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CHAPTER VI 

CONCLUSIONS AND RECO~mmNDATIONS 

The follo"ring conclusions are dra'\m: 

l~ Graphical solution of the d1fferential equation of 

motion is especially suitable for a structure which 

may be represented by a one degree of freedom mass­

spring system. The solution is approximate but rapid. 

The method is flexible and may be applied to loads 

imposed by air blast and ground shock and to response 

characteristics which may be approximated by straight 

line segments; In certain cases of the latter, a 

semi-graph1cal approach is most convenient. 

2. The numerical method proposed is applicable to 

structures of any number of stories. Approximate 

but more rapid solutions may be obtained'by ideal­

izing the resistance characteristics instead of con­

sidering the precise resistance ~ctions based on 

the distortion of the structure. 

3~ On the basis of the t'-10 comparison studies the 

numerical method appears to be sufficiently accurate. 

4; Energy. checlrs may be applied to ascertain the general 

accuracy of a solution. Unfortunately, except for a 

single degree of freedom system, the check gives only 

qualitative, negative information. 

The following is recommended: 

l~ Solutions using the numerical method proposed should 

be obtained for diverse structures and loadings to be 
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compared with accurate solutions of the same problems 

obtained by other means; Of special interest would 

be the effect of using different time intervals on the 

accuracy of the solution. Different methods may have 

different sensitivities to the change of time intervals. 

2; In conjunction with the above study, energy checks 

should be made~ If the divergence of the computed 

story displacements from the accurate displacements 

are orderly, approximate but quantitative information 

may be obtainable from the energy checks~ 
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U i\lCLf\S~31 FI ED 
APPENDIX I 

GRAPHICAL SOLUTIONS 

Introduction 

The single story frame structures studied in this Appendix 

were a part of the Army Structures Program of Operation Jangle, 

in '\'Thich the effect of an underground detonation of a nuclee.r 

i'reapon on surface and buried structures was studied. Since we 

are interested here primarily in the method of analysis and 

its validity, the many considerations involved in the Program, 

e;g., selection of type and number of structures, their lo­

cations with respect to grotUld zero, construction, instrumenta­

tion, etc. will not be discussed. Detailed information on the 

Program is available in Reference 10 listed in the Bibliography. 

The complex problem of the loadings imposed on the 

structures is also beyond the scope of this thesis~ HO'\·rever, 

a brief discussion of the loading problem is included to in­

dicate hOlT the loadings used in the analyses 'VIere determined. 

General Considerations 

The Army frame structures can be treated with close 

apprOXimation as single degree of freedom mass-spring systems, 

and are thus susceptible to solution by the graphical methods 

discussed in Chapter III~ Apart from the usual assumptions 

regarding their physical characteristics, the follm-Ting 

assumptions were made in the analyses of the structures. 

1. Damping ,\ias neglected in order to simplify the solutions. 

lJNCLr\~IFjED 



Uf\lCLi\SSIFIED 
The error due to this assumption of zero damping should be 

small, for the damping coefficient is small and the important 

response occurs "Tithin the first t"TO or three cycles of the 

vibration of the structures~ 

2; Because of the time rate of load build-up, the dynamic 

yield stress lias assumed to be 10J~ greater than the static 

yield stress. 

3. The vertical loads on the columns "Tere neglected, and 

the load deflection curves i'Tere assumed to have the shape shoi'm 

in Figure 19-c; The error due to this assumption is also small, 

provided the plastic deflections are not excessive. 

4. The footings were assumed to have moved integrally 

,'Iith the surrounding soil. 

Sufficient information from the transient instrumentation 

program for the structures was not available when the post­

test analyses of the structures i'Tere made. Thus, it was neces­

sary to use acce~eration and pressure records obtained by the 

Stanford Research Institute along a radial line approximately 

1600 ai'Tay from the radial lines from ground zero through the 

structures~ The acceleration pattern 'l'TaS probably not sym­

metrical about ground zero; hence the loadings based on these 

accelerations may be somewhat in error~ 

The acceleration of the foundations of the structures 

'I-Tere as surned to be identice.l with that of the surrounding soil. 

This assumption '-Tas necessitated by the fact that the footing 

accelerations "Tere not available. The justifica.tions for this 



UNCLAS!3IFIED 
as sumpt ion are: 

1; The records from the Du~1ay tests indicate that the 

footing acceleration closely followed that of the surrounding 

soil, and 

2~ A rough study of the resistance of the soil indicated 

that the full plastic shear of the columns plus the maximum 

inertia force of the footing could be resisted adequately. 

In the study mentioned above, it '\-las assumed that the 

resistance "Tould be furnished by shear on the bottom and by 

the passive thrust on the front face of the footing~ Coulomb's 

formula, for passive resistance w'as used to determine the hori­

zontal component of the passive thrust, PH • 

The soil constants used I'lere 

y = 95 Ib/ft3 

ell = 30
0 

«2 = 40.
0 

cp = 490 

H 

Figure 42 • 
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The use o~ Coulombts equation and the value o~ d l 

selected may be open to question. The value o~ (j 2 used 

appears reasonable, and rand cP \"rere obtained experimentally. 

(Reference 11). Since almost enough resistance is furnished 

by shear alone in the worst cases and more than enough in the 

others the assumption is not unreasonable~ The results of the 

study are listed in Table 1. 

Loading Phenomena 

The actual horizontal ground acceleration curves used in 

the analyses lrere idealized to four rectangular pulses as 

discussed in Chapter III and indicated in Figure 43~ 

The Army frame type structures '\'lere designed to minimize 

air blast effects by minimizing the frontal area and rounding 

off the leading and trailing edges o~ the top masses; Hm-lever, 

it lias necessary to study the effect of the air shock on the 

s'tructures~ Note that for ordinary structures the l-lalls \"lill 

transmit additional load to the frame, and the air blast Hill 

be the predominant loading. 

In prder to expedite the graphical solution, the air 

shock i'TaS assumed to consist of an instantaneous impulse and 

a continuous drag force i·rhich ''las idealized to form a block 

. diagram. 

The impulse applied to a platform vTas determined in the 

folloi'r1ng manner~ The peak sida, .. .on overpressure '\-ras applied 

to the frontal area of the platform for a length of time equal 
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a TiC. 
, ' 

; • fl. • , "" >, ~ ,'~ ~, ""I ~f ;'1., :';t, ~~ 

to the velocity of the shock front divided by the length of 

the platform. The change of velocity of the mass is then 

Av ::: 1. • 
m 

The reflection of the shock i'laVe was assumed to be neg­

ligible~ It i-laS felt that the relatively shallm'[ depth of the 

platform would cause rapid decay of the reflected pressure to 

the level of the side- on overpressure~ Hm·rever, the effect of 

changing the air blast loading by ± 50;& on structure 3~ 5 '\-Tas 
. t. 

studied and the result is included in Table 4. 

The drag force i-las assumed to be specified by Figure 47. 

The coefficient of drag was assumed to be unity~ Thus, given 

successive values of the overpressure at a structure, the drag 

force P as a function of time \-las obtained. This P vs t curve 

'\-las then idealized to form a simple block diagram. Note that 

the drag force attenuates rapidly, and is negligible during 

the last fourth of the positive phase of the air shock~ Hence 

the average block is taken for only three-fourths of the posi­

tive phase. 

It was necessary to idealize the loading and resistance 

curves used in the analyses so that the solutions may be 

obtained ,.,ithout undue labor. In order to investigate the 

possibility of large errors resulting from these simplifi­

cations, five additional sets of solutions i-rere obtained for 

Structure 3~5 by changing each pertinent variable ± 10% (except 

for air blast which ''las 1" 50%) "lhile holding all other variables 

constant~ In general this study shoi-TS that the changes in the 



response so produced are orderly and not serious. The results 

are tabulated in Tables 2 through 6. 

Analysis 

Two separate analyses were made; one group neglecting the 

air blast, and the other including the air blast. This lias done 

so that an estimate may be made of the effectiveness of earth 

shock alone in causing damage to the structures. 

The post-test survey indicated negligible damage to the 

structures. In view of this, the structures were assumed to 

have vibrated with the tops and bottoms of columns fixed against 

rotation, since the amplitudes of vibration 'iere probably small. 

The structural data are presented in Table 7. The loadings 

used and the graphical solutions are presented in Tables 8 and 

9, and Figures 49 through 60, respectively. 

Correlation With Experimental Results 

The permanent relative deflections of the structures due 

to the nuclear e~plosion 1iere measured and are used in Table 

10 to serve as experimental checks of the analyses made. Note 

that the values of permanent displacement obtained by the 

graphical method are confirmed in general by the correspond­

ing values obtained experimentally. 

From the analytical and experimental results it may be 

concluded that an underground explosion of a nuclear i'Teapon 

is not efficient in producing damage to surface frame st~ctu~es. 
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, r . 
A - JT3' Scaled horizontal distance from Ground Zero. 

r - (ft), Horizontal distance from Ground Zero. 
W - (lb), Yield of Charge in equivalent amount of TNT. 
v - (rt/sec), Actual seismic velocity between Ground Zero and a given 

point located at the distance A from Ground Zero. 
t - (sec), T~e required after detonation of Charge for ground shock 

g to travel the distanc~ A from Ground Zero. 

d 
~c - J13 I Scaled depth of burial of Charge. 

d - (ft) , Depth of buria.l of Charge be loW' the surface of the ground"'~ 
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Table 1 

~~ximum Ground Resistance va I~ximum Applied Force 

on Structure Footings 

Hax1mum Ground 1-Iaximum Applied 
Resistance lKips) },'orce (Kips) 

Structure Passive Co1unm Inertia .. 
Pressure Shear Total Shear Force Total 

3.3 8 8 16 10 1 11 

3~5 1016 364 1380 144 98 242 

3;6 1590 1270 2860 765 1000 1765 

3;7 225 92 317 92 22 114 

3.8a 225 92 317 20 13 33 

3~8b 225 92 317 20 6 26 
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Table 2 

Study of Variation in Plastic Shear Strength 

Structure 3.5 (lKT; Ac = 0.135, i'lith Air Blast) 

Ratio of Displacement of Platform 
: Plastic Shear Relative to Footings (ft) 
Strength 
Variation :Maximum Transient Total Plastic Permanent 

+ - + -
0.9 0.14 0.02 0.14 0.06 + 0;08 

1.0 0.13 0~02 0;12 0.06' + 0.06 

1;1 0~12 0;02 0;11 0~06 + 0;05 

Table 3 

Study ofYe.riation in Natural Period of structure 

Structure 3;5 (lKT , "c = 0.135, "lith Air Blast) 

Ratio of Displacement of Platform 
Natural Relative to Footings (ft) 
Period of 
Structure 
Variation I\:taximum Transient Total Plastic Permanent 

+ - + -

0.9 0;09 0.01 0;08 0;05 + 0.03 

1.0 0.13 0.02 0.12 0.06 + 0~06 

1;1 0.17 0;02 0.15 0.07 + 0.08 
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Table 4-

Study of Variation in ~~gnitude of Air Blast Loading 

Structure 3.5 (lKT, A c = O~ 135, vlith Air Blast) 

Ratio of Displacement of Platform 
Magnitude of Relative to Footings (ft) 
Air Blast 
Loading 
Variation 

0.5 

1;0·· 

1~5 

Maximum Transient Total Plastic 
+ - + -

0.10 0~02 0;09 0;07 

0;13 0.02 0.12 0.06 

0;15 0.02 0;14- 0.06 

Table 5 

study of Variation in l;Iagnitude of 

Horizontal Ground Acceleration 

Permanent 

+ 0.02 

+ 0~06 

+ 0.08 

Structure 3;5 (lKT, Ac = 0.135, 1'lith Air Blast) 

Ratio of Displacement of Platform 
1-1agni tude of Relative to Footings (ft) 
Horizontal 
Ground 
Acceleration 
Variation Maximum Transient Total Plastic Permanent 

+ - + -
0;9 0;11 0;02 0.10 0.06 + 0.04-

1;0 0.13 0.02 0.12 0.06 + 0.06 

1.1 0~14- 0.02 0.13 0~07 + 0.06 

1G5 



Table 6 

Study o~ Variation in Period of Horizontal Ground Acceleration 
KT Structure 3.5 (1 , "c = 0.135, \'lith Air Blast) 

Ratio of Displacement of Platform. 
Period of Relative to Footings (ft) 
Horizontal 
Ground 
Acceleration 
Variation Maximum Transient Total Plastic Permanent 

+ - + -
0~9 0.11 0;02 0.10 0.05 + 0.05 

1;0 0.13 0.02 0.12 0~06 + 0.06 

l~l 0.15 0.02 0.13 0.08 + 0~06 
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Table 7 

Structural Data 

Total Frontal Radial 
Structure Q) A l-rlass Area of Length of 

Platform Platform 

(rad) 
sec (ft) ( lb_sec 2

) 

in. (in. 2 ) (ft) 

3~3 31.8 0.039 83 1944- 15.8 

3.5 26.0 0~024 752 10530 26~5 

3~6 29.3 0.072 1647 7780 54.3 

3.7 17~4 0.127 802 5830 47.3 

3~8 a 6.3 0.218 781 5830 47.3 

3.8 b 6.3 0.218 781 5830 47~3 

107 



Structure 
~t 

(sec) 

3.3 0.100 

3.5 0.100 

3.6 0.100 

3.7 0.100 

3.8 a 0.097 

3;8 b .0.090 

Table 8 

lKT Weapon Loading Curves 

Idealized Ground Shock 

First Pulse Second Pulse 

x --Xo 
(J)At 0 

~t milt ~ Ci)1! 

(dee;) (ft) ( sec) (dee;) ( ft) 

182 + 0.0061 0.131 239 - 0.0134 

149 + 0.0090 0.131 195 - 0.0200 . 
168 + 0;0086 0.130 218 - 0.0187 

99.7 + 0.0203 0.131 l30~6 - 0.0448 

35~2 + 0.108 0.133 48.2 - 0.242 

32.6 + 0.064 0.137 49.5 - 0.147 -

Third Pulse: Equal and opposite to second pulse 

Fourth pulse: Amplitude of fourth pulse = - :L/2 (Amplitude 

of first pulse) 

Duration of fourth pulse = 2 (Duration of 

first pulse) 

le8 



Structure 

3~3 

3;5 

3;6 

3;7 

3~8 a 

3;8 b 

Table 9 

lKT Weapon Loading Curves 

Air Blast 

Time of 6.t (l)6t P 
Arrival k 

(sec) ( sec) (deg) (ft) 

0.118 0.113 206 +- 0.0031 

0~118 0;113 168 + 0;0028 

0;073 0.105 176 + 0~0010 

0~118 0~113 112;7 + 0~0033 

0~170 0;060 21;6 + O~026 

0.280 0.084 30.3 + 0.012 

Ay:' 
-(I) 

(ft) 

+ 0;0096 

+ 0~0119 

+ 0.0083 

+ 0.0164 

+ 0.038 

+ 0.027 

Note: The time of arrival of the air shock 1s given with 

reference to the arr1val time of the ground shock 

at the corresponding structure. 
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Table 10 

Comparison of Theoretical and Measured Displacements 

Displacement of Platform Relative to Footings (ft) 
(Positive 1nd1c~tes motion away from Ground Zero) 

( lKT , i\ c = 0 ~ 135, ",1 th Air' Blast) 

Theoretical Actual 

Structure 14ax1mum Transient Total Plas.tic Permanent Permanent 

+ - + -
3~3 0,05 o~06 0~02 0.03 - 0.01 O~OO 

.-

3.5 0~'13 0;02 0~12 0.06 + 0~06 - 0.02 

3.6 0~06 0~08 O~OO 0.01 - 0.01 O~OO 

3;7 0.11 0~17 0~02 0.04 - 0.02 0;00 

3;~ a 0~10 0.06 0.00 0;00 O~OO 0.00 

3;8 b 0;05 0.03 0.00 o~oo 0.00 0.00 
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APPENDIX II 

1~~ICAL SOLUTIONS 

General 

T\,To structures have been analYzed by the numerical pro­

cedure proposed in Chapter IV, and the results are presented 

here. Detailed calculations and discussions are included to 

explain and clarify the procedure involved~ 

The first structure studied is a simple one story building 

represented by a single degree of freedom mass-spring system 

subjected to vibratory motion of its support; A comparison 

of the solution obtained for this case is made with an exact 

solution. 

The second is a three story structure three bays deep, 

subjected to air blast and to support vibration separately. 

For the air blast loading, three different types of resistance 

functions were used~ These were determined from the precise 

analysis and from the approximate methods, Method A and Method 

B, discussed in Chapter II; The results are compared in 

Figures 15, 16, and 17. The precise resistance functions 

were used for the case of support Vibration. 

The three story structure analyzed here ''las selected 

primarily because it had been analyzed previously by J~ Penzien 

and H~ A. ''1illiams using other apprOXimate methods, and de,,:", 

flection-time curves of varying accuracy had been obtained for 

air blast loading~ Thus it "Tas pOSSible, by using the same 

structure time intervals, and loading, to evaluate the accuracy 

of the ne,'l method, as I'Tell as its advantages and disadvantages 



compared to those used by Penzlen and I'Tilliams. 

Finally, results of three analyses made by Penzien and 

''1illiams were used to make the energy check discussed in Chapter V. 

Calculations And Discussions 

One Story Structure Subjected To Support Vibration 

The simple one story structure, the first of the two 

studied may be characterized by Figure 61. 

R 

k 

ill = 12.47 rad/sec 

Figure 61 

y 

D.= 0.106 ft 

The structure is subjected to an assumed vibratory motion 

of its support defined by 

'tvhere 

Xo = A Bin2 ~ t 

•• A 2 2rr Xo = - sin T t, 

(O~t~~) 

(~~t~T) 

(lOl-a) 

(lOl-b) 

Xo = acceleration of the support in ft/sec 2 , 

A = maximum amplitude of the acceleration, 

= 0.64g = 20.6 ft/sec 2 • 

T - period of the support acceleration, 

1.17 seconds. 
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The differential equation of motion is 

mX + k(x - x o ) = 0 , (102) 

"There 

m = mass of structure, 

x = displacement of mass from initial 

position, 

Xo = displacement of support from initial 

position, 

x = acceleration of mass, 

xo = Acceleration of support. 

The sign convention defined in Chapter II is used. Using 

relative quantities equation (102) is vTritten 

•• Ie: •• 
y + m Y =- Xo • (103) 

Equation (103) will be used in the numerical integration. 

According to equation (72-b) of Chapter IV, the 

acceleration may be approximated by 

Y - 2y + Y •• n+l n n-l 
y = n -- (At)~ • 

Then, 

The natural period of the structure is 

2TT T = ~ = 0.505 seconds • 

. A value of t ~ Io ~ 0~05 seconds "Till be used; Since at t = 0, 

y = y = y = O~ equation (73) may be used to start the solution. 

(See-Chapter IV for discussion of this point.) The actual 

calculations are given in Table 11. The column headings are 

126 



arranged to carry out the operations indicated by equation (104). 

Explanatory comments '\'Till be made to clarify the steps 

taken, although most of them are self-explanatory. 

At t = 0~25 seconds the displacement obtained is -0.1081 

ft. '''hich is larger tha.n the limiting elastic deflection, 

~=± 0.106 ft. Therefore the structure is in the plastic 

range and equation (104) no longer applies~ Instead the re­

sistance is nO"T constant, and equation (105) given belml must 

be used. 

(105) 

In the actual computation W2~ is computed beforehand, and 

uhenever the deflection y exceeds D.., wSA is used in colunm 

(3) instead of w2 Yn • 

At t = 0.55 seconds the maximum displacement is obtained. 

Therefore, at t = 0.60, the structure is elastic and 

(l)2(Yn '-:- Ypl). must be used in column (3), since the resistance 

is proportional no,'l to, (y ~ Y pl ).' ,\,Thich ,\,Till be called the 

effective displacement, 't'lhere Ypl = Ymax - b. = - 0.3576 ft. 

At t = 0~75 seconds, the displacement is - 0;2429 but 

the effective displacement' is + 0.1147 which shoiis that 

plastic action has started in the opposite direction. Thus, 

w2 b. is again used in column 3. 

The solution is stopped at t - 1.20 seconds when elastic 

action has been resumed again. 

The problem given above \'Tas also solved exactly by in­

tegrating the equation of motion by the classical method~ The 

127 



mathematics involved is quite elementary so the detailed 

solution ,\,Till not be given here. Instead only the result is 

presented in Table 12 and Figure 31; It may be noted that the 

determination of the time at which the transitions from elastic 

to plastic and plastic to elastic ranges occur involves trial 

and error since the equations are not explicit in t. As such 

it becomes quite laborious. 

Examination of Figure 31 sho,vS that the numerical procedure 

is quite accurate. 

Three Story Structure Subjected To Air Blast, Precise Resistance 

Functions 

The second structure, a three story frame three bays deep, 

is the same structure studied by Penzien and Williams in 

Reference 9; The structural data is given in Figure 62. 

The first loading considered ivill be the air blast due to 

the detonation of a 20KT bomb 2300 feet from the structure. 

The loading curve \laS originally obtained from Reference ,2 by 

Penzien and vlilliams and "till appear in tabular form in the 

calculations~ 

The resistance characteristics may be obtained as outlined 

in Chapter II. Specifically, in the elastic range the re­

sistance R developed at a given floor level is obtained by the 

Buperposition of the moment distribution solutions given in 

Figures 63, 64, and 65. 

The influence equations for the resistance at the three 

masses are 
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Rl = 1878xl - 79lx2 + 96x
3 

R2 =;~ 883xl + 1015x2 ~. 367X
3 

R3 = 143x1 - 402x2 + 285x
3 • 

(106-a) 

(106-b) 

(106- c) 

As before, relative deflections, velocities, and accelerations 

defined by equations (107) '-lill be used in the inteGration. 
. . 
Xl = Y1 

X 2 = Yl + Y2 *2 = Yl + Y2 

Xl = Y1 

X2 =Y1+Y2 
(107) 

X3 = Y1 + Y2 + Y3 
Then equations (106) are ''1ritten 

~ = 1183Y1 - 695Y2 + 96Y3 

R2 = ~ 235Y1 + 648Y2 - 367Y3 

~ = 26Y1 - 117Y2 + 285Y3 ~ 

The basic differential e'quation of motion is 

Pn - m.uxn·- ~ = O. 

(108-a) 

(lOB-b) 

(108- c) 

(109) 

Using relative quantities, a set of simultaneous equa~ions of 

motion are obtained; 

P R .• .. 2 2 
Y + Y = -- :-, --12m

2
,. m

2 

P R ... .. .. ~ ::2 
Y 1 + Y 2 + Y 3 = m ,- m 

3 3 

Equations (110) are simplified thus: 
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(llO-b) 

(110-c) 

(11~-a) 



· . P2 PI R2 Rl 
Y2 = (- --) (- - -) 

m2 mI. m2 mI· 
(Ill-b) 

.. ~ P2 ~ R2 
Y- = ( --) ( --) 

:; m3 m2 m3 m2 · 
(Ill-c) 

By dividing equations (108) by the appropriate masses as in­

dicated in equations (Ill), and collecting lilre terms, "re 

obtain 

It happens that the assumptions concerning the loading and 

masses ,-rere such that 

(113-a) 

(ll3-b) 

Therefore the general equations to be used in extrapolating 

from a given deflection Yn to the next deflection Yn+l 

during the time interval 6t are 

PI _ 
(Yl)n+l == (in - 21.)2Yl + 1252Y2 - 173Y3)n( A t)2 

I 

+ (2Yl)n - (Y1)n-l ( ll4-a) 

(1:l 4-b) 
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+ (2Y3)n - (Y3)n-l • (114-c) 
. " 

The calculations are given in Table 13. The intervals (A t) 

used in the integration are the same as those used by Penzien 

and Vlilliams for their most accurate solution. 

Note that at t = 0, Yl = Y2 = Y3 = 0, YI = Y2 = Y3 = ° 
and Y2 = Y3 = 0, but Yl ~ O~ Therefore, equation (78) of 

Chapter IV is used to obtain the first extrapolated value of 

(Yl)n+l. It is just one half of the value given by equation 

(ll4-a) • 

Before proceeding further the method of determining the 

transition from elastic to plastic action 1'1ill be described. 

It "Till be assumed that plastiC hinges "'\-1ill be formed 

simultaneously in all the columns of a given floor as dis­

cussed in Chapter II. The ultimate shears to be used are 

given by 

and the ultimate shears divided by their respective masses 

are tabulated belm"1. 

Noting that 

v 
(mU)l = ~ 1436 

(VU) = ± 968 
m 2, 

1~33 

(lIS-a) 

(lIS-b) 

(lIS-c) 



R2 =V3 -·V2 

( 116-a), 

(116-b) 

(116- c) 

and from the equations of mot;1on, the follovTing set of equa.tions 

are obtained~ 

( 117-a) 

(117:-. c ) 

Thus, if at any time a value given by one of equations (117) 

exceeds the corresponding ultimate value given in equations 

(115), that story becomes plastic. Although the evaluation 

of the shears is rapid, much ,\-Torl\: ca.n be eliminated if the 

approximate deflections at which the stories become plastic 

are Irno'\-m; These approximate, limiting elastic deflections 

may be calculated by the methods discussed in Chapter II. 

Let us examine Table 13. At t = 0.0300, 

.. 4~6 
Yl = "-:- .,,/ 

.. .. 
Yl + Y2 = + 947 

Yl + Y2 + Y3 = + 871 
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V_ 
......2 - - 847 + 871 = + 24 m3 -

V2 - =- 847 + 947 + 12 = + 112 

VI 
in = - 847 - 436 + 112 = ;- 1171 • 

1 

Thus, none of the stories is plastic, although the first story 

is approaching the plastic condition; 

At t = 0~0350, 

Yl =-. 631 

Y1 + 12 = + 863 

.. .. .. 
Y1 + Y2 + Y3 = + 902 

V 
~ - - 834 + 902 = + 68 m3 -

V2 - =;-m2 
834 + 863 + 34 = + 63 

834 - 631 + 63 = - 1402 

The first story is very close to being plastic, and it will 

be assumed that it has reached the plastic condition~ There­

·fore at t = 0.0350 seconds, a ne'\'l set of influence equations 

must be used to define the resistances~ 



The new set of equations is obtained by the moment 

distribution solutions indicated in Figures 66, 67, and 68. 

The influence equations for resistance in terms of the relative 

deflections are 

Rl = 927 - 532Y2 + 81Y3 

R2 = - 147 + 648Y2 - 367Y3 

~ = 16- 116Y2 + 286Y3 • 

( 118-a) 

(118-b) 

(118-c) 

The equations to be used in the extrapolation procedure 

are obtained as before from equations (73), (109), and (118), 

and are given belol'T ~ 

PI 
(Yl)n+l = (m

l 
- 1670 + 959Y2 - 146Y3)n( l\t)2 

+ (2Yl)n- (Yl)n-l (119-a) 

(Y2)n+l = (1935 - 2127Y2 + 807Y3)n( L\t)2 
. . 

+ (2Y2)n - (Y2)n-1 (119-b) 

(Y3)n+l = (- 323 + 1586Y2 - 1692Y3)n( A t)2 
. . 

(119-c) 

These equations are applicable as Ions as the first story 

is plastic and the others are elastic; By accounting for the 

shears as before, 
V 

V2 at t = 0~060 m- 1s fOUl~d to be - 843. At 
2 

t = 0~065, ~ = -m2 
1002 which means that at t = 0.065, the 

first and second stories are plastic, and equations (119) are 

no longer applicable. 

The influence equations for the resistance developed at 
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each mass rlhen the top story alone is elastic may be obtained 

from the moment distribution solutions indicated in Figures 

69 and 70. 

Rl = 261 

R2 = 646 - 268Y3 

~ = - 109 + 268y 3 

(120-a) 

(120-b) 

(120-c) 

The extrapolation equations are 

( 121-a) 

(Y2)n+l = (- 694 + 483Y3)n( At)2 + (2Y2 )n - (Y2)n-l 

(121-b) 

(Y3)n+l = (1557 - 1449Y3)n( .1t)2 + ( 2Y3)n - (Y3)n-l 

(121-c) 

The integration proceeds using equations (121) until the third 

story becomes plastic~ This occurs at t = 0.110 at "l'Thich time 
V 
.:..:2 = - 1368. 
m3 

All three stories are no," plastic and the ultimate shears 

act as the reSisting forces. The influence equations are, 

therefore, 

Rl = 261 (122-a) 

R2 = 162 (122-b) 

~ = 374 , (122-c) 



(Y2)n+l = 178 ( At)2 + (2Y2)n ',- (Y2)n-l 

(Y3)n+l = - 1056 (D.t),B + (2Y3),n - (Y3)n-l • 

The integration is stopped at t = 0;150. 

(123-b) 

(123-c) 

As stated previously, the same structure subjected to the 

same load ,'ras analyzed by Penzien and vlilliams. A comparison 

of the solution just obtained vlith the solutions obtained by 

them 1'lill be made~ Their most accurate solution assuming 

linear variation of acceleration of the masses is used as the 

reference and is plotted as continuous curves in Figures 32, 

33, and 34~ The solution assuming a constant acceleration 

during a time interval is represented by the symbols e. The 

solution obtained by the extrapolation method is represented 

by the symbols o~ Note that the pOints 0 fall almost directly 

on the curves, while the points. diverge appreciably. 

Since the labor involved in obtaining the solutions 

represented by the points • and 0 are approximately equal, it 

may be concluded that the extrapolation method is superior to 

the constant acceleration method. Note that the linear 

acceleration method requires roughly two to three times the 

amount of "lork '\'Then compa.red to the extrapolation method~ In 

vie,\-l of the excellent agreement bet'\-leen these results, 'the 

extrapolation method may be said to be superior to the linear 

acceleration method also~ These conclusions are of course 

preliminary, and further analyses based on the different 

methods using different structures and different loadings 

should be made before an effective comparison can be made. 
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The results obtained in Table 13 were based on fairly 

precise resistance characteristics. In the following section, 

approximate resistances as outlined in Chapter II will be 

utilized to obtain approximate solutions for the same loading 

and time intervals used ll1 the precise analysis. 

Three Story Structure Sub1ected To Air Blast, Approximate 

Resistance Functions, Method A 

If the column extremeties are assumed to be fixed against 

rotation, the shear developed in a story is independent of the 

deflections of the other stories, and the resistance to lateral 

loads may be calculated from equation (23). Since the ultimate 

shears are the same as given before, the load~deflection curves 

may easily be computed~ The pertinent data are given belo"l 

\-11th Figure 71. 

kl 

ml = 0~555 lc- sec 2 
.61 = 0.637 in. kl = 1250 .J& 

in. in. 
" , 

k-sec2 

m2 = 0~555 ~2 = 0.820 1n~~ k2 = 653 k 
in. in. 

m3 = 0.277 
k- sec 2 

~3 = 0.800 in. k3 =" 470 ~ in. in. 

Figure 71 



The extrapolation equations for this system are based on 

equations (73) and (86), and are given below "lith appropriate 

constants inserted. 

(124-a) 

(Y2)n+l = (2255Yl - 2356Y2 + 847Y3)n( ~t)2 + (2Y2 )n - (Y2)n-,1 

(124-b) 

( 124-c) 

The steps involved in the integration are identical \'I1th 

those described earlier for the single degree of freedom case; 

hence the results are given in Table 14 '\tlithout further dis-

cussion. 

Three Story Structure Subjected To ~ Blast, Approximate 

Resistance Functions, r·lethod B 

A slightly better approximation of the response functions 

is obtained by the follo'\'ling procedure. It is assumed that 

the shear in a story is dependent only on the relative de­

flection of that story as before. HO'iever, joint rotation is 

allowed by requiring that the relative deflections in the 

other stories be zero. Thus, the sidem'lay solutions for the 

distortions indicated in Figure 72, 73, and 74 are obtained~ 

From the moments obtained, a point on the shear-,deflection 

curve is obtained. The line passing through this point and 
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zero is extended until it intersects the horizontal line at 

the ultimate shear value~ The shear-deflection curves obtained 

in this maImer are sho"m in Figure 75. 

797k. 
Vl V2 V3 

537k. 
374k. 

0.834 in~ Yl 0.995 in. 
Y2 1.240· in. Y3 

Figure 75 

The extrapolation equations using values from Figure 75 

are 
Pl 

(Yl)n+l = (m;: - l723Yl + 973Y2)n( [j, t)2 + (2yl)n - (Yl)n-l 

( l25-a) 

(Y2)n+l = (1723Yl - 1946Y2 + 544Y3)n( D-t)2 + ( 2Y2)n - (Y2)n-l 

(125-b) 

( 125-c) 

The integration proceeds exactly as in the case of columns 

with ends fixed against rotation. The results are given in 

Table 15. 

The two approximate solutions obtained are compared ''lith 

the solution using the precise resistance equations in Figures 

15, 16, and l7~ Note that serious errors are obtained for the 

approximate solutions, especially in the third story. Thus it 



is seen that errors in the order o~ 100% may easily result by 

using the approximate shear-de~lection curves~ 

Three Story Structure Subjected To Support Vibration, Precise 

Resistance Functions 

The three story structure previously analyzed ~or air 

blast loading will now be analyzed ~or loading imposed by 

ground shock. It will be assumed that the magnitude o~ the 

support acceleration is t"rice that assumed ~or the one-story 

structure analyzed ~irst, while the period remains unchanged. 

The magni~ication ''las necessary because purely elastic response 

'\tras obtained using the previous acceleration~ This analysis 

was made primarily to illustrate the method to be used i'Then 

the response passes ~rom the elastic to plastic and back to 

elastic stages again. The integration is stopped '\'lhen elastic 

action is resumed in all stories. 

The basic di~~erential equations o~ motion are given 

beloi'l ~ 
R Y

1
', = - (xo + -1) 

mr . (126-a) 

(126-b) 

, (126-c) 

The resistance equations are identical to those obtained 

previously ~or the'precise analysis~ There~ore, only the 

extrapolation equations based on them '\'1ill be listed belm'l. 
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1; All stories elastic 

(Yl)n+l'=- (- Xo - 2132Yl + 1252Y2 - l73Y3)n( A t)2 
. ~ 

+ (2Yl)n - (Yl)n-l (127-a) 

(Y2)n+l = (2555Yl - 2420Y2 + 834Y3)n(At)2 
. -

+ (2Y2)n -(Y2)n-l (127-b) 

(Y3)n+l =- (- 517Yl + 1590Y2 - 1688Y3)n( At)2 

+ ( 2Y3)n - (Y3)n-l (127-c) 

2; First story plastic, second and third stories elastic. 

(Yl)n+l =- (-xo - 1670 + 959Y2 - 146Y3)n( 6. t)2 

+ (2Yl)n - (Yl)n-l (128-a) 

(Y2)n+l =- (1935 - 2127Y2 + 807Y3)n( b. t)2 

+ (2Y2)n - (Y2)n-l (128-b) 

(Y
3

) 1 =- (-323 + 1586Y2 - 1692y~) (~t)2 n+ :; n 

+ ( 2Y3)n - (Y3)n-l ( 128-c) 

3. First and second stories plastic, third story elastic. 

(Yl)n+l = (- Xo - 470 )n( At)2 + ( 2Yl)n - (Yl)n-l (129-a) 

(Y2)n+l = (- 694 + 483Y3)n' l\ t)2 + (2Y2)n - (Y2 )n-l (129-b) 

(Y3)n+l = (1557 ,- 1449Y3)n( ~t)2 + (2Y3)n- (Y3)n-l (129-c) 

It happens that the third story does not become plastic. 

Note that the numerical coefficients appearing in equations 

(127) through (129) were evaluated using unit positive dis-

placements; Signs are automatically aCcoUl1ted for since the 

values of y carry their o'Vrn sisns. HOiV"ever, in the plastic 
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range certain numbers appear "Tithout the deflections, e. 6., 

1935 in equation (128-b). If the deflection Yl is negative, 

it means that the first story is plastiC in the negative direct­

i011; hence a.ll such constants as 1935 1'lill carry signs opposite 

to the ones assigned above. 

At t = 0~28 it is found by accounting for the shears that 

the first and second stories have become plastic. Therefore, 

equations (129) are used after t = 0.28. 

BetHeen t = 0.38 and 0.40, the second story becomes 

elastic again. This transition is determined in the following 

manner. Consider the girders at the third floor. Since they 

are elastic, the rotation of the joints at the third floor may 

be computed from the conjugate beam loaded ''lith the moments 

due to a unit deflection of the top. These moments have 

already been determined in order to obtain, the influence 

equations. See Figure 76. Note that in Figure 76 and in the 

subsequent discussion A and B represent the two ends of the 

girder under consideration and not the column AB shm·m in 

Figure 1. 

Figure 76 

It is easily sho'\'m that 
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(130-a) 

(130-b) 

Since average rotation is required, the average elastic 

rotations of the third floor joints, 9av ' is given by 

(131) 

This average rotation is due to the unit deflection of the 

top, and to obtain the rotation due to an increment of de­

flection AY3' the average rotation is given by 

(132) 

Because of symmetry only half of the structure needs to be 

considered. From the information given in Figures 62 and 70 

the follo't'ling is obtained, where the subscripts G refer to the 

girder. 

Therefore, 

LG = 201~ in. 

EG = 30xl03 lei in~ 

IG = 1752 in! 

HAB + l'13A = 334 + 280 = 614 le-ft/in. 

4 -4 
be = 2 xlO A Y -) • av 

The chord rotation of the column is given by 

, 
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"There 

La = Length of column = 144 in. 

Between t = 0.36 and 0.38, 

{).Y3 = + O~ 122 in. 

( AY2),Pl = + 0.007 in. 

A9 = + 2~9xlO-4r radians av 

II 9 I = + 0; 5xlO- 40 radians. 
l!.eav 

Figure 77 

t :: .36 
t = .38 

Note that the plastic rotation had been negative, i.e., 

counterclocla'iise at t = O~ 36. See Figure 77, vThere only the 

top joint of the left column in the second story is shovm. 

Between t = 0~36 and 0;38, the increment &e' is positive, but 

since A9av is also positive and larger than A9 I, the net in­

crement of plastic rotation is still negative and equal to 

( A 9pl)T = - 2.4xlO-~ radians~ 

The increment of plastic rotation at the bottom of the column 

is, of course, + 0.5xlO- 4 radians, since the first story is 

still plastic. Therefore, the average increment for the tops 

and bottoms of all columns is 
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=,- O~ 95xlO- 4 radians. 

Since the average relative rotation is still increasing numeri­

cally, the action is still plastic. 

Bet'\'leen t = 0; 38 and 0.40, 

6Y3 =- 0.020 in. 

( ~Y2)pl = + 0~124 in; 

A9 = - 0.5xlO- 4 radians av 

.38) 

t = .38 
t = .40 

The average increment of plastic rotation for the top of the 

columns 1s, therefore, 

( A9pl)T = + 9.lxI0- 4 ra.dians, 

and for the bottom, 

( Aepl)B = + 8.6xlO- 4 radians. 

The average increment of plastic rotation for the top and 

bottom is then 

( ~9pI)av = + 8. 9XIO-~ radians; 

This means that the second story has become elastic between 

t = 0.38 and 0.40. Inspection of the numbers ShO\-l, hO\'lever, 

that the resumption of elastic action occurs closer to t = 0~38 
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than to t = 0~40~' Therefore, it is assumed that elastic action 

is resumed at t = 0;38 and equations (128) are used to proceed. 

As discussed in Chapter II, hovTever, the plastic rotation 

must first be artificially removed. Since the distortion of 

the third stor-! is elastic and cannot be ta.mpered "11th, its 

rela.tive deflection and joint rotations must be kept intact. 

Thus, only the relative deflection Y2 can be adjusted to ob­

tain the artificial deflected shape, which must be compatible 

'-lith the response assumed; To do this it is assumed that at 

t = 0~38 the second story is just elastic~ Then equations 

(128) must apply. The shears are calculated as outlined 

previously in terms of the unkno1·m deflection y 2. Then by 

equating the expression obtained for the second story shear to 

its ultimate value, Y2 is determined. Using this value of Y2 

~s the effective displacement of the second story at t = 0.38, 

the integration proceeds using equations (128). Of course, 

the difference betvTeen the true and effective displacement 

must be accounted for as indicated in Table 16. The detailed 

calculations are ehovm belovl~ 

V2 (x · • Y2 + Y ~ ) 
968 _- (·x· •• ..) 0 + Y 1 + , 

m
2 

= + 0 + Y1 + Y2 + 2 -

Xo + Y 1 + Y 2 = - 813 - l168y 2 

Xo + Yl + Y2 + Y3 = 913 + 418Y2 

,- 357 - 959Y2 = + 968 

Y2 = - 1.3816 in. 
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The incremental rotation of the second floor joints depend 

on the deflections ~Y3 and hY2 when the first story is plastic~ 

The moments MAE + MBA of the first floor girder on the left are, 

according to Figures 67 and 68, 

~fAB + 1-1.sA = 1236y 2 - 112y 3 • 

The moment of inertia for the girder in question is 2621 

inches: Therefore, the average increment of rotation of the 

girder is 

Between t = 0.40 and 0~42, 

( ~Yl)pl = - 0~015 1n~ 

~Y2 = + 0~148 in~ 

AY3 = .- 0.117 in. 

A9av = + 5xlO- 4 radians 

~ 9 t = - lxlO- 4 radians. 
~e av 

-t = .40 
---t = .42 

.40) 

Figure 79 

The averate increment of plastiC rotation for the tops and 

bottoms of the first story columns is 
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( /). e ) = - 3.5xlO-4 radians. pl,av 

Between t = 0.42 and 0~44, 

~Y3 = + 0.003 1n~ 

he =- 0~7xlO-4 radians av 

-t = .42 
---t = .44 

The average increment of plastic rotation nm., is 

(.6.epl)av = + 12.4xlO- 40 radians. 
. . 

Therefore, at t = 0.42 the joint is still plastic, but at 

t = 0.44 it is elastic~ The actual transition occurs somewhere 

betl'leen, but assume that the first story becomes elastic at 

t = 0.42~ The effective displacement of the first story is 

obtained as outlined previously, and the integration is re­

sumed using equations (127). The detailed calculations are 

shOlm belOi-'l. 
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+ ~(Xo + Yl + Y2 + Y3) 

- 290 .- 2266Yl = + 1436 

Yl = - 0.7617 in. 

The actual solution is stopped "Then the first story 

becomes elastic, since the transition from the plastic to 

elastic range 'W'as of primary interest in this study ~ Also, it 

appears that the time intervals taken ''lere too large, but 

again, this problem Has intended to illustrate the procedure 

to be used in determining the transition from plastic to 

elastic action,' and a special attempt was not made to obtain 

an accurate solution~ 

Energy Check 

The energy checks i'lere carried out for the three solutions 

obtained by Penzien and \,lilliams for a three story structure 

subjected to air blast~ Straight line segments bet"Teen the 

calculated points "Tere assumed to determine the areas under 

the load-deflection and resistance-deflection curves. The 

results are given in Tables 17 through 19 and graphically in 

Figures 39 through 4l~ For the discussion involved and the 

conclusions dra,\,Tn, see Chapter V. 

lSS 



(1) 

.tn 
.. 

Table 11 

Calculations 

:ror 

One Story Structure Subjected to Support Vibration 

A = 0~106 :rt 

IDS = 155~6 (~~)B 
( 2) (3) (4) ( 5) 

(2,+ :?) Yn+l = 
(Xo)n ruBy 2Yn -. (4) n ~(A t).s 

- Yn-1 
'" . 

(6) 

Yeff 

(sec) ft 
( secs ) 

:rt 
(secs ) (ft) (ft) (ft) 

0.00 O~OOO O~OOO 0.0000 O~OOOO 

0~05 1.458 0.000 0~0036 0.0000 

0.10 5~381 ,- 0.560 0.0121 - 0.0036 . 

0~15 10.744 - 3.003 0.0194 - 0.0193 

0.20 15.923 - 8~465 0.0186 - 0.0544 

0~25 19.553 - 16.494 0.0076 - 0.1081 

0~30 20~569 - 16.494 0.0102 - 0.1691 

0.35 18~679 - 16.494 0.0055 - 0.2403 

0.40 14~472 - 16~494 - 0.0051 - 0.3170 

0.45 9.087 - 16.494 ,- 0~0185 - 0.3886 

0;50 4.009 - 16.494 - 0.0312 - 0.4417 

0.55 0.721 - 16.494 - 0.0394 - 0.4636 

0;60 - 0.132 - 13.771 - 0.0348 - 0.4461 - 0.0885 

0~65 - 2.397 - 5.633 - 0.0201 - 0.3938 - 0.0362 

0.70 - 6.908 + 5.617 - 0.0063 - 0.3215 + 0.0361 

1:),6 

" 



Table 11 

( Continued ) 

(1) (2) (3) (4) (5) (6) 

0~75 - i2~347 + 16~494 + 0~0104 - 0~2429 + 0~1147 -, 

0.80 - 17~218 + 16.494 - 0~0018 - 0.1747 

0.85 - 20.159 + 16~494 - 0.0092 - 0.1047 

0.90 - 20.321 16.494 \-:- 0.0096 - 0~0255 

0;95 - 17~634 16.494 - 0.0029 + 0.0633 

1.00 - 12.896 16.494 + 0.0090 + 0.1550 

1.05 - 7~444 16.494 + 0.0226 + 0.2387 

1.10 - 2.776 16~494 + 0.0343 + O~2998 

1~15 - 0.236 16.494 + 0.0406 + 0.3266 
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Table 12 

Theoretical Solution 

:for 

One Story Structure Subjected to Support Vibration 

t Y t Y 

( sec) (:ft) ( sec) (:ft) 

0.00 0;000 0.735 
. 0.274 -

0~20 - 0~056 0.748 - 0.254 

0.25 - 0.106 0.798 - 0.183 
,-

0~30 - 0.168 0.848 - 0.112 

0~35 - 0~240 0~898 - 0.032 t,-: 

0.40 - 0~318 0.948 + 0;057 

0~45 -" 0.390 0~998 + 0.149 

0;50 - 0;443 1~048 + 0.232 

0.555 - 0.466 1.098 + 0.294 

0.585 - 0.458 1.148 + 0.321 

0.685 - 0~350 
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Table 13 

Calculations for Three Story Structure 

Subjected to Air Blast, Precise Resistance Functions 

(All Stories Elastic) 

(1) (2) (3) (4) ( 5) (6) (7) ( 8) 

tn 
PI .. ~. .. 
mr Y1 Y1 Y2 Y2 Y3 Y3 

(sec) ( s!~~) in 
(sec~) (in. ) (s!~~) (in. ) (s!~~ ) (in. ) 

~ -
0.0000 2378 2378 0~00000 0 0.00000 0 0.00000 

0~0025 2245 2229 0.00743 19 0.00000 -4 0.00000 

0~0050 2112 2051 0;02879 73 0.00012 -15 -0~00002 

0~0075 1953 1820 0~06297 159 0.00070 -31 -0;00013 

0~0100 1795 1567 0.10853 271 0~00227 -52 -0~00044 

0~0125 1663 1321 0.16388 404 0~00554 -74 -0.00107 

0~0150 1531 1060 0.22749 552 0;01134 -96 -0~00216 

0~0175 1427 818 0~29772 708 0.02059 :-115 ~0.00385 

0.0200 1323 572 0;37306 865 0.03426 -128 :-0~00626 

0~0225 1189 294 0;45198 1018 0.05334 -133 -0.00947 

0.0250 1056 21 0.53274 1159 0.07878 -127 :-:-0.01351 

0.0275 951 .-.214 0.61363 1283 0.11146 -109 ,-0;01835 

0.0300 847 ,-436 0.69318 1383 0.15216 -76 -0.02387 

0.0350 834 -631 0;84272 1494 0.26012 +39 ;.-:0~03614 
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Table 13 

( Continued) 

(First Story Plastic) 

( 1) ( 2) (3) (4) (5) (6) (7) (8) 

0;0350 834 -582 0.84272 1353 0.26012 +150 ~0.03614 

0~0400 822 -456 0~97771 1044 0.40190 390 -0.04466 

0~0450 793 -325 1~10130 688 0.56978 654 .~0.04343 

0.0500 764 -178 1;21676 308 0.75486 918 -0~02585 

0~0550 751 -12 1.32777 -69 0.94764 1155 +0.01468 

0.0600 739 +149 1~43848 .~419 1.13870 1341 +0~08409 

0.0650 647 +215 1~55291 -720 1~31928 1453 +0~18702 

(First and Second Stories Plastic) 

(1) (2) (3) (4) (5) (6) (7) (8) 

0.0650 647 177 1.55291 -604 1.31928 1286 O~ 18702 

0~0700 555 85 1~67176 -538 1.48476 1090 0.32210 
... 

0.0750 423 -47 1.79273 -460 1~63679 855:. 0.48443 

0;0800 292 -~78 1~91252 -371 1~77732 589 0~66814 

0.0850 225 -245 2~02786 .-275 1~ 90857 301 0~86657 

0~0900 159 -311 2.13708 ,;,,176 2~03294 3 1;07252 

0.0950 144 -326 2;23852 -76 2.15291 -296 1~27855 

0;1000 130 -340 2;33181 +19 2~27098 -583 1.47718 

0.1100 122 ~::-348 2.49254 +187 2.51092 -1085 1.82354 
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Table 13 

( Continued) 

(All Stories Plastic) 

(1) ( 2) (3) (4) (5) (6) (7) ( 8) 

0~1100 122 -348 2;49254 178 2;51092 \-:1056 1.82354 

0.1200 113 -357 2.61847 178 2.76866 -1056 2~06430 

0;1300 106 -364 2.70870 178 3.04420 -1056 2~19946 

0~1400 97 -373 2;76253 178 3;33754 c,1056 2; 22902 

0.1500 2.77906 3;64868 2.15298 
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( 1) 

tn 

( sec) 

O~OOOO 

0.0025 

0.0050 

0;0075 

0~0100 

0.0125 

0;0150 

0.0175 

0.0200 

0.0225 

0~0250 

0.0275 

0.0300 

Table 14 

Calculations for Three Story Structure 

Subjected to Air Blast 

(Approximate Resistance Functions, I~Iethod A) 

6 1 = 0.637 .in. 

b. 2 = O. 820 in. 

~3 = O~ 800 in. 

(All Stories Elastic) 

(2) (3) (4) (5) (6) (7) 

~ . . .. 
12 

. . 
m1 

Y1 Y1 Y2 Y3 

(s!~A) ( s!~A) (in. ) (in sec~) (in. ) . (s!~~ ) 
- ~ 

2378 2378 O~OOOOO 0 O~OOOOO 0 

2245 2228 0;00743 17 0.00000 0 

2112 2047 0.02878 65 0.00010 0 

1953 1811 0~06292 140 0~00060 0 

1795 1553 0~10838 240 0,00198 2 

1663 1300 0.16355 357 0.00486 6 

1531 1031 0.22684 488 0.00997 11 

1427 779 0.29657 626 0.01813 21 

1323 522 0~37117 766 0,03020 34 

1189 231 0~44903 1003 0.04706 53 

1056 -52 0.52833 1027 0.07019 78 

951 -301 0~60730 1137 0.09974 110 

0~68439 0.13640 
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( 8) 

Y3 

(in. ) 

0.00000 

0,00000 

0,00000 

0.00000 

0.00000 

0.00001 

0.00006 

0.00018 

0.00043 

0.00090 

0.00170 

0.00299 

0.00497 



Table 14 

( Continued) 

(First Story Plastic) 

(1) ( 2) (3) (4) (5) (6) (7) (8) 

0;0300 847 -428 0~68439 1119 0~13640 148 0.00497 

0;0350 834 ,;::330 0;82975 903 0~23059 241 0~01194 

0~0400 822 -205 0;96686 639 0;34736 346 0.02494 

0;0450 793 ,-77 1.09885 344 0;48011 447 0~o4658 

0.0500 764 +60 1.22892 39 0.62146 530 0~07940 

0~0550 751 +215 1;36049 :.-257 0.76379 581 0~12548 

0;0600 1~49744 0.89970 0~18608 

(First and Second Stories Plastic) 

(1) ( 2) (3) (4) (5) ( 6) (7) (8) 

0;0600 739 +269 1;49744 :::338 0;89970 493 0;13608 

0.0650 647 +177 1.64111 .-:,297 1~02716 370 0~23436 

0~0790 555 85 1~78920 ,:249 1;14720 224 0;29189 

0;0750 423 ,-47 1~93941 ,~195 1~26102 63 0;35502 

0.;0800 292 -:-178 2.08844 -140 1;36996 -101 0~41973 
-, 

0~O850 225:, -245 2~23302 -88 ", 1.47540 ::-260 0.481.92 

0;0900 159 -311 2~37148 .-.41 1;57864 -401 0~53761 

0~0950 144 -326 2~50216 -2 1.68086 -517 0;58328 

0;1000 130 -340 2;62469 +26 1.78303 -601 0;61603 

0;1100 122 -348 2.84390 +41 1.99002 -647 0.63435 

1{>3 



(1) (2) (3) 

0;1200 113 -357 

0~1300 106 -364 

0.1400 97 -373 

0;1500 

Table 14 

(Oontinued) 

(4) (5) 

3.0·2831 +2 

3~17702 ,;:82 

3~28933 :190 

3~36434 
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(6) (7) ( 8) 

2~20111 :-529 0.58797 

2~41240 ~277 0.48869 

2;61549 +46 0.36171 

2;79958 0~23933 



( 1) 

tn 

(sec) 

O~OOOO 

0~0025 

0.0050 

0~0075 

0.0100 

0~0125 

0.0150 

0.0175 

0.0200 

0~0225 

0.0250 

0.0275 

0.0300 

Table 15 

Calculations for Three Story Structure 

Subjected to Air Blast 

(Approximate Resistance Functions, Method B) 

( 2) 

PI 
mr 

(s!~A) 

2378 

2245 

2112 

1953 

1795 

1663 

1531 

1427 

1323 

1189 

1056 

951 

847 

~1 = 0.834 in. 

~2 = o. 995 in~ 

&3 = 1.240 in. 

(All Stories Elastic) 

(3) (4) ( 5) (6) 

. . .. 
Y1 Y1 Y2 Y2 

in 
(sec~) (in. ) in 

(secA) (in. ) 

.. 

2378 0.00000 0 0.00000 

2232 0~00743 13 O~OOOOO 

2062 0~02881 49 0.00008 

1844 0.06308 108 0.00047 

1608 0.10887 185 0.00153 

1383 0.16471 276 0.00374 

1143 0.22919 380 0~00768 

923 0~30081 491 0.01400 

694 0.37820 606 0.02339 

433 0~45993 721 0;03657 

166 0~54437 838 0.05426 

-59 0.62985 936 0~07719 

~282 0.71496 1028 0.10597 

165 

(7) 

.. 
Y3 

(s!~A) 
0 

0 

0 

0 

1 

4 

7 

13 

22 

35 

51 

72 

98 

( 8) 

Y3 

(in. ) 

O~OOOOO 

0.00000 

0.00000 

0.00000 

0.00000 

0.0000l. 

0~00004 

0.00012 

0.00028 

0.00058 

0.00110 

0.00194 

0.00323 



( 1) ( 2) 

0~0350 

( 1) ( 2) 

0.0350 834 

0.0400 822 

0.0450 793 

0.0500 764 

0~0550 751 

0~0600 739 

0.0650 647 

0.0700 

(1) ( 2) 

0.0700 555 

0.0750 423 

0;0800 292 

0~0850 225 

0~0900 159 

0~0950 144-

0;1000 130. 

(3) 

(3) 

\-425 

-335 

-262 

,-173 

.-56 

+67 

+110 

Table 15 

(Continued) 

(4) ( 5) 

o~ 87850 

(6) 

0.18338 

(First Story Plastic) 

(4) (5) (6) 

0.87850 1084 0.18338 

1.0314 886 O~ 28789 

1~1759 690 0.39240 

1;3138 467 0.51416 

1~4474 225 0~64760 

1.5796 ,-21 0~78666 

1~7135 -273 0.92520 

1.8502 1.05692 

(First and Second Stories Plastic) 

(3) (4) ( 5) (6) 

+86 1.8502 ,~306 1.0569 

;~46 1~9891 -269 1.1810 

-177 2~1268 ,-228 1.2984 

-244- 2.2601 -181 1~4101 

-310 2.3873 -131 1.5173 

-325 2.5067 -79 1;6212 

-339 2.6180 ,~28 1~7231 . 
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(7) ( 8) 

0~00781 

(7) ( 8) 

165 0.00781 

253 0.01651 

331 0~03153 

411 0.05483 

486 0.08841 

546 0~13414 

629 0.16622 

0.21402 

(7) ( 8) 

625 0.21402 

515 0.27744 

391 0.35374 

250 0~43982 

100 0.53215 

-55 0.62698 

-208 0.72043 



Table 15 

( Continued) 

( 1) ( 2) (3) (4) ( 5) (6) (7) (8) 

0~1100 122 ,-347 2.8148 +63 1~8222 -481 0.8879 .. ' 

0~1200 113 -356 2.9769 +128 1.9276 -676 1.0073 

0~1300 106 -363 3.1034 +156 2.0458 -760 1.0591 

0~1400 97 ,,,:,372 3.1936 +143 2.1896 -721 1.0349 

0.1500 3~2466 2~3277 0.9386 

16'7 



(1) . 

tn 

(sec) 

O~OO 

0;02 

0.04 

0;06 

0;08 

0;10 

0;·12 

0.14 

0.16 

0.18 

0~20 

0~22 

0.24 

0.26 

0.28 

Table 16 

Three Story Structure Subjected to Ground Shock 

(Precise Resistance Functions) 

(All Stories Elastic) 

(2) (3) (4) ( 5) (6) (7) 
. . .. .. . . 
x Yl Yl Y2 Y2 Y3 0 

in 
(sees) (s!~A) (in.) (s~A) (in. ) in 

(sec~) 
--

0.0 O~O 0;0000 0;0 0;0000 0.0 

5.8 -5.8 0.0000 0;0 0.0000 0.0 

22.4 -17 '5 , . ;-,0.0023 -5;9 O~OOOO +1;2 

49;8 :-28~ 2 -0~0116 :-23.4 -0~0024 +1.4 

85;7 -35.1 ,-0'0322 
i;,' • 

-46.6 .-0.0142 -8.7 

129.6 -42.9 :-0;066'8 -63;5 -0.0446 -35.0 

178.3 -48~.1 -0.1186 -74.3 -0.1004 -69.3 

230.9 -48.8 -0.1896 -85.6 -0.1859 -94.1 

283.4 -41~.1 -0.2801 -95.4 -0.3056 -99.7 

335.1 -42.0 -0.3882 -90.9 -0.4635 -89.7 

383.2 -38.9 -0.5131 -71.1 -0.6578 -68.1 

423;4 :- 27.3 -0.6536 -45.2 -0.8805 -37.8 

456.0 -4.1 -0.8050 -16.0 -1.1213 -5.2 

479.6 +24.0 -0.9580 +23.0 -1.3685 +21.7 

492.4 +52.4 -1.1014 +71~4 -1.6065 +43.6 
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( 8) 

Y3 

(in. ) 

0.0000 

0.0000 

0.0000 

+0.0005 

+0.0016 

-0~0008 

:-0;0172 

-0.0613 

-0.1430 

-0.2646 

-0.4221 

-0.6068 

-0.8066 

-1.0085 

-1.2017 



( 1) ( 2) 

0~28 492.4 

( 1) ( 2) 

0.28 492 

0~30 494 

0~32 484 

0~34 463 

0.36 432 

0~38 393 

0.40 

(3) 

-188 

Table 16 

(Continued)" 

(First Story Plastic) 

(4) ( 5) ( 6) 

-1~ 1014 +512 -1.6065 

(First and Second Stories Plastic) 

(3) . (4) ( 5) (6) 

-22 -1.1014 +114 -1.6065 

-24 -:-1.2536 +56 -1.7989 

-14 -1~4154 +67 -1.9689 

+7 -1.5828 +lLa -2.1121 

+38 -1.7474 +235 -2.1989 

+77 -1.8968 +293 -2.1917 

-2.0154 -2.0673 

(7) ( 8) 

-192 -1~ 2017 

(7) ( 8) 

. +184 -1.2017 

+358 .-1.3213 

+323 ~1.2977 

+102 -1.14L~9 

-179 -0.9513 

-355 -0.8293 

-0.8493 

Note: At t = 0.38 second story becomes p1astic~ The effective 

relative displacement of second story is -1~3816 inches. 

To obtain true relative displacement of second story, add 

-0.8101 inch to all values of Y2 at t ? 0.38 second. 

(First Story Plastic) 

( 1) ( 2) (3) (4) ( 5) (6) (7) ( 8) 

0.38 393 +73 -1.8968 +335 -1.3816 -465 -0.8293 

0.40 347 +263 -2.0170 -18 -1.2404 -133 -0.8933 

169 



Table 16 

( Continued) 

( 1) (2) (3) (4) (5) (6) (7) ( 8) 

O~42 297 +474 -2~0320 -427 ,-:,1~0920 +301 -1.0105 

0~44 -1~8574 -1.1144 ,~,1.OO73 

Note: At t = 0.1~2 first story becomes elastic. The effective 

relative displacement of first story is ~1;4088 lnches~ 

To obtain true relative displacement of first story, 

add -0.6232 to all values of Yl at t 7 0.42 second~ 
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Table 17 

Energy Check 

(Linear Acceleration Over Small Time Intervals) 

t Total Kinetic Total Strain Total Input 
Energy Energy i'lork 

( sec) (k-in. ) (k-in. ) (Ie-in. ) 

0.00 0 0 0 

0;01 298 5 300 
. 

0;02 812 64 893 

0~03 1225 215 1437 

0;04 1497 438 1931 

0.05 1745 686 2428 

0.06 1946 991 2921 

0.07 2025 1346 3357 

0;08 1952 1703 3640 

0.09 1732 2066 3783 

0~10 1445 2435 3866 

0.11 1132 2809 3932 

0.12 856 3137 3986 

0.13 628 3408 4028 

1.71 



Table 18 

Energy Check 
. 

(Constant Acceleration Over Small Time Intervals) 

t Total Kinet 1c Total Strain Total Input 
Energy Energy Worle 

( sec) (k-in~ ) (k-:-in. ) (k-1n. ) 

O~OO 0 0 0 

0~01 322 5 311 

0.02 914 69 934 

0.03 1386 249 1533 

0~04 1671 500 2057 

0~05 1956 769 2582 

0.06 2162 1111 3101 

0.07 2277 1494 3561 

0~08 2258 1871 3865 

0.09 2059 2260 4021 

0.10 1761 
. 

2657 4112 

0~11 1451 3055 4185 

0.12 1130 3438 4246 

0.13 855 3763 4295 
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Table 19 

Energy Check 

(Constant Acceleration Over Large Time Intervals) 

t Total Kinetic Total Strain Total Input 
Energy Ene,rgy \'1orlt 

( sec) (k-in. ) (k-:-in. ) (k-:-in. ) 

O~OO 0 0 0 

0~01 345 7 325 

0~02 994 80 972 

0.03 1519 284 1599 

0;04 1826 551 2149 

0.05 2149 834 2701 

0.06 2398 1194- 3245 

0.07 2562 1597 3731 

0.08 2598 1996 4054 

0.09 2429 2407 4221 

0.10 2132 2884 4325 

0;125 1240 3963 4l~95 
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