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Abstract

In this thesis, we concern ourselves with the problem of rcasoning over a set of objects
evolving over time that are coupled through interaction structures that are themselves
changing over time. We focus on inferring time-varying interaction structures among a
set of objects from sequences of noisy time series observations with the caveat that the
number of interaction structures is not known a priori. Furthermore, we aim to develop
an inference procedure that operates online, meaning that it is capable of incorporating
observations as they arrive.

We develop an online nonparametric inference algorithm called Online Nonpara-
metric Switching Temporal Interaction Model inference (ONSTIM). ONSTIM is an
extension of the work of Dzunic and Fisher [I], who employ a linear Gaussian model
with time-varying transition dynamics as the generative graphical model for observed
time series. Like Dzunic and Fisher, we employ sampling approaches to perform in-
ference. Instead of presupposing a fixed number of interaction structures, however, we
allow for proposal of new interaction structures sampled from a prior distribution as
new observations are incorporated into our inference.

We then demonstrate the viability of ONSTIM on synthetic and financial datasets.
Synthetic datasets are sampled from a generative model, and financial datasets are

constructed from the price data of various US stocks and ETFs.

Thesis Supervisor: John W. Fisher ITI

Title: Senior Research Scientist of Electrical Engincering and Computer Science






Acknowledgments

I would like to thank my advisor, Dr. John W. Fisher, for the effort spent in guiding me
through my thesis. His ideas, especially those regarding Bayesian nonparametrics, were
key to the development of the work detailed in this thesis and also to the development
of my own way of thinking.

I would like to thank my senior student collaborator Zoran Dzunic for putting up
with me through all the times I barged into his office, and for his willingness to put
down whatever he was doing to answer my questions. Zoran effectively taught me all
the relevant background material for my thesis, and this work would not have been
possible without him.

Finally, I would like to thank all of my group members for providing me with an
awesome experience this year. I would like to especially thank Georgios Papachristoudis,
who contributed to my education in inference as my TA for 6.438, and Jason Chang, who
introduced me to the Fisher group and made it possible for me to run my experiments.
I've learned so much from my entire group this year, and I feel very lucky to have had

this opportunity.






Contents

Abstract 3
Acknowledgments 4
Contents 7
List of Figures 11
List of Algorithms 13
1 Introduction 15
1.1 Thesis Outline . . . . . . . . . . . . e e e e 16

2 Background 19
2.1 Graphical Models . . . . . . . . ... o 19
2.1.1 Undirected Graphical Models . . . . . . .. ... ... ...... 20

2.1.2 Directed Graphical Models . . . ... .. ... ... ....... 20

2.2 YRTEXONCE : i s st W § 5 % & % & ¥ § § 6 & ¥ W ¥ e ¥ & ¥ BB & B 88 68 21
2.2.1 Belief Propagation . . . . . . .. ... ... ... ... 21

QXD NEMPHOE ws 95 5 5 5 % § 5 8 5 5 58 5 58 8 ¥ S8 83 658 & ¥4 23

228 Cotjupafe PHOME » 5 4 5 s 5 s 3 3 ¢ ¢ s 3 1 8 5 6 0 8 58 %883 7 27

2.3 Switching State-Space Interaction Model: Graphical Model . . . . . .. 31
2.3.1 Dynamic Bayesian Networks . . . . ... ... ... ....... 31

2.3.2 Linear Gaussian State Space Interaction Model . . . . . . . . .. 32

933 GraphicalModel . . « « < ¢« c v v v v v v s v s s aua s v v e 34

2.4 Switching State-Space Temporal Interaction Model: Inference . . . . . . 39



CONTENTS

2.41 Sample X ~ P(X|Z,Y,E,0,€) . ... ... ... ... ...
2.4.2 Sample Z ~ P(Z|X,E,0,7) . . . . ..
2.4.3 Sample E, 0 ~ P(EO|1Z,X;B,7) « v v vvee i
244 Sampler~P(n|Z;a) o « <« o v v v v i v i s s v e e s s
2.45 Sample & ~ P(E|X,Y58) . o oo L
246 Initialization o5 5.5 5 5 4 5 5 8 5 8 85 v 5 5 55 5 53355365
250 DUMMMETY s aisis memebd 5 3 5 8 8 8 5 5 8 8 58 5 8 5 8 55 s 2 2 # 225

Online Nonparametric Switching Temporal Interaction Model
3.1 Motivation . . . . . . .. e e

3.2 State Sequence Generative Model . . . . . . . ... ... ... . .....
3.3 Overview of ONSTIM Inference . . . . . . .. .. .. ... ... .....
3.4 Complexity of Exact Inference . . . . . ... ... ... ... ......
3.4.1 Intractable Message Passing for X . . .. ... ... ... ....
3.4.2 Alternative Approaches . . . . . .. ... .. ... .. .. ....
3.5 Batch Initialization of X and Z: Approach 1 . . ... ... ... .. ..
3.5.1 [Initialization of Z; ~ P(Z;|Z;—1, Y, Xi—1) - - o - o o o o oL L.
3.5.2 Initialization of X; ~ P(X;|X;-1,2;,Y3) . . ... ... ......
3.6 Batch Initialization of X and Z: Approach 2 . . . ... ... ... ...
3.7 Gibbs Sampler . . . .. .. .. .
3.8 Summary . . ... .. e e
Results
4.1 Empirical Model Characterization . . . . .. ... ... ... ......
4.1.1 Synthetic Dataset Generation . . . . . .. ... .. .. ......
4.1.2 Inferred Number of Switching States . . . . . . . .. ... .. ..
413 DiSCuSSion = s 503 5 3 5 8 5 8 5 8 ¥ & 3 5§85 5 F 8 8 i E EE EE 88
4.2 Experiments with Financial Datasets . . . . . . . . ... .. ... ....
421 S&P100: 2007=2012: = ¢ : 5 55 5 5 5 5+ 5 5 8 5 8 5 E B s oa e n e s s
422 S&P100: Flash Crash . . . . ... ... ... ... ........
423 S&P Sector ETFs . . . ... ... .. ... ... ........
4.3 SUmMIAary . . . . . .t e e e e e e e e e e e e e e e e

5 Conclusion

49



CONTENTS 9

Bl Drawbacks .« owomow o a 5 3 % 8 3 2 3 % % & 8 % 8 § 5 5% F E ¥ 4 % 4 ¥ % & 3 96
5.2 PurtherWork o« w504 5 » % 5 3 5 5 8 3 2 8 8 6 8 6.5 ¢ 5 5 ¢ 8 ¢ 5 3 5 53 96
53 Concliding Remarks: = 2 s 5 s 5 5 5 3 55 8 3 5 3 25 8§35 856 835353 97

Bibliography 99



10

CONTENTS




21
2.2

3.1
3.2
3.3
3.4
3.5
3.6

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14

List of Figures

Dynamic Bayesian Network (DBN) . . . ¢ ¢ v v vv oo s o vovo o o
Switching State-space Interaction Model (SSIM) . . . ... ... .. ..

Dirichlet Distributions . .

Switching Sequence Generative Model . . . . . .. ... ... ... ...
K Markov Chain Model .

Distribution

Ofo

K-Contour Map . . ...

Batch Sampling . . . . . .

Example Synthetic Dataset
P(K|K) for low anew, Oself

P(R|K) For Dith Cppsri @l « 5 « = ¢ v v s s 2 5 s s v e v s 0 p s n no

Conditional Bias of K for low tpew, sel R

Conditional Bias of K for bieh Dhiosss Qa5 5 ¢ 5 6 v ¢ » « v ¢ & 5 0 @ 0
S&P100: New States . . .
S&P100: Total States . .
S&P100: SSM.. . . . . ..

Flash Crash:
Flash Crash:

Flash Crash:
Flash Crash:

S&P Sectors
S&P Sectors

New States .
Total States

SOM. for low Gigeyy@lgelf « < 5 « « v o x 2 v 5 5 8 555w . -

SSM for high anew, @sety - « « + « v - 4 - oo

: New States
: Total States

90
91

11



12 LIST OF FIGURES




= W =

1]

10

List of Algorithms

Belief Propagation . . . . . . . . ... ... 22
Metropolis-Hastings . . . . . . . . . .. .. oL 26
Gibbs Sampling . . . . . . ... 27
SSIM Gibbs Sampler . . . . . . . ..o 39
Sample X ~ P(X|Z,Y,E,0,€) . . . . . . .. 10
Sample Z ~ P(Z|X, E.0,7) . . . . ... 12
ONSTIM . . . . 59
Batch Initialization: Approach 1 . . . . . . ... .. ... .. .. .... 63
Batch Initialization: Approach 2 . . . . . . ... .. ... .. ... 68
Post-initialization Gibbs sampler . . . . . . . . ... ... .. ... 69

13



14

LIST OF ALGORITHMS




Chapter 1

Introduction

In fields as diverse as particle physics, molecular biology, and finance, an important
problem is determining the relationships among the objects in a system from observa-
tions of their behavior. Whether the objects of consideration are subatomic particles in-
teracting via electromagnetic and nuclear forces, genes and proteins interacting through
regulatory networks, or financial instruments interacting through market forces, under-
standing the structure of the interactions among the objects can lend valuable insight
into the system as a whole.

Inferring interaction structures can be difficult since there is often no way to directly
observe the interactions themselves. Instead, we typically have observations of the
time-varying trajectories of each object through its state space, such as the position
of a particle, the expression level of a protein, or the price of a financial instrument.
Interaction structures must then be inferred from these individual trajectories. As a
further complication, object trajectory observations are typically noisy, requiring the
additional step of inferring the true trajectory from the noisy observations.

Moreover, the interaction structures among a set of objects are not necessarily static,
but can instead change over time. For example, suppose three children Alice, Bob, and
Charlie are playing tag in a schoolyard, and an observer is tracking their positions but
does not know who the chaser is. Suppose Alice is initially the chaser, so the interaction
structure is Alice following Bob and Charlie. At some point, Alice successfully tags Bob,
causing the interaction structure to switch to Bob following Alice and Charlie. As the
observer, inference of such time-varying interaction structures from potentially noisy
observations adds yet another layer of complexity to the problem we have described
thus far.

Siracusa and Fisher [8] modelled the time-varying interaction structures using graph-

15



16 CHAPTER 1. INTRODUCTION

ical models, and then developed algorithms to perform inference on these models with
sampling techniques. Dzunic and Fisher [1] then extended the graphical models and
corresponding inference algorithms to account for noisy and potentially missing obser-
vations. An important question that arises when modeling time-varying interaction
structures is that of model complexity - how many different interaction structures are
sufficient to explain the patterns in the observed data? In both the original work of
Siracusa and Fisher and the subsequent work of Dzunic and Fisher, model complex-
ity is user-specified. That is, inference on the model requires prior specification of the
number of active interaction structures during the time in which observations are taken.
However, the number of different interaction structures is often unknown, and it is then
desirable to use inference algorithms that eliminate user-specified model complexity in
favor of learning it automatically from the observed data.

In this thesis, we consider the problem of inferring the structure of relationships
among a set of covarying time series from a sequence of noisy observations when the
number of interaction structures is not known a priori. We take inspiration from lit-
erature on Bayesian nonparametrics, a growing field of statistics aimed at increasing
flexibility of model parameter specification, which typically implements such flexibil-
ity by learning parameters from the data. Furthermore, our approach allows for the
incorporation of observations into the inference procedure as they arrive, instead of re-
quiring knowledge of all observations before performing any inference. Such approaches
are called online algorithms, and by using such an approach, we make a tradeoff between
the speed of inference and the accuracy of the results. We characterize the performance
of our approach on synthetic and real datasets, and we discuss its merits and drawbacks

for various applications.

B 1.1 Thesis Outline

We develop an online algorithm to perform inference over interaction structures that
decides model complexity nonparametrically. We call this algorithm the Online Non-
parametric Switching Temporal Interaction Model inference algorithm, which we ab-
breviate as ONSTIM. In Chapter 2, we discuss background material relevant to the
development of ONSTIM. In Chapter 3, we describe a generative model that proposes

a mechanism by which new interaction structures can arise, and then detail the devel-
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opment of ONSTIM in the context of this generative model. In Chapter 4, we discuss
the results of ONSTIM on synthetic datasets and on real financial datasets for a variety
of parameter settings. Finally, in Chapter 5, we examine the strengths and weaknesses

of ONSTIM, discuss avenues for further work, and provide concluding remarks.

Background

In Chapter 2, we discuss background material relevant to the problem of inferring inter-
action structures from noisy observations. We first define and discuss graphical models,
which are graphical representations of the conditional independence relationships be-
tween random variables in joint probability distributions. We then discuss algorithms
for inference, some of perform efficient inference by taking advantange of the afore-
mentioned conditional independence relationships. We examine sampling algorithms,
specifically Markov chain Monte Carlo (MCMC) algorithms, Metropolis-Hastings, and
Gibbs sampling in some detail.

The second half of the background section is devoted to a detailed description of the
work of Dzunic and Fisher [1], as their graphical model and inference algorithm form
the core of the algorithm developed in this thesis. We first describe the graphical model
used to represent the joint distribution of interest, and we then walk in substantial

detail through the corresponding inference algorithm.

ONSTIM

Chapter 3 contains the core of the work performed in this thesis. In this chapter, we
first describe a generative model that proposes a mechanism by which new interaction
structures can arise over some duration of time. We then detail the development of
ONSTIM, focussing specifically on the setup that allows for online inference and on the

initialization procedure during which new interaction structures are proposed.

Results

In Chapter 4, we describe experimental results of ONSTIM on synthetic and real
datasets. We describe the process by which synthetic datasets are generated, report
results of the performance of ONSTIM in various parameter settings, and attempt to

explain certain behaviors of ONSTIM from the results. We then apply ONSTIM to fi-
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nancial datasets, consisting of one long term US equity dataset, one intraday US equity

dataset, and one long term US sector ETF dataset.

Conclusion

We conclude with a contextualization of the work performed in this thesis and a dis-

cussion of opportunities for improvement, and augmentation of ONSTIM.



Chapter 2

Background

In this thesis, we are interested in the studying time-varying interaction structures
among sets of time-varying signals. An interaction structure is an encoding of the
of statistical dependence relationships among a set of signals. In order to introduce
machinery to assist with reasoning over unconditional and conditional dependence rela-
tionships, we begin this chapter with a discussion of graphical models. We then consider
various problems of inference that appear when studying graphical models and general
joint probability distributions. Next, we introduce and describe the SSIM, a particular
graphical model for describing time-varying interaction structures among a set of sig-
nals. Finally, we detail an algorithm for performing inference on the SSIM, which also

forms the core of the new inference algorithm that we will present in the next chapter.

B 2.1 Graphical Models

In the previous section, we discussed the importance of determining the structure of
statistical dependence relationships among a set of random variables. Graphical mod-
els are concise representations of a family of joint distributions over a set of random
variables that make evident the conditional dependence and independence relationships
among them. A graphical model utilizes a graph to encode the dependences present in
a set of random variables. Each node of the underlying graph represents a single ran-
dom variable and each edge loosely represents a dependence between a pair of random
variables. The exact interpretation of an edge in a graphical model, however, depends
on whether the underlying graph is a undirected or directed. Such graphical models are
referred to as undirected graphical models and directed graphical models respectively,

and we describe both classes below.

19



20 CHAPTER 2. BACKGROUND

B 2.1.1 Undirected Graphical Models

First, we will discuss undirected graphical models, tools which provide a powerful model
of conditional independence among sets of random variables. Let us consider an undi-
rected graphical model with underlying graph g, = {V, E'}, where V is the set of vertices
and F is the set of edges. Let A C V, and denote by p4 the joint distribution among
the set of random variables represented by nodes in A. An undirected graphical model

on g; then describes the family of joint distributions that satisfy the following property:

pa and pp are conditionally independent given pc if and only if there exists
no path from any node in A to any node in B; that does not include a node
in C.

While an undirected graphical model represents the conditional independence struc-
ture in a joint distribution, further parameterization of likelihoods and dependencies
is necessary to actually specify the full distribution. The famous Hammersley-Clifford
theorem establishes a link between the conditional independence property above and a
parameterization of the joint distribution. Specifically, it states that a distribution that

is positive everywhere satisfies the property above if and only if it can be written as

p(e) = 5 [] velzo) (21)

CeC

where C is the set of all cliques in g¢, z¢ is the joint random variable on the nodes of C,
¢ is a positive function defined for all possibe values of z¢, and Z is a normalization
constant defined such that > p(z) =1 [4].

B 2.1.2 Directed Graphical Models

In this thesis, we will concern ourself primarily with directed graphical models, also
known as Bayesian networks. Directed graphical models have directed graphs as the
underlying structure, lending themselves better to an intuitive interpretation in terms
of causality than in terms of conditional independence. Given a joint distribution p(z),
if the underlying directed graphical model is acyclic, then it is possible to write p(z) as

the product of conditional distributions of each node given its parents. Specifically, we
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can express p(x) as follows:

N

p(z) = [[ P@ilepagiy)- (2.2)

i=1
This factorization lends itself to a very intuitive causality interpretation - x; is causally
affected by its parents.

Identifying conditional independence in directed graphical models is slightly more
complicated. Complete conditions for independence are given by the Bayes’ Ball al-
gorithm, for whose details we refer the reader to [4]. A particular useful reults of the
Bayes’ Ball algorithm is that a node is independent of all other nodes in the network
conditioned on its children, parents, and children’s parents, a subset of nodes called the

original node’s Markov blanket.

B 2.2 Inference

In this section, we discuss some important problems in the field of inference. First,
we discuss the belief propagation algorithm, an important algorithm for computing
marginal distributions from a graphical model representation of a joint distributions.
Next, we discuss the motivation behind obtaining samples from a joint distribution,
and also algorithms for doing so that take advantage of graphical model structure.
Finally, we will consider some families of conditional distributions that when coupled
with specific prior distributions, allow for easy analytical computation of the posterior

distribution.

B 2.2.1 Belief Propagation

Given a joint distribution, an important problem is the computation of marginal dis-
tributions of a subset of the variables. In general, computing the marginal distribu-
tion of a subset of variables is computationally expensive. For example, suppose we
have a joint distribution on N k-valued random variables and we wish to compute
the marginal distribution of M of them. Determining the marginal probability for
each of the k™ possible values of the subset of M variables requires summing over
all kN~M possible values the remainder of the variables can take on, yielding a total

cost of O(EM . EN-M) = O(k™). However, the conditional independence information
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present in a graphical model representation can be exploited to yield faster algorithms
for marginalization.

Belief propagation is an algorithm for computing marginal distributions of specific
random variables given a graphical model with parameters specifying the joint distri-
bution. The core idea of marginalization with belief propagation is the notion that
conditional independence between sets of variables reduces the total number of sums
that must be computed for marginalization. A full implementation of belief propagation
on a discrete distribution is given below in Algorithm 1. The runtime of Algorithm 1

is linear in the number of random variables in the graphical model [4].

Data: g;, ¢,
Result: p(z;)VieV
D; = diameter(g;);
for (i,j) € E do

’ m?_,j =1; // Initialize all messages to 1.
end
fort=1:2D do

for (i,j) € E do

‘ mf_w( i) = D g, i) iz (xij erN mk_n(arl) // Update messages.
end
end
for i ¢ V do
‘ p(x:) x () [Len iy mimi(@i) 3 // Compute marginal distribution.
end

Algorithm 1. Belief propagation algorithm for discrete variables. g, is the graph underlying the
graphical model, ¢ is the set of node potentials, and 1 is the set of edge potentials.

Note that Algorithm | makes use of a summation to update messages. Often,
however, we are interested in continuous distributions as well. In this case, we integrate
over the support of z; instead of computing a summation. Unfortunately, analytical

computation of the integral

f Gi(zi)ij(xij) H mk—n

keN (i
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is rarely tractable. One notable exception is the case of Gaussian graphical models,
in which all node potentials, edge potentials, and therefore message take the form of
Gaussian distributions. While belief propagation can be performed for any graph, it is
only guaranteed to converge to the correct marginal distributions in the case of a graph

with no c¢ycles, i.c. a forest.

W 2.2.2 Sampling

Often, we are interested in computing the expected value of some function f; of a random
variable X with joint distribution px that can take on values in X'. This expression is

given by

E,[fi(X)] = Y px(2)fi(e) (23)

reX

in the case of a discrete random variable, or

B0 = [ px(o)fla)ds (24)

in the case of a continuous random variable. Even marginalization technically falls into
this class of problem, as P(X; = 1) can be equivalently written as E,[1x,—,], where
X is one dimension of X. If X is discrete, brute force computation of Ep[f;(X)] requires
summing over a number of terms exponential in the dimension of X. In the continuous
case, this requires evaluating integrals that in general are not tractable. Since exact
evaluation of E,[f;(X)] is often either computationally or analytically intractable, we
employ Monte Carlo methods to obtain an approximation.

Monte Carlo methods approach the problem of computing the expectation of a func-
tions of a random variable by computing the function on samples taken from the joint
distribution and then averaging. The theoretical grounding for Monte Carlo methods

is based on the Strong Law of Large Numbers, which gives us
| N
~ > fil#i) > By[fi(X)] as N — oo, with probability 1, (2.5)
i=1

where the I; are independent samples taken from py. In order to employ this tech-
nique, we must be able to obtain a large number of independent samples from the joint

distribution.



24 CHAPTER 2. BACKGROUND

Markov Chain Monte Carlo

Generating independent samples from a joint distribution in an efficient manner is not
easy, and significant research has been devoted to this problem. Since direct sampling
from px can be difficult hard, one approach is to use the px to construct a Markov
chain (from which samples can be taken) whose stationary distribution is the target
distribution from which we wish to obtain samples. After some initialization period,
referred to as “burn-in”, samples taken from the Markov chain are close [in some sense]
to samples taken from the target distribution.

We can describe a Markov chain with its transition matrix P, where F;; is the
probability of transition from state i to state j. The distribution px is a stationary
distribution of P if

px(x) =Y px(a')P(zlz’) V z € X. (2.6)

In the continuous case, we replace the transition matrix with a transition kernel and
the sum above with an integral. A general Markov chain may have multiple stationary
distributions, which is an undesirable quality in an MCMC algorithm, as this would
provide no guarantee that samples were being taken from the correct stationary distri-
bution.

We are thus interested in the construction of Markov chains that are guaranteed
to have exactly one stationary distribution. This is property is satisfied by a class of
Markov chains called ergodic Markov chains, for whose precise definition we refer the
reader to [10]. We are thus interested in algorithms to construct ergodic Markov chains

with px as a stationary distribution.

Metropolis-Hastings

Metropolis-Hastings is an algorithm for constructing the Markov chain P with the
desired distribution px as its stationary distribution [5]. Since the target distribution
px is difficult to sample from, Metropolis-Hastings operates by sampling from another
conditional distribution, Q(-|-), called the proposal distribution, which is easy to sample
from but does not directly yield samples of the desired Markov chain P. The values of
px at the previous sample of the Markov chain P and at the sample from @) are then

used to determine whether to accept the new sample from Q).
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In order to determine exactly how to construct the desired Markov chain P from
the target distribution px and proposal distribution @, we must introduce the concept
of detailed balance. A Markov chain P satisfies detailed balance with respect to a target

distribution py if
px (2)P(@'|r) = px (¢') P(ala’), ¥ 2,2’ € X. 2.7)

If P satisfies detailed balance with respect to px, then px is a stationary distribution
of P [cite source].

We can only obtain samples from ) while we desire samples from P, so we must
modify samples from @ in a fashion that yields samples from P. This can be accom-
plished by accepting the sample from @ with a certain probability, and rejecting it
otherwise. The probability of accepting the new sample z’ from @ given the old sample

x is known as the acceptance ratio, which we denote by a(z — z’), and it is given by

p(z')Q(z[z’)
p(z)Q(2’|z)

The full conditional distribution of P(z'|z) is thus given by

12 (2.8)

a(z — ') = min{1,

el = { Q) QTG i (29)
Q(z|x) if ' = z.

It is straightforward to show that the constructed P satisfies detailed balance with
respect to the target distribution px, and thus sampling from P asymptotically yields

samples from px.
Note that since values of px are only used in ratio form, Metropolis-Hastings allows
for sampling from py even if the distribution is only known up to a constant factor
in some unnormalized form px. The steps of Metropolis-Hasting are detailed below in

Algorithm 2, assuming that the target distribution is provided in a general unnormalized

form py(z).
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Data: px,Q
Result: z; Vie {0,...,T}
Initialize sample chain to zg;

fort=1:7do
Propose x} by sampling from Q(z'|zs—1);

B(ry)Q(ze—1|z}) }

a 3 !/
Compute acceptance ratio a(x;—1 — x}) = mln{l, ool ATy

xp w.p. a(xi—1 — z})
Set x; = ;

xTi—1 wp. 1 —a(z—1 — x})

end

Algorithm 2. Metropolis-Hastings.

Gibbs Sampling

Although direct sampling from the full joint distribution of the vector valued random
variable X can be intractable, it can happen that sampling from a conditional distri-
bution of some subset of the dimensions given the remaining ones is possible. This is
especially likely if the joint distribution of X can be expressed with a sparse graph-
ical model containing many conditional independencies, as this allows for significant
simplification of the conditional distributions.

Gibbs sampling is a special case of Metropolis-Hastings that takes advantage of the
ease of sampling from conditional distributions to yield a very simple MCMC algorithm.
At cach iteration, a dimension of X is chosen at random, and the proposal distribution
is taken to be the condition distribution of the chosen dimension given values of the
previous sample in the remaining dimensions. It can be shown that Gibbs sampling
always yields an acceptance ratio of 1, and since the resulting algorithm is guaranteed to
satisfy detailed balance, Gibbs sampling constructs a simple Markov chain that yields
samples from the target distribution.

As with all MCMC algorithms, Gibbs samplers require a burn-in period before
samples are sufficiently close to being taken from the target distribution. Note that
initialization of the Gibbs sampler, while unrelated to the eventual convergence of the
sampler, can affect the burn-in period and therefore total convergence time. Apart from
samples taken during the burn-in period, consecutive samples even from later on in the

chain are clearly correlated, so several samples are often discarded between two that
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are taken as true samples from the chain.

Result: z; Vie {0,...,T}
Dy = dimension(X );
Initialize sample chain to xg;

fort=1:T do
Sample i uniformly at random from {1,...,D:};

Sample J:,% ~ P(*L%I‘Et_ll)a
Set x;" =z,

end

Algorithm 3. Gibbs sampling algorithm. Here, we use the notation x~* to refer to all dimensions of

z except for z*.

W 2.2.3 Conjugate Priors

Recall from the previous subsection that Gibbs sampling generates samples from a
joint distribution by iteratively sampling from the posterior distribution of some subset
of the variables given the remaining ones. In general, computation of the posterior
distribution is not necessarily tractable, as it may require computing an intractable
integral. In certain cases, however, a mathematical relationship between a conditional
distribution and a special type of prior can yield a tractable closed form solution for
the posterior.

Suppose that a random variable X representing data has a distribution parameter-
ized by the random variable ©, yielding a conditional distribution of P(X|©) which
we will sometimes refer to as the likelihood model. Suppose furthermore that a prior
distribution exists on © that has a deterministic hyperparameter ~, which we write
as P(O;v). We wish to compute the posterior distribution of ® given X, perhaps to
generate a conditional distribution from which to generate samples in a step of a Gibbs

sampling procedure. We can approach the computation of this posterior using Bayes’
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Rule:
P(X|0)P(©;7)

Per = P(X;) (2.10)
_ P(X|©)P(©;~)
~ Jo P(X[©)Py(6;7)dO (2.11)
x P(X|8)P(6;7). (2.12)

For a general prior P(0; ) and likelihood model P(X|©), we cannot say anything about
the form or parameterization of the posterior P(0|X;~). However, certain classes of
likelihood models can be coupled with priors called conjugate priors such that the
posterior remains in the same family of distributions as the prior. We formalize this

notion in the definition below.

Definition 2.2.1. P(0;~) is a conjugate prior to the likeilhood model P(X |©) if there

exists a hyperparameter value v such that:
P(6;7') = P(O|X;7) x P(X|0)P(8;7). (2.13)

The existence of a conjugate prior for a likelihood model greatly simplified compu-
tation of the posterior. Instead of computing any complicated integral, the posterior
can be determined by simply evaluating the posterior hyperparameter «/, which can be
expressed as a function of the original hyperparameter v and the data X. Below we
will detail certain pairs of likelihood model and conjugate prior distributions that are

important for inference procedures in this thesis.

Multinomial/Dirichlet

The multinomial distribution generalizes the binomial distribution to trials with more
than two outcomes and the categorial distribution to multiple trials. It is parameterized
by n, which is the number of trials, and by the vector of event probabilities {m}fil,
where each trial has K possible outcomes and > m; = 1. If Z ~ Mult(n, n), then the
pmf of Z is given by:

n!

P(Z==2z,...,2x|mn) = LR S 2.14
1 1

21l 2k
The Dirichlet distribution is the conjugate prior for the multinomial distribution.

The Dirichlet distribution is parameterized with hyperparameter a = (aq,...,ax),
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which correspond to pseudocount values. Its support is the K-dimensional simplex,
consisting of the points (1, ...,7x) such that > m; = 1 and each m; € [0, 1]. Suppose 7
is distributed according to a Dirichlet distribution with hyperparameter . The density

function of 7 is then given by:

K
P(miay,...,ax) = —wa)“'vl, (2.15)

(2.16)

We will now show conjugacy of the Dirichlet prior to the multinomial distribution.

Consider the posterior distribution P(7w|Z; ). We can write this as:

P(n|Z;a) x P(Z|m;n)P(7; a) (2.17)
K
x 7t H‘/rf‘"*l (2.18)
i=1
K
= Hﬂgﬁzvl (2.19)
i=1
x Dir(m;a) + z1,..., a5 + zK) (2.20)
= Dir(m; d'), (2.21)
where o = (a1 + 21,...,ak + 2K). Updating a Dirichlet prior given a multinomial

likelihood model is thus simply tantamount to increasing the counts of a by the number

of observations from each category.

Linear Gaussian/Matrix Normal-Inverse Wishart

The matrix normal distribution is a generalization of the multivariate normal to a
support over some space of matrices. We will describe this distribution in terms of
linear Gaussian model. Suppose that we wish to model the conditional distribution
P(y|z), where y € R? and € R™. We can model the relationship between z and y as

a linear Gaussian model, given by

y=Az | (2.22)
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where A € R¥™*™_ and e € R is drawn from a zero-mean multivariate normal distribu-
tion with covariance X. The conditional distribution of ¢ given x can be parameterized

by a parameter © = (A, X}, allowing us to write the conditional likelihood model as:
Plylz,0) = P(ylz, A,%). (2.23)

We are interested in characterizing a prior on (A, ¥) that is conjugate to the likelihood
model above, a prior which is called the matrix-normal inverse Wishart distribution.
The matrix-normal inverse Wishart distribution is defined over A and ¥ in a form
that factors into an inverse-Wishart distribution over ¥ and a matrix-normal distribu-
tion on A that is parameterized by the ¥ sampled from the inverse-Wishart distribution.

The distribution is given by:
MNIW(A,Z; 0, 5,2,0) = MN(A4; 9,2, k) IW(E; E,v), (2.24)

where the matrix-normal distribution on A, denoted by MN(A4;Q, 3, k), is given by:

||/ 1 Ts—1
MN(A; 0,8, K) = W exp {~—2—Tr [(A-Q)' =71 (A - Qx| }, (2.25)

and the inverse-Wishart distribution on ¥, denoted by ZW(X; =, v), is given by:
_ BT ep{ - dTr(ES )}

vd d{(d-1)

2% 7 [ T(57)

IW(E; Ev) , (2.26)

with hyperparameters ) € R x € R™*™ = € R4, and v € R.
Suppose N observations of (z,y) pairs are taken from the linear Gaussian modcl

parameterized by A and £. Let z, and y, denote the n'®

observation of x and y
respectively. The posterior update on the hyperparameters of the matrix is then given

by:

k' =K+ N, (2.27)
V' =v+ N, (2.28)
0 =3%,.51, (2.29)
T =2+ 3, (2.30)



Sec. 2.3. Switching State-Space Interaction Model: Graphical Model 31

where

Top = BN w9 (
Tye = DA 1 ynTs + 0K, (2.32
Byy = A 19myn + QeQ7, (
Yyle = Ly — Ey,wz;,iﬂg,x- (

For more detail on the matrix-normal inverse-Wishart update, we refer the interested

reader to [7].

B 2.3 Switching State-Space Interaction Model: Graphical Model

In this section, we will describe the switching state-space temporal interaction model
(SSIM), graphical model developed by Dzunic and Fisher to model switching interaction
structures between time series with noisy observations (see Figure 2.2). To motivate
development of the model, recall the problem of learning the structure of a graphical
model from data sampled from the joint distribution. In the context of SSIM, such
structures are referred to as interaction structures, as they represent the interactions
among the variables of interest.

SSIM allows for the inference of interaction structures that vary over time. Fur-
thermore, the interaction structures are assumed to govern the behavior of unobserved
latent variables, which yield observations through an observation model. In order to
describe the evolution of interaction structures over time, we will first discuss dynamic
Bayesian networks, generalizations of graphical models that allow for variables in the
time domain. Next, we will detail linear Gaussian state space interaction models, which
represent the evolution of the latent variable sequence in SSIM and its relationship to
the observed data. Then, we will discuss certain conjugate priors, tools that are useful
for analytical Bayesian reasoning with continuous variables. We will then conclude the

section with a description of the SSIM graphical model.

B 2.3.1 Dynamic Bayesian Networks

Dynamic Bayesian networks (DBN) adopt the notion of static interaction structures to
models where the variables move through time. For each node in the graphical model

representing the static interaction structure, a DBN consists of a sequence of nodes,
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Figure 2.1. Dynamic Bayesian network (DBN) example. Figure obtained from [1] with permission of

authors.

one for each time point in the model. If node X is a parent of node Y in the static
interaction structure, then the DBN consists of an edge going from X; to Y;4; for all
times t.

For example, suppose that we have a interaction structure consisting of four signals,
Py, Py, P3, and P4, whose initial interaction structure F; is shown in Figure 2.1. The
corresponding DBN is shown above the interaction structure from times 0 to 3. Note
that a DBN allows for a change in the static interaction structure over time, as shown
in Figure 2.1 between time points 3 and 4. For purposes of tractability, we assume that

each node has itself as a parent, an assumption that is typically reasonable in practice.

W 2.3.2 Linear Gaussian State Space Interaction Model

A general state space model represents a system in terms of a set of input variables, a
set of state variables that are not directly observable, and a set of observed variables
that are derived from the state variables in a possibly stochastic fashion. State space
models can represent systems that evolve in either continuous or discrete time, but in

this thesis we will restrict ourselves to consideration of discrete time systems. Let us
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represent the sets of input, state, and output variables as vectors which we name X,
u, and Y respectively. A general discrete-time state space model is determined by the
functions f; and g, respectively called the transition and observation models, as shown

in the equations below:

X = fu(Xi—1,u) (2.35)
Yy = g¢( Xt ue). (2.36)

An important subclass of discrete-time state space models are the linear discrete-
time state space models, in which f; and ¢; are both linear functions of their arguments.
This is equivalent to expressing f; and g; in terms of matrix operations on their argu-

ments, as shown below:

Xt = AtXt_] + Btut (237)
Y; == CtXt + Dtut. (238)

We will now restrict the input vector u; to be only stochastic, i.e. zero-mean noise.
Furthermore, we will restrict the matrices B; and D; such that any row index that
corresponds to a nonzero row in By must correspond to a zero row in Dy, and any row
index that corresponds to a nonzero row in D; must correspond to a zero row in B;. By
doing so, we have effectively decoupled u; into two subvectors, one that only influences
the transition model, and one that only influences the observation model. Denote the
transition subvector by u;; and the observation subvector by u; 2, and define ¢; = Byuy

and € qps = Dyug . Our restricted lincar state space model is now described by:

X =AXe 1+ e (2.39)
Y = Ci Xy + €opsyi- (2.40)

Suppose now that € and e, ; both have multivariate Gaussian distributions with
mean zero and covariance matrices Xy and Xy, respectively. Since the family of
multivariate Gaussian distributions is closed under linear combinations, taking Xy to
be distributed according to a multivariate Gaussian as well yields multivariate Gaussian
distributed X; and Y3, for all ¢ > 0. So far, we have described what is called a linear
Gaussian state space model.

Finally, we wish to impose the notion of interaction structure described above onto

. . .th
the linear Gaussian state space model. Let the parent set of the it entry of X (called
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X") under the interaction structure active at time ¢ be denoted by pa(i, t). In this thesis,
we will restrict the i" entry of Y, written as Y, to depend only on X* and observation
noise. Furthermore, we will restrict the number of possible observation models to 1,
thereby alllowing no time variation of the observation model. We can thus write our
final linear Gaussian state space interaction model as a collection of models for each

element of X, shown below for X*:

Xi= Aixrls e;?, e;' ~ N (0, %) (2.41)
Y CtXl + Eobs? s ™ N(O Zobs) (242)
We will often write the joint parameters of the transition model as 8} = (A%, X¢) and

of the observation model as & = (C",€,,). Note that we can also interpret the above

equations as specifying the conditional distributions of X; and Y as follows:

PR 08 = N(RD ATXPA) 5 (2.43)
P(Y}|X],€) = N(YFi C' XL BLy,). (2.44)

B 2.3.3 Graphical Model

We finally turn to describing the graphical model of SSIM, shown in Figure 2.2. Suppose
we wish to perform inference over the interaction structures among N objects as the
system evolves from time t = 0 to T'. In general, each of the N objects can have any
subset of the N objects as a parent set. Since there exist 2"V possible parent sets for each
of the N objects, the total number of possible interaction structures over N components
is given by (2V)N =2V 2, which is superexponential in the number of objects. In order
to restrict ourselves to a tractable number of possible interaction structures to reason
over, we limit the maximum number of parents any node can have to M,

Let X} denote the state of the ith object at time t, let E; denote the interaction
structure active at time ¢, and let #; denote the parameters of the transition model
active at time £. Recall that an interaction structure in a dynamic Bayesian network
consists of a set of parents from the previous time point for each node. Given an
interaction structure and transition model parameters, we can write the distribution of
X} as P(Xf|Xm(i’t) 6), where pa(i,t) is the parent set of X} given by E;, and where

! is the parameter of the transition model for object i. We assume independence

of transition models across all N objects, so we can write the full distribution of X;
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conditioned on X;_j, interaction structure, and parameters as:

N
P(Xi|X 1, B, 00) = [ P(XIIXT0, 65). (2.45)
i=1
Given the graphical model structure of SSIM, we can write the full distribution of X
as:
N
P(Xy|Xe-1, By, ;) = [ ] P(X]1 X740, 60, (2.46)
i=1
Next, suppose that the active interaction structure and transition model parameters
at any point in time comes from one of K available structure/parameter pairs. Let
Zy € {1,..., K} denote the index of the structure/parameter model at time t. When
indexed by the model number instead of the time, the interaction structure and model
parameters are written with a tilde. We can express this equivalence as E; = E 7, and

6, — 7] z,- Thus, we can rewrite the distribution of X; as:

P(Xy|X_1,Ey,0,) = P(X{| X—1, 2y, E,6) (2.47)
= P(thXt—laEZméZt) (248)
N o
= [[ Pexi|xpi#, 6,). (2.49)
i=1

We refer to Z as the switching sequence, and to the value of Z; as the switching state
at time . We impose a first order Markov chain on the switching states, with initial
and transition probabilities given by the multinomial distributions of 7, which we detail
below.

Finally, we assume a linear Gaussian state space model on the latent state trajectory
X and the observed sequence Y. The transitions of X according to the model has
already been described above. The observation model, parameterized by £, describes
the dependence of Y on X. We assume that each entry i in Y, which we denote by
Y}, is depenedent only on X} and the noise model for object i, which we denote by £°.

Thus, we can write the distribution of Y}’ as:

N
P(Y,|X,,€) = [[ P(v/| X}, €. (2.50)
=1
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Figure 2.2. State-space switching interaction model (SSIM). Figure obtained from [1] with permission

of authors.

The relationships between the variable sequences X, Y, and Z are governed by the
parameters E , 5, 7w, and £&. These dependencies are depicted in the SSIM graphical
model (Figure 2.2). Next, we detail the parameter variables E. 8, w, and £ some more,

paying particular attention to their prior distributions.

Interaction Structures and Transition Model Parameters: E, 0

The variables {E,8},.x are a set of K interaction structures and transition model
parameter sets, exactly one of which can be active at any time. Here, we will discuss
the distribution of a single pair of an interaction structure and its transition model
parameters, which we will denote here as E, 9~, and which we will commonly refer to as
a structure-parameter pair. While F and 6 are written as separate random variables,
the two variables are intimately coupled, as the very support of @ is dependent on the
value of E. Note that E and 6 are the interaction structures and transition model
parameters respectively from our discussion of linear Gaussian state space interaction

models.
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Recall that an interaction structure E is determined by a vector of a specific parent
set for each object in X. We adopt a prior on E, called the structural prior, that is
parameterized by the hyperparameter vector 3, which contains a scalar value for each
object-parent set pair. The prior probability for any structure assumes a modular prior
on structure, and is therefore proportional to the product of these scalar values for each

object-parent set pair in the structure, as shown here:

P( ; Z(,@) Hﬁz,pa( ) &X Hﬁz,pa( )» (251)

where Z () is a normalization constant chosen so that }_ P(E;B3) = 1. Recall that
since the total number of permissible interaction structures is polynomial in N, evalu-
ation of the Z(3) is computationally tractable.

The parameter set 6 is a collection of N random variables, one for each object-
parent set pair present in the interaction structure E. We will now detail the prior on
the distribution of 6 given E and the hyperparameter v. Like 8, v is a vector that
contains an entry for each possible object-parent set pair. Unlike 8 which contains a
scalar for each such pair, however, « contains a matrix-normal inverse-Wishart prior for
each object-parent set pair. First, we assume parameter independence across objects,

giving us the following decomposition of the full prior on 6:

P(0|E;~) HP(()’IE,%) (2.52)

Second, we assume that the prior probability on parameters for a given object ¢ is a
function only of the entries of v that correspond to the parent set of ¢ in E. This

assumption, which we call parameter modularity, is given by:

P(6'|E; ;) = P(éi;%,ﬁa(i))- (2.53)
Recall from our discussion of linear Gaussian state space interaction models that 6 is
simply a tuple of a transition matrix and noise covariance matrix, which we write as

§' = (A*,2%). We can now write the prior in matrix-normal inverse-Wishart form:
P8 %) = PIAS 5 %) (2.54)
— MNTWA, 5 Mo Qi) i) it (2.55)
= MN (A, % MEPa) qirald sOTw (5 ghre® wirald)y  (2.56)



38 CHAPTER 2. BACKGROUND

Thus, the full prior on coupled interaction structure and parameter set E, 8 is given by:
P(E,6;8,v) = P(E; B)P(6|E; ) (2.57)
N
x ] Bigay MNIW(A?, 55 M0 Qidald) tipali) griwa@®y (2 58)
=1

=
Discrete Markov Switching State Model: 7

The discrete Markov switching state model m governs the transition dynamics of Z
in a fashion similar to how E and 8 govern the transition dynamics of X. 7 consists
of an initial multinomial distribution 7y, and a collection of K transition multinomial
distributions {71,...,7k}. The initial multinomial 7y defines the distribution of Z;

given 7, such that:
P(Zy = z1|r) = 70,2, (2.59)

where 7 ., denotes the z?t entry of pig. Similarly, a transition multinomial 7; defines

the conditional distribution of Z; given Z; 1 and 7 such that:
P(Zt = Ztth_l,’ﬂ') = 7TZt—1,ZL‘ (260)

Like E and 6, 7 also has a conjugate prior, which in the case of a multinomial
distribution is a Dirichlet distribution. Since 7 is not just a single multinomial distri-
bution but actually a collection of K + 1 multinomial distributions, the prior on 7 is a

collection of K + 1 Dirichlet distributions. The prior on m; is given by:
P(m; Ozi) = Dir(m-,l, . a7Ti,K—1§ O‘i,l, ‘e ,Oti,K). (2.61)

Observation Model: £

The observation model variable ¢ is similar in nature to the parameter set variable 8. £
consists of a collection of variables £* for each entry in the observation vector Y. We can
write £ as the tuple (C, Ef)bs), where these variables determine the observation model
dynamics in the linear Gaussian state space interaction model, as shown in Equation
[J. In this thesis, we will typically fix C?, to be a constant, most often 1, leaving us

&= ¢ .- Thus, the prior of ¢! is given by an inverse-Wishart distribution with prior
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4. Assuming independence of each entry of £, we can write the full prior over &; as:

N
P(g:0) = ][ P(g50) (2.62)
= [T (€ Ko Win)- (2.63)

i=1

B 2.4 Switching State-Space Temporal Interaction Model: Inference

Dzunic and Fisher performing inference on the switching state-space inﬁeration model
by obtaining samples from the joint distribution of (X, Z, {E, 8}, 7€) using a Gibbs
sampling approach. The high level Gibbs sampling algorithm is given below. Details of
each of the steps of the Gibbs sampler along with the initialization method are covered

in the subsection below.

Data: Yjy.r

Result: Sample, Vi € {0,...,T}
Initialize sample chain;

for t = 1 : number of samples do
Sample X ~ P(X|Z,Y,E,0,¢);
Sample Z ~ P(Z|X, 0, E’,ﬂ');
Sample 7 ~ P(7w|Z; a);

Sample E,6 ~ P(E,élZ,X;,B, v¥);
Sample & ~ P(£|X,Y;6);

end

Algorithm 4. SSIM Gibbs sampler.

W 2.4.1 Sample X ~ P(X|Z,Y,E,6,¢)

Samples of X are obtained jointly using a backwards message-passing and forwards

sampling algorithm. Note that we can factor the conditional distribution of X as:

T
P(X|2,Y,E,60,8) = P(Xo|2,Y, E,6,8) [ [ P(Xt|X0:-1, Z,Y, E,6,€) (2.64)
t=1
~ ~ T ~ ~
= P(Xo|Z, Y, E,0,8) [ [ P(Xu|X1-1, Z, Y, E, 6,€), (2.65)
t=1
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where in the second equation, we made use of the Markov property of the SSIM directed
graphical model.

Although each factor in the expression above only expresses a dependency between
adjacent time points of X, each time point of X has a dependency on all of Y. In order
to incorporate this dependency, we employ a message-passing algorithm. The first phase
of the algorithm involves passing messages back from time T up to time 0, which provide
information from future observations to a node at time ¢t. Afterwards, the messages,
observations, and previous values of X are used to sample X going forwards. The
algorithm for sampling X ~ P(X|Z, Y,E.#, €) is given below, and the specialization
of message-passing and sampling for the case of a linear Gaussian state-space model is

detailed afterwards.

Data: Z,Y,E,0,¢

Result: X

mT (z7) = 1;

// Computation of Backwards Messages

fort=T-1:0do

| mt(zy) = fxm P(Xi1l@e, Bz, 1Oz, ) P(Yeg1| Xeg1)m! T (Xig1 )d X 41

end

// Forward Sampling

Compute P(Xo|Z,Y, E,8,£) « P(Xy)P(Yo|Xo,£)m°(Xo);

Sample Xo ~ P(Xo|Z,Y,E,0,¢);

fort=1:7T do
Compute P(Xy|Xo.t—1,2,Y,E,0,€) o< P(X¢|X¢-1, Ez,, 0z, )P(Ye| X, E)mt(Xy);
Sample X; ~ P(X¢|Xo:-1,Z,Y, E, 6,€);

end

Algorithm 5. Sampling of X ~ P(X|Z,Y, E, 6,¢).

Computation of Gaussian Messages

Since we are operating in a linear Gaussian state space model, exact computation of the
integral detailed in the backwards message-passing step of Algorithm 5 is tractable. The
linear Gaussian model implies that all transition probabilities P(X:|X;—1, Ez,,©z,) and

all observation probabilities P(Y;| Xy, ) take the form of Gaussian distributions. Since
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the message m” (z7) = 1 can be considered to be a Gaussian with infinite covariance,
computation of m”~!(X7p_;) requires integrating over the product of three Gaussian
factors, which yields a Gaussian distribution. Inductively, all messages passed back-
wards can be written as a Gaussian distribution parameterized by a mean vector and
covariance matrix.

Here, we detail the computation of the Gaussian messages, which we express in
a mean-covariance parameterization. Let myp(zr) = 1, which is equivalent to setting
p# =0 and (7)1 = 0. Let (Az,,Xz) = Oz denote the transition model and noise
covariance operational at time ¢, and let £,,; = £ represent the observation model noise
covariance. Then, for t € {T'—1,...,0}, we recurisvely define the message mean ;"

and message covariance ¥ as shown below, in which we adapt notation from [1]:

B, =%3 Az, (2.66)
gy =X Yo + 20, i,y (2.67)
T =(SzL, + T+ 0 ) (2.68)
E = (Bf (24, — Z1)B) ™ (2.69)
mt(xr) = N (s 07", 7). (2.70)

The process of forwards sampling requires sampling from a product of Gaussians,
which yields a Gaussian distribution. First, we detail the sampling of X, which involves

sampling from the product of two Gaussians:

op =S, + I (2.71)
po = T0(Zqps Yo + Z5 145 (2.72)
Xo ~ N (@ p" 27)- (2.73)

Obtaining subsequent conditional samples of X; requires sampling from the product of

three Gaussian factors. Here, we detail the recursive sampling of X; given X, 1, Z;, Y7,

and m!(x¢):
=], _ _ Ty
T =3 + I + I (2.74)
py = T4(37 Az, X1 + BL Y + B 1) (2.75)

X ~ N (Xei 1}, 55). (2.76)
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Altogether, these steps comprise a method for obtaining a joint sample of Xy. condi-

tional on Z, Y, F, and 6 in a linear Gaussian state space model.

W 2.4.2 Sample Z ~ P(Z|X,E,0,7)

Next, we are interested in sampling the discrete switching sequence Z given X, E, 6,
and 7. The sampling procedure, which consists of a backwards message-passing step
followed by forwards sampling, is remarkably similar to the procedure for sampling
X ~ P(X|Z,Y, E,é,&), due to the analogous state-space model structure. Here, we

will factor the conditional distribution of Z as:

=

P(Z|X,E,0,7) = P(Z,|X,E,0,7) || P(Z|Z1.4-1, X, E, 6,€) (2.77)
t=2
~ ~ T o~ -~
= P(Z\|Y,E,0,7) [ [ P(Z|Z:-1,X,E. 0, 7). (2.78)
t=2

Unlike in the case of sampling X, however, we deal entirely with discrete distribu-
tions and messages here, as Z is a discrete-valued random variable. The algorithm for

sampling Z is given below.

Data: X,E,é,’ﬂ'

Result: Z

mT (zr) =1,

// Computation of Backwards Messages

fort=T-1:1do

| mi(z) = >z P(Zewi|ze, M)P(Xe411 X, Ez,1, O 2, )T (Zig);

end

// Forward Sampling

Compute P(Z,|X, E,0,7) « P(Z|n)P(X1|Xo, Ez,,0z )Ym'(Z});

Sample Z; ~ P(Z1|X, E.6, );

fort=1:T do
Compute P(Z;|Z1.4-1, X, E,0,7) < P(Z)|Z_, 7)P(X{| Xi—1, Ez,, ©z,)m*(Z,);
Sample Zy ~ P(Z|Z1.4-1, X, E.6, );

end

Algorithm 6. Sampling Z ~ P(Z|X,E, 0, ).
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W 2.4.3 Sample E.6 ~ P(E.0|Z,X;5,7)

Sampling the structure/parameter models E , g is arguably the core step in the Gibbs
sampler for SSIM. Since each of the K models has an independent prior and separate

likelihood models, so we can decompose the posterior distribution of E , 6 as follows:

K
P(E70‘Z7X,637) = H P(Elﬁgk‘{xtvXt~1}t:Zt:k;B77)' (279)
k=1

Next we decompose the posterior distribution of a single structure/model based on the

parent sets in the interaction structure:

P(E, Ok 1{X¢e, Xi-1 b z,=3 B, 7) (2.80)
N

= [1 P(wali, k), G {Xe, Xi1 bez—rs B, ) (2.81)
i=1
N o~

= HP(p"a(i, EY{ Xt, Xeo1hez,=k; BYP (O Ipali, k), { Xe, Xeo1 ez =k37)- (2.82)
i=1

We will now consider the computation of the posterior distribution of parameter sets.
Recall that a different parameter set exists for each object-parent set pair. Thus, we

can write:
P(B|pa(i, k), { X, Xio1 Yozemki v) = PO OPXE X0 0is),  (283)

where this update can be performed analytically by updating the hyperparameter v due
to the conjugacy of the multivariate normal likelihood model of P(Xleﬁa(i’k), gi-palik))

with the matrix-normal inverse-Wishart prior distribution of P(H i-pali, k) v)

. Next, we
will consider the posterior distribution on parent sets. We apply algebraic manipulations

to obtain an expression for the posterior distribution of parent sets in terms of the prior:

P(pa(i, k) { X, Xe-1}ezo=k3 B) (2.84)
o P(pa(i, k), { Xt, Xi—1}:z,=k: 5) (2.85)
= P(pa(i, k); B)P({ X1, Xt-1}e.2,=k|Pali, k); B) (2.86)
= P(pa(i, k) 8) [ PXIXEER ;7). (2.87)

t: 7=k

Finally, we must compute [[,., _, P(Xf]Xtﬁf(li’k);y), which is likelihood of X} with

parent set pa(i, k) at all times ¢ indexed with model k, with all parameters marginalized
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out. We can write this as:

3 ja(i,k
[T PxixZis;y) (288)
t:Z,=k
= / PPy | TT P 07y | agton), (2.89)
éz,pa(z,k) 7=k

Computation of the above integral is analytically feasible, once more due to the conju-
gacy of the likelihood model of P(X§|Xfi1§i’k>, ézph(i’k); ) with the prior distribution of

P(ch’ﬁ a(i’k); 7). After updating both 8 and v, new structure/parameter models can be

sampled directly from the posterior.

B 2.4.4 Sample 7 ~ P(7|Z; )

Sampling the discrete state transition model 7 given Z simply requires updating the
hyperparameter a due to conjugacy of the Dirichlet prior with a multinomial likelihood
model. Let N;; denote the number of times that Z;_; = ¢ and Z; = j, and let Ny
denote the number of times that Z; = j. Then, for each multinomial 7;, we update the

hyperparameter of the Dirichlet prior a; = (051,...,ai.k) to
o; = (o6, + Nits.. ., ok + Nik). (2.90)

We can then sample 7 directly from P(m;a/).

B 2.4.5 Sample £ ~ P(£|X,Y;9)

The sampling £ ~ P(§|X,Y; ) is similar to sampling 6. We have independence of

observation models across entries of Y, so can write:

N
P(EX,Y;8) = [[ P(e1X", Y 8. (2.91)

i=1
The computation of P(£|X* Y% §%) is analytically tractable, due to the conjugacy of
the multivariate Gaussian likelihood model to the normal inverse-Wishart prior on &.

We must simply update § and sample from £ from the posterior parameterized by 4.

H 2.4.6 Initialization

In order to initialize the model, the transition model for every object at every time is set

to have the identity matrix as the transition matrix, and a covariance matrix drawn from



Sec. 2.5. Summary 45

a prior specified in the algorithm. Backwards message-passing and forwards sampling is
then performed on X to obtain an initial sample of X given the fixed transition models
and the observed sequence Y.

A discrete transition model 7 is then sampled from the prior parameterzied by
«. The switching sequence Z is then initialized according to the sampled 7. Finally,
structures and parameters E and 6 are sampled from their posterior distribution given
X, Z.

B 2.5 Summary

In this chapter, we introduced and developed many concepts central to the problem of
studying time-varying interaction structures among a set of signals. First, the graph-
ical model representation of joint probability distributions was discussed, both in the
directed and undirected forms. Next, techniques for performing inference in graphi-
cal models and general joint probability distributions were discussed. Specifically, we
discussed belief propagation for the problem of marginalization, various MCMC meth-
ods for sampling, and conjugate priors as a means to analytically evaluate posterior
distributions.

The remainder of the chapter dealt with the switching state-space temporal interac-
tion model, or SSIM. First, we described the concepts of dynamics Bayesian networks
and linear Gaussian state spacc interaction models in order to motivate development
of the SSIM graphical model. Next, we described the SSIM graphical model, which
consists of a discrete switching scquence Z, a latent state sequence X, and an observed
data sequence Y, linked together by several model parameters. Finally, we detailed a
Gibbs sampling approach for obtaining samples from the SSIM joint distribution. In the
next chapter, we will extend SSIM to allow for online inference, without specification

of the number of transition models.
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Chapter 3

Online Nonparametric Switching

Temporal Interaction Model

In Chapter 2, we detailed the switching state-space temporal interaction model (SSIM)
of Dzunic and Fisher, which described the dynamics of a linear Gaussian graphical
model whose transition dynamics vary over time. Specifically, the model assumes an
observed data sequence Y, a latent data sequence X whose evolution is governed by
the transition dynamics, and a discrete sequence Z which indexes the transition model
operating at any time. To perform inference on this graphical model, Dzunic and Fisher
infer the latent sequence and switching states by use of a Gibbs sampler. We will refer
to their algorithm for inference on SSIM herein as A;.

In this chapter, we describe the development of an online nonparametric switching
temporal interaction model (ONSTIM) inference algorithm, i.e. one that is able to
incorporate observations as they arrive and that does not require specification of the
number of transition model states. First, we motivate in greater detail the develop-
ment of such an inference algorithm. Next, we describe the model that we assume for
the generation of state sequences with an arbitrary number of states. Then, we give a
high level overview of ONSTIM and provide justification for some of our design choices.
ONSTIM consists of several subcomponents, including a run of A;, one of two initial-
ization procedures, and a run of a Gibbs sampler similar to A; which we call A;. The
remainder of the chapter is devoted to describing in detail the initialization procedures
and As.

47
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B 3.1 Motivation

Suppose we have taken observations of a time series Y; from times t = 0 through t = 7.
One can use the SSIM inference algorithm (see Algorithm 4) to obtain samples from the
joint distribution of all variables in the SSIM graphical model, namely X, Z, m, E, 6,
and &, at all times from 0 through 7". Suppose now that we obtain a new observation for
time 7'+ 1 and we wish to incorporate this new information into our existing samples.
To do so involves, at the very least, obtaining samples at T + 1 of the latent data
sequence, X741, and of the switching state index sequence, Zr,,. Taken further, one
could attempt approaches that involve conditioning the structure and parameters on the
new data, resampling the discrete state transition model, resampling the noise model,
or conditioning samples of X and Z at older times on the new information.

If we are equipped only with the SSIM inference algorithm, however, the only option
we have to incorporate the obseravtion Y7 into our inference procedure is to perform
full smoothing on all times from ¢t = 0 through t = T'+ 1. In a variety of applications,
it is desirable to employ faster methods to perform inference incorporating the new
observation data without undertaking expensive computations over all of the previously
received data. Full incorporation of Y74, into the previously computed values, i.e.
conditioning all previously taken samples of all variables on Y7, would effectively
amount to full smoothing by running SSIM inference over all times. However, if we are
only interested in performing inference at time T+ 1, we can employ a much quicker
filtering approach instead. If we wish to perform inference on time 7'+ 1 and also on
times just before T+ 1, we can perform fixed-lag smoothing, where the time horizon
of interest determines the size of the lag. In this chapter. we will construct an online
inference procedure that incorporates the new data Y7, by sampling variables at time
T + 1 and possibly in the recent past conditioned on the new observation.

Additionally, SSIM inference requires a priori specfication of the number of differ-
ent transition models, {E‘,é} 1:x. The number of different structure/parameter states
present in an observed sequence is often unknown a priori, and specifying a number
too low can at the very least force different states to merge, while choosing a number
too high can cause splitting of a single state. It is thus also desirable to develop an
inference procedure which not only allows for online inference, but in which the number

of states K can also vary given the observed data. In the context of online inference,
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this takes the form of modeling the arrival of new structure/parameter states over time
with the arrival of new observations. To allow for this variation in model complexity,
we will employ a Bayesian nonparametric approach to modeling the arrival of the new
states, on which we provide some background information in the next section.

Given the application in this thesis to financial datasets, the motivation behind the
development of an online inference scheme and a Bayesian nonparametric approach to
the number of states is particularly apparent. The arrival of a new structure/parameter
state could correspond to some sort of market regime shift in which dependencies among
a set of financial instruments are shuffled and/or altered. As a trader or investor, it
would be preferable to recognize this shift as soon as possible (ideally when the data
arrives), and to incorporate knowledge of the shift into any subsequent decision making.
In the next section, we will provide an overview of a generative model underlying the

inference procedure of ONSTIM.

B 3.2 State Sequence Generative Model

In Chapter 2, we described the graphical model and corresponding inference algorithm
for the switching state-space interaction model, or SSIM. Inference on SSIM is param-
eterized by K, the total number of switching states present in the model, and this
parameter must be assumed a priori. We provide an alternative parameterization of
the model that lends itself to more effective use by users that have a sense of the prior
on the arrival of new interactins structures and on the recurrence of the currently ac-
tive interaction structure. To this end, we will describe a generative model with a
parameter that characterizes the arrival of new states, and another that accounts for
the recurrency of existing states, which we call e, and oy respectively.

In this section, the discrete state transition model 7w for the state sequence is fixed
according to a set of user-chosen parameters instead of being sampled from a Dirichlet
prior with hyperparameter «. Note that this is approximately equivalent to placing
an extremely strong prior on the transition model by means of very high values for
entries of the Dirichlet hyperparameter «, causing the Dirichlet prior to concentrate
very strongly around its peak and effectively resemble a delta function around the w
of choice, as shown in Figure 3.1. Fixing the transition model 7 manually allows us to

directly study the effects of the choice of 7 on the results of inference.
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Figure 3.1. Dirichlet distributions on the two-dimensional simplex, which represents the set of possible
distributions on three discrete elements. Note that increasing the scale of & without changing the relative
magnitudes of the entries simply concentrates the distribution, while changing the relative magnitudes

of the entries of & moves the distribution around the simplex.
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Figure 3.2. State diagram of the nested two-level Markov generative model, with each state indexed
as (Z;, K¢). The outer chain is depicted horizontally, corresponding to transitions between the number
of total states. The inner chain is depicted vertically, corresponding to transitions between states that

have been instantiated.

Markov Chain Model

One approach to visualize the generative model described above is to interpret it as a
nested two-level Markov chain, as shown in Figure 3.2. The outer chain is a transi-
tion model among K, the number of total instantiated states, while the inner chain,
represented by mg, is a transition model among the K instantiated states themselves.
Note that since a different 7 holds for each value of K, it is useful to characterize the
entire distribution with parameters from which both the outer Markov chain and all
the inner transition models among the states can be computed. We achieve this by use
of the abovementioned parameters, ager and ape,, which characterize the probability
of self-transition and new state instantiation respectively. The transition probabilities
from any state to any other existing state are chosen to be uniform, so as to simplify
the model for ease of reasoning over recurrence and new state arrival probabilities.
Let Z; denote the active model index at time ¢, and let K; denote the total number

of states that have been instantiated up to time ¢. We can express the distribution of
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Zy4+1 given Z; and K; as:

Xsel .
ase1f+aneeu{+Kzfl lf Zt+1 = Zt,Kt+]_ = th
P(Zt+11Kt.+1|Zt1 Kf,) = a,egf+an1:zu:+K£_1 if Zt+1 # Zt1Ki+l — Kt; (31)

Xnew . - .
a’sc!f"'ﬂ'new‘i“Kt—l 1f Zt+1 - Kt"‘l - Kﬁ % ]-

The conditional distribution described in Equation 3.1 offers three possibilities: the
system can either return to its original state, transition to a different existing state, or
instantiate a new state. The value of ayy is typically chosen to be very high, implying
a very strong prior on recurrence to the current state. The value of apey, though
typically not nearly as high as agey, is still chosen to be significantly higher than 1.
Thus, for low K;, specifically for K; < e the probability of instantiating a new state
is higher than the sum of the probabilities of transitioning to any existing state besides
the current state.

So far, we have described the full state transition process among joint states of
the form (Z;, K;). Since we are interested in the distribution over the total number of
states at time f, we will consider the transitions over time between macrostates which
we define by the total number of instantiated states up to a given time, denoted by
K;. Obtaining the transition distribution between the macrostates K; is equivalent to

marginalizing out the state variable Z;. This gives us the conditional distribution:

asglf+Kt_1 .

if Kip1 =K
T g | t+1 t)
P(Ki1|Ky) = s ke

Cnew 3 =
T | if Ky =K+ 1.

(3.2)

The corresponding Markov chain diagram for this transition distribution is shown in
Figure 3.3. As more states are instantiated, the denominator for the probability of new
state instantiation increases while the numerator remains constant, implying a lower
rate of new state instantiation over time.

The generative model described above for the full random variable (Z;, K;) has many
similarities to the sticky hierarchical Dirichlet process hidden Markov model (HDP-
HMM) of Fox et al., for whose details we refer the reader to [2]. Both models describe the
set of possible switching states and their transition kernel nonparametrically. However,
while state in the sticky HDP-HMM is indexed only by Z;, in our generative model,
state is indexed by the joint variable (Z;, K;), and transitions do not exist between all

possible pairs of (Z;, K}).
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Figure 3.3. Markov chain macrostate diagram, with macrostates corresponding to total number of

instantiated states. Transitions between states are labelled with probabilities, as defined in Equation 3.2.

Distribution of K}

A quantity of interest is the distribution over the number of instantiated states at time
t, namely K;, as a function of ¢ and the parameters o,y and ayen. Denote by py the
probability of instantiating a new state if K states currently exist, which corresponds
to the second case in Equation 3.2. Although the generative model can instantiate an
arbitrary number of states, note that at time ¢, it is not possible for more than t states
to have been instantiated, i.e. K; < t. Thus, for any finite ¢, we can reason over the
distribution of K; in terms of the distribution of K;_; and pg, ,. Specifically, if we
view the distribution of K; as a t-dimensional vector, where the k'" entry represents

P(K; = k), we can write the following recurrence:

(1—pr)P(Ki—1=k)if k=1,
P(Ki=k)={pr1P(Ki1 =k -1+ (1 —pp)P(Ki—1 =k)ifl <k <t, (3.3)
pk—lP(Kt—l =k - 1) if k=t.

If we wish to compute the distribution of K; for 1 <t < T', we must compute P(K; = k)
for 1 < k < t, and we must do this for every ¢t between 1 and 7. Computing the
distribution of K; is thus an O(T?) procedure.

While K, is positive for all £ < t, the vast majority of the possible values of K;
occur with very low probability. Instead of attempting to visualize the full distribution,
we will instead display summary statistics, namely the expected value and mode, of the
distribution of K; as a function of £ for certain parameter values of apey and ages. In
Figure 3.4, we display the probability of new state instantiation and the distribution
of K for (anew,asetf) = (50,5) and (5,50), where we set the maximum time to be
T = 1000.
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Figure 3.4. The top pane shows probability of new state instantiation for (anew, @seiy) = (50,5) and
(5,50) as a function of the number of instantiated states K. As K increases, ancw decreases relative
to the sum of the transition parameters for all other states, resulting in decreasing pr. The middle
and bottom panes depict the distribution of K, the total number of instantiated states at time t, as
a function of anew and agep. For the purpose of readability, each column of the middle and bottom

panes has been normalized so that its maximum value is 1.
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Figure 3.5. Contour map of the average number of instantiated states across samples (K) in the
(new, @sers )-plane for T = 1000 time points. Data points were computed with 2,000 samples each per

(Ctnew, Csery) pair.

Note that high values of a,.; encourage the process to remain in the current state,
thereby suppressing the instantiation of new states, while high values of aye, directly
encourage instantiation of new states. It is thus of interest to study the interaction
between ayer and apey,. Shown in Figure 3.5 are the average number of instantiated
states in simulations run with different values of cvge;r and age. The highest values of
K occur in the bottom right, where ave, is high and o ¢ low, while the lowest values

of K occur in the top left.

B 3.3 Overview of ONSTIM Inference

So far in this chapter, we have described the relevant generative model that underlies
our inference procedure. We now switch gears to describing the procedure of inference
itself. ONSTIM allows for an online approach to detecting interaction structures by
dividing the observed sequence into many batches, each of length B, and only perform-
ing inference on the most recent batch. We now detail the batch framework employed
in ONSTIM, and then describe how inference is performed using this framework. The

procedure is concisely documented in Algorithm 3.3, and a visualization of the batch
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framework is presented in Figure 3.3.

The batch framework for any experiment consists of the subdivision of all time
points in the observed sequence into possibly overlapping sets called batches. A batch
framework is parameterized by the batch length, which we denote here as B, and by
the batch offset. The batch offset is the distance in time from the last point of a certain
batch to the last time point of the subsequent batch. Since batch length and batch offset
are constant over the course of an experiment, the batch offset can also be interpreted
as the number of points in a given batch that are not members of the subsequent batch.
For instance, if batch 1 contains times ¢ = 1 through 10 and the batch offset is set to
2, then batch 2 will contain time points ¢t = 3 through 12. We will explore the effect of
the choice of the batch offset scheme on the inference results in Chapter 4.

Recall from Chapter 2 that averaging over many samples provides an unbiased
estimator of expected value that has much less variance than a single sample. Therefore,
in order to better model the full joint distribution over all variables of interest, instead
of sampling only one sequence of batches, we sample S parallel batch sequences, as
seen in Figure 3.3. Equipped with multiple samples, we can better characterize the
expected value of any function of the joint distribution that is of interest to us. For
example, if we are interested in the probability of some event A occuring, we can use
the approximation p(A) = %Ef:l |

We now provide a brief high-level overview of ONSTIM. In each of the S parallel
batch sequences, inference on the first batch is performed by directly using the SSIM
inference algorithm. After a sufficient burn-in period, a single sample is taken from the
sample chain, which is then used to help initialize the next batch. Subsequent batches
are initialized partially with samples from previous batches, and partially with samples
obtained from initialization procedures described later in the chapter.

Suppose that all time points from ¢ through t; — 1 are shared between two consec-
utive batches. In the latter batch, those shared time points are directly initialized to
their sampled values from the previous batch. Time points that are new to the latter
batch are initialized using either Algorithm & or Algorithm 9. If a new interaction
structure and transition parameter model are sampled during this initialization, the
model is instantiated into the set of available transition models. Regardless of whether
a new model is instantiated, Gibbs sampling is then performed for a fixed number of

rounds using Algorithm 10, and the final sample is taken and stored.
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Figure 3.6. S samples are taken in parallel. Each sample is divided into batches of length B, which
move forwards by the batch offset. Gibbs sampling is performed on each batch. The times t;,t2, and
t3 correspond to their respective descriptions in Algorithm 3.3. £, is the first time point of the current
batch, shown as a solid block, t3 is the final time point of the current batch, and to is the first time
point to come directly after the last time point in the previous batch, which is shown as a dashed block.
Note that {2 was not in the previous batch. A magnified version of a batch from the final sample is
shown at the bottom of the figure, with the batch offset, regime for initialization, and regime for full

sampling all labelled.
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The batch framework allows for simple filtering and fixed-lag smoothing approaches
to online inference. Filtering, the process of performing inference with data only through
the present, can be accomplished at some time ¢ by considering samples taken from the
batch which ends at time ¢. Fixed-lag smoothing, on the other hand, allows for the
utilization of some fixed horizon of data after the time point of interest to improve
inference results. Fixed-lag smoothing for some lag A can be similarly performed by
using samples taken from the batch ending at t 4+ A, as this incorporates information
note from A time points into the future. Note that this implies that fixed-lag smoothing
cannot be achieved for A > B, as there exists no batch which contains samples from
times further apart than B — 1.

Apart from allowing for online inference, ONSTIM allows for nonparametric mod-
elling of the number of structure/parameter states as the inference procedure moves
through time. In each new batch, there is a positive probability of arrival of a new
structure/parameter state, which is sampled from the prior on structure and param-
eters. The probability of that the system enters a new state at any given time is
dependent both on the prior probability of the arrival of new states and also on the

likelihood that the system entered a new state given the observed data.
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Data: Y, S, K, B, offset

Result: Xl:S,l:length(Y)-: Zl:S,l:length(Y)1 {E7 é}l:s1l:Ks

fors=1:5do
Xo0:8, Zs1:8,{E, 0} 1.6 = A1 (Yo.8, K);
K, = K;
forb=2:ndo
t1 = (b—1) - offset +1 ; // start of new batch
to=B+ (b—2)-offset+1; // time point after end of previous batch
t3 = B + b - offset ; // end of new batch

X taitas Lsty:ts = Initialize(to, 83, Ys tp:t5, Xoto—1, Zs,ta—1, {E, é}s,l:Ks);
if Ks+1¢€ Z,,.4, then

Instantiate {E,Q}S’Ks+] ~ P({E,QH{XS,“ XA VoiZ, imrc, 4103

K, =K, +1;
Xs,tl:tss Zs,t1:t3: {E, é}s,l:Ks = A2(Ys,t1:tg, Xs,tlzt;;a Zs,tl:t:;a {E, g}s,l:KS);
end

end

Algorithm 7. High-level overview of ONSTIM, with A;, A2, and Initialize called as subroutines.
A, is the full Gibbs sampling procedure of Dzunic and Fisher [1], described in Chapter 2. A; is the
post-initialization Gibbs sampling procedure we employ, described in Section 3.7. Initialize is the
initialization routine we employ, which can either be Approach 1, described in Section 3.5, or Approach

2, described in Section 3.6. Instantiating a new state is performed in the same manner as in A4;.

B 3.4 Complexity of Exact Inference

As described in Section 3.3, after initialization of X and Z variables in a new batch, we
immediately choose whether or not to instantiate a new structure/parameter state. If
we decide to instantiate a new state, a new structure/parameter state is sampled from
the posterior conditioned on the pairs of latent data sequence points (X, Xy ) for times
t such that Z; = K + 1. Otherwise, no new state is instantiated. In either case, after
initialization, Gibbs sampling proceeds almost identically to Gibbs sampling in SSIM,
with either K or K + 1 transition models available. Note that this approach implies
that for a new state to be instantiated during sampling for a batch, the instantiation

must occur during initalization, with no opportunity for sampling a new state during
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the rounds of Gibbs sampling.

It may seem preferable to instead perform the sampling of X and Z in the Gibbs
sampling rounds taking the K + 15 state to represent the prior distribution over struc-
ture and parameters instead of any specific structure/parameter pair, thereby delaying
specializing the new state to a particular transition model until desirable. Unfortu-
nately, due to issues of computational tractability, running such a sampling procedure
is not possible. Although it is possible to sample Z while accounting for the K + 1%
state as the prior distribution, it is difficult to sample X similarly. In this section, we
will show why this is the case, and we will discuss approximate solutions that attempt

to tackle this issue.

B 3.4.1 Intractable Message Passing for X

In SSIM inference, recall that one of the sampling steps of the Gibbs sampler is that
of sampling the latent data sequence X ~ P(X|Z,Y, E, é) This is accomplished by
a backwards message passing step, followed by a round of forwards sampling. The

backwards messages are given by
m'(Xz) =/ P(Xi411 X, Zei 1 )P (Y1 | Xoo )M (X1 )d X1 (3.4)
Xi1

Samples of X; conditioned on Xoy_1, Z,Y, E, and 8 are then obtained by sampling
Xt ~ P(Xt| Xo.4-1,Z, Y, E, 0) o« P(X4| X1, Zs) P(Ys| Xy )mb(X). (3.5)

In SSIM inference, Z; takes on values in {1,..., K}, where each possible value indexes
a linear Gaussian transition model.
If Z, = K + 1, then we have

mt(z) = P(Xe1]z; 8, 7) P(Year | Xpw)m* (X 1) d X 41 (3.6)

Xig1

Let us focus on the term P(X,.1|X;;5,7). Note first of all that we can decompose
this probability into a product across the entries of the vector X;,1, since we assume

independence across the probability distributions of each element of the vector. Thus,

N
P(X¢41]1Xe; 8,7) = HP(X§+1|Xt§577)- (3.7)

1=1
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Next, note that P(X},|Xy; 3,7) is a probability taken over the prior over structures
and parameters by marginalizing out all parent sets and parameters. We can write out

the marginalization of parent sets explicitly as

N N

[T P 1% 8.7) = [T D2 PXEIXE59) Pwali); B). (3.8)

i=1 i=1 pa(i)
The term P(X},, 1Xtﬁa(i); ) is distributed according to a Student’s ¢-distribution while
P(pa(i); B) is a constant determined by the prior on structure. Thus, the weighted
sum Y- P(XZ'HIXfa(i); v)P(pa(i); B) takes the form of a mixture of ¢-distributions,
analogous to a Gaussian mixture model. P(X¢;1|X¢; 3,7) is then distributed according
to a product of t-mixture models.

Consider the casc of t = 7' — 1, in which m!*1(Xyy)) = mT(X7) = 1V Xp. The
observation model characterized by the term P(Y7|X7) is multivariate Gaussian, so if
Z1r = K + 1, computing the message

m? Y (X71_1) :/ P(X7p|Xr_1;8,7)P(Yr|X1)d Xy (3.9)
X
requires integrating over the product of a Gaussian and a product of t-mixture models,

which has no closed form analytical solution.

M 3.4.2 Alternative Approaches

Since computation of the message described in the above equation is intractable, it
is natural to attempt to approximate the integral with something that is analytically
tractable. In this section, we discuss potential approaches for approximating the com-
putation of the message with techniques based on Gaussian distributions. Although we
do not implement any of these approximations in this thesis, they are potential avenues
for further exploration.

First, we propose a naive approach, namely that of approximating P(X;y1|X+; 5,7)
with a Gaussian distribution. There are several different ways to perform this ap-
proximation. A simple solution is to replace the distribution P(X:11]|Xy; 3,7) with a
Gaussian possessing the same mean and covariance. This method has the advantage of
being very easy to compute and implement, since it fits directly into the Gaussian mes-
sage passing framework. However, it may be a gross oversimplification of the original

distribution.
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Recall that P(X;;1|X};8,7) is a product of t-mixture models. We will attempt to
qualitatively characterize this distribution and compare it to a Gaussian approxima-
tion. If X is a N-dimensional vector, our constraints allow each node in X to have
up to M parents, and each node is required to have itself as a parent, then each node
can have Zf‘io_l (N ;1) possible parent sets. Thus, each t-mixture model corresponding
t0 3 (i) P(Xé+1|Xf_a(i);7)P(p~a(i);ﬁ) for some node i has up to 5" (V) modes.
Since each t-mixture model is one of N factors of the overall distribution, the distribu-
tion of P(X;4+1|Xy; 8,7) has up to (Zfial (Nz._l))N modes, significantly more than the
unimodal Gaussian distribution. Constructing a Gaussian distribution with the same
and mean and covariance as P(X;1|Xy; 3,) could yield significant density in regions
of the support where the original distribution has little density and vice versa. If the
modes corresponding to different parent set choices happen to be very close to each
other, then the unimodal Gaussian approximation may be a reasonable technique.

Another Gaussian-based approach is to replace the target distribution P(Xy1|X¢; 8,7)
with a Gaussian mixture model instead of just a single Gaussian. This could be achieved
by replacing each individual {-distribution with a Gaussian distribution of equal mean
and covariance. Then, Gaussian mixture models could be constructed analogously to
the t-mixture models, and the approximating distribution could be written as the prod-
uct of Gaussian mixture models. While this approximation is much more faithful to the
original distribution, performing message passing with with Gaussian mixture models
is extremely computationally expensive, but not technically analytically intractable.
Since the product of Gaussiam mixture model with a components and a Gaussiam mix-
ture model with b components yields a Gaussian mixture model with ab components,
running message passing with Gaussian mixture model messages leads to a exponential
blowup in the size of the parameterization of the mixture model. While this directly
leads to computational intractability of the approach, further heuristic techniques such

as merging or truncating the lowest weight components have been employed in the past
[9].
B 3.5 Batch Initialization of X and Z: Approach 1

The first step in the inference procedure for a given batch of data is initialization of

the discrete states, the Z variables, and the latent data sequence, the X variables.
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Dzunic et al. also perform an initialization of the Gibbs sampler before proceeding to
actual sampling, but our first approach to batch initialization is significantly different
from theirs. First of all, we can take advantage of samples of X and Z taken from
the previous batch. Second, we wish to propose the possibility of the arrival of a new
structure and parameter state drawn from the prior over interaction structures and
parameters.

Let us define t;,t5, and ¢3 as in Algorithm 3.3. Suppose the batch that we wish to
initialize runs from time t; through ¢3. Given our allocation of time points to batches,
this implies that state and sequence values at times t; through t; were sampled already
in the previous batch. We will initialize X; and Z; to their respective values from the
previous batch for i € [t1,t2 — 1].

Next, we must develop a method to initialize X; and Z; for i € [t2,t3]. We will
employ a greedy initialization approach, in which observations for times greater than i
are ignored in the initialization of X; and Z;. The initialization procedure iterates over

the times in the outer loop, and between sampling Z; and X; in the inner loop.

Data: t23t35Y7Xt241:Zt2_17{E’é}l:K
Result: Xy, .1,, Zt,:14

7 for i =t9 : t3 do
Sample Z; ~ P(Zz‘ = Z|Z1'_1,Y;',Xi_1),2 € {1,...,K + 1}

Sample X; ~ P(X;|Xi-1,Y:, Ez,,9z;58,7)
end

Algorithm 8. High-level batch initialization of X and Z: Approach 1. We use the t2,¢3 notation for

the sake of consistency with Algorithm 3.3. Details of the sampling steps are provided below.

W 3.5.1 Initialization of Z, ~ P(Z;|Z;_,,Y;, Xi—1)

The actual process of sampling from the conditional distributions of Z; and X; listed
above is complicated by modeling the arrival of a new state that is sampled from the
prior over structures and parameters. Conceptually, if a transition from time i to i + 1
is better modelled by the prior across all structures and parameters than by any of the
existing K structure and parameter states, we wish to allow a proposal of a new state
sampled from the prior conditional on such transitions. Unfortunately, while computing

the conditional probability distribution of a transition P(X;|X;_1;/3,7) is analytically
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tractable, the resulting distribution is a matrix-T distribution instead of a multivariate
Gaussian distribution. Consequently, no further useful analytical operations, such as
multiplication by multivariate Gaussian valued random variables, necessary for any
message passing algorithm, can be performed on the resulting distribution.

However, computing P(X;|X;_1;8,7) is necessary for sampling both Z; and X;.
Instead of

P(Zi| 751, Ye, Xi1) (3.10)
=/X.P(Zi,XiIZi,l,Y;-,Xi_l)dXi (3.11)
:/X P(Xi|Zi, Zio1, Yo, X 1) P(Zi] Z 1, i, X1 )d X (3.12)
- /X P(X|Z1, Y, X P(Zi\ Zi 1 )X, (3.13)
x P(ZiZi1) /X P(X,,Yi|Zs, Xi—1)dX, (3.14)
— P(Zi|Zi1) /X P(X:1Zs, Xs_1) P(Yi| Xs)d X (3.15)

For Z; € {1,..., K}, the expression P(X;|Z;, X;_1) is a multivariate Gaussian, and
therefore X; can be integrated out analytically quite simply. If Z; = K + 1, however,
we are computing the conditional probability of X; given X; ; under the prior over
structures and parameters, such that P(X;|Z; = K + 1,X,_1) = P(X4|X;-1;8,7).
Since this is not a multivariate Gaussian distribution, we must adopt a non-analytical
approach to allow us to integrate over X;. We will proceed by sampling N instantiations

of structures and parameters from the prior over structures and parameters. Note that

P(Xi|Xis1;8,7) =Y oy T il X1, B, ©)P(E, 6;8,7)d6 (3.16)
E E
= EgolP(Xi|Xi_1, E,0)] (3.17)
1 & .
:&TOON;P(XAX“,E]-,@]') (3.18)
1S o
=~ N P(XilXi_l,Ej,@j). (3.19)
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Thus, for Z; = K + 1, we have

P(ZiZi 1, Yo Xio1) = P(Zi]Zi 1) / P(X,|Zi, Xio1) P(Yi]| X1 )d X (3.20)
X
1 N
NP(ZiIZi_l)/ NZP(XilXi_l,Ej,G)j)P(YHXi)dXi (3.21)
X; -
i j=1
P(Zi|Zi1) &
= ZTHZ/ P(Xi|Xi—1, Ej, 05) P(Yi| X;)d X;. (3:22)
i=5 7 Xi

Thus, given Y;, Z;_1, and X;_;, we have constructed up to a normalization factor
the complete probability distrbution of Z;, for values that corresponding to existing
structure and parameter states, and also for the possibility of the arrival of a new
state sampled from the prior over structuresr and parameters. We then normalize the
distribution to sum to 1 and sample Z;, whose value we store.

In conclusion, to initialize Z;, we sample Z; ~ P(Z;|Z;_1,Y:, Xi—1), where
P(Zi|Z;1,Y;, Xi-1)

P(Z;|Z;—1) in P(X;|X;_1,Ez,0z)P(Y;| X,)dX; ifZ,e{l,...,K}

o (3.23)
A=) S [ P(XilXio1, By, 0;)P(Yi|X))dX; if Zi=K +1.
W 3.5.2 Initialization of X; ~ P(X;| X, 1,4, Y)

The procedure for sampling X; given X; 1, Z;, and Yj, is embedded into the procedure

for sampling Z; described above, but with X; marginalized out. We have

P(Xi|X;-1,Y;, Z;) < P(X;, Y3 X1, Z5) (3.24)
= P(Y;[X;, X;_1, Z;) P(X3| X1, Z;) (3.25)
= P(Yi|X:)P(X;| Xi1, Z;). (3.26)

For Z; € {1,...,K}, this reduces to P(Y;|X;)P(X;{X;-1,E7,0z,). For Z; = K + 1,
we must resort to a sampling approach reflecting the approach taken to compute the
conditional probability of Z; = K + 1 in the previous subsection.

We have shown already that

N
P(Xi|Xi-1;8,7) > P(Xi|Xio1, E;,9;). (3.27)

Jj=1

1
N
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Thus, for Z; = K + 1,

N
1 -
P(Xi|Xi1,Y:, Zi) < > P(Xi|Xi1, Ej, 6;)P(Yi| X:). (3.28)
j=1

In conclusion, to initialize X;, we sample X; ~ P(X;|X;_1, Z;,Y;), where

P(X;| Xi~1:Z:,Y5)

PXiX,;,,E:.,@iPY?;Xi if Z, e {1,...,K
[P B enPmIxy iz

o Z;V:l P(X;|Xi—1,E;,0;)P(Yi|X;) if Zi=K+1.

W 3.6 Batch Initialization of X and Z: Approach 2

In the previous section, we described an approach to initializing the values of X and
Z at new time points in a batch in which X; and Z; are alternately sampled as t is
incremented from the first new time point in the batch to the last new point in the
batch. However, that initialization method has two significant shortcomings. First of
all, a sample of Z; or X; only incorporates observed sequence data up through ¢, omitting
new data provided to the batch at times after ¢, thereby eschewing a potentially useful
source of information. Second, computing the probability P(Z; = K + 1) required
marginalizing over X; by taking some number of samples of structure and parameter
states from the prior. Significant variance is introduced into the sampling procedure
unless a large number of samples from the prior is taken, which requires significant
time. It was mentioned in Section 3.4 that while performing message passing for X is
intractable if the K + 15 state represents the prior over all structures and parameters,
performing message passing for Z is tractable. Since performing full message passing
for Z requires an existing sample of X, the second approach will obtain a sample of X
first and then sample Z conditioned on X.

In this section, we will describe a second approach for initialization of X and Z
which closely mirrors that employed in 4. X is sampled from Y using a simple Kalman
filter with the transition matrix A assumed to be equal to I and with the transition
covariance fixed to a constant input parameter ¥. Let us denote by t the time point
directly after the last point of the previous batch, which is the earliest point that we
must initialize. Instead of sampling X;, conditioned only on Y as in A;, however, we

now sample Xy, conditioned on Y and X, i, as X;,_; is available from the sample of
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the previous batch. The message passing and sampling equations for X are given in
Algorithm 9.

Next, we describe the approach to initializing Z given a sample of X. The message
passing and sampling procedures for Z are very similar to those in the initialization
procedure of SSIM inference. However, apart from the K sampled structure and pa-
rameter states, we must now also account for the possibility of the arrival of a new state
from the prior. Unlike in the first initialization approach, we have already sampled X,
allowing for exact message passing and sampling of Z for the remainder of the initializa-
tion. Computing the message entries for the first K states is identical to the analogous
message passing computation in SSIM inference. Computing the K + 15" message entry
requires computing P(X;11|X;; 8,7) instead of P(X;41|Xi, Ez,,0z;). This expression

was expanded in Equations 3.7 and 3.8, and is restated here for readability:

N
P(Xes1|Xe8,7) = [[ D P(Xi11XP°Y; 4) P(pa(i); B)- (3.30)
i=1 pa(i)
This computation is also used in the forwards sampling procedure to compute the
probability that Z; takes on the value of K + 1 at time i. The full algorithm for

approach 2 to initialization is given below.
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Data: t,t3,Y, X4,—1, Zt,-1,{E, 0} 1.5, 5, R, 0
Result: Xy,.,, Z4,.4,
// Message passing and sampling X, assuming (A4;,%;) = (I,%) V i.
mb3(Xy,) = 1;
fori=1ty:t3—1do
| m'(X;) = fx,+1 N(Xiy1; Xi, )N (Xit1;Yitr, R)dX 41
end
fori=1t,:13 do
| Xi~ P(Xi|Xty—1:-1,Y) < N(Xi5 Xi—1, B)N (X3 Vi, R)mi (X);
end
// Message passing and sampling Z, allowing for Z = K + 1.
mb(Zy,) = 1;
for i =t :t3— 1 do
for Z; =1: K do
| m'(Zi) = Xy, P(Zin|Zi,m)P(Xin| Xi, Bz, ©2)m'+ (Zis1);
end
m(K +1) =Y, P(Zia|K + 1,m)P(Xi1| Xi; B,7)m T (Zig1);
end
for i =ty : t3 do
| Zi ~ P(Zi|Zyy—v1i-1. X, E,0,7)  P(Zi|Zi_1,7)P(Xi| Xi_1, Zi)mi(Z:);

end

Algorithm 9. Batch initialization of X and Z: Approach 2. We use the {2, {3 notation for the sake of

consistency with Algorithm 3.3.

B 3.7 Gibbs Sampler

After initialization, we must run rounds of Gibbs sampling to be able to take samples
from the true distribution. The sampling procedure of 7w, and {E, 63}1: x 1s identical
to that in SSIM. The sampling steps for X and Z are almost identical to those in SSIM,
except for the fact that every time point we wish to sample has a time point immediately

before it as well. This allows us to always sample from conditional distributions given
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previous values instead of from an initial distribution. Specifically, we now sample:

th ~ P(Xh th*laEZ:lv@Z:] )P(Ytlth)mtl(Xh) and (3-31)
Lty ~ P(Zy,|Zt, -1, m) P(X4, | Xty 1, EZal ) @Ztl )mtl (Z1,) (3.32)
instead of
th ~ P(Xh)P(}/t] |Xh)mt1(Xt1) and (333)
Zyy ~ P(Z4,)P(X4,| X4, -1, Eztl ’ 62,31 )mtl (Zt,)- (3'34)

A full characterization of the post-initialization Gibbs sampling procedure is given below

in Algorithm 10, which we refer to throughout this thesis as Aj.

Data: ta, t35 Y:tz:i:;: th—‘.l:t:;-n Ztg—l:tga {E’ é}l:K
Result: th:t:ja Zﬁz:tsa {E é}l:K

fort:=1:N do
Sample m ~ P(7|Z¢,—1:t55 @);

Sample {E, 8} 1.k ~ P({E, 0}1.K| Zsytgs Xty —1:43 B57);
Sample w ~ P(w|X¢, .1y, Ye,:t550);

Sample Xy,:45 ~ P(Xtyita| Xt1-1, Zty:ta» Yersitar {E» O1ik);
Sample Zi,.t; ~ P(Zt,:t5 2t -1, Xt1:tas {E,é}l._;{,rr);
end

Algorithm 10. A,: post-initialization Gibbs sampler.

B 3.8 Summary

In this chapter, we introduced and developed ONSTIM, a procedure for performing in-
ference in an online nonparametric switching temporal interaction model. We proposed
an online approach to inference that incorporates data incrementally and performs in-
ference only on the latest batch of time points. A nonparametric approach to selecting
the number of transition models was developed that operates by allowing the proposal
of new states during the initialization of the Gibbs samplers, and that instantiates a
new model if a new state is indeed proposed.

Drawbacks of both developments were also discussed. Subdivision of the time series

into batches prevents the use of information from time points that are further away
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than the specified batch length, introducing a new limitation compared to the original
algorithm of Dzunic and Fisher. Our approach to sampling new states relies heavily
on sampling instead of analytical approachces, thereby introducing significant variance,
and also can only operate during the initialization phase of the Gibbs samplers. An-
alytical approximation approaches and their drawbacks were also discussed, and they
were ultimately not implemented, though that remains a potential avenue for further
work.

Next, two different initialization approaches for the Gibbs samplers were described,
along with the relative merits and weaknesses of each one. We now point out that
for experimental purposes, we will exclusively use initialization approach 2. Finally,
we described a slightly modified version of the original Gibbs sampling procedure for
sampling in ONSTIM. Experimental results of ONSTIM on both synthetic and real
financial datasets will be reported in Chapter 4.



Chapter 4

Results

In this chapter, we will provide experimental results from the application of ONSTIM
to synthetic and real datasets. First, we will empirically characterize the performance
of ONSTIM through its application to synthetic datasets with known true values for all
variables in the graphical model. Knowing the true values of variables in the synthetic
datasets provides us a ground truth against which to compare the results of ONSTIM,
thereby providing a metric for its performance. We will describe the process of gen-
erating thesc synthetic datasets, and then explore the behavior of ONSTIM on these
datasets as we vary procedural parameters, such as the batch offset and the values of
Cself and ey

Then, we will apply ONSTIM to financial datasets, constructed from time series of
the prices of various United States stocks and other financial instruments. Specifically,

we will apply ONSTIM to both interday and intraday datasets.

B 4.1 Empirical Model Characterization

In this section, we present empirical results of ONSTIM on synthetic datasets with the
aim of characterizing the behavior of ONSTIM in a variety of parameter regimes. We
are interested in the performance of ONSTIM as we vary the batch offset, apew, and
asetf- We wish to characterize the performance of ONSTIM with respect to the param-
eters of the generative model described in the previous chapter instead of with respect
to any particular dataset that is an instantiation of the generative model. Thus, we
will effectively marginalize over the specific dataset instantiation by sampling several
realizations for each generative model parameter set, running ONSTIM on each real-

ization, and averaging results over each of the realizations to obtain an estimate of the

71
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distribution of the performance of ONSTIM for given parameter conditions.

We will first describe the methods by which the synthetic datsets were generated.
We will then display and provide exposition of summary statistics of the performance
of ONSTIM on the synthetic datasets. We are specifically interested in the ability of
ONSTIM to accurately detect the number of switching states in the generated datasets,
and in how this ability varies with the choice of parameters. Finally, we will discuss the
implications of the results and attempt to shed some light on the reasons that ONSTIM

behaves as it does.

B 4.1.1 Synthetic Dataset Generation

Synthetic datasets were generated by sampling a switching sequence from a transition
model specified by aerf and ey as described above. All switching sequences were ini-
tialized to K = 1, so there was no need for an initial distribution of Z. For each sampled
instance of Z, K interaction models and corresponding parameter sets were sampled
from the parent set prior on structures and the matrix-normal inverse-Wishart prior
on parameters. The value of the latent sequence X at time 0 was sampled uniformly
at random from the interval [0,.001], and subsequent samples were taken according to
the structure and parameter model indexed by the value of Z at that time. Finally, the
observation noise covariance parameter £ was sampled from inverse-Wishart prior. The
observation sequence Y was then sampled conditioned on the sampled values of X and
€. The number of nodes in all datasets was set to 5, and the maxmium allowed parents
were 3.

Synthesized datasets were filtered to prevent occurrences of destabilizing exponen-
tial growth in the latent or observed sequences. This was achieved heuristically by
disallowing datasets in which the observed sequence took values at any time point with
absolute value greater than 100. A sample synthetic dataset generated is shown in

Figure 4.1.

B 4.1.2 Inferred Number of Switching States

An important metric of the performance of ONSTIM is the relationship between the
inferred number of states and the true number of states, whose values we know in
the case of synthetic datasets. We will refer to the empirical distribution of the total

number of states from the sampling procedure as K, which is an estimator of the true
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Figure 4.1. Sample synthetic dataset with apew = 20, aser; = 2500. Switching, latent, and observed

sequences are shown.

underlying value of K.

First, we computed empirical conditional distributions of K given K. These distri-
butions were computed for (apew, serr) = (5,500), (10,500), (20, 2500), and (40, 2500),
and for batch offset values of 2 and 10. For each transition model parameter, 20 datasets
of length 7" = 1000 were generated, and 25 samples were computed for each dataset,
ie. S = 25. Within each batch sample, 9 samples were skipped to allow for burn-
in and the tenth sample was taken from the sample chain. To compute probabilities
conditional on the prior over structures and parameters, averaging was done over 40
structure/parameter models which were sampled from the prior on interaction struc-
tures and transition parameters. The transition model parameters in the inference
algorithm were chosen to match the parameters in the corresponding generative model.
The conditional distributions of K piven K for all eight parameter conditions are shown
below in Figures 4.2 and 4.3.

Next, we computed the conditional bias of the estimator K given that K takes on
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a fixed value k, which we can write as Biask(f( ik

Biasg (K) = Eg [k — K] = Eg [K] - k (4.1)
= [kP(K = kIK = k)] — k. (4.2)
i

The conditional bias of K given K is a function of K. Next, we will use the conditional
bias to compute the global bias of the estimator K, also commonly just called the bias,

which marginalizes out the distribution of K.

Biask (K) = Ex [Biask(K)] (4.3)

=Y P(K =k)[]>_kP(K =k|K =k)—k]. (4.4)
k k

Other possible characterizations of the accuracy of inferring the true number of states

could include looking at the average difference between the true value of K and the

median, mode, or other central tendency statistic of the distribution of K given K.

However, we will limit ourselves to considering bias for this purpose. Conditional and

global biases are shown in Figures 4.4 and 4.5, with global biases listed in the title of

the figures for the respective conditional bias.

M 4.1.3 Discussion

The choice of batch offset has a significant effect on the number of inferred states.
Specifically, experiments run with a batch offset of 2, the lower of the two values used
in experiments, display instantiation of significantly more states than those run with
a batch offset of 10. Furthermore, experiments run with a batch offset of 2 display a
positive conditional bias for every setting of the parameters ape, and agef, and for
every true value of K. Not only is the conditional bias consistently positive for a batch
offset of 2, but Figures 4.2 and 4.3 suggest that in almost no samples is K less than or
equal to the true value of K. To summarize, experiments run with a batch offset of 2
consistently and significantly overestimate the number of states in the dataset.

A possible explanation for the much higher number of states instantiated in experi-
ments with batch offset 2 than in those with batch offset 10 may simply be the fact that
since approximately 5 times as many batches are sampled with offset 2 than with offset

10, ONSTIM has 5 times as many opportunities in which to propose new states. Note
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Figure 4.2. P(K|K) for low atpeuw, userp: Distribution of the estimator K given K, for parameter values
(5,500), (10,500). The distribution of K for a given value of K should be interpreted
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in any dataset, the entire conditional distribution column for that K is displayed as 0. Note that the
estimator K is significantly higher when the batch offset is chosen to be 2 than when it is chosen to be
10.
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that in all experiments, oy, was chosen to be greater than 1, implying that ONSTIM
is more likely to instantiate a new state to explain an incoming observation than to
reuse an existing interaction model that explains the observation as well as the base
measure does. If such situations occur frequently, running ONSTIM with a batch offset
of 2 does allow for significantly more opportunities for the instantiation of new states.

Another potential scenario that could help explain the higher number of states
instantiated by batch offset 2 than by batch offset 10, but not the consistently high
bias, is the possibility that two or more new interaction structures arrive in rapid
succession. In such a scenario, setting the batch offset to 10 would result in different
new states getting instantiated as the same new model, while keeping the batch offset
at a lower level like 2 would allow for greater granularity in detecting separate new
states and instantiating them individually.

Unrelated to differences in batch offset, the generally downwards slope in most of the
conditional bias figures (Figures 4.4 and 4.5) also prompts some interesting questions.
The higher the true number of states K, the less the bias of the estimator K tends to
be. While it is certainly evident from Figures 4.2 and 4.3 that higher values of K tend
to correspond to higher values of K, the negative slope of the bias implies a tendency
of K to move towards a central value determined by the parameters of the inference
algorithm. It would be interesting to try expressing the distribution of K in terms of
the true value of K for an instantiated dataset and in terms of the parameters ayew
and o r. However, exploring this phenomenon further would require obtaining many

more (K, K) data points.

B 4.2 Experiments with Financial Datasets

Financial datasets comprise a rich and complex field for experimentation with graphical
model inference procedues. Sets of financial instruments often have a wide variety of
conditional dependence relationships structures. In contrast to the synthetic datasets
whose experiments allowed for validation and testing of the performance ONSTIM,
financial datasets do not have a corresponding generative model from which we can know
the “true structure”, at least not a model that is directly observable. Consequently,
it is difficult to directly evaluate the performance of ONSTIM on financial datasets,
although the predictive capabilities of the inference results of ONSTIM could serve as
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a proxy for result accuracy.

However, since ONSTIM employs a sampling approach, after performing inference
we are equipped with a characterization of the full joint distribution, which allows us
to ask a wide variety of interesting questions about the dataset, such as the probability
of the existence of an edge during a given time window, or the probability that the
switching states sequence took on the same value at two different times. This allows
us to shed light onto the interaction structures present in the datasets, and especially
lends us insight into the process of arrival of new states in the datasets of interest. For
example, we may be interested in knowing which financial instruments are the most
influential in a given period of time, or how likely it is that a new interaction structure
arose during that time. We will now address these and other questions for a interday
S&P100 dataset, a particular intraday S&P100 dataset, and an interday S&P500 sector
dataset.

For the sake of consistency, most parameters of ONSTIM were set to the same values
as in the synthetic dataset experiments. Because of increased dimensionality of the data
vectors, however, the number of maximum parents was reduced to 2 for all datasets.
Furthermore, all financial dataset experiments were conducted with a batch offset of
10, as this was shown in the synthetic experiments to yield less biased estimators of
state number in our parameter regimes of operation. All other parameters were kept

the same.

W 4.2.1 S&P100: 2007-2012

The S&P100 is a stock index consisting of the 100 largest publicly traded companies
in the United States. We have constructed two datasets with the stocks from the
S&P100. The first dataset, which we consider here, is a long-term interday dataset that
was constructed using the prices at the close of each trading day from September 4,
2007, to December 31, 2012. Since the S&P100 was rebalanced over our time window
of interest, we restrict ourselves to consideration of stocks that were members of the
S&P100 from September 4, 2007, through December 31, 2012, yielding a list of 90 stocks.
As is typical when working with financial datasets, instead of directly using prices to
track the movements of a stock, we use log returns of the prices as our observed time
series in this dataset and all subsequent ones.

Results from inference on this dataset exhibit significant new instantiation, as dis-
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played in Figure 4.6. Figure 4.8 displays the switching similarity matrices, which dis-
plays in entry (i, j) the probability taken across all samples that the interaction struc-
tures and parameters active at times i and j are the same, i.e. that Z; = Zj. Since
similar switching states may be indexed differently across different samples, we can
only reason about the equality of switching states that coexist within a single sample.
Figure 4.8 shows that the market was largely in the same state for the majority of the
duration of the experiment. However, for a significant chunk of time from the latter part
of 2008 through the beginning of 2009, the market appears to have been in a different
set of states that varied somewhat rapidly over this course of time. It is possible that
this deviation from the normal market state corresponds to impact felt in the equity
markets from the financial crisis of 2008. A second visible, albeit much smaller, devia-
tion occurs in several samples for all parameter values around ¢t = 1000, corresponding
to the end of 2011 at the beginning of 2012. It is not obvious what market event, if

any, this transition corresponds to.

W 4.2.2 S&P100: Flash Crash

The second S&P100 dataset that we will look at is an intraday dataset from the day
of May 6, 2010, that was constructed with the last trade prices taken every minute.
May 6, 2010, was the day of the Flash Crash, during which the US stocks rapidly
dropped during the afternoon. The S&P500 lost 5% of its value in a few minutes, and
subsequently quickly recovered back to its original price [6]. The Flash Crash represents
a notable yet short-lived market phenomenon, and thus presents an interesting scenario
for ONSTIM.

Figure 4.9 shows the probability of new state arrivals. All samples in all parameter
settings sampled the Flash Crash as the arrival of a new state. Figures 4.11 and 4.12
show that the market was largely in a single state until the Flash Crash, at which
point the system appears to have rapidly transitioned between several different states,
none of which were the same as the original state. Towards the close of the day, the
observations suggest a return to a somewhat recurrent state, which most samples assign
to a different interaction model index than the original state at the beginning of the
day.

Figures 4.11 and 4.12 also demonstrate the ability of ONSTIM to perform both

filtering, corresponding to a batch lag of 0, and fixed-lag smoothing corresponding to



Cnew = 5’0:"'“” =500 Cnew = lo!aaulf =500

2 1 g 1
;(.—; 5
S 08 3 08}
2 o
= 0.6 = 0.6
< 04 < 0.4
2 2
] ]
» 0.2 ﬂ » 0.2
= =
2, ally LY = ol ol
0 500 1000 1500 500 1000 1500
Time (Trading Days since 9/4/2007) Tlme (Trading Days since 9/4/2007)
Qnew = 20,0505 = 2500 Qe = 40, 405 = 2500
2 1 2 1
5 3
808 808
o [
a a
= 0.6 = 0.6
= 2
< 04 < 04
2 2
i 3
w 0.2 ®» 0.2
= 2
¢ 11 L L L P A 11 WL AL
0 500 1000 1500 0 500 1000 1500
Time (Trading Days since 9/4/2007) Time (Trading Days since 9/4/2007)

Figure 4.6. S&P100 Interday: New state arrival probabilities are shown for the specified parameter
values of (@new, @setr). Note that the value of the graph at time ¢ is not necessarily the probability of a
new state instantiation at time ¢, but rather the probability of the event that the batch in which ¢ ap-
peared instantiated a new state. Almost all samples in all parameter settings agree on the instantiation

of a new state at 8 points, visible as peaks with probability close to 1.



Qpewy = SsGM'U =500 Cpew = 10|Qsc‘ff =500

w w
& 2
o ©
& 15 & 15
S S
@ @
-g 10 -g 10
3 -
Z =z
)] [0}]
g 5 g 5
2 g
< 9 : < 9
0 500 1000 1500 0 500 1000 1500
Time (Trading Days since 9/4/2007) Time (Trading Days since 9/4/2007)
Qipew = 20»0’.wU = 2500 Qpew = 405“’.«4}’ = 2500
0 7]
L 2
2 3
n 15 a 15
ks ks
@ @
€ 10 £ 10
= 3
=z -
()] @
E: 5 8 5
g g
* g < o0
0 500 1000 1500 0 500 1000 1500
Time (Trading Days since 9/4/2007) Time (Trading Days since 9/4/2007)

Figure 4.7. S&P 100 Interday: The total instantiated numbers of states state arrival probabilities are
shown for the specified parameter values of (Gtnew, @sers). This figure can be interpreted as the integral

of Figure 4.6.



Qnew = 5, sy = 500

1
300 0.8
600 0.6
0.4
900
0.2
1200
0

(]
E
=
300 600 900 1200
Time (Trading Days since 9/4/2007)
Onew = 20, 0057 = 2500
300
Q
E 600
!_

900

1200

.io

300 600 900 1200
Time (Trading Days since 9/4/2007)

Figure 4.8. S&P100 Interday: Switching similarity matrix. Entry (, j) indicates the probability taken
across all samples that Z; = Z; within a random sample. From the latter part of 2008 through the
beginning of 2009, the figure suggests that the market went through set of states that varied somewhat
rapidly. This switching sequence may correspond to the effect of the 2008 financial crisis on US equity

markets.

9]
£
=

Time

Cpew = 10, Qgelf = 500

1
0.8
0.6
0.4
0.2
0

300 600 900 1200
Time (Trading Days since 9/4/2007)

300

600

900

1200

Qpew = 40, Qself = 2500

300 -
600 :
900 '
1200 '
0

300 600 900 1200
Time (Trading Days since 9/4/2007)




Sec. 4.2. Experiments with Financial Datasets 85

ancu: = s,asp,!f - 500 aneu' - loaaself == 500
1 1
= 2
= 0.8 = 0.8
[ [+
o o
2 06 2 06
a o
oL 2
s 04 c 04
n n
3 0.2 W/\/\\ & 02
§ = A
0 : - 0
0 100 200 300 400 0 100 200 300 400
Time (minutes since open) Time (minutes since open)
Qpew = 20,a_qegf = 2500 Kpew — 40,01_%“ = 2500
1 1
= =
= 0.8 = 0.8
1] [\')
o] O
© 06 © 06
a a
2 2
o 04 < 04
n n
=z z
0 : 0
0 100 200 300 400 0 100 200 300 400
Time (minutes since open) Time (minutes since open)
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positive batch lags. In the context of ONSTIM, filtering entails evaluating a quantity
of interest using the sample from the batch in which time ¢ first appears as the sample
at time t. Fixed-lag smoothing with a batch lag of A refers to using the sample from
the A + 15 batch in which ¢ appears. In the case of the switching similarity matrices
displayed, however, there does not appear to be significant different between the results

from filtering and fixed-lag smoothing for lags of 1 and 2.

Bl 4.2.3 S&P Sector ETFs

Next, we will consider datasets constructed from S&P sector exchange traded funds
(ETFs). The S&P500 index, a superset of the S&P100, is the most common bench-
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Again, the results of this experiment appear relatively insensitive to the choice of apew and asers.
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mark index for the United States economy. It is broken down into 9 industry sectors:
materials, energy, financials, industrials, technology, consumer staples, utilities, health
care, and consumer discretionary. These sectors are referred to with the ticker symbols
XLB, XLE, XLF, XLI, XLK, XLP, XLU, XLV, and XLY respectively. The set of 9
sectors serves as a coarse representation of the dynamics of the S&P500, but provides
a much more tractable dataset on which to perform inference quickly. For the sake of
consistency, we ran ONSTIM on the sector datasets for the same times as the S&P100
datasets.

In Figure 4.13, no single day is indicated as having greater than 60% chance of
new state instantiation, in contrast to the corresponding Figure 4.6, which shows high
instantiation probabilities for the S&P100 interday dataset over the same time period.
However, Figure 4.15 tells a state transition story very similar to that of Figure 4.8, the
corresponding figure for the S&P100 interday dataset.

Due to the small number of observed variables in the sector ETF datasets, we can
display the posterior distribution over edges between the 9 ETFs, shown in Figure
4.16, and derive a meaningful interpretation from the result. The value of the matrix
at entry (i,7) is the probability taken across all samples and times that object i is a
parent of object j. Self edges are not displayed, as are fixed to occur by default in all
interaction structures. For parameter values of (Qnew, tserf) = (5,500) and (20, 2500),
which correspond to lower estimated values of K, the posterior probability is quite high
that XLE, the cnergy sector ETF, is a parent of XLF, the financial sector ETF. The
posterior probability of the existence of the edge XLE — XLF is approximately 3% for
both of the mentioned parameter values, which is approximately double the probability
of an average edge and the highest of any as well.

For the parameter values of (amew, @serf) = (10,500) and (40, 2500), however, the
relationship descried above between XLE and XLF does not hold. Instead, the prob-
abilities of edges are higher across the board. One explanation of the difference is the
fact that more states are instantiated for these parameter values. Consequently, the
number of data points assigned to each interaction structure and parameter model is
smaller, which makes it easier for ONSTIM to overcome the regularization induced by
the prior weighted against larger parent sets, due to the greater explanatory power of

larger parent sets tailored to a small set of data points.
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B 4.3 Summary

In this chapter, we have presented empirical results of the performance of ONSTIM
on both synthetic datasets and financial datasets. ONSTIM was demonstrably able to
recognize the arrival of new states both in synthetic datasets and real datasets, providing
validation of our original goal of developing an online inference algorithm capable of
learning model complexity from the data.

However, the performance of ONSTIM also displayed significant sensitivity to pa-
rameters such as the choice of apew, @seif, and batch offset. For most parameter settings,
ONSTIM displayed a tendency to be overly aggressive towards instantiating new states,
yielding estimators K of K that typically had positive bias, and sometimes quite large
positive bias. This was especially true for the case of experiments run with a batch
offset of 2, in which bias was never negative or even zero, and in which global bias went
as high as 20 for certain parameter settings. The accumulation of an excessive number
of states is detrimental not only to accuracy of inference, but also to the efficiency of
inference. For each batch, the runtime of the Gibbs sampling is linear in the number of
states present, so the instantiation of small “junk” states can prove to be a signficant
hamper on the speed of inference.

ONSTIM yielded reasonably good results on financial datasets drawn from interday
US equity prices, intraday US equity prices, and interday US ETF prices. Since there
is typically no ground truth for interaction structure in financial markets, it is difficult
to objectively assess the performance of ONSTIM on these datases. However, ONSTIM
successfully recognized the Flash Crash of May 6, 2010, across a variety of parameter
settings with very high confidence. Further experimental work may include running
experiments that extend the order of the state space model to allow for modeling of

longer term dependencies between instrument prices.



Chapter 5

Conclusion

We began this thesis with an introduction to the problem of inferring time-varying
interaction structures over a set of objects from noisy observations. We then posited
the problem of designing an algorithm capable of learning these interaction structures
nonparametrically, that is, without prior specification of the number of interaction
structures present in the observed dataset. We further specified that the algorithm
should be able to perform online inference, meaning that it should be able to learn
from observations as they arrive.

In this thesis, we successfully proposed an algorithm to accomplish that goal. Online
nonparametric switching temporal interaction model inference, or ONSTIM, proposes
new states by sampling state indices with a probability proportional to their likelihood
given the data and their prior probability given the previous state. If the sampled state
index corresponds to the prior over structures and parameters, a new interaction model
is instantiated. ONSTIM is capable of performing online inference by sampling state
indices from this distribution as a batch of observations arrives, and then immediately
instantiating a new state if necessary. By dynamically increasing the number of in-
teraction models available to describe new observations, ONSTIM learns interaction
structures nonparametrically.

We then tested ONSTIM empirically by running experiments on synthetic and finan-
cial datasets. Results from experiments on synthetic datasets were used to characterize
the behavior of ONSTIM in a variety of parameter regimes, as these experiments al-
lowed for comparison between the known true values of variables and the values that
were inferred from ONSTIM. Results from financial datasets suggested the ability of
ONSTIM to recognize new states.

95
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M 5.1 Drawbacks

Despite the success of ONSTIM at achieving our stated goal, there are several practical
drawbacks of ONSTIM that detract from its efficiency and accuracy. First of all, as
discussed in the previous chapter, ONSTIM exhibits undesirably strong sensitivity to
many of the procedural parameters, especially to the batch offset. Strong variability
with respect to a procedural parameter weakens the appeal of a nonparametric ap-
proach, as it effectively forces a user to optimize over another parameter instead of
the original one. Instead of truly learning model complexity, some of the variability in
the parameter that we wished to eliminate has just been shuffled around to other new
parameters. Significant additional work needs to be undertaken to both analytically
and empirically characterize the likelihood of new state instantiation as a function of
the batch offset. A deeper understanding of the chain of causality between the choice
of batch offset and new state instantiation is likely to be instrumental in modifying
ONSTIM to alleviate such sensitivity.

As we saw in Chapter 4, the majority of parameter settings lead ONSTIM to
instantiate too many switching states over the course of the inference procedure. Not
only does the bloating of the procedure reduce accuracy, but every additional state also
introduces a cost in terms of runtime. If the number of states instantiated is roughly
linear with time, then the ONSTIM inference procedure, which is directly linear in both
the number of time points and in the number of states at any time during the inference
procedure, effectively has quadratic time complexity in the number of time points, a

very undesirable feature.

B 5.2 Further Work

The first additional steps taken would be consideration of the two problems mentioned
above. Achieving a better understanding of the role of the batch offset in inference is
critical, as the ability of ONSTIM to incorporate observations incrementally is entirely
dependent on the batch framework.

A potential solution to the problem of too many available interaction models is to
propose deletion or merges of existing interaction models alongside the instantiation
of new ones. Such an approach is inspired by the split-merge Monte Carlo methods

described by Hughes et al. [3], in which they develop techniques for instantiating and
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merging modes in a manner so as to satisfy detailed balance.

Another area for further work is improvement of the generative process for synthetic
datasets. Recall from Chapter 4 that runaway exponential growth was a common occur-
rence in some synthetically generated datasets, which we then discarded and resampled.
Discarding samples on the basis of a specific criterion introduces bias, thereby reduc-
ing the accuracy of inference. Runaway exponential growth occurs when the transition
matrix of an interaction model has eigenvalues with norm greater than 1. Since the
matrix-normal prior places positive probability on all matrices, no choice of prior hy-
perparameters can prevent the sampling of such pathological transition matrices with
certainty. A possible work-around could be the development of a sampling technique
that restricts samples taken from the prior over structures and parameters to the set of

stable matrices without affecting the marginal distributions of any other variables.

B 5.3 Concluding Remarks

This thesis marks a step towards the integration of nonparametric approaches to model
order selection into the problem of graphical model structure learning, bringing together
two traditionally separate fields of inference. Despite the fact that our generative model
does not fit a standard Dirichlet process-based formulation, it represents what is funda-
mentally a very simple process. A stochastic process that typically recurs to its previous
state, sometimes revisits old states, and sometimes jumps to new states is a very com-
monplace notion that can model such diverse concepts as interaction structures and
consumer behavior.

In some senses, the generative model that we have described lies at the heart of
ONSTIM. If one focuses on the switching sequence alone, the interaction structures,
latent sequence, and observed sequence can be abstracted away as just one large like-
lihood function to determine the posterior distribution of the switching sequence. In
fact, this is exactly what the Gibbs sampler does when computing the posterior over the
switching sequence Z. With that, we leave it as an exercise to the reader to determine

what likelihood function to couple with the generative model next.
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