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Abstract
Structured illumination can be used to form images without using a lens or a detector
array. A series of spatially-structured laser pulses is cast on the scene of interest, and
a single-detector power measurement is made on the light each pulse returns from
the scene. There has been significant interest in the “ghost imaging” configuration,
in which the spatial patterns are randomly generated—e.g., by driving the pixels
of a spatial light modulator with independent, identically-distributed pseudorandom
inputs—and the sequence of measurements is correlated with reference versions of
those patterns to image the scene. This naive reconstruction, however, is far from
optimal for standoff imaging, for which rough-surfaced objects create laser speckle in
the measurements. We develop a graphical model that encompasses the probabilistic
relationships in structured-illumination standoff imaging along with an approximate
message-passing algorithm for belief propagation to perform optimal scene reconstruction. This approach lets us accurately model the statistics of speckled images,
photon detection, and atmospheric turbulence, as well as incorporate intelligent priors for the scene that capture the inherent structure of real-world objects. The result
is state-of-the-art scene reconstructions.
Thesis Supervisor: Jeffrey H. Shapiro
Title: Julius A. Stratton Prof. of Elec. Eng.
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Chapter 1
Introduction
Standoff imaging, in which one acquires the spatial reflectivity pattern of an object
that may be kilometers away, has a wide range of applications. These uses range from
military intelligence gathering to surveying, astronomy, and hobbyist photography.
A prime example of a standoff-imaging device is the camera, which only requires
a lens and a photodetector array to take pictures, and can be miniaturized to fit
on a cell phone. The camera is a passive imaging device, however, so it can only
image naturally illuminated or self-luminous objects. Flash-enabled photography is
an active imaging technique,1 but its effectiveness is limited to distances of a few
meters, because light from the flash spreads too fast to be of use at kilometer ranges.

1.1

Active Standoff Imaging

Laser radar, or LADAR, is an active imaging technique at optical wavelengths that
replaces flash photography’s spatially-incoherent light source with a laser illuminator,
making it capable of standoff imaging.
LADAR has primarily been used in two modalities: (1) a repetitively-pulsed laser
beam is raster-scanned over the target, and the strength and time-of-flight for the light
returned from each pulse is detected to produce reflectivity and range information
1

In passive sensing one measures an existing signal, while in active sensing one directly stimulates
the target to produce the signal that is measured.
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(a)

(b)

Figure 1-1: Two examples of the intensity patterns of pseudo-randomly generated
structured fields in planes orthogonal to the direction of propagation.

about the area that was illuminated by that pulse; and (2) a repetitively-pulsed
laser beam illuminates a larger region on the target and the light returned from that
region is imaged onto a photodetector array to obtain spatially-resolved reflectivity
and range information about the illuminated portion of the target. Modern LADARs
tend to use the floodlight/array configuration, because it can image large scenes more
rapidly than raster-scanning systems [1].
In recent years an alternative to traditional LADAR has arisen: imaging with
structured laser illumination. In structured-illumination imaging a series of spatiallystructured pulses (examples of pseudo-randomly generated structured fields, which is
our main focus, are shown in Fig. 1-1) are transmitted towards a target. Each pulse
reflects off the target and produces a unique field at the detector plane. Similarly
to the first LADAR modality, a single measurement is made per pulse. However,
because each measurement is a mixture of reflections from different parts of the target,
these measurements alone are not enough to infer the target’s reflectivity pattern;
knowledge of the on-target structured fields is also required. This basic setup for
structured-illumination laser imaging is shown in Fig. 1-2.
The best way to use this information (the combination of measurements and ontarget field patterns) to infer the reflectivity pattern of the target is an open question,
14

Figure 1-2: The setup for our structured-illumination laser imaging framework. The
transmitter creates a series of structured fields Es (·) that propagate to—and reflect
off—the target. The reflected field propagates back to a bucket detector, where a
portion is collected and detected for subsequent processing to form an image of the
target.
and the primary focus of this thesis. Our goal is to advance the state-of-the-art for
scene reconstruction in remote imaging when using structured laser illumination by
first developing a rigorous physical framework for the problem, and then adapting
modern signal processing methods to construct optimized inference algorithms.

Motivation for using Structured Illumination for Standoff Imaging
Our interest in advancing the use of structured illumination for standoff imaging
arose from our work on ghost imaging for standoff imaging through atmospheric
turbulence [2–5]. While structured illumination has many uses and modalities—
perhaps its most publicized use is to create depth maps in the XBOX Kinect sensor
[6]—our approach begins by generalizing the ghost imaging framework developed
in [5]. In this scenario a sequence of laser pulses with randomly generated spatial
patterns are transmitted toward the target. Light reflected by the target propagates
back to the bucket detector. For a time-of-flight delay—associated with the range to
the target—the returned photon-flux is measured for each pulse, creating a vector of
measurements. These measurements, in conjunction with knowledge of the on-target
spatial pattern produced by each pulse, permit formation of an image for the target
15

at that range delay.
Neither knowledge of the on-target spatial patterns nor the bucket detector measurements alone are sufficient to form a target image. The “ghost image” name originates from how the image emerges from knowledge of both the on-target patterns
and the bucket measurements. We can therefore determine the reflectivity pattern of
the entire target by correlating the vector of bucket detector measurements with the
vector of photon-flux densities (found from the known on-target spatial patterns) at
each transverse location.
This is a simplistic view of ghost imaging; see Ch. 3 for a full history and analysis
of standard correlation-based ghost imaging. For now it is sufficient to note that
this general framework—in which pseudo-randomly generated fields are cast on the
target and the reflected photons are measured by a bucket detector—does not have
to be limited to the ghost-imaging method of target estimation. Indeed, as explained
in Ch. 3, compressed sensing techniques have been applied to achieve a substantial
reduction in the number of spatial patterns needed to form an image from the Fig. 1-2
setup. However, the methods employed in standard compressive sensing algorithms
are better suited to speckle-free transmissive imaging, and are not optimized for
obtaining a target image from structured-illumination standoff measurements. Using
modern graphical model inference techniques to develop such an optimal structuredillumination imager is the goal of this thesis.
As a final note to these introductory remarks we point out that for our work
to be applicable to real-world scenarios, we will need to account for target-induced
speckle and atmospheric turbulence. The early experiments and accompanying theory for ghost imaging observed objects in transmission [7–12], whereas standoff sensing requires them to be measured in reflection. When seen in reflection, however,
surface-roughness on the order of the laser wavelength gives rise to quasi-Lambertian
reflections that, after propagation to the bucket detector, produce strong, spatiallyvarying fluctuations in the photon flux known as laser speckle. Our work [3–5] was
the first to address the impact of speckle on conventional ghost imaging.
Standoff sensing must also cope with the effects of propagation through the at16

mosphere. The earth’s atmosphere is comprised of a variety of gases and entrained
particulates, causing wavelength-dependent absorption and Rayleigh scattering [13].
These effects will cause attenuation, but that can be minimized with an appropriate choice of the operating wavelength. The most deleterious atmospheric effects
arise from propagating in bad weather, i.e., though fog or clouds [13]. Here the
scattering is so severe that we do not expect to be able to perform optical imaging
of any type. Even in clear weather, however, the atmosphere is in constant flux.
This random mixing of the air parcels with ∼ 1K temperature fluctuations creates
random spatiotemporal variations in the refractive index known as atmospheric turbulence [13]. Ghost imaging has been analyzed for propagation through atmospheric
turbulence [5, 14], and the effects of turbulence will be included in our structured
illumination framework.

1.2

Thesis Outline

We start in Ch. 2 by formalizing the physical framework for our imaging scenario
upon which we will build the rest of the thesis. This framework includes descriptions
of the optical transmitter that generates structured illumination, and the subsequent
propagation, target reflection, and photodetection processes. In Ch. 3 we use our
framework to develop a pulsed ghost-imaging system that operates through timevarying turbulence, and compare its performance to that of a more traditional pulsed
LADAR system. This analysis is carried out for a continuous-space target (no artificial
pixelation), but to further our analysis and develop more advanced algorithms we need
to discretize the framework from Ch. 2. This discretization, which is carried out in
Ch. 4, is non-trivial.
We complete this new discretized framework in Ch. 5, by establishing theoretical
limits for the possible performance of any inference algorithm. We do this by deriving the Cramér-Rao bound (CRB) [15], which is a lower bound on the achievable
mean-squared estimation error across all unbiased estimators, that will serve as our
performance goal when developing new estimators.
17

The second part of this thesis begins in Ch. 6, where we develop the linear minimum mean-squared error (LMMSE) estimator for the Ch. 4 framework. This is the
estimator with the least expected squared-error among all estimators that are formed
from a linear combination of the measurements. It is thus computationally efficient,
but does not take full advantage of the richness of the probabilistic framework established in Ch. 4.
To approach truly optimal estimators we turn to modern approximate inference
techniques based on graphical modeling and belief propagation. These concepts are
presented in Ch. 7, as they are fundamental to understanding the Generalized Approximate Message Passing (GAMP) algorithm [16, 17], which we adapt to our imaging
scenario in Ch. 8 in our first attempt at optimal structured-illumination target estimation. We extend this new algorithm in Ch. 9 to use a more complex prior model
on both the target and the speckle inherent in the imaging system, resulting in a
state-of-the-art algorithm that is the culmination of this thesis.

1.3

Notation

To facilitate the reader’s comprehension of the mathematical formulas in this thesis,
we will now lay out some of the notation that will be used. Working at the juncture of
optical physics and probabilistic inference algorithms results in a significant amount
of notation, some of which clashes between the two fields. We have attempted to
unify the notation used throughout, keeping it as faithful as possible to what is
standard in each field. A glossary has been provided at the end of the thesis with
short descriptions of each term used, with a reference to its first use.

1.3.1

Integration

Evaluating paraxial propagation of electromagnetic fields (e.g., laser beams) via diffraction theory involves a two-dimensional integral over a plane. Our analysis of the
imaging scenario will involve many such propagations. Indeed, when analyzing the
signal-to-noise ratio of ghost imaging there will be concatenated integrations over 18
18

different variables. We thus adopt a compact notation, representing the two Cartesian coordinates (ρx , ρy ) for each plane with the coordinate vector ρ. Moreover, to
maintain clarity about which differential elements go with which integrals, the two
will be kept together in a pseudo-operator notation. The integration of some function
f (ρx , ρy ) over the infinite plane then becomes
ZZ

Z
f (ρx , ρy ) dρx dρy −→

dρ f (ρ).

(1.1)

This notation becomes even more useful when the integrations are over subsets
of the planes. Optical propagation often involves performing the integration over a
pupil function. This could be the propagation through a transmitter’s exit pupil, a
receiver’s entrance pupil, or over the photosensitive region of a photodetector. We
represent the field aperture function as A(ρ), which we take to satisfy 0 ≤ A(ρ) ≤ 1,
and adopt the interchangeable notation
Z

Z
dρ A(ρ)f (ρ) =

dρ f (ρ).

(1.2)

A

For photodetection we integrate over the square of the field aperture, A2 , and use the
same notational convenience by writing
Z

Z

2

dρ A (ρ)f (ρ) =

dρ f (ρ).

(1.3)

A2

Most often A will simply be an indicator function, equaling unity within an area,
and zero outside; in such cases A2 = A. However, it will sometimes be useful to
approximate the A region with a Gaussian function for which A2 6= A, so we will
maintain the notational difference even when there is no functional difference.

1.3.2

Functions of Random Variables

In the standoff active imaging scenarios we shall consider, many random (stochastic)
processes play significant roles. These include atmospheric turbulence, rough-surface
scattering effects, and photodetection shot noise. For much of our analysis these quan19

tities are treated as random variables and processed without confusion. However, for
some quantities we need to distinguish between the random variable and a particular
realization of that variable2 . We will make note of these cases as they occur, but
to simplify the distinction for the reader we will denote the random variable with a
sans-serif font, and the realization with the standard serif or math font, i.e., x is a
random variable, while x is a deterministic realization of that variable.
Distributions
For some random variables we explicitly define distributions. For instance, if x is a
Gaussian random variable with mean µ and variance σ 2 , then its probability density
function px (x) is
2

2

e−(x−µ) /2σ
px (x) = √
.
2πσ 2

(1.4)

This distribution is parameterized by µ, and σ 2 , and in some cases we may wish
to make that explicit as px (x) → px (x; µ, σ 2 ). We also define joint and conditional
distributions for multiple random variables, e.g.,
py,x (y, x),

px|y (x|y).

(1.5)

for the two-dimensional case.
Expectations
The expected value of a function f (·) of a random variable x is usually denoted as
Ex [f (x)] or hf (x)ix . In this thesis we will use the latter notation; for a random variable
x with a continuous probability distribution px (x), the expected value of the function
is
Z
hf (x)ix =

dx f (x) px (x),

2

(1.6)

For instance, we develop a statistical model for the bucket detector measurements, but in our
inference algorithms we process actual measurements.
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When it is obvious which random variables are being averaged over (or if the
expectation is over all random variables in the function) we will drop the subscript,
i.e. hxi = hxix . This same convention will be used when dealing with variances and
covariances,
varx [f (x)] = (f (x) − hf (x)ix )2

x

(1.7)

= hf 2 (x)ix − hf (x)i2x

(1.8)

covx [f (x), g(x)] = h(f (x) − hf (x)ix )(g(x) − hg(x)ix )ix

(1.9)

= hf (x)g(x)ix − hf (x)ix hg(x)ix .

(1.10)

The expectation of a function of two random variables, f (y, x), conditioned on
knowledge of y, is written as
Z
hf (y, x)|yix =

dx f (y, x) px|y (x|y).

(1.11)

When y = y is given, Eq. (1.11) becomes a number,
Z
hf (y, x)|yix =

dx f (y, x)px|y (x|y).

(1.12)

Otherwise hf (y, x)|yix is a random variable because it is a function of the random
variable y.
We also need to differentiate statistical measures arising from prior distributions,
versus those that are calculated from measurements. In general, we use on overbar
to denote a prior mean, while a caret is used for an estimate that incorporates extra
data, i.e., x has prior mean x̄ = hxi, while we denote the posterior estimate of x given
the observation y = y as x
b = hx|yi. In this case x
b is a posterior mean, but carets will
be used for other types of estimates as well.
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Chapter 2
Physical Framework
This thesis is concerned with the development and analysis of structured-illumination
imaging systems for standoff applications. To compare the relative performance of
different imaging methods we need a common physical framework, which is the focus
of this chapter. The general setup, shown in Fig. 1-2, is straightforward: a transmitter generates a series of optical pulses that radiate out to the target; upon hitting the
target some of that light reflects back toward the receiver where a portion of the reflected light is detected. Subsequent signal processing then yields an image (estimate)
of the target.
We will walk through this framework in that order, first characterizing our transmitter, then setting up the propagation through atmospheric turbulence to the target,
and finally describing the reflection from the target and subsequent photodetection.
At the end of the chapter we summarize and expand on the assumptions and approximations made for this framework. Some of this chapter has been published [5].

2.1

Optical Source

In this thesis we limit our consideration to standoff imaging in reflection at wavelengths in the infrared to ultraviolet region. In other words, we are interested in
imaging targets at kilometer or longer ranges using laser sources and photodetection
receivers. We model our transmitter as emitting quasimonochromatic, classical scalar
23

waves with a center frequency ω0 (with corresponding wavelength λ0 = 2πc/ω0 and
wavenumber k0 = ω0 /c, where c is the speed of light). The field has a complex envelope Es (ρ, t) as a function of its transverse coordinates ρ = (ρx , ρy ) and time t, and is
normalized so that |Es (ρ, t)|2 is the photon flux density, with units of photons/m2 -s.
Initial theory and experiments for reflective ghost imaging used continuous-wave
sources [4]. However, in order to resolve returns from multiple depths (and because
discrete pulses will be needed for more advanced reconstruction methods), we will
assume a pulsed-mode transmitter that radiates a sequence of spatial patterns riding
on a periodic train of identical temporal pulses,
−1
X
p N
ξ(ρ, n)p(t − nτs ).
Es (ρ, t) = Ns

(2.1)

n=0

where: N is the number of pulses, Ns is number of transmitted photons per pulse, τs is
R
the pulse repetition period, ξ(ρ, n) is the normalized spatial mode ( dρ |ξ(ρ, n)|2 = 1)
R
for pulse n, and p(t) is the normalized pulse shape ( dt |p(t)|2 = 1). The pulse shape
is time-limited to |t| ≤ τp /2, where τp is the pulse width, which we expect to be
picoseconds to nanoseconds in duration. To avoid inter-pulse interference we require
τs > τp . If we attempt to image a three dimensional target with significant depth,
the pulse repetition period will have to be extended to avoid overlap from pulses
returning from different parts of the target, i.e., for an extended target of depth ∆L
we assume τs > 2∆L/c + τp .
Structured-illumination imagers may use random, pseudo-random, or deterministic spatial patterns. For our analysis purposes, we will take the {ξ(ρ, n)} to be
independent, identically distributed, zero-mean Gaussian random fields, which are
completely characterized by the following Gaussian-Schell model correlation functions,
hξ(ρ1 , n1 )ξ(ρ2 , n2 )i = 0
hξ ∗ (ρ1 , n1 )ξ(ρ2 , n2 )i = δn1 ,n2

(2.2)
2 −(|ρ1 |2 +|ρ2 |2 )/a20 −|ρ1 −ρ2 |2 /2ρ20
e
e
.
πa20
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(2.3)

In this model a0 is the intensity radius of the field, while ρ0  a0 is its coherence
length.
This partially-coherent field can be generated in two principal ways. The first is
to pass a stream of laser pulses through a rotating ground-glass diffuser. The second
method is to shine that same laser pulse stream on a spatial light modulator (SLM)
whose array of pixels impose independent pseudo-random phases pixel-to-pixel and
pulse-to-pulse [18]. It should be noted that in both methods Gaussian field statistics
are not accurate near the transmitter. However, targets of interest will be in the
transmitter’s far-field, and each location on the target will be illuminated by the
superposition of many coherence areas (for the ground-glass transmitter) or many
pixels (for the SLM transmitter), so that the Central Limit Theorem (CLT) can be
applied to the resulting field [18]. This on-target field (L-m away from the source)
will have a new coherence length ρL and intensity radius aL that are computed from
the source statistics as
ρL = 2L/k0 a0 ,

2.2

aL = 2L/k0 ρ0 .

(2.4)

Propagation Through Turbulence

For structured-illumination imaging in a standoff scenario, light will propagate through
kilometers of turbulent atmosphere to the target and back to the detector. In bad
weather, e.g., fog, there will be so much absorption and scattering that imaging will be
impossible. We therefore assume operation in good weather, where we only contend
with clear-air turbulence effects. In such scenarios, atmospheric turbulence causes
refractive index changes on the order of 10−6 [13]. While these changes might seem
small, the accumulated effect as light propagates can be profound. For instance,
light fields at wavelength λ0 = 1.5 µm that propagate through media with a refractive index difference 10−6 suffer a π–rad phase offset in just 0.75 m [2]. Over several
kilometers of propagation the phases can become completely uncorrelated. Even
worse, spatially-varying turbulence causes constructive and destructive interference
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during the propagation, yielding scintillation (intensity fluctuations) in the on-target
light [19].
In this thesis we use the Kolmogorov model for turbulence, which attributes clearair turbulence index of refraction variations—for a spatial scale between a maximum
of `max ' 10 − 100 m and a minimum of `min ' 10−3 m—to temperature fluctuations.
The temperature fluctuation’s spatial-structure function follows a two-thirds power
law so that the mean-square temperature difference between two points is proportional
to |ρ|2/3 where ρ is the coordinate difference between two points. The temperature
fluctuations also have a time dependence, and these temporal fluctuations come from
two sources: the changing of the shape of the refractive-index eddies as they mix
and evolve, and the drifting of these eddies in the wind [20]. In normal conditions,
the time evolution is dominated by the latter mechanism, and the refractive-index
structure has a typical coherence time of τψ = 10−3 − 10−2 second. This implies that
on shorter time scales the atmosphere is essentially frozen, and the turbulence effects
are constant.
To model propagation of an input-plane field Em (ρ, t) to an output-plane field,
Em (ρ, t, L) that is L-m away on path m, we use the extended Huygens-Fresnel principle [13],
Z
Em (ρ, t, L) =

dρ0 Em (ρ0 , t − L/c)hm (ρ, ρ0 , t)

(2.5)

where hm (ρ, ρ0 , t) is the propagation kernel
0 2

0

k0 eik0 (L+|ρ−ρ | /2L) eψm (ρ,ρ ,t)
hm (ρ, ρ , t) =
i2πL
0

(2.6)

at time t. It is the product of the Fresnel-diffraction Green’s function and the atmospheric fluctuation term. The effect of atmospheric turbulence on path m is contained
in the complex-valued fluctuation term ψm (ρ, ρ0 , t), which arises from Kolmogorovspectrum turbulence that is, in general, distributed non-uniformly along the L-mlong path [13]. The real and imaginary parts of this fluctuation, χm (ρ, ρ0 , t) and
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φm (ρ, ρ0 , t), can be physically interpreted as the log-amplitude and phase fluctuations along path m at time t, from point ρ0 in the input plane to point ρ in the
output plane [20].

In our system shown in Fig. 1-2, we have two paths of interest: the signal path,
m = s, from the transmitter plane to the target, and the return path, m = r, from
the target back to the bucket detector (receiver plane). Both of these paths are taken
to have independent turbulence of possibly different distributions. The independence
assumption requires a bistatic configuration in which the transmitter and the detector
have non-overlapping pupils, although they still may be located close to one another.

In calculating the statistics of the detected signal we primarily need the mutual
coherence function of the turbulence kernel on each path [13],
0

∗

0

0

0

heψm (ρ1 ,ρ1 ,t) eψm (ρ2 ,ρ2 ,t) i = e−Dm (ρ1 −ρ2 ,ρ1 −ρ2 )/2 ,

(2.7)

where
0

Dm (ρ, ρ ) =

2.91k02 L

Z

1

5

2
ds Cn,m
(sL)|ρs + ρ0 (1 − s)| 3

(2.8)

0
2
is the turbulence structure function, and {Cn,m
(z) : 0 ≤ z ≤ L} is the turbulence2
strength along path m. At each depth z, Cn,m
(z) is assumed to be constant across

the perpendicular plane. Although this is a rigorous description of the effects of
the turbulence on the propagation, it is not computationally tractable for analysis. To obtained closed-form results that clarify our analysis we use the square-law
approximation—which we derive in Appendix A.1—so that Eq. (2.8) becomes
Dm (ρ, ρ0 ) =

0
0
|ρ|2 ζm + ρ · ρ0 (8/3 − ζm
− ζm ) + |ρ0 |2 ζm
,
%2m
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(2.9)

0
where ζm
and ζm are weighting terms for the input and output planes, given by

Z
8 1
2
ds (1 − s)2 Cn,m
(sL)
=
3 0
Z
8 1
2
ζm =
ds s2 Cn,m
(sL).
3 0
0
ζm

(2.10)
(2.11)

These in turn are functions of the normalized turbulence-strength profile
2
Cn,m
(z) = R 1

2
(z)
Cn,m

2 (sL)
ds Cn,m
0

(2.12)

for path m.
The denominator in Eq. (2.9), %m , is the spherical-wave coherence length for
path m when the turbulence over that path is distributed uniformly with the same
integrated strength as the actual distribution. It is given by

−3/5
Z 1
2
2
.
%m = 1.09k0 L
ds Cn,m (sL)

(2.13)

0

In what follows we assume that the weighted turbulence coherence length at the
p
transmitter is much larger than the transmitter’s coherence length (%s / ζs0  ρ0 ),
p
but will allow %s / ζs0 to be larger or smaller than the transmitter’s intensity radius
a0 .
Unfortunately, higher-order moments of the turbulence are difficult to calculate.
The fourth-order moment appears in our analysis in several places, but to find a
closed-form expression that we can evaluate requires several additional assumptions,
making the result less general. These assumptions and their consequences will be
presented when needed.

2.3

Target Reflection

The surfaces of most real-world objects that we are interested in imaging are rough
when considered on the scale of the illuminating field’s wavelength [21]. When these
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targets are illuminated with quasimonochromatic fields, the reflected light exhibits
speckles in the far-field irradiance profile that is present at the bucket detector. These
speckles arise from the rough-surface disrupting the phase front of light it reflects
due to its microscopic height variations, as shown in Fig. 2-1. Propagation of the
disrupted wave-front away from the rough surface then leads to the constructive and
destructive interference that constitutes the speckle pattern seen at the detector.
Following standard laser-radar theory [22], we will approximate the rough surface’s
field reflection coefficient by a complex-Gaussian random process1 whose coherence
length is approximately the wavelength of the illuminating field, i.e., %T ∼ λ0 . For
more details on this derivation see Appendix A.4.
The field that reaches the detector will have a coherence length ∼ λ0 /wT and
intensity radius ∼ λ0 /%T , where wT is the extent of the illuminated reflective surface.
Because %T ∼ λ0 the reflected light will spread throughout the reflective hemisphere,
i.e., the rough surface is a quasi-Lambertian scatterer. The strength of the reflected
light is driven by the average reflectivity profile, which is what we want to image; this
corresponds to what the human eye would see when looking at the target.
As suggested in Fig. 1-2, we consider a collection of K quasi-planar, rough surfaced
targets arranged so that they do not occlude each other when viewed from either the
transmitter or the detector, and are located at discrete ranges L0 < L1 < · · · < LK−1
that are resolved by the pulse width τp . We also require that the targets’ spatial
features of interest are all larger than the on-target coherence length ρLk = 2Lk /k0 a0 ,
so that they can each be spatially resolved as well.
We model each target at depth k by an underlying average intensity reflectivity
profile Tk (ρ) so that the field reflectivity is
Tk (ρ) =

p
Tk (ρ)ϑk (ρ),

(2.14)

where ϑk (ρ) encapsulates the phase fluctuations induced by the rough surface, and as
1

As was the case for our transmitter, these Gaussian statistics are not valid if we are concerned
with the field immediately after reflection. However, once we have reached the far field, this approximation yields results that are similar to those obtained with a more accurate field model.
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Figure 2-1: An example of a slice through a rough surface. Viewed in one transverse
direction (ρx ), the depth variations d(ρx ) from the reference plane (dotted gray line)
are modeled as a Gaussian random process whose standard deviation greatly exceeds
a wavelength of the incoming light ( λ0 ), while its correlation length is on the
order of λ0 . The field reflectivity coefficient T (ρx ) can be regarded as occurring at
the reference plane, where the reflected field Er (ρx ) is transversely modulated by
ϑ(ρx ) = ei2k0 d(ρx ) relative to the incoming field Et (ρx ). When we only need statistics
about the reflected field after it has propagated into the far-field, we can approximate
the effects of the phase modulation with a complex-Gaussian random process.
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discussed, will be approximated by a zero-mean complex-Gaussian random process
with coherence length %T . Since this coherence length is much smaller than any
other feature of the target or illuminating field, for the purposes of our analysis the
autocorrelation function of ϑk (ρ) becomes [22]
hϑ∗k (ρ1 )ϑk (ρ2 )i = π%2T δ(ρ1 − ρ2 ).

(2.15)

The reflected field leaving the rough surface at range Lk is then Es (ρ, t, Lk )Tk (ρ).

2.4

Detection

There are two main types of photodetection systems used in LADAR applications:
heterodyne-detection systems and direct-detection systems. Heterodyne detection
beats the incoming target-return light on the surface of the photodetector with a
strong local-oscillator field that is offset by a radio frequency (called the intermediate
frequency, ωif ) from ω0 . The resulting intermediate-frequency photocurrent provides
information about the complex envelope of the target-return component whose polarization and spatial mode match that of the local oscillator.
In contrast, direct detection yields a photocurrent that has a component proportional to the target-return power that is incident on the photodetector2 . Thus,
because practical standoff structured illumination imaging may require its bucket
detector to collect many target-return speckles, heterodyne detection systems are
not a preferred option because they are fundamentally single-mode detectors unless
multiple-element, multiple local oscillator configurations are employed. On the other
hand, heterodyne detectors permit moving target indication via Doppler measurements that direct detection systems cannot. In going forward, we will limit our
consideration to direct detection.
To make optimal use of the target-return field we need to isolate the portion of
the photocurrent associated with range Lk . To do this we employ a matched filter,
2

If a photon counting detector is used, then its count rate is proportional to the target-return
power in the absence of extraneous (background) light.
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with impulse response g(t) = |p(−t)|2 , on the detector’s output, resulting in a filtered
photocurrent from the single pixel bucket detector that is given by
Z
ib (t) =

dτ g(t − τ ) [qηPb (τ ) + ∆ib (τ )] ,

(2.16)

where
Z
Pb (τ ) =

dρ
A2b

K−1
X

2

Er (ρ, τ, Lk )

(2.17)

k=0

is the received photon flux at time τ , η is the detector’s quantum efficiency, q is
the electron charge, Ab is the field transmission of the bucket detector’s active area,
∆ib (τ ) is the zero-mean additive shot noise, and Er (ρ, τ, Lk ) is the reflected field from
range k, propagated back to the detector with Eq. (2.5). The shot noise arises from
the Poisson process of semi-classical photodetection [23]; its covariance function is a
signal-dependent white noise, given knowledge of the received photon flux, i.e.,
h∆ib (τ1 )∆ib (τ2 )|Pb i = q 2 ηδ(τ1 − τ2 )Pb (τ1 ).

(2.18)

We now discretize the filtered photocurrent by sampling at time delays that correspond to returns from range L for pulse n. The round trip time-of-flight for the
photons returning from range L is 2L/c. Adding the nτs delay for the generation of
pulse n , the light returned from range Lk that is due to pulse n has delay
τn,k = nτs + 2Lk /c.

(2.19)

Thus our filtered photocurrent, after sampling, is reduced to a matrix of measurements, given by

Z
ib (n, k) =

Z
dτ g(τn,k − τ ) qη

dρ
A2b

K−1
X

2



Er (ρ, τ, Lk ) + ∆ib (τ ) .

(2.20)

k=0

To simplify the discretization of the measurements, we note that for each pulse the
32

turbulence is essentially frozen over the duration of propagation, i.e. τψ  2L/c
where τψ ∼ 1 ms is the turbulence coherence time and 2L/c < 0.1 ms for L < 10 km.
This allows us to the use the characteristic time τn,k to evaluate the turbulence for
measurement (n, k). Furthermore, since we are assuming that the pulses are both
short enough and sufficiently spaced to avoid any overlap from different target ranges
or different pulses during detection, viz.,
p(t − τn,k )p(t − τn0 ,k0 ) = δnn0 δkk0 |p(t − τn,k )|2 ,

(2.21)

the photon flux density in Eq. (2.20) simplifies as follows
K−1
X

2

Er (ρ, τ, Lk )

k=0

Z
=

0

0

dρ hr (ρ, ρ , τ )

K−1
X

2
0

Z

Tk (ρ )

00

0

00

00

dρ hs (ρ , ρ , τ − Lk /c)Es (ρ , τ − 2Lk /c)

k=0

= Ns
= Ns
= Ns

N
−1 K−1
X
XZ

2
0

0

Z

dρ hr (ρ, ρ , τ )Tk (ρ )

n=0 k=0
N
−1 K−1
X
X

2

Z

|p(τ − τn,k )|

n=0 k=0
N
−1 K−1
X
X

0

00

0

00

00

dρ hs (ρ , ρ , τ − Lk /c)ξ(ρ , n)p(τ − τn,k )
2

dρ0 hr (ρ, ρ0 , τn,k )Tk (ρ0 )ξt (ρ0 , n, k)

|p(τ − τn,k )|2 |ξb (ρ, n, k)|2 .

(2.22)

n=0 k=0

Here ξt (ρ0 , n, k) and ξb (ρ, n, k) are the transverse field profiles at the target and detector associated with the return from target k and pulse n,
0

Z

ξt (ρ , n, k) =
Z
ξb (ρ, n, k) =

dρ00 hs (ρ0 , ρ00 , τn,k − Lk /c)ξ(ρ00 , n)

(2.23)

dρ0 hr (ρ, ρ0 , τn,k )Tk (ρ0 )ξt (ρ0 , n, k).

(2.24)

The reader will note that in Eq. (2.22) the temporal and spatial nature of the
detected light factor, so the matched filter only discriminates between pulses, scales
the measurement, and provides some shot-noise averaging. Defining this scaling factor
33

and the integrated shot noise as
τp0

Z

−1

dτ |p(τ )|

=
Z

∆ib (n, k) =

4

(2.25)

dτ |p(τ − τn,k )|2 ∆ib (τ ),

(2.26)

and subsequently the total number of photons arriving from target k’s illumination
by pulse n as
Z
Nb (n, k) = Ns

dρ |ξb (ρ, n, k)|2 ,

(2.27)

A2b

our measurement matrix can be written as
ib (n, k) =

qη
Nb (n, k) + ∆ib (n, k).
τp0

(2.28)

Given knowledge of Nb (n, k) the noise terms {∆ib (n, k)} are zero-mean, uncorrelated
with each other, and have variance
∆2 ib (n, k)|Nb (n, k) = q 2 ηNb (n, k)/τp00
where τp00 =

2.5

R

dt |p(t)|6

−1/2

2

(2.29)

.

Summary

To conclude our framework development, we will summarize and discuss our fundamental assumptions and approximations, section by section.
Transmitter
We assume a periodically-pulsed, structured-illumination transmitter whose output
consists of a sequence or random spatial patterns that modulate a train of identical
temporal pulses. These spatial patterns are modeled as independent, identically distributed, complex-Gaussian random process with a Gaussian-Schell model covariance
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function having intensity radius a0 much greater than its coherence length ρ0 . The
temporal pulses have duration τp that is much shorter than the pulse train’s pulse
repetition period τs .

Propagation
Propagation from the transmitter to the target and from the target to the bucket
detector is assumed to be through atmospheric turbulence. The path lengths involved
are assumed to satisfy the far-field condition for a partially-coherent transmitter, i.e.,
k02 a0 ρ0 /2L  1, where k0 is the transmitter’s wavenumber and L is the range to the
target. We note that this far-field condition is far less stringent than the corresponding
far-field condition for a fully coherent transmitter, namely k02 a20 /2L  1.
The difference in these far-field conditions can be interpreted as follows. The
partially-coherent far-field condition applies to the propagation of the field’s coherence function [24, 25]. Once we are in this regime the field is again modeled as a
complex-Gaussian random process following the same Gaussian-Schell model, but
with a new coherence length ρL and intensity radius aL given by ρL = 2L/k0 a0 ,
and aL = 2L/k0 ρ0 . Put another way, there is now a Fourier transform relationship
between the coherence functions at the two planes, but not necessarily between the
fields themselves. Once in the more restrictive far-field condition associated with a
coherent transmitter, there is also a Fourier transform relationship between the fields
at the two planes.
For each propagation path—transmitter to target and target to detector—we
use the extended Huygens-Fresnel principle to characterized the combined effects
of diffraction and turbulence. Our far-field assumption simplifies these propagation
kernels to
0

hm (ρ, ρ , t) =

k0 eik0 (L+|ρ|

2 /2L−ρ·ρ0 /L)

i2πL

0

eψm (ρ,ρ ,t)

.

(2.30)

Many of our propagation-statistics calculations require only the mutual coherence
function of the this kernel, and so for analytic simplicity we employ the square-law
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approximation to the 5/3-law behavior of Kolmogorov-spectrum turbulence. This
approximation is widely use in ghost-imaging analyses [3–5, 14, 26, 27], but care must
be taken because it does not extend to higher-order moments.
Target
The target is taken to be a constellation of quasi-planar, quasi-Lambertian rough
surfaces located as discrete ranges that will be resolved by the transmitter’s pulse
duration, i.e., the minimum distance between two planes, min0≤k≤K−1 (Lk − Lk−1 ), is
greater than cτp /2. We also assume the overall depth (range spread) of the targets
is small enough to preclude ambiguities between returns from successive transmitted
pulses. This implies that the total depth spread, LK−1 − L0 , is less than cτs /2.
Photodetection
We assume signal shot-noise limited photodetection with post-detection matched filtering followed by sampling at range delays associated with target components. Thus,
rather than develop a full three-dimensional image of the target, we process data one
range-slice at a time. As a result, in the remainder of the thesis we will drop the
index used in this chapter to denote the target’s range component.
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Chapter 3
Ghost Imaging
In this chapter we apply the Ch. 2 framework to develop computational ghost imaging
in reflection through atmospheric turbulence, much of which has been published in
[5]. This comprises an analysis of the resolution and signal-to-noise ratio of the
correlation-generated ghost image, as well as a comparison to a standard LADAR
system. We then review recent advances in ghost imaging, in which alternatives to
correlation-based processing are employed. First, however, we discuss the history of
ghost imaging, and its connection to our current exploration of standoff structuredillumination imaging.
The field of ghost imaging arose from experiments [7] that used beams of quantumentangled signal and idler photons in the imaging configuration shown in Fig. 3-1. The
signal and idler were generated by spontaneous parametric downconversion (SPDC)
and separated, for type-II phase-matched SPDC, using a polarizing beam splitter
after which they propagated over independent optical paths of the same length. Idler
photon arrivals were measured by a spatially resolving photon-counting detector,
while signal photons passed through an object transparency before their arrivals were
measured by a bucket detector located behind the mask. When a signal photon is
measured by the bucket detector, that detection provides no information about the
spatial location at which it passed through the mask and hence reveals nothing about
the mask’s spatial pattern. Conversely, idler photons are detected in a spatiallyresolved manner, but they did not encounter the mask, so they so they provide no
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Figure 3-1: The setup for the initial transmissive ghost imaging experiments. Entangled signal and idler photons are generated by SPDC and separated by a polarizing
beam splitter. The signal photons pass through a transmission mask, and a bucket
detector records their arrival times. A spatially-resolving detector (a scanning pinhole
fiber in the initial experiments [7]) records photon arrival times on the idler arm, and
signal-idler coincidences are accumulated for every pixel to image the transmission
profile of the mask.

information about the mask’s spatial pattern.
However, each photon in the signal beam produced by SPDC is entangled in
momentum with a companion idler photon. Therefore, detection of an idler photon at
a particular transverse location tells us the transverse location of its associated signal
photon as it impinged on the transmission mask. It follows that the average number
of signal-idler coincidence detections between the bucket detector and a particular
idler location is proportional to the mask’s intensity transmission at that location.
In this way we can build the transmission profile of an object without ever making a
spatial measurement of a photon that directly interacted with that object. Because
neither the signal nor idler measurements alone could image the mask, but that
object’s transmission pattern emerged from the correlation of the two measurements,
the term “ghost imaging” was applied to the system.
Ghost imaging was originally interpreted as a quantum-mechanical effect arising
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from the entanglement of the signal and idler photons, so that non-local two photon
interference was the only explanation for the image. Subsequent experiments [8–10]
using classical light sources cast doubt on this interpretation, as they indicated that
classical correlation between the two measurements was sufficient to form a ghost
image. A complete Gaussian-state analysis, which provided a unified framework
for both entangled light (produced by SPDC) and pseudothermal light (produced
by passing a laser beam through a rotating ground-glass diffuser), showed that the
downconverter approach produced better contrast and near-field resolution, and that
quantum and semiclassical treatments produced quantitatively identical results for
the pseudothermal source [11, 12, 28].
As further evidence that ghost imaging does not require entanglement, a theory
of computational ghost imaging was developed [18]. Here the signal field is deterministically created by shining a laser on a spatial light modulator (SLM) whose pixels
impart a sequence of pseudorandom phase shifts on the reflected light. Because the
phase-shift sequence is known, no reference-arm measurement is needed to determine
the on-target irradiance patterns; they can now be calculated from diffraction theory1 . Since only one light field is used to form the computational ghost image, there
is no entanglement; this approach we later experimentally verified [31].
This computational approach shows that ghost imaging is simply a form of structured illumination imaging. We create a sequence of pseudo-randomly generated
fields that illuminate the target, and the reflectivity pattern is inferred by correlating
these patterns with the bucket detector measurement for each transverse location on
the target. Highly transmissive areas of the target will be more strongly correlated
with the bucket detector measurements than more opaque areas, and this is all that
the ghost image is measuring. This understanding opened the door to alternative
methods of image formation from structured-illumination measurements [32].
Initial work—both theory and experiments—on ghost imaging presumed a transmissive geometry, in which bucket detector sits behind the target and collects the
1

The SLM approach was also adapted to permit experiments that used classical phase-sensitive
correlation to form the ghost image [29, 30]. Previous pseudothermal experiments had always relied
on phase-insensitive correlations.
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transmitted light. Later table-top demonstrations showed that ghost imaging could
be performed in reflection [33, 34], where the bucket detector faces the target and
collects reflected light. Those experiments created interest in using ghost imaging for
standoff sensing. A comprehensive framework for long-range reflective ghost imaging
through atmospheric turbulence was developed [3–5, 27], much in the spirit of the
original transmissive analysis, and recent experiments have demonstrated long range
reflective ghost imaging in a real-world setting [35].

3.1

Imaging Framework

For this analysis we use the configuration shown in Fig. 3-2, in which a partially
coherent source radiates a series of pulses through atmospheric turbulence to a target
that is standing kilometers away. Each pulse reflects off the surface and propagates
back to the detector which, following our model from Ch. 2, generates measurements
that are driven by the number of detected photons per pulse.
As was shown in [5], reflective ghost imaging can be used for three-dimensional
imaging by sampling the bucket-detector’s photo-current at time delays associated
with reflected light from different ranges, and forming a ghost image for each range
independently. This requires that the reference field be recalculated for each range,
and some additional assumptions about the pulse-repetition period and the range
separation between different target components. The Ch. 2 framework incorporates
these assumptions, so without loss of generality we will limit our consideration to a
ghost image formed for a target at the single range L. This does not preclude simultaneously creating ghost images for other ranges, but dropping all explicit references
to the multiple ranges will simplify the analysis and be more amenable to extension
later in the thesis.
Given the bucket detector measurements defined in Eq. (2.28), the computational
ghost image is formed from the covariance between this sequence of measurements and
the corresponding computed on-target irradiance patterns. These computed patterns
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Figure 3-2: Setup for a reflective ghost imager. A laser and SLM are used to generate
a series of partially-coherent pulses that propagate through atmospheric turbulence.
The pulses reflect off an extended-range target, and some of the reflected light reaches
a bucket detector that is facing the scene. Bucket detector measurements are then
correlated with the on-target irradiance patterns (computed from the known SLM
phase patterns) to form the image.

are
Z
I(ρ, n) =

0 2 /2L

k0 eik0 |ρ−ρ |
dρ ξ(ρ , n)
i2πL
0

0

2

,

(3.1)

where for analytic convenience we have omitted some constant factors that would
appear if a physical reference was used. This scaling will not affect our analysis of the
spatial resolution and signal-to-noise ratio. The N -pulse ghost image at location ρ is
the empirical covariance of the sequence of reference pattern values at this location
and the sequence of bucket detector measurements, viz.,
N −1
1 X
GN (ρ) =
ĩb (n)∆I(ρ, n),
N − 1 n=0

(3.2)

N −1
1 X
ĩb (n) ≡ ib (n) −
ib (n)
N n=0

(3.3)

where

is the empirically centered bucket detector measurements for pulse n, and for the
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reference pattern we use the transmitter statistics to calculate
∆I(ρ, n) ≡ I(ρ, n) − hI(ρ, n)i.

(3.4)

Note that the original entangled-photon ghost imaging experiment formed an image from correlation, not covariance [7]. Because this experiment’s signal and reference beams were obtained from SPDC in the low-flux regime, a background-free
ghost image was obtained. Later, when pseudothermal light was used to form ghost
images via correlation, it was found that the correlation-image rode on a strong,
featureless background. However, high contrast images were obtained by correlating the measurements with the statistically centered irradiance fluctuations [8]. The
Gaussian-state analyses in [4, 11, 12] showed that for a continuous-wave transmitter a
dc-block was needed for a high contrast (low background) image. We are considering
a pulsed source, and therefore to achieve a high contrast image we are preemptively
removing the mean values from both I(ρ, n) and ib (n), making our ghost image the
covariance between the measurements and the reference patterns.

3.2

Spatial Resolution

The spatial resolution of a ghost image is found by evaluating the ensemble average of Eq. (3.2). Since the spatial patterns {ξ(ρ, n)} are a sequence of statistically
independent, identically distributed (iid) random processes, this simplifies to
hGN (ρ)i = hib (n)I(ρ, n)i − hib (n)ihI(ρ, n)i.

(3.5)

The mean value of the reference irradiance pattern is
Z
hI(ρ, n)i =
≈

Z
dρ1

∗

dρ2 hξ(ρ1 , n)ξ (ρ2 , n)i

2 −2|ρ|2 /a2L
e
,
πa2L

k02 eik0 (|ρ1 |

2 −|ρ

2|

2 −2ρ·(ρ −ρ ))/2L
1
2

(2πL)2
(3.6)
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where aL = λ0 L/πρ0 is the intensity radius of the field at range L, and the approximation in the second line follows from our far-field assumption k02 a0 ρ0 /2L  1, and
the partial-coherence condition ρ0  a0 .
To compute the mean of the bucket detector measurement we first back-propagate
ξb (ρ, n) to ξt (ρ0 , n) with Eq. (2.24), so that
Z
qηNs
hib (n)i =
dρ h|ξb (ρ, n)|2 i
2
τp0
A
Z b Z
Z
qηNs
0
=
dρ dρ1 dρ02 hξt (ρ01 , n)ξt∗ (ρ02 , n)i
0
τp A2b
× hT (ρ01 )T ∗ (ρ02 )i hhr (ρ, ρ01 , τn )h∗r (ρ, ρ02 , τn )i
Z
Z
qηNs
dρ dρ01 T (ρ01 ) hξt (ρ01 , n)ξt∗ (ρ01 , n)i ,
= 0 2
τp L A2b

(3.7)

where we have used the statistical independence of the transmitter’s spatial patterns, turbulence, and the target’s surface roughness to separate the averages. The
surface-roughness correlation was evaluated with Eq. (2.15) for ρ2T = λ20 /π, a standard assumption2 in laser radar theory [22]. We evaluate the remaining correlation of
the on-target spatial patterns by back-propagating ξt (ρ0 , n) to the transmitter with
Eq. (2.23), so that
hξt (ρ01 , n)ξt∗ (ρ01 , n)i
Z
Z
00
= dρ1 dρ002 hξs (ρ001 , n)ξs∗ (ρ002 , n)i hhs (ρ01 , ρ001 , τn − L/c)h∗s (ρ01 , ρ002 , τn − L/c)i
=

2 −2|ρ01 |2 /a2L
e
,
πa2L

(3.8)

where we have again employed our far-field assumption, as well as the partial coherp
ence assumption that ρ0  min(a0 , %s / ζs0 ). The expected value of the measurement

2

While the correlation length will not be exactly known, it can be taken to be ∼ λ0 because
smaller-scale features produce evanescent, non-propagating waves. This assertion that ρ2T = λ20 /π
simplifies the analysis without affecting the resolution or SNR analysis.
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is now
2qηNs Ab
hib (n)i =
πa2L τp0 L2
where we have defined Ab ≡

R

Z

0 2 /a2
L

dρ0 T (ρ0 )e−2|ρ |

,

(3.9)

dρ A2b (ρ) to be the detector’s photosensitive area.

Finally, we will assume the on-target intensity radius aL is sufficiently large that the
entire target is uniformly illuminated on average, which reduces Eq. (3.9) to
2qηNs Ab
hib (n)i =
πa2L τp0 L2

Z

dρ0 T (ρ0 ).

(3.10)

We now turn to computing the expectation of the signal bearing term in Eq. (3.5),
the cross-correlation of the reference patterns and bucket measurements. We again
use Eqs. (2.23) and (2.24) to back-propagate the field patterns, explicitly exposing
the transmitter field pattern ξ(ρ00 , n), the target reflection pattern T (ρ0 ), and the
turbulence kernels ψs (ρ0 , ρ00 , τn ) and ψr (ρ, ρ0 , τn ). We then use the independence of
these processes to separate their evaluations. This becomes a fourth-order moment of
the field and second-order moments of the target surface and the propagation kernels.
The fourth-order field moment can be written in terms of the second-order moments
in Eq. (2.2) and Eq. (2.3) by using the Gaussian moment factoring theorem3 , which
we detail in App. B.2.
Employing the preceding assumptions, the mean ghost image term resolves to
4qηNs Ab ρ2L
hGN (ρ)i =
πa4L τp0 L2

Z

0 2

2

e−|ρ−ρ | /αρL
dρ T (ρ )
,
παρ2L
0

0

(3.11)

where ρL ≡ λ0 L/πa0 is the range-L coherence length of the transmitted field and
α=1+

a20 ζs0
2%2s

(3.12)

is the resolution-degradation factor imposed by the turbulence on the path from the
transmitter to the target.
3

The factorization of this fourth-order moment of the field is presented as an example in Eq. (B.8).
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From Eq. (3.11) we see that the ensemble average image for range L is the average
intensity reflectivity of the target convolved with a Gaussian point-spread function
√
(PSF) with width αρL that sets the limit on feature sizes resolvable by the ghost
imager. In the absence of turbulence, α = 1, and the best-case spatial resolution is
√
ρL . Notably, the turbulence on the return path (from the target to the detector) has
no effect on the spatial resolution. Furthermore, the turbulence on the transmitterp
to-target path only affects the resolution when %s / ζs0 becomes smaller than the
intensity radius of the source. Therefore, if the source is placed in a location where
there is weak turbulence, we do not expect turbulence will affect the spatial resolution
at all.

3.3

Signal-to-Noise Ratio

We defined the signal-to-noise ratio (SNR) as the ratio of the squared mean signal to
its variance, viz.
SNRG (ρ) =

hGN (ρ)i2
hGN (ρ)i2
= 2
.
var[GN (ρ)]
hGN (ρ)i − hGN (ρ)i2

(3.13)

To simplify the its evaluation we will assume that the features on the target are
R
0
2
2
large enough that they are resolved by the imager, making dρ0 T (ρ0 )e−|ρ −ρ| /αρL ≈
παρ2L T (ρ). With this assumption the square of the mean signal in Eq. (3.11) is
4qηNs Ab ρ2L
T (ρ)
hGN (ρ)i =
πa4L τp0 L2
2



2
.

(3.14)

2
This leaves the rather tedious task of evaluating hGN
(ρ)i, the second moment of

the ghost image, viz.,

2
GN
(ρ)

−1
N
−1 N
X
X
1
=
ĩb (n)∆I(ρ, n)ĩb (m)∆I(ρ, m) .
(N − 1)2 n=0 m=0

(3.15)

If we expand ĩb (n) and ∆I(ρ, n) with Eq. (3.3) and Eq. (3.4) this becomes the sum
of the averages of sixteen different terms. We use Eq. (2.29) to evaluate the variance
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of the shot noise, and the remaining terms can be processed with the same method
we used to evaluate the first moment, i.e., we use Eqs. (2.23) and (2.24) to backpropagate the fields, explicitly exposing the transmitter field patterns, turbulence
kernels, and the target’s field-reflection coefficient. These fluctuations are statistically
independent, so we can separate their averages.
The above decomposition results in the following new statistical averages: eighthorder and sixth-order moments of the transmitter field patterns {ξ(ρ, n)}, fourthorder moments of the turbulence fluctuations incurred from the propagation to and
from the target, and a fourth-order moment of the target’s rough surface. The averages over the field patterns and rough surface can again be rewritten in terms of
their second-order moments via the Gaussian moment factoring theorem in App. B.2.
However this greatly increases the complexity of the derivation, as an eighth-order
moment becomes the sum of 105 terms. Fortunately, these calculations are greatly
simplified by the field having no phase-sensitive correlation (as shown in Eq. (2.2))
and symmetry in the phase-insensitive correlation in Eq. (2.3). Evaluation of the
fourth-order moment of the turbulence, however, is more complicated.

Fourth-order Turbulence Moments
Within the region of validity of the Rytov approximation, the turbulence log-amplitude
and phase fluctuations (χm (ρ, ρ0 , t) and φm (ρ, ρ0 , t)) that appear in the extended
Huygens-Fresnel principle are jointly Gaussian random processes [23]. Although this
permits a moment-factoring approach to obtaining the fourth-order moment we need
to complete our SNR calculation, we cannot do so using the square-law approximation
that is convenient for second-order moment calculations. This is because use of the
square-law approximation in conjunction with χ(·) and φ(·) being jointly Gaussian
implies that the turbulence fluctuations in the input and output planes are piston
phase shifts plus phase tilts, which is not the case in the atmosphere.
2
Our approach is then to assume that in Eq. (2.8) the strength-profile Cn,m
(z)

is of weak-to-moderate strength or concentrated near the target. This allows us to
ignore the coordinate dependence of the turbulence in the transmitter and detector
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pupils, and to assume that the log-amplitude coherence length at range L is larger
than the field-pattern coherence length ρL . In essence, this means that the turbulence
will not significantly impact the imager’s spatial resolution, and that its fourth-order
moments will reduce to those of amplitude fluctuations at the target and detector.
This approximation will only be used when evaluating the ghost imager’s SNR.
The delta-function nature of the target’s coherence function plus the assumptions made in the preceding paragraph reduce the required turbulence fourth-order
moments to
0

∗

0

0

∗

0

heψs (ρ1 ,ρ1 ,τn ) eψs (ρ1 ,ρ2 ,τn ) eψs (ρ1 ,ρ3 ,τn0 ) eψs (ρ1 ,ρ4 ,τn0 ) i
0

∗

0

∗

0

0

heψr (ρ1 ,ρ1 ,τn ) eψr (ρ2 ,ρ1 ,τn ) eψr (ρ3 ,ρ1 ,τn0 ) eψr (ρ4 ,ρ1 ,τn0 ) i.

(3.16)
(3.17)

Ignoring the coordinate dependence at the transmitter and detector planes amounts to
setting ρ01 = ρ02 = ρ03 = ρ04 = 0 in Eqs. (3.16) and (3.17), where 0 denotes the centers
of the transmitter and detector pupils. Applying these substitutions and expanding
the turbulence exponent as the sum of its phase and log-amplitude components, we
see that the phase terms now cancel, leaving
∗

∗

∗

∗

heψs (ρ1 ,0,τn ) eψs (ρ1 ,0,τn ) eψs (ρ1 ,0,τn0 ) eψs (ρ1 ,0,τn0 ) i = he2χs (ρ1 ,0,τn )+2χs (ρ1 ,0,τn0 ) i
heψr (0,ρ1 ,τn ) eψr (0,ρ1 ,τn ) eψr (0,ρ1 ,τn0 ) eψr (0,ρ1 ,τn0 ) i = he2χr (0,ρ1 ,τn )+2χr (0,ρ1 ,τn0 ) i.

(3.18)
(3.19)

Because χm (ρ, ρ0 , t) is Gaussian, these correlation functions reduce to
2

0

2

0

he2χr (0,ρ1 ,τn )+2χr (0,ρ1 ,τn0 ) i = e4σs K(τs (n−n ))
he2χs (ρ1 ,0,τn )+2χs (ρ1 ,0,τn0 ) i = e4σr K(τs (n−n )) ,

(3.20)
(3.21)

where
2
σm

=

7/6
0.562 k0

Z

L

dz

2
Cn,m
(z)

0



z(L − z)
L

5/6
(3.22)

is the Rytov-approximation variance [23] of the log-amplitude fluctuations on path m,
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and K(·) is the normalized time correlation of these fluctuations, such that K(0) = 1.
The SNR of the reconstruction will be affected by the number of turbulence coherence times spanned during the image acquisition time. To simplify our final results
we define an additional term to capture this time-varying impact of the turbulence,
N −1
i
1 X h 4σs2 K(nτs )+4σr2 K(nτs )
Ψ=
e
−1 .
N n=0

(3.23)

When the turbulence decorrelates pulse-to-pulse, so that K(nτs ) = δn,0 , we get Ψ =
2

2

(e4(σs +σr ) − 1)/N . When the turbulence coherence time become much longer than the
2

2

acquisition time we approach the other asymptote, for which Ψ = e4(σs +σr ) − 1.

Origins of Noise in the Signal-to-Noise Ratio

To complete the SNR calculation we need to more precisely define a few aspects of
the system. Although most photodetectors have rectangular or circular indicatorfunction pupils for their photosensitive regions, we will assume our detector has a
Gaussian pupil function. This results in closed-form expressions that more clearly
expose the dependence on various parameters (such as the detector radius) while giving qualitatively similar behavior to what would be found with an indicator-function
R
pupil. We still take the detector area to be Ab = dρ A2b (ρ), so the field-transmission
pupil for the bucket detector is Ab (ρ) = e−|ρ|

2 /r 2
b

,where rb is the radius of the circular

detector we are approximating.
R
R
To clarify the presentation we also defined AT = dρ T (ρ) and A0T = dρ T 2 (ρ),
which are two measures of the total reflective area of target. We also define the ratio
of the area of the bucket detector to the area of the transmitter as β = rb2 /a20 . The
SNR for the ghost image at coordinate ρ and range L is then [5]
SNRGN (ρ) =

T 2 (ρ)
∆2 S + ∆2 R + ∆2 D + ∆2 F
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(3.24)

where the terms in the noise denominator break down as follows:
A0T (1 + β −1 ) 4(σs2 +σr2 )
e
πρ2L N
1 + 2(1 + β)Ψ
∆2 R = T 2 (ρ)
1 + 2β
2 2
A T aL L
∆2 D =
2Ab πηNs N ρ4L
∆2 S =

2

(3.26)
(3.27)

2

A2 (e4(σs +σr ) − 1 − Ψ)
∆F= T
.
π 2 N ρ4L
2

(3.25)

(3.28)

These noise terms account for randomness inherent in the ghost image. The first
term, ∆2 S, is the noise produced by transmitter’s randomness. It is directly proportional to the number of on-target resolution cells, A0T /πρ2L , and inversely proportional
to the number of pulses N . Unless we employ more pulses than there are resolution
cells, this term can limit the SNR. In essence, ∆2 S sets the acquisition time for a
high-quality ghost image. Physically, this is brought about by the need to average
over enough field patterns to distinguish the contribution of each pixel to the measurements. Turbulence weakens the correlation between each pixel and each measurement
thus increasing the acquisition time.
The ∆2 R term in the noise denominator arises from the random fading that results
from the rough-surface target reflection combined with the effects of atmospheric
turbulence. When the total acquisition time spans many turbulence coherence times,
Ψ → 0 and this term simplifies. However, because the rough-surfaced target is
assumed to be constant over the measurement interval, its contribution to the noise
term remains. However, it can be mitigated by aperture averaging [21], i.e., by
increasing the physical size of the bucket detector to capture and average more of the
scattered light4 .
The noise term ∆2 D is the contribution from the bucket detector’s shot noise, and
is inversely proportional to the number of transmitted photons, Ns . For fixed optics
4

This target-induced speckle can also be mitigated if multiple wavelengths are used, each casting
the same pattern for each pulse, and the detector is sensitive to all of the wavelengths [2, 21].
However, this approach invites additional technical challenges and multi-spectral ghost imaging is
beyond the scope of this thesis.
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and target, this noise term is only decreased by increasing the number of photons
transmitted per pulse, or using additional pulses so that the total number of detected
photons over the image-acquisition time is increased.
The final noise term, ∆2 F is a direct consequence of time-varying turbulence. If
2

2

the turbulence is frozen, so that Ψ → e4(σs +σr ) − 1, this term disappears. When
the turbulence is time varying, however, those variations create additional uncertainty about the relative spatial distribution of photons from pulse-to-pulse, making
it harder to determine each resolution cell’s reflectivity from the sample covariance of
the reference patterns and the measurements. In the worst-case scenario for this term,
when the turbulence decorrelates pulse-to-pulse, ∆2 F scales as A2T /N ρ4L . Moreover,
like ∆2 S and ∆2 D, it is inversely proportional to the number of pulses, but while ∆2 S
grows linearly with the number of resolution cells, the worst-case for ∆2 F grows with
the square of the number of resolution cells. Consequently the number of pixels we
need to reach the saturation SNR, described below, becomes quadratic in the number
of measurements. This scaling can have a significant impact on the image acquisition
time.

Signal-to-Noise Ratio Asymptotes
Having detailed the different sources of noise in the covariance-based ghost image,
we turn to two physically important asymptotes for its SNR. As noted earlier, ∆2 S,
∆2 D, and ∆2 F are all inversely proportional to the number of pulses, N . In contrast,
the noise from the rough-surfaced target, ∆2 R, is independent of the number of pulses
used, because the target surface is static throughout the imaging process. Targetinduced speckle thus sets an ultimate upper bound on the achievable SNR for ghost
imaging; when enough photons, pulses, and time have been used to average out all of
the other sources of noise, the SNR will saturate at
SNRGN,sat (ρ) = 1 + 2β.
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(3.29)

This limit is due solely to the time-independent target speckle and the relative size
of the source and detector pupils. It is independent of the target’s range and its
underlying intensity reflection pattern. To increase this saturation SNR one must
increase β = rb2 /a20 i.e., the ratio of the area of the detector to the area of the
transmitter beam. It is preferable to increase β by increasing the size of the detector
rather than decreasing the size of the transmitter beam. This is because when we
vary a0 we encounter a fundamental trade-off between the achievable SNR and spatial
resolution, which is set by the coherence length ρL = λL/πa0 . If we decrease a0 we
increase the SNR limit in Eq. (3.29), but we also increase ρL and thus degrade the
ghost imager’s spatial resolution.
At the other extreme, when the number of detected photons is so low that shotnoise dominates all other fluctuations in the ghost image, we find the shot-noiselimited SNR
SNRGN,shot (ρ) =

2πηNs N Ab ρ4L T 2 (ρ)
.
AT a2L L2

(3.30)

Unlike the saturation SNR, which is purely a function of the size of the pupil areas
employed for transmission and detection, the shot-noise limited SNR depends on the
target’s range and reflectivity, both of which affect the number of detected photons.

3.4

Comparison to a Floodlight Laser Radar

We have shown that ghost imaging is a viable option for standoff imaging, but we
need to put its performance in context. To do that we compare the performance of
reflective ghost imaging to that of a state-of-the-art floodlight illumination LADAR.
In this system the target is illuminated by a sequence of N laser pulses, and the
reflected light is focused by a lens onto a CCD sitting at its focal plane. This system
is shown in Fig. 3-3.
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Laser

Target

CCD
Array

Figure 3-3: Setup for LADAR. A coherent source is propagated through atmospheric
turbulence, where it floodlight illuminates the target. The returning light is focused
by a lens onto a CCD array.

3.4.1

Framework

Most of the framework derived in Ch. 2 for structured illumination applies to the
LADAR system, with the primary exception being the transmitter’s spatial pattens.
We still assume that the source is a series of pulses riding a spatial pattern as in
Eq. (2.1), but instead of ξ(ρ, n) being a pseudo-randomly generated field, it is a laser
beam with the Gaussian profile
s
ξ(ρ, n) =

2 −|ρ|2 /w02
e
,
πw02

(3.31)

where w0 is the beam waist. For a fair comparison with the ghost imager, we set
this waist equal to the coherence length of the ghost imager’s transmitter, w0 = ρ0 ,
so that the on-target fields have the same average intensity profile. The fields are
still propagated with Eq. (2.5) over the same distance, reflect off the same collection
of targets, and propagate back to the same location. The other difference is the
method of photodetection; for the LADAR a lens is placed at the receiver plane
that focuses the light onto a CCD array which produces pixel-wise photocurrents
{ip (t) : 1 ≤ p ≤ M }. The photocurrents are followed by a matched filter and then
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sampled to produce the measurement matrix for pulse n and range Lk ,
"

Z

Z

dτ g(τn,k − τ ) qη

ip (n, k) =

#
dρ |Ep (ρ, τ )|2 + ∆ip (τ )

(3.32)

A2p

where: Ap is the real-valued field-transmission pupil function defining the photosensitive region of pixel p, which we take to be centered at ρ = −ρp to compensate
for image inversion; τn,k is the delay associated with the measurement produced by
pulse n and the target at range Lk , as defined in Eq. (2.19); Ep (ρ, τ ) is the complex
envelope of the light impinging on the CCD plane at point ρ and time τ ; and ∆ip (τ )
is the photocurrent shot noise for pixel p.
In practice, the lens’s focal length is much shorter than the distance to the target
so the lens will cast a minified image on the CCD. This scaling does not affect our
spatial resolution or SNR analysis, so for convenience we assume the focal length is
chosen to realize 1 : 1 imaging for range L` so that
Z
Ep (ρ, t) =

0

0

dρ Er (ρ , t, L` )e

ik0 (L` +|ρ−ρ0 |2 /2L` )
−ik0 |ρ|2 /L` k0 e

A`

i2πL`

,

(3.33)

where A` is the lens’ real-valued field-transmission pupil function, Er (ρ0 , t, L) is the
pupil-plane target-return field defined by Eq. (2.5), and we have neglected an unimportant absolute phase factor and time delay resulting from propagation inside the
radar receiver. To facilitate analytic comparison with the ghost imager, we will take
the lens’ pupil function to be A` (ρ) ≡ exp(−|ρ|2 /r` ).
To complete the framework we follow the derivation in Ch. 2 and assume the
target components are sufficiently spaced, the pulse width τp sufficiently short, and
the pulse repetition rate τs sufficiently long that our detector can discriminate between
returns from different ranges and different pulses. Then, following the derivation in
Eq. (2.22), the temporal effects of the propagation decouple from the transformation
of the spatial patterns and we have

2

|Ep (ρ, τ )| = Ns

N
−1 K−1
X
X

|p(τ − τn,k )|2 |ξp (ρ, n, k)|2 .

n=0 k=0
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(3.34)

Again, the only effects of the matched filter are to discriminate between pulses,
scale the measurement, and provide some shot-noise averaging. The spatial pattern ξp (ρ, n, k) at pixel p is found from the spatial pattern at the lens, ξb (p0 , n, k), and
is given by
Z
ξp (ρ, n, k) =

0

−ik0 |ρ|2 /L` k0 e

0

ik0 (L` +|ρ−ρ0 |2 /2L` )

dρ ξb (ρ , n, k)e
A`

i2πL`

,

(3.35)

where ξb (ρ0 , n, k) can be back-propagated to the transmitter with Eqs. (2.24) and
(2.23). We define the effective post-filter pulse width τp0 with Eq. (2.25), the total
number of received photons on pixel p for light returning from range Lk for pulse n
as
Z
Np (n, k) = Ns

dρ |ξp (ρ, n, k)|2 ,

(3.36)

A2p

and the shot noise for that same detection is
Z
∆ip (n, k) =

dτ |p(τ − τn,k )|2 ∆ip (τ ).

(3.37)

The measurement matrix of sampled photocurrents in Eq. (3.32) then becomes
ip (n, k) =

qη
Np (n, k) + ∆ip (n, k).
τp0

(3.38)

At this point in ghost imaging analysis we noted that we could perform a reconstruction independently for each range Lk . For the LADAR, the story is slightly more
complicated. When k0 r`2 /2L  1 for all target ranges of interest the LADAR can
be focused at infinity with no loss of spatial resolution, and all ranges in this regime
can be processed independently. However, when this is not the case the laser must
operate within the depth of focus of the lens or it will suffer resolution degradation.
To avoid resolution loss we will assume operation in the far-field where k0 r`2 /2L  1,
but this will not always be the case in operation. We now drop the range index k,
but note that the results only apply for in-focus targets. The LADAR then produces
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an image by pixel-wise averaging the sampled photocurrents from the N pulses,
N −1
1 X
ip (n).
LN (ρp ) =
N n=0

3.4.2

(3.39)

Spatial Resolution

The LADAR’s spatial resolution is found from its ensemble-averaged image,
hLN (ρp )i = hip (n)i .

(3.40)

Our analysis in this section follows the same approach as the ghost imaging spatial
resolution analysis. We expand the photocurrent, and then back-propagate ξp (ρ, n)
first through the lens, then to the target, and then to the transmitter using Eqs. (3.35),
(2.24), and (2.23). Our averaging then produces second-order moments of the turbulence kernels and the rough-surfaced target. Evaluating these expectations, we arrive
at
2qηNs A`
hLN (ρp )i =
πL2 wL2 τp0

Z

0

0

dρ T (ρ )e

2
−2|ρ0 |2 /wL

0 02

0 2

e−|ρ+ρ | /α ρL
.
dρ
0
πα0 ρL2
A2p

Z

(3.41)

In this expression: wL = λ0 L/πw0 is the laser beam’s intensity radius at range
0 2

2

L, which we will assume is sufficiently large that T (ρ0 )e−2|ρ | /wL ≈ T (ρ0 ); A` ≡
√
R
dρ A2` (ρ) = πr`2 /2 is the lens’ effective area; ρ0L = λ0 L/ 2 πr` is the diffractionlimited (no-turbulence) spatial resolution for an image-plane point detector; and
α0 ≡ 1 + r`2 ζr /%2r is a resolution-degradation factor caused by turbulence. Thus,
atmospheric turbulence begins to impair the LADAR’s spatial resolution when the
√
receiver-plane coherence length of the turbulence kernel, %r / ζr , becomes comparable to the receiver’s lens radius, r` . Hence, when the turbulence on the return path
is either sufficiently weak, or concentrated near the target, we get α0 ≈ 1 and there
is no loss of resolution. However, for sufficiently strong turbulence, or turbulence
concentrated near the receiver’s lens, significant resolution degradation is incurred.
The computational ghost imager can calculate its reference field for continuous
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coordinates ρ, but the LADAR must use pixels of finite size in order to collect any
photons. To obtain a closed-form result from the pixel integration in Eq. (3.41) we
will use Ap (ρ) ≡ e−|ρ+ρp |

2 /r 2
p

, and arrive at our final expression for the LADAR’s

average image,
2qηNs A` Ap
hLN (ρp )i =
πL2 wL2 τp0

Z

0

2

0

0

02

e−|ρ −ρp | /(β +α )ρL
,
dρ T (ρ )
0
π(β 0 + α0 )ρL2
0

0

(3.42)

R
where rp is the pixel’s radius, Ap ≡ dρ0 A2p (ρ0 ) = πrp2 /2 is the pixel’s effective area,
0

and β 0 ≡ rp2 /2ρL2 . Equation (3.42) quantifies the LADAR’s loss of spatial resolution—
its degradation from ρ0L , the diffraction-limited, point-detector value—when the lens
area exceeds a turbulence coherence area and/or the pixel area exceeds the diffractionlimited spot size.

3.4.3

Signal-to-Noise Ratio

We again define the signal-to-noise ratio as the ratio of the image’s squared mean to
variance,
SNRL (ρp ) =

hLN (ρp )i2
hLN (ρp )i2
= 2
.
var[LN (ρp )]
hLN (ρp )i − hLN (ρp )i2

(3.43)

To evaluate the effects of turbulence on the SNR we make the same assumptions that
we made in the ghost image analysis. Namely, we assume the target’s features are
large enough that the LADAR resolves them, and that the turbulence is weak enough
that we can ignore the coordinate dependence at the transmitter and receiver pupils.
With the first assumption, Eq. (3.42) yields
hLN (ρ0p , L)i2

2
2qηNs A` Ap
0
T (ρp ) .
=
πL2 wL2 τp0


(3.44)

As was the case for the ghost imager, the primary difficulty encountered in SNR
evaluation is finding the image’s second moment. The LADAR’s second-moment
calculation, however, is substantially simpler than that for the ghost imager in that
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the LADAR case only requires turbulence and target fourth-order moments and the
shot noise’s second-order moment. The evaluation proceeds as follows.

First, we use the statistical independence of the turbulence, target, and shot noise
to separate averages involving these three fluctuations. Then we employ Gaussian
moment-factoring to reduce the target’s fourth-order moment into a sum of products
of second-order moments, and our assumption about the coordinate-independence of
the turbulence fluctuations to evaluate that fourth-order moment as we did for the
ghost imager. Next, we perform the resulting multi-dimensional Fourier transforms
of the Gaussian functions that arise from far-field optical propagation in conjunction
with the Gaussian pupil functions we have assumed. Finally, under our assumption
that the LADAR resolves all significant target detail, we are left with
SNRLN (ρp ) =

T (ρp )
0

)Ψ
T (ρp )( 1+(2+β
)+
1+β 0

2 L2
πwL
2ηNs N A` Ap

,

(3.45)

where Ψ is the time-averaged turbulence factor from Eq. (3.23).

The noise-denominator terms in the preceding SNR formula have the following physical interpretations. The first term is due to the time-independent target
speckle, exacerbated, to some degree, by the turbulence-induced scintillation on the
transmitter-to-target and target-to-receiver paths. The second term is due to shot
noise. Thus when N Ns —the number of photons transmitted over all N pulses—is
sufficiently high, the SNR reaches a finite maximum value, namely the saturation
signal-to-noise ratio, given by
SNRLN ,sat (ρp ) = 1 + β 0 ,

(3.46)

0

which depends only on β 0 = rp2 /2ρL2 , the number of diffraction-limited spots within the
pixel area. Increasing β 0 , e.g., by increasing the pixel size, will increase the saturation
value, but doing so degrades the radar’s spatial resolution, as seen in Eq. (3.42).
Conversely, when the SNR is much lower than its saturation limit, it takes the shot57

noise limited form
SNRLN ,shot (ρp ) =

3.5

2ηNs N A` Ap T (ρp )
.
πwL2 L2

(3.47)

Performance Comparison

Having completed spatial resolution and SNR analyses for both the computational
ghost imager and the LADAR, we are ready to compare their capabilities. Before
proceeding, two points deserve further explanation. The first concerns ensuring that
our spatial resolution and SNR comparisons are fair. Toward that end we will take
w0 = ρ0 , so that the LADAR’s on-target intensity pattern matches the ghost imager’s
average on-target intensity pattern. We will also assume that r` = a0 , because: (1)
r` and a0 correspond to intensity radii (r` for the the intensity transmission of the
radar receiver, and a0 for the intensity transmission of the ghost imager’s exit optics);
and (2) r` and a0 determine the diffraction-limited spatial resolutions of these two
imagers.
In addition, we note that for both systems we denoted the number of photons
transmitted per pulse with Ns , while the number of pulses was N . These quantities
need not be the same for both imagers, so to differentiate them we introduce subscripts
of G and L, e.g., the ghost imager transmits NG photons for each of its NG pulses, and
the LADAR transmits NL photons for each of its NL pulses. We will require that both
systems use the same number of photons for image acquisition, so NG NG = NL NL , but
we afford the LADAR the opportunity to concentrate its photons into fewer pulses,
or even a single, bright pulse. In contrast, the ghost imager fundamentally requires
many pulses to form a high quality image.
Our second pre-comparison note is cautionary. Our analysis has employed Gaussian functions for partially-coherent and coherent optical beams, and for photodetector pupil-functions, etc., in order to obtain closed-form expressions for our systems’
spatial resolutions and SNRs. Although the use of Gaussian functions should yield the
correct dependence of these performance metrics on system parameters, the constant
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factors that appear in our results would be different had we numerically evaluated
the spatial resolutions and SNRs for circular-pupil optics.

3.5.1

Spatial-Resolution Comparison

We have shown that the ghost imager and LADAR’s average images convolve T (ρ0 )
0 2 /r 2
res

with Gaussian point-spread functions of the form P (ρ0 ) = e−|ρ |

rres =



√α ρL ,

2
/πrres
, where

ghost imager


√β 0 + α0 ρ0 , LADAR
L

,

(3.48)

with ρL and ρ0L being the diffraction-limited resolutions, α ≥ 1 and α0 ≥ 1 accounting
for turbulence-induced resolution loss, and β 0 ≥ 0 for the resolution lost from using
finite pixel sizes for the LADAR.
Diffraction-Limited Resolution
When there is no turbulence, both resolutions are diffraction limited. Enforcing our
constraint of r` = a0 , these become

rres →



λ0 L/πa0 ,

ghost imager

√

√β 0 + 1 λ0 L/ 2 πa0 , LADAR

,

(3.49)

p
and we immediately see that the resolution difference is a factor of (β 0 + 1)/2;
√
if we set β 0 = 0, the LADAR has a 2 resolution advantage. The source of this
advantage can be traced back to the physics of the imaging scenarios. The LADAR’s
spatial resolution is set by its lens’ radius—which is now a0 —but the ghost imager’s
spatial resolution comes from an intensity convolution of two beams produced by a
√
transmitter of intensity radius a0 . This convolution causes the 2 degradation in the
effective resolution, despite both systems using the same pupil sizes5 .
√
The exact numerical value ( 2) of this resolution advantage depends on our use of Gaussian
functions, but the fact that the LADAR’s diffraction-limited spatial resolution is better than that
of the computational ghost imager does not.
5
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As noted in Sec. 3.4, the LADAR must employ finite-sized pixels, and Eq. (3.45)
shows that—other system parameters being held constant—forcing β 0  1 will push
the system into its shot-noise limited regime as the pixel area, Ap , is decreased. Thus
a prudent compromise might be to size the pixels to satisfy β 0 = 1, so that the
√
LADAR’s spatial resolution, in the absence of turbulence, only suffers a 2-factor
degradation from its diffraction diffraction-limited value. This choice of pixel size,
however, removes the LADAR’s spatial resolution advantage over the computational
ghost imager, i.e., the no-turbulence resolution of the former then exactly matches
the diffraction-limited resolution of the latter.
Turbulence Limited Resolution
When turbulence is strong enough to control both imager’s spatial resolution, we get

rres


p
√

λ0 L ζs0 /π 2 %s , ghost imager
,
→
√

λ0 L√ζr /π 2 %r , LADAR

(3.50)

p
where we have continued our use of r` = a0 . For a situation in which %s / ζs0 =
√
%r / ζr —such as when the LADAR’s receiver is co-located with the ghost-imager’s
transmitter—we find the turbulence-limited resolution to be equal for both systems.
More generally, either system could have more favorable spatial-resolution behavior
in the presence of turbulence, because different turbulence-strength profiles could
exist on the transmitter-to-target and target-to-receiver paths, and the ghost imager’s
spatial resolution is only sensitive to turbulence on the transmitter-to-target path
while the LADAR’s spatial resolution is only sensitive to the turbulence on the targetto-receiver path.

3.5.2

Signal-to-Noise Ratio Comparison

For our SNR comparison we shall consider the two imagers’ speckle limited, saturation SNRs and their shot-noise limited SNRs. Throughout we will assume that
any turbulence that might be present has no effect on spatial resolution, so that
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α = α0 = 1, and that both imagers have sufficient resolution to resolve all significant
detail in T (ρ).

Speckle Limited Signal-to-Noise Ratio
Equations (3.29) and (3.46) specify the speckle limited, saturation SNRs for the ghost
imager and the LADAR, and give us
SNRLN ,sat (ρp )
1 + β0
=
.
SNRGN ,sat (ρp )
1 + 2β

(3.51)

For r` = a0 and β 0 = 1 (for which both systems have the same spatial resolution)
the preceding ratio of their saturation SNRs becomes 2/(1 + 2β). Consequently, the
computational ghost-imager’s saturation SNR will greatly exceed that of the LADAR
when β = rb2 /a20  1, i.e., when the bucket detector’s area is much larger than the
source area. There is a simple physical explanation for this behavior: the saturation
SNR is due to the time-independent speckle created by reflection from the roughsurfaced target. These speckles are ∼a0 in radius in the receiver’s pupil plane, so
when β  1, the bucket detector is averaging over many statistically independent
speckles, driving up the ghost imager’s saturation SNR.
There is, however, an intrinsic unfairness in the preceding favorable view of the
ghost imager’s saturation SNR, because by fixing r` = a0 but letting β  1, we
are allowing the bucket detector to have a much larger receiving aperture than the
LADAR. Suppose, instead, that we constrain the systems to have the same size
receiving aperture, so that rb = r` , but maintain β  1. In that case the LADAR’s
diffraction-limited spatial resolution would be better than that of the ghost imager by
a factor of rb /a0  1 but its SNR would be worse. However, the LADAR could then
use β 0 = 2rb2 /a20  1 and: (1) have its no-turbulence spatial resolution match the
diffraction limit of the ghost imager; and (2) have its saturation SNR equal that of
the ghost imager. In this case, the time-independent speckle is being averaged in the
LADAR’s image plane, because the large pixel comprises a great many independent
speckle lobes.
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For a general comparison, we set all optics to be the same size, i.e., a0 = rb = r` ;
this causes β = 1. We then set the LADAR’s pixel size to effect β 0 = 1, so that both
systems have the same resolution, and we find SNRLN ,sat (ρp ) = 2 SNRGN ,sat (ρp )/3.
To summarize what we have seen so far concerning saturation-SNR behavior, fair
comparisons between the ghost imager and the LADAR indicate that neither system
will enjoy a significant advantage. There is, however, a fine point to be considered
concerning atmospheric turbulence. We have assumed the relevant turbulence coherence lengths to be long enough that our imagers’ spatial resolutions do not suffer any
turbulence-induced degradation. Nevertheless, the target-speckle terms in the noise
denominators of Eqs. (3.24) and (3.45) both contain the time-averaged scintillation
factor Ψ. When a sufficient number of pulses are averaged—as has been assumed in
the saturation SNR formulas—we get Ψ → 0. For the ghost imager, averaging the
returns from a large number of pulses is an intrinsic requirement for image formation,
but a LADAR can form its image with a single pulse, in which case we get
SNRL1 (ρ0p , L) −→

1 + β0
,
1 + (2 + β 0 )Ψ

(3.52)

for NL sufficiently high. For β 0 = 2rb2 /a20  1, this SNR can be substantially worse
2

than the ghost imager’s saturation SNR, because Ψ ≥ e4σS in this single-pulse case.
The LADAR will then need to employ more than a single pulse to approach its full
saturation SNR—and to match that of the computational ghost imager at the same
spatial resolution—because of scintillation.

Shot-Noise Limited Signal-to-Noise Ratio
Now let us turn to SNR behavior when neither system’s N and N values are sufficient
to reach SNR saturation by comparing their shot-noise limited performance. Here,
using r` = a0 , Eqs. (3.30) and (3.47) give us
SNRLN ,shot (ρp )
AT β 0
=
.
SNRGN ,shot (ρp )
2πρ2L βT (ρp )
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(3.53)

For a fair comparison we again set β = β 0 = 1, to give the systems the same pupil sizes
and spatial resolutions. The preceding SNR ratio then reduces to AT /2πρ2L T (ρ0p ). For
a range-L target whose intensity-reflection coefficient has limited spatial variation,
this number is approximately its number of reflective spatial-resolution cells, making
the LADAR’s shot-noise limited SNR far superior to that of the computational ghost
imager for large, highly reflective images. Unlike what we found for the LADAR’s
saturation SNR, its shot-noise limited SNR is the same at all NL NL values, i.e.,
Eq. (3.53) applies even when the LADAR forms its image from a single pulse.
This discrepancy in the shot-noise limited SNR of the two systems arises because
in ghost imaging all useful information in the bucket detector photocurrent is carried
in the pulse-to-pulse fluctuations in received number of photons, but all received
photons contribute to the shot noise. Indeed, the first step in ghost imaging is to
center the bucket detector measurements and reference patterns, because for each
pulse there is a strong, mean photon count that is contributing only to noise in the
bucket detector. In contrast, each detected photon in the LADAR will contribute to
both the shot noise and the signal. This also explains the dependence of Eq. (3.53)
on T (ρ). In the ghost imager there is always noise because of the background term,
but if pixel p is not reflective there will be no detected photons to cause noise. This
means that, when both systems are shot-noise limited, non-reflecting pixels in a ghost
image will be much noisier than in a LADAR image6 .

3.5.3

Conclusions

Computational ghost imaging is, in many respects, a dual of floodlight-illumination
LADAR. The computational ghost imager’s system complexity is in its transmitter,
whose sequence of SLM patterns creates the structured illumination that provides
the imager’s spatial resolution. The LADAR’s complexity lies in its CCD receiver,
which provides its spatial resolution. Consequently, the size of the ghost imager’s
transmitter pupil sets its diffraction-limited spatial resolution, whereas the LADAR’s
6

Our analysis has neglected dark current and background light, both of will cause some noise for
non-reflecting locations in the LADAR, but we still expect much more noise for the ghost imager.
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no-turbulence spatial resolution is set by the size of its receiver pupil in conjunction
with that of its CCD pixels. Thus only turbulence on the transmitter-to-target path
can impair the ghost imager’s spatial resolution, while the LADAR’s spatial resolution is only impacted by turbulence on the target-to-receiver path. Therefore, ghost
imaging and LADAR systems that are designed to have equal spatial resolutions in
the absence of turbulence could have significantly different performance in a bistatic
configuration, in which their transmitters and and receivers are not co-located, so that
significantly different turbulence distributions are encountered on these two paths. In
such situations either one could offer the better spatial-resolution performance, depending on which path had its turbulence concentrated near the resolution-controlling
pupil.
Aside from this turbulence issue, our analysis indicates that a fair comparison between the computational ghost imager and the floodlight-illumination LADAR shows
them to have equal spatial resolutions, except for the following two caveats: (1) the
LADAR can form its image from a single pulse, making it far better for imaging
moving targets; and (2) the computational ghost imager has infinite depth of focus,
whereas the LADAR will not have this property for ranges satisfying k0 r`2 /2L  1.
Both the ghost imager and the LADAR have signal-to-noise ratios that are shotnoise limited at low-Ns , low-N values and saturate at high-Ns , high-N values. When
their optics are sized for equal spatial resolutions, with NG = NL and NG = NL , there
is little difference in their saturation SNRs. This contrasts strongly with their shotnoise limited SNR behaviors, where the LADAR outperforms the ghost imager by a
factor approximately equal to the number of reflective spatial-resolution cells on the
target. As a result, we can expect that the ghost imager will require significantly more
time than the LADAR to achieve a desired SNR when both are operating in the shotnoise limited regime. This key disadvantage for correlation-based ghost imaging could
be mitigated to some degree, however, by the use of compressed-sensing techniques,
which enable many fewer pulses to suffice for ghost-image formation. Recent work
has demonstrated this possibility in table-top ghost imaging done in reflection [34],
and the need to reduce the number of pulses for ghost imaging is a strong motivating
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factor for the second half of this thesis.
What then are the possible advantages of ghost imaging in comparison with
LADAR? The principal such advantage identified by our analysis accrues in bistatic
configurations wherein, for operational reasons, the transmitter can be located in a
region of weak turbulence but the receiver necessarily is in a strongly-turbulent region. Beyond that, however, there are some technological possibilities. The ghost
imager only requires a single-pixel detector, whereas the LADAR needs a detector
array. For wavelength regions in which high-performance single-pixel detectors are
available but similar-quality detector arrays are not, ghost imagers would provide
active-imaging capability that LADARs could not. A related technological advantage arises for ghost imaging in multi-static configurations, in which a network of
simple, small, single-pixel detectors view a target region that is floodlit by a single,
structured-illumination transmitter. Individual images could be formed from each
detector’s outputs to capture multiple views of the target, and allow for more averaging of the target-induced speckle. A corresponding multi-static LADAR would
require high-resolution CCDs at each receiver location, making it more complicated
and more expensive than the ghost imager.

3.6

Advances in Ghost Imaging

Since the preliminary experiments and analysis of ghost imaging, several new methods
of image formation have been proposed. These methods have been developed for the
transmissive ghost imaging modality—in which the bucket detector is behind the
target and we image its transmissivity pattern—but they can be extended to the
reflective case.
In ghost imaging experiments it was observed that the total number of on-target
photons varied from pulse to pulse. This is partially explained by varying emission
levels from the laser, partially by the pseudorandom patterns—a random fraction
of the light will always be cast outside the scene—and partially by experimental
errors. In Eq. (3.2) we formed the ghost image by correlating centered version of
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the reference pattern and bucket detector measurements, ∆I(ρ, n) and ĩb (n), where
P
ĩb (n) was computed in Eq. (3.3) by subtracting the empirical mean N1 n ib (n) from
the measurement. However, this is not the best way to center the bucket detector
measurements
We define the total number of on-target photons as,
Z
Rn =

dρ I(ρ, n),

(3.54)

AT

where AT is the area of the target and I(ρ, n) is the reference pattern. Because
Rn varies from pulse-to-pulse, the mean of the bucket detector measurements is not
a constant, but a vector in which each element is weighted by the relative number
photons that were used to create that measurement as
P
m ib (m)
īb (n) = P
Rn .
` R`

(3.55)

In differential ghost imaging [36], the ghost image is found from a covariance calculation in Eq. (3.2) as normal, except that ĩb (n) = ib (n) − īb (n), where īb (n) is
computed with Eq. (3.55). This was done by making an auxiliary measurement of Rn
for each pulse. Interestingly, this adjustment means that the estimator is actually for
a centered version of the target, i.e., the pattern of differences from the target’s mean
value, hence the name differential ghost imaging. This method showed significant
improvement versus traditional ghost imaging when the scene was mostly transmissive, and the performance of the two methods converged when the scene was mostly
opaque.
Normalized ghost imaging [37] makes the same adjustment as differential ghost
imaging when calculating īb (n), but then also scales each measurement by 1/Rn , i.e.,
it correlates ĩb (n)/Rn with the centered reference patterns. This method achieved
slightly better performance than differential ghost imaging. While both of these
methods provide improved reconstruction versus traditional ghost imaging, the difference is only prominent when the target is mostly transmissive. Moreover, they
require an additional measurement of the integrated on-target intensity pattern, Rn .
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However, in reflective ghost imaging, this measurement is not feasible. Rn can be
approximated from our computation of the reference field, but due to turbulence and
rough surface scattering this computation will only approximate the true Rn , and it
is unclear if this computed value will help the inference. Instead, in Ch. 6, we derive
the LMMSE estimator. The form of this estimator will be similar to the normalized
ghost image estimator, but also incorporates additional information about a prior
distribution on the target.
Differential and normalized ghost imaging improved the linear covariance estimator, but that is not the only way to reconstruct the target. We observe that in
transmissive ghost imaging the bucket detector measurement is a projection of the ontarget intensity pattern onto the intensity transmission profile of the mask. That is,
for bucket detector measurement vector y, target vector x and measurements matrix
A (where each row is a vector representing an on-target intensity pattern), we have
y = Ax. Since A is composed of iid random variables, this fits into the compressed
sensing paradigm [38–40], which finds a sparse solution via `1 -norm minimization.
Natural images are sparse the in discrete wavelet and discrete cosine bases, so this
approach allows for considerably fewer measurements than traditional covariancebased ghost imaging, and was first was applied in [32].
Compressed sensing approach was also extended to reflective imaging in [35]. However, to overcome the target speckle they employed a telescope for their bucket detector, whose pupil was over 400 times the size of transmitter pupil. Thus, per our
analysis in this Sec. 3.2, they sacrificed orders-of-magnitude in resolution in order to
achieve the measurement reduction afforded by compressed sensing methods. Our
goal in Chs. 8 and 9 is to develop an algorithm that can achieve this same reduction
in measurements to achieve a high quality image while using much smaller bucket
detectors.
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Chapter 4
Discretization of the On-Target
Irradiance and the Target’s
Field-Reflection Coefficient
Structured illumination imaging inherently involves continuous processes: the transmitter emits a field in continuous space and time; the target has a field-reflection
coefficient that is a function of a continuous spatial coordinate; and the photodetector’s current is a continuous-time waveform. However, to bring modern inference
techniques to bear on image formation requires processing with a computer, which
means the measurements and target must be discretized. We have already done this
for the bucket detector’s output by sampling its filtered photocurrent, but each measurement also needs to be constructed as a function of a discretized (pixelated) target
in order to proceed.
As developed in Eq. (2.28), by sampling the photocurrent at delays τn = 2L/c+nτs
we create a vector of measurements y with elements yn = ib (n). The measurements
are time samples of a shot-noise process that is driven by a conditionally Poisson
process with rate function proportional to the detected photon-flux, ηPb (t). The
total number of received photons, (Nb (n) from Eq. (2.27)), then drives the statistics
of the samples of the filtered photocurrent. From Eqs. (2.28) and (2.29) we have
69

that the means and covariances of the {yn } conditioned on Nb are
hyn |Nb i =

qη
Nb (n)
τp0

(4.1)

and
h(yn − hyn |Nb i)(ym − hym |Nb i)i = δnm

q 2 ηNb (n)
.
τp00 2

(4.2)

For convenience going forward, we define a vectorized form of the bucket-detected
photons for pulse n as Nn ≡ Nb (n). Our remaining discretization task is then to
pixelate
Nn = Ns

Z

Z
dρ

2
0

0

0

0

dρ hr (ρ, ρ , τn )T (ρ )ξt (ρ , n) ,

(4.3)

A2b

which requires us to discretize the target’s field-reflection coefficient T (·), and its
coupling into each measurement.
The pixels we will introduce in this chapter are not related to a physical sensor, and
in theory we can choose them to be any size we want. There are trade-offs, however,
to consider. Very small pixels lead to less approximation error, but they increase the
computational complexity of the image construction. Moreover, this implies that the
light hitting neighboring pixels will be highly correlated, which becomes problematic
later when we design algorithms in Ch. 8 that rely on each pixel seeing independent
illumination. Conversely, while large pixels lead to independent illumination on each
pixel, the discretization error can be so large that there is no hope of performing
accurate imaging.
A natural choice for the discretization scale is the coherence length of the illuminating field. This choice will ensure that neighboring pixels have light that is only
weakly correlated, yet also keeps the discretization error to a manageable level. We
thus start by discretizing the continuous reference irradiance pattern from Eq. (3.1) at
its coherence length. Next we express the target’s field-reflection coefficient in terms
of a discretized version of its average intensity reflection T (ρ). Finally, we develop
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the transformation of the target to the measurements, conditioned on knowledge of
our discretized reference pattern, and determine sufficient statistics to describe it.

4.1

Reference-Pattern Discretization

The continuous-space on-target reference irradiance pattern is defined in Eq. (3.1).
To discretize this pattern we integrate it over the pixel’s reflective area Ap . However,
we also want to scale it appropriately to account for the average photon loss as the
reflected field propagates back to the detector plane. Including this scaling now will
simplify many equations later in this thesis. The new scaled, discretized reference is
then
Z

Z
Inp = F

dρ
A2p

0

k0 eik0 |ρ −ρ|
dρ ξ(ρ , n)
i2πL
0

0

2 /2L

2

.

(4.4)

where the scaling coefficient is the Fresnel number product,
F=

π%2T Ab
,
λ20 L2

(4.5)

that defines the fraction of photons measured by a bucket detector with area Ab when
the light is scattered by a surface with correlation length %T . The reference pattern
is dimensionless, but its transverse pattern is proportional to the number of photons
illuminating pixel p for pulse n.
The characteristics of the {Inp } will play a key role in this thesis, so we take
this opportunity to discuss their more important properties. First, they are not
independent, random variables, but they are close to being so. Having pixelated
at the correlation length, there is some correlation between the field illuminating
neighboring pixels, but it is small enough that it can be safely ignored.
Even assuming the {Inp } are independent random variables, they need not be
identically distributed. This follows from the spatial dependence of h|ξt (ρ, n)|2 i, the
average intensity envelope of the partially-coherent field. We define the normalized
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intensity envelope of the reference as
P
hInp i
,
p = P n
n,q hInq i

(4.6)

so that the vector  is the relative distribution of photons across the scene of interest,
ensemble averaged across the series of pulses. It will be higher near the center of the
beam, and smoothly fall off as we move toward the beam’s edges.
In the Gaussian-Schell model we have used for our ghost imaging analysis1 , the
envelope for pixel p—centered at ρp —is proportional to e−2|ρp |

2 /a2
L

, where aL is the

intensity radius, so that
2

2

e−2|ρp | /aL
p = P −2|ρ |2 /a2 .
q
L
qe

(4.7)

We are also interested in the total number of on-target photons per pulse. On
average this is the same for each pulse, but in operation the pseudo-random pattern
will put a variable number of photons on-target, while the rest go outside the boundaries of the scene. The total number of on-target photons (scaled by the loss factor
F) for pulse n is
µn =

X

Inp ,

(4.8)

p

allowing us to construct the conditional mean of the reference matrix, given knowledge
of µ, as the outer product of these two vectors,
Ī = hIi = µT .

(4.9)

This matrix is deterministically calculated from both the transmitter statistics and
the reference patterns I. A centered version of the reference matrix can be defined
1

The Gaussian-Schell model presumes a true Gaussian random process for the source, while the
spatial light modulator (SLM) is better modeled as an array of square pixels that receive a pseudorandom phase modulation. A more accurate computation for the SLM geometry is presented in
App. A.2
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by removing this mean matrix, eI = I − Ī.

4.2

Target Field-Reflection Coefficient

We next discretize the target’s field reflection coefficient from Eq. (2.14), which we
reproduce here,
p
T (ρ0 )ϑ(ρ0 ).

T (ρ0 ) =

(4.10)

T (ρ0 ) is the average intensity-reflection coefficient, while ϑ(ρ0 ) represents the contribution from the target’s surface roughness, and is modeled as a complex-Gaussian
random process. The correlation length of ϑ(ρ0 ) is on the order of a wavelength,
and we cannot discretize at a small enough scale to capture its behavior. Instead we
discretize T (ρ0 ), which varies slowly enough that we can approximate it as a grid of
pixels, so that
T (ρ0 ) = Tp

for ρ0 in Ap ,

(4.11)

where Ap is the wp by wp square that defines reflective area of pixel p, with wp
being approximately the coherence length of the reference pattern. The target’s fieldreflection coefficient is now the sum
T (ρ0 ) =

Xp
Tp ϑ(ρ0 )Ap (ρ0 ).

(4.12)

p

Substituting this new definition into the received photon number in Eq. (4.3) we
arrive at
Nn = Ns

Z
dρ
A2b

Xp
p

2

Z
Tp

0

0

0

0

dρ hr (ρ, ρ , τn )ϑ(ρ )ξt (ρ , n) .
Ap
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(4.13)

4.3

Target-to-Measurements Transformation

In the discrete formulation in Eq. (4.13), pixel p’s contribution to the received photon
number for pulse n contains an effective field reflection coefficient that is the product
p
of the square root of the average intensity reflection coefficient Tp , and the specklefield coefficient
Z
Φnp (ρ) =

dρ0 hr (ρ, ρ0 , τn )ϑ(ρ0 )ξt (ρ0 , n),

(4.14)

Ap

which is the result of the propagation of the interrogating field back from pixel p to
the detector after having after being modulated by the rough surface, ϑ(ρ0 ). The
{Φnp (ρ)} are Gaussian random processes in ρ whose correlation length is inversely
proportional to the pixel size we have chosen for discretizing the reference pattern.
The number of received photons can now be rewritten as a double summation over
the target’s pixel index,
Z
XXp
Nn = N s
Tp Tq
dρ Φnp (ρ)Φ∗nq (ρ).
p

(4.15)

A2b

q

For each pulse n, Eq. (4.15) can be viewed as the summation of the elements
of a matrix indexed by p and q. We can separate that summation into two parts:
the trace of the matrix (summation of the diagonal elements, where p = q), and the
summation of the off-diagonal elements. The trace is a linear combination of the
target’s average intensity-reflection coefficient, weighted by coefficients that depend
on the rough-surface induced speckle and the intensity of the light hitting the pixel.
It is a direct, linear coupling of each pixel in the target to the measurements. The
off-diagonal terms in Eq. (4.15) result from the integration of inter-pixel interference
patterns over the detector’s surface. Although they depend on the target, they do
not transfer much information. Their randomness is dominated by pulse-dependent
relative phase shifts, unique to each term. Both of these effects are captured by a
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I(p, q, n) for pixels p and q, when they are illuminated by pulse n,
Z
I(p, q, n) = Ns

A2b

dρ <[Φnp (ρ)Φ∗nq (ρ)],

(4.16)

so that
Nn =

X

Tp I(p, p, n) + 2

XXp
Tp Tq I(p, q, n).

p

p

(4.17)

q<p

Although Nn is clearly the sum of many random variables, they are not independent, hence we cannot indiscriminately apply the Central Limit Theorem. To
say anything about the distribution of the number of received photons, we need a
characterization of the coupling coefficient I(p, q, n), conditioned on knowledge of the
reference pattern from Eq. (4.4) (all other fluctuations are treated as noise). The
true conditional distribution of the coupling coefficient is complicated and not easily
derived, so we approximate its mean and variance using the linear minimum meansquared error (LMMSE) estimator [41].

4.3.1

LMMSE Estimation of the Coupling Coefficient

When estimating a random vector x from measurements y of the random vector y, the
LMMSE estimator has the least expected squared-error among all estimators that are
linear in the measurements. Given our analytical constraints, in an important sense
it is our closest available estimate of the conditional mean hx|yi, which is the unconditional minimum mean-squared error (MMSE) estimator for x given measurements
y. The general form for the LMMSE estimator is
b(l) = x̄ + Cxy C−1
x
y (y − ȳ),

(4.18)

where x̄ and ȳ are the means of x and y, Cxy is their cross-covariance matrix, and
C−1
y is the inverse of the autocovariance matrix for y. The autocovariance matrix of
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b(l) , is then
the estimator’s error, e(x) = x − x
Ce(x) = Cx − Cxy C−1
y Cyx .

(4.19)

We now seek to estimate the vector of coupling coefficients I(p, q, n) for q ≤ p,
conditioned on knowledge of the reference matrix I; for the prescribed notation this
means x ≡ I(p, q, n) for all n, p, q ≤ p, and y ≡ I, where all terms have been
vectorized.

The Estimator
Evaluating the estimator requires computation of the mean and covariance of the
reference intensity, the mean of the coupling coefficients, and the covariance of the
coupling coefficients and reference, cov[I(p, q, n), In0 p0 ]. The mean of the reference
pattern, Ī, is calculated in Eq. (4.9), and the remaining quantities are listed below:
cov[Inp , In0 p0 ] = δnn0 κ1 (p, p0 )I¯np I¯np0

(4.20)

hI(p, q, n)i = δpq I¯np

(4.21)

2
cov[I(p, q, n), In0 p0 ] = δnn0 δpq κα (p, p0 )I¯np
0.

(4.22)

Here κα captures the discretization error arising from the illumination’s irradiance
variation over a pixel, viz.
1
κα (p, p ) =
αA2p
0

Z

Z
dρ

A2p

0 2 /αρ2
L

dρ0 e−|ρ−ρ |

,

(4.23)

A2p0

where α is the turbulence resolution-degradation factor from our ghost imaging analysis (defined in Eq.(3.12)), and κ1 (p, p0 ) is the no-turbulence case for which α = 1.
Where appropriate we will use the shorthand κα = κα (p, p).
To complete the estimator we need to calculate Kα K−1
1 where Kα is the matrix
composed of elements κα (p, p0 ). We immediately note that if there is no turbulence,
Kα = K1 and this matrix product becomes an identity matrix. However, if there
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is turbulence it becomes more complicated. Assuming a reasonable pixelation size
(wp = 1.3ρL ), then for pixel p0 being the closest neighbor of pixel p, κ1 (p, p0 ) has
already reached the e−1 falloff relative to κ1 (p, p). For all other pixels q 0 , κ1 (p, q 0 ) <
e−2 κ1 (p, p).
This is initial evidence that the matrix product will be close to an identity matrix.
To verify this we computed this matrix product Kα K−1
assuming a 10% loss of
1
resolution due to turbulence. We found that Kα K−1
had diagonal elements with
1
value 0.924, and off-diagonal elements whose largest value was 0.013. Indeed, the
sum of the off-diagonal elements was an order of magnitude less than the sum of the
diagonal elements. Moreover, κα /κ1 = 0.942, which is very close to the value found
for the diagonal elements.
In all that follows we will assume the matrix product Kα K−1
1 can be approximated
with a scaled identity matrix, 1(κα /κ1 ). Physically, this approximation is saying
that when atmospheric turbulence reduces our knowledge of the on-target irradiance
pattern, the neighboring pixels are sufficiently uncorrelated that knowing their value
does not help our estimation much more than knowing the average intensity matrix.
Under these conditions the LMMSE estimate becomes

 

κα
κα ¯
(l)
b
Inp + 1 −
I (p, q, n) = δpq
Inp .
κ1
κ1

(4.24)

We note that all terms where p 6= q are zero-mean, implying that only the diagonal
terms I(p, p, n) contribute to the mean of the received photon number, Nn . The
off-diagonal terms then contribute an additive zero-mean noise term.

Estimator’s Error Covariance
To find the error in our estimates we first need to calculate the unconditional covariance of the coupling coefficients. This computation follows the same approach we used
in our ghost imaging analysis in Ch. 3. That is, we back-propagate the field patterns
with Eq. (2.24) and (2.23), and use the statistical independence of the turbulence,
rough surface, and transmitter patterns to separate their averages. Also, we employ
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the same assumptions when evaluating the fourth-order moments of the turbulence
as we did in Ch. 3. The resulting covariance expression we obtain is then2 is
cov[I(p, q, n), I(p0 , q 0 , n0 )]
2
2


e4(σs +σr )
2
=
δnn0 δpq δpp0 δpq0 I¯np
(2κ1 + Γ0 (p, p)) + δpp0 δqq0 Γ0 (p, q)I¯np I¯nq
2h
i
2
2
2
2
+ δpq e4(σs +σr ) δpp0 δpq0 Γ1 (p, p)I¯np I¯n0 p + (e4(σs +σr ) − 1)δp0 q0 I¯np I¯n0 p0 , (4.25)

where Γ0 (p, q) is the integrated interference pattern from pixels p and q, i.e., the
Fourier transform of each pixel shape to difference coordinates at the detector, and
its integration over the detector. Similarly, Γ1 (p, q) is the Fourier transform of the
pixel shapes multiplied by the on-target intensity correlation function,
Z
Z
ik0
1
0
0
0
dρ1
dρ2 2
dρ1
dρ02 e− L (ρ1 −ρ2 )·(ρ1 −ρ2 )
Ap A2p
A2b
A2b
A2q
Z
Z
Z
Z
|ρ0 −ρ0 |2
ik
− 1 22
1
1
0
0 − L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )
ρ
L
.
dρ1
dρ2 2
dρ
dρ e
Γ1 (p, q) = 2
e
Ab A2b
Ap A2p 1 A2q 2
A2b
1
Γ0 (p, q) = 2
Ab

Z

Z

(4.26)
(4.27)

Where convenient we will use the shorthand Γi (p, p) = Γi . For specific calculations
of these values for square pixels and detectors see App. A.4.
We calculate the error covariance matrix for Ib(l) (p, q, n) using Eqs. (4.25), (4.20),
and (4.22). However, the elements are functions of 6 variables. To clarify this, we
specify the tuple s = (p, q, n) to index the rows of Ce(I) , and s0 = (p0 , q 0 , n0 ) to specify
the column, so that its elements can generally be written as
(Ce(I) )

ss0

κ2α
= cov[I(p, q, n), I(p , q , n )] − δnn0 δpp0 δqq0 δpq
κ1
4(σs2 +σr2 )
e
=
I¯np I¯n0 q δpp0 δqq0 [δpq (δnn0 Γ0 + 2Γ1 ) + δnn0 Γ0 (p, q)]
2


 

2
κ
2 +σ 2 )
2 +σ 2 )
α
4(σ
4(σ
+ I¯np I¯n0 p0 δpq δp0 q0 δnn0 δpp0 e s r κ1 −
+ e s r − 1 . (4.28)
κ1
0

0

0

This covariance matrix is somewhat complicated, but we can break it down into
Equation (4.25) has been simplified by noting that since q ≤ p and q 0 ≤ p0 , the only way for
p = q 0 and q = p0 to be simultaneously true is if p = q.
2

78

three main cases. First, the estimator’s off-diagonal terms Ib(l) (p, q, n) (where q < p),
are uncorrelated with each other, as well as with the estimator’s diagonal terms
Ib(l) (p, p, n), since for q < p
2

(Ce(I) )

ss0

→δ

nn0

δ δ
pp0

qq 0

2

e4(σs +σr ) ¯ ¯
Inp Inq Γ0 (p, q).
2

(4.29)

Equation (4.29), which evaluates to 0 unless p = p0 , q = q 0 , and n = n0 , is initial
evidence that the second term in Eq. (4.17) really can be viewed as additive Gaussian
noise, independent of the first term in that equation. This conjecture is verified in
Sec. 4.4.1 via simulation.
The next main feature of the error covariance matrix in Eq. (4.28) is that, due
to the presence of turbulence, there is a weak correlation between the estimator’s
diagonal terms {Ib(l) (p, p, n)}. Specifically, when p = q and p0 = q 0 but p 6= p0 , we get
(Ce(I) )ss0
2



4(σs2 +σr2 )
¯
¯
→ Inp In0 p0 e
−1 .

(4.30)

2

When turbulence is weak, e4(σs +σr ) → 1 and this term disappears. Finally, Eq. (4.28)
shows that there is an underlying correlation across pulses n for estimates of the
diagonal terms {Ib(l) (p, p, n)}, because for p = q = p0 = q 0 but n 6= n0 ,
h
i
2
2
(Ce(I) )ss0 → I¯np I¯n0 p e4(σs +σr ) (Γ1 + 1) − 1 .
This correlation results from each pulse having the same non-zero intensity envelope
, and the light being scattered by the same pixel on the rough surface. It is a
fundamental characteristic of intensity-based reflective imaging, and the source the
saturation SNR term seen in our ghost imaging analysis in Eq. (3.29).
Throughout the rest of the thesis, we will make use of this estimate of the coupling
coefficient, conditioned on the reference. However, explicitly denoting this conditioning throughout the derivations is somewhat tedious. So, anytime an expectation is
taken over the coupling coefficients it will be implicitly conditioned on knowledge of
the reference. The mean is approximated by Eq. (4.24), while the covariance is taken
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from (4.28).

4.3.2

Model of Received Photon Number

So far we have developed a model for estimating the coupling coefficients, but this
does not immediately translate into a model for the number of received photons. To
start development of that model, we divide Nn into a signal term zn , and a zero-mean
additive noise term vn , where their designations are justified by the estimation results
that we just developed, i.e.,
zn =

X

I(p, p, n) Tp

(4.31)

p

vn = 2

XXp
Tp Tq I(p, q, n),
p

(4.32)

q<p

so that
Nn = zn + vn .

(4.33)

Both the signal and noise terms are the summation of many random variables,
but that is not sufficient to invoke the Central Limit Theorem (CLT) and claim that
they are Gaussian distributed. Simple statements of the CLT require the summation
of independent, identically distributed (iid) random variables, which we cannot easily
show for our case, but there are extensions to sums of dependent random variables
that satisfy sufficient conditions. Again, our framework is not amenable to such
analysis, but we can make the following observations. First, the randomness in the
signal terms is driven by the rough-surface speckle and the light patterns from the
transmitter, both of which are are vectors of nearly iid random variables. The noise
terms are driven by these same fields, but their randomness is primarily due to by
pulse-dependent relative phase shifts3 that do not affect the signal terms. Because
all of the different signal and noise terms are primarily driven by different sources,
it is not unreasonable to expect their sums to approach Gaussian distributions. To
3

For each pulse the phase of the on-target field for different pixels is independent, resulting in a
unique random-fading for each interference term I(p, q, n) for p 6= q.
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complete this argument we provide numerical simulation results in Sec. 4.4.1 to show
that the z and v follow independent Gaussian distributions.
Throughout this thesis we will need statistics for z and v, sometimes conditioned
on knowledge of the target. Fortunately, we can use iterated expectation to find
unconditional statistics from conditional ones. For some vector functions f (·) and
g(·) of a random vector y that is a function of another random vector x, the iterated
expectation formulas for the mean of f (y) and covariance of f (y) and g(y) are
hf (y)i = hhf (y)|xiix

(4.34)

cov[f (y), g(y)] = hcov[f (y), g(y)|x]ix + covx [hf (y)|xi, hg(y)|xi] .

(4.35)

Below we shall provide just the conditional results (given the target’s intensity reflection coefficients Tp ) and will calculate the unconditional statistics in subsequent
chapters when we introduce specific distributions for the {Tp }.

Mean of the Received Photon Number

The conditional means of the signal and noise terms are
hzn |T i =

X

Ib(l) (p, p, n)Tp

(4.36)

p

hvn |T i = 0.

(4.37)

Therefore the mean of the received photon number is entirely driven by zn , and its
conditional mean is simply
hNn |T i =

X

Ib(l) (p, p, n)Tp .

p
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(4.38)

Covariance of the Received Photon Number

To find the covariance matrix of the received photon number, we first note that the
noise terms are uncorrelated with each other viz.,
XXq
cov[vn , vm |T ] = 4
Tp Tq Tp0 Tq0 hI(p, q, n)I(p0 , q 0 , m)i
p,p0 q<p
q 0 <p0
2

2

= δnm 2e4(σs +σr )

XX
p

I¯np I¯nq Γ0 (p, q)Tp Tq ,

(4.39)

q<p

as well as with the signal terms,
cov[zn , vm |T ] = 2

XXp
Tp Tp0 Tq hI(p, p, n)I(p0 , q 0 , m)i = 0.
p,p0

(4.40)

q<p

These results are consequences of Eq. (4.29), which showed that the off-diagonal
terms I(p, q, n) are uncorrelated with each other and uncorrelated with the diagonal
terms. Moreover, since hvn |T i = 0, Eq. (4.35) implies that these terms are also
unconditionally uncorrelated, viz.
cov[vn , vm6=n ] = 0

(4.41)

cov[zn , vm ] = 0.

(4.42)

So, because there is no cross-covariance between the signal and noise, we can now
find the conditional covariance matrix of N by adding the conditional autocovariance
matrices of z and v,
CN|T = Cz|T + Cv|T .

(4.43)

The covariance matrix Cv|T is a diagonal matrix whose elements are defined by
Eq. (4.39). The covariance matrix for z is more complicated, so we evaluate its
diagonal elements (variances of each term) separately from its off-diagonal terms
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(cross-covariances). The elements (Cz|T )nm for n = m are


κ2α
4(σs2 +σr2 )
(Γ0 + Γ1 + κ1 ) −
Tp2
var[zn |T ] =
e
κ
1
p


X
2
2
+
I¯np I¯nq e4(σs +σr ) − 1 Tp Tq ,
X

2
I¯np

(4.44)

p,q

while for off-diagonal terms we have
cov[zn , zm6=n |T ] =

X

h

i
2
2
2
2
I¯np I¯mq δpq e4(σs +σr ) Γ1 + e4(σs +σr ) − 1 Tp Tq .

(4.45)

p,q

From inspection we see that the diagonal and off-diagonal elements contain many
of the same terms, and can be recombined into one expression for the conditional
covariance,


κ2α
2
4(σs2 +σr2 )
¯
Inp e
cov[zn , zm |T ] = δnm
(Γ0 + κ1 ) −
Tp2
κ
1
p
h

i
X
2
2
2
2
I¯np I¯mq δpq e4(σs +σr ) Γ1 + e4(σs +σr ) − 1 Tp Tq .
+
X

(4.46)

p,q

The preceding covariance expressions can be changed from summations over matrix elements {I¯np } to summations over vectors by using the rank-one decomposition
of the reference mean matrix from Eq. (4.9). The variance of vn reduces to
2

2

var[vn |T ] = 2e4(σs +σr ) µ2n

X
p

p Tp

X

Γ0 (p, q)q Tq .

(4.47)

q<p

For the signal term, this rank-one decomposition lets us reformulate the covariance
matrix Cz|T as the sum of a diagonal matrix with non-zero elements
e z|T )nn =
(C

µ2n



κ2α X 2 2
4(σs2 +σr2 )
p Tp ,
e
(Γ0 + κ1 ) −
κ1
p
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(4.48)

and a rank-one matrix


C̄z|T

"
#2 

X
X
2
2
2
2
2p Tp2 + e4(σs +σr ) − 1
p Tp  ,
= µµT e4(σs +σr ) Γ1


p

(4.49)

p

so that
e z|T + C̄z|T .
Cz|T = C

4.4

(4.50)

Discrete Simulator

From our discretized model we can now construct a computer simulator for structured illumination imaging. We start by generating random phase patterns as an
SLM would, and propagate the resultant transmitter field to the target4 . Once there,
we simulate the target’s rough surface by subdividing each pixel into 64 sub-pixels, in
which each sub-pixel is an iid complex-Gaussian multiplied by the square-root of the
average intensity reflectivity of the pixel. This method approximates the continuous
interaction with the rough surface across each pixel. The reflected light is then propagated back to the detector where the magnitude-squared of the field is recorded,
appropriately scaled, and used to generate a Poisson process for the measurement
outcomes.
For this thesis we are using 100 scenes chosen randomly from the Microsoft Research Cambridge Object Recognition Image Database v1.0 [42]. In all cases the
scenes are first cropped to make them rectangular, and then scaled to the dimensions
required by the simulation. Since it is not feasible to provide example scene reconstructions for the entire dataset, we have chosen 3 representative scenes to serve as a
visual benchmark. The 3 scenes are presented in Fig. 4-1; they were chosen to provide a sufficient variety to demonstrate the performance of the structured-illumination
imagers for real-world imaging.
We start with the most basic scene, some cars in a parking lot. This is a low-detail
4

We derive the best way to simulate this propagation in App. A.2.
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scene, but also lets us see how well we can differentiate two similar objects in the same
scene. We then consider some flowers, which have a lot of structure and sharp edges.
Finally we have a sign, which will allow us to gauge how well text can be read in the
structured-illumination images.
1

.5

0

Figure 4-1: Example images that will be used to compare the different estimation
methods developed in this thesis.

4.4.1

Statistics of zn and vn via Simulation

Beyond letting us test our reconstruction method, the simulator also lets us investigate
the some of the assumptions we have made in our discretization. Chief among our
assumptions is our modeling the signal {zn } and noise {vn } terms as independent
Gaussian random variables. To test this assumption we generated 5000 pairs of signal
and noise measurements, (zn , vn ), by making 100 measurements per scene for 50 of
the scenes in our dataset. We then examined the empirical marginal distributions of
z and v, and their empirical joint distribution. To combine data across scenes (whose
different reflection patterns affect the average detected photon count) we normalized
both the signal and noise terms for each scene by the average signal term for that
P100
1
scene. That is, for z̄ = 100
n=1 zn for a particular scene we analyze zn /z̄ and vn /z̄.
The empirical marginal distributions for these normalized signal and noise terms,
shown in Fig. 4-2, are indeed well fit by Gaussian distributions. To rule out any correlation between the signal and noise terms we can analyze the correlation coefficient
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Histogram of normalized signal
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(a) Histogram of 5000 signal terms, z, as de- (b) Histogram of 5000 noise terms, v, as
fined in Eq. (4.31)
defined in Eq. (4.32)

Figure 4-2: Histograms showing the empirical marginal distribution of the signal and
noise. 100 zn and vn were calculated for 50 different scenes, resulting in 5000 data
points. To combine across scenes, both zn and vn were normalized by the average
signal term for their scene.

of these two vectors as
ρz,v = p

cov[z, v]
var[z]var[v]

,

(4.51)

where ρz,v = 1 indicates perfect correlation, ρz,v = −1 indicates perfect anti-correlation,
and ρz,v = 0 signifies that the variables are uncorrelated. The (co)variances are computed from the dataset as follows,
N

1 X
cov[z, v] =
(zn − z̄n )(vn − v̄n )
N − 1 n=1

(4.52)

N

1 X
var[z] =
(zn − z̄n )2
N − 1 n=1

(4.53)

N

var[v] =

1 X
(vn − v̄n )2 ,
N − 1 n=1

where the means are calculated over the whole dataset as z̄n =
PN
1
n=1 vn . Since we average over 50 scenes, N = 5000.
N

(4.54)

1
N

PN

n=1 zn

and v̄n =

From this computation we find the correlation coefficient to be ρz,v = −0.026,
indicating that, in agreement with our previous assertion, there is very little corre86
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Figure 4-3: A scatter plot of 5000 signal-noise pairs (zn , vn ). 100 pairs were recorded
for 50 different scenes. All zn and vn were normalized by the average of zn for their
respective scene before being plotted.
lation between the signal and the noise. As further evidence, a scatter plot of the
signal-noise pairs are provided in Fig. 4-3, and the joint distribution appears to the
product of independent Gaussian distributions for the signal and noise.
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Chapter 5
Cramér-Rao Bound
We began this thesis by developing a framework for structured-illumination imaging,
which we used to analyze ghost imaging. The ghost image reconstruction method—
a sample covariance of the bucket detector measurements and the known on-target
illumination patterns—was arrived at heuristically in the original experiments [7], and
we should not expect it to be the optimal use of the measurements. In the second half
of the thesis we explore novel algorithms to make better use of our measurements, but
they provide no guarantee they are the best way to use the measurements. Therefore,
before developing new image construction methods we would like to establish a bound
for the ultimate performance of any estimator.

5.1

A Bound on Mean-Squared Error

Herein we derive the Cramér-Rao bound (CRB), which provides a lower bound on
the error covariance matrix for all possible unbiased estimators 1 [15]. More formally,
b of an unknown vector x from the vector of measurements y, the
for an estimate x
CRB is stated as
b] ≥ J−1
cov[b
x, x
y (x),
1

(5.1)

The bias of an estimator is the expected difference between the estimate and the parameter
being estimated. An unbiased estimator x
b for x is one for which hb
x − xi = 0 for all x.
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where Jy (x) is the Fisher information in y about x, and the inequality implies that
b] − J−1
the matrix cov[b
x, x
y (x) is positive semi-definite. For our analysis we are more
concerned with bounding the mean-squared error (MSE) of the estimation, which
is the trace of the error covariance matrix. However, positive semi-definite matrices
have non-negative diagonal elements, so this inequality implies that all of the diagonal
b] are no smaller than the corresponding element in the inverse
elements of cov[b
x, x
Fisher information, i.e.,
b])nn ≥ (J−1
(cov[b
x, x
y (x))nn .

(5.2)

The trace of a matrix, tr(·), is the summation of its diagonal elements, so we are
then guaranteed that

b]) ≥ tr J−1
MSE(b
x) = tr (cov[b
x, x
(x)
.
y

(5.3)

To bound the MSE of any possible unbiased estimate we thus need to find the trace
of the inverse Fisher information, or when that is not possible a lower bound on it.
Up until this point in the thesis we have always treated the target as a random
vector with a prior distribution. The traditional formulation of the CRB in Eq. (5.1)
is non-Bayesian, meaning that x is treated as a deterministic but unknown quantity.
In a Bayesian framework we have a conditional distribution of the measurements y
given x, py|x (y|x), while in the non-Bayesian framework we have a distribution for the
measurements py (y; x) that is parameterized by x. This parameterized distribution
is then related to the conditional distribution by
py (y; x) ≡ py|x (y|x = x).

(5.4)

We therefore can use the conditional statistics derived in Ch. 4 by replacing the target
with x.
Although the CRB was first derived for non-random parameters, there is a Bayesian
version as well. It is an extension of the normal CRB, in which the Bayesian Fisher
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information can be calculated from the non-Bayesian Fisher information and the prior
information about x. We therefore first review the CRB as defined in Eq. (5.1), and
then extend it to the Bayesian case.

Adapting the CRB to our Imaging Scenario

We are concerned with estimating the target’s average intensity-reflection coefficient,
so we start by defining x ≡ T . Our estimates are formed from the photocurrent
measurements, so yn ≡ ib (n). The Fisher information for this setup is, unfortunately,
quite difficult to calculate. We can, however, make a few assumptions that will yield
a somewhat looser bound, but make the derivation tractable. First, we will ignore all
detection noise, and focus on a bound in which the received number of photons N is
the measurement vector. Next, we discard the additive noise v so that signal vector
z becomes the measurement vector. Finally we will assume there is no turbulence
on the optical paths. Having removed many of the sources of noise, the bound we
obtain will be looser than the real CRB, but will approach it when: (1) the number
of received photons is high enough that shot-noise can be neglected; (2) the bucket
detector is large enough that the noise v is weak compared to the signal z; and (3)
turbulence is weak.
We now seek to evaluate the weakened CRB using the Fisher information for z,
J−1
z (x). For x having M components, our goal is to calculate the normalized trace
C(x) =


1
tr J−1
(x)
,
z
M

(5.5)

which lower bounds the normalized MSE of any unbiased estimator via
1
MSE(b
x) ≥ C(x).
M

(5.6)

For now on when we refer to the CRB, we mean this bound on the normalized MSE.
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5.2

Non-Bayesian Cramér-Rao Bound

The Fisher information in a random vector z about a non-random parameter x can
be defined in the following two equivalent ways,
*

(Jz (x))mk


T +
∂
∂
=
log pz (z; x)
log pz (z; x)
∂xm
∂xk
z


∂2
=−
log pz (z; x) .
∂xm ∂xk
z

(5.7)

Either formula can be more useful for specific distributions, and for our purposes
it is convenient to choose the latter. From our previously derived model in Ch. 4,
z is a length-N vector of jointly Gaussian random variables with the probability
distribution2

1

T

−1

e− 2 (z−z̄) Cz|x (z−z̄)
pz (z; x) =
,
(2π)N/2 |Cz|x |1/2

(5.8)

where |Cz|x | is the determinant of Cz|x , so that our log-likelihood is


1
1
N
log pz (z; x) = − (z − z̄)T C−1
(z
−
z̄)
−
log
(2π)
|C
|
.
z|x
z|x
2
2

(5.9)

Using the framework developed in Ch. 4, the signal vector z is defined in Eq. (4.31)
as a linear transformation of the target. Its mean is given by Eq. (4.36) as the
transformation of the target through the linear estimate Ib(l) (p, p, n); for clarity in
the derivation to follow we substitute the matrix A for this linear estimate so that
z̄ = Ax.

(5.10)

Because we are assuming no turbulence we have that Anp = Ib(l) (p, p, n) = Inp , where
Inp is the reference pattern.
Because expectation and differentiation are linear operations, the Fisher informa-

2

The CRB has some weak regularity conditions [15] on pz (z; x), but they are satisfied by Eq. (5.8).
∂
Namely, ∂x
log pz (z; x) exists and is finite, and pz (z; x) is continuously differentiable.
j
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(1)

(2)

tion can be separated as Jz (x) = Jz (x) + Jz (x), where
(J(1)
z (x))mk
(J(2)
z (x))mk


∂2 1
T −1
(z − z̄) Cz|x (z − z̄)
=
∂xm ∂xk 2

 z
2


∂
1
=
log (2π)N |Cz|x |
.
∂xm ∂xk 2
z


(5.11)
(5.12)

so that the contribution from the determinant can be evaluated separately.
To evaluate the first term we begin by applying the derivative chain rule to express
(1)

(Jz (x))mk in terms of derivatives of z̄ and the inverse covariance matrix C−1
z|x . We
then evaluate the first partial derivative of the mean of the signal vector as

∂
z̄
∂xk

= Ak ,

where Ak ≡ [A1k , A2k . . . AN k ]T is column k from the matrix A. Applying these
(1)

transformations, along with the identity hzn − z̄n i = 0, Jz (x) reduces to
(J(1)
z (x))mk

1
=
2

*
(z − z̄)T

∂ 2 C−1
z|x
∂xm ∂xk

+
(z − z̄)
z

1 T −1
1
+ ATk C−1
z|x Am + Am Cz|x Ak (5.13)
2
2

To calculate the derivatives of the inverse covariance matrix we can repeatedly
apply the general formula [43],
∂ −1
∂Λ −1
Λ = −Λ−1
Λ ,
∂x
∂x

(5.14)

until we are left with a function of derivatives of the covariance matrix itself,
∂ 2 C−1
z|x
∂xm ∂xk

= C−1
z|x

2
∂Cz|x −1 ∂Cz|x −1
∂Cz|x −1 ∂Cz|x −1
−1 ∂ Cz|x
Cz|x
Cz|x + C−1
C
C
−
C
C−1 .
z|x
z|x
∂xk
∂xm
∂xm z|x ∂xk z|x
∂xm ∂xk z|x

(5.15)

We substitute this result back into Eq. (5.13), and for clarity switch from a
matrix notation to summations. We use the definition of the covariance matrix
(Cz|x )i,` = h(zi − z̄i )(z` − z̄` )iz when evaluating the expectations, and subsequently
P
make use of the inverse matrix relationship i (Cz|x )mi (Cz|x )−1
ik = δmk . Finally, using
the symmetry of the covariance matrix and its inverse to combine equivalent terms,
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we arrive at
(J(1)
z (x))mk =

X

Aim (C−1
z|x )i` A`k −

i,`

1 X −1 ∂ 2 (Cz|x )a,b
(C )b,a
2 a,b z|x
∂xm ∂xk

X ∂(Cz|x )a,b
∂(Cz|x )c,d −1
+
(C−1
(Cz|x )d,a
z|x )b,c
∂xk
∂xm
a,b,c,d
(1)

The second two terms can be rewritten as trace operations, so Jz

(5.16)

can be written

more succinctly as
(J(1)
z (x))mk

=

ATm C−1
z|x Ak





2
∂Cz|x −1 ∂Cz|x −1
1
−1 ∂ Cz|x
+ tr
C
C
.
− tr Cz|x
2
∂xm ∂xk
∂xk z|x ∂xm z|x
(5.17)

We now turn to the second part of the Fisher matrix from Eq. (5.12), which we
can immediately simplify to
(J(2)
z (x))mk =

1 ∂2
log |Cz|x |.
2 ∂xm ∂xk

(5.18)

To continue the derivation we need the following two matrix properties. First, the
derivative of the logarithm of the determinant of a matrix is the trace of the product
of inverse of the matrix and its derivative [43], viz.,


∂
−1 ∂Λ
log |Λ| = tr Λ
.
∂x
∂x

(5.19)

Secondly, the derivative of a trace is the trace of a derivative, so that
∂
tr (Λ) = tr
∂x



∂Λ
∂x


.

(5.20)

Taken together, these two properties let us rewrite Eq. (5.18) as
(J(2)
z (x))mk

1
= tr
2





∂
−1 ∂Cz|x
Cz|x
.
∂xm
∂xk

(5.21)

Applying the chain rule and using Eq. (5.14) for the derivative of the inverse matrix,
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Eq. (5.21) becomes
(J(2)
z (x))mk



2
1
−1 ∂Cz|x −1 ∂Cz|x
−1 ∂ Cz|x
C
+ Cz|x
= tr −Cz|x
2
∂xm z|x ∂xk
∂xm ∂xk




2
1
1
−1 ∂Cz|x −1 ∂Cz|x
−1 ∂ Cz|x
= − tr Cz|x
C
+ tr Cz|x
2
∂xm z|x ∂xk
2
∂xm ∂xk

(5.22)

where in the second line we used the fact that the trace of a sum is the sum of the
(1)

trace. Both of these terms appear in Jz (x), so recombining with Eq. (5.17) we find
the total Fisher information simplifies to
(Jz )mk (x) =

ATm C−1
z|x Ak

1
+ tr
2




∂Cz|x −1 ∂Cz|x −1
C
C
.
∂xk z|x ∂xm z|x

(5.23)

To finish our evaluation we need the partial derivative of Cz|x , along with the
inverse of Cz|x . These both require an explicit form for Cz|x , which was derived in
e z|x and a rank-one matrix C̄z|x that are
Ch. 4 as the sum of a diagonal matrix C
defined in Eqs. (4.48) and (4.49). We originally derived the CRB for this covariance
matrix, but found that in simulations fairly simple estimators could, in some cases,
produce an average MSE below what we calculated for the CRB.
The root cause of this apparent conflict is that we estimate the coupling coefficient
hI(p, p, n)|Ii with a linear estimator Ib(l) (p, p, n). This leads to an over-estimation of
the discretization error, causing var[I(p, p, n)|I] to be too large, which means that
CRB derived for this framework is not guaranteed to be a lower bound. To find a true
lower bound, our approach is to remove the discretization process, which is equivalent
to assuming there is uniform illumination over each field. This requires re-deriving the
covariance matrix, but does not affect the mean under our no-turbulence assumption.

5.2.1

Covariance Matrix for no Discretization Error

To finish calculating the Fisher information we now assume that the target is illuminated in a manner that yields a uniform field over each target pixel3 so that
the coupling coefficient I(p, p, n) seen in Eq. (4.31) becomes the product of the
3

We also maintain our previous assumption of no turbulence on the optical paths.
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reference pattern and a normalized integrated speckle coefficient for that pixel as
I(p, p, n) = Inp Sp , where, for our no-turbulence assumption, the speckle term is

dρ

zn =

X

Z

A2b

2

0 2 /2L

k0 eik0 |ρ−ρ |
dρ
i2πL
Ap

Z

1
Sp =
FAp

0

0

ϑ(ρ ) ,

(5.24)

and the signal terms are then
Inp Sp xp .

(5.25)

p

This integrated speckle coefficient is more thoroughly investigated in Ch. 9; for
now we will just calculate its mean and variance. From its normalization the mean
is simply hSp i = 1, while its variance turns out to be var[Sp ] = Γ0 . This is the same
Γ0 that was introduced in (4.26), which now has the physical interpretation of the
variance of the integrated speckle for a pixel.
P
As a consequence of the preceding results, the mean of zn remains z̄n = p Inp xp ,
P
while the covariance of the signal vector components are cov[zn , zm |x] = Γ0 p Inp Imp x2p .
We note that the mean matrix is unchanged (under the no-turbulence assumption of
this bound), so we maintain A = I in the rest of the chapter, making the covariance
matrix elements
(Cz|x )i` = Γ0

X

Aip x2p A`p ,

(5.26)

p

and the relevant derivative of this covariance matrix is
∂
Cz|x = 2Γ0 Ak xk ATk .
∂xk

(5.27)

Applying this to the Fisher information in Eq. (5.23) we get
(Jz (x))mk =

ATm C−1
z|x Ak


1 
−1
2
T −1
T
+ tr 4xk xm Γ0 Ak Ak Cz|x Am Am Cz|x .
2

(5.28)

The trace is cyclical, i.e. tr(ABC) = tr(CAB), and the trace of a scalar is just the
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scalar [43], so Jz (x) can be further simplified to
−1
T
2 T −1
(Jz (x))mk = ATm C−1
z|x Ak + 2xk xm Γ0 Ak Cz|x Am Am Cz|x Ak .

(5.29)

The Fisher information is now dependent on the calculation of ATm C−1
z|x Ak . Although
this can be numerically computed, we derive an analytic solution for a special case.

5.2.2

Fisher Information when Oversampling

We consider the system to be oversampled when the number measurements N is
greater than or equal to the number of components in the target, i.e., N ≥ M . The
measurement matrix A has dimensions of N × M , and if the components are selected
randomly we can be confident that the columns are linearly independent4 .
To complete the derivation of ATm C−1
z|x Ak we make use of the pseudoinverse, specifically the Moore-Penrose pseudoinverse [43]. The pseudoinverse of matrix A is denoted
A+ , and for the specific case in which the matrix has linearly independent columns
(such as when oversampling) it has the form
A+ = (AT A)−1 AT .

(5.30)

This Moore-Penrose pseudoinverse is also known as the left inverse, since A+ A = 1.
When the matrix A is square and invertible, the pseudoinverse becomes inverse, i.e.
A+ = A−1 . Applying Eq. (5.30) to the inverse of the covariance matrix of z, we can
immediately say that
+
T +
C−1
z|x = Cz|x = (ADX A )

(5.31)

where DX is the diagonal matrix whose diagonal vector X has the elements Xm =
Γ0 x2m .
In general, the pseudoinverse of the product of matrices A and B is (AB)+ =
4

In a random matrix we are not guaranteed this will be true, but we could choose the columns
pseudo-randomly to maintain the incoherent form of the matrix while guaranteeing their linear
independence.
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(A+ AB)+ (ABB+ )+ , but when A has linearly independent columns and B has linearly independent rows this simplifies to (AB)+ = B+ A+ . This property, along with
the commutative nature of the pseudoinverse and transpose operations, gives us
+
(ADX AT )+ = (A+ )T D+
XA .

(5.32)

Since A+ is the left inverse of A, Eq. (5.32) immediately yields
+
+
T
+ T
+
ATm C−1
z|x Ak = Am (A ) DX A Ak = (DX )mk .

(5.33)

−1
Because DX is a diagonal matrix it is invertible, i.e., (D+
X )mk = δmk Xm . Substituting

back into Eq. (5.29), we get
(Jz (x))mk = δmk Xm−1 + 2xk xm Γ20 δmk Xm−2
=

Γ−1
0 +2
,
x2m

(5.34)

The Fisher information matrix is diagonal and thus so is its inverse, whose elements
become (J−1
z (x))mm =

x2m
.
2+Γ−1
0

Thus our bound for this oversampled case is
C(x) =

Γ0
1 X 2
x .
2Γ0 + 1 M m m

(5.35)

While this result is very simple, it is to be expected: as posed, this is a system
of N > M linear equation for M variables, and if there was no speckle it would be
directly solvable. The speckle means there is always some uncertainty in estimation,
but in this regime additional measurements don’t help. As the speckle variance
decreases, so does the bound.

5.2.3

Fisher Information when Undersampling

A system is said to be undersampled where there are N < M measurements made
for a target with M components. When oversampling, A had linearly independent
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+
columns, allowing us to use (ADX AT )+ = (A+ )T D+
X A . With undersampling, A

has linearly independent rows, but dependent columns, so we cannot use the previous
approach to solve for the Fisher information. Since the covariance matrix Cz|x is
invertible, for a particular scene we can numerically compute its inverse. We then
calculate the Fisher information in Eq. (5.29), invert the matrix, take the trace, and
normalize by M to obtain C(x) for the undersampled case.

5.2.4

Comparison to Ghost Imaging Theory

The ghost imaging theory developed in Ch. 3 is for a continuous target. Nevertheless,
we can make a discrete approximation to enable comparison with the CRB. So long as
the pixelation width is approximately a coherence length of the field, the discretization
error that is being neglected should not affect the general trend of the results.
We start by noting that the ghost image is a biased non-Bayesian estimator. To
compare its performance to the CRB we need to create an unbiased ghost image.
Fortunately this just involves scaling the estimate. The average ghost image is given
in Eq. (3.11). If we assume the target features are larger than the coherence length
of the field and adopt the notation xp ≡ T (ρp ), the expected ghost image at ρp
simplifies to
hGN (ρp )i =

4qηNs Ab ρ2L
xp .
πa4L τp0 L2

(5.36)

The unbiased estimator then simply undoes the scaling. We note that this is equivalent to dividing by the expected ghost image when xp = 1, so that our unbiased
estimator is
ḠN (ρp ) =

GN (ρp )
,
hGN (ρp )|xp = 1i

(5.37)

and we now have that ḠN (ρp ) = xp . The variance of the unbiased ghost image
at pixel location ρp is then inverse of the SNR equation in Eq. (3.24), with T (ρ)
replaced by xp in the denominator of Eq. (3.24), and by 1 in its numerator.
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The CRB was derived under the assumption of no turbulence and no detector
noise. Applying those same assumption to the ghost image, the theoretical variance
of the unbiased ghost image at ρp is
var[ḠN (ρp )] =

A0T (1 + β −1 )
1 + 2(1 + β)
+ x2p
.
2
πρL N
1 + 2β

(5.38)

Equation (5.38) is the mean-squared error in estimating the reflectivity of location
ρp given only the physical parameters of the system (correlation length ρL , image
effective area A0T , ratio of transmitter and detector areas β). The MSE of the unbiased
ghost image is the sum of Eq. (5.38) over the pixels. For comparison purposes, we
are concerned with the MSE normalized by the number of pixels,
MḠN =

1 X
var[ḠN (ρp )].
M p

(5.39)

This was computed for each scene in our database.
With the theoretical result in hand, we turn to empirically determining the performance of the normalized ghost image via simulation. We run the simulator as
described in Sec. 4.4 for each scene in our database, producing a vector of measurements y and a measurement matrix A for each run. We then calculate the normalized
ghost image for each simulation, and compute the empirical variance of the image,
∆2 ḠN =

1 X
(ḠN (ρp ) − xp )2 .
M −1 p

(5.40)

Using the measurement matrices A produced by this same run of the simulator,
we can compute the CRB value C(x). These three quantities are calculated for every
scene, and for two different sizes of bucket detectors: the first is when the detector
is the same size as the transmitter (β = 1), and the second is when the detector is
three times the size of the transmitter (β = 3). We present a comparison of these
quantities, averaged over the results from the different scenes, in Fig. 5-1.
We see that ghost-imaging theory is not a good match for the simulation result.
This is expected, as the theory was developed for a continuous system, and assumes
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Ghost Imaging MSE vs. Cramér-Rao Bound
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Figure 5-1: Plots versus the sampling ratio (number of measurements over number of
pixels) of the ghost image theoretical and empirical variances, with the CRB provided
for comparison. Simulation results were averaged over our 100 scene dataset, and each
simulation was for a 64 × 64 scene.

a Gaussian detector. The unexpected result is that the ghost image’s normalized
MSE only decreases slightly as the number of measurements increases. Despite this
behavior’s indication that more measurements are not helping the ghost image, a look
at the generated reconstructions indicates otherwise. The images are very noisy, but
subjectively their quality improves as more measurements are used.
To illustrate this improvement, we show two sets of reconstructions in Fig. 5-2.
The first has a sampling ratio of 1 (there were as many measurements as pixels),
while the second has a sampling ratio of 2. The additional measurements make a
noticeable difference in the reconstruction, but in both cases it is very hard to tell what
the original scene is (these are presented in Fig. 4-1). At these sampling ratios ghost
imaging does not provide a high quality reconstruction. In ghost imaging experiments
[29], high quality ghost images are obtained when the number of measurements is an
order of magnitude greater than the number of resolution cells, i.e., the sampling ratio
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is greater than 10.
However, employing significant oversampling will still not let us perfectly reconstruct the reflectivity profile of the target with ghost imaging. The reflectivity of
each pixel is modulated by a speckle coefficient, so that the effective reflectivity measured by the detector is randomly scaled for each pixel. This speckle coefficient, Sp ,
is explored in-depth in Ch. 9, but a simplistic version (for uniform illumination and
no turbulence) is defined in Eq. (5.24). As a result, the ghost imager will produce
a speckled version of the scene. Examples of the speckled reflectivity patterns are
shown in Fig. 5-3.

N/M = 1

1

.5

0

N/M = 2

1

.5

0

Figure 5-2: Two sets of ghost-image reconstructions for the example scenes in Fig. 4-1.
For both sets the bucket detector is three times the size for the transmitter (β = 3).
In the top set the sampling ratio is 1 (the number of measurements N equals the
number of pixels M ), while for the bottom set the sampling ratio is 2 (N = 2M ).

5.3

Bayesian Cramér-Rao Bound

The Bayesian Cramér-Rao bound (BCRB) is a fairly straightforward extension of
the traditional CRB. It is still the inverse of the Fisher information, but we replace
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Figure 5-3: The original scenes are presented in the top row, while the speckled
reflectivity patterns seen by the detectors (for β = 3) are presented in the bottom
row.

pz (z; x), the parameterized distribution of z, with pz,x (z, x), the joint distribution over
both z and x. The Fisher information is now

∂2
log pz,x (z, x)
=−
∂xm ∂xk
z,x




2
∂
∂2
=−
log pz|x (z|x)
−
log px (x) .
∂xm ∂xk
∂xm ∂xk
z,x
x


(Jz,x )mk

(5.41)
(5.42)

As before, we can bound the normalized MSE achievable by any Bayesian estimator as
1
MSE(b
x) ≥ Cb (x).
M

(5.43)

where the new bound is the normalized trace of the inverse Bayesian Fisher information,
Cb (x) =


1
tr J−1
z,x ,
M
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(5.44)

The distributions pz (z; x) and pz|x (z|x) are functionally the same, except the unknown vector x has been replaced with the random vector x, so we define the conditional Fisher information

(Jz|x )mk = −


∂2
log pz (z|x) x ,
∂xm ∂xk
z

(5.45)

where the expectation is over the distribution pz|x (z|x). We also have the Fisher
information of the prior,

(Jx )mk = −


∂2
log px (x) ,
∂xm ∂xk
x

(5.46)

so that using iterated expectations the Bayesian Fisher information is
Jz,x = Jz|x

x

+ Jx .

(5.47)

If we assume the target is composed of pixels that are independently distributed,
then the elements of the Fisher information matrix for the prior simplifies to
*
(Jx )mk = −

+
 2

∂2 X
∂
log px (xp ) = −δmk
log px (xm ) .
∂xm ∂xk p
∂x2m
x
x

This is a diagonal matrix whose elements are calculated individually for each pixel.
If the target is composed not just of independent pixels, but iid pixels, then each of
these calculations is the same, and Jx is simply a scaled identity matrix.

Choice of Prior Distribution
The choice of prior distribution can greatly affect the resulting BCRB, so we will
attempt to match the dataset as closely as possible. We do this be choosing our
prior so that its mean and variance match those of the pixels from the dataset, which
are hxi = 0.4633 and var[x] = 0.0557. We can quickly rule out several possible distributions based on the constraints of our evaluation. First, we need to satisfy the
regularity conditions of the BCRB, which rules out the uniform distribution (deriva104

tive of the log of the distribution is not defined everywhere). In the computation of
Jz|x

x

we will need to evaluate h1/x2 i which eliminates the Gaussian distribution.

For the chosen mean and variance, requiring a finite h1/x2 i also rules out the beta
distribution.
The best remaining candidate is the gamma distribution, a strictly positive distribution with a well defined inverse. The gamma distribution is defined by the
probability density function
px (x) =

xς−1 ex/θ
Γ(ς)θς

for x > 0,

(5.48)

where ς and θ are parameters that can be calculated from the mean and variance via
ς=
and Γ(ς) =

R∞
0

hxi2
,
var[x]

θ=

var[x]
,
hxi

(5.49)

dt tς−1 e−t is the gamma function. For our mean and variance, ς = 3.85

and θ = 0.12.
We model reflectivity as a number from 0 to 1. At 0, no light is reflected, while at
1, all of the light is reflected. The gamma distribution enforces the lower constraint,
as its density function is non-zero only for positive numbers, but it does not constrain
the reflectivity to be less than our equal to 1. Unfortunately, the distributions we
considered that had this constraint were disqualified for other reasons, but for our
calculated values of ς and θ, the gamma distribution has 97% of is probability density
function between 0 and 1, so we do not expect this lack of constraint to have a
significant effect.
The Fisher information for this prior, as calculated from Eq. (5.48), is

(Jx )mk = −δmk

∂2
log px (xm )
∂x2m




= δmk

x

ς −1
x2m


.

(5.50)

Equation (5.50) requires the computation of hx−2
m i, which for ς ≥ 2 (our computed
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value is 3.85) is
x−2
=
m
We are left needing to evaluate Jz|x

x

Γ(ς − 2)
.
θ2 Γ(ς)

(5.51)

to complete the BCRB. We again split this

analysis into the oversampled and undersampled regimes.

5.3.1

Expected Fisher Information when Oversampling

When oversampling, the expected Fisher (Jz|x )mk

x

is the expectation of Eq. (5.34),

which becomes

(Jz|x )mk

x

= δmk

Γ−1
0 +2
x2m



= δmk (Γ−1
0 + 2)

Γ(ς − 2)
,
θ2 Γ(ς)

(5.52)

where the second equality used Eq. (5.51). Combining Eq. (5.52) with the gammadistribution prior Fisher information from Eq. (5.50) the Bayesian Fisher information
is
Jz,x = δmk x−2
m

 −1


Γ(ς − 2)  −1
Γ0 + ς + 1 = δmk 2
Γ0 + ς + 1 .
θ Γ(ς)

(5.53)

This is a diagonal matrix whose inverse is the inverse of the diagonal elements, so the
BCRB as defined in Eq. (5.44) is
Cb =

Γ−1
0

1 X 1
1
+ ς + 1 M m hx−2
m i

1
θ2 Γ(ς)
= −1
.
Γ0 + ς + 1 Γ(ς − 2)

5.3.2

(5.54)

Expected Fisher Information when Undersampling

As before, there is no simple solution when undersampling. For the non-Bayesian
case we were content to numerically compute the bound in this regime, but now the
expectation over x prevents that. We have made attempts to further lower bound the
CRB to obtain analytic results, but these were not useful. Instead, we have elected
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to obtain the BCRB via a Monte-Carlo simulation.
Specifically, we numerically simulate the average of the conditional Fisher information from Eq. (5.29),
Jz|x

x

E
D
D
E
−1
T
T −1
2
C
A
.
C
A
A
x
x
A
A
+
2Γ
= ATm C−1
k m k z|x m m z|x k
k
0
z|x

(5.55)

x

x

To do this we first generate a vector x of iid components from our gamma distribution.
Then we compute C−1
z|x , and subsequently Jz|x . We repeat this process, recording the
Fisher information for each iteration. These results are averaged to compute the
elements of the expected Fisher information matrix in Eq. (5.55).
However, for a 64 × 64 scene Jz|x is a 4096 by 4096 matrix. Moreover, we will need
to multiply and invert matrices of this same order of magnitude for every iteration
of the Monte-Carlo simulation. We cannot expect to accurately determine all of the
elements in the expected Fisher information matrix from a computationally feasible
number of iterations.
Fortunately, we do not need to determine all of the elements of Jz|x x . Rather,
we need to compute the BCRB in Eq. (5.44), a low dimensional function of Jz|x x .
It turns out this can be numerically approximated with a relatively low number of
iterations, and we found the BCRB generally converged in about 100 iterations. Since
computation of the BCRB involves inverting Jz|x x , we checked the value of Cb (x)
once every ten iterations of the Monte-Carlo simulation. We considered the bound
to have converged when the were three consecutive measurements that were within
0.05% of each other. An example run this convergence can be seen in Fig. 5-4.

Comparison of Bounds
We compare the Bayesian and non-Bayesian Cramér-Rao bounds in Fig. 5-5. The
CRB is computed for each scene in our dataset, and the results are averaged over
the scenes. The BCRB is computed using the statistical model developed in the
preceding sections (directly for the oversampled case, and via Monte-Carlo simulation
for the undersampled case). However, it still requires explicit matrices A, so we again
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Evolution of Simulated BCRB
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Figure 5-4: A plot of the BCRB, as we accumulate more Monte-Carlo iterations for
the computation of Jz|x x .
computed the bound once for each simulation, and averaged the results. This proved
to be unnecessary, as the BCRB calculation showed less an 0.001% difference when
computed for different matrices.
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Comparison of Cramér-Rao Bounds
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Figure 5-5: Plots versus the sampling rate for the CRB and BCRB, averaged over
our 100 scene dataset. Simulation was for a 64 × 64 scene, for both β = 1 and β = 3.
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Chapter 6
Linear Minimum Mean-Squared
Error Estimator
We began this thesis by building a framework for structured illumination imaging,
and then used it to analyze an existing reconstruction method called ghost imaging.
We then took the basic structured-illumination framework and discretized it. From
this discretized model we derived ultimate performance limits in terms of the meansquared error (MSE) with the Cramér-Rao bound (CRB), which is our performance
benchmark when deriving new estimators.
We begin deriving new estimators now, starting with the linear minimum meansquared error (LMMSE) estimator [41]. Ghost imaging is a linear estimator, but
it was arrived at heuristically. The LMMSE estimator has the minimum expected
squared error among all estimators that are linear in the measurements. It is a central
tool of estimation theory, and was employed in the development of our discretization
model in Ch. 4. As this chapter relies heavily on LMMSE estimation theory, we
reproduce the formula for the LMMSE estimate and its error covariance matrix,
b(l) = x̄ + Cxy C−1
x
y (y − ȳ)
Ce(x) = Cx − Cxy C−1
y Cyx ,

(6.1)
(6.2)

which were originally presented in Eqs. (4.18) and (4.19). In this formalization we are
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estimating the random vector x from the measurements y, using their prior means
ȳ and x̄, their cross-covariance matrix Cxy , and the measurements’ autocovariance
b(l) , also requires
matrix Cy . The covariance matrix of the estimator error, e(x) = x− x
the autocovariance matrix Cx . We maintain the notation from Ch. 5 of xp ≡ Tp but we
now define yn =

τp0
i (n)—where
qη b

the measurements ib (n) are defined by Eq. (2.28)—so

that
yn = Nn +

6.1

τp0
∆ib (n).
qη

(6.3)

Unconditional Mean Values

The mean of the target, x̄, is defined by the statistical model for the target, and does
not need to be calculated. To find the unconditional mean of the measurements we
use iterated expectation over the number of received photons,
hyi = hhy|NiiN = hNi = hzi + hvi

(6.4)

In Ch. 4 we showed that v was comprised of zero-mean random variables, while z is
a jointly-Gaussian random vector with mean z̄, so the measurement mean is
hyi = z̄.

(6.5)

The elements of this mean vector were originally defined in Eq. (4.36); for clarity we
reproduce the result here, substituting1 Anp = Ib(l) (p, p, n), viz.,
z̄n =

X

Anp x̄p .

p

1

This is the same notational convenience we used in Ch. 5
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(6.6)

6.2

Target and Measurement Cross-Covariance

We continue developing the linear estimator by now deriving the cross-covariance of
the target x and the measurements y using the iterated expectation formula from
Eq. (4.35), viz.,
(Cxy )pn = cov[xp , yn ] = hcov[xp , yn |xp , Nn ]i + cov[hxp |xp i , hyn |Nn i]

(6.7)

= hxp Nn − xp Nn i + cov[xp , Nn ]

(6.8)

= cov[xp , zn ] + cov[xp , vn ].

(6.9)

This is simply the sum of the covariances of the target pixel with the signal and noise.
From our definition of the noise in Eq. (4.32), we have
cov[xp , vn ] = 2

XX √
h xp0 xq0 xp i hI(p0 , q 0 , n)i = 0,
p0

(6.10)

q 0 <p0

and we find the noise is uncorrelated with the target. The signal z is correlated with
the target, however, which we show using its definition from Eq. (4.31),
cov[xp , zn ] =

X
q

Anq hxq xp i −

X

Anq hxq ihxp i = Anp var[xp ],

(6.11)

q

where, as in our CRB analysis in Ch. 5, we have assumed the {xp } are independent.
The elements of the cross-covariance matrix of the target and measurements are
then simply
(Cxy )pn = Anp var[xp ],

(6.12)

which is equivalent to (Cxz )pn . To put this in matrix form we note that since we
assume an iid prior, the covariance matrix of the target Cx is simply a diagonal
matrix with elements var[xp ], and thus Eq. (6.12) becomes
Cxy = Cxz = Cx AT .
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(6.13)

6.3

Measurement Autocovariance

The autocovariance matrix of the measurements Cy is also found using iterated expectation,
(Cy )nm = cov[yn , ym ] = hcov[yn , ym |Nn , Nm ]i + cov[hyn |Nn i , hym |Nm ]i
= δnm hvar[yn |Nn ]i + cov[Nn , Nm ]
τp0 2
= δnm 00 2 hNn i + cov[zn + vn , zm + vm ]
ητp
!
τp0 2
z̄n + var[vn ] + (Cz )nm .
= δnm
ητp00 2

(6.14)

Cy is now the sum of a diagonal matrix and Cz . The diagonal matrix contains the
additional variance accrued from the additive noise term and the detection process,
which are uncorrelated across the measurements. The remaining covariance is from
the randomness inherent in the signal vector z.
The signal covariance matrix Cz will appear throughout this thesis, so we take
some time to develop and simplify it now. First, using the iterated expectation
formula from Eq. (4.35), the elements of Cz become
(Cz )nm = (Cz|x )nm + covx [hzn |xi , hzm |xi]
XX
X
X
= (Cz|x )nm +
Anp Amq hxp xq i −
Anp x̄p
Amq x̄q
p

= (Cz|x )nm +

X

q

p

q

Anp Amp var[xp ].

(6.15)

p

To evaluate the first term we use the decomposition of the conditional covariance
e z|x i + hC̄z|x i, where C
e z|x is diagonal and C̄z|x
Cz|x from Eq. (4.50) so that hCz|x i = hC
is rank-one. These averages become
D

E

e z|x )nm =
(C

δnm µ2n



κ2α X 2
4(σs2 +σr2 )
p (var[xp ] + x̄2p ),
e
(Γ0 + κ1 ) −
κ1
p
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(6.16)

and
2

2

(C̄z|x )nm = µµT e4(σs +σr ) Γ1

X

2p (var[xp ] + x̄2p )

p

+ µµT




"
#2 

X
X
2
2
e4(σs +σr ) − 1 
2p var[xp ] +
p x̄p  .
p

(6.17)

p

The second term in Eq. (6.15) can also be simplified. Because we have defined
e
Anp ≡ Ib(l) (p, p, n), A can be decomposed into the sum of a zero-mean iid matrix A
and a rank-one background matrix Ā, where Ā = Ī = µT . Expanding A in the sum
P
p Anp Amp var[xp ], we find
X

Anp Amp var[xp ] =

X

enp A
emp var[xp ] + µn
A

X

(6.18)

X

(6.19)

p

p

p

emp var[xp ]
p A

+ µm

X

enp var[xp ] + µn µm
p A

2p var[xp ].

p

p

e is composed of iid random variables, the middle two terms become inBecause A
significant compared to the final term by the strong law of large numbers. Therefore,
X

w.p.1

Anp Amp var[xp ] −−−→

X

p

enp A
emp var[xp ] + µn µm
A

X

p

2p var[xp ].

(6.20)

p

w.p.1

where −−−→ means it converges almost surely, or with probability one. Recombining
Eqs. (6.16), (6.17), and (6.20), the covariance matrix for z becomes the sum of three
matrices,
D

E
e
e xA
eT,
Cz = Cz|x + µµT Ω + AC

(6.21)

where the scaling factor for the rank-one matrix, Ω, is

4(σs2 +σr2 )

Ω=e

X

2p

Γ1 (var[xp ] +

x̄2p )





+ var[xp ] + e

p

4(σs2 +σr2 )

 X
−1
p x̄p

!2
.

p

(6.22)
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Using Eqs. (6.14) and (6.21), we can also specify the covariance matrix for y as
the sum of three matrices,
eT,
e xA
Cy = D + µµT Ω + AC

(6.23)

where the diagonal matrix D has diagonal elements
Dnn

D
E
τp0 2
e z|x )nn .
= 00 2 z̄n + var[vn ] + (C
ητp

(6.24)

The sum of a rank-one matrix plus a diagonal matrix can be analytically inverted,
but the remaining matrix in Cy needs to be inverted computationally. Because we
have to compute an inverse, it is simplest to compute the inverse of the entire matrix
Cy . We now have all of the necessary matrices to compute the linear estimate and
compare its performance with the ghost image and CRB.

6.4
6.4.1

Theoretical and Simulated Performance
Comparison of Theory and Simulation

The theoretical error for the LMMSE estimate is computed in Eq. (6.2). This calculation is based on our model, which presumes that the target pixels follow an iid
distribution. This is a poor model for real-world scenes, whose pixels are correlated.
Indeed, part of our work in the second half of the thesis involves constructing a better
target model to improve estimation performance. This model mismatch means our
theoretical mean-squared error becomes less useful, and is more of a guide than an
accurate prediction of the performance. To test this presumption, we use the dataset
produced by our simulator in Ch. 5 for our CRB and the ghost imaging analysis,
and process the results with the LMMSE estimator. A plot of the expected average
variance per pixel, as well as the empirical average variance in the reconstruction, are
presented in Fig. 6-1. The variances are calculated by computing the MSE for each
image, normalizing by the number of pixels, and averaging the results across all of
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Figure 6-1: Plots versus the sampling ratio of the normalized mean-squared error as
predicted by Eq. (6.2), and the empirical mean-squared error from reconstructions
calculated with our simulator.
the scenes in the dataset. As expected, the simulation produces a lower variance than
predicted by the theory.

6.4.2

Comparison to the Cramér-Rao Bound

The LMMSE estimator is a Bayesian estimator, but is not, in general, the same as
the unconstrained MMSE. However, when the measurements y and variables x are described by a jointly Gaussian distribution the LMMSE estimator is the unconstrained
MMSE estimator. Moreover, it is then efficient, i.e., its estimation error reaches the
CRB. For a sufficient number of photons the filtered Poisson distribution that drives
the measurements approaches a Gaussian distribution, but the target is not accurately
described as an independent, identically distributed (iid) Gaussian distribution, so we
do not expect LMMSE performance to reach the CRB.
In Fig. 6-2 the Bayesian and non-Bayesian Cramér-Rao bounds are compared
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Figure 6-2: Plots versus the sampling ratio of the Cramér-Rao bounds from Eqs. (5.5)
and (5.44), and the empirical mean-squared error from reconstructions calculated with
our simulator.
to the normalized MSE produced from processing our simulation dataset with the
LMMSE estimator. Although the mean-squared error for the LMMSE estimator
does fall short of the BCRB, it surpasses the non-Bayesian CRB (and by association
the ghost image MSE, as shown in Fig. 5-1). The same simulation data was used to
compute all three quantities
Comparison of LMMSE Simulation to Ghost Imaging Performance
The LMMSE estimate has significantly lower MSE than the ghost image, but that
is not a fair comparison. MSE is not a fool-proof error metric for image analysis,
as human perception is more concerned with relative structure in the image than
pixel-wise noise, or global shifts or scalings. These latter two can have profound
effects on the MSE of an image without affecting human perception. Indeed, this
disparity between subjective and objective image metrics accounts for most of the
difference in the MSEs of the LMMSE estimate and the ghost image. We presented
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a series of ghost image reconstructions in Fig. 5-2, and for comparison we present the
same images reconstructed with the LMMSE estimate in Fig. 6-3. We again see that
additional measurements aid the reconstruction, but they are still very noisy. Finally,
in Fig. 6-4, we present a side-by-side comparison of the LMMSE estimate and ghost
image for two scenes. The two images are close enough that it is hard to say which one
is a better reconstruction. This is strong evidence that, although it might produce
a lower mean-squared error than the ghost image, the LMMSE estimator falls short
of our needs for a high-quality reconstruction. If we want to produce high-quality
images, we will need more advanced algorithms. Development of such algorithms
begins in Ch. 7.

N/M = 1
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N/M = 2

1
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0

Figure 6-3: Presented are two sets of LMMSE estimates of the example scenes from
Fig. 4-1. For both sets the bucket detector is three times the size of the transmitter
(β = 3). In the top set we have a sampling ratio of 1 (as many measurements as
pixels), while the bottom set uses twice as many measurements.
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Figure 6-4: A direct comparison of the ghost image and LMMSE reconstructions. The
original scene is also presented in the top row. Both image estimates were obtained
with a sampling ratio of 1, and for a detector that is three times the size of the source,
β = 3.

120

Chapter 7
Approximate Inference for Optimal
Estimation
We began this thesis in Ch. 2 by laying out the physics of structured-illumination
standoff imaging. Then, in Ch. 3, we used that framework to analyze ghost imaging—
a particular type of structured-illumination imaging—and compared its performance
to a floodlight LADAR system. While this analysis provided insight into the physics of
structured-illumination imaging using pseudo-random fields, to design more advanced
algorithms we needed to discretize our framework. That task was performed in Ch. 4.
Although we were then ready to start designing new inference algorithms for
structured-illumination imaging, we first used Ch. 5 to derive the Cramér-Rao bound
(CRB) for our framework. The CRB established the ultimate performance limit of
any possible unbiased estimator, providing a goal to design against. Since the ghost
image is a linear estimator, we began our investigation of new algorithms in Ch. 6 with
the linear minimum mean-squared error (LMMSE) estimator, which is the estimator
with the lowest MSE of all estimators that are a linear function of the measurements.
Unfortunately, the LMMSE estimator’s performance was only a slight improvement
on the ghost imager’s performance, and fell far short of the MSE goal set by the CRB.
If we hope to achieve MSE approaching the CRB, we will need to explore nonlinear
estimators.
The thesis bifurcates at this point. Whereas the first half required an under121

standing of optical physics and the basics of estimation theory, the second half builds
on modern principles of probabilistic inference, primarily graphical modeling, belief propagation, and the Expectation-Maximization (E-M) algorithm. Unfortunately
there are some notational clashes between the two halves, as some symbols have different accepted uses in the two different fields. The glossary of terms at the end of the
thesis is the ultimate reference on notation, but we pause here for a limited summary
of some important notation that will be used in what follows.
When describing statistical quantities, we adhere to the following principles. First,
an overbar will denote the mean of a variable computed from its prior distribution,
i.e., x̄ = hxi is the mean of x. A caret, however will denote an estimate of the
variable. It is often used for a posterior mean, i.e., x
b = hx|yi is the posterior mean of
x given observation y, but it can denote other estimates1 . Finally, ν is used primarily
to represent a variance of a random variable, i.e., ν x = var[x]. However, ν is also
used to represent the uncertainty of an estimate. In this case the exact meaning
will be context dependent, but it will always represent some type of uncertainty
measure. Whenever a logarithm is used, it is in base e unless otherwise specified, i.e.,
log x ≡ loge x ≡ ln x. Finally, θ will be used exclusively for unknown parameters.
In the remainder of this chapter we introduce the fundamentals of estimation
theory, followed by an overview of graphical modeling and loopy belief propagation.
These are general concepts that have been used in a variety of fields to efficiently
compute optimal estimates. This chapter does not focus on original work, but rather
is provided to help the reader follow the work appearing in subsequent chapters, including original contributions made in this thesis. In the first half of Ch. 8 we present
the generalized approximate message-passing (GAMP) algorithm [17], which approximates the belief propagation presented in this chapter (under certain circumstances).
However, GAMP is defined for an ideal framework and cannot be immediately applied to our imaging scenario. Therefore, in the second half of Ch. 8, we modify
and extend the existing GAMP algorithm to make it applicable to the physics of our
imaging scenario. We then present our modified algorithm and preliminary results
1

The other primary usage will be for a MAP estimate.
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when employing a simplistic independent, identically distributed (iid) Gaussian prior
for each pixel in the target.
The MSE of the estimate produced by this modified version of GAMP is only
marginally better than LMMSE estimator’s MSE, but this is purely a consequence of
our choice of target prior. We start seeing real performance gains in Ch. 9, when we
introduce a prior based on scenes having a sparse representation in a wavelet basis.
We also apply a standard extension of GAMP, in which unknown system parameters
can be estimated during the running of GAMP. Combined, these two changes yield
significantly improved images in comparison to all previous methods. We then go one
step further and use our knowledge of imaging physics to jointly estimate the target
and the speckle, resulting in even better reconstructions, both quantitatively (MSE)
and qualitatively (subjective viewing of the aforementioned reconstructions).
However, before proceeding with algorithm development, we need to establish
exactly what it means for one estimation scheme to be better than the next. We
therefore present a brief discussion of optimal estimation, after which we give a highlevel overview of graphical modeling, leading to the loopy belief propagation (LBP)
algorithm. We develop LBP in detail, presenting three different versions of the algorithm, so that the reader might understand the approximations made in Ch. 8, when
we review the derivation of the GAMP algorithm.

7.1

Optimal Estimation

When discussing optimal estimation one invariably needs to choose a criterion of
optimality (some way of defining what is best). While technically anything could
be chosen for the criterion, most do not have benefit for the user. There are two
major schools of thought when it comes to estimation: Bayesian and frequentist. A
frequentist assumes no prior distribution on the quantity to be estimated, treating it
as deterministic but unknown. The Cramér-Rao bound derived in Ch. 5 was for this
situation. Moreover, when the bound can be achieved, it is achieved by the Maximum
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Likelihood (ML) estimator
b(ml) = argmax py (y; x),
x

(7.1)

x

where the variable x is being estimated from the measurement y.
In many situations, however, we have some prior knowledge about what we are
trying to estimate, and the Bayesian approach exploits this knowledge. Bayesian
estimation is often phrased as minimizing a cost function C(x, y) that is a function of
the joint distribution of x and y. There are many ways of choosing the cost function,
but it is often selected to be a statistical measure of the expected error or likelihood of
the measurements. Similar to the ML estimate, we define the Maximum a Posteriori
Probability (MAP) estimator
b(map) = argmax px (x|y)
x

(7.2)

x

as the most likely vector in the posterior distribution2 . The other standard Bayesian
estimator is to define the cost function as the expected value of the p-norm of the
error,
! p1 +

*
b(p−norm) = argmin hkx − f (y)kp i = argmin
x
f

f

X

|xm − fm (y)|p

.

(7.3)

m

The predominate p-norm cost function uses p = 2, leading to the minimum meansquared error (MMSE) estimator,
b(mmse) = argmin hkx − f (y)k2 i .
x

(7.4)

f

Solving the minimization problem, the MMSE estimate reduces to the posterior expectation,
b(mmse) = hx|yi .
x
2

A posterior distribution is one formed after making observation.
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(7.5)

The expectation is achieved by finding the posterior distribution px (xm |y) for each
component of the signal vector.

Computational Complexity
The ML, MAP, and MMSE estimators have been defined for vector measurements.
For the purposes of discussion we assume there are M components to the vector x
we wish to estimate, and N to the measurement y. We will also assume that xm is
a discrete random variable that can take on P possible values. The ML and MAP
estimates are then searching for the optimal vector over a space of size P M . Because
this space grows exponentially with the number of components in x, directly solving
this problem quickly becomes impossible if there is no additional information to guide
the search. However, if the objective function to be optimized over is convex—or
better yet linear—in terms of x, then there are computationally feasible solutions
that only grow polynomially with the number of variables.
A similar problem occurs when solving for the MMSE estimator. We need to
find each marginal posterior distribution px|y (xm |y), which requires marginalizing
each of the other variables. This thus occurs M times, and in the general case each
marginalization takes O(P M ) calculations.
Because the preceding computations grow quickly in complexity with the number
of variables, and images can have thousands to millions of pixels, a direct computation
of an optimal estimate is not feasible. Our exploration of the LMMSE estimator in
Ch. 6 was driven by the desire to avoid undue computational burden, but it offered
minimal improvement over conventional ghost imaging. However, there is a rich field
of approximate estimation techniques that use iterative methods to search for the
optimal estimate, or at least locally-optimal estimates. For inference over a highdimensional probability distribution, one of most widely used algorithms is LBP,
which we build upon in this thesis. As a prelude to LBP, we now provide a short
tutorial on graphical models and message-passing algorithms, two useful tools that
we will rely on heavily in the rest of the thesis.
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7.2

Graphical Modeling

For our purposes, graphical modeling can be thought of as the mapping of a probability distribution to a set of nodes and the edges that connect those nodes. Graphical
modeling is a large field and it has many different formalizations. Chief among these
are directed graphs, undirected graphs, and factor graphs [44].
In this thesis, we are primarily concerned with factor graphs. These are formed
by finding a suitable factorization of the joint distribution of the random variables
x = [x1 , . . . . , xM ]T we are estimating,
px (x) =

Y

fi (xFi ),

(7.6)

i

where Fi is a set of indices that indicates the components of x that are contained in
factor fi (·), making xFi a sub-vector of x. If there are any measurements being used
to inform the inference, they are implicit in this formalization, i.e., px (x) would be
the posterior distribution px|y (x|y).
From this factorization we form the graph by assigning a variable node for each
variable xj in the joint distribution, and a factor node for each factor fi . As seen in
Fig. 7-1 these nodes form a bipartite3 graph, with each factor node fi connected to
its neighboring variable nodes {xj : j ∈ Fi }. Likewise, for each variable node there
is a set of neighboring factor nodes {fi : i ∈ Xj }, where Xj defines the indices of
the factors that depend on xj . Although each factor node can connect to multiple
variable nodes, and each variable node can connect to multiple factor nodes, there
are no direct connections among the factor nodes, nor are there direct connections
among the variable nodes.
Having abstracted our probability distribution to a graph, we can now design
algorithms that run on that graph. These fall into a large class of message-passing
algorithms in which computations are performed at each node, and then messages
are sent along the edges to adjacent nodes. That is, for iteration t, we compute a
3

The nodes in a bipartite graph form two disjoint sets. In each set, there are no intra-connections
among the nodes. However, connections are allowed if the two nodes are in different sets.
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(a) Example of a factor
graph.
Circles are variable nodes, squares are factor
nodes. Messages are passed
on edges.

(b) Variable node x3 and its
neighbors, fX3 = [f1 , f2 ]T .
Node x3 passes messages only
with these factor nodes.

(c)
Factor
node
f1
and
its
neighbors,
xF1 = [x1 , x2 , x3 ]T . Node f1
passes messages only with
these variable nodes.

Figure 7-1: An example of a factor graph. The vector x has M elements, and the
distribution factors into N potential factors.
set of messages {∆tj→i (xj )} at each variable node j that is passed to each connected
factor node i ∈ Xj . Then, computations are performed on these messages at each
factor node i, which forms the new messages {∆tj←i (xj )} that are sent back to each
connected variable node j ∈ Fi . This procedure repeats until the algorithm converges.
The form of these messages, as well as the schedule at which they are sent, can be
varied to form different algorithms that serve different purposes. We are concerned
with the sum-product and max-sum algorithms, which are collectively known as belief
propagation [45]; sum-product computes the MMSE estimate of a random vector,
while max-sum computes its MAP estimate.

7.3

Loopy Belief Propagation

The sum-product and max-sum algorithms were originally for tree-like graphs, in
which there are no loops (there is only one path between each pair of nodes). In such
cases the algorithms are guaranteed to converge in a deterministic number steps. An
important example of such graphs are Hidden Markov Models (HMM), and belief
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propagation on an HMM is equivalent to the forward-backward algorithm [41].
Belief propagation was later extended to graphs with cycles [45], and although
there are no longer rigorous proofs of convergence as there are for loop-free graphs, it
has been shown that many useful algorithms can be reduced to LBP [44]. LBP has
also been applied to estimation on jointly Gaussian distributions. Here, the messages
reduce to updating means and covariance matrices, and the algorithm has been shown
to converge in most cases [46]. It has also been shown that Gaussian belief propagation
on HMMs is equivalent to the classic Kalman filtering algorithm [41]. LBP, in general,
is an approximate inference technique for loopy graphs.
We herein present versions of the sum-product and max-sum algorithms with
parallel message scheduling that is appropriate for LBP. In both of these cases, when
computing a message to pass along edge (i, j), we do not use the incoming message.
That is, ∆t+1
j→i (xj ), the message that variable node xj passes to factor node fi at time
t + 1, does not involve ∆tj←i (xj ), the message that factor node fi passed to variable
t+1
node xj at time t. Likewise ∆t+1
j←i (xj ) does not depend on ∆j→i (xj ). This message-

passing structure is shown in Fig. 7-2. For LBP with discrete random variables
the messages are vectors that are proportional to probability mass functions for the
current beliefs about the variable. For LBP with continuous random variables the
messages contain sufficient statistics to characterize the probability density functions
of these beliefs.

7.3.1

Sum-Product Algorithm

The sum-product algorithm implements MMSE LBP. The basic algorithm is presented
in Alg. 1 for discrete distributions4 . In this algorithm we see the historical origin of
the name: the outgoing messages from the factor nodes are sums over all but one
of the incoming messages, while the outgoing messages from the variables nodes are
the products of all but one of their incoming messages. However our focus will be
on continuous variables, so the sum becomes an integration. Moreover, to simplify
4

The messages are proportional to a probability mass function in a discrete formalization. If xj
can take P values, ∆tj→i (xj ) and ∆tj←i (xj ) are length P vectors.
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(a) Messages from variables
nodes x1 and x2 are used by
factor node f1 to compute its
message for variable node x3 .

(b) Messages from factor
nodes f2 and fN are used by
variable node x1 to compute
its message for factor node f1 .

Figure 7-2: An example of messages being passed and computed on a graph for belief
propagation.
the later connection to GAMP, we change our messages to be the logarithms of the
messages in Alg. 1. This form of the algorithm, which we approximate later in GAMP,
is shown in Alg. 2.
Algorithm 1 Sum-Product algorithm for discrete distributions
Initialize: ∆0j←i (xj ) = 1, for t = 0, and all connected nodes (j, i).
repeat
Y
3:
∆t+1
∆tj←k (xj )
j→i (xj ) =
1:
2:

k∈Xj \i

4:

∆t+1
j←i (xj )

=

X
x` :`∈Fi \j

5:

fi (xFi )

Y

∆t+1
`→i (x` )

`∈Fi \j

until convergence Y
condition is satisfied
(t)
return px (xj ) ∝
∆tj←i (xj )

. Compute expectation from p(t)
x (xj )

i∈Xj

The main differences between Alg. 1 and Alg. 2 are as follows: we replaced the
summations in Alg. 1 with integrations; the new messages in Alg. 2 are the logarithms
of the Alg. 1 messages; and the Alg. 2 factor potentials are the logarithms of the Alg. 1
P
potentials, i.e., we now have log px (x) = i fi (xFi ).
The sum-product algorithm can be thought of as repeating two steps. First, at
each variable node we compute a message that is essentially the current estimate
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Algorithm 2 Sum-Product algorithm for continuous distributions, log-messages
Initialize: ∆0j←i (xj ) = 0, for t = 0, and all connected nodes (j, i).
repeat
X
3:
∆t+1
∆tj←k (xj )
j→i (xj ) =
1:
2:

k∈Xj \i


∆t+1
j←i (xj ) = log

4:



Z
dxFi \j exp fi (xFi ) +

X


∆t+1
`→i (x` )

`∈Fi \j

5:

until convergence condition
is satisfied


X

return p(t)
∆tj←i (xj )
x (xj ) ∝ exp

. Compute expectation from p(t)
x (xj )

i∈Xj

(also called the belief ) of the distribution of that variable. Then, at each factor
node we compute the likelihood of that factor given xj , where the other variables are
marginalized using their current messages. This process repeats, as the factor nodes
send their likelihoods back to each variable node, which use them to update their
beliefs. At the end, this produces marginal posterior distributions, from which we
can calculate the marginal posterior expectations, which are the components of the
MMSE estimate.
Exact cases for convergence of the sum-product algorithm on loopy graphs are
difficult to ascertain, but in some sense we need the combinations of the likelihoods
(calculated at the factors) to be a reasonable approximation for the joint likelihood
(which is too difficult to directly calculate).

7.3.2

Max-Sum Algorithm

The max-sum algorithm computes the MAP estimate of the random vector x. Much
like the sum-product algorithm, it iterates between computations at the variable and
factor nodes. However, instead of computing likelihoods and new distributions, this
algorithm computes local maxima. The max-sum algorithm is detailed in Alg. 3. Like
Alg. 2, it uses log-based messages, but it is valid for both discrete and continuous
distributions.
The max-sum algorithm can be thought of as implementing the following two
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Algorithm 3 Max-Sum algorithm for continuous distributions, log-messages
Initialize: ∆0j←i (xj ) = 0, for t = 0, and all connected nodes (j, i).
repeat
X
3:
∆t+1
∆tj←k (xj )
j→i (xj ) =
1:
2:

k∈Xj \i


4:
5:




∆t+1
j←i (xj ) = max fi (xFi ) +
xFi \j

X


∆t+1
`→i (x` )

`∈Fi \j

until convergence condition
is satisfied


X

return p(t)
∆tj←i (xj )
x (xj ) ∝ exp
i∈Xj

.

Compute maximum from
backtracking if needed

{p(t)
x (xj )},

steps. First, at the variable nodes we combine the incoming messages to form a belief
for xj . Unlike the sum-product algorithm’s belief, this is not a posterior distribution,
but rather a distribution of the estimate of the most likely value of xj . At the
factor node, the combination of the potential function and incoming messages are
maximized, as a function of xj . These marginal distributions are then sent back to
the variable nodes. In general, the MAP estimate is found from the final marginal
distributions at each variable node by backtracking through the graph. However,
for the situations we are concerned with (namely the GAMP algorithm), the MAP
(t)

estimate can be computed as the component-wise maximum of each of the {px (xj )}.
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Chapter 8
Adapting GAMP for Standoff Optical
Imaging
In Ch. 7 we developed our concept of optimal estimation, and explored approximating
these estimates with loopy belief propagation (LBP). Unfortunately, for the distributions arising from our structured-illumination scenario, in which every measurement
is dependent on every component of the signal vector, LBP is not computationally
efficient. However, as we will show later in this chapter, our imaging problem can be
framed as a linear transformation of the target, with component-wise noise on the
resulting vector. That is, for a target x and a measurements matrix A,
yi ∼ py|z (yi |zi ),

z = Ax,

(8.1)

so that: (1) each of the output components {zi } is a linear combination of the target
components {xj }; and (2) each measurement yi = yi is generated from the conditional
probability distribution py|z (yi |zi ) that is only dependent on the scalar random variable
zi .
Optical propagation and reflection are linear processes, so the field at the detector is the product of the on-target field (a Gaussian random process with coherence
length ρL ) and the target, projected through a Fourier matrix. From the discretized
framework we developed in Ch. 4, the field at the detector is well approximated as
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a discrete linear transformation of the discretized version of the target. If a heterodyne detector is used, then the component of this field that is aligned with the local
oscillator’s spatial mode is extracted by the measurement, albeit embedded in additive Gaussian noise. The heterodyne measurement thus fits the desired framework in
Eq. (8.1), i.e., a discrete linear transformation of the target, followed by noise.

Starting with [38–40] the preceding framework has been the basis for the field of
compressed sensing, in which `1 -norm minimization schemes allow for undersampling—
making fewer measurements than the number of target pixels—when the signal is
known to be sparse. The original solutions to this problem were based on convex
optimization, but then, in [16], Donoho et al. developed the Approximate MessagePassing (AMP) algorithm. The AMP algorithm could approximate loopy belief propagation under certain conditions, and if a sparsifying prior is chosen (a heavy tail distribution, e.g., exponential, Laplacian), the algorithm performs efficient compressed
sensing. In [17] Rangan extended Donoho et al.’s work to an arbitrary independent,
identically distributed (iid) prior on the target and an arbitrary iid measurement
distribution with what is known as the Generalized Approximate Message-Passing
(GAMP) algorithm.

Although GAMP is one of the most efficient algorithms for compressed sensing,
just as importantly for us it is based on graphical modeling and can therefore be
embedded in a larger graph to aid inference on an extended system [47]. Because
our physical system is far from the ideal described in these algorithms, this flexibility will be key to adapting GAMP to our standoff-sensing application. The rest
of the chapter is broken down into three main parts. First, we develop the GAMP
algorithm, following the derivation in [17], so that the reader can get an idea of the
approximations used, and their limitations. We then modify GAMP to match it to
our model of the physical imaging systems from Ch. 2 and Ch. 4. Finally, we look at
the more challenging non-idealities of our imaging framework, and develop ways to
handle them.
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8.1

Developing GAMP

For a full, general development of the GAMP algorithm, see [17]. In this section we
work through its development when approximating LBP for MMSE estimation; i.e.,
we approximate the sum-product algorithm shown in Alg. 2. This is the primary case
we will use later in the thesis, and so its derivation is presented to provide insight to
the reader that is relevant to the later extensions of GAMP.
The signal we are estimating is the random vector x, whose elements we assume
are real-valued iid random variables with distribution px (xj ; θ) that may depend on a
parameter θ. The measurements y (also real-valued) are generated from a componentwise conditional distribution py|z (yi |zi ), where z = Ax. The matrix A is assumed to
be composed of known realizations of zero-mean, real-valued iid random variables.
Under these conditions the joint distribution factors as,
px,y (x, y) =

Y

py|x (yi |x)

i

Y

px (xi ; θ),

(8.2)

j

and we immediately see that the factor potentials in the GAMP factor graphs, shown
in Fig. 8-1, arise from the prior distributions px (xi ; θ) and the conditional measurement distributions py|x (yi |x).
(j)

The factor potentials thus split into input potentials {fin }, and output potentials
(i)

{fout }. Using the log-potentials formalization from Alg. 2, these are
(j)

(8.3)

(i)

(8.4)

fin (xj , θ) = log px (xj ; θ)
fout (yi , zi ) = log py|z (yi |zi ),

where, since z = Ax, we have substituted the scalar potential function py|z (yi |zi ) ≡
py|x (yi |x), making the dependence of zi on x implicit. We note that because the {xj }
are drawn iid, when the argument xj is provided the superscript on the potential is
(j)

superfluous and thus dropped, i.e., fin (xj , θ) ≡ fin (xj , θ). Likewise, the measurements are also generated by identical processes1 , so when the arguments are present
1

This is a requirement for GAMP, but also true for our filtered photocurrent measurements
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Figure 8-1: The factor graph for GAMP. There are M variables in the vector x,
(j)
each with an independent prior defined by the potential fin (xj , θ) = log px (xj ; θ).
(i)
The N measurements {yi } are encapsulated in the factor potentials fout (yi , zi ) =
log py|z (yi |zi ).
(i)

we can drop the potentials’ superscripts and use fout (yi , zi ) ≡ fout (yi , zi ). The graph
for this factorization is shown in Fig. 8-1 where, because each {zi } depends on all of
the {xj }, each variable node is connected to all of the output factor nodes.
In LBP for MMSE estimation, as presented in Alg. 2, at time t we generate a set
of messages {∆tj→i (xj )} at each variable node j, for each factor node i. The factor
nodes collect the incoming messages, then calculate the return messages for each variable node, ∆tj←i (xj ). Each variable node is connected to a single input factor node
(for its prior distribution), but the variable nodes are fully connected with the output
factor nodes {fout }. For M variable nodes and N output factor nodes, LBP requires
the computation of M messages at each factor node, and each computation requires
marginalizing over the messages from the other M − 1 variables. Each iteration thus
requires O(N M 2 ) computations at the factor nodes. The combination and distribution of the messages at the variable node takes O(N 2 M ) computations. The beauty
of GAMP is that it reduces this process to a single set of computations at each variable and factor node, and their transformations through a size N × M matrix. This
described in Ch. 2.
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simplification is enabled by Central Limit Theorem (CLT) approximations, combined
with Taylor expansions of the messages, as explained below.

8.1.1

Approximations

Before going through the derivation of GAMP, we address the three main approximation that we will use. The first is a CLT approximation, in which z is assumed
to be composed of Gaussian random variables by virtue of their construction as the
weighted sums of many iid random variables. This lets us simplify the computations
at each factor node to a scalar computation over zi , whereas normally it is over the
entire x vector. Rewriting the factor-node computation in line 4 of the sum-product
algorithm in Alg. 2 with the GAMP notation, we have
∆tj←i (xj ) = log

Z

!
X
dx\j exp fout (yi , x) +
∆t`→i (x` ) ,

(8.5)

`6=j

where the notation x\j indicates the vector x with element j removed. From the CLT
approximation this becomes
∆tj←i (xj )

Z
≈ log

(t)

dzi pz|x (zi |xj )efout (yi ,zi ) ,

(8.6)

(t)

where pz|x (zi |xj ) is a Gaussian distribution whose mean and variance are determined
by the means and variances of the {xj } for iteration t through the z = Ax transformation. Therefore, instead of passing information about an entire distribution, the
message from variable node xj only needs to pass the mean and variance of its current
x
belief, i.e., the messages simplify to ∆tj→i (xj ) → (b
xj→i (t), νj→i
(t)).

The two remaining approximations come from Taylor expansions. Instead of computing an estimate x
bj→i (t) for the message from variable node j to each factor node i,
we compute a single expectation x
bj (t) at node j. We then approximate each estimate
x
bj→i (t) with a first-order Taylor expansion, which is shown later in the derivation in
Eq. (8.29). Similarly, to allow for a single computation at each factor node we make
a two-term Taylor expansion of the return messages ∆tj←i (xj ), which is presented in
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Eq. (8.15). The specifics of these approximation, their justification, and the resulting
GAMP algorithm are presented in the rest of this section.

8.1.2

Factor-Node Computations

Combine Incoming Messages
We start by using our CLT approximation to specify our belief of zi =

P

j

Aij xj at

time step t as the Gaussian distribution
2

p(t)
z (zi )

p

e−(zi −bpi (t)) /2νi (t)
p
=
,
2πνip (t)

(8.7)

where the mean and variance,
pbi (t) =

X

Aij x
bj→i (t)

(8.8)

x
A2ij νj→i
(t),

(8.9)

j

νip (t) =

X
j

x
(t)}.
are functions of the means and variances of the incoming messages, {b
xj→i (t), νj→i

However, each factor-node computation uses the distribution of zi conditioned on
xj , because the incoming message from xj is excluded from the calculation of the
returning message ∆tj←i (xj ). That conditional distribution is the Gaussian


(z −(b
p
(t)+Aij xj )2
exp − i j→i
p
2νj→i
(t)
(t)
q
pz|x (zi |xj ) =
,
p
2πνj→i (t)

(8.10)

pbj→i (t) = pbi (t) − Aij x
bj→i (t)

(8.11)

p
x
νj→i
(t) = νip (t) − A2ij νj→i
(t).

(8.12)

where

Following [17] we ignore terms of O(A2ij ) and greater2 , and then re-parameterize
2

p
This approximation is generally used to simplify variance calculations, e.g., νj→i
(t) ≈ νip (t).
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our return message from Eq. (8.6) as a function of pbi , viz.,
∆tj←i (xj ) ≈ ∆(b
pi (t) + Aij (xj − x
bj (t)), νip (t), yi ).

(8.13)

(t)

Expanding the exponent of pz|x (zi |xj ) from Eq. (8.10) and simplifying, ∆(·) can be
written generally as
Z
∆(b
p, ν p , y) = log



z2
zb
p
dz exp − p + p + fout (y, z)
2ν
ν


Z
.
z2
zb
p
dz exp − p + p
2ν
ν

(8.14)

Approximate Return Message
The return message, ∆tj←i (xj ), is still difficult to calculate, but we can approximate
it with a two-term Taylor expansion. It is natural to take the expansion around the
last estimate, i.e. xj = x
bj (t), which is equivalent to expanding ∆(b
pi (t) + Aij (xj −
x
bj (t)), νip (t), yi ) around its first argument equaling pbi (t). This approach, taken in [17],
then yields
∆(b
pi (t)+Aij (xj − x
bj (t)), νip (t), yi ) ≈ ∆(b
pi (t), νip (t), yi )
1
pi (t), νip (t), yi )A2ij (xj − x
bj (t))2 ,
+ ∆0 (b
pi (t), νip (t), yi )Aij (xj − x
bj (t)) + ∆00 (b
2
(8.15)
where ∆0 (b
pi (t), νip (t), yi ) and ∆00 (b
pi (t), νip (t), yi ) are the first and second partial derivatives with respect to the first argument, evaluated at pbi (t). To simplify the computation of these derivatives, we note that ∆(b
p, ν p , y) is the logarithm of the ratio of
the partition functions of exponential families with natural statistic pb/ν p . As shown
in App. B.1, the first two derivatives of the log-partition function of an exponential
family—with respect to its natural statistic—are the mean and variance under that
distribution.
However, the Taylor expansion of x
bj→i (t) calculated in Eq. (8.29) is x
bj→i (t) ≈ x
bj (t) − νjx (t)Aij sbi (t),
where sbi (t) is computed in Eq. (8.17). Therefore pbj→i (t) + Aij xj = pbi (t) + Aij (xj − x
bj (t)) + O(A2ij ),
and we drop the O(A2ij ) for Eq. (8.13).
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At this point we follow the approach of [17], and specify an estimation function
Gy (·) that concisely captures the computations required at the factor node. Since we
only need functions of the derivatives of the message, we define
Gy (b
p, ν p , y) = ∆0 (b
p, ν p , y).

(8.16)

To complete the our approximation of the return message we therefore only have to
define two final terms based on this function,
sbi (t) = Gy (b
pi (t), νip (t), yi ) =

1

[hzi |b
pi (t), νip (t), yi i − pbi (t)]


1
var[zi |b
pi (t), νip (t), yi ]
p
s
0
νi (t) = −Gy (b
pi (t), νi (t), yi ) = p
1−
,
νi (t)
νip (t)
νip (t)

(8.17)
(8.18)

where the new mean and variance are taken with respect to the posterior distribution
p(t)
z (zi |yi )

∝

py (yi |zi )p(t)
z (zi )

∝e

fout (zi ,yi )−

(zi −b
pi )2
p
2ν
i

(8.19)

The return message is then approximately
∆tj←i (xj ) ≈ ∆tj←i (b
xj ) + sbi (t)Aij (xj − x
bj (t)) −

νis (t) 2
Aij (xj − x
bj (t))2 .
2

(8.20)

For this approximation we only need two scalar computations (b
si (t), νis (t)) at each
factor node to fully define all of the returning messages to the variable nodes.

8.1.3

Variable-Node Computations

We have reached the halfway point of the GAMP derivation. So far we have shown
that: (1) the messages from the variable nodes to the factor nodes can be approxix
mated with their means and variances, i.e., ∆tj→i (xj ) → (b
xj→i (t), νj→i
(t)); (2) each

factor node is a function of only linear combinations of these means and variances,
pbi (t) and νip ; and (3), employing a Taylor approximation of the return messages allows for a single set of scalar computations at each factor node, i.e., Eqs. (8.17) and
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(8.18). All that remains is to combine the new messages at each variable node, and
use them to compute the means and variances of the variable node messages for the
x
(t + 1).
next iteration, x
bj→i (t + 1) and νj→i

Combine Incoming Messages
Each variable node computes its return message for factor node i from a sum of the
incoming messages (except the one from i). In the GAMP notation, this is
∆tj→i (xj ) = fin (xj ; θ) +

X

∆tj←k (xj ).

(8.21)

k6=i

The potential fin (xj ; θ) does not change during the run of the algorithm, but we need
to characterize the summation of messages from the factor nodes. We start by noting
that, from their definition in Eq. (8.6), the message from factor node i at time t
(t)

approximates the log-likelihood3 of xj given yi , i.e., ∆tj←i (xj ) ≈ log py|x (yi |xj ). The
combination of these messages is then an approximate likelihood of y, given xj , for
iteration t. From our CLT approximations this likelihood for the measurements becomes the likelihood of a scalar Gaussian random variable rj , with mean xj . Therefore,
the combination of returning messages form the likelihood distribution


!
(b
r (t)−x )2
exp − j2ν r (t)j
X
(t)
j
q
rj (t)|xj ) =
pr|x (b
∝ exp
∆tj←i (xj ) ,
r
2πνj (t)
i

(8.22)

where the new effective measurement rbj and variance νjr are found from pattern
matching the summation of the messages from Eq. (8.20) with the prescribed Gaussian
form, yielding

νjr (t) =

"
X

#−1
A2ij νis (t)

(8.23)

i

rbj (t) = x
bj + νjr (t)

X

Aij sbi (t).

(8.24)

i
3

The other variables are integrated out using the messages they sent to factor node i at time t.
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Now, as specified in Eq.(8.21), the return message to factor node i does not include
the incoming message from that node, so to compute ∆tj→i (xj ) we use the summation
P
t
bj←i (t) and variance
k6=i ∆j←k (xj ) which is the Gaussian distribution with mean r
r
νj←i
(t). As we have done throughout the derivation, we can approximate the variance
r
for the specific message from i to j with the general variance for node j, i.e., νj←i
(t) ≈

νjr (t), while the estimate for this message is
rbj←i (t) = rbj (t) − νjr (t)Aij sbi (t).

(8.25)

The return message ∆t+1
j→i (xj ) in Eq. (8.21) is now the sum of the input factor
potential and the exponent of a Gaussian distribution,
∆t+1
j→i (xj ) = fin (xj ; θ) −

(b
rj←i (t) − xj )2
.
2νjr (t)

(8.26)

All that is left is to compute the mean and variance of the new belief of each xj ,
x
bj→i (t + 1) = hxj |b
rj←i (t), νjr (t); θi

(8.27)

x
νj→i
(t + 1) = var[xj |b
rj←i (t), νjr (t); θ],

(8.28)

using the new distribution exp(∆tj→i (xj )).

Return Message Approximation
As with the factor node, we only want to perform a single set of computations at
each variable node, and use a Taylor expansion around this calculation to make
adjustments for the specific messages going to each neighboring node. We therefore
make a first-order expansion of each posterior estimate x
bj→i (t + 1) at rbj←i (t) = rbj (t),
i.e.
x
bj→i (t + 1) ≈

hxj |b
rj (t), νjr (t); θi


+


∂
r
rj←i (t) − rbj (t)),
hxj |b
rj (t), νj (t); θi (b
∂b
rj (t)
(8.29)
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and approximate the variance for each individual message with the variance of the
x
rj (t), νjr (t); θ]. All expectations
(t + 1) ≈ νjx (t + 1) = var[xj |b
current belief, i.e., νj→i

are taken with respect to the posterior distribution
(t+1)
px|r (xj |b
rj (t))



(xj − rbj (t))2
∝ exp fin (xj , θ) −
.
2νjr (t)

(8.30)

As we did for the factor node computation, we define a variable node estimation
function
Gx (b
r, ν r , θ) = hx|b
r, ν r ; θi

(8.31)

from which we can compute the mean and variance of the new belief as
x
bj (t + 1) = Gx (b
rj (t), νjr (t), θ) = xj |b
rj (t), νjr (t); θ

(8.32)

νjx (t + 1) = ν r (t)G0x (b
rj (t), νjr (t), θ) = var[xj |b
rj (t), νjr (t); θ].

(8.33)

The estimate in Eq. (8.29) now simplifies to
x
bj→i (t + 1) ≈ x
bj (t) − νjx (t)Aij sbi (t),

(8.34)

and we see there is a simple, linear adjustment to x
bj (t) when computing specific
messages to each factor node i. However, if we take this one step further and consider
the computation of pbi (t + 1) from Eq. (8.8), it becomes
pbi (t + 1) =

X

Aij x
bj (t + 1) − sbi (t)

j

X

A2ij νjx (t + 1)

(8.35)

j

= zbi (t + 1) − νip (t + 1)b
si (t).

(8.36)

Therefore, instead of making an adjustment to the message from each variable node
to each factor node (this is O(N M ) extra computations), we simply have to subtract
a single, linear correction term at each factor node (O(N ) extra computations) to the
P
general mean estimate zbi (t + 1) = j Aij x
bj (t + 1).
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8.1.4

GAMP Algorithm

Our derivation has been for the MMSE variant of LBP, and real-valued x, A, and y.
This is the situation of primary interest to us, and the derivation was provided to give
the reader context when extending it. However, the GAMP algorithm we present in
Alg. 4 admits complex-valued quantities, and can also be used to compute the MAP
estimate, i.e., it approximates the max-sum algorithm in Eq. (3). Where Alg. 4 is a
generalization of our derivation, we provide specific examples in Table 8.1.
Algorithm 4 GAMP algorithm
Set, t = 0, sbi (−1) = 0, initialize x
bj (t) and νjx (t) for j ∈ {1, M }, i ∈ {1, N }
repeat
P
bj (t)
zbi (t) = j Aij x
P
p
. factor-node input combination
4:
νi (t) = j |Aij |2 νjx (t)
5:
pbi (t) = zbi (t) − νip (t)b
si (t − 1)
1:
2:
3:

6:
7:

sbi (t) = Gy (b
pi (t), νip (t), yi )
pi (t), νip (t), yi )
νis (t) = −G0y (b

8:
9:

P
−1
νjr (t) = [ i |Aij |2 νis (t)]
P
rbj (t) = x
bj (t) + νjr (t) i A∗ij sbi (t)

10:
11:
12:

. factor-node message approximation

. variable-node input combination

x
b(t + 1) = Gx (b
rj (t), νjr (t), qj )
. variable-node message approximation
r
0
r
x
rj (t), νj (t), qj )
νj (t + 1) = νj (t)Gx (b
b(t)k ≤ tolerance
until Estimates converge, kb
x(t + 1) − x

8.2

Fitting GAMP to the Physics-of-Imaging Framework

The GAMP algorithm as presented in Alg. 4 is for an ideal situation in which a
discrete vector is passed through a known matrix (composed of iid zero-mean random
variables) before each component is measured. Our imaging system is much more
complicated, as we are dealing with an optical field propagating through the turbulent
atmosphere. Still, the core of the algorithm seems to match our problem for coherent
imaging, where we assume knowledge of both the magnitude and phase of the on144

Function

MMSE

MAP

Gx (b
r, ν r , θ)

hx|b
r, ν r , qi

x
b0

ν

r

r, ν r , θ)
G0x (b

νr
x0 , θ)
1 − ν r fin00 (b

r

var[x|b
r, ν , q]

hz|b
p, ν p , yi − pb
p
 ν

var[z|b
p, ν p , y]
1
0
p
−Gy (b
p, ν , y)
1−
νp
νp
h
i
p)2
,
where zb0 = argmax fout (z, y) − (z−b
2ν p

Gy (b
p, ν p , y)

z

zb0 − pb
ν p 00 0
z , y)
fout (b
00
p
z 0 , y) − 1
ν fout (b
h
x
b0 = argmax fin (x, θ) −
x

(x−b
r )2
2ν r

i

Table 8.1: The input and output estimation functions for the Sum-Product and
Max-Sum versions of GAMP. The MAP calculation has been expanded by separately
defining the argument maximum of the input and output posterior distributions, x
b0
and zb0 .

target field, and make coherent (heterodyne-detection) measurements. In terms of
the framework developed in Ch. 4, the field pattern at detector-plane location ρ for
the i-th transmitted pulse is
ξb (ρ) ∝

Xp
Tj Φij (ρ)

(8.37)

j

where Φij (ρ) is the detector-plane field produced by the scattering of the transmitted field from pixel j’s rough surface. This field pattern is a linear projection of the
target’s reflectivity pattern, but we still have two problems. First, coherent measurements are made by mixing the field with a local oscillator, and in order to make a
good measurement the field must be constant over this mixing area. Since the returning field is speckled, we will need to employ a coherent detector array, which is
technically challenging. Secondly, it will be almost impossible to know the on-target
complex field pattern with enough accuracy to use with GAMP. We are propagating
light through turbulent atmosphere over kilometers. So, even if the intensity profile
on each pattern is not severely affected by the turbulence, the relative phase pixel-topixel will be. Moreover, any change to the optical path during the imaging process,
including micron-scale movements of the target, will also corrupt estimates of the
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phase. This type of imager could be simulated or made for a table-top experiment,
but we do not expect it to be useful in the field.
Therefore, while we have made an initial connection between a coherent imaging
system and GAMP, we now turn our focus to a more robust system. First, we will
only assume knowledge of the on-target intensity pattern. We could still construct
a heterodyne detector array and measure the full field of the returning light, but if
we do not know the on-target phase pattern, the detected field’s pattern cannot be
used by GAMP. To avoid the complication of needing multiple local oscillators and
a detector array, we eschew coherent measurements in favor of direct detection, as is
done with ghost imaging. Direct detection does not need an array, as it measures the
integrated intensity across the bucket detector’s surface, and as the aperture increases
in size it measures a stronger signal. This allows direct detection to perform aperture
averaging, which mitigates target speckle [21] (for more on this phenomenon see the
ghost imaging section in Ch. 3).

8.2.1

GAMP for Structured-Intensity Imaging

The connection between the physical model for structured-illumination intensity imaging with direct detection4 and GAMP initially seems daunting, but much of the required work was done in Ch. 4, when we discretized the physics framework for the
Cramér-Rao bound (CRB) and linear minimum mean-squared error (LMMSE) estimator. In that chapter we showed that the measurement yi was a Poisson shot-noise
process whose rate parameter was the integrated photon flux across the detector surface. This measurement, in turn, could be broken into a signal term zi that was a
linear transformation of the target, and a zero-mean additive noise term vi . Because
the noise terms {vi } are uncorrelated between pulses (and we presented evidence in
Sec. 4.4 that they are independent), our measurements are therefore component-wise
measurements of a linear transformation of the target.
4

From this point forward we will be concerned exclusively with structured illumination imaging
using an intensity reference. All future references to structured illumination will refer to this specific
modality.
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At this point we can identify three roadblocks to using the out-of-the-box GAMP
algorithm on our imaging problem. The first is the inclusion of the additive zeromean noise terms {vn }. From Ch. 4 we also know that I(p, p, n) is stochastic, so our
transform matrix can only be estimated, not completely known. Finally, the GAMP
algorithm assumes a zero-mean transformation matrix, whereas being a matrix of
intensity values, A will not have zero-mean elements. The consequences of these
roadblocks are investigated, and in the sections that follow we derive solutions to
them that preserve the GAMP framework.

8.2.2

Additive-Noise Term

The noise vector v—arising from the nonlinear inter-pixel interference pattern—is
simple to handle, given our approximation of its components as iid Gaussian random
variables. Our measurements yi are samples of the bucket detector’s photocurrent,
and are random variables driven by the number of received photons, Ni . The received
photons are the sum of the contributions from the signal and noise terms, Ni =
zi + vi , where zi and vi are independent Gaussian random variables. Therefore Ni is
a Gaussian random variable with mean hzi i and variance var[zi ] + var[vi ]. Following
the derivation in Sec. 8.1, the return message ∆tj←i (xj ) is now approximated as
∆tj←i (xj )

Z
≈ log

dNi ptN (Ni |xj )efout (yi ,Ni ) .

(8.38)

Following through with the rest of the derivation, the only change is the additional
noise on the forward message from j to i. Our modifications to GAMP in Alg. 4 are
then to first replace the variance calculation of νip in line 4 of with the two lines
νiz (t) =

X

A2ij νjx (t)

(8.39)

j

νip (t) = νiz (t) + νiv (t).
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(8.40)

The new variance is calculated from Eq. (4.39) as
2

2

νiv (t) = 2e4(σs +σr )

XX
j

I¯ij I¯i` Γ0 (j, `)b
xj (t)b
x` (t).

(8.41)

`<j

Since this is simply a noise term, we will approximate it be replacing the estimates
x
bj (t) with the prior mean x̄j , allowing it to be pre-calculated. Using the rank-one
decomposition of the background matrix from Eq. (4.9), Ī = µT , Eq. (8.41) reduces
to
2

2

νiv = 2e4(σs +σr ) µ2i

X

j x̄j

j

8.2.3

X

Γ0 (j, `)` x̄` .

(8.42)

`<j

Matrix Uncertainty

Altering the GAMP algorithm so that it can accommodate a stochastic matrix has
been investigated [48]. Our CLT approximation, when A is deterministic and dense
is that z = Ax is a Gaussian random vector because x is an iid random vector. If A is
composed of iid random variables as well, this is still true. Whereas before the mean
and variance of zi could be directly calculated with Eqs. (8.8) and (8.9), we now need
to use the iterated expectation formulas in Eqs. (4.34) and (4.35). In particular, we
calculate means and variances conditioned on knowledge of the A matrix, and then
average over the uncertainty in the matrix, obtaining
hzi i = hhzi |AiiA =

X

hAij i x
bj

(8.43)

j

var[zi ] = hvar[zi |A]iA + var[hzi |Ai] =

X
j

A2ij νjx +

X

var[Aij ]b
x2j

(8.44)

j

We see that the mean is only modified by replacing the previously deterministic Aij
bij ≡ hAij i.
with the expected value of the new random matrix, which we will denote A
The variance is a little more complicated, but defining νijA ≡ var[Aij ] this can be
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written as
var[zi ] =

X

b2ij νjx +
A

X

b2j ).
νijA (νjx + x

(8.45)

j

j

The variance of zi is now the sum of two terms. The first is the noise term νiz from
b replacing A, while the second is a new term resulting from the
Eq. (8.39), with A
matrix uncertainty. In Sec. 8.2.2 we modified GAMP with Eqs. (8.39) and (8.40).
We now replace those same lines with
νiz (t) =

X

b2 ν x (t)
A
ij j

(8.46)

j

νip (t) = νiz (t) +

X

νijA (νjx (t) + x
b2j (t)) + νiv ,

(8.47)

j

where νiv is the additional variance from inter-pixel interference, defined in Eq. (8.42).

Propagating this change though our derivation in Sec. 8.1, we note that all remaining instances of Aij come from the Taylor expansion of ∆tj←i (xj ), and are associated
bij . As a consequence, when
with the mean of zi ; therefore, they will all now be A
bij sbi . Going one step
computing x
bj→i in Eq. (8.34) the correction term is now −νjx A
further, line 5 of Alg. 4 is computed using νiz (t) instead of νip (t), viz.,
pbi (t) = zbi (t) − νiz (t)b
si (t − 1).

(8.48)

For our particular scenario, the mean and variance of the measurement matrix are

 
κ
κ
α
α
bij =
Iij + 1 −
I¯ij
A
κ1
κ1

 2

κ
2 +σ 2 )
α
A
2
4(σ
νij = I¯np e s r (Γ0 + Γ1 + κ1 + 1) −
+1 ,
κ1


which are derived from Eqs. (4.24) and (4.28).
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(8.49)
(8.50)

8.2.4

Non-Centered Matrix

The primary difficulty in adapting GAMP for use in structured-illumination imaging
using only intensity information is that the measurement matrix is now non-centered.
To clarify this discussion we will assume there is no measurement noise, so that y = z,
understanding that the non-centered matrix does not affect our ability to estimate zi
from yi ; the trouble lies in our estimation of xj from z.
Given xj , the vector z has the Gaussian distribution

1
j
j T −1
z) .
pz|x (z|xj ) ∝ exp − (z − b
z ) Cz|xj (z − b
2


(8.51)

where b
zj is the conditional mean vector
zbij =

X

bi` x
bij xj = zbi + A
bij (xj − x
A
b` + A
bj ).

(8.52)

`6=j

Because Cz|xj does not depend on xj , we approximate Cz|xj ≈ Cz , which is analogous to the approximations made in the GAMP derivation for the {νip }. Now, consider
the basic GAMP framework, in which the matrix A is deterministic and composed
of zero-mean, iid random variables. The covariance matrix elements are then
(Cz )nm =

X

Anj νjx Amj .

(8.53)

j

When m 6= n, this is the sum of zero-mean random variables, and so all off-diagonal
P
elements of Cz are zero-mean. The diagonal elements are j A2nj ν`x , and as the size
of x grows Cz becomes strongly diagonal. The distribution of z is then well approxQ
imated by the factored distribution pz (z) ≈ i pz (zi ), because the cross-correlations
among elements of z are random and become relatively weak as the number of variables grows. This is why the GAMP algorithm works: the factored distribution for
z is a good approximation to the true joint distribution, and the joint log-likelihood
calculation of xj given z is well approximated by a combination of the marginal log150

likelihood calculations that comprise the factor node messages, viz.,
log ptz|x (z|xj ) ≈

X

∆tj←i (xj ).

(8.54)

i

Consequently, each iteration of the algorithm will be close to calculating the true
likelihood, and the errors should be random and unbiased (since part of the covariance
matrix that is dropped is zero-mean and iid). In essence, we are approximating Cz
P
with a diagonal matrix whose diagonal elements are j A2nj ν`x .
However, the story is different when A is non-centered and stochastic. From
e + Ā where A
e is
our framework in Ch. 4 we can decompose the matrix as A = A
composed of zero-mean, iid random variables, and Ā = µT is a rank-one matrix.
Our measurements vector can then be written
e + Āx.
z = Ax

(8.55)

The covariance matrix for this situation was derived in Eq. (6.21) as
D
E
e xA
eT + C
e z|x + µµT Ω,
Cz = AC

(8.56)

E
D
e z|x is a diagonal matrix, and scaling factor Ω is defined in Eq. (6.22). The
where C
first term on the right side of the equality is what we had in Eq. (8.53), when A had
D
E
e
no background component, and Cz|x is purely a result of matrix uncertainty. If the
covariance matrix was just these first two components, it would be strongly diagonal
and we could approximate the joint distribution of z with its factored form. However,
the rank-one component of the background, µµT Ω, means the components of z are
now all correlated. Thus the joint distribution of z is not well approximated by the
factored form, and we should not expect GAMP to work.
To circumvent the preceding problem, we note that if we knew the value of the
vector Āx, then this rank-one component of the covariance matrix would disappear,
and the distribution for z would be well approximated by its factorized form. Fur151

thermore, since Ā is rank-one, we only need to know a single auxiliary variable,
M
X

T

x+ =  x =

j xj ,

(8.57)

j=

from which we could deterministically compute Āx = µx+ .
Our approach to dealing with a non-centered measurement matrix is thus to explicitly include x+ as a variable in our distribution, and extend the graph accordingly.
We then evaluate the new graph with the GAMP assumptions, derive a modified
algorithm, and show that in this graph the posterior likelihood of xj , given z, is well
approximated by the combination of messages as in Eq. (8.54).

Extending the Graph
To define a new graph, we need to determine the factor potentials of the new joint
distribution,
py,x+ ,x (y, x+ , x) = py|x+ ,x (y|x+ , x)px+ |x (x+ |x)px (x)
Y
Y
= px+ |x (x+ |x)
py|x+ ,x (yi |x+ , x)
px (xj ).
i

j

The factorization is mostly the same as before: the prior distributions px (xj ) still define input potential functions, and the conditional measurement distributions define
output potential functions. However, the measurement distributions are now functions of our new variable x+ , and so each output factor node will be connected to the
new variable node. We also add a new factor node f+ (x+ , x), to account for the new
factor
px+ |x (x+ |x) = δ(x+ − T x),

(8.58)

which enforces the constraint that x+ is the weighted mean of the variables x. As
a result, this factor node is also connected to every variable node. The resulting
augmented graph is shown in Fig. 8-2.
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The original factor nodes can still be written as scalar functions of a linear transform of the target variables, i.e., py|x+ ,x (yi |x+ , x) ≡ py|z (yi |zi ) but each zi is now
computed as
zi =

X

eij xj + x+ µi .
A

(8.59)

j

Moreover, because px+ |x (x+ |x) is also function of a linear transform of the target
variables, we define an additional transformation variable
z+ = x+ − T x,

(8.60)

so we can again write all of the temporary variables at the factor nodes as linear
transformations of all of the target variables, i.e., we define the augmented vectors
and matrix






x
x← 
x+



z
z← 
z+



e
A



µ
,
A=
T −1

(8.61)

where x is now indexed from 1 to M + 1, z from 1 to N + 1, A is an (N + 1) by
(M + 1) matrix, and
z = Ax.

(8.62)

Because we are merely appending elements to the previous x and z vectors, there
is no ambiguity when referring to the elements of the augmented vectors, so we have
maintained the previous notation. However, there can be some ambiguity regarding
the measurement matrix because the original elements are modified. That is why we
have elected to define a new augmented matrix A. Our new factor’s potential5 is
(N +1)

fout
5

(zN +1 ) = log δ(zN +1 ). If we assume a measurement of y+ = yN +1 = 0, this can
(N +1)

We define the potential fout (zN +1 ) this way to maintain consistency with our previous notation, even though the log of a delta function is poorly defined. However, we will only every use
(N +1)
efout (zN +1 ) = δ(zN +1 ) in computations, so in practice this is not an issue.
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Figure 8-2: The factor graph for the GAMP algorithm when there is a non-centered
matrix. An additional variable node is introduced to estimate x+ , the weighted mean
of the target vector x. A new factor node f+ is also introduced, which enforces the
consistency of this variable with the empirical mean of x during each iteration of the
algorithm.
be viewed as a measurements channel viz., py (yN +1 |zN +1 ) = δ(yN +1 − zN +1 ), where
the measurement is always yN +1 = 0.

8.2.5

Reconciling with the GAMP Algorithm

Having changed the underlying graph, we need to re-derive an approximate algorithm.
Fortunately, this turns out to be a slightly modified version of GAMP. For this derivation we assume that the message from the new variable node xM +1 to each factor node
fi is a Gaussian distribution, which we will justify when calculating that message at
the end of the section. The rest of this section breaks down as follows. First, we look
at the assumptions and computations at the factor nodes. This is done separately for
the original factor nodes {fi : 1 ≤ 1 ≤ N }, and the new factor node node fN +1 . We
then look at the recombination of messages at the variable nodes. Again, we treat
the original nodes {xj : 1 ≤ 1 ≤ M } differently than the new node xM +1 . Finally,
we compare behavior of this combination of the messages at each variable node to a
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true computation of the log-likelihood of xj , and show that our approach is a good
approximation. We thus have remedied the root cause that prevented GAMP from
being applied to systems with non-centered matrices.

Factor-Node Computations
We start with the basic CLT assumption that z is Gaussian distributed. Consider
P
e
the original components {zi : 1 ≤ i ≤ N }, for which zi = M
j=1 Aij xj + µi xM +1 . Both
PM e
j=1 Aij xj and µi xM +1 are Gaussian random variables by the CLT, but we can also
show they are jointly Gaussian random variables with almost no cross-correlation6 .
Therefore, their sum, {zi : 1 ≤ i ≤ N } is still a Gaussian random variable. For the
P
new factor node the story is different, but we still have that the M
j=1 j xj and xM +1
PM
are jointly Gaussian because j=1 j xj and x+ equals that sum. It follows that we
can treat the elements of z as Gaussian random variables. Therefore, at each factor
node we can combine incoming messages into a mean and variance as with GAMP,
where.
pbi (t) =

M
+1
X

bij x
A
bj→i (t)

(8.63)

b2 ν x (t)
A
ij j

(8.64)

j=1

νiz (t)

=

M
+1
X
j=1

νip (t)

=

νiz (t)

+

M
+1
X

νijA (νjx (t) + x
b2j (t)) + νiv .

(8.65)

j=1

for all 1 ≤ i ≤ N .
Since we have maintained the form of the messages coming into the factor nodes,
the computations there are unchanged. We take the Taylor expansion, and make the
(N +1)

same computation of sbi and νis . Since the potential fout
6

is driven by the delta

They are jointly Gaussian because arbitrary
are also Gaussian random variP e linear
Pcombinations
e2 ν x and var[µi xM +1 ] = µ2 P 2 ν x , both
ables. The individual variances are var[ j A
A
ij xj ] =
ij
j
i
j
j j j
P e
P e
x
of which are sums of positive quantities. The covariance is cov[ j Aij xj , µi xM +1 ] = µi j A
ij j νj
which is the sum of zero-mean quantities, and by the strong law of large numbers becomes much
smaller than the two variances.
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function δ(zN +1 ) we can simplify the computations at the new node to
pbN +1 (t)
νNp +1 (t)
1
= p
.
νN +1 (t)

sbN +1 (t) = −
νNs +1

(8.66)
(8.67)

Variable-Node Computations

At the original variable nodes we compute the estimates and variances {(b
rj , νjr ) : j ≤
1 ≤ M } in the same manner as before, only we now use the augmented vectors and
measurement matrix, bs, ν s , and A. The new variable node xM +1 is not attached to a
factor node for a prior distribution, so it generates its outgoing messages as
∆t+1
M +1→i (xm+1 ) =

X

∆tM +1←k (xM +1 ).

(8.68)

k6=i

We still assume the summation of incoming measurements is well approximated by a
P
Gaussian distribution, so that k6=i ∆tM +1←k (xM +1 ) becomes a scalar log-likelihood
r
function defined by the estimate rbM +1←i (t) and variance νM
+1←i (t). We then imme-

diately have the mean and variance of the return messages,
x
r
(b
xM +1→i (t + 1), νM
rM +1←i (t), νM
+1→i (t + 1)) = (b
+1←i (t)).

(8.69)

However, Eq. (8.69) does not perfectly fit with the standard GAMP messages. To
r
make that happen we employ our standard variance approximations of νM
+1←i (t) ≈
r
x
x
νM
bM +1←i (t) becomes
+1 (t) and νM +1→i (t + 1) ≈ νM +1 (t + 1), so that the estimate r

r
b
rbM +1←i (t) = rbM +1 (t) − νM
bi (t)
+1 (t)Ai M +1 s
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(8.70)

where
r
νM
+1 (t) =

"
X

s
b2
A
i M +1 νi (t)

#−1
(8.71)

i
r
rbM +1 (t) = x
bM +1 (t) + νM
+1 (t)

X

bi M +1 sbi (t).
A

(8.72)

i

We have now recovered the GAMP form, and the mean and variance of the new
messages are
x
bM +1 (t + 1) = rbM +1 (t)

(8.73)

x
r
νM
+1 (t + 1) = νM +1 (t)

(8.74)

and the estimates for the message from M + 1 to i are found with the correction
x
b
bi (t).
x
bM +1→i (t + 1) = x
bM +1 (t + 1) − νM
+1 (t)Ai M +1 s

(8.75)

The messages being sent from xM +1 are indeed Gaussian distributed, as was required
for our derivation. We also note that for the original variable nodes, this correction
term came from a first-order approximation, whereas at this node it is an exact
calculation (after making the variance simplification).

Verify Correctness of Messages
Our motivation for modifying the GAMP algorithm was that when the matrix A was
non-centered, the combination of messages at variable node j was no longer a good
approximation for the log-likelihood of xj . We showed this to be so for a simplified
framework in which there was no measurement noise, and the measurements were
just the transformed variable, i.e., y = z.
To verify that our modifications will yield useful messages, we need to show that
the combination of messages at variable node j is now a good approximation of the
log-likelihood of xj , given measurements z, i.e., the logarithm of the distribution in
Eq. (8.51). Although this is indeed true, the proof is somewhat tedious, so we have
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elected to present it in App. C. Herein we will simply outline the approach.
We denote the j-th column of matrix A as Aj so that the conditional mean vector
b
zj (whose components are given in Eq. (8.52) can be written in vector form as
b
zj = b
z + Aj (xj − x
bj ).

(8.76)

Then, the logarithm of Eq. (8.51) can be expanded into a quadratic function of xj ,
1
zj ) + const
zj )T C−1
log pz|x (z|xj ) = − (z − b
z (z − b
2
1
= − (z − b
z − Aj (xj − x
bj ))T C−1
z − Aj (xj − x
bj )) + const
z (z − b
2
x2j
T −1
= − ATj C−1
bj + xj ATj C−1
z) + const. (8.77)
z Aj + xj Aj Cz Aj x
z (z − b
2
where the constant term changes line-to-line but does not depend on xj . This function is quadratic in xj , so it can be rearranged into the exponent of a Gaussian
distribution, −(b
rj − xj )2 /2νjr . The returning messages in GAMP also form a Gaussian distribution. Our goal is then to the show that the values of rbj and νjr resulting
from the decomposition of the log-likelihood distribution in Eq. (8.77) match those
from GAMP,

rbj = x
bj +

νjr

N
+1
X

bij sbi
A

(8.78)

i=1

νjr =

"N +1
X

#−1
bij νis
A

.

(8.79)

i=1

In App. C we show that in a large-number approximation7 these two computations
converge. Therefore, for a sufficiently large number of variables and measurements
our GAMP modification should compute accurate estimates.

7

We increase both the number of pixels M and measurements N , but keep their ratio fixed.
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Initializing GAMP for Structured-Intensity Imaging
In adapting GAMP to our imaging scenario we overcame three disconnects. Handling the additive noise v and the uncertainty in the transformation matrix were
fairly straightforward, and fit with the CLT approximations already being made.
Compensating for the non-centered matrix was more complicated, but we were able
to augment the graph to form useful messages. There is still, however, one remaining
unknown parameter of the system.
Our model for rough-surface reflection predicts that the total light it returns is
proportional to its coherence area, π%2T , which our analysis has assumed to satisfy
π%2T = λ20 . This assumption is fine for assessing the imager’s spatial resolution and its
SNR, but it is deficient for our modified version of GAMP. Because this term scales
the strength of the measurement, misjudging it causes our prior to be mismatched,
which can result in GAMP failing to converge.
In Ch. 9 we explore methods to learn parameters during the running of GAMP,
but we still need to initialize the algorithm accurately. Our approach to initialization
is as follows. First, we calculate an initial Fresnel number product F0 from Eq. (4.5),
assuming %2T = λ20 /π. We then presume an iid prior on our target pixels, with mean
P b
x̄. This prior implies that our predicted mean for measurement i is ȳi = x̄ j A
ij .
If our model is correct, the empirical average of the {ȳi } should be the same as the
empirical average of the measurements {yi }. If this is not the case, we can correct
the Fresnel number product using
P

yi
F = F0 P i
,
bij
x̄ i,j A

(8.80)

The new version of GAMP, including all of these adjustments, is shown in Alg. 5.
It should be noted that the adjustment for the non-centered matrix was derived
for the MMSE estimate, but applies just as well for the MAP estimate. Since the
messages returned to x+ are Gaussian, the mean is the most likely value and the
MAP and MMSE estimates are the same. At the new factor node, the measurement
distribution is a delta function, and again the MMSE estimate of z+ is the same as the
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MAP estimate, i.e., both are 0. Therefore, Alg. 5 works equally well for the MMSE
and MAP criteria.
Algorithm 5 GAMP algorithm for structured illumination
b and variance ν A , and envelope :
For sensing matrix A with mean A
P b e
T
b
Center measurement matrix: µi = j A
ij , A = A − µ


 A 
e
b ← A µ , ν A ← νT 0
2: Augment matrices: A
T
0 0
  −1  
 
x
z
y
3: Augment vectors: x ←
,z←
,y←
x+
z+
0
1:

4:

r
rM +1 , νM
New nodes: Gy (b
pN +1 , νNp +1 , yN +1 ) = − pνbNp +1 , Gx (b
bM +1
+1 , θ) = r
N +1

Initialize: t = 0, sbi (−1) = 0, x
bj (t) and νjx (t) for j ∈ {1, M + 1}, i ∈ {1, N + 1}
repeat
P b
bj (t)
zbi (t) = j A
ij x
P b
z
8:
νi (t) = j |Aij |2 νjx (t)
P
. factor-node input combination
b2j (t)) + νiv
9:
νip (t) = νiz (t) + j νijA (νjx (t) + x
z
10:
pbi (t) = zbi (t) − νi (t)b
si (t − 1)
5:
6:
7:

sbi (t) = Gy (b
pi (t), νip (t), yi )
pi (t), νip (t), yi )
νis (t) = −G0y (b
hP
i−1
bij |2 νis (t)
|
A
νjr (t) =
i
P b∗
rbj (t) = x
bj (t) + νjr (t) i A
bi (t)
ij s

11:
12:
13:
14:
15:
16:
17:

. factor-node message approximation

. variable-node input combination

. variable-node message approximation
x
bj (t + 1) = Gx (b
rj (t), νjr (t), q)
x
r
νj (t + 1) = νj (t)G0x (b
rj (t), νjr (t), q)
b(t)k ≤ tolerance
until Estimates converge, kb
x(t + 1) − x

8.3

Comparison to LMMSE Estimate and CRB

We have taken the original GAMP algorithm in Alg. 4 and extended it in Alg. 5 to
account for the noise caused by inter-pixel interference and speckle. We also modified
the underlying graphical framework to include an extra variable node and an extra
factor node, which allowed us to use GAMP despite the measurement matrix being
non-centered. Now that GAMP has been adapted to our imaging scenario, it is time to
160

see how its performance compares to that of our current best estimator, the LMMSE
estimator. This comparison is done using our simulator, which was first presented in
Sec. 4.4.
In our initial comparisons in Chs. 5 and 6, we focused on the MSE performance
as the number of measurements increased. These results were presented for two
different values of β, the ratio of the detector’s area to the transmitter’s area. From
that analysis we reached a few conclusions. First, the reconstructions were not of high
quality, and better methods were required. This observation spurred the work in the
present chapter. However, we also noticed that there were diminishing returns from
additional measurements once you had as many measurements as there were pixels.
Moreover, reconstruction quality dramatically improved as the bucket detector size
was increased. Therefore, in this chapter and the next, we look at performance as
a function of bucket detector size, for two different sampling ratios: first when we
have a 0.8 undersampling (the number of measurements N is 0.8M , where M is the
number of pixels), and secondly when N = M .
Because we are now using many fewer measurements, but are looking at a larger
range of bucket detector sizes, we re-ran our simulator. The remainder of the thesis
uses a new dataset for the same scenes, with the resolution increased so that the
images are 100 × 100 instead of 64 × 64. The same example scenes for this new
resolution are presented in Fig. 8-3 along with their speckled versions. In Ch. 5 we
showed that each pixel in the scene is modulated by a speckle coefficient, so if no
additional information about the target is used to eliminate the speckle, we cannot
hope to perfectly reconstruct the original scene. Our estimators treat the speckle
as randomness in the sensing matrix and will suppress some of it, but for a pixelwise prior we expect the scene reconstructions to more closely resemble the speckled
versions of the scenes than the original scenes.
Beyond this, we still have to contend with the inter-pixel interference noise vector
v from Eq. (4.32). When analyzing our simulator in Sec. 4.4, we found the effective
signal-to-noise ratio (defined here as the ratio of variance of signal vector z to noise
vector v) was ∼ β. Therefore, even when the speckle variance is sufficiently suppressed
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by increasing β, we still expect the inter-pixel interference to limit the quality of our
reconstructions.

Original Scene

1

.5

0

β=3

2.2

1.1

0

β = 10

1.6

0.8

0

Figure 8-3: Three example scenes at a resolution of 100 × 100 are shown in the top
row. The next two rows are the speckled reflectivity patterns of the scenes for β = 3
and β = 10.

We have also chosen to adjust how we compute the MSE. In our analysis of the
LMMSE estimator in Ch. 6, the estimator had knowledge of the true mean and
variance for each individual scene. This was done to facilitate comparison with the
CRB, but is not practical for a real imager. We now only assume knowledge of the
mean and variance over the entire dataset, not for particular scenes. However, this
implies that the reconstructions will be for the wrong mean. This mismatch isn’t
a problem for our algorithm because we intelligently initialize the Fresnel number
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Comparison of GAMP and LMMSE estimators

·10−2

LMMSE, N/M = 0.8
LMMSE, N/M = 1.0
GAMP, N/M = 0.8
GAMP, N/M = 1.0
BCRB, N/M = 0.8
BCRB, N/M = 1.0
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4

3

2

1

0

0

2

4

6
8
10
12
14
Normalized Detector Area β

16

18

20

Figure 8-4: Plots versus normalized detector area of the MSE for the LMMSE and
GAMP estimators (using and iid Gaussian prior for each pixel), with the BCRB
provided for comparison. The MSE is computed for each image, and then averaged
over our 100 image dataset.

product F to correct for scaling issues, but it does imply that the final reconstruction
will be incorrectly scaled. This scaling does not change the appearance of the image,
but it does affect the MSE. Therefore, before computing the MSE of each image we
re-scale it to correct for the discrepancy between the mean value of this particular
image and the assumed prior mean used for estimation.
The result of this analysis for our new GAMP estimator is presented in Fig. 8-4.
For comparison we have also presented the results for the LMMSE estimator (with
the MSE now computed in the same manner), as well as the Bayesian Cramér-Rao
bound (BCRB).
In Fig. 8-4 we see very little difference in the MSE of GAMP and the LMMSE estimator. While at first this seems surprising, it is a straightforward consequence of our
chosen prior distribution. The LMMSE estimator is the minimum mean-squared error
estimator when the target and measurements are jointly Gaussian random variables.
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The Poisson noise process approaches a Gaussian distribution for many photons per
measurement, so choosing a Gaussian distribution for the prior essentially enforces a
jointly Gaussian distribution on the target and measurements at high photon numbers, meaning that GAMP can perform no better than the LMMSE estimator. As
further confirmation of this behavior, we present a visual comparison of reconstructions of our test scenes, for different size bucket detectors, in Figs. 8-5 and 8-6.
The pixels in a real scene clearly do not follow an iid Gaussian distribution, and
we will need a more accurate target model if we hope to improve our estimation.
The LMMSE estimator is not affected by the choice of prior (beyond its mean and
variance), but GAMP is. Instead of looking at different iid models for the pixels, in
Ch. 9 we introduce a wavelet-basis model for the target, and demonstrate significant
improvement in image quality (both visually and in MSE). We then extend the graph
to include the image speckle coefficients, and by jointly estimating the wavelet-basis
target and the speckle we achieve state-of-the art structured-illumination imaging.

GAMP

1
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0

LMMSE

1

.5

0

Figure 8-5: Images for the GAMP estimator (with a spatial-basis iid Gaussian prior)
and the LMMSE estimator for β = 3. The top row are reconstructions using the
GAMP algorithm, while the bottom row shows the LMMSE estimates.
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GAMP
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Figure 8-6: Image for the GAMP estimator (with a spatial-basis iid Gaussian prior)
and the LMMSE estimator are presented for β = 10. The top row are reconstructions
using the GAMP algorithm, while the bottom row shows the LMMSE estimates.
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Chapter 9
Extending GAMP: Parameter
Estimation, Wavelet-Basis Prior, and
Speckle Mitigation
We have made an initial connection between structured illumination and the GAMP
algorithm. Yet we are using a simplistic iid prior on the target pixels, treating the
surface speckle as pure noise, and guessing several system parameters. At this point,
GAMP’s performance is similar to that of a simple linear estimator.
In this chapter we use the richness of the graphical framework to extend and
enhance our basic algorithm. We first use Adaptive GAMP methods [49–51] to learn
system parameters as the algorithm runs. We then leverage the inherent structure of
natural scenes to aid our reconstruction efforts by modeling the target with sparsifying
priors in a wavelet basis. We also develop a model of surface speckle and explicitly
expose the speckle contributions as additional variables in our model. Finally, we
combine our wavelet-basis model of the target with our speckle model to estimate
both quantities together, allowing us to intelligently remove the speckle from the
image. This final modification provides state-of-the-art target reconstructions, and is
the culmination of this thesis.
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9.1

Adaptive GAMP

Despite intelligently initializing the algorithm with our adjustment in Eq. (8.80),
we cannot know the correct parameterization for the target a priori. In Ch. 8 we
assumed an iid Gaussian prior on each pixel, in which the mean and variance were
found from ensemble averaging our dataset of scenes. However, the mean and variance
for an individual scene can vary drastically from these values, and this prior mismatch
degrades the reconstruction quality.
The EM-GAMP algorithm [49, 50] was proposed as a way of learning parameters
of the prior distribution or output channel by continuously updating estimates of
the parameters with calculations derived from the Expectation-Maximization (E-M)
algorithm. We develop the E-M algorithm in App. B.5, but the core result is that we
can estimate a hidden parameter using a set of related measurements via an iterative
series of expectations and maximizations.
For our purposes we want to learn a parameter θ of the prior distribution on the
target pixels, px (x; θ), from the measurements y. The expectation and maximization
can be compacted into a single line, so that the new estimate of the parameter, θ(t+1) ,
is
θ(t+1) = argmax log p(x; θ) y; θ(t)
θ

x

.

(9.1)

where θ(t) is the previous estimate, and the expectation is taken with respect to the
posterior distribution px|y (xj |y; θ(t) ). The MMSE version of GAMP will produce this
distribution at the end of its run, but for the update to be useful we would have to
run GAMP many times. The key to the EM-GAMP method is that this posterior
distribution is approximated during every iteration of the algorithm, allowing for the
parameter to updated during the running of GAMP.
In Sec. 8.2.4, we argued that GAMP works primarily because the combination of
messages at the variable nodes {xj } is a good approximation for the log-likelihood of
xj , given the measurements. In GAMP the combination of messages at variable node
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xj approximates this likelihood with the Gaussian distribution
2

pr|x (b
rj |xj ; νjr )

r

e−(brj −xj ) /2νj
p
,
=
2πνjr

(9.2)

and py|x (y|xj ; θ(t) ) ≈ pr|x (b
rj |xj ; νjr ). The posterior distribution of xj for this iteration
of the E-M algorithm is then
px|y (xj |y; θ(t) ) ≈ px|r (xj |b
rj (t); νjr (t), θ(t) ) =

pr|x (b
rj (t)|xj ; νjr (t))px (xj ; θ(t) )
,
pr (b
rj ; νjr , θ(t) )

(9.3)

and the E-M update for the parameter θ is
θ(t+1) = argmax log p(x; θ) rbj ; νjr , θ(t)
θ

x

.

(9.4)

This approach has been extended with the Adaptive GAMP algorithm [51], whose
performance is predicted by a set of scalar state evolutions. The analysis therein
showed that Adaptive GAMP produced asymptotically consistent estimates equivalent to an oracle algorithm which knew the parameters beforehand. Instead of using
the E-M update, this variant finds the new parameter estimate by directly maximizing
the log-likelihood of the parameter as

θ

(t+1)

M
1 X
= argmax
log pr (b
rj ; νjr , θ(t) ).
M
θ
j=1

(9.5)

The analysis in [51] also showed asymptotic consistency with the EM-GAMP updates,
so either can be used. At this point we note that the Adaptive GAMP method has
analogous updates to learn parameters of the measurement channel, but in this thesis
we are only concerned with learning parameters of the prior distribution, and so we
do not incorporate measurement-channel parameter estimates into our algorithm.

To include the parameter updates in the GAMP algorithm we define a general
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adaptation function, Hx (·), for the prior distribution, so that
θ(t) = Hx (b
r(t), ν r (t)).

(9.6)

The adaptation function can implement either the EM-GAMP estimation function in
Eq. (9.4), or the Adaptive GAMP estimation function in Eq. (9.5). This adaptation
step is used to update the parameter estimate before computing the new means and
variances (b
x(t + 1), ν x (t + 1)). The adaptive GAMP variant is defined in Alg. 6. As it
will be used extensively in the remainder of this thesis, it has also been functionalized
to clarify its use. In this thesis we implement Hx (·) using the E-M style updates
shown in Eq. (9.4).

9.2

Estimating the Target in a Wavelet Basis

One of the difficulties in a remote imaging scenario is the diversity of possible targets.
Although there are several proposed models for real-world targets, one model cannot
suffice for all scenarios. Thus, while it would be useful to extend our work to choose
among a large class of models, we will restrict our focus to sparse representations in
a wavelet basis.
We have previously modeled the target with an iid prior in a spatial basis, but
this is a poor model for real-world scenes because they have significant inter-pixel
correlations. Natural scenes are typically collections of objects that are generally
smooth, but with sharp borders at their intersections. This piece-wise smooth structure is what enables image compression algorithms [52]; there is less information (as
measured by entropy) in the scene than an iid pixel model would predict.
The heart of many image compression algorithms is finding an alternative representation that is (on average) sparse1 for images of natural scenes [52]. The resulting
transformed image can then be stored with an encoding that only retains the most
significant components of the transformed image.
1

A sparse vector is one in which a significant fraction of the components are zero, or small enough
that they can be safely ignored.
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Algorithm 6 Adaptive GAMP algorithm for structured illumination
b ν A , , Hx )
1: procedure Gamp(Gx , Gy , A,
P b e
b − µT
2:
Center measurement matrices: µi = j A
,A=A

ij A 

e
b ← A µ , ν A ← νT 0
3:
Augment matrices: A
T
0 0
  −1  
 
x
z
y
4:
Augment vectors: x ←
,z←
,y←
x+
z+
0
5:

r
rM +1 , νM
bM +1
New nodes: Gy (b
pN +1 , νNp +1 , yN +1 ) = − pνbNp +1 , Gx (b
+1 , q) = r
N +1

6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

Initialize: t = 0, sbi (−1) = 0, x
bj (t) and νjx (t) for j ∈ {1, M +1}, i ∈ {1, N +1}
repeat
P b
bj (t)
zbi (t) = j A
ij x
P
bij |2 ν x (t)
νiz (t) = j |A
Pj
νip (t) = νiz (t) + j νijA (νjx (t) + x
b2j (t)) + νiv . factor-node input combination
pbi (t) = zbi (t) − νiz (t)b
si (t − 1)
sbi (t) = Gy (b
pi (t), νip (t), yi )
s
pi (t), νip (t), yi )
νi (t) = −G0y (b
hP
i−1
bij |2 ν s (t)
|
A
νjr (t) =
i
i
P b∗
rbj (t) = x
bj (t) + νjr (t) i A
bi (t)
ij s

. factor-node message approximation

. variable node input combination

θ(t) = Hx (b
r(t), ν r (t))
. adaptive step
x
bj (t + 1) = Gx (b
rj (t), νjr (t), θ(t) )
. variable-node message approximation
νjx (t + 1) = νjr (t)G0x (b
rj (t), νjr (t), θ(t) )
b(t)k ≤ tolerance
until Estimates converge, kb
x(t + 1) − x
x
return (b
x(t + 1), ν (t + 1))
end procedure
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(a) Original gray scale image.

(b) Three-level wavelet decomposition
using a db4 filter.

Figure 9-1: The original image is on the left and its wavelet decomposition is on the
right. The wavelet representation is falsely colored with a rotating band of blackgray-white to emphasize edges.
One of the most successful alternative representations comes from a wavelet decomposition of the image [53–55]. This decomposition is a linear transformation that
creates a vector of approximation coefficients, and a sequence of descending levels of
detail vectors, each of which is a correction to the immediately preceding level. Most
of the pixels in the detail vectors are close to zero, and the resulting representation
is sparse, as can be seen in Fig. 9-1.
Sparse vectors and random mixing are at the heart of the field of compressed
sensing [38–40]. In the same way that a known sparse signal can be compressed, if
an unknown signal is known to be sparse, then by taking a series of linear projections
through a random matrix, i.e. z = Ax, we only have to make as many measurements
as there are significant pixels in the signal. That is, if x is length N but only has
M  N significant pixels, we only need to make slightly more than M measurements.
This undersampling is done by finding the signal with the minimum `1 -norm that still
explains the measurements. When there is no additional noise, these algorithms can
exactly recover the target [40].
In essence, sparse signal acquisition can be thought of as encoding, or compressing,
the vector x into the vector z. We then simply need to decompress our signal to
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recover it. The initial formalization of approximate message passing was an attempt
to more efficiently do this decoding. It was known that belief propagation could
infer sparse signals if an appropriate sparsifying prior was used, e.g., a heavy-tail
distribution such as the exponential distribution. However, belief propagation is ill
suited to the fully-connected graph that results from random linear mixing, such as
that of our structured-illumination setup. Hence, the original approximate messagepassing algorithm [16] was created to approximate BP for compressed sensing. GAMP
has generalized and extended the original approximate message-passing algorithm.
Nevertheless, it remains true that employing a sparsifying prior in a wavelet basis
should reduce the number of required measurements, and improve image quality. The
wavelet basis does not provide for a wholly encompassing prior for our target, but
it does capture important concepts about its structure that allow for more efficient
decoding of the measurements.
The wavelet representation ϕ of the intensity reflectance pattern T is defined by
the matrix transformation
T = Uϕ.

(9.7)

where U is a matrix that implements the wavelet reconstruction filters. In the rest
of this section we develop our algorithm for a wavelet-basis prior. Besides describing
the distribution, we examine the Adaptive GAMP update of parameters of this distribution, and adjust the augmented graph made for the non-centered measurement
matrix.

9.2.1

Wavelet-Basis Prior

For each element of the wavelet representation we assume a Laplace prior (doublesided exponential distribution) that has the density function
θ
pψ (ψ; θ) = e−θ|ψ| .
2
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(9.8)

for rate parameter θ. However, because the variance decreases for each successive
level of a wavelet decomposition [56], we do not define an iid prior over the wavelet
coefficients, but rather an iid prior over the coefficients at each level. In particular,
for J` being the set of wavelet coefficient indices at level `, our prior is
pϕ (ϕj ; θ` ) =

θ` −θ` |ϕj |
e
,
2

for j ∈ J` .

(9.9)

We therefore can update the prior in this basis once at each level, instead of globally;
the update for level-` only operates on the indices in J` . Details about the exact
computations needed to use this prior model are found in App. C.2.
In practice, updating every level was not the best approach. There is no definitive
way to distinguish between the variations caused by speckle and details in the scene.
Therefore, when updating the variance estimate for the more detailed levels, speckle
is problematic, and the update actually degrades the image quality. This is only
a problem for the detail-level coefficients, so our approach was to learn the rate
parameter of the approximation level coefficients, and leave the detail levels at their
prior distributions. This choice improves both the objective MSE performance, as
well as the subjective quality of the images we obtain.
In addressing the adaptive learning of parameters in the wavelet basis, our model
has changed, hence we need to re-derive some of the adjustments that we made in
Ch. 8 to fit GAMP to our imaging problem. These are primarily associated with the
measurement-matrix uncertainty, and adapting to the use of a non-centered matrix.

9.2.2

Measurement-Matrix Centering for Wavelet Basis

When evaluating the target in the wavelet basis ϕ, the measurement matrix is
Aϕ = AU, where A was the original matrix and U is the wavelet transformation
matrix. This new measurement-matrix might be zero mean, but the elements of the
transformed vector z = Aϕ ϕ are still correlated because A is non-centered. Yet since
it is A that needs centering, and the wavelet transformation is generally well behaved
as far as the GAMP algorithm is concerned, our methodology is only slightly different.
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Previously, we had shown that the estimate of a non-centered measurement matrix
T
b = A+µ
e
e is centered). It follows
in the spatial basis could be written as A
(where A

that the new wavelet-basis measurement matrix can be decomposed as
b ϕ = AU
b = AU
e + µT U = A
e ϕ + µϕT .
A

(9.10)

e ϕ handles the primary transformation of the wavelet
The new variational matrix A
coefficients to the measurements, while µϕT accounts for the transfer through the
average measurement matrix. Using our previous approach to centering the matrix,
we use Eq. (9.10) to define a new variable for the background term, and find that it
is exactly the same as our previous auxiliary variable, viz.
x+ =

X

ϕk ϕk =

k

XX
k

j Ujk ϕk =

j

X

j xj .

(9.11)

j

To complete the picture we need the variance of the new matrix’s elements,
A

νij ϕ =

X

2
var[Aik ]Ukj
=

k

X

2
νijA Ukj
.

(9.12)

k

Estimation in the wavelet basis can still be done with Alg. 6, with the function call
altered to be
b ϕ , ν Aϕ , ϕ , Hx ).
(ϕ, ν ϕ ) = Gamp(Gx , Gy , A

9.2.3

(9.13)

Simulation Results

Our new algorithm—which uses a wavelet-basis prior and learns the prior parameters
for the approximation level of the wavelet decomposition as the algorithm runs—
greatly outperforms our previous estimators. This is shown quantitatively in Fig. 9-2,
which plots the MSE performance of our new algorithm versus our previous spatialbasis GAMP algorithm, as well as the Bayesian Cramér-Rao bound (BCRB).
For qualitative results, we show the images of our test scenes for both our new
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Spatial basis, N/M = 0.8
Spatial basis, N/M = 1.0
Wavelet basis N/M = 0.8
Wavelet basis N/M = 1.0
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Figure 9-2: Plots versus normalized detector area of the MSE for our two different
GAMP-based estimators, with the BCRB provided for comparison. The MSE is
computed for each of the 100 scenes in our dataset, and then averaged.
algorithm and the previous spatial-basis GAMP algorithm. These are presented in
Fig. 9-3, for β = 3 (β is the ratio of detector area to transmitter area), and in Fig. 9-4,
for β = 10. In both figures the reconstructions were performed with a unity sampling
ratio (the same number of measurements as pixels). To better illustrate the behavior
of the new algorithm for changing bucket detector size, we also provide Fig. 9-5. This
presents reconstructions of the test scenes for β equaling 1, 5, 10, and 20, with a unity
sampling ratio.
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Figure 9-3: Images obtained with the GAMP-based algorithms for β = 3. The top
row contains reconstructions using the adaptive wavelet-basis algorithm, while the
bottom row used a spatial-basis iid Gaussian prior.
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Figure 9-4: Images obtained with the GAMP-based algorithms for β = 10. The top
row contains reconstructions using the adaptive wavelet-basis algorithm, while the
bottom row used a spatial-basis iid Gaussian prior.
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Figure 9-5: Images obtained with the adaptive, wavelet-basis GAMP algorithm. Each
row used a different detector size. From top to bottom the β values are 1, 5, 10, and
20.
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9.3

Exposing Speckle in the Model

We have extended our original algorithm to make it adaptive to unknown parameters
and to exploit the sparsity of natural scenes, but we are still treating the speckle as
noise in the measurement matrix. Speckle from optical scattering is a well studied
field, and there are accurate statistical models that we can use [21]. In this section
we develop this model of speckle, redevelop our imaging framework to include the
speckle contributions as variables in the system, and reconcile the changes with the
GAMP algorithm we have derived so far.

9.3.1

Model of Integrated Speckle

In Sec. 2.3 we developed our theory of reflectivity from rough surfaces. Building upon
that foundation, we now develop a theory of integrated speckle [21]. Each pixel creates
a speckled field pattern in the detector plane,
Φ0p (ρ)

Z
=

dρ0 hr (ρ, ρ0 , τn )ϑ(ρ0 ),

(9.14)

Ap

where ϑ(·) is a complex Gaussian random process resulting from the height variations
on the rough surface, and hr (·) is the extended Huygens-Fresnel propagation kernel.
This Φ0p (ρ) expression follows from the Φp (ρ, n) defined in Eq. (4.14) when the ontarget field pattern is approximately uniform over each target pixel so that Φp (ρ, n) =
Φ0p (ρ)ξt (ρp , n), where ρp is the center of Ap . At every point ρ, Φ0p (ρ) is the weighted
integration of the surface fluctuation ϑ(·) over many of its coherence lengths. In the
absence of turbulence, Φ0p (ρ) is a Gaussian process because it is a linear transformation
of ϑ(ρ0 ). CLT considerations imply that Φ0p (ρ) still will be Gaussian in the presence
of turbulence because the turbulence coherence length is much longer than that of
the rough surface.
In the Cramér-Rao bound (CRB) derivation from Ch. 5, we briefly introduced a
normalized integrated speckle intensity in Eq. (5.24) that, using Eq. (9.14), is given
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by
1
Sp =
FAp

Z

2

dρ Φ0p (ρ) .

(9.15)

A2b

The exact distribution of Sp has been studied, but is not computationally tractable
[21]. Instead, a pill-box approximation is frequently used. We divide the detector’s
surface into M identical rectangles, or pill-boxes, whose width is the coherence length
of the speckle field Φ0p (ρ). We approximate the integration over pill box Am (centered
at ρm ) as
Z

dρ |Φ0p (ρ)|2 ≈

Am

Ab 0
|Φ (ρm )|2 ,
M p

(9.16)

so that the integrated speckle term becomes
M
Ab X 0
Sp ≈
|Φ (ρm )|2 .
M FAp m=1 p

(9.17)

The |Φ0p (ρm )|2 are then taken to be iid exponential random variables. The sum of iid
exponential random variables is a gamma random variable, so the probability density
function of Sp is

k−1 −Sp /θS

 Sp e

, Sp > 0, k > 0, θS > 0
θSk Γ(k)
,
pS (Sp ) =


0
otherwise

(9.18)

for shape and rate parameters k and θS , with Γ(·) being the standard gamma function.
For our coherence-area discretization model of the detector, these parameters are
k = M , and θS =

Ab
M F Ap

|Φ0p (ρm )|2 . However, to make the gamma distribution

derived by the preceding discretization as accurate as possible, we will match the
gamma distribution’s mean and variance,
var[Sp ] = kθS2 ,

hSp i = kθS
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(9.19)

to the values obtained form the exact evaluations of the true moments of Sp from its
original definition in Eq. (9.15).

Mean and Variance Calculation
From our normalization, the speckle coefficient has a unity mean, which we quickly
see from
Z
1
hSp i =
dρ |Φp (ρ)|2
FAp A2b
Z
Z
Z
1
0
=
dρ
dρ
dρ00 hhr (ρ, ρ0 , τn )h∗r (ρ, ρ00 , τn )i hϑ(ρ0 )ϑ∗ (ρ00 )i
2
FAp Ab
Ap
Ap
Z
2 Z
π%T
1
=
dρ
dρ0 2 2
FAp A2b
L λ0
A2p
= 1.

(9.20)

The variance calculation is more complicated. Since we know the mean we only have
to compute the second moment,
Sp2

1
= 2 2
F Ap

Z

Z
dρ1

A2b

dρ2
A2b

D

2
Φ0p (ρ1 )

2
Φ0p (ρ2 )

E

.

(9.21)

Similar to the ghost imaging evaluations, the steps can become quite tedious when
evaluating the fourth-order moments over the turbulence and surface roughness, but
2

the approach is straightforward. We find that Sp2 = e4σr (1 + Γ0 ), where Γ0 is given
by Eq. (4.26). In fact, because the variance becomes
2

2

var[Sp ] = e4σr Γ0 + (e4σr − 1),

(9.22)

we see that Γ0 is the turbulence-free variance of the speckle. Combining Eqs. (9.20)
and (9.22) with (9.19) yields
2

2

e4σr Γ0 + (e4σr − 1)
θ=
.
1

1
,
k = 4σ2
r
e Γ0 + (e4σr2 − 1)
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(9.23)

9.3.2

Connection of Speckle to Measurements

We have defined the speckle coefficient for each pixel, but now we need to make
explicit its connection to the measurements y. We start by considering the signal
term from Eq. (4.31),
zn =

X

I(p, p, n)Tp ,

(9.24)

p

where from Eq. (4.16) we have
Z
I(p, p, n) = Ns

dρ |Φnp (ρ)|2 ,

(9.25)

A2b

with Ns being is the number of transmitted photons per pulse, and
Z
Φnp (ρ) =

dρ0 hr (ρ, ρ0 , τn )ϑ(ρ0 )ξt (ρ0 , n),

(9.26)

Ap

is the field at the detector resulting from the reflection of the field pattern ξt (ρ0 , n)
from pixel p for pulse n. Imposing the condition that ξt (ρ0 , n) is constant across the
pixel, I(p, p, n) simplifies to
I(p, p, n) = Ns FAp |ξt (ρp , n)|2 Sp ,

(9.27)

where F is the Fresnel number product form Eq.(4.5), and Ap is the area of pixel
Ap . Our signal terms are now linear transformations of the target multiplied by the
speckle (which we will refer to as the speckled target), viz.,
zn = Ns FAp

X

|ξt (ρp , n)|2 Tp Sp .

(9.28)

p

9.3.3

Perturbative Expansion

Unfortunately, the field profile is not constant across each pixel, but we still want
to directly expose the speckle coefficient. That is, we want to decouple the problem
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into an intensity matrix Ξ and speckle-intensity coefficients S that together with the
target are responsible for the mean signal, with all other pulse-dependent fluctuations
being treated as noise. We take a perturbative approach, redefining our signal as the
transfer of the speckled target through this new matrix, viz.,
zn =

X

Ξnp Sp Tp ,

(9.29)

p

while all other fluctuations contribute to a new zero-mean noise term
wn =

X
(I(p, p, n) − Ξnp Sp )Tp .

(9.30)

p

To maintain consistency with our previous framework, we want the transformations of the means to remain the same, which requires that hI(p, p, n)i = hΞp i hSp i.
This condition is satisfied by defining the intensity matrix as a scaled version of the
total number of photons impinging on each pixel,
Z
Ξnp = FPs

dρ |ξt (ρ, n)|2 .

(9.31)

Ap

Equations (9.29)–(9.31) lead to the number of received photons being expressed
as the sum of three random variables, Nn = zn + vn + wn , where vn is the inter-pixel
noise term from Eq. (4.32).

We again use a linear estimator to approximate the statistics of wn , conditioned on
knowledge of the reference, and find that it is also conditionally a zero-mean Gaussian
random variable with variance
2

2

νnw = e4(σs +σr ) µ2n (Γ1 + Γ0 (2 + κ1 ) − 2(Γ2 + Γ3 ))

X

2p (T̄p2 + νpT ),

(9.32)

p

where T̄p and νpT are the prior mean and variance of the target, Γ0 and Γ1 are defined
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in Eqs. (4.26) and (4.27), and the remaining terms are
Z
Z
1
dρ1
dρ2
Γ2 = 2
Ab A2b
A2b
Z
Z
1
dρ1
dρ2
Γ3 = 2
Ab A2b
A2b

Z
Z
|ρ0 −ρ0 |2
ik
− 1 22
1
0
0 − L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )
dρ
dρ e
e 2ρL
A2p A2p 1 A2p 2
Z
Z
Z
1
0
0
dρ1
dρ2
dρ03
3
Ap A2p
A2p
A2p
×e

−

ik0
(ρ1 −ρ2 )·(ρ01 −ρ02 )
L

−

e

|ρ03 −ρ02 |2 +|ρ03 −ρ01 |2
2ρ2
L

.

(9.33)

(9.34)

This additional noise term implies a slight modification of GAMP: in Alg. 6, whenever
the inter-pixel noise term νiz appears we add the new noise term νiw .
Our algorithmic development in the next section rests on the following observations. Were the speckle known then, by Eq. (9.29), z can be viewed as a linear
transformation of the target T through a matrix with elements Anp = Ξnp Sp , and we
can use GAMP to estimate T . This procedure easily extends to estimating the target
in the wavelet basis. On the other hand, were the target known, then z can be viewed
as a linear transformation of the speckle coefficients through a matrix with elements
Anp = Ξnp Tp , and we can use GAMP to estimate S. To perform these calculations
we just need the mean and variance of the measurement-matrix elements.
Both of these situations require the mean and variance of the elements of Ξ. We
again use a linear estimator to approximate these terms, obtaining




κα ¯
κα
+ Inp 1 −
= Inp
κ1
κ1



2
κ
2
α
(l)
2
4σ
var [Ξnp |Inp ] = I¯np e s (1 + κ1 ) − 1 +
.
κ1
b (l)
Ξ
np

(9.35)
(9.36)

The reader will note that the estimate of the linear transform matrix is exactly
what was found for the general case in Eq. (8.50) when the speckle was treated as
noise. This is because we normalized the speckle, so that hI(p, p, n)|Inp i = hΞnp |Inp i.
However, because the speckle is no longer being treated as noise, the variance in
Eq. (9.36) is significantly reduced compared to the variance for I(p, p, n) computed
in Eq. (4.28).
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9.4

Joint Target and Speckle Estimation

We have extended our model to include better descriptions of the target and speckle.
We now seek a way to use this additional information to improve our estimation of the
target. We have investigated several methods of approximating belief propagation to
estimate both the target wavelet coefficients and the speckle coefficients. The most
accurate and robust method we found was an iterative approach based on the E-M
algorithm.
We start with the E-M algorithm for learning the speckle S from the measurements
y,
D
E
(τ +1)
(τ )
b
b
S
= argmax log py,x,S (y, x, S) y, S
S

(9.37)
x

where we choose the intermediary vector to be the wavelet coefficients of the target,
so x ≡ ϕ. Since we use t for iterations within the GAMP algorithm, we are using
τ for the E-M iterations. The expectation in Eq. (9.37) is taken with respect to the
posterior distribution for x, computed with the speckle estimate for iteration τ . We
denote this new distribution
(τ )
)
p(τ
).
x (x) ≡ px|y (x|y; S

(9.38)

The reader will note that this distribution is the result of running the GAMP algorithm to estimate x, conditioned on knowledge of S (τ ) . If we can compute the
maximization in Eq. (9.37) to estimate S (τ +1) , we can iterate between these two steps
to continually compute more accurate estimates of the posterior distribution, pτx (x),
using continually improved estimates of the speckle, S (τ ) . However, the maximization in Eq. (9.37) is difficult to compute. In the next section we derive an alternate
update step, and show that it is asymptotically equivalent to the E-M update. We
therefore can be assured that the algorithm will converge to a local maximum of the
distribution, with each step providing a better estimate than its predecessor.
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9.4.1

Maximum Likelihood Approximation to Expectation Maximization Update

Our approach is similar to that taken in the Adaptive GAMP algorithm [51]; instead
of using an E-M update to learn S, we directly maximize an updated likelihood
function for S given y,
b (τ +1) = argmax log p(τ ) (y, S).
S
y,S

(9.39)

S

(τ )

The likelihood py,S (y, S) for each iteration τ is computed by eliminating the
wavelet coefficients from their joint distribution,
(τ )
py,S (y, S)

Z

(τ )

dx py,x,S (y, x, S).

=

(9.40)

This joint distribution is computed by replacing the prior distribution for x with the
updated distribution computed by GAMP in Eq. (9.38), i.e.,
(τ )

)
py,x,S (y, x, S) ≡ py,S|x (y, S|x)p(τ
x (x).

(9.41)

We have taken this approach because the maximization in Eq. (9.39) can be
computed using the MAP variant of GAMP. We specify this computation in Sec. 9.4.2,
but first we show that the maximum likelihood (ML) update in Eq. (9.39) produces
estimates that are equivalent to those obtained from the E-M update in Eq. (9.37).
This equivalence occurs asymptotically when the number of pixels, M , and number of
measurements, N , both increase without bound, but at a fixed sampling ratio, N/M ,
that is a function of the target’s sparsity.
To show that our ML approach yields a speckle estimate Sb(τ ) equivalent to that
of the E-M algorithm, we look at the difference in their objective functions,
V (S|S

(τ )

D

) = log py,x,S (y, x, S) y, S

(τ )

E

(τ )

x

− log py,S (y, S).
(τ )

(9.42)

We expand the average as an integral over the distribution px (x), expand the log
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distributions, and discard additive terms that will not affect the maximization2 . Doing
so, we obtain
(t)

V (S|S ) =

Z

(t)

dx p(t)
x (x) log py|S,x (y|S, x) − log py|S (y|S),

(9.43)

R
(t)
(t)
where py|S (y|S) = dx py|x,S (y|x, S)px (x). From Jensen’s inequality we see that
Z

(t)

dx p(t)
x (x) log py|S,x (y|S, x) ≤ log py|S (y|S),

(9.44)

and therefore the ML maximization function is an upper bound on the E-M function,
and so their difference satisfies V (S|S (t) ) ≤ 0.
This difference being non-positive is a problem, because the E-M algorithm is
predicated on maximizing a lower bound of the true log-likelihood. We are now
maximizing the upper bound on that lower bound that, in general, need not yield
an update which has the E-M algorithm’s performance guarantee. However, we can
show that the gap separating these two functions becomes insignificant as M (and
N , since the sampling ratio is fixed) increases, implying that the estimates produced
by these two methods converge.
We start by presenting the asymptotic equipartition property (AEP). For a vector
y of N iid random variables yn , the normalized logarithm of their joint distribution
converges to the entropy of the marginal distribution, h(y) = − hlog py (y)i, as
N
1
1 X
− lim
log py (y) = − lim
log py (yn ) = h(y).
N →∞ N
N →∞ N
n=1

(9.45)

The measurements y approach an iid distribution as M → ∞, so we have
log py|S,x (y|S, x) → −N h(y|S, x)
(τ )

log py|S (y|S) → −N h(y|S).

(9.46)
(9.47)

In both cases the measurement yi can be recast as probabilistic function of a scalar
2

Only components of the objective functions that are functions of S will affect the maximization
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(τ )

(τ )

random variable; for py|S,x (yi |S, x) this is zi , while for py|S (y|S) we denote it zi . As
the summation of M independent random variables, these are both Gaussian random
variables with signal-to-noise ratios that grow linearly with M . Therefore, as M → ∞
the entropies in Eqs. (9.46) and (9.47) become
h(y|S, x) → h(y|z̄)
h(y|S) → h(y|z̄ (τ ) ),
where z̄i =

(9.48)
(9.49)

P b
P b (τ )
(τ )
A
x
S
→
z̄
and
z̄
=
bj Sj → z̄ (τ ) for all i. Incidentally, the
ij
j
j
i
i Aij x
(t)

expectation of z̄ over the distribution px (x) is hz̄ix = z̄ (τ ) . This means that, since z̄i
is still the sum of M random variables, its signal to noise ratio is
hz̄i2
(z̄ (τ ) )2
=
∝ M  1.
var[z̄]
var[z̄]

(9.50)

The entropies in Eqs. (9.48) and (9.49) are the entropies of the Poisson detection
process, which for a large value of the rate parameter z is
h(y|z) ≈

1
log(2πz).
2

(9.51)

With these entropies in hand we find that the difference function obeys
Z

(t)

dx p(t)
x (x)h(y|S, x) + h(y|S)

(9.52)

(τ )
dx p(t)
)]
x (x)[h(y|z̄) − h(y|z̄
Z
 z̄ 
N
(t)
=−
dx px (x) log (τ ) .
2
z̄

(9.53)

V (S|S ) = −N
Z

= −N

(9.54)

The random variable z̄/z̄ (τ ) has a high signal-to-noise ratio and mean of one, so
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employing the logarithm’s small number expansion3 we achieve
Z

(t)

V (S|S ) ≈ −N

dx p(t)
x (x)



z̄
z̄ (τ )

 1  z̄
2 
−1 −
−1
2 z̄ (τ )

N var[z̄]
4 (z̄ (τ ) )2
N
.
∝
M
=

(9.55)
(9.56)
(9.57)

Because we are holding the sampling ratio N/M fixed as we increase N and M ,
V (S|S (t) ) converges to a constant. From our previous discussion we know that the
log-likelihood grows linearly with the number of measurements, so despite V (S|S (t) )
being a function of S, its value becomes insignificant in performing the optimization
for M  1 and a constant N/M . Thus, our ML estimate will approach the estimate
produced by the E-M algorithm.

9.4.2

Speckle Estimation

Having shown that our ML optimization strategy will provide useful estimates for the
speckle, we need to show that the maximization in Eq. (9.39) can be accomplished
using GAMP. Our first step is to factor the joint distribution of y and S,
(τ )

py,S (y, S) =

Y

(τ )

py|S (yi |S)

i

Y

pS (Sj ),

(9.58)

j

as required by GAMP. The measurement yi is a scalar function of the transform
(τ )

variable zi

so that
(τ )
py|S (yi |S)

(τ )

We have already noted that zi

Z
=

(τ )

(τ )

(9.59)

Gaussian distributed, with mean
(τ )

hzi |Si =

X

(τ )
bij x
A
bj Sj .

j
3

(τ )

dzi pz|S (zi |S)py|z (yi |zi ).

For |z − 1|  1 we can approximate log z by (z − 1) − 21 (z − 1)2 .
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(9.60)

Its variance can be found from Eq. (4.35) by iterating over the measurement-matrix
and target, viz.
(τ )
var[zi |S]

=

D

E

(τ )
var[zi |A, S]

=

X

=

X

hD

(τ )
zi |A, S

+ varA
X
x(τ )
(τ )
νj Sj2 +
νijA (b
xj )2 Sj2

A2ij

A

j

Ei

j
x(τ )

Sj2 νijA (νj

(τ )

+ (b
xj )2 ) +

X

x(τ )

b2ij ν
Sj2 A
j

.

(9.61)

j

j

In essence, we have defined a new measurement matrix for the speckle using the
current estimate (b
x(τ ) , ν x(τ ) ) of the target. The mean and variance of this matrix are
then
(τ )
bSij = A
bij x
A
bj ,

νijAS =

X

x(τ )

νijA (νj

(τ )

+ (b
xj ) 2 ) +

j

X

b2ij ν x(τ ) ,
A
j

(9.62)

j

(τ )

while the new envelope vector is Sj = j x
bj /

(τ )
bj .
j j x

P

The measurement matrix

has a significant background, so we will have to use our adjustment for non-centered
being the MAP input and
and Gmap
matrices derived in Sec. 8.2.4. Then, for Gmap
y
S
output estimators from Table 8.1, the new speckle update is found from our modified
GAMP algorithm, Alg. 6, as
b
(S

9.4.3

(τ +1)

map b S
AS
, ·) = Gamp(Gmap
, S , ·).
S , Gy , A , ν

(9.63)

Final Algorithm

At this point we have shown how to perform the alternating steps of our estimation
algorithm. All that remains to combine them. Our methodology is presented in
Alg. 7. The imaging results obtained with this algorithm and their comparison to our
previous work appears in the next section.
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Algorithm 7 Joint estimation of target and speckle
b and variance ν Ξ ), wavelet
Start with sensing matrix Ξ (with expected value Ξ
transform matrix U, wavelet MMSE estimation function Gϕ , speckle MAP estimation function Gmap
S , measurement MMSE estimation function Gy , measurement
MAP estimation function Gmap
y , and wavelet adaptation function Hϕ .
1:
2:
3:

(0)
Initialize estimate of speckle Sbj .
repeat
Update mean and variance of matrix, adjust envelope for target estimation,
X
bϕ =
b ik Sb(τ ) Uki
A
Ξ
ij

k

k

νijAϕ =

X

(τ )

Ξ b
2
νik
(Sk )2 Uki

k
(τ )

j Sbj
.
ϕj = P
(τ )
b

S
` ` `
4:

Find MMSE estimate of target,
b ϕ , ν Aϕ , ϕ , Hϕ ).
b(τ ) , ν ϕ(τ ) ) = Gamp(Gϕ , Gy , A
(ϕ

5:

Compute mean and variance in spatial basis,
X
(τ )
(τ )
Ujk ϕ
bk
x
bj =

(9.64)

k
x(τ )
νj

=

X

ϕ(τ )

2
Ujk
νk

.

(9.65)

k

6:

Update mean and variance of matrix, adjust envelope for speckle estimation,
(τ )
bS = Ξ
b ij x
A
bj
ij
X
X
x(τ )
(τ )
b 2 ν x(τ )
νijAS =
νijΞ (νj + (b
xj )2 ) +
Ξ
ij j
j

Sj =
7:

j

(τ )
j x
bj
.
P
(τ )
b`
` ` x

Find MAP estimate of speckle
b S , ν AS , S , ·).
(Sb(τ +1) , ·) = Gamp(GS , Gy , A

8:

b(τ −1) k ≤ tolerance.
until estimates converge, kb
x(τ ) − x
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Speckle Removal Algorithm vs. Wavelet-Basis GAMP
Wavelet basis, N/M = 0.8
Wavelet basis, N/M = 1.0
Speckle removal, N/M = 0.8
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Figure 9-6: Plots versus normalized detector area of the MSE for the wavelet-basis
GAMP and speckle-removal algorithms, with the BCRB provided for comparison.
The MSE is computed for each of the 100 scenes in our dataset and then averaged.

9.4.4

Simulation Results

In Fig. 9-6 we present a comparison of the MSE of our new algorithm and the waveletbasis algorithm. The BCRB is also presented, and our new speckle-removal algorithm
is only about 20% above this bound. We remind the reader that the bound was derived
for an ideal scenario with no discretization error, no inter-pixel interference, and no
measurement noise. For qualitative results, we show the images of our test scenes
for both our new algorithm, and the previous wavelet-basis GAMP algorithm. These
are presented in Fig. 9-8, for β = 3 (β is the ratio of detector area to transmitter
area), and in Fig. 9-9, for β = 10. In both figures the reconstructions were performed
with a unity sampling ratio (the same number of measurements as image pixels). An
example of a reconstruction along with the estimate of its associated speckle is shown
in Fig. 9-7.
In general the images produced by the new algorithm have better contrast and
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(a) MMSE estimation of scene in
wavelet basis.

(b) MAP estimate of speckle.

Figure 9-7: The scene reconstruction for β = 5 is presented on the left, with the MAP
estimate of the speckle on the right. Gray-scale bars are presented to show scale. In
dark areas of the reconstruction, the speckle remains near its prior estimate.
sharper edges than those produced by the wavelet-basis GAMP estimator, which
treated the speckle purely as noise. These new images are subjectively better reconstructions of the original scenes, and also have a lower MSE, as shown in Fig. 9-6.
In our new algorithm most of the pixel-to-pixel variations in the scene are estimated
to be speckle, which greatly reduces the uncertainty in our sensing matrix, enabling
the better reconstructions. However, some of the speckle effects are estimated to be
features of the target. This causes a small amount of pixel-to-pixel variation not seen
in the images produced by the wavelet-basis GAMP algorithm, for which small-scale
variations were strongly suppressed by the uncertainty in the sensing matrix.
To better illustrate the behavior of the new algorithm for changing bucket detector
size, we also provide Fig. 9-10. Here we show reconstructions of the test scenes for β
equaling 3, 5, 10, and 20, with a unity sampling ratio.
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Figure 9-8: Images obtained using the GAMP-based algorithms with β = 3. The
top row is reconstructions using the E-M based speckle-removal algorithm, while the
bottom row is for the adaptive wavelet-basis algorithm.
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Figure 9-9: Images obtained using the GAMP-based algorithms with β = 10. The
top row is reconstructions using the E-M based speckle-removal algorithm, while the
bottom row is for the adaptive wavelet-basis algorithm.
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Figure 9-10: Images obtained using the E-M based speckle-removal algorithm. Each
row used a different size detector. From top to bottom the β values are, in descending
order, 3, 5, 10, and 20.
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Chapter 10
Conclusions
In this thesis we have developed a state-of-the-art algorithm for standoff structuredlaser-illumination imaging. We have combined a thorough statistical model of the
physics of reflective structured-laser illumination, rough-surface reflection, and photodetection, with modern, probabilistic inference techniques to efficiently estimate
the target while simultaneously suppressing the effects of speckle.
In Chs. 2 and 3 we developed a physical model for standoff structured-illumination
imaging and analyzed the resolution and signal-to-noise ratio of ghost imaging, a
simple type of structured-illumination imaging. We showed that ghost imaging had
similar resolution and speckle-limited signal-to-noise ratio (SNR) when compared to a
standard floodlight LADAR system. However, ghost imaging in general takes longer
to form an image. In many ways ghost imaging is a dual of LADAR and allows for
imaging when we can create a multi-spatial-mode field at our transmitter, but only
have a single-element photodetector to measure reflections. Ghost imaging is a linear
estimator, and while there have been some advances in using this method of image
reconstruction, they were all heuristically arrived at from transmissive ghost imaging
experiments.
With an understanding of the physics and performance of a basic structuredillumination imager (ghost imaging) in hand, our focus shifted to using these same
measurements to produce higher quality images. Since new imaging methods require
digital processing with a computer, in Ch. 4 we developed a discretized version of
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the framework presented in Ch. 2. This allowed us to develop our algorithms while
faithfully accounting for all non-idealities in the physical system, including the discretization error.
The second half of the thesis was focused on new algorithms, but first we took
Ch. 5 to develop the CRB, which established an ultimate performance goal for our
subsequent estimators. As suspected, the ghost imager fell far short of the CRB. Our
first new algorithm was the linear minimum mean-squared error (LMMSE) estimator.
Like the ghost imager it is a linear estimator, but it is derived so as to have the
minimum mean-squared error (MMSE) among all estimators that are linear in the
measurements. Unfortunately, a subjective analysis found its performance to be very
similar to that of ghost imaging. This was clearly not the advancement in image
reconstruction we sought.
Since linear estimators were not sufficient to form clear images for standoff structuredillumination imaging, we sought truly optimal estimators. Because images have thousands to millions of pixels, direct computation of these estimators was not feasible,
and we needed to use approximate methods. In Ch. 7 we reviewed the basics of graphical modeling, and more specifically loopy belief propagation (LBP), one of the most
successful tools for probabilistic inference. In the beginning of Ch. 8 we reviewed an
efficient approximation to LBP for solving the linear mixing problem y = Ax, called
GAMP. While GAMP had previously been extended to handle uncertainty in the
measurement matrix, we had to find ways to further extend it to match our imaging
scenario. This meant handling extra noise from inter-pixel interference, and more
importantly modifying the underlying graph to handle the non-centered nature of
our measurements matrix.
We then produced estimates using our modified GAMP algorithm, employing a
simplistic iid Gaussian prior to model our target. However, we found these estimates
performed only slightly better than the LMMSE estimate. Although at first discouraging, we realized this lack of improvement was simply because for an iid Gaussian
prior and a strong detected signal1 , the signal and measurements had a jointly Gaus1

In the strong-signal limit the Poisson detection noise becomes Gaussian
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sian distribution, for which the LMMSE estimator was the optimal MMSE estimator.
Fortunately, there are much better models for targets which our new GAMP-based
framework can employ.
Although we made initial connections to GAMP in Ch. 8, it was in Ch. 9 that we
started making significant improvements to the reconstruction process. We presented
a wavelet-basis model of our target that utilized a sparsifying Laplace distribution.
This is consistent with standard compressed sensing techniques, as natural images
are known to be sparsely represented in wavelet bases. We also applied the advances
in adaptive GAMP to learn parameters of this prior. Both of these refinements used
established results with regard to using GAMP for compressed imaging, but required
significant calculations to implement effectively in our imaging scenario.
Our new, wavelet-based GAMP algorithm produced significantly better results,
both in terms of MSE performance and from subjective analysis of the images. However, we were still treating the image speckle—caused by the rough-surface scattering—
purely as noise. The culmination of the thesis was to re-derive our framework to
expose the speckle as explicit variables in a joint distribution with the wavelet coefficients and the measurements. We then noted that if the target was known, we could
use GAMP to estimate the speckle coefficients. From this observation we developed
an alternating algorithm in which we made an MMSE estimate of the wavelet coefficients with GAMP, and then used this new model of the target to aid a maximum a
posteriori probability (MAP) estimate of the speckle. We alternated these two steps
to produce an estimate of the target that mitigated the effects of speckle. Moreover,
we were able to show that the estimates produced by this approach converge to the
estimates produced by the E-M algorithm as the number of pixels and measurements
increase, providing us with a guarantee that our estimates will not get worse as we
iterate.
This new estimate was a significant advancement, both in terms of mean-squared
error (MSE) and subjective analysis, and represents the culmination of this thesis.
To provide context for the total improvement in scene reconstruction in this thesis,
we now present a comparison of the estimate produced by our final algorithm to that
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produced by our first, the LMMSE estimate. These can be seen in Figs. 10-1, 10-2,
and 10-3 for β—the ratio of the detector area to the transmitter area—being 3, 10,
and 20.
As a final note, we return to the usefulness of structured-illumination imaging. In
our analysis, structured illumination had its greatest utility at wavelengths for which
we do not have good detector arrays, and therefore cannot use floodlight LADAR.
However, raster-scanning LADAR only requires a single-pixel detector. The primary
advantage of structured-illumination then lies in its ability to form images when undersampling. Our analysis focused on unity sampling and 0.8 undersampling to clarify
the comparison among our different algorithms, since the scenes in our dataset did
not have a guaranteed sparsity. At these sampling ratios there is only a marginal advantage in using structured-illumination versus a raster-scanning LADAR for standoff
imaging. Yet, from the MSE analysis in Fig. 9-6, we know that the quality of our
reconstruction is very similar for sampling ratios of 1 and 0.8. These sampling ratios
allowed for good reconstructions of the entire dataset, but for many cases we can
significantly reduce the sampling ratio while still forming high-quality images.
Although we did not have enough scenes in our dataset to provide a full analysis of
image quality as a function of scene sparsity, we have selected three highly-structured
scenes (that have very sparse wavelet representations) and present their reconstructions in Figs. 10-4 for a sampling ratio of 0.3, and β = 10. We also provide the
original scenes, the speckled versions of the scenes, and LMMSE reconstructions for
the same parameters. From these images we see that our final algorithm can form
high-quality reconstructions with a significant undersampling ratio, and reasonablysized detectors.
From our analysis in this thesis we have shown that our final algorithm has significantly better performance than known ghost imaging (covariance-based) methods
for sub-unity sampling ratios. Furthermore, our demonstrated undersampling performance for sparse scenes is impossible for a raster-scanning LADAR to achieve, as it
needs to individually image each pixel. Finally, all known attempts to using generic
compressed sensing methods for reflective structured-illumination imaging have re200

quired significantly larger detectors than we have used to suppress image speckle and
inter-pixel interference. Our results demonstrate state-of-the-art scene reconstruction
for structured-laser-illumination imaging.
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Figure 10-1: Scene reconstructions for β = 3. The top row is the original scene, the
middle row is the speckle removal algorithm, and the bottom row is the LMMSE
estimate.
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Figure 10-2: Scene reconstructions for β = 10. The top row is the original scene,
the middle row is the speckle removal algorithm, and the bottom row is the LMMSE
estimate.
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Figure 10-3: Scene reconstructions for β = 20. The top row is the original scene,
the middle row is the speckle removal algorithm, and the bottom row is the LMMSE
estimate.
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Figure 10-4: Scene reconstructions for β = 10 and sampling ratio N/M = 0.3. The
top row is the original scene, the second row is the speckled scene, the third row is
the speckle removal algorithm, and the bottom row is the LMMSE estimate.
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Appendix A
Physical System
For many aspects of the physical framework in Chs. 2 and 4, we did not provide full
derivations or calculations of every term. These include the turbulence square-law
approximation, computing a reference field for light propagated from an SLM, and
statistics of the rough-surface speckle. This appendix fills in those derivations.

A.1

Turbulence Square-Law Approximation

Herein we derive the square-law approximation for the turbulence structure function.
This approximation is used when evaluating the turbulence coherence function, and
thus is used in the ghost imager and LADAR resolution derivations. The structure
function is originally defined in Eq. (2.8), which we reproduce here,
0

Dm (ρ, ρ ) =

2.91k02 L

Z

1

5

2
(sL)|ρs + ρ0 (1 − s)| 3 .
ds Cn,m

(A.1)

0

To aid our derivations we now re-formulate it in terms of the normalized turbulence
R1
2
2
2
2
strength Cn,m
(sL). From Eq.(2.12) we have Cn,m
(sL) = Cn,m
(sL) 0 ds Cn,m
(sL) =
2
Cn,m
(sL)Cn,m , and the structure function becomes

0

Dm (ρ, ρ ) =

2.91k02 LCn,m

1

Z

5

2
ds Cn,m
(sL)|ρs + ρ0 (1 − s)| 3 .

0
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(A.2)

The square-law approximation replaces the 5/3 exponent with 2, so that we can
analytically evaluate the integral. However, this does not maintain the dimensionality
of the structure function, so an adjustment will need to be made to the leading
coefficients. To motivate our approach, we first investigate the structure function
when ρ0 = 0, for which the approximation is not needed to perform the integral. In
this case,
Dm (ρ, 0) =

5
2.91k02 LCn,m |ρ| 3

1

Z

5

ds s 3
0

= 1.09k02 LCn,m |ρ|
  53
|ρ|
.
=
%m

5
3

(A.3)
(A.4)

It is from this formulation that we derive the spherical-wave coherence length
%m = 1.09k02 LCn,m

−3/5

.

(A.5)

which was presented in Eq. (2.13), but with Cn,m replaced by its definition. The
square-law approximation is to then replace the 5/3 with 2, as


|ρ|
%m

 53


→

|ρ|
%m

2
.

(A.6)

In essence, the square law approximation in this case amounts to raising the structure
function Dm (ρ, 0) to the power of 6/5.
Therefore, our square law approximation for evaluating Eq. (A.2) is to replace
the exponent 5/3 that appears inside the integral with 2, evaluate the integral, and
then raise the leading coefficients to the power 6/5. Exchanging the exponents, the
structure function becomes
0

Dm (ρ, ρ ) =

2.91k02 LCn,m

= 2.91k02 LCn,m

Z

1

Z0 1

2
ds Cn,m
(sL)|ρs + ρ0 (1 − s)|2



2
(sL) |ρ|2 s2 + 2ρ · ρ0 (s − s2 ) + |ρ0 |2 (1 − s)2 .
ds Cn,m

0
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0
Defining ζm and ζm
as in Eq. (2.10) and (2.11) this becomes



0
0
.
) + |ρ0 |2 ζm
Dm (ρ, ρ0 ) = 1.09k02 LCn,m |ρ|2 ζm + ρ · ρ0 (1 − ζm − ζm

(A.7)

Raising the leading coefficients to 6/5, we achieve our final result,
Dm (ρ, ρ0 ) = 1.09k02 LCn,m
=

 56  2

0
0
) + |ρ0 |2 ζm
|ρ| ζm + ρ · ρ0 (1 − ζm − ζm

0
0
|ρ|2 ζm + ρ · ρ0 (1 − ζm − ζm
) + |ρ0 |2 ζm
,
%2m

(A.8)

which is the square-law presented in Eq. (2.9).

A.2

Computing the Reference Irradiance Pattern for
SLM-Generated Field

We primarily consider a computational approach to structured-illumination, in which
the structured fields are generated by shining a laser on a pseudo-randomly modulated
spatial light modulator (SLM). The reference on-target irradiance pattern is computed
via diffraction theory. This pattern, originally presented in Eq. (3.1), is
Z
I(ρ, n) =

0 2 /2L

k0 eik0 |ρ−ρ |
dρ ξ(ρ , n)
i2πL
0

0

2

,

(A.9)

where ξ(ρ0 , n) is the SLM field pattern. In this section we first show how to compute
the reference field efficiently, and then use that result to derive the average irradiance
envelope for the reference.
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A.2.1

Efficient Computation of Reference Field

To simplify our analysis we will work in Cartesian coordinates, ρ ≡ (ρx , ρy ). Defining
the reference field pattern as
k0
ξL (ρx , ρy , n) =
i2πL

Z

dρ0x

Z

ik0

dρ0y ξ(ρ0x , ρ0y , n)e 2L [(ρx −ρx )

0 2 +(ρ

0 2
y −ρy )

],

(A.10)

the reference irradiance pattern can be written I(ρx , ρy , n) ≡ |ξL (ρx , ρy , n)|2 .
The spatial pattern at the source is an array of phase-shifted pixels, and is norR
malized so that dρ0 |ξ(ρ0 , n)|2 = 1. Therefore, we model ξ(ρ0 , n) ≡ ξ(ρ0x , ρ0y , n) as
ξ(ρ0x , ρ0y , n)

 0

 0

ρx − ρ0xs
ρx − ρ0xs
1 X
rect
rect
eiφn,s ,
=
As s
ws
ws

(A.11)

where pixel s has width ws , area As = ws2 , is centered at ρxs , and has a phase shift
φn,s for pulse n. The reference field can then be rewritten as

k0
ξL (ρx , ρy , n) =
i2πL

X eiφn,s
s

As

ρ0ys +ws /2

ρ0xs +ws /2

Z

dρ0x

ρ0xs −ws /2

Z

ik0

dρ0y e 2L [(ρx −ρx )

0 2 +(ρ −ρ0 )2
y
y

],

(A.12)

ρ0ys −ws /2

Our goal in the rest of this section is to simplify this computation of the propagation
of the pixel shape. It is evident from this formulation that the propagation is identical
for both the ρx and ρy coordinates, so in making our approximations we only need to
consider one dimension, but the results will apply for both.
If we were in the far-field of the SLM’s pupil, we could make the standard Fraunhofer approximation and treat the propagation as a Fourier transform. However, we
are in the more restrictive far-field of the coherence function. Our approximation will
be a little different, but the end result is that we can still efficiently compute the field
with an adjusted Fourier transform.
To start we note that each SLM pixel has a width ws , while the total width of
the source is denoted Ws . Our far-field conditions for partial-coherence propagation
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from Sec. 2.5 can then be recast as
k0 ws Ws /2L  1.

(A.13)

To approximate the propagation kernel for the field generated by SLM pixel s, we
take a Taylor expansion of its exponent around its center coordinate ρ0s ≡ (ρ0xs , ρ0ys ),
and attempt to simplify the result with this far-field assumption.

Next we define the ρx -dependent part of phase of the propagation kernel in
Eq. (A.12) as f (ρ0x ) =

k0
(ρ − ρ0x )2 .
2L x

f (ρ0x ) around ρ0xs is
f (ρ0x ) =

In general, the full Taylor expansion of a function

∞
X
f (n) (ρ0xs ) 0
(ρx − ρ0xs )n ,
n!
n=0

(A.14)

where f (n) denotes the nth derivative of f . Our first step is to find these derivatives.
Since f (ρ0x ) is simply a second-order polynomial in ρ0x , f (n) (ρ0x ) = 0 for n ≥ 3, so we
only need to find the first two derivatives, which are
∂ k0
k0
(ρx − ρ0x )2
= (ρ0xs − ρx )
0
∂ρx 2L
L
ρ0x =ρ0xs
2
∂ k0
∂ k0
f (2) (ρ0xs ) = 0 2 (ρx − ρ0x )2
= 0 (ρ0x − ρx )
∂ρx L
ρ0x =ρ0xs
∂ρx 2L
f (1) (ρ0xs ) =

(A.15)

ρ0x =ρ0xs

=

k0
.
L

(A.16)

Thus, the Taylor expansion simplifies to
k0
(ρx − ρ0xs )2 +
2L
k0
=
(ρx − ρ0xs )2 −
2L

f (ρ0x ) =

k0 0
k0 0
(ρxs − ρx )(ρ0x − ρ0xs ) +
(ρ − ρ0xs )2
L
2L x
k0
k0
k0 0
ρx (ρ0x − ρ0xs ) + ρ0xs (ρ0x − ρ0xs ) +
(ρ − ρ0xs )2 . (A.17)
L
L
2L x

Now, since we are considering the field that propagates from a single pixel, we are
restricting our possible coordinates at the SLM to {ρx : ρxs −ws /2 ≤ ρx ≤ ρxs +ws /2},
and therefore we are guaranteed |ρx − ρxs | ≤ ws /2. Furthermore, |ρxs | < Ws /2 must
hold for the pixel to be on the SLM. Using these two inequalities, along with our
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far-field condition in Eq. (A.13), we have that
k0 ws2
k0 0
(ρx − ρ0xs )2 <
1
2L
2L
k0
k0 Ws ws
ρxs (ρx − ρxs ) <
 1.
L
2L

(A.18)
(A.19)

Thus the last two terms in Eq. (A.17) can be neglected, and expanding the remaining
terms we find
f (x) ≈

k0 0 2 k0 2 k0 0
ρ +
ρ − ρ ρx .
2L xs
2L x L x

(A.20)

We see that kernel can be approximated by a curvature term for the center of the
pixel,

k0 0 2
ρ ,
2z xs

the standard far-field Fourier transform term − kz0 ρx ρ0x , and the output

plane curvature

k0 2
ρ .
2z x

Thus, the far-field can be calculated via a Fourier transform of

the SLM pattern for each pixel (which can be pre-computed), with the only difference
from standard Fraunhoffer diffraction being a phase adjustment term for each pixel,
which arises from its offset from center. Equation (A.12) then becomes
ik0
2
2
k0 e 2L (ρx +ρy ) X ik0 (ρ0x 2 +ρ0y 2 ) eiφs,n
s
ξL (ρx , ρy , n) =
e 2L s
i2πL
As
s

ρ0ys +ws /2

ρ0xs +ws /2

Z

dρ0x

ρ0xs −ws /2

Z

ik0

0

0

dρ0y e− 2L (ρx ρx +ρy ρy ) ,

ρ0ys −ws /2

(A.21)
The final integral is the Fourier transform of a shifted rectangle in both coordinates,
i.e., for ρ0x the integral is
ρ0xs +ws /2

Z

dρ0x e−

ik0
ρ ρ0
L x x


= ws sinc

ρ0xs −ws /2
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ws ρx
λ0 L



e−

ik0
ρ ρ0
L x xs

,

(A.22)

and our final calculation of the field profile at range L is




ik0
2
2
ws ρx
ws ρy
e 2L (ρx +ρy )
sinc
sinc
ξL (ρx , ρy , n) =
iλ0 L
λ0 L
λ0 L
X ik0 0 2 0 2 ik0
0
0
×
e 2L (ρxs +ρys ) e− L (ρx ρxs +ρx ρys ) eiφs,n .

(A.23)

s

A.2.2

Average Reference Irradiance

In Eq. (4.6) we defined the average irradiance envelope
P
hInp i
,
p = P n
n,q hInq i

(A.24)

and presented an explicit calculation for the Gaussian-Schell model in Eq. (4.7). The
discrete reference pattern Inp is simply the continuous reference pattern in Eq. (A.9)
evaluated at ρ = ρp , multiplied by a scaling term. Since p is normalized this scaling
does not matter, so we only need to compute
hI(ρp , n)i ≡ |ξL (ρxp , ρyp , n)|2




1
ws ρy
ws ρx
2
2
= 2 2 sinc
sinc
λ0 L
λ0 L
λ0 L
*
2+
X k0 0 2 0 2 ik0
0
0
×
ei 2L (ρxs +ρys ) e− L (ρx ρxs +ρx ρys ) eiφs,n

(A.25)

s

1
= 2 2 sinc2
λ0 L
since eiφs1 ,n eiφs2 ,n



ws ρx
λ0 L


sinc

2



ws ρy
λ0 L
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= δs1 ,s2 . Therefore, the average irradiance envelope vector for

light generated by an SLM is



ρxp ws
ρyp ws
2
sinc
sinc
λ0 L
λL


0
,
p = X
ρ xq w s
ρyq ws
2
2
sinc
sinc
λ
L
λ0 L
0
q
2
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A.3

Rough-Surface Statistics

In Sec. 2.3 we developed a model for the reflection coefficient, T (ρ), of a rough surface.
We presented the target’s rough-surface as a material with a slowly-varying average
intensity reflectivity pattern T (ρ) that had microscopic depth variations across the
surface, d(ρ). These depth variations lead to phase modulation of the reflected light,
ϑ(ρ) = e2ik0 d(ρ) ,

(A.28)

so that the reflection coefficient is
T (ρ) =

p
T (ρ)ϑ(ρ).

(A.29)

In Sec. 2.3 we argued that the effect of ϑ(ρ), when the reflected light is measured
in the far-field, is qualitatively and quantitatively similar to that of a zero-mean,
complex-Gaussian random process, with correlation function
hϑ(ρ1 )ϑ∗ (ρ2 )i = π%2T δ(ρ1 − ρ2 ).

(A.30)

This is because each point in the far-field is the superposition of reflections from
many coherence areas of the rough surface, and a CLT argument can be applied.
This Gaussian model was used throughout the thesis, and is standard in laser radar
theory [22]. In this appendix we derive the mean and covariance function of ϑ(ρ)
from the phase model in Eq. (A.28). We start by modeling the height variations d(ρ)
as a zero-mean stationary Gaussian random process [23] with a correlation length of
ρd and variance σd2 such that for two points on the surface the joint distribution is
exp
pd (ρ1 , ρ2 ) =

h

− 2(1−ρ21(ρ1 ,ρ2 ))



d(ρ1 )2
σd2

d(ρ2 )2
σd2

2ρ(ρ1 ,ρ2 )d(ρ1 )d(ρ2 )
σd2

+
−
p
2πσd2 1 − ρ2 (ρ1 , ρ2 )
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i
(A.31)

where the correlation coefficient is

|ρ1 − ρ2 |2
.
ρ(ρ1 , ρ2 ) = exp −
ρ2d


(A.32)

The mean and variance of the phase fluctuations can then by found from this distribution.

A.3.1

Mean

Since the height variations are a homogeneous process, the mean of ϑ(ρ) is a constant
function of ρ, and can be found from an ensemble average as
1

hϑ(ρ)i = eh2ik0 d(ρ)i+ 2 var[2ik0 d(ρ)]

(A.33)

2 2

= e−2k0 σd ,

(A.34)

where the averaging is with respect to the distribution pd (ρ). For optical imaging
the height variations are orders of magnitude larger than the wavelength of light, so
k02 σd2  1, which means that
hϑ(ρ)i ≈ 0.

A.3.2

(A.35)

Covariance

Since the rough-surface field reflectivity is essentially a zero-mean process, the covariance between two points (ρ1 and ρ2 ) is given by the phase-insensitive correlation
function
2 2

hϑ(ρ1 )ϑ∗ (ρ2 )i = he2ik0 h(ρ1 ) e−2ik0 h(ρ2 ) i = e−4k0 σd (1−ρ(ρ1 ,ρ2 )) .

(A.36)

The correlation coefficient of the height fluctuations, ρ(ρ1 , ρ2 ), is given in Eq. (A.32),
but this form makes it difficult to employ Eq. (A.36) in our subsequent calculations.
However, we note that for

|ρ1 −ρ2 |2
ρ2d

> 1, ρ(ρ1 , ρ2 ) ≈ 0. Therefore, we can take a two

term Taylor expansion of the correlation coefficient, so that the phase fluctuation
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correlation function is approximately
∗

hϑ(ρ1 )ϑ (ρ2 )i ≈ e

−4k02 σd2

|ρ1 −ρ2 |2
ρ2
d

.

(A.37)

This correlation function is very narrow, and the correlation length %2T = ρ2d /4k02 σd2 is
on the same order of magnitude as a wavelength. Since this is much narrower than
any other feature of the target or impinging field, it can be approximated by a delta
function response,
∗

−

hϑ(ρ1 )ϑ (ρ2 )i ≈ e

|ρ2 −ρ1 |2
%2
T

≈ π%2T δ(ρ2 − ρ1 ),

where the last approximation is valid inside an integral (such as for propagation). This
is the model used in Eq. (2.14) for the analysis of ghost imaging and conventional
LADAR.

A.4

Rough-Surface Induced Speckle

Light reflected from a rough surface suffers interference as it propagates, that leads
to fluctuations in our measurements. The fluctuations are exacerbated by the nonuniform field impinging on each pixel, something that necessitated our calculating a
variety of noise terms throughout the thesis. In this section we will be computing
κα , Γ0 , Γ1 , Γ2 , and Γ3 , which first appear, respectfully, in Eqs. (4.23), (4.26), (4.27),
(9.33), and (9.34).
For our simulations, we use a square pixel and a square detector. The interaction
of the field and the pixel imply that some of these calculations are intractable for a
square pixel, and so for those calculations we employ a Gaussian pixel. It is important
to note that this Gaussian pixel is only being used to find the speckle-term variance,
not the primary intensity-transfer term. There are many sources of noise in our
structured-illumination imager and our algorithms have turn out to be robust to
slight changes in these auxiliary-noises levels
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A.4.1

Precise Noise Calculations

The speckle-noise terms that we need are the following,
κα (p, q) =
Γ0 (p, q) =
Γ1 =
Γ2 =
Γ3 =

Z
Z
1
2
2
dρ1
dρ2 e−|ρ1 −ρ2 | /αρL
2
αAp A2q
A2
Z
Z p2
Z
Z
ik0
1
1
0
0
0
dρ1
dρ2 2
dρ1
dρ02 e− L (ρ1 −ρ2 )·(ρ1 −ρ2 )
2
Ab A2b
Ap A2p
A2b
A2q
Z
Z
Z
Z
|ρ0 −ρ0 |2
ik
− 1 22
1
1
0
0 − L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )
ρ
L
dρ1
dρ2 2
dρ
dρ e
e
A2b A2b
Ap A2p 1 A2p 2
A2b
Z
Z
Z
Z
|ρ0 −ρ0 |2
ik
− 1 22
1
1
0
0 − L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )
e 2ρL
dρ1
dρ2 2
dρ1
dρ2 e
2
A2b A2b
A
2
2
A
A
p Ap
Z
Z b
Z
Z p
Z
1
1
0
0
dρ1
dρ2 3
dρ1
dρ2
dρ03
2
A2b A2b
A
2
2
2
Ab
Ap
Ap
p Ap
×e

−

ik0
(ρ1 −ρ2 )·(ρ01 −ρ02 )
L

e

−

|ρ03 −ρ02 |2 +|ρ03 −ρ01 |2
2ρ2
L

.

(A.38)
(A.39)
(A.40)
(A.41)

(A.42)

We define these calculations for a square pixel and a square detector, with side lengths
wp and Wb , but for Γ1 , Γ2 , and Γ3 we employ a Gaussian pixel to aid the analysis.

Calculating κα

The simplest of these terms is κα (p, q). We only end up needing the p = q case, which
becomes
1
κα =
αA2p
=

αρ4L
A2p

Z

Z
dρ1

Ap



dρ2 e−|ρ1 −ρ2 |

2 /αρ2
L

Ap
−wp2 /αρ2L

e


2
 rπ w
wp
p
√
erf
−1 +
,
α ρL
ρL α

where erf is the standard error function
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Calculating Γ0 (p, q)

To evaluate Γ0 (p, q), we first perform the ρ01 , ρ02 integrations,
1
A2p

Z

dρ01

Z

A2p

dρ02 e−

ik0
(ρ1 −ρ2 )·(ρ01 −ρ02 )
L

A2q


(ρy1 − ρy2 )wp
= sinc
sinc
λ0 L


k0 y
k0 x
y
y
x
x
x
y
(ρ − ρq )(ρ1 − ρ2 ) + (ρp − ρq )(ρ1 − ρ2 ) .
× cos
L p
L
2



(ρx1 − ρx2 )wp
λ0 L



2



(A.43)

where ρi = (ρxi , ρyi ), and we have anticipated the fact that Γ0 (p, q) is real-valued by
only including the real part of the double integral. Assuming that the detectors are
squares of width Wb , we calculate Γ0 (p, q) as
1
Γ0 (p, q) = 2
Ad

W
Zb /2

dρx1

−Wb /2

× sinc

2



(ρy1

W
Zb /2

dρx2

W
Zb /2

dρy1

W
Zb /2

dρy2

sinc

−Wb /2
−Wb /2
−Wb /2


y
k0 x
− ρ2 )wp
(ρp − ρxq )(ρx1
cos
λ0 L
L

2

−



(ρx1 − ρx2 )wp
λ0 L

ρx2 )




k0 y
y
y
y
+ (ρp − ρq )(ρ1 − ρ2 ) .
L

To evaluate this expression, we move to sum and difference coordinates, x− =
ρx1 − ρx2 and y− = ρy1 − ρy2 , and transform the problem into a single integration in each
Cartesian direction. We also split our cosine term with the angle-sum identity for
cosines, cos(a + b) = cos(a) cos(b) − sin(a) sin(b). The integrations over the resulting
sine terms will be the integration of an odd function over an even region, so they vanish. This allows us to decouple the integration over the different Cartesian directions
so that, defining δx = ρxp − ρxq and δy = ρyp − ρyq , we have
Γ0 (p, q) = K(δx)K(δy)
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where




ZWb
x− w p
k0
2
dx− (Wb − |x− |)sinc
cos
δx x −
λ0 L
L

1
K(δx) =
Ad

−Wb

2 h
= 2 2(1 − cos(B)) cos(Bδx) + 2(Ci[Bδx] + BδxSi[Bδx])
B
− (Ci[B(δx − 1)] + B(δx − 1)Si[B(δx − 1)])
δx2 i
.
− (Ci[B(δx + 1)] + B(δx + 1)Si[B(δx + 1)]) + log 2
δx + 1
Here, B = Wb wp k0 /L and Si(·) and Ci(·) are the sine and cosine integrals
Z

x

sin(t)
dt
t
0
Z ∞
cos(t)
Ci(x) = −
dt
.
t
x
Si(x) =

(A.44)
(A.45)

In the limit δx → 0, this solution simplifies to
K(0) =

i
4 h
(1
−
cos[B])
+
γ
−
(Ci[B]
+
BSi[B])
+
log
B
,
0
B2

where γ0 is the Euler gamma constant.
Unfortunately, the calculations of Γ1 , Γ2 , and Γ3 —all of which involve integrations
over the field correlation functions—are hard for the square-pixel, square-detector
geometry.

A.4.2

Approximate Noise Calculations

We have been unable to evaluate Γ1 , Γ2 , and Γ3 for a square pixel. Thus we will do
so using Gaussian pixels instead, for which pupil function is
−

Ap (ρ) = e

π|ρ|2
2
2wp

.

The width of the Gaussian distribution was chosen so that

(A.46)
R

dρ A2p (ρ) = wp2 = Ap

preserves the pixel’s intensity reflectivity. Our three remaining noise terms will eval217

uate to similar forms, and to simplify their final results we define a few additional
terms,
√
B0 = B/(2π) = Wb wp k0 /(L 2π)

(A.47)

υ1 = πρ2L /(2wp2 + πρ2L )

(A.48)

υ2 = πρ2L /(wp2 + πρ2L )

(A.49)

υ3 = 2πρ2L /(wp2 + 2πρ2L ).

(A.50)

Evaluating Γ1 , with the above definitions, we find
Z
Z
|ρ0 −ρ0 |2
π|ρ01 |2
π|ρ02 |2
ik
− L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )− 1 2 2
−
1
2 − w2
0
0
ρ
wp
p
L
e
dρ1 dρ2 2 dρ1 dρ2 e
Ap
Ab
Ab
√
√ !2
2
e−υ1 B0 − 1 + B0 πυ1 erf(B0 υ1 )
,
(A.51)
√
B20 υ1

1
Γ1 = 2
Ad
=

Z

Z

while Γ2 becomes
Z
Z
|ρ0 −ρ0 |2
π|ρ01 |2
π|ρ02 |2
ik
− L0 (ρ1 −ρ2 )·(ρ01 −ρ02 )− 1 2 2
−
1
2 − w2
0
0
2ρ
w
p
p
L
dρ1 dρ2 2 dρ1 dρ2 e
e
Ap
Ab
Ab
√
√ !2
2
e−υ2 B0 − 1 + B0 πυ2 erf(B0 υ2 )
,
(A.52)
√
B20 υ2

1
Γ2 = 2
Ad
=

Z

Z

and finally Γ3 is
1
Γ3 = 2
Ab

Z

Z
dρ1

A2b

1
dρ2 3
Ap
A2b

Z

dρ01

A2p

|ρ0 −ρ0 |2 +|ρ0 −ρ0 |2
− 3 2 2 3 1
2ρ
L

×e
=

√

Z

e

dρ02

A2p

Z

dρ03 e−

ik0
(ρ1 −ρ2 )·(ρ01 −ρ02 )
L

A2p

π|ρ01 |2
π|ρ02 |2
π|ρ03 |2
−
2 − w2 − w2
wp
p
p

√
√ !2
2
e−υ3 B0 − 1 + B0 πυ3 erf(B0 υ3 )
υ2
.
B20
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Appendix B
Useful Mathematics
In this appendix we lay out several mathematical properties that we use in the thesis. These include properties of exponential families, the Gaussian moment-factoring
theorem, and several inequalities. We also sketch a derivation of the E-M algorithm.

B.1

Exponential Families

An exponential family of u in terms of its natural statistic v can be written as
ef (u)+uv
pu|v (u|v) =
,
Z(v)

(B.1)

where Z(v) is the partition function
Z
Z(v) =

du ef (u)+uv .

(B.2)

Then, the first two derivatives of the log-partition function are
∂
log Z(v) = hu|vi
∂v
∂2
log Z(v) = var[u|v],
∂v 2
a standard property of exponential families [57].
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(B.3)
(B.4)

B.2

Gaussian Moment-Factoring Theorem

The Gaussian moment-factoring theorem allows even-order moments of a zero-mean
Gaussian random vector to be expressed in terms of second-order moments [25]. It
is of great use to us in Ch. 3, where we routinely encounter fourth, sixth, and even
eighth-order moments of zero-mean Gaussian random fields.
For a vector x = [x1 , x2 , . . . , x2n ] comprised of 2n zero-mean jointly Gaussian
random variables,
* 2n
Y
i=1

+
xi

=

n
XY

xa(i,1) xa(i,2)

(B.5)

a∈A i=1

where a is an n × 2 matrix of pair-wise permutations of the indices, and A is the set
of all unique pair-wise permutations. This is the sum of all unique combinations of
products of n second-order moments, and for 2n variables there will be (2n)!/(2n n!)
terms in the sum. As an example, for n = 2 (fourth-order moment) the first pair-wise
permutation is


1 2

a=
3 4

(B.6)

while the set of allowed permutation is

 
 

1 2
1 3
1 4
,
,
}
A = {
3 4
2 4
3 2

(B.7)

As an example, to achieve Eq. (3.11) we need to evaluate the fourth order moment
of the transmitter’s spatial pattern, which becomes
hξ(ρ1 , t)ξ ∗ (ρ2 , t)ξ(ρ3 , t)ξ ∗ (ρ4 , t)i = hξ(ρ1 , t)ξ ∗ (ρ2 , t)i hξ(ρ3 , t)ξ ∗ (ρ4 , t)i
+ hξ(ρ1 , t)ξ(ρ3 , t)i hξ ∗ (ρ2 , t)ξ ∗ (ρ4 , t)i
+ hξ(ρ1 , t)ξ ∗ (ρ4 , t)i hξ(ρ3 , t)ξ ∗ (ρ2 , t)i ,
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(B.8)

where these second-order moments are evaluated using Eqs. (2.2) and (2.3).

B.3

Jensen’s Inequality

Jensen’s inequality has many forms, but in general it is used to upper bound the
convex function of an integral with the integral of a convex function. For our purposes
we used its information-theoretic expression. That is, for a convex function f (·),
f (hxi) ≤ hf (x)i .

B.4

(B.9)

Cauchy-Schwarz Inequality

The Cauchy-Schwarz inequality also has many expressions. Its most basic is that the
square of inner product of two real-valued vectors x and y is less than or equal to the
product of their lengths, i.e.
(xT y)2 ≤ (xT x)(yT y).

(B.10)

This inequality can also be extended to probabilistic functions. Expectation is a
weighted sum, so we find that for two real-valued random variables x and y,
hxyi2 ≤ hx2 ihy2 i.

(B.11)

This result can be used to show that
hxi ≥

1
hx−1 i

,

by setting y = x−1 and applying the inequality to

(B.12)
√

xy . Equation (B.12) has a

natural extension to random matrices, for which
−1

hAi ≥ hA−1 i ,
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(B.13)

implying that hAi − hA−1 i

B.5

−1

is positive semi-definite.

Generalized Expectation-Maximization Algorithm

The Expectation-Maximization (E-M) algorithm is an iterative algorithm that provides an estimate of some unknown parameter θ, given some measurements y [58].
It alternates between making a new estimate of the parameter, θ (t) , and using the
new estimate to update an objective function, U (θ|θ (t) ), which we then maximize to
find the new estimate. When U (θ|θ (t) ) is chosen appropriately, the new estimate is
guaranteed to be no worse than the previous value, so that by iterating these two
steps we converge to a local maximum that under certain conditions will the global
maximum, which is ML estimate1 .
The E-M algorithm is derived as follows. First, we define the log-likelihood of the
joint distribution of the measurements y and the unknown parameter
Ly (θ) = log py,θ (y, θ).

(B.14)

We then find a lower bound on the log-likelihood in terms of a previous estimate θ (t) ,
U (θ|θ (t) ) ≤ Ly (θ).

(B.15)

This bound must be constructed so that it is tight at the previous estimate, i.e.
U (θ (t) |θ (t) ) = Ly (θ (t) ).

(B.16)

Then, we find the new estimate by maximizing the bound,
θ (t+1) = argmax U (θ|θ (t) )

(B.17)

θ

We are guaranteed that the likelihood of this new estimate is no worse than the
1

The E-M algorithm converges to the ML estimate when the log-likelihood is a concave function.
Otherwise it will converge to a saddle point of the distribution.
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likelihood of the old estimate, i.e. Ly (θ (t+1) ) ≥ Ly (θ (t) ), because of the following
chain of inequalities,
Ly (θ (t+1) ) ≥ U (θ (t+1) |θ (t) ) ≥ U (θ (t) |θ (t) ) = Ly (θ (t) ).

(B.18)

In theory, any lower bound on the log-likelihood that is tight at the previous estimate
can be used. We next present a derivation of the standard lower bound on the loglikelihood, and the resulting form of the E-M algorithm.

B.5.1

Derivation of Standard Lower Bound

To find an appropriate lower bound on Ly (θ), we first find a lower bound for its
difference with the log-likelihood of the previous estimate, Ly (θ (t) ), i.e., we seek
`(θ|θ (t) ) such that
`(θ|θ (t) ) ≤ L(θ) − L(θ (t) ).

(B.19)

We then define the lower bound on the log-likelihood as U (θ|θ (t) ) = `(θ|θ (t) )+L(θ (t) ),
since by construction we are guaranteed that U (θ|θ (t) ) ≤ L(θ).
The log-likelihood difference is lower-bounded by exposing a hidden variable x,
finding the posterior distribution of x in terms of θ (t) , and then using Jensen’s inequality to interchange the order of the logarithms and integration so that
L(θ) − L(θ (t) ) = log py,θ (y, θ) − log py,θ (y, θ (t) )
Z

(t) py,x,θ (y, x, θ)
= log
dx px|y,θ (x|y, θ )
− log py,θ (y, θ (t) )
(t)
px|y,θ (x|y, θ )
Z
py,x,θ (y, x, θ)
≥ dx px|y,θ (x|y, θ (t) ) log
− log py,θ (y, θ (t) )
px|y,θ (x|y, θ (t) )
Z


= dx px|y,θ (x|y, θ (t) ) log py,x,θ (y, x, θ) − log py,x,θ (y, x, θ (t) )
= `(θ|θ (t) )

(B.20)

We can immediately see that `(θ (t) |θ (t) ) = 0, so that our lower bound is tight at
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the previous estimate, i.e., U (θ (t) |θ (t) ) = L(θ (t) ). Because we now have a lower bound
that is tight at the previous estimate, we simply need to maximize it to find a new
estimate. This optimization can be simplified as follows
θ (t+1) = argmax U (θ|θ (t) )
θ
Z


= argmax dx px|y,θ (x|y, θ (t) ) log py,x,θ (y, x, θ) − log py,x,θ (y, x, θ (t) ) + L(θ (t) )
θ
Z
= argmax dx px|y,θ (x|y, θ (t) ) [log py,x,θ (y, x, θ)]
θ

= argmax log py,x,θ (y, x, θ) y; θ (t)
θ

x

.

(B.21)

This final form is where we get the name “Expectation Maximization.” We first
take the expectation of the log of the joint distribution in the expectation step, and
then maximize the resulting function to find the new estimate.
The E-M algorithm can be simplified further for certain situations. In GAMP
we often want the ML estimate of a scalar parameter θ of the prior distribution,
(the parameter itself is treated as a deterministic). The joint distribution then facQ
Q
tors according to py,x (y, x; θ) = i py,x (yi |x; θ) j px (x; θ), and the E-M algorithm
becomes
θ(t+1) = argmax log py,x (x; θ) y; θ(t)
θ

x

,

(B.22)

which is the update used in the EM-GAMP variant [49, 50].

B.6

Rank-One Updates

The inverse and determinant of a rank-one update have simple, closed-form solutions
in terms of the inverse and determinant of the original matrix. That is, for B =
A + uvT , the inverse is found with the Sherman-Morrison formula [43, 59] as
B−1 = (A + uvT )−1 = A−1 −
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A−1 uvT A−1
.
1 + vT A−1 u

(B.23)

The determinant can then be calculated from the matrix determinant lemma [43], as
det B = det(A + uvT ) = det(A) det(1 + vT A−1 u).
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(B.24)
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Appendix C
Additional Derivations for GAMP
In this appendix we work through some of the details needed by the GAMP algorithm.
Primarily these are a proof of our correction for non-centered matrices, as well as
specific calculations for the input and output estimation functions that we use.

C.1

Correctness of Non-Centered GAMP Variant

Here we will prove the claim made in Sec. 8.2.5 that the messages from our modified
GAMP algorithm are a good approximation for the true likelihood function. In
this proof we are ignoring any extra measurement noise (interference term vi and
measurement noise), since the issue is not estimating zi from yi , but rather estimating
xj from z. We start with the log-likelihood for z, given xj , as shown in Eq. (8.77). In
summation notation this becomes
XX
x2j X X
bkj (C−1 )ki A
bij + xj
bkj (C−1 )ki (zi − zbi )
A
A
z
z
2 i k
i
k
XX
bkj (C−1
b
+ xj x
bj
A
(C.1)
z )ki Aij + const,

log pz|x (z|xj ) = −

i

k
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where the constant term does not depend on xj . Pattern matching this to the Gaussian
exponent −(b
rj − xj )2 /2νjr , we immediately have that
rbj = x
bj + νjr

XX
i

bkj (C−1 )ki (zi − zbi )
A
z
#−1

"
νjr =

(C.2)

k

XX
i

b
bkj (C−1
A
z )ki Aij

.

(C.3)

k

Our goal is then to verify that rbj and νjr as calculated above are equivalent to what
is calculated by the GAMP messages. In each iteration, the combination of messages
at variable node j is approximated with same Gaussian form, only the estimate and
variance are calculated as
rbj = x
bj + νjr

N
+1
X

bij sbi
A

(C.4)

i=1

νjr =

"N +1
X

#−1
bij ν s
A
i

.

(C.5)

i=1

We now must show that Eqs. (C.3) and (C.5) are equivalent, and that Eqs. (C.2) and
(C.4) are the same. To do this we will first decompose the message forms of rbj and
νjr from Eqs. (C.4) and (C.5) as much as possible, then simplify the versions for the
log-likelihood until they are equivalent.

C.1.1

Simplify Message Components

bij , Eqs.(C.5) and (C.4) become
Decomposing A

νjr =

" N
X

#−1
e2 ν s + 2 ν s
A
ij i
j +

(C.6)

i=1

"
rbj = x
bj + νjr

N
X

#
eij sbi + j sb+ .
A

(C.7)

i=1

Under our assumption that we directly measure z, we have that sbi = (zi − zbi )/e
νiz
P e2 x
and νis = νe1z , where νeiz =
j Aij νj + (Dz )ii . This second component, (Dz )ii , is
i
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the additional noise from the matrix uncertainty, as shown in Eq. (8.56). At the new
P
bj − x
b+ and ν+z = Ω.
factor node, where z+ = 0, we have sb+ = −b
z+ /ν+z , for zb+ = j j x
This last identity can be inferred from Eq. (8.56). The variance at this node is then
ν+z = 1/ν+z = 1/Ω. Making these substitutions, our variance and estimate become
"

N
X

eij (zi − zbi ) − j zb+
rbj = x
bj + νjr
A
νeiz
Ω
i=1
#−1
" N
e2ij 2j
XA
+
νjr =
.
z
ν
e
Ω
i
i=1

C.1.2

#
(C.8)

(C.9)

Simplify Log-Likelihood Components

To simplify the log-likelihood forms of rbj an νjr from Eqs. (C.2) and (C.3), we need to
introduce several additional approximations. First, since the GAMP algorithm pree xA
e T with a diagonal matrix yields sufficiently accurate
sumed that approximating AC
messages for the algorithm to work, we apply this same assumption to the covariance
matrix in Eq. (8.56), which becomes the sum of a diagonal and rank-one matrix as
e z + C̄z
Cz = C

(C.10)

T
e z )ii = P A
e2 x
where (C
j ij νj + (Dz )ii and C̄z = µµ Ω. We note that the elements of the

e z )ii ≡ νez .
diagonal matrix are the variances calculated in GAMP, viz., (C
i
Next, we will need several simplifications based on the strong-law of large numbers
(SLLN). This law states that the sample mean of an iid random sequence converges
to its ensemble mean almost surely. That is, for the iid components {xn }, with mean
P
w.p.1
w.p.1
x̄, N1 N
−−→ x̄, where −−−→ means convergence almost surely (convergence
n=1 xn −
with probability 1) as N goes to infinity. From the SLLN we have that for two iid
vectors x and y, where the elements of x have mean x̄ and the elements of y have
P
PN
w.p.1
mean 0, that N
−−→ N x̄. As a result, we can make the following
n=1 xn +
y=1 yn −
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simplifications:
w.p.1

e −1 µT −−−→ µT C
e −1 µT
AT C
z
z

(C.11)

w.p.1
e −1 µT
e −1 µT −
bTC
−−→ µT C
A
z
z

(C.12)

b are the sum of the background term Ā = µT and
since both A and its estimate A
a zero-mean, iid matrix.

To compute Eqs. (C.3) and (C.2), we will need the inverse of the covariance matrix.
Because Cz is the sum of a diagonal and rank-one matrix it can be inverted using the
Sherman-Morrison formula in Eq. (B.23), giving us
"

C−1
z

#
e −1
e −1 µµT C
Ω
C
z
z
e −1 −
= C
.
z
T
−1
e
1 + Ωµ C µ

(C.13)

z

e −1 µ, and again using Eq. (C.12) we have that
Defining γ = ΩµT C
z
bT

A

w.p.1
C−1
−−→
z −




µT e −1
Cz .
A +
1+γ
eT

(C.14)

Now we can compute the variance from Eq. (C.3), obtaining

νjr =

"
XX
i

#−1
bkj (C−1 )ki A
bij
A
z

k

#−1

1
−1
e )ki A
bij
ekj + j µk
(C
−−−→
A
z
1
+
γ
i
k
"
#−1
e2
XA
X
b

µ
A
w.p.1
j
i ij
kj
−−−→
+
z
ν
e
1
+
γ
νeiz
j
i
i
"
#−1
e2
XA
2j X µ2i
w.p.1
kj
−−−→
+
,
νejz
1 + γ i νeiz
i
"

w.p.1

(C.15)

XX
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(C.16)

(C.17)

(C.18)

P µ2i

 1, so

e2
XA
kj

#−1

e −1 µ = Ω
Finally, we have that γ = ΩµT C
z
"
w.p.1
νjr −−−→

i

νeiz

2j
+
νejz
Ω

P µ2i
νeiz

/(1 + γ) ≈ 1/Ω, and

,

(C.19)

which is exactly what was calculated for νjr by the GAMP messages in Eq. (C.9).
Turning to the calculation of rbj from Eq. (C.2), we find
rbj = x
bj + νjr

XX
i

w.p.1

−−−→ x
bj +
w.p.1

νjr

−−−→ x
bj + νjr

k

X
"i
X
i

Recognizing that zi =

P

ij

bkj (C−1
A
bi )
z )ki (zi − z
eij (zi − zbi ) + µj j (zi − zbi )
A
νeiz
νeiz (1 + γ)



#
X
µi (zi − zbi )
eij (zi − zbi ) + j
.
A
z
νei
νeiz (1 + γ)
i

Aij xj and zbi =

P

ij

(C.20)

Aij x
bj , this becomes

eij (zi − zbi ) + ν r j
A
j
νeiz

X µi X
(x` − x
b` )
Ai`
z
νei `
(1 + γ)
i
i
X
X
X
µ2i
w.p.1
eij (zi − zbi ) + νjr j
(` x` − ` x
b` )
−−−→ x
bj + νjr
A
νeiz
νeiz (1 + γ) `
i
i
X
X
w.p.1
eij (zi − zbi ) + ν r j
−−−→ x
bj + νjr
A
(` x` − ` x
b` ).
(C.21)
j
νeiz
Ω `
i
w.p.1

rbj −−−→ x
bj + νjr

X

b−x
Finally, re-introducing our auxiliary variable x
b+ = T x, the estimate z+ = T x
b+ ,
gives us our final form
"
w.p.1

rbj −−−→ x
bj + νjr

X
i

#
(z
−
z
b
)
z
b
+
i
i
eij
− j
,
A
νeiz
Ω

(C.22)

which is exactly what we calculated for the estimate using the GAMP messages in
Eq. (C.8).
In this derivation we showed, under some mild assumptions and simplifications
based on the strong law of large numbers, that the log-likelihood of z given xj is
accurately approximated by the combination of messages at the variable node in our
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modified GAMP algorithm. We therefore expect our modification will allow GAMP
to work when the measurement matrix is non-centered.

C.2

Input Estimators

We used three GAMP input estimators in this thesis, each associated with a different
prior. The first was a Gaussian distribution, used for MMSE estimation of the spatialbasis pixels. Second was a Laplace distribution, which we used for MMSE estimation
of the wavelet-basis coefficients. For this prior we also derived an adaptation function
to learn its rate parameter. Finally, we used a gamma distribution for MAP estimation
of the speckle. For a derivation of GAMP, see Ch. 8. As a reminder, we will be
computing quantities based on the posterior distribution
px|r (xj |b
rj ; θ) =

pr|x (b
rj |xj )px (xj ; θ)
,
pr (b
rj )

(C.23)

where px (xj ; θ) is the prior distribution for xj , and pr|x (b
rj |xj ) is the Gaussian likelihood
exp
pr|x (b
rj |xj ) =



−(b
rj −xj )2
2νjr

p



2πνjr

(C.24)

formed by the returning messages from the factor nodes. We have dropped the
iteration index t that appears in the original definitions since these computations have
identical forms for each iteration. The estimation functions we will be calculating are
specified in Tab. 8.1. For MMSE estimation, they are
xj |b
rj , νjr ; θ

Z

dxj xj px|r (xj |b
rj ; θ)
Z
x
r
νj = var[xj |b
rj , νj ; θ] = dxj x2j px|r (xj |b
rj ; θ) − x
b2j .
x
bj =

=
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(C.25)
(C.26)

while for MAP estimation, the calculation in Tab. 8.1 reduce to


x
bj = argmax log px|r (xj |b
rj ; θ)

(C.27)

xj

νjx =

C.2.1

νjr
1 − νjr

∂ 2 log px (b
xj ;θ)
∂b
x2j

.

(C.28)

Gaussian Prior for MMSE Estimation

A Gaussian distribution has two parameters, its means and variance. Therefore,
setting θ = (x̄, σx2 ), the probability density function of the prior is
−

(xj −x̄)2
2
2σx

e
px (xj ; θ) = p
,
2πσx2

(C.29)

the posterior mean and variance are
σx2 rbj + νjr x̄
x
bj =
σx2 + νjr

(C.30)

νjr σx2
= 2
.
σx + νjr

(C.31)

νjx

Laplace distribution
The Laplace distribution is the double sided exponential distribution, that for inversescale parameter θ is
θ
px (xj ; θ) = e−θ|xj | .
2

(C.32)

The posterior mean and variance of under this prior distribution are
" 2
#
q
b
a2
be
efrc(b
)
−
ae
efrc(a
)
−
2
j
j
x
bj = 2νjr
2
2
b
a
e efrc(bj ) + e efrc(aj )
q r

2νj
2 b2
2 a2
(1
+
2b
)e
efrc(b
)
+
(1
+
2a
)e
efrc(a
)
−
θ2
j
j
π 
νjx = νjr 
.
2
2
b
a
e efrc(bj ) + e efrc(aj )
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(C.33)

(C.34)

where aj and bj are
θνjr − rbj
aj = p r
2νj

(C.35)

θνj2 + rbj
bj = p r ,
2νj

(C.36)

and erfc is the complementary error function.

Update of Prior Parameter
In Sec. 9.2 did not model the wavelet coefficients with an iid distribution, but rather
with an iid distribution at each level of the decomposition. This is because it is known
that the variance goes down about an order of magnitude at each level in the wavelet
decomposition. For J` being the set of coefficients j in level `, we define our prior in
terms of a parameter θ` as
θ` −θ` |xj |
e
,
2

px (xj ; θ` ) =

for j ∈ J`

(C.37)

For our adaptive step we use the E-M approach, shown in Eq. (9.4). The expectation
part of the update for θ` , operating on indices J` , is
log px (xJ` ; θ` )

rbj ; νjr , q`0 , qf

=

X
j∈J`

θ`
log − θ` |xj | rbj ; νjr , θ`
2


.

(C.38)

To find the maximum of this function we first take the derivative of Eq. (C.38) with
respect to θ` and set it equal to 0, yielding
X1
j∈J`

θ`


− $j = 0,

(C.39)

where
$j = |xj |

rbj ; νjr , θ`

Z
=

dxj px|r (xj rbj ; νjr , θ` )|xj |.
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(C.40)

The parameter update is then
"

1 X
$j
θ` =
|J` | j∈J

#−1
.

(C.41)

`

To verify that this is at a maximum and not a minimum, we check that the second
derivative of Eq. (C.38) is negative, which we see from
|J` |
∂2
log px (xJ` ; θ` ) rbj ; νjr , q`0 , qf = − 2 < 0,
2
∂θ`
θ`

(C.42)

since θ` > 0.

C.2.2

Gamma Prior for MAP Estimate

The gamma distribution is a function of a shape parameter k, and a scale parameter
θ, and has the probability density function


xk−1 e−xj /θ

 j k
, x > 0, k > 0, θ > 0
θ Γ(k)
px (xj ) =
,


0
otherwise

(C.43)

where Γ(k) is the gamma function. The estimate is computed as

(b
rj − xj )2
x
b = argmax log px (xj ) −
2νjr
x


xj
(b
rj − xj )2
= argmax (k − 1) log xj −
−
.
θ
2νjr
x


(C.44)
(C.45)

We find the local extrema by setting the derivative with respect to xj equal to 0, as


∂
xj
(b
rj − xj )2
k − 1 1 (xj − rbj )
(k − 1) log xj −
−
=
− −
=0
r
∂xj
θ
2νj
xj
θ
νjr

(C.46)

Rearranging, this is a quadratic equation in xj , so the solution is
x
bj =

−b +

√

b2 − 4ac
.
2a
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(C.47)

where a = θ, b = νjr − rbj θ, and c = (1 − k)νjr θ. To confirm this is a local maximum,
we check that that the second derivative is negative, viz.,


xj
(b
rj − xj )2
1−k
1
∂2
(k − 1) log xj −
−
=
− r.
2
r
2
∂xj
θ
2νj
xj
νj

(C.48)

Since νjr > 0, if k ≥ 1, the second derivative is negative. Since k = 1 corresponds to
the smallest possible detector (for which the intensity is an exponential distribution),
and k grows as the detector size increases, we are guaranteed that k ≥ 1, and we are
finding a maximum.
To compute νjx as in Eq. (C.28) we need to find
∂ 2 log px (b
xj ; θ)
1−k
=
,
2
∂b
xj
x
b2j

(C.49)

from which we can compute
νjx =

νjr
1 − νjr 1−k
x
b2

.

(C.50)

j

C.3

Output Estimators

We modeled photodetection shot-noise with a Poisson process. However, we are operating in the high-photon count region for which the Poisson distribution converges to
a Gaussian distribution. We developed estimators for both of these distributions, but
because the Poisson estimator was much more computationally expensive to compute
we used the Gaussian estimator, which for our simulation gave identical reconstructions. Since the measurements are used for both the MMSE estimation of the target,
as well as the MAP estimation of the speckle, we compute sbi and νis for both situations. However, the additive white-noise Gaussian measurement channel is the special
case for which sbi and νis are the same for both MMSE and MAP estimation
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As a reminder, we will be computing quantities based on the posterior distribution
py|z (yi |zi )pz (zi )
.
py (yi )

pz|y (zi |yi ) =

(C.51)

where py|z (yi |zi ) is the measurement distribution, and pz (zi ) is the distribution from
Eq. (8.7) that we reproduce here,
2

p

e−(zi −bpi ) /2νi
.
pz (zi ) = p
2πνip

(C.52)

As with the derivation of input estimators, we are dropping the iteration index t since
these computations happen for each iteration. The estimation functions we will be
calculating are specified in Tab. 8.1. For MMSE estimation, we need to compute
hzi |b
pi , νip , yi i − pbi
sbi =
νip


1
var[z|b
pi , νip , yi ]
s
νi = p 1 −
,
νi
νip

(C.53)
(C.54)

where
hzi |b
pi , νip , yi i

Z
=

var[zi |b
pi , νip , yi ] =

Z

dzi zi pz|y (zi |yi )

(C.55)

dzi zi2 pz|y (zi |yi ) − zbi2 .

(C.56)

For MAP estimation, the calculations in Tab. 8.1 become
sbi =
νis

=

zbi0 − pbi
νip
∂2
∂(b
zi0 )2

(C.57)
log py|z (yi |b
zi0 )

zi0 ) − 1
νip ∂(b∂z0 )2 log py|z (yi |b
2

,

(C.58)

i

where


zbi0 = argmax log pz|y (zi |yi ) .
zi
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(C.59)

C.3.1

Gaussian Measurement Channel

For a measurement channel comprised of zero-mean, additive Gaussian noise, the
measurement distribution is


−zi )2
exp − (yi2ν
y
i
p
,
py|z (yi |zi ) =
y
2πνi

(C.60)

where νiy is the variance of the additive noise.

MMSE estimation
For this distribution the required computations for MMSE estimation are
νiy pbi + νip yi
=
νiy + νip
νyνp
var[zi |b
pi , νip , yi ] = y i i p .
νi + νi
hzi |b
pi , νip , yi i

(C.61)
(C.62)

MAP Estimate
For a Gaussian distribution, sbi and νis are the same for MMSE and MAP estimation.
To see this we first take the maximization in Eq. (C.59), which becomes
zbi0 =

νiy pbi + νip yi
.
νiy + νip

(C.63)

The computation for sbi is the same for MMSE and MAP estimation (Eqs. (C.53) and
(C.57), respectively), but with zbi0 replacing hzi |b
pi , νip , yi i in the MAP version. Since
we find zbi0 = hzi |b
pi , νip , yi i, both methods yield the same computation of sbi .
To compare the computations of νis for the two methods, we take the second
derivative
∂2
1
log py|z (yi |b
zi0 ) = − y ,
0 2
∂(b
zi )
νi
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(C.64)

which is required to compute νis in Eq. (C.58) for MAP estimation, so that
νis

− ν1y
i

=
−

νip
νiy

=

−1

νiy

1
.
+ νip

(C.65)

For comparison, we compute νis for MMSE estimation using Eqs. (C.54) and (C.62)
as

νis =

1 
1−
νip

νiy νip
νiy +νip
νip


=

νiy

which is the same result seen for MAP estimation.
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1
,
+ νip

(C.66)
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Acronyms
BCRB Bayesian Cramér-Rao bound.
CLT Central Limit Theorem.
CRB Cramér-Rao bound.
E-M Expectation-Maximization.
GAMP generalized approximate message-passing.
iid independent, identically distributed.
LBP loopy belief propagation.
LMMSE linear minimum mean-squared error.
MAP maximum a posteriori probability.
MMSE minimum mean-squared error.
MSE mean-squared error.
SLLN strong-law of large numbers.
SLM spatial light modulator.
SNR signal-to-noise ratio.
SPDC spontaneous parametric downconversion.
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Glossary
Optical Propagation and Reflection
a0 intensity radius of field at transmitter. 25
aL intensity radius of field at range L. 25
c speed of light. 24
Em (ρ, t) complex field at the beginning of path m. 26
Em (ρ, t, L) complex field at range L on path m. 26
Ep (ρ, t) complex field impinging pixel p of LADAR CCD array. 53
ξ(ρ, n) normalized spatial mode of field at transmitter for pulse n. 24
ξb (ρ, n, k) returned field spatial mode for pulse n, range k (k often omitted). 33
ξp (ρ, n, k) field spatial mode at pixel p of LADAR CCD array for pulse n, range
k (k often omitted). 54
ξt (ρ, n, k) on-target field spatial mode for pulse n, range k (k often omitted). 33
hm (ρ, ρ0 , t) extended Huygens-Fresnel propagation kernel on path m. 26
k0 wavenumber at wavelength λ0 . 24
L distance from the transmitter to the target. 25
λ0 wavelength of light, equal to 2πc/ω0 . 24
N number of transmitted pulses/number of measurements. 24
Ns number of transmitted photons per pulse. 24
ρ0 coherence length of field at transmitter. 25
ρL coherence length of field at range L. 25
%T coherence length of the rough surface. 29
T (ρ) field reflection coefficient for the rough surface. 29
T (ρ) average intensity reflection coefficient for the rough surface. 29
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ϑ(ρ) contribution to the target’s field-reflection coefficient from the surface roughness. 29
τp pulse duration of transmitted field. 24
τs pulse repetition interval of the transmitter. 24
w0 beam waist of laser at transmitter. 52
wL beam waist of laser at range L. 55
ω0 center frequency of the propagating light wave. 24
Turbulence
χm (ρ, ρ0 , t) log-amplitude of the turbulence fluctuations on path m. 26, 47
2
(z) turbulence strength on path m at range z. 27
Cn,m
2
Cn,m
(z) normalized turbulence strength on path m at range z. 28

Dm (ρ, ρ0 ) turbulence structure function on path m between ρ and ρ0 . 27
φm (ρ, ρ0 , t) phase of the turbulence fluctuations on path m. 27
%m coherence length of the turbulence structure function on path m. 28
Ψ averaging function for time-varying turbulence fluctuations. 48
ψm (ρ, ρ0 , t) contribution of turbulence to the propagation kernel hm (ρ, ρ0 , t) on
path m. 26
τψ coherence time of the turbulence fluctuations. 33
ζm output-plane weighting coefficient for the square-law approximation to the
turbulence structure function on path m. 28
0
ζm
input-plane weighting coefficient for the square-law approximation to the tur-

bulence structure function on path m. 28
Photodetection
Ab area of the bucket detector. 44
A` area of the receiver lens for LADAR. 55
Ap area of pixel; used for both LADAR CCD pixels, and later for on-target pixels
in the discretized model. 56
Ab field-pupil function for the bucket detector. 32
A` field-pupil function for the lens used in LADAR. 53
250

Ap field-pupil function for a pixel; used for both LADAR CCD pixels, and later
for on-target pixels in the discretized model. 73
η photodetection quantum efficiency. 32
g(t) matched filter for transmitted waveform. 32
ib (n, k) sample (n, k) of the bucket detector photocurrent, (k often omitted). 34
ib (t) photocurrent produced by the bucket detector at time t. 32
ip (n, k) sample (n, k) of CCD pixel p’s photocurrent, (k often omitted). 54
∆ib (n, k) filtered bucket-detector shot noise for sample (n, k), (k often omitted).
34
∆ib (t) bucket-detector shot noise at time t. 32
∆ip (n, k) filtered pixel-p shot noise for sample (n, k), (k often omitted). 54
Nb (n, k) number of photons received by the bucket detector for pulse n and range
k, (k often omitted). 34
Np (n, k) number of photons received at pixel p of LADAR CCD array for pulse
n and range k, (k often omitted). 54
q electron charge. 32
rb radius of the bucket detector. 48
r` radius of the receiver lens for LADAR. 53
rp radius of a LADAR CCD pixel. 56
τp0 effective pulse width with matched-filter detection. 34
τp00 effective shot-noise pulse width for matched-filter detection. 34
Ghost Imaging and LADAR
α turbulence degradation factor for ghost imaging. 44
α0 turbulence degradation factor for LADAR. 55
AT measure of the target’s reflective area. 48
A0T another measure of the target’s reflective area. 48
β ratio of detector’s and transmitter’s pupil areas. 48
β 0 ratio of the CCD pixel’s area and the lens PSF’s area. 56
∆2 D noise term in the ghost imaging SNR analysis. 49
∆2 F noise term in the ghost imaging SNR analysis. 49
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∆2 R noise term in the ghost imaging SNR analysis. 49
∆2 S noise term in the ghost imaging SNR analysis. 49
GN (ρ) N -pulse ghost image at location ρ. 41
ĩb (n) empirically-centered bucket-detector measurement vector. 41
I(ρ, n) continuous-space reference pattern for pulse n. 41
∆I(ρ, n) statistically-centered continuous-space reference pattern. 42
LN (ρp ) N -pulse LADAR image at pixel p. 55
Discretized Framework
Cz|T covariance matrix for signal vector z given the target T . 84
 normalized intensity envelope of the reference irradiance pattern. 71
F Fresnel number product quantifying the strength of the photon transfer from
the target to the detector. 71
Γ0 (p, q) noise associated with the speckled fields from pixels p and q; equal to the
turbulence-free variance of Sp when p = q. 78
Γ1 (p, q) noise term associated with the interaction of the light field and rough
surface at pixels p and q. 78
Γ2 noise term associated with the interaction of the light field and rough surface
over a pixel. 183
Γ3 noise term associated with the interaction of the light field and rough surface
over a pixel. 183
I discretized reference intensity pattern. 71
Ī rank-one background component of reference pattern. 72
eI zero-mean (nearly) iid component of reference pattern. 73
1 identity matrix. 97
I(p, q, n) coefficient that weights contribution of the interference pattern from
pixels p and q to measurement n. 75
κα (p, p0 ) measure of discretization error. 76
µ vector of the total number of on-target photons for each pulse, scaled by the
Fresnel number product F. 72
Nn number of photons received by the bucket detector for pulse n (Nb (n)). 70
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Φnp (ρ) speckled field caused by the reflection of pulse n from pixel p. 74
Sp speckle coefficient. 179
Tp average intensity reflectivity for pixel p in the discretized framework. 73
tr trace of a matrix. 90
vn zero-mean, inter-pixel noise term that is added to zn to form the total number
of received photons, Nn . 80
zn signal term, a linear transformation of the discretized target pixels Tp . 80
Probability Theory and Estimation
A measurement matrix. 92
Ā mean elements of A. 113
Ak column k of matrix A. 93
e centered version of A. 113
A
C(x) Cramér-Rao bound for average mean-squared error, given by the normalized
trace of the inverse Fisher information. 91
Cb (x) Bayesian Cramér-Rao bound for average mean-squared error, given by the
normalized trace of the inverse Bayesian Fisher information. 103
Ce(x) error covariance matrix for a linear estimator of x. 76
Cx autocovariance matrix of x. 76
Cxy cross-covariance matrix of x and y. 75
C−1
y inverse of the autocovariance matrix of y. 75
Cz|x covariance matrix of z, given x. 92
|Cz|x | determinant of Cz|x . 92
DX diagonal matrix whose diagonal is vector X . 97
b(l) . 76
e(x) error in the linear estimator, x − x
Γ(·) standard gamma function. 105
Jy (x) Fisher information matrix in y about x. 90
Jz,x joint Fisher information matrix for z and x. 101
Ω scaling coefficient for C̄z . 113, 114
px (x) probability density function for x. 20
px (x; θ) probability density function for x for parameter θ. 20
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px|y (x|y) conditional probability density function for x given y. 20
py,x (y, x) joint probability density function for y and x. 20
strong law of large numbers sample average of iid random variables converges
w.p.1

to the sample mean with probability one, or almost surely, and denoted −→.
229
x a random variable; a sans-serif font is used to denote the random variable, while
the regular font, x, is used for a realization of that variable. 21
x̄ prior mean of the random variable x. 21
x
b estimate of the random variable x. 21
b(l) linear estimate of the vector x. 75
x
X vector comprised of the elements Γ0 x2m . 97
Message Passing and GAMP
bij estimate of measurement matrix elements. 146
A
νijA variance of measurement matrix elements. 146
∆tj←i (xj ) message from factor node i to variable node j. 125
∆tj→i (xj ) message from variable node j to factor node i. 125
Fi neighbors of factor node i. 124
fi (·) factor node i’s potential function. 124
(j)

fin (xj , θ) input factor-node potential function. 133
(i)

fout (yi , zi ) output factor-node potential function. 133
Gx (·) input estimation function. 141
Gy (·) output estimation function. 138
Hx (·) input adaptation function. 168
pbi (t) estimate in GAMP algorithm. 136
νip (t) uncertainty associated with pbi (t). 136
rbj (t) estimate in GAMP algorithm. 139
νjr (t) uncertainty associated with rbj (t). 139
sbi (t) estimate in GAMP algorithm. 138
νis (t) uncertainty associated with sbi (t). 138
Xj neighbors of variable node j. 124
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