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AN INDUCTOR-TYPE ALTERNATOR

by
Frank E. Steinberg

Submitted to the Department of Electrical Engineering on Sept.7, 1953
in partial fulfillment of the requirements for the degree of
Master of Science.

ABSTRACT

A steady-state analysis of a permanent-magnetic-excited
inductor alternator is presented.

The no-load flux linking the armature winding as a function
of rotor position is determined by graphical analysis. Once the
relationship between flux and rotor position (or equivalently
time) is obtained it may be expressed in form of a Fourier series.
The open=~circuit voltage wave is known with the no-load flux.

With the alternator loaded the ampere turns resulting from
armature reaction are shown to act on a flux path different from
the path of the no-load flux. Thils condition is accounted for by
introducing an incremental armature reaction permeance which is
found to have an average value and a double~frequency component.
0dd harmonic flux componants result from current acting on this
second order permeance. Possible demagnetization of the magnets
due to armature reaction under abnormal conditions is discussed
brisfly.

A vector diagram for the fundamental components is included.
Neglecting the double-frequency component of the armature reaction
permeance permits to represent the alternator by a simple equivalent
circult for rms quantities. The performance of the alternator is
then calculated from this equivalent circult and compared with
experimental results.

Thesis Supervisor: David C. White.
Title: Assistant Professor of Electrical Engineering.
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INTRODUCTION

At the beginning of this century the need for a high-
frequency power source in telecommunication led to studies of
high-speed rotary power supplies. It was immediately recog-
nized that the inductor-type alternator is well suited for this
purpose. In a machine of this type the rotor consists of a lam-
inated cylinder, slotted at the periphery and is devoid of wind-
ings. Consequently, the rotor is of simple and robust construc-
tion and may be subjected to high peripheral speeds. Also, since
each rotor tooth represents a pole, a large number of poles can
be accommodated. Emfs are induced in the armature winding due to
a rate of change of flux linkamges caused by the periodiec pulsations
of air-gap permeancees within a unidirectional field, set up gen-
erally by a d=-c excited winding on the stator. Since the frequency
of the induced emf is proportional to the product of rotor speed
and the number of rotor poles it follows that the inductor alter-
nator is capable of producing high (up to 50 keps) frequencies.

More recently industrial applications like induction
furnaces, surface hardening, dielectric heating, etc. created a
growing demand for high-frequency, heavy-current alternators.
Consequently, a variety of inductor-type mgchines was developed.
In all these applications the primary object is to obtain a suf-
ficiently high frequency, the physical size of the machine mainly

entering as a cost factor.
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During recent years a new application of high=-frequency
power supplies has resulted from the need of maximizing the power
output per unit volume. This situatlion exists where space is at
a premium. The inductor alternator to be investigated evolved
from requiremsnts resulting from this last application. It was
constructed by D. and R. Ltd., according to the following

specifications:
Output frequency: 6000 cps, single phase

Qutput voltage: between 100 and 200 volts
for loads from 60 to 100 watts

Overall diameter: 2 inches

Overall length: 1.6 inches

The manufacﬁurer supplied a set of drawings of an alternator type
similar to the one tested in this report. Calculations from design
data are based on these drawings.

Other outstanding features of this alternator are:
(1) excitation 1s provided by means of permenent magnets, (2)
the flux linking the armature winding is alternating (changing
between a positive and negative maximum value), and not merely
pulsating unidirectionally as is the case for most inductor

alternators.



I. DESCRIPTION OF THE ALTERNATOR

Construction

Figure 1 shows a cross-sectional view of the active parts of
the generator. The rotor has six equally spaced poles and 1is
made from a stack of transformer-iron laminations. Surrounding
the rotor, separated by a 0,0025" air gap, is the stator consisting
of two laminated soft-iron structures embracing two Alnico V bar
magnets. The protruding ends of the soft-iron structures form the
four stator poles. ZIach stator yoke carries a winding of 180 turns
of No 31 wire whose terminals are connected t0 binding posts mounted
on the outside of the alternator housing. The entire assembly is
cased in a cylindrical aluminum housing and all the air space with
the exception of the_cylindrical air gap is filled with a thermo-

setting plastic resin.

Prineciple of Operation

For the alternator described e.m. fs are induced in the arma-
ture windings due to a rate of change of flux linkages caused by
periodic changes of air-gep permeances. Accordingly, this machine
falls into the class of lnductor-type alternators. Excitation is
provided by means of the two permanent magnets, which have been
polarized so that the magnetlc axis of each is pointing in the up-
ward direétion. With the rotor in the position shown in Figure 2a,

the center line of a diametrically opposite pair of rotor poles



FIGURE 1

Courtesy of
D & R,LTD.
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4%xSIZE
AlR GAP 0.00235" pot te scale



-5-

exactly lines up with the center line of a pair of stator poles.

The other palr of stator poles faces the rotor slots. The dashed
lines indicate the path of the main flux. Figure 2b and 2¢ show

the path of the main flux for the rotor rotated in the clockwise

direction by 15 mechanical degrees and 30 mechanical degrees re-

spectively from the position shown in Figure 2a. These figures

show how the flux linking the armature coils varies with the rotor
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position., With the rotor in the position shown in Figure 2a ths

flux linking each armature coil is directed from right to left and
has its maximum value. With the rotor displaced 15 mechanical de-
grees in the clockwise direction (Fig.2b) the flux linking each
armature coil is zero. TFor the rotor position of Figure 2¢ the flux
has again its meximum value but the direction is now from lseft to
right. A further rotation of the rotor by 30 mechanical degreses in
the clockwise direction results in the same flux pattern as shown in
Figure 2a. Thus if the rotor is rotated through a tooth-slot com-
bination the flux in each stator yoke goes through one complete cycle.
Consequently the frequency of the e.m.f. induced in the armature wind?
ings is equal to the speed of the rotor in rps times the number of

rotor poles, or

fs%q...-.......-(l)

f

frequency in eps

P nutber of poles

n = rotor spesd in rpm.

It should be noted that for this inductor machine the flux linking
the armature coils is alternating rather than just pulsating. Also
for rotor speed and number of rotor poles gilven, ﬁhe output frequen-

cy of this machine is twice that of a conventional alternator.
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II. CALCULATION OF OPEN-CIRCUIT VOLTAGE

To demonstrate the method of attack to be followed in the
solution of the magnetic circuit problem of the alternator let

us first consider a simpler, but closely related problem.

PROBLEM
In Figure 3 the cylindrical plunger is subjected
to a forced displacement X = 0.05(1l.4 -~ coswt) cm

where x is the length of the air gap between the

HE

|
stationary cylinder and the moving plunger. ! }
Neglecting all leakage and fringing flux, U 4
determine the flux in elther yoke as a
funetion of time.
SOLUTTON FIGURE 3

When the approximate magnetic field configuration through-
out the greater portion of the region of interest is simple and
cah be determined by inspection the concepts, terminology, and
symbolism of circultry masy be applied. Under these conditions
it is helpful to make use of the analogy existing between the
quantities current, voltege, restistance or conductance of the
electric circuit and the quantities flux, mmf, reluctance or
permeence respectively of the magnetic circuit. Thus the ar-
rangement of Figure 3 can be represented by the equivalent

circuits shown in Figure 4.
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In Figuré Lb the permanent magnet 1s represented as the
driving source S and the soft-iron parts plus the air gap appear
as the total external reluctance Ry. The theoretical justifi-
cation for considering the permanent magnet as a driving source
stems from the fact that inside the magnet the direction of the
magnetizing force H is in the nezative direction of the flux
density B, whereas for the remaininz iron and air parts B and
H are both positive in the same direction. This situation then
permits satisfyingthe necessary condition that the line integral
of I around the closed path of a B-~line vanishes. Now consider
the source 3 and the external reluctance seperately as shown in

Ficure 5.

—>  —— O

3' b By t+

Fs Fr Ry

1 |

7o) o

FIGURE 5
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Each of the two circuit elements has a certain flux-mmf char-
acteristic. The solution of the problem is obtained from the

requirement that the two conditions

¢S = ¢p and Fq = Fp o oo v oo oo (22, D)
mist be simultaneously satisfied. Thus by plotting the ¢ - F
characteristics of both the external circuit and the permanent
magnet on one palr of axes the solution of the problem is ob-
tained as the intersection of these two characteristics. The

¢ - F curve of the external circuit for any fixed instant of

time is obtained by adding together the mmf-drops for'each part

of the external circuit at selected values of flux. Figure 6

shows these curves fort = 0, 45° and 3150, 90 and 2700, 135 and
2250, 1800, where flux is plotted vs. mmf-drop.

The d - F characteristlec of the permanent magnet is derived
from the demagnetization curve and incremental permeability for
Alnico V, the cross-sectional area and length of the magnet.

In Figure 6 the curve a b ¢ d is the normal demagneti-
zation curve of the permanent magnet where flux is plotted vs.
mmf-rise. If the magnet is magnetized to complete saturation
with the plunger in the position of minimum air gap, the operating
point upon removal of the external magnetizing force is represented
by point (b) (Fig.6). When the plunger is moved in a direction to
increase the air gap, the operating point moves along the demag-
netization curve from (b) to (¢) where point ¢ represents the con-

dition of maximum air gap. When the plunger is now returned to the
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minimum air gap position, the operating point travels along the
lower branch of the minor hysteresis loop (shown in dashed lines)
from (c) to (e). When the air gap is inecreased again the oper-
ating point moves along the upper branch of the minor hysteresis
loop from (e) to (¢). Further periodic displacement of the plunger
will csuse the operating point to traverse this minor hysteresis
loop. The maximum external reluctance into which the magnet must
operate determines the minor hysteresis loop which the operating
point willl traverse. To simplify calculation it is convenient to
approximate the minor hysteresis loop by a straight line connect-
ing the tips of the loops as shown in Figure 6. This stréight
line is somsetimes referred fo as recovery line. The slope

of the recovery line is proportional to the incremental perme-

49 . a8
abilit = areg of magnet = )« The magnitude of
Y ¥ (&F length of magnet (™’ (s =2H &

the inoremsntal permegbility varies somewhat with the point on the
demagnetization c&rve‘at which the recovery line originates. Numer-
ical values for the demagnetization curve and incremehtal perme-
ability can be obtained from manufacturer’'s datal. In Eigure 6

the recovery line is considered to represent the § ~ F charac-
teristic of the permanent magnet operating into a maximum external
reluctance corresponding to point C. The intersection of the re-
covery line with the characteristic of the external reluctance de~

termines the flux for the time instants selected. Figure 7 shows

1 .
See, for instance, The Indiana Steel Product Company,
Permanent Magnet Manual No 4.
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the solution of the problem where the Fflux values obtained from

Figure 6 are plotted vs. a linear time scale.

The Magnetie Circuit of the Alternator
In Figure & the alternator is drawn in a manner to em=-
phasize the elements which are used in the symbolic represen=-

tation of its magnetic circuit shown in Fizurs 9.

R¢ [=

P ® o] 8

. 1 O |

ST N G
b

FIGURE 8 FIGURE 9

351 and S, represent the permenent magnets, R 1 and R 2 the reluc=
tance of the leakage path, Ry the reluctance of the inevitable air
2ap between the permanent magnet and the soft-iron structure. The
4-terminal box stands for reluctances of the stator, rotor and air
zap viewed from the pairs of entry ab and c¢d. Leakage flux is
considered here to be that fraction of the total permanent-magcnet
flux which is not transferred to the soft iron. It is assumed that
leakage flux emanates from the "ends" of the magnet so that the flux
over the effective length of the magnet is constant.

Although two identical ma;nets are used, their ¢ - F operating
characteristic is not necessarily the same, an additional require-

ment being that they both work into equal external reluctances. Inspecticn
q p
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of Figure 8, viewing from both entry pairs, shows that this re-
quirement is satisfied for any rotor position. Consequently,
the magnets exhibit identical operating characteristics and
Rpy = Rpp. Having established this symmetry the subscripts 1
and 2 become superfluous and are subsequently omitted.

The desired solution is the flux linking the armature winding,
i.e. the fluxlthrough thé stator yoke. Since the stator yoke is part
of the circuit. represented by the L-terminal box, the yoke flux will
be known when the relationships for the box are established. Sub-
sequently each circuit element is considered by itself and its ¢ - P

characteristic determined.

The 4-Terminal Box

In Figure 10 are drawn the parts for which the box is to
represent the equivalent circuit.
It was shown in the previous ar-
ticle that the fluxes entering at

locations a and ¢ are equal and

consequently the fluxses leaving
at b and 4 are equal to each

other and to the fluxes enter-

ing. The flux ¢ entering at a
has two possible pathes, (1)

through the upper stator yoke,

(2) through the left leg towards FIGURE 10
the rotor. Let the flux slong the latter path be .. Similarly,

the flux entering at ¢ has a path through the upper stator yoke
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and along the right leg towards the rotor. Let the flux through
the right leg be ¢¢. From the symmetry of the arrangement 1t
follows that the flux in the lower right stator leg away from the
rotor is equal to ¢, , while the flux through the lower left stator
leg away from the rotor equals ¢ . If the flux through either
stator yoke is denoted by g oc ID the direction indicated in

Figure 10, there follows

éd"-‘%ﬁ: 2¢oo¢'ooooo(3)
¢a 'b¢'¢=¢'¢p°'°'(h)

oc

Figure 2a shows the rotor in a position where the center line
of a rotor pole lines up with the center line of the upper left
stator pole. Let this position be® = O where & is the electrical
angle between the center lines measured positive for a clockwise
rotation of the rotor. 360 electrical degrees correspond to a
rotation through a tooth-slot combination or a sixth of a mechani-
cal revolution.

To determine the ¢ - F characteristic of the box the
folloﬁing assumptions are made:

(1) The stator iron is not saturated snd consequently
the mmf-drop in this part can be neglected compared
to the mmf-drop across the air gap.

(2) The rotor core is not saturated and can, as a first
approximation, be congidered as a body of constant
magnetic potential.

(3) For the purpose of calculating the alr-gap permeances
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the 1ron boundaries facing the gap may be
considered as equal potential surface.
The arrancement of Figure 10 (rotor position @ = 0) can then be re-

presented by the equivalent circuits shown in Figure 11

Qa ¢Q QC

ilip———

b Faoe d
(Q) (b)
FIGURE {1

viliere

is the reluctance of the alir space between the
upper left stator pole and the rotor (also of the
diametrically cpposite alr space).

R¢ 1s the reluctance of the rotor tooth.

Rp 1s the reluctance of the air space betwsen the upper
rizht stator pole and the rotor (alsc of the diametri-
cally opposite air space), and

The fact that the reluctances of diametrically opposite parts are
gqual follows from the sywmnetry.

The next step in the solution is the deter:inaﬁion of the
air-path reluctances. The calculation of the permeance of flux

patnes through air between surfaces of high-permesbility material
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has been treated by many writers for several decades. <(onsequently
a large number of methods evolved. At the beginning of the century
#eils Carter determined by conformal mapping the air-path permeance

for an iron core with rectangular slots of width s separated from a

continuous iron surface by an air gapg(see TFig.l2). 2!“u,/',(1,ﬂ,r,,( .
|
ATT)

The depth of the slots was assumed sufficiently % //\\\7
large so that the bottom face had no effect on the p
field. He found that the permeance per cm of length S/

for the gap and the slot over the width s is given by F‘GUQE 12

P - _g. s & On{14(5)] ~%§.t,;'(},) cgs units « o o+ (5)
and depends only on tie ratio s/g.

‘the solution of & two-dirmensionsl field nreblenm by the theory
of a complex variable is restricted to simple zeometrical boundaries.
twhen the geometrical configuration is not simple an approxinmation to
the solution may be obtained by "field mapping" or "relaxation
procedures". With experience and effort these methods will furnish
a closely approximating solution in most cases. Another, less time-
consuming method is to calculate the permeances of probable flux
paths.2 Previous experience from simpler cases and the characteristic
of a magnetic field to arrance itself for maximum permeance are the
pgulding principles in determining simple, thoush probable flux paths.

Based on the last method, ?oh13 developed a procedure to determine the

For a detailed discussion see H.C. Roters "Hlectromagnetic pevices®

Cha». V, John Wiley & Sons, Inc., liew York.

Robert rohl, "Theory of Pulsating-¥ield liachines,” JIEE (London),
vol. 93, part II, p. 37, 1946,
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air-path permeance, which he calls "Substitute-Angle Method".
This method applies well to inductor alternators and will be used
here.

In this method the path of the lines of force are assumed radial
through the gap and along circle sections in the slot. For the actual
slot sides fictious-ones are substituted, which are generated by ro-
tating the sides through an angle & with the periphery as axis. To
demonstrate the effectiveness and ease of the method consider the
problem solved by Carter. In Figure 12 the assumed paths and the:
fictitious slot sides are shown in dashed lines. The gap and slot

permeance per cm of length is then

S/
P - zoj_éf_;_; 2 %h(,*ﬂfﬁ) €gs Uit o o o o 4 o o o (6)

For the large values of s/g which obtein in inductor machines Pohl
recommends to operate with an angle & = 0.47 radian (thenp =z 90° -« =
1.1 radians). Using this angle Pohl made a comparison between the
values of permeance obtained by using Carter's formula and his own
with the result that the discrepancy over the practical range of
5% 8/g = 100 was within one per cent. It is noted that had no sub-
stitute angle been used, the permeance values would be to small., This
follows from the fact that the field naturally arrenges itself for
maximum permeance, and hence the substitution of artificial lines of
force throughout the air space must in genseral lead to an underestimate
of permeance.

Deta{led calculations of the air-path permeances for different
rotor positions using the Substitute-~Angle Method are presented in

Appendix I. All calculations are made per cm of active length in
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the axlal direction of the machine.

Figure 13 shows the solution for the open-circuilt flux ¢aoc
linking the armature winding for the rotor position@8= 0. Referring
to this figure and Figure 11, line 1 and line 2 represent the air-
path reluctance corresponding to Ry and Ry", respectively, the ab-

scissa being the % - scale.

Curve 3 gives the relationship between flux per unlt active
length and mmf-drop for ths tooth (shown as Ry in Fig.1l1l), the ab-
scissa is also to be read along the upper scale. This curve is ob-
tained from the magnetization curve for the the grade of steel used
in the rotor (see Appendix I). The series reluctances R' and Ry are
then combined to form Rg (line 4) by adding together the mmf-drops.
Next, line 1l (Rs) and line 4 (R,) are combined by adding together
fluxes. One half of the resultant flux values are plotted vs. the
abscissa, gi#ing curve 5. Line 5 then is the relationship between
Q« + 'Qp - ¢ (eq.3) and.g if read on the upper abscissa scale or F
1f read on the lower scale. In other words, line 5 represents the
¢ - F characteristic of the 4-terminal box viewed from either entry
pair. Lines 4 and 5 are separated in the vertical direction by (Q‘- ¢),
while the distance between lines 5 and 1 equals (¢ - @,). From the con-
struction follows (¢, - ¢) = (¢ - ¢4). Thus equation (4) is satisfied
and ¢aoc can be read of the graph.

Referring to Figure 9 Rp is considered next. It was found by

L

Ewing that the equivalent air gap of "comparatively rough" joints 1is

L

H.C. Roters, loc. cit. p. 86
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less than 0.002". TFor this air gap and the contact area of the
magnets the mmf-drop across Ry 1s negligible compared to the drops
in the remainder of the circuit.

Next, consider the leakage flux from the permanent magnets, re-
presented by the inclusion of Ry in Figure 9. The exact determination
of leakage flux is a difficult problem. Sometimes a practical solution
may be obtained from test. However, since thesalternator can not be
removed from its housing, an experimental solution is not available.

In order to obtain an estimate of the order of magnitude of the leakage

permeance, data given by Scott5

for the open-circuit permeance of bar
magnets are used. (Calculations are shown in Appendii I.) In Figure 13
the‘leaknge permeance is represented by line 6, where the lower abscis-
sa scale is to be used. Adding to curve 5 the leakage flux, gives
line 7 which represents the total external reluctance seen by the mag-
net. Curve 8 is the demagnetization curve of the magnet having been
completsly saturated.initially. The intersection of curves 7 and 8 at
a establishes the operating point of the magnet. Since the magnet sSees
maximum external reluctance for the rotor in position & = 0, the re-
covery line originates at poinﬁ a as shown by line 9. Subtracting the
leakage flux from line 9 yields line 10. The desired solution is Oagy,
as indicated on the graph. |

Having obtained a solution under the assumptions listed on page 14

one should check their validity. A total flux 2¢ must be transmitted

through the rotor core in the direction of decreasing magnetlic potential.

5K.L. Scott, Magnet Steels and Permanent Magnets,
Trans. AIEE, vol 51, pp 410-417, 1932.
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For the value of ¢ obtained from wigure 13 parts of the rotor core
saturate, and consequently the mmf required to drive the flux through
the rotor, cannot be neglected, Figure 14 shows the approximate flux
density distribution in the rotor.
Core saturation is reached in the
sections marked a - a. The flux
through each of these sections 1is
f. Denoting the reluctance of a
section by Re, the core drop is
properly accounted for if in the
equivalent circuit of Figure 1lb

the short circuit connecting the

two networks is replaced by Rg/pe

Figure 13 is modified by adding FIGURE /4

the mmf-drop for the core to line 5.

This construction is shown in Figure 15. For other rotor positions
the same procedure (subject te minor changes) is used. TFigure 16

shows ﬁa for 6 = OO, ABO, and 900. ¢aoc for 90 £6 €180 is obtained

oc
from the relationship ¢aoc(90 + 9)

“fa (90 - ) 0£6 490 which follows
from the fact that the roles of ¢‘ and Qﬁ are simply interchanged over
this angle range. Careful inspection of Figure 1 will reveal that the
other half wave will not be absolutely symmetrical to the first one.
However, the difference is so small that it can be neglected. 1In
Figure 17 ¢aoc is plotted vs. 6., If desired the wave can be ex-

pressed in a Fourier series where the coefficient would be determined
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by one of the many schemes which have been devised for obtaining
the fourier expansion for a periodic function given in graphical
form (e.z. Runge's method). With the assumption that the nega-
tive half wave is the mirror image of the positive half wave, the
Fourier series contains only odd harmonics

¢aoc = éi,(¢a00)ncos(2n—l)9 Maxwells/cm (7)

‘Ihe open-circuit voltage is given by

-8 wf
v = N d¢ao 10 = mde d¢aoc 10 Volts/cm 8
o 'oﬁ:“g' at go—— '’ / (€)

where N is the number of turns.

With the alternator operéting at a mechanical speed n rpm,

d0 = 2yn_ = 24f (see eq.l with p = 6). Consequently, the rms-
3:lue O%othe no-load voltage is proportional to speed (or equiv-

alently frequency), no matter what the wave form may be.
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‘IIT. THE ALTERNATOR ON LOAD

With the alternator loaded both the permanent magnets and the
windings produce magnetizing forces. The effect of the load current
to change the no-load flux distribution is commonly referred to as
armature reaction.

In most of the better-known high~frequency alternatorsé, oper-
ating on the variable-reluctance principle, the d~-c ampere turns
produced by the field winding and the a-c ampere turns produced by
the armature winding act on the same flux path. As Pohl7 showed,
it is then possible to determine the flux under load by multiply-
ing the permeance of the flux path and the sum of the d.c. and a.c,
ampere turns. This method cannot readily be applied to the alter-
nator to be considered here since the magnetomotive force produced
by the permanent magnet and the ampere turns resulting from arma-
ture reaction do not act on the same path. It i1s therefore proposed
to consider that the open-circuit condition sets the operating point
and to treat armsture reaction as an incremental effect with respect
to this point.

Conslider now the upper stator structure in Figure 1. On open
circuit the entire soft-iron structure was assumed to be at a con-

stant magnetic potential. However, with éurrent flowing in the

6 Several types of inductor alternators are described in a paper by

J. H., Walker, High~Frequency Alternators, JIEE (London),
vol. 93 part II pp 67.

7 Loc. cit.
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winding there is a potential difference between thie parts to the right
and tc the left of the winding, corresponding tc the nuwber of zil-
berts produced by it. This potential difference causes ilux to

cross from one part to the other along the following paths: (1)
through the upper and lower air space (also penetrating the winding)
in an approximately horizontal direction, (2) through the top sec=-
tion of the rotor. Dencting the reluctance of path (1) by Ry, the
magnetic circuit of the loaded alternetor can be i1 epresented as

shown in Figure 18,

[T— 71 F——_7TsT
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FIGURE 18

where R“ ’ Rp s 31 are defined on vage 15,

3 represents the permanent magnet and is shown here
as an ideal flux source ¢ in parallel dlth the
reluctance R,. The numerical values of $: and R
can be obtained from the straight line 9 (Fig. lB?
which can be represented by the squation
$ = 7600 - L.6 F. Thus ¢ = 7600 Maxwell/cm,

R, = 1 Gilbert /cm.
L.6 Maxwell

R, 1s defined on page 21 and

Fg = O.4hwli(t)/p.u. axial length represents the
mmf~source resulting from the armature current.
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To consider armature reaction effects, the circuit is viewed
from source Fy and the incremental fluxes due to this source are
determined. For the incremental analysis the ideal flux sources ¢i
are "open circults" and reluctances are determined by ﬁ% at the
operatiné point of their ¢ - F charscteristics. Incremental reluc-
tance will be designated by affixing a prime to the respective symbol.
A rathér lengthy calculation shows that the incremental fluxes through
Rg and RZ are small compared to the total incremental flux. Thus as
viewed from Fg, Rl and Rg may be considered as "open circuits® with-
out introducing appreciable error. On the other hand, the incremen-
tal flux through Rg is a measure of the magnetizing or demagnetizing
force applied to the permanent magnet. Under normal operating con-
ditions this force is sufficiently small as not to appreciably alter
or displace periodically the recovery line determined for the alter-
nator under open circuit. 'this is particularly true if the rotor
core is saturated., However, it may happen that Fg attains abnor-
mally high values (possiblj due to an inadvertently high speed of
the prime mover under capacitive load), in which case the incremen-
tal mmf applied to the magnet may causé a permanent partial demag-
netization. In case one winding is accidentally opeﬁ*while the alter-
nator is running under load, a large demagnetizing force will result
and cause demagnetization.

Returning now to the conditions of normal operation when

Rg!' and R,' may be considered as open circuits in respect to Fg,

one realizes that Re' has no effect on the circuit viewed from Fg.
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The incremental circult for Fy can then be represented as shown

in #igure 19.

FIGURE 19

Determingtion of Armature Reaction Flux

Refer to Fipure 19. in order to calculate the armature reaction
Tlux $,, for an assumed value of winding current, ie', Rp' and Ry
must be known. Let us first consider Ry since its determination re-
quires less effort than the evaluation of R,' or RP'. The symbol Rg
represents the reluctance offered to flux linking all or any number
of winding turns having a path which is closed through air (not via
the rotor). This flux is called leakage flux. Assuwming that the
mmf-drop in the iron is negligible against the mmf-drop in air along
the leakage path, Rg is independent of the armature current. If, in
addition it is assumed that the leakage flux crosses the alr space in
straight horizontal lines, and that the current distribution in the
armature conductors is uniform, the calculation of Ry becomes straight
forward. Conmputations for Ra are found in Appendix II. The value of

the leakage permeance p.u. axial length Py = 1L =,9Maxwell /cm
Ra Gilbert

The determination of the reluctances ug' and Ra' 1s complicated by

the fact that their flux path includes saturated iron and consequently
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R°; and RP* do not only depend on rotor position but also on the
instantaneous current in the winding.

In the preceding discussion +the rotor position was denoted by
the angle © in electrical degrees. When current is consldered it is
convenient to introdﬁce a time scale and to express €@ as a function
of time. With the alternator operating at a constant mechanigal speed

n rpm this angle may be expressed as

Og%‘-]’tfs:wt*a (9)
where t 1s time in seconds

P x 6 = number of rotor poles

w = 2¥n is the electrical angular speed or frequency
in radians per seconds, and

é is the electrical angle in radians or degrees
corresponding to the rotor position at t = 0.

To simplify matter, let gs consider only the fundamental com-

ponent of the winding current and let

Pogsitive current is defined &s current which produces armature-reaction
flux in the stator yoke from right to left, i.e. in the direction of
positive (no-load)flux (see Fig.1l0). The significance of the angle &
is now apparent. At the instant t = O the center line of a rotor

pole has moved d electrical degress beyond the center line of the
stator reference pole, while the current is at its maximum value.

Consequently, § is the angle by which the current maximum lags the

*) This situation can be approximately obtained by inserting a filter
network in the load circuit.
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permeance meximum under the reference pole. § is positive for
Operation as a generator. The value of Ry' and Ry ' for a given

rotor position © depends on the instantaneous current correspond-

ing to 8. To calculate this current value, ;max and 8§ must be
known. It will be shown later that Imax andd are fixed if the

alternator speed and the load impedaﬁce are given. However, in
order to caloulate I, andd , Ry’ and Re' must be known. Under
these circumstances the only practical way of calculating Ry' and
RF' is to estimate values for Imax and & corresponding to the spe-
cified load condition. Having obtained Ry4' and Re', I .. and &
are calculated and compared with the estimated values. If neces-
sary, this procedure may be repeated.

Let us now consider the evaluation of Ry' and Rp' for an

assumed value of Ipgay = B amps and d = 1350. Then i(t)=B cos (9-1350)
and Fg = 0.4¥Ni(t) = 0.47NBcos(€-135°) = Fraxcos(6-135°) (11)

where N 1s the number of turns. In Figure 16 the (static) flux-mmf
characteristic of R, and Rs (g - scale) are plotted for 6 = 0,450, 900.
By using the relatﬂionship &(5—180).-: Ro(©) and Ry (6)= R (360-0), R,
and Rg can be obtained in 45° intervals over the entire range from

e = 0 to 3600. The no-load operating points are also indicated in
Figure 16. These curves are redréwn in Figure 20 merely for the
purpose of demonstrating the method to be used in calculating Ry!

and Rg' (numerical values will be obtained from Figure 16). For

8 = 0, Fg = =0.707 Fpays This mmf causes a negative armature re-

action flux (¥,,), which aids the no-load flux ¢, of the right-hand
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stator pole and ‘opposes the no-load stator flux ¢“ of the left-hand
stator pole. The total ampere turns Fg are divided between the two
series reluctances in such a way that equal flux increments (95r)r

result. The incremental reluctances are then given by

Ry' = g?arlr and Rg' = %%gglr. This construction for © = 0 is )
shown in Figure 20, where all components are labelled. For € = 45 ,
Fg = 0. The values of Rq' and Re' are then determined as the slope
at the operating point of the respective characteristic. For
6 = 90°, Fg = 0.707 Fygy - The armture reaction flux is now
aiding the no-load flux Q‘ and opposing %A. For © = 135°, Py
reaches its maximum value. The incremental fluxes for each of
these values of © are shown in Figure 20. Over‘the range 180¢6 ¢ 360
the events océurring for 0¢0<180 are precisely repeated with the
roles of Rq' and Ra' interchanged.

It is noted that the graphical construction of #igure 20 pro-
vides the solution for (éhr)r under the specified condition
(Ipgx = B, &= 135°). There would be very little purpose in de-
termining incremental reluctances if the alternator would always
operate under this condition. This is obviously not the case and
the reason for introducing incremental reluctances is to permit an
analytical solution for varying operating conditions.

The incremental reluctances Ry' and Rs' can be determined from

Figure 20 as a function of ©. Defining then

Par = 1 - 1
Far  Fat KpT (12)
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the armature reaction flux is given by

($op)r ® Figxc0s(8-8)Par(6) = Fyoycos(wt)P, (wt4d) (13)

If equation (13) is used to determine (Y4,.), for an operating
condition different from the one for which Pgy has been calculated,
an error is introduced. This error results from replacing the
curved ¢ - F characteristics by straight lines passing through the
no-load operating point. In order to obtain a measure of this error,
Py, has been calculated for three largely different values ofd ,
which 1s equivalent to considering a wide range of operating con-
ditions.

In Figure 21 are plotted the functions P,,.(6) for parameter
values of d = i35°, 900, h5°. These curves are obtained from
Figure 16 by the method previously described. Referring to Fig.21
we note that each of the three Pgn(®) functions is made up of an

average term on which is superimposed a double-frequency component.

Thus we may write

Par(O) = Pagye * E?icos(nze + Qn) (14)

It will be shown later that for purely resistive and inductive
(R-L) loads 9042180 and for capacitive (R-C) loads 0«d <180,
Consequently, the two top curves in Figure 21 may be considered

to be representative of Py, for a large variety of operating modes.

Since these two curves do not differ very considerably, the error
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inecurred by using a fixed Pop(®) in equation 13 for a range of
alternator operating conditions seems tolerable.

In order to facilitate an analytical solution, let equation 1j
be approximsted by

Par(g) = Pave - PIOOS( 29) (15)

Approximating the Par(O)-functions of Figurse 21 by equation 15
is expected to give reasonable results for rms-currents and rms-
voltages. However, if the wave forms of these quantities are to
be considered, curves like those in Figure 21 should be plotted,
and their Fourier representation (eq.lh) be used.

We are now in a position to determine the resultant flux
linking the armature winding for the loaded alternator. The Te-

sultant flux is equal to the sum of the no-load flux @a.. and the

oc
armature reaction flux ,zr' Figure 17 shows the no-load flux as
a funetion of ©. Restricting ourselves to the fundamental com=-

ponent, the squation for this flux may be written as

¢abc = ¢maxoccos9 (16)

where ¢ is determined by Figure 17. Referring to Figure 19

maX,,
the armature reaction flux is obtained by multiplying the mmf re-
sulting from the armature current by the sum of the constant leak-

age permeance Py and the armature reaction permeance Par: hence

for = Far)y + (%p) = 0.47N i(t) { Pa + Bapl (17)

Considering only the fundamental component of the current i(t) as

in equation 10 and substituting for Pg, the value from equation 15



gives

Pop = O.4WN Imaxcosaat{ Py + Pgye - Py cos 29} (18)
using equation 9 and adding ¢a,, to ¥4, results in

¢res = ¢maXOGGOS(ut . J)+~0.AtN'ImaX cosat{ Pg + Pgyg=Fp00s 2(wt+$)}
(19)
with the trigonometric identity cosd4 cosp = % [cos(a=p) »
cos(«4p)] and letting

Pg + Paye = Pp (20)
¢res - ¢maxoc°°S(“t +8) + 0.4xN Ingx Po cosot
=0 4mN Ipay % cos(wt + 24) -0 4NWT % cos(3wt + 26)  (21)

Equation 21 shows the very significant-féct that even if open-
circuit flux, armeture current, and armature reactance permeance
are assumed sinusocidal, thevrésultant flux will contain a third
harmonie. This means, no matter how much pain is taken to shaps
the rotor polés for sinusoidal open-circuit voltage, harmonics
will be generated under load unless other means are used to elim~
inate them.

For the discussion which follows, only the fundamental com=
ponent of the resultant flux is considered. Then equation 21 can
be represented in form of a vector diagram, as shown in Figure 22,
with the current taken as reference vector. éas induces the emf E

which lags the resultant flux by 900. To obtain the terminal voltageW
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*)
the IReff~drop must be subtracted from g*), where Rerp 18 the

effective a-c resistance of the winding.

FIGURE 22

Determination of Current for Givem Load and Speed

With a load impedance Z connected to the alternator terninals

***)
=V + TReff = 17 + IReff = T(Reff + 32+ JX) (22)
with 2 = R ¢+ jX and X = { Wf for inductive load
" for capacitive load (23)
*) What 1s commonly known as leakage reactance has already been

taken cars of.

**) Into the effective resistance are reflected the increase of

copper loss in the winding, resulting from non-uniform current
distribution and the lncremental iron loss, caused by armature

current.

*¥%¥)  Flectrical quantities without a subscript refer to
rms-values.



From the vector diagram

-~y

¢res - ¢maxocZé-* 0'4"NImaxPo = OoLwNI o %%_ég[ (24.)
using Faraday's Law
: - - -8
E = -j/:’_v P g ” 10 (25)
&

and combining equations 22, 24 and 25 yields
Nw ,10-8¢maxo [J'-90 = I{ Rgpp O.LuerP. ,lO-qs,; sin(23)+ R (26)
vz c 2 |

+ 5(0.4eN%P5 1078 ~0.4 N?P, 1075 cos2d .+,x)}
pA

letting
O.herPoxlo_S = Lgs O.thzP, 10"8 = Ll (27 a,b,c)
2
-8
2 N 10 ¢max = K
vz (]¢]
where the
Ls have the dimensions of inductance
and K has the dimension of Volt/cps,

then equation 26 becomss

T = Kf fd-90 = I {Reﬁ. + oLisin 24 + R + j(wLg-wlicos2d+ X)] (28)

If in equation 28 the real part of the right-hand side is equated
to the real part of the left-hand side, and the same procedure is

followed for the maginary parts, two independent equations in the

unknowns I andd are obtained. Solving theses equations, one finds



tan5 - - Reff + R (29)
Ww(Ly + I;) + X

I = Kf sind ' (30)
Ropp * R ¢ wly sin2&

Equations 29 and 30 permit then to find the current I when the load
(R and X) and the speed n (or equivalently wor f) are specified.
We note from equation 29 that 90¢9<180 for inductive loads, since
then X> 0 and tand< 0. For capacitive loads for which X<«0 :
90¢Jd <180, 049¢90, §= O if the denominator of equation 29 is
positive, negative, zero, respectively.

Although equations 29 and 30 permit to solve for the current,
it may be more helpful to use an equivalent circuit representation.
For this purpose equation28 is best adapted and is used to obtain

the circuit shown in’Figure 23,

Reéf R,p)-
’vv\f__._‘\/\/\'

1

+
E=kt |

FIGURE 23
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Wh
o positive for 0<d§ < 90
Rgq (§) = wL, sin2§ and is {negative for 90+<§<«180
Leg (6) = @I, cos2d
1 - “}Ll cos29d
eq

switch Si is closed (S, open) when L,5¢§<135
switch S, is closed (S; open) when O0<d<}5, 135:d<180

Numerical values for ths circuit parameters are obtained from
figures 17 and 21 in conjunction with equations 20 and 27, and
the value of leakage permeance given on page 28. With the number

of turns N = 180 and an effective axial length 1 = 2.2 cm

K=2rN107% = 2r 180 10781550 2.2

4 = 0.0274 V/eps )

2 Y2
L,= o.axnzpo 1078 2 0.4m(180) %62, 2 1078 2 - 6.8 mh y 31
L= 0.4eN°P, 1070 - 0.47(180) %272.2 10°° & - L2 |
1 3 2

The usefulness of this equivalent circuit is impaired by the fact
that the circuit elements having the subscript "eq" are dependent
on the load, i.e. are non-linear. It is noted that only L; gives
rise to these non-linear elements. The value of Iy is always less
than Lo, and is usually small compared to Lg. If it is assumed
that Ei; effect of Ly on the fundamental component of the result-
ant flux is negligible, (i.e. the quantity O.4wIpysy %yyin the
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vector diagram of Figure 22 is discarded) the simple equivalent

cirecuit shown in Fig.24 is obtained. The element values of this

FIGURE 24

equivalent circuit can be determined from design data of the

alternator as was done previously or may be obtained from simple
tests. The value of X 1s found from an open-circuilt test as the

ratio of the no-load voltage to the frequency, or

K = Voo (32)
T r

A short-circult test will determine the value of Lo‘ The output
terminals are short-circuited through a thermosmmeter, and the alter-
nater 1s driven at a sufficiently high speed, so that wLo» Reff. This
condition can be observed experimentally by the fact that a constant
current will result above a certain frequency. Denoting this value

of current by I_ ,
s Lo = K (33)

In case ISc is of such magnitude as to be destructive, the procedure

is altered by connecting a known inductance L, across the output,
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just sufficient to limit the current to a safe value I, ,', then

Ly = K -1, (32a)
2wlg,! |

The effective resistance Reﬁ. is discussed in the following
chapter where the performance characteristics of the alternator
are calculated from the equlvalent circuit of Figure 24 and com-

pared with experimental results.
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IV. TEST RESULTS AND THEIR COMPARISON WITH THE THEORY

Before the experimehtal results are presented & few prelim-
inary remarks seem necessary. After receiving the alternator, the
rotor was removed in order that parts of the machine could be in-
spected. The removal of the rotor and the fact that the polarities
of the magnets are in opposition cause each magnet to operate on a
portion of its demagnetization curve corresponding to small values
of flux desity. Consequently, when the machine is reassembled the
permanent magnets will not reassume their inital state and should
be recharched. At the time, the author did not have a suitable
electromagnet at his disposal. Therefore the machine was given
to a local company having a "large" electromagnet with instructions
to magnetize the permenent magnets. When the alternator was re-
turned the test results presented in this chapter were obtained.
Later the author built an electromagnet capable of supplying suf-
Ticient ampere turns to yield saturation flux density in the per-
manent magnet. Havling charged the permanent magnets with this elec-
tromagnet, the alternator was given an open-circuit test. While
teking data of no-load voltage vs. frequency, a number of turns of
one winding became permanently short circuited due to an unknown
cause. The data already obtained showed that the no-load voltage
was much higher (XK=0.029 V/cps) than for the case where the magnets
had been polarized by the above-mentioned company, indicating that
they did not fully charge the magnets.

In the previous chapters all curves and numerical calcula-

tions were derived under the assumption that the magnets have been
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origninally charged to their saturation value, as would normally
be the case. Since the test results that follow were‘not Ob=-
tained for this condition, the equivalent circuit values given
on page 40 do not apply. In order to compare experimental and
calculated results the equivalent-circuit elements must be eval-
uated for the state of the permanent magnets under which the
tests were taeken. ‘his is accomplished by determining the wvalue
of the equivalent-circuit elements from experimental data. For
all tests the alternator was driven by its own turbine, operated
on filtered air (the alternator and turbine were supplied as a
unit), and the two stator windings were connected in parallel.
Voltage and current were measured with thermo-couple instruments,
and frequency with an electPec frequency meter. In the follow-
ing the results from experimental tests are presented and dis-
cussed, data and sample calculations are shown in Appendix III,
where also the equivalent circult used for calculations is de-
rived, In all calculastions involving the equivalent circuit,
the effective armature resistance was taken equal to the d-c re-
sistance of the winding. It is known that this results in a
value which is too small. The increase in a-c¢ resistance, re-
sulting from nomn-uniform current distribution in the winding can

*)

be estimated by using a formula ‘developed for coils embedded in

slots. According to this formula the per-cent increase of

*) See e.g. Rudolf Richter, Kurzes Lehrbuch der elektrischen
Maschinen, ©p 94, Springer-Verlag 1949
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resistance varies approximately with the square of the frequency.
A rough calculation shows that for the small wire size of the
alternator winding the increase in resistance from this cause
will not excced 10 per cent for frequencies up to 8 keps. On the
other hand the increase in effective resistance due to incremen-
tal core loss, which appears to be of much larger order of mag-
nitude (200 to 4LOO per cent at & keps), is much more difficult

to account for. It is suggested that the effective resistance

be determined experimentally. A possible procedure will be men-

tioned when test results with a capacitive load are considered.

Open-Circuit Characteristic

Figure 25 shows the no-load voltage to be a linear function
of frequency. This was to be expected from the considerations

on page 24, if the change of apparent permeability due to core

loss is neglected.
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The slope of this straight line gives the value of K.
K = 0.0178 Volt/cps.

The top and bottom curves of Figure 26 represent the no-
load flux and open-circuit voltags, respectively,’as they ap-
peared on the oscilloscope. The flux pattern was obtained by

using an integrating circuit.

Resistive Load

In Figure 27 the curves in full lines show the output power
and terminal voltage as a function of load current for a purely
resistive load at a fixed frequency. Two sets of curves are
shown, one for a frequency of 2000 cps, the other for 3000 cps.
Calculated results are shown in dashed lines. It is observed
‘that maximum power for both the 2000 cps and 3000 cps curve occur
at approximately the same current. This result can also be ob-
tained by considering the equivalent circuit. For a fixed fre-
quency the internal impedance of the alternator is constant.

Maximum power transfer to the load then results when the load



i

T T T T T T T T TTTT T T T

el L PrGRERT

Saas REE) 2aRd| | TERMINAL VOLTAGE N LpL FH [Li e
- AT 3p00¢Ps. ! :‘j\ | i | - . | 5

%_3,__._.______I.- 2! __\_____ :_._._’./4 Lt ' _ \ ,Jg,|7

B e RS i e TR e ezt
il L i mem HRgiRaitc s gyt by 1 SR Seass sessgategisgicaredg et \ A e
Boo ot EiNEsRaee
m% Q. il | \ \ |

| g ] |
B S \\ b
e g T
| Eiai i S e : \ a b B

s . | - [ power |
. ® AfaOWCF‘/ i

it sl ity i adist e e R R R %\[ I
- ' MBS Wiiath )

(_POWER AT 2000 cps

——— EXPERIMENTAL ! |
— — — CALCULATED

| , ‘, L] | i
0.0 [ X} 0.2 0.3 0.4 05
CURRENT AMPs




18-

resistance matches the magnitude of the internal impedance, or

2 2
R = /Reff + (ULO)

-

and T = Kf
Y (Resp + R

For oLo» Rgpp, Rvwl, and

2 . (‘\)Lo)g

the current at which maximum power occurs

I. X = K _ 1 I

Y2 @ Lg 7Z 2. C 7 S°

and 1s 1lndependent of frequency.

FPigure 28 ghows current wave forms for a resistive load of
€0 ohms at 3 different frequencies. The top curve corresponds to
f = 5000 cpsand I = .53 amp, the one below it to f = 2000 cps and
I = 34 amp and the one on the bottom was taken for f = 500 cps
and I » 101 amp. The effect of armature reacticn on the wave

form as current increases, is clearly recognized.

FIGURE 28



Capacitive (R-C) Load

Figures 29, 30, 31, 32 show the current, voltage across the
capacitor, terminal voltage, and power, respectively, as a function
of frequency for a series R-C load. Three curves are shown in each
figure, corresponding to resistance values of 30, 50, and 100 ohms,
The same capacitance was used througout this test, and its value
was selécted to produce a reactance equal in magnitude to the re-
actance resulting from the equivalent-~circuit inductance at
2000 cps. In Figure 29 calculated values are shown along with
the experimental results. Comparing the experimental with the
calculated values, one finds that the discrepancy is largest for
frequencies in the vicinity of 2000 c¢ps. Also the discrepancy in-
creases with decreasing load resistance. At frequencies ciose to
2000 cps. the current calculated from the equivalent circuit de-
pends almost entirely on (Rgrp * R), since the resultant reactance
is approximately zero. Consequently, the value of Rgrp €Xerts an
appreciable influence on the equivalent circuit behavior over this
frequency range. If for Rger & larger value than Ry, had been
used (which would be the proper procedure), the discrepancy be-
tween experimental and calculated results would be smaller.

Under the assumption that the equivalent circuit of Figure 24
is a proper representation of the alternator, the remarks made in
the preceding paragraph suggest a possible experimental procedure
to determine Rgpr as a function of frequency: The alternator is

driven at a speed corresponding to a frequency q, operating into
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a R - C load. The value of C is adjusted to resonate with the
machine inductance at fq, end R is made as small as 1is possible
without drewing excessive current. The effective resistance at

f1 is then given by Rgep = Kf; - Ry (the value of Ry should
Il

be carefully measured). This procedure is repeated for other
frequencies.* Referring again to Figure 29 one finds thét the
current may or may not have a relative maximum, depending on the
value of R. In Appendix III, eq. 2 gives the frequency at which
maximum current occurs, if there is one, otherwise the formula in-
dicates that there is no maximum, From this formula the frequency
at which maximum current occurs for the three cases 1s f = 2090
for R = 30, f = 2840 for R = 50, and no maximum for R = 100, This
agrees well with the experiméntal results.

The capacitor voltage (Fig.30) is a maximum for the resonant
frequency. The value of this maximum voltage can be determined
from equation 1 in the Appendix III. Thus, for R = 30, chax = 56,

R = 50, Ve = 36, and R = 100, Vep 4 = 18.6., These values com-

max
pare favorably with the test points.

Figure 33 shows again characteristics for a capacitive load
where the value of capacitance was selected for resonance at
5000 c¢ps. Note the sharp increase of all variables és the re-

sonant frequency is approached.

*) No data were obtained according to this procedure since the
machine became defective before it was realized that this
methods may possibly be used to determine Rgppe
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It was stated on page 36 that the fundamental component of
the current acting on the doubie-frequency term of the armature
reaction permeance, gives rise to a fundamental and a third har-
monic component of flux., This third harmonic flux induces a
third harmonic emf. The magnitude of the third harmonic current
caused by this emf depends on the impedance offered to currents
of this frequency. Figure 34a is a reproduction of the current
wave form as it appeared on the oscilloscope when the alternator
was driven at 6200 rpm (corresponding to a fundamental frequency
of 620 cps), operating into a capaqitive load with R = 5 ohms
and C = l.47 ¢rfd. This value of capacitance resonates with the
internal inductance of the alternator ét 2000 cps. It then fol-

lows that for third harmonic quantities the capacitive reactance

nearly neutralizes the internal inductive reactance. Consequently,

a large third harmoniec current component is set up. Figure 34b
will prove helpful in interpreting the wave form of Figure 34a

as the result of mainly a fundamental and a third harmonic.
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V. CONCLUSIONS

The small discrepancy between calculated and experimental
results in the preceding chapter indicates that the equivalent
circuit of Pilgure 24 closely simulates the behavior of the alter-
nator over a wide operating range. The equivalent circuit constants,
K and Ly, were determined frém test data since the state of the per-
manent magnets was not known., In equation 31 these constants were
determined for one winding purely from design date assuming that
the magnets had been charged fo their saturation value. Comparing
the two sets of values (where L, in equation 31 must be used since
the two windings are in parallgEB one finds that K determined from
equation 31 is larger than the test value and Ly from equation 31
is smaller. Under the assumption that the vaizgs determined from
design data are correct, the discrepancy is explained by the fact
. that the two sets of values correspond to different states of the
permanent magnets. The following question then naturally arises:
For rotor and stator given, what excitation should be supplied to
obtain maximum output? For maximum output X should obviously be
as large as possible and it is desirable to makevLo smalls L, will
be small if the iron in the path of the armature reaction flux is
saturated. The requirement on Lo, however, 1s not very stringent
since the effect of L, can be neutralized by a series-connected
compacltor, if operetion is confined to a narrow frequency band.
The availability of suitable capacitor in small physical sizes is
an outstanding advantage in the application of high-frequency
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alternators. For the alternator under investigation a suitable mica or
ceramic capacitor would not exceed the size of a 10-cent coin. |

We can now concentrate the discussion on K¢ To simplify
matters, assume that the rotor core is not saturated, thenFigure 13
applies. (This assumpbtion is not unreasonable since it will usually
be possible to make the rotor core deep enough to accommodate the
tooth flux). In Eigure 13 the operating point lies in a strongly
saturated region. The useful maximum alternating flux is given by
the dlistance between lines 4 and 5 and 5 and 1 and is a direct meas-
ure of K. Observe that the ratio of permanent magnet flux ¢s to use-
ful flux ¢a°c is large (appr..4). Suppose now that due to a decrease
in excitation (diminiéhing the permanent magnet dimension), the
operating point moves toward the left along line 5., This will cause
X to increase untll the operating point has moved to the ordinate
for which the tangent to line 4 is parallel to line l. Hers X
reaches a maximum value. It is believed that operation at or near
this point will yield maximum output. ©Note that the ratio of per-
manent magnet flux to useful flux has been appreciably reduced. There
remains to solve the design problem which is twofold (1) to find a
magnet which will place the operéting point in the region for which
K isemaximum, (2) to minimize the volume of this magnet. The
solution of this problem is found in the paper by Hornfleck and

Edgar.*)

*) Loc. cit.
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APPENDIX I

Evaluation of E!' and gr for rotor position 6 = 0

Figure 1 defines the sections into which the air space must
be divided in order to calculate the permeance according to the
Subgtitute-Angle Method. Dimensions are obtained from the draw-
ings included at the end of this appendix. These drawings were
supplied by D & R, Ltd. The substitute angle « is taken as 0.47
radian = 27 degrees, and calculations are performed for a machine
of 1 cm axial length. If Figure 1 is considered to be rectified
in the sense of the descriptive geometry the following relations
apply:

P oll - 3
1 755%3_ 4L5.2 cgs units

;0025 ¥ BT
0

A

90 = - 15° = 480 = o838 radian

2P, = 2 ln(l + .838 01 )= 3.5 cgs units
. 0025
.066
2P3 = 2 f dr
J +0025 +A (r'+ L01)+fx
AE = 90 =4 - 30 = 330 = .576 radian

+ 06l

2P3 - 2 j/ ar
.0025 =+ ,61*.01 + (B+A)T

¢

- 2 In (1 + l.414 066 ) = ‘ 3.2 cgs units
L] . -
011 3: = 52 ¢cgs units
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Figure 2 pertains to B and is shown in developed form.

P
Ay
O75S
838 5oiF
/P, = 2 ar = 2 1n 1L s = L.9 cgs units
1 «0025 'ﬂ r .3;3 I+ '83:’::16'
<151 -, 133 l
A
009
2p, = 2 (_ ar =_2_ lnfe AP = 1.6 ces units
00025"/21' +/51(.009-1‘) ﬂl ‘ﬂl
0
095 095
P3 = / dr = 1 in AU g 3.3 cgs units
009 ‘ ’
PL» - dr - 1 in / * 7 5T <3+ 7 cgs units
.6'25 "Fz r 03;6 /] + .57 'z’
.009 ools
P,g = 13.5 cgs units
If similar calculations are performed for © = 45° and
6 = 90°, one obtains |
0
1] - 24 -
Pq fM.B Pﬁ-Zl} for © = 45
P = B = 3k for & = 90°
Open~Circult Leakage Permsance
The equivalent diameter of the magnet
d = 2‘/Area(total) = 2]/2.2 0.812 = 1.5 cm,
T e
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the length (total) of the magnet

1l = .87%2.,54 = 2.2 cm

Then the diemensionless ratio

l/d m Ro2 = l.47

‘ *
for this ratio of 1/d (from curve) )

magnet length Pl = L3
mnagnet area

then Pe - 10-03 l. 9 = 3.5

2.2

E p.u. axial length = 22.2 = l.6 cgs units

* .
) A.J. Hornfleck and R.F. Edgar, The Output and Optimum Design of
Permsnent Magnets Subjected to Demagnetizing rorces, wrans.AIEE,

vol. 59, pp 1017 - 1024, 1940.
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APPENDIX II

Calgulation of Armature Reaction Leakage Permeance P
L

I
From the accompanying figure
*) *)
Pa - l 0156 + 2._ ol 6 L 4 006 <+ 007
0250 3 . 0256 .E;

0208 + 0161{— * 0214» + ollkB = 0755
add ,145 for flux paths not cbnsidered

P, = .9 cgs units

*) The factor of 1/3 for the winding areas results from
integrating the flux linkages.
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APPENDIX III

Data for Figure 25, no-load voltage vs. frequency

f Voo £ Voo
630 11.2 2800 50 from which
14,60 26 34,00 60.5
2000 36 1,000 70.5 K = 0.0178 Volt/cps
5000 89

The short-circuit current according to the test described on p.4l

was found to bse

ISc = 0.655 amp., then from 6gq.33

Lo = K = 0,0178  « L4.32 mh
T ige 27 0.655
Data and calculations for Figure 27 (Resistive Load)
F:ZOOOCP‘
r—measured —— ——calculated —
R I Vp  PaVpl I Vo P
0 35,6 0
251 135 34 Le6 137 3hely Le72
201 .163 33.2 5.41
151 214 323 6.92 218 33 719
101 «295 29.8 8.80 «303 30.7 9.3
81 34 27.9 9.50
71 372 26,7 9.95
61 «4,05 25.0 10.1 ‘
L1 485 20.3 9.85
36 51 18.7 9.53
31 «535 16.9 9.05
26 e 56 15.0 8.36 « 581 15.2 8.75
16 «60 10.1 5,82 621 10.1 6.25
0 655 o 0
Sample Caleculation
R = 251 with £ = 2000 cps. {z)= 260
Z = 251 + Rgpp * J 542 %gO
Reff = 2.6 V = IR = Oo137‘251 - 31001-&

P VI - 340“'00137 Ll 11-072



b) f = 3000 cps.

,—— measured ——\ —— calculated ™ )\
R I Vo P=VpI I VT P
402 .128 51.8 6.6L «129 52.0 6.66

304 .165 50.5 8.33

202 «235 47.6 1l.2 o241 L8.7 11.7

152 +295 L5 13.4

132 $326 L3.5 14.2

102 <384 395 15.2 «398 L0.6 16.15
77 L7 35.0 15.65 . 4,68 36 16.95
68 oh75 324 15.4 49k 33.6 16.5
52 .52 273 1h.2
L2 «55 234 12.9 575 Rl 2 13.9
27 .60 16,8 9.7

Data and caleculations for Figures 29, 30, 31, 32 (R-C Load)

a) C = l.47mfd R = 31 ohums

Sample Calculation

£ = 1000 ops, wLy = 21000~ 4.324107 = 27.12, 1 = 10° =108.2
W0 ZX1000 ] L7
2 2
A - (31 + 206) b (108.2 - 2701) = 88
E = Xf = 0,0178¢1000 = 17.8 ; I = E = 17.8 = 0.202

5 "

Data on next page.



C

= l.47 fd R = 31 ohms
. measured 5 R calculated ~

£ Ip Vo Vo Pl R elg °G twLo-wcl Ip %, 2 Kt I
710 <104 14 14,3 - 19.3 152.5 133.2 15.85 17.8
1000 .210 21.8 23 -- 27.1 108.2 81,1 22.8 88 ‘ .202
1200 .318 28.2 30 3.13  32.7 90.4 57.7 28.8 - - -
1400 48 36.5 39.1 - 38 17k 394 37.1 - - -
1500 57 LO«5 43.6  9.75 40.7 7242 31.5 4l.2 L6 26.8  .582
1600 «665  Lhe2  LB.5 - L3e4 6747 2h.3  L4.7 - - _—
1700 765 47.8 52,7 18.1 L6,1 63.7 17.6  L48.6 - - -
1800 08[‘- 50 55.5 et 14-808 6003 1105 50.7 - - ——
1.900 092 51.05 58 2602 5105 57 505 5201+ - bl —-——
2000 .968  51.5 58.7 28.5 oke?2 54¢2 0 S2.4 33.6 35.6 1.06
5000 Tk 16 27.5 16.5 135.5 21.6 113.9 16 119 89 J74L8
4500 .76 18.2 29.5 - 122 2L .1 98 18.2 103.8 80.2 .774
LO0O <785 21.3 31l.5 19,1 108.2 27.1 8l.1 21.3 88 71.2 .81
3500 081 25 3)+¢5 - 9LH7 31 6307 25.1 7201 6202{- 0865
3000 .88 31.5 41 23 8l.3 36.1 k5.2  31.7 5643 53.4 .948
2500 - - - hatand 67.8 14-303 21+05 - hl.9 l{»l-l—.5 1006

-99~



C P-4 1047 (,Gfd R = 51014- ohms

——— megsured —\ —— calculated ~

| 1
£  Ip v, Vo P=IT2R oo 6 |eLg-C | Ig X, z Kf I
765 ololk ]-3 09 1503 o - 2007 14105 11908 lllro? - m— -
1010 .184 19.4 21.6 -- 27.4 107 79.6 19.7 96.4 18 .187
1200 0268 23.6 27k == 3205 90014' 5709 2L.2 - - -
1,16 .372 28.2 33.5 7.05 38.4 7645 38.1 28.4 -— == -
1600 458 31 38.5 == L3.4  67.6 24,2 31 R — _—
1800 .56 33 L33 - 48.8 60.4 11.6  33.8 55.1 32 «581
2000 ,62 33.1 L5.5 19.6  54.2 5L.2 0 33.6 54 35.6 .66
2350 o67 32 ’4—601 —— 6307 h6.0 1706 3009 - hadad -
5000 .692 1lhL.6 37.6 23.8 137 21.7 115.3 15 128 89 «695
L500 .691 16.6 38.6 -- 122 24.1 97.9 16.6 112 80.1 <715
3700 .7 20.7 41 2L.5 100 29.3 70.7 20.7 89 65.9 o79
3000 L705 25.7 L 24.6 8l.3 36.1 L5.2 25.5 T0.5 534 757



C = 1.47pfd R = 102 ohms

——measured —— P ; calculated -~

£ I, v, Vp P=Iz?R el ¢ |r-%¢) 1z, 2 Kt I
658 064 10.2 12.4 - 17.8 164.5 146.7 10.5 — - _——
815 0948 12.1 15.8 - 22.1 133 110.9 12,6 - -
1000 135 14 19.6 1.86 27.1 lo8.2 8l.1 1L4.6 133 17.8 «134
1200 . 0178 1505 214' = 3207 90011' 5707 1601 - - -
l[.plo 0225 1606 2801}- bl 3802 7609 3807 1703 hahad - -
1620  .266 17.1 32 -~  13.9 67 23.1 17.8 - - —
1820  .303  17.4  35.3 --  L49.3 59.6 10.3 18 - - -
2000 .33 7.4  37.7 1lel 542 542 0 17.9  10L.L 35.6 .34
2125  W349  17.38 39 --  57.6 51 6.6 17.8 _— - -
2350 0375 1702 }+108 - 6306 14—602 1701} 1703 - - ———
2550 « 4O 16.9 4L3.8 16.3 69 L2.5 26.5 17 108 L5.4 L2
3025 451 15.8 L8.3 20.8 82 35.8 L .2 16.1 113.6 53.8 472
3350 o471 15.2 50.1 - 90.8 324 58.4, 15.2 - - -
3550 ol{;87 114;06 5105 - 96.2 3005 6507 ll{;os ko - -
5000 552 11.7 575 31 135.5 21.6 113.9 11.9 155 89 574
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From the equivalent circuit, the voltage across the capacitor

V., =

c 1

T

Xt
Y Rags + BIZ o (L, - 12

K

2 2
270-/(Reff + R)" + (WL, - E%)

and is obviously a maximum at the resonant frequency

f, = 1
27y L,C

then vc/max = X (1)
2"(Rypp + R)C.

Similarly the current

I = KL = K
2 2 2 2
J(Reff +R) '+ (wL,- “% ) [Reffé R} - [ZFLO - 1 l
£ 2xf .

To find the frequency for which the current is a maximum , one

2
& | (Begr * R 1L, - _1
df[( = ) *( ° T

2
- -2 EReff 4+ R) o 2201, - _1 1 . 0
3 2ric) o T

forms

2rf'c c
after some rearranging the frequency at which the current is a

maximum is obtained as

£y

pax " = = with £y = __1 (2)
\/1 - (Rerr o+ R) 2 TYLC

2 (To/c)
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