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Abstract

This thesis consists of three methodological contributions to the literature on the regression discontinuity
(RD) design. The first two chapters develop approaches to the extrapolation of treatment effects away from
the cutoff in RD and usc them to study the achievement effects of attending selective public schools, known
as exam schools, in Boston. The third chapter develops an adaptive bandwidth choice algorithm for local
polynomial regression-based RD estimators.

The first chapter develops a latent factor-based approach to RD extrapolation that is then used to estimate
effects of exam school attendance for inframarginal 7th grade applicants. Achievement gains from Boston
exam schools are larger for applicants with lower English and Math abilities. I also usc the model to predict
the effects of introducing either minority or socioeconomic preferences in exam school admissions. Affirmative
action has modest average effects on achievement, while increasing the achievement of the applicants who
gain access to exam schools as a result.

The second chapter, written jointly with Joshua Angrist, develops a covariate-based approach to RD
extrapolation that is then used to estimate effects of exam school attendance for inframarginal 9th grade
applicants. The estimates suggest that the causal effects of exam school attendance for applicants with
running variable values well away from admissions cutoffs differ little from those for applicants with values
that put them on the margin of acceptance.

The third chapter develops an adaptive bandwidth choice algorithm for local polynomial regression-based
RD estimators. The algorithm allows for different choices for the order of polynomial and kernel function.
In addition, the algorithm automatically takes into account the inclusion of additional covariates as well as
alternative assumptions on the variance-covariance structure of the error terms. I show that the algorithm
produces a consistent estimator of the asymptotically optimal bandwidth and that the resulting regression
discontinuity estimator satisfies the asymptotic optimality criterion of Li (1987). Finally, I provide Monte
Carlo evidence suggesting that the proposed algorithm also performs well in finite samples.

Thesis Supervisor: Joshua Angrist
Title: Ford Professor of Economics

Thesis Supervisor: Parag Pathak
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Chapter 1

Exam Schools, Ability, and the Effects of
Affirmative Action: Latent Factor
Extrapolation in the Regression

Discontinuity Design

1.1 Introduction

Regression Discontinuity (RD) methods identify treatment effects for individuals at the cutoff value deter-
mining treatment assignment under relatively mild assumptions (Hahn, Todd, and van der Klaauw, 2001;
Frandsen, Frolich, and Melly, 2012).! Without stronger assumptions, however, nothing can be said about
treatment effects for individuals away from the cutoff. Such cffects may be valuable for predicting the ef-
fects of policies that change treatment assighments of a broader group. An important example of this are
affirmative action policies that change cutoffs substantially.

Motivated by affirmative action considerations, this paper develops a strategy for the identification and
estimation of causal effects for inframarginal applicants to Boston’s selective high schools, known as exam
schools. The exam schools, spanning grades 7-12, are seen as the flagship of the Boston Public Schools
(BPS) system. They offer higher-achieving peers and an advanced curriculum. Admissions to these schools
are based on Grade Point Average (GPA) and the Independent School Entrance Exam (ISEE). The RD design
generated by exam school admissions nonparametrically identifies causal effects of exam school attendance

for marginal applicants at admissions cutoffs. Abdulkadiroglu, Angrist, and Pathak (2014) use this strategy

1Cook (2008) provides an extensive treatment of the history of RD. See also the surveys by Imbens and Lemieux (2008),
van der Klaauw {2008), Imbens and Wooldridge (2009), Lee and Lemieux (2010), and DiNardo and Lee (2011).
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and find little evidence of effects for these applicants.? Other applicants, however, may benefit or suffer as
a consequence of exam school attendance.

Treatment effects away from RD cutoffs arc especially important for discussions of affirmative action at
exam schools. Boston exam schools have played an important role in the history of attempts to ameliorate
racial imbalances in Boston. In 1974 a federal court ruling introduced the use of minority preferences
in Boston exam school admissions as part of a city-wide desegregation plan. Court challenges later led the
Boston school district to drop racial preferences. Similarly, Chicago switched from minority to socioeconomic
preferences in exam school admissions following a federal court ruling in 2009.3

This paper develops a latent factor-based approach to the identification and estimation of treatment effects
away from the cutoff. T assume that the source of omitted variables bias in an RD design can be modeled
using latent factors. The runmning variable is one of a number of noisy measures of these factors. Assuming
other noisy measures are available, causal effects for all values of the running variable are nonparametrically
identified.? In related work on the same problem, Angrist and Rokkanen (2013) postulate a strong conditional
independence assumption that identifies causal effects away from RD cutoffs. The framework developed here
relies on weaker assumptions and is likely to find wider application.”

1 use this framework to estimate causal cffects of exam school attendance for the full population of
applicants. These estimates suggest that the achievement gains from exam school attendance are larger
among applicants with lower baseline measures of ability. I also use the latent factor framework to simulate
effects of introducing either minority or socioeconomic preferences in Boston cxam school admissions. These
reforms change the admissions cutoffs faced by diffent applicant groups and affect the exam school assignimment
of 27-35% of applicants. The simulations suggest that the reforms boost achievement among applicants.
These eflects are largely driven by achievement gains cxperienced by lower-achieving applicants who gain
access to exam schools as a result.

In developing the latent factor-based approach to RD extrapolation I build on the literatures on mea-
surement error models (Kotlarski, 1967; Hu and Schennach, 2008; Evdokimov and White, 2012) and (semi-
Jnonparametric instrumental variable models (Newey and Powell, 2003; Darolles, Fan, Florens, and Renault,
2011).% Latent factor models have a long tradition in economics (Aigner, Hsiao, Kapteyn, and Wansbeek,
1984). In the program evaluation litcrature, for instance, latent factor models have been used to identify the
joint distribution of potential outcomes (Carneiro, Hansen, and Heckman, 2001, 2003; Aakvik, Heckman, and

Vytlacil, 2005: Cunha, Heckman, and Navarro, 2005; Battistin, Lamarche, and Rettore, 2013), time-varying

2Dobbie and Fryer (2013) find similar results in an RD study of New York City exam schools.

3The use of affirmative action in exam school admissions is a highly contentious issuc also in New York City where a federal
complaint was filed in 2012 against the purely achicvement-based exam school admissions processdue to disproportionately low
minority shares at these schools.

4This is similar to ideas put forth by Lee (2008), Lee and Lemicux (2010), DiNardo and Lee (2011), and Bloom (2012).
However, this is the first paper that discusses how this framework can be used in RD extrapolation.

SFor other approaches to RD extrapolation, see Angrist and Pischke (2009), Jackson (2010), DiNardo and Lee (2011), Dong
and Lewbel (2013), Cook and Wing (2013), and Bargain and Doorley (2013).

6See also the surveys by Ilausman (2001), Blundell and Powell (2003), Chen, Hong, and Nekipelov (2011}, and Horowitz
(2011) as well as the references therein.
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treatment effects (Cooley Fruehwirth, Navarro, and Takahashi, 2011), and distributional treatment effects
(Bonhomme and Sauder, 2011).

The educational consequences of affirmative action have mostly been studied in post-secondary schools
with a focus on application and enrollment margins. Several papers have studied affirmative action bans
in California and Texas as well as the introduction of the Texas 10% plan (Long, 2004; Card and Krueger,
2005; Dickson, 2006; Andrews, Ranchhod, and Sathy, 2010; Cortes, 2010; Antonovics and Backes, 2013,
forthcoming). Howell (2010) uses a structural model to simulate the effects of a nation-wide elimination of
affirmative action in college admissions, and Hinrichs (2012) studies the effects of various affirmative action
bans around the United States. Only a few studies have looked at the effects of affirmative action in selective
school admissions on later outcomes (Arcidiacono, 2005; Rothstein and Yoon, 2008; Bertrand, Hanna, and
Mullainathan, 2010; Francis and Tannuri-Pianto, 2012).

The rest of the paper is organized as follows. The next section outlines the econometric framework.
Section 3 discusses extensions of this approach to fuzzy RD and settings with multiple latent factors. Section
4 discusscs identification and estimation of the latent factor model in the Boston exam school setting. Section
5 reports latent factor estimates. Section 6 uses the model to analyse effects of affirmative action. Section 7

concludes.

1.2 Latent Factor Modeling in a Sharp RD Design

1.2.1 Framework

Suppose one is interested in the causal cffect of a binary treatment D € {0,1} on an outcome Y € ) that
can be either discrete or continuous. Each individual is associated with two potential outcomes: Y (0) is the
outcome of an individual if she is not exposed to the treatment (D = 0), and Y (1) is the outcome of an

individual if she is exposed to the treatment (D = 1). The observed outcome of an individual is
Y = YO0)1-D)+Y (1)D.

In a sharp Regression Discontinuity (RD) design the treatment assignment is fully determined by whether
the value of a continuous covariate R € R, often called the running variable, liecs above or below a known

cutoff ¢.” That is, the treatment assignment is given by
D = 1(R>¢).

I ignore the presence of additional covariates to simplify the notation. It is possible to generalize all the

results to allow for additional covariates by conditioning on them throughout.

"In a fuzzy RD the treatment assignment is only partially determined by the running variable. I discuss this extension in
Section 1.3.1.
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The sharp RD design allows one to nonparametrically identify the Average Treatment Effect (ATE) at the
cutoff, E[Y (1) = Y (0) | R = ¢], under the conditions listed in Assumption A. Assumption A.l restricts the
marginal density of R to be strictly positive in a neighborhood of the cutoff ¢. Assumption A.2 restricts the
conditional cumulative distribution functions of both Y (0) and Y (1) given R to be continuous in R at the
cutoff ¢.® Finally, Assumption A.3 requires that the conditional expectations of Y (0) and Y (1) exist at the
cutoff ¢. Under these assumptions, the Average Treatment Effect at the cutoff is given by the discontinuity
in the conditional expectation function of Y given R at the cutoff, as shown in Lemma 1 (Hahn, Todd, and

van der Klaauw, 2001).

Assumption A.

1. fr(r) > 0 in a neighborhood around c.

2. Fyynr(y ) and Iyqyr(y | r) are continuous in v al c for ally € Y.
E[YO) | R=d,E[J]Y(1)]| R=¢ < co.

Lemma 1. (Hahn, Todd, and van der Klaauw, 2001) Suppose Assumption A holds. Then
EY(1)=Y(0)|R=¢ = 1()1&)1 {ElY |R=c+ | —-E]Y|R=c—4d]}.

Lemma 1 illustrates the power of sharp RD as it nonparametrically identifies the Average Treatment
Effect at the cutoff under relatively mild assumptions. However, there is not much one can say about the
Average Treatment Effect away from the cutofl without stronger assumptions. Figure 1-1 illustrates this
extrapolation problem. To the left of the cutoff one observes Y (0) as these individuals are not assigned to
the treatment whereas to the right of the cutofl one observes Y (1) as these individuals are assigned to the
treatment. The relevant counterfactual outcomes are instead unobservable.

To motivate the importance of extrapolation away {rom the cutoff, suppose one wanted to know the
Average Treatment Effect for individuals with R = 7y to the left of the cutoff. For these individuals onc
observes E [Y (0) | B = r¢], but the counterfactual E[Y (1) | R = rg] is unobscrvable. Similarly, suppose one
wanted to know the Average Treatment Effect for individuals with R = 7y to the right of the cutoff. For
these individuals one observes E[Y (1) | R = ry], but the counterfactual £[Y (0) | B = r;] is unobservable.

In this paper I develop a latent factor-based solution to the extrapolation problem. Consider a setting

in which R is a function of a latent factor § and disturbance vg:

R = gr(0.vg)

where g is an unknown function, and both € and vy are potentially multidimensional. Suppose, for instance,

that R is an entrance exam score used in admissions to a selective school. Then, it is natural to interpret R

8Continuity of the conditional expectation functions of the potential outcomes is enough for Lemma 1. However, continuity
of the conditional cumulative distribution functions of the potential outcomes allows one to also identify distributional treatment
effects (Frandsen, Frolich, and Melly, 2012).
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as a noisy measure of an applicant’s academic ability.

Figure 1-2 illustrates the latent factor framework when both € and vg are scalars and R = 6 + vg.
Consider two types of individuals with low and high levels of 8, 8/ and #"*9". Furthermore, suppose that
0¥ < c and 6™9" > ¢ . Then, if there was no noise in R, individuals with 8 = #"°* would not receive the
treatment whereas individuals with 8 = 8"9" would receive the treatment. However, because of the noise
in R some of the individuals with # = 8" end up to the right of the cutoff, and similarly some of the
individuals with # = 9" end up to the left of the cutoff. Thus, both typcs of individuals are observed with
and without the treatment.

I assume that the potential outcomes Y (0) and Y (1) are conditionally independent of R given 8, as
stated in Assumption B. This means that any dependence between (Y (0),Y (1)) and R is solely due to two
factors: the dependence of ¥ (0} and Y (1) on 6 and the dependence of R on 6.

Assumption B. (Y (0),Y (1)) 1L R | 0.

Lemma 2. Suppose that Assumption B holds. Then
EY()-Y(0)|R=7r] = E{EY(1)-Y(0)|0]|R=r}

forallr e R.

Lemma 2 highlights the key implication of Assumption B. Under this assumption, the conditional Average
Treatment Effect given R = r, E[Y (1) =Y (0) | R = 7], depends on two objects: the latent conditional
Average Treatment Effect given 6, E Y (1) — Y (0) | 8], and the conditional distribution of  given R, f 5.
Thus, the identification of the Average Treatment Effect away from the cutoff depends on one’s ability two
identify these two objects. In the selective school admissions example Assumption B means that while Y (0)
and Y (1) may depend on an applicant’s academic ability, they do not depend on the noise in the entrance
exam score.

Figure 1-5 illustrates this by considering again the identification of the Average Treatment Effect for
individuals with B = ro to the left of the cutoff and for individuals with R = r; to the right of the cutoff.
As discussed above, the shap RD design allows one to observe E[Y (0) | R=1¢] and E[Y (1) | R =r1],
and the extrapolation problem arises from the unobservability of E[Y (1) | R =rg] and E[Y (0) | R = r].
Suppose the conditional expectation functions of Y (0) and Y (1)} given 6, E[Y (0) | 8] and E[Y (1) | 4],
depicted in Figure 1-3, are known. In addition, suppose the conditional densities of ¢ given R = ry and

R =11, fo1e(0]70) and fy);; (8 | 1), depicted in Figure 1-4, are known. Then, under Assumption B, the

9For all the results in this section it is cnough to assume that ¥ (0) and Y (1) are conditionally mean independent of R
given 0. However, the full conditional independence assumption stated here allows also for the extrapolation of distributional
treatment effects away from the cutoff. I do not discuss this in detail as it is a straightforward extension of the results presented
below.
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counterfactuals E[Y (1) | R = rg] and £[Y (0) | R = ry] are given by

EY () [R=r] = E{E[Y(1)]6]|R=ro}
EYVO)|R=r] = E{E[}(0)[0]|R=r}.

There is only one remaining issue: how does one identify the latent conditional Average Treatment Effect
given 6, E[Y (1) — Y (0) | 8], and the conditional distribution of @ given R, fgz? If # was obscrvable, these
objects could be identified using the covariate-based approach developed by Angrist and Rokkanen (2013).
However, here # is an unobservable latent factor which complicates the identification of £[Y (1) = Y (0} | 6]
and fy r-tY To achieve identification, I rcly on the availability of multiple noisy measures of . To simplify
the discussion, I consider in this section a setting in which # is unidimensional. I discuss an extension of the
approach to settings with multidimensional latent factors in Section 1.3.2.

[ assume that the data contains three noisy measures of 6, denoted by M, My, and Ms:

My = gum, (0,v0,)
My = g, (0,va1,)
My = gu, (8,var,)

where g1, gas,, and gar, are unknown functions, and vas,, vag,, and vy, are potentially multidimensional
disturbances. I focus on a sctting in which is R is a deterministic function of at least one or potentially many
of these measures, but it is possible to consider a morce general setting that allows the relationship between
R and M to be stochastic. Going back to the selective school example considered above, one might think of
M, as the entrance exam score whereas M, and My might be two pre-application baseline test scores.

I require 8, M), and M> to be continuous but allow My to be either continuous or discrete; even a binary
Ms is sufficient. I denote the supports of 8, My, My, and My by ©, M1, Ms, and Mj. I occasionally also
use the notation M = (M, Mo, M3) and M = M; x My x Maj. I leave the propertics of the latent factor
6, the unknown functions gas,, gar,, and gar, as well as the disturbances vas,, vay,, and vy, unspecified for
now. I return to them below when discussing alternative sets of assumptions allowing for the identification

of the measurement model.

1.2.2 Parametric Illustration

To provide a benchmark for the discussion about nonparametric identification of the latent factor model, 1
begin by considering the identification of a simple parametric model. T assume lincarity and normality in

the measurement models for M, and M, but leave the measurement model for Ay flexible. In addition, T

tOThe covariate-based approach by Angrist and Rokkanen (2013) can be in certain cases used for extrapolation even if the
conditional independence assumption holds only for a latent factor. For this assumption to work, one needs to assume that the
running variable contains no additional information about the latent factor once one conditions on a set of covariates.



assume linearity in the latent outcome models E [Y (0) | 6] and E'[Y (1) | 6].

The measurcment, model takes the following form:

M, = 0+ Var,
My = pm, + A0+,
M; =y (97 Vf\'fa)
where Apy,, Cov {0, My) # 0, and
6 1o (M3) ok (M) 0 0
va, | |1 Ms ~ N 0 ; 0 Tou, (Ms) 0
VA, 0 0 0 O'EMZ (Mg)

In order to pin down the location and scale of #, I have normalized pps, = 0 and Apy, = 1 without loss of
generality.

The latent outcome model takes the following form:

EY(0)[6] = oo+ b
EY(1)[6 = a1+

I assume that the potential outcomes Y (0) and Y (1) are conditionally independent of M given 6. Formally,
(Y(0),Y (1)) IL M | 0.

This means that the noisy measures of 0 are related to the potential outcomes only through 6. Consequently,
they can be used as instruments to identify the relationship betwcen the potential outcomes and 6.
Given the simple parametric specification, the identification of fy »s depends on one’s ability to identify

2 2 2 : ,
the unknown parameters par, and Aar,, fo, 05, Ofn and Tinr, - These can be obtained from the moments
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of the joint distribution of M. M5, and Mj3 by noticing that

EMy | Ms] = py (M)
EMy] = pag, + A, E [pe (M)
Var [My | Ms] = of (M) + 03, (M)
Var [Ma | My] = Xjp,05 (Ms) + 02, (Ms)

Cov My, My | Ma) A, 0 (M)

Cov [My, M) Cov |6, Ms)

Couv [My, M) Aar, Cov [0, Ms] .

As long as g, Cov (0, Ms) # 0, as was assumed above, the unknown paramcters are given by

po (Ms) = E[M; | My
by _ Cov []\[2, ]\/[3]
Meo ™ Cov [M, M;]
par, = B [Ma] = A, B g (My)]
Cov My, Ms | M.
) = ! 2| M)
1
b, (M) = Var[M, | Ms] — o (My)
Thy, (Ma) = Var[Ma | Ma] = Ny, 05 (Ms).

These parameters fully characterize the conditional joint distribution of 8, M;, and A, given Mjz. The joint
distribution fy a; is then given by

Jonr (8,m)

= f1)41\11‘/\/12|m3 (97"”1‘,"”2 | m:s) fzu3 (ms) .

Let us now turn to the identification of E[Y (1) — Y (0) | 8]. Given the simple parametric specifications
for E[Y (0) | 6] and E[Y (1) | 8], the identification of E[Y (1) — Y (0) | §] depends on one’s ability to identify
the unknown parameters ag, By, a1, and B;. These can be obtained from the moments of the conditional

distribution of Y given M and D and the conditional distribution of 8 given A and D by noticing that

li

E[Y|M=m" D=0 E[Y(0)|M=m’D=0]
E{E[Y(0)]6] ]| M =m° D =0}
xg + ﬁ()E [9 ’ M = 771(), D= O]

EY |M=m'D=1] EY (1) |M=m'D=1]

E{ElY (1) |0 || M=m'D=1}

o+ ME[G|M=m"D=1|
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for all m? € M° and m! € ML

The unknown parameters are given by

- - - - =1 -
a | |1 EBIM=m",D=0] E[Y|M=m" D=0]
Bo 1 E[f|M=m"? D=0 | E[Y [ M =m" D =0]
- - — - -1 r -
ap | |1 EB|M=m",D=1] E[Y|M=m'! D=1]
| B ] 1 E[§|M=m"2D=1] E[Y|M=m"?D=1]

where m%! m%2 € M® and m!'!,mt? € M>.These parameters fully characterize E[Y (0) | 8], E[Y (1) | 6],

and consequently E [Y (1) — Y (0) | 8]. The above result requires that the matrices

are full rank which is implied by the assumptions on the measurement model.
Finally, the conditional expectation functions of Y (0) and Y (1) given R = r, K[Y (0) | R =r] and
E[Y (1) | R = r] as well as the conditional Average Treatment Effect given R=r, E[Y (1) - Y (0) | R =7},

are given by

EY(©)[R=r] = E{E[Y(0)|0]|R=r}
= ap+ BoE[0| R=r]

EY Q)| R=r] = E{E[YQ)]0]]K&=r})
= a1+ BEB|R="]

E[Y(1))-Y(@©) |R=r] = (a1—-a)+ (B~ Bo)EF|R=r]

for all r € R.

In this example | have imposed strong parametric assumptions to illustrate the identification of the latent
factor model. However, these assumptions are not necessary for identification. In the following sections I
relax the distributional and functional form assumptions on the measurement model as well as the functional

form assumptions on the latent outcome model.
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1.2.3 Identification of the Latent Factor Distribution
1.2.3.1 Linear Measurement Model

I continue to assume a lincar measurement model for M; and My but leave the measurement model for AMs

flexible. The measurement model takes the following form:

M, = 68+ Vg, (11)
My = pn, + An, 0+ v, (1.2)
My = g, (0,va,)

where Apr, # 0, Evpy, | 0] = Elva, | 0] = 0. Assumption C lists conditions under which one can obtain
nonparametric identification of fg as using standard results from the literature on latent factor models as
well as an extension to Kotlarski’s Lemma (Kotlarski, 1967; Prakasa Rao, 1992) by Evdokimov and White
(2012).

Assumption C.

1. The relationship between M, My, and 0 is as given in equations (1.1) and (1.2).

2.6, v, and vy, are jointly independent conditional on Ms.

3. Covl0, Ms] #0 and E[|0] | Ms] < oo, Evm, | Ms) = Eva, | Ma] =0 a.s.

4. One of the following conditions holds:

(a) The real zeros of the conditional characteristic function of vy, giwen My and its derivative are disjoint,
and the conditional characteristic function of vay, given M3 has only isolated real zeros.

(b) The conditional characteristic function of var, given My is analytic.

Assumption C.1 imposes linearity on the measurement models for M, and M, as discussed above. To
pin down the location and scale of 8, I again use the normalization iy, = 0 and Ay, = 1. In addition, I
assume that Ay, # 0 to guarantee that Ay contains information about 0. Assumption C.2 restricts 6, vy, ,
and vz, to be jointly independent conditional on Af3. An important implication of this is that there cannot
be heteroscedasticity in vay, and vy, with respect to 8. Assumption C.3 requires that A, is correlated with
0 and that both vy, and v, are mean independent of My. In addition, I assume that the conditional mean
of 8 given M; exists, thus ruling out distributions with particularly fat tails (e.g. the Cauchy distribution).

Lastly, Assumption C.4 imposes restrictions on the conditional characteristic functions of vay, and vy,
given My. This assumption is best understood by considering first the original Kotlarski’s Lemma (Kotlarski,
1967; Prakasa Rao, 1992). This lemma requires that the conditional characteristic functions of 8, vy, , and
vas, given My do not have any real zeros (such characteristic functious are typically called nonvanishing).!!

This is a common assumption in the measurement error litcrature (Chen, Hong, and Nekipelov, 2011}, It is

1A nonvanishing characteristic function is closely related to (bounded) completeness of a location family. Therefore, it can
be seen as requiring that the distribution varies sufficiently as a function of the location parameter. See the related discussion
and references in Section 1.2.3.2.
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satisfied by most standard distributions, such as the normal, log-normal, Cauchy, Gamma, Laplace, x? and
Student’s t-distribution. However, it is violated by, for instance, uniform, triangular, and truncated normal
distributions as well as by many discrete distributions.

Assumption C.4 uses recent work by Evdokimov and White (2012) to relax the assumptions of Kotlarski's
Lemma. Condition (a) allows for real zeros in the conditional characteristic functions of vy, and vay,
given Mj3. This substantially expands the class of distributions that allow for the identification of fy as.
Condition (b) requires the conditional characteristic function of vy, given M3 to be analytic while imposing
no restrictions on the conditional characteristic function of vy, given My, Analyticity is a property satisfied,
for instance, by distributions with exponentially bounded tails, such as the normal and Gamma distribution as
well as distributions with bounded support. Importantly, neither one of these conditions imposes restrictions
on the conditional characteristic function of # given Mj.

Theorem 1 states the identification result. Given the normalizations imposed on the linear measurement
modcl, the covariance and mean independence assumptions imply that Ang, is given by the ratio of the
covariance between Ms and My and the covariance between M; and M3. This amounts to using My as an
instrument for M; in a regression of M; on M, as My is an imperfect measure of 8. The means of M; and
My can then be used to obtain paz,. Suppose for a moment that the conditional distributions of #, vy, and
Vp1, glven Mg were known up to a finite number of parameters. In this case one could, subject to the relevant
full rank condition, identify the distributional parameters from a finite number of moment conditions. The
rest of Theorem 1 uses the assumptions on the conditional characteristic functions to generalize this strategy
to a infinite-dimensional problem. Under these assumptions, the conditional distributions of vy, and vy,
given Ms, f,, |ar, and fu,, a5, as well as the conditional distribution of 0 given M3, fg|ar,, can be uniquely
determined from the conditional distribution of My and My given M3, far, ary|a1,- Together with the marginal

distribution of M3, fas,, this allows one to then construct fo ar.

Theorem 1. Suppose Assumption C holds. Then

Hpr, = FE []\/[2] — )\1\42E [Ml]
A - Cov []\427 M;j]
Mo = Cov[My, Ms)

In addition, the equation

Faty Mo ar, (M1, M2 | )

= /fun,,],m3 (m1 —0 | my) Funsy i Ms (e — par, — Atz 0 | m3) foyna, (0 | ms) dO
5

for all my € My, ma € Ms, and ms € Mjz admits unique solutions for f,,Ml|M3, fumles: and fo|at,-

Consequently, the joint distribution fg ar s identificd.
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1.2.3.2 Nonlinear Measurement Model

The linear measurement model considered in Scction 1.2.3.1 provides a natural starting point for the dis-
cussion regarding the identification of fg 5s. However, this model imposes important, and potentially unsat-
isfactory, restrictions on the relationship between the latent factor @ and the measures Ay and Ms, First,
both M; and Ay are assumed to depend linearly on 6. Second, 8, vay,, and vy, arc assumed to be jointly
independent conditional on Mj3. This rules out, for instance, heteroskedasticity in vy, and vay, with respect
to 8. In this section I discuss an alternative set of identifying assumptions that address these concerns.
For this purposc I usc results by Hu and Schennach (2008) who study nonparametric identification and
estimation in the presence of nonclassical measurement error.

I return to the general measurement model that took the form

M, = gn (0,vn,)
My = gn, (0,va1,)
My = GM; (67 VMs) .

Assumption D lists the conditions under which the joint distribution fg as is nonparametrically identified in

this setting (Hu and Schennach, 2008; Cunha, Heckman, and Schennach, 2010).

Assumption D.

1. fo.a1 (6,m) is bounded with respect lo the product measure of the Lebesgue measure on © x My x My
and some dominating measure p on My. All the corresponding marginal and conditional densities are also
bounded.

2. My, My, and Ms are jointly independent conditional on 6.

3. Forall0.,0" € O, JEYAT) (771,3 | 0/) and far,e (m;; | 9”) differ over a set of strictly positive probability
whenever 0 £ 6"

4. There exists a known functional H such that H [fle (-] 9)] =0 for all 8 € O.

5. forar, (0| my) and far, v, (M1 | m2) form (boundedly) complete families of distributions indexed by my €

M1 and ms € Ms.

Assumption D.1 requires 8, M;, and Ms to be continuos but allows M3 to be either continuous or
discrete. Furthermore, it restricts the joint, marginal and conditional densities of €, M, Ms, and M3 to be
bounded. The support of the joint distribution fy ar, on the other hand, is allowed to be either rectangular
or triangular. Assumption D.2 restricts vay, , Yar,, and vy, to be jointly independent conditional on 6 while
allowing for arbitrary dependence between 6 and these disturbances. Importanly, this assumption allows
for both heteroscedasticity and corrclation in the measurement errors in My, M., and Ms. Assumption D.3
requires the conditional distribution of My given 0 to vary sufliciently as a function of 8. This assumption

can be satisfied, for instance, by assuming strict monotonicity of the conditional expectation of A3 given
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f. More generally this assumption can be satisfied if there is heteroscedasticity in M3 with respect to 0.
Assumption D.4 imposes a normalization on the conditional distribution of A, given # in order to pin down
the location and scale of §. This normalization can be achieved by, for instance, requiring the conditional
mean, mode or median of AM; to be equal to 6.

Lastly, Assumption D.5 requires that the conditional distributions fga;, and fas,|as, are either complete

or boundedly complete.!?

The concept of completeness, originally introduced in statistics by Lehmann
and Scheffe (1950, 1955), arises regularly in econometrics, for instance, as a necessary condition for the
identification of (semi-)nonparametric instrumental variable models (Newey and Powell, 2003; Blundell and
Powell, 2003; Chernozhukov and Hansen, 2005; Blundell, Chen, and Kristensen, 2007; Chernozhukov, Imbens,
and Newey, 2007).13 It can be scen as an infinite-dimensional generalization of the full rank condition that is
central in the identification of various parametric models based on Generalized Method of Moments (Hansen,
1982).14 Intuitively, the completencss condition requires that foiar, and far | a, vary sufficiently as functions
of My and M,. One way to see this is to consider the assumption of L2-completeness which lies in between
completeness and bounded complcteness in terms of its restrictiveness.!® It can be shown that the conditional
distribution of X given Z, where X and Z dcnote generic random variables, is L2-complete if and only if
every nondegenerate square-integrable function of X is corrclated with some square-integrable function of Z
(Severini and Tripathi, 2006; Andrews, 2011).

An unsatisfactory feature of completeness assumptions is that, unlike the full rank condition in finite-
dimensional models, these assumptions are generally untestable (Canay, Santos, and Shaikh, forthcoming).
However, there has been some work on providing sufficient conditions for various forms of completeness
of certain classes of distributions, such as the location, scale and exponential families, in both statistics
(Ghosh and Singh, 1966; Isenbeck and Ruschendorf, 1992; Mattner, 1992; Lehmann and Romano, 2005)
and econometrics (D'Haultfoeuille, 2011; Hu and Shiu, 2012).18 In addition, some papers in the literature
have focused on characterizing classes of distributions that fail the completeness assumption but satisfy the
weaker bounded completeness assumption (Hoeffding, 1977; Bar-Lev and Plachky, 1989; Mattner, 1993).
Finally, Andrews (2011) and Chen, Chernozhukov, Lee, and Newey (2013) have provided genericity results

that imply that L?-completeness holds almost surely for large classes of nonparametric distributions.!”

12 Let X and Z denote generic random variables with supports X and Z. fx|z (x| 2) is said to form a (boundedly)
complete family of distributions indexed by z € Z if for all measurable (bounded) real functions h such that E [h(X)] < oo,
E[h(X) | Z] =0 a.s. implies 2 (X) = 0 a.s. (Lehmann and Romano, 2005).

13Completeness is sometimes stated in the literature on (scmi-)nonparametric instrumental variable models in terms of
injectivity of the conditional expectation operator (Hall and Horowitz, 2005; Darolles, Fan, Florens, and Renault, 2011; Horowitz,
2011). Some authors also refer to completeness as strong identification (Florens, Mouchart, and Rolin, 1990).

l4Notice that if the generic random variables X and Z are both discrete with finite supports X = {z1,...,zx} and
Z = {z1,...,21}, the completeness assumption becomes the full rank condition P [rank(Q)= K] = 1 where Qp =
P[X =z | Z = z;} (Newey and Powell, 2003).

15The definition of I.2-completeness is analogous to the definition given above for (bounded) completeness with the exception
that the condition needs to hold for all measurable square-integrable real functions h (Andrews, 2011). Thus, L2?-completeness
lies in betwecen completeness and bounded completeness in the sense that completeness implies L2-completeness which in turn
implies bounded completencss.

16}or instance, the assumption of a nonvanishing characteristic function discussed in Section 1.2.3.1 is a necessary condition
for completeness and a necessary and sufficient condition for bounded completeness of a location family (Ghosh and Singh,
1966; Isenbeck and Ruschendorf, 1992; Mattner, 1992).

17See also Santos (2012) for a related discussion on the uniform closeness of complete and incomplete distributions.
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Theorem 2 states the identification result by Hu and Schennach (2008). Given the conditional joint inde-
pendence assumption, one can write down the integral equation given in the theorem relating the observed
conditional joint distribution of M; and My given My, fas, aryaz. to the unobserved distributions fag, s,
Jarq6, and fgpg,- Futhermore, this relationship can be expressed in terms of linear integral operators that
makes the problem analogous to matrix diagonalization in linear algebra. Using invertibility of some of the
operators, provided by the (bounded) completeness assumption, one can obtain an eigenvalue-eigenfunction
decomposition of an integral operator that only depends on the observed fi;. Given the additional assump-
tions, this decomposition is unique, and the unknown densities fas,10, faz,j6, and foar, are given by the

eigenfunctions and cigenvalues of this decomposition. This allows one to then construct fg ar.

Theorem 2. Suppose Assumption D holds. Then the equalion
Ity pgatp (M1, mg | ma) = /fle (m1 | 8) far,o (ma | 6) foar, (0] m2)do
e

Jorallm, € My, ma € My andmz € My admits unique solutions for fur 10, faryje, and foar,. Consequently,

the joint distribution fo pr is identified.

1.2.4 Identification of the Latent Conditional Average Treatment Effect

Having identified the joint distribution of 6 and AL, fp as, and the conditional distribution of 6 given R,
fo|r» the only missing picce in the identification of E[Y (1) — Y (0) | ] is the latent conditional Average
Treatment Effect E[Y (1) — Y (0) | §]. The identification of this is based on the identification of the latent
conditional expectation functions F [V (0) | 6] and E[Y (1) | 6]. These {unctious cau be identified by relating
the variation in the conditional expectation of Y given M and D, E[Y | M, D], to the variation in the
conditional distribution of § given M and D, fg|as,p to the left (D = 0) and right (D = 1) of the cutoff. This
problem is analogous to the identification of separable (semi-)nonparametric instrumental variable models
(Newey and Powell, 2003; Darolles, Fan, Florens, and Renault, 2011). Assumption E lists the conditions
under which E[Y (0) | 0] and E[Y (1) | 8] are nonparametrically identified for all § € ©.

Assumption E.

1. (Y(0),Y (1)) 1L A | 6.

20<PD=1|6<1 as.

3. feia,n (0 ( 'mO,O) and fon.n (9 | m?, 1) Jorm (boundedly) complete families of distributions indezed by
m® € M% and m* € ML,

Assumption E.1 requires that the potential outcomes Y (0) and Y (1) are conditionally independent of
the measurcs M given the latent factor 6. In other words, thie measurement crrors in M arc not allowed

to affect Y (0) and Y (1)."® Assumption E.2 states a common support coudition that guarantees that the

I8This condition is often referred to as nondifferential measurcment error (Bound, Brown, and Mathiowetz, 2001; Carroll,
Ruppert, Stefanski, and Crainiceanu, 2006).
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conditional supports of # to the left and right of the cutoff ¢ coincide. This means that the subset of M
entering £ must be sufficiently noisy measurcs of ¢ so that for all # € © the realized valuc of R can lie on
both sides of the cutoff with strictly positive probability.

Finally, Assumption E.3 imposes a similar (bounded) completeness condition as in Assumption D for
the identification of the nonlinear measurement model. Here the vector M is used as an instrument for 6,
and the (bounded) completeness conditions can be thought of as an infinite-dimensional first stage condi-
tion. A sufficient condition for this assumption to be implied by the (bounded) completeness conditions in
Assumption D is that M; does not enter R, and that there exists some (md,m3) € Mg x M$ such that
Jo, Mg Ms|D (O,mg,mg | d) >Q0forall§€0O,d=0,1.

Theorem 3 states the identification result. The conditional independence assumption allows one to
write down the integral equations given in the theorem. Under the (bounded) completeness assumption,
E[Y (0)| 6] and E[Y (1) | 8] are unique solutions to these integral equations. Finally, the common support

assumption ensures that both E[Y (0) | 6] and E[Y (1) | 8] are determined for all § € ©.

Theorem 3. Suppose Assumption FE holds. Then the equations

EY|M=m’D=0] = E{E[Y(0)|6]|M=m" D=0}

E[Y|M=m'D=1] E{E[Y(1)]|6]|M=m" D=1}

for all m® € M® and m! € M admit unique solutions for (bounded) E[Y (0) | 6] and E[Y (1) | 6] for all
6 € ©. Consequently, EY (1) =Y (0) | 8] s identified.

1.3 Extensions

1.3.1 Extrapolation of Local Average Treatment Effect in Fuzzy RD

In fuzzy RD the treatment is only partly determined by whether the running variable falls above or below
the cutoff ¢: some individuals assigned to the treatment may end up not receiving the trcatment while
some individuals not assigned to the trcatment may end up receiving the treatment. Thus, in fuzzy RD the
probability of receiving the treatment jumps when the running variable R crosses the cutoff ¢ but by less

than 1:
IlmPD=1|R=r+d] > lmP[D=1|R=r—-4].
510 810
Let Z denotc the treatment assignment that is a deterministic function of the running variable:

Z = 1(R=>¢)
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Each individual is associated with two potential treatment status: D (0) is the trcatment status of an
individual if she is not assigned to the treatment (Z = 0), and D (1) is the treatment status of an individual
if she is assigned to the treatment (Z = 1). Using this notation, the observed outcome and the observed

treatment status can be written as

e
fl

Y (0) 4 (Y (1) = Y (0)) D

D(0)+ (D (1) — D (0)) Z.

It is possible to categorize individuals into four mutually exclusive groups according to their compliance
with treatment assignment (Imbens and Angrist, 1994; Angrist, Imbens, and Rubin, 1996): (1) individuals
who receive the treatment whether or not they are assigned to the treatment are called always-takers (D (0) =
D (1) = 1), (2) individuals who do not receive the treatment whether or not they are assigned to the treatment
are called never-takers (D (0) = D (1) = 0), (3) individuals who receive the treatment if they are assigned to
the treatment and do not receive the treatment if they are not assigned to the treatment are called compliers
(D(0) =0,D(1) = 1), and (4) individuals who receive the treatment if they are not assigned to the treatment
and do not receive treatment if they are asssigned to the treatment are called defiers (D (0) = 1,D (1) = 0).

I rule out defiers by assuming that being assigned to the treatment can only make an individual more likely
to receive the treatment. This corresponds to the monotonicity assumption in the instrumental variables
literature (Imbens and Angrist, 1994; Angrist, Imbens, and Rubin, 1996). Once defiers have been ruled
out, fuzzy RD allows one to nonparametrically identify the Local Average Treatment Effect (LATE) for
the compliers at the cutoff, E{Y (1) — Y (0) | D(1) > D(0), R = ¢|. This is the group of individuals whose
treatment status changes at the cutoff as they become eligible to the treatment. Since the treatment status
of never-takers and always-takers is independent of treatment assignment, fuzzy RD contains no information
about the Average Treatment Effect for these two groups.

Assumption F lists conditions under which the Local Average Treatment Effect is nonparametrically
identified. Assumption F.1 restricts the marginal density of R, fg, to be strictly positive in a neighborhood
around the cutoff. Assumption F.2 imposes the monotonicity assumption stating that crossing the cutoff can
only make an individual more likely to receive the treatment. In addition, it requires that this relationship
is strict for at least some individuals at the cutoff, ensuring that there is a first stage. Assumption F.3
requires the conditional expectations of the potential treatment status to be continuous in R at the cutoff.
Assumption F.4 imposes continuity on the conditional cumulative distribution functions of the potential
outcomes for the compliers.'” Finally, Assumption F.5 requires that the conditional expectations of Y (0)

and Y (1) exist at the cutoll.

Assumption F.

Wontinuity of the conditional expectation functions of the potential outcomes for compliers is enough for Lemma 3. However,
continuity of the conditional cumulative distribution functions allows one to also identify distributional treatment effects for
the compliers (Frandsen, Frolich, and Melly, 2012).



Y

Sr (1} > 0 in a neighborhood around c.
lgi’olP[D(l) >D(O)|R=r£d]=1 andl{\jﬁ)lP[D(l) >DO)|R=r=+48>0
ED()|R=r] and E[D (1) | R =r] are continuous in r at c.

o

=

Fy oy pwy,py,r (¥ 10,1,7) and Fy1ype0y,p1),r ¥ | 0,1,7) are continuous in r at ¢ for ally € Y.

E[Y(0)|D1)>D(0).R=¢,E[Y(0)| D(1)>D(0),R=d < co.

o

The identification result is given in Lemma 3 (Hahn, Todd, and van der Klaauw, 2001). Under Assumption
F, the Local Average Treatment Effect can be obtained as the ratio of the difference in the limits of the
conditional expectation of Y given R = r, E[Y | R =r], as r approaches ¢ from right and left, and the
difference in the limits of the conditional expectation of D given R = r, E[D | R =r], as r approaches ¢
from right and left. In other words, any discontinuity observed at the cutoff in the conditional expectation
of Y given R is accredited to the treatment through the corresponding discontinuity at the cutoff in the

probability of receiving the treatment.

Lemma 3. (Hahn, Todd, and van der Klaauw, 2001) Suppose Assumption F holds. Then

. EY|R=c+4§|-E[Y|R=c—
EY(1D)-Y () |D(1)>D(@©),R=¢ = %folE[D|R=C+5]—E[D|R:c76]

Assumption G lists conditions under which the Local Average Treatment Effect for compliers at any
point r in the running variable distribution, E[Y (1) =Y (0) | D(1) > D (0), R = r], is nonparametrically
identified in the latent factor framework. Assumption G.1 requires that the potential outcomes ¥ (0) and
Y (1) and the potential treatment status D (0) and D (1) are jointly independent of R conditional on the
latent factor . Assumption G.2 imposes the monotonicity assumption for all § € ©. Assumption G.3

imposes this relationship to be strict at least for some ¢ € .

Assumption G.

1Y (0),Y(),D(O),D(1)) 1L R|6.
2.PID(1)>D(0)]6]=1 as.

3. PID(1)>D(0)]6 >0 as.

The identification result is stated in Lemma 4. Under Assumption G, the Local Average Treatment Effect
for complicr at R = r is given by the ratio of the reduced from effect of treatment assignment on the outcome

and the first stage effect of treatment assignment on treatment status at & = r.
Lemma 4. Suppose Assumption G holds. Then

ElY (1) =Y ()| D(1)>D(0),R=r] = E{gﬁgﬁaﬁ

) =Y (
)— D

(

D) 6] | R=r}
0)[6]] R =r)

forallr € R.
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Assumption H lists the conditions under which the latent reduced form effect of treatment assignment
ou the outcome, E[Y (D (1)) — Y (D(0)) | 6], and the latent first stage effect of treatment assignment on
the probability of receiving the treatment, £[D (1) — D (0) | 8], arc nonparamctrically identified from the
conditional distribution of Y given M and Z, fy | 4, and the conditional distribution of D given M and Z,
fpiar,z- Assumption H.1 requires that the potential outcomes Y (0) and Y (1) and the potential treatment
status D (0) and D (1) are jointly independent of M given 6. In other words, the measurement errors
in M are assumed to to be unrelated to (Y (0),Y (1), D (0), D (1)). Assumption H.2 repeats the common
support assumption from Assumption E whercas Assumption H.3 is analogous to the (bounded) completeness

condition in Assumption E.

Assumption H.

1.(Y(0),Y(1),D(),D(1)) 1L M |9.

20<PD=1]0]<1 as

8 fonz (01 m°,0) and foarz (0| m', 1) form (boundedly) complete families of distributions indexed by
m® € M? and m! € M1,

Theorem 4 states the identification result. Together with Lemma 4 this result can be used to nonpara-
metrically identify the Local Average Treatment Effect for compliers at any point in the running variable

distribution. The proof of Theorem 4 is analogous to the proof of Theorem 3.

Theorem 4. Suppose Assumption H holds. Then the equations

EY|M=m"D=0] = E{E[Y(D(0)]|6|M=m’ D=0}
EY|M=m'D=1] = E{E[YDL)|6|M=m"' D=1}
ED|IM=m’D=0] = E{E[D@O)]6|M=m" D=0}
EDIM=M'D=1] = E{ED)]|6|M=m"D=1}

for all ro € Ro and M € Ry admit unigue solutions for (bounded) E[Y (D(0))|0], E[Y (D(1))]0],
E[D(0) | 6], and E[D (1) | 6] for all 6 € ©.

1.3.2 Settings with Multiple Latent Factors

Section 1.2 focused on the identification of the measurement and latent outcome models in the presence of
a one-dimensional latent factor 8. However, it is possible to generalize the identification results to a setting
with a K-dimensional latent factor 8 = (#,,...,0). Instead of three noisy measures required in the onc-
dimensional case, the K-dimensional case requires the availability of 2 x K + 1 noisy measures. To be more
exact, this setting requires one to observe two noisy measures for cach latent factor 6, k = 1,.... K, as well

as one measure that is related to all K latent factors.?0

201t is possible to allow for this measure to be multidimensional by, for instance, containing an additional K measures for

each latent factor O, k=1,..., K.
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Formally, T assume that the data contains 2 x K + 1 noisy measures given by

Mf = 9nk (HkWM{v),k:L...,K
]\IQI‘ = g]\féc (gkvijl;) , k= 1’_ i _’K
M3 = gw (91,...,9K,V]\13)

where gnrks I k=1,...,K, and g, arc unknown functions, and Vks Vagks k=1,...,K, and vy, are
potentially multidimensional disturbances. I focus on a setting in which is R is a deterministic function of at
least one but potentially many of the measures for each 0, £k = 1,..., K. However, it is possible to consider
a more general setting that allows the relationship between R and M to be stochastic. Going back to the
selective school example of Section 1.2.1, one might think of R as being the average score in two entrance
exams in English and Math, M} and M3, that are noisy measures of English and Math ability, ¢, and 8.
M2, M3, and M3 might instead consist of pre-application baseline test scores in English and Math.

I require 0, M¥, and M¥, k = 1,..., K, to be continuous but allow Mz to be either continuous or
discrete; even a binary M, suffices for identification. I denote the supports of 0y, MF¥, Mk =1,..., K,
and Mz by xp, MF, ME k= 1,...,K, and M3. In addition, I use © = @; x --- x O to denote the
support of @ = (0y,...,0k), My = M} x - x ME andMy = M3 x --- x ME to denote the supports
of M, = (]\111,...,]\111") and My = (1\121, e ,J\IQK), and M = M; x My x M3 to denote the support of
M = (My, Ma, M3).

The introduction of multiple latent factors only affects Assumption C and Theorem 1 regarding the
identification of fy as in the linear measurement model. Assumption D and Theorem 2 regarding the iden-
tification of fy ps in the nonlinear measurement model apply instcad directly to this sctting as long as one
interprets 6 and M as defined above (Hu and Schennach, 2008). The same holds for Assumption E and
Theorem 3 regarding the identification of the Average Treatment Effect away from the cutoff in sharp RD as
well as for Assumption H and Theorem 4 regarding the identification of the Local Average Treatment Effect
away from the cutoff in fuzzy RD.

Thus, I focus here on the identification of fy as in the linear measurement model

MP = Op+vyp, k=1, K (1.3)
My = pygs + Mk Fvagg, k=1, K (1.4)
Ms = gn, (01,...,0k,v01,)

where Ay # 0, B l:l/]\]lk | 9;‘.} =K [l/]\,[; | Hk} =0,k=1,...,K. Assumption I lists modified conditions

under which one can obtain nonparametric identification of fy s in this setting.

Assumption I

1. The relationship between MF, MY, and 0y, k= 1,..., K, are as given in Equations (1.3) and (1.4).
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2. 6y, vi,, and vg, are jointly independent conditional on My for allk =1,..., K.

3. Cov [0, Ms] £ 0, E[|0x] | Ms) < 0o, & [uw | M;;] —E [uw | Mg} =0forallk=1.. K.

4. Omne of the following conditions holds:

(a) The real zeros of the conditional characteristic funclions of Vagk, kE=1,...,K, given My and their
derivatives are disjoint, and the conditional characteristic functions of VArE k=1,...,K, given M3 have
only isolated real zeros.

(b) The conditional characteristic functions of Vprk, k=1,..., K, given My are analytic.

5. The components of vy, = (UA,[II,.,.,UAJIK) and var, = (I/MJ Seens VM;') are jointly independent condi-
tional on Ms.

6. The real zeros of the conditional joint characteristic functions of vy, and v, given My are disjoint.

Theorem 5 states the identification result. The proof of this theorem is similar to the proof of Theorem

Theorem 5. Suppose Assumption I holds. Then

pagg = E[MF] = Mgk [ME] k=1, K
Couv []\42]“,&73]

il i sy T °8
Cov [MF, Ms]’ e

Ak
In addition, the equation

far anaz, (my,me | my)

-/

K
- k 2 k
{H fuquu3 (m} - 6y | m3) .flJAlé-I]Wg ('mz = fagy — Angsbr | m:;)}
a

k=1
Xf9k|1\13 (9;‘ I TTL3) d@

for all my € My, ma € My, mg € Mgy, admits unique solutions for fVMkUUS’ fooiars, k=1,...,K, and
1

Mk |

foint, - Consequently, the joint distribution fo nr is identified.

1.4 Boston Exam Schools

I use the latent factor-based approach to RD extrapolation developed in the previous two sections to study the
causal effects of attending selective public schools, known as exam schools, in Boston for the full population of
applicants. This section describes the empirical setting and data as well as the identification and estimation

of the latent factor model in the empirical setting.
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1.4.1 Setting

Boston Public Schools (BPS) includes three exam schools that span grades 7-12: Boston Latin School, Boston
Latin Academy, and John D. O’Bryant High School of Mathematics and Science. Latin School, founded in
1635, is the oldest and most selective out of the three exam schools, and it is also the first public school and
oldest still existing school in the United States. Latin School enrolls about 2,400 student. Latin Academy,
founded in 1877, is the second oldest and second most selective exam school in Boston. It enrolls about 1,700
students. O'Bryant, founded in 1893, is the youngest and least selective out of the three exam schools. It
enrolls about 1,200 students.

The exam schools differ considerably from traditional Boston public schools in terms of student perfor-
mance. In the U.S. News & World Report high school ranking in 2013, for instance, Latin School, Latin
Academy and O’Bryant formed the three best high schools in BPS, and ranked as 2nd, 20th, and 15th in
Massachusetts. Furthermore, in 2012, the exam schools were among the four best schools in BPS in terms of
the share of students scoring at a Proficient or Advanced level in the Massacusess Comprehensive Asscsment
System (MCAS) tests in English, Math, and Science.?! Similarly, the exam schools formed the three best
schools in BPS in 2012 in terms of both average SAT scores and 4-year graduation rates.?

The fact that exam school students, on average, outperform other BP’S students in terms of MCAS/SAT
scores and graduation rates is not surprising given the considerable differences in student composition between
the exam schools and traditional Boston public schools. For instance, the exam schools enroll a considerably
higher share of white and Asian students as well as a higher share of female students than BPS as a whole.
Limited English proficiency, special education, and low income rates are also negligible among exam school
students when compared to other Boston public schools.

In addition to student composition, the exam schools differ from traditional Boston public schools along
sceveral other dimensions. The exam schools have a higher share of teachers who are licensed to teach in the
area in which they teach, as well as a higher share of core academic classes that are taught by teachers who
hold a valid Massachusetts license and have demonstrated subject matter competency in the areas they teach.
Exam school teachers are also older than teachers at other Boston public schools. The student/teacher ratio
is much higher at the exam schools, but this is to a large extent explained by the small number of students
requiring special education.

There are also considerable differences between the exam schools and traditional Boston public schools in
terms of their curricula. The curriculum at both Latin Academy and Latin School emphasizes the classics, and
students at these schools take mandatory Latin classes, whereas the curriculum at O’Bryant focuses on Math
and Science. Moreover, the exam schools offer a rich array of college prepatory classes and extracurricular

activities, and enjoy to a varying extent additional funding that come from alumni contributions.

2IMCAS is a state-mandated series of achievement tests introduced for the purposes of No Child Left Behind.

22 A1l of the exam schools are also among the few schools in BPS that have won the Blue Ribbon Award from the US
Department of Education. In addition, Latin School was listed as one the top 20 high schools in the US by U.S. News & World
Report in 2007.
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All of the exam schools admit new students for grades 7 and 9, but in addition to this O’Bryant also
admits some students for grade 10. In order to be admitted to one of the exam schools, a student is
required to be a Boston resident. Students can apply to the exam schools from both inside and outside
BPS. Each applicant submits a preference ordering of the exam schools to which they are applying. The
admissions decisions are based on the applicants’ Grade Point Average (GPA) in English and Math from
the previous school yecar and the fall term of the ongoing school year as well as the applicants’ scores on the
Independent School Entrance Examination (ISEE) administered during the fall term of the ongoing school
year. The ISEE is an entrance exam used by several selective schools in the United States. It consists of five
sections: Reading Comprehension, Verbal Reasoning, Mathematics Achievement, Quantitative Reasoning,
and a 30-minute essay. Exam school admissions only use the first four sections of the ISEE.

Each applicant receives an offer from at most onc exam school, and waitlists arc not used. The assignment,
of exam school offers is based on the student-proposing Deferred Acceptance (DA} algorithm by Gale and
Shapley (1962). The algorithm takes as inputs each exam school’s predetermined capacity, the applicants’
preferences over the exam schools, and the exam schools’ rankings of the applicants based on a weighted
average of their standardized GPA and ISEE scores. These rankings differ slightly across the exam schools
as for each school the standardization and ranking is done only within the pool of applicants to that school.

The DA algorithm produces exam school-specific admissions cutoffs that are given by the lowest rank
among the applicants admitted to a given exam school. Since applicants receive an offer from at most one
exam school, there is not a direct link between the exam school-specific running variables (an applicant’s
rank among applicants to a given exam school) and the exam school offers. However, as in Abdulkadiroglu,
Angrist, and Pathak (2014), it is possible to construct a sharp sample for each exam school that consists of
applicants who receive an offer if and only if their running variable is above the admissions cutoff for the
cxam school in question. Appendix B describes in detail the DA algorithm and the construction of the sharp

samples.

1.4.2 Data

The main data for this paper comes from three sources provided by the BPS: (1) an exam school application
file, (2) a BPS registration and demographic file, and (3) an MCAS file. These files can be merged together
using a unique BP’S student identification number. In addition, I use the students’ home addresses to merge
the BPS data with Census tract-level information from the American Community Survey {ACS) 5-year
summary file for 2006-2011.%3

The exam school application file consists of the records for all exam school applications in 1995-2009.
It provides information on cach applicant’s application year and grade, application preferences, GPA in
English and Math, ISEE scores, cxam school-specific ranks, and the admissions decision. This allows me to

reproduce the exam school-specific admissions cutoffs (the lowest rank among applicants admitted to a given

23See Abdulkadiroglu, Angrist, and Pathak (2014) for a more detailed description of the BPS data.
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exam school). I transform the exam school-specific ranks into percentiles, ranging from 0 to 100, within
application year and grade. I then center these running variables to be 0 at the admissions cutoff for the
cxam school in question. Thus, the running variables give an applicant’s distance from the admissions cutoff
in percentile units. Finally, I standardize the ISEE scores and GPA to have a mean of 0 and a standard
deviation of 1 in the applicant population within each year and grade.?*

The BPS registration and demographic file consists of the records for all BPS students in 1996-2012. It
provides information on each student’s home address, school, grade, gender, race, limited English proficiency
(LEP) status, bilingual status, special education (SPED) status, and free or reduced price lunch (FRLP)
status.

The MCAS file consists of the records for all MCAS tests taken by BPS students in 1997-2008. It provides
information on 4th, 7th, and 10th grade MCAS scores in English, and 4th, 8th, and 10th grade MCAS scores
in Math. In the case of retakes I only consider the first time a student took the test. I construct middle
school and high school MCAS composites as the average MCAS scores in 7th grade English and 8th grade
Math and 10th grade English and Math. I standardize the 4th grade MCAS scores in English and Math as
well as the middle school and high school MCAS composite scores to have a mean 0 and a standard deviation
of 1 in the BPS population within each year and grade.

Lastly, I use the ACS 5-year summary file for 2006-2011 to obtain information on the median family
income, percent of households occupied by the owner, percent of families headed by a single parent, percent
of households where a language other than English is spoken, the distribution of educational attainment,
and the number of school-aged children in each Census tract in Boston. I use this information to divide the
Census tracts into sociocconomic tiers as described in Section 1.6.1.

I restrict the sample to students who applied to the exam schools for 7th grade in 2000-2004. 1 focus on
Tth grade applicants as most students enter the exam schools in 7th grade, and their exposure to the exam
school treatment is longer. This is also the applicant group for which the covariate-based RD extrapolation
approach by Angrist and Rokkanen (2013) fails. The restriction to application years 2000-2004 is donc
in order to have both 4th grade MCAS scores and middle/high school MCAS composite scores for the
applicants. 1 exclude students who apply to the exam schools from outside BPS as these applicants are more
likely to remain outside BPS and thus not have follow up information in the data. In addition, I exclude
students with missing covariatc or 4th grade MCAS score information.

Table 1.1 reports descriptive statistics for all BPS students as well as the exam school applicants in
the estimation sample. Column (1) includes all BPS students enrolled in 6th grade in 2000-2004. Column
(2) includes the subset of students who apply to the exam schools. Columns (3)-(6) include the subsets of
applicants who receive no exam school offer or an offer from a given exam school. Exam school applicants are
a highly selected group of students, with markedly higher 4th grade MCAS scores and lower shares of blacks

and Hispanics, limited English proficiency, and special education than BPS students as a whole. Similarly,

24 The exam school application file only contains a combined index of GPA in English and Math.
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there is considerable selection even within exam school applicants according to their exam school assignment,
with applicants admitted to a more selective exam school having higher 4th grade MCAS scores and lower
shares of blacks and Hispanics, limited English proficicncy, and students eligible for free or reduced price

lunch.

1.4.3 Identification and Estimation

Throughout the rest of the paper I use Z € {0, 1, 2,3} to denote the exam school assignment of an applicant
where 0 stands for no offer, 1 for O’Bryant, 2 for Latin Academy and 3 for Latin School. Furthermore, I use
S € {0,1,2,3} to denote the enrollment decision of an applicant in the fall following exam school application
where 0 stands for traditional Boston public school, 1 for O'Bryant, 2 for Latin Academy, and 3 for Latin
School. Lastly, I use R;, Ro, and Rj3 to denote the running variables for O'Bryant, Latin Academy, and
Latin School.

As discussed in Section 1.4.1, each applicant receives at most one exam school offer that is determined
by the DA algorithm. The exam school assignment of an applicant is a deterministic function of her running

variables and application preferences, denoted by P,
Z = gy (R, Ry, Rs, P).

The running variables are deterministic functions of the applicant’s scores in the Reading Comprehension,
Verbal Reasoning, Mathematics Achievement, and Quantitative Reasoning sections of the ISEE, denoted by

ME, M, M3 and MM as well as her GPA in English and Math, denoted by G,
R, = ggr (M7, M7 MY MY, G),s=1,23.

In addition, the data contains 4th grade MCAS scores in English and Math, denoted by A" and M.
I treat the 4th grade MCAS score in English and the scores in the Reading Comprehension and Verbal

Reasoning sections of the ISEE as noisy measures of an applicant’s English ability, denoted by g,
A/IIF = g!\/])f ((}E’VA'IE)sk:]-‘,Qa:}-

I treat the 4th grade MCAS score in Math and the scores in the Mathematics Achievement and Quantitative

Reasoning sections of the ISEE instead as noisy measures of an applicant’s Math ability, denoted by 85,
MY = g (91\17’//\1,{}’1) s k=1,2,3.

The test scores are strongly correlated with each other, but this correlation is far from perfect: some of

the applicants scoring well in one test perform badly in another test. This can be seen from the scatterplots



and correlation in Figure 1-8 and Table 1.4. Consistent with the latent factor structure specified above, test
scores measuring English ability are more highly correlated with cach other than with test scores measuring
Math ability, and vice versa. The only exception to this is 4th grade MCAS score in English that is most
highly correlated with 4th grade MCAS score in Math. Therc is also a clear time-pattern among test scores
measuring a given ability: the ISEE scores measuring the same ability are more highly correlated with each
other than with the 4th grade MCAS score measuring the same ability.

Let Y (s), s = 0,1,2,3, denote potential outcomes under different enrollment decisions, and let S (z),
z=10,1,2,3, denote potential enrollment decisions under different exam school assignments. I assume that
the potential outcomes and enrollment decisions are jointly independent of the test scores conditional on

English and Math abilities and a set of covariates, denoted by X. Formally,

(1Y oo AS g) L M 16X,

where M = (AIF,]\/IE, ]\/ISE,M{”,]\JQM,M{W). The covariates included in X are GPA, application prefer-
ences, application year, race, gender, SES tier as well as indicators for free or reduced price lunch, limited
English proficiency, special education, and being bilingual. T also assume that there is sufficient noise in the
ISEE scores so that conditional on the covariates it is possibie to observe an applicant with a given level of
English and Math ability under any exam school assignment. Formally, this common support assumption is

given by
0<P[Z=2]6,X]<1,2=0,1,2,3.

Together these two assumptions can be used to identify causal effects of different exam school assignments
on either enrollment or achievement, as discussed in Scction 1.2. I make two additional assumptions that
allow me to also identify causal effects of enrollment at a given ecxam school as opposed to a traditional
Boston public school for the compliers who enroll at the exam school if they reccive an offer and enroll at a
traditional Boston public school if they receive no offer. First, I assume that rccciving an offer from exam
school s as opposed to no offer induces at least some applicants to enroll at cxam school s instead of a
traditional Boston public school. Second, I assume that this is the only way in which recciving an offer from
exam school s as opposed to no offer can affect the enrollment decision of an applicant.?> Formally, these

first stage and monotonicity assumptions are given by

P[S('S):Svs(0)=0|0,X] > ()./5:172’3
r [S (s)=5,5(0)=s" |0, X] = 0,8 #£8,8 #0.

251 also assume in general that receiving an offer from exam school s can only induce an applicant to attend this school as
opposed to another school. This rules out, for instance, the case in which an applicant is induced to enroll at Latin School as
opposed to Latin Academy by receiving an offer from O’Bryant as opposed to no exam school offer.
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In the estimation I approximate the conditional joint distribution of English and Math ability by a
bivariate normal distribution,

I3
. 2
I S N R

! 2
Ors M()MX T0r0ar 09,

To ensure a valid variance-covariance matrix I use the parametrization

2
O4n  O0rba wir 0 w11 w21

2
O6pbn TG, Wzl w22 0 wa

I also approximate the conditional distributions of the test scores using normal distributions given by

/ . 2
ME|6,X ~ N (;I,A,,L,;;X + Aagp0. exp (w,\,kﬁ + oMf,eE) ) k=1.2.3

y ' N 2
./\_[’{\I | ,X ~ N ('U’AI;D’X +/\A[£19A[,€Xp ("/Méu +OAJ:{:\10A’1> ) ,k=1,2,3,

where pye = pipym = 0and Aye = Apypa =1 to pin down the location and scale of the abilities as discussed
in Section 1.2.3. Thus, I restrict the conditional expectations of the measurements to depend linearly on
ability and allow for heteroskedasticity in the measurement crror with respect to ability. Finally, I restrict
the measurements to be jointly independent conditional on the abilities and covariates.

Let Dy(z) = 1(S(2)=1s5), s = 0,1,2,3, denote indicators for potential enrollment decisions under
different examn school assignments, and let Y (S (2)) denote potential outcomes under different exatn school

assignments. I approximate the conditional expectations of D, (z) and Y (5 (z)) using the linear models

ED(2)16,X] = op X+ 85 .08 + B ) 0u

EY (5(2)10,X]

Oy (s X+ By (senlE + Byisey

where z =0,1,2,3.

The identification of the measurement and latent outcome models specified above follows directly from
the nonparametric identification results presented in Sections 1.2 and 1.3. I illustrate this in more detail in
Appendix C by providing moment equations that identify these particular parametric models.

I estimate the parameters of the measurement model using Maximum Simulated Likelihood (MSL). I use

500 random draws from the conditional joint distribution of 8 given X, fy x, to evaluate the integral in the



conditional joint density of M given X, fy;x. For a given obscrvation fy x is given by

f]\/[|X (m | X;/l’7)‘77957w)

3
= / [H Fapiox (M0, X510 7,8) fagmio x (m! |6, X5 2, 2,7, 6)
- k=1

x forx (0| X; pyw)do

where the conditional densities kaEw’X, fML{”[G,X’ k=1,2,3, and fpx are as specified above.
I estimate the parameters of the latent outcome models using the Method of Simulated Moments (MSM)

based on the moment equations

E[D,|M.X.Z) = op X +85 5 E0e| M X 2|+ 8Y 5 E0m | M.X,Z)
ElY |M,X,Z] = aygunX +BEsnE0r | M, X, Z]+ 8 g B | M, X, Z]

for Z = 0,1,2,3. The conditional expectations E [0 | M, X, Z] and E [85; | M, X, Z] are computed using
the MSL estimates of the measurement model and 500 random draws from fp x. The weighting matrix in
the MSM procedure is based on the number of observations in the (M, X, Z) cells. This implies that the
parameters of the latent outcome models can be estimated in practice by running a regression of Dg or Y
on X, Efg | M,X,Z], and E [0y | M, X, Z] using observations with Z = 0,1,2,3.

The standard errors presented below are based on nonparametric 5-step bootstrap using 500 replications
(Davidson and MacKinnon, 1999; Andrews, 2002). For each bootstrap sample I re-estimate the measurement
model using the original estimates as initial values and stop the MSL procedure after five iterations. I then
re-estimate the latent outcome models using these MSL estimates. This provides a computationally attactive
approach for taking into account the uncertainty related to both step of the estimation procedure duc to the

slow speed of convergence of the MSL estimation.

1.5 Extrapolation Results

1.5.1 Effects at the Admissions Cutoffs

To benchmark the latent factor model-based estimates, I begin with RD estimates of causal effects of exam
school attendance for marginal applicants at the admissions cutoffs in the sharp samples. Figures 1-6a and
1-6b plot the relationship between the running variables and the probabilities of receciving an offer from and
cnrolling at a given exam school in windows of £20 around the admissions cutoffs in the sharp samples.
The blue dots show bin averages in windows of width 1. The black solid lines show fits from local linear
regressions estimated separately to the left and right of the cutoffs using the edge kernel and a bandwidth

computed separately for each exam school using the algorithm by Imbens and Kalyanaraman (2012). Figures
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1-7a and 1-7b show the same plots for average middle school and high school MCAS composite scores.
Table 1.2 reports the first stage, reduced form, and Local Average Treatment Effect estimates correspond-

ing to Figures 1-6 and 1-7. The cstimates are based on local linear regressions using the edge kernel and a

bandwidth that is computed separately for cach exam school and MCAS outcome using the algorithm by

Imbens and Kalyanaraman (2012).%% The first stage and reduced form models are given by

Dy = aps+BrsZs+vrsRs+0pss x Ry + X mps +1
Y = apr+BrrZs+vrpRs+0npZs X Ry+ X ThE + €

where D, is an indicator for enrollment at exam school s in the following school year, Y is the outcome of
interest, Z, is an indicator for being at or above the admissions cutoff for exam school s, Ry is the distance
from admissions cutoff for exam school s, and X is a vector containing indicators for application years and

application preferences. The first stage and reduced form estimates are given by Spg and Srp, and the

Local Average Treatment Effect estimate is given by the ratio g‘:‘: . In practice this ratio can be estimated
using weighted 2-Stage Least Squares (23LS).

Figure 1-6a confirms the sharpness of exam school offers as functions of the running variables in the sharp
samples discussed in Scction 1.4.1: the probability of recciving an offer from a given exam school jump from
0 to 1 at the admissions cutoff. However, as can be seen from Figure 1-6b and the first stage estimates
in Table 1.2, not all applicants receiving an offer from a given exam school choose to enroll there. The
enrollment first stages are nevertheless large. An offer from O’Bryant raises the probability of enrollment at
O’Bryant f{rom 0 to .78 at the admissions cutoff whereas offers from Latin Academy and Latin School raise
the probability of enrollment at these schools from 0 to .95 and .96.

Exam school offers have little effect on the average middle school and high school MCAS composite scores
of the marginal applicants, as can be scen from Figures 1-7a and 1-7b and the reduced form estimates in
Table 1.2. The only statistically significant effect is found for middle school MCAS composite score at the
Latin Academy admissions cutoff: an offer from Latin Academy is estimated to reduce the average score by
1810. According to the corresponding Local Average Treatment Effect estimate in Table 1.2, enrolling at
Latin Academy leads to a .191g reduction in the average score among compliers at the admissions cutoff.

Table 1.3 repeats the estimations separately for applicants whose average 4th grade MCAS scores fall
below and above the within-year median. The first stage estimates show large enrollment effects at the
admissions cutoffs for both lower-achieving and higher-achieving applicants. These effects are similar in
magnitude to the effects estimated for the full sample. The reduced form and Local Average Treatment
Effect estimates for applicants with low average 4th grade MCAS scores are relatively noisy due to small
sample size, but there is some evidence of treatment effect heterogeneity by prior achievement, a point I

return to in Section 1.5.2. The reduced form estimate suggests that an offer from O'Bryant increases average

26 As noted by Calonico, Cattaneo, and Titiunik (2014), the algorithm by Imbens and Kalyanaraman (2012) may gencrate

too large bandwidths. However, my findings are not sensitive to alternative ways of choosing the bandwidths.
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high school MCAS composite score by .2040 at the admissions cutoff among applicants with low average 4th
grade MCAS scores. The corresponding Local Average Treatment Effect estimate suggests that enrolling at
O’Bryant increascs the average score among the compliers at the admissions cutoff by .275¢. The reduced
form and Local Average Treatment Effect estimates for applicants with high average 4th grade MCAS scores
are similar to the cstimates for the full sample.

It is important to note the incremental nature of the RD estimates reported above. Applicants just below
the O’Bryant admissions cutoff do not receive an offer from any exam school, meaning that the counterfactual
for these applicants is a traditional Boston public school. On the other hand, the vast majority of applicants
just below the Latin Academy admissions cutoff receive an offer from O’Bryant, and the vast majority of
applicants just below the Latin School admissions cutoff receive an offer from Latin Academy. Thus, the
reduced form and Local Average Treatment Effect estimates for Latin Academy and Latin School should be
interpreted as the effect of receiving an offer from and enrolling at a more selective exam school. I return to

this point in Section 1.5.3.

1.5.2 Estimates of the Latent Factor Model

Before investigating cffccts away from the admissions cutoffs 1 briefly discuss the main estimates of the
latent factor model. Figure 1-9 shows the underlying marginal distributions of English and Math ability
in the population of exam school applicants. I have constructed these distributions using kernel density
estimates based on simulations from the estimated measurement model. The marginal distributions look
relatively normal which is expected given the joint normality assumption on the conditional distribution of
the abilities given covariates. The mean and standard deviation of English ability are 1.165 and .687. The
mcan and standard deviation of Math ability are 1.121 and .831. Figure 1-10 shows a scatterplot of English
and Math abilities. The relationship between the abilities is relatively lincar which is expected given the joing
normality assumption on the conditional distribution. The correlation between English and Math ability is
.817.

Table 1.5 reports estimates of the factor loadings on the means and (log) standard deviations of the
measures. As discussed in Section 1.4, I pin down the scales of the abilities by normalizing the factor
loadings on the means of 4th grade MCAS scores to 1. The estimated factor loadings on the means of ISEE
scores are instead slightly above 1. The estimated factor loadings on the (log) standard deviations of ISEE
scores in Reading Comprehension and Verbal Reasoning and 4th grade MCAS score in Math suggest that
the variances of these measures are increasing in ability. The estimated factor loadings on the (log) standard
deviations of ISEE scores in Mathematical Achievement and Quantitative Reasoning and 4th grade MCAS
score in English are small and statistically insignificant.

Table 1.6 reports estimates of the factor loadings on cnrollment (First Stage) and middle school and high
school MCAS composite scores (Reduced Form) under a given exam school assignment. For no exam school

offer in Column (1) the enrollment outcome is enrollment at a traditional Boston public school. For an offer
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from a given exam school in Columns (2), (3), and {4) the outcome is enrollment at the exam school in
question. The estimated factor loadings on enrollment are largely negative, suggesting that applicants with
higher ability are less likely to attend a given exam school if they receive an offer (or a traditional Boston
public school if they receive no offer). However, the opposite is true for Latin School.

Unlike for enrollment, the estimated factor loadings on middle school and high school MCAS composite
scores are positive, large in magnitude, and higly statistically significant. This is not surprising: applicants
with higher English and Math abilitics perform, on average, better in middle school and high school MCAS
cxams in English and Math irrespective of their exam school assignment. A more interesting finding arising
from these estimates is that the factor loadings tend to be larger in magnitude under no exam school offer
than under an offer from any given exam school. This is especially true for high school MCAS composite
scores. This suggest that applicants with lower English and Math abilities benefit more from access to cxam

schools. T return to this point below.

1.5.3 Effects Away from the Admissions Cutoffs

The estimates of the latent factor model can be used to construct empirical counterparts of Figures 1-1 and
1-5 that illustrate the extrapolation problem in sharp RD and the latent factor-based approach to solving this
problem. Figure 1-11 plots the latent factor model-based fits and extrapolations of the potential outcomes
in the RD experiments for the sharp samples over the full supports of the running variables. The blue dots
show bin averages in windows of width 1. The black solid lines show the latent factor model-based fits, and
the dashed red lines show the latent factor model-based extrapolations. I smooth the fits and extrapolations
with a local linear regression using the edge kernel and a rule of thumb bandwidth (Fan and Gijbels, 1996).

The fits and extrapolations are defined as

E[Y (S(z*) | Ry =1].s=1,2,3

E [Y (S (z“‘f)) | Rs = 7’} ,$=1,2,3

where the counterfactual assignment 2% is an offer from exam school s for applicants below the admissions
cutoff and an offer from the next most selective exam school for the applicants above the admissions cutoft
{(no exam school offer in the case of (’Bryant).

Figure 1-11a plots the fits and extrapolations for middle school MCAS composite scores. For O’Bryant the
fits and extrapolations lie on top of each other, suggesting that receiving an offer from O’Bryant has no effect
on the average score of either marginal applicants at the admissions cutoff or inframarginal applicants away
from the admissions cutoff. Similarly, the extrapolations for Latin Academy reveal that the negative effect
of receiving an offer from Latin Academy found for warginal applicants at the adwissions cutoll in Section
1.5.1 holds also for inframarginal applicants away from the admissions cutoff. For Latin School the picture

arising is markedly different. The extrapolations suggest that receiving an offer from Latin School has no



effect on the average score of inframarginal applicants above the admissions cutoff. Inframarginal applicants
below the admissions cutoff would instead experience, on average, achievement, gains from receiving an offer
from Latin School.

Figure 1-11b plots the fits and extrapolations for high school MCAS composite scores. For all three exam
schools the extrapolations suggest little effect from receiving an offer for inframarginal applicants above the
admissions cutoffs, with the exception of applicants far above the O’Bryant admissions cutoff for which the
effect is negative. For inframarginal applicants below the admissions cutoffs the picture arising is instead
markedly different. For all three exam schools the extrapolations suggest a positive effect from receiving an
offer for applicants failing to gain access to the exam school in question.

Table 1.7 reports estimates of the extrapolated first stage and reduced form effects of an offer from a
given exam school on enrollment and middle school and high school MCAS composite scores. In addition,
the table reports estimates of the extrapolated Local Average Treatment Effects of enrolling at a given exam
school on middle school and high school MCAS composite scores for the compliers. The estimates are for
the full population of applicants in the sharp samples. The estimates for middle school MCAS composite
scores show no effect of an offer from or enrolling at O’'Bryant. Offer from Latin Academy and Latin school
are instead estimated to reduce the average score by .229¢ and .214¢. The corresponding Local Average
Treatment Effect estimates are 0.2360 for Latin Academy and .0226¢ for Latin School. The estimates for
high school MCAS composite scores show large positive effects for all three exam schools. The reduced form
and Local Average Treatment Effect estimates are .252¢ and .293¢ for O'Bryant, .279¢ and .2900 for Latin
Academy, and .199¢ and .209¢ for Latin School.

Table 1.8 reports the same estimates separately for applicants below and above the admissions cutoffs.
The first stage estimates reveal that the effects of an offer from a given exam school on enrollment at this
school are larger among inframarginal applicants below the admissions cutoffs than among inframarginal
applicants above the admissions cutoffs. The reduced form and Local Average Treatment Effect estimates
for middle school MCAS composite scores show similar negative effects of an offer from and enrolling at
Latin Academy as in Table 1.7 both below and above the admissions cutoff. The negative Latin School
effect reported above is instead entirely driven by inframarginal applicants below the admissions cutoff.
The reduced form and Local Average Treatment Effect estimates for high school MCAS composite scores
confirm the above findings of large positive effects on the average score of inframarginal applicants below
the admissions cutoffs. There is instead little evidence of effects for inframarginal applicants above the
admissions cutoffs.

Similar to the RD estimates at the admissions cutoffs discussed in Section 1.5.1, the above estimates
should be interpreted as incremental effects of recciving an offer form or enrolling at a more selective exam
school. Thus, these estimates leave unanswered the question of how receiving an offer from or enrolling
at a given exam school versus a traditional Boston public school affects achicvement. Table 1.9 addresses

this question by reporting the estimates of the extrapolated first stage and reduced form cffects of receiving
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an offer from a given exam school versus no offer from any exam school on enrollment at the exam school
in question on middle school and high school MCAS composite scores. In addition, the table reports the
extrapolated Local Average Treatment Effect estimates of the effect of enrolling at a given exam school
versus a traditional Boston public school on middle school and high school MCAS composite scores for the
cowpliers in the full population of applicants.

According to the estimates for middle school MCAS composite scores, offers from Latin Academy and
Latin School versus no exam school offer reduce the average score by .275¢ and .3190. The corresponding
Local Average Treatment Effects of enrolling at a given exam school versus a traditional Boston public
school are —.288¢ for Latin Academy, and —.3300 for Latin School. There is instead no evidence of effects
for O’Bryant. The estimates for high school MCAS composite scores are small in magnitude and statistically
insignificant.

Table 1.10 reports the same estimates separately for applicant who receive no exam school offer and
for applicants who receive an exam school offer. The estimates for middle school MCAS composite scores
show similar negative effects of an offer from and enrolling at Latin Academy and Latin School as in Table
1.9 among both applicant groups. The estimates for high school MCAS scores reveal instead substantial
heterogeneity in the treatment effects. The estimates suggest that receiving an offer from a given exam school
versus no offer from any exam school has large positive effects among lower-achieving applicants failing to
gain access to the exam schools. The reduced from effects are .3340 for O'Bryant, 4290 for Latin Academy,
and 4280 for Latin School. The corresponding Local Average Treatment Effects of enrolling at a given
exam school versus a traditional Boston public school are .3760 for O’Bryant, .435¢ for Latin Academy, and
4480 for Latin School. The estimates for higher-achieving applicants gaining access to the exam schools
are instead negative and large in magnitude. The reduced from effects are —.268¢ for O’Bryant, —.3000
for Latin Academy, and —.348¢ for Latin School. The correspouding Local Average Treatment Effects are

—.3530 for O’Bryant, —.325¢ for Latin Academy, and —.353¢ for Latin School.

1.5.4 Placebo Experiments

A natural concern regarding the results in the previous section is that they are just an artifact of extrapola-
tions away from the admissions cutoffs. To address this concern, I study the performance of the model using
a set of placebo experiments. 1 start by dividing the applicants receiving a given exam school assignment
z = 0,1,2.3 in half based on the within-year median of the running variable distribution for this popula-
tion.2? I re-estimate the latent outcome models to the left and right of the placebo cutoffs and use the
resulting estimates to extrapolate away from these cutoffs. All of the applicants both to the left and to the
right of the cutoffs in these placebo RD experiments reccive the same exam school assignment. Thus, the
extrapolations should show no effects if the identifying assumptions are valid and the empirical specifications

provide reasonable approximations of the underlying data generating process.

27For applicant receiving no offer 1 use the average of their exam school-specific running variables.
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Figure 1-12 plots the latent factor model-based fits and extrapolations in the placebo RD experiments.?®
Figure 1-12a plots the estimates for middle school MCAS composite scores, and Figure 1-12b plots the
estimates for high school MCAS composite scores. The blue dots show bin averages in windows of width
1. The black solid lines show the latent factor model-based fits to the data. The dashed red lines show the
latent factor model-based extrapolations. 1 smooth the fits and extrapolations with a local linear regression
using the edge kernel and a rule of thumb bandwidth (Fan and Gijbels, 1996). For both outcomes and for
each exam school assignment the fits and extrapolations lie on top of each other, thus providing evidence
supporting the identifying assumptions and empirical specifications. The only notable exceptions to this can
be seen for high school MCAS composite scores far below the placebo cutoff for applicants receiving no offer
from any exam school and far above the placebo cutoff for applicants receiving an offer from O’Bryant.

Table 1.11 reports cstimates of the placebo reduced form effects on middle school and high school MCAS
composite scores. The estimates are shown for all applicants as well as separately for applicants below and
above the placebo cutoffs. The estimated effects are small in magnitude and statistically insignificant, thus

providing further support for the validity of the results presented in Section 1.5.3.

1.6 Counterfactual Simulations

1.6.1 Description of the Admissions Reforms

Estimates of treatment effects away from the exam school admissions cutoffs are useful for predicting effects of
reforms that change the exam school assignments of inframarginal applicants. A highly contentious example
of this is the use of affirmative action in exam school admissions. I use the estimates of the latent factor
model to predict how two particular affirmative action reforms would affect the achievement of exam school
applicants.

The first reform reintroduces in the admissions process minority preferences that were in place in the
Boston exam school admissions in 1975-1998. In this counterfactual admissions process 65% of the exam
school seats are assigned purely based on achievement. The remaining 35% of the exam school seats are
reserved for black and Hispanic applicants and assigned based on achievement. The assignment of seats
within each group is based on the DA algorithm discussed in Section 1.4.1.

The second reform introduces in the admissions process socioeconomic preferences that have been in
place in the Chicago exam school admissions since 2010. In this counterfactual admissions process 30% of
the exam school scats are assigned purcly based on achicvement. The remaining 70% of the exam school
scats arc divided cqually across four sosiocconomic tiers and assigned within them based on achievement.
The assignment of the seats within each group is again based on the DA algorithm.

I generate the socioeconomic tiers by computing for each Census tract in Boston a socioeconomic index

28] transform the running variables into percentile ranks within each year in the placebo RD experiments and re-centered
them to be 0 at the placebo cutofl for expositional purposes.
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that takes into account the following five characteristics: (1) median family income, (2) percent of households
ocecupied by the owner, (3) pereent of families headed by a single parcut, (4) percent of households where a
language other than English is spoken, and (5) an educational attainment score.?? The socioeconomic index
for a given Census tract is given by the sum of its percentile ranks in each five characteristics among the
Census tracts in Boston (for single-parent and non-English speaking households 1 minus the percentile rank
is used). I assign each BPS student a socioeconomic index based on the Census tract they live in and divide
the students into socioecomic tiers based on the quartiles of the socioeconomic index distribution in the BPS
population within cach year.

To study the effects of the two reforms 1 reassign the exam school offers based on the counterfactual
admissions processes, considering only applicants inn the estimation sample described in Scction 1.4.2. T use
as the capacity of a given exam school in a given year the number of offers it made to the applicants in the
estimation sample in that year. The latent factor model then allows me to predict average middle school
and high school MCAS composite scores based on the reassigned exam school offers.3?

An important feature of both of the reforms is that they cause substantial changes to the admissions
cutoffs faced by the exam school applicants. This means that if there is considerable treatment effect
heterogeneity in terms of the runuing variables, predictions of the effects of the reforms based on treatment
effects at admissions cutoffs are likely to be misleading. Based on the results in Section 1.5, this is the
case for Boston exam schools. Thus, it is a first-order issuc to take this heterogeneity into account when
predicting the effects of the reforms.

As with all counterfactuals, there are other dimensions that may chance as a result of the reforms.
First, the reforms potentially affect the composition of the pool of exam school applicants as some student
face a decrcase and some students an increase in their ex ante expected probability of being admitted to
a given exam school.®' Second, the reforms will lead to changes in the composition of applicants who are
admitted and consequently enroll at the exam schools. These changes may affect the sorting of teachers
across schools (Jackson, 2009) and the way teaching is targeted (Duflo, Dupas, and Kremer, 2011) as well
as affect achievement directly through peer effects (Epple and Romano, 2011; Sacerdote, 2011).

However, the above discussion should not be seen as a concern regarding the latent factor-based extrapo-
lation approach per se. It is possible to address the above caveats by building a richer model that incorporates
these channels into the latent factor framework. For instance, one can build a model of the exam school
application behavior of BPS students along the lines of the work by Walters (2013) on Boston charter schools

and incorporate this into the latent factor framework. I leave this and other potential extensions for future

297 'he educational attainment score is calculated based on the educational attainment distribution among individuals over
the age of 25: educational attainment score = 0.2 x (% less than high school diploma) + 0.4 x (% high school diploma) + 0.6 X
(% somne college) + 0.8 x (% bachelors degree) + 1.0 x (% advanced degree).

30This exercise is closely related to the literatute on evaluating the effects of reallocations on the distribution of outcomes.
See, for instance, Graham (2011), Graham, Imbens, and Ridder (2010), and Graham, Imbens, and Ridder (2013).

3 For instance, Long (2004) and Andrews, Ranchhod, and Sathy (2010) find the college application behavior of high school
students in California and Texas to be resposive to affirmative action and other targeted recruiting programs. However, the
evidence on this is somewhat mixed (Card and Krueger, 2005; Antonovics and Backes, 2013).
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research as they are outside the scope of this paper.

1.6.2 Simulation Results

The introduction of either minority or socioeconomic preferences substantially affects exam school assigments:
27 — 35% of applicants arc affected by the reforms. This can be seen from Table 1.12, which reports the
actual and counterfactnal exam school assignments under the two reforms. This is also evident in Table 1.13
that reports the admissions cutoffs faced by different applicant groups under the counterfactual admissions
process. The counterfactual admissions cutoffs are expressed as distances from the actual admissions cutoffs.
Minority applicants would face substantially lower admissions cutoffs under minority preferences than under
the current admissions process whereas the opposite is true for non-minority applicants. Similarly, applicants
from lower socioeconomic tiers would face lower admissions cutoffs under socioeconomic preferences than
under the current admissions process.

Table 1.14 reports descriptive statistics for the exam school applicants based on their counterfactual
assignments under minority and socioeconomic preferences. The most notable compositional changes caused
by the two reforms can be seen among applicants receiving an offer from Latin School. Under both counter-
factual admissions processes, Latin School admits students with considerably lower average 4th grade MCAS
scores in English and Math. Similarly, the share of blacks and Hispanics among the admitted students to
Latin School would more than double under minority preferences and close to double under socioeconomic
preferences. Furthermore, the average 4th grade MCAS scores in Math and English are higher and the
shares of blacks and Hispanics lower among the applicants receiving no offer from any exam school under
both counterfactual reforms. Changes in the composition of applicants recciving offers from O’Bryant and
Latin Academy are instead less marked.

I use the estimated latent factor model to predict potential outcomes for the exam school applicants
under the counterfactual admissions processes. These predictions can be used to evaluate whether the
changes in exam school assignments caused by the two reforms translate into effects on achievement. To
answer this question, Table 1.15 reports Average Reassignment Effects (ARE) of the reforms on middle
school and high school MCAS composite scores. The Average Reassignment Effect is given by the difference in
average potential outcomes among the exam school applicants under the counterfactual and actual admissions

processes:
E[yel —yedt] = ZP (29 =2]E[Y (S(2) | 2 =]
z=0
3
=Y P[Z2* =] E[Y(S(2) | 2" = 2]

where Z%°* and Z° arc an applicant’s actual and counterfactual exam school assignments. The table

reports estimates both for the full population of applicants and for applicants whose exam school assignment,
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is affected by the reforms.

The introduction of minority preferences would have no effect on the average middle school MCAS
composite score among exam school applicants. However, this masks substantial heterogeneity in the effects
across minority and non-minority applicants. The estimates suggest that the reform would reduce the
average score among minority applicants by .028¢ and increase it among non-minority applicants by .0430.
The estimated effects are larger among the affected applicants: —.084¢ for minority applicants and .113¢0 for
nou-minority applicants. The estimates for high school MCAS composite scores suggest that the introduction
of minority preferences would increase the average score by .0230 among all applicants and by .062c among
affected applicants. There is less marked heterogencity in these effects across minority and non-minority
applicants, but the effects are somewhat larger for minority applicants.

The introduction of socioeconomic preferences would have no effect on the average middle school MCAS
composite score among exam school applicants. However, there is considerable heterogeneity in the effects
across applicants from diflerent socioeconomic tiers. The estimates suggest that the reform would reduce
the average scorc among applicants from the lowest socioeconomic tier by .032¢ and increase the average
score among applicants from the highest sociceconomic tier by .041g. The estimated effects are larger among
the affected applicants: —.092¢ for the lowest socioeconomic tier and .133¢ for the highest socioeconomic
tier. The estimates for high school MCAS composite scores suggest that the introduction of socioeconomic
preferences would increase the average score by .0150 among all applicants and by .0500 among affected
applicants. There is again considerable heterogenceity in the cffects across applicants from different socioe-
conomic tiers. The reform would increase the average score by .068¢ among applicants from the lowest
sociocconomic tier and by .0540 among applicants from the highest socioeconomic tier.

There are two mechanisms at work bechind these estimates. First, the reforms lower the admissions
cutoffs faced by minority applicants and applicants from lower socioeconomic tiers. This leads to more
lower-achieving applicants, who expericnce achievement gains from exam school attendence, to gain access
to the exam schools. Second, the reforms increase the admissions cutoff faced by non-minority applicants
and applicants from higher socioeconomic tiers. This leads to some of the higher-achieving applicants, who

experience achievement losses from exam school attendance, to lose their exam school seats.

1.7 Conclusions

RD design allows for nonparametric identification and estimation of treatment effects for individuals at
the cutoff value determining treatment assignment. However, many policies of interest change treatment
assignment of individuals away from the cutoff, making knowledge of treatment effects for these individuals
of substantial interest. A highly contentious example of this is affirmative action in selective schools that
affects admissions cutoffs faced by different applicant groups.

The contributions of this paper are two-fold. First, I develop a new latent factor-based approach to the
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identification and estimation of treatment effects away from the cutoff in RD. The approach relies on the
assumption that sources of omitted variables bias in an RD design can be modeled using unobserved latent
factors. My main result is nonparamctric identification of treatment effects for all values of the running
variable based on the availability of multiple noisy measures of the latent factors. Second, I use the latent
factor framework to estimate causal effects of Boston exam school attendance for the full population of
applicants and to simulate effects of introducing either minority or socioeconomic preferences in exam school
admissions.

My findings highlight the local nature of RD estimates that show little evidence of causal effects for
marginal applicants at admissions cutoffs (Abdulkadiroglu, Angrist, and Pathak, 2014). The estimates of the
latent factor model suggest. that achievement gains from exam school attendance are larger among applicants
with lower baseline measures of ability. As a result, lower-achieving applicants who currently fail to gain
admission to Boston exam schools would experience substantial achievement gains from attending these
schools. The simulations predict that the introduction of either minority or socioeconomic preferences in
exam school admissions boosts average achicvement among applicants. This is largely driven by achievement
gains cxperienced by lower-achicving applicants who gain access to exam schools as a result of the policy
change. These findings arc of significant policy-relevance given ongoing discussion about the use of affirmative
action in exam school admissions.

I focus in this paper on the heterogeneity in causal effects of exam school attendance based on the running
variables used in the admissions process. This is a first-order concern when predicting effects of admissions
reforms that widely change the exam school assignments of inframarginal applicants. However, as with all
counterfactuals, there are other dimension that may change as a result of these reforms. First, affirmative
action might lead to changes in the application behavior of students (Long, 2004; Andrews, Ranchhod, and
Sathy, 2010). Second, affirmative action causes changes in student composition that may affect the sorting of
teachers across schools (Jackson, 2009) as well as the way teaching is targeted (Duflo, Dupas, and Kremer,
2011). Finally, the changes in student composition may affect achievement directly through peer effects
{Epple and Romano, 2011; Sacerdote, 2011). It is possible to model these channels in the latent factor
framework, but this is left for futurc rescarch.

Boston exam schools, as well as other sclective schools, are a natural application for latent factor-based
RD extrapolation as admissions arc based on noisy measures of applicants’ latent abilitics. However, the
approach is likely to prove useful also in other educational settings, such as gifted and talented programs
(Bui, Craig, and Imberman, forthcoming) and remedial education (Jacob and Lefgren, 2004; Matsudaira,
2008). Moreover, the approach is likely to prove useful in health settings where treatment assignment is
based on noisy mecasurcs of individuals’ latent health conditions. Such settings include, for instance, the
use of birth weight to assign additional medical care for newborns (Almond, Doyle, Kowalski, and Williams,
2010; Bharadwaj, Loken, and Neilson, 2013). As illustrated by the findings for Boston exam schools, local

cffects identified by RD do not nceessarily represent the effects of policy interest. Latent factor-based RD
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extrapolation provides a framework for investigating external validity in these and other RD designs.
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1.8 Figures and Tables
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Figure 1-2: Treatment Assignment in a Latent Factor Framework
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Figure 1-4: Conditional Latent Factor Distributions Given the Running Variable
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Table 1.1: Descriptive Statistics for Boston Public School Students and Exam School Applicants

Exam School Assignment

All All No Latin Latin

BPS Applicants Ofter OBryant Academy School

(1) (2) 3) (4) (5) (6)
Female 0.489 0.545 0.516 0.579 0.581 0.577
Black 0516 0.399 0.523 0.396 0.259 0.123
Hispanic 0.265 0.189 0.223 0.196 0.180 0.081
FRPL 0.755 0.749 0.822 0.788 0.716 0.499
LEP 0.116 0.073 0.109 0.064 0.033 0.004
Bilingual 0.315 0.387 0.353 0.420 0.451 0.412
SPED 0.227 0.043 0.073 0.009 0.006 0.009
English 4 0.000 0.749 0.251 0.870 1.212 1.858
Math 4 0.000 0.776 0.206 0.870 1.275 2.114
N 21,094 5,179 2,791 755 790 843

Notes: This table reports descriptive statistics for 2000-2004. The All BPS column includes all 6th
grade students in Boston Public Schools in who do not have missing covariate or 4th grade MCAS
information. The All Applicants column includes the subset of students who apply to Boston exam
schools. The Assignment columns include the subsets of applicants who receive an offer from a given
exam school.
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Table 1.2: RD Estimates for the First Stage, Reduced Form and Local Average Treatment Effects at the
Admissions Cutoffs

Latin Latin
O'Bryant  Academy School
() (2) (3)

Panel A: Middle School MCAS
First 0.775%%%  (.949%%* () 92 k**
Stage (0.031) (0.017) (0.017)

Reduced -0.084 -0, 181 %%* -0.104
Form (0.060) (0.057) (0.079)

LATE -0.108 -0.19]%** -0.108

(0.078) (0.060) (0.082)

N 1,934

28]
[¥3)
[

8 1,008

El

Puanel B: High School MCAS

First 0.781%%%  0.955%%%  ().964%*x
Stage (0.034)  (0.018)  (0.018)
Reduced 0.047 -0.021 -0.086
Form (0.055)  (0.044)  (0.052)
LATE 0.060 0.022 -0.089

(0.070) (0.046) (0.054)

N 1,475 1,999 907

Notes: This table reports RD estimates of the effect
of an exam school offer on exam school enroliment
(First Stage), the effect of an exam school offer on
MCAS scores (Reduced Form), and the effects of
exam school enrollment on MCAS scores (LATE).
Heteroskedasticity-robust standard errors shown in

parentheses.
* significant at 10%; ** significant at 5%; ***

significant at 1%



Table 1.3: RD Estimates for the First Stage, Reduced Form and Local Average Treatment Effects at the
Admissions Cutoffs: Heterogeneity by Average 4th Grade MCAS Scores

Low 4th Grade MCAS Composite High 4th Grade MCAS Composite

Latin Latin Latin Latin
O'Bryant  Academy School O'Bryant  Academy School
(1) () (3 4) (5) (6)
Panel A: Middle School MCAS
First 0.734***  0,9]17%%* ] (Q0Q*** 0.780%*% (. 956***  (),96]***
Stage (0.072) (0.056) (0.000) (0.033) (0.017) (0.017)
Reduced 0.059 0.130 -0.095 -0.122%  -0.200%%** -0.084
Form 0.127) (0.199) (0.214) (0.065) (0.056) (0.082)
LATE 0.080 0.142 -0.095 -0.157*  -0.200%** -0.088
(0.173) (0.215) (0.214) (0.083) (0.059) (0.085)
N 420 246 681 1,348 1,802 921

Panel B: High School MCAS

First 0.742%%%  0.044%xx 1 000 0 JOTHRE  (.042%%% () Qp4%H*
Stage (0.074)  (0.055)  (0.000) (0.033)  (0.022)  (0.017)
Reduced 0.204%%  -0.029 0272 0.017 0.029  -0.093*
Form (0.099)  (0.141)  (0.186) (0.054)  (0.052)  (0.053)
LATE 0.275%%  -0.031 0272 0.021 0.030  -0.097*

(0.136)  (0.150)  (0.186) (0.068)  (0.055)  (0.055)
N 531 567 436 1,129 974 909

Notes: This table reports RD estimates of the effect of an exam school offer on exam school
enrollment (First Stage), the effect of an exam school offer on MCAS scores (Reduced
Form), and the effects of exam school enroliment on MCAS scores (LATE). The estimates
are shown separately for applicants whose average 4th grade MCAS scores fall below and
above the within-year median. Heteroskedasticity-robust standard errors shown in

parentheses.
* significant at 10%, ** significant at 5%, *** significant at 1%
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Table 1.4: Correlations betwecen the ISEE Scores and 4th Grade MCAS Scores

ISEE MCAS
Reading Verbal Math Quantitative English 4 Math 4
(1) (2) (3) (4) (5) (6)
Panel A: ISEE

Reading 1 0.735 0.631 0.621 0.670 0.581
Verbal 0.735 1 0.619 0.617 0.655 0.587
Math 0.631 0.619 1 0.845 0.598 0.740
Quantitative 0.621 0.617 0.845 1 0.570 0.718

Panel B: MCAS

English 4 0.670 0.655 0.598 0.570 1 0.713
Math 4 0.581 0.587 0.740 0.718 0.713 1.000
N 5,179

Notes: This table reports correlations between the ISEE scores and 4th grade MCAS scores.

Table 1.5: Factor Loadings on the Means and (Log) Standard Deviations of the ISEE and 4th Grade MCAS
Scores
ISEE MCAS
Reading Verbal Math Quantitative English 4 Math 4
(1) (2) (3) ) (5) (6)
Panel A: Factor Loading on Mean
Oy 1.160%** 1.180%** 1
(0.029) (0.032)
O 1. 135%** [.119*** 1
(0.025) (0.024)
Panel B: Factor Loading on (Log) Standard Deviation
0 0.081%** 0.152%** 0.016
0.023) (0.015) (0.016)
Onm 0.019 -0.013 0.124***
(0.020) (0.016) (0.014)
N 5,179

Notes: This table reports the estimated factor loadings on the means and (log) standard deviations of
the ISEE and 4th grade MCAS scores. Standard errors based on nonparametric 5-step boostrap shown
in paretheses.

* significant at 10%, ** significant at 5%, *** significant at 1%
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‘Table 1.6: Factor Loadings on Enrollment and MCAS Scores Under a Given Exam School Assignment

No Latin Latin
Offer OBryant  Academy School
(1) (2) (3) (4)
Panel A: Middle School MCAS
First Stage
O; -0.001 -0.073 -0.107** 0.016
(0.007) (0.069) (0.050) (0.011)
O -0.008 -0.035 0.011 0.023

(0.006) (0.059) (0.031) (0.015)
Reduced Form

8 0.570%%%  0.476%*%*%  (.190%*%  (.439%*+
(0.052)  (0.087)  (0.089) (0.063)
Ow 0.633*%%  0.601%**  (.742%%*% () 464%%%

(0.050)  (0.067)  (0.067) (0.063)

N 2,490 690 728 793

Panel B: High School MCAS
First Stage

0; -0.001 20.025  -0.102* 0.003
(0.011)  (0.076)  (0.053)  (0.009)
Om -0.012 -0.059 0012 0.027**

(0.008) (0.061) (0.030) (0.012)
Reduced Form

O 0.446%%%  (0282%%%  2|7*kk () D39%%%
(0.062)  (0.067)  (0.066)  (0.046)
Oy 0.604%*%% (0 346%** 267+ (. ]58%*x

(0.056) (0.070) (0.057) (0.044)

N 1,777 563 625 793

Notes: This table reports the estimated factor loadings on
enrollment (First Stage) and MCAS scores (Reduced Form)
under a given exam school assignment. First Stage refers to
enrollment at a traditional Boston public school in the No
Offer column and enrollment at a given exam school in the
other columns. Standard errors based on nonparametric 5-step

boostrap shown in paretheses.
* significant at 10%, ** significant at 5%, *** significant at 1%
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Table 1.7: Extrapolated First Stage, Reduced Form, and Local Average Treatment Effects in the Exam
School-Specific RD Experiments

Latin Latin
O'Bryant  Academy School
(1) (2) (3)
Panel A: Middle School MCAS

First 0.869%*% (. 971*** () 950%**
Stage (0.033) (0.013) (0.017)
Reduced -0.047 -0.229%*  _(0.2]14%%*
Form (0.093) (0.100) (0.080)
LATE -0.054 -0.236%*  _0.226%%*

(0.108) (0.103) (0.084)

N 3,029 3,641 4,271

Panel B: High School MCAS

First 0.858%F%  (.962%%%  (.050%*x
Stage (0.038)  (0.021)  (0.018)
Reduced 0.252%%%  0279%%%  (.]99uxx
Form (0.068)  (0.075)  (0.061)
LATE 0.203%%%  (290%k%  (.200%**

(0.081)  (0.079)  (0.064)

N 2,240 2,760 3,340

Notes: This table reports latent factor model based-
estimates of the effect of an exam school offer on
exam school enroliment (First Stage), the effect of
an exam school offer on MCAS scores (Reduced
Form), and the eftects of exam school enrollment
on MCAS scores (LATE) in the RD experiments.
Standard errors based on nonparametric 5-step

boostrap shown in paretheses.
* significant at 10%, ** significant at 5%, ***

signiticant at 1%
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Table 1.8: Extrapolated First Stage, Reduced Form, and Local Average Treatment Effects in the Exam
School-Specific RD Experiments: Heterogeneity by the Running Variables

Below Admissions Cutoff Above Admissions Cutoff
Latin Latin Latin Latin
OBryant Academy School O'Bryant  Academy School
M 2) 3 (GJ) 5) 6)
Panel A: Middle School MCAS
First 0.904***  (.992%** () gaQ*** 0.749%** (. 891*%* () 9Q6***
Stage (0.041) (0.015) 0.020) (0.016) (0.018) (0.031)
Reduced -0.050 -0.234* -0.245%* -0.038 -0.21 1 *%* -0.080
Form (0.118) (0.123) (0.097) (0.034) (0.061) (0.076)
LATE -0.055 -0.236* -0.255%* -0.051 -(.237%%* -0.088
(0.132) (0.124) (0.101) (0.045) (0.069) (0.085)
N 2,339 2,913 3,478 690 728 793
Panel B: High School MCAS
First 0.892%**  (J 984%** () Q50*** 0.758**% (. 885*** () 9R(***
Stage (0.050) (0.027) (0.021) (0.017) (0.021) (0.029)
Reduced 0.343***  (Q362%*%* (. 28]%** -0.021 -0.005 -0.091*
Form (0.089) (0.092) (0.075) (0.034) (0.046) (0.054)
LATE 0.385%**  (.367***% () 293**x* -0.028 -0.006 -0.099*
(0.102) (0.097) (0.079) (0.045) (0.053) (0.059)
N 1,677 2,135 2,601 563 625 739

Notes: This table reports latent factor model based-estimates of the effect of an exam school
offer on exam school enrollment (First Stage), the effect of an exam school offer on MCAS
scores (Reduced Form), and the effects of exam school enrollment on MCAS scores (LATE)
in the RD experiments. The estimates are shown separately for applicants whose running
variables fall below and above the admissions cutoffs. Standard errors based on
nonparametric 5-step boostrap shown in paretheses.

* significant at 10%, ** significant at 5%, *** significant at 1%
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Table 1.9: Extrapolated First Stage, Reduced Form, and Local Average Treatment Effects for Comparisons
between a Given Exam School and Traditional Boston Public Schools

Latin Latin
OBryant  Academy School
(1) (2) 3)
Panel A: Middle School MCAS
First 0.767*%*  0.956%%%  ().967***
Stage (0.017) (0.009) (0.016)
Reduced -0.059 -0.275%%%  (.319%%*
Form (0.048) (0.074) (0.079)
LATE -0.077 -0.288%%* (. 33(***

(0.063) (0.078) (0.082)

N 4,701

Panel B: High School MCAS

First 0.754%%* () 948%*%* () QpR***
Stage (0.020) (0.013) (0.016)
Reduced 0.021 0.049 0.024
Form (0.037) (0.058) (0.064)
LATE 0.027 0.052 0.025

(0.049)  (0.062)  (0.066)

N 3,704

Notes: This table reports latent factor mode! based-
estimates of the effect of receiving an offer from a
given exam school versus no offer at all on
enrollment at this exam school (First Stage), the
effect of receiving an offer from a given exam
school versus no offer at all on MCAS scores
(Reduced Form), and the effect of enrollment at this
exam school versus a traditional Boston public
school on MCAS scores (LATE). Standard errors
based on nonparametric S-step boostrap shown in

paretheses.
* gignificant at 10%, ** significant at 5%, ***

significant at 1%



Table 1.10: Extrapolated First Stage, Reduced Form, and Local Average Treatment Effects for Comparisons

between a Given Exam School and Traditional Boston Public Schools: Heterogencity by Exam School Offer
Status

No Exam School Offer Exam School Offer
Latin Latin Latin Latin
OBryant Academy School OBryant  Academy School
(1) (2) (3) 4) (3) (6)
Panel A: Middle School MCAS

First 0.901***  (.994x%x  (J Q5RQkksk 0.749%*%% Q2 7k*%k () QRGH**
Stage (0.040) (0.016) (0.024) (0.016) (0.010) (0.005)
Reduced -0.051 -0.246* -0.279%* -0.069 -0.307%*%*% 0. 363*%*
Form (0.117) (0.138) (0.117) (0.074) (0.048) (0.051)
LATE -0.057 -0.248% -0.292** -0.092 -0.332%%x () 368%**

(0.131) (0.140) (0.122) (0.099) (0.052) (0.052)
N 2,490 2,211

Panel B: High School MCAS
First 0.887*¥*  (,087*** () 955%k** 0.758***  (.925%%% () QR7H+*+*

Stage (0.049) (0.030) (0.026) 0.017) (0.010) (0.005)

Reduced 0.334%%%  (0.429%*x  ( 428%** -0.268%**  _0.300%**  -0.348***

Form (0.088)  (0.105)  (0.094) (0.066)  (0.048)  (0.052)
LATE 0.376%%*  (.435%%%  (.448*** () 353%%% _(325%** () 353**

(0.102)  (0.110)  (0.098) (0.087)  (0.053)  (0.053)
N 1,777 1,927

Notes: This table reports latent factor model based-estimates of the effect of receiving an
offer from a given exam school versus no offer at all on enrollment at this exam school (First
Stage), the effect of receiving an offer from a given exam school versus no offer at all on
MCAS scores (Reduced Form), and the effect of enrollment at this exam school versus a
traditional Boston public school on MCAS scores (LATE). The estimates are shown
separately for applicants who do not receive an exam school offer and for applicants who
receive an cxam school ofter. Standard errors based on nonparametric 5-step boostrap

shown in paretheses.
* signiticant at 10%, ** significant at 5%, *** significant at 1%
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Table 1.11: Extrapolated Reduced Form Effects in Placebo RD Experiments

No Latin Latin
Ofter O'Bryant  Academy School
(D (2) (3) 4
Panel A: All Applicants
Middle 0.002 -0.000 0.042 -0.023
School (0.063) (0.089) (0.071) (0.072)
MCAS 2,490 690 728 793
High -0.057 0.080 -0.041 -0.008
School (0.067) (0.071) (0.058) (0.051)
MCAS 1,777 563 625 793

Panel B: Below Placebo Cutoff

Middle -0.081 0.015 0.034 -0.034
School (0.099)  (0.070)  (0.057)  (0.065)
MCAS 1,244 344 362 395
High -0.133 0.027 -0.028 0.027
School (0.105)  (0.064)  (0.057)  (0.049)
MCAS 887 280 311 368

Panel C: Above Placebo Cutoff

Middle 0.085 -0.015 0.050 -0.013
School (0.053)  (0.131)  (0.125)  (0.112)
MCAS 1,246 346 366 395
High 0.020 0.133 -0.054 -0.044
School (0.059)  (0.099)  (0.091)  (0.082)
MCAS 890 283 314 371

Notes: This table reports latent factor model-based estimates of
the effects of placebo offers on MCAS scores. The estimates
are shown for all applicants and separately for applicants whose
running variables fall below and above the placebo admissions
cutoffs. Standard errors based on nonparametric 5-step

boostrap shown in paretheses.
* gignificant at 10%, ** significant at 5%, *** significant at 1%
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Table 1.12: Actual and Counterfactual Assignments under Minority and Socioeconomic Preferences

Actual Assignment

Table 1.13: Counterfactual Admissions Cutoffs for Different Applicant Groups under Minority and Socioc-

conomic Preferences

No Latin Latin
Counterfactual Offer O'Bryant  Academy School
Assignment (N 2) 3) 4)

Panel A: Minority Preferences

No Offer 2418 221 113 39
O'Bryant 280 129 133 213
Latin Academy 88 389 268 45
Latin School 5 16 276 546

Panel B: Socioeconomic Preferences

No Offer 2579 159 39 14
O'Bryant 203 319 146 87
Latin Academy 9 106 403 272
Latin School 0 171 202 470
Notes: This table reports the actual assignments and
counterfactual assignments under minority and socioeconomic

preferences in the exam school admissions.

Latin Latin
O'Bryant Academy School
(1) (2) (3)
Panel A: Minority Preferences
Minority -14.1 -20.6 -31.9
Non-Minority 15.8 12.4 7.8

Panel B: Socioeconomic Preferences

SES Tier 1 -20.4 -26.4 -32.9
SES Tier 2 -6.6 -11.7 -16.1
SES Tier 3 -2.5 -1.2 -17.1
SES Tier 4 8.0 2.1 -5.1

Notes: This table reports the differences between the actual

admisstons cutoffs and the counterfactual admissions

cutoffs under minority and socioeconomic preferences in

the exam school admissions.
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Table 1.14: Composition of Applicants by the Counterfactual Assignment under Minority and Sociocconomic
Preferences

No Latin Latin
Offer O'Bryant Academy School
&) (2) 3) 4)
Panel A: Minority Preferences
Female 0.502 0.588 0.629 0.572
Black 0.430 0.440 0.386 0.274
Hispanic 0.182 0.220 0.203 0.172
FRPL 0.810 0.771 0.715 0.556
LEP 0.116 0.030 0.022 0.018
Bilingual 0.386 0.3%96 0.380 0.391
SPED 0.073 0.009 0.013 0.005
English 4 0.277 0.981 1.215 1.668
Math 4 0.277 0.963 1.289 1.781

Panel B: Minority Preferences

Female 0.514 0.572 0.597 0.575
Black 0.499 0.360 0.295 0.203
Hispanic 0.223 0.191 0.143 0.120
FRPL 0.813 0.728 0.673 0.624
LEP 0.107 0.058 0.030 0.017
Bilingual 0.359 0.423 0.391 0.445
SPED 0.073 0.012 0.006 0.006
English 4 0.261 1.067 1.309 1.556
Math 4 0.217 1.146 1.365 1.744
N 2,791 755 790 843

Notes: This table reports descriptive statistics for the exam school
applicants by their counterfactual assignment under minority and

socioeconomic preferences in the exam school admissions.
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Table 1.15: Average Reassignment Effects of Introducing Minority or Socioeconomic Preferences into the
Boston Exam School Admissions

Minority Preferences

Socioeconomic Preferences

Applicant Group Applicant Group
All Non- All SES SES SES SES
Applicants Minority  Minority Applicants  Tier | Tier 2 Tier 3 Tier 4
(1) (2) (3) (4) (5) (6) (7) (3
Panel A: All Applicants
Middle 0.001 -0.028***  (0.043%%* 0.007 -0.032%** -0.005 0.004 0.041%*x*
School (0.005) (0.007) (0.010) (0.005) (0.011) (0.006) (0.007) (0.011)
MCAS 4,701 2,741 1,960 4,701 948 1,113 1,155 1,468
High 0.023%%*  (.027*** 0.017* 0.015%%%  0.024%* 0.011* 0.006 0.018*
School (0.004) (0.007) (0.009) (0.005) (0.011) (0.006) (0.005) (0.010)
MCAS 3,704 2,086 1,618 3,704 737 876 901 1,190
Panel B: Affected Applicants

Middle 0.003 -0.084%**  (.]113*** 0.024 -0.092%** -0.021 0.021 0.133%*x*
School (0.014) (0.021) (0.026) {0.019) (0.032) (0.027) (0.031) (0.034)
MCAS 1,670 932 738 1,294 328 263 241 426
High 0.062%** (0.025) 0.046** 0.050*%**  0.068%* 0.044%* 0.026 0.054*
School (0.011) (0.017) (0.020) (0.016) (0.031) (0.023) (0.024) (0.029)
MCAS 1,367 754 613 1,100 265 223 208 404

Notes: This table reports the latent factor model-based estimates of the effects of minority and socioeconomic

preferences on MCAS scores. The estimates are shown for all applicants and separately for the applicant groups who

face different admissions cutoffs after the reforms. The estimates are also shown separately for the affected

applicants whose exam school assignment is altered by the reforms. Standard errors based on nonparametric 5-step

boostrap shown in paretheses.

* significant at 10%, ** significant at 5%, *** significant at 1%
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1.9 Appendix A: Proofs

Proof of Lemma 2 The result follows directly from the Law of Tterated Expectations. B

Proof of Theorem 1 Notice first that the mcans of M; and M> as well as covariances between M, and

My and between My and M3 can be written as

B = B

EMy] = pa, + An, E[0]
Cov My, Ms] = Couvlf, W]
Cov [My, M3] = Ay, Cov [0, Ms].

From these equations one can solve for the parameters fips, and Apg,that are given by

Cov My, Ms;]
Cov |6, M3)
E[Ms] — A, E[My].

AN,

AL,

Let us now introduce two new random variables, My and 7y, that are defined as

~ 1
My = 3 (M — par,)
Mo
. 1
VM, = /\—MVMQ-
Thus, M, and M, can be written as

M, = 6+ VAL,
]\N’IQ = 0+ AL,

Depending on whether Assumption C.4.a or Assumption C.4.b holds, A and Mo satisfy either Assumption
A or Assumption B in Evdokimov and White (2012) conditional on Ms. In their notation M = § and,
depending on the assumptions imposed on vy, and vay,, either Yy = M, Yo = ]\7[2, Uy = vy, and Uy = Dy,
orY; = ]\712, Yy = My, Uy = Ipy,, and Uz = vy, . The identification of the conditional distributions f,,M1 |Ms
fons, 10y and foja, follows from cither Lemma 1 or Lemma 2 in Evdokimov and White (2012) depending

on whether Assumption A or Assumption B is satisficd. The conditional distribution f,,Mz, a1, and the joint

71



distribution fg s are given by

1 1
forgg s (Vagy | Mm3) = mf&,\mMg (mvm | m3>
fe‘l\/[ (9,77?,) - fl/[\{I]M;; (ml - 0 | 7”3) fl/Mz‘Alg (m2 - N’]Wz - )‘[\’129 I m'})

 foynry (0| ma) far, (ma) .

Proof of Theorem 2 Assumptions D.1, D.3, D.4, and D.5 correspond to assumptions 1, 3, 4, and 5 in
Hu and Schennach (2008) with y = My, z = My, z = M>, and z* = 0 in their notation. Furthermore, as
shown in Cunha, Heckman, and Schennach (2010), Assumption D.2 is equivalent to Assumption 2 in Hu and
Schennach (2008). The identification of the conditional distributions fany16> Faggle> and fgar, then follows

from Theorem 1 in Hu and Schennach (2008). The joint distribution fg as is given by
for (8.m) = far0 (M1 | 6) fFargjo (ms | 0) foyar, (0] ma2) far, (ma).

|

Proof of Theorem 3 Assumption E.1 allows one to write down the integral equations

E[Y|M=m’D= 0]

E{E[Y (0)]6]| M =m" D=0}

E[Y|M=m'D=1] E{E[Y(1) |0 |M=m"D=1}.

The uniqueness of the solutions to these equations follows directly from Assumption E.3. To see this, suppose

that in addition to E [V (0) | 6] there exists some E [Y (0) | 6] such that
P{E[Y(O) 18] # E[Y (0) | 9]} > 0
also satisfying the above equation for all m® € M°. Thus,
E{E[Y(O) 10— E[Y (0)] ]| R:rO,D:O} - 0

for all m® € M?, and by Assumption E.3., this implies that E[Y (0) | 8] — E[Y (0) | 8] = 0 for all m® € M©°,
thus lcading to a contradiction. An analogous argument can be given for the uniquencss of E[Y (1) | 6].

Finally, Assumption E.2 quarantees that £ [Y (0) | 6] and E[Y (1) | 0] are determined for all € ©. B
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Proof of Lemma 4 Using Assumptions H.1 and H.2, one can write

E{E[Y (D(1) =Y (D) 8] R=1)
— [EY (DW) =Y (D) 6] fun | ) ds
~ [EW M-y ©)1D@)>DO).0PID1)>DO)| 6] fur(®|7)ds
- /E[Y(l)—Y(O) | D(1) > D(0).6,R = 1]
xP[D(1) > D(0) | 0,R = r] foy (0 | ) dO. (1.5)

Furthermore, using the fact that

P[D1)>D0) 10,1t =r]for(0]r)
= for (6,D(1) > D(0)|r)

= P[D(1) > D(0) | R =] for,D(0),n01) (0| 7,0, 1),
Equation (1.5) becomes

EAE[Y(D(1)) =Y (D(0)) | 0] | R=r}
= P[D1)>D(O)|R=r]

X/E[Y (1) —Y(O) | D(l) > D(O),H,RZT] j9|RD(0)D(1) (9 | r,(),l)dO
— PID(L)>D(0) | R=r]E[Y (1) =Y (0) | D(1) > D(0),R =1r]. (1.6)

Using similar arguments, one can write

E{ED)-DO) 6] R=r}
=/Ewu%vwnmmmmmw

~ [ PIDQ) > DO) 6] a0 ) do

[ PIDQ) > D) 0.R=rlfun(o|r)ds

i

PIDQ) > DO) | R=1] [ oo (6 r.01)d0

= P[D(1)>D()| R=r]. (1.7)
The result then follows from Equations (1.6) and (1.7). W

Proof of Theorem 4 The proof is analgous to the proof of Theorem 3. B
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Proof of Theorem 5 Notice first that the identification of farks Angks f’/m{c|m3’ f,,M§! Ms» and fo, nr,
follows directly from Assumptions 1.1-1.4 using Theorem 1 for all k = 1,..., K. The only remaining issuc is

the identification of fg|ar,. Let us start by defining new random variables

- 1 :
]\/[5 = (]\/Izk—p,}wk),k::l,...,K
AMzk 2
1
I;A'IQIC = )\—Wl/hfzk,k:l,...,[{.

2

Thus, M, = (]Wll, cee, Mf‘) and My = (]\7121, e ]\ZfQK) can be written as

M, = 0+
M, = 0+ 17[\,{2
_ _ (1 K _ (1 K
where 8 = (6,,...,02) var, = (I/M1 seeey l/Ml), and vy, = (UMQ, e, V]uz).

Now, using Assumption 1.5, the conditional characteristic functions of My and Mo given Ms, ¢ar,ar, and

D 1,050 €N be written as

Panns, (M | ms) = Bepar, (M1 | M3) buyy ar, (M1 | M) (1.8)

451\”12“\43 (m2 | my) = (At (ma | ma) %,\,,2]1\13 (g | m3) (1.9)

where

Bung, 101y (M1 | M3)

K
H ¢uM{chs (mlf ' m:s)
k=1
K
Bing, |M5 (M2 [ M) = H Gingy |y (5 | i3)
k=1

where the conditional characteristics functions Gu My PB (b, (/),;Mz‘ My and @, (b) are known. Thus, the
‘1
only unknown in this relationship is the conditional characteristic function of § given Ms, ®a|n,, that can

be obtained from Equations (1.8) and (1.9):

Py |ary(tms) (bl71\/12|M3 (t ' 7”3) £0

Pipg |y (EMa)?
¢0\Mg (t]ms) = ¢I'U2| J(Hma)
Ao | Mg \"
———_¢Y7Ar[22|h:3(f‘lm3)7 Bipay 05 (| Mi3) # 0
Assumption 1.6 quarantecs that ¢gjpr, (t | m3) is identified for all t € R.
Finally, the conditional characteristic functions ¢gay,, ¢VM1I Mg, and ¢,;Mz| amuniquely determine the

corresponding conditional distributions fy s, fone,ims> and 5, ar,- The conditional distribution fuMg‘ Ma
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and the joint distribution fy s are then given by

K
1 1
fVM-2|M3 (Vf\fz |m3) = H /\T DK,Q\M{; </\T_ 1]1;[2 ‘m'ﬂ)
k=1 "M M
fooa (0,m) = fup vy (ma — 0| ms) fu,, v, (m2 — Bar, — Aot | ms)

X foraty (0| ms) farg (m3)

where pyy, = (hyyr - 1hp,) and Aar, = diag (A}, .- LAY,). W
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1.10 Appendix B: Deferred Acceptance Algorithm and the Defini-

tion of Sharp Samples

The student-proposing Deferred Acceptance (DA) algorithm assigns the exam school offers as follows:

e Round 1: Applicants are considered for a seat in their most preferred exam school. Each exam schools
rejects the lowest-ranking applicants in excess of its capacity. The rest of the applicants are provisionally

admitted.

e Round k£ > 1: Applicants rejected in Round & — 1 are considered for a seat in their next most preferred
exam school. Each exam schools considers these applicants together with the provisionally admitted
applicants from Round k — 1 and rejects the lowest-ranking students in excess of its capacity. The rest

of the students are provisionally admitted.

The algorithm terminates once cither all applicants are assigned an offer from one of the exam schools or
all applicants with no offer are rcjected by every exam school in their preference ordering. This produces an
admissions cutoff for each cxam school that is given by the lowest rank among applicants admitted to the
school. By definition nonc of the applicants with a ranking below this cutoff are admitted to this school. On
the other hand, applicants with a rank at or above this cutoff are admitted to cither this school or a more
preferred exam school depending on their position relative to the admissions cutoffs for these schools.

The DA algorithm-based admissions process implies that only a subset of the applicants to a given exam
school that clear the admissions cutoff are admitted to this school. There are three ways in which an applicant

can be admitted to exam school s given the admissions cutoffs:
1. Exam school s is the applicant’s 1st choice, and she clears the admissions cutofl.

2. The applicant does not clear the admissions cutoff for her 1st choice, exam school s is her 2nd choice,

and she clears the admissions cutoff.

3. The applicant docs not clear the admissions cutoff for her 1st or 2nd choice, exam school s is her 3rd

choice, and she clears the admissions cutofl.

However, it possible to define for each exam school a sharp samplc that consist of applicants who are admitted
to this school if and only if they clear the admissions cutoff (Abdulkadiroglu, Angrist, and Pathak, 2014).

The sharp sample for exam school s is the union of the following three subsets of applicants:

1. Exam school s is the applicant’s 1st choice.

2. The applicant does not clear the admissions cutoff for her 1st choice, and exam school s is her 2nd

choice.

3. The applicant does not clear the admissions cutoff for her 1st or 2nd choice, and exam school s is her

3rd choice.
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Note that each applicant is included in the sharp sample for at least one exam school (the exam school they
listed as their first choice), but an applicant can be included in the sharp sample for more than one exam
school. For instance, an applicant who does not clear the admissions cutoff for any of the exam schools is

included in the sharp samples for all three schools.
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1.11 Appendix C: Identification of the Parametric Latent Factor
Model

In this appendix I discuss moment conditions that give identification of the parametric measurement and
latent outcome models. I ignore the presence of covariates in this discussion as this can be handled straight-

forwardly by conditioning on them throughout.

Identification of the Measurement Model

Under the parametric measurement model specified in Section 1.4 the mean and covariances of the measures

can be written as

E[MY] = pa,
E[My] = pags + Angs o,
E[M5] = pus + At
Cov [Mf, M3 = X0,
Cov [M},M}] = /\A,{;ng
Cov [My, M5] = Ayxdypop,
Cov [ME, MM] = 04,0,

for £ = £, M. From these equations one can solve for ug,, agk, O9p6ar, Hags and Ay that are given by

vy = ol i)
ME T Cou [MF, M}
) ~ Cov [M}, M)
ME T Cov [MF, M
Pap = E [M5] — Aark Mo,
prvp = B [(M5] - Ak Moy
5 Cov [MF, M§]
ng = - - -
Ant}
oo = Cov [MIE, MIM]

for k = E, M, provided that Cov [MF, M5],Cov [Mf, M) #£0,k=E, M.
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Furthermore, the conditional means and covariances of the measures can be written as

for k = B, M.

E[MF | M)

Cov [Mf, M§ || My

]
E M| Mf)
]
]

Cov [MF, M5 || M§

Var [0 | MY¥] that are given by

for k =

E, M.

il

E [0, | Mj]

E [6y. | MJ]

Var [0, | ]\/ng]

I

Var [0k | MY =

I

1

From these cquations one can solve

B0 | Mf]
E [0k | M§]

Mg Var [0 | M}]

Ay Var (6] MY

for & [Ok | ]\[ﬂ, K [ﬂk ] .M;f’], Var [()k \ ]\flzk], and

B0} | M)

E (M} | M)
Cov [MFf, M || Mf]

Anrg

Cov [MF, M§ || M)

/\A'[é"

Finally, the conditional variances of the measures can be written as

Var [Mf | M§] =
Var []\[_ﬁ‘ | M§] =

Var [M§ | M3] = E
E

Jo (2 + ) 2]+

which can be further

N = b =

E[Var [M} | 6] | ME] + Var [ [M{ | 6x] | M}]

exp (2 (71\15 + (51\15) Ok) | ]Wé“'] + Var [()k | MZ"]

xp (2 (v + B [0 | M5] Sy + Var [0 | M] 52) ) + Var [0, | Mf]

|

exp

[
" [exp (2 (mk + 5A,k) ek) | M.k‘] + A2, Var [6; | M}]

exXp

( (7]‘“ + E (61 | ME] gy + Var [0k | MF] Alk)> + Ay Var [64 | Mg, ]

[Var [M} | 6] | ME] + Var [E [MJ | 6x] | M]

E [Var [M] | 65] | MY] + Var [B[MS | 6;] | My]
(;

Ajk Var [Qk ‘ ]UZ]

= exp (2 (’yMA + E [0 | M} dppx + Var 16k | MF) ()Mk)> + )‘1\1‘ Var [0 | M3]

;log (Var (M}

log (Var M§ | M)

log (Var ME | ME]

modified as

M§] = Var [0 | M3])
N2 Var [0 | M5])

— X Var [6 | M5])
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Yaik

+ B[O | M5] 8y + Var [ | M3] 03
+ E [91, ] M: ] M} + Var [Gk | ]\[""] ()Alk

+ [0k | ME] 630 + Var [0y | My] 83y



for k = E, M.

Thus, the paramcters Yarks Oarks Yarks (51\,@», Yaap, and 51\4§ can be solved from

slog (Var [MF | M§ = my] — Var (6 | MY = my])
3log (Var [M} | M§ = my] — Var [6; | M§ = my))
B ’yM{c—i—E[ﬁklMé“:ml Oar + Var [0k | M =m, 512»11,6

s
=
&

S

+

<

]

g

<b
5

I

-

=
[ v

Yk + E [0k | MF =my r By
5 log (Var [M§ | Mk = my| — kVar [0k | M =m,
1log (Var [MF | MY = ma] — M" ar (B | MY =my

’Y]\,[zk + FE [6’}8 ( ]\4:? =m

f

A[k + VaT 9 | Afs =m

]
]
]
]
]
&+ Var [0y | M5 = ms]
]
]
]
Jé

Liog (Var (M} | M = ma] = X2, Var [0 | M = my

’yM%c + F [Hk ' ]\/[2" =m (SMk + Var 9k | ]\[2 = m

] 2
N [
Llog (Va,r [M§ | M =] = X2, Var [0, | M = m,
] - [
] [
] [

'}’A,[Bk + F [gk: | ]\ka = ms 5}\[’“ + Var |6y ’ Afz = Mo

provided that the matrices

[9k l ME = my| +2Var [‘gk l A[ =1m 61”1«
[0x | ME = ma] +2Var [6; | M5 = my Sk
[ [

E
E
E

L E [0k | M§ = my] +2Var [0 | ME = my) 8y J
E
E

O | M} = my| +2Var

] ]

] ]
O | Mf = ] +2Var [0 | MY =my] 6,0

] |6

] ]

] ]

[Ok | ]VIQ =m1| +2Var [0;‘ ‘ ]\[2 =1m
[ [ | My = my 5M‘c j

are of full rank.

Identification of the Latent Qutcome Models

Under the parametric latent outcome model specified in Section 1.4 the conditional expectation of an outcome

Y can be written as

BY |M,Z] = E[Y(S(2)|M,Z

= aysz) + Bvisa b 0 | M, Z] + B¥isczn E0n | M, 2]
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for Z =0,1,2,3. Thus, the parameters ay(s(z);» BE o, and gM can be solved from
(S(2))s Py (5(2)) Y(S(Z))

E[h(Y,S)| M = m#?, Z] | 1 Elbg | M=mf z E [Oar | M = m#é,Z] | Oy (8(2))
ERY,S)(M=m§,Z] | = |1 E[fu|M=m{ z] E[0y|M=mf Z] BYisie))
E[h(Y,S) | M =m{, 2] | |1 B[ M=mF 2] Eu|M= m#, Z| Bl s
ay(sizy) | 1 B0y | M=mZ,2) El6y|M=mnf2 Tl
= BE(S(Z)) = 1 E[fg|M=mf 2] El[0y | M =m3, Z]
ﬂy(s(z)) | i 1 £ [HE | M =mZ, ] E [GM | M =m%, ]
{

E[R(Y,S)|M=m Z)
E[h(Y,S)| M =m%,Z]
E[h(Y,8) | M =m4,Z]

X

where m%,m%,m#% € M#, provided that the matrix

1 El0p | M=m%2] E[6n|M=mi 2]
1 Elbp|M=m$,2] El6y|M=mi Z
1 E[fp|M=m%2] E[6y|M=mi 7]

is of full rank. The identification of ap (), /ﬁgs(z), and /%{(Z)’ Z =0,1,2,3, is analogous.
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Chapter 2

Wanna Get Away? RD Identification of

Exam School Effects Away from the
Cutoff

(Joint work with Joshua Angrist)

Both the tie-breaking experiment and the regression-discontinuity analysis are particularly sub-
ject to the external validity limitation of selection-X interaction in that the effect has been
demonstrated only for a very narrow band of talent, i.c., only for those at the cutting score...
Broader gencralizations involve the cxtrapolation of the below-X fit across the entire range of
X values, and at cach greater degree of extrapolation, the number of plausible rival hypotheses

becomes greater.

— Donald T. Campbell and Julian Stanley (1963; Experimental and Quasi-Experimental De-

signs for Research)

2.1 Introduction

In a regression discontinuity (RD) framework, treatment status changes discontinuously as a function of an
underlying covariate, often called the running variable. Provided conditional mean functions for potential
outcomes given the running variable arc reasonably smooth, changes in outcome distributions at the as-
signment cutoff must be driven by discontinuities in the likelihood of treatment. RD identification comes
from a kind of virtual random assignment, where small and presumably serendipitous variation in the run-

ning variable manipulates treatment. On the other hand, because the running variable is usually related to
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outcomes, claims for unconditional “as-if random assignment” are most credible for samples near the point
of discontinuity. RD methods need not identily causal effects for larger and perhaps morc representative
groups of subjects. Our epigraph suggests this point was no less apparent to RD’s inventors than to today’s
nonparametricians.

A recent study of causal effects at Boston’s sclective public schools — known as “exam schools” — highlights
the possibly local and potentially limiting nature of RD findings. Boston exam schools choose their students
based on an index that combines admissions test scores with a student’s grade point average (GPA). Ab-
dulkadiroglu, Angrist, and Pathak {2014) usc parametric and non-parametric RD estimators to capture the
causal cffects of exam school attendance for applicants with index values in the neighborhood of admissions
cutoffs. In this case, nonparametric RD compares students just to the left and just to the right of each
cutoff. For most of these marginal students, the resulting estimates suggest that exam school attendance
does little to boost achievement.! But applicants who only barely manage to gain admission to, say, the
highly selective Boston Latin School, might be unlikely to benefit from an advanced exam school curriculum.
Stronger applicants who qualify more casily may get more from an clite public school education. Debates
over affirmative action also focus attention on inframarginal applicants, including some who stand to gain
seats and some who stand to lose their seats should affirmative action considerations be brought in to the
admissions process.?

Motivated by the question of how cxam school attendance affects achievement for inframarginal appli-
ants, this paper tackles the theoretical problem of RD identification for applicants other than those in the
immediate neighborhood of admissions cutoffs. Our first tack extrapolates paramectric models for condi-
tional mean functions estimated to the left and right of cutoffs. As noted by Angrist and Pischke (2009), in
a parametric framework, extrapolation is casy.

As it turns out, functional-form-based estimation procedures fail to produce compelling results for the
empirical question that motivates our theoretical inquiry. The resulting estimates of exam school eflects
away from the cutoff are mostly imprecise and sensitive to the polynomial used for extrapolation, with or
without the implicit weighting induced by a nonparametric bandwidth. We therefore turn to a conditional
indepcndence argument that exploits a key feature of most RD assignment mechanisms: treatments is
assigned as a deterministic function of a single observed covariate, the running variable. The association
between running variable and outcome variables is therefore the only source of omitted variables bias in RD
estimates. If, for example, the running variable were randomly assigned, or otherwise made independent of
potential outcomes, we could ignore it and analyze data from RD designs as if from a randomized trial.

The special nature of RD assignment leads us to a conditional independence assumption (CIA) that
identifies causal effects by conditioning on covariates besides the running variable, with an eye to eliminating

the relationship between running variable and outcomes. 1t's not always possible to find such good controls,

n an RD study of New York exam schools, Dobbie and Fryer (2013) similarly find little evidence of gains for admitted
applicants at the cutoff.

2Duflo, Dupas, and Kremer (2011) usc a combination of RD and a randomized trial to document treatment effect hetero-
gencity as a function of the running variable in a study of tracking in Kenyan elementary schools.
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of course, but, as we show below, a straightforward statistical test isolates promising candidates. As an
empirical matter, we show that conditioning on baseline scores and demographic variables largely eliminates
the relationship between running variables and test score outcomes for 9th grade applicants to Boston exam
schools, though not for 7th grade applicants (for whom the available controls are not as good). These results
lay the foundation for a matching strategy that identifies causal effects for inframarginal 9th applicants.
Our estimates of effects away from the cutoff are mostly in line with RD estimates of causal effects at
the cutoff. In particular, away-from-the-cutoff estimates suggesi BLS attendance has little effect on cither
math or English achievement, while the O’'Bryant school may generate some gains, especially in English
Language Arts (ELA). The ELA gains for successful O’Bryant applicants approach one-fifth of a standard
deviation. Perhaps surprisingly, therefore, those who seem most likely to gain from any expansion in exam
school seats are relatively weak applicants who currently fail to gain admission to Boston’s least selective
exam school. Ultra-high ability applicants, that is, BLS applicants who easily clear the threshold for Boston’s
most selective public school, are likely to do well with our without the benefit of a BLS expericnce, at least

as far as standardized test scores go.

2.2 Causal Effects at Boston Exam Schools

Boston’s three exam schools serve grades 7-12. The high-profile Boston Latin School (BLS), which enrolls
about 2.400 students, is the oldest American high school, founded in 1635. BLS is a model for other exam
schools, including New York’s well-known selective high schools. The second oldest Boston exam school is
Boston Latin Academy (BLA), formerly Girls’ Latin School. Opened in 1877, BLA first admitted boys in
1972 and currently enrolls about 1,700 students. The John D. O’Bryant High School of Mathematics and
Science (formerly Boston Technical High) is Boston’s third exam school; O’Bryant opened in 1893 and now
enrolls about 1,200 students.

The Boston Public School (BPS) system spans a wide range of peer achievement. Like many urban
students elsewhere in the U.S., Boston exam school applicants who fail to enroll in an exam school end up
at schools with average SAT scores well below the state average, in this case, at schools close to the 5th
percentile of the distribution of school averages in the state. By contrast, O’Bryant’s average SAT scores fall
ncar the 40th percentile of the state distribution of averages, a big step up from the overall BPS average, but
not elite in an absolute sense. Successful Boston BLA applicants find themselves at a school with average
scores around the 80th percentile of the distribution of school means, while the average SAT score at BLS is
the fourth highest among public schools in Massachusetts.

Between 1974 and 1998, Boston exam schools reserved seats for minority applicants. Though quotas arc
no longer in place, the role of race in exam school admissions continues to be debated in Boston and is the
subject of ongoing litigation in New York. Our CIA-driven matching strategy is used here to answer two

questions about the most- and least-selective of Boston’s three exam schools; both questions are motivated
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by the contemporary debate over affirmative action in exam school admissions. Specifically, we ask:

1. How would inframarginal low-scoring applicants to O’Bryant, Boston’s least selective exam school, do
if they were lucky enough to find seats at O’Bryant in spite of falling a decile or more below today’s
O’Bryant cutoff? In other words, what it poorly qualified O’Bryant applicants now at a regular BPS

school were given the opportunity to attend O’Bryant?

2. How would inframarginal high-scoring applicants to BLS, Boston’s most selective examn school and one
of the most sclective in the country, fare if their BLS offers were withdrawn in spite of the fact that
they qualify casily by today’s standards? In other words, what if highly qualified applicants now at
BLS had to settle for BLA?

The first of these questions addresses the impact of exam school attendance on applicants who currently
fail to make the cut for any school but might do so with minority preferences restored or exam school
seats added in an effort to boost minority enrollment. The second question applies to applicants like Julia
McLaughlin, whose 1996 lawsuit ended racial quotas at Boston exam schools. McLaughlin was offered a seat
at BLA, but sued for a seat at BLS, arguing, ultiinately successfully, that slie was kept out of BLS solely by
unconstitutional racial quotas. The thought experiment implicit in our second question sends high-scoring

BLS students like McLaughlin back to BLA.

2.2.1 Data

The data used here merge BPS enrollment and demographic information with Massachusetts Comprehensive
Assessment System (MCAS) scores. MCAS tests are taken each spring, typically in grades 3-8 and 10.
Baseline (i.e., pre-application) scores for grade 7 applicants are from 4th grade. Bascline English scores for
9th grade applicants come from 8th grade math and 7th grade ELA tests (the 8th grade English exam was
introduced in 2006). We lose some applicants with missing baseline scores. Scores were standardized by
subject, grade, and year to have mean zero and unit variance in the BPS population.

Data on student enrollment, demographics and test scores were combined with the BPS exam school
applicant file. This file records applicants’ current grade and school enrolled, applicants’ preference ordering
over exam schools, and applicants’ Independent Schools Entrance Exam (ISEE) test scores, along with each
exam schools’ ranking of its applicants as determined by ISEE scores and GPA. These school-specific rankings
become the exam school running variables in our sctup.

Our initial analysis sample includes BPS-enrolled students who applied for exam school scats in 7th
grade from 1999-2008 or in 9th grade from 2001-2007. We focus on applicants enrolled in BPS at the time
of application (omitting private school students) because we're interested in how an exam school education
compares to regular district schools. Moreover, private school applicants are much more likely to remain
outside the BPS district and hence out of our sample if they fail to get an exam school offer. Applicants

who apply to transfer from one exam school to another are also omitted.



2.2.2 Exam School Admissions

The sharp CIA-based estimation strategy developed here is predicated on the notion that exam school offers
are a deterministic function of exam school running variables. Exam school running variables are constructed
by ranking a weighted average of ISEE scores and applicants’ GPAs at the time of application. In practice,
however, Boston exam school offers take account of student preferences over schools as well as their ISEE
scores and GPAs. Students list up to three exam schools for which they wish to be considered, in order of
preference. Admissions offers are determined by a student-proposing deferred acceptance (DA) algorithm,
using student preferences and school-specific running variables as inputs. The DA matching process com-
plicates our RD analysis because it loosens the direct link between running variables and admissions offers.
As in Abdulkadiroglu, Angrist, and Pathak (2014), our econometric strategy begins by constructing analysis
samplés that restore a deterministic link between exam school offers and running variables, so that offers are
sharp around admissions cutoffs. A description of the manner in which these sharp samples are constructed
appears in the appendix.?

The sharp RD treatment variable is an offer dummy, denoted D;;. indicating applicants offered a seat
at school k, determined separately as a function of rank for applicants in each school-specific sharp sample.
For the purposes of empirical work, school-specific ranks are centered and scaled to produce the following
running variable:

Tik = —— X (Th — ¢ik), (2.1)

where N, is the total number of students who ranked school & (not the number in the sharp sample). Scaled
school-specific ranks, i, equal zero at the cutoff rank for school &, with positive values indicating students
who ranked and qualified for admission at that school. Absent centering, scaled ranks give applicants’
percentile position in the distribution of applicants to school k. Within sharp samples, we focus on a window
limited to applicants with running variables no more than 20 units (percentiles} away from the cutoff. For
qualified 9th grade applicants at BLS, this is non-binding since the BLS cutoff is closer to the top of the 9th
grade applicant distribution than the .8 quantile.

In sharp samples, offers are determined by the running variable, but not all offers are accepted. This
can be seen in Figures 2-1a and 2-1b, which plot school-specific offer and enrollment rates around O’Bryant
and BLS admissions cutoffs. Specifically, the figures show conditional means for sharp sample applicants in

a one-unit binwidth, along with a conditional mean function smoothed using local lincar regression (LLR).?

3Instead of defining sharp samples, a dummy for threshold crossing (qualification) can be uscd to instrument fuzzy offers.
The extension of our CIA approach to fuzzy designs is discussed in Section 2.5, below. The construction of sharp sample
produces an asymptotic efficiency gain, however, since those in the sharp sample are compliers in a setup that uses qualification
as an instrument for offers (this is impliced by results in Frolich (2007) and Hong and Nekipelov (2010), which show that the
ability to predict compliance reduces the semiparametric efliciency bound for local average treatment effects.)

1For school k, data in the estimation window were used to construct estimates of E[yi[rik], where y; is the dependent variable
and 7;; is the running variable. The LLR smoather uses the edge kernel,

w2221} (-2,

where h is the bandwidth. The bandwidth used here is a version of the DesJardins and McCall (2008) bandwidth (hereafter,
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As can be scen in Table 2.1, which reports estimates that go with these figures, 72% of 7th graders offered
a seat at O’Bryant cnroll there, while among 9th grade applicants offered an O’Bryant seat, 66% enroll.
Enrollment rates are much higher for those offered a scat at BLS, while many applicants not offered a seat
at BLS end up at Boston’s second most selective exam school, BLA. At the same time, movement up the
ladder of exam school selectivity is associated with dramatic changes in peer composition. This can be scen
in Figure 2-2a and 2-2b, which plot peer achievement of applicants’ classmates (as measured by baseline

MCAS scores), for applicants within 20 percentile points of the O’Bryant and BLS cutoffs.

2.2.3 Results at the Cutoff

As a benchmark, we begin with estimates for marginal applicants. Figures 2-3a and 2-3b show little evideuce
of gaing in 10th grade math scores for 7th grade applicants offered exam school seats. On the other hand,
among both 7th and 9th grade applicants, 10th grade ELA scores seem to jump at the O’Bryant cutoff. The
figure also hints at an O’Bryant-induced gain in math scores, though only for 9th grade applicants.

Our estimators of the effect of an exam school offer are derived from models for potential outcomes. Let
Y1; and Y)); denote potential outcomes in treated and untreated states, with the observed outcome determined
by

yi = Yoi + [Yii — Yo Dy

In a parametric setup, the conditional mean functions for potential outcomes given the running variable are

modeled as:

ElYor:] = folrs)
EYilri] = p+ filr),

using polynomials, f;(r;);j=0,1.
Substituting polynomials in Ely;|r;] = E{Yy:|r] + E{Y1: = Yol Dy, and allowing for the fact that the
estimation sample pools data from different test years and application years, the parametric estimating

equation for applicant ¢ observed in year ¢ is:
Yir =y t+ Z/fjpz:j + Z5ld¢e + (1= Di)folrs) + Difi(ri) + pDi + nit (2.2)
J 4

This model controls for test year effects, denoted «y, and for application year, indexed by ¢ and indicated
by dummies, d;;. The model also includes a full set of application preference dummies, denoted p;;.° The

effects of the rununing variable are controlled by a pair of pth-order polynomials that differ on either side of

DM) studied by Imbens and Kalyanaraman (2012), who derive optimal bandwidths for sharp RI) using a mean square-error
loss function with a regularization adjustment. The DM smoother (which generates somewhat more stable estimates in our
application than the bandwidth Imbens and Kalyanaraman (2012) prefer) is also used to construct nonparametric RD estimates,
below.

5As explained in the appendix, this controls for applicant-preference-group composition effects in the sharp sample.
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the cutofl, specifically:
fj(’ri) :W[jT’,j+7T2{7‘7‘;-’2+...+7ij’r‘7?; J=0,1. (23)

The benchmark estimates set p = 3.

Non-parametric RD estimators differ from parametric in three ways. First, they narrow the cstimation
window when the optimal data-driven bandwidth falls below 20. Non-parametric estimators also usc a
tent-shaped edge kernel centered at admissions cutoffs, instead of the uniform kernel implicit in parametric
estimation. Finally, non-parametric models control for linear functions of the running variable only, omitting

higher-order terms. The nonparametric estimating equation is:

Vit = Qg + Zﬁqutj + Z Sedie + vo(1 — D)rs + 11Dy + pDy +
J ‘

= + Z Bipij + Z dedig + vors + Y Diri + pDi 4 15 (2.4)
j ¢
Non-parametric RD estimates come from a kernel-weighted LLR fit of equation (2.4), estimated separately
in the sharp sample of applicants to O’'Bryant and BLS.

Consistent with the figures, estimates of (2.2) and (2.4), reported in Table 2.2, show little in the way
of score gains at BLS. But the non-parametric estimates suggest an O’Bryant offer may boost 10th grade
ELA scores for both 7th and 9th grade applicants. Other estimates are either smaller or less precise, though
among 9th grade O'Bryant applicants, we sce a marginally significant effect on math. Other estimates, not
reported here, present a broad picture of small effects on 7th grade exam school applicants tested in 7th and
8th grade (see Abdulkadiroglu, Angrist, and Pathak (2014) for nonparametric estimates of effects on middle
school scorcs.) Results for the 10th grade ELA scores of O’Bryant applicants offer the strongest evidence of

an exam school gain.

2.2.4 To Infinity and Beyond: Parametric Extrapolation

The running variable is the star covariate in any RD scene, but the role played by the running variable is
distinct from that played by covariates in matching and regression-control strategies. In the latter, we look to
comparisons of treated and non-trcated observations conditional on covariates to climinate omitted variables
bias. As Figure 2-4 highlights, however, in an RD design, there is no value of the running variable at which
both treatment and control subjects arc observed. Nonparametric identification comes from infinitesimal
changes in covariate values across the RD cutoff. As a practical matter, howcver, nonparametric infercnce
procedures compare applicants with covariate values in a small - though not infinitesimal - neighborhood to
the left of the cutoff with applicants whose covariate values put them in a small neighborhood to the right.
This empirical comparison requires some extrapolation, however modest. [dentification of causal effects away
from the cutoff requires a more substantial extrapolative leap.

In a parametric setup such as described by (2.2) and (2.3), extrapolation is casy though not necessarily
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credible. For any distance, ¢, we have
ple) = EYy, — Yoilrs = ¢ = p+ wic + 362 + o+ WP, (2.5)

where wf = w11 — myo, and so on. The notation in (2.5) masks the extrapolation challenge inherent in
identification away from the cutoff: potential outcomes in the treated state are observed for r, = ¢ > 0,
but the value of E[Yy;|r; = ¢] for positive ¢ is never seen. The dotted lines in Figure 2-4 show two equally
plausible possibilities, implying different causal effects at r; = ¢. It seems natural to usc observations to the
left of the cutoff in an effort to pin down functional form, and then extrapolate this to impute E[Yy|r; = ¢].
With enough data, and sufficiently well-bechaved conditional mean functions, fo(c) is identified for all values '
of ¢, including those never scen in the data. It's casy to sce, however, why this approach may not generate
robust or convincing findings.

The unsatisfying nature of parametric extrapolation emerges in Figures 2-5a and 2-5b. These figures
show observed and imputed counterfactual 10th grade math scores for 7th and 9th grade applicants. Specit-
ically, the figures plot nonparameteric estimates of the observed conditional mean function E[Yy|r = ¢
for O’Bryant applicants to the left of the cutoff, along with imputed E[Y1;|r; = ¢ to the left. Similarly,
for BLS applicauts, the figures plot nonparametric estimates of observed E[Y1;|r; = ¢] for applicants to the
right of the cutofl, along with imputed E[Yy|r; = ¢| to the right. The imputations use linear, quadratic,
and cubic specifications for f;(r;). Thesc models generate a wide range of estimates, especially as distance
from the cutoff grows. For instance, the estimated effect of BLS attendance to the right of the cutoll for 9th
grade applicants changes sign when the polynomial goes from second to third degree. This variability seems
unsurprising and consistent with Campbell and Stanley (1963)’s observation that, “at each greater degrec
of extrapolation, the number of plausible rival hypotheses becomes greater.” On the other hand, given that
folr;) looks reasonably linear for ; < 0 and f)(r;) looks reasonably linear for r; > 0, we might have hoped
for results consistent with those from linear models, even when the specification allows something more
elabaorate.

Table 2.3, which reports the estimates and standard errors from the models used to construct the fitted
values plotted in Figure 2-5, shows that part of the problem uncovered in the figure is iimprecision. Estimates
constructed with p = 3 are too noisy to be useful at ¢ = +/ — 5 or higher. Models setting p = 2 generate
more precise estimates than when p = 3, though still fairly imprecise for ¢ > 10. On the other hand, for
very modest extrapolation (¢ = 1), a reasonably consistent picture emerges. Like RD estimates at the cutofl,
this slight extrapolation generates small positive cstimates at O’Bryant and small negative effects at BLS

for both 7th and 9th grade applicants, though few of these estimates are significantly different from zero.®

Sparalleling Figure 2-5, the estimates in Table 2.3 are from models omitting controls for test year, application year and
application prefcerences. Estimates from models with these controls differ little from those reported in the table.
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2.2.4.1 Using Derivatives Instead

Dong and Lewbel (2013) propose an alternative to parametric extrapolation based on the insight that the
derivatives of conditional mean functions are nonparametrically identified at the cutoff (a similar idea appears

in Section 3.3.2 of DiNardo and Lee, 2011). First-order derivative-based extrapolation exploits the fact that
file) = f;(0) + £;(0) - c. (2.6)

This approximation can be implemented using a nonparamectric estimate of f]'. (0).
The components of (2.6) are estimated consistently by fitting linear models to f;(ry) in a neighborhood
of the cutoff, using a data-driven bandwidth and slope terms that vary across the cutoff. Specifically, the

effect of an offer at cutoff value ¢ can be approximated as
ple) =p+"-c (2.7)

with parameters estimated using equation (2.4). The innovation in this procedure relative to LLR estimation
of (2.4) is in the interpretation of the interaction term. v*. Instead of a bias-reducing nuisance parameter,

* Is seen in this context as identifying a derivative that facilitates extrapolation. As a practical matter, the

5
picture that cmerges from derivative-based extrapolation of exam school effects is similar to that shown in

Figure 2-5.

2.3 Call in the CIA

RD designs take the mystery out of trcatment assignment. In sharp samples of applicants to Boston exam

schools, we know that cxam school offers are determined by

This signal feature of the RD design implies that failure to control for r; is the only source of omitted
variables bias in estimates of the causal effect of D;.

Armed with precise knowledge of the source of omitted variables bias, we prdpose to identify causal
effects by means of a conditional independence argument. In sharp samples, Boston exam school offers are
determined by measures of past achievement, specifically ISEE scores and students’ GPAs. But thesc are
not the only lagged achievement mcasures available. In addition to demographic variables that are highly
predictive of achievement, we observe pre-application scores on MCAS tests taken in 4th grade and, for high
school applicants, in 7th or 8th grade. Conditioning on this rich and relevant set of controls may serve to

break the link between running variables and outcomes.”

"Cook (2008) credits Goldberger (1972a) and Goldberger (1972h) for the observation that when treatment status is de-
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To formalize this identification strategy, we gather the set of available controls in a covariate vector, z;.

Our conditional independence assumption (CIA) asserts that:
CONDITIONAL INDEPENDENCE ASSUMPTION (CIA)
EYjilri, ;] = E[Yji|zi]; j = 0,1
In other words, potential outcomes are assumed to be mean-independent of the running variable conditional
on z;. We also require trcatment status to vary conditional on x;:
COMMON SUPPORT

0 < PID; = 1lz;] < 1a.s.

The CIA and common support assumptions identify any counterfactual average of interest. Tor example,

the average of Yy, to the right of the cutoff is:
EYo|D; = 1] = E{E[Yoilz:, D; = 1| D; = 1} = E{Ely;|x:;, D, = 0]|D; = 1}, (2.8)
while the average treatment cffeet on the treated is identified by a matching-style estimand:
EYy — Yy |D; =1 = E{E|ylz;, D, = 1] — Ely;\z;, D, = 0]|D; = 1}.

2.3.1 Testing and Bounding

Just as with conventional matching strategies (as in, for example, Heckman, Ichimura, and Todd (1998) and
Dehejia and Wahba (1999)), the CIA assumption invoked here breaks the link between treatment status
and potential outcomes, opening the door to identification of a wide range of average causal effects. In this
case, however, the prior information inherent in an RD design is also available to guide our choice of the
conditioning vector, x;. Specifically, by virtue of the conditional independence relation implied by the CIA,
we have:

E[Yulri,iﬁh’f’i > O} = }‘J[Y[T‘J‘L] - ED/],IZL,,T, > ()],

so we should expect that

E[y,;"/‘,',.’L',L‘,D,' - l} = E[y,]a,,Dl = 1], (29)

to the right of the cutoff. Likewise, the CIA also implies:

EYoilri, @i, ri < 0] = E[Yy|2] = E[Yo

£y, < 0],

termined solely by a pre-treatment test score, regression control for pre-treatment scores eliminates omitted variables bias.
Goldberger credits Barnow (1972) and Lord and Novick (1972) for similar insights.
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suggesting we look for

Elyilri,xi, D; = 0] = Ely;|2;, D; = 0], (2.10)

to the left of the cutoff.

Regressions of outcomes on z; and the running variable on either side of the cutoff provide a simple test
for (2.9) and (2.10). Mcan independence is stronger than regression independence, of course, but regression
testing procedures can cmbed flexible models that approximate nonlinear conditional mean functions, In
practice, simple regression-based tests seem likely to provide the most useful specification check since such
tests are likely to reject in the face of any sort of dependence hetween outcomes and running variable, while
more elaborate specifications with many free parameters may lack the power to detect violations.®

Concerns about power notwithstanding, the CIA is demanding and may be hard to satisfy. A weaker and
perhaps more realistic version limits the range of running variable values for which the CIA is maintained.

This weaker bounded conditional independence assumption asserts that the CIA holds only over a limited

range:

BOUNDED CONDITIONAL INDEPENDENCE ASSUMPTION (BCIA)
ElYjilri, @i, | ri |< d] = E[Yjil@i, | ri |< d]; j = 0,1

Bounded CIA says that potential outcomes are mean-independent of the running variable conditional on x;,

but only in a d-neighborhood of the cutoff. Testing BCIA, we look for
Elyilri, z;,0 < r; < d] = E[yi]z:. 0 < r; < d] (2.11)
to the right of the cutoff, and
Elyilri,zi, —d < i < 0] = Elyilz;, —d < ry < 0] (2.12)

to the left of the cutoff.

At first blush, the BCIA evokes nonparametric RD identification in that it leads to estimation of casual
effects inside an implicit bandwidth around the cutoff. An important distinction, however, is the absence
of any promise to make the d-neighborhood smaller as the sample size grows. Likewise, BCIA requires no
choice of bandwidth or local polynomial smoothers with an eye to bias-variance trade-offs. Rather, the
largest value of d that appears to satisfy BCIA defines the playing field for CIA-based estimation.

Beyond providing an opportunistic weakening of the CIA, the BCIA assumption allows us to avoid
bias from counterfactual composition effects as distance from the cutoff grows. Moving, say, to the left of

the BLS cutoff, BLS applicants start to fall below the BLA cutoff as well, thereby changing the relevant

8Fan and Li (1996), Lavergne and Vuong (2000), Ait-Sahalia, Bickel, and Stoker (2001), and Angrist and Kuersteiner (2011)
develop nonparametric conditional independence tests.
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counterfactual from BLA to O’Bryant for BLS applicants not offered a scat there. The resulting change
in Yy, (where potential outcomes are indexed against BLS offers) is likely to be corrclated with the BLS
running variable with or without conditioning on x;. To argue otherwise requires the distinction between
BLA and O’Bryant to be of no consequence. BCIA avoids the resulting composition bias by requiring that

we not extrapolate too far to the left of the BLS cutoff when looking at BLS applicants.

2.3.2 Alternative Assumptions and Approaches

A weaker alternative to the CIA asserts conditional independence between average causal effects and the
running variable, instead of between potential outcomes and the running variable. This leads to a Conditional
Effect Ignorability (CEI) assumption, similar to that introduced by Angrist and Fernandez-Val (2010) in an

instrumental variables sctting. For our purposes, CEI can be described as follows:

CONDITIONAL EFFECT IGNORABILITY (CEI)

ElY1; — Yoilrs, wi) = EY1 — Yoi|zi]

In an RD context, CEI means that, conditional on z;, we can ignore the running variable when computing
average causal effects, even if potential outcomes are not individually mean-independent of the running
variable.”

CEI has much of the identifying power of the CIA. Tor example, given CEI, the effect of treatment on

the treated can be written as:
E{Yli — (),Ile,,j = 1] = b'{E[yIjllT,',Tj = 0*] - E[yljlil,',i7’l"lj = OWHI), - 1}, (213)

where Ely;|z;, r; = 07] and Ely|x;, r; = 07] denote right- and left-hand limits of conditional-on-z; expec-
tation functions for outcomes at the cutoff. In other words, this CEI assumption identifies causal effects
away from the cutofl by averaging a set of nonparametrically identified conditional-on-covariates effects at
the cutofl.

In practice, CIA-based estimates seem likely to be more useful than those derived from equation (2.13).
For one thing, not being limited to identification near the cutoff, CIA-based estimation uses much more
data. Second, CEI relics on the ability to find a fair number of observations near the cutoff for all relevant
covariate values, a tall order in many applications. Finally, CEI is harder to assess. CEI implies that the
derivative of the conditional average treatment effect given covariates should be zero at the cutoff; as noted by
Dong and Lewbel (2013), this derivative is non-parametrically identified (and given by the interaction term
in the nonparametric estimating equation, (2.4)). In practice, however, samples large enough for reliable

nonparametric estimates of conditional mean functions can be expected to gencrate inconclusive estimates

9Lewbcl (2007) invokes a similar assumption in a setup using exclusion restrictions to correct for classification error in
treatment status.
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of derivatives. Not surprisingly, thercfore, our experiments with CEI estimators for Boston cxam school
applicants failed to produce estimates that seem precise enough to be useful.

Battistin and Rettore (2008) also consider matching estimates in an RD setting, though they don’t exploit
an RD-specific conditional independence condition. Rather, in the spirit of Lalonde (1986), Battistin and
Rettore validate a gencric matching estimator by comparing non-parametric RD estimates with conventional
matching estimates constructed at the cutoff. They argued that when matching and RD produce similar
results at the cutoff, matching scems worth exploring away from the cutoff as well.

Other related discussions of RD identification away from the cutoff include DiNardo and Leec (2011) and
Lee and Lemieux (2010), both of which note that the local interpretation of nonparametric RD estimates
can be relaxed by treating the running variable as random rather than conditioning on it. In this view,
observed running variable values are the realization of a non-degenerate stochastic process that assigns
values to individuals of an underlying type. Each type contributes to local-to-cutoff average treatment
effects in proportion to that type’s likelihood of being represented at the cutoff. Since “type” is an inherently
latent construct, this random running variable interpretation doesn’t seem to offer concrete guidance as to
how causal effects might change away from the cutoff. In the spirit of this notion of latent conditioning,
however, we might model running variables and the conditioning variables in our CIA assumption as noisy
measures of a single underlying ability measure. In ongoing work, Rokkanen (2014) explores RD models
where identification is based on this sort of latent factor ignorability in a structural econometric framework.

Finally, moving in a different direction, Jackson (2010) outlines an extrapolation approach that identifics
inframarginal cffects at cxam schools in Trinidad and Tobago by cxploiting the fact that students with
the same running variable (a test score) can end up at different schools, depending on their preferences.
Jackson (2010) identifies effects away from the cutoft by differences-in-differences style contrasts between
infra-marginal high- and low-scoring applicants with different rankings. Cook and Wing (2013) explore a

similar idca, offering supportive Monte Carlo cvidence for a hybrid differences-in-differences/RD approach.

2.3.3 CIA-based Estimators

We economize on notation by omitting explicit conditioning on running variable values falling in the [—d, d]
interval; expectations in this section should be understood to be conditional on the largest value of d that
satisfies BCTA. Where relevant, the constant ¢ is assumed to be no bigger than d in absolute value.

At specific running variable values, the CIA leads to the following matching-style estimand:

ElY; — Yolri=¢ =

E{Ely;|z;, D; = 1] = Elyilz;, D; = 0]|r; = c} (2.14)

Alternately, on the right-hand side of the cutoff, we might consider causal effects averaged over all positive
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values up to ¢, a bounded effect of treatment on the treated:

ElY1, — Yl < vy <] =

E{Eyi|x:, D; = 1] = Ely;|z;, Dy = 0]|0 < r; < ¢} (2.15)
Paralleling this on the left, the bounded effect of treatment on the non-treated is:

ElYy =Yyl —ce<r, < 0] =

E{E[yill'i, D1 = 1] - E[’y”;lﬂi, D, = ()]l —c< r; < 0} (2]6)

We consider two estimators of (2.14), (2.15) and (2.16). The first is a linear reweighting estimator
discussed by Kline (2011). The second is a version of the Hirano, Imbens, and Ridder (2003) propcnsity
score estimator based on Horvitz and Thompson (1952). We also usc the estimated propensity score to
document common support, as in Dehejia and Wahba’s (1999) pioneering propeunsity score study of the
effect of a training program on earnings.

Kline’s reweighting estimator begins with linear models for conditional means, which can be written:

Elyilei, Dy = 0]

i

x4 o (2.17)

E['yi\:ui,,Di = 1] = 3}/“31

Linearity is not really restrictive since the parametrization for #;3; can be rich and flexible. Substituting in

(2.14), we have

E[YM — YO/,;l’I’L' = (f]
= (/31 - /50)’1“][.?&“, = C], (218)
with similar expressions based on (2.15) and (2.16).

Let A(z;) = F[D;]x;] denote the propensity score. Our propensity score weighting estimator begins with

the observation that the CIA implies

Bringing these expressions inside a single expectation and over a common denominator, the treatment effect



on the treated for those with 0 < r; < ¢ is given by

vilDi = Mai)] P[0 <7 < cla] } . (2.19)

ElY - Yul0<r, <d=F -

Y ol i< {/\(.L‘L) (1-Ax)] PlO<r <
Similar formulas give the average cffect for non-treated applicants and average effects at specific, possibly
narrow, ranges of running variable values. The empirical counterpart of (2.19) requires a model for the

probability P[0 < r; < c|2;] as well as for A(z;). It scems natural to use the same parameterization for both.

Notc also that if ¢ = d, the estimand in (2.19) simplifies to

T yi[Di - )‘(TZ)]
BEY1; — You|Ds = 1] _E{m}’

as in Hirano, Imbens, and Ridder (2003).1°

2.4 The CIA in Action at Boston Exam Schools

We start by testing BCIA in estimation windows that set d equal to 10, 15, and 20. Regressions used for
testing control for bascline test scores along with indicators of special education status, limited English pro-
ficiency, eligibility for free or reduced price lunch, race (black/ Asian/Hispanic) and sex, as well as indicators
for test year, application year and application preferences. Bascline score controls for 7th grade applicants
include 4th grade math and ELA scores, while for 9th grade applicants, baseline scores include 7th grade
ELA scores and 8th grade math scores.

CIA test results, reported in Table 2.4, show that conditioning fails to climinate the relationship between
running variables and potential outcomes for 7th grade applicants; most of the estimated cocfficients are
significantly different from zcro for both 10th grade math and ELA scores. At the same time, test results for
9th grade applicants seem promising. Most test statistics (that is, running variable coefficient estimates) for
9th grade applicants are smaller than the corresponding statistics for 7th grade applicants, and only one is
significantly different from zero (this is for math scores to the left of the BLS cutoff in the d = 20 window).
It should be noted, however, that few 9th grade applicants fall to the right of the BLS cutoff. CIA tests for
BLS applicants with D; = 1 arc forgiving because the sample for this group is small.*!

We complement formal CIA testing with a graphical tool motivated by an observation in Lee and Lemieux
(2010): in a randomized trial using a uniformly distributed random number to determine treatment assign-
ment, this number becomes the running variable for an RD design. The relationship between outcomes

and running variable should be flat, however, except possibly for a jump at the quantile cutoff which de-

10The expectations and conditioning here refer to distributions in the sharp sample of applicants for each school, Thus,
trcatment effects on the treated arc for treated applicants in a school-k sharp sample. When the estimand targets average
effects at specific r; = ¢, as opposed to over an interval, the probabilities P[r; = c|z;] and Plr; = ] needed for (2.19) become
densities. Note also that the estimand in (2.19) can be written Ewy;y; — waiyi], where Fwgi] = E{w1;] = 1. As noted by
Imbens (2004), however, this need not hold in finite samples. We thercfore normalize the sum of these weights to be 1.

1 The unchanging sample size to the right of the BLS cutoff as d shrinks reflects the high BLS admissions threshold for 9th
grade applicants: the d = 10 limit isn’t binding for BLS on the right.
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termines proportion treated. Our CIA assumption implies this same pattern. Figure 2-6 therefore plots
10th grade math and ELA residuals constructed by partialing out a; against running variables in a d = 20
window. The figure shows conditional means for all applicants in one-unit binwidths, along with conditional
mean functions smoothed using local linear regression. Consistent with the test results reported in Table
2.4, Figure 2-6 shows a strong positive relationship between outcome residuals and running variables for
7th grade applicants. For 9th grade applicants, however, the relationship between outcome residuals and
running variables is essentially flat, except perhaps for ELA scores in the BLS sample.

The difference in CIA test results for 7th and 9th grade applicants may be due to the fact that baseline
scores for 9th grade applicants come from a grade closer to the outcome test grade than for 7th grade
applicants. In combination with demographic control variables and 4th grade scores, 7th or 8th grade
MCAS scores do a good job of eliminating the running variable from 9th graders’ conditional mean functions
for 10th grade scores. By contrast, the most recent baseline test scores available for 7th grade applicants
arc from 4th grade tests.'? In view of the results in Table 2.4 and Figure 2-6, the CIA-based estimates that
follow are for 9th grade applicants only.

Colummns 1-4 of Table 2.5 report linear reweighting estimates of average trcatment cffects. These are
estimates of E[Y); — Y50 < r; < d] for BLS applicants and E[Y); — Yo — d < r; < 0] for O'Bryant

applicants, in samples that set d equal to 10, 15, and 20. The estimand for BLS is

E[Y],’ — Y(),"O <r < (1]

- (ﬁl — /3())’E[.LI|O <r; < (]]7 (220)
while that for O’Bryant is

E[Yu - )/()L" —d <r; < 0]

= (,81 - 5{))’E[TL‘¢| —d<r< 0], (221)

where gy and (; arc defined in (2.17). The BLS estimand is an average effect of treatment on the treated,
since trcated observations in the estimation window must have positive running variables. Likewise, the
O’Bryant estimand is an average effect of treatment on the non-treated.

As with RD estimates at the cutoff, the CIA results in Table 2.5 show no evidence of a BLS achievement
boost. At the same time, results for inframarginal unqualified O'Bryant applicants offer some evidence of
gains, especially in ELA. The math estimates range from .09¢ when d = 10 to .160 when d = 20, though
the estimate effect for d = 10 is only marginally significantly different from zero. Linear reweighting results
for the ELA scores of O’Bryant applicants are clear cut, however, ranging from .18¢ to .20 and significantly

different from zero for cach choice of d. The CIA estimates are remarkably consistent with the corresponding

12The addition of quadratic and cross-subject interaction terms in baseline scores fails to improve CIA test results for 7th
grade applicants.
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RD estimates at the cutoff: compare, for example, the CIA estimates in columns 1 and 3 of Table 2.5 to the
nonparametric O’Bryant RD estimates at the cutoff of .13¢ (SE=.07) in math and .18+ (SE=.07) for ELA,
shown in column 3 of Table 2.2.

Figure 2-7 completes the picturc on effects away from the cutoff by plotting linear rewcighting estimates
of E[Yi|r; = ¢] and E[Yoi|r; = ] for all values of ¢ in the [—20,20] interval. To the left of the O’Bryant
cutoff, the estimates of E[Yy;|r; = ¢] are fitted values from regression models for observed outcomes, while
the estimates of E[Yy;|r; = ¢] are implicitly an extrapolation and labelled accordingly. To the right of the
BLS cutoff, the estimates of E[Yy;|r; = ] are fitted values while the estimates of EYu|r; = ] are an
extrapolation. The conditional means in this figure were constructed by plugging individual values of z; into
(2.17) and smoothing the results using local linear regression.!3 The figure presents a picture consistent with
that arising from the estimates in Table 2.5. In particular, the extrapolated BLS effects are small (for ELA)
or noisy (for math), while the O’Bryant extrapolation reveals a remarkably stable gain in ELA scores away
from the cutoff. The extrapolated effect of O’Bryant offers on math scores appears to increasc modestly as

a function of distance from the cutoff, a finding probed further below.

2.4.1 Propensity Score Estimates

CIA-based estimation of the effect of exam school offers seems like a good setting for propensity score
methods, since the conditioning set includes multiple continuously distributed control variables. These
features of the data complicate full covariate matching. Our logit model for the propensity score uses the
same control variables and parametrization as were used to construct the tests in Table 2.4 and the lincar
reweighting estimates in columns 1-4 of Table 2.5.14

The cstimated propensity score distributions for admitted and rejected applicants exhibit a substantial
degree of overlap. This is documented in Figure 2-8, which plots the histogram of estimated scorcs for
treated and control observations above and below a common horizontal axis. Not surprisingly, the larger
sample of O’Bryant applicants generates more overlap than the sample for highly sclective BLS. Most score
values for untreated O’Bryant applicants fall below about .6. Each decile in the O’Bryant score distribution
contains at least a fow treated observations; above the first decile, there appear to be more than enough for
accurate inference. By contrast, few untrcated BLS applicants have covariate values for which a BLS offer
is highly likely. We should therefore expect the BLS counterfactual to be estimated less precisely than that
for O’Bryant.

It’s also worth noting that becausc the sample contains no BLS controls with propensity score values above
.8 (or .9 in one window), the BLS estimates fail to reflect outcomes for applicants with admissions probabilities
above this value. Figurc 2-8 documents other noteworthy features of conditional-on-score comparisons: the

O’Bryant treatment effect on the non-treated implicitly compares the many non-treated applicants with low

138 moothing here uses the cdge kernel with Stata’s defanlt bandwidth.
14Propensity score models for the smaller sample of BLS applicants omit test date and application preference dummies.
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scores to the fewer (though still plentiful) treated O’Bryant applicants with scores in this range; the BLS
treatment effect on the treated compares a modest number of treated applicants, more or less uniformly
distributed across score values, with corresponding untreated observations, of which many more are low-
scoring than high.

The propensity-scorc-weighted cstimates reported in columns 5-8 of Table 2.5 are remarkably consistent
with the lincar reweighting cstimates shown in columns 1-1 of the table. In particular, the estimates hcre
suggest most BLS students would do no worse if they had had to go to BLA instead, while low scoring
O’Bryant applicants might enjoy substantial gains in ELA were they offered a seat at O’Bryant. At the same
time, the propensity score estimates for BLS applicants reported in columns 6 and & are highly lmprecise.
These BLS estimates are not only much less precise than the corresponding O’Bryant estimates, the standard
errors here are two-four times larger than those generated by linear reweighting for the saine samples. Lincar

reweighting looks like an attractive procedure in this context.!®

2.5 Fuzzy CIA Models

Estimates of the effect of O’Bryant offers on the ELA scores of 9th grade applicants are reasonably stable as
distance from the cutoff grows. By contrast, the estimated effect of O’Bryant oflers on math scores appears
to increase as window width or distance from the cutoff increases. In a window of width 10, for example,
estimated O'Bryant math effects are only marginally significantly different from zero, while the estimate
in a window of width 20 is almost twice as large and significant (at .160 with a standard crror of .050).
Taken at face value, this finding suggests that the weakest 9th grade applicants stand to gain the most
from O’Bryant admission, an intcresting substantive finding. Omitted variables bias (failure of CIA) seeius
unlikely to explain this pattern since the relevant conditional independence tests, reported in colummns 1 and
5 of Table 2.4, show no violations of CIA.

An alternative explanation for the pattern of O’Bryant math estimates plotted in Figure 2-7 begins with
the observation that exam school offers affect achievement by facilitating exam school enroliment. Assuming,
as seerus plausible, that exam school offers affect outcomes solely through enrollment (that is, other causal
channels, such as peer effects, are downstream to enrollment), the estimates in Table 2.5 can be interpreted
as the reduced form for aun instrumental variables (IV) procedure in which exam school cnrollment is the
endogenous variable. The magnitude of reduced form comparisons is casicr to interpret when the relevant
first stage estimates scale these effects. If the first stage changes as a function of the running variable,
comparisons of reduced form estimates across running variable values are meaningful only after rescaling.
In principle, IV methods make the appropriate adjustment. A question that arises here, however, is how to

interpret 1V estimates constructed under the CTA in a world of heterogeneous potential outcomes, where the

15The standard errors reported in this table use a bootstrap with 500 replications. Bootstrap standard errors provide
asymptotically valid confidence intervals for estimators like (2.19) since, as note by Hirano, Iinbens, and Ridder (2003), the
propensity-score-weighting estimator is asymptotically linear. As noted at the end of Section 2.3.1, estimates based on CEI
instead of the CIA are imprecise. Still, the general pattern is similar, suggesting positive eflfccts at O'Bryant only.
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average causal effects identified by IV potentially vary with the running variable.

We estimate and interpret the causal effects of exam school enrollment by adapting the dummy treat-
ment /dummy instrument framework outlined in Abadie (2003). This framework allows for unrestricted
treatment effect heterogeneity in potentially nonlinear IV models with covariates. The starting point is
notation for potential treatment assignments, Wy; and Wi;, indexed against the instrument, in this case,
exam school offers indicated by D;. Thus, Wy, indicates (eventual) cxam school enrollment among those not
offered a seat, while W1, indicates (eventual) exam school enrollment among those offered a seat. Observed
cnrollment status is

W; = Wy (1 - D;) + Wy; D;.
The core identifying assumption in our IV setup is a generalized version of CIA:
GENERALIZED CONDITIONAL INDEPENDENCE ASSUMPTION (GCIA)
(Yoi, Y1i, Woi, Wii) AL rig | s

GCIA can be assumed to hold in a d—neighborhood of the cutoff as with BCIA. We also maintain the
common support assumption given in Section 2.3.

The GCIA generalizes simple CIA in three ways. First, GCIA imposes full independence instcad of
mean independence; this seems innocuous since any behavioral or assignment mechanism satisfying the
latter is likely to satisfy the former. Second, along with potential outcomes, the pair of potential treatment
assignments (Wy, and Wy;) is taken to be conditionally independent of the running variable. Finally, GCIA
requires joint independence of all outcome and assignment variables, while the CIA in Section 2.3 requires

only marginal (mean) independence. Again, its hard to see why we'd have the latter without the former.

2.5.1 Fuzzy Identification

As in Section 2.3.3, the expectations in this section should be understood to be conditional on the largest

value of d that satisfies GCIA.

2.5.1.1 Local Average Treatment Effects

In a local average treatment effects (LATE) framework with Bernoulli treatment and Bernoulli instruments,
the subset of compliers consists of individuals whose treatment status can be changed by changing the
instrument. This group is defined here by Wy, > Wy,. A key identifying assumption in the LATE framework
is monotonicity: the instrument can only shift treatment one way. Assuming that the instrument D, satisfies
monotonicity with Wy; > Wy,, and that for some 7 the incquality is strong, so there is a first-stage, the LATE
theorem (Imbens and Angrist, 1994) tells us that

Elyi|D; = 1] = Bly;|Di = (]
EW,|D, = 1] = E[W,|D; = 0]

= EY1; — Y| Wi > W]
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In other words, a simple Wald-type IV estimator captures average causal effects on exam school applicants
who enroll when they receive an offer but not otherwise.

Abadie (2003) gencralizes the LATE theorem by showing that the expectation of any measurable function
of treatment, covariates, and outcomes is identified for compliers. This result facilitates IV cstimation using
a wide range of causal models, including nonlincar models such as those based on the propensity score. Here,
we adapt the Abadie (2003) result to a fuzzy RD sctup that identifies causal effects away from the cutoff.

This requires a conditional first stage, described below:

CONDITIONAL FIRST STAGE

P[IVU = 1|T1] > P[VVOL = l|TL] a.s

Given GCIA, common support, monotonicity, and a conditional first stage, the following identification result

can be established (see the appendix for details):

THEOREM 1 (FUZZY CIA EFFECTS)

E[Yl,j — )’r()l‘,IWU > Wy 0 < < C]

1 P[O <7 < C"LL]
- Ew(D,;, z;)—= =i =i, 5 99
PWy; > Wpil0 < r; <] {1/)( ) PO <7 << Y } (2.22)
D’i - xT;
for (D)= AT (2.23)

Mai)[l = Mai))]

Estimators based on (2.22) capturc causal cffects for compliers with running variable values falling into any
range over which there’s common support.'®

At first blush, it’s not immediately clear how to estimate the conditional compliance probability, P[W; >
Woil0 < r; < ¢}, appearing in the denominator of (2.22). Because everyone to the right of the cutoll is offered
treatment, there would scem to be no data available to estimate compliance rates conditional on 0 < r; < ¢
(in the original LATE framework, the IV first stage measures the probability of compliance). Paralleling an

argument in Abadie (2003), however, the appendix shows that

P[O <r, <c | .I‘L]
’ r, <ol =< k(W Dx; 2.24
PWy > We|0 < r; <] {h(w, L) PO<r<d } ( )
where
e . B Wi (1—Dy) (1 —W,) D,
K (W“ D'L-I/'/,) - 11— )\(CI‘,) A(./L'I)
16

The weighting function in the numerator is much like that used to construct average treatment effects in Ilirano, Imbens,
and Ridder (2003) and Abadie (2005). Extensions of this theorem along the lines snggested by Theorem 3.1 in Abadie (2003)
identify the marginal distributions of Yy, and Yj;.
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2.5.1.2 Average Causal Response

The causal framework leading to Theorem 1 is limited to Bernoulli endogenous variables. For some applicants,
however, the exam school treatment is mediated by years of attendance rather than a simple £0/n0-go
decision. We develop a fuzzy CIA estimator for ordercd treatments by adapting a result from Angrist and
Imbens (1995). The ordered treatment framework relics on potential outcomes indexed against an ordered
treatment, w;. In this context, potential outcomes are denoted by Y;; when w; = j, for j = 0,1,2,..., J.
We assume also that potential treatments, w; and wo;, satisfy monotonicity with wq; > wg; and generate a

conditional first stage:

E['U}]ilx;"] 75 E[WO7|£1]

The Angrist and Imbens (1995) Average Causal Response (ACR) theorem describes the Wald IV estimand

as follows:

Elyi | D; =1~ E[y; | D; = 0]
Elw |D;=1—-FE[w; | D; =0

] = ZI/jE[sz: =Y | wi = J > wo)
J

where

Plwii > § > wo]
Yo Plwii > €3> wy)

P[wL§]|D7:O]—P[w,§7|D7:1]
Efw; | Dy =1] = Efw; | D; = 0]

Wald-type IV estimators therefore capture a weighted average of the average causal effect of increasing w;
from j — 1 to j, for compliers whose treatment intensity is moved by the instrument from below j to above
J. The weights are given by the impact of the instrument on the cumulative distribution function (CDF) of
the endogenous variable at each intensity.

The GCIA assumption allows us to establish a similar result in a fuzzy RD setup with an ordered

treatment. The following is shown in the appendix:
THEOREM 2 (FUZZY AVERAGE CAUSAL RESPONSE)

E{E[yilDi:in]—E[yi|Di:(),a?7;] |0 <r; <e}

= VieE Yy = Yo, | wi > § > w0 <y < o (2.25)
J

where

Plwy =7 >we |0<r <
ve = lu i 0<r = c (2.26)
2 Plwi > 0> wy |0 <r; <

This theorem says that a Wald-type estimator constructed by averaging covariate-specific first-stages and re-
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duced forms can be interpreted as a weighted average causal response for compliers with running variable val-
ues in the desired range. The incremental average causal response, E[Y;, — Y1, | wi; = J > wei. 0 <7y < ],
is weighted by the conditional probability the instrument moves the ordered treatment through the point at
which the incremental effect is evaluated.

In practice, we estimate the left hand side of (2.25) by fitting linear models with covariate interactions
to the reduced form and first stage. The resulting estimation procedure adapts Kline (2011) to an ordered
treatment and works as follows: estimate conditional linear reduced forms interacting D; and z;; use these
estimates to construct the desired average reduced form effect as in (2.20) and (2.21); divide by a similarly
constructed average first stage.!” The same procedure can be used to estimate (2.25) for a Bernoulli treatment
like W;, in which case the average causal response identified by Theorem 2 becomes the average causal cffect
identificd by Theorem 1 (though the corresponding estimates won’t be algebraically the same unless the

propensity score model used under Theorem 1 is linear).

2.5.2 Fuzzy Estimates

As with the sharp estimates discussed in Section (2.4), fuzzy enrollment effects are estimated for applicants
to the left of the O’Bryant cutoff and to the right of the BLS cutoff, in windows setting d equal to 10, 15
and 20. The enrollment first stage changes remarkably little as distance from the cutoff grows. This can be
seen in columns 1-4 of Table 2.6, which report estimates of the effect of exam school offers on exam school
enrollment, constructed separately for O'Bryant and BLS applicants using equation (2.24). The propensity
score model is the same as that used to construct the estimates in Table 2.5 (Table 2.6 shows scparate first
stage estimatcs for the math and ELA samples, as these differ slightly). Given this stable first stage, its
unsurprising that estimates of E[Yy; — Yoi|Wir > Woi, 0 < r; < d], reported in columns 5-8 of the table,
change little as a function of d. The pattern here is consistent with that in Table 2.5, with small and
statistically insignificant cffects at BLS, and cvidence of large effects at O’Bryant. Estimates of O'Bryant
cffects on ELA scores range from an impressive gain of .38¢ when d = 20, to a still-substantial .27¢ when
the window is half as wide. The estimated O’Bryant effects on math scores are also considerable, varying
from 170 to .230.

The gains for inframarginal applicants who enroll at O’Bryant are perhaps too large to be credible and
may therefore signal failure of the underlying exclusion restriction, which channels all causal effects of an
exam through an enrollment dummy. Many who start in an exam school drop out, so we’d like to adjust
these estimates for years of exam school exposure. We therefore treat years of exam school enrollment as the
endogenous variable and estimate the ACR parameter on the right-hand side of equation (2.25), using the
modified linear reweighting procedurce described above. The covariate parameterization used to construct

both reduced form and first stage cstimates is the same as that used to construct the sharp estimates in

178 pecifically, let ¢o be the main effect of D; and let ¢ be the vector of interactions with z; in a first stage regression of wy
on D;,z;, and D;x;. The denominator of (2.25) is ¢u + ¢| pxe, where pye = Ela;|0 <7 <.
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Table 2.5.

First stage estimates for years of exam school enrollment, reported in columns 1-4 of Table 2.7, indicate
that successful BLS applicants spend about 1.8 years in BLS betwecn application and test date, while
successful O’Bryant applicants spend about 1.4 years at O’Bryant betwecen application and test date. The
associated ACR estimates, reported in columns 5-8 of the table, are in line with those in Table 2.6, but
considerably more precise. For example, the effect of a year of BLS exposurc on ELA scores is estimated
to be no more than about .050, with a standard error of roughly the same magnitude. This compares with
estimates of about the same size in column 8 of Table 2.6, but standard errors for the latter are five or
more times larger. The precision gain here would seem to come from lincarity of the cstimator and not the
change in endogenous variable, paralleling precision gains secn in the switch from propensity score to lincar
reweighting when constructing the sharp estimates in Table 2.5.

ELA cstimates for O’Bryant show gains of about .140 per year of exam school exposure, a finding that
appears to be more stable across window width than the corresponding dummy enrollment estimates in
column 7 of Table 2.6. This comparison suggests that some of the variability seen in the Table 2.6 estimates
comes from a failure to adjust for small changes in the underlying first stage for years of enrollment across
windows (as can be scen in column 3 of Table 2.7. At the same time, the cstimated O’Bryant math gains
in column 5 of Table 2.7 still fade in a narrower window, a pattern seen for the O’Bryant math estimates in

Tables 2.5 and 2.6.

2.6 Summary and Directions for Further Work

RD estimates of the effect of Boston exam school offers generate little evidence of an achievement gain for most
applicants on the margin of admission, but these results need not be relevant for applicants with running
variable values well away from admissions cutoffs. This observation motivates RD-inspired identification
strategies for causal effects away from the cutoff. Parametric extrapolation seems like a natural first step,
but a parametric approach generates unsatisfying estimates of the effects of exam school offers, sensitive to
functional form and too imprecise to be useful. We therefore turn to identification strategies based on a
conditional independence assumption that focuses on the running variable.

A key insight emerging from the RD framework is that the only source of omitted variables bias is the
running variable. Our conditional independence assumption therefore makes the running variable ignorable,
that is, independent of potential outcomes, by conditioning on other predictors of outcomes. When the
running variable is ignorable, trecatment is ignorable. The conditional independence assumption underlying
ignorability has strong testable implications that are easily checked in this context. Specifically, the CIA
implies that in samples limited to either treated or control obscrvations, regressions of outcomes on the
running variable and the covariates supporting CIA should show no running variable effects. A modified or

bounded version of the CIA asserts that this conditional independence relation holds only in a neighborhood
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of the cutoff.

Among 9th grade applicants to the O'Bryant school and the Boston Latin School, bounded conditional
independence appears to hold over a rcasonably wide interval. Importantly, the conditioning variables
supporting this result include 7th or 8th grade and 4th grade MCAS scores, all lagged versions of the 10th
grade outcome variable. Lagged middle school scores in particular seems like a key control, probably because
these relatively recent baseline tests are a powerful predictor of future scores. Lagged outcomes arc better
predictors; in fact, than the running variable itself, which is a composite constructed from applicants’ GPAs
and a distinct exam school admissions test.

Results based on the CIA suggest that inframarginal high-scoring BLS applicants gain little (in terms of
achievement) from BLS attendance, a result consistent with the RD estimates of BLS effects at the cutofl
reported in Abdulkadiroghi, Angrist, and Pathak (2014). At the same time, CIA-based estimates using
both linear and propensity score models generate robust evidence of strong gains in English for unqualified
inframarginal O’Bryant applicants. Evidence of 10th grade grade ELA gains also cmerge from the RD
estimates of exam school effects reported by Abdulkadiroglu, Angrist, and Pathak (2014), especially for
nonwhites. The CIA-based cstimates reported here suggest similar gains would likely be observed should
the O’Bryant cutoff be reduced to accommodate currently inframarginal high school applicants, perhaps as
a result of re-introducing affirmative action considerations in exam school admissions.

We also modify ClA-based identification strategies for fuzzy RD and use this modification to cstimate
the effects of exam schiool enrollment and years of exam school attendance, in addition to the reduced form
effects of exam school admissions offers. A fuzzy analysis allows us to explore the possibility that changes in
reduced form offer cffects as a function of the running variable are driven by changes in an underlying first
stage for exam school exposure. Interestingly, the fuzzy extension opens the door to identification of causal
effects for compliers in RD models for quantile treatment effects. As noted recently by Frandsen, Frolich,
and Melly (2012), the weighting approach used by Abadie, Angrist, and Imbens (2002) and Abadie (2003)
breaks down in a conventional RD framework because the distribution of treatment status is degenerate
conditional on the running variable. By taking the running variable out of the equation, our framework
circumvents this problem, a feature we plan to exploit in future work on distributional outcomes.

In a parallel and ongoing investigation, Rokkanen (2014) develops identification strategies for RD designs
in which the CIA conditioning variable is an unobscrved latent factor. Multiple noisy indicators of the
underlying latent factor provide the key to away-from-the-cutoff identification in this new context. An
important unsolved econometric problem implicit in our empirical strategy is causal inference conditional on
a pretest. Estimators that condition on the results of a specification test may have sampling distributions for
which conventional asymptotic approximations are poor. Pretesting is a challenging and virtually ubiquitous
problem in applicd econometrics. It remains to be seen whether recent theoretical progress on the pretesting
problem (c.g., Andrews and Guggenberger (2009); Belloni, Chernozhukov, and Hansen (2012)) can be applied

fruitfully in this context.



Finally, the mixed results reported here raise the question of what might explain the variation in our
estimates across schools. In a pair of recent papers, Abdulkadiroglu, Angrist, Dynarski, Kane, and Pathak
(2011) and Angrist, Cohodes, Dynarski, Pathak, and Walters (2013) document large gains at Boston charter
high schools when using admissions lotterics to estimate the effects of charter attendance relative to regular
district schools. These gains appear to vary inverscly with students’ baseline achicvement, suggesting that
the quality of the implicit counterfactual may be an important driver of the treatment effects arising from
school choice. The fallback school for most O’Bryant applicants {(a regular district school) may have lower
value-added than the fallback school for BLS applicants (mostly the BLA exam school), even though the
gain in pecr quality is larger at the admissions cutoff for the latter. In ongoing work, we’re continuing to

explore the nexus linking school choice, school quality, and measures of students’ baseline ability.
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Figure 2-1: Offer and Enrollment at O’Bryant and Boston Latin School

(b) 9th Grade applicants

107




Peer Math

O'Bryant Latin School

25

15

o o

0 5 10 15 20 -20 =18 -10 -5 5 10 15 20

O'Bryant Latin School

°® e

5 10 15 20 -0 5 -0 =

o
=3
@
(5]
o

(a) Tth Grade Applicants

Peer Math

O'Bryant Latin School

. 1] L] .t . ®
e e L w .

5 10 15 20 =20 -5 -0 -5 5 10 15 20
Peer English
O'Bryant Latin School

s
o

o 4

15

u..
=
&>
n
S
|
n
3
L
@
'
3
'
S
o
o
o
&
n
S

(b) 9th Grade applicants

Figure 2-2: Peer Achievement at O'Bryant and Boston Latin School
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Figure 2-3: 10th Grade Math and ELA Scores at O’Bryant and Boston Latin Schools
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Table 2.1: Destinations of Applicants to O’Bryant and Boston Latin School

O'Bryant Latin School
D=0 D=1 D=0 D=1
() (2 3) &)
Panel A. 7th Grade Applicants
Traditional Boston public schools 1.00 0.28 0.08 0.05
O'Bryant 0.00 0.72 0.06 0.00
Latin Academy 0.00 0.00 0.86 0.01
Latin School 0.00 0.93

Panel B. 9th Grade Applicants

Traditional Boston public schools 1.00 0.34 0.15 0.04
O'Bryant 0.00 0.66 0.00 0.00
Latin Academy 0.86 0.02
Latin School 0.00 0.94

Notes: This table describes the destination schools of Boston exam school applicants. Enrellment rates are
measured in the fall admissions cycle following exam school application and estimated using local linear
smoothing. The sample of Boston 7th grade applicants includes students who applied for an exam school seat
between 1999-2008. The sample of Boston 9th grade applicants includes students who applied for an exam
school seat between 2001-2007.

Table 2.2: Reduced Form Estimates for 10th Grade MCAS Scores

Parametric Nonparametric
Latin Latin
O'Bryant School O'Bryant School
M (2) 3) “)
Panel A. 7th Grade Applicants

Math -0.011 -0.034 0.034 -0.055
(0.100) (0.060) (0.056) (0.039)

1832 1854 1699 1467

ELA 0.059 0.021 0.125%* 0.000
(0.103) (0.095) (0.059) (0.061)

1836 1857 1778 1459

Panel B. 9th Grade Applicants

Math 0.166 0.128 0.128* 0.144%
(0.109) 0.117) (0.066) {0.076)
1559 606 1386 361
ELA 0.191* 0.097 0.180%** 0.048
(0.112) (0.187) (0.066) (0.106)
1564 607 1532 458

Notes: This table reports estimates of the effects of exam school offers on 10th grade
MCAS scores. The sample covers students within 20 standardized units of offer cutoffs.
Parametric models include a cubic function of the running variable, allowed to differ on
either side of offer cutoffs. Non-parametric estitmates use the edge kernel, with
bandwidth computed following DesJardins and McCall (2008) and Imbens and
Kalyanaraman (2012). Optimal bandwidths were computed separately for each school.
Robust standard errors are shown in parentheses, The number of observations is
reported below standard errors.

* significant at 10%; ** significant at 5%; *** significant at 1%
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Table 2.3: Paramectric Extrapolation Estimates for 10th Grade Math

O'Bryant Latin School
¢ =-1 ¢ =-5 ¢ =10 ¢ =-15 ¢ -1 ¢ =5 ¢ =10 c =15
() (2) 3) ) ) (© 3] (8)
Panel A: 7th Grade Applicants
Linear 0.041 0.061 0.085 0.110 -0.076%* -0.051 -0.021 0.010
(0.052) (0.057) (0.072) (0.093) (0.035) (0.040) (0.049) (0.061)
1832 1832 1832 1832 1854 1854 1854 1854
Quadratic 0.063 0.204 0.391* 0.588 -0.056 -0.111 -0.152 -0.161
(0.075) (0.125) (0.237) (0.384) (0.051) (0.088) (0.162) (0.261)
1832 1832 1832 1832 1854 1854 1854 1854
Cubic 0.034 0.167 0.247 0.266 -0.050 -0.096 -0.106 -0.065
(0.110) (0.336) (0.921) (1.927) (0.073) (0.220) {0.589) (1.215)
1832 1832 1832 1832 1854 1854 1854 1854

Panel B: 9th Grade Applicants

Linear 0.088 0.083 0.077 0.071 -0.090 0.079 0.291#%* 0.502%%+
(6.057) (0.059) {0.070) (0.088) (0.063) (0.063) (0.108) (0.168)
1559 1559 1559 1559 606 606 606 606
Quadratic 0.170%* 0.263% 0.427% 0.639+ 0.147% 0.106 0.078 0.409
(0.085) (0.133) 0.237) (0.372) (0.088) (0.142) (0.303) (0.713)
1559 1559 1559 1559 606 606 606 606
Cubic 0.143 0.069 -0.059 10.355 -0.061 0.196 0.996 3.004
(0.119) 0.327) (0.851) (1.735) (0.118) (0.338) (0.910) (2.543)
1559 1539 1559 1559 606 606 606 606

Notes: This table reports estimates of effects on 10th grade Math scores away from the RD cutoff at points indicated in the column heading. Columns 1-4
teport estimates of the effect of O'Bryant attendance on unqualified O'Bryant applicants. Columns 5-8 report the etfects of BLS attendance on qualified
BLS applicants. The estimates are based on first, second, and third order polynomials, as indicated in rows of the table. Robust standard errors are shown
in parenthescs.

* significant at 10%; ** significant at 5%; *** significant at 1%



Table 2.4: Conditional Independence Tests

Math ELA
O'Bryant Latin School ('Bryant Latin School
D=0 D=1 D=0 D=1 D=0 D=1 D=0 D=1
Window (1) (2) (3) (4) (5) (6) (7N (3)
Panel A. 7th Grade Applicants
20 0.022+%* 0.015%* 0.008*** 0.014%** 0.015%** 0.006 0.013%** 0.018%**
(0.004) (0.004) (0.002) (0.002) (0.004) (0.005) (0.003) (0.003)
838 618 706 748 840 621 709 750
15 0.023%** 0.015%** 0.010%** 0.012%** 0.014%* 0.006 0.007 0.015%%*
{0.006) {0.005) (0.003) (0.003) (0.005) (0.006) (0.005) {0.005)
638 587 511 517 638 590 514 519
10 0.030%** 0.016** 0.010% 0.007 0.024** 0.001 0.012 0.012
(0.009) (0.008) (0.006) (0.005) (0.010) (0.009) (0.010) (0.008)
419 445 335 347 421 447 338 348

Panel B. 9th Grade Applicants

20 0.002 0.005 0.008** 0.018 0.003 0.002 0.006 0.055
(0.004) (0.003) (0.003) (0.028) (0.004) (0.004) (0.005) (0.053)
513 486 320 49 516 489 320 50
15 0.010 0.000 0.006 0.018 0.009 -0.000 0.000 0.055
(0.006) (0.005) (0.006) (0.028) (0.006) (0.006) (0.007) (0.053)
375 373 228 49 376 374 229 50
10 0.003 -0.001 0.007 0.018 0.014 -0.004 0.014 0.055
(0.011) (0.009) (0.009) (0.028) (0.011) (0.010) (0.015) (0.053)
253 260 142 49 253 261 142 50

Notes: This table reports regression-based tests of the conditional independence assumption described in the text. Cell entrics show the coefficient on the
running variable in models for 10th grade math and ELA scores that control for baseline scores, along with indicators for special education status, limited
English proficiency. eligibility for free or reduced price lunch, race (black/Asian/Hispanic) and sex, as well as indicators for test year, application year
and application preferences. Estimates use only observations to the left or right of the cutoff as indicated in column headings, and were computed in the
window width indicated at left. Robust standard errors are reported in parentheses.

* significant at 10%; ** signiticant at 5%; *** significant at 1%
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Table 2.5: CIA Estimates of the Effect of Exam School Offers for 9th Grade Applicants

Linecar Reweighting

Propensity Score Weighting

Math HLA Math BILA
Latin Latin Latin Latin
O'Bryant School O'Bryant Schoal O'Bryant School (YBryant School
Window [} (2) (3) () (5) (6) (7) (8)
20 0.156%++ -0.031 0.198++ 0.088 013144+ -0.037 0.236%*% 0.031
(0.040) (0090 (0.041} 10.083) {0.051) {0.057) {0077y .10
N untreated 513 320 516 320 509 320 S12 320
N treated 486 49 489 50 482 49 485 50
15 (.129%%* -0.080 U, §81** 0.051 0.103** ~(L070 Q.19 *+* G003
0.044) {6.055) (0.040) {0.093) 0.052) (0.054) {0.062) (0011
N unrreated 375 228 376 229 373 228 374 229
N treated 373 49 374 50 370 49 37 S0
10 0.091* -0.065 019 1%%¥ -0.000 0.093* -0.084 0.166%* -0.062
(0.054) (0.059) (11.053) (0.097) {0.054) {0.062) (0.068) (0.133)
N untreated 253 142 253 142 253 142 233 142
N treated 260 49 261 50 258 49 259 50

Notes: This table reports estintes of the eftect of exam schoot offers on MCAS scores for 91h grade applicants to ('Brvant and BLS. Columns -4 report
results from a linear reweighting estimator, while columns 3-8 report results from inverse propensity score weighting, us described in the text. Controls ure the
same as used to construct the test statistics except that the propensity score models for [atin School omit test year and application preference dummies, The
(YBryant estimates are effects on nontreated applicants in windows to the feft of the admissions cutoft’ the BLS estimates are are effects on treated applicants
it windows 10 the right of the cutoft. Stundard errors (shown in parentheses) were computed using a nonparametric bootstrap with S00 replications. The (able
also reports the number of treated and untreated (oflered and not oftered) observations in each window, in the relevant outcome sample.

* significant at 1090 ** signiftcant at 5%; *** significant &t 1%

Table 2.6: Fuzzy CIA Estimates of LATE (Exam School Enrollment) for 9th Grade Applicants

First Stage LATE
Math ELA Math ELA
Latin Latin Latin Latin
O'Bryant School (FBryant School ('Bryant School O'Bryant School
Window 1) (&) 3) ) ) 0) ()] (8)
20 0.659%** 0.898*** 0.660%** 0.900*** 0.225%* -0.031 0.380%* 0.060
(0.062) (0.054) (0.062) (0.052) (0.088) (0.217) (0.183) (0.231)
N untreated 509 320 312 320 509 320 512 320
N treated 482 49 485 50 482 49 485 50
15 0.666*** 0.898*** 0.6674%* 0.900%** 0.174** -0.085 0.302%* 0.020
(0.047) (0.048) (0.050) L (0.047) (0.080) (0.177) (0.125) (0.225)
N untreated 373 228 374 229 373 228 374 229
N treated 370 49 37t 50 370 49 371 50
10 0.670%** 0.898%** 0.678%%* 0.900%** 0.184* -0.104 0.274** -0.058
(0.055) (0.048) (0.050) (0.047) (0.108) (0.274) (0.121) (0.402)
N untreated 253 142 253 142 253 142 253 142
N treated 258 49 259 50 258 49 259 50
Notes: This table reports fuzzy RD estimates of the effect of exam school enrollment on MCAS scores for 9th grade applicants to O'Bryant and BLS.  The

O'Bryant estimates are eflects on nontreated applicants in windows to the left of the admissions cutoff; the BLS estimates are for treated applicants in windows
to the right of the cutolf. The first stage estimates in columns [-4 and the estimated causal effects in columns 5-8 are from a modified propensity-score style
weighting estimator described in the text. Standard errors (shown in parentheses) were computed using a nonparametric bootstrap with 500 replications. The
table also reports the number of treated and untreated (offered and not offered) observations in each window, in the relevant outcome sample.

* signiticant at 10%; ** signiticant at $%; *** significant at 1%
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Table 2.7: Fuzzy CIA Estimates of Average Causal Response (Years of Exam School Enrollment) for 9th
Grade Applicants

First Stage

Math LLA Math
Latin Latin Latin Latin
OBryant School OBryant School O'Bryant School OBryant School
Window (H &) 3) ) (5) (6) (7 (8)
20 1.394%** 1.816%** 1.398*** 1.820%** 0.112%%* -0.017 0.142%** 0.048
(0.064) (0.096) (0.065) (0.093) (0.029) (0.050) (0.030) (0.045)
N untreated 513 320 516 320 513 320 516 320
N treated 486 49 489 50 486 49 489 50
15 1.359%%* 1.816%*+ 1.363%** 1.820%** 0.095%** -0.044 0.133%%* 0.028
(0.064) (0.099) (0.064) (0.089) (0.032) (0.031) (0.034) (0.047)
N untreated 375 228 376 229 375 228 376 229
N treated 373 49 374 50 373 49 374 50
10 1.320%** 1.81o*** 1.312%** 1.820%#+ 0.069 -0.036 0.145%%+ -0.000
(0.080) (0.095) (0.080) (0.089) (0.043) (0.031) (0.041) (0.054)
N untreated 253 142 253 142 253 142 253 142
N treated 260 49 261 50 260 49 261 50

Notes: This table reports fuzzy RD estimates of the effect of years of exam school enrollment on MCAS scores for 9th grade

applicants to OBryant and BLS.

The O'Bryant estimates are effects on nontreated applicants in windows to the left of the admissions cutoff; the BLS estimates are for treated applicants in
windows to the right of the cutoff. The first stage estimates in columns 1-4 and the estimated causal effects in columns 5-8 arc from a modified lincar 2S1.S
estimator described in the text. Standard errors (shown in parentheses} were computed using a nonparametric bootstrap with 500 replications. The table also

reports the number of treated and untreated (offered and not offered) observations in each window, in the relevant outcome sample.

* significant at 10%; ** significant at 5%; *** significant at %
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2.8 Appendix

Defining Sharp Samples

Boston exam school applicants rank up to three schools in order of preference, while schools rank their
applicants according to an average of GPA and ISEE scores. Applicants are ranked only for schools to which
they’ve applied, so applicants with the same GPA and ISEE scores might be ranked differently at different
schools depending on where they fall in each school’s applicant pool (each also school weights ISEE and GPA
a little differently). Applicants arc ranked at every school to which they apply, regardless of how they’ve
ordered schools. Student-proposing deferred acceptance (DA) gencrates offers from student preference and

school-specific rankings as [ollows:

e In round 1: Each student applies to his first choice school. Each school rejects the lowest-ranked
applicants in excess of capacity, with the rest provisionally admitted (students not rejected at this step

may be rejected in later steps.)

e At round £ > 1: Students rejected in Round #-1 apply to their next most preferred school (if any).
Each school considers these students and provisionally admitted studeuts from the previous round,
rejecting the lowest-ranked applicants in excess of capacity from this combined pool and producing a

new provisional admit list (again, students not rejected at this step may be rejected in later steps.)

The DA algorithm terminates when either every student is matched to a school or every unmatched student
has been rejected by every school he has ranked.

Let 7, denote the rank of the last applicant offered a scat at school k; let ¢;;, denote student 4’s composite
score at school k; and write the veetor of composite scores as ¢; = (¢, ¢iu, ¢i3), where ¢, 1s missing if student
i did not rank school k. A dummy variable ¢;(k) = 1[c; < 73] indicates that student 4 qualified for school
k by clearing 7, (rank and qualification at k are missing for applicants who did not rank k). Finally, let py
denote student #’s kth choice and represent i's preference list by p; = (pi1, vi2, pi3), where p; = 0 if the list
is incomplete. Students who ranked and qualified for a school will not be offered a seat at that school if they
get an offer from a more preferred school. With three schools ranked, applicant ¢ is offered a seat at school

k in one of three ways:
s The applicant ranks school k first and qualifies: ({p;1 = k} N {q(k) = 1}).

e The applicant doesn’t qualify for his first choice, ranks school k second and qualifies there: ({g;(pi1) =

0F N {piz = k} N {q(k) = 1}).

e The applicant doesn’t qualify at his top two choices, ranks school k third, and qualifies there: ({q;(pi1) =

@i(pi2) = 0} N {pis = k} N {qi(k) = 1}).
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We summarize the relationship between composite scores, cutoffs, and offers by letting O; be student i’s

offer, with the convention that O; = 0 means no offer. DA determines O; as follows:

J i1
0; = Zpij(h(pij) {H(l — qi(pir))
=1 =1

The formulation shows that the sample for which offers at school k£ are deterministically linked with the

school-k composite score - the sharp sample for school k - is the union of three sets of applicants:
e Applicants who rank & first, so (p;1 = k)
e Applicants unqualified for their first choice, ranking k second, so (¢g;(pi1) = 0N pi2 = k)
o Applicants unqualified for their top two choices, ranking k third, so ((¢;(pi1) = ¢:(ps2) = 0)Np;z3 = k).

All applicants are in at least one sharp sample (at the exam school they rank first), but can be in more than
one. For example, a student who ranked BLS first, but did not qualify there, is also in the sharp sample for
BLA if he ranked BLA second.

A possible concern with nonparametric identification strategies using sharp samples arises from the fact
that the sharp sample itself may change discontinuously at the cutoff. Suppose, for example, that two
schools have the same cutofl and a common running variable. Some students rank school 2 ahcad of school
1 and some rank school 1 ahead of school 2. The sharp sample for school 1 includes both those who rank 1
first and those who rank 2 first but are disqualified there. This second group appcars only to the left of the
common cutoff, changing the composition of the sharp sample for school 1 (with a similar argument applying
to the sharp sample for school 2). In view of this possibility, all estimating equations include dummies for

applicants’ preference orderings over schools.

Proof of Theorem 1

We continue to assume that GCIA and other LATE assumptions hold. Given these assumptions, Theorem

3.1 in Abadie (2003) implics that for any measurable function, g (y;, W;, ;), we have

1

E[g (y%Wiin) ] Ty, Wli > WOi] P[Wl > WOV' |~T}

E& (W, Dy xi) g (yi, Wi, @) | x)  (2.27)

where

h‘,(WL',D,,‘,,.’IJi) = 1—-

and

1

Elg (Ywi, z:) | @i, Why > W()'II] Iz [le > Wor } T.]
7 1| 42

Ekw (Wi, Dy, @) g (g w:) | @il
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where W € {0,1} and

Ko (WisD‘iwl.‘i) = (1_W1)

k1 (W, Diyzy) = W,

Using the GCIA, we can simplify as follows:

Elg Ywi, i) | Wiy > W, 0 <ry < ¢

= E{E g Ywi, ;) | @, Wi > Wo | W > Wo, 0 <y < ¢}

1
— T3 P 7, Lo U T . X . - <
/ PV = Wor | xi]E[nw (Wi, Dy, @) g (yiy i) | X1dP [ | Wap > W, 0 <y < ¢
1 PO < <cfay) i
= Flx WuDi,'h‘ Y, x; X P X; 2.28
P[Wu>WOi|O<n§c]/ Lo ( 2:) g (4, i) | @] Plo<r < dP [zi] (2.28)
i 0<r <clw

g(yz‘,’l’z‘)

]E {HW (W’“ Di,fl},) P

:P[WU>W0,~]O<7‘L-§C, Pl0<r <¢

This implies that LATE can be written:

EY1; — Yo | Wi > Wy, 0 <1y < ¢

= E[Yi | Wi > Wo, 0 <1y < ¢ = E[Yo; | Wi > Woi, 0 <y < ¢
1 Plo<r<cla]

= E | D’i7 J ‘i 2
P[W1,L‘>LV0il0<7"i§C] l/)( IL) P[0<7‘,j§(3]
where
¢ (D) = ki (Wi, Diyzy) — ko (Wi, Dy, )
_ D;—P[D; =1]x]
N (1—P[DL:1IEL])P[D1:11IZ]
Finally, by setting g (y;, Wi, z;) = 1 in cquation (2.27) we get:
P[Wl, > Wy, , .L,] = F [h(W,, D, .’l),,;) ) .’L’,L'] .
Using the same steps as in equation (2.28), the GCIA implies:
P[Wli > W, l 0<r, < (,‘J = E{P[Vvh > Wos l .L’,'] l 0<r < C}

Po<r <e|z

E |k (W, Dy, ;) PlO<z <]
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Proof of Theorem 2

Theorem 1 in Angrist and Imbens (1995) implies:

Elyi | D =1,0;] - E[y; | D; = 0,2;] = ZP[’WM > J>woi | w] EY; =Y, | wy > § > wo, x4

J
Elwi | D =12~ Elw; | Di =0,2,] = > Plun>j > wy | xi].
J

Given the GCIA, we have:

E{E[’t/l i D, = l,IIJi]—E[y,j | D, :0,.’)2'1'} | 0<r; S(J}

= Z/ Plung 2§ >woi | @) BV = Yoy, | wis > > wos, 2] dP [z, | 0 < 13 < c]
J

= Z/P[U)H 27 > Wg; ’.’L‘i,o <r < C]E[Y}T —}/]‘71"1‘ I Wi, Z] > wOi,.I'i] dP[n ‘ 0 < T, < (1]
J

:ZP[w1i2j>1UOi|0<r,;§c]
J

X / ElYj =Y 1wy 2§ > woi ) dPir; | w > § > wes, 0 < 1y < |

:ZP[U)“2j>w0i|0<r1¢SC]E[Y}i—Yj,M[w1i2j>u701¢,0<mSc].
J

The GCIA can similarly be shown to imply:

EEw; | Di=1,z]—Ew; | D; =0,2;] |0 < r; < (]

:ZP[wH2]'>w0.1-l()<r7;§c].
J

Combining these results, the ACR can be written:

E{F[yi | Di=12] - FEly; | D; = 0,2;] |0 < r; < ¢}
E{E[m|D7:1,r7}—E[wl|D,:0,rl]|0<m§r}

= ZVJ‘(:E[in = Y10l wis > 5> we, 0 < r; <
7

where

Plwy >35> we |0<r <

Vije D Pwi>l>wy [0<r, <
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Chapter 3

Adaptive Bandwidth Choice for the

Regression Discontinuity Design

3.1 Introduction

The regression discontinuity (RD) design, originating from Thistlewhite and Campbell (1960), has become
a popular approach in economics to identifying causal effects of various treatments. In this design the
treatment of interest is either fully or partly determined by whether the value of an observed covariate, often
referred to as the running variable, lies below or above a known cutofl. Under relatively weak assumptions,
this allows one to identify the causal eflect of the treatment for individuals at the cutoff. RD designs have
been used to study, for instance, the effect of class size on student achievement (Angrist and Lavy, 1999),
parental valuation of school quality (Black, 1999), the effect of financial aid on college enrollment (van der
Klaauw, 2002), and the effect of Head Start on child mortality (Ludwig and Miller, 2007). In addition, Hahn,
Todd, and van der Klaauw (2001) and Porter (2003), among others, have made important contributions to
the literature on identification and estimation of treatment effects in the RD design.!

The consistency of the RD estimator relies heavily on the researcher’s ability to correctly specify the
functional form for the relationship between the running variable and the outcome and the relationship
between the running variable and the treatment. This has lead o a widespread interest in nonparamectric
approaches to estimating these relationships. A common approach in the recent literature has been to use
local polynomial regression (LPR), especially local linear regression. As the performance of LPR-based
methods depends heavily on the choice of a smoothing parameter, often referred to as the bandwidth, a key
question in lnplementing these methods is how to choose this paramecter.

Traditionally, the bandwidth choice in crupirical work using LPR-based RD estimators has been based on

LFor extensive surveys of the literature, see Cook (2008), Imbens and Lemieux (2008), van der Klaauw (2008), and Lee and
Lemieux (2010).
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either ad hoc procedures or on approaches that are not directly suited to the RD design (Ludwig and Miller,
2005; DesJardins and McCall, 2008). However, in a recent influential paper Imbens and Kalyanaraman (2012)
studied in depth the problem of optimal bandwidth choice for local linear regression-based RD estimator
and proposed an algorithm that can be used to obtain a consistent estimator of the asymptotically optimal
RD bandwidth.2

This paper contributes to the literature by proposing an adaptive bandwidth choice algorithm for the
LPR-based RD estimator by building on previous work by Schucany (1995) and Gerard and Schucany
(1997).% The algorithm is adaptive in the sense that it allows for diffcrent choices for the order of polynomial
and kernel function. In addition, the algorithm automatically takes into account the inclusion of additional
covariates as well as alternative assumptions on the variance-covariance structure of the error terms. Thus,
the proposed algorithm provides a convenient approach to bandwidth choice that retains its validity in
various settings.

I show that the proposed algorithm produces a consistent estimator of the asymptotically optimal band-
width. Furthermore, the resulting RD estimator satisfies the asymptotic optimality criterion of Li (1987)
and converges to the true parameter value at the optimal nonparametric rate (Stone, 1982; Porter, 2003). I
also provide Monte Carlo evidence illustrating that that the propoced algorithm works well in finite sample
and compares favorably to the algorithm by Imbens and Kalyanaraman (2012).

The rest of the paper is structured as follows. Section 2 reviews the RD design and the LPR-based RD
estimator. Section 3 introduces the proposed bandwidth choice algorithm and discusses its asymptotic prop-
erties. Section 4 presents Monte Carlo evidence illustrating the finite-sample performance of the proposed

algorithm. Section 5 concludes.

3.2 Regression Discontinuity Design

3.2.1 Setting and Parameter of Interest

Suppose one is interestein the causal effect of a binary treatment on some outcome. Let D denote an indicator
that equals 1 if an individual receives the treatment and 0 otherwise. Furthermore, let Y7 and Y denote the
potential outcomes when an individual receives and does not receive the treatment. The observed outcome

of an individual, denoted by Y, is
Y = (1-D)xYy+DxYi.

In a sharp regression discontinuity (SRD) design I is a deteministic function of a continuous running

28cc also Arai and Ichimura (2013) for an alternative approach to optimal bandwidth choice for the local liner regression-based
RD estimator. Furthermore, Calonico, Cattaneo, and Titiunik (2014) discuss nonparametric estimation of robust confidence
intervals for the local liner regression-based RD estimator.

3Similar approaches to optimal bandwidth choice have also been proposed by Ruppert (1997), Doksum, Peterson, and
Samarov (2000), and Prewitt (2003).
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variable R:*
D = 1{(R>¢)

where 1(-) is an indicator function equal to 1 if the statement in parentheses is true and 0 otherwise. In
words, all individuals with the valuc of R at or above a cutoff ¢ are assigued to the treatment group while
all individuals with the value of R below the cutoff ¢ arc assigned to the control group. Furthermore, there
is perfect compliance with the treatment assignment: all of the individuals assigned to the treatment group
receive the treatment whereas none of the individuals assigned to the control group receive the treatment.

Given the treatment assignment mechanism, a natural parameter of interest in the SRD design is
T = E[Yl_YOlR:C}v

that is, the average effect of the treatment for individuals at the cutoff. Suppose that E[Y; | R = r] and

E[Ys | R = r] cxist and arc continuous at R = ¢. Then
T = lilnb'[Y | R =1 —hpb[Y | R=7]

where m(r) = E[Y | R =7], my(c) = m(r) and m_(¢) = m(r). Thus, under relatively mild assumptions
T is nonparametrically identified and given by the difference in the limits of two conditional cxpectation

functions at the cutoff ¢

3.2.2 Estimation using Local Polynomial Regression

I focus in this paper on the estimation of 7 using scparate LPRs on both sides of the cutoff.> An attractive
property of the LPR-based approach is that it allows onc to obtain a consistent estimator of 7 without
reliance on strong functional form assumptions. Moreover, the LPR-based approach reduces (and under
some assumptions cven eliminates) the bias that afflicts other nonparametric regression function estimates
at boundary points.

Suppose we observe a sample (Y;, R;), i =1,...,n. The LPR-based estimator of 7 using a polynomial of

order p , kernel K (u), and bandwidth A is given by

tp(h) = &f(h) - &, (h)

41 focus solely on SRD design in this paper. Fuzzy RD design is a straightforward extension that I leave for future research.
SFor a comprehensive treatment of LPR methods, see Fan and Gijbels (1996).
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where

[ &b () ]
3+ (h _ P ?
BM:( | - N SRz 9K (th C> (}/"’_()‘_Zﬂ’“ (Ri_c)k)
. SUPE S =1 4=1 k=1
L B;p (h) J
and
[ 6z (n) ]

- (B n o p 2
oM gmin S 1R < c)K(R" C) <Y% —a =) B (B —C>"‘) -
: k=1

o {Br}h_y i h

I have written the estimator 7, (k) in a way that makes explicit its dependence on the choice of the order
of polynomial p and the bandwidth h. The estimator 7, (k) also depends on the choice of the kernel K (u),
but this does not play a key role in what follows. Covariates could easily be included in the model, but I

abstract away from this for notational simplicity.

Let
Y] 1 (Rl —C) (Rl —C)p
Y = X, = :
Ya 1 (Rn—20) (Rn —0)
and define
Grm = (xwirx,) XWiy
By () = (Xwix,) X Wy
where
R —c
W = diag {1 (R > ) K ( - C)]

W, = diag [1 (R, <o) K (

&
=1
o}

N’

| S|

We can now write 7, (h) equivalently as

#(0) = e (B (-8 1)
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where €1 is a (p+ 1) x 1 vector with one as its first element and zeros as the other clements.
Using standard results for Weighted Least Squares (WLS) estimators once can write the heteroskedasticity-

robust variance estimators for /;’:j (h) and ,3; (h) as

’ N\ L ’ ;o ’ A
oy (h) = (Xp”/}?Xp) x,wy L;.hWi?LXp (Xpwinp)
’ ’ -1 ’ ~ ’ PN T
o () = (KW X,) X WS, WX, (xwi X,)
where
o+ ; " ht 2
Zp.h = (h(lg I:(lfl - Xé[)/jp (h)) jl
A ) [ 2
X,n = diag {(Yi - X8, (h)) }

and X;i is the i row of X,,. Thus,
Oy (k) = 6(1 (f);” (h) + 0, (h)) ex

provides a heteroskedasticity-robust variance estimator for 7, (h).%

As was mentioned above, there are in general three decisions one has to make when implementing LTPR-
based estimators: order of polynomial p, kernel K (u) and bandwidth 4. I focus in this paper on the choice
of h conditional on the choices of p and K (u). This is motivated by the observation that bandwidth choice is
commonly viewed as the key decision when implementing LPR-based estimators. As the bandwidth choice
algorithm proposed in this paper applies to generic p and K (u), I will make only some remarks regarding
these choices.

A common approach in the empirical literature is to use local lincar regression-based estimators. These
arc convenient in practice as the number of parameters needed to be estimated is relativelely small. These
estimators have also been shown to have attractive bias properties at boundary points (Fan and Gijbels,
1992) and to obtain the optimal convergence rate (Stone, 1982; Porter, 2003).

Common choices for the kernel include the uniform kernel K (u) = 31 (Ju| < 1), the Epanechnikov kernel
K(u) = 2 (1=v?)1(jul £1) and the triangular kernel (some authors refer to this as the edge kernel)
K (u) = (1 —|ul) 1 (Jul £ 1). The popularity of the uniform kernel is mainly due to its practical convenience
while the Epancchnikov kernel has been shown to be optimal for estimation problems at interior points
(Fan, Gasser, Gijbels, Brockmann, and Engel, 1997). The triangular kernel is instead the most appropriate
choice for the RD design as it has been shown to be optimal for estimation problems at boundary points

(Cheng, Fan, and Marron, 1997). Imbens and Kalyanaraman (2012), for instance, focus on this kernel in

fNote that in practice one can compute #, (h) and @, (h) using WLS with full sct of interactions for the running variable
controls and the indicator variable for the value of the running variable being above the cutoff. However, for simplicity 1 use
the above notation throughout the paper.
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their bandwidth choice algorithm.

3.3 Optimal Bandwidth Choice

3.3.1 Infeasible Bandwidth Choice

The optimality criteria I use in this paper is the Mean Squared Error (MSE) which can be written as

MSE[R (0] = B[ () - 7)’]

= Bl (h) =1 + E[(7 () - Bl7, )],

In words, the MSE equals the sum of the squared bias and the variance of 7, (h). While the estimation of the
variance of 7, (h) is relatively straightforward, the estimation of the bias of 7, (h) is problematic. Thus, it
is typically difficult to obtain a good estimator of the bandwidth that minimizes the MSE.” I follow instead
the standard approach in the literature ou LPR-based methods and focus on the first-order asymptotic
approximation of the MSE refered to as the Asymptotic Mean Squared Error (AMSE). Furthermore, 1 focus
on the case in which the bandwidth is restricted to be the same on both sides of the cutoff as opposed to
choosing a different bandwidth to the left and to the right of the cutoff.®

I will next state the assumptions used throughout this paper.

Assumption J.

1. The observations (Y;, R;), i = 1,...,n, are independent and identically distributed.

2. The conditional expectation function m(r) = E[Y; | R; = 7] is at least p + 2 times continuously differen-
tiable at v # c¢. Let m®) () denote the k™" derivative of m (r). [m(k) (M|, k=0,...,p+2, are uniformly
bounded on (c,c+ M] and [c — M, ¢) for some M > 0. \m(_k) (c)‘ and ]mf) (c)‘, b =0,...,p+ 2, exist and
are finite, where m) (¢) and m(f) (¢) denote the left and right limit of m™® (r) at the cutoff c.

3. The marginal distribution of the running variable R;, denoted by f (), is continuous, bounded and bounded
away from zero around c.

4. Let ¢; denote the residual Y; — m(R;). The conditional variance function o2 (r) = Varle; | R; = 1] is
uniformly bounded on (c,c+ M) and [c — M,c) for some M > 0. The left and right limits of 02 (r) at the
cutoff, denoted by o2 (c) and o2 (c), exist and are finite.

5. E||e|* Ri=r] is uniformly bounded on (c,c+ M] and [c— M,c) for some M > 0. The limits
l:ilClE [lei | Ri=7] and lriglE [l € 1) Ri = 7] exist and are finite.

6. The kernel K (u) is non-negative, bounded, different from zero on the compact interval [0,1] and contin-

uous on the open interval (0, 1).

7See also the discussion in Imbens and Kalyanaraman (2012).
& Arai and Ichimura (2013) propose a bandwidth choice algorithm for the local lincar regression-based estimator that uses
separate bandwidths to the left and right of the cutoff.
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We can now formally define the AMSE of 7, (k) as

AMSE[#,(h)] = th?ﬁ’“u;%
where
B, = —-—"Ejfz;f) ellerl<5+—————"g}j)lg)e;l‘_lé_
v, 0;*(5:‘;) DAL T 4 UE(S)F:U\F:H

The vectors/matrices 'y, ', §, 6_, Ay, and A_, defined in the Appendix, depend only on K (u). The
AMSE provides an approximation to the MSE for small A and large nh, as shown in Theorem 1. The first
term of the AMSE corresponds to the square of the leading term of an asymptotic approximation of the bias
of 7, (h). The second term of the AMSE corresponds to the leading term of an asymptotic approximation
of the variance of 7, (h). The expression illustrates the bias-variance tradeoff inherent in the problem of
choosing h: using a larger bandwidth reduces the variance of 7, (h), but this happens at the cost of larger
bias, and vice versa.

Theorem 1 provides an expression for the asymptotically optimal bandwidth A, that minimizes the
AMSE of 7, (k). We can sce that hgy, is increasing in the variation of the outcome at the cutoff and
decreasing in the squared difference of the curvatures of the two conditional expectation functions at the
cutoff. Futhermore, I, is decreasing in the sample size. The assumption m&fH) (c) # m Py (¢) when p is
odd is madec to avoid a casc in which B, = 0 and consequently h,p,¢ = 0o. It is possible to derive the optimal
bandwidth also for this setting by considering a higher order expansion of the bias of 7, (k). However, I leave

this extension for future work.?

Theorem 6. Suppose that 'm,,(f“) (e) # mPTY (¢) when p is odd. Then

| 1
MSE[#, (h)] = AMSE[#,(h)] +o, (’LQ(”H) - E)
hopt = arg m}in AMSE 7, (h)]

1
= Coptn 2p+3

where

, v, 3
(‘yupt, = (ﬁ) .
2(p+1) B?

. — 1 .
Thus, the optimal bandwidth takes the form fi,pe = Copen™ T3 for some constant C,,e > 0 that de-

YArai and Ichimura (2013) propose a bandwidth choice algorithm for local linear regression-based estimator that takes into
account the case m(f) (e) = m® (c).
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pends on the unknown paramecters mEfH) (c), mPHY (¢), o2 (¢}, 02 (c), and f (). The problem of optimal

bandwidth choice therefore boils down to the optimal choice of C in b = Cn~ 778, A common approach in
the statistics and econometrics literature on LPR-based estimators is to estimate the unknown parameters
that enter Cppe. In the RD design literature such plug-in estimator has been proposed for the local linear

regression casc by Imbens and Kalyanaraman (2012).10

3.3.2 Bandwidth Choice Algorithm

The bandwidth choice algorithm I propose in this paper is based on direct estimation of Bg and V,, without
the need to separately estimate the unknown parameters incorporated in these constants. The algorithm is
general enough to be directly applicable to settings with arbitrary choices regarding the order of polynomial
p and the kernel K (u). The proposed approach also automatically adapts to various departures from the
standard setting as discussed below.

The algorithm builds on the work by Schucany (1995) and Gerard and Schucany (1997).!! The approach

I take to estimate Bg is motivated by the observation that

()= = B 4o, (071) + 0, ((nh)7F)

(M

O (R**2) + 0, (RP*2) 4+ O, ((nh)f

).

That is, the leading term of the bias of 7,41 (k) is of higher order than that of #, (k). Thus, letting 1312] (h)

Tpr1 (h) =7

denote the squared difference between these two estimators we get that
IA)TZ) (h) = B}Z,hz(”H) + op (iz'z(”+l)) + 0, ((nh,)_l> .
The approach I take to estimate V), is motivated by a similar observation as one can write the heteroskedastivity-

robust variance estimator for 7, (h) as

. Vi 1 _3
Oy (h) = ;z—% +op (E) + 0, ((nh,) 2) .

Taken together, these observations imply that one can estimate Bg and V, consistently by regressing

bf, (hi) on hi(w_]) and @, (h) on (nh;k,)_l using a collection of initial bandwidths hg, & = 1,..., K. The

10Gee also the alternative approaches to optimal bandwidth choice by Ludwig and Miller (2005) and DesJardins and McCall
(2008) as well as the discussion regarding these approaches in Imbens and Kalyanaraman (2012).
11gimilar approaches have also been proposed by Ruppert (1997), Doksum, Peterson, and Samarov {2000) and Prewitt (2003).
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resulting Ordinary Least Squares (OLS) estimators of Bz and V), are

ﬂK T p yzi
b2 (hy) 20D

n2 k=1
B, = K d(pt)
ket Tk
o S () (nhi) !
P -

3 () ™

where the constant term in both regresions is restricted to zero.
By plugging in Bf, and Vp to the expression for C,,, the estimator of the asymptotically optimal bandwidth

Fope becomes

R V 2p+a
hopt = ——”—T n- 5T
2(p+ 1) Bﬁ

The asymptotic properties of the bandwidth estimator izol,( and the resulting RD estimator 7, (h(,p,) are
stated in Thecorem 2. First, lAlo,,,, is a consistent estimator of the asymptotically optimal bandwidth fip,.
Sccond, the RD estimator 7, <i7,(,p,> satisfles the asymptotic optimality criterion of Li (1987). What this
means is that, in terms of the MSE, the performance of the RD estimator using the estimated bandwidth is
asymptotically as good as the performance of the RD estimator using the true optimal bandwidth. Third,

the R estimator 7, (iA;,Om> converges to 7 at the optimal nonparametric rate (Stoue, 1982; Porter, 2003).

Theorem 7. Suppose hy, = ¢ h™ 7, k=1,..., K, for some posilive, finite constants c; and ﬁlﬁ <A~ < 2.1)_1+3‘

Then
ilupt
et 1= g, (1
h()pt o ( )
MSE [ﬁ, (i}m)]
- — = (1
MSE [7y (hope ] o (1)

[ _ ptl
TplRopt) =7 = Opln Zv¥3 ),

Note that the consistency of the bandwidth estimator fzom, and conscequently the optimality properties of
the resulting RD estimator 7, (iLOI,,>, require that the initial bandwidths used to cstimate b’; and V), converge
to zero at a slower rate than the asymptotically optimal bandwidth h,,.. While this is not necessary for the
cousistency of \7,,, it is needed to ensure the consistency of ép.

A remaining question is how onec should choose the parameters ¢, v, and K that define the collection
of intial bandwidths Ay, &k = 1,..., K, in Theorem 1. Unfortunately, the asymptotic theory presented above
has very little to say regarding these parameters. I propose to usc the rate v = 71% and the quantiles
0.50,0.51,...,0.99 of the distribution of |R; — ¢| as the constants ¢, k = 1,..., K. It should be emphasized,

however, that these choices are not motivated by any theoretical considerations. One could potentially

improve the performance of the algorithin by using more appropriate parameter values, but | leave this
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question for future research. ldeally, the resulting RD estimator 7, (h(,,,,,) is reasonably insensitive to these

choices which is an important specification check when applying the algorithm.

3.4 Monte Carlo Experiments

In this section I compare the performance of the proposed bandwidth choice algorithm to the performance of
the algorithm by Imbens and Kalyanaraman (2012). I follow Imbens and Kalyanaraman (2012) and explore
finite sample behavior in Monte Carlo expriments that are based on the data from Lee (2008) who studies
the effect of incumbency on the probability of re-election. As is common in empirical practice, I focus on the
local linear regression-based estimator. Furthermore, I focus on the triangular kernel due to its optimality
property mentioned above.

I consider the following functional forms for m (r):!?

048 + 1.27r + 7.18r% 4+ 20.217° 4+ 21.547% + 7.337° .+ < 0

my(r) =
0.52 4+ 0.84r — 3.00r% + 7.997% — 9.01r* + 3.56¢°, 7 > 0
3rZr <0
meo (r) =
42 r>0
0.42 + 0.84r — 3.00r% + 7.997% — 9.01r* + 3.56r°,r < 0
ms (7‘) =
0.52 + 0.84r — 3.0072 + 7.99r% — 9.01r* 4+ 3.56r°, 7 > 0
0.42 + 0.84r + 7.99r% — 9.017* + 3.567°.r < 0
my(r) =

0.52 + 0.84r + 7.997% — 9.01r* + 3.56r°,r > 0

In all of the designs the running variable R; and the residual €; are generated as R; ~ 2Beta(2,4) — 1 and
e~ N (0, 0.12952). I compare the behavior of the bandwidth choice algorithms in samples of size 100, 500,
1,000, 5,000, 10,000, and 50,000 using 1,000 replications.

The results from the Monte Carlo experiments are reported in Tables 3.1-3.4. The relative behavior of
the two algorithms is similar across the different Monte Carlo designs and sample sizes. There are a few
observations one can make based on these results. First, the adaptive algorithm tends to produce smaller
bandwidths that vary somewhat more from one sample to another. Second, the bias of the RD estimator
produced by the adative algorithm tends to be smaller. For the variance the situation is less clear: the
adaptive algorithm tends to produce a less precise RD estimator in designs 1 and 3 while the opposite is true
for designs 3 and 4. Finally, in terms of the MSE the adaptive algorithm performs better than the algorithm
by Imbens and Kalyanaraman (2012) in designs 1, 2 and 4 once the sample size is at least 500 or 1,000

depending on the design. In design 2 the proposed algorithm performs instcad worse than he algorithm by

123¢e the discussion in Imbens and Kalyanaraman (2012) regarding the choice of these functional forms.
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Imbens and Kalyanaraman (2012) across all of the sample sizes.

Taken together, the results from the Monte Carlo experiments suggest that the adaptive algorithm
has good [inite-sample properties. This seems to be especially true for moderate sample sizes typically
cncountered in empirical applications. The proposed algorithm also compares well to the algorithm by

Imbens and Kalyanaraman (2012).

3.5 Conclusions

This paper introduces an adaptive bandwidth choice algorithm for local polynomial regression-based esti-
mators in the RD design. The algorithm is adaptive in the sense that it allows for different choices for the
order of polynomial and kernel function. In addition, the algorithin automatically takes into account the
inclusion of additional covariates as well ag alternative assumptions on the variance-covariance structure of
the error terms. 1 show that the algorithm produces a consistent estimator of the asymptotically optimal
bandwidth that minimizes the AMSE as well as that the resulting RD estimator satisfies the asymptotic
optimality criterion of Li (1987) and converges to the true parameter value at the optimal nonparametric
convergence rate (Stone, 1982; Porter, 2003). Furthermore, Monte Carlo experiments suggest that the pro-
posed algorithm has satisfactory finite-sample behavior and performs well in comparison to the algorithin
by Imbens and Kalyanaraman (2012) for a local lincar regression-based estimator.

I focus in the paper on sharp RD designs in which treatment is fully determined by the running variable.
However, the proposed algorithm can be straightforwardly extended to fuzzy RD designs in which there is
imperfect compliance with the treatment assignment. Another setting the approach can be applied to is the
regression kink design (Card, Lee, Pei, and Weber, 2012) in which a continuous treatment variable has a

kink instead of a discontinuity at a known cutoff. I leave these extensions for future rescarch.
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3.6 Tables

Table 3.1: Monte Carlo Simulations for Design 1

h 7
Mean SE Bias SE RMSE
N = 100 IK 0.5637 0.1318 0.0335 0.0816 0.0882
Adaptive 0.3302  0.0926 0.0294 0.1617 0.1643
N — 500 1K 0.4739  0.0585 0.0432 0.0359 0.0561
Adaptive 0.2814 0.0751 0.0274 0.0525 0.0592
N=1000 IK 0.4161 0.0468 0.0423 0.0245 0.0489
Adaptive 0.2477  0.0704 0.0217 0.0397 0.0453
N =5,000 IK 0.3399  0.0337 0.0385 0.0110 0.0400
Adaptive 0.1671 0.0443 0.0136 0.0210 0.0250
N = 10,000 IK 0.3311 0.0266 0.0380 0.0086 0.0390
Adaptive 0.1379 0.0337 0.0107 0.0166 0.0197
N = 50,000 IK 0.1988 0.0184 0.0223 0.0070  0.0234
Adaptive 0.0883 0.0118 0.0054 0.0083 0.0099

Table 3.2: Monte Carlo Simulations for Design 2

h T
Mean SE Bias SE RMSE
N = 100 IK 0.5581 0.1535 0.0287 0.0926  0.0969
Adaptive 0.3317 0.0970 0.0045 0.1635 0.1636
N = 500 1K 0.4189 0.0712 0.0087 0.0369 0.0379
Adaptive 0.3012 0.0802 0.0015 0.0506 0.0506
N=1000 IK 0.3643  0.0472 0.0025 0.0259 0.0261
Adaptive 0.2699 0.0701 0.0004 0.0371 0.0371
N — 5,000 IK 0.2624 0.0203 0.0016 0.0137 0.0138
Adaptive 0.2191 0.0566 0.0012 0.0176 0.0176
N — 10,000 IK 0.2285 0.0167 0.0017 0.0109 0.0111
Adaptive 0.1980 0.0507 0.0009 0.0135 0.0135
N = 50,000 IK 0.1661  0.0089 0.0014 0.0054 0.0055
Adaptive 0.1572  0.0410 0.0008 0.0063 0.0064
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Table 3.3: Monte Carlo Simulations for Design 3

h

P
Mean SE Bias SE RMSE
N = 100 IK 0.2289  0.0254 0.0234 0.1289 (.1310
Adaptive 0.2105 0.0396 0.0169 0.1770  0.1778
N - 500 1K 0.1746  0.0160 0.0078  0.0582  (.0587
Adaptive 0.1802 0.0263 0.0067 0.0581 0.0585
N =1000 IK 0.1563  0.0143 0.0057 0.0442 0.0445
Adaptive 0.1643 0.0229 0.0049 0.0439 0.0442
N = 5,000 IK 0.1226 0.0107 0.0030 0.0210 0.0212
Adaptive 0.1327  0.0182 0.0031  0.0209 0.0211
N =10,000 IK 0.1106  0.0099 0.0021 0.0160 0.0162
Adaptive 0.1209 0.0163 0.0022 0.0158 0.0159
= 50,000 IK 0.0877 0.0077 0.0011  0.0076  0.0077
Adaptive  0.0970 0.0134 0.0012  0.0075 0.0076

Table 3.4: Monte Carlo Simulations for Design 4

h 7
Mean SE Bias SE RMSE
N = 100 IK 0.2238 0.0251 0.0192 0.1315 0.1329
Adaptive 0.2157  0.0399 0.0155 0.1774 0.1781
N - 500 IK 0.1735  0.0165 0.0063 0.0581 0.0584
Adaptive 01873  0.0283 0.0060 0.0573 0.0576
N = 1,000 IK 0.1556  0.0144 0.0047 0.0441 0.0444
Adaptive 0.1710 0.0250 0.0044 0.0432 0.0435
N — 5,000 IK 0.1225 0.0108 0.0026 0.0210 0.0211
Adaptive 0.1386  0.0208 0.0029 0.0205 0.0207
N = 10,000 IK 0.1105  0.0100 0.0018 0.0160 0.0161
Adaptive 0.1262  0.0186 0.0021 0.0166 0.0157
N = 50,000 IK 0.0877 0.0077 0.0010 0.0076 0.0077
Adaptive 0.1015  0.0154 0.0011 0.0074 0.0075
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3.7 Appendix

Preliminaries

The estimator of m4 (c) using a p'* order polynomial and a bandwidth h,dj (h), is obtained by solving

N B —ec P 2
min ZK+ ( : ) Y}—G—Zﬁ)k (Ri — o)
adBrtios i3 h k=1

where Ki (u) = 1(u>0)K (u). Let ot = my (c) and B = m(f) {e), £ = 1,...,p, and define U; =

Y; —at = 30_, BF (R — ¢)". Using this notation the minimization problem can be rewritten as

N

min ST1(R =) K, (R_};g) (Ui ~(a—a®) -~ éhk (B — BF) (Rih— c)k)z.

(a*a*%{h’“(ﬂk—ﬁi)}izl i=1

From the first order conditions we get

&f (h) —a*
h(pr(h)— 1+) 1 & Ri—c 7T & R, —c
: = nh'Tl ;K-F ( h ) XPiXIM ;),_ ;R+ ( h > szU1
hP (5;[ (h) - ;)
where Xpi = { 1 (Rih—c) (R,h—c)P } .
Finally, define
p (p+1) (o)
r) = m(r)—a — [3+r— p_LT_Cp+1
5() () ;k( ) (p+1)! ( )
and note that
sup  [€(r)] = O(h"™?).
re{e,c+MAh]
Lemma 1
N
1 R, —¢c ,
nh ZK‘L (T) XpiX, = flOTy+0(1)+0,(1)
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where

Yo N Yp
71 Y2 Yp+1
r, = mt
Yo Yp+1 Yep
and
Ve o= /u"K(u) du.
0
Proof: Let us write
A()‘u ALn Ap,n
N
1 Rz C ’ Al,n A‘Z;n Ap+]*n,
— K XX, =
nh; +( h ) P :
Ap,n Ap+l,'n A2p,n
where
N k
1 R, —¢ R, —c
As N - ¢ i 7
ko nth + ( h ) ( h )
For the mean of Ay, we get
ElAn,) = ~E|x, (Bic)(fic '
bl T A\ h h

where the third equality follows from

dominated convergence theorem.

(5 (5 o

(&
oc

/ K (u) u* f (¢ + hu) du

0
= f(e) .u"‘K (u)du + o (1)
/

— T

a change of variables

7 and the fourth cquality from the
2
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For the variance of A4y ,, we get

1  (Ri—c\*[Ri—c\*
Var [Agn] < Eh_zE[A+< h ) ( h )

o0
1 .
= - / K (u)u?*f {c+ hu) du
0
= o(l)
where the sccond equality follows from a change of variables u = ¢ and the third equality from the

dominated convergence theorem. O

Lemma 2
N (p+1)
1 R, —c m ey ., .. .
E|—Y K : XU = —4—" hPT1 p+2
nh; +( p ) Ui Dy @8R+ O (h)
where
do
(5.{. -
op
and

Sy = /u"’“’“K(u)du
0

Proof: Let
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where

- ; k (p+1)
1 - (Bi—c R;—c m (e ‘
= K X my o) o /1)—+—1 | \
i +< h ) ( h ) ( (p+ 1! (Ri—e) +E(RL)+5L)

We can now write

B 1 R R,—¢ R, —¢
ElAral = ?[I”( h )( h )

(p+ 1)

R'i — e k+pt+1
(%)

/_\

mPth (o .
+ ()(R_)IH- +£( ))jl

(p+1) x . b\ Rl
_omy (¢) BP / e\ (r=c F () dr
(p+ 1) h h

c

w o AN
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0

1y (L) -
= ___m(; - 1§f) fe) P! / WFPTUR (W) du 4 0 (1) | + O (RPT?).

Q

where the fourth equality from a change of variables u = %=° and the fifth equality from the dominated

convergence theorem. U

Lemma 3

Var

ﬁl}—l ;B+ (th— C) Xm(]i} = % (U+ (&) f (A +0(1)+O (h p+l))>
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where

PYD VT
M A o A
A, = p‘+
)‘p /\p+] o AZ]} i
and
A = /'u,k'K(u)2 du.
0

Proof: Note that

Var

1 i Rz —C
— K XU,
nh Z N ( h ) d

i=1

Let us first look at

FE |Var Var

1 n Ri —c
— K XoiUi | Xy = FE
nh 1:21 e ( h ) pilli | X, ”

1 & R;—c
%ZK+< - )ijei|xpi]}.

i=1

I will only consider the variance of

1 " Rl —C Ri —C k
3 = — ( ~ .
Ak nh Z Ky ( h ) ( h ) “

=1

as the covariance terms can be handled in a similar fashion. For this we get
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3
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where the fourth equality follows from a change of variables u = *7* and the fifth equality from the dominated
convergence theorem.

Let us now turn to the second term and note that

1 < R,—c¢ 1 < Ri — ¢ m?* () ,
E|=> K . XU | Xpi| = — > Ky (= ) Xpi | v (R = D R) .
{nh (B } nh () ( ey e

i=1 )

I will only consider the variance of

1 <, (Ri-¢\[(Ri—c¢ ¥ ””(fH)(C) ptl
A = Eg“( B >< I ) ((pﬂ)! (Ri =0 € (R)

as the covariance terms can be handled in a similar fashion. For this we get
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Var [Ag,] < ek Ky (T£> < 5 (> (l”i_.(i) (Ri — /"' + € (Ry)

1h? (p+ 1)!
‘ e 2
0(1) Ri—ce\° (R ~c 2k m(fH) () 2p+1) 5
< E K r—— R,‘ —C F Ri
~  nh? t ( h ) ( h ) {(p+ 1)! ( ) & (R)

oC
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0
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0@ 7
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0
— LO (;,2(1>+1))
nh )

rT—C

where the fourth cquality follows from a change of variables u = —

and the fifth equality from the dominated

convergence theorem. O
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Lemma 4

af (B —at ]
p| "B " 5 5,0 0y (1)
7 (B () - BY) |
[ afm -t ]
Var| " (5ir (f”) ) n_lh";(ic)’)r;mrﬁ + 0 (%)
RACHOEN

Proof: The result follows from Lemma 1, Lemma 2 and Lemma 3 using the continuous mapping theorem.

O
Lemma 5
Ly K, (Bizc 2U2X X, = o Ay + O (R2PTD 1
SO Ky (T ) UMXpXy = @ (@ f (@A + 0 (RPD) 40, (1)
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where
Xo A - A
) VRS VAR W
A, = ‘ p'+
)\p /\p+1 e /\Zp
and
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0
Proof: Let us start by writing
AO,n Ap,n

142



where

1 n R ¢ 2 R ¢ k )
A = K, (1 : 2
b 1thy, ; * ( hy ) < b ) vi

I

The expectation of Ay, can be written as
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0

1
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+ R,

o0

= o1 () f(e) / v K (u) du+ o0 (1) + R,
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where the fourth equality from a change of variables u = =< and the fifth equality from the dominated

h

convergence theorem. Furthermore, notice that
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where the first inequality follows from the ¢, incquality and the third equality from a change of variables

For the variance of Ay, we get

. 4
1 R —c\* (R —c\* m(fﬂ) (e)
] < = e 1 i Pl N
Varleal = G K ( h ) ( h ) < prn e FER)te
. 1
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where the second inequality follows from the ¢, inequality and the second equality from a change of variables

Lemma 6
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Proof: Let us start by writing
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where the inequality follows from the ¢, inequality. The result follows from observing that

n 2 p k421
1 R, —c¢ R,—c

= K. :

nh ; t ( h ) lg{; < h )

n 2 p

1« R, —c\"~ R, —c\F!
o - 3 13 ],
nh ZK+ ( h ) Z ( h ) ¢

i=1 =0

O (1) + 0, (1)

O1) +o0,(1)

which can be shown using similar steps as above. [J



Lemma 7

Bl o] = G ()

Proof: The result follows from Lemma 1, Lemma 5 and Lemma 6 using the continuous mapping thcorem.

]

Proof of Theorem 1

From Lemma 4 and similar result for the LPR estimator using observations to the left of the cutoff we get

that
Bias[fy, (R)] = Bph?™' + o, (R7H1)
) v, 1
Var|t, (h)] = oh o (E)
where
B m(fﬂ)(c) ) m<_p+1) c)F_16
T e+ T ey
2 2
oy () 4 N il () I —1
= r.- — I
R 1
Thus, we have that
MSE %, (h)] = Bias[#, (h)]> + Var[#, (h)]

AMSE 7, (h)] + o, (]7/2(1)-&—]) N %)
7

where

A

P
nh’

AMSE[#, (h)] = B2p¥r+y 4

Finally, note that AMSE [7,, (h)] is globally convex in k. Thus differentiating this with respect to A and

taking the first order condition gives us

hopt = arg m}inAJ\i/SE [T (h)]
(3

Vi s i
= e e — n 2p+3,
2(p+1)B2
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Proof of Theorem 2

From Lemma 4 and similar result for the LPR estimator using observations to the left of the cutoff as well

corresponding results for a LPR-based estimator using a (p + l)m order polynomial we get that

)

(M

fo(h) = 7+ Bl,hl’+1 + 0y (h,”“) + 0O, ((nh)_

Tpr1 (R) T+o0, (WY + 0, ((nh)fé) :

This implies that
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and consequently that

Bf) (h) = (%P (h) - Tpt1 (h))
= Bﬁh,z(”“) + 0, (hz(m'”) + O, <(nh,)_l> .

In addition, from Lemma 6 and similar result for the variance estimator to the left of the cutoff we get that
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Thus, by plugging in h; we get
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and that
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Furthermore, plugging in the estimators B’p and f/;, to the expression for Cypt, we get
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and consequently that
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Finally, note that
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which implies that

’f'p (hopt> = T+ Op (n,_ 2}[)1:—13) .
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