable by a semi-
classical coupling of gravity to quantized matter fields. It is then

possible to evolve this state using the equations of general

8¢



relativity, in order to investigate alternative early universe
behavior and relevant semi-classical gravitational effects therein.
Classical gravity is beset by instabilities. Even Newtonian
gravity involves the Jeans instability.6 In General Relativity
instabilities lead to gravitational collapse and the formation of
sinjyularities in space time,7 which are particularly relevant for
stulies of the early universe as they indicate points where the
predictive power of the classical theory breaks down. If such naked
singularities are cloaked behind an event horizon8 this results in
the formation of black holes (BH's). Since such singularities imply
the incompleteness of the classical theory the formation of associated
BH's may be important in the region of a gravitational phase transi-
tion. 1Indeed, if classical gravity is self-consistently coupled
to quantized matter fields, BH's exhibit thermodynamic behavior
relevant to the description of a transition. Associated with their

finite event horizon, BH's have finite entropy:9

Q= ke (deh) A, = dTkEMTRe (1

where AH is the area of the event horizon. Thus BH's radiate at

a temperature:

-1
-l = 3 ke M
T, e O5/0E, = (heM/an ) .

and thus have negative specific heat.

10

It can easily be shown that this implies that BH's can exist

in equilibrium with radiation in a box with fixed total energy if:

Tll * T&ptd ? aT"““ /a Esp«.e 2 T\b\c. /‘i‘)E Yele

5
For radiation, T « El/4 and using (2) this then implies
¢ “space space
4 Egpee £ Enale (3)

Thus if one raises the energy density in a fixed volume the
equilibrium state will eventually be that of a black hole and radia-
tion at a temperature which is less than the equilibrium temperature
of pure radiation with the same energy density. [For a similar
result, using a fixed temperature ensemble see Ref. 6].

This suggests that BH configurations should become more
important in the early universe, where energy density and temperature
are increased. Moreover, a "black hole gas" would have non-standard
thermodynamic properties reminiscent of a system near a first order
transition, being dominated by the negative specific heat of the
BH's [Note: The possibility of an abundance of primordial BH's has
been considered elsewhere for other reasons.lll

Let us next consider how such a state may arise out of a first
order transition. Based on semi-classical calculations in model
field theories,12 such a transition occurs locally at random =sites
via the nucleation of "bubbles" of fixed size and energy density
which then evolve classically until the phase transition to a new
equilibrium state is completed via percolation. If the transition is
to a state described by semi-classical gravity coupled to quantized
matter, and if the bubble size and energy density are within the
proper range, then the state which is tunnelled to inside the
bubbles will involve a BH surrounded by radiation.

We will assume here that such a situation describes to some

approximation the universe shortly after a transition. After it

6¢



is completed we are left with a remnant “"gas" of BH's with a mean
r1ss and volume per hole (with which each hole is in thermal contact).
w1ile a fundamental theory is needed to calculate the parameters
cf such a transition, we can take this ansatz as an initial state
condition and investigate its consistency and the consegquences
of its evolution in time.

The pre-tunnelling state may have had an arbitrary long time
t> relax into a metastable equilibrium (as we have dispensed with
tie big bang as the origin of time). Then, if the nucleation rate is
sufficiently fast we may imagine that on a scale large compared to
the volume per hole that the universe is sufficiently isotropic and homogenous
to describe its evolution by the Einstein equations for the

Robertson Walker metric scale factor R(t):

R/« XYR' = ence/3 (a)

d(?“R‘)/d“' = -p dk‘/d{'
(5)

here pc? is the total energy density, and p is the pressure and
Eq. (5) represents the statement of energy conservation. To solve
these we must supplement them by an equation of state p(p,T) for

a BH-radiation mixture. Assuming the standard equation of state for
radiation (p=p/3), and that BH's act like massive dust particles (p=0)

(5) implies:

Our (O = = (3 + e”“‘/P“D R/R (6)

where we will hence refe

r to the guantity in brackets as K(t),

which smoothly goes from the matter value K(t)=3 to that of radiation,

K(t)=4 as the BH's decay

One can also show that the universe expansion, combined with

Eq. (2) implies that BH'

f\/n = —38xidN

s lose mass at a rate:

=
/M3 £ 2.0%0 " M Pspace

(7

{in MKS units) where N is the standard helicity factor dependent

on the number of massless fermionic and bosonic degrees of freedom;

1 7
N=7 (Ng+ghp).

Then, using Egs. (4

) (choosing W=0) and (6}, we have

bnr: -k e 9::: 5 (Fc‘: 2.3410"‘)

Finally, the time b
that Pspace = Pror ~ Py

éow/fa#

'eg’!h/?*bt = —q

Equations (7), (8),

evolve an initial state with BH's of mean mass Mo and mass density

0
PeH"

(8)

ehavior of PBH and p (using the fact

space

) is given by:

WM - 3R/R

E ?“’:/: - ?&» /f,p“ ("1/“3

9)

(10)

(9), and (10) allow one in principle to

describe out quantitative results in a future paper. However,

general gualitative feat

initial parameters there may be an adiabatic period where Tspace =

and both are increasing.

ures are easily described. Depending on the

However, it is easy to show that once

In practice, they must be solved numerically and we shall

the

Tau

'
o



4°;paceipBH black holes must go out of equilibrium. (In fact they

will often go out of equilibrium before this, depending on the
relative magnitudes of M and R). After this point the BH's, at a
increase in temperature and evaporate in a time scale of
18 3
Me

a maximum and then decreases.

ma ;s MC’
13

orler: 1% 107 sec,while the temperature of space reaches

The initial values MO and ng are constrained by a variety of

rejuirements. First, for a given Mo, pgﬂ must be less than the value

given by dense packing of BH's, Porit (in practice pgﬂ<<°crit in order

for our approximations to be valid) and greater than a minimum value

below which BH states would no longer be favored in the initial

tunnelling bubble formation. This dual requirement then can be shown

17

to imply: M_ 2 10-100 M xR < 107 Gev).
0 x *To

planc
There are also limits on primordial BH density for M0 > 109 kg
in order not to affect big bang nucleosynthesis,14 so we will take
our initial mass constraint as: 107° kg < My < 10° kg.
This range can be restricted further by considering baryon
ani monopole production by black holes. It has been shown that
unless CP is not microscopically conserved, black holes may produce
a net baryon number only via superheavy X-boson production.15 The
advantage of such production in our scenario is that if kTngBHSlO14
GeV, all X-bosons produced subsequently by black hole evaporation
will be out of equilibrium (inverse decays are suppressed) and will
dezay producing net baryon number. Hencemass limits on the X=-boson
nezded in the standard model in order to get departure from thermal
equilibrium are unnecessary. Noting that X-bosons will only be
(M

radiated after kT >Mi) one can estimate the number of

B Mx hole—
such particles produced per black hole:

2
N, € M [3x<™> N = 25710 /N an

where <T> is the average temperature at which the BH radiates
after reaching mass Mi' and N"is the number of species of
particles being radiated.

¥ the expansion of the universe is adiabatic after the

X-particle decay products thermaliae then

1 -1
(ng /(\139“,.,.{ = 1e(M ?:../ﬂ,) [5, + £ Nx gy /3“T¢ "&A

where ng, MO, SO are the initial values of BH mass density and mass

. >
and the total entropy density respectively, t. and ng, are the =

5
values of the temperature of space and BH mass density at the time the
X~-bosons are emitted (MBH = Mi), and € is the net baryon number

per X, X pair decay. Note that the term in curly brackets arises
because X-bosons are out of equilibrium and their decay produces
significant entropy. (This term has been neglected by other

authorsl4 but it need not be small). Without this term (nB/nY)

would be comparable to that of the standard scenario. Hence,

although we avoid problems with tuning the X-boson mass, the poten-
tial entropy production by the X-boson constrains the size of the
temperature difference between the BH's and radiation at the time
X-bosons are radiated, and can in turn further constrain M0 and ng.

On the other hand, monopole production via phase transitions

provides a severe constraint on grand unified theories.15 One might
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n:ively imagine that in our model if T

space is always less then T

crit
f r such a transition that, as the transition never occurs, no
munopoles are produced and we avoid these constraints. However in
f.ct one may expect production of monopoles via a thermal background
ar:d via BH evaporation. The latter effect may be exponentially

s ippressed by semi-classical effects,16 and by the finite size of
ti e monopole (model calculations to provide estimates are underway),

ar d background thermal production may be suppressed by Boltzman factors

i Tspace<<Tcrit at all times during which equilibrium may be achieved.

extrapolations would imply. 1In this scheme, the temperature of
space need never have exceeded the critical temperature for the
restoration of grand unified symmetry. If so, (modulo variocus
numerical computations now underway) it seems possible in principle
to allow baryosynthesis, while suppressing monopole production. Also
being considered are such guestions as: the possibility of producing
remnant inhomogeneities on the scale of galaxies; refinements to
include an initial mass distribution of BH's; and a discussion of
the horizon, flatness, and cosmological constant problems in the
context of our model. While such investigations, in the absence

of a fundamental theory, provide only circumstantial evidence for
the existence of a gravitational transition, they illustrate the
possibility that finite-temperature gravitational effects may
significantly alter our models of the early universe, as well as our

understanding of quantum gravity.

I would like to thank Roscoe Giles for immeasurable aid, A. Guth
for insightful discussions, and S. Glashow, D. Gross, N. Isgur, J.
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4. Detailed Dynamics

As noted previously,l a complete description of the dynamics
of the black hole-radiation mixture is described by a set of
coupled differential equations involving the total mass density
p(t), the black hole mass M(t), the radiation mass densityﬁhad(t),

and the black hole mass density ¢_.(t). These equations can be

BH
derived from the Einstein equations coupled with an equation of
state for the mixture, plus the relations betweén black hole
temperature as a function of mass, and radiation temperature

as a function of energy density as the number of massless

degrees of freedom change. We describe first in detail the
derivation of these equations. Before a numerical analysis of the
resulting dynamics is presented in Section 4.3, we describe in
Section 4.2 the qualitative dynamical behavior of the system in

various regions of interest, where we can give approximate

analytical solution of the evolution equations.

4.1 Derivation of evolution equations

Under the assumptions described earlier (we shall review
in detail all our approximations in the next charter) dynamics
are governed by the Einstein equations for an isotropic homo-

geneous expansion:

&)L , Xt = 8nbp
(F RE 3 (4.1~1)

A e (4.1-2)

The solution of these equations depended on an ansatz
for an equation of state for the black hole mixture. This

allows us to use (4.1-2) to express p in terms of R. For a
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pure radiation state we know p =pc2/3. Then (4.1-2) yields

the relation

'i“wa‘ - - :R
€ %Rad A /R (4.1-3)

The equation of state for a black hole gas is however
not obvious. We assume that the black holes, if dilute
enough, act like noninteracting dust particles in which
case p=0. We shall justify this assumption in the next

chapter, based on our numerical results. Eq. (4.1-2) then yields

éﬂn - > (4.1-4)
o= T Ra

Combining (4.1-3) with (4.1-4) yields for the black hole-

radiation mixture:

¢ I1-AY € - r : ;‘ - R,
¢ /0ur (3 Q;\“A/,Prob /R =B Ry s

This immediately yields, when combined with (1) the time

development for the total mass density: (using K=0)
* 7,/1 ( g (4.1"6)
- ‘ : - 26
p'ror = B(¥O rc_' P ror yL €T ..—->

3
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Next, we need to determine the time development of M(t),
the black hole mass. Now for a black-body radiating at tempera-

ture T the intensity of emission is given by:

- _—N o,
T2 T (o= 0k e (4.1-7)

»

where N is related to the number of helicity degrees of freedom
in the radiation: Ne =(NB +7/8 NF) where NB, NF are the
number of boson and fermion degrees of freedom, respectively.
In SU(5) N = 80 (T >10%%), N = 25 (T >100 Gev).

Assuming for the moment that the black body approximation
is reasonable, the black hole will radiate at a rate (we will

use MKS units throughout):

- of Ly
=T A= N _“_‘—__,—-»—)-— M) 4-1-8
M ot i z ( polse) T G2 M° M= <?— Yoce (4-1-8)

.

where A = surface area = area of event horizon = 161TG2 M2/c4.
Note that while the black hole temperature is independent of
the number of massless particles, its emission rate is not.
Also, Eg. (4.1-8) gives an upper bound on the emission rate.

Suppression factors due to nonzero spin, etc., will stop some
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particles which are emitted by the black hole from reaching

14 2

infinity for black holes with mass >107" . Page” has estimated

these suppression effects, and shows that they reduce the
emissive power by a factor of 2.6 from the naive frequency

independent estimates based on a geometric cross section

27ﬂM2, thus making the effective emission area ~lOWM2. This

factor is 1.6 less than the area factor used here, and hence
our assumption of black body emission is, to a first approxi-
mation quite reasonable.

The effect of radiation with an energy density rad

being absorbed by the black hole is given, using the relation

0 =4/c J, when J now equals the mass intensity incident

rad

on the surface. Using this we get

a4y

TP M (4.1-9)

»

. - 2 -
™M sk = AT H4TETM Pand <= 2.uxto
(LT N

C3

(Note again that the helicity factor for the incident radia-

tion is included in pr .} Hence the total rate of change

ad
of M is given by:

v -~ s 2
= -3.gxe'’ g 2 0401 M
M et ('§> v Pas (4.1-10)
. . 3 5 .
Using the relation PeH aM/R (pBH mass density of

black holes) we get

’

g/ A
(2% 4

(4.1-11)
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where the right hand side is given by (4.1-10) and (4.1-1).

Finally, we can derive the time development of Prag 28 follows

since 5rad = érot —éBH. Then (4.1-6), (4.1-11) and (4.1-1)

imply:
. - 3 y ¢ yl
S L
O ot
_ 3 2 . Ya -
= 3 (D,.:: ~ Prea {c ?n: "Qn Pan 1-3rc.pmr (PrbT szb
R ” _ VL -
e * P\la/d - ‘L{E TOT - —@,ﬂ_. ﬂ (4.1"12)
QM Prud

Thus, in principle (4.1-1), (4.1-6), (4.1-10), (4.1-11),
and (4.1-12) allow us to derive the complete time evolution

from the initial state, giving R(t), M(t), (t),

Thilack hole

T (t). Of course, this set of coupled differential equations

rad
is difficult to solve analytically in any useful fashion, and
we will discuss its solution via numerical methods in Section
4.3. It is possible, however, to get a great deal of

qualitative information without the explicit soluticn cf

these equations, and we now discuss these results.
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4.2 Qualitative Dynamics

The evolution of the black hole radiation state is
governed by two competing processes. The expansion of the
universe will tend to reduce the temperature of radiation,
thus driving the initial state configuration away from
equilibrium. On the other hand, as the black holes get
hotter than the ambient radiation, they will pump energy
into the background via particle emissions. Which process
wins out for different initial conditions can be determined
numerically. However, we can analytically describe the
behavior of the system in a variety of regimes.

First, consider the possibility of a period of adiabatic

expansion. The total entropy of the system is given by
- L v C -3
Sz C M r VG (4.2-1)
where Cy and C, are constants and V ~ R3. Imposing the condition

dS/dt =0 implies:

TR«.J R 3 SM M

(4.2-2)
If the term in brackets were zero (4.2-2) would describe the
standard adiabatic relation in the radiation dominated FRW
universe. As in that case we can determine the temperature
evolution of the system by using the energy conservation

condition (4.1-2). Since the total energy density is given by:

(4.2-3)
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Eq. (4.1-2) then implies the relation

o= K- ey 8 (4.2-4)
T-Rw'\ R 1Prad “ )

Demanding that (4,2-2) and (4.2-4) both be satisfied implies

the condition:

Pgw = 2 Sgur
A Prua 3 Sgad (4,2-5)

Using the explicit form for these quantities one can show that

(4.2-5) then implies the condition for adiabatic expression:

3
uenin (4.2-6)

This 1is exactly the condition that the temperature of radia-
tion equal the temperature of black holes, which agrees with
our intuition that adiabatic expansion implies the system
always remains near equilibrium.

This process cannot go on indefinitely, and it is easy
to derive limits on when it must cease. Even if the black
holes could radiate at an arbitrarily large rate, (4.2-6)
cannot always be satisfied. To see this, we note that (4.2-6)

implies:

. _ i . "/q
L =0 (ffi_(f_). (4.2-6A)
M) R3(¢)
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Now, neglecting the energy loss incurred by radiation in doing
work in the expansion (this will only extend the possible

period of adiabaticity) we have:

B, s Ngw (Mo—MGWNe™ » EQ (4.2-7)

Rodh

where N py gives the total number of black holes in the

initial state. Eq. (4.2-7) and (4.2-6A) then imply:
V)~ R =(_D_’)‘1 M (H) Tyl
5)
= ;D'\ mo M v =
(_6) M Ngw Lo ] +Eau

- (%O)H [(Neh Moc? « EZJX M (1) = Nayw Mq')(’zl

:(%)q Bl M6 - Ngy ¢ (4.2-8)

Although we can give an explicit form for R3(t) as we shall
show shortly, all we need at this point is that the expression

of the universe implies:

dVv
ve vy O (4.2-9)

Now plugging (4.2-9) into (4.2-8) and differentiating with

respect to time yields,

D

The left-hand side of (4.2-10) is always positive

Since m <0, the right-hand side becomes negative when

Ngs MO 2 4 5 (4.2-11)
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Since the left-hand side of (4.2-11) gives the total
energy in the form of black holes, this inequality expresses
the fact that adiabatic expansion is impossible once the
total energy in the form of black holes is less than 4/5
the total energy of the system. However, this is merely a
reflection of the well known fact, which we have previously
derived3, that a black hole radiation state cannot be in
equilibrium in a box if radiation accounts for more than
1/5 of the total energy. Thus, our derivation implies the
reasonable constraint (which we could have guessed) that
adiabatic expansion is impossible when equilibrium is im-
possible.

On top of this, however, there exists a dynamic con-
straint on adiabatic expansion, if the black hole decay rate
is small compared to the expansion rate. Using the relation
T =T during the adiabatic phase, (4.2-4) then implies

rad BH

during this period

l-rp'“ = Tu‘-krd ( - ‘E - Pm.; f"\ )
Tan Taw w Praa M (4.2-12)
Then, using the fact that fBH/q%H = -M/M, we see that in order
for adiabatic expansion:
Qav \‘l n-. -R
40 M R (4.2-13)
Again, we see that if Pag < 4prad this relation cannot be

satisfied. However, (4.2-13) also gives a constraint on the
value of ﬁ/M which is needed to maintain adiabatic expansion.

Also, setting f/T = 0 in (4.2-4) gives the minimum value
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of M/M which will stop the temperature of space from decreasing:

Yopa R (4.2-14)

Regardless of whether the expansion is adiabatic or not,
we can analytically derive the approximate behavior of ptot(t)
and R(t) over large time intervals. This is because the
factor B(t) in (4-6) changes only from 3-4 as black hole
density varies over its entire range. Hence we can integrate

(4.1-6) and (4.1-1) (with x=0) using the approximation B(t) =

B = const. With the boundary conditions ptot(t=0) =pgot'
R(t=0) =R, we get:

O ) T Crc/ i 2

e (Bleeg, "t F1) (4.2-15)

2
o i, V3
> = RelB {Ttel™ + 1]
(4.2-16)

(the result (4.2-15) was used in the derivation of (4.2-16)).
Thus the value of p(t) is largely insensitive to the variation
of B, and asymptotically has the same t™? behavior of the
standard model. On the other hand, the scale factor R(t)

has a factor of B in the exponent. When B=3 and black holes

dominate the mass density R(t) ~ t2/3. This value will then

shift to the standard R(t) ~ tl/2

behavior as the universe
becomes radiation dominated.
If ﬁ/M begins much smaller than ﬁ/R, we may expect this

shift to occur quite rapidly in the final stages of black hole
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evaporation. For in this case we can analytically solve

(4.1-11) and (4.1-12) (for constant B), yielding

< | o @ oo t] 8

s ) S Pant Lt m Z23C for (4.2-17)
,é/
- 3 .« e 3

O 0 = O @ Lo "By ) (4.2-18)

Hence, in this case B(t) will approach the value 3, as long
as radiation loses more energy doing work on the expanding
universe than the black holes do due to evaporation. Also,
from our previous discussion, in this case we expect that
the temperature of space will drop considerably before the
black hole begins to evaporate. At this point the first
term of (4.1-10) dominates indicating that the black hole

will evaporate freely with M(t) given by:

)
hio = (M2 -3et)? o=y (3ane') (4.2-19)

Thus, to summarize: From the initial state, the expansion

2/3

will go at a rate R(t) ~ t , and ptot(t) will drop pro-

0
Prot

and MO, then may be a short period of adiabatic expansion

portionally to t_2. Depending on the initial values,

with the temperature of space increasing. The temperature
of space will then fall while the black hole temperature
continues to increase. Finally, in the last moments of their
evaporation, when M/M becomes very large black holes will

rapidly pump energy into space, heating it up.
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4.3 Quantitative Dynamics

The coupled set of equations for M/M, 0 o

tot’ prad/prad’
éB/pBH were numerically integrated using a fourth order

tot/

Runge-Kutta approximation. (see Appendix IV for computer

program). The evolution was determined by the initial value

conditions on ng, and MO. (In this scenario with k=0 in

equation (4.1-1), R0 is a free variable whose value can be

determined by requiring the final state to agree with the FRW

0 _q0

model at a given temperature). The constraint that TBH rad

was also used, in order that the initial state be an equilibrium
configuration. For a given MO, the range of acceptable ng

. . 0
was determined by requiring that o

BH
requirement that it be less than the value given by dense

satisfy the dual

packing of black holes (by a minimum factor of 10-2) and
greater than the value below which black hole configurations

would no longer be favored in the initial state {(i.e., 0 >4p

BH rad)'

This can be shown to imply:

- [ ‘

o™ 2t 2P, 2 M AUy (4.3-1)

2176 M% e Z T RIS M )
or in MKS units:
o .
2t e
. M i ‘blm

1.3 #(o j+ @t (4.3_2)

. .o . , 0
This restriction implies that pBH has a nonzero range only

when M0 >]_o-6 kg = ]_02Mp and the acceptable range for ng
increases with increasing M0 The constraint MO >102 M_is

BH' P
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also self-consistent because it implies that the distance
scales and densities under consideration will be safely
within the "classical regime", where we expect our evolution
equations to be valid. On the other hand, this constraint
implies that if the initial state results from effects near
the Planck scale, then the parameters of the state will be
tightly constrained. We shall discuss this point in more
detail when we discuss the stability of this initial state
in the next section.

0 (=10—2,10_4kg) are

Results for two initial value of M
plotted on Figures 5(a,b). We note immediately that there
is a very short period of adiabatic expansion, during
which the temperature remains nearly constant. - This is due
primarily to the fact that the "expansion" rate has not yet
become significant enough to reduce the temperature of
radiation. As can be seen, black hole decay is not signifi-
cant factor during this period and once the expansion rate

2/3

reaches its asymptotic ~t value, the temperature of space
drops more or less monotonically. As can be seen, in Figure 4(b),
there may be short periods during which ratio of the mass

density of black holes to that of radiation is sufficiently

large so that even small levels of black hole decay stop the
monotonic decrease in the temperature of space. This is not

a general feature, however, and occurred for only one black

hole mass value. It is true, however, that the decrease in tem-
perature of space is significantly less than that predicted

by (4.2-17), indicating black hole evaporation has a significant effect. On

the other hand, the time evolution of black hole mass M(t) differs negligibly
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from the formula (4.2-19) indicating that the back reaction
due to the nonzero temperature of space never significantly
affects the black hole decay rate. Also, we note that for
black holes of mass < 10-4kg, the decay rate time is decreased
by a factor of 3 due to effect the increase in the number of
massless degrees of freedom in Egq. (4.1-8). The initial values
of MO’ng used in the computation, plus the value of the
temperature of space after the black holes have evaporated
are shown in Table 1.

Shown on Figure 5(a) is the behavior of the scale factor
R(t) with time. As expected, its rather quickly approaches

2/3
/ behavior, with a shift to tl/2

the expected asymptotic t
only after the last moments of the black hole evaporation.
The speed with which it approaches its asymptotic behavior
is a function of the initial mass density, also as expected
from Eq. (4.2-16). Shown on Figure 6(a) is the behavior of
R(t) as a function of temperature. The adiabatic Robertson-
Walker value is R(t) ~ T_l. During the black hole decay
phase the behavior of R(t) is quite different from this
value - an example of the nonadiabatically in this model.
Also, the temperature of space falls faster as a function of
R(t) for smaller initial values of pgot’ which is again a
reflection of the fact that black hole decay is slowing the
decrease of the temperature of space.

Another point which will prove useful later is that

although R(t )/RO decreases with decreasing initial mass

decay
density for fixed MO’ the distance between black holes increases

with decreasing mass density. Hence the final physical
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distance between points where the black holes were initially
located will be constant for fixed MO'

As a final note we point out that the initial boundary value
t=0 in this scenario has a different connotation from that in the standard
FRW model. There it represents the time when the total
energy density becomes singular. Here t measures time of
evolution from an initial local equilibrium state of black
hole and radiation. Hencelt may appear that t=0 is somewhat arbitrary, and
as long as the initial state is in local equilibrium, re-
definition of t0 can be compensated by possible changes in
the values of ng and MO. While this is true in principle, the
degree of flexibility éf choice in tO is restricted by the fact
that we hav§ seen that black holes and radiation go out of equi-
librium on a timescale associated with the expansion timescale.
This timesacle is tied to real physical scale which enters the
problem in order that the initial volume per black hole describes
a possible equilibrium configuration, and it is this timescale
which 1is not arbitrary. The time at which this expansion sets
in connects time in our scenario with the time wvariable in the
standard model. We see from Tables 1, 2, 3 and Appendix IV that
this timescale becomes closer to the Planck timescale as the initial
black hole masses get smaller, and the distances between them approcach
the Planck scale. The fact that we are always limited to time and
distance scales larger than the Planck scale is associated with

the equilibrium condition (4.3-1) and this timescale can be

thought of roughly as the time required to form the initial state

configuration.



58

5. The Initial State Reexamined

The preceding discussions relied on an initial state
configuration which involved on large scales an isotropic
and homogeneous pressureless gas of black holes of mass MO'
In such an initial state self-consistent? The quantitétive
results we have obtained now allow an examination of the
stability of this state, and the validity of the approxi-
mation used to derive its behavior. As it invariably must,
the rapid expansion of the universe plays a vital role in
resolving these questions. Also of importance is the fact
that black holes have a finite lifetime. Our discussions
also shed light on how the horizon, flatness, and cosmological
constant puzzles, or their resolution, fit into our initial

state assumptions.

5.1 Noninteracting Black Holes?

Assuming that p = 0 for the black hole configurations in
Section 4 was equivalent to the assumptions that black holes
behave somehow like noninteracting dust particles. This seems
nonintuitive. Unless the black holes are extremely "dilute"
we expect the gravitational potential between neighboring
black holes to be large. By recalling the definition of
pressure in relativistic fluid mechanics, we can see how
this strong interaction might manifest itself in nonzero
pressure.

The pressure of a moving fluid measures the deviations
from the average motion. Pressure is defined by the flux of
momentum out of a comoving volume element.; Clearly if all

particles are motionless with respect to the average flow
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the pressure is zero. Likewise if particles are noninteracting
the average momentum flow out of a volume is zero. Interactions
however change the momentum of particles, and this may lead to
a net momentum flux. If deviations from the average state are

associated with a random velocity v, then the relation between

. . s Do : 2
pressure and mass density in a relativistic fluid is given by

»

2

¢

/s P

(5.1-1)
e

W
(<

Z

Thus, if interactions induce velocities of order ¢, then the
pressure of the system is significant. The p=0 approximation for
massive bodies is based on the assumption that their random

2

~2
motion is thermal in character in which case v~ /c” <<1 in

general. For example, if initial black hole motion is thermal,

~

using the fact that kT = (1.6/M) Joules, we can estimate v2

from the relation 1/2 mv2 x 3/2 kKT. For the black hole

masses considered previously this yields ;z/c2 <10_4. The
argument that black hole motion always remains predominately
thermal is clearly false in general, as we know at some critical
density interactions must become important. It also ignores
possible relevant curved space effects.

We can immediately remecdy this last point. For a
Schwarzchid metric 990 ° (L - 2GM/c2r). This metric is time
independent, and with the expectation (which we here hope to
justify) that particle velocities in a comoving frame will be small
we recognize that if the second term is small we can use the

weak field approximation3go0 =1 +2¢/c2, where ¢ is the

Newtonian gravitational potential. If r 2 0(lOGM/C2) then this
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approximation will be justified. Thus if black holes are
separated by this order or greater we may do our calculations
in the Newtonian approximation.

The effect of interactions on particle motion is
dependent not only on the characteristic strength associated
with encounters, but also on a characteristic time scale over
which they become important. If, considering the combined
effects, we can show that the effects at interactions are
negligible on the time scales with which we are concerned,
then the p=0 approximation is justified. This approach is
standard in astrophysics, in stellar dynamics for exampleA,
where interaction effects are parameterized in a time
variable, the relaxion time. This is defined as the time
it takes on average for encounters to produce deviations in
the velocities of stars which are of the order of magnitude
of the original velocity. Because in the case of stars each
encounter results in a small deviation Av, the relaxation time
in usually many orders of magnitude greater than the time it
takes for a star to traverse the general dimensions of the
system.

In the black hole system, however, each encounter is
significant. To get a quantitative idea of this, consider
the simplified two body gravitational encounter with impact
parameter £ shown in Figure 8. Each path can be approximated
by straight lines if the resultant change in velocity Av,
perpendicular to the original direction of motion, is
small compared toinitial velocity v. This change Av is of order:5

Av = %&; (5.1-2)
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where m is the mass of each particle. For thermal velocities
(v *v3kt/m) considered here the impact parameter needed so that

Av § v is of order 10°-10%2

times the average initial distance
between black holes in our model. 1Indeed, by the virial
theorem, for particles reaching equilibrium under their
mutual gravitational interactions, v__ ~ vYGm/2R, where R
is the distance between particles. For masses and initial
densities we consider this implies v ~ .1 -.3c. This average
random velocity is large enough to result in nonzero pressure
for the relativistic black hole gas.

Hence, the only way in which the p=0 approximation can
be justified is if no encounter between black holes can take
place before they evaporate. We show below that this is
indeed the case, for certain initial conditions. Our argument
is based on three properties of the initial state. First, the
black holes are not in global gravitational equilibrium at
small times. The particle horizon is initially smaller
than the distance between holes, although it grows almost
immediately to include nearest neighbors. This implies that
we can treat the initial random motion as thermal in origin.
Next, the assumption of an approximately flat (x=0) con-
figuration to agree with observation, implies that each black
hole at rest in a comoving frame will asymptoticaly escape to
infinity in spite of the gravitational pull of its neighbors.
Small initial fluctuations counteract the effects of this expansion
in order to become significant. However, the time scale for
this to occur is longer than the characteristic

expansion time for the period under consideration.
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(Such suppression of interactions due to expansion is standard,
in the case of monopole-antimonopole annihilation.6) Finally,
the isotropic nature of the initial configuration cancels

out much of the force between any two neighboring black

holes.

Consider, for example, the nearest neighbor configuration
of Figure 9. (Interactions with black holes at larger dis-
tances will be suppressed). Initial thermal fluctuations
will cause thé black hole at 0 to move a distance dr =Vtherma16t'
Once the particle moves from the center point it begins to
feel a differential force acting in the direction of the

nearest black hole. If 8r is small, then in Figure 9 we can

neglect the forces from C, D. The resulting force is then

given by:
55, st - om
(r' 6" (c'~80*
R R b (ég)
(“2’ r (5:|"’3)
3
where r' =2r where r is given approximately by r ~ (M/OBH)l/ .

Thus the instantaneous accelerations of the particle towards

A is given by

a(a’r) = 4ME (_5_()
o2 ‘ (5.1-4)

Now, from Chapter 4 we know that distance intervals are

expanding at a rate

. . 2
Ry = R GV + 3, (o7 )™ ce)” (5.1-5)
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Also if Av = fO Y a(r,t)dt is small enough so that Av <wv,

then throughout this time interval v ~ The

V. ... .
av initial

distance travelled by a particle with this velocity during

. . . 0 1/2
the expansion (5+5) is & = 3v tdecay (if tdecay >>3/2(ptot) yC) .
Thus if we set 8r » 3v0t, then we can show that (6r(t)/r(t))av X

(Gr(t))/r(t))final- Thus the average acceleration during this

period is

Q = 5 GM <<§r

v ) e
@)%, \ 2 /ay (5:1-6)

where, from (5k5) r__ = 3/5 reip,9-

The self-consistency of this procedure can then be verified
and that tgoc,y >>3/2(Dgot)l/2/5
<l. 1If, all these condi-

. C <
by checking that Av'= aavtdecay Vi

and finally that (<Sr(t)/2r(t))final <
tions are met, then during the time interval over which the

black holes decay their mutual gravitational interaction

induced by initial thermal fluctuations never significantly
increases their initial velocity. Since v%/c2 <<1 this then
implies that p » 0 during the period under consideration. Also,
since (6r/2r)av <1l for this period, actual black hole collisions do
not occur. Table 2 lists the calculation of

these variables for various initial masses M, and mass den-

sities Pye Note that the results do not depend on initial

mass density for each initial black hole mass, because as

we pointed out earlier, the expansion rate and the initial

volume per hole very inversely so that rfinal is constant.
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Based on the results in Table 2, the above approximation
is self-consistent in the case of initial masses of lO—4 and
10_2 kg. Here Av is less than v so that the actual average velocity
does not differ significantly from V0 (in fact vavfgzvo). Also,
(Sr/r) $ 1072 so that the approximation used to derive (5-3)
and the equations which follow are valid. For other masses we
cannot conclude from this argument that the p=0 approximation
is invalid--just that the simple approximations used here to
check its validity break down. It is interesting to note why.
For masses smaller than ZI_O—4 kg, the short lifetime of the
black hole keeps velocity increase Av down, but the expénsion
rate does not have time to significantly increase r, so that
Sr/r can become large. On the othér hand, for masses larger
than lO_2 the expansion rate is sufficient to keep 6r/r small,

but the lifetime of the black holes is long enough to allow Av

to be of order v.
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5.2 Stability--Initial Mass Distribution

The expansion rate of the universe is also crucial in
stabilizing the density fluctuations arising from an initial
distribution of black hole masses, as opposed to a fixed
uniform initial mass. There are many ways such distributions
might arise in a transition, due to fluctuations in initial
bubble size, ard the amount of growth after formation, for
example. Such a distribution of black holes, if static, would
be unstable. Holes smaller than the mean would evaporate, and
holes larger than the mean would continue to grow through
accretion of radiation. However, the data in Table 1 clearly
indicates that the expansion rate of the universe is much
larger than the evaporation rate for black holes for all
reasonable initial mass densities. This implies that each
black hole evaporates for the most part independently of the
evaporation of other black holes. The dynamics of mean
temperature, mean mass density of space, and mean decay time
will approximate those of the uniform initial mass model. The
temperature of space will initially fall at a slower rate, but
then the rate will increase so that at the time of evaporation
the temperature will not differ significantly from the naive
model.

Consider, for example, a mean initial mass of 10“2 kg,
with a mid-range mean initial mass density of lO77 kg/m3. Say

10% of the initial density is in the form of 10> and 10 % kg

holes, respectively, and 1% in the form of 10_2 and 10O kg

holes. Using the data from Table 2 and Table A-l(Appendix 4)
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we can estimate the following behavior. The 10"4 kg Dblack

75

holes (with initial mass density 10 kg/m3) will evaporate

in a time ~lO_30 sec. At the time of their evaporation,

66 kg/m3. This will increase

10 GeV to ~lOll GeV.

their mass density will be ~10
the temperature of space from ~10
However, it will also raise the ratio of radiation density

to black hole mass density by four orders of magnitude, thus
decreasing the effect of black hole evaporation on suppressing
the decrease in the temperature of space. Thus this temperature
will begin to fall at a faster rate. The evapora-

tion of the black holes of mass 10_3kg will occur at ~3 x

-27

10 sec, when their mass density is ~lOleg/m3. This will

raise the temperature of space to 6 x109 GeV if it has already
fallen below that value. This evaporation will once again
increase the ratio of radiative energy to black hole energy

to the value ~.5. This will mean that from this time until

the black holes of mass lO—Zkg evaporate at time ~lO_24 sec

the temperature of radiation will drop as ~t_8/3'5 = ~t2'2

(see Eq. (4.2-17)). Thus as t increases by a factor 103,

0 aq Will fall by a factor -4 x10%. Thus at time t ~ 3 x10724

sec, just before the black holes of mass 10-'2 evaporate the

5

density of radiation will by ~10 5kg/m3, almost exactly

the same values as in the uniform mass model of Table A-1

(Appendix 4). Similarly one can show that the black holes of

original mass lO0

kg will not accrete enough .matter to
change their mass significantly by the time they evaporate.

Thus an initial state with a range of initial of masses
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results in similar dynamics to those of the uniform mass

initial state.
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5.3 Horizon, Flatness and Cosmoclogical Constant Problems

As has been described before the standard adiabatic
Robertson~Walker model suffers from what has become known as
the horizon and flatness problems.7 In addition, observations
restrict a possible cosmological constant to be very nearly
zeros, while theory gives no such constraint. We now
consider how these paradoxes are reflected in our initial
state conditions. Each of them puts a strong constraint on
the initial state, which in turn implies that their resolu-
tions in this scenario is closely linked with the parameters
of the hypothesized initial phase transition.

The finite horizon in the initial state black hole
configuration proved to be an important feature 1in our
stability arguments--keeping the different black hole regions
from being in initial thermal contact and in gravitational
equilibrium. On the other hand, there is natural mechanism
which keeps causally disconnected regions at the same tem-
perature. The temperature of each region is governed by the
temperature of the black holes within. These black holes
will have the same mass, thus each region has the same tem-
perature.

While on the surface this appears to be a natural reso-
lution of the horizon problem as it is traditionally framed,
the problem arises in a different form. Why are all black
holes of the same mass? This is presumably a reflection of
the fact that the parameters of a local phase transition via

bubble nucleation (i.e., Po and vo) are fixed by the initial
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parameters of the effective potential. On the other hand,
this implies that the pre-transition phase was globally uniform
in order for the conditions for a local transition to be the
same everywhere (i.e., in order for the parameters of the
effective action to be the same everywhere.) Hence the
resolution of the standard horizon problem in this scenario
puts the strong constraint that there exist no horizon
problem in the pre-transition phaée. It can be claimed,
justifiably, that this sweeps the problem under the rug,
pushing it backwards in time to a region about which we
claim to have little or no information. On the other hand,
the standard horizon problem stems from the demand that the
Robertson-Walker metric be good arbitrarily close to t=0.
Once the assumption of a phase transition is made, the
initial state may have had an arbitrarily long time to relax
to metastable equilibrium. The assumption that this phase
was uniform, while entirely ad hoc, is more plausible
physically, than the assumption of uniformity in the initial
Robertson-Walker state. |

Similarly, in order to describe the evolution of our
initial state,the flatness (k=0) condition was put in by
hand. Hence unlike the inflationary inverse scenario'9 there
can be no explicit self-consistent resolution of this problem.
On the other hand, the flatness problem in the Robertson-Walker
model is a reflection of the fact that the initial state has
arbitrarily large total engropy. The real point is that there is

no explanation within the model of why this entropy should be
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so large. In our scenario, however, the final Robertson-Walker

state which results out of the black hole-phase transition

scenario has a radiation entropy as large as 1014 times the

initial radiation entropy. The entropy of the final Robertson-

Walker state can be viewed as a remnant of that generated in

the first order transition which produced the highly entropic

initial black hole configuration. This is again a reflection

of the motivation behind the original inflationary universe

model--that the only known way to generate large entropies is

during the non-equilibrium period of a first order transition.

The specific way in which large entropies in the final state

are tied to the flatness constraint in post-transition black

hole state is interesting. As we pointed out earlier, the

fact that the initial relative velocity of the black holes

was sufficient so they could asymptotically escape to infinity

(K=0 flatness condition) allowed the initial state to evolve

in the manner we have described. Thus in order to generate

the required entropy in the observed Robertson-Walker state

via a physical mechanism like the one proposed here requires

that the initial black hole configuration be created with at

least zero "gravitational" (potential plus kinetic) energy.

From the point of view of a possible gravitational phase

transition this is not an unreasonable constraint. On the other

hand we will see that the fine tuning aspect of the flatness problem

crops up in another form in our scenario when we discuss inhomogeneities.
Finally, there is an intriquing anthropic connection

between the observed small value of the caosmological constant

and a phase transition as envisioned above. We might imagine
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that the initial state contains in addition to black holes,
a nonzero cosmological constant. Locally then the con-
figuration would have a Schwarzchild-de Sitter metric, given

by

ds?t = -( l-?___:_\ -/\-'L)dfie- Ar‘L(t-—%‘,ﬂ ~/£;_Z) er2dn?
(5.3-1)
where A is the cosmological constant.

As can be seen from (5.3-1), if A >0, and 9Am2 <1 the
factor 900 is zero at two positive values of r. This
implies there are two event horizons, one associated with
the black hole, and a larger cosmological event horizon.
Gibbons and Hawkinglohave demonstrated that it is possible
to associate a temperature, Tc, with the surface gravity
associated with this second event horizon. In this case
T, <'I‘BH where Tog is the black hole temperature. Thus no
equilibrium is possible for such a state, as the black holes
will evaporate. Hence the initial state we have described
is only in local equilibrium if A=0. Put in another way; if

there was a phase transition resulting in the initial local

equilibrium state described here, we expect A=0.
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Chapter Six: Model Predictions

Having analyzed the initial state configuration in detail
we now proceed to consider the implications of the dynamics
described in Chapter 4. Specifically we investigate baryosynthesis,

monopole production, and remnant inhomogeneities in this model.

6.1. Baryosynthesis

Grand unified theories provide automatically two of the three
ingredients necessary for baryon production in the early universe:
C- and CP-non-invariance, and baryon non-conserving interactions.l
The third ingredient, departure from equilibrium, is more difficult
to achieve in general. Particles, such as superheavy X-bosons,
whose decays are baryon asymmetric must go out of equilibrium if
the baryon number their decay produces is not to be washed out
by the effect of inverse decays (see Appendix V). On the other
hand, black holes will radiate superheavy particles once their
temperature is greater than the mass of these particles. As
demonstrated earlier, the temperature of space may
be substantially below these black hole temperatures. Thus the
particles radiated by the black holes at this time will auto-
matically be out of equilibrium, with inverse decays suppressed,
and the subsequent decay of these particles can result in a net
baryon-antibaryon asymmetry.

As discussed previously,2 this removes the constraints on
masses of superheavy particles which are normally needed to
ensure that their distribution functions move away from their
equilibrium values during the cosmological expansion. However

it introduces the additional problem that significant entropy
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is also generated-by out of equilibrium decays. With the data from
Section 4 we can estimate this effect to determine the net baryon
to photon ratio that results.

We consider here only baryon number generation via super-
heavy particle production and subsequent decay. It has also been
suggested that black holes may emit a net flux of baryons direct-
ly if baryon number and CP are microscopically violated.3’4
However since baryon number violating interactions do not become
significant below energies of order of the superheavy mass scale
we expect such a flux will not significantly alter the order of
magnitude estimate of the net baryon flux produced via superheavy
particle decays.

As described in our previous letter,5 it is easy to estimate
the net baryon number produced in black hole decays. X bosons
(X generically may stand here for vector or higgs bosons) will only
be radiated significantly after kTBH:>MX, provided of course that
at this time the mass of the hole is greater than the mass of the

X particle. This implies (in units KM=c=1 and M
-5

pl = planck mass

= 10 gm)

o >
KTgu = 1313 2 My
g h(im-

o (6- l"l)
D Nay 2 .1 Ma (ﬁx’l)
My

We can determine the average temperature of black holes after

their mass drops below this value, using the relation (eqg. 4.2-19)

3 15

M(t) ~ (MgH - 30t)1/3, 5+80(3.8 x 101°):

T . 2
<My =J~{ ni) d+ where T-= Mau
T/, 3o
. - (6.1-2)
A = N N AL B R



74

Assuming that in a thermal distribution of particles each
particle carries energy ~33kT, and letting N be the ratio of
total number of helicity states of particles being emitted to
the number of X + X particle helicity states at these temperatures
then the average number of X particles emitted per black hole is

given by: (using 6.1-1, 6.1-2)

Nx= May = ol ng\ (_l‘le_\_) = 5 163 (6.1-3)
;?_«wN 4 M, N My N
14

where we have assumed Mx A& 10 GeV.
The total number density of X, X pairs emitted is then related
to the number density of black holes at the time of emission

(¢ decay time):

Ny = Ny (_@B_pv

Mgw

= 5§ ¥ ( 9%3 (6.1-4)
‘k‘éd“‘“’b N Man € acum

The net number density of baryons produced will then be

given by n_ = Aan, where AB is related to the CP violating

B
parameter of the theory6 (see Appendix V).

We can derive the ratio of baryon density to photon density
at present by considering the baryon to entropy density ratio,
which is constant for the adiabatic expansion presumed
to follow the black hole decay. Since nY pY % (s = entropy density)
we have:

(Dﬁ) = F4Bay =2.lwol é(_\(j. (m) « Ki
Ny et 39/“ Mt

(6.1-5)
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where Sf, Tf, pg are the entropy density, temperature, and total
mass density just after the black holes have evaporated, and Sf
is given by:
€ € .
= "4 ,-C
éi-(' ARe € (6.1-6)
3 kT
where we assume the final state is radiation dominated.
n
Several features of this result are notable. First; (H§)<%?.
Y

This is due to the fact that the R.H.S. is the baryon to radiation ratio
produced by the black hole. This ratio can only be decreased by
the subsequent out of equilibrium decays and annihilation of
particles to produce photons. Thus, the lower the temperature
of space when the black holes decay, the greater the entropy
produced, and the smaller the ratio (6.1-5).

Next, as we have noted earlier, due to the relationship
of expansion rate to black hole density the final mass densities,

temperatures, and thus entropy densities are the same for all initial

mass densities for a given black hole initial mass. Hence, for initial mass

Moholes,baryosynthesis is independent of the original mass density.
From the data in Table 3 (Appendix IV), and using N#& 40 we

get:
Mo 107y Oey a i x0" 0 AR (6.1-7)
v ‘Y(‘t\('\
4 - 6.1-8
No= 1o ky @ Na’ = ibxio-? &3 ( !
“Y Ptn'.'\\’

Thus, the larger the initial black hole mass, the smaller

0 A -4

the baryon to photon ratio. For M~ 7 10 kg that the ratio
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produced is somewhat lower than that produced via non-equilibrium

decay in the standard FRW cosmological expansion.7 This means

that SU(5) in its simplest form, with AB % 10-17, is not compatible

n

Y
above mechanism, just as it is not compatible with the standard

with the observed if baryon production is via the

baryosynthesis mechanism.8 However, schemes with more complicated
higgs structure, and more complicated gauge groups which have
been developed for the standard baryosynthesis mechanism, with

AB £ 10—5, are phenomenologically acceptable in this model. Thus

0 -4

we conclude that if M~ < 10 kg, acceptable baryosynthesis is

possible in this scenario. Moreover since Tspace<lo14 GeV at
all times, this scenario provides the significant advantage of
removing the constraints on particle masses needed in the standard
model to produce a non-equilibrium situation. Thus, in this
scenario, smaller higgs (and/or vector) masses result in larger
net baryon to photon ratios, a result very different from the
standard model.9 If the higgs mass 7§ lO13 GeV then this may
increase ;E in (6.1-8) by a factor of 102. We also note, that

if there elists an initial distribution of black holes, or if the
temperature of space were at some early point rather hotter than
the temperature of black holes, then larger mass holes would tend
to reduce any initial symmetry - first by asymmetric absorption,
then by increasing the total entropy as they evaporate. These

effects depend on factors such as initial asymmetry, black hole

densities and masses as discussed in Section 5.2.
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6.2 Monopole Production

The existence of superheavy magnetic monopoles, which
may have recently been observedlgis one of the most exciting
predictions of grand unified theories. On the other hand,
monopoles provide one of the strongest constraints restricting
grand unified cosmology. It is difficult to devise a transition
from the symmetric to broken phase that does not produce too
many monopoles to agree with present mass densitieslland
galactic magnetic fields.l2 However, estimates of monopole
production and remnant densities are problematic. Monopoles
are classical solutions in a quantum field theory. As such
they must no£ be considered as elementary quantum excitations
out of the vacuum, but rather as a coherent state of quantum
excitations. As a result, it is possible that their production
is suppressed.3 At the very least their production is intimately
tied to the complicated phase transition dynamics of the
elementary Higgs fields on which they are built.

Due to the novel thermal behavior in our model scenario
it is interesting to consider the possibility that within it
monopole production is at acceptable phenomenological levels.
We will consider here a number of possibilities, related first
to production in the initial transition, and then to production
via subsequent black hole evaporation. The latter subject is
interesting in its own right. Estimates are presented which
indicate that such production is suppressed. We will consider

this question in more detail in a subsequent publication.



78

As far as production resulting out of transition to a
black hole "gas" is concerned, it was demonstrated in Section
4 that the temperature of space may always have been lower
than the critical temperature associated with GUT transitions.
This will happen if M0 2 10_4 kg. Monopole formation is
associated with local zero of the Higgs expectation wvalue
(symmetric regions) surrounded by regions where the Higgs takes on
its low temperature nonzero expectation value.l'4 The question
then becomes one of whether or not any such locally symmetric
regions are produced during the transition. The initial
expectation is that if the transition occurs at low temperatures,
the Higgs will have a nonzero éxpectation value in both phases
(the universe will always be in the nonsymmetric state) and no
monopoles will be produced. However, one is somewhat uncomfort-
able with prescribing certain Higgs behavior in a transition
whose parameters we do not know. It is not clear, for example,
that the Higgs expectation value is well defined in a "pre-
gravitational transition" phase. Alternatively, it may be pos-
sible that before the state settled down to the equilibrium black
hole configuration that high temperatures occurred. Thus we
investigate the conservative alternative that Higgs expectation
values in different regions are uncorrelated, with the possi-
bility of local zero values, and use standard topological-horizon

arguments to estimate maximum densities which may result.
15

g

. . , 1

Following the arguments of Kibble™™ and Einhorn ° we assume
that if this situation exists, there will be on on the order of
~.1 monopole per horizon volume by the time the transition is

completed. The results from topological frustrations when one
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tries to extend certain uncorrelated regions with nonzero Higgs
expectation continuously into a central region. 1In the

black hole configuration resulting from such transition, the
initial horizon volume is approximately the inverse black hole den-
sity. Thus, we can estimate the initial monopole density as

a function of black hole density, and from the initial tem-
perature, the initial monopole to photon ratios. However,
during the subsequent evolution significant entropy is
generated. If we assume for the moment that no significant
monopole production occurs during this period then the initial
monopole to photon ratio is severely diluted. Moreover, if

initial density is that nm/nY >>10—lo, the annihilation pro-

cesses may reduce this ratiol7to ~10710 before the black holes
evaporate. Table 3 gives the result of calculations for M0
initial mass lO_4 kg and lO_2 kg for a range of initial mass
densities. We estimate the effect of annihilation processes

on reducing initial mass densities by calculating the two terms

in the relation:

d"m = -D(\»}: - 3R Om

- W2

A¥ (6.2-1)
18

where we have used Preskill's

2: L] I3
Mmonopole (in units h=c =1, D~10

estimate for D for temperature <

2,,-2 2

10 T ). When Dn“ >>3R/R,

we expect that the initial ratio (nm/nY) will quickly be
reduced to ~lO-lO. Final estimates of (nm/s) are presented
with and without this assumption.

We see first that final monopole density is suppressed

more in initial transitions resulting in larger black holes,
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due to the entropy production by these holes. With the

assumption that annihilation to a level of (nm/nY)~lO~lO

2
0 0

(evenif monopoles are produced in abundance in the initial

occurs when Dn“% >R/R n. we see that it is possible

transition), that for M0 210_2kg the ratio (nm/s) can be
made small enough not to violate: present mass density
limits (nm/s)present s 10—24, and definitely small enough
not to affect nucleosynthesis constraints (nm/s) <10—19.
For Mg x10°4kg, monopole densities that are produced in the
transition are approximately small enough not to violate
nucleosynthesis limits, but must be reduced by subsequent
annihilation (perhaps in galaxies) in order to agree with
present mass density limits. We recall that these limits
only exist if the Higgs field does not have a uniform well
defined nonzero expectation value in the pre-transition phase.
If it does, then we expect 1ittle or no production in the
transition.

We now investigate the possible production of monopoles during
black hole evaporation. It may first be expected19 that black
holes may produce monopoles at a thermal rate once their tempera-

16

ture exceeds the monopole mass, which is ~M/a~10 GeV in simple

grand unified theories.20 This results in prohibitively large

production rates in our scenario. (i.e i -2

- n wvy
monopo le/’ baryon 10 )
However, this naive expectation must be refined to take
into account the peculiar dynamics and structure

of monopoles. Indeed, as we demonstrate, there
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are a variety of reasons to expect that this production will
be exponentially suppressed, at the very least. Due to
uncertainties in the production mechanisms, we consider a
number of different alternatives. All are suppressed, but
for different reasons.

The first problem we encounter when trying to make sense
out of monopole production, is that black hole radiation has
a thermal spectrum, i.e., a black hole in thermal equilibrium
at temperature T will emit as many particles in each mode as
it absorbs in that mode from the ambient thermal radiation.
Monopoles, however, are complicated objects, and thus have a
unique thermal behavior. Below Tc’ when the Higgs field ¢
has a well defined nonzero expectation value, monopoles exist,
with a structure determined by this expectation value. Since
their mass is greater than Tc’ however, population in thermal
equilibrium is suppressed. Above Tc’ it is not clear that
monopoles have any meaning. The Higgs expectation value is
zero, and while local fluctuations may produce local nonzero
values, these are rapidly changing, and no asymptotic structure
can be defined. Thus, it is a nontrivial question to consider
whether monopoles can exist in thermal equilibrium at temperatures
T >T_. Nevertheless we will investigate the possibility that
monopole-antimonopole pairs are produced near the event horizon

of black holes which radiate at a temperature T >M .
monopole
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The production cross-section for monopole-antimonopole
pairs may also be expected to depend on the production mechanism,
i.e., are monopole-antimonopole pairs produced directly by the
gravitational field near the horizon, or do they result from
thermal fluctuations of elementary Higgs configurations pro-
duced near the horizon? Also, if one member of a monopole-
antimonopole pair is absorbed by the hole while the other
escapes to infinity, the hole will become magnetically charged.
Not only do we expect significant corrections in production due
to this large fluctuating magnetic charge, but if .the energy
of the black hole changes significantly, we might expect the
semiclassical approximation of fixed background metric to
break down. Nevertheless we can proceed undaunted to estimate
maximum production rates, making simplifying assumptions whenever
possible which can only enhance them, and by attempting to
determine rates which are independent of the specific mechanism
of production-limited only by energetics.

Particle production by black holes is determined by the
condition that at thermal equilibrium, production rates and
absorption rates are equal. Here departures from black-body
thermal spectrum can be obtained by estimating suppression in
absorption cross—sections.21 Thus, we examine absorption of a

monopole of mass ~MX/oc ~ lO16

~ -1 _ \ .
mass MBH (= (877G KT) -, where KT _Mmonopole)‘ The classical size
1 -14

GeV by a neutral black hole of

of an equilibrium monopole configuration is ~M; ~1G GeV-l;(lO_30
in MKS units). A black hole of the required mass (<10_6kg) has

Schwarchild radius ~lO-33M.
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In order to be absorbed by the black hole, tidal forces must
crush the monopole down to the size of the hole. If this
occurs and the monopole is captured, then the black hole will
become magnetically charged, with long range B fields. We
can roughly estimate the energy gain by the black hole (we
will give a better estimate based on monopole energetics
later) by considering its magnetic energy. Magnetic energy
density is ~1/2 B2 and a spherical object of size Rs with
magnetic charge 1/g (g ~ GUT coupling) has a field B ~ 1l/gr

outside Rs. Thus its total energy is

B3 ~ f adc 1 =109y
qied ﬂ‘Rs (6.2-2)

Hence the mass of the black hole increases by more than
the rest mass of the monopole. We then expect suppression of
the monopole absorption cross-section in much the same way
that absorption of massless particles with nonzero spin is
suppressed for long wavelengths.22 There, the suppression is
essentially due to the fact that angular momentum transferred
to the hole when they are absorbed will be large compared to
the initial energies of those particles.

That energetics inhibit monopole absorption by black
holes, when considered in light of the implied suppression in
production via quantum process, is a manifestation of the
fundamental fact that monopoles are classically extended
structures with size larger than their Compton wavelength.

We might expect that to produce a monopole as if
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it were normal quantum excitation, that the initial region of
support for the wavefunction of the monopole must be at most of
the order of its compton wavelength, or of the order of the size
of the quantum state from which it is being produced. This can
be shown to lead to a soliton-like production suppression factor
exp(—A/gz), usually derived using perturbative arguments.23 We
will discuss this point in more generally in a subsequent publi-
cation. Here we discuss how this factor may explicitly be
derived by direct consideration of monopole production by black
holes, via an energetics argument similar to the one which lead

to (6.2-2).

Consider a black hole of temperature T I M

. Assume
monopole

monopoles are produced freely near the event horizon (neglecting
complications due to magnetic charge fluctuations of the hole.)
Their characteristic scale must initially be of order of the
scale of the black hole radius. After production they may

relax to their equilibrium scale. We may, however, estimate

the energy of the initial configuration. Assuming, for
simplicity, a 't Hooft—Polyakov24 hedgehog type monopole with
the Higgs field responsible for symmetry breaking in the adjoint
representation of the gauge group, we can write the energy
density of the monopole schematically (suppressing group

indices, etc.) as:

E~s (De#)° + 58>+ V(Y
(6.2-3)
where V(g = N(#*-vD)T Dy =dp-tghr
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The monopole is made up of two asymptotic regions. 1In a

central region of scale R $ will have its symmetric

17
expectation value ¢=0. At large distances ¢->v and Du¢+0.
There will be a transition region of size R2 between

these regions. We note that in the broken phase ¢=v, gauge
particles get a mass mV~gv and the remaining massive Higgs

get a mass m, ~ A v.

In region one, the energy density is given purely by the

potential term V ~ KV4. Hence the total energy in this region

is of order ~Rikv4. In the outer region only the second term
contributes. Since the field in this region is B ~ l/gr2 we

have E3 ~ J B2d3r ~ l/g2R2. Outside the central region the

gauge field aligns itself outside this region so that the

covariant derivative is zero, so that we expect that in this region

the contribution from the covariant derivative will be at most

of the order of the pure derivative part. In the hedgehog

solution the component of ap which is important is the angular
piece ~1/r 3/36, which acts on the ¢ field (which has constant

value v and rotates around the sphgre) to give a contribution

3

~v/xr. Hence in this region E, ~ J d r V2/r2 ~ V2(R2—Rl).

Ry
Hence the total energy can be approximated by:

3 2
Ef"'R| Xv“’«rv (21~R‘) +‘§-£?2. (6.2-4)

Minimizing this separately with respect to Ry R, gives:

Rz~ i = ~ R T
e s Ry Fvr " (6.2-5)
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1 with the monopole.

which is why we associate a scale R2~M;
This variational calculation implies that at the minimum

configuration each term in (6.2-4) contributes equally. This

. . N N 2 N 2 . .

implies En Mmonopole 1/g9 R, 1/g9 My which is where the

mass estimate of the monopole equilibrium configuration comes

from. Now if we constrain the monopole so that Rys Ry <<m;l,
then the energy (6.2-4) is minimized if R, » Ry (from the
second term). Since in this case the first term is much less

than its equilibrium value, this implies that the energy of

the new configurations will be dominated by the third term.
1 ~ 1

Hence ET Mmonopole

If R

~ l/ngzn

is constrained to be =R then from the relations

2

(in units h =c =1) R

BH'

2
BH 2 MBH/Mp , we get

M’ v | #“.2

— £ (6.2~6)
QCS Maw

On the other hand, for the black hole we have T = 1/87GM =
Mpz/BWMBH. Hence, we have (modulo factors of 2m, etc., from

volume factors, etc.)

(6.2-7)

In a thermal state at this temperature this state will occur
with probability exp -M'/T ~ exp(—4ﬂ/92). Hence, whether or
not the monopoles are produced with thermal probabilities
directly via the gravitational field, or whether they are
produced via fluctuations of Higgs fields produced by the hole,
we expect they will be suppressed. The factor is of the

form of the standard soliton production suppression
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factor. The situation is not helped by going to higher
temperatures. Not only will the size of the black hole
emitting at higher temperatures be decreased, thus increasing
the mass of the monopole state, but the total mass of a black
hole at this temperature becomes less than the mass of the

monopole.

On the other hand, one might expect that, if the Higgs
field expectation value (and hence the Higgs field mass) are
reduced near the black hole surface that this suppression
might be less severe. After all, the monopole equilibrium
mass goes as M ~ mx/gz, which goes to zero as mX(mH) -0.
However, if this occurs, then the equilibrium size of the
monopole increases (so that the B field contribution to
the energy is reduced.) Hence a greater size suppression
is required, and the net energy of the monopole configuration
produced near the black hole horizon will be the same. (This
reflects another difference between classical solutions, and
true quantum excitations, which can remain point-like even
as their mass changes).

One might, however, carry this argument further and expect
that symmetry will be restored in large regions around a black
hole, in which the temperature is effectively greater than T,-
On the borders of this region one might expect thermal monopole
production. However, Candelaszs, has shown that outside a black
hole (T >>Tc) radiating into cold space that TéFF~r_2' This
implies that the region over which symmetry is restored has radius at

126

most of order m; . If monopoles are thermally produced with

initial size at most the order of this radius their mass will be
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approximately equal to their equilibrium mass ~Tc/gz. Hence
thermal production in this region will be suppressed by a
factor ~(exp-l/g?‘). Even if monopoles produced at the border
of the symmetric and non-symmetric regions had much smaller
masses one could estimate that their thermal production, over
the lifetime of a black hole hot enough to produce a large
symmetric region, would be negligible.21

Thus, we conclude from this section that monopole production
via black hole evaporation is strongly suppressed, and
even if no monopoles are produced during the initial transition,
very few are produced afterwafds. Based on our earlier
considerations, if monopoles are produced in abundance during
the transition, this number is not increased afterwards, and
thus may still be small enough to agree with constraints of

astrephysical phenomenology.
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6.3 Inhomogeneities

It is interesting to consider whether the density
fluctuations in the initial black hole-radiation state result
in remnant inhomogeneities which may be related to the formation
of galaxies. It is currently felt that galaxies formed on
the scales they have because shortly after the recombination
time (t~lO12 sec) the Jean's length drops sharply.27 This
allows any surviving fluctuations on scales longer than this
length to become unstable under their own gravitational interac-
tions,. fermion clumps which subsequently evolve into galaxies
and clusters of galaxies. On the other hand, these relic inhom-
ogeneities must not be too large if they are not to collapse into
black holes,as we shall describe shortly.

Whether an initial fluctuation will survive until this era.
depends on its initial form: adiabatic or isothermal. Adiabatic
fluctuations are ones in which matter fluctuations (characterized
by the local density of baryons) are coupled to those of radia-
tion, so that the net ratio of baryon to photon density remains
constant throughout space. This implies 6&p/p = 38T/T (T =
temperature of radiation.) During universe expansion in the
radiation dominated phase, adiabatic perturbations larger than
the Jean's scale will grow as fast as ~t, while those smaller
will exhibit damped acoustic oscillations.28 It is estimated
that only those that result in fluctuations on mass scales

11

greater than ~10 M at the time of recombination will

solar
survive this damping.29 While this is in the range of the
mass of galaxies today, adiabatic fluctuations at recombination

time showuld also be reflected in the black-body radiation

spectrum. Such fluctuations have not yet been conclusively
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'observed.30 Hence there is some interest in whether the
relevant primordial fluctuations might have been isothermal
in character.

Isothermal fluctuations are those in which matter
fluctuations are independent of radiation so that the net
radiation temperature is constant throughout space. Such
fluctuations remain constant during the one~recombination
expansion period, when matter and radiation are coupled via
thermal processes. Since the relevant Jean's mass at recom-
bination is ~10° Mo otar’ about the size of a globular cluster,
any initial isothermal fluctuations on this scale will, after
recombination, grow.

The initial black hole configuration in our model
clearly involves initial small scale isothermal density
fluctuations. Thus, it is in principle possible that baryosynthe-
sis in this model may be tied to isothermal perturbations--
exactly opposite behavior from that of the standard scenario.
This has evoked interest in possibly tying baryosynthesis
constraints and galaxy formation.gL Unfortunately, however,
the remnant inhomogeneities which are important are those
surviving after black hole evaporation. As demonstrated
clearly in section 4, entropy generation by evaporating black
holes is at least on the order of the ambient background radia-
tion entropy at the time of decay. Hence any remnant baryon
density fluctuations will also involve fluctuations in radiation
and will thus be primarily adiabatic.

We first demonstrate easily that such remant fluctuations

on the scale of the black hole inverse density (r~ {M/p}l/B)
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will be on scales smaller than the Jeans scale. This scale,

A represents the scale at which pressure gradients can

I
balance gravitational forces. ° For larger scales gravity
dominates, whereas for smaller scales, pressure dominates
and perturbations behave like acoustic waves. We can estimate
the Jean's scale immediately. Let the gravitational free fall
time (ignoring pressure) in a uniform region, be te-
If a soundwave can cross the region on a time-scale less than
that associated with this gravitational collapse than pressure
stabilizes the region. Thus, the Jean's scale is approximately
vstf, where v is the speed of sound in the region. This
argument also turns out to be valid in an expanding curved
universe, as at the Jean's scale these factors are
negligible.32 Since, Vg = (3p/3p), and for radiation p~pc2/3,
we have that for a radiation dominated phase vy ™ c/vY3. Also,
since in the early universe te = t, we see that the Jean's
scale is approximately the horizon distance at time t.

Now we expect that the maximum initial fluctuations will
be on a scale of the order of the distance between black holes,
It is clear from the data on Table 1 in section 4, that these
scales are much smaller than the horizon scale at the decay
time for black holes. Hence, any remnant adiabatic fluctuations
will be damped. It is also clear that for black holes of

4

primary interest (~10" ,10_2kg) the mass contained within this

fluctuation <<<lOll Msolar’ and thus we expect that such

adiabatic fluctuations will be negligible at the recombination

time. We also note that any accompanying isothermal fluctuation,

which will survive until the recombination time will have a
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characteristic mass <lO5 Msolar’ and thus will also not be
important after recombination. Even in an initial state with

a distribution of black holes of different masses, as described
in section 5 would result in inhomogeneities which are negigible,
unless the initial holes were so exceedingly large as to be
virtually impossible in the initial state.

However, any black holes with masses 2 10lO would survive
until the recombination era. These are too small to contribute
to galaxy formation, and so large as to be very improbable in
the initial state. Still, if they exist, and survive until
galaxies begin to form they may begin to grow by the accretion
of matter, and survive until the present era. As such, they
may be linked to present quasar densities. Since significant
accretion may only begin in the late stages of galaxy development
this implies a minimal size for black holes waich survive. It may
also explain why Quasars are only observed with redshifts less than
a certain value. Such assertions are however highly
speculative especially in the absence of an initial distribution

function.

Unfortunately however the effect of these initial small scale
isothermal fluctuations are secondary, when compared to larger
scale possible initial adiabatic fluctuations.33 Consider, for
example, the possibility that thereare statistical Poisson dev-
iations in the initial spatial distribution of black holes. On
the scale of N black holes we then expect that 6p/p-aN_l/2.

Also, on scales larger than the horizon the initial fluctuation

is adiabatic because its wavelength is so large that the density
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is uniform over distances where radiation drag might be important.34

We then expect, during the matter dominated black hole era that

these fluctuations can grow as fast as‘~t2/3. After the black

holes evaporate, the adiabatic fluctuations will have modes which
grow as fast as ~t.

We can now show that such initial fluctuations on the scale
of galaxies will become intolerably large. The initial number

of radiation quanta which, in the matter dominated era, eventually

form galaxies is on the order of 1074. 33 Assuming say, for 10_4kg.

black holes, that each hole emits 108 radiation gquanta before
it disappears (see section 6.l1), then the initial number of

black holes which could evolve into a galaxy would be on the order

of 1066. Poisson deviations on this scale would lead to initial

density fluctuations 6p/p~10—33. From the time when expansion

becomes significant (’E)VlO-38

-30

sec) until the black holes decay (te~

10 sec) these large scale fluctuations grow by a factor tf/tc,)z/3

~10°. 1If they then grow at a rate t then at a time t=10"?sec
the density fluctuations Fp/p~l. This is sitll within the rad-
iation dominated era and at this time the horizon scale is still
much smaller than the scale of the fluctuations. This will then
probably result in gravitational collapse into a singularity.,36
although the details of this collapse require further study.
While one might imagine mechanisms which slow somewhat the
growth of inhomogeneities, the above estimates indicate the need
to strongly suppress possible statistical fluctuations (of the

Poisson type) in the initial state of our model. This may

represent the most prominent "un-natural" fine tuning in this
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scenario. Actually the fact that even extremely small fluct-
uations in the initial state are unacceptable is a remnant of
the flatness problem which as we have observed, is unresolved
in both this and the standard scenarios. Thus small density
fluctuations on large size scales in the initial density near

the critical density will result in collapse on time scales

smaller than the present Hubble time. We intend to investigate

this phenomena further in a subsequent work.

6.4 Implications for Supersymmetry

We note here, for completeness, that the fact that space

might have always existed at temperatures <T for grand

crit
unified theories, as is possible in our scenario, has poten-
tially interesting ramifications for supersymmetry theories.
As Weinberg37 has pointed out, gravity splits the normally

degenerate supersymmetric vacuum so that the broken symmetry
vacuum we presumably live in is the state of highest energy
density, and thus if the universe began at high temperatures

in the symmetric phase it is difficult to imagine how

symmetry breaking could occur. However, if the universe was

always at a temperature less than the temperature where thermal

effect favor the symmetric state, it may be possible in

principle that this problem can be avoided. If the universe did

begin in the nonsymmetric phase, then, as Weinberg has also

shown 38 this phase is stable against decay.
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6.5 Summary and conclusions

We have demonstrated, using the assumptions of an iso-
tropic homogenous initial state involving a mixture of black
holes and radiation which may have resulted from a gravitational
phase transition, that the dynamics of the early universe could
have departed in several important ways from the standard model.
These departures are especially relevent to certain problems
of interest to particle physicists, and indicate the importance
of semi-classical gravitational effects in the early universe.

Specifically, the early universe in this model may
have had a radiation temperature which never exceeded the
critical temperature for restoration of symmetry in Grand
Unified Theories. The early expansion in this model is
matter dominated so that R(t)~t2/3. During this period the
black hole temperature increases slowly until the £final moments
of evapdration, while the temperature of space drops almost
immediately and continues decreasing monotonically. As the
black holes evaporate we have shown that they can generate
a baryon to entropy ratio which may be as large as 10-'3 AB,
where AB is related to the CP violating parameter in grand
unified theories. This ratio occurs in spite of the fact that
the temperature of radiation never exceeds—-«lo14 Gev because
the black holes radiate superheavy particles which subsequently
decay out of equilibrium. The generation of entropy by black

holes is sufficiently large however, that monopole densities

in the initial state may be diluted to phenomenologically
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acceptable levels. We have also demonstrated that monopole
production during black hole evaporation is strongly suppres-
sed. It thus appears possible to avoid the monopole problem

in this scenario.

However the fact that the flatness problem occurs implicit-
ely in our initial state assumptions requires that the initial
black hole distribution must be fine tuned. This seems to be
a problem common to all models whose scale factor evolution
resembles that of the standard model (i.e. R(t) goes as a
power of t). Whether this requires and "inflationary" period
of growth, or whether the necessary fine tuning can be incorpor-
ated naturally in an initial state resulting from a physical
process such as a phase transition is an exciting question for

the future.
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Chapter 7: Gravity and Phase Transitions: Problems & Perspectives

As I have tried to demonstrate in this work, the possibility
of a gravitational phase transition may allow for significantly
different dynamics in the early universe, resulting in novels ways
of dealing with a certain number of problems at the interface of
particle physics and cosmology. Further could be done within
the context of the specific model described here, including
a systematic treatment of corrections to a number of the initial
approximation we have used. More generally, investigations of
black hole dynamics are important aside from the context in
which they have been described above. There are many reasons
to expeét that early fluctuations might have resulted in black
hole formation even in the standard model.l Moreover, as we
hinted in section 6, an understanding of such cosmological
objects as guasars may also depend on assumptions about pri-
mordial black holes. Also, of more direct interest to particle
physicists, is the possibility, demonstrated in chapter six,
of using the constraints of particle physics to probe the
semi-classical gravitational effects responsible for black hole
evaporation, and vice-versa.

As far as the general problem of understanding the ultimate
high energy behavior of gravity, and of its role in the dynamics
of the early universe, the scenario I have presented is only a
suggestive, and clearly incomplete, first step. Definite dvnamics
are required if one hopes to derive a natural initial state config-
uration. In this final section I will briefly describe
other related areas of investigation, and some perspectives
on future developments. I will take advantage of the

concluding nature of this section to make my remarks schematic
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and suggestive. They are intended to present future directions
rather than results.

As I outlined in chapter one there is direct field theoretic
motivation for considering possible significant changes in the
dynamics of gravity at high energies. The most useful method
presently available in field theory to describe the high
energy evolution of theories is the renormalization group,2
which also has its origins in statistical mechanics (as does
much of modern field theory).

In guantum field theory the renormalization group stems
from the fact that in all quantum theories a dimensional scale
naturally arises - the scale at which renormalized parameters
are defined. The fact that the physical observables of the
theory must not depend on the scale at which renormalization
is performed implies relations - the so-called renormalization
group equations - between the physical parameters of the theory:
coupling constants, masses, fields, as a function of changes
in the renormalization scale. By eguating this scale to the
characteristic energy of the interactions being probed, it is
possible to determine, to all orders in perturbation theory,
the behavior of the above physical parameters with energy.3

Weinberg4

has suggested that certain appropriate
behavior of the coupling constants of gravity might imply
simplifications in the high energy structure of the theory
which would allow an extension of the concept of

renormalizability to make the low energy theory "sensible". As

discussed earlier the non-renormalizability of the classical
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Lagrangian (1.3-1) implies the necessity for an infinite num-
ber of divergent counterterms in the bare quantum Lagrangian.
Each of these has associated with it a free coupling parameter.
The presence of this infinite set of free parameters implies
that the theory loses predictive power. Imagine, however, that
in the infinite dimensional coupling constant space there exist
trajectories of the renormalization group which approach an
ultraviolat fixed point. Explicitely this implies the set

of coupling constants has behavior governed by a generalized

Gell-Mann Low equation:5

d a. ()= 4 (o -
bL = g o) -

and that as u»w«, Bi(g*)=0, where g* is the ultraviolet fixed
point. If we constrain the initial couplings to lie on an
"ultraviolet critical surface" (i.e. all trajectories on this

surface approach g*) and if this surface is finite-dimensional,

then all but a finite number of couplings must be fixed,
leaving a finite number of free parameters which describe the
theory. Weinberg has called such a criterion "asymptotic
safety."

What makes this criterion particularly interesting from
the point of view of symmetry breaking and effective theories,
is the similarity between this behavior, and the observed
behavior in effectively non-renormalizable theories which
exhibit phase transitions. Models such as the
Gross-Neveu model,6 and the non-linear ¢ model 7 described

previously, exhibit in certain limits non-trivial ultra-
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violet fixed points in their coupling constants. Moreover these
points are associated with boundaries between different phase
behaviors of the theory.8 Of particular interest is the
non-linear ¢ model (see section 1.3). In 2+e dimensions
where the theory is effectively non-renormalizable, there
exists in the large N limit a fixed point of order e.
The value of the coupling constant, xc, at this
ultraviolet fixed point determines the point at which the
O(N) symmetry, realized non-linearly at low "temperatures"
borders on the high"temperature" limit where a new dynamical
bound state appears, degenerate with the N-1 fields. These
fields transform linearly under O(N); Thus the high temperature
theory which is deduced is simply the original theory we
described in eq. 1.3-3, which was broken to yield the effective
non-linear theory. Furthermore the mass of the dynamical bound
state is related to the original dimensional coupling parameter.

As far as gravity is concerned, recent studies based on
renormalization group arguments also point out the possibility
that gravity possesses a non-trivial ultraviolet fixed point,
at least in the large N 1imit,9 or in 2+¢ dimensions.lO
It would be extremely interesting if this type behavior could
be convincingly demonstrated, both from the point of view of
asymptotic safety, and from the point of view of the possibility
of a gravitational phase transition.

The theory at the critical point is scale invariant. The
scale invariance is broken at low energies only by the choice

of the critical renormalization group trajectory. This could
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relate the value of G to a symmetry breaking parameter. Such

a possibility connects this approach with several others which
attempt to derive gravity from a scale invariant theory. One
such theoryll is based on the observation that in the absence of
the coupling G, Eg. (1.3-1) is scale invariant. Thus the
assumption is that the scale G arises as a result of the par-
ticular choice of asymptotically flat metrix at large dis-

tances, so that:

<olgryloy 2 ;:(‘0 Nev (7-2)

Remarkably, spontaneous dynamical scale symmetry breaking
arises ih yet another model in which gravity is induced as
an effective interaction - this time from a curved space pure
matter Lagrangian.12 Since a scale invariant scalar field
theory in curved space has an R¢2 coupling term, if symmetry
is broken so that <¢> #0, this induces an effective interaction
term proportional to R, resembling the Lagrangian of pure
gravity.

These field theoretic approaches to the small distance
structure of gravity have not yet produced conclusive results.
However the possibilities of connecting asymptotic safety
with symmetry breaking are worth further investigation. From
the viewpoint we have stressed in this work, it may then be
possible to relate this to explicit phase behavior in the
early universe.

However, apart from the possibility of phase transition

behavior involving gravity as a low energy effective theory,
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the dynamics of a semi-classical gravity coupled to matter may
be extremely important. For example, semi-classically coupling
gravity to matter fields fundamentally affects vacuum decay
phenomena in matter theories}13 Moreover it has recently

been shown that the same semi-classical gravitationally
induced particle production effects responsible for black

hole radiation (in this case, Hawking radiation in a de Sitter
space) may crucially alter the new inflationary universe
scenario.14 Gravitational effects may also determine the phase
structure of supersymmetric theories.15

In addition to these effects, instanton tunnelling tran-
sitions with semi-classical gravity itself, such as the black
hole nucleation described earlier, may prove to be important.16
Of particular interest, and a subject I will investigate in
a subsequent work, is the interpretation and implication of
de Sitter tunnelling events, and the possibility of decay from
de Sitter space, which could have important ramifications for
the cosmological constant problem.

Finally, there has yet to be a proper understanding of finite
temperature effects in the quanization of gravity. Temperature
is not a covariant guantity, yet it is clear that finite
temperature renormalization will affect such quantities as the
induced renormalized cosmological term that appears when
gravity is coupled to matter.17 Indeed, there exists the
more general problem of treating finite temperature effects in
the early universe when it is not clear that an isothermal en-

semble truly represents the physical situation.
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It is thus an exciting time in cosmology. The close
connection between problems of cosmology and particle
physics is attracting a whole new spectrum of physicists to
investigate these problems. A probable concomitant of these
investigations will be a better understanding of particle inter-
actions including gravity at high energies. The close inter-
play between advances in particle theory on the one hand,
and semi-classical effects of gravity on the other yields the
exciting possibility of real breakthroughs in our understanding
of the fundamental forces of nature at its smallest, and largest

scales.
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Appendix I: Effective Potential and Finite Temperature Field Theory

We describe here, using a scalar field theory for simplicity,
how the classical potential function V(¢) in the Lagrangian:

=1 9,905 —u(gd (A-1)

A

must be modifed to take into account higher order quantum and
thermal corrections. U(¢) becomes the first term in an expansion
of the effective potential Veff(¢) which gives the symmetry

structure of the full guantum theory.

(a)  Quantum corrections

We begin by recalling that the full Green's functions, which

give the physical content of the guantum theory, can be generated

from the functional Z(J):

23 = 4::\?6)(9( L ‘( Yo goodix) o™ (A-2)

Since

Cn -
Colv, %)\ = S T

n A-3
ET(x) dTixp - 07 (x) T=o ( )

Using the well-known combinatoric fact that the exponential
of all connected graphs gives the sum of all graphs% we can
define the generating functional for connected Green's functions
by:

L W( = 4 (s
LW = m 2(5) (A a)

Z(J) may be represented as a functional integral:

2G) = N (T45T erp (5G4, 1Y) (a-5)
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where S is the action of the theory given in (A-1) in the presence
of a source J(x). We also can use the well-known fact that the
generating functional of connected graphs is related to the
generating functional of one particle irreducible graphs. The
above-mentioned connection between connected graphs

and 1PI graphs can be written (to lowest order in a):

exp ¢ L/dwu}g = N fﬂ*ﬂ ep § 5 (P~ {100 f'“)g (A-6)

where T(9¢) is the generating function for 1PI graphs, in terms
of some field function ¢.
Now the R.H.S. of (A-6) can be evaluated for small a in

the saddle point approximation, yielding (seting fd4xJ(x)¢(x)=J¢)

wiry = L PG +77]

,S_C.:—T (A=T7)
&g
Hence we have
- _ iy o
él"-:[é-f—é"+9**féfj = ¢
dT SF 8T Ry ol = - (A-8)
op

Thus T (¢) is the Legendre transform of W(J), and is given
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by the inverse of (A-7):

N(F) = (we =34 50 .7 (r-9)
5T
- . \ ST - Sw
Hence TI'(¢) is the functional such that T3 = 0 when ¢ = 33 = <>,
J=0

and thus the extrema of I'($) determines the ground states of the
full guantum theory.

In a transitionally invariant theory ¢(x) is a constant.
In this case we can write I'(¢) = - fd4x[Veff($)], defining the
effective potential. Veff(a) can thus be easily calculated in
loop expansion terms of the generating functional for 1PI graphs.

To lowest order in M we have:

Vere C?) = U(YT) (a-10)

(b) Finite temperatures

Finite temperatures imply scattering events take place in
a thermal bath at temperature T, and thus averaging should not
be taken with respect to the vacuum state but with respect to
the thermal bath. Hence Green's functions change:

<o\ T($> - -¢Cx,.>\lo> —> NZ'_e“gEM&\r(m.»---~/tx,,\'\t+7 (A-11)

(|y> represent a complete set of states with energies E(y)).

One can thus define a finite temperature generating functional:

2805y = T $ PP ep (¢ (dix Too g &
-pH

Te e
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This may in turn be written in terms of a functional integral
as in (A-5). The important point here is the fact that the only w
change in the functional integral at finite temperature is in
the boundary conditions on the set of paths on which the measure
[d$] has support, since the state wave functionals Y(¢) merely
determine the boundary condition on the functional integral? This
change in boundary conditions becomes especially simple in Euc-
lidean space. Finite temperature greens functions are periodic
(anti-periodic for Fermi fields) in Euclidean time with period
6,4 (as can be shown from A-11l using cyclicity of the trace,
and the Poincare transformation properties of ¥(¢)). Hence
paths (fiéld configurations) contributing to the functional
integral must be likewise periodic (antiperiodic). This implies
that the Feynman rules derived via the functional integral form
of ZB(J) will be unchanged, except for discretization of the ikO
variable (iBmn = 2mn for bose fields). Hence 4-dimensional loop
integrals become three-dimensional integrals times a one-dimensional
infinite sum. Similarly vertex 4-dimensional delta functions
become products of Kronecker delta functions and standard
three-dimensional delta functions.

Thus the calculation of Veff(E,B) is in principle the same
at finite temperatures, except with the new Feynman rules described

above.
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Appendix II: Semiclassical Metastable State Decay in Field Theory

From quantum mechanics! we know the decay probability of an

unstable state is given by the imaginary part of its energy

(free energy at finite temperature):

M=-2 InE, (a2-1)
A

This ground state energy E0 can be computed by analogy to

guantum mechanics, using the relation

Lam <¥\ Qv'ﬂ—/k \\('>:: Lom i E_E"T/“ \(x\n>\z'

= e ETh | <andlt

where <x| is a position eigenstate, and n are energy eigen-
states, and ng is the lowest energy eigenstate not orthogonal

to <x|; with energy EO. If coordinates are chosen such that

<x=0| is the metastable ground state then we have the relation:

B Rl L <ol by (2-3(a))
T

Now the RHS of (A2-3) can be written in functional integral

form using the Euclidean version of the Feynman path integral:2

<o\e-\+\'/h \07 = N{de? e‘SE(xVﬁ

(A2-3(b))
with boundary conditions
%x (To4+0) = ©°
(A2-4)
(T >-2) = O
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and SE is the Euclidean action:

i 1,
Six) = f av 2_&5*"4_\}(“#3)3 (A2-5)
,_T)Z
The functional integral can then be evaluated in the semi-
classical (}=0) approximation by performing a Gaussian approximation

about each stationary part of S_ subject to the boundary

E
conditions (A2-4). The calculation in field theory proceeds

identically replacing x by ¢ and SE(x) by (see Chapter 2):

Seld) = jd“y L‘&Z Opd dp¢ 4.UL¢)] (A2-6)
The boundary conditions are that ¢(1>*o,x) = 0 (the unstable
state in Figure 2), and also the condition ¢(T,|§|+W) = 0,

which ensures that only solutions with finite action give a
non-vanishing contribution to the semiclassical evaluation
of the functional integral.

Stationary points of (A2-6) are solutions to the Euclidean

equation of motion:

!
Qdv# =U'(¥) (32-7)

(which is the classical equation of motion in an inverted
potential -uU(¢).), subject to the proper boundary conditions.
Assuming these extrema of SE(¢) give the dominant contributions
a Gaussian approximation to the integral is performed about
each such stationary point. This can be shown to give the

relation:3
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~SeW /g =l

- (¥ . .
Nf[olﬂ e ~ N¢€ = (W % de&-[_-&tlar, + V (¢):(S
(A2-8)

The important point is that while there may be several extrema
of SE(¢), only those with negative eigenvalues of the

operator in brackets will contribute to the imaginary part

of (A2-3) and hence to I'. Such solutions are called instantons.

If Figure 2 represented a one-dimensional guantum mechanics
potential U(x) the standard instanton solution which contributes
to ' is called the bounce and consists of a particle rolling
off the hill at x=0 in -U(x) at T + -« bouncing off the "wall"
at ¢=¢* and returning to x=0 at T-w,

In the scalar field theory described here, the minimum
action instanton solutions to (A2-7) are 0(4) invariant
solutions and the decay rate per unit volume of the metastable
state (false vacuum) is proportional to exp(—S4) where S4 is
the Euclidean instanton action.4

Quantum corrections to this approximation can be determined
by substituting Veff(¢) for U(¢) (see Appendix I). Similarly
metastable decays at finite temperatures can be calculated
by using Veff(¢,r), and by imposing periodic boundary conditions
on Euclidean time of period 8 = 1/T on the functional integral,
and its solutions.5 One then deals with 0O(3) invariant "static"
solutions to 3-dimensional Euclidean equations of motion, and
the decay rate becomes proportional to exp(—S3/T) where 83
is the Euclidean action of the 0(3) invariant solution.6

Under certain simplifying assumptions, these solutions

look like spherical bubbles in Euclidean space inside of
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which ¢=¢_ and outside of which ¢=0. At the instant of formation
(t=0) in Minkowski épace they are of the same form.

If the bubble once formed,is larger than a critical
radius R, for it to be energetically favorable to grow, it will.

The critical radius R0 can be calculated from variational

calculations.'7 As the energy difference between the two equili-

brium states gets smaller, this radius gets larger.
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Appendix 3: Black Hole Thermodynamics

The fact that black holes radiate thermally with temperature
1

T = B (in units M=c=G=k=1l), has been confirmed in a wide variety
of ways, perhaps because it was too remarkable to be accepted on
the basis of one derivation. We here describe a number of
independent means of demonstrating the result, each of which
illuminates some of the intricacies of gravity as a guantum
field theory.

First, we note the immediate difficulty that in a curved
space background the notion of particle states and vacua becomes
ambiguous. In flat space one decomposes field operators into

positive and negative frequency components, which are then in-

terpreted as annihilation and creation operators respectively.

I.E., if ¢ is a massless scalar fieldsatisfying¢.abnab =0,
we express ¢ as
Cf = Z 3‘ C(.QL ‘\"Fuaj-% . (A3-1)
o

where {f;} are a complete basis of solutions of the covariant wave
equation fi;abnab=0, with positive frequencies with respect to the
time coordinate x0=t. The vacuum is defined as the unique state

such that a; |0> for all i (i.e. one cannot annihilate any particles).
However, in curved space, positive frequencies have no invariant
meaning, because the "time" coordinate has no invariant meaning.
Loosely speaking, it can be "rotated" from one point to another.

In a space with local regions of non-zero curvature, the solutions

to fi;abgab=0 can be defined as having positive frequencies with

respect to some asymptotically flat Minkowski time coordinate.
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However the basis {flj} containing only positive frequencies with
respect to one asymptotic region will not necessarily be the same

as the basis {f i} defined on some other asymptotic region. Hence

2
the initial vacuum state need not be the same as the final vacuum

state, i.e.

a,L \o.§ A0 euvea if a,{o>= 0

Hence it will appear that a gravitational field can cause the
creation of particles, or at least the definition of a particle
state is observer dependent. The problem becomes more acute
when one attempts to uniquely define {fi} in a region of
curved space. Here, unlike the asymptotic flat region, there

is no unique definition of the subspace of solutions spanned

by the {fi}. Depending on the curvature, one may set up an
inertial coordinate system in a region U of a point P with a
coordinate radius R, of the order of the radius of curvature?
One can then choose a family of {fl} which are approximately
positive frequency with respect to the time coordinate of U.
Clearly as the frequency w gets larger compared with the R_l
the approximation gets better. However for those modes w for
which w < R—l, the distinction between positive and negative
modes virtually vanishes. This indeterminacy in defining modes
of wavelength greater than R is reflected in an uncertainty

in the local energy density of order R_4 (in units J?i=c=G=l).3
This uncertainty can be thought of as corresponding to the

energy density of particles created by the gravitational field.

(The back reaction of this on the curvature, via Einsteins equations
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is small provided the initial radius of curvature is small com-
pared to the planck length - which is a statement that the semi-
classical background metric approximation remains valid).
This particle creation via gravitational field is what
is responsible for black hole radiation. The negligable back
reaction described above (in order to maintain the validity of
the semi-classical approximation), represents the statement
that the black hole metric does not change significantly on
a time scale given by the inverse rate of particle creation.
This will be true for black holes larger than the planck mass.
The fact that the particle creation and emission rate from
a black hole are proportional to the surface gravity K(=£% in
dimensionless units K=c=G=l).can be seen as follows. Imagine
a virtual pair created just outside the event horizon, one
particle having negative energy and the other positive. The
particle with negative energy is classically forbidden, but
if it tunnels through the event horizon, it can exist as a
real particle, because negative energies with respect to
infinity are allowed inside the black hole. The other member
of the pair can escape to infinity where it is detected as
thermal radiation. The tunnelling probability is related to
the surface gravity K since this quantity governs the rate of
change of the time translation killing vector (i.e. how fast
this time-like killing vector becomes space-like - allowing
the negative energy particle with respect to infinity to exist
classically). We can actually derive an order of magnitude
estimate of this process, using a slightly different heuristic

description,4 similar to the mechanism of pair creation by strong
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background electric field.4 If each member of the virtual pair

has energy w, the maximum lifetime of the pair is given by a
time of order w—l (setting K=c=1, and neglecting numerical
factors). However if a force can do work on these particles,
giving them an energy of w in a time of order w—l then they can
exist classically as measurable particles. Imagine now the
creation in the field of a black hole of mass M, at a distance
(r > 2GM). If the particles are separated radially by a distance
2 theén the tidal force separating them (which can be derived
from Newtonian mechanics for the purposes of this argument) is

of order

":‘NWGMQ

=< (Ap 3-2)
Hence for real pair creation we need:
“-!

J Fdl > w (Ap 3-3)

o
Using (Ap 3-2) we get

GMe w2 W
For the outgoing photon to reach infinity, r > 2GM. Hence:
- -
W £ (6 (Ap 3-4)

for significant pair creation. If all frequencies up to this

value are created uniformly (to this approximation) then the

differential luminosity %% v ow up to Crax (GM)-l. This gives
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L (GM)_Z. If this radiation were actually thermal then we
could use the blackbody formula L’\JAT4 for a radiator of area

A to associate a temperature with this radiation, given by

T~ (et)” (v sine A~(Gm2) (Ap 3-5)

which is gualitatively correct. (The temperature increases as
mass decreases because r decreases at the same rate as M
and thus the tidal forces increase, increasing wmax')

To describe the exact field theoretic calculation we must
however recall our first description of the ambiguity of deter-
mining positive energy states in curved space-time. For the case
of interest, this ambigquity is explicately determined for the
case of a background Schwarzchild metric in asymptotically
flat Minkowski space. Massless fields can then be described
using (Ap 3-1) with the {fi} uniquely defined at past null
infinitycﬂ_ to contain only positive frequencies with respect
to the canonical affine parameter (proper time) there. Since
Cauchy data on i\~ is sufficient to determine a massless field
everywhere, the form (Ap 3-1) is applicable elsewhere. Another
complete boundary value surface consists of future null in-
finity,.J+ plus the event horizon surface outside the black
hole (see the penrose diagram for this case - Figure 7).

Here ¢ can be expressed as:

¢ = 2;% P k. AR 4. Cc+ 1, aﬂ (Ap 3-6)

where'{pi} have zero Cauchy data on the event horizon and q; have
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zero data ongﬂ+. Alsoﬂ{Pi},can be unambiguously defined to have
only positive frequencies with respect to the affine parameter
441 Since both (Ap 3-1) and (Ap 3-6) describe ¢ everywhere

we must have:

Po = Z‘ %"(HF) + 60;3% (Ap 3-7)

(with similar conditions connecting b,b+ with a,a+).

The critical vacuum state |0_> (containing no incoming
particles) atd is defined by ai|0>'=0. However, because Biﬁ
may not be zero in general an observer attﬂ+ will not measure
this to be the vacuum state. 1Indeed he will find the expectation

value of the number of particles in mode i to be

Lo Vbbb le™> = Z lp,\° (Ap 3-8)

Hence the calculation of the number of particles created by the
hole and emitted to future null infinity reduces to calculating
Bij' The form of this calculation goes as follows. (The details
can be found in Ref. (1).) Using continuous normalization,

the solutions {pw}, {fw'} (w,w" refers to the continuous
frequency variable) are expanded into their Fourier components,
in terms of advanced and retarded time. Thus the sums in (Ap
3-7), (Ap 3-8) can be written as integrals. In order to find

the phase relationship between {pw} and {fw'}' the backward
propagation of the part of {pw} which goes through the collapsing

body and eventually emerges at Jd~ is studied. This becomes tract-

ible because near the event horizon, the retarded time coordinate



118

goes to infinity. Thustheeffectivefrequency<xfthe;hjgetsverylarge
near the event horizon, and it propagates through the body via
the geometrical optics tod where its form can be estimated.
The phase that P, acquires is determined by comparing the
relationship between the retarded time u and a vector which
connects the event horizon to a nearby null surface of constant
u as one translates the vector along the null geodesic generating
the future event horizon, and past the end point of this
event horizon back to f .

This phase is determined by the surface gravity
of the black hole «k, since k determines the scale change of
the time translation killing vector on the horizon. Once the
form of pw on{ is found,wa. in the integral form of (Ap 3-7)
can in principle be determined. Of course since continuum
normalization is used, the integral form of (2p 3-8) diverges,
as the number of particles created over an infinite time is
infinite. However by introducing finite wave packets one can

establish the relationship:

. . +
(probability for black hole to emit particle toJ

with energy E) (Ap 3-9)

= €fl“5Q x (probability for black hole to absorb particle
fromol with energy E)

This condition can then be shown to imply that at equilibrium
black holes radiate thermally with a temperature T = %% (with
H=G=c=x=1) .

Alternatively, a similar calculation can be done using Feyn-

man path integral technigques for calculating particle prop-

agation amplitudes.5 Here, the amplitude that a particle is
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produced by a black hole and detected by an observer outside
the hole in a given mode at a point A, is given by an approp-
riately weighted sum over paths connecting points on the future
singularity of the black hole and A. These paths can be analy-
tically continued to paths connected points on the past singular-
ity of an analytically continued complexified Schwarzchild space
to A. Hence the above amplitude can be related to the
amplitude to propagate to A from a point on this past singularity.
This amplitude is just the time reversed amplitude for particle
absorption by a black hole. Thus absorption and emission are
related and (Ap 3-9) is again derived.

Perhaps the simplest field theoretic argument that black
holes have associated with them a temperature is given by
examining the functional integral formulation of gravity.

Consider the Schwarzchild metric:

1 z
dee (- 2R 3 (mam) A e o 319

Putting t = iT converts this to a positive definite metric
for r > 2M. The apparent singularity can be shown to be merely
a coordinate artifact by defining a radial coordinate

—1)1/2

X = 4M(1-2Mr ;, giving

Ast = Yz(é-t-y (o) ANEErdt
4m Zm

There is again an apparent singularity at r = 2M,x = 0, but this

can also be shown to be a coordinate artifact by taking T1/4M
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to be an angular coordinate with period 27. This apparent
singularity then becomes just like the origin of polar coordinates.
Now if 7/4M has period 27, T has period 8mM. Thus the Schwarzchild
solution is a solution to the Euclidean equations with period

8TM in imaginary time. Euclidean Greens functions defined on

this background will then automatically also have period 8mM

in 1. However, we know that the Greens functions of a theory

at finite temperature T are periodic in Euclidean time with

period B' = 1/T. Hence fields propagating in a black hole
background will be propagating in a thermal background with

temperature T = 1/871M,
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Appendix 1lV: Computer Program and Output

INFUT Nage of output f1lat “;cutfilet .
O2ENvi,outiiies ‘
INPUT "Name of input file? “,infilet
OPEN&1 . infiies

ON EQF#: CLOUSE:PRINT"DONE".ENL

IRPUTEI  m.nenber

JF mtie-¢ THEN iteme80 ELSE itemwil

IT wmo 18?7 THIN {iewm=sé

LET limitel 0/().3e=-20%aA2)

LET phsiimitrie-2

iT pbhtitem/ (]l de-1%*mAad; THEN GOTGC 137

GOTY [ad

PRINT PRINT"pb now sat =";pb,"” and is below minimum allowed densziy”

PRiNT#4, PRINT#2,"pb now set 2";pb." and i{s beiow BIDIBUD 3..0wel cansity

PRINT 'we now a@o to the nest s va,ue" PHRINT

PRIRVLI "we how no to the nezt m value" PRINT#Z.

GOTO 139

eC3Ua Lol

GCUTO 120

I7( ERR)=255 THEN ENL:GOTC 130

FRIWT FRINT"LRROR NUMBZR ".( ERRJ." IN LINE ",( LRRLIN)," HAS HALTLD EXECUTION" FRINV
FRINT#2; PRINT4#2,"EZRROR NUMBIR “.( ERRA)," IN LiNQ ",¢ ZRRLIN)." }AS HALTLC EXLCUTION"
iNTiz.

GuTC 3658

LULT TN mimt{t)sfint(D¥Mspe-ttkappa/MAb)

GLi T etet(ti=-fintkt*c*SQR(0t)

GET IN psps(tiu-fint(wkectSQR(pt)+pb/ps* TN mtat(t))

WP TR ebpb(t)zfint{ FN mtmi(t)-brceS50R(pt))

jteration=0. izl .factorsd

Rc¥ Ol ERR GOTO 200

PRINT'm= ".B,” pb=",pb " numlbers" ;number
EAINTS. . S po=";pb;" nusber:" ;number
1V ®),46 THEN finz=ie-30:LLSE finci

irv fin=1{ THEN GCTO 70¢

PRINT PRINT Time scile is now ILiD times what it was. *“:PRINT

TRINTe L, FRIWTel,"Time scele is now 1£i0 itimes what it was " PRINTI®Z.
LET kel .Be-i5 D=l 0e-13 .ba3 MIN=HM

(3 SO

perp=bl

LET el

iF MiH{x:e-4 THEN Kaupa=80 EL5E kappa=:%

if m)ie? THEZIN kappu=¢
kritzkaDbe

LET sim=6. il twfall

tes

iy

1080

LiT €22.3e-5

LET r1os€~20 y=1¢i0 J=ie-30 puss=1¢i0
LE7 vellow=ie$ red=1e-5

w=4

LIT same- .|
RATL#b.4E9 BATEsIL)D :TEMP=JEi 4
usz=i

twen=510

thou=,00

$s./6: 82

counieral

au.rTt= 25 :LICHTY=B0

L2l i®%.5:0a43

LET pszRtXAYFA/MAL/D

WiT pizobeps

PRINT VUSING Y¥D.b."ps® "M, "t , "7, "TBiH" ,"R/RD", """
PRIiTs2 UBING %€Q10,"ps™, "M, "t", "T8" ,"TBH","R/RC","T"
IF ps:y THIN GOTO 1180

{F FB)vy THEN GCTU (185

COTU 1352

“ET OxD*v cxctpuss plapb?r ps=spsty ptapttr

wET ratermrateoryeliow

LET fuctorsfactors:

GSTY 14080

1F psir THLN GOTD 119§

1t FB.r THIN GOTO i.9$

GOTE 300

“ET =0T czc%) phspL*y psxpsty ptaptty
LE7 vate=ratetreu

LLT lactorafactor-4

LT ktisbens/nt

LET i=lei . jterntionniterctionss

Tn
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IF toscons={ THEN GOTO 1980

LET RaABBis«me/ TN psps(t))

{f(min-M)/min) 85 THEN roscoeni

LET nish* TN pbpb(t)

LET liz=h* FN psps(t)

mi=ht FN ptpt(t)

LET kisht FN Btmt(t) q«M:veps:anpt nspd

1F parpsil THEN GOTO 5845

IF li)twen THEN h=zie-4tt:perpxperp+l GOTO 1900

tatefth Mao®EXP(f9ki) ps=wALXP(£2]]) pt=a®LIP(f8mi) pbanrEXP(f2ni)

IF M<ie-7%min GOTO 37200

k2eht N atmt(t) . 12ah* FN psps(t) :ml=ht FN ptpt(t) . n2ah* FN pbpb(t)

IT 12)twen THEN tst-foh:asle-4%t Meqg pswv pitsa pban:perpaperpel GOTO 1¥00
H-Q'EXP(I-EZ).ps-v'i!P(l'lZ):pt=a!th(f!.2)Apb-n'tXP(t!nZ)

IF M(le-Ttmin GOTO 370¢

¥3cht FN atmt(t):13«h* IN psps(t):m3=h* FN ptpt(t):a3:ht FN pbpb(t)

3T 13)twen THEN tetef®h heje-A2t . Maq:ps=v.ptsa . pbasn:perp=petosl GCTO 1§00
tatefo)i MagtEXP(10k]) . g:-v'il?(ltla) ptaatLIP(f2n3) pbasn*LXFPi{f*n3;

IT M(ie-7%min GOTO 370

kd=h* FN mtat{i) :I4=he FN psps(t) mdch? FN ptpt{t) ndsh® FN pbpb(t)

IF 14)twen TKIN t‘t h:h=ja-42¢ Mxq psav . ptua: pbsn:perpzperv+i . GCTO 1900
Mug*EXF(S2(kiextk24x%k3ekd))

Ppe=vRLIP{st(lies®]2as1ls14))

ptacaLIP(st(mitst*mlisosTal+ng))

phsntEXP(stini+ntnl+stniend))

LET risrta(kt/stca50R(pt)MReiIA(RIXL)

iF counter=! THER GOTO 2900

iF ps){pt/S) THEN PRINT"t critical is " ¢t :PRINT#2;"t oritica) is ", ,t:ELSL GOTO L%00
countersl

TH«RATESEGR(SGR(ps/krit))  TBH=BATE/N

LET stand=irit

iV ts)sjiow THEN kritstwf

T TS:TLMP THEN kii1t=LIGHTY

tuh/=low THEN kappa=twt

TBRYTEMP TREN tappesfICHTY

T ops=(perkrit)/stind

Joiestz=time

pl):v THEN timeal:ELSL time=0

timertest THEN GOTC 3454

time tesi THEW GOTO 3230

GLTO 3506

PRINT . PRINT"ps has sturted to decrease at te”,t-h,"ps=",;ps,"M=";M,"TB=" ,TBH,"T5=" .75, 'K
IRGe " ;rt,"factors" ;factor: PRINT

PRINT#:, ' PRINT®2;"ps has stuited to decrease at te";t-h,"psx",ps,"M=" M, "TB="TLHd. "6
, TS5, "RIRGe "irt,"tactoru”,factor PRINT#Z,

GCGTO 3%00

FRINT FRINT"ps hus stirted to increcse at t=";t-h,"ps=";ps,"Mas" M, "TB=" TBH . "Th2" .TE, "k
IRG= ";rt,"facter-",factor PRINT :

Pthllz, PKINT#2;"ps his started to tncreale at te" t-h, "ps=""ps, K=" M, "TB=" ,TLH . "75="
TS, "HIRG= "1t , "factora",{actor PRINTS

‘r d!n'ns<0 C0ir((k*kapra)/{mAad)) THEN GDTG 3480

IT Iznumber GOTO 3600

GUTO 1125

FRINT USINC 9000,ps M, t,T5, TBR,rt,factor :PRINT#Z UBING v000.ps,m, t s, tbh,rt, factor J.0
IF iteration<1001 GOTD 112§

PRINT"LXECUTION TERMINATING AFTER 1000 ITERATIONS®

PRINT$2,"ZIECUTION TERMINATING ATTER 1000 ITERATIONS®

RETUKN '

LET taus(mAb)/(bek%kappa)

PRINT :PRINT "Black hole now eviporating unimpedsad in time ts" tzv

PRINT4#Z, PR{NT#2."Black hole now evaporating unimpeded in time (=",tau
LET tatetau

PRINT"tota!l elapsed time is ";t

PRINTA. . "total elapsad time is “:t

LET ktebeQ 3% (j-ps/pt)

PHINT "kt is now "kt

PRINTGZ. "kt is now " Kkt

LET ptept/(iel . SektrerBGR(ptI)Rtam)

PRINT"pt is now ",pt

PRINT$2,"pt Is mow ";pt

LET rteci®(kt/20c*SQR(pt)vtausldA(2/kt)

PRINT"Rt/RO is now " rt:PRINT

PRINTS$Z,"Rt/R0 is now ", st .PRINTS#Z;

GOTO 3842

FRINT PRINT" the smallesi value of K is ", M

PRINT* at (his time ‘he value of ps is ' ,ps

PRINT" decay lime (tp=t®*1QE-30) is "t PRINT

PRiNT62, PRINTH2;" th: smallisst velve of M is " N

PRINTS:." at this time the value of ps is “,ps

PRINTH:." dacay time (ip=t®j0L-2() 48 “. L

.
]

o r B e e
""l":t“l!’l"l"‘l

FRINCS2, PRINTEZ, PRINTS®2, :PRINI M,

LIT isa{ratedBCGR(BAR(Dt/krit) )

PRINT.PRINT"Tspace if now not more then “,ts." Gev" PRINT

PRINT®Z; (FRINTE2."Tsvace is now not mors then ";ts;” Gev"' PRINTHZ:
LIT jimitslimit®ie-2 :memin

FOP.GCTO 134

FRIN: .PRINT"we now go to the next m value” :PRINT
FRiINT&2, . PRINT#2,"we now go to the next m valoe” PRINTSZ:

RETURKN

IMAGL -6 . 4804, 4X, -3 484E 4%, -8 4O04L 42, -8 4041, 4X , -8 €841, 4X, -0 4641, 4,52
IMAGS 13€C,18C,35C.15C, {SG,18C.5R



.01

-4
[

[ ]
SO3LE+0%
 776EE+0Y
. DE45E+GY
L 6285E+08
0513L+68
C4762E+08
.5135E-08
I506E+07
_6543E+07
GS8UEDT
L1i25E+07
J%9i3E+07
CBFATE 04
. BIGTE+06
L9S04C~06

e e hak e i R e )

954&901
CiE+03

R R Ry 2 mllu&:b Hl.!l."-‘\n'."l.-l

-ﬂe-t‘v-«-hvm:--l-d

. 3133T+02
LBBéaL+01
‘a$OJE+Gi
63G6E~01(
. ¢308E+0
RGBeT+di
nSFﬂn—Eﬁ

t‘
<
B
i
:8
€
g
5%
i

L
a
4§
J
[
4
2
M
Lé
?
dl
¥
LE
L
. P
.0

SOTD s e BRI E3.00 B D
TR g  CF S L3 w e wa

nl'l'llll!l

OGO ocoO OGOt acor :

[
£

~o-.-|.ncll- Qa e Y

=

[}

L

[

L
'

i
i
Z
i
z
i
&
r
2
]
]
3
5
5
4

R 1N m\-!«)tn(‘h\-o-a-:t_lc:l.-v~.-t-.am.-...—-._-,g.-,‘r. SR e b e e

o e
o -
oo
[T
[0

 614BE-D4
1. 00180 -04
6. F70LE<0S
§.38530-05
§ 3VL.40-08
3. BE67L-0S
E A 3
t eriticatl
3 2%42L-065
3. 177&E~05
o8 has
T8:2 . 88LISE

"

started to
il RiRd= 4 BZB5ZE+06

~08

123

Appendix 1V: Table A-1

phs?g6!2312417 ?unb!rss
1.00C0E-02 6.6B09E-06
i.DOOGE=-D2 1.4718E-D5
1.0000E-02 2.43B4E-035
1.0000E-02 3.84016E-0D5
1.0000E-02 5.0010E-0S
1.00GOE-02 6.6B4BE-05
1.0000E-02 8.7113E-03
1.6000E-02 1.11581E-04
1.0000E-02 1.4088E-04
i.0000L-02 1.7425C-04
1.0000E~02 2.1888E-04
I.6000E-02 2.7030E-04
i.0020E-02 3.3137E-04
i.0000E-02 4. 073%E-0G4
1.0000E-02 4. 9813E-04
1.0000E~D2 é.0B50E-04
1.0000E-02 7.4179E-04
1.0000E-0G2 $.0704E~-04
1.0000E-02 1.1092E-03
i.G000E-D2 1.3601L-03
i.00002-02 1.6749E-03
i.GO0DE-D2 2.075%C-03
i.BOOOE-DZ 2.5971E-04
1.0000E-0G2 3.2925L-03
1.00602-02 4.2527E-03
3. 0000E-02Z 5.634%E-03
1.00000-C2 7.7197E-03
i.0000E-02 1.4007E-02
L.0%00E~0D2 1.6351E-62
1.0000E-02 2.514BE-02
1.0000E-C2 3.7600E-02
J.0000E-DZ 6.317RE-02
1.00C0E-02 1.01S5E=D1}
1.0000E-0C2 J.6370E-01
1. 0000E-02 2.4428E-0i
i.00CGDE=D2 4.2695L-01
1.0000E-02 6.8997E-0D1
1.0000E-02Z 1.1152E+00
i.00C0E-C2 1.8026E+00
1. 0D0OE-02 2.9i370+00
1 CO20E-D2 4. 7097E+00
i . 00DDE~-CZ 7.6133E+00
1.0000C-02 1.2307E+01
i.0000C-0%2 1.9B%4E+01
I .0U0CE-02 3.2158E4+01
1.000C0C-02 5.198ZL+01
9 99ISE-023 B.40L8E+01
¥.9FYRE-G3 1. 3503E+02
V.5596E-03 2.1957e-02
§.9997L-02 3.54%4E+02
7.99956-63 9.73765+02
§.9991R-02 $.2752E+02
9.9586E-03 1.4994E+03
?.9Y770-03 2.4241E+03
9.99638-03 3.5172E+03
5.9940E-D3 6 3373C+03
% F9C3IE-03 1.024%E+04
§.7842E-02 :.6581E+04
¥.%744E-03 2.68582+01
9. .%585E-03 4.2474E+049
7.%3242-03 7.0524C+04
§.86Y%L~03 i.1866E+00
7.8i%0L-C3 1. 8711E.0Y
¥ . 6952E-03 5. 0737E+0%
9 q89L7-03 §.1106E+03
9.iB45E-05 7.%¥1i6E+050
8.B56iE-03 1. D71i3E+06
8. 5G57E-G3 §.3514L+0¢
B.1218E-C3 1.63i5E+04
7.697BL-03 1.91146E+08
Z.i9162E-04

7.2212E-038 2.1%9:7E+086
6.84723E-03 2.4718C+0¢

increase at t=2

6378B3L+06

By G g G S

»

TS

8.9175E+11
7.8936E+i1
6. 9795E+11
6. 1712L+11
3.4545E+11
4.8B248E+11
4.2455E+11
3.7759E+11
3.3351E+11
3.%48%E+«11
2.6074E+11
2.3055E+313
2.D3B4E+11
1.80246E+11
1.5940E+11
1.4095C+11
1. 2465E+11
1. 1024E+11
§.7496E+10
B.6237L+10
7.628%E-140
4. 7500E+10
5.%73BE+140
U.2BLBE+10
4.4837E+10
q.3499E+10
3.67B8E+10
3.2624E+430
2.8%37E10
&.
2
2
1
i
1
i
1
g
8
7
&
14
5
4
4
3
3
2
2
2
2
1
1
i
i
i
i
3
?
7
é
L]
4

G668E«10

L2747E+10
L0193E410
.7P05E«10
.9BB3IE+iD
40B6E+10
.2493E+10
-L079E+10
.B258E+0DY
.7142E-09
.71B3E+0Y
.8390E+09
.0765E+09
L3508L+09
.7CI0E+D?
. 24012409
LTEDALSD0E
33650409
LFETEEHDY
.6230L+09
.2263L+0F
LOEILL-09
.B297E+09

IL7E+D%
iL+0?

50%2E4 08
BBESE+408

.3356L+08

E47¢60+08

.4BR7E+0R
.2742E+048
. 131067 +08
.0305E+08
.PE0EE+TB

.9:38L+08

2.8877E+08

ps-=3.152BE-0UD
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Appendix V: Baryon Production - an outline

In order for a net baryon number to be generated dynamically
it is clear that baryon number violating interactions are necessary.
Also, in order for more baryons than anti-baryons to be produced
these interactions must also violate C and CP invariance. Also,
since in equilibrium equal numbers of particles and antiparticles
must exist, particle distribution functions must depart from
their equilibrium values. 8Since, in a free expansion massless
particle distributions keep their equilibrium values even in the
absence of interactions% this implies that relevent baryon
violating interactions must involve heavy particles.

Consider a superheavy particle X with baryon violating
decays X+ £q , qg with branching ratios r, and l-r respectively.
The mean net baryon number produced when an X, X pair decay
independently is then B = %r - %(l-r) + (%%)E + %(l—f) = r-r,
where r is the branching ratio of X » gf. While total rates for
particles and anti-particles must be equal by CP, a CP violating
phase induced via interference in higher order interactions
allows r#r.

The order of the interaction at which CP violation first
appears thus determines the amount of baryon production (i.e.
r-r), which will be proportional to e(Z—’;)Q where ¢ is the
phase angle characterizing CP violation and is the total number
of loops in the graphs whose interference induces the violation.
In minimal SU(5) the lowest order occurs in Higgs decay at four

4 17 . bBn, 4B
loops. Thus AB = ea_ <X 10 . Since at best, N = = 5

X
Y
(where N is the total number of helicity states), this level of

b'b
w

baryon generation is too small. Thus more complicated GUTs must
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be used to generate baryon number. The addition of Higgs multi-
plets, and larger gauge groups, allow one in principle to increase
AB to phenomenologically acceptable levels.2

An additional problem occurs in the context of the standard

scenario, because in order for X-decay to produce net baryon

number, their number density distribution must be out of equilibrium, and

inverse decays must be suppressed. This is a highly restrictive
problem in general, and further increases the probability that
any baryon number generation comes from the Higgs sector of the
theory. This particular problem is removed in the black hole
scenario because black hole evaporation takes place when the
temperature of space is significantly below the mass of

particles which generate baryon number, Thus for a further
discussion of decay rates and equilibrium problems and their con-

. . . . 3,4
nection with heavy particle masses we refer to the literature.,™’
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Table 1. Evolution of the Initial State for Varying M,, ng

M, (kg) pgﬁ(kg/u3) KT, (GeV) kT 4 (GeV) Re/Ry  aq0qy(5€0)
1076 7. 7x10%? 1016 4.8x10%4 598 1.09x10" 36
1076 7. 7x10%7 1016 4.8x10%4 157 1.09x1073¢
10°¢ 7. 7x10%° 104 gx102t 8.9x10% 1.11x10730
1074 7.7x20%3 1014 6.5x10%1 2.8x10% 1.11x10730
1074 7.7x108% 1014 6.49x1011 10374  1.p9x10” 30
1074 7.7x107? 104 6.5x101% 2743 1.09x107 30
1072 7. 7x108% 1012 3.6x10° g8.1x10’ 3.5x107 2%
1072 7.7x107° 10%2 3.63x10° 2.1x107 3.s5x20”24
1072 7.7x10" 7 1012 3.64x10° 5.6x10%  3.5x107%%
1072 7.7x107° 1012 3.62x10° 1.4x10%  3.sx107%4
1072 7.7x1073 1012 3.63x10% 3.8x10° 3.5x10” %4
1072 7.7x107% 1012 3.64x10% 1.0x10° 3.5x10”24
100 7.7x2077 100 3.62x10° 2.1x10%0 3.5x107%8
10° 7.7x207° 1010 3.62x10° 5.5x10° 3.sx1o0”18
10° 7.7x1073 1010 3.62x10° 1.45x102 3.5x107 18
10° 7.7x107% 1010 3.63x10° 3.8x10% 3.5x10718
10° 7. 7x20%° 1010 3.62x10° 1.0x10% 3.5x10718
10° 7. 7x1087 1010 3.62x10° 2.6x10° 3.5x107%8
10° 7.7x10%3 1010 3.63x10° 6.9x10% 3.5x10718
10° 7.7x10%3 1010 3.64x10° 1.8x10% 3.5x10718
10° 7.7x1073 10® 3.62x102 5.4x10%2 3.5x10712
102 7.7x107% 108 3.63x10% 1.4x10%2 3.5x107%2
102 7.7x108° 108 3.63x10% 3.7x10%1 3.5x20712
102 7.7x10%7 108 3.62x10° 5.9x10% 3.5x10"12
102 7. 7x10%° 108 3.63x10°2 2.6x10%  3.5x10712
102 7.7x10%3 108 3.63x102 6.8x10° 3.5x107%2
10* 7.7x20%° 10® 3.63x10" % 1.4x10%° 3.5x1076
104 7.7x10%7 10° 3.64x1071 3.7x10%% 3.5x107¢
104 7. 7x1083 108 3.62x107t 9.7x1013 3.5x107€
10t 7. 7x10%3 10° 3.63x107 % 2.5x10%% 3.5x107¢
104 7. 7x1081 108 3.63x10°1 6.7x10%2 3.5x1076
104 7. 7x10°° 108 3.62x107 % 1.7x1012 3.s5x1076
104 7.7x10%7 10° 3.63x1071 4.6x20%1 3.5%1076
10? 7. 7x10°% 10% 3.63x1071 1.2x10%1 3.5x1076
104 7.7x10°3 108 3.62x107 % 3.2x10%0 3.5x1076
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Table 2: Black Hole Acceleration Resulting From Initial Thermal Fluctuations

E
2 F
A A B c B B D () a Av
Mo o P tfinal %o %s 2r¢inal Vﬁ . 2rg av
1076 1089 3x10%0 3x10737 4.64 1.5x10733 6x10730 109 ox1073t .15 2.8x10%2  gx10
... 1087 3x10%® ... 21.8 ... ... ... ... .. ... ..
1072 10%° 3x1038 3x1073! 4.64 1.5x10731 2.8x107%°  10%  o9x107%7 3x107% 1x10° 3x10°
1083 3x1037 ... 21.8 ... ... ... ... ... ... ..
1081 3x10%% ... 100 ... ... ... ... ... ... ..
107% 3x103% ...  4.64x10% ... .. .. .. ... .. ..
1072 1081 3x10%% 10724 4.64 1.5x10722 2.9x107%% 102 3x107%2 1x1072 75x10%°  6x10
107l 3x1031 .. 104 ... ... .. ... Ve ... ..
10 1077 3x103% 1071%  4.64 1.5x107%7 1.4x107Y°  10°  3x107'® 2x1073 1.2x10%®  1x10°
1083 3x1027 ...  2.1x10° ... ... ... ... ... ... ...
102 1073 3x103% 10712 4.64 1.5x1072% 6.2x107 1 1072 3x107* sxa0”? 1.2x1010  1.2x107

Key: A. all quantities in MKS units

- _ 3 0
B. r(t) = kOrichwarzchild kit) = kOrs(l"'Z (QTOT

C. &p=3x10 " tg

r. (1 + pt)2/3

1172 (2.3x1075%)¢)2/3 - koI

= - _ 3GM 2
D. £ =3 Vof:f E. rav = 3/5 rfinal F. aav = —(-2?):,'2 X S:—f)
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Table 3:

Monopole to Entropy Ratio Arising from Initial State Production

2 3 .1n * . % L . n n
0 (Gev) M, (kg) ng(kg/M3) nowvit S o AT 3 153l3 (=) DA X4 bilution (gﬁ) (=
i (He) s /k F Max °F
10t% 1074 1083 10%° 1021 1073 4.6x10°7 1x10°% 7.2x10”? 7x10”1? 7x10°1°
.. .. 1083 1087 .. 1075 a.6x10%3 1053 3.ax10”7 ax1071? gxas~Y’
) ... 1081 1085 ... 1077 4.6x10%° 10%%  5.2x1076 5x10713 5520718
... .. 107? 1083 .. 1072 4.6x10%° 10%%  2.3x107% 2x10713 2x107%4
1012 1072 1081 1083 1083 1003 4.6x10%° 10%7  7x107Y 7x10717 7x107%4
... ... 1079 1081 ... 1075 4.6x10%% 10%*  4.6x2071% 4.6x10"17ax10722
... ... 1077 1079 ... 1077 4.6x10%t 1041 2.9x10719 3x10717 3x10720
... ... 1070 1077 ... 1072 4.6x1037 1038 3x107%  3x1071? 3x10718
... .. 1073 1073 ... 1w0- ee. 1.3x107% 1.3x10"171x107Y7
... .. 1071 1073 ... 1 . ... 7x107°  7x107 18 7x10718
*in units H=c=1l: D~ 102772 Gev n (5.8x10'48)Gev3
R 107142 (Gev) 822 (Gew)
R 0 0
Tinitial

Teinal

Dilution factor » 1
3

R

(<)

R
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