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Chapter 1

General Theory

1.1 Introduction

This work is within the framework of MHD. We study a confined plasma
surrounded by a vacuum region and bounded by a resistive wall. Confined to
axisymmetric systems, Chapter 1 deals with a fairly general theory for such
systems. To be more specific, we are interested here in the case where the
configuration is stable in the presence of an infinitely conducting wall, but
unstable without the wall. For physical reasons an infinitely conducting wall
cannot be made. It is therefore of interest to study the effect of a resistive
wall. This is done in Chapter 1.

The results in Chapter 1 depend upon knowledge of the solution for the
stability problem in the two limiting cases.

1. The wall and the conductors in the vacuum region are not taken into
account (wall and conductors at infinity).

2. The wall and the conductors in the vacumm region are taken into ac-
count as infinitely conducting elements in the proximity of the plasma.

It appears to be the case that even the last of these problem areas has yet
to be comprehensively studied, probably because it is rather complex. This
is the subject of Chapter 2.



1.2 The Lagrangian

We start from a Lagrangian £ given by

, 1 > a
£—6Wp+m/5pd5n-£J_B-Bl, (L1)

where the notation is the usual one associated with the MHD-energy Princi-
ple, see J. P. Freidberg [*],

We consider a plasma region V,, where S, is the boundary of this region,
and a vacuum region, which contains a resistive wall, with V; the region
between the plasma and the wall and V, the region outside the wall. Let the
perturbation in the vacuum magnetic field inside the resistive wall be given
by

B, = V. (1.2)

This representation of the magnetic field has an obvious weakness, which is
the problem of multivaluedness in a doubly connected region, as we have
it in a typical toroidal configuration.! In spite of this, the simplicity of this
analysis as compared to a description in terms of a vector potential, hopefully
justify this shortcoming.

The boundary condition (the continuity of the normal component of B
across the plasma vacuum interface) is given by

n-Véis, = n-Vx(€xB)s,=-V, {nx(€&xB)}s
= -V, {én-B-Bn.¢}s, =V, - {n-£B}|s,, (1.3)

-~

since n - B = 0 at the surface. We obtain the last representation by noting

that V, ¥ V — nn.v (the surface gradient at a surface having the unit

normal vector n). The following identities exist

Ve-(uxv)=v:Vgxu—-u-Vgxv, (1.4)
V, x n = 0, (whenever n is the surface unitnormal) . (1.5)

1This is of special concern for the n = 0 and m = 0 modes.



Take u = nand v = € x B in eq.(1.4) to prove the second last step in
eq.(1.3). We now consider the integral

i 1
swi = o™ / 'V¢zi2d5=-— / V. (¢:iVi)dS. (1.6)

Then we may write

D _ L[ s veds 4 L Ve
W = - /S gin - V4idS + - /S n-Veds, (L)

where n is a unit normal pointing outward from the plasma surface. Also
notice that we have used the fact that V2¢; = 0. Here S, and S,, are the
plasma and wall surfaces, respectively. At the wall surface we adopt the
convention that the unit normal vector is pointing towards the wall on the
inside, and away from the wall on the outside.

Using the boundary condition eq.(1.3), we may write

. 1 . 1
swil = — [ 4.V, - B}dS + — n - V¢idS, .
{ Q#O/S’qb {nx (€ x B} +2“0/Sw¢n #dS,  (1.8)
and

2#0/ &V, {nx (€ xB}dS =

/v {¢m x (€ x B)}dS - —-l—fsnx(exﬁ)-v,¢,~ds

240 2p0

to show that the first of the integrals on the right-hand side above is zero,
we use the formula

/{V,-V+Jn-v}d5=}t{m-vds, (1.9)

where the integrals on the left-hand side are over a surface bounded by a
closed curve over which the integral on the right-hand side is performed.
Also m = T x n, where T is the unit tangent vector to the curve, n is the
unit normal vector to the surface and J = V, - n. (See Brand: Vector and
Tensor analysis p. 222 (2 ])

In our case the surface is closed and the left-hand side vanish, also



v =¢n x (£ x B), (1.10)

thus v - n = 0, and the first integral on the right-hand side of eq.(1.9) vanish
and we have the result

1 . 1 R
= [ 49, BdS:———/ ¢ B.VédS. (111
2p0 Vs, ¢ {n 8 (5 8 } 2p0 JSui " £'L ¢ ( )
Notice that B - V¢ = B.V,0= B . B, where B, is the perturbation in the
vacuum magnetic field. We may then write

G 1 £ B0 .1_/ T
W =g [ meB B+ [ 4m VéidS. (1.12)

For the outer region we have

1 1
W = — [ |Ve,|2dS = —— on - Vé,dS, .
v 2#0/V°| ol 2#0/sw¢n $odS (1.13)

with V3¢, = 0.

The solutions @; and ¢, are connected over the resistive wall region by the
solution within the wall. For the solution within the wall we shall use the thin
wall approximation and adopt the solution given by Haney and Freidberg !
egs.(30) - (40). For this problem the solution for the magnetic field is derived
from a vector potential, and by expansion in the thin wall parameter it is
given by

B1w=VXAw0+VXAw1+... (1-14)

The first or leading order term is a surface quantity not changing across
the wall. Continuity of the normal component of the magnetic field requires
to leading order that

n-Ve,=n-VxA,=-V, (nxAy), (1.15)

where we again have used the identity given by eq.(1.4). In a similar way we
obtain



n-Vo,=n-VxAu,=-V,-(nxAy). (1.16)

From this we conclude that the jump in n - V¢ across the wall is zero to
leading order (in the thin wall approximation). Since we also assume that
there is no surface current present on the wall surface, the parallel component
of the magnetic field must also be continuous across these surfaces (inner and
outer), that is

nxVeis,, =nx (VxAu)ls,, +nx(VxAu)s, +.-- (1.17)

nx Vs, =n x (VX Ayo)ls., +n X (VX Aui)ls,. +-.. (1.18)
From Ref. 3, eq.(40) we have

2
n x Ay = a,(s) + Cy(s)u + pooyd®n x Awo(s)% , (1.19)

where u is a parameter varying across the wall, being zero on the inside and
one on the outside and s is a surface parameter for the poloidal direction.
Since we are considering axisymmetric systems, no reference to the toroidal
direction is necessary. We find

VxA, = (V,+nn-V)x A,
= nn-V x A,; + higherorder terms

= n-V(nxAu,)+...

10
= EE(IIXA,M)-{-...
= Clcgs) + pooydn X Aou + ...

By using this result in egs.(1.17) and (1.18) we obtain

1
n x V¢i|5'. = nx (V X Awo) + El’l X Cl(s), (120)
1
nx Va,ls, = nx(Vwao)+a-nxC1(s)
+  pooydn X (n x Aye(s)), (1.21)
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or written as a jump condition

[n x V@] = —pgoydn x (n x Aue(s)), (1.22)
where [Q] means Q; — Q,. By adding eqgs.(1.12) and (1.13) we obtain

: 1 A
swi + W = " /S n-¢, B.B,dS
1

1
5;;5 Lwi ¢in . VQS,dS — -2-;; ./_;m, ¢on . V¢odS (123)

Using the boundary conditions egs.(1.15) and (1.16) we obtain

swi + swl) = ,le /S n-§, B-B,dS

1
—2—#0 -/S‘.,.-(qsi - ¢o)va . (n X Awo)dS
1 P
= —2—;;/;,n-€lB'B1dS
1

+ JR—
240 JS,,

1 /s,“ Ve {(n x Ayo)(¢i — ¢,)}dS

20
1 A

= — -£,B-B,dS
2#0/;,”1 £, 1

(n X Awo) ° Va(¢i - ¢o)d5

1
+§—#—0- [sw (n X Awo) . V.(¢i - ¢o)dSa (124)

where we have again used eq.(1.9). From eq.(1.22) we obtain

nx[nxVé—e¢,)] = —peoydn x [nx (nx Ay(s))], (1.25)

V(i — do) = —pooydn x A,o(s), (1.26)

where eq.(1.26) is a simplified form of eq.(1.25). From eqs.(1.24) and (1.26)
we obtain



6 errslo 1 PN ovd
sWE 4 sWE) = o™ /s n-¢ B-Bds - 7 /s n x Ayol?dS, (1.27)
and
A ‘ 1 o d
—1—/ n-€, B.B.dS = swi 4+ swl 4 9—/ n x Auol?dS. (1.28)
2#0 Sp 2 Sw

Finally we may write our Lagrangian in the desired form
; d
L=6Wp+6WH + W+ i’%— [0 x AuoPdS. (1.29)

Concerning the next section we shall simplify notation slightly and write eq.
(1.29) as

L=6Wg+ W, +8W,+ Wy, (130)
where
. des 0Yd 2
oW = 21 /Sw In X Ayol?dS .

Notice that in the last integration over S,,, no distinction needs to be made
between inner and outer wall surfaces, since only surface quantities are in-
volved.

The next step is to prove that the Lagrangian above is a variational form
that has the pressure jump condition at the plasma vacuum surface and
condition (1.26) as natural boundary conditions.

1.3 A Variational Principle

First we shall assume the following boundary conditions to apply, and that
these conditions also apply to the variation. These conditions reflect the fact
that the normal component of the magnetic field B, is always continuous
across any boundary, due to V- B = 0.

n-Vels, = n-Vx(€xB)s,



= -V, {nx(£xB)}s,

= V,-{n-¢,B}s,, (1.31)

n-Véils, = n-VxAyu=-V,-{nx Ay}, (1.32)

n-Véls, = n-VxA,=-V, {nxAu} (1.33)
= n-Vés, ,

$o(c0) = 0. (1.34)

We now take the variation of eq.(1.30). After a considerable amount of
algebra (see Appendix A for details) this can be written in the following way:

6Wr) = = | 86 F©dV - [ n-66(B-Q-pV-£~€-Vp), (139

where
F(€) -,—j;Qx (V xB) - ,—f;B x (V x Q) + V{£ - Vp+1pV - €},

and
Q% v x (¢ xB).
For §(6W;) we find

§6W) = ~ [ n-6€B-V4dS+ — / éin - V66,dS
#0 SP #’0 sw
_ L[ 4v%64uds, (1.36)
Ho JVi
and
1 1 .
§(6W,) = —— [ don- VgdS — — / $oV266,dS . (1.37)
Ho Y Sw Ho /Vo

Notice that

/ gin- VigidS = - /. $iV. - {n x (6 x B)}dS
- _/S [V, {¢:n x (6¢ x B)} —n x (6¢ x B)- V,4]dS

- _/sn-sgfs.v,qs,-ds,

10



which has been used when obtaining eq.(1.36). When integrating the inner
vacuum region we need the following expressions obtained from eqs.(1.32)

and (1.33)

1 ¢in - Vbg,dS

Ho Y Su

and also when integrating the outer vacuum region we need

L[ 4n-64.dS
Ho /Su

We summarize the results:

_ L 49, (0 x 6AL)dS
Ho VSw
_ L [V, (6in x §AL.)dS
Ho Sw
L[ nxsA,, V.6dS, (1.38)
Ho JSw
1
L[ 4.9, (nx6A,.dS
Ho Y Sw
L [ V.. (dun x 6A,,)dS
Ho VS
L[ nx6AL,-V.bdS.  (1.39)
Ho JSu

6(6We) = - [ 8PV [ n-86(B-Q-1pV£~£-Vp)dS , (140

n-§6B-V,0,dS - 1

[ :9%5udS

Ho

—— [ ¥V, {¢in x §A,,}dS

1
§(6W;) = —
( ) Ho Sy
1
Ho Y Su
1
+—
Ho /5y
5(6W,) =

n x §A,,- V,0:dS,

(1.41)

1
. /S Vs {9on x SAucdS)

11



_i n x 6Ay, - V,dodS — — / $.V%66,dS , (1.42)
Ho

§(6W.) = ovd /s (n X §Auo) -1 X AyodS. (1.43)

Adding these results and making another integration by parts, we obtain

€= — /V §¢ - F(£)dV

1
— — [ n-6¢B-Q-pV-£ ¢ Vp)dS
Ko JSp
+ 1 n-8¢B - V¢idS
Ho v Sp
+ #i . n X §Au, - {V.(h: — @) + pooydn x A, }dS
0
-1 [ 4vi54.ds - / 8,V?64,dS
No
- /S V.{nx aAw,,(qs,- — $,)}dS . (1.44)

From eq.(1.44) we see that we have a variational principle that produces
the equations of motion F(£€) = 0 in the plasma region, and with the proper
boundary conditions, i.e., the pressure jump condition at the plasma vacuum
surface S,, and the corresponding condition given by eq.(1.22) or (1.26) at
the conductor surface, as natural boundary conditions. There is in addition
one restriction to be observed. The solutions for the scalar potential have
to satisfy Laplace’s equation also for the variations. This is still, not a se-
vere restriction since for our problems it will be natural to choose the trial
functions as solutions of Laplace’s equation.

Finally, notice that the last term in eq.(1.44) integrates to zero when .S'
is a closed surface, otherwise this term may contribute.

12



1.4 Trial Functions

We shall now discuss functions that we shall use as a base for our trial
functions. We consider two associated problems:

Problem 1: There is no conducting wall present. The corresponding solu-
tions are given by £ and ¢.

Problem 2: The wall is infinitely conducting and makes a closed surface in
the vacuum region. The corresponding solutions are given by £, and

®s.

Assumption: We shall make one assumption about these solutions, namely
£ = &, or the perturbation in the plasma is the same for the modes
considered in the two situations.

We then make the following expansion, let

¢i = cl¢m+c2¢b’ (145)
¢o = c3¢ooa (146)

with the boundary conditions

$(oc) =0 and n-Vs, =0, (1.47)

and let both solutions satisfy the same boundary condition at the plasma
vacuum interface (§, = §,), according to the assumption above. We shall
use our Lagrangian as given in eq.(1.30)

L=Wgp+ W, +8W,+ Wy . (1.48)

From the boundary conditions at the conducting wall and at the plasma -
vacuum interface, we obtain

n-Véils, = n-Vaols, and n:-Vepls, =0 = ¢ =c3,(1.49)

n-Véiis, = n-Vogls, =n-Veys, = a+ec=1, (1.50)

13



§W, = 24V
2“0 / V|

1
_ 2 r 2 2 r
_ cl——% /V Vo |?dV +5 e /V |V by 2dV
1 b d
206y - /V Voo - VerdV . (1.51)

Now we have

/w Voo VpdV = /V V(¢ Vip)dV = — /s fun VudS = W (152)

Notice that in eq.(1.52) there is no contribution from the other surfaces, i.e.,
wall and conductors, as will subsequently be considered, because n-V,|s, =
0 on these surfaces, which has been used in order to obtain eq.(1.52). Here
SW7P refers to the vacuum part of the energy for the first problem, i.e., wall
at oo, and §W} to be used shortly, refers similarly to the problem with an
infinitely conducting wall present. Notice that n- Vegls, = n- Vs, due
to assumptions made. Furthermore

—_ _1_ 2 — 2_1_ 2
W, = 20 /v., |Vo|°dV = c32u0 »/Va Voo |“dV . (1.53)
Now since ¢3 = ¢; and
V 2 | % V 2d‘/ .
2#0/ l ¢<:o| d + / ! d’ao' 6WV ’ (1 54)

we may write

L = §Wp+8W,+8W,+ Wy
= §Wp + SEWP + EEWY 4 2c1c6 WP + §Wyy
= §Wr+ (1 - &)WP + WP + Wy
= Wy + E(8W — WR) + Wy .

Thus

14



L =W, + (6W7 — SWE) + Wy, (1.55)

where

Wy = %1/5 In x Ay,|%dS, (1.56)

and
n- V¢°’5b =n- -V X Awo = —V‘ . (n X Awo), (1.57)

is the boundary condition that connects A g to ¢,.
Since ¢, = c3do it is natural to scale A,q in a similar way, thus let

AwO = CSAwO ’ (158)
and we have
n-Véuls, = =V, (n x Ay), (1.59)
and
cg"—gf /s In x AyoldS & 2sWy . (1.60)
>

The Lagrangian can now be written as

L =Wy + 2(Ws ~ 8Wo) + (1 — )60 . (1.61)

We find the stationary value of £ with respect to the variational parameter
cz by taking the derivative of £ with respect ¢, and set the result equal zero,
this way we obtain

_ §Wyw
Wy — §Wo + Wiy

Let the stationary value of the Lagrangian be given as £, then we obtain

C2

(1.62)

Wy, — W + §Wy

In order to make an estimate of the growth rate we solve the equation

(1.63)

15



L=0, (1.64)
which yields

Wy §Wo,

Wo— W W (1.63)
with
W = W+ '[V Voo |2dV, V=V,+V,, (1.66)
§Wy = SWp+ /V V|2V, V=V, (1.67)
) d )
§Ww = -2 [ |nx Ay%dS, (1.68)
2 Js,
and A, satisfies the boundary condition
n-Véols, =n-VxAu=-V,-(nx Ay). (1.69)

Finally we may write in correspondence with the notations used by Haney
and Freidberg®,

We
YTp = ’-m: s (170)
with
Tp = poodb, \ (1.71)
and
_ 5h s, in x Ayol?dS
b= = (1.72)

Wy — Wy

The boundary condition eq.(1.22) is a natural boundary condition, and
therefore it does not have to be satisfied by the variation of the solution. This
boundary condition normally is satisfied only by the exact solution, which
in general is unknown. However, the error made by assuming this condition
satisfied also by the variation must be small of first order. By making the

16



assumption that the variations satisfy this boundary condition we can derive
a less accurate formula that may be simpler in practical use for the purpose
of evaluating b,

2 Js, In x Auol’dS _ §W, — 6W.,
Wy Weo 3o, IVuts2dS

b= (1.73)
where the last step in the formula above rests on the assumptions made above.
The last expression for b in eq.(1.73) has the virtue of being independent of
Ao, it depends only on the solutions of Problem 1 and Problem 2 and the
geometry of the conducting surface. A derivation of this alternative formula
is presented in Appendix B.

17



1.5 Resistive Wall and Resistive Conductors

In order to include resistive conductors inside a resistive wall we need to
modify the Lagrangian by adding two terms

§Wg = _1_/ V x A2V + 2 [ azav. (1.74)
2u0 Jv. 2 Jv,

In order to prove this we take the variation of eq.(1.74)

5(6Ws) = uio [(VxA)-(V x A0V + o7 f‘ Ao 6AdV
- -1—/ V. {6A, x (V x A)}dV
Ho JVe
+;1; [ 68 {V x (V x A) + 07A}dV

= 1 [ nxsA..VxAdS
Ho JS.

+—1—— . SA. - {V x(V x A,) + pooyA_ }dV .
Ho JV.

Notice that the surface unit normal vector n is pointing into the conductor.

1.5.1 Conductor Inside the Wall

We shall first study the case where the conductor is positioned inside the
wall. From the vacuum region outside the conductor there is a contribution
from the vacuum energy

W, = EIZ/V Vi PdV (1.75)
5(6W,) = % /V Ve, - VégidV
1 1
- 5 i/V V{4 - V84 }dV -1;0 /V & V264,dV
- _;1/5,¢,-n -V5¢id5+;;/sw¢m-V5¢d5
4o /s én - VipdS, , (1.76)

18



where the last integral is over the conductor surface. Equation (1.76) now
replaces eq.(1.36). Let

s(ew,) % L [ én-vsgav. (1.77)
Ho VS

The same kind of boundary condition that applies to a resistive wall

also applies to a resistive conductor. Here we make use of the condition
corresponding to eq.(1.33), and obtain

§(6W;) = _;1; [ 4V, (nx 6A)as

1
= -—;—0- /gc V, . {d),-n X Ac}dS

+l/ n x §A. - V,6:dS .
Ho JS.

The integral of the surface divergence integrates to zero and we obtain
§(6W;) + 6(5We) = f} [ nx 6. {V.6:~ ¥ x A}dS
0 /S,
1
+—-/ SA.-{V x (V x A.) + povA_ }dS .
Ho JVe

Since 6 A, is arbitrary and n x § A, is an arbitrary vector in the tangent plane
of the conductor surface S., we obtain

V x(V x A.)+ pooyA. =0 (1.78)
in the conductor and on the conductor surface we have

nx{nx{V,p-VxA]}s =0. (1.79)

The last condition means that the parallel component of the magnetic field
is continuous across the conductor surface. This way the condition becomes
a natural boundary condition for the variational problem. :

1.5.2 Conductor Outside the Wall

As the next case we consider the situation where the conductor is positioned
outside the wall. For this case the equation corresponding to eq.(1.37) now

19



becomes

1
S5(6W,) = = 7 bo - odV’
(6W,) u/%vas V,dV
_ 1 . 1 250 4V
= 2 [,V A4 vos)av o [l 69 60uv

1 1
- - /sﬂ"“ V66,45 + - /sc¢on-vs¢ods. (1.80)

Let

5(6W,) / dont - V5$,dS . (1.81)

We again use the boundary condmon corresponding to eq.(1.33), and obtain
results similar to the case with the conductor inside the wall.

1.5.3 Lagrangian Containing Wall and Resistive Con-
ductors

The preceeding analysis is strictly speaking restricted to considering just one

conductor, but the generalization to an arbitrary number of conductors is

obvious.
The full Lagrangian takes the following form

L = 6Wg + 6W; + 6W, + §Wy + We, (1.82)

where §W, is now a part of §W; and W is the sum over all conductors
taken into account. Again we consider the fields to be given by egs.(1.45)
and (1.46)

1 1 l (> *]
W = o [ 1V6aPdV iz [ [VaP AV + 2006W,

W) = 2 Ao /[V¢w|2dV

; 1 Kal def crroo
mczz[ﬂ;/w |VxAc,|2dv+7/VpA';"dv] Y sWs + sWE,

20



and the sum is extended over all conductors. To leading order we obtain 2

VXA =VXxAp =0V,
and we obtain

1 c?
5 ’°°=—/ VxALdV =3 [ Ve lav.
& =g IV xARY = - [ 9.
Moreover
1
20

Thus

L = §Wp+ 26WS + 26WE
+2c1c26W + §Ww + §WE
= Wy + E(6WE — W) + Wy + SWE,

5Ww = C§5Ww,

(1.83)

—_— 2 L 2 L 2 _ oo
/V._ Vgul'dV + o /x; VéolaV + - /V Voo |24V = W .

(1.84)

(1.85)

SWE = ESWE, can- Vwls, = can- V x A s, , (1.86)

Ww = ild/ In x Ayo|2dS,
2 Js,

5{7]2 — El/ A 2

Ve 5 ch°dV’

n-VxAyuls, = nVgls,,
n-VxAls, = n-Véuls, .

Since §W, = §Wp + §W{ and §W,, = §Wr + §W° we obtain

L = §W, + c2(8W, — §Wy,) + SE(6Ww + SWE),

(1.87)

(1.88)

(1.89)
(1.90)

(1.91)

2The error here depends on the resistivity of the conductor, and the error obviously
depends on the volume of the conductor as compared to the total volume of the vacuum
region. Remember that for the limiting case of a conductor with infinite conductivity, the

normal component of the magnetic field remains zero at all times.
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and
S =(1-c).

Notice that for the case with the conductor in the outer region, the only
formal change is that c; in eq.(1.83) is replaced by c3, but since eq.(1.49)
requires ¢; = cs, this does not make any formal changes in the formulas. This
does not mean that there are no real changes, because the final result will
depend on the actual location of the conductor. However, the computational
procedure is the same whether it is located outside or inside the wall. Now
we make L stationary by determining c; such that

/o

Eczz

0,

and we obtain from £ = 0 that

Wy + 6WE W,

W, — W, ~—  §W, (1.92)
Th
us sW_ )
YD = — W, y D = poodb, (193)
and
g s, In X Ayol’dS + 31 f, A PdV
b= 2605w bos "¢ . (1.94)

Wy — W
We are then left with a problem of determining the integral

1 A 12
L= 2uod-/"c A 24V .

This is the subject of the next section.

1.5.4 Magnetic Field Perturbation Inside a Resistiv
Conductor '

We shall assume axisymmetric conductors. This assumption is not a severe

restriction for tokamak systems. In fact axisymmetry is a virtue of a properly

designed tokamak system. We shall furthermore make the assumption of
circular cross section of the conductors and use the long thin approximation,
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permitting us to approximate the toroidal conductors with a straight cylinder
to leading order.

Assuming the perturbed magnetic field inside the conductor is described
by a vector potential A, the governing equation in the low frequency limit is
given by

Vx(VxA)=-aA, a = peoy, (1.95)

where the time dependency is of the form exp(vt). Written in components,
we have

A, 2 0A
va,- - ;‘T - 13'—59—' = —aA, , (196)
Ay 2 0A,
va,,—;-; + 55 = —od, (1.97)
V24, = -ad,. (1.98)

Boundary Conditions

The solution has to satisfy the boundary condition

n-Vogls, =n-VxAls,. (1.99)

In the local cylindrical coordinate system the centerline of the circular cross
section conductor is the z— axis. In this system we have the coordinates r’
and ¢’ being related to the r and 6 in the ‘plasma’- coordinate system as
follows

P2 = 7.3 + 72 + 2rgr’ cos(6y — 9')

rosinfp + r'sin §’

tanf =
n 70 cos By + 1’ cos 6’

or r
— = — 4= 6-¢
or' r + r cos( )
08 r'ro cos(6 + 6') + % cos 26
— = cos’f
or' (rocos b + ' cos §')2

) 1 rosinfy + r’sin 6’

cos“ 6 = , s = .
1+ s? 79 cos 8y + 1’ cos 0/
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We need to know n - V@, 's , and there are several ways of obtaining this
quantity, a few of which are outlined in Appendix C. At this point we shall
merely assume that this quantity is known and given as

1 7
n Vs, =), r_fkez k,
k c

where v is the parameter representing the poloidal direction of the surface,
and 7. is the radius of the conductor. Thus for the rest of this problem we
consider n - Vg, |s, to be a given quantity on the conductor surface. We
recall that
-

n- VxA:%-%:%@-iMa. (1.100)
This expression represents a real physical quantity and must therefore be
real, thus we arrive at the conclusion: The following quantities must be real

- . ~ def .
A, % 4A,, and Ay ia,.

Resistive Conductor, Solutions

For simplicity we shall from now on omit the primes as reference to the local
coordinate system, but remember that in the present context »,6 and m refer
to the local coordinate system. Turning back to egs.(1.96) - (1.98), we may
write these equations as

_(m*+1) 2 _ 2m,
Mlr(?‘ )A- A — (K —a)A, = —Fide,  (1101)
1d, d (m?+1) . 2m.
;dr(r:i;)Ao —— A - (K* —a)4s = - ) iA,, (1.102)

1d d,

—_— —_—— _ 2 — = . .
- rdr) i =3 A, —(k* - a)A, 0 (1.103)

Multiplying eqs.(1.102) and (1.103) by i, we may rewrite the equations as

1d, d (m?+1) _ 2m,
rdr( dr)A r? Ar —(k -4, = r2 As (1.104)
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2m

1d, d . m?+1) . .

- (o) e—( e )Ao—(k'z—a)Ae = — A, (1105)
1d, d,.. m?, .
S A - A - (K —a)d. = 0. (1.106)

By adding and subtracting eqs.(1.104) and (1.105) we obtain

1d, d . m2+2m+1 - .
Dy A - IR D (4 Ay - (- a)(a+ A) = 0,
1d, d . m? —2m +1 . .
;a;(ra—;)(A,—Ag)— ( 2 )(A,.—Ag)—(kz—a)(A,-—Ao) = 0.
By inspection we see that
Ar+ Ag = cilpyi(kor), (1.107)
Ar—Ag = Iy (kor), (1.108)
A, = calp(ker), (1.109)

where I,,(kor) is the modified Bessel function and ky = v/k? — a. Since the
solution has to be finite at » = 0, there are no K, - functions present. Also
notice that our notation is a bit sloppy since our r and m actually are »’ and
m/, i.e., it is the coordinates in the local system.

We have already chosen V- A = 0 as our gauge condition. Thus we have

18 104, 04,

R T M
or

10 m . «

;5;( A,)+7Aa+kAz-—-0.

Here k = n/R., where n is the toroidal modenumber and R, is the R-
coordinate for the center of the conductor. From eqs.(1.107) - (1.109) we
obtain

1
A,. = "2'(C1Im+1 + CzI _1) 5 (1.110)
- 1
Ag = '2‘ (C1]m+] - Czlm—l) , (1.111)
A, = cl,. (1.112)
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The gauge condition can be written as

d
= {z(c1Tmsr + coadmn)} + m{ciTmiy — 2l } + kreal, = 0. (1.113)

We list some properties of Bessel functions:

% (zl,) = I,+el, =

= (1-m)l, +zl,_,
= (m+ 1), +alny,
dia: (2Inyy) = —mlpy +aly,
d
dz
Using these relations we may rewrite eq.(1.113) as

(2lp-q) = ml,_+al,.

a(-mlp +aln)+co(—mlp_y +aly) + eymlpyy +comly,_ +kresl, =0
= ¢ = —¢, c3=0.

The solutions are therefore given by

2
A, = Cm(Im-H - Im—l) = —Cm;'?-’m(kor) ’ (1.114)
r
Ag = cmlImsr + Imo1) = e, (kor). (1.115)

From this result we conclude that A, = 0, and that the boundary condition
egs.(1.99) and (1.100) simpifies to

> }cfmez’"'"“’ = kY cn(Im1 + Im1)lr=r €™ (1.116)
It then follows that "
I = ~kn(Tnis + It )omr
and

2fm fm
= — = - . 1.117
2cm krc(Im-H. + m—l)lr:rc chI,',.(koTc) ( )
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Technical details for a Copper Conductor

The solutions we just obtained contain a critical parameter ko where

1
ko= ViE—a= -R—;\/nz — pooR2~,

thus ky depends on conductivity and the characteristic time for the resistive
wall instability. The dependency on 4 makes the problem complicated be-
cause this is the primary unknown to be determined in this work. Therefore
by considering a conductor of finite thickness we no longer obtain an explicit
formula for 4 as given in eq.(1.93), since the integral over the conductors are
implicit functions of 4. However, « is likely to be weakly dependent on ky,
in which case we can solve the problem by iteration. The first step could be
to solve the problem with ¥ = 0 or some predetermined value from experi-
ence. Numerical trial and error is necessary to determine the validity of this
procedure. We shall now discuss actual numerical values for ky. Using the
conductivity for copper we find

c = 588x10°'0 'm™ = 5.88 x 107"AV 'm™!
po = 1.26 x 107°Hm™ = 1.26 x 107®VsA'm™*

thus
poo = 1.26 x 5.88 x 10AV 'm™'VsA™'m™! = 74.1sm™2.

If we take R, = 1 m we find pooR? = 74s. At this point we restrict ourselves
to situations where the resistive wall instability occurs on a timescale of the
order of 100s or longer, i.e., ¥ < 10-?s'. We then have

pooR2y < 1,
and for n # 0, it then follows that
k2 = —(n? - aR?) > 0. (1.118)

Therefore, as long as the characteristic timescale for the resistive wall in-
stability is sufficiently long for the inequality in eq.(1.118) to be satisfied,
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the solutions can be written the way they are presented in eqs.(1.114) and
(1.115). If the inequality in eq.(1.118) is not satisfied, then the solutions have
to be rewritten in terms of ordinary Bessel functions. We are not investigat-
ing this possibility here. However, we notice that for the case considered

r
zo = kore = Ec\/nz - aR?,

would normally be a small number, as long as the square root is not too
large. When this is the case we can use the small argument expansion for
the Bessel functions. We shall discuss this limit subsequently, but first we
consider the energy integral.

Energy Integral

The purpose of this exercise is to evaluate the energy integral over the con-
ductor, see eq.(1.93) and the following equation.

J, AV = J, (141 +146[") rdrds R

47I'2Rc 2 2
- T [ (T an) (S en) w2,

where z = kor, zo = kor. and

2
A = CmlIms1) = In1) = —en—In(2),

Asn = m(Imt1) + Imo1) = eml  (2),

(Z A,-m)2 + (Z Aam)2 = g;cmcn {(Ums1 = Im-1)(Ins1 = In-1)

+(Imgr + In1)(Ins1 + Inca)}
= chrncﬁ{lm+1]n+1 +I -lI —1} .

We define the following matrices and vectors
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G, /0 * L(2) I (z)zdz, (1.119)

de -~ ~
Cim = Cisimir + Croimer (1.120)

¢ “ qec). (1.121)
Then we may write

81r2R,_.

0

/V (JA.1? + |As/?) Rrd8dgdr = c.C.¢ (1.122)

We have not yet succeeded in solving the integrals given by eq.(1.119)
analytically. Therefore, in the next section we shall evaluate these intgrals
approximately.

The Small Argument Limit

An approach to evaluate the integrals given by eq.(1.119) is to expand in the
small argument of the Bessel functions

1 .. 1 , m,1 . . 1
In(z) ~ (52) TmeD)’ In(z) ~ 5 (52) Tm + 1)
_ _fm 1
Xom = e T (hor)
1 _ f_m mlm(m) ~ f_m L m|—-1
A = kr.zI! (kor.) k:rc(rc)l I
Ae — fm I ( ) ~ _i’l(l)l"ﬂ—l .

ke ! (korc) kr. 7.
From which it follows that [ A2dV = [ A2dV, and we find

2

/ A2rdr+/ Alrdr ~ 2/ ( Py ( )lml_l) rdr

2fmfn 1
fo

mm K2 im{+n|
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For k = 0, i.e., axisymmetric modes one has to re-do the problem. The
proper solution now is A, = 4 =0, A, #0, or

A, = calm(kor).
With a similar expression for c3

S N
* 7 Jm| In(kore) |

Thus

[ e = [ (zlm” )2

TeJmin m|+n
Z fffoyt FHnl+1 gy

w [ml|n|

il

_ N Tefmfn 1
> im| [n| |m| + In| +2°

m,n

where the dummy variable y = . A full toroidal calculation has not yet
been done. This approximation may, however, be sufficiently accurate to be
of practical value.

1.6 The Screw Pinch with Resistive Wall

According to J.P. Freidberg: ldeal Magnetohydrodynamics, Ref. 1, eq.(9.105),
we have

k2b? + m? SWoo

= 1.12
T4 = R {1 — (LK ILRL)} W, (1.123)
where 74 = poodb.
1.6.1 The Basic Formula
We shall first test our basic formula eq.(1.93), which we write as
W -
yTp = ~ W, 7D = poodb, (1.124)
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with 7p given by eq.(1.70) and b by eq.(1.72) from which we obtain

b k2b2 2
Do T : (1.125)
b k02K Iy {1 — (I, K/ 1ILK;)}
or l-) kzbz 2
T_ 2 +m : (1.126)
Y bRRPKL {1 - (I K,/L,K.)}

We then proceed by computing b. According to the formula given in
eq.(1.72) we have

5= fs, In X Ayol2dS

o= W, oW (1.127)
First we consider the numerator in the expression for . Thus let
1 A
I = — A o%dS, 1.128
b= 50 Js In X Ayl ( )
where the vector potential Ao satisfies the boundary condition
n-Vouls, =V, {nx Auolls, - (1.129)
Furthermore
nxAwm = a, (1.130)
vV, = iK= i{—?eg + ke,}, (1.131)
V,-a = iK-a=1K-nx A,, (1.132)

and assume
n-A,=0 & V,-A,=0,

=K -Aop=0= A|lnxK,

or

K -nxAy,=1K|InxA_ |,
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from which we obtain

n:Vogls, =V, - {n x Aylls, =ilK|n x A

wO.’
and
a 2
n-Véels? %=l
K2 Com k2

:

nxA_ > =

b2 %%lr:b
m? + k262

From Ref. 1 we also have

d’oo = AK.,e Hmb+kz) _ ( )50 ( )ei(m9+kz) ,

kKo Ko
thus
08 2 K!
=l = 8 @) (),
and
n x Auol*dS = 4R LF@) (Kiy,
2;1,0 S wo 2uom? + k22 K!’ -~

From Ref. 1, eq.(9.79) we have

W, — W, = 2R, ' (Ao — A)El
Bo |m] r=a ?
where
Ay — Ay = — Im|Ka (I/K;) — (Ia/Ka)
¥ kaK] (L/K}) - (1./KL)’
or ’ ! 1
Ab——A._,o=-|leb I'K, - IK‘

1§12 I'K'
kal,K! 1-— I’K'
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(1.134)

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)



We now use the fact that

I.K, - I.K, = I, (ka)Kn(ka)— I,(ka)K], (ka)

= W Km) = (Imer = = Tn) Ko = I(= Ky —

ka
= Im—le+ImK -1

1
= IpKy+1 + Iy+1Kv =7
ka

ka

m

K)

where W (I, K,,) is the Wronskian and v = m — 1. (Fore more details
see Abramowitz & Stegun: Handbook of Mathematical Functions, p. 375,

eq.(9.6.15).) Thus we obtain

m|K, 1

M= Ao = — ke ik >0

b%a 1= 7k,

since I’ K
—-K; >0, 0<—I§<1, 0<?',’<1.

We may now write eq.(1.138) as

_2n’R. a®F*(a) K I

po  k*a? LKPZ 1_ LK
LK,

EWy — W =

We are then able to compute b given by eq.(1.127) and obtain

b 13 Js, 0 x Auol’dS
b~ b W,— W,
or
b K6, I'K!
b= Tz w1~ I{,K;,}'

From eq.(1.126) we then obtain the desired result

¥=7,

(1.141)

(1.142)

(1.143)

(1.144)

(1.145)

which proves that our variational formulation gives exactly the same result

as obtained by standard methods.
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1.6.2 Alternative Formula

We shall now derive the growth rate using the alternative formula given by
eq.(1.73), from which we have
W, - W,

bol Js, V20?45

el O

Using eq.(9.37) in Ref. 1® we find

Vb = i(eo + k) dulems

Ky - 531
_ *(eg—nlﬂ-ezk) F(a)é, ¢~ T bei(m8+kz),

IIK!
b kK, 1_ 2
LK,

from which we obtain

K, \°

Voo = (2 +x) Tl )

A =\ k2K" {l—w}z
'K,

m o) Fla)g R
b2 széz {1 LK} }2 ’
T IK}

and finally a short calculation gives

K0 iy _ 1K
m? 5 g oKl = IK!
which is exactly the same result as obtained in eq.(1.144). We then conclude

that the two formulas given in eqs.(1.72) and (1.73) give exactly the same
result for the case considered.

3
2= - }, (1.146)

3Notice that there are some misprints in eq.(9.39) of Ref. 1
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Chapter 2

Vacuum Region

2.1 Preliminary Considerations

According to the general theory we have presented in Chapter 1, we have to
consider two cases.

1. No wall or conductors are present or taken into account. This case
provides information about §W,. '

2. The problem is solved by considering the wall and conductors present
to be of infinite conductivity. This provides information about §W,,.

Regarding the first class of problems, there exists vast literature on the
subject, and numeric codes routinely solve such problems. When it comes
to the second class of problems, it appears that not many problems have
been solved in this catogory, although special cases have been studied like
the screw pinch considered in Chapter 1, section 1.7. Here we present an
analytic study of a system with a wall and an arbitrary number of conductors
present in the vacuum region, and the wall and the conductors considered
have infinite conductivity.! By using Green’s functions techniques and fast
Fourier transforms, we reduce the problems to problems in linear algebra.
The final solution have, however, to be obtaind by numerical methods. The
aim here is to provide the analytical basis for such an approach; that means,

! According to our formula for the computed growth rate v given by eq.(1.93), this is
the solution requierd in addition to the solution with boundary and conductors absent.
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numerically the problem is reduced to finding fast Fourier transforms and
subsequent matrix manipulations.

2.2 Green’s ‘Theorem’

Green’s second identity can be written as

/{VVZU ~UV}VHV = -—/S {Vn.VU - Un-VV}dS,
v P
Vn-VU - -VV}dS,
+ ‘/5 ..{ n-VU -Un }dS
+ Z/S {Vn-VU - Un-VV}S., .(2.1)
We shall take V to be the vacuum region bounded by the plasma-vacuum
interface S, the infinitely conducting wall S,,, and all the conductor surfaces

Se; . Here n refers to the surface unit normal vector for the surface under
consideration. We adopt the following conventions:

At S,, n points outward into the vacuum region,
at S;, n points away from the vacuum region, (into the conductor),
at S,, n points outward (away from the plasma).

Let the perturbation in the vacuum magnetic field be given as VV' (notice
that V may not be single valued in the general case). We take U to be given
by

“ G, r). (2.2)

Here G(r,r’) is the Green’s function for Laplace’s equation, and it satisfies
the equation

V3G = §(r-1). (2.3)

Since V- B = 0 — V2V = 0, we can integrate the left-hand side of eq.(2.1)
over the vacuum region to obtain
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oV(r) = - /S {V(r)n - VG(r,r') - G(r,r')n - VV(r')}dS,

+ /S {V()n - VO(r,)}dS,
+ /s {V(¥)n- VG(r,)}dS.,. (2.4)

This is basically Green’s third identity. As the observation point moves on to
a regular point? on one of the bounding surfaces ¢ = %, otherwise it has the
value 1. Notice that the solid angle over which integration is to be performed,
in the case when the observation point moves on to the surface, is reduced
from 47 to 2m. Notice also that n- VV/(r) = 0 over a surface with infinite
conductivity. From eq.(2.4) we notice that there are basically two kinds of
integrals to be considered, that is

L= [s V(r')n' - V'G(r,r')dS, (2.5)
and
I = /; G(r,r')n’ - V'V(r')dS. (2-6)

The seconed integral eq.(2.6) is nonzero only over S, the first integral
eq.(2.5) contribute from all surfaces under consideration.

2.3 Coordinates

We shall use cylindrical coordinates R, ¢, Z , to describe the axisymmetric
toroidal configuration.

2Regular here means that the surface has a welldefined normal vector n at the point
in question, otherwise appropriate adjustments must be made.
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The following relation to Cartesian coordinates exist

r={Rcos¢,Rsind,Z}, (2.7)
Or
ry = 5 = {—Rsin¢, Rcos$,0} = Rey. (2.8)
We also have
0] 190 3
'\"-eRaR+e4,Ra¢+ez (2.9)
where eg,e,,ez are unit vectors in the respective directions.

Let the plasma vacuum interface be given as
R = Ry{l + ex(v)}, (2.10)
Z = Roey(v). (2.11)

The surface unit normal vector pointing outward from the plasma region is
given by

Iy X Iy

[ry X ryl
Rey x (eR o8 + ezgf)

Ty X Iy

1. )
= —{yer — zez},

Q

where

J=yl), ¢ = woy), and Q= Q) = VBT 1. (212)

We shall also at times use the shorthand notation for any quantity q = q(v)
and write ¢’ = g(v’). We compute n - V and find

1{.0 .0
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The surface element is given by
dS =ry x r_dp¢dv = nRRyeQdgdv (2.14)

or

dS = Rdedl,, (2.15)

where dl, is the arclength element in the poloidal direction given by

dl, = VAR? + dZ? = eRg\/#? + {2dv = eRyQdv . (2.16)

Thus we have

di,

1
T2 - cRiQ  and eRO/Ode:—.CP,

C, being the circumference in the poloidal direction at ¢ =constant. We
have chosen the range of v to be [0,1].

2.3.1 Boundary conditions
The boundary condition at the plasma vacuum interface given by eq.(1.3) is
n-VVis, =V, {n-¢B}s,.

Notice that the perturbation in the magnetic field is By = VV.
We now introduce a poloidal unit tangent vector to the surface by

t % E—e—R—g—y—gd—’ , where again Q=22 + 2, (2.17)
with & = %” and y = 55. We may then write the magnetic field as
B = B,t + Bye,, (2.18)

and we have the surface gradient given as

o, 0
V,=tt-V+ R5%" (2.19)

From eqs.(2.18) and (2.19) we obtain
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V,'B = {tt V+R6¢} {Bt B¢e¢}

B,
= tVBp‘Jr Eed,'%t.

Notice that tt : Vt = 0, t- ey =0, e¢, ‘Z, =0 and % = 0, where the last

relation is due to axisymmetry. For 5 we find

86 0p ViR Q6 Q%

and we have the following result

V,-B=t-VB, + (2.20)

Since we have

z Y z
t-VR=| = = R=—
(Q6R+Q6Z Q’
we may write V, - B as

V, -B=t-VB,+ %t-VR:%t-V(RBp).

Thus we obtain

vV, {B&)} = V,-Be, +B-VE
= by V(RB,)+ B,t - V€, + Bye, - VE,

R
1 R .18,
= Rt-V(RBpr)+B¢R 36’

where £, = n . £ is the normal component of £ at the boundary. We finally
obtain the result we want

.1 R . 106,
.UV = —t - , S =
n- V1l Rt V(RB,,§+)+B¢R6¢,

where we remember that R = Ro{1 + ez(v)} in our notation.

(2.21)
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2.4 Green’s Functions

From Sec.2.2 we are left with the problem of evaluating the following two
integrals

L = /s V(r')n' - V'G(r,r')dS (2.22)
and
I = /s G(r,r')n’ - V'V (r')dS . (2.23)

In the first integral, integration is to be performed over the plasma vac-
uum interface as well as any conducting wall surface and conductor surfaces.
The last integral is to be performed only over the plasma vacuum interface,
since contribution to this integral from any infinitely conducting surface is
zero (n - B = 0 on such surfaces).

Using a parameterization of the surfaces S; and S; by the variables v and
v/, and representing V(r') as V(r') = V(R', Z') exp(in¢’), we may write

_ 1 2m . 6 s 6 ’
11(5.,51) = /(; d‘v’./0 delR,Vn(R,’ Z,)emd’ eRo {y(vl)'ﬁ - m(v )aZI} G(l‘, r )
(2.24)
where
! 1 1
G(rar) —_li;r—’!‘—l"l
_ 1 ! _ (2.25)
4m {R? + R? + (Z' — Z)? — 2RR' cos(¢ — ¢)}3
and
8G(r,r) _ 1 R - Reos(¢ - ) (2.26)
BR  4n{R’+ R?+(Z' - Z) - 2RR'cos(é— )}~
0G(r,r') 1 Z' -2 (2.27)
8Z' 4w {R?+ R?+(Z'- Z)? - 2RR'cos(¢ — ¢')}7 '
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We then use the following identity

R — Rcos(p—¢') = R + 22/{32 +R?+(Z' - Z)* - 2RR cos(¢ — ¢)}
2R'{R2 +R?*+(Z2' - 2)%}
R12 R2 . (ZI _ Z)z
2R’
{R2 R?+(2'-Z)*-2RR cos(¢ — @)},

2R’

and obtain

(5:.8;) _ L L - ing' v 0 ’
i = /odv/o d¢'R'V.(R', Z')e eRo{( )6R’ (v )aZ,}G(r,r)

TES;
r'ESj

_ /dv/ y(v')em' d¢f :
47 2 {R?2+ R?+(Z'— Z)? — 2RR' cos(¢ — ¢')}2

)BT 4(0)(2' — Z)}en dgy

2R'

d (R '
471'/ ”/ (R, 2 R°R{R2+Rn+(z'— Z)? - 2R cos(¢ — ¢)}3

ein® r1
- / ‘/;ESJ‘)(R/’ ZI) {ey(s,-)(v/)l'(‘s.-,s,-)(v, 'U’)
2m Jo

+ (S0 (v, o) [$55) (v,0') } do, (2.28)
where
S:,S; n . 9. 2 _p2_ (7 _ ot
F:Si(y, o) = Ré{y(v')[R R?—(Z - Z')?] - 2R'%( z} eres
R'.2'es;
= a(v)(v' —v)* + O({v' — v})lwes, for i=j, (2.29)

where the last step in this formula is valid only for the case i1 = j and then
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a(v) = {1 + ex(v)'rQ — §(v)}Q7, (2.30)

here & is the curvature of the surface S; in the poloidal direction given as

_ 2#(0)il) ~ (i)
{22(v) +92(v)}3

See Appendix D, for details. The last representation of F(v,v’) is useful for

studying the limit v’ — v, in the case when v and v’ refer to the same surface.

(2.31)

Roein(¢’—¢) d¢/

Ir(;s“sl)(vavl) = 1/2" 1
4Jo {R*+ R?+(Z'—Z)® - 2RR'cos(¢ — ¢')}? | m.zes;
n',z'es,»
(2.32)
) 2n 3 gin(d'~4) 4! |
ISlS.',SJ)(v,vI) — _]; Roe ¢ .
4Jo {R?- R?+ (Z'— Z)? — 2RR' cos(¢p — &)}z | r.zes;
R'.2'es;
(2.33)

It is assumed that all the surfaces considerd are determined by some para-
metric representation cast in the following form

R = Ro{l + ex(v)},
Z = Rpey(v).

We then consider the integral I; and obtain

L1559 = /;G'(r,r')n'-V'V(r')dS

P

L [ g li)en RRQe iy
—— v 1
4 Jo eR'Q" Jo {R®+ R?+(Z'— Z)? - 2RR'cos(¢ — ¢')}2
1 .
- _1 / An(v/)emtbl'(lsnsp)(v’ v')d’u' . (234)
m Jo
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Notice that the integration over v’ is restricted to the surface S, since this
integral vanishes over all other surfaces. A, is defined by (see eq.(2.21))

[ ' 1 ] / » -
n V() = & {t'- V(R'B£1) + Byink. }
def An(V') g
= _——eQ'R' , (2.35)
or
An(’U’) = te{tl . V,(RIBpE.L) + B¢in£.l.}|v’€5p .
Notice that
0 0 1 d
1! Y .t —

Qt -V =z(v )————BR, + y(v )_62' Fodv (2.36)

In order to show that eq.(2.36) is correct, let F(R(v'),Z(v")) = f(v') be an
arbitrary differentiable function of its arguments. Then we have

df dR OF  dZ'OF

&'~ doR " dv 02" |
and with R’ = R, {1 + ez(v’)} and Z’ = eRyy(v’) we easily obtain eq.(2.36).
The boundary condition, eq.(2.35) is worked out in detail in Sec.2.3.1 (eq.(2.21)).
Notice also that we may consider only one toroidal modenumber n (£, =
£.e™), at a time, and that t is the unit tangent vector in the poloidal
direction given by

¢ = % {é(v)er + §(v)ez]} .

Making use of these results it is convenient to write

d : , , ,
An(v') = == {I1 + e2(v)] By(v )L (v') } +ineQ(v)) Bo(v' )L (v')wes, - (2:37)
In order to proceed we have to evaluate the elliptic integrals I 'Sj)(v, v') and

jr(15i,sj)(v?v,)7 as given by eqs(232) and (233)
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2.5 Elliptic Integrals

2.5.1 The I, and I, Integrals

We shall simplify notation by writing I,, and I, instead of the more precise
notation IS and %) used in eq.(2.32) and (2.33). At this point spec-
ification of the surfaces over which integration is performed is not essential.
In the integrals I, and I, we change the variable of integration to ¢ = ¢' — ¢
and also use the fact that e™ = cos ny + isinny as well as some new pa-

rameters defined by the following equations, (we are using notations similar
to Hakkarainen!®)). ‘

R?+ R*+(Z' - Z)* —2R'Rcos(¢' — ¢) = h*{1 + k* — 2k cos ¢}

where
R12+R2+(Z/_Z)2 d_i_f h2(1 +k2),
2R'R % on%,
l+k2_2 des R?+ R*+(2'-2)?
kT RR '
Thus
k> ~2ak+1=0,
and

k=axva®-1l=a-vat-1<1,

where we have chosen the lower sign to make k < 1. By use of these sub-
stitutions we can cast the integrals I, and I, eqs.(2.32) and (2.33) in the
following form

cos ny

RO T
n 2
L) =3 ./—1r {1+ k? — 2k cosyp}}

i, (2.38)

3 o
o) = 12 -

= , sdy, 2.39
4h% Jx {1 + k2 — 2k cos 1} 3 v (2.39)
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where

h= %5 . (2.40)

Since the integrands in both integrals are periodic functions with period 2,
we may choose the range of integration to be any interval of length 27. Also
notice that the integral containing sint integrates to zero, being an odd
function. In order to arrive at the standard form of these integrals we make
a new change of integration variable by the substitution

Yv=20—-m7,

thus cosy = —1 + 2sin® 6 and dy = 2d6. This way we obtain

cos 2né
)2 — 4ksin® 6} 3
cos 2né

= (ot
= (1) h/o {(1+k)2-4ksin29}%d0' (241)

! RO T 7
L(w,v) = 22 [(-1) T

The last step is easily accomplished by looking at the integral from 3 to
7, changing variable in this integral by the substitution § = 6’ + 7, and
then noticing that the sum of these integrals amounts to integrating an even
function from —% to 3 .

Performing the same steps on the other integral I, we obtain

3 2
f(v,0) = (-1 T / : cos 2nf ~df. (2.42)
h* Jo {(1 + k)2 — 4ksin®6}2

For simplicity we now write

cos 2né

1 3
- - 4

Lan(k) 1+k /0 {1 - k?sin® 9}% 48, (243)

. 1 H cos 2n6
(k) = - dé 2.44
Lnl®) (1+kPJo {1-k2sin6})2 (2.44)

where

:aes 2VE <
k= ok (2.45)
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Thus Ly is an elliptic integral and

o= (1R L k), (2.46)
I, = (—1)"%?1:2”(@. (2.47)

In order to evaluate i/2n(k) we take the derivative of L,,(k) with respect
to k and obtain '

n H k — 2sin® 8] cos 2
dLon(k) _ _/‘ 1+ k — 2sin* 6] cos 7139d9. (2.48)
dk o {(1 + k)% — 4ksin®6}:
Then we use the identity
Counzg _ L 2 ap a2 (1 +kp
1+k-2sin’8 = 2k{(l-{—k) 4ksin®6} + 1+ k %
o s e 12
= 5 (14 k)° — 4ksin® 0} — T
and obtain ‘
dLon(k) 1 3 cos 2né
dk 2k Jo {(1+k)?—4ksin?6}:

1—k? /‘% cos 2nf
o {(1+k)?— 4ksin?6}3

This yields

, : 2n6 2% dL 1
Lon(k “éf/ ° dé = 2n
ol o {(1+k)? — 4ksin?6}3 -k dk 1-k

Ly, (2.49)

Thus, as long as we know Ljn(k) and 3 Lyn(k) we can determine Lo ().
Before we pursue the evaluation of the integrals L,,(k) and iLG(k), we
shall list some basic properties of elliptic integrals that will be useful.

47



2.5.2 Basic Properties of Elliptic Integrals
The complete elliptic integrals of first and second kind, K (k) and E(k) are
definied as p 4

K(k) ¥ /0 e z (2.50)

k2sin’z

and

E(k) % /0 * V1 - k2sin? e dz. (2.51)

In eq.(2.45) we have k wf 2v/k/(1+k) for obvious reasons. From standard
tables® we find the following useful relations,

K(k) = (1+k)K(k), (2.52)

E(b) = —{2B() - (1~ KIK(R)}, (2.53)
and

K0 = K0) = gk - S, (2.54)

E’(k):d—d’;E(k) - i—{E(k)—K(k)}. (2.55)

Thus we have from eq.(2.43)

_ k() _ Vg
L= = K(®),  Li=K'k). (2.56)

2.5.3 Useful Recurrence Relations

For the purpose of evaluating L,,(k) for n > 0 the following recurrence
relation that can be obtained from Gradshteyn & Ryzhik: Integral Tables!®!
p.157 (2.581) with m = 0 and r = —1, is useful
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% 2n A -1 _ 1 2 2 % -2  A-—
/0 cos"zA~Mdz = —-————(2n_1)k2{[(2n-—2)k ——(21'L—2)(1—Is:)]/0 cos™ 2z A 'dr

+(2n — 3)(1 — k%) /05 cos?" 4 a:A"ldm}

= 1 K /0 cos A" dz
2n—-31—k? 3 on—4 A —1
+2n—l e /0 cos zA dz,
where
A =/1 - k?sin’z and n>2.
Let

x 2n
Mon(k) = / L (2.57)
0 1 - k?sin’z

It then follows that My,(k) is given by the following recurrence relation

m—-31-k2 .-

Cogir 1. A
n-22v —1 My (k). (2.58)

= ——M,,_,(k -
2n —1 k2 2 2()+2n—1 k2

My (k)

In order to start the iteration we need to know My,(k) for n = 0 and
n = 1, which can easily be determined as

Mo(k) = K(k), (2.59)

and

o z 2
My(k) = /Oz cos’z .

1 —k?sin’z

_ /% "Z;l +50- k? sin? z)dm
° \/1 — k?sin’z
1 . . .

= 5 {E(k)- (1 - )K(k)} .
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We shall find it more convenient to express all quantities in terms of k rather
than k. Therefore we define

1
1+k
We then compute these quantities and the derivatives for n = 0 and
n = 1, and obtain

n&

M, (k) Mo, (k). (2.60)

Mo(k) = K(k), (2.61)
My(K) = o {E(K) - (1~ BK(R)} (2.62)
M) = %{ (lE_(kk)z)—-K(k)}, (2.63)
Mi(k) = —5%{#%—(1-@1((@}. (2.64)

By expressing cos 2nz in terms of powers in cos z we may write

E] cos 2na
1+ RLan(k) = [ e
0 \/I*kzsinzm

5 22 lcosnz — 21522’"3 cos?* 2z + ...
_ / - dz
- s 2 - 2
= 2" Mon(k) - T2 Monoa(R)
n Sspr (i) 2P ameayorneT L (]
2 0y () = 2 () Rl + -
N - n 2n —(2m ' )
= 277 Ma(k) + 3 (-1 ()2 My am (),
m=1

where M,,, is determined by the recurrence relation eq.(2.58). Changing to
k representation and M instead of M and k we obtain for n > 0 the relation
(notice that the 1 + k - factor is now absorbed in the definition of M,,)

n

n
Lon(k) = 227 1 Mo, (k) + }:(-1)’“;(2";"(3“))22"-2"‘A12n_2m(k). (2.65)
m=1
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For & L,.(k) = L), (k) we thus have the relation

n

len(k) — 22n—ljwzln(k) + Z(_l) (2n—(m+1))22n 2mMén-—2m(k) ]

m-1
m=] m

The recurrence relations for M,, and M,, becomes

2n —2 2n -3

M2n(k) = o — lf(k)]‘/IZn-—Z(k) + M — lg(k)M2n—4 ’
, _ 2n-2 . 2n -3 ,
My (k) = om — lf(k)}wzn-z(k) + o — lg(k)luz,,_4
2n -3 ,
(k) Mz (K) + om—17 (k)Man—a,
where
—1+ 6k — k? , 1—k?
(k) e fR) =T
(1 -kp , 1-k?
gk) = —p—> gk 7

We then find

Mi(k) = § F(k)My(k) + %(k)Mo(k)
= 2P| [ e - o - moy
;[ 2| ke
= o (ARE®) + 0k - DK ®)
where

fulk) = -1+ 6k K}, gulk) = 7{1 - 5k},
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MiR) = SFMa(k) + 390 Malk)
+ STHRIM(R) + 39k MYK)
o I FX ORI
- 4“,92’“2] K(R)
A 0o}
*égﬁm‘[;{(l—kz @f
= o3 {f4 k) + da(k)(1 - K)K ()}, (2.72)
where
fy =TT A=k g,

Mo(k) = 2 F(RIMA(K) + So(R)My(),

My(K) = SRIMICR) + Sg(R)MA(H)

3P OMa(k) + 3 (k)Mo (K)

- this stage one  .ortant point should be observed. That is: M, and
- well as their derivatives are all regular functions of k in the limit & — 1,
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which corresponds to 'v' — v] — 0. From this fact we can conclude that in
our representation of the integrals I, we have:

The singular behavior when k — 1 is associated with the terms
containing M, and M{ only.

) We are now in a position to determine L,, and ﬁz,., and thereby I, and
I, for n > 1. We have already determined Lo and L; by eq.(2.56). From
eq.(2.65) we obtain withn =1

Lo(k) = 2M,— M,
= 2 (5 1B - (1= HK(R)}) - K(K)
= L{B(k) - (1 - DK(R)} - K(K

= L{B(b - K(K)},

Ly(k) = 2M}— M,

_ (_5%{{1% _a —k)K(k)}) - };;{ai_(kk)_z) - K(k)}
1. -1 -

= ‘k—z{(—l—jcz—)E(k)+K(k)},

which also can easily be obtained by taking the derivative of the expression
for Ly(k) directly. From eq.(2.65) we obtain with n =2

L4(k) = 8]‘!4 — 8]‘]2 + AIO

= 8 (o LAKIER) + aa(k)(1 - DK (®)})

-8 (511? {E(K) - (1 - DK (K)) + K (K
2

= gai-0+ K)E(k) + (1 - k*)K (k)} + K(k)},
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Li(k) = 8M,—8M,+ M,

= 8 (5 {AWE® + ak)(1 - DK ®)

g (_2_25 {TE% _a- k)K(k)}) v {(IE_(kk)z) - K(k)}

o {‘1—“—1?’1“_7—“:2’“413(@ + (K- 4)K(k)} .

N——

For n > 2 it becomes increasingly difficult to work out the analytic so-
lutions in detail. The algebra probably becomes ”prohibitive” for practical
reasons with regard to determining M,, and M, for n > 3 in detail, as an
explicit function of k. If this is the case there exist the possibility to do it
numerically. The recurrence relations egs.(2.67), (2.68) and eqs.(2.65) and
(2.66) can be used to determine Lpn(k) and Ly (k) and this can be imple-
mented as a numerical scheme.

In principle the integrals I,, and I, are now determined for ar-
bitrary values of n.

In the numerical evaluation of these integrals over v’ we have to pay
special attention to the singularities of My and M. In the next section we
do the basic analysis for proper treatment of these singularities. For the
purpose of reference we list some basic results here,

b= (1) 2 L), (2.73)

I, = (—1)"512n(k)

h3
1) Rs 2kL!, (k) + Lan(k 2.74
(_)m{ (k) + Lan(k)}, (2.74)
and
! 12 2 ' _ 2
he B hca- VDT, o FARTE D) 0

2R'R
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The specialization to 1855 and {*) is obtained from the above for-
mulas by letting (R, Z) € S; and (R',Z’) € S;. In addition to the singularity
for k = 1 that appears explicitly in eq.(2.74), there are also singularities
associated with My and MJ. This will be the subject of the next section.

2.5.4 Singularity of the K (k)

When the observation point is located on the surface over which the integra-
tion is performed, we encounter a situation where |v' —v; — 0 or kK — 1. For
this value of k, K (k) is singular. From Abramowitz and Stegun: Mathemat-
ical Tables® p. 591 (17.3.26) we obtain

: _ 1. 2
lim K(k) =2In2 - 5,1,‘_?}1“(1 - k%).

k—1

Notice also that k -1 ~ |v/ —v| — 0, thus

limK (k)= lim K(k).

k—1 jv!'-v]—0

We shall now evaluate this singularity in terms of the physical variables v
and v'. We have from eq.(2.75)

k=a-+va?-1,

_R?+ R+ (2'-2)

a = afv,v) "B R
_ € (2(v') — 2(v))® + (y(v') — y(v))®
= M T (e + ) (2.76)

Thus

a=1 = (R’—R)2+(Z’—Z)2=O = R=R,2'=2.
And we also have
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h_ [RR
R~ VR
where

R = Ro{l + ez(v)},

Z = Ryey(v),
R = Ro{l+ex(v)},
Z' = Rpey(v').

All the surfaces considered, i.e., the plasma-vacuum interface, the wall and
the conductor surfaces are assumed to have a parametric representation of
the form presented here. Thus z(v) and y(v) will be different for the dif-
ferent surfaces. However, the following analysis is general in the sense that
it applies to all these surfaces for the case where the “observation point” is
located on the surface over which the integration is performed. And when
the integration variable v’ approches the “observation point” v, we make a
Taylor expansion and obtain

N _ v,V : Qz(v ‘U)2 v —v 3
a(vav) - ( )+ 2(1+6:D( ))2+0(( ))
_ e? Qz(” —v)’ o — o)
= Myt ap)r =0 +0((v" - v)),

2 Qz(” —v)

a’(v,v') = 1+e (Tm

+ O((v' —v)?), (2.77)

_ Qv — v o
k = a- 1+€z()+0((v ))
_ eQ!v I v 2
= 1- 1+€Z(‘U) O((v ) )7 (278)

1-k = 1- (1—2—562—u>+0((v’—v)2))

1+ ex(v)
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. QCQ!‘U/ - 'Ul + O((U, _ v)?)’ (2.79)

1+ ex(v)

2¢Q

In l‘U - ‘U| +1In m ) (280)
—% In(1 — k%) +21n2 + O(1 - K¥?)
1 |v—v 1 €Q ,
—21n 5 ——2ln1+€z(v)+ln2+0(|v—v[)
Lo ] «Q /
-5 In|sinm(v' — v)| 5 In 8711 = ea(o)] +‘O(lv -v|),
(2.81)

where we have used that asymptotically for small |z], FEJET =1+ O(z?) and
In{1+ O(z?)] = O(z?) = In|z| = In|sinz| + O(z?). The last representation

for K (k) is a conveninent form for further elaboration, based on some useful

integrals that can be found in Gradshteyn & Ryzhik: Integral Tables!®) p.

584 (4.384 (3) & (7), which we list here for convenience

2 x
= /02 dz In(sin z) cos 2pz = ——%’ , p>0, (2.82)
2 3 .
= — / dzln(sinz)cos2pz = —In2, p=0, (2.83)
7 Jo
2 r3 . .
Jp = - /0 dzln(sinz)sin2pz =0, Vp. (2.84)
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2.5.5 Singularities of Ly, and Lo,

In eq.(2.28) we first consider the last part of the integral given by

né .
%— / VSR, Z')FS5) (w,v") 505 (v, 0")dv' . (2.85)
™ Jo

Again we shall omit the references to the specific surfaces other than observ-
ing that we consider the situation where the integration in v’ is performed
over the same surface as v is evaluated on, i.e., we have ¢ = j or S; = §;.
These cases are the only cases we need to consider with regard to singular
behavior in the limit k — 1 or |v' — v/ — 0. We shall evaluate the integral
given by (2.85) in this limit. From egs.(2.33) and (2.29) we obtain

iS(w,0) = = [ se A dg
4Jo {R2+R?+(2'-Z)?—2RR'cos(¢ — ¢/)}2| ryes;
R'Z'es;
3
= (-1)" %LG(v v'). (2.86)
N 1 ,
Ly, = 1—_—1;'5{2’9142" + LG} (2.87)
F(v,v') = (v - v')%a(v,v) + O((v — v')?). (2.88)

It is convenient to write Ly, and L) in terms of a regular and singular
part, thus we define

Lon(k) & Lon(k) = (—1)"Mo(k) = Lyn(k) — (-1)"K(k), (2.89)
By (k) % Ly (k) — (=1)"My(k) = L (k) — (=1)"K'(k), (2.90)

or -

Lon(k) = Lan(k)+ (-1)"K(k), (2.91)
Ly (k) = L. (k)+(-1)"K'(k). (2.92)

Evaluation of the integral (2.85) makes it necessary to calculate the limit
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. g a2
|uf1-i£?_.o(v,’v)sz"(k(v’v’)) — lv'l-iﬂl-*o (‘1—;:2) {2kL;, + L2}
(v - ,
|v'—l|1;rll—~0—_1————kz——(_1) {2kK'(k) + K(k)}
.12
= him (—1) Y 0E k)

ju!—v|—0 (1 - k2)2
(=11 + ez(v)]?
2e2Q?

(2.93)

where we have used that

k) = { o - K}

_ 2eQ =

1 -k = T eato) +O((v' —v)),

which are easily obtained from egs.(2.54) and (2.79). L3, has at most a loga-
rithmic singularity which behave as In [v' —v| when [v'—v| — 0, associated

with K (k) through My. It is then clear that
im |v' —v|Lan(k(v,v")) = 0.

[v!—vi—0

Finally we obtain

lim Le‘."“’Vn(R', Z')F(v,v")In(v,")

jp'—v|—0 27
= i ValR, 2)alo, ) (1) (0~ ) Lan(e, )
- Jim a , ’ h3 2n\Yy
e'.w a(v, U)
I T =)
eind K y(v)
= 4n ‘n(R, Z) { €2Q - 1 + ez(v) R (294)
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where k is given by eq.(2.31) and Q = Q(v,v’) > 0. Equations (2.30), (2.44)
and (2.47) as well as the limit given in eq.(2.93) has been employed. Also
note that limy_y_oh = R, and that Ry/R = [1 + ex(v)]~".

This result shows that the integrands of the integrals containing Loy, is fi-
nite in the singular limit, and therefore numeric integration can be performed
across the singularity without any problems. The formula given by eq.(2.94)
may be useful as a test for the numerical scheme to be used.

These results reflect the fact that L,, has only a logarithmic singularity
associated with My, and Lj,, has a singularity of the form (v' — v)™? as well
as a logarithmic singularity. It is the singularity (v’ — v)~! that gives rise
to the finite contribution in the limit considered in eq.(2.94). We conclude
that the integrand of 1(5+5) in eq.(2.28) is nonsingular concerning the part
dependent on I,. The only singularity left to give special consideration is
associated with Lj,, where again it derives from the logarithmic singularity
of My = K(k).

We then turn to the first part of the I, integral eq.(2.28) and I,, eq.(2.34),
both of these integrals depends on L,, through I,..

Singularity of L,,

We first consider a few asymptotic limits that make it easier to evaluate
limyyi—y|~0 L2n,. From eqs.(2.81) and (2.79) we have the asymptotic relations

K(k) = ~3 In(1 — ¥) + 202 + O(1 - ), (2.95)
and
2 2Q(v) |2n(v —v) ' _ o)
R = S [ O ). (299

By combining eqs.(2.95) and (2.96) we may write

_ o 2r(v' —v)) 1 eQ(v) ,
K(k) = -—5 In "'——"'2—“—— - 2 In —""——‘8“_[1 n E:B(’U)] + O(U 'U) . (297)

It is convenient to define a function K(v,v’) which is regular at v = v’ by
K(v,v'") = K(k)+ % In|sin7(v' —v)]. (2.98)
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Since

TS L o)} B
jv'—v|—0 ‘ (v’ — v) ’
we obtain
) _ , . sinm(v' —v)| 1 eQ(v)
= | —_ Il lp—x
lvll_lf,?_,oK(v’v ) Wit In (v — v) 2 In 87(1 + ex(v))
_ L Q)

27 8n(1 + ex(v))
By eq.(2.98) we also have

K(k) = K(k) — % In|sinn(v' — v)]. (2.99)

The reason for the particular choice of function to add in eq.(2.98) is of course
the ease of integration in the next step to be considered.

The I, Integral

Returning to eq.(2.28) we now consider the part of the integral containing
I%%) | We restrict ourselves to the cases where i = jorS; = §;, because only
in these cases do we have to integrate through the logarithmic singularity.
Again we omit the reference to a particular surface, in order to ease notation.

We first consider

I, = (—1)”%L2n(k),

obtained from egs.(2.41) and (2.46). By using egs.(2.91) and (2.99) we rep-
resent Lon(k)
as

Lan(k) = Lan(k) - (—1)"% In | sin (o’ — v)|. (2.100)

Notice that Lan(k) is just L, with My = K(k) replaced by K(v,v'). L,,
is now a regular function of v and v’ also when v’ = v. This way I, splits
naturally into parts
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IL=1I,+1, (2.101)
where
de f

Lon(vy0'), I,= —%lnlsin (v —v)|,  (2.102)

and I; as given by eq. (2.28) splits naturally into two parts

T _f n_IEg
In - (—1) h

A Useful Integral Formula

In order to numerically evaluate the double fast Fourier transforms of the
fields, it is convenient to evaluate the integrals over the singular part of K(k)
analytically. Thus, we must evaluate integrals of the form

1 . 1,,1
I, = /ez’“("‘”""”)ln|sin1r(v'—v)|dv’
(¢}

X ' 1 . T} .
= gmilm'-m / e2mi(m'(v'=v) |y ! sin 1r(v' - v)ld’Ul
0

. 1-v
2mi(m'—m)v {cos2nrm'z + isin2nrm'z} In|sinrz|dz

-V

= €

— e21ri(m'-m)v

1
/ {cos 2rm’z + isin 2rm'z} In | sin rz|dzx
0
2 . ! 1 ra .
= gmilm'-mp / cos 2rm/z In | sin mz|dz
0

- e21ri(m'—m)v x { _'# (ml 74 0)

—In2 (m'=0)
= eRmilmiem (2.104)
where
-1
flo) % { n, Egig; . (2.105)

This result is easily obtained by applying the formulas given by eqs.(2.82),
(2.83) and (2.84).
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The Singular Part of the Integral I,

We proceed to consider that part of the integral ( eq.(2.28)) that contains
I,,, and which we call I, and is defined by

Let

ing A

7 def € Nt NT "Nyt

Y /0 V(0" )eg(v) I (v, 0')do'. (2.106)
Va(v') =iRoBo Z Ve (2.107)

m=-00

From now on we shall omit the reference to the toroidal mode number n,
since it appears only as a parameter that has to be set initially.

Looking at egs.(2.102) and (2.106), we find it convenient to Fourier trans-
form the following quantity

R Z 2mi(k' +1
_ }r mi{kv'+ v) 2.1
47rh(v,v Z (2.108)

k=-o00 l=—00

We can now compute the integral I, in terms of given Fourier transforms.

or

einé Ry
7 ng__%+ : /I _ /
v ‘ (v )ey(v'){ oh In|sin7(v' — v)|}dv
zRoBoe"d’/ { Y V™'Y Z Z Yi 2"+ )Y In | sin w(v’ — v)| dv’
m=-o0 k=-00 l=-00

[+ <] [~ <] [= <]

1 ,
iRy Bye'™ Z Z Z Vi Y€ k+l+m)"/ e2mm+R) (V') n | sin w(v' — v)ldo’
0

m=-00 k=-o00 l=~00

= = 1
iR Boe™ Y- Y Y VU Yetmilktttmle { sl ™MHE#AO

e e 1 —1In2 m+k=0"

=iRBoe™ Y Y Y U YaemHml i m 4 k). (2.109)

m=—C k=—00 I=—00
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where eq.(2.104) has been used and f(m + k) is defined by eq.(2.105). In the
subsequent analysis we shall sometimes simplify notation by writing

Z“’Z and Z“’Z >

m=-00 m=-00 k=—o00

We have made no special reference to any surface here, since the procedure
is the same for all surfaces. However, when evaluating these integrals for
different surfaces one has to pick the right functions y(v’), h{v,v’) and so
forth, for that particular surface. When we later on may want to be specific
in referring to a particular surface, we shall do so by superscripts a, 8, where
a, B can be S,, S, and S, as previously introduced as reference parameters
for the plasma vacuum interface, the wall and conductor surface number 3,
respectively. Thus in specific notation it will be like

Ve and YA, (2.110)

The Singular Part of the Integral I,
We then consider the singular part of the integral I,. From eq.(2.34) we have

md>
]2 = -—ﬂ‘— A ( )I (v,v')dv', (2111)
A ,
where A,(v') is given by eq.(2.37) and I, is given by eq.(2.32) or in elaborated
form by eqs.(2.41) and (2.46). Thus we have

/ om Roem(d: ~d) dd)'
Lwv) = ¢ I nses
4 {R*+ R?+(Z'— Z)* — 2RR' cos(¢ — ¢')}2 :;_Zze.z's.
ped (—1) h(fo )L2n(k(vvv,))

= (1) gy (k) = (1) I sin (s = )1},

where eq.(2.100) has been used. Then we write I, the obvious way as

12 = I_2 + iz (2.112)
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where I, is that part of the integral which contains the logarithmic singularity.
By definition we introduce

]

ing 1
def € n_ Ho
2 = oo /0 An(v )h(v,v’) In|sin7(v' —v)|dv', (2.113)

and from eq.(2.37) we have

~

A (V) = d‘f) {11+ e2 ()| B,(v')n(v') } + ineQ(v') B, (')gn(v');v,e(sp. |
2.114

& = Ro) &em™,
k
1+ ex(v')]Bp(v') = BoY. Bie™',
l
EQ(’UI)Bd,(’U’) — BO Z Bme21rimul :
thus we obtain

[1 + ex(v')|Bp(v)én = BoRo Y & Bye®™ k" |
ki
from which we substitute in eq.(2.114) to obtain
’ d r / . " L [; !
An(v) = o (14 ex(v')] Bp(v')€n} + ineQ(v') By(v')én(v')
= iRBo YY" (27(k + )Bi + nBy) fe®™*+ | (2.115)
k1

Furthermore let

1
21rh

Z hpge®m P+ (2.116)
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Using the results in eqs.(2.115) and (2.116) we obtain
j2 = iROBOeimb Z Z(Qﬂ’(k + l)B[ + nBl)Ekhmezﬁ(k+l+P+Q)u

rq kl
1 . )
9 / g2milk+l4+p)(v'-v) 1y | sin TI'(‘U’ - v)| dv’
0

= iRoBoe™ Z Z(ZW(k + l)Bt + nBl)f—khmez’d(k+l+P+Q)”

rq ki
—smi—  k+l+p#0
2(k+1+p)
"{ “1In2 k+l+p=0 (2.117)

The Regular Parts of the Integrals I, and I,

We then proceed to evaluate the regular parts of the integrals I; and I,. From
eq.(2.28) we find that the regular part of the integral I;, which we called I
is defined by

ing a1
; def €7 N NF ey
L = o /0‘ Va(v') {ey(v Mn(v,v") + F(v,v") (v, v )} dv', (2.118)

where I,(v,v') is given by eq.(2.102) as the regular part of I,,, also notice
that we have already checked that F(v,v')],(v,v") does not have any singular
limits. We let

2i7r?)(v')1_n(v,v') = ZHkmez"i(k""“""), (2.119)
k,m

%F(u,v')jn(v,v’) = Y Fpnetmieertme) | (2.120)
m k.m

and use the representation of V,,,

Va(v') = iRoBo Y V™' (2.121)
i

For I, we then find

o~
i

iRoBoe™ Y~ Vi(Him + Fiem)€®™ ™ 8(kest)o
klm

= iRoBye™ E Vi(H_ym + F_lm)ez’ﬁ"“’ . (2.122)
Im
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Then adding the results in eqs.(2.109) and (2.122) we obtain

I, = iRoBye'™ { Z flm + k)‘i.;n}.;lezwi(kﬂ'—wm)v + Z‘j;n(H—ml + F_ml)e"”"””} ,

klm i,m

where again f(m + k) is defined by eq.(2.105). We may then write

I, = iRoBoe™ Y Vi, [(H_m, +F m)+ ) flm+ k)Yk(l—k—m)] e2milv
lm

ke
(2.123)
We define a matrix I'' by its elements

Tomi=2{H-mi+ Fomi+ > f(m+ k)Yeq-k-m)} (2.124)
k
and we represent the Fourier transforms as vectors, so that we may write

I = 5 RoBoe™ Y Vlmie™™ = S RaBoe™ 3 (V - T)i®™,  (2.125)
lm 1

where

Ve W, T, T (2.126)
Referring to I, given by eqgs.(2.111) and (2.112) we write
- nd -
LY / An(W) o (v'"v")dv" .
n Jo
By using the representation for A, given in eq.(2.115), we have
Aﬂ('v, ’UI) = zRoBQ ZZ (27T(k -+ l)B[ + TLB[) Eke21ri(k+l)u' .
ko1

Then we introduce the Fourier transform representation

3|

L(v,v) =) H, etmip'+a) (2.127)
P9
from which we obtain
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12 = iROBoeiWZZ{QW(k+l)BI+nBl}£_kaqe27riqv

Pa ki
1
y ’
9 / 2milietlep)y’ g 1
0

= iROBoei"d’Z Z{?Tr(k + l)B[ + nBl}EkH_(kH)qehriqv . (2128)

q ki

From egs.(2.117) and (2.128) we find I, = I, + I,

I, = iRoBoe™ Y 3 (2n(k + ) B, + nB))Ehyge?™ki+p+a)

Pq ki
y ~smi  ktltp#0
~1n2 k+l+p=0
+iRoBoein¢ Z Z{zﬂ'(k + l)B[ + nB[}Ekﬁ_(k+l)q€2"iqv
q9 ki

= Z E{2wml§m_k + nBm_i}

q km
X{H -mq+ f(m+p)Y_ hpg-m_p}exe® . (2.129)
14

We define a matrix A by

Akq = 22{27rmBm_k -+ Bm—k}‘{ﬂ—mq + f(m + p) Z hp(q_m_p)} s (2130)

pm r

where again f(m + p) is defined by eq.(2.105), and we obtain

I = %ROBOe‘"“’ (& A)ge?me . (2.131)
q
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2.6 Matrix Representation

In the previous section we derived expressions for I; and I, given by egs.(2.125)
and (2.131)

I = RyBo Y VL™ = S R B, (VT (2
1 = 5 Ro 0 mimi€ = 2 Ro 0 ( )le . ( 132)
Im 1

1, . .
I, = §zRoBoe"‘d’Z(£ cA)g et (2.133)
q9
Going back to eq.(2.4) we obtain the following generic equation in terms of
the vector representation of the Fourier harmonics
e’
2

l
ROBOZVmezm’mu - _I§P) + 1+ I;'” + ZI§G)’ (2.134)
m i=1

where we have adopted the convention that the unit normal vector is pointing
outward on the plasma-vacuum interface, i.e., into the vacuum region. For
more details see egs.(2.125), (2.107) and (2.126). On the other surfaces n
is oriented out of the vacuum region considered. With this convention we
rewrite eq.(2.134) as

{
v L v® . plee) _ y) . plee) LS yile) . plee) - g AR (2.135)

=1

This is a linear system of equations where the unknowns V(®) are vectors.
The label a indicates the surface where the ‘observation point’, i.e., on which
surface the integration variable v is located. Thus a takes on the values
p,w, ¢ (t=1,2.-.1) with

p referring to plasma - vacuum interface,
w to the infinitely conducting wall,

c; to be conductor number 2, of which there are [ all together.
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This is a rather complicated system of [+2 equations with [+ 2 unknowns.
Remember the unknowns themselves are vectors with of the order 100 com-
ponents, and all capital Greek quantities are matrices of the order 100 x 100,
with [ = 4 this becomes a 6 x 6 system. There is still one simplifying fact,
and that is: We only need to determine one of the unknowns, namely V(). If
we consider a triangularization procedure for solving this system, this means
that we have to carry this procedure only to the stage where the system
matrix has zeroes above the diagonal in the first row. Remember, however,
that the elements in our system matrix are themselves matrices.

‘Wall but no Conductors

As a first simple step we consider a wall with no conductors taken into
account, resulting in the following system.

VP . gE) _ vy pr) = ¢, AP (2.136)
V@ . pew) Ly, gew) = ¢ Al (2.137)

where we have introduced

e L L pee) apnd Q) X1 plew) (2.138)

Multiplying the first equation by (I'*?))~! and the second equation by
(%)~ and adding the resulting equations we obtain

viP.A=¢.B, (2.139)
or
VP = ¢.BA?, (2.140)
where
A = {@® . (P L v (Qlew)t] (2.141)
and
B = {A®). (D)l 4 AW (e))-1] (2.142)

Thus the infinitely conducting wall without any conductors has a somewhat
simple solution. Now we return to the general case.



General Case

In general we can write the system of equations, eq.(2.135) as

v . gk _ vy pler) _yla) plar) _yle) plep) 4 ..
V@) . plew) L yiw), qlw) _ yle) plaw) _yle) plaw) .,

V@) . plea) vy plwa)  yia), ¢, — Vie) . plea) _

V@) . pleen) _ yw), plwen) _ yle),

where

I"(cl Cn

I+ r®») ,

I-
I-

I-

r(w,w) ,
r(cl €1 ) ,

enen)

...+V(°ﬂ).cn

i

£ AP
£-AW
£-Al)

E . A(Cu)

(2.143)

(2.144)
(2.145)
(2.146)

(2.147)

This represents the solution to the general problem in closed form. Whether
it is useful in the sense of being tractable in practical terms, has yet to be

determined.

2.7 An Algorithm for Solving the Matrix
System of Equations

For convenience we redefine the matrix coefficients in eq.(2.143) and write

Vi AR+ Vo AR o+ vV, A =
Vi-AD 4V, A 41 v, AR =

Vi AD 4 v, AD sV, A0 o
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where the connection to the coefficients of eq.(2.143) is straight-forward.
First we multiply these equations from the right by the inverse of the last
matrix coefficient in each equation, then take the first equation and subtract
the second equation, then subtract the third equation from the first equation
and so on. This way we eliminate the last variable V,,, and we arrive at a
reduced system of order (m — 1) x (m — 1), which we write as

V, .A§11)+V2 A+ .. +Va, oAl = ¢.BY

m-1

Vi AD sV, AW+ . VLAl = ¢.BY

Vl'AEn)ll‘Jf'vz Afn 12t-- 4 Vi - AD) 1 = ¢-BYY

m~—1m-— m-1

where
AY = AR (ALY - AR (aR)”
Af) = Al (aD)7 - AR (al)”

AR = AL (D) Al (a7,
and in general we have

-1 -1
AR = AD (AT - AR (ARym) (2.148)
For the left-hand side we find

¢-BY = ¢.BO.(A)7 -¢.-BY (A)”

) -1
€°B£1) = €'B£0) ) (AQ‘) -§- Bk+1 (Aﬂlm) ,  (2.149)

(1)

which determines B’ as
-1 -1
B =B (Al%) - B - (Ah.) (2.150)
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We continue the procedure by multiplyving each equation again from the right
by the inverse of the matrix coefficient of V,,_;, and obtain

V. AR+ v, A%+ L 4V, AR, = ¢.BY
Vi-AD 4 v, Al . +V.,-Al , = ¢.BY

VA2, 4V, AP 4V, AR, = €-BY,,

where
-1 -1
Ai(lzl) = Agll) ) (Aglrzl—l) - Agzl1) ) (A(;r?u—l)
: . -
AR = Al (ATL) - Al (Alen)

: B i,
Ag)-zl = Agll) ) (Aglrzz—l) - ASrla)—ll ) (Afr];llm-l) .
The general recurrence relation is given by

AG = AR (Al

) Al (AR ) (2.151)

k+lm-a

And for the left-hand side we obtain
¢ B =¢.BY. (Al ) —€-BE - (A%n.) . (2152)

or -1

BE =B ()7 B (AR, sy

Notice that k, [ < m — a. Thus, having carried out the iteration to the
point where a = m — 2, we have the final result

V,-Alr Y ¢ BImY| (2.154)
m-— m— -1
v, =¢-B"Y. (AfTY) =¢.T, (2.155)
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and

r=B"". (A7) 7. (2.156)

Afcol) and §- cho), where k < m and | < m are given, and from the knowledge
of these quantities we determine Af:,) and Bia) recursively by eqgs.(2.151) and
(2.153), and the problem in principle is solved.

CPU - time Estimates

According to current available information on MF-Cray systems the cpu time
for a typical matrix inversion of a 64 x 64 matrix is less than a millisecond,
addition of two numbers is one instruction set and takes of the order 10~3s,
regarding multiplications we make an estimate and consider that to be equiv-
alent to 5 instruction sets.

We can then make the following table for the number of operations en-
volved

Iteration Inversions| multiplicationJ additions
Iteration no. 1 m 2(m —1)? (m—1)?
Iterationno. 2| m —1 2(m - 2)? (m — 2)?
m — 1 iteration 1 2-1 1

m(m-+1) m{m=1){(2m—-1) | m(m-1)(2m-1)
Sum 5 2 o <

If we consider a case of 8 conductors, we have m = 10, and for the total
amount of cputime we obtain

55-1072+28.5-107°+28.5-10""s ~ 0.06s .

From this little exercise we conclude that the most time consuming operation
by far is the inversion of matrices. The other operations are negligible in
comparison.
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2.8 The Vacuum Energy 617

In principle we have now obtained V; at the plasma vacuum interface given
by eq.(2.155). We are therefore ready to compute the vacuum contribution
to W, §WE, in the presence of an axisymmetric infinitely conducting wall
and with an arbitrary number of circular cross section conductors

L [ asvea.vv. (2.157)
2p0 Js,

We start by listing the main results obtained. From eq.(2.35) we have

n-VV(r)= f:;i’(g) e

and as in eq.(2.115) we represent
An(v) = iRoBo Y {2m(k + 1)B, + nB,}§,e?mk+l
k.l
and from eq.(2.107)
‘/,n,(v) = T:RoBoeind’ Z Vmezﬂimv )

From eq.(2.15) we have
dS = Rd¢dl, = eRQRod¢dv .

We substitute from these relations in eq.(2.157) to obtain

1 An(v) ing, i o= ¥ _2mimuye
W2 = 5#—0 S, ERORqude?zga)e"‘”(zRoBoewmzz_wvmez )

2B2 - n - - ..
= TE%0 5 (k4 DBt 5 B) BTabinsimyo
Ho klm 27
TR2B2 ( n> _
= 225 (mBi+ - By) émi V.
Ho § meT o bm-1Vm

75



Letm-I1l=k — l = m — k, and we obtain
s = THeBo 5 ( Bunk+ B )EV‘
Id = - m m— _ m.— .
V Lo P k - k kVm
It is now convenient to define a matrix B with elements B, as

2 R
Bmk = WROBO
Ho

(mBm—k + _T')"Bm—-k> .
27
This way we may write
Wy =V'.B-£=¢-T"-B-£¥ ¢ W ¢,
where we have used eq.(2.155) in the last step, and

w, <. B.

(2.158)

(2.159)

(2.160)

(2.161)

This finally determines the vacuum part of the perturbation in the energy
for the case of a conducting wall and conductors in the vacuum region, and

T is given by eq.(2.156).
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2.9 Numerical Scheme

In order to apply egs.(1.93) and (1.94) there are two main obstacles. First,
one has to determine §W}, i.e., the perturbation in energy with an infinitely
conducting wall and conductors present. Second, one has to determine the
energy integral over the interior of the conductors. In this Chapter we sum-
marize the results for numerical computation.

2.9.1 Numerical Evaluation of 6W,

The vacuum-part of the perturbation in energy is given by

W =% ¢ . Wt . ¢, (2.162)

wt < .B. (2.163)

B- Matrix

For this case the surface is restricted to the plasma-vacuum interface, thus
v,v' € 5.

14 e2()}B,(v') = BoY. Bie*™',
.

CQ(UI)B¢(UI) — BOZ Bme21rimm ’

2 R2 - _
Bk = mRo By (mBm_k -+ —I"l—Bm._k) . (2.164)
Ho 27

This determines the matrix B.

2.9.2 TI'-Matrices

Functions and Recurrency Relations

L BB+ (Z - Z)?
- 2R'R ’

7



My (k)

My(k)

L2n(k) = 2271—]]‘1211(19) + Z (-l)m_(

L'n(k) = 2277 My, (k) + 3 (—1)" —(

k=a-vVvat-1<1,

|RR'
h=\—
k ?

R(k) = K(k)+ 5 Insinn(v )

= K(k),
= K(k),
1
= G {E(R) -(1-k)K(K)},
1 E(k)
= E{(l-k?)—K(k)}’

m=]

n

m=1

n
m m-—1

n

m m-1

2n—(m+1)

2n—(m+l))

)22n—2mM2n_ 2m(k) .

22n_2m1‘1£n—2'm(k) ’

Lon(v,v') = Lop(v,v') + éln [sin (v’ — v)|

2n —

2

2n—3

M2n(k) = 9 — lf(k)M2n—2(k) + o — lg(k)Al2n—4 )
, 2n -2 2n -3
M2n(k) = 2n N 1f(k)AI2,n—2(k) + I — lg(k)ﬂlén—‘l
Mm -2, om -3,
+ on — lf (k)ﬁlgn_z(k) + on — lg (k)/‘[gn_4 ’
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(2.165)
(2.166)

(2.167)

(2.168)

(2.169)

(2.170)

(2.171)

(2.172)

(2.173)



~1+ 6k — k? 1k

4k?
_(1—k)? oy 1=K
glk) = ,  g(k)=- yTE:

Ma(k) = 3 UG + (k)1 — K (R}
fulk) = H-1+6h =R, gulk) = 31 -5k,

M) = o {F:(DEK) + 34001 - DK (R)}

2—4k - k*— K3 1
a, (k) = _ 2

f4(k) =

Integrals

The basic elements we need to compute the I'(5:5:) matrices are

L% (—1)"%52,,@,1/), L o nn( - v)),

2h
I = (-1 2 2R l8) + Lan()}

Fourier transforms

F(s.-,s,)(v,v/) — y(v)[R? ~ R* - (Z - Z')*} - 2R'z(v')(Z' -

o

iy( )j (v, v) — ZHkme21ri(ku'+mv),
2w e

1

5_F'(S. 53 (v, v )1 (v,0) = Z F, g2l +mv)
T
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(2.174)

(2.175)

(2.176)

(2.177)

R,Z€S;
R',Z'es,;

(2.178)

(2.179)



Va(v') = iRoBo Y. g™, (2.180)
l

RO - 2mi(kv'+lv)
p P k_z_:wl;my (el iHl) (2.181)
ﬂ@?f{:ﬁz ary (2182)
mi —2{H-mz+F-mt+Zf + k)Ye(—k-m)} (2.183)

Matrices

In the following the superscripts (@, 3) means v € S,, v’ € Sg. Exsample:
(%) means that v € S,, (conductor surface S, ) and v’ € S,, (wall surface).
With the apropriate specification of surfaces eq.(2.183) provides the means
of determining the following matrices:

e = , [wr) — , ar) = , I{c2p) = ,
Iew) — , [lww) = , aw) — , Dlezw) = ,
rea) — , [(we) = , [leve) = , [{eze1) — ,
(pec2) — , [(we2) = , ene2) — , Iezc2) = ,

The next step is to use the information above to determine the following set
of matrices:

AQ —1+T®", AL =kw),  AQ = [,

AlY = rwe) A(O) -I- r(w w) Ag;) — _plw C:) :
Al =@ Ag?,> = —rew) AP =1_r@)
Agg) = [e2p) |

AL =T@en,  AD=-TOw), AL =-T@),
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Afg) = [p.c2) , Ag?) - F(P‘CB)’

Agg) = _F(w,cz) , Agg) — _I"(w,ca) ,
Agg) _I- r(cl,cz) , Aé%) - _P(cl,ca) ,
Ag?;) — I — e2ic2) , Ag?;) = I(e2.e3) ,

A‘(I(;) — —T(eac2) : Agos) S P(°3'°3) :

A(O) - __P(c,,cz) , Ag?). — _I"(cl,cs),

4m

Given the matrices above we are now ready to start the iteration using
the following formulas

AL = AR (AR T AR, (AR T (2.184)
B = B . (AR_) 7 -BX, - (Al ,..) . (2.185)

Notice that k, | < m — a. Thus, having carried out the iteration to the
point where a = m — 2, we have the final result

Vi AT = ¢ BIMY, (2.186)

m- m— -1
v, =¢-B"Y. (A7) =g, (2.187)
r=B"". (Alp)7 . (2.188)

2.9.3 Conductor Integral

A=¢ AP Ul . AP,

1

B= {{F(c,p) . (A(c,p))-l} AL - A(c,c)} _ P(c,c)}‘ '

U© =A.B?
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K2 = -}%(n2 —aR2) > 0. (2.189)

Zo = kore = R \/n2 —aR?,

C

fm 1
2kr. 1!, (kore)’

Notice that the components of the vector U is fm- Thus ¢, is deter-
mined in terms of these components.

Cm = —

-4 / Ii(z z)zdz ,
def
Clm = CH—I m+1 + Cl—l m-1,
de
5 fercn}
Then we may write
872R,

/V (1412 + | Al?) Rrdbdedr = c.C.c. (2.190)

kg

Alternative approximate evaluaton of the same integral;

2

/ 42rdr+/ Ardr ~ 2/ ( oy ( )IMI l) rdr

_ sz,,.fn 1
k2 |lm{+|n|

mmn
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Appendix A

Variation of §Wg

In this section we shall compute the variation in éWg

SWr = /dV{—~+w(v 7 —€-IxQ+£-VpV-£)dS, (A1)

5(6Wr) / av {2

+%5§ VPV .€+ %zse VPV - 8€}dS.

p(V-€)V - 6¢

We find
1Q.6Q = —Q-Vx(§&xB)
Ho Ho
= %V-{(SﬁxB)xQ}+/—}—5€-Bx(VxQ),

and

pV €V - 66 =V - {86pV - €} — 8E - V{vpV - £},

1 1
_§£.J*5Q = -.2—“—05-(VxB)x5Q
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= . V.{6Q¢-B-& v}

<Ho
~8€ - {3V(¢ - Vp) - VB (€ x J)
+%J x (B- V)¢ - %s x(B-V)J},  (A2)
Here

3% Bse —6¢B, is a dyadic

and
v=§-VB+B:-VE+Bx(Vx§)=V(B-£§)-€6x(VxB).

Details on this step can be found in the last section of this appendix. We
also have

1

%ﬁ.VpV-éﬁz-2-V'{5€€'VP}—%5€‘V(€‘VP)-

We collect the expanded terms and find

5(6Wr) = /‘ v [55 : {-#I—OB x (V x Q) = V(ypV - £)
—%J x Q—%V(E-Vp)+%VB-(£xJ)

—%JX(B-V)E+%£X(B-V)J

1 1 ‘
+3VPV £- V(6 V) |
+v-{ui(5gx13) < Q+ 6EvpV - £
1 o 1
—5-;;5Q£-B-t- 5};@V+'2'5££VP}]

= / dV[&é-{-—l—(VxQ)XB—i(VxB)xQ
Vp Ho Ho

~V{ypV-E+&-Vp}
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1 1 1

—%J x(B.V)g..Légx(B.V)J}

+V-{;1-(5£XB) x Q + 6&vpV - &

1 1 1
—ZL—O&Q&-B-%ZL—OQ.V-Fé&&&-Vp}] .

We have

—i—Qx(VxB) = IxQ=Jx{Vx(£&xB)}
0
= Jx{B-VE-€.-VB+¢(V-B-BV- €}
= Jx(B-V)§-Ix(£-V)B-JIxBV-&.
Since
Vp=JxB,
we also have
1 1 1 1
—ZL—;QX(VXB)+—2—VpV-E=§Jx(B-V)£—§Jx(£-V)B,
and also

F(e) -;lgczx(v xB)—;f;Bx (Vx Q)+ V{€ Vp+1pV-£}.

We may now write
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6(6WFr) = /‘ dv[ 6€-{ —-F(¢)

Ix(B-V)§— I x(¢-V)B
i (VB)~£xJ—%Jx(B-V)£+%£x(B-V)J}

+

N = DO =

+v-{“i(55x13) X Q + 6EvpV - €

1 1 1

-—6Q€- B+ —® . v+ -6E€- Vp}] .
2po 20 2

Notice also that

%(VB).exJ-}-%fx(J-V)B—%JX(ﬁ-V)B—ZO.

A proof of this is provided elsewhere (4. Since B - VJ = J - VB we obtain

§(5Wr) = —/V dV&g-F(e)+/S n.T, (A.3)

where

T % ig(ang)xqwewv-g

1 1 1
——8Q¢ B+ —& v+ 6L Vp.
2[1,0 2[1,0 2

We need a few more vector identities, which we are now providing

n-(6xB)xQ = -n-6B-Q,
n-Q = n-Vx (6§ xB)=-V,.V,

VEnx(6¢xB) = —Bn-6¢,
n-§Q¢-B = —(V,-V)¢-B=-V,.{¢-BV}+V.V,{¢ B},
V.V,{€-B} = -n-&B.V{¢ B)

= —n-86B-{{:-VB+B -VE€+{x(VxB)+Bx(Vx{)}
= -n-6§{B{:VB+BB:VE}—n-86ud xB-E,
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thus

1 1
~—~n-6Q¢-B = —V,.{¢-BV
2 Q¢ 2 {€ }
1
+—2-#—n-5£{B£:VB+BB:V£}+%n-6§J><B-£,
0
and
1 1
é—’;n d.v = ﬁﬂ;n&sB Vv

1
= -3, 8{BB:V¢+ B¢ VB}.

0

By adding the two last equations we obtain

1 1
- —n-Q¢-B+ —n-®.v
2p0 2p0
1 1
=—V,-{£-BV}+-n- -Vp.
o7 {€-BV}+.n-86¢-Vp
And finally
1 | . 1
n-T= —n-6£{——B-Q—7pV-£—£-Vp}+———V,-{£-BV}.
Ho 2u0
The last term in this expression integrates to zero by using the formula given
in eq.(1.9), and noticing the fact that we are integrating over a closed surface

wheren-V = 0.
Summarizing the results, we now have

5(6Wg) = — / dV ¢ - F(£) (A.4)
VP
1
- /. n 66(--B-Q- V- £~£-Vp), (A3)
and this is the desired result.
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A.1 Variation of 6V, details

We consider the term
{-JxéQ:i&-(VxB)xéQ:—l—éQ-gx(VxB). (A.6)
Ho Ho
We have
Ex(VxB)=V({ - B)-Bx(Vx§-€£-VB-B- V¢, (A7)

thus

§Q-[€x(VxB)] = 6Q - V(¢-B)-6Q-{¢-VB+B-V£+B x(Vx¢£)}. (A8)

We also have

5Q =Vx (86 xB)=B-V§6-66-VB-BV .6 = V-{Bs - 66B}, (A.9)
since V- B = 0. We already have
& “ Bs¢ - 6¢B. (A.10)

It then follows that ® = —®,, i.e., ® is an anti-symmetric dyadic. Here ®,
is the conjugate of ®. We may therefore write

Q=V-&. (A.11)

By combining these results we obtain

§Q-€x(VxB)=V.(6Q¢-B)—(V-&)-v. (A.12)

Notice that since §Q is the curl of some vector, the divergence of 6Q is
identically zero. We have introduced

v e UB1B.-VE+Bx (VxE)=V(B-£)-£x(VxB), (A.13)
and furthermore
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(V-®).v=V-(®-v)-&.: Vv. (A.14)
Since v may be written as

v=V¢+u, (A.15)

with u = peJ x §. We notice that ® : VV¢ = 0 since ® is anti-symmetric,
where ¢ may be any scalar function. Thus

(V- ®)-v=V.(®-v)— u®: V(€ xJ). (A.16)
Elaborating on the last term we have
®:V(ExJT)={Bs -8B} : V(€ xT).

We first consider

B6E:V(EXxT) = B-(66-V)ExJ
= 8- V{B-£xJ}—-(66-VB)-€xJ
= 6¢-V{£-Vp} - (6¢-VB)-£xJ.
Then we consider
—6¢B:V(ExT)=—6¢-{(B-VE) xT+£&x (B-VI)},

from which we obtain

(V- ®)-v = V. (®:-v)— po®:V(€xJ)
= V- (®-v)~ pobE-V{E-Vp} + po(6€ - VB) - € x J
+1ob€ - {(B-VE) x I+ £ x (B- VI)}.

Finally we then obtain

I

6Q-€xJ uiéQ-ﬁx(VxB)
- -;—V-{5Q£-B—<I’-v}

+6€-V(E-Vp) — (66 - VB)- £ x J
—66-{(B-VE) xJ+€x(B-VI}. (A7)

This result is employed in eq.(A.2)
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Appendix B

Alternative Formulae
(derivation)

We consider the boundary condition

V(¢ — ¢o) + pooydn x Ay =0, (B.1)
and notice that this boundary condition is a natural boundary condition for
the variational problem. As such, it is not satisfied by the trial functions in
the general case. However, if we disregard this fact here and assume that the
trial functions also satisfies this boundary conditon. (We shall discuss the
meaning of this assumption elswhere.) Then let the trial functions be given
as

¢i = Cl¢co + C2¢b’ ¢0 = C3¢oo ) (CB = Cl) (B2)
and
Ao = c3Auo. (B.3)
We then find A c
nxAp= —f(,uoa'-yd)’lv,qﬁb. (B.4)
1

Taking the square of this relation and then integrating the resulting equation
over the conductor surface we obtain

. 2
/ n x AolPdS = 2 (ooyd)? / IV, 12dS (B.5)
Sy 1 S

C
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or P
s, 0“7 2

W, = — Ay%dS =

2 Js, X Ao 2c1 poayd

L 1V.ads.  (BS)

Moreover from the solution for c,, eq.(1.62) we find

G ([ c \_ a \? 1 a2
Z1';1_(1—c2) —(ﬁ-f—a) (1_;%)2‘)5;» (B.7)

with a = §W,, and 8 = §W, — §W... Now substituting back in eq.(B.6), we
obtain

& 1 1 2
== «D|°dS, .
T da Js, [VehldS (B:8)
or
B’udord
a= , B.9
175, V.84 (B9)
which may be rewritten as
Biuiovd a"yd/ o
= = Agi“dS .
T TNV T 2 Js M AT (B.10)
and we obtain
Wy, — W)?
n x Aol%dS = ( el B.11
2[1«0/ l 0' ‘]‘0 fsb iv,¢b;2d5 ( )
Finally we may now write the expression for b as
= n x A,of?dS §W, — §W'
5o sl i © (B.12)

W, — W LO Js, (Vt5[2dS

Notice that on Sy : V,d, = Vép — nn - V¢, = V¢, since n- Ve, = 0
on this surface. ‘
In summary we have
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W

= — e 1

YD 5‘Vb ’ (B 3)
D = poodb, (B.14)
b= W We (B.15)

35 /5, [V s0p[?dS

which is the result given in eq.(1.73).
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Appendix C

Boundary Condition on a
Conductor

In order to solve for the perturbation in the magnetic field inside a resistive
conductor, we need the information about the normal component of the
magnetic field from outside. This is in our case given as n - V| s,- Notice
that our basefunctions for expansion are ¢, and ¢,. Since n - Vgyls, = 0,
‘where S, is any bounding conductor surface, i.e., wall or conductor surfaces,
this part gives no contribution from conductors or wall.

The problem we need to solve is therefore only related to ¢o. We shall
now in a couple of different ways obtain the solution to this problem.

C.1 Numerical Differentiation

In this approach we consider a solution ¢, obtained by a Green’s function
technique. Having obtained this function we then evaluate ¢, at two or
more points (dependent on accuracy required) along a normal at the surface
under consideration. From this information we then compute the directional
derivative in the usual way, which gives us the value of n- V|5, at the point
of the surface considered. '

We now outline a procedure for finding ¢, at an arbitrary point in the
vacuum region. First compute @, at the plasma-vacuum interface by solving
the integral equation
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0oo(r) = — /S {#()n VG(r,') = Glr, )0 - Vo (1)}dS,,  (C1)

where o takes the value % when the observation point moves onto the surface
and otherwise o = 1. In the case considered the argument r for the function
#oo(r) is evaluated on the surface S, (¢ = 1). Similar to eq.(2.107) we
represent @, at the plasma-vacuum interface as

¢w|s, == iRoBoeim& Z U,(f)ez’rim" )

Notice that ¢ in the exponent refers to the toroidal angle variable. We solve
eq.(C.1) as before by Fourier expansion and obtain

U 4 U . pler) = g AP

or

UP) = ¢. AW . {14 T(PP}T, (C.2)

which is also the result we obtain by replacing V by U in eq.(2.135), and
only keeping the first two terms on the left-hand side of the equation. Thus
having obtained ¢ at the plasma-vacuum interface, we are now in a position
to determine ¢, at an arbitrary point r by again using eq.(C.1), but now
with r being an arbitrary point not on the plasma-vacuum interface. This
way we obtain

¢u(r) = = [ {6 )0~ VG(r,¥) - Glr,¥)n - Vou(r)}dS,
= -—Il-{—Ig‘. (C3)

Since the observation point is not on the surface of integration, the integrals
I, and I, as given by eqs.(2.28) and (2.34) are not singular. Moreover these
integrals are now determined for any given value of the observation point
r = (R, Z). Notice that there is no reference to the poloidal angle. Because
of the axisymmetry the toroidal angle only appear in the exponential for a
given mode number.
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We also notice that the observation point located on the surface S, in
these integrals can now be located anywhere except on the surface S,. In
accordance with this it is convenient to change the notation so we write

4
]
-
S
—~~
N
c\
~—

I (v,v) (C.4)
) v

15053 (v, = I55)(k,0"). (C.5)

n

The solution can now be written as
boo(T) = —UP) . T() + £ - A(F).

Here U is given by eq.(C.2) and I' and A (to be determined) are now vec-
tors instead of matrices, and they are functions of ¥ = (R,Z). For a given
value of (R, Z) the left-hand side of the above equation is given, thus deter-
mining ¢, (R,Z). Notice that the left-hand side of eq.(C.3) is determined,
in contrast to the other cases we have considered, where we ended up with
an implicit equation for the unknown vector.

C.1.1 . Determining I'(R,Z) and A(R, Z)
We have

gl
Il

J. $ltm- VG, )dS, 15 (3,) (C.6)

on
I

/s G(r,r)n - Véu(r)}dS, 4l j55 (5, v) (C.7)
P(F) = —If’s’(f',v')+f§'sj(f,v')
eimb 1
= —— [ Va(o'{eg(v") I (5, 0")
27 Jo
+ F(®5) (T, v')I,(‘"s’)(f', v')}dv'
J

e ' S, !
— /0 An()ESdy | (C.8)

where
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](f,s,)(i, V) = Ro/ cos 2nf
o {(1+ k)2 — dksin?6}3
R

= (—1)"—;;LG(k) (C.9)
fES)E ) = (-1 ),,Ro cos 2né 3
o {(1+k)?—4ksin’6}>
3
(=1)" I:Q’LG(k) (C.10)
Here
. % d 1
bel®) = T gt T o
RE R*+ R +(Z' - 2)
p— —_ — 2 — =
h = & 5 k=a [0} 1 ’ a 2RR/

To continue we follow the procedure outlined in eqs.(2.118) to (2.131). The
only difference now is that we have to specify a point (R, Z) in the poloidal
plane, instead of taking double Fourier transforms. Thus instead of matrices
as given by I in eq.(2.125) and by A in eq.(2.131) we now end up with vectors
for these same quantities.

C.2 Direct computation of n- V¢y|s.

We have that ¢ has already been determined on the surface S, as a Fourier
series in eq.(C.2). We shall now outline a procedure for direct computation
of n - Véuls., that is, on a given closed surface S, in the vacuum region,
which may be arbitrarily chosen at this point, we shall determine n- Vg |s,
or rather the Fourier transform of this quantity. Here n is the surface normal
to the surface S,, pointing into the volume enclosed by ..

In order to achieve this we shall again make use of Green’s third identity,
a modified form of eq(2.4), which now becomes

%qﬁm(r) = - /S’{qﬁm(r')n-VG(r,r')—b(r,r')n-V¢w(r’)}dS,
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+ /5 {6 (t')n - VG(r, 1) — G(r,r')n - Voo (r')}dS,

recS,. (C.11)
%q&w(r) = —/sﬁ{qu(r’)n - VG(r,r') — G(r,r')n - Vg (r')}dS,
+ /:9 {doc(r')n - VG(r,r') — G(r,r')n - Vo (r')}dS,
res.. (C.12)

From eq.(C.1) with ¢ = ; we have

éd)x(r) = - [ {8<()n VG(r,r) — G(r,¥)n Vo (r)}dS,.  reS,
Equation (C.11) reduces to
fs {¢oo(r')n - VG(r,r') — G(r,r')n - Vo (r')}dS, =0, re S5, (C.13)

In principle ¢o(r’) is determined by eq.(C.3), and by using this information
we can then determine n - V¢|s, from eq.(C.13), however, we shall use a
different approach and solve eq.(C.13) in conjunction with eq.(C.12). Again
using Fourier transforms we write

Poo(r)rres, = ZU,SC)e'_""“'”', (C.14)
k
n- V(ﬁm(!")[rlgsc — Z Ulst:)e?'rrikvl : (C.15)
k
G(r,r)dS| . — ;I‘f:,’p)ez"i(k”“”')dv', (C.16)
r'eS,
n-VG(r,r')dS| . - Xk:f\fj”)ez’"'(“”*’"')dv’, (C.17)
r'eS,
G(r,r')ds| o — zk:I‘,(c‘j")ez""("”“"')dv’, (C.18)
r'es.
n-VG(r,r)ds| o - ;A,&‘;“’)ez"i("“*’”')dv’. (C.19)
r'eS.
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In terms of the appropriate Fourier vectors and matricies eq.(C.12) and
eq.(C.13) can now be written as

Ul . Alre) _ (gl . pler) = g (C.20)
Ul = —yub) . Alr) L g. AP
+U© . Alee) _ 5le) . ples) (C.21)
or
Ul . pler) _ gl . pAler) = (C.22)

U .1l U@ {I - Al = g . AP _UP . AP (C.23)

Notice that the factor I multiplying ¢oo(r) in eq.(C.12) has been accounted
for in the definitions of I' and A. From eq.(C.22) we find

U = g . pler) . (A(cyp))—l . (0'24)
We substitute for U(®) by eq.(C.24) in eq.(C.23) and obtain

U = A .B-1 (C.25)
where

A=¢. AP _UP . AP (C.26)

B = {{T?). (AL?) 7} {I- A9} —Te) " (c2n)

The result given in eq.(C.25) is the solution to our problem. The matrices
[(@f) and A(®#) are determined in a similar way to the procedure used in
egs.(2.122) to (2.131). The solution is obtained as a Fourier series, which is
convenient for our purpose.
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Appendix D
The Limit of F(v,v/)

We shall study the limit |v — v'| — 0 of the expression

F(v,v") = (R'+ R)(R' - R) - (Z' - 2)"] - 2R'4(v')(2' - Z)} .

? gl

First we consider

J(') (R + R)(R - R) = {§(v) +§(u)(v' —v) + - }RE{2[1 + ez(v)] + ed(v)(v' —v) + -}
xefa(v)(v' = v) + 33(0)(v ~v) + -}

2¢R[1 + ex(v)]&(v)§(v)(v' — v)

22(v)§(v)[1 + ex(v)] + E(0)(v)[1 + ex(v)]}v' —v)? +---

2¢R3[1 + ex(v))2(v)g(v)(v' —v)

eRZ {ea®(v)y(v) + [26(v)i(v) + E()3(v)]1 + ex(v)] } (v — v)? + -

+eR%{ex?(v)y(v)

+ o+

Then consider

JNZ - 2)* = {§(v) +§(v)(v' - v) + - }Ro{1 + ey(v)) = 1 — ey(v)}?
e Ro{y(v) + (v)(v' - )+ Hiw)' —v) +--}?

R (v)(v' —v)* +-

And then we consider the last term

b
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2R':(v)(Z' - Z)

2R5{1 + ex(v)]2(v")[ey(v') — ey(v )1

2¢R2{1 + ex(v) + em(v)l(v' —v)+ - Hz(v) + ) (v —v)+ -}
() —0) + ) — ) + )

2B {1 + ca()E(2)i(0)(" —v)

b {1+ @@IEONE) + 3R] + SOOI o o)

Il

We notice that the first order terms cancel, since

2¢R2[1 + ex(v)2(v)y(v) — 2eR2[1 + ex(v)]2(v)y(v) = 0.

Then we obtain

F(v,v")

where

e Rled”(0)i(v) + [1 + ee(I24()i(v) + $)i(v)]

3 (v) — [1 + e2(0)][28(v)§(v) + 2(V)(v)] — 262 ()FR)}H =) + -

E{[1+ ex(v ){ 2(v)5(v) + 2(0)i(v)] - eg(v) (V) + PN —v)2 + O —v)
1+ e2(v)]Q% — E2(v)Q? + O(v - v)°

Q{1 + 2@ - SR} + O~

et 22(V)H(v) - Y(v)E(v)

{82(v) + 92(v)}5

is the curvature in the poloidal direction.
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