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ABSTRACT

The nonlinear saturation of parametric decay instability in a
plasma is investigated analytically under a wide range of conditions.
Nonlinear coupling of four Langmuir waves is studied as a new saturation
mechanism, which is treated together with three-wave cascade coupling
and ion nonlinear Landau damping. It is found that when the electron and
ion temperatures are almost equal, nonlinear four-wave coupling is the
dominant saturation mechanism, which produces a single-peaked
Langmuir wave spectrum. When the electron temperature far exceeds
the ion temperature, cascade mode coupling is more important and the
resulting spectrum exhibits many well-resolved peaks. All these features

are in agreement with laboratory experiments.




I. INTRODUCTION

Under an intense high frequency electromagnetic field various
modes of oscillation in a plasma may be coupled and driven unstable.
The study of parametric instabilities so excited in a plasma has attracted
much attention in the past few years because of their relevance to plasma
heating. ! Once above threshold the plasma wave amplitudes grow exponen-
tially in time or space, and finally saturates due to nonlinear effects. The
saturated plasma wave energy and spectrum are important quantities to

know since they determine the rate of anomalous a.bsorption.2

Various physical mechanisms for nonlinear saturation has been
studied.” In the strong turbulence regime, when | Eol 2/41rnTe >1,
computer sirnulations show particle trapping and wave saturation
accompanied by turbulent heating. of the plasma and formation of
suprathermal electron tails® 3 (EO is the pump electric field, n the
plasma density and T, the electron temperature). At lower pump
intensity, but ,Eo'2/4rrn‘1‘e > )‘Dk’ saturation by Langmuir wave collapse
and soliton formation is predictedé.’ 7 (k is the wavevector of the

Langmuir wave and A the Debye wavelength).

D

In the weak turbulence regime, IEO(Z/ALTrnTe < XDk, the dominant
saturating mechanism is considered to be multiple decay processes,

i.e., ion nonlinear Landau damping if T, = T.1 when the ion acoustic

wave is heavily damped, 8,9 and cascade mode coupling if T,>> T

10, 11

when the ion wave is well defined. The essential features predicted

by these multiple-decay processes are a saturated Langmuir wave energy
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P, proportional to the squé.re of the pump intensity Po' and a Langmuir
wave spectrum consisting of a series of peaks separated from each other

by the ion acoustic frequency.

In early e:-rperirnents'12 the By =< Po2 dependence can be directly

inferred from absorption measurements near threshold. However, in
more recent experiments 13-15 the Py o< Poz relation is not observed.
Mizuro and Degroot report that for T /T, =8, P =< E, from Po/Pth 21
to Po/Pth = 30.13 Flick's experimental data at T, =~ T, show that near
threshold P, , B, varies much faster than POZ, while for Po/Pth > 3,

14,15

P, varies linearly as Po.

For T  >>T,, experimentally observed steady-state Langmuir

’

. . . 16, 17 . .
wave spectra consist of discrete lines inagreement with cascade mode

10, 11

coupling theories. When Te= T, nonlinear ion Landau damping

s

theories predict a similar spectrum. However, although the

theoretically predicted spectrum is consistent with ionosphere mea-

‘- . . . 1
surements, it is not consistent with laboratory experiments. 4,15

Instead, Flick reports an essentially single-peaked spectrum for Po/Pth
varying from 1 to 10. Since distinct peaks are fine structures and may
not be experimentally resolved, it is important to note that while theories

predict wave energy being spread into modes with much lower wavevector

8,9

via secondary ion nonlinear Landau damping, such spread is not

observed in Flick's experiments, which shows the wave energy to be

14, 15

concentrated around the original linearly excited frequency. Thus

it seemed that where T,=T, nonlinear ion Landau damping alone cannot

fully account for the nonlinear saturation of parametric decay instabilities.




In this article nonlinear coupling of four Langmuir waves is
studied as an additional saturating me chanism, 18 which is treated
together with tine usual multiple-decay processes., The physical
process of nonlinear four-wave coupling is as follows: a pump wave
with electric field Eo and frequency Wy 2 w_,_ excites Langmuir waves

pe

- o
E/Q(k) and ion acoustic waves Ea.(k) through linear parametric decay

instability. Two of the excited Langmuir waves then couple with

each other to produce two new Langmuir waves with different wavevector X.
Note that nonlinear three-wave coupling between Langmuir waves cannot
occur because frequency and wavevector conservation conditions cannot

be satisfied. Nonlinear four-wave coupling spreads wave energy to modes
with both higher and lower phase velocity, in contrast to the multiple-
decay processes by which wave energy is spread to higher phase velocity

modes only.

The importance of saturation by nonlinear four-wave coupling
at Te ~ Ti can be recognized if one recalls that the oscillating
two stream instability (OTSI) is essentially a four-wave process with
two of the waves involved being the pump, and it is well known that at
Te = Ti the decay and OTSI have comparable thresholds. 19 Both the
decay and OTSI are included in our general formulation, and the non-
linear four-wave saturating mechanism applies to both branches.
However, the OTSI occupies a different region of k-space as the decay
branch. When T =T, the volume of k-space occupied by OTSI is much
smaller than that occupied by the decay unstable waves, and when
Te >> Ti’ the OTSI has much higher threshold than the decay instability.

Therefore we present the saturated spectrum of the parametric decay




instability only, so that the physical features resulting from non-
linear saturation will not be obscured by mathematical compiexities
arising from a disjoint branch, and it is easier to compare with
previous theoretical results where the OTSI branch is also neglected

-11
under the same conditions.

Four-wave coupling processes can become strongly nonlinear,
. . . . 20 . .
involving soliton formation and collapse. We will not comsider
such processes and limit ourselves to the weak turbulence regime so

that [E/e_(k) ‘2/4Trn’I‘e <A _ k. This condition is hard to satisfy for

D
parametric instabilities in overdense or critically-dense plasmas,
but can easily be satisfied in underdense plasmas. Since we are

interested in the decay branch of parametric instabilities, we will

always consider the pump frequency W to be greater than the electron

plasma frequency “ne

The present theory is valid over a wide range of temperature
ratios, and the damping rate of the ion acoustic wave, Ya./“’a’ is used
as a continuouslyvarying parameter. It is found that when Ya/wa <<l
(T Regs Ti) , nonlinear four-wave coupling and ion nonlinear Landau
damping are neglible compared to cascade mode coupling, and the
previously predictedlo' 11 comb-like Langmuir wave spectrum is
obtained. As Ya./wa. increases, nonlinear four-wave coupling and ion
nonlinear Landau damping become more and more important, the
number of separate peaks in the saturated spectrum decreases and
the peaks broadens. When the ion acoustic wave is heavily damped

(Y /0, = 1, T, ==T,), nonlinear four-wave coupling becomes the

dominant saturating mechanism, and the saturated Langruir wave




spectrum obtained in this case consist of a single broad peak with wave
energy concentrating around the linearly excited frequency. All these
results are in agreement with laboratory experimental observations. 14-17
Qur theory also predicts a saturated Langmuir wave energy which in-
creases very fast with P when P, 2Py but linearly proportional to P,

when Po/Pth > 3, again in agreement with experiments. 13-15

At Te = Ti’ the present theory yields results quite different

8,9 It should be noted

from the ion nonlinear Landau damping theories,
that the ion nonlinear Landau damping theories predict Langmuir wave
energy being cascaded into modes with very small wavevector. Under
such situation strongly turbulent Langmuir wave collapse can easily set
in,zo leading to the total breakdown of the weak turbulence theory. How-
ever, the present theqry does not predict any cascading for this tempera-
ture condition, so that the w;aak turbulence condition can be satisfied.. For

T, >> T, when cascading does occur, the four-wave process which leads

to Langmuir wave collapse is very weak.

The coupled mode equations governing the evolution of the
Langmuir and ion acoustic waves are derived in the next section. Section
II briefly checks the present formulation with previous theories by cal-
culating tife linear growth rate and threshold, In Sec. IV a steady-state
solution to the coupled-mode equations are obtained by using various
approximations, yielding the saturated Langmuir wave spectrum in the
one-dimensional case, The total steady-state Langmuir wave energy is
calculated in Sec. V. In Sec. VI the major approximations used in the
calculation are summarized andtheir effects and range of validity discussed.

The stability of the steady-state solution is also examined,
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II. COUPLED-MODE EQUATIONS
Consider a homogeneous, warm plasma without any external
magnetic field.  All collective oscillations of the plasma can be

represented by the total spatial-temporal dependent electric field

£(F,t) governed by the wave equation
- .
=2 = 2 1 9°E 4 3 2(°
v x ( V X E) + > > = - E* > (1)
c ot c at

——
where OD is the total polarization of the plasma. We work in the

electrostatic approximation so that

— D

V'GP=-p=- ‘E ndq, ffa (r,v, t)dv (2)

where p is the average charge density, q, and n are the charge and
equilibrium density of the o species particle (a = e, i for electron and
ion), and fa(;,'\'r,t) is the particle distribution function governed by the
Vlasov equation

of of q of

-
49—+ 2 @ t) - 2 =o. (3)
or a ov

Equations (1) - (3) are the basis of eur analysis. To proceed with
the case of parametric instabilities, we expandg(?, t) in terms of three
groups of modes; a monochromatic pump 3"":0, the high frequency

Langmuir waves EX— (E), and the low frequency ion acoustic modes

E,(k),
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- =
N o ik z-w_ t) e o i(ker-w=tt) b o Hker-w3t)
E(r,t)=Ee ° ° + | dkE, (ke 2k +fdkEa( ak

where Ej(—ﬁ) and E‘a(ié) depend on time only, and f< x—ﬁl(i\c) =k x Ea(k) = 0.
—

Nonlinearity of the pump field is neglected so that EO is a constant.

However, it must be noted that the nonlinear interaction between the pump

and decay waves is a saturation mechanism intrinsic to all parametric

21,11

processes. This effect has been studied previously. Because of

-—

mode coupling, the oscillating frequencies “3@12 and waI{; of E/2 (k) and

Ea(_lac) need not satisfy the Bohn-Gross dispersion relations a‘?i =“°pe
(1 + 3k2)1/2, aaTc = Wog [31{2/(1 + 3k% ]I/Z. All wavevectors are normalized
with respect to the Debye wavevector, With expansion Eq. (4) the wave

equation can be written as

2

1 3 2i a =D el

2k

1 ST B o ok

—— ;t.z. - m—; - E K= 4Pk o) (6)
wak a

To find the plasma polarization, we use the standard iterative
scheme to solve Egs.(2) and (3). Writing Egs. (2) and (3) in their Fourier

transform form, we let

fa(v, k,w) = fao(v)ﬁ(k)ﬁ(w) + fo,l + fo.Z + fo,3 +eee (7)

p(k,0) = oy (k@) + pplK, ) +py(K,0) + ... (8)




where the equilibrium distribution fao(;) is Maxwellian, and

N di' det ——=t BN oe )y f R
an VK@) = -4 E:j w :.lzc-_g— (k=K' w-w!)v £ (v, kW)

‘ (9)
The equilibrium electron density is exactly cancelled by the positive ions,

so that Po = 0.

From Egs. (7) and (9) we see that fa,l is proportional to E, and
describes the linear response of the plasma system. The term fa,Z goes
as T 2 and takes into account three-wave coupling processes, which include
the linear parametric excitation of Langmuir and ion waves by the pump
(see Fig. la), and the nonlinear coupling between two Langmuir waves and
an ion acoustic wave, i.e., cascade mode couplin:g (Figs. lc, 1d). The
term fa3 is proportional to 23 and takes into account four-wave coupling
processes, which includes the linear excitation of two Langmuirs by
two pump waves simultaneously, i.e., OTSI, (Fig. 1b) and the nonlinear
coupling between four La.gnniuir waves (Fig, le). In thevproblem we are
considering, these are all the mode coupling processes that can satisfy
the frequency-wavevector conservation conditions, and are depicted

schematically in Fig. 1.

Note that in Eq. (9) the electric field € is always an first-order
quantity, we are not expanding it in perturbative terms as we did with fa
and p. Therefore only coupling between collective modes are included in
the derivation. The wave-particle nonlinear interaction, i.e., the nonlinear
ion Landau damping term as depicted in Fig. 1f, is derived sepa.ra.tely22

and included as an additional loss term in the wave equation.




From Egs. (2) and (7)-(9), the plasma polarization can be written as

L3

41re L(-lz, w)@(_li, w) = [PZ(—Q’ w) + pS(I:' «)] /(-1 lkl)

-

-A.—)_A
]dk' dot % Bk, wik', ) (k K, o) EE-R, wmet)  (10)

- D ~ (3)_3 - - > A -
dk!' dk" dw! dw'! X (k9 Wy k" w”k”: w”)i(k" Q)') E (k”s 0.)")8, (k‘kl"k": (Q-(.O'-QJ”)

—
where eL(k, w) is the longitudinal dielectric constant, derived from the fal

term and include both electron and ion contributions. The ions are too
heavy to follow the high frequency oscillation, thus do not contribute to the
high frequency terms, but we have to keep the ion terms in the low frequency

case., Also, the ions do not participate in the nonlinear coupling

(2) ~ (3)

22 ~
processes, so that x and ¥ are mainly from electron contribution.

The first order nonlinear susceptibility ¥ (2) has been calculated by many

authors before. 22,23

%(2)('1"(’ w;.l-;l,wl) > -1 (ekD/Zmewozl kl )(-ll-‘< : ‘Q'/lkl k! l) (11)

for coupling between longitudinal waves. The second-order nonlinear

susceptibility §(3) can be obtained by simply carrying out the iteration in

Eq. (9) for one more order,

2
k - - s D
~3)T D 0T e 5D (k- k)k" - (k-k'-k")
X il o K 0T)E -2 2 [k [k'[ k"] | k-k'-Kk"| (12)

2m w
e o

With Eqs. (10)-(12) we can write down the high and low frequency
plasma polarizations. For simplicity we shall restrict to the one-dimensional )

case from now on. Writing out the specific modes included in Eq. (4), and




keeping only those processes that can satisfy frequency-wavevector

matching conditions, we get
ame Pk, © g I, w,10) == 12N /4 {EOE: (k) - [dk'[ E, (k')Ea(k+k')-E/z(k')E:(kﬁ-k‘)]}

-8A° {EozEz(k) +fd_kdk'Ez(k')El(k")El(k%-k'-k")} (13)

4me (K, ~0 1 )R, ~w0 ) = - i(2A /k) {EO¥El(k) +fdk'E/€(k' )Ez(k-k')} (14)

where N\ = (64mrTe)’l/2, and we have let ko =0, E(-~w) = E*‘(w). The five

terms on the right-hand side of Eq. (13) correspond to the process depicted
in Figs. la, 1ld, lc, lb and le, respectively. Only processes la, lc and

1d are involved in the low frequency Eq. (14).

Although E.Z(k) and Ea(k) may oscillate at any frequency, it is

clear that they will peak around the natural resonance frequencies :’[k

and Gak' Thus, we can expand l/eL(k, w) around the natural frequencies
for each of the coupled mode terms. Take, for example, the first term

on the right-hand side of Eq. (13), the EoEa*(k) term. Consider Ea* (k)

to be at resonance, so that the frequency matching condition is T + ;’ak'

-wy T 0. However, we require that Wole to be near resonance :iek also,

so we can write for this term

- 2
1 - . 2k Yo
- - " - Z
eL(k, wﬂk) ZY,( (w£k+mak - @) +yj
= - i(wzk/z\k) £ [(k-ky)/cq] (15)
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where v, is the damping rate of the Langmuir wave, ¢ £ \ﬁz/wa,

A S Z(me/3mi)l/2, k., Z-a/2+(a%/a+2 /3% ¢ = 0o/ g~ L

d
and f(x) £ 1/(1 +x2) for any x. Similar expansions can be readily

carried for each of the seven terms on the right-hand side of Egqs. (13) and
(14). The Lorentzian functions f(x) take into account frequency pulling

effects so that coupling to modes with frequency shifted from the

resonance frequency is allowed.,

With Eq. (15) and similar expansions, we substitute the plasma
polarization Egs. (13) and (14) into Egs. (5) and (6) and obtain the one-

dimensional coupled-mode equation for Langmuir and ion acoustic waves:

(1/1)(3/3t + ¥, + Y1 )y (K) = = i(A /%) E_E (k) - 4\ fPEOZEz(k) +Pyrs

(16)

(/0,4 )(8/8 + ¥, )E, (k) = - ikAf;E_Ey(k) + P (17)

LS

where fp E f[(k-kp)/o-A_ B £y = f[(k-kd)/ﬁA] » B = Ya/“’a’ kp 2 (2e/3)1/2.
Here we consider w, to be close to wg s so that only long wavelength
collision damped waves are excited and the damping rates are independent
of k. Also, we assume the electric field amplitudes to be slowly varying,
so that the linearly growth rate is smaller than the real frequencies, thus
the second order time derivative is neglected. Note that the Langmuir
waves are generally lightly damped in the wavelength range of interest,

Yo /wa << 1, thus in the three-wave coupling most of the frequency pulling
effects comes from ion contribution, and anti-Stokes three-wave coupling
can be neglected. The first two terms on the right-hand side of Eq. (16)

account for linear decay and OTSI. The nonlinear mode coupling terms are:

11




Paps = HA/K) fdk'[E,e (k') E_(ktk') - Eg(k) E_*(ktk!)]

-4 A Zfdk'dk“ f[(k-k')/ca] E;(k')E’( (k")Eg (krk'-k") (18)

Plps = - kA fdk' £ (2k'-k-a)/8 A] By (k) E3(k'-K) (19)

The ion nonlinear damping term YNL in Eq. (16) is derived by previous

b

authors, and included in the coupled-mode equations as an additional

loss term

i A [ IEAk'HZ{fﬂk-k'M)/m - qteie-e)/pa o

where we have approximated the plasma dispersion function by the function f.
This should be a fairly good approximation as can be seen from Fig. 2, where

the solid lines plots the tabula.tedz4 value of M({) =(1/k2)Irn[eL(k-k',@k-aj_k)] -1.
In one dimension case, { = (G,Ek‘z’:ek')/ Vg |k-kt| = (.’:'I'E/Z’I')..)l/2

[(k] -k'])/a], Vo = (ZTi/rni)l/Z. The width of M[(k-k')/a] decreases with
increasing T _/T,, this is approximated in Eq. (20) by the width decreases

with decreasing Ya/“’a.' The dashed line in Fig. 2 shows the approximated

matrix element, which matches M[(k-k')/a] fairly closely except at the tail

part. The approximation may be imi:roved if we let f(x) to be 2 Gaussian

instead of Lorentzian function of x as can be seen from the crosses in Fig. 2.

We will let f(x) = exp(-xz) from now on.

Equations (16) - (20) form the basis of subsequent analysis.

- 12 -




111. LINEAR GROWTH FUNCTION

Before we start to solve the nonlinear problem, let us quickly check
the formulation by examining the linear growth behavior. Putting
9E(k)/8t =y (k)E(k) and PyLs = PaLs = YnL = 0, in Egs. (16) and (17), the
resulting secular equation has two doubly degenerate roots for the linear

growth rate as a function of k

_1 2 1/2
vk =5 {- (Y,Q'Wa)'*'wpfppo + (Yﬂ =Y, - mprPo) + 4w1kwakfdpo] (21)
where P_ = 1Eo)2/64nnTe, With y(k) = 0, Eq. (21) yields the
threshold value for various region in k-space
Pth(k) = Y,ﬂYa/(onkwakfd + Yawpfp) . (22)

From Eq. (22) the minimum threshold for decay instability is P, =Y1Ya/‘fek°’a.k

occurring at k = k;, miminum threshold for OTSI is Pom=Yp /wp. Equation
(21) shows that the linear growth rate for the decay branch varies as PO 1/2,
while it varies as Po for the OTSI branch. All these are in agreement with

previous theories.

The linear growth rate as a function of k has been computed
numerically before,4 but Eq. (21) allows us to tell at a glance what region
of k space will be excited for an arbitrary set of parameters. For exampie,
Fig. 3 plots Eq. (21) for a hydrogen plasma, it exhibits two distinct peaks
for the decay and OTSI branches, with their relative height determined by P,

The widths of the two peaks varies with the damping rate of the ion acoustic

and Langmuir waves respectively, which is intuitively correct because the

damping rates determines the range of k-space to be close to resonance.

- 13 .




1IV. SATURATED SPECTRUM

As can be seen from Eq. (21) and Fig. 3, the OTSI occupies a
different region of k-space as the decay branch. For T, = Ti when OTSI has
comparable threshold with the decay instability, y/q/wa << 1 implies the waves
excited by OTSI concentrate in a very narrow region of k-space. "M_Thus for
simplicity we shall henceforth neglect the OTSI branch in our saturated
spectrum and wave energy, although the saturation processes considered
applies equally to both branches and it is straight forward to generalize the

present calculation to cover OTSI as well,

In the steady state, 8E£(k)/8t = BEa(k)/Bt =0, elminating E_ (k)
between Egs. (16) and (17) gives
(Vo + Y ) Ep (k) = (‘*}z“’a/Ya)/\; £5 1E012 E, (k)

- xAzfdic'dk'-' £ [(k-k')/crA]Ez(k') Ep (k") E p(k+k'-k")
+ (m/ewa/va)/\z fdk'dk”[f((Zk"-k-k'-A)/BA] -f[(2k"-k-k'+4)/ﬁa]}

* n 1
- Ep(k')Eg (k")Ey(k+k'k"), (23)
where the 4A2prOZEj(k) term in Eq. (16) representing OTSI is neglected,
so are terms of order f(kd/A) as compared to unity. The solution of Eq. (23)

depends heavily on phase behavior. The following calculation will be

carried out in the random phase approximation.

<E (REQK)> = <Eg(K)E, (-k')> = |E, (k)| % 6 (k-k'). (24)

When the pump wave is coherent, the random phase approximation may be

justified by virtue of the many modes linearly excited. It must be noted

that Eq. (24) can be used only within the weak turbulence regime we are




k, strongly nonlinear processes suchas soliton

.

working with, When P_ >\
o D
formation sets in and the problem must be solved with coherent phase.

Multiply Eq. (23) by E¥(k''") and use Eq. (24), we get

fdPo - Pth = (l+(3)fdk'l(k') {f [(k'-k+a)/Ba] £ [(k'-k-A)/BA]}

+ 48 fdk'l(k')f [(k'-k)/ca] (25)

where I(k) = ‘E,C(k) |2/6411-11Te° The second term on the right-hand side
represents nonlinear four-wave coupling, the part of the first term pro-
portional to B comes from ion nonlinear Landau damping, and the rest of

the second term is due to three-wave cascade mode coupling.

In the form Eq. (25), ion nonlinear Landau damping, three-wave
and four-wave couplings all appear as the same order, the only difference
between them being the coupling functions. Since the maximum value of f
is always 1, the relative strength of various nonlinear processes can be

seen at once from the coupling parameters. Thus when 8 = 1 four-wave

coupling is more important, and when § << 1 three-wave cascading dominates.

The ordering of three- and four-wave processes in Eq. (25) may
seem puzzling at first because four-wave coupling is apparently a higher-
order process than three-wave coupling as can be seen from Eq. (10). It
must be remembered that one of the waves in three-wave processes is the
acoustic wave Ea(k), and when eliminating Ea(k) the ordering changes. When
Yaw, = 1, the acoustic wave is so heavily damped that it can be adiabatically
eliminated as a dynamical variable, in so doing Ea(k) is treated as a second-

order va.ria.ble,z'2 different from Ez(k) which are first-order variables.

- 15 -




When Ya/wa << 1, Ea(k) can be eliminated only in the steady state, is so
doing we are essentially looking at a two-step three-wave process: a
Langmuir wave decays into another Langmuir and an acoustic wave, which
at once combine with a third Langmuir wave to produce a fourth one. Thus_.

in an equation involving El(k) only, all thrée processes appear as same order.

The exact solution of the integral Eq. (25) is sensitive to the specific
functional form of the f's, including the tail behavior. Since approximation
has already been made on the form of f, we do not seek exact numerical

solutions to Eq. (25) but rather develop approximate analytic solutions.

If we drop the second term on the right-hand side, then Eq. (25)
reduces to the case of cascade decay process. Kruer and Vale08 have
solved such a problem numerically using the exact functional form of M({).
Their Langmuir spectrum shows a series of sharp spikes separated by A
from each other. Physically, this is obvious because in the three-mode
decay proces.s, the two Langmuir modes have to be separated by the ion
mode frequency. In fact, if we go to the extreme case and approximate
all f's by delta functions, e.g., f(k'-k+a)= 6(k'-k+a), then Eq. (25) can
be solved exactlyll and gives I(k) as a set of zero width lines with varying

height locating at kn = kd - nA,

The finite width of f will broaden these lines. Furthermore, the
four-wave parametric process is not restricted.by the wave numbers of the
ion modes, so that its effect is to wash out the sharp spikes caused by the
three-mode decay process. However, for any given El(k)’ the range of ;vave
number it can couple to via four-wawve processes is of the order oca, so that

in any one coupling process wave energy cannot spread to very different

k-modes and alter the spectrum drastically.
- 16 -




With the above consideration, we assume the solution for I{k)
to be consisting of a series of Gaussian functions g, with varying

normalizing height In and width a a
2 k-k )2/a_a)- T 26
) = = I exp[-(k-k))"/fa 8)]- (26)

where In’ a, I’ are unknown constants to be dete rmined.

Substituting Eq. (26) into Eq. (25), we see that Pt and T are the

h
only two terms independent of k. Since Eq. (25) has to be satisfied for

all k values, I can be determined

T = Pth/4ﬁ Ba (27

The physical meaning of .I’ should be clear, All nonlinear

processes considered here are just various parametric instabilities with
the linearly excited Langmuir waves acting as pumps, and it is well
known that parametric instabilities can occur only above a threshold.
The constant I then serves as a thresholdlterm which determines what

k-modes are excited by linear as well as nonlinear processes.

With Eq. (26) the integration over k' in Eq. (25) can be

carried out
fdﬁo = iAn f[(k‘kn-l)/wpn] - f[(k‘knu)/‘”ﬁn] v, f[(k-kn)/wm]} (28)

= - - 2 2.1/2 2 2.1/2
where P = Po/[(1+f3){3‘ﬁ-? al, Wap = (an +B7) / A;w o= (a,” +0) / A,
= 2 ,2.-1/2 -
An = anln(an +87) s T, = 4O‘W5n Wo_n(l +B8). Note that the kn's are

separated from each other by A, and the width of the coupling functions
are at most A when Ya./wa. =1, Thus we will assume that the line centering

at k = kn couples to lines at k = kn+l only. This a good approximation as

- 17 -




long as the widths of individual lines in the spectrum are less than A
(ans 1). Under this'approxiznation Eq. (28) can be separated into a

set of equations:

fdfio = A f [(k-ko)/wpl] +A T, f[(k-ko)/wo_o] (29)
0=A . f [(k-kn)/wﬁn+l] A T f[(k-kn)/wo_n] (30)
-A f[(k-kn)/wpn_ s n>1

Only positive In's are included in Eq. (26), so that if [ becomes

N+1

negative, the series stops at I In general, the I's increases with Po’

N
so that Eq. (26) shows the number of peaks N will also increase with Po'

This is physically obvious because a stronger pump just means more waves
can be nonlinearly excited by secon&ary parametric processes, and agrees with
~ experimental observations, Whensecondarydecay peaks do appear, they

only appear as Po is raised further above threshold for the fundamental

de cay.lé’l?(t is noted that experimentally when PO is further increased,

the distinct peaks broadens and finally smears out. This is probably

due to thermal effects when the plasma is heated up, and is not considered

in the present theory.

Since we are not concerned with the detailed shape of each peak,
but are interested only in their heights and widths, we expand the f's in a
Taylor series around kn’ and match the coefficients of the first two non-

vanishing terms to calculate a, and In" Equations (29) and (30) then gives
Po =A1 +0-vo (31)

0=An+1+0'nAn-A n>1 (32)
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from the constant terms, and

~ 2
B, =B (A} + oAl (33)
0=A;1+l+o-;1A;1—A;_l_l — n>1 (34)
2 2 2,-3/2 -1
from the (k-kn) terms. Here A;_l = a'nln(a'n +87) / , and 0-11 = 40(1 + B)

2 2 2,:=3/2
(a2 +8¥(a2 +54]7/
Equation (32) forms a set of linear transformations which can

. . . 2
be represented in terms of continued fractions:

1
An=hn01 )1 T 1 (35)
“ne2t 7 +
nt3 7"
then Eq. (31) becomes
P =AC . (36)
o o
where C is a continued fraction
! :
C= o+ (37)
o 1
L T
2 LR A
Similarly, we get for Eq. (33)
B pl=arc (38)
o (]

where C! is same as C with T replaced by o, lf we know Cand C', Egs. (36)

and (38) can be solved for a_, IO, and it is straight forward to obtain
all a, and In's from Egs. (31) - (34). However, C and C' themselves depend

on the a 's. We will use an interative scheme to obtain approximate solutions, -
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In the zeroth approximation, we assume all an's are equal, and
let ar‘:= B in Eq. (37). We then solve for all thea! andI''s. The
first order values a.;l are thensubstituted backinto Eq. (37) to calculate
C in the first-order approximation. This iterative proceddre may be
continued. Itis foundthat the values of a_ obtained settles quickly after
the first iteration. In general, the result of the second and seventh iteration
will not differ by more than five percent. The choice ag = B comes from the
consideration that spectral lines broadens with increasing ion acoustic damp-
ing. As it turns out, the final results of a are quite insensitive to small
variation to the values of ay used in the zeroth order approximation. With

ag = f, C can be approximated by its convergenc:e25

C=(s/2)[1 + (1+4/SZ>1/2] (39)

Cra(S'/2)[ 1 + (1 + 4/5'%)1/? (40)

where S = 40B [2/(8% + ¢2)1Y/2/(1+p) and 51 = 46°[ 2/(8% +42) 17/ /(1 +8)

With Egs. (39) and (40), it is simple algebra to find from Egs. (31)
and (33) that

a =B [(c/c - /2 (41)
= 2, 2172

I,=(P,/C)1+p /ao ) / (42)

a, =B [C(C-0 )/C(Cr =L ) - 1] /2 (43)

1, = (P /o0 +8%/a Y% (G0 (24)
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and so on for a5, 334, 12, I3. .. . Expressions for a, and In gets
longer and messier as n becomes large, Here we will only ghote the
approximate expressions for extreme cases, although it is straight

forward to get general results.

When B << 1, the saturated spectrum will exhibit many narrow
lines, For simplicity of expression, we neglect terms of order ]32

compared to unity, thus

n msl 7 m=1 “M*
A n n ] 1/2
2 11 =8 J{CYC ~ z o-Zm)/C(C' -z oh ) 1} (46)
m=0 m=0 J
DA 2 2.1/2
L,=(P/C)1l- C E_ 0o 1) (LB /25 ) / (47)
m=1
o 2,2 1/2 '
Lans1 = (Po/CNC 'méo T2m) (1 87 /2504 1) (48)
for p << 1. Since ¢} < o, Egs. (45) - (48) shows thata >a , and

In < In-l’ i.e., the spectral lines will broadenand their intensity decreases

as more cascade processes occur. The behavior of I, agrees with previous

. . I .. .
theories on cascade mode coupling which approximated a = 0.
Similar features of the saturated Langmuir wave spectrum are obtained

in numerical calculations involving just ion nonlinear Landau damping.8

When B = 1, if we neglect the nonlinear four-wave coupling process
by setting T, = 0.;1= 0 in Egs. (31) - (34), a spectrum with several distinct
peaks are obtained in agreement with previous theories. However, when

nonlinear four-wave coupling is included, it is found that anz quickly becomes
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negative for n > 1. Thus, only a few lines will appear even if Po is
*large. Especially, when § > 0.4, the spectrum will show only one

peak, with width and height

a = (B2 - o5)l/? (49)

e}

~ 2 2.1/2
Io = (Po/cro)(l +B /ao ) / (50)
Equations (45), (46) and (49) shows a_ < B =1, so that the approximation

of including interaction between lines separated by A is justified.

For further iteration, we substitute Egs. (41) -
(44) etc., into Eq. (37), and carry out the above outlined procedure
again, This is more easily done with numbers than with symbols., The
following results are obtained by iterating seven times. Usually, the
first-order results quoted in Egs.(41 ~ (50) are within a factor of 2 of the

final results, for both the B =1 and B << 1 cases.

Figures 4 - 6 show the saturated Langmuir wave spectra for a
hydrogen plasma, with w, = 1.05 ©oe? Y,Q/wpe = 10-3. The ion acoustic
wave damping rate varies from f§ = 0.05 in Fig. 4 to 8 = 0.5 in Fig. 6.
The qualitative difference between these spectra should be obvious.

When Po/Pth= 5, Fig. 6 which corresponds to the case T = T, exhibits
a single broad peak with width ~ 4 /2 centering around the wavevector
satisfied by linear decay resonance condition. With the same parameters

but for the T, >> T, case, Fig. 4 exhibits seven peaks with widths of the

order 0,02 A. Whilewave energy is spread to very long wavelength mode
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via second decay processes in B << 1 cases (Figs. 4 and 5), such spread

is absent in the B =1 case. The spectrum in Fig. 6 can be interpreted in
terms of nonlinear four-wave coupling, whichbcouples energy to waves with
both lower and higher wavevector, but always close to the original linearly
excited wavevector, in contrast to the cascade processes which spread
energy to modes with smaller wavevector only. Note that in Fig. 6

‘Eol 2/41-rn'I'e =2 x 10‘3 for Po/Pth = 5, and the wave energy concentrates
in modes with wavevector N k > 0.15 so that [E_ lz/4rrn'1‘e << (>\Dk)2 and

strong nonlinear processes as Langmuir wave collapse will not occur.

V. TOTAL SATURATED WAVE ENERGY

The total saturated wave energy I is important because it

T

determines the anomalous absorption rate. It is obtained by integrating
the spectrum over all k. The spectrum is represented by the positive

part of Eq. (26),

kn-!-
2 2

2
By =f1(k) dk = fln Lexp [-(k-k ) /a.n a~] dk (51)
n-
wherek =k _+a a[ln( /P, )] 1/2 defines the range of k-space excited
nt+ "n—="n o/~ th g P

by linear as well as nonlinear instabilities. Thus
N

PL = fwa nz=0 anIn erfc['ﬁn (In/Pth)] 1/2 (52-)

which is approximately P, = Ywa Zal When,Po/Pth >3. The number of
modes N present in the spectrumis determined by the largest number such

that I > I'. Whenp << 1, P_/P >> 1, Egs. (45) - (48) gives

N = (2/5) {1 + @Ml (1 + znz/ﬁzul/z} (53)
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where n = Po/Pth' Equation (53) shows that for any ¢, B, N approaches a
constant when 1 >> 1. Thus the total Langmuir wave energy Eq. (52)
is directly proportional to Po when PO >> Pth" The Py ocPo dependence

is observed experimentally. 15-15

Below threshold, Po <P Py =0 since the present theory does

th’
not take into account thermal fluctuations. Close to threshold, Po > Pth’
Eq. (52) shows the total Langmuir wave energy increases very rapidly as
Po’ which is characteristic of parametric processes overcoming the

14, 15 Just how -

threshold and agrees with experimental observations.
Py rises from zero to a level comparable to the pump when Po increase
by less than a factor of 2 depends on the detail shape of the spectrum.
Since we have approximated the spectrum to be consisting of Gaussian

lines in Eq. (26), the error-function dependence in Eq. (52) can only be

a qualitative description,

Figure 7 plots the total Langmuir wave energy in a hydrogen
plasma excited by parametric instability. The three curves in Fig. 7
correspond to integrating over the spectra depicted in Figs. 4 - 6

respectively. It can be seen that saturated wave energy is of the order

12-15

of the pump energy, in agreement with experiments as well as

4,5

simulations, Also, a higher damping rate for the acoustic wave

gives a lower saturated wave energy, which is physically reasonable

because higher damping means energy is being transferred faster to the

particles. Note that the maximum pumping level in Fig. 7 is for the B = 0.5,
2 - . .

P /P, =10 case, where | B, /4wnT_ = 0.02 and the corresponding linear

growth rate ~ 0.7 W, SO that the present weak turbulence calculation is

applicable.
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VI. DISCUSSION

In summary, we have studied the saturation of parametric decay
instability by nonlinear three- and four-wave couplingas well as ion nonlinear
Landau damping. The relative importance of these saturating mechanisms
is determined by the damping rate of the 1ion acoustic wave ya/wi, which
is treated as a varying parameter. A steady-state solution to the solution
is developed duringwhich various approximations have been made. Here
we investigate the stability of our steady-state solution, and briefly
discuss the effect and range of validity of the major approximations

involved.

Keeping the time variable, Eq. (25) becomes

(8/81' + Py, - £4P)I(K)

= -(1+ﬁ)l(k)fl(k')dk'{f[(k'-k+ a)/Ba] - £[(k'-k-a)/Ba] + 4{3'£[(k-k')/o-A]}

(54)
where T = (wa‘f{/\’a)t andB'=8/(1+B8). WeletI(k) =Io(k) + 8I{k) where I (k)isthe
steady-state solution of Eq. (26) and 6I(k) is a small time dependent
pert.urbation term. If 8I(k) decays exponentially in time, then the steady-
state solution Io(k) is stable. Linearize the right-hand side of Eq. (54) with
respect to 8I(k), and approximate the f's by delta functions when inte grati;zg

the 68I(k) term, we get

36I(k)/ T + {- £4P, H(IB)I (k) [4B' +G(K)] } 8L(K) + (L1 +B)I_(K) {iSI(k-A) - 61(k+A)}

(55)
where G(k) is given by the right-hand side of Eq. (28). Consistant with the

approximations made in Sec. IV, we can assume interaction between modes

separated by + A only, then Eq. (55) breaks up to a set of N coupled equations.

The stability condition involves finding the eigenvalue of an N x N matrix.

{




When § << 1, nonlinear four-wave coupling is negligible compared to cascade
mode coupling, so that although the physical condition and saturating g
mechansim is different, mathematically the problem is equivalent

to the ion nonlinear Landau damping theory. The time evolution of Langmuir
waves has been calculated numerically in Ref., 8, which reported steady-
state wave spectra very similar to the present result, i.e., aspiky
spectrum consisting of many distinct lines, Thus it is assumed here

that our steady-state solution is stable., Moreover, a spiky spectrum

as predicted is actually observed in experimentlé’ 17 with appropriate
physical condition (Te >> Ti corresponding to f << 1), thus providing

the best justification for the stability of the present steady-state solution.

In the B = 1 case, the steady-state spectrum consists of a single

peak and Eq. (55) becomes

-1/2

]-P_b%6Ik) =0

36I(k)/dT + {4;3'(1 +B)_(K)[1+a_ W Ao-lo(aoz +o°) o

(56)
8I(k) will decay exponentially with time if the quantity in the curly bracket

is positive. When ¢ << 1, this condition is satisfied if

(caP_ + 1/4)1/2 -1/2 <B<4vVr-. 1, (57)

Since ¢, A P_ << 1, the stability condition Egq. (57) shows that the steady-

state solution is stable for a wide range of 8 < 1,

When B > 1.25, our solution becomes unstable. Actually, since the
coupling width of three-wave processes is proportional to Ba, by retaining
coupling between modes separated by A we have already limited ourselves

to the case B <1. Thus the present theory is valid.only for § <1.
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In this theory, the exact plasma dispersion relation is approximated
by a Gaussian function in wavenumber. This approximation restricts the
problem té one dimension. Following this approximation, we have
assumed a solution consisting of Gaussian lines, By itself, the
Gaussian approximation is reasonable, but since the integral equation
we attempt to solve is sensitive to the tail of the coupling function, this
approximation may have a subtle effect on the plasma wave spectrum,
However, its effects on the total Langmuir wave energy should be small

because of the integration over the entire spectrum.

Also, the calculation of the saturated spectrum is carried out in
the random phase approximation so that wave energy is not spreadvery
far into the high wavenumber region. To investigate energy spread into
very low phase velocity modes, a coherent phase calculation has to be

carried out,
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FIGURE CAPTIONS

Coupling processes considered in this paper: a) parametric
decay instability, b) OTSI, c) three-wave decay coupling, d)
three-wave coalescence, e) nonlinear coupling of four Langmuir

waves f) ion nonlinear Landau damping.

Matrix element for nonlinear ion Landau damping. The solid line
plots M({) for T, =T, Dashed line and the crosses plots

0.6 {f [(k-k'-A)/ﬁA] - f[(k-k'-l-A)ﬁA]} for B = Y3, the dashed line
with f(x) = (l-i: 2)"1, crosses with f(x) = exp(-xz) for any x.

Linear growth rate as a function of normalized wavevector for

-3
hydrogen plasma. ¢ = 0.05, \Le/mpe =3x10

a) P_=4x10">, b)P_=0.0l, c) P_ = 0.05.
(o} () (o]

’ Ya/‘*’a = 0.3,

Steady state Langmuir wave spectrum for hydrogen plasma with
-3

W, = 1.05 “oe’ Yl/mpe =10 7, Ya/(“’a = 0.05, Po/Pth =5, The

arrow marks the wavevector of the pump frequency if it satisfies

the Bohm-Gross dispersion relation.

Steady state Langmuir wave spectrum. Same parameters as
Fig., 4 except Ya/“a. = 0.1,
Steady state Langmuir wave spectrum. Same parameters as
Fig. 4 except \(a/wa = 0.5,

Total saturated Langmuir wave energy as a function of pump

intensity, w_ = 1.05 Whs Y,K/wpe = 10'3.
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