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Abstract
A Heegaard splitting of a 3-manifold gives rise to a natural set of sweepouts which by
the Almgren-Pitts and Simon-Smith min-max theory generates a min-max sequence
converging as varifolds to a smooth minimal surface (possibly disconnected, and with
multiplicities). We prove a conjecture of Pitts-Rubinstein about how such a min-max
sequence can degenerate; namely we show that after doing finitely many disk surgeries and isotopies on the sequence, and discarding some components, the remaining
components are each isotopic to one component (or a double cover of one component)
of the min-max limit. This convergence immediately gives rise to new genus bounds
for min-max limits. Our results can be thought of as a min-max analog to the theorem of Meeks-Simon-Yau on convergence of a minimizing sequence of surfaces in an
isotopy class.
Thesis Supervisor: Tobias H. Colding
Title: Cecil and Ida Green Distinguished Professor of Mathematics

3

4

Acknowledgments
I would like to thank my advisor Toby Colding for introducing me to these problems
and his support and encouragement over the years. I would also like to thank Camillo
De Lellis for his hospitality in arranging a visit to UZH and many helpful suggestions.

5

THIS PAGE INTENTIONALLY LEFT BLANK

6

Chapter 1
Min-Max Minimal Surfaces in
3-manifolds
1.0.1

Constructing embedded minimal surfaces

Constructing minimal surfaces in a given ambient manifold is one of the foundational
tasks in geometric analysis. The Plateau problem (resolved by Douglas and Rado) is
the prototypical example: one is given a closed wire in R 3 and one seeks a minimal
surface bounding it. Using techniques of geometric measure theory, Almgren-Simon
[2] were able to prove that for smooth Jordan curves in the boundary of a convex body
in R 3 , one can always produce an embedded minimal disk with the given boundary.
In R3 there are no closed embedded minimal surfaces but in a closed 3-manifold
one can try to construct them. There are few techniques that work with any generality. The most obvious approach is to try to minimize area in some nontrivial class. By
the work of Meeks-Simon-Yau [22], if one has an incompressible surfaces (7r-injective)
in the 3-manifold, one can minimize area within its isotopy class to produce a closed
embedded minimal surface. There are also gluing techniques developed by Kapouleas
(and others) to desingularize intersections between various examples [19].
The min-max method to produce unstable or mountain-pass critical points for the
area functional goes back to Birkhoff (1927) who used it to construct closed geodesics
on 2-spheres with an arbitrary metric. Morse and Lusternick-Schnirelman also used
7

Morse-theoretic techniques to produce unstable geodesics. Sacks-Uhlenbeck [29] were
the first to use min-max arguments (in a different guise) to produce minimal immersed
2-spheres. These ideas and the introduction of the "bubbling" phenomenon have been
extended in many directions by Jost [18], Siu-Yau [32], Parker [24], Colding-Minicozzi
[11], et al. In general it is very difficult to guarantee the surfaces produced by the
parametric method are embedded.
The techniques of geometric measure theory have been more successful in producing embedded minimal surfaces. In 1965 Almgren [1] invented the theory of varifolds
in order to generalize the min-max argument that existed for geodesics. He was able
to produce stationary varifolds of any codimension in ambient manifolds of all dimensions. Pitts [25] in his thesis proved the regularity and embeddedness of these
limit surfaces when the codimension is 1 and the ambient dimension at most 6. Thus
in particular Pitts showed that every 3-manifold admits a closed embedded minimal
surface. For a survey of these results, see Colding-De Lellis [8] and De Lellis-Tasnady
[14].
In the 80's it became clear that minimal surfaces can be a powerful tool to make
conclusions about the ambient manifold in which they sit. Schoen-Yau used stable
minimal surfaces to prove the positive mass theorem, and the fact that T 3 admits no
metric of positive scalar curvature [31]. In the last few years unstable minimal surfaces
have become important in geometry. Colding-Minicozzi [9] used index 1 minimal surfaces to show the extinction of Ricci flow in finite time on certain 3-manifolds, giving
a simpler proof of a result independently proven by Perelman. Marques-Neves used
even higher parameter sweepouts to prove the Willmore conjecture [21].
Given a Heegaard splitting in a 3-manifold, using a refinement of the PittsAlmgren theory given by Simon-Smith [33] and Colding-De Lellis [8] one can sweep
out each handlebody with smooth surfaces, run the min-max procedure and hope to
construct min-max minimal surfaces isotopic to the original Heegaard splitting (see
Section 1.2 for the precise construction and definitions). The goal of this paper is to
understand how such sequences can degenerate. We prove the following conjecture of
Pitts-Rubinstein:
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Conjecture 1.0.1. (Pitts-Rubinstein[28]) After performing finitely many disk surgeries on the min-max sequence and discardingsome connected components, every connected component of the min-max sequence is isotopic to a component of the limiting
minimal surface (or double cover of a component of the limiting minimal surface).
Conjecture 1.0.1 will be formulated rigorously and put into context in Section 1.3.
Conjecture 1.0.1 also immediately gives rise to new genus bounds for min-max limits.
In their announcement [26], and subsequent work Pitts-Rubinstein made a number
of claims that would seem to imply Conjecture 1.0.1, but the author is not aware of
a published proof.
Our main innovation is a refined version of Simon's lifting lemma. We prove Conjecture 1.0.1 by reducing the problem to being able to rule out the folding depicted
in Figure 2. Roughly speaking, the folding can be ruled out because it is inconsistent
with the variational properties that min-max sequences satisfy.
To prove the lifitng lemma, we will cover curves on the limiting minimal surfaces
by overlapping balls and apply one iteration of a version of Birkhoff shorteninig on
first the even and then odd balls to replace the min-max sequence by piecewise stable
surfaces. Then we will use the better regularity of stable surfaces to proceed.

The organization of the paper is as follows. In Section 1.2 we describe the minmax process in general 3-manifolds relative to a Heegaard splitting. In 1.3 we describe
previous efforts to control the topology of the limiting surfaces using Simon's lifting
lemma. In 1.4 we state our main theorem and important technical tool which is an
improved version of Simon's lifting lemma. In 2.1 we collect relevant facts from the
theory of minimal surfaces that we shall need. In 2.2 we summarize the variational
property that min-max sequences enjoy and how it enables to us replace them locally
with stable minimal surfaces. In Section 3.1 we give an explanation of the idea for
improving the lifting lemma and the rest of Section 3 is devoted to proving this new
lifting lemma. In Section 4 we indicate how the lifting lemma implies the main theorem (this implication is essentially contained in [15]). Finally in Section 5 we explain
some corollaries including a slight improvement of a theorem by Marques-Neves and
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some applications to questions in three-manifold topology.

1.0.2

Min-Max Construction

Let M be a closed oriented Riemannian 3-manifold. First let {XEt},=_
closed subsets of M with finite
1.

7-2(Et)

H2

be a family of

measure such that

is a continuous function of t

2. As t -+ to, Et -+ Eto in the Hausdorff topology.

We say that such a closed family {Et}~t

is a sweepout if there is a finite set

T c [-1,1] such that
1. If t V T, then Et is a smooth surface in M.
2. If t E T then H2(Et) = 0
3. Et varies smoothly in [-1, 11 \ T
If A is a collection of sweepouts, we say that the set A is saturated if given a map
q E C (I x M, M) such that 0(t,) E DiffoM for all t E I, and a family {XEt}Is E A,
we have {(t, Et)}tc E A.
The width associated to A is defined to be

W(M, A) =

inf sup ?

{Et}EA tEI

2

(t)

Given a Heegaard splitting H of M, we have a natural candidate for a sweepout.
Namely one chooses {Et}

[_11

such that

1. EO = H
2. Et is an embedded smooth surface isotopic to H for t E (-1, 1)
3. E-1 and E, are graphs.
Given a Heegaard splitting H, we consider a saturation A with respect to H,
denoted AH10

A minimizing sequence is a sequence of families {Et} E AH such that
lim

n-+o

sup

2(E)=

tE[-1,1]

W(M,AH)

A min-max sequence is then a sequence of slices E, ,n

(-1, 1) such that

H

2

(En )

_+

W(M, AH).
The main result of Colding-De Lellis [8] is the following:
Theorem 1.0.2. (Colding-De Lellis [81) Given a Heegaard splitting H of M, there
exists a min-max sequence Ej of surfaces isotopic to H such that
n

E- -+

mili as varifolds,
i=1

where FI are smooth closed embedded minimal surfaces and mi are positive integers.
Moreoever,
miR2 (Fi) = W(M, AH)

1.0.3

Genus Bounds

Pitts in his thesis used general integral cycles as sweepouts and thus gave little hope
to control the topology of the limit surfaces Fi. In his unpublished thesis Smith [33]
was able to prove that for S' endowed with arbitrary metric, one can run the min-max
procedure to produce a set of minimal 2-spheres (possibly with multiplicities). The
achievement of Smith-Simon is twofold. First they showed one can restrict to sweepouts with a fixed topology (they used 2-spheres). However, because the convergence
of a min-max sequence is so weak - i.e., in the sense of varifolds, one cannot even a
priori rule out a sequence of 2-spheres as in Figure 1 converging with multiplicity two
to a torus. The second achievement of Simon-Smith was to rule out any growth in
genus.
The approach outlined above by Colding-De Lellis follows much closer to the refinement of Pitts' procedure given by Simon-Smith [33] in that we restrict to sweepouts with a fixed topology.
The argument from Simon-Smith to control the topology was generalized by De
Lellis-Pellandini [13] to prove a genus estimate for general sweepouts. They proved for
11

Figure 1-1:

Sequence of

Figure 1-2: Zooming in

spheres converging with

on a region in Figure 1

multiplicity 2 to a torus

where folding occurs

sweepouts relative to a genus g Heegaard splitting (with the notation from Theorem

1.0.2):
Theorem 1.0.3 (De Lellis-Pellandini [13]).
E g(Ji) + 1 E(g(i) - 1) 5 g
iEO

(1.0.1)

iEN

Remark 1.0.4. Here 0 denotes the set of i such that Fj is orientable, and N the set
of i such that Fj is non-orientable. The genus of a nonorientable surface F is defined
to be the number of cross-caps needed to be attached to a disk to arrive at a surface
homeomorphic to I?.
The essential tool in the proof of Theorem 1.0.3 is Simon's lifting lemma:
Lemma 1.0.5. (Simon's lifting lemma [33, 131) Let y be a closed simple curve on ri
(which is a component of the min-max limit) and let e > 0. Then for j large enough,
there is a positive n < ni and a closed curve ~ on EZ

n TFP which is homotopic to

n-y in Tj'i.
To see heuristically how Simon's lifting lemma allows one to exclude the convergence
in Figure 1, consider a curve y defining a nontrivial homotopy class in the limiting
torus. Then y would have to "lift" to a curve at least homotopic to -/ in TEr (possibly
to a multiple of -y).

As one can see from Figure 3, any such lift would be null-

homotopic in TE1 as it lies in a sphere.
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Figure 1-3: A cross section of the convergence in Figure 1. Any lift of a curve going
around the inner curve onto the outer Ej is null-homotopic in a tubular neighborhood
around '

The goal is of this paper is to answer the following question:

Question: In what way does a min-max sequence converge to its limit minimial sur-

face ?
Simon's lifting lemma alone does not seem to be strong enough to answer this question. We give some indications of why this is the case in Section 3.1. To get some
motivation for the type of convergence one might optimally expect we can consider
the following two examples:

Example 1: A sequence of closed embedded minimal surfaces Ej in a 3-manifold
satisfying
sup 7j 2 (Ej) <; C1 and sup

|Al 2 < C2

converges to a smooth connected minimal surface, possibly with multiplicity. The convergence is smooth away from finitely many "bubbling points" where small necks connect the sheets [7, 11]. Of course our min-max sequence does not itself satisfy a PDE
so one could never hope for a singular set consisting of a finite set points. Nonetheless, this example shows us that even with an underlying PDE the phenomenon of
neck pinching is unavoidable so in the weaker setting of min-max sequences we should
expect it - and perhaps worse.
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Example 2: Consider a surface E in a 3-manifold such that

inf

'12(t) > 0,

tcIs(r:)

where Is(E) is the isotopy class of E.

By the result of Meeks-Simon-Yau [22], a

minimizing sequence for the area in the isotopy class converges to a smooth embedded
minimal surface. The limit may be disconnected and some components may occur
with multiplicity. Moreoever, after performing finitely many disk surgeries on each
Ej, each component of Ei

is contained in a tiny tubular neighborhood of F and is

isotopic to a cover or double cover of some component Fi.

One might hope that the convergence described in Example 2 for minimizing
sequences also holds true for min-max sequences. This is precisely what Rubinstein
claimed in [28]. We shall show that this is indeed the case. First we define precisely
what is meant by surgery (see Figure 4).

Figure 1-4: Depiction of disk surgery

Definition 1.0.6.
that t

Let E and t

be two closed smooth embedded surfaces. We say

is obtained from E by disk surgery if:

1. E \
2. t\

.

is homeomorphic to S1 x (0,1)
E is homeomorphic to the disjoint union of two open disks

3. (EL \ t) U (t \ E) is a contractible sphere.
Definition 1.0.7. We say that t

is obtained from E through surgery if there is a

finite number of surfaces b = E, ... En = E such that each Ek is isotopic to the union
of some connected components of Ek_1 or obtainedfrom Ek_1 by disk surgery.
Note if t is obtained from E through surgery, g()
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g(E).

1.0.4

Main Results

We now state our main results:
Proposition 1.0.8 (Improved Lifting Lemma with Multiplicity). Let Ej be a minmax sequence of smooth surfaces arising from a Heegaard splitting that is 1/j almost
minimizing in annuli (thus by Theorem 1.0.2, Ej
collection of simple closed curves contained in r :=
small enough, there exist curves {
labeled Ej), and surfaces tj

-

>_>
Uj Fi.

ngI). Let {y}=

be a

Then for e > 0 and 6 > 0

as well as a subsequence of the Ej (still

obtained from Ej by finitely many surgeries, such that:

1. Each ~1 is homotopic to -yj within the component of r in which -yj is contained

and ~yj c T(yi)
2. Ij -+ Ejj

nirs as varifolds

3. For each i E {1, 2, ..k}, if

'j C ri and F, is orientable, then T(~7') n tj is

a union of nj normal graphs. If ri is non-orientable, then locally Tj(~y')

n tj

consists of nj normal graphs

Figure 1-5: Illustration of the Improved Lifting Lemma. Here the innermost torus
is the limit with multiplicity two of two tori surrounding it. The inner curve on the
limit "lifts" to two curves above it on the approximating surfaces

This Proposition is stronger than the original lifting lemma of Simon-Smith [33]
because it allows us to lift a curve with the precise multiplicity one expects. Notice
also that in another sense it is ostensibly weaker because the lifted curves are found
on a surface that has been surgered from Ej, not on Ej itself, but this will not pose a
15

problem for us. Note finally that though we refer to it as a lifting lemma, conclusion
3) is stronger than being able to lift a curve - an entire region

Ij

n T 6 ( i) consists of

the number of graphs we expect.
The following theorem follows from Proposition 1.0.8 by straightforward arguments that appeared in a similar form in Frohman-Hass [15].
Theorem 1.0.9 (Convergence Theorem for Min-Max Sequences). Let H be a Heegaard splitting of a 3-manifold and Ej a min-max sequence isotopic to H that is
1/j-a.m. in small annuli (thus Z J

>

-+

niri, where ri are smooth closed embed-

ded minimal surfaces and ni are positive integers). After passing to a subsequence,
there exists co > 0 so that for any e < e0, there exists a

j such that by performing

finitely many disk surgeries on Ej one arrives at a surface 2j such that

1. $i C TE(Uri)
2. Each connected component of tj

is either isotopic to the component Fi in whose

E-neighborhood it lies if Ji is orientable, or is isotopic to a double cover of the
J'i if the Pi is non-orientable

Moreoever, one has the following "genus bounds with multiplicity":

rmig(i) + 1 r
iEO

mi(g(Fi) - 1)

<;

g(H)

(1.0.2)

iEN

Remark 1.0.10. The condition that the min-max sequence be isotopic to a Heegaard
splitting is not necessary. Our results hold as long as one uses sweepouts at least as
regular as defined in [13] and with bounded genus. For instance one can generate
sweepouts from the saturation of level sets of any Morse function.

Remark 1.0.11. Pitts-Rubinstein conjectured a slightly stronger genus bound than
1.0.2.

Their bound however does not seem to hold for general sequences that are

merely 1/j-a.m. in annuli (see the discussion in [13]).
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1.1
1.1.1

Regularity Theory
Preliminary lemmas and notation

We will use repeatedly the following estimate due to Schoen.

See also Colding-

Minicozzi for another proof [10].
Lemma 1.1.1. (Schoen's Curvature Estimates for Stable Surfaces [30]) Let U be an
open set in a 3-manifold, and 1I a sequence of stable minimal surfaces in U with
cE C

U.

Then a subsequence of the EA converges to a stable minimal surface E

smoothly on compact subsets of E. Also

JA12 (x) < Cudist(x,&U)-2
Remark 1.1.2. The precise meaning of "converges smoothly on compact sets" is
that, for all compact K C U, for j large enough we can express K

n Ej as a union of

normal graphs of the form {expx(fj(x)n(x)) : x E E} where

|lfj(x)ICk(K) - 0
for all k
We shall also need the monotonicity formula, stated here for smooth minimal
surface. Given x E M define the ratio

7 2 (Bx(s) n V)
f(s)

=

72

Lemma 1.1.3. (Monotonicity Formula) If V is a smooth minimal surface in a 3manifold M, and x E M, Then there exists a constant C(r) > 1 such that
f(s)

C(r)f(t) whenever 0 < s < t < r

Moreover, C(r) approaches 1 as r -+ 0.
Another useful basic topological lemma is from Colding-Minicozzi:
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Lemma 1.1.4. (Genus Collapse, Colding-Minicozzi (Lemma LO.14.[12])) Suppose EY
is a sequence of smooth surfaces a 3-manifold of genus g. Then there exists finitely
many points in the manifold {xi} _' and a subsequence of the surfaces, still denoted
Ej, such that for all x V {x} _1 , there is a radius r(x) such that Yj
union of planar domains for r < r(x). In particular,g(ZEj

n Bx(r) is a

n Bx(r)) = 0.

Finally we will need the following well-known isoperimetric inequality for minimal
surfaces:
Lemma 1.1.5. [13] There exists constants C and ro > 0 (depending on M) such that
?2(E)

(1/2 + Co-)o-i(OE)

(1.1.2)

for any o < ro and for any minimal surface E with boundary OE C &B,(o).

Proof of (1.1.2) if M = R 3:
For a minimal surface E, A~r 2 = 4, where r is the distance in R' to the origin (see
[11]). Integrating this identity over E n BR(0) gives

/

2
A) r 2 = 4- (E n BR(0))

Integrating by parts gives

47- 2 (r, n BR(0)) = 2r ffl&BR(O) IVFr|

2r7i'(E n OBR(0))

For the argument in general M see [13].

1.1.2

E

Theory of Replacements

Because our proof of Theorem 1.0.9 makes heavy use of the regularity theory, we explain in this section how the regularity of the min-max limit F is proved. See ColdingDe Lellis' survey [8] or Pitts' original manuscript [25] for more details.

Roughly

speaking the point of the replacement theory is that min-max sequences are locally
well approximated by stable surfaces and one can use these stable surfaces to better
understand the limit.
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One central difficulty is the following: For a minimizing sequence Ej in an isotopy
class as in the work of Almgren-Simon [2] or Meeks-Simon-Yau [22], the property of
being minimizing is also true locally: in any 'ball B c M, Ej

n B is also a mini-

mizing sequence for its boundary values. Thus one can immediately work on very
small scales. For a min-max sequence, however, there is no immediate local variational property. Almgren and Pitts managed to discover one [1, 25]. We begin with
a definition:
Definition 1.1.6. Given c > 0 an open set U c M 3 and a surface E we say that E
is E-almost minimizing in U if there does not exist any isotopy q supported in U such
that
2~bt
1.~~~

))

2. 7t 2 (q3(1, E) <

~2(r)
71
+
7.(2(E)

_E

Through a clever combinatorial argument Almgren-Pitts were able to prove:
Theorem 1.1.7. [Almgren-Pitts [251, Colding-De Lellis [811 Given a Heegaardsplitting there exists a smooth min-max sequence and a function r : M -+ R such that in
every annulus An centered at x and with outer radius at most r(x), Ej is 1/j-almost
minimizing in An provided j is large enough.
We will call a smooth surface satisfying the conclusion of Theorem 1.1.7 1/jalmost minimizing in annuli. The almost-minimizing property of EYj in small annuli
is key for proving regularity of V.
Definition 1.1.8. Given a stationary varifold V in M we say that V has a replacement in U if there exists a stationary varifold V' such that

1. V'=V inM\U

2. |IVI'I = |V||
3. V' is smooth in U

19

The !-a.m. in sufficiently small annuli property allows us to construct a replacement for V in any set U C An(x, r(x)) as follows. We need yet another definition:
Definition 1.1.9. Let I be a class of isotopies of M and E c M a smooth embedded
surface. If k

E I and
lim W 2(0k(1E)=

k->oo

nW01,),

<pE1

then we will say that Ok(1, E) is a minimizing sequence for Problem(E, I)
Now consider the set of isotopies denoted Isj(E, U) such that for

2

For each

(gE(t, E)) 5 ?2(E) +

8

#

E Isj(E, U)

for all 0 < t < 1

j we take a minimizing sequence #'(Ej, 1) for Problem(Ej, Isj(E, U)):
1 (1, Ej) --+ V, where V is a stable minimal surface

(1.1.3)

We will call V a 1/j-replacement for Ej in U. By Lemma 7.4 of [8], V is smooth.
By the 1/j-almost minimizing property of Ej, we have

By Schoen's curvature estimates (1.1.1), V converge to a smooth minimal surface,
say V inside U. By construction V

=

V in M

\ U. Also by (1.1.4), 1-2(11)

7-2(V).

But by construction,
N2(1*)

limJt 2 (V) <; lim1-2(Ej)

=

?-2(V)

The varifold V is of course stationary (and stable) in U but it turns out that it is
stationary in all of M (see Proposition 7.5 in [8]).
in U in the sense of Definition 1.1.8.

Thus V is a replacement for V

In the final step of the regularity theory, a

varifold with "enough replacements" is smooth (Proposition 6.3 of [8]), and we can
thus conclude that V is smooth. Crucial for the following is that once we have proved
the smoothness of V, it follows by unique continuation for minimal surfaces that
V = V, as long as U is convex.

20

The advantage of this discussion is that although the convergence of Ej to V is
very weak (i.e., as varifolds), the convergence of the V to V is quite strong (i.e.,
smoothly on compact subsets): locally, in a small ball U centered in F, we can adjust
the sequence Ej to get better convergence.

We summarize this discussion in the

following lemma that will be used in the proof of Theorem 1.0.9.
Lemma 1.1.10. Given a convex set U C An E An(x, r(x)), if V is a 1/j replacement
for Zj in U, then V -+ F, and the convergence is smooth in compact subsets of U.
In Figure 2 one has a sequence in which part of the surface "folds over" itself
along a line. By elementary calculations one can see that the isotopy that pushes
the surface to the boundary clears out almost all of the area of Ej without passing
through large slices. Therefore such a sequence cannot be almost-minimizing and
thus this type of convergence should not be permitted by the variational calculus of
min-max sequences. While the Ej are smooth, the convergence to F is so weak as to
make it difficult to construct such an isotopy directly. We will need instead to use
the theory of replacements in order to be able to pass to stable surfaces over which
one has more control - by Schoen's estimates. A main step in our argument is to rule
out behavior as in Figure 2, in what we call the No Folding Proposition.

1.2

Proof of Lifting Lemma: Proposition 1.0.8

In the section we prove the Improved lifting lemma (Proposition 1.0.8) which is the
main technical tool needed to prove Theorem 1.0.9.

1.2.1

Strategy

The original lifting lemma was proved by covering the path y by small disjoint balls
such that each consecutive two are contained in a larger ball where one still has the
almost-minimizing property for the approximating surfaces Ej. Consider just the
first two such balls in the chain, B 1, B 2 contained in B. The bulk of the argument is
then to show that each "large component" of Ej contained in B 1 connects to some

21

"large" component of Ej in B 2 in the larger ball B. The argument thus rules out the
"folding" depicted in Figure 6. Thus one can lift a curve from ball to ball and go
around as many times as it takes for the pigeonhole principle to guarantee that one
has landed in the same connected component one began to close up the curve.
In order to prove the Improved Lifting Lemma (Proposition 1.0.8) one must be
able to lift 7 with the correct multiplicities: If y C F and F occurs with multiplicity
n, one expects to be able to lift -y to n disjoint curves in the approximating surfaces,
Ej. The weaker lifting lemma cannnot rule out the behavior in Figure 7, where some
levels cannot be lifted to the corresponding level in the next ball. We therefore must
allow the balls we take along -/ to intersect so that all behavior of Ej is accounted
for, and our "parking garage" structure of n levels or normals graphs persists along
all of 7. Allowing the balls to intersect, of course, introduces new difficulties.
We explain the main idea to deal with intersecting balls in the simplified setting
of two balls B 1 and B2 along the curve i that do intersect.

Suppose further that

B 1 U B 2 C B where the sequence Ej is almost-minimizing in B. We can first take the
1/j replacement V for E in B 1 . Then in the interior of B 1 , V is a union of n normal
graphs by Lemma 1.1.10 (we have no idea how it looks at the boundary). The upshot
is that we then get curvature bounds for the intersection of V with the part of the
boundary of B 2 that is contained in B 1 . Then we can adjust V so it is smooth over
the boundary of B 1 and argue that V is still almost minimizing in B and therefore
also B 2 . Then we can take the 1/j replacement in B 2 to arrive at a surface Wj. Thus
again our resulting surface is an honest union of n-graphs in B 2 U B 1 except for a
small wedge region (see Figure 9). Bridging this gulf comprises what we call the No
Folding Proposition - but the advantage is that now we can use the fact that Wj is
a minimal surface, no longer a sequence of weakly converging varifolds. We can then
apply the curvature bounds for the curves that make up "most" of the Wj intersected
2
with the boundary of the wedge in a Gauss-Bonnet argument to bound the L norm

of JAl in the gap region. This then implies straight away that the "parking garage"
structure in this region persists away from finitely many points.
Our argument is fundamentally different from the original lifting lemma in that

22

Figure 1-6:

Figure 1-7:

The lifting

The origi-

lemma rules this type of

nal lifting lemma is not

folding convergence out -

strong

every component in B 1

this out.

The bottom

must connect to one in

component

in B 1 does

B

not connect to the bot-

2

enough

to rule

tom component in B 2 , so
one cannot extend -y in
this level
we will at the outset abondon all hope to lift any curves to the original min-max
sequence. We will need to use stable replacements of the sequence and lift curves
there to take advantage of Schoen's estimates.

1.2.2

Set up

Let {E} be a min-max sequence as in Theorem 1.0.2. By Theorem 1.1.7, we have
that for each x E F, there exists an r(x) > 0 such that

{E} is 1/j almost minimizing

in annuli centered at x of any radius less than r(x) for j large enough. For x E F
set r'(x) = r(x)/2. Cover F by U erB,(r'(x)). Then by compactness of F, there is
a finite set {x1, X 2 , ... , X} such that the balls {Bxir'(xj)}
* E F \ {X1 , X2 ,

... ,

1

cover F. Thus for any

Xn}, there is a radius p(x) such that Ej is 1/j almost minimizing

in B,(p(x)) for j large enough (If x E Bx,(r'(Xk)), take p(x) =

dist(x,DBk (r'(xk))
2

By Lemma 1.1.4 there is another finite set of points G = {yi, Y2, ... , Yk} such that if

x E F \ G, there is a radius r"(x) such that g(E n Bx(r(x)) = 0 for r(x) < r"(x).
For x E F \ {X 1 , ...X,

yi, Y...yk}, set r"'(x) = min(r'(x), r"(x)) Thus for all points in
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IF outside the finite set B = {i, X...

, y1, ... , yk}, there is a radius r"'(x) such that

1. g(Eg n Bx(r(x))) = 0 for j large enough and r(x) < r"'(x)
2. Ej is 1/j-a.m. in Bx(r(x)) for j large enough and r(x)

r'"(x)

Now we consider a curve y in some component of the min-max limit

1

k

occuring with

multiplicity nk. For ease of notation we will drop the k's. Lifting multiple curves as
in the statement of Proposition 1.0.8 will follow from iterating the arguments in the
case of one curve. If y intersects the set B, perturb it slightly to avoid the finite set
and so that it still lies in T,(7) and is homotopic to -y (we still call the perturbed
curve -y). By the above, for any x E -y, there exists a ball centered at x in which Ej
is 1/j-almost minimizing for

j

large enough. By construction for x E -Y, the radius

for which there exists such a ball is bounded independently of x away from 0. By
a simple compactness argument, we can find 2k points Po, Pi, ... ,P2k-1 spread evenly
along -, as well as radii r 1 > 0 and r 2 > 0 such that
1. For j E {0, ... , 2k - 1}, Bp,(ri) intersects only B,,(ri) and B,,,(ri) (here if
pj = po we set pj-i

:= P2k-i

and if p

= P2k-1

2. For j E [0,1, ..k - 1] we have BP2j(ri) U Bpj

we set pj+i := po)
1 (ri) U

B

3j,(ri)
2

C B

2)

3. Ej is 1/j almost minimizing in B,,(r 2 ) for i E {0, 1,...
k - 1}
4. g(Eg n Bp 2 (r 2 )) = 0 for i E {0, 1,... k - 1}
5. We choose 6 so that F intersects the boundaries of the smaller balls Bo(rj(1 -

6)), B1(r,(1 - 6)) ...
Bo(ri), Bi(ri) ...

,

, B 2 k-1(r,(1

- 6)) as well as the boundaries of the full balls

B 2 k-1(ri) transversally

We will denote B,(ri) by Bi and the balls B,(r,(1 -6)) will be denoted by Bi(1-6).
Also we set BE := UiEIO,2,4...2k-2} B and Bo := Ui<11,3,...,2k-1

1.2.3

Bi(ri).

Outline of Argument

Step 1 We first take 1/j-replacements for Ej in the even balls. Precisely, fixing j,
for each i E {0, 2, ... 2k - 2} we consider a minimizing sequence in 1, <'(Ej), for
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BE

B10

Figure 1-8:

The setup:

Figure

every three

balls in a

wedge region W - we have

larger ball in which we

good ambient curvature

still have the 1/j-a.m.

bounds on "most" of the

property

boundary of W

Problem(Ej,Is( (Ej, Bi)).

<Dz(Ej).

The tiny

Since the even balls are pairwise disjoint, we can con-

catenate the minimizing sequences to produce 4D, =
lim 1,

1-9:

#0

o

#'...

By (1.1.3), V is a stable minimal surface inside

o

#5k-2.
BE.

Set V

=

From the re-

placement theory (Lemma 1.1.10), V still converges to the same limit as Ej and by
Schoen's curvature estimates for stable surfaces, the V converge smoothly on compact subsets of BE. In particular for
union of n normal graphs over
curves {7y}l'_.

1'k.

j large enough, Vj restricted to Bo(1 - 6) is a

Therefore vjnB

1

fl Bo(1 - 6) is a union of n

(Without loss of generality we will henceforth only focus on lifting

the curve y from BO to B 1 )

Step 2 Here we prove that Vj from Step 1 arises topologically from Ej after finitely
many surgeries. In particular g(V) = 0 since Ej contains no genus in BE U B 0 . This
step is achieved in Section 3.7.

Step 3 We bound the ambient curvature of the n curves -yi. Since -yj C Bo(1 -6) and
thus dist(-y, OBO) > Jr1 , we have by Schoen's estimates (1.1.1) that

IAv,2 restricted

to the -yj is bounded by a fixed constant depending only on 6r 1 . By Lemma 3.5 we
can bound the ambient curvature

IAv I(-y) + IAaBI -Yi)
2Isin5
c
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where a is the angle between V and B 1 . But by construction the angle between
V and B

1

is bounded away from 0 so that by the smooth convergence of V to V

the angle between V and OB 1 is also bounded away from zero. Thus altogether we
have a priori bounds (independent of j) on the ambient curvature of the n curves
comprising V f aB

1

n Bo(1 - 6).

km' < C forl i m

(1.2.1)

Step 4 V will not be smooth at the boundary of BE, so one must smooth the sequence
V slightly outside of BE to produce Vj' (see Section 3.4). We can then argue now (Section 3.4) that Vj is still 1/j-almost minimizing in the larger balls B, 1 (r 2 ), ..., B2k-1(r 2 )
and therefore since each smaller odd ball is contained in one of the larger balls, Vj is
1/j-almost minimizing also in each of the odd balls comprising BO. Also the area of
the symmetric difference of V and V5 can be chosen to approach 0 as j -+ oo so that

Step 5 As in Step 1, we now take a 1/j-replacement of Vy in each of the odd balls
and we denote this new surface by Wj. Again as in Step 1, Wj is a stable minimal
surface converging to F and restricted to B1 (1 - 6) is a union of n graphs for j large
enough. As in Step 3 we have uniform bounds on the ambient curvature of the n
curves {/3i} comprising Wj n Bo(1 - 6) n 0B 1 (1 - 6) (again we focus on only the first
jump, from ball BO to B 1 ) (See Figure 9)

We summarize our progress so far:
1. Wj converges smoothly as n graphs to F on Bo(1 - 6) \ B 1
2. Wj converges smoothly as n graphs to F on B1 (1 - 6)

3. |km|

C for 1 <i <n

4. |kM| < C for 1 < i < n
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Step 6 It remains to show that W in the tiny wedge region

W = BO(1 - j) n (B1 \ B1 (I - 5))
(see Figure 9) also consists of n normal graphs. Unfortunately we will not be able to
argue this way since we cannot rule out small necks being pushed to the boundary. We
can however leverage our ambient geodesic curvature by using an averaged GaussBonnet argument comprising Section 3.5 and 3.6.

We will find a smaller region

W C W that connects 0B 1 n Bo(1 - 6) to 9B 1(1 - 6)

n Bo(1 - 6) and contains y and

on which one has the bound:

lAwJ 2 < 00

sup

(1.2.2)

i fwnw

Step 7 By standard results from the theory of minimal surfaces (see for instance
[11, 7]) (1.2.2) implies that away from finitely many points in W, W converge as
graphs to IF. Since the singular set consists of finitely many points, we can lift our
original curve -y through W on n different possible levels avoiding this set. In other
words, adjusting -y slightly again Ts(-y) is a union of n normal graphs for J small
enough.

1.2.4

Completion of Step 4: "V still almost minimizing"

Here we prove that the V constructed in the outline can be smoothed slightly at the
boundary of BE to give a new sequence Vg which has the same limit in BE U Bo and
is 1/j-almost minimizing in each of the odd balls comprising BO.

This statement

follows from the following general lemma:
Lemma 1.2.1. Let A and B be open sets in a 3-manifold with A c

A c B. Let E be

a smooth surface that is 1/j-almost minimizing in B with &E c OB. Let $'(1, E) be
a minimizing sequence to Problem(E, Is3 (E, A)) such that 0'(1, E)
all e > 0 sufficiently small, there exists a smooth V such that
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-+

V.

Then for

1. V=VinA
2. V is 1/j-almost minimizing in B
3. - 2 (V \V)+-

2

(V\V)

C

Proof. We can assume without loss of generality that 7-2(V)
(jj2(-)

_

Fix

E <

To correct this, we take a sequence of isotopies

Is(B\A) such that

[,H2 (#(t, E)

-

2. # o 0'(1, E)

-

1.

71 2 (E).

'7 2 (V))/2 < 1/2j By [13], V is a smooth minimal surface in A. However

V may not be smooth over OA.
20E

<

< e for all 0
_2(E)j

_

t < 1

V where V is smooth in B

V in A.

3.

Suppose toward a contradiction that V were not 1/j-almost minimizing in B. Then
there would exist an isotopy

E Is(B) such that

/

2

2(i'(t,

((

2

7

Z))

()

-

(1.2.3)

1/j

72(V) + 1/8j for all t

(1.2.4)

1
7-2(E) + ~-

(1.2.5)

First observe that

7-2q5(t, El))
We also have for large 1,

7 2 (01 (t, #'(1, E))

7H 2 (0 1 (1, E)) + 6 < 7-2(E) +

- (0(E)

_ 72(V))/2

72(

)

Therefore #1 o #1 is in Isj (E, B). By continuity, (since (#1 o q1)(1, E) -+ V) for 1 large
enough, (for all t),

702(40(t, (#1 0 #1)(1, E)))

-

12

t))

Thus by (1.2.3) and our choice of E, we have

7d2

(i1

)

E2(V) g(1,

-

1/j + c < 7-2(V) + 2e - 1/j 5 72(E) _ 11j
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and by (1.2.4) we have
2

J 2 (V) + 8 - + e = - 2 (Z) + 1/8j
j

)

Thus for 1 large, the isotopy

4 o #1o q1

is contained in Is( (E, B) and contradicts the

1/j-almost minimizing property of E.

1.2.5

E

Step 6: Crossing the gap

The goal of this section is to begin a proof of Step 6 in the outline. Step 6 will be
completed in the next subsection. We recall the Gauss-Bonnet formula with boundary
for our sequence of minimal surface Wj intersected transversally with an open set
B c BEU Bo.

Kw +

kg =2,r(2n(Wj n B) - 2g(Wj n B))
- 27re(W n B)

Here e(W n B) is the number of components of Wj in OB, n(W n B) is the number
of components of Wj in B, and g(Wj n B) is the genus of W in B. (Recall that if
n(Wj n B) > 1 then g(Wj n B) is the sum of the genera of each component). By
minimality and the Gauss equation, we have

Kw-

=

secM(el, e2 )

-|A1

2

where secM (ei, e 2 ) is the sectional curvature of M in the plane determined by an
orthonormal frame of Wj. Thus we obtain

f

A12 =2
JWjnB

WjnB

secM(el,e 2 )+2J

kg

(1.2.7)

OBnWj

+ 87rg(Wj n B) - 8,rn(Wj n B) + 4,re(Wj n B),
so we obtain

If~n |Al2 <2-H2 (W n B)) sup IsecMI+ 2
M

WjnB

|kg|
JOBnWj

+ 87rg(Wi n B) + 4re(Wj n B)
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(1.2.8)

Note that g(W 3 n B) = 0 by construction. Also

sup'H 2 (Wj n B) < oo,
since W converges to E njJ'r as varifolds. Thus by (1.2.8) we obtain:

(1.2.9)

I Wi nB A12 < C + 2 fa Bnwj |kMI+4lre(WjnB)

Ikm 1,where km is the full

where C does not depend on j. We also have used Ik9 I

ambient curvature of Wj n B (because k. is a projection onto a submanifold).
We would like in (1.2.9) to set B = W (recall W = B 1 \ B 1 (1 - 6) n Bo(1 - 6)).
Thus by (1.2.9) if we could bound the curvature IkmI of OBn Wj as well as e(Wj nB)
independently of j, this would give that

A12 < oo
sup '
i Jwjnw
Unfortunately one has no control on the curvature of the boundary W

(1.2.10)

nW

or of

the number of boundary components. We will use a trick from [17] to average (1.2.9)
in order to get an L 2 bound for JAl but on a slightly smaller region than W but one
that nonetheless connects 0B 1 n Bo(1 - 6) to 0B 1 (1

-

6) n Bo(1 - 6) and contains y.

In order to formulate the result, we first parameterize the region W in question.
We consider exponential normal coordinates around p = pl.
exp, : Bri(0) C TpM -+ M
By a rotation in TpM we can guarantee that
exp,- 1 (y n B 1 ) C Ts({x-axis in TpM})
for some small 6. We then use spherical coordinates (r,6,
space TpM, where 0 is the polar angle and

#

#) to parameterize the vector

is the azuthimal-coordinate (normalized

to be 0 in the xy-plane). For any 0 and 0 we may define the following wedge region:

Ro.,. 9 = exp,({(r,6, ) : (1 -6)ri
Choose 60 and 0 so that
30

5 r < r,I#I

#o,I6I

6})

1. Roo,0 0 C Bo n B1
2. y n (B 1 \ B 1 (1 - 6)) n Bo(1 - 6) c Roo/ 2 4,(o/ 2.
3. For j large, Wj n 0 Roo ,k0 n {r = ri} and Wj f OR6 0,4 f {r = r1(1

-

6)} each

consist of n curves.
4. F'nB1 fnBo

Roo,oo/4

With this notation we will prove:

Proposition 1.2.2 (No Folding).
|Al 2

sup

i

<00

1inROO/2,00/2

The No Folding Proposition rules out behavior as in Figure 2. In our favor is the fact
that Wi are now stable minimal surfaces, not merely varifolds which have no a priori
regularity.
Remark 1.2.3. As a heuristic justificationfor why Proposition 1.2.2 rules out folding, consider a sequence of surfaces in R 3 as in Figure 2 where the folding occurs
along a line of length 1 and over a semi-circle C, of radius r. The principal curvatures in the curved part of the surface would be 1/r and 0 (such a configuration of
course could not be minimal). Then

1A12

would be roughly 7rr. Thus fC'x[0,1] Al 2

=

1/r

2

and the area of the surface C, x [0, 1]

= ir/r.

Remark 1.2.4. It is well-known that in a fixed 3-manifold, an area and genus bound
2
for closed minimal surfaces imply a bound on the L norm of the second fundamental

form (by using Gauss-Bonnet, the Gauss equation, and minimality). Thus Proposition
1.2.2 should be seen as a local version of this fact. One could use the arguments
here to show that an area and genus bound for minimal surfaces on a ball of radius
2 imply an L 2 bound on the second fundamental form in the ball of radius 1 (see
[171). The technical complication below is that we don't want bounds on a compactly
supported interior domain but on a domain with boundary part of the boundary of the
larger ball. But the whole point is that using stability and Schoen's estimates we have
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good curvature bounds for the region where the interior domain touches the exterior
domain.

1.2.6

Completion of Step 6: No Folding

The key to proving the No Folding Proposition 1.2.2 is that by Step 3 of the outline,
the curvature of W,- on "most" of the boundary of the region B 1 \ B 1 (1-6) n Bo(1 -6)
is bounded. On the other smooth pieces of the boundary we will use an averaging
trick appearing in [17] to get bounds. The values of Oo and 0 have already been
fixed. We now proceed to the proof. Throughout the proof C will denote a constant
independent of j, changing from line to line and possibly appearing in the same equation with different values.

Proof of No Folding Proposition 1.2.2:

Step 1: Finding a good cutoff function
We need a cutoff function
1.

4

4

on the ambient manifold with the following properties:

restricted to R 00 / 2, 0o/2 is 1

2. supp(O) c Roo,40
3.

4.

4

is a function only of 0 and q
< C

We first define a Lipschitz function

fW)

f

: [-1, 1] -+ R as follows:

lxi

1

14(1

-

x)2

1/2

lx| > 1/2

Notice that we have IL12 < 16f. We then set X,(r, 0, #) :=

f(#/o). Then finally define 0(r, 9, #)

:= X1X2.
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f(9/o) and X2(r, 0,)

By construction

4

satisfies 1), 2) and

3). For 4) we now compute:
|VI

2

_X1VX2 12 + lX 2VX1|

2

+

2XlX2VX1VX2

X1X2
|X1|OX2
<xi

2,7012

X2

<

+

X 2|I aX1|12|,0|2

Xi

+ 21(aoX1)(aOX 2 )1(V0, V#) I

CIX11 2 1,q5I 2 + CIX 2 12 1V61 2 + 21 (oX1)(&4X2) I(VO, VO) I

< C'/
In the second inequality we have used that

l1oX1 2 /X,

= l&-X2 2/X2 =

ldf/dx12 /f

C. Note that our cutoff function is unusual in that it does not have compact support
on its domain - it is equal to 1 on the part of

MRoo/

2

, 0o/2 where we have control over

the cuvature of W.

Figure 1-10: A typical set

{V > t}. We have good curvature bounds for the curves

on the walls Sti and St. The surfaces Wj cannot intersect the top and bottom walls
at all by the monotonicity formula (See Step 3)

Step 2: Using our ambient curvature bounds
For 0 < t < 1 the region

{4 > t} has three boundary components.

The first is

the annulus Kt := {0 = t}. The second we call St is the component contained in

&B1 n Bo(1 - 6). The third component we call St and is the component contained in
aB1 (1 - 6) n Bo(1 - 6). We apply (1.2.9) to B = {
33

> t} which yields

|A|2

IkM|+ C

|kM| + C

<C + C

Jwjn{#>t}

{1V=t}nwj

fstnwi

|kMI
fsnwi

(1.2.12)

+ Ce(W n,{0 > t})
However by Eq 3 and 4 in Step 5 we know that the ambient curvature of the curves
given by Wi

n St

and Wj

nS

is bounded independently of j on &B as well as on

aBi(1 - 6). Thus we have the estimate:

JJtAl
fwjnje>t}

C + C f1{+=tjnwj kMI + Ce(W n {nt > t})

2

(1.2.13)

Step 3: Handling the number-of-ends term from the Gauss-Bonnet
We now explain how to handle the term e(Wj f {n > t}) for the number of boundary
components of W in Kt U St U St. Since W restricted to St and St consists of n
curves, the connected components of these curves number at most 2n. Any other
curve on Wj in Kt U St U St must be contained entirely in Kt. The set Kt consists
of three regions. One region consists of constant polar 9 angle, another of constant
<), and another where neither are constant. By Appendix A, any curve -y contained
entirely in the region of constant 9 angle has
j|kMI

7

by a variation of Fenchel's inequality for small balls in a Riemannian manifold. It is
easy to see by the monotonicity formula (and 4)) that the surfaces Wj must converge
in the Hausdorff sense to F, and thus Wj cannot intersect the other two regions at all
for large j. Thus for large j we have

e(Wj n {4 > t}) < 2n + 1/7r

IkMI

and we get from (1.2.13):

J

|A| 2

<

|kMI

C+ C

(1.2.14)

J+)=t}nwj

fwjn{+>t}

We have also elided one point. The region bounded by Kt U S, U St is not smooth.
Thus in our use of Gauss-Bonnet, we should have added in a term for the turning
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angle at the nonsmooth part of the boundary. But because there are only at most n
components on each of St, and S2, we can only have at most 4n turning angles, each
at most 27r. Thus the constant appearing on the RHS of (1.2.14) should be slightly
larger, but this does not affect the argument.

Step 4: Applying layercake formula
We now recall the following fact from basic measure theory: For a measure space
(X, p) and

f

: X

-4

R+ Borel measurable we have the layer-cake representation for

the integral:

Setting X = W and M(Y) =

J

fwnY Al 2, and f
'ipOA| 2 =

J

(1.2.15)

p-(f-1([t, oo))dt

Jf(x)dp = j

J|

=

0, (1.2.15) gives:
(1.2.16)

A 2 dHdt

Combining (1.2.14) and (1.2.16) we get

J

OIA12 < C +

wj

j j {e=t}nwj kMldHdt

(1.2.17)

Since we have a double integral on both sides of (1.2.17) the two sides are comparable
and the strategy now is to use our test function V' to absorb the curvature term on
the RHS of (1.2.17) on the LHS. We thus must relate the term kM to the second
fundamental form Aw. For this we need a lemma (see Ilmanen [17])
Lemma 1.2.5. If E1 and E2 are two surfaces in a 3-manifold intersecting transversally in a curve 7(t) parameterized by unit speed, then

IkM I(y)

As(t)

,

i<)) + Ar21(0)

M)

| sin al

where a is the angle between the normal to E1 and E 2 at -y(t).

Proof. By definition jkM (-y(t)) =

IVti(t)I Let ni be the normal to El and

normal to E2. Then by definition for i = 1, 2 we have AE,(
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n 2 be the

(t), I-(t)) = (V.(t)4(t), ni).

Now V.,(t):(t) has no projection onto
express V. (t)

(t) (since 7(t) has unit speed) so we can

as a linear combination of n, and n 2 (which are linearly independent

since El and E 2 intersect transversally).

Since (n 1 ,n 2 )

an orthonormal basis for the span of n, and

n

=

cosa we can construct

by the vectors ni and n2-

2

nln2)fl
sin (a)

Projecting V. (t)Y(t) onto this basis gives

k

2

(IA- 1 I + IA

= A 2 + (AE 2 - (cosca)Ar,) 2
IkMAli +sin

)2

sina

-<

2

2

(1.2.18)
(..8
El

Step 5: Applying the coarea formula and using the good property of cutoff
function
By the coarea formula we can rewrite the term on the RHS of (1.2.17) as follows:

I'

/1f

lkM dHdt =
{=t}nwi

In order to compute lVwjio, fix a point x E W
level set for o, we have VM4

=

J
n

(1.2.19)

|Vw 4 ||kM|
jy

{nt = t}. Since Kt = {V = t} is a

IVMPinKt. Thus (VM,rwj)

=

IVI(nKt,nw)

=

IV I Icos al. So altogether since Vwi4 is a projection,

IVw?P

IV M oI Ilsin al

=

(1.2.20)

Plugging (1.2.20) back into (1.2.19) gives

J

IAI2 < C + C

fk

m

IV m VPsin al

(1.2.21)

By Lemma 1.2.5 we get

M
Jwj IAw.2 < C + C Jwi (IAwI+ IAKl) IV 4'

(1.2.22)

Note that we have bounds on IAK, I independent of j (depending only on M, because
Kt is nearly flat on the constant-9 side walls of Kt). Thus we get

J

fwj

'IA12 < C + C

IAwjIIVMOICJIVMI
JjwfJwj
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(1.2.23)

Multiplying numerator and denominator in the integrated terms on the RHS of
(1.2.23) by 9/7i and applying Cauchy Schwartz (ab < fa 2 + -b 2 ) we get for all e > 0,

IA12 < C(l) + CC
Using the bound 0

OJA12 + C(e)

( +

)

(1.2.24)

1, the area bounds for Wj along with

I02< C
we thus conclude:

f 4|A12
J Wj O|A2 < C(C) + C JWj

(1.2.25)

Taking E sufficiently small allows us to move the integral JAl 2 term on the RHS of

(1.2.25) to the LHS giving:

/

R,

fWjnRoo/2,00/2

1.2.7

(1.2.26)

Al 2 < C

Step 2: 1/j-replacements arise via surgery

The goal of this section is to prove the following Proposition:
Proposition 1.2.6. Let B be a ball in a 3-manifold and E C B with 9E c OB (aE
possibly disconnected) and with g(E) = 0.

Consider a minimizing sequence Ej for

Problem(E, Is( E, B)) converging to A. (so by Proposition 3.2 of [13], A is smooth,
has multiplicity one, and &A

=

OE). Then g(A)

=

0. Moreoever, for j large, one

can perform finitely many surgeries on Ej and arrive at a surface isotopic to A.
This Proposition is of course essential - if we didn't know that 1/j-replacements are
the result of surgeries our reduction to stable surfaces would have been pointless. It
may be possible to prove Proposition 1.2.6 using merely the fact that the convergence
in question occurs with multiplicity 1. Instead we will use the fact that minimizing
sequences to Problem(E, Isj(E, B)) have a further regularity property - they are actually minimizing among all isotopies in small enough balls.
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Before proving Proposition 1.2.6 we explain how a minimizing sequence for Problem(E, Isj(E, B))
converges to its limit and how the regularity of the limit is proved. We will again
make use of the theory of replacements outlined in Section 2.2. In this section the
fundamental work of Meeks-Simon-Yau plays a role. We need the following statement
from Meeks-Simon-Yau:
Proposition 1.2.7. [Meeks-Simon-Yau [22]] Let U be an open ball in a 3-manifold.
Suppose E C U and aE C

U. Let Ej be a minimizing sequence for Problem (E,Is(U)).

Then after passing to a subsequence, Ej converges to a smooth stable minimal surface
V with boundary OE.
The key fact that allows us to use the result of Meeks-Simon-Yau is the following
Squeezing Lemma due to Pitts and Colding-De Lellis [25, 8].

Roughly speaking it

says that in small enough balls, the end result of any isotopy decreasing area can be
realized by an isotopy in Isj(E, U).
Lemma 1.2.8 (Squeezing Lemma). Suppose E C U is a smooth embedded surface
with aE C OU and let
x

Ak

be a minimizing sequence for Problem(E, Is( E, U)). Fix

E U. Then there exists an e > 0 and a K E N with the following property. If

k > K and # E Is(BE(x)

n U) is such that ?. 2 (q(1, Ak))

7j2 (Ak), then there exists

a <D E Isj (E, BE(x) n U) such that <D(1, E) = 0(1, E).
Thus consider a minimizing sequence for Problem(E, Isj(E, U)), Ak -+ A and suppose we pick a fixed k large enough, x E A and a ball of small enough radius E around

x. Now consider a minimizing sequence #9 (1, Ak) for Problem(Ak,Is(Ak, B,(x))). By
the result of Meeks-Simon-Yau,
face, say

E.

estimates).

Then

Ak

#1(1,

Ak) converges to a smooth stable minimal sur-

-+ A' where A' is a smooth minimal surface (by Schoen's

In fact, by the Squeezing Lemma, A' is a replacement for A in B,(x).

Iterating this procedure we conclude that A' has enough replacements and thus by
Colding-De Lellis [8], V is smooth. Finally by unique continuation for minimal surfaces we get that A' = A.

It is proved in [13] through a delicate analysis of the

boundary regularity that A has with multiplicity one. This discussion implies the
following lemma:
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U. Let Ej := #(E, 1) be a minimizing

Lemma 1.2.9. Suppose E C U and 0E c

Let B be a ball in U of radius

sequence to Problem(EIs(E,U)) converging to A.

less than the c furnished by the Squeezing lemma. If

#1

supported in B such that ?- 2 (0i(II E))

#

?j2 (XE),

then

is a sequence of isotopies
(1,

>Ej)

also converges to A.

We will now prove Proposition 1.2.6 by appealing to the argument of the original
weaker lifting lemma that has been used already in many places: Smith [33], De
Lells-Pellandini [13], Grueter-Jost [16]. The arguments there apply to sequences Ej
that are 1/j-almost minimizing in annuli. The novelty here is that j is fixed and we
are applying the argument to a minimizing sequence for Problem(Ej, Is( (Ej, U)), but
in light of Lemma 1.2.9 the argument still applies. For the reader's convenience we
include a proof.

Proof of Proposition 1.2.6 We first prove that g(A) = 0.

It will follow from the

following lemma:

Lemma 1.2.10. Given a smooth closed curve y lying in A
and j large enough, there exists a curve

'

in TE(A)

\ OA,

for e small enough,

n B n Ej homotopic to y in

T(A) n B.
Proof of Lemma 1.2.10: We first find a chain of disjoint balls B 1 , B 2 , .. , Bn of radius
p along y such that each consecutive two Bi and Bi+

are contained in a ball Baii+

of radius less than the e of the Squeezing Lemma.

For each ball B and each j

#4(1, Ej)

to be a minimizing sequence

we can define a sequence in k of surfaces

for Problem(Ej, Is(Bi)). Then consider <bj(1,E)

:=

k 0o#...

o#(1, Ej) and let

limk-o. (,h1, E). By the discussion above, for j large and 6 small, V restricted
to Bk((1-6)p) is a multiplicity one stable disk that converges as j -+ oo to A smoothly
with multiplicity one.
For each ball Bi in our collection B 1 , ..., B, we can consider the components of
Bi n Ej . Choosing 6 small enough by the monotonicity formula we can guarantee
that for j large only one connected component tj of Bi n Ej satisfies the following
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property:
2

(g i

(1, Ej)) ;> r(1 - 26) 2 P2 for all k large enough

We call the component of Ej satisfying this property the essential component of EZ
in B and denote it by E'* . In order to lift our curve y on A to Ej we must show the
following statement:

For j large enough, if E * is the connected component of E * in Bjj+1 then Ej+* C E *.

Assume the statement is false.

For ease of notation set i = 1.

By Lemma 1.2.9

we can guarantee that for a subsequence j -+ oo,

W := limI

(1,!*) = A on B 1 ((1 - 6)p)

and
W

=

'i/'(1, E!*) = 0 on B 2 ((1 -

6)p)

while
W' :=lim 4

(1, Ej \ fj*) = A on B2((1 - 6)p)

Note that restricted to B 1 2 , W + W' = A. By connecting the center of B 1 to the
center of B 2 with a geodesic segment on A and using the continuity of the map
z +

IIWII(B(p/2)) we can find a point z along this segment such that
W2-(W

n B(p/2)) =

1

2

12(A n Bz(p/2))

(1.2.27)

Moreover,

1
2

-2(W' fn Bz(p/2)) = -j

2

(A n Bz(p/2))

(1.2.28)

We will now use the existence of this point z to derive a contradiction. By combining
(1.2.27), (1.2.28) with the coarea formula and Sard's lemma we can find a 0 < r < p/2
such that
1. (D

2.

-LH(P

(1, E *) intersects OB(-) transversally
)(1,

E*) n aB(o-)) <;

2(1/2 + E)iw
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3. Vl(4D'i(

1

, Ej \ E 1 *) n OB(o-))

4. W 2 (An Bz(-))

(1

-

2(1/2 + E)7ro

E)7ro.2

Note that E can be chosen as close to 0 as one likes by shrinking p. Now set Q- =

(0)(1, E) and

=

P (I, E~*) and

n-i

= 40j) (1, Ej \ E~1*).

For each j we now

can take a minimizing sequence for Problem(Qj, Is(Bz(-)). Let ]P be the limit of
this minimizing sequence for

nV and fP be the limit of the minimizing sequence for

Again by Lemma 1.2.9, P-+ F is also converging to A (with multiplicity 1). By

Q-.

choosing E = 1/16, by 2) and 3) we can guarantee

9
l(fj n

Bz(o-))

8- r-

(1.2.29)

9ro8

(1.2.30)

and

-Hl(fi

n Bz(o-))

Combining (1.2.29), (1.2.30) with our Isoperimetric Inequality 1.1.2 for minimal surfaces we also conclude that
72(fjn

Bz(o-)) <5 7ra.2

(1.2.31)

72(fl

Bz(o-)) !5 57r2

(1.2.32)

8

and

By 4) we know that j2(A n Bz(o-))

8

15/16.

2

. Since fi + fP must converge to A

smoothly on Bz(-(1 - 6)) for 6 small (by Schoen's estimates), choosing 6 appropriately we know that either Pi or fP has area at least 7/8U2 in Bz(-) for j large. But

El

this violates (1.2.31) and (1.2.32).

Continuation of Proof of Proposition 1.2.6: Using the varifold convergence of EY
to A, the argument from [13] (see the proof of our Theorem 1.0.9) follows verbatim
to show that we can find an E > 0 and perform finitely many disk surgeries on each
Ej to arrive at surfaces Ej such that
1. Ej -+ A
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2. Ej C T2 e(A)
3.

Zt = E in TE(A)

Since tj arises from Ej from surgeries, it follows that Ej is also a union of planar
domains with the same boundary as Ej (and also E). To see that g(A) = 0, suppose
g(A) > 0. We fix a component A1 of A that has g(A 1 ) > 0, and the component
of $j, denoted t!

that has the same boundary as A1 . The boundary of t!

and

the boundary of A1 consist of a union of circles. Cap off each such circle with disks
D1 , ..Dk in the ambient manifold. Set D

D1 U D 2 ... UDk and consider the extended

tubular neighborhood TE(Al U D). Then

U D is a topological sphere lying in an E-

neighborhood of A1 UD (which is a closed surface with positive genus by assumption).
Consider any curve -y in a non-trival homotopy class of A1 U D. Then by Lemma
1.2.10 there would be a curve

'

in t! homotopic to -y in the set T(A 1 ), and thus

also in the larger set TE(A' U D). But such a

' is also contained

a topological sphere contained in TE(Al U D). Therefore

'

in t

U D, which is

would be null-homotopic

within T(A' U D), a contradiction. Since A and Ey are planar domains with the
same boundary, they are isotopic. Thus we have proved Proposition 1.2.6.

1.3

El.

Proof of Theorem 1.0.9

For small enough e consider the tubular neighborhood Tr about a closed surface F.
If F is orientable, then TF is diffeomorphic to F x [-E, c] and 0T, is diffeomorphic
to two copies of F. If F is non-orientable, TF is diffeomorphic to a twisted interval
bundle over F and 0T, is a double cover of F.

Proof of Theorem 1.0.9 We fix e small and consider the projection map p : T2er

-+

F.

For each component Fi of the min-max limit (occuring, say, with multiplicity ni), we
consider a set of curves {al} C F; such that Fi \ U'

1 a, is

a topological disk. By our

Improved Lifiting Lemma (Proposition 1.0.8) we can perturb our curves a, slightly,
and find a subsequence of the Ej (still labeled by j) and do finitely many surgeries on
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the Ej to get a new sequence tj (with tj -+ F) so that for each 1 there are ni curves
{ di }

in Yj with the property that for each 1,

U di.
7 cP1(a,)
a
Set A = T 2E \ T,. Since by our lifting lemma, tj

still converges as varifolds to F, for

any rj > 0 for j large enough we have that

W2

(tj n A)

< r

For o C [E, 2c] set A, = O(T .Fj). By the coarea formula,

nA,)

j1(2,

nA)

R2(2j

r,

Therefore by Chebyshev's inequality, for a set of -'s of measure at least E/ 2 we have

w11 (t n A,)
By Sard's lemma we can then choose o E

(1.3.1)

2f

[, 2E] so that all tj intersect &T,]Fi transver-

sally and (1.3.1) holds. By (1.3.1), the diameter of the curves comprising tj

f

A,

can be made as small as one likes (by taking r smaller), so we can thus perturb our
initial curves a, slightly so that for each 1

U d&-P
3

1 a~

i

Moreoever we can perform surgeries along these small curves on OT,(Fi) to arrive at
a new surface $% such that Ej = Ej in TFr and $j C T,-j(Fi) for some tiny 6 (see
Proposition 2.3 in [13]). Finally cutting open T, (Fi) along the surfaces p-1(a), we get

b has boundary
a topological ball B (since Fj \ U'l.a, is a disk). Therefore T,(Fi) n%
in the boundary of the ball B consisting of precisely ni closed curves:

U, &lj

for

1 < j 5 ni (or in the case Fj is nonorientable, there will be ni/2 closed curves). But
by construction, each such curve bounds a surface isotopic to Fi (and in nonorientable
case, isotopic to an orientable surface of genus nj/2(g(Fj) - 1)). We can then invoke
the following lemma:
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Lemma 1.3.1. Suppose E c U, OE C &U, and &E intersects &U transversally in a
set of circles. One can then perform finitely many disk surgeries on E to arrive at a
new surface t such that 9E = at

and b consists of a union of disks.

Thus tj can be surgered yet again consist of ni connected components each isotopic to E. This implies the improved genus bound (1.0.2) since surgeries can only
have lowered the genus.

Figure 1-11: An illustration of the proof of Theorem 1.0.9. Here we unwrap a tubular
neighborhood around a limiting torus. tj is the union of the three "planes" possibly
with necks connecting them, which we can cut along to arrive at a union of three
surfaces each isotopic to the limiting torus. The boundary curves in this diagram are
the lifted curves identified by the arrows produced by the lifting lemma

1.4

Applications

We state some immediate corollaries of our Main Theorem 1.0.9.
Corollary 1.4.1. Suppose H is a genus g > 0 Heegaard splitting of a 3-manifold,
and the min-max limit relative to this splitting has precisely one component, 1,

and

the genus of F is g. Then F is isotopic to H and the multiplicity with which F occurs
is 1.
Proof: By the genus bound with multiplicity, the multiplicity of F is 1. By Theorem
1.0.9, for

j large, after doing finitely many surgeries, Wj is connected and lies in TF
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and is isotopic to F and so has genus g. Since each surgery performed does not lower
the genus of Ei, any surgery must increase the number of connected components and
therefore each surgery splits off a sphere whose limit area is 0. If not, it would have
to be isotopic to a copy of F in TEr contradicting m = 1. Thus F is isotopic to the
Li

original Heegaard splitting.

In general it is difficult to guarantee the hypothesis of Corollary 1.4.1. However,
when the ambient metric has positive Ricci curvature, and the Heegaard splitting
realizes the Heegaard genus, we get the following. (See [20, 35] for more results in
positive Ricci curvature case).
Corollary 1.4.2. Let M 3 be a 3-manifold with positive Ricci curvature that admits
no non-orientable minimal surfaces. (Thus the Heegaard genus of M is at most 2).
Let H be a Heegaardsplitting of M

3

realizing the Heegaardgenus. Then H is isotopic

to a minimal surface F of Morse index 1. Moreover
W(M, F)

=

-72 (F)

Remark 1.4.3. Corollary 1.4.2 is a slight improvement of Theorem 3.4 in [20] since
Marques-Neves require that the Heegaard surface has least area among all minimal
surfaces realizing the Heegaard genus.
Before proving Corollary 1.4.2 we recall the following facts about minimal surfaces
in a manifold M with positive Ricci curvature not admitting non-orientable surfaces:
1. M does not support any stable minimal surfaces.
2. Any orientable minimal surface in M is a Heegaard splitting. (see [20])
3. Any two minimal surfaces in M must intersect.
Proof of Corollary 1.4.2: Consider the min-max limit F relative to H. Since M
contains no non-orientable surfaces, F must be orientable. Any two minimal surfaces
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in a 3-manifold with positive Ricci curvature must intersect, and thus there can only
be one component. The genus of F cannot be less than H since it would then be a
Heegaard splitting of M 3 with genus strictly smaller than the Heegaard genus. Thus
by Corollary 1.4.1, F is isotopic to H. Since H and F are isotopic, we conclude that
V(]F) = W(M, H) = W(M, F). For the index bound, see [20]

E

Finally we note that Frohman-Hass [15] were able to apply our Improved Lifting
Lemma and Main Theorem to show that every genus 3 Heegaard splitting of T 3 is
standard.

1.4.1

Min-Max Minimal Surfaces in 3-manifolds

Pitts and Rubinstein made a number of conjectures about the min-max limit arising
via Heegaard splittings. For the Morse index of the limit they claimed:
Conjecture 1.4.4. (Pitts-Rubinstein[26]) At most one component Fi is unstable. If
there is an unstable component, it has index 1. If all components are stable, at least
one component must have nullity.The unstable component, if it exists, cannot have
multiplicity greater than 1 if it is orientable, or greater than 2 if it is nonorientable.
One would ideally like to be able to prove that given a Heegaard splitting in
a 3-manifold, the min-max process gives rise to a minimal surface isotopic to the
Heeagaard splitting. This is likely much too optimistic because even in the simplest
cases it seems difficult to rule out min-max limits degenerating. For instance, if one
sweeps out S 3 with the standard metric by genus 1 tori, by our genus bounds the
min-max limit must contain either a minimal torus or spheres, or some combination.
One expects the torus if it exists to have index at most 1. But Brendle [5] proved
that all minimal tori in S3 are Clifford tori, which have Morse index 5. Thus there
would have to be degeneration of the min-max sequence as in Figure 12. Nonetheless,
Rubinstein claimed that if a Heegaard splitting is strongly irreducible one should be
able to rule out any degeneration. A strongly irreducible Heegaard splitting is one
in which every essential disk in one handlebody intersects every essential disk in the
other.
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Conjecture 1.4.5 (Rubinstein [28]). Let M be a Riemannian manifold and H a
strongly irreducibleHeegaardsplitting. Then either H is isotopic to a minimal surface,
or isotopic to a double cover of a non-orientable minimal surface with a vertical 1
handle attached.
Remark 1.4.6. To get a handle on the second alternativein Conjecture 1.4.5, it may
3
help to think of a standardgenus 1 Heegaard splitting of RP and to visualize how the
2
Heegaard torus could degenerate with multiplicity two to an RP .

Figure 1-12: Tori degenerating

Conjecture 1.4.5 would imply that strongly irreducible Heegaard splittings are the
topological model for index 1 minimal surfaces, in the same way that incompressible
surfaces are the topological model for stable (ie., index 0) minimal surfaces. Strongly
irreducible Heegaard splittings are fundamental objects in the study of 3-manifolds
ever since Casson and Gordon [6] showed that in a non-Haken 3-manifold, every Heeagaard splitting can be reduced until it is strongly irreducible. Rubinstein sketched
an argument for Conjecture 1.4.5 in [28] but the author is not aware of a published
proof. Rubinstein also claimed (see also Souto [34]), that a proof of Conjecture 1.4.5
would give rise to an analytic proof of the Waldhausen Conjecture.
In order to have any hope to prove Conjecture 1.4.5 one must understand how
min-max sequences approach their limiting minimal surface topologically. Our Theorem 1.0.9 is a first step in this direction. Our main theorem also gives the following
partial result toward Conjecture 1.4.5:
Corollary 1.4.7. Let H be a strongly irreducible Heegaard spliting in a 3-manifold
of genus g.

Then a min-max sequence isotopic to H converges either to a minimal
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surface isotopic to H (with some spheres bubbling off, possibly with multiplicity),
or a non-orientable minimal surface with multiplicity two, or to several orientable
components in one of the handlebodies determined by H, the sum of whose genera is
less than or equal to g. In this latter case any non-sphere component can occur only
with multiplicity 1.
Conjecture 1.4.5 would follow from the results of this paper along with the Index
Estimate Conjecture 1.4.4.
Recently David Bachman [3] has also defined a notion of topological Morse index
for surfaces in a 3-manifold and made a number of tantilizing conjectures about
their connection to geometrically minimal sufaces. By his definition, incompressible
surfaces have topological index 0, strongly irreducible surfaces have topological index
1. Index 2 surfaces are the lowest genus stabilization of strongly irreducible Heegaard
splittings. Thus there is some hope to build up a Morse theory for surfaces in 3manifolds.

1.5

Appendix A

Let y(t) be a smooth closed curve in R 3 parameterized by arclength. Then we define
the ambient curvature k.(t) of 7(t) to be

1

VI(t)I.

According to Fenchel's theorem,

ky(t) I > 27r

(see [23]). We need a version of this theorem for small balls in a Riemannian manifold.
For a point x in a Riemannian manifold M, we fix exponential coordinates about x for
some radius ro. We consider spherical coordinates r, 6, 0 and for each Oo E [0, 27r] and
r ; ro consider the planar region Po
9 ,, defined in coordinate-space by {0 = oo}nB,(x).
Then exp(Po,r) is a smooth surface in the manifold M. So we prove
Lemma 1.5.1. Let M be a Riemannian manifold. Given x

EM

there exists a radius

r(x) > 0 such that for any closed smooth curve -y contained in some exp(Poo,r(x)) we
have

jkM > 7r
48

Proof: Let k be an upper bound for the sectional curvature of M. Fix r < ro. For each
O0 E [0, 27r] consider the surface exp(Peo,r). The Gaussian curvature of this surface
at the point x is the sectional curvature of M in the plane through x determined
by 0 = 0.

Thus the Gaussian curvature of exp(Po,,r) is at most 2k if r is chosen

small enough. Since [0, 27r] is compact, we can choose r small enough so that for each
6 E [0, 27r], the Gaussian curvature of exp(Po,,r) is at most 2k. Now consider a curve
-y in exp(Po,r) bounding a region I'. By the Gauss-Bonnet formula,

27r

K+

kr

But

I

Kj

2k-2(exp(P8 0 ,r))

and

IkMI

|j k|

where kM is the ambient curvature of the curve -y. By decreasing r if necessary we
can guarantee that
72(exp(Po,r)) K-

2k

for all 0o E [0, 27r],

whence
jIkMI

7r

E
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g) with Ricg > 0 and

