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FAMILIES AND SPRINGER’S CORRESPONDENCE

G. LuszTIG

INTRODUCTION

0.1. Let G be a connected reductive algebraic group over an algebraically closed
field k of characteristic p. Let W be the Weyl group of G; let IrrWW be a set of
representatives for the isomorphism classes of irreducible representations of W over
Q;, an algebraic closure of the field of I-adic numbers (I is a fixed prime number
# D)

Now IrrW is partitioned into subsets called families as in [L1, Sec.9], [L3, 4.2].
Moreover to each family F in IrrWW, a certain set X, a pairing {, } : Xz x Xr —
Q;, and an imbedding F — Xr was canonically attached in [L1],[L3, Ch.4].
(The set X with the pairing {, }, which can be viewed as a nonabelian analogue
of a symplectic vector space, plays a key role in the classification of unipotent
representations of a finite Chevalley group [L3] and in that of unipotent character
sheaves on G). In [L1],[L3] it is shown that X = M (Gr) where Gr is a certain
finite group associated to F and, for any finite group I';, M (T") is the set of all pairs
(g, p) where g is an element of I' defined up to conjugacy and p is an irreducible
representation over Q; (up to isomorphism) of the centralizer of ¢g in I'; moreover
{, } is given by the "nonabelian Fourier transform matrix” of [L1, Sec.4] for Gr.

In the remainder of this paper we assume that p is not a bad prime for G. In
this case a uniform definition of the group G was proposed in [L3, 13.1] in terms
of special unipotent classes in G and the Springer correspondence, but the fact
that this leads to a group isomorphic to Gr as defined in [L3, Ch.4] was stated in
[L3, (13.1.3)] without proof. One of the aims of this paper is to supply the missing
proof.

To state the results of this paper we need some definitions. For E € IrrW let
ap € N,bg € N be as in [L3, 4.1]. As noted in [L2], for £ € IrrW we have

(a) ag < bg;
we say that F is special if ap = bg.

For g € G let Zg(g) or Z(g) be the centralizer of g in G and let Ag(g) or A(g) be
the group of connected components of Z(g). Let C' be a unipotent conjugacy class
in G and let u € C. Let B, be the variety of Borel subgroups of G that contain
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u; this is a nonempty variety of dimension, say, ec. The conjugation action of
Z(u) on B, induces an action of A(u) on S, := H?*¢(B,,Q;). Now W acts on
S. by Springer’s representation [Spr]; however here we adopt the definition of the
W-action on S, given in [L4] which differs from Springer’s original definition by
tensoring by sign. The W-action on S,, commutes with the A(u)-action. Hence we
have canonically S, = ®gerrw F @ Vg (as W x A(u)-modules) where Vg are finite
dimensional Q;-vector spaces with A(u)-action. Let IircW = {E € IrtW; Vg #
0}; this set does not depend on the choice of u in C. By [Spr], the sets Irrc W (for
C variable) form a partition of IrrW; also, if E' € IrrcW then Vg is an irreducible
A(u)-module and, if E # E’ in Irr¢ W, then the A(u)-modules Vg, Vg are not
isomorphic. By [BM] we have

(b) ec < bg for any F € Irrc W
and the equality by = ec holds for exactly one E € Irr¢W which we denote by
E¢ (for this E, Vg is the unit representation of A(u)).

Following [L3, (13.1.1)] we say that C' is special if E¢ is special. (This concept
was introduced in [L2, Sec.9] although the word ”special” was not used there.)
From (b) we see that C is special if and only if ag, = ec.

Now assume that C'is special. We denote by F C IrrW the family that contains
Ec. (Note that C' +— F is a bijection from the set of special unipotent classes in
G to the set of families in IrrW.) We set Iirg W = {E € Irr¢W; E € F} and

K(u) ={a € A(u);a acts trivially on Vg for any F € IrrpW}.

This is a normal subgroup of A(u). We set A(u) = A(u)/K(u), a quotient group
of A(u). Now, for any E € Irr, W, Vg is naturally an (irreducible) A(u)-module.
Another definition of A, is given in [L3, (13.1.1)]. In that definition Irr},W is
replaced by {E € IrrcW;ag = ec} and K(u), A(u) are defined as above but in
terms of this modified Irr;,WW. However the two definitions are equivalent in view
of the following result.

Proposition 0.2. Assume that C is special. Let E € TrrgW.
(a) We have ap < ec.
(b) We have ag = ec if and only if E € F.

This follows from [L8, 10.9]. Note that (a) was stated without proof in [L3,
(13.1.2)] (the proof I had in mind at the time of [L3] was combinatorial).

0.3. The following result is equivalent to a result stated without proof in [L3,
(13.1.3)].

Theorem 0.4. Let C be a special unipotent class of G, let u € C and let F be
the family that contains Ec. Then we have canonically Xz = M(A(u)) so that

the pairing {, } on XF coincides with the pairing {,} on M(A(u)). Hence Gr can
be taken to be A(u).

This is equivalent to the corresponding statement in the case where G is adjoint,
which reduces immediately to the case where G is adjoint simple. It is then enough
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to prove the theorem for one G in each isogeny class of semisimple, almost simple
algebraic groups; this will be done in §3 after some combinatorial preliminaries in
§1,82. The proof uses the explicit description of the Springer correspondence: for
type A, Gs in [Spr]; for type By, C,, Dy, in [S1] (as an algorithm) and in [L4] (by
a closed formula); for type Fy in [S2]; for type E,, in [AL],[Spl].

An immediate consequence of (the proof of) Theorem 0.4 is the following result
which answers a question of R. Bezrukavnikov.

Corollary 0.5. In the setup of 0.4 let E € Irrg, W and let Vi be the corresponding
A(u)-module viewed as an (irreducible) A(u)-module. The image of E under the
canonical imbedding F — Xz = M(A(u)) is represented by the pair (1,Vg) €

M(A(u)). Conversely, if E € F and the image of E under F — Xz = M(A(u))

is represented by the pair (1, p) € M(A(u)) where p is an irreducible representation
of A(u), then E € Irt, W and p = Vg.

0.6. Corollary 0.5 has the following interpretation. Let Y be a (unipotent) charac-
ter sheaf on G whose restriction to the regular semisimple elements is # 0; assume
that in the usual parametrization of unipotent character sheaves by Uz Xz, Y
corresponds to (1, p) € M(A(u)) where C is the special unipotent class correspond-
ing to a family F, u € C and p is an irreducible representation of A(u). Then Y|¢
is (up to shift) the irreducible local system on C defined by p.

A parametrization of unipotent character sheaves on G in terms of restrictions

to various conjugacy classes of G is outlined in §4.

0.7. Notation. If A, B are subsets of N we denote by AUB the union of A and
B regarded as a multiset (each element of A N B appears twice). For any set X,
we denote by P(X) the set of subsets of X viewed as an Fy-vector space with
sum given by the symmetric difference. If X # () we note that {0, X'} is a line in
P(X) and we set P(X) = P(X)/{0, X}, Peo(X) = {L € P(X);|L| = 0 mod 2};
let P, (X) be the image of P.,(X) under the obvious map P(X) — P(X) (thus
Peo(X) = P(X) if | X] is odd and P, (X) is a hyperplane in P(X) if |X] is even).
Now if X' # (), the assignment L, L’ — |L N L'| mod 2 defines a symplectic form
on P, (X) which induces a nondegenerate symplectic form (,) on P, (X) via the
obvious linear map Pey, (X) — Peyy(X).

For g € G let g5 (resp. g.) be the semisimple (resp. unipotent) part of g.

For z € (1/2)Z we set |z| =zif z € Z and |2]| =2 —(1/2) if z € Z + (1/2).

Erratum to [L3]. On page 86, line -6 delete: ”d' < b” and on line -4 before
”In the language...” insert: ”The array above is regarded as identical to the array
obtained by interchanging its two rows.”

On page 343, line -5, after "respect to M” insert: ”"and where the group Gr
defined in terms of (u/, M) is isomorphic to the group Gr defined in terms of
(u, G)".

Erratum to [L4]. In the definition of A,, B, in [L4, 11.5], the condition I € «
should be replaced by I € o’ and the condition I € o’ should be replaced by I € a.
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1. COMBINATORICS

1.1. Let N be an even integer > 0. Let a := (ag,a1,a9,...,an) € NN+ e
such that apg < a1 < as < ---<an, a0 < az < ag < ...,a1 <az <as < ....
Let J = {i € [0, N]; a; appears exactly once in a}. We have J = {ig,i1,...,020}
where M € N and iy < i3 < -+ < i9p satisfy i = s mod 2 for s € [0,2M].
Hence for any s € [0,2M — 1] we have is41 = is + 2mgs + 1 for some m; € N.
Let &€ be the set of b := (bg, by, ba,...,bn) € NV such that by < by < by < ...,
by < b < bs < ... and such that [b] = [a] (we denote by [b], [a] the multisets
{bo,b1,...,bn}, {ag,a1,...,an}). We have a € €. For b € £ we set

Z; = (807 l;l; 827 I I;N) = (b07 b1+17 b2+17 b3+27 b4+27 ey bN—1+<N/2)7 bN+(N/2))I

Let [b] be the multiset {bg, by, ba, ..., by}
For s € {1,3,...,2M — 1} we define al*} = (o}, al*} al*} . .,a}{\f}) €& by

{s} {s} _{s} {s} {s} {s}
(ais 7 Ay 11 Ay 19 Ay 1350 ais+2ms7ais+2ms+1>
- (ais—Fl? aisa ais+37 ai5—|—27 seey ais—|—2m5—|—17 aiS—I—QmS)

and ajs} = a; if i € [0, N] — [is,i5+1]. More generally for X C {1,3,...,2M — 1}
we define a® = (aff,af,a¥,...,aX) € € by aX = ajs} if se X, i€ [is,ist+1], and
aX = a; for all other i € [0, N]. Note that [aX] = [a]. Conversely, we have the

following result.

~

Lemma 1.2. Letb € £ be such that [b] = [a]. There exists X C {1,3,...,2M —1}
such that b = a**.

The proof is given in 1.3-1.5.
1.3. We argue by induction on M. We have

a=W = <ye=y2<- <Y =y <y <...)

for some r. Since [b] = [a], we must have

(b07b27b47---) :(yl:y27"'7y7“7"'>7(b17b37b57"'>: (y17y27"'7y7"7"')'

Thus,

(a) b; = a; for i < ig.
Wehave a = (- > aop > Y] =y <yh=1vy5 <--- <yl =y, ) for some r’. Since
[b] = [a], we must have

(bo,bg,b4,...>: (...,yi,yé,...,y;/>,(b1,b3,b5,...>: (...,yi,yé,...,y,&).

Thus,

(b) b; = a; for i > oM -
If M = 0 we see that b = a and there is nothing further to prove. In the rest of
the proof we assume that M > 1.
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1.4. From 1.3 we see that
(@o,a1,a2, ..., Qiyy) = (s Qiny  <T1 =01 <Tp =03 < < Tg=2Tq < Aiyy,)

(for some ¢) has the same entries as (b, by, ba, . . ., b;,,, (in some order). Hence the
pair
(- Binar =55 bigns =35 Dignr_1 ), (- - -5 Dignr =45 bigag -2, bigyy )

must have one of the following four forms.

(oo Qg 1y X1, X253 )y (oo X1, T2, o, Ty Gigyy ),
(cos @1, T2y Ty Gigpy )y (oo Qigny 15 X1, T2, o, Tg),
(o1, T2y Tg)s (oo Qg 1y X1 T2, oy Ty Qi ),
(o Qg 1y T1 X2y e ey Ty Qigpy )y (s T1, T2, o, Tg).
Hence (...,biy,—2,biy0—1, biyy, ) must have one of the following four forms.
(I) ("'7ai2M_17x17x17x27x27"'7xq7xq7ai2M)7
(IT) (~-~,$1,ai2M_1,562,561,$3,332;-~-,$q,5€q—1,ai2M;$q),
(III) (- ..y @igpy 15 25 @1, T1, T2, T2y« -y Ly Ly Qg s )
(IV) (s @iy 1, 2 @1, 2 X2, @1, T3, T2, o Ty Tg—1, Qigpy» L)
where a;,,, , > 2, aiy,,_, > 2" > 2’ and all entries in ... are < a;,,, ,. Corre-

spondingly, (..., biy,, —2, bisn—1, biy,, ) Mmust have one of the following four forms.

(D (..,ai, ,+h—qrz1+h—qrx1+h—qg+1l,20+h—q+1,20+h—qg+
2,...,xg+h—1,24+h,a;,,, +h),

(I (...,z1 +h—q, a5, , +h—q 22 +h—q+ 1,21 +h—q+1,23+h—q+
2,x9+h—q+1,...,0q+h -1, 241 +h—1,ai,, +h,zq+h),

(I1D) (...,aipy, , +h—q—1l,z2+h—qz1+h—qg,x1+h—q+ 1, 20+h—q+
Lao+h—q+2,....,20+h—1,24+h,a;,, +h),

(IV) (... a4y, ,+h—q—1,2"4+h—q—1,21+h—q,2" +h—q,z0+h—q+1,21+
h—q+1l,23+h—q+2,29+h—q+1,...,2q+h—1, 24 1+h—1,a,, +h,z4+h)
where h = isp/2 and in case (III) and (IV), ai,,, , +h — ¢ is not an entry of
('"7bi2M—27bi2M—17bi2M)'

Since (..., 44y, —2, Qigyy—1 Giyy, ) 1S given by (I) we see that a;,,, , +h — ¢ is an
entry of (..., Qiy—2, Qigp—1, Giyyy )- Using 1.3(b) we see that

{' . 'vdizM—%&izM—l?dizM} = ( ) bizM—2v bizM—lv bizM)
as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (IT). Thus

we have either

(bi2M71 ’ bi2M71+17 SRR bizM—27 bizM—lv bizM)
(a) = (aizM—1 y Qigpr_q1+1y -+ oy Qigpr—25 Aigpy—1, aizM)
or
(bizM—w bizM—1+17 SRR bizM—27 bizM—h bizM)

(b) = (ai2M71+17 Qigpnr—19 Qignr— 1435 Bigpr 1425 -+ -5 Bigpys aizM—l)'
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1.5. Let d/ = (CL(), a1, ag, ..., aizM_1—1)7 b = (bo, bl, bg, ey bizM_1—1)7

fbl = (CL(),CL1 —+ 1,@2 + 1,@3 —+ 2,@4 —+ 2, ey Qigpr 1—1 —+ (iQM_l — 1)/2),

ZA)/ = (bo,bl + 1,604+ 1,b3+2,b4+2,..., bingl—l + (igM_l - 1)/2),
From [b] = [a] and 1.3(b), 1.4(a),(b) we see that the multiset formed by the entries
of @’ coincides with the multiset formed by the entries of V. Using the induction
hypothesis we see that there exists X’ C {1,3,...,2M — 3} such that b’ = a' X’
where a’X" is defined in terms of a’, X’ in the same way as a* was defined (see 1.1)
in terms of a, X. We set X = X' if we are in case 1.4(a) and X = X' U{2M — 1}
if we are in case 1.4(b). Then we have b = aX (see 1.4(a),(b)), as required. This
completes the proof of Lemma 1.2.

1.6. We shall use the notation of 1.1. Let ¥ be the set of all unordered pairs
(A, B) where 2, B are subsets of {0,1,2,...} and AUB = (ag,a1,as,...,ayn) as
multisets. For example, setting Ay = (ag, az, a4, ...,an), By = (a1,a3,...,an—1),
we have (2p,By) € T. For any subset a of J we consider

2Aq

(T —a)Nn2p) U (anBy) U (™Ag N By),

Bo= (T —a)NBy) U (anAp) U (Ay N DBp).

Then (24,B,) € T and the map a — (Aq, B,) induces a bijection P(J) + F.
(Note that if a = () then (24, B,) agrees with the earlier definition of (g, By).)
Let T’ be the set of all (A,B) € T such that [A| = |Ayl, |B| = |By|.
Let P(J)o be the subspace of P.,(J) spanned by the 2-element subsets

{aiov ail}7 {aizv ais}7 SRR {aiszw a712M71}

of J. Let P(J)1 be the subspace of P, (J) spanned by the 2-element subsets

{aiwaiz}? {ai37 ai4}? cey {ai2M—17ai2M}

of J.

Let P(J)o (resp. P(J)1) be the image of P(J)o (resp. P(J)1) under the
obvious map P(J) — P(J). Note that

(a) P(J)o and P(J)1 are opposed Lagrangian subspaces of the symplectic vector
space P(J), (,), (see 0.7); hence (,) defines an identification P(J)o = P(J)}
where P(J)} is the vector space dual to P(J);.

Let Ty (resp. 1) be the subset of T corresponding to P(J )¢ (resp. P(J)1)
under the bijection P(J) <+ T. Note that To C T/, T, C T/, |To| = |T1| = 2M.

For any X C {1,3,...,2M — 1} we set ax = Usex{ai,a;,,} € P(J). Then
gy, Bay) € Ty is related to aX in 1.1 as follows:

Ao = {aif,ax,a5,...,ax}, Bay = {af,af,...,ax 1}
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1.7. We shall use the notation of 1.1. Let T be the set of all ordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A con-
tains no consecutive integers, B contains no consecutive integers, and AUB =
(ao, a1, a2,...,ay) as multisets. For example, setting Ay = (ao, a2, a4, ...,4nN),
By = (dl, as, ..., dN—l), we have (A@, BQ)) eT.

For any (A, B) € T we define (A~, B™) as follows: A~ consists of xg < 21 —1 <
T9—2 < --- < xp,—pwhere g < 1 < --- < x, are the elements of A; B~ consists
of y1 —1 <y —2<--- <y, —q where y; <yz <--- <y, are the elements of B.

We can enumerate the elements of T as in [L4, 11.5]. Let J be the set of all
c € N such that ¢ appears exactly once in the sequence

(&0,&1,€L2, .. .,&N> = (ao,a1+1,a2+1,a3+2,a4+2, .. .,aN_1+(N/2),aN+(N/2)).

A nonempty subset I of J is said to be an interval if it is of the form {i,7+ 1,7+
2,...,j}withi—1¢ J,j+1¢ J and with i # 0. Let Z be the set of intervals of
J. For any s € {1,3,...,2M — 1}, the set Iy := {a;,, i 41, i 42, -, 0i +2m.+1}
is either a single interval or a union of intervals I} L IZ ... U It (ts > 2) where
a;, € IL, @i yom,+1 € Its, I}, |It] are odd, |I"| are even for h € [2,t, — 1] and
any element in IS is < than any element in Isl for e < €. Let Z, be the set of all
I € 7 such that I C Is. We have a partition Z = Useyy 3, 2nr—1}Zs- Let H be the
set of elements of ¢ € J such that ¢ < a;, (that is such that ¢ does not belong to
any interval). For any subset o C Z we consider

Ao =Urez-a(I N Ap) UUrea(I N By) U (H N Ag) U (Ay N By),
Bo = Urez—a(I N By) UUrea(I N Ag) U (H N By) U (Ag N By).

Then (An, Bo) € T and the map a — (A,, Ba) is a bijection P(Z) <» T. (Note
that if o« = () then (A,, B,) agrees with the earlier definition of (Ag, By).)

Let ' = {(A, B) € T; || = |Ag|,|B| = |Byl}, Ty = {(A, B) € T'; A~ UB~ =
AyUBy}. Let P(Z)" (resp. P(Z)1) be the subset of P(Z) corresponding to 7"
(resp. T1) under the bijection P(Z) < T

Now let X be a subset of {1,3,...,2M — 1}. Let ax = UsexZs € P(Z). From
the definitions we see that

(a) A;X = 91(1)(7 BCIX = %ax
(notation of 1.6). In particular we have (A, Bay) € Ti. Thus [Ty > 2M. Using
Lemma 1.2 we see that

(b) |T1| = 2M and Ty consists of the pairs (Aay , Bay) with X C {1,3,...,2M —
1}.

Using (a),(b) we deduce:
(¢c) The map Ty — %1 given by (A, B) — (A=, B™) is a bijection.

2. COMBINATORICS (CONTINUED)

2.1. Let N € N. Let

o N+1
a:= (ap,ay,az,...,ay) € N
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be such that ag < a1 <ays < ---<any, a0 < as<ag < ...,a1 <az<as<...
and such that the set J := {i € [0, N]; a; appears exactly once in a} is nonempty.
Now J consists of yu+ 1 elements 1o < ¢; < --- <4, where y € N, p =N mod 2.
We have i = s mod 2 for s € [0, u|. Hence for any s € [0, 4 — 1] we have is41 =
is+2mg+ 1 for some mg € N. Let € be the set of b := (bg, b1, ba,...,by) € NN+1
such that by < by < by < ..., by < bg < bs < ... and such that [b] = [a] (we
denote by [b], [a] the multisets {bo, b1,...,bn}, {ao,a1,...,an}). We have a € .
For b € £ we set

[e] [¢] [¢] [¢]

b= (bo,b1,ba,...,bn) = (bo,b1,by +1,b3 +1,bs +2,b5 +2,...) € NVFL

Let [b] be the multiset {bg, b1,b2,...,bx}. For any s € [0, u — 1] € 2N we define
alst = (aés}, ais}, aés}, e a}{\f}) € & by

{s} {s} _{st _{s} {s} {s}
(a0 41,05 {2, 03 {5 Qi o> O 42m,+1)
= (ais—i—l? Qs A 435 Qi 4+25 - -+ Bj+2m +1, aiS—I—QmS)
and a;.{s} = qa; ifi € [0, N]—[is, is+1]. More generally for a subset X of [0, u—1]N2IN

we define a® = (aff,ay,a,...,ax) € Eby af = a;-{s} if se X, i€ [is,is41], and
aX = a; for all other i € [0, N]. Note that [a*] = [a]. Conversely, we have the

following result.

Lemma 2.2. Letb € £ be such that [b] = [a]. Then there exists X C [0, p—1]N2N
such that b = a™*.

The proof is given in 2.3-2.5.

2.3. We argue by induction on p. By the argument in 1.3 we have

(a) b; = a; for i < g,

(b) b; = a; for i > iM'
If 4 = 0 we see that b = a and there is nothing further to prove. In the rest of the
proof we assume that u > 1.

2.4. From 2.3 we see that (ai,, @igt1,.--,an) = (a;, < 1 = 1 < Tg = Ty <
o< xp =1xp < a;, <...)(for some p) has the same entries as (b;,, big+1,---,bN)
(in some order). Hence the pair (b;,, biy12, big+4, - - - ), (big+1, big+3, Dig+5 - - - ) Must
have one of the following four forms.

(@i, T1, T2,y Ty ), (T1, T2, o Ty Qs -2 ),
(X1, T2, ..y Tpy Wiy -2 ), (Qig, T1, T2y ooy Ty ),
(Gigy 1,25« vy Tpy Wiy s - ), (X1, X2y oo Ty ),
(T1, T2, ..., Zpy ... ), (Gig, T1, T2, .oy Ty Qi e ).
Hence (bi,, big+1, big+2; - - -, by) must have one of the following four forms.

(I> (aiovxlvxlvx%x% ey Ly Tpy Qgyy - - ')7
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(II) (:1317 Qs L2y L1y T35 L2y« ++y Lpy Lp—1,5 Uiy, Lpy - - - )7
(III) (aio,xl,xl,xg,xg, ey Ly Lpy 2y Qgyy v v ),
/ I
(IV) (.’L’l, Qs L2, X1, L35 L2y« -3 Lp, Lp—1,2 ,Tp;s 2 5 Ay, - - )
where a;, < z, a;; < 2’ < 2z” and all entries in ... are > a;,. Correspondingly,
o o o o
(bigs big+1, big+2, - - -, by) must have one of the following four forms.

(I) (aiy + h,z1 +h,21 +h+ 1,290 +h+ 1,20 +h+2,...,2, +h+p—1,2,+
h+p,a;, +h+p,...),

(II) (z1 + hyaiy +h,zo+h+ 1,21 +h+ 1, 23+h+2,20+h+2,...,2, +h+
p—lLzp,1+h+p—1a;y +h+px,+h+p,...),

(III) (ai, + h,z1 +h,z1+h+ 1,29 +h+ 1,20 +h+2,...,2p+h+p—1,2,+
h+p,z+pa;, +h+p+1,...),

(x1 +h,a;, +h,zo+h+ 1,21 +h+1234+h+2,20+h+2,....,2p+h+p—1,
(IV)
Tp1+h+p—1,2"4+h+par,+h+p2'+h+p+1la,+h+p+1,...)

where h = ip/2 and in case (III) and (IV) a;, + h + p is not an entry of

(bi07 bi0+17 bi0+27 cee )
Since (8i0,8i0+1,&i0+2, ...) is given by (I) we see that a;, +h +p is an entry of
(&io, 81'04_1, 8¢0+2, ...). Using 2.3 we see that

o

(o] o e} o o
{Giy, Gigy1, Qig2s -} = {bigs big11,bigr2, .-+ }

as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (II). Thus
we have either

(a) (bio7 bi0—|—17 bi0—|—27 ey b11) - (ai(); aio—i—l; ai0+27 ey ail)
or
(b) (bigs Dig+15 big425 - - 5 biy) = (Qig 415 Qig, Qig 435 Qig42y -+ + 5 Wiy 5 By —1).

. From 2.3 and (a),(b) we see that if © = 1 then Lemma 2.2 holds. Thus in the
rest of the proof we can assume that p > 2.

2.5. Let CL/ = (ai1+1,ai1+2, .. .,CLN), b, = (bi1+1,bi1+2, .. .,bN),

0y
a' = (@i, 41, Qi 42,0543 + 1,05, 44 + 1,05, 45 + 2,05, 46+ 2,...),

o

b = (biy41,bi,42,bi, 43+ 1,0 1a + 1, b 45 + 2,bi 06 +2,...).
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From [b] = [a] and 2.3(a),2.4(a),(b) we see that the multiset formed by the entries

of @' coincides with the multiset formed by the entries of &’. Using the induction
hypothesis we see that there exists X’ C [2, u — 1] N 2N such that b’ = a'X" where
a’X" is defined in terms of a’, X’ in the same way as a¥ (see 2.1) was defined in
terms of a, X. We set X = X’ if we are in case 2.4(a) and X = {0} U X" if we are
in case 2.4(b). Then we have b = a* (see 2.4(a),(b)), as required. This completes
the proof of Lemma 2.2.

2.6. We shall use the notation of 2.1. Let T be the set of all unordered pairs (2, B)
where 2, 9B are subsets of {0, 1,2, ...} and AUB = (ag, a1, az, . .., ayn) as multisets.
For example, setting Ay = {a;;7 € [0, N]N 2N}, By = {a;;i € [0, N]N (2N + 1)},
we have (20, By) € T. For any subset a of J we consider

Ao = ((J —a)N2Ag) U (anBy) U (Ay N By),
Bo={(T—a)NBy) U (anAy) U (Ay N By).
Then (Aq,Bq) = (Ag—a,A7—a) € T and the map a — (Aq, B,) induces a bijection
P(J) < <. (Note that if a = () then (2,,B,) agrees with the earlier definition of
(2Ap, By).)

Let T’ be the set of all (2, B) € T such that |A| = Ay, |B| = |By|. Let P(J)1
be the subspace of P(J) spanned by the following 2-element subsets of J:

{CLil N aiz}, {ai3, ai4}, ey {ai“_Z, ai#_l}(if N is Odd)

or
{ai,,ai, b {ais, a5, }, - - -, {ai#_l,aiu}(if N is even).

Let P(J)o be the subspace of P(J) spanned by the following 2-element subsets
of J:
{CLZ'O, A, }, {aiQ, ai3}, ey {ai“_l N aw}(lf N is Odd)
or
{aiy, i, },{aiy, aiy }y o s {ai, 5, a4, , }(if N is even).

Let P(J)o (resp. P(J)1) be the image of P(J)o (resp. P(J)1) under the obvious
map P(J) — P(J).

Note that

(a) P(J)o and P(J)1 are opposed Lagrangian subspaces of the symplectic vector
space Pey(T), (,), (see 0.7); hence (,) defines an identification P(J)1 = P(J)§
where P(J) is the vector space dual to P(J)o.

Let To (resp. 1) be the subset of T corresponding to P(J ) (resp. P(J)1)
under the bijection P(J) <+ T. Note that Ty C T, %, C T, |To| = |T,1| = 24/,

For any X C [0, — 1] N 2N we set ax = Usex{ai,,ai,,,} € P(J). Then
(s, Bay ) is related to a® in 2.1 as follows:

Aoy = {aX;i € [0, N]N2N}, Bo, = {a¥;i € [0,N]N (2N + 1)}.

70
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2.7. We shall use the notation of 2.1. Let T be the set of all unordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A con-
tains no consecutive integers, B contains no consecutive integers, and AUB =

(0] o o (0] . .
(ag,aq,as,...,ayn) as multisets. For example, setting

Ag = {a;;i € [0, N]N2N}, By = (as;4 € [0, N]N (2N + 1)},

we have (Ag, By) € T.

For any (A, B) € T we define (A~, B™) as follows: A~ consists of 1 < 29—1 <
23 —2< - <zp—p+1where z; < x93 <--- <z, are the elements of A; B~
consists of y; < y2—1 < --- <y,—q+1 where y; < y» < --- <y, are the elements
of B.

We can enumerate the elements of 7" as in [L4, 11.5]. Let J be the set of all
¢ € N such that ¢ appears exactly once in the sequence

[¢] [e] [¢]

(80,a1,a2,...,aN) = (ag,a1,a2 + 1,a3 + 1,a4 + 2,a5 + 2,...).

A nonempty subset I of J is said to be an interval if it is of the form {i,7 +
1,i4+2,...,7} withi—1¢ J,j+1¢ J. Let Z be the set of intervals of J. For

any s € [0, — 1] N 2N, the set I, := {&Z-S,&Z-S+1,&i3+2, .. .,3i5+2m5+1} is either a
single interval or a union of intervals I} U T2 ... U It (t; > 2) where a;, € IL,

Qi rom.+1 € It |TL], |It=| are odd, |I"| are even for h € [2,t, —1] and any element
in I¢ is < than any element in I¢ for e < ¢/. Let Z, be the set of all I € Z such
that I C I;. We have a partition Z = U¢g[o,u—1]n2nZs. For any subset o C 7 we
consider

Ao = Urez—o(I N Ag) UUrea(I N By) U (A N By),

Bo =Urez—o(I N By) UUrea(I N Ap) U (Ag N By).

Then (A, By) € T and the map o — (A4, By) is a bijection P(Z) <> T. (Note
that if o« = () then (A,, B,) agrees with the earlier definition of (Ag, By).)

Let T = {(A, B) € T;|A| = |Ag|, |B| = |Byl}, Ty = {(A4, B) € T; A-UB~ =
AyUBy}. Let P(Z)" (resp. P(I)1) be the subset of P(Z) corresponding to T
(resp. Ti) under the bijection P(Z) < T.

Now let X be a subset of [0, u — 1] N2N. Let ax = UsexZs € P(Z). From the
definitions we see that

(a) Aqy =Uax, Bay = Bay
(notation of 2.6). In particular we have (Aq,Bay) € Ti. Thus |Ty| > 2L#/2],
Using Lemma 2.2 we see that

(b) |Ty| = 2#/2] and Ty consists of the pairs (Aay, Bay) with X C [0, — 1]
2N.

Using (a),(b) we deduce:
(¢c) The map Ty — T1 given by (A, B) — (A=, B™) is a bijection.
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3. PROOF OF THEOREM 0.4 AND OF COROLLARY 0.5

3.1. If G is simple adjoint of type Ay, n > 1, then 0.4 and 0.5 are obvious: we
have A(u) = {1}, A(u) = {1}.

3.2. Assume that G = Spa, (k) where n > 2. Let N be a sufficiently large even
integer. Now u : k" — k2" has i, Jordan blocks of size e (e = 1,2,3,...). Here
i1,13,%5,... are even. Let A = {e € {2,4,6,...};i. > 1}. Then A(u) can be
identified in the standard way with P(A). Hence the group of characters A(u) of
A(u) (which may be canonically identified with the Fh-vector space dual to P(A))
may be also canonically identified with P(A) itself (so that the basis given by the
one element subsets of A is self-dual).

To the partition 1iy + 2is + 3iz 4+ ... of 2n we associate a pair (A, B) as in
[L4, 11.6] (with N,2m replaced by 2n,N). We have A = (ag,as,ayq,...,an),
B = (a1,a3,...,an-1), where a9 < a; < a2 < --- < ay is obtained from a
sequence ag < a3 <ag <---<ap asin 1.1. (Here we use that C is special.) Now
the definitions and results in §1 are applicable. As in [L3, 4.5] the family F is in
canonical bijection with T’ in 1.6.

We arrange the intervals in Z in increasing order I(yy, I(2), ..., I(f) (any element
in (1) is smaller than any element in I(5, etc.). We arrange the elements of A in
increasing order e; < e < --- < ey; then f = f’ and we have a bijection Z < A,
I(p) < en; moreover we have |I(| = ic, for h € [1, f]; see [L4, 11.6]. Using this
bijection we see that A(u) and A(u) are identified with the Fh-vector space P(Z)
with basis given by the one element subsets of Z. Let 7 : P(Z) — P(Z)] (with
P(Z); as in 1.7(c)) be the (surjective) Fy-linear map which to X C Z associates
the linear form L — |X N L| mod 2 on P(Z);. We will show that

(a) kerm = K(u) (K(u) as in 0.1).

We identify Irr¢W with 7" (see 1.7) via the restriction of the bijection in [L4,
(12.2.4)] (we also use the description of the Springer correspondence in [L4, 12.3]).
Under this identification the subset Irr, W of Irr¢ W becomes the subset 17 (see
1.7) of T'. Via the identification P(Z)" <> T" in 1.7 and A(u) <+ P(Z) (see above),
the map E — Vg from T” to A(u) becomes the obvious imbedding P(Z) — P(Z)
(we use again [L4, 12.3]). By definition, K(u) is the set of all X € P(Z) such that
for any L € P(Z); we have | X N L| =0 mod 2. Thus, (a) holds.

Using (a) we have canonically A(u) = P(Z)} via 7. We define an Fy-linear map
P(I)1 — P(JI)1 (see 1.6) by I, — {ai,,ai,,,} for s € {1,3,...,2M — 1} (I as
in 1.7). This is an isomorphism; it corresponds to the bijection 1.7(c) under the
identification Ty «» P(Z); in 1.7 and the identification T; «» P(J); in 1.6. Hence
we can identify P(Z); with P(J); and with P(J)o (see 1.6(a)). We obtain an
identification A(u) = P(J)o.

By [L3, 4.5] we have Xr = P(J). Using 1.6(a) we see that
P(J) = M(P(J)o) = M(A(u)) canonically so that 0.4 holds in our case. From
the arguments above we see that in our case 0.5 follows from 1.7(c).

3.3. Assume that G = SO,,(k) where n > 7. Let N be a sufficiently large integer
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such that N = n mod 2. Now u : k™ — k™ has 4. Jordan blocks of size e
(e =1,2,3,...). Here is,i4,i6,... are even. Let A = {e € {1,3,5,...};i. > 1}.
If A=( then A(u) = {1}, A(u) = {1} and Gr = {1} so that the result is trivial.

In the remainder of this subsection we assume that A # (). Then A(u) can
be identified in the standard way with the Fh-subspace Pe,(A) of P(A) and the
group of characters A(u) of A(u) (which may be canonically identified with the F-
vector space dual to A(u)) becomes P(A); the obvious pairing A(u) x A(u) — Fy
is induced by the inner product L, L  — |L N L'| mod 2 on P(A).

To the partition 1i; + 2is + 3ig + ... of n we associate a pair (A, B) as in
[L4, 11.7] (with N, M replaced by n, N). We have A = {a;;i € [0, N] N 2N},
B = (as;i € [0,N]N (2N + 1)} where ag < a1 < as < --- < ay is obtained from
a sequence ag < a1 < ag < -+- < ay as in 2.1. (Here we use that C is special.)
Now the definitions and results in §2 are applicable. As in [L3, 4.5] (if N is even)
or [L3, 4.6] (if N is odd) the family F is in canonical bijection with ¥’ in 2.6.

We arrange the intervals in Z in increasing order I(yy, I(2), ..., I(f) (any element
in (1) is smaller than any element in I(s), etc.). We arrange the elements of A in
increasing order e; < e < --- < ey; then f = f’ and we have a bijection Z < A,
I(p) < en; moreover we have |I(| = ic, for h € [1, f]; see [L4, 11.7]. Using this
bijection we see that A(u) is identified with P.,(Z) and A(u) is identified with
P(Z). For any X € P.,(I), the assignment L +— |X N L| mod 2 can be viewed
as an element of P(Z)} (the dual space of P(Z); in 2.7 which by 2.7(b) is an
Fy-vector space of dimension 2l#/2)). This induces a (surjective) Fy-linear map
71 Peu(Z) — P(T)%. We will show that

(a) kerm = K(u) (K(u) as in 0.1).

We identify Irr¢W with 7" (see 2.7) via the restriction of the bijection in [L4,
(13.2.5)] if N is odd or [L4, (13.2.6)] if N is even (we also use the description of
the Springer correspondence in [L4, 13.3]). Under this identification the subset
Irrg W oof Irr¢ W becomes the subset 77 (see 2.7) of T”. Via the identification

P(Z)" < T in 2.7 and A(u) < P(I) (see above), the map E — Vg from T" to
A(u) becomes the obvious imbedding P(Z)y — P(Z) (we use again [L4, 13.3]).
By definition, K(u) is the set of all X € P.,(Z) such that for any L € P(7)
representing a vector in P(Z); we have |X N L| =0 mod 2. Thus, (a) holds.

Using (a) we have canonically A(u) = P(Z)} via 7. We have an F,-linear map
P(Z)1 — P(J)o (see 2.6) induced by I, — {a;,,a;,,,} for s € [0, — 1] N 2N (I
as in 2.7). This is an isomorphism; it corresponds to the bijection 2.7(c) under the
identification T} <+ P(Z); in 2.7 and the identification T; «+ P(J)o in 2.6. Hence
we can identify P(Z); with P(J)§ and with P(J); (see 2.6(a)). We obtain an
identification A(u) = P(J)1-

By [L3, 4.6] we have X 7 = P.,(J). Using 2.6(a) we see that P(J) = M(P(J)1) =}
M (A(u)) canonically so that 0.4 holds in our case. From the arguments above we
see that in our case 0.5 follows from 2.7(c).

3.4. In 3.5-3.9 we consider the case where G is simple adjoint of exceptional type.
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In each case we list the elements of the set Irrc¢W for each special unipotent class
C of G; the elements of IrrcW — Irr*C'W are enclosed in [|. (The notation for
the various C' is as in [Sp2]; the notation for the objects of IrrW is as in [Sp2] (for
type E,) and as in [L3, 4.10] for type Fy.) In each case the structure of A(u), A(u)
(for u € C) is indicated; here S,, denotes the symmetric group in n letters. The
order in which we list the objects in Irr¢W corresponds to the following order of
the irreducible representations of A(u) = S,:
Le(n=2);1,re(n=3,G#G2); 1,r (n=3,G=G3); 1,\',\? 0 (n=4);
L, AL v A2, )\3 (n=5)
(notation of [L3, 4.3]). Now 0.4 and 0.5 follow in our case from the tables in 3.5-3.9
and the definitions in [L3, 4.8-4.13]. (In those tables S, is the symmetric group in
n letters.)

3.5. Assume that G is of type Fs.
Irrg, W ={10}; A(u) = {1},A(u)_ = {1}
Ity W = {81): A(w) = {1}, A(u) = {1}
I gy (ay) W = {352} A(u) = {1}, A(u) = {1}
IrrE7A1W = {1123,288}; A(u) = SQ,A(U) = SQ
Irrp, W = {2104, 1607}; A(u) = Sz, A(u) = Sa
It g, (a;)4, W = {5605, [50s]}; A(u) = Ss, A(u) = {1}
s ) W = {5676 }; A(u) = {1}, A(u) = {1}
Irrpg(al)W = {7006, 3008}, A(U) = SQ, A(U) = SQ
II‘rE7(a2)A1W = {14007, 10089, 5619}; A(U) = 53, A(U) = Sg
II‘I‘ASW = {14008, 157510, 35014}; A(U) = Sg, A(U) = Sg
Irt ., (a) W = {32409, [105010] }; A(u) = Sa, A(u) = {1}
Ierg(ag)W = {224010, [17512], 84013}; A(u)_: Sg, fl(u) = SQ
Ier6A1W = {226810, 129613}; A( ) SQ, A(u) = SQ

IrI‘EG(al)Alw = {409611,409612} A(u = SQ, A(u) = SQ
Irp, W = {52512} A(u) = {1}, A(u) = {1}

Ier7(a2)W = {420012, 336013}; A(U) S 2, (U) = SQ

It g (o) W = {280013, 210016 }; A(u) = S ,A(u) = So
Irrp, 4, W = {453613, [84014]}; A(u) = A( u) = {1}
IerG(al)Alw {607514, [70016]} A( ) SQ, A(u) = {1}
Irraga, W = {283514}; A(u) = {1}, A(u) = {1}

Irra, W = {420015}; A(u) = {1}, A(u) = {1}

Irrpﬁ(al)W = {560015,240017} A( ) SQ,A( ) = SQ

Irr2A4W = {448016, 453618, 567018, 140020, 168022, 7032}; A(u) = 35, fl(u) = S5
Irrp, W = {21009 }; A(u) = {1}, A(u) = {1}

Trr a4,y W = {560021,240023}; A(u) = Sz, A(u) = Ss

II‘I‘D4A2W = {420015, [16824]}; A( ) SQ, ( ) = {1}

II'1‘1441421411/(/ = {283522}; A(U’) = {1}J A( ) = {1}

Irr g, 4, W = {453693}; A(u) = {1}, A(u) = {1}

Ier{,(al)W = {280025, 210028}; A(u) = SQ, fl(u) = SQ
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II‘I‘A42A1W = {420024, 336025}; A(U) SQ, A(U) = SQ

Irrp, W = {52536 }; A(u) = {1}, A(u) = {1}
Irra, 4, W = {409626, 409627 }; A(u) = Sz, A(u) = So
Irra, W = {226830, 129633 }; A(u) = So, A(u) = S

Ier4(a1)A2 = {2240287 84031}; A(“) = So, A(“ = Sy

IrrA3A2W {324031, [97232]} A( ) SQ,
Ier4(a1)A1W {140032, 157534, 35038} A
Ier4(a1)W {140037, 100839, 5649} A( ) Sg, A(u) = Sg
IerAZW = {70042, 30044}; A(U) = SQ, A(U/) = SQ

Irr g, W = {56746}; A(u) = {1},A(u2 = {1}

Irr gy04, W = {56047}; A(u) = {1},A(u)f {1}

II‘I‘A2A1W = {21052, 16055}; A(U) = SQ, A(U) = SQ

II‘I‘AQW = {112637 2868}; A(U) = SQ, A(U) = SQ

Irroa, W = {3574}; A(u) = {1}, A(u) = {1}

Irra, W = {801 }; A(u) = {1}, A(u) = {1}

IrrgW = {1120}; A(u) = {1}, A(u) = {1}

/\ D>|
—~
I

@
—_
-

3.6. Assume that G is adjoint of type Fr.

Irrp, W = {10}; A(u) = {1},A(u)_ = {1}

g, (a)W = {71} A(u) = {1}, A(u) = {1}

1, (a) W = {272}; A(u) = {1}, A(u) = {1}

Irrp,a, W = {563,216}; A(u) = Sa, A(u) = S

Irrg, W = {213}; A(u) = {1}, A(u) = {1}

II‘I‘EG(al)W = {1204, 1055}; A(U) SQ, A( ) SQ
Irrpgar)a, W = {1895, [157]}; A(u) = S, A(u) = {1}

It pyany W = {2106} A(u) = {1}, A(u) = {1}

Irra,W = {1056 }; A(u) = {1}, A(u) = {1}

Irrp,a, W = {1686 }; A(u) = {1}, A(u) = {1}

Irrp, W = {1897}; A(u) = {1}, A(u) = {1} B
IerG(GQ)Alw = {3157, 2809, 3513}; A(Uz = Sg, A(U) = Sg
II‘I‘(A5A1)/ = {4058, 18910}; A(U) = SQ,_A(U) = SQ

Ity )., W = {3780} Au) = {1}, A(u) = {1}
Irra,4,W = {21010 }; A(u) = {1}, A(u) = {1}
Ier{,(al)W = {42010,33611} A( ) SQ,A( ) = SQ

Iy gy W = {10512 }; A(u) = {1}, A(u) = {1}

II‘I‘A4A1W = {51211,51212} A( ) =
Trrp, W = {10515 }; A(u) = {1}, A(u
II‘I‘A4W = {42013, 33614} A( ) ==
II‘I‘A3A2A1W = {21013}; A( ) =
II‘I‘A3A2W {37814, [8415]} A( ) )
II‘I‘D4(a1)A1W {40515, 18917} A(U) SQ,A(
Ier4(a1)W {31516,28018,3522} ,
Irr(q,a,)» W = {18920 }; A(u) = {1

15
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Irroa, W = {16821 }; A(u) = {1},14(7:1/) = {1}
Irrap34, W = {10521 }; A(u) = {1}, A(u) = {1}
Irr g, W = {21001 }; A(u) = {1}, A(u) = {1}
It 04, W = {18922}; A(u) = {1}, A(u) = {1}
IrrA2A1W = {12025, 10526} A( )_ SQ, A(u) = SQ
Irrzay W= {2136 }; A(u) = {1}, A(u) = {1}
IrrA2W:{5630,2133} A( ) S A( ) SQ
w)

Trraa, W = {2757} A(u) = {1}, Alu) = {1}
Trea, W = {Tag}; Alu) = {1}, A(u) = {1}
Ly W = {Lea}s A(u) = {1}, A(u) = {1}

3.7. Assume that G is adjoint of type FEg.
Irrg, W = {10}; A(u) = {1},A(u)_ = {1}
Ity (o)W = {61}; A(u) = {1}, A(u) = {1}
Irrp, W = {202}; A(u) = {1}, A(u) = {1}
II‘I‘A5A1W = {303, 155}; A(U) = SQ, A(U) = SQ
Irrpy (o)W = {644}; Au) = {1},_A(u) ={1}
IrI'1441411/1/ = {605}; A(“) = {1}j A(u) = {1}
Irra, W = {81¢}; A(u) = {1}, A(u) = {1}
Irrp, W = {24¢}; A(u) = {1}, A(u) = {1}

II‘I‘D4(a1)W = {807,908,2010}; A( ) = Sg, ( ) = Sg
Trrp 0, W = {2412}; A(u) = {1}, A(u) = {1}
Irra, W = {81l10}; A(u) = {1}, A(u) = {1}

Irra,00, W = {6011 }; A(u) = {1}, A(u) = {1}
Irra,a,w = {6413}; A( ) { ( ) = {1}
II'I'AQW = {3015,1517} A( ) A( )
Irrga, W = {2090 }; A(u) = {1 )=A{1 }
Irr g, W = {625}; A(u) = {1}, A(u) = {1}
IrrgW = {136}; A(u) = {1}, A(

}
I3 (
(u
u) = {1}
3.8. Assume that G is of type Fy.

Irrp, W = {11 }; A(u) = {1}, A(u) = {1}

IrrF4(a1)W = {42,23}; A(U) = SQ_, A(U) = SQ

Iy o)W = {91} A(w) = {1}, A(u) = {1}

Irrp, W = {81 }; A(u) = {1}, A(u) = {1}

Irre, W = {83}; A(u) = {1}, A(u) = {1}

IrrF4(a3)W {121 93,62 13} A(u) = 54, ( ): S4

Irrz W = {8}; A(u) = {1}, A(u u) = {1}

Irr 4, W = {84, [12]}; A(u) = Sa, A(u) = {1}

iy, = {00 40 = (1) 40) = 1)
)

(u
II‘I’AIW = {45,22}; A( ) SQ, (U
IrrgW = {La}; A(u) = {1}, A(u) = {1}
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3.9. Assume that G is of type Gs.

Irrg, W is the unit representation; A(u) = {1}, A(u) = {1}

Irr g, (a,)W consists of the reflection representation and the one dimensional
representation on which the reflection with respect to a long (resp.short) simple

coroot acts nontrivially (resp. trivially); A(u) = Ss, A(u) = S3
g W = {sgn}; A(u) = {1}, A(u) = {1}

3.10. This completes the proof of Theorem 0.4 and that of Corollary 0.5.

We note that the definition of G given in [L3] (for type C,,, B,,) is P(J)1 (in the
setup of 3.2) and P(J)o (in the setup of 3.3) which is noncanonically isomorphic
to A(u), unlike the definition adopted here that is, P(J)o (in the setup of 3.2)
and P(J): (in the setup of 3.3) which makes Gz canonically isomorphic to A(u).

4. CHARACTER SHEAVES

4.1. Let G be a set of representatives for the isomorphism classes of character
sheaves on GG. For any conjugacy class D in G let D, := {g,,;9 € D}, a unipotent
class in GG. For any unipotent class C' in G let S¢ be the set of conjugacy classes
D of G such that D, = C'. It is likely that the following property holds.

(a) Let K € G. There exists a unique unipotent class C' of G such that

-for any D € S¢, K|p is a local system (up to shift);

-for some D € S¢, we have K|p # 0;

-for any unipotent class C' of G such that dim C’ > dimC, C’ # C and any
D € S¢v we have K|p = 0.
We say that C s the unipotent support of K.
(The uniqueness part is obvious.) Note that [L8, 10.7] provides some support (no
pun intended) for (a).

We shall now try to make (a) more precise in the case where K € Gv| the
subset of G consisting of unipotent character sheaves (that is Gun = G‘Ql with the

notation of [L7, 4.2]). As in [L7, 4.6] we have a partition G** = UzrG%" where F
runs over the families of W.

In the remainder of this section we fix a family F of W and we denote by
C' the special unipotent class of GG such that Ec € F, see 0.1; let u € C. Let

I = A(u) and let Z(u) 25 A(u) 2 T be the obvious (surjective) homomorphisms;
let j = hj’ : Z(u) — T'. Let [I'] be the set of conjugacy classes in A(u). For
D € Sc let ¢(D) be the conjugacy class of j(gs) in I where g € D is such
that g, = wu; clearly such g exists and is unique up to Z(u)-conjugacy so that
the conjugacy class of j(gs) is independent of the choice of g. Thus we get a
(surjective) map ¢ : S — [[]. For v € [I'] we set Sc, = ¢~ (7). We now
select for each v € [I'] an element z, € v and we denote by IrrZr(z.,) a set
of representatives for the isomorphism classes of irreducible representations of
Zr(zy) = {y € T;yz, = z,y} (over Q). Let D € Sc.,, € € IrrZr(z,). We
can find g € D such that g, = u,j(9s) = x, (and another choice for such g
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must be of the form bgb~! where b € Z(u), j(b) € Zr(z,)). Let EP be the G-
equivariant local system on D whose stalk at g1 € D is {z € G529zt = g1} x &
modulo the equivalence relation (z,e) ~ (zh™1,j(h)e) for all h € Z(g). If g is
changed to g1 = bgb~! (b as above) then £ is changed to the G-equivariant local
system £ on D whose stalk at ¢’ € D is {2/ € G;2'g12/71 = ¢’} x £ modulo
the equivalence relation (2/,¢') ~ (2/h'~1,j(h')e) for all ¥ € Z(g1). We have an
isomorphism of local systems £ = &P which for any ¢’ € D maps the stalk
of EP at ¢ to the stalk of EP at ¢’ by the rule (z,e) — (2b7 1, j(b)e). (We have
2b71g1b27t = 29271 = ¢’.) This is compatible with the equivalence relations.
Thus the isomorphism class of the local system £ does not depend on the choice
of g.

The properties (b),(c) below appear to be true ([] denotes a shift).

(b) Let K € CA{’%” There exists a unique v € [I'] and a unique € € IrrZp(x.)
such that

(i) if D € Sc ., we have K|p = EP[];

(11) if D € Sc with v € [I'] —{v}, we have K|p = 0;

(iii) for any unipotent class C' of G such that dim C" > dim C, C’" # C and
any D € S¢r we have K|p = 0.

(c) K= (v,€) in (b) defines a bijection C;’f%” = M(T).
Note that (b)(iii) follows from [L8, 10.7], at least if p is sufficiently large or 0.

In the case where G is of type Es and F contains the irreducible representation
of degree 4480 (so that I' = S5), (b)(i),(b)(ii),(c) have been already stated (without
proof) in [L7, 4.7].

For any finite dimensional representation E of W (over Q;) let E be the in-
tersection cohomology complex on G with coefficients in the local system with
monodromy given by the W-module F on the open set of regular semisimple ele-
ments. We have an imbedding F — A}", E — EJ]. Composing this imbedding
with the map G4 = M(I) in (c) (which we assume to hold) we obtain an
imbedding F — M (I"). We expect that:

(d) The imbedding F — M (I') defined above coincides with the imbedding F —
M(T) in [L3, Sec.4].

Note that 0.6 can be regarded as evidence for the validity of (b),(c),(d). Further
evidence is given in 4.2-4.5.

4.2. Assume that G is simply connected. Let D € Sg. Let s be a semisimple
element of G such that su € D. Let Cy be the conjugacy class of u in Z(s).
Let W’ be the Weyl group of Z(s) regarded as a subgroup of W. For any finite
dimensional W’-module E’ over Q; let g' be the intersection cohomology complex
on Z(s) defined in terms of Z(s), E’ in the same way as E was defined in terms
of G, E. Using [L5, (8.8.4)] and the W-equivariance of the isomorphism in loc. cit.
we see that:

(a) Elsc, = (Elw)lscol]-
Now, if K € G4 is of the form E[] for some E € F then the computation of K|p
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is reduced by (a) to the computation of E'|s¢c, for any irreducible W’-module E’
such that (E' : Eyw) > 0 (here (E' : Ey/) is the multiplicity of E' in E|y/). If
for such E’ we define a unipotent class Cgs of Z(s) by E' € Irrc,_, W’ then, by a
known property of E’, we have (with notation of 0.1 with G replaced by Z(s)):

(b) if Cy = Cgs then E'|sc,[] is the irreducible Z(s)-equivariant local system
corresponding to Vg;

(c) if Cy # Cpr and dim Cy > dim Cgr then E'|s¢, = 0.

We say that D is E-negligible if for any E’ € IrrWW’ such that (E': Elw/) > 0 we
have dim Cy > dim Cg:.

(d) We say that D is E-relevant if

-there is a unique Ej € IrrtW' such that (E} : E|w) =1 and Cgr = Cy (we then
write Ey = E);

-for any E’ € IrrW’ such that (E' : E|lw/) > 0,E" # E, we have dimCy >
dim CE/.

It is likely that D is always E-negligible or E-relevant. If D is E-negligible then
Elsc, = 0 (hence K|p = 0); if D is E-relevant then E|sc, (hence K|p) can be
explicitly computed using (b),(c).

In the remainder of this subsection we assume in addition that G is almost
simple of exceptional type and that C' is a distinguished unipotent class. In these
cases one can verify that D is E-negligible or E-relevant for any E' € F hence K|p
can be explicitly computed and we can check that 4.1(b) holds. Moreover, we can
compute K|p for any K € é}” (not necessarily of form E[]) using an appropriate
analogue of (a) (coming again from [L5, (8.8.4)]) and the appropriate analogues
of (b),(c) (given in [L4]). We see that 4.1(b) holds again. Moreover we see that
4.1(c),(d) hold in these cases.

4.3. In this subsection we assume that G is of type Fg and C is distinguished.
In this subsection we indicate for each D € S¢ the set Fp = {F € F;Dis E —
relevant} and we describe the map F — E) (see 4.2(d)). (Note that if £ € F—Fp,
D is E-negligible.) The notation is as in [Sp2]. We denote by g; an element of
order ¢ of A(u) (except that if A(u) = S5, g2 denotes a transposition and we denote
by g4 an element of A(u) whose centralizer has order 8). For each g; we denote
by ¢; a semisimple element of Z(u) that represents g;; similarly when A(u) = S5,
we denote by ¢5 a semisimple element of Z(u) that represents g5. We write Fy,
(resp. Fyy) instead of Fp where D is the G-conjugacy class of ug; (resp. of ugj).
We write H,, (resp. Hyy) for the set of all £y € IrW’ where E runs through Fy,
(resp. Fgy); here W' C W is the Weyl group of Z(g;) (resp. Z(g3)) and E\ is as
in 4.2(d). We write C,, (resp. Cy, ) for the conjugacy class of u in Z(g;) (resp.
2(34)).

Assume that C is the regular unipotent class. Then A(u) = {1}, Fy, = Hy, =
{1o}-

Assume that C is the subregular unipotent class. Then A(u) = {1}, F,; =
Hg, = {81}
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Assume that C' = Eg(a2). Then A(u) = {1}, Fy, = H,y = {352}.

Assume that C' = E7A;. Then A(u) = Ss, Z(g1) = G, Z(g2) is of type E7 A,
Fg = Hgy = {1123,28g}, Fy, = {844}, Hg, = {10}, C4, = regular unipotent
class.

Assume that C = Dg. Then A(u) = Z(g) = Z(g2) is of type Dsg,
Fg = Hg = {2104,1607}, Fy, = {50s}, ’H = {1 } = regular unipotent
class.

Assume that C = FEr(a1)A;. Then A(u) = So, Z(g1) = G, Z(g2) is of type
E7 Ay, Fy, = Hg, = {5605}, Fy, = {5605}, Hy, = {71 X1}, C,, = subregular
unipotent class in E; factor times regular unipotent class in A; factor.

Assume that C' = Dg(ay). Then A(u) = Sa2, Z(¢1) = G, Z(g2) is of type
Dg, Fy, = Hg, = {7006,3008}, Fy, = {4007}, Hgy, = {reflection repres.}, C,, =
subregular unipotent class.

Assume that C = E7(az)A;. Then A(u) = S35, Z(g1) = G, Z(g2) is of type
E7A1, Z(g;;) is of type EGAQ, ]:gl = Hgl = {14007, 10089,5619}, JT"Q2 = {13448},
Hg, = {272 X 1}, C,y, = subsubregular unipotent class in Er-factor times regular
unipotent class in A; factor, F,, = {448y}, H4, = {1}, Cy, = regular unipotent
class.

Assume that C = As. Then A(u) = S3, Z(¢1) = G, Z(g2) is of type Dsg,
Z(gg) is of type Ag, fgl = Hgl = {14008, 157510,35014}, fg2 = {105010}, 7‘[92 =
{28 — dimensional repres.}, Cy, = unipotent class with Jordan blocks of size 5,11,
Fgs = {17512}, Hg, = {1}, Cy, = regular unipotent class.

Assume that C' = Dg(as). Then A(u) = Ss, Z(¢1) = G, Z(g2) is of type Dsg,
Z(gg) is of type E6A2, JT"gl = %91 = {224010,84013}, ]:92 = {140011}, Hg2 =
{56 — dimensional repres.}, Cy, = unipotent class with Jordan blocks of size 7,9,
Fgs = {224010}, Hy, = {61 X1}, Cy, = subregular unipotent class in Eg-factor
times regular unipotent class in A; factor.

Assume that C' = 2A,. Then A(u) = Ss,

Z(g1) = G, Z(g2) is of type E7 A1, Z(g3) is of type Ds,

Z(g3) is of type FgAa, Z(g4) is of type DsAs, Z(gs) is of type A4 Ay,

Z(ge) is of type A5 Az Ay,

Fg = Hg, = {448016, 453615, 567013, 140020, 168022, 7032 },

Fg, = {716817,560019, 44825}, Hg, = {3157 ® 1,2809 ® 1,3513 ® 1},

Cy, = Dg(aq)A; in E7-factor times regular unipotent class in A;-factor,

]:gé = {4200187 2688206”, 16824},

Hgy = { repres. with symbol (2 < 5;0 < 3),(2<3;0<5),(0<1,4<5)},

Cy, =unipotent class with Jordan blocks of sizes 1,3,5,7,

Fgs = {315018, 113420}, Hg, = {303 X 1,155 X 1},

Cy, = As Ay in Fg-factor times regular unipotent class in Aa-factor,

Fgo = {134419}, H,4, = {5 — dimensional repres.},

Cy, =subregular unipotent class in Ds-factor times regular unipotent class in
As-factor,

Fgs = {42090}, Hgy, = {1}, Cy, =regular unipotent class,
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Fge =1{201619}, Hy, = {1}, Cy, =regular unipotent class.

In each case the i-th member of a list /> and the i-th member of the correspond-
ing list H- are related by the map F — F). Note that the members of the list F,
(when C' = 2A,) are not all in the same family. But in all cases, the members of
the list 7, form exactly the subset of IrrW' corresponding to the unipotent class
Cy under Springer’s correspondence for Z(g); thus they can be indexed by certain
irreducible representations of the group of components of the centralizer of u in
Z(g) modulo the centre of Z(g). (Here g is g; or g5.) From this one recovers the

imbedding F — M (A(u)) in geometric terms.

4.4. In this subsection we assume that G = Spy(k) and that F is the family in
IrrW containing the reflection representation so that C' is the subregular unipotent
class in G. Let D be the conjugacy class in G containing sv where s is semisimple
with Z(s) = SLa(k) x SLa(k) and v is a regular unipotent element of Z(s) so that
v € C. Let D’ be a conjugacy class in G containing s’v’ where s’ is semisimple with
Z(s') =2 GLa(k) and v’ is a regular unipotent element of Z(s’) so that v’ € C. In
this case GE‘_-” consists of four character sheaves K1, K5, K3, K4, the last one being
cuspidal. They can be characterized as follows.

Kile = Qil], Kilp =0, Ki|pr = Qi[];

Kslc = L[], K2|p =0, K2|p = Qu[];

Kslc =0, Ks|p = Qi[], K3|pr =0;

Kyle =0, K4lp = L[], K4|pr = 0.
Here L is a notrivial G-equivariant local system of rank 1 on C, £’ is the inverse
image of £ under the obvious map D — C. We see that 4.1(b) holds for all
K € G%* and 4.1(c),(d) hold.

4.5. Assume that F is the family containing the unit representation of W. Then
C is the regular unipotent class of G and é’j_-” consists of a single character sheaf,
namely Q;[]. Clearly, 4.1(b),(c),(d) hold in this case.

Next we assume that F is the family containing the sign representation of
W. Then C = {1} and G‘}” consists of a single character sheaf, namely K =
sgn[]. Note that for any semisimple class D of G we have K|p = Q[] so that
4.1(b),(c),(d) hold in this case.
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