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Abstract

Several developments in solid state nuclear magnetic resonance (SSNMR) spectroscopy
methods are presented. All studies are performed with magic angle spinning (MAS) and high-
power proton decoupling, for optimal sensitivity and resolution.

Chemical shift are assigned by multi-dimensional correlation spectroscopy in isotopically
enriched molecules. Resolution in 2D spectra of uniformly-"C-labeled molecules is sufficient to
assign small peptides (Gly-Phe-Ala-Asp-OH and formyl-MLF-OH, with 19 and 21 "*C signals,
respectively) and the macrolide antibiotic erythromycin A (37 e signals). New pulse sequences
improve polarization transfer bandwidth and/or efficiency in 2D and 3D spectra, thereby
increasing crosspeak intensity relative to earlier methods. These improvements are derived from
the broadband application of C7-style pulse sequences for y-encoded homonuclear polarization
transfer, and band-selective adiabatic cross polarization for heteronuclear transfer.

Signals assigned through multi-dimensional correlation spectra can provide direct structural
information in an additional spectral dimension. Secondary structure is determined by
measuring relative orientations of dipole vectors. New 3D experiments for the determination of
multiple NH-CH and CH-CH dipole vector projection angles are demonstrated. Each pulse
sequence employs two dimensions of chemical shifts, for site resolution, with a third dimension
of synchronous 'H-X and 'H-Y dipolar evolution, to provide projection angle constraints. The
sequences exploit y-encoded elements (such as CMR7, SPC-5, and T-MREV) for optimal
dynamic range and sensitivity.

Internuclear distances are determined for constraint of tertiary structure. Weak homonuclear
dipolar couplings between isolated spin pairs are measured with high precision and accuracy
using the CMR7 sequence. Thorough analysis of relaxation, RF errors and isotopic dilution
effects permits the determination of 'C-"C distances with precision 0.01 A in favorable cases.
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Title: Professor of Chemistry
Director of the Francis Bitter Magnet Laboratory
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Chapter 1. Introduction to Solid State NMR

Preface

Solid state NMR (SSNMR) continues to develop as a third viable method—in addition to X-
ray crystallography and solution NMR—for determining structure and dynamics in biological
molecules.!2 One strong motivation to develop SSNMR is that it may supply atomic resolution
structural and dynamic information in cases that other methods cannot effectively address. Most
often cited with potential to benefit from SSNMR studies are large molecular systems possessing
microscopic but not macroscopic order, such as: peptide aggregates, membrane proteins,
microcrystalline globular proteins, and glasses. In addition, the ability to perform SSNMR
experiments at low temperatures permits the study of meta-stable photointermediates and trapped
enzyme-substrate complexes.

Traditionally, samples for SSNMR have been prepared with sparsely labeled nuclei,
specifically for measurement of a small set of observables.3 For example, most often in proteins,
a single site or pair of sites has been labeled with '°N and/or "*C, and the chemical shifts and
couplings measured to determine a single distance or angular constraint. Though this approach
has proved to be quite successful in addressing specific questions of biological relevance, the
wonderful potential of NMR is that dozens, if not hundreds or thousands, of sites can be resolved
in a single experiment. By using unique sets of chemical shifts as a bookkeeping devices,
structural constraints may be measured for all spins in a single experiment. and correlated
directly with sites in the molecule. If site resolution is possible, this strategy is far more efficient
than site-specific labeling, and is naturally compatible with the uniform, biosynthetic labeling
strategies. This paradigm has been quite successful in solution NMR, and structure
determination of small to medium-sized (<20 kDa) globular proteins is now routine, with over
1,500 solved.4> However, to follow this model in solids requires some advances: (1) hardware

must be made robust enough to routinely perform experiments at high RF power levels and with
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signal reception efficiency in order to achieve optimal resolution and sensitivity; (2) the
numerous "°C and "°’N chemical shifts must be resolved and assigned to unique positions in the
molecular structure; and (3) molecular torsion angles and distances must be measured with high
accuracy despite the potential complications of the multi-spin Hamiltonian.

The goal of this thesis is to address these issues, and to present a collection of SSNMR
experimental techniques suitable for total structure determination of uniformly labeled <mall
molecules. Of course this goal is quite general, common to a many SSNMR researchers, and
requires an extensive background of theoretical and experimental data. Therefore throughout the
text, liberal references will be made to recent literature, and in particular the contributions of
many recent members of the Griffin Group. SSNMR has developed at a dizzying pace in the last
decade, and many of the recent innovations (in pulse sequence methodology especially) have
come from within MIT. Specifically, developments by Andrew Bennett® (RFDR,7.8 FDR,9.10
TPPM decoupling!!), Phil Costa!2 (rotational resonance developments including R2T,!3 R2W,
analysis of multi-spin dipolar dynamics, torsion angle techniques!#), Bogin Sun
(MELODRAMA, !5 RFDR-CP,!6 3D ""N-"C-"C correlation spectroscopy!7), John Gross!8 (TCn
methods, torsion angles), Mei Hong (torsion angles!9:20), and Morten Hohwy (C7-style
sequences,2!22 TMREV,23 and applications thereof24) have provided a strong foundation of
fundamental work on which the thesis builds. For this reason, every effort will be made to give
credit where due. In several cases, I have co-authored work with the aforementioned group
members. Only portions of this work for which T have been primarily responsible will be
presented here.

By way of introduction, we will briefly discuss the underlying physics of NMR, and analysis
of the SSNMR spin Hamiltonian. Chapter | serves as an overview of the basics and a
compilation of references to the literature, but by no stretch of the imagination attempts to be a
complete treatment of NMR theory. Such discussions are readily available in numerous recent
textbooks and theses. In particular, the reader is urged to consult the introductory chapters of the

excellent book by Schmidt-Rohr and Spiess,?5 the treatment of average Hamiltonian theory by
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Gerstein and Dybowski,26 the lucid discussion of coherent spin dynamics by Munowitz,27 and
the overview of multi-dimensional techniques of Cavanagh and co-workers.28 Needless to say,
the encyclopedic opus of Ernst also deserves mention as an abundant source of theoretical
information.2? Advanced discussions of Floquet and average Hamiltonian theory have been
presented recently by Augustine3? and Hohwy.3! In addition, several recent reviews from the
Griffin Group address recoupling and decoupling methods.32-34

Although there are numerous reviews of spin physics theory in the recent literature, only a
handful of publications address the issues involved in modern NMR hardware—especially
probe—design. Reviews by Doty consider detailed theoretical modeling of sophisticated multi-
resonant probe circuits, and indeed aiso address many practical issues as well.3-38 Though
highly detailed and useful treatments of some aspects of probe designs, these works have a
strong bias based on the author’s experience, and few alternative views have been presented in
sufficient detail for end-user application. In particular, the requirement both for high efficiency
and power-handling in probe circuits is an issue not adequately addressed by Doty. For this
reason, we perceive a greater need for a thorough introduction to probe design than another
review of spin dynamics, and in particular the necessary tools for analysis and design of
transmission line probe circuits in the style of McKay.39-42 Therefore, in Chapter 2, we will
present a detailed treatment of introductory analog RF electronics of direct relevance ‘0 NMR
probe circuits, along with the analysis of several common multiple resonance circuits.

The assignment of chemical shift by multi-dimensional methods is a solved problem in
solution NMR, but has required additional developments for solids. Many of the methods used
for assignment in solids are derivative in their basic organization of the pulse sequences in
solution. However, achieving adequate polarization transfer efficiency and bandwidth in solids
presents many unique challenges. Because the dipolar (rather than scalar) Hamiltonian is used
for most transfer schemes, polarization transfer efficiency over the powder average depends on
the functional form of the effective dipolar coupling over all crystallites. Averaging over two

Euler angles (P and v) results in a theoretical efficiency of only ~52% polarization transfer in a
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two-spin system. However, new schemes based on the HORROR and C7 sequences of Nielsen
and Levitt,*>-44 permit the removal of dependence on the angle . These sequences are thus
referred to as *“y-encoded”, because information from all crystallites is retained, independent of y
angle. This results in a theoretical efficiency of 73%. Experimentally, it is possible to achieve
values in very good agreement with the theory, as demonstrated in Chapter 3. Application of this
method to 2D "C-"*C experiments has resulted in superior polarization transfer efficiency, and
facilitated the assignment of a U-""C-labeled sample of erythvomycin A, with 37 *C signals. In
Chapter 4, some spectra with the RFDR recoupling method are presented. Although
theoretically less efficient, RFDR is very robust with respect to RF pulse imperfections and
therefore is still commonly used for peptide and protein spectroscopy. Studies of transfer
efficiency and polarization loss as a function of decoupling field here are useful for optimization
in 2D experiments. In Chapter 5, improved methods for 2D and 3D correlation spectroscopy in
peptides and proteins are presented, based on y-encoded homonuclear pulse sequences and
adiabatic heteronuclear sequences. Though experimentally more challenging than RFDR, the
gain in sensitivity a’.d resolution observed is sufficient motivation to ensure thai such
experiments can be done more routinely in the future. The uniformly labeled tripeptide, formyi-
Met-Leu-Phe-OH (MLF), is used as a test case.

With all signals assigned in the MLF sample, determination of secondary structure can be
attempted by applying separated local field (SLF) techniques. These schemes are based upon
addition of multiple local fields over the powder average. The evolution of the quantum state
under muitiple local fields depends upon the relative orientation of the vectors in question, which
can therefore be determined by comparison of experimental polarization decay trajectories with
those calculated from the multi-spin Hamiltonian. Fundamental to this treatment is the ability to
frequency label coherences from pairs of *C-"C or "N-'*C spins, and then apply pure 'H-""C
and/or 'H-"N local field Hamiltonians to the coherences in each dimension. This strategy is
described in grea’ _r detail in Chapter 6, and several constraints on backbone torsion angles in the

MLF tripeptide are determined. Although the complete structural analysis is not yet complete, it
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appears that the torsion angle data will be sufficient to completely determine the backbone and
sidechain structure in MLF.

Such relative orientation constraints are sufficient to determine secondary structure in small
peptides. However, determination of tertiary structure requires some information about
internuciear distances between sites that are not close in primary structure. In Chapter 7, we
demonstrate use of the CMR7 sequence for determining distances between spin pairs with high
precision (<0.1 A), independent of chemical shift differences: therefore these measurements are
complementary to those obtained by rotational resonance. The dynamic range of CMR7, and the
ability to measure a distribution of couplings, is enhanced by the use of the y-encoded DQ
homonuclear Hamiltonian; supercycling techniques borrowed from solution decoupling theory

provide experimentally robust performance.

Chad M. Rienstra 29



Theory

Attempting to coverage all of time-dependent quantum mechanics and NMR would be futile
in this short section. The reader is encouraged to consult one of the numerous classic references
on the subject for a thorough introduction. The fundamental physics of magnetic resonance are
well chronicled by Abragam*5, Haeberlen,*6.47 Mehring,4® Slichter,4?, and Ernst.2? More recent
developments with emphasis on particular subject areas are the focus of books by Schmidt-Rohr
(polymer structure and dynamics)23 and Cavanagh (multi-dimensional experiments for biological
samples).28 The various review articles and theses highlighted in the previous section also serve

as suitable introductions to some modern research topics.

Spin Hamiitonian Fundamentals
The SSNMR Hamiltonian can be partitioned into an internal part and an RF part:
H=H,_ +Hpp. (1)
The internal Hamiltonian contains five types of interactions, the Zeeman, chemical shift, dipolar,
scalar, and quadrupolar interactions :

H.

=H,+H+H,+H,+H,. (2)

A brief review of each foliows.

Zeeman Interaction
The Zeeman terrn corresponds to the energy level splitting due to external magnetic fields.
Nuclei with non-zero angular momentum split into 2 I + 1 energy levels, with a spacing:
H,=-M,-B,=—yhl-B,, (3)
where vy is the gyromagnetic ratio, # is Planck’s constant, I is the nuclear spin operator and B, is
the magnetic field vector (generally assumed to be projected along the z-axis of the laboratory

frame of reference). Therefore the Zeeman term usually simplifies to a scalar,
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H, =-yhl,B,, 4)
depending on the nucleus and magnetic field. Modern superconducting solenoid magnets
normally generate B, fields somewhere between 2.35 and 18.8 T (Tesla); therefore the 'H
Larmor frequency @ = AE/h, corresponding to this energy level difference, typically ranges

from ~100 to 800 MHz.
Table 1-1. Spin Properties for Common Spin-1/2 Nuclei

Isotope Natural Abundance | Gyromagnetic Ratio NMR Frequency
(%) (MHz/T) (MHz at ~2.35 T)
'"q 99.985 42.577 100.000
“c 1.108 10.708 25.151
“N 0.37 -4.316 -10.138
“F 100 40.077 94.128
p 100 17.254 40.524

Even for 'H at very high magnetic fields, this energy is several orders of magnitude smaller
than kT at room temperature. This accounts for the “high temperature” approximation of the

Boltzmann population, which results in net magnetization:

_Ny*RI(1+1)
3kT

M By = x,B,. (5)
Here M is the total magnetization, and k is Boltzmann's constant. The value ¥, is often referred
to as the nuclear receptivity. Typical population differences in the high temperature limit at ~1
ppm.

Despite this extremely small energy ievel difference by the standards of many forms of
spectroscopy, the Zeeman interaction dominates other terms (with the exception of the
quadupolar) by a few orders of magnitude, and therefore we usually presume the energy
eigenvalues and treat all other terms as perturbations, by using the interaction representation of

the Zeeman energy rotating frame.
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Chemical Shielding

The local magnetic field induced by electron wavefunctions near the nucleus depends
strongly on chemical environment, and hence is referred to as the chemical shift.48 These shifts
are, like the Zeeman term, directly proportional to the external magnetic field, and therefore the
values (in relative units) serve as universal reporters of chemical environment. 25:50 The

shielding is in general a tensorial property:

The principal values of the chemical shielding tensor (6,,, G,,, G,;) reflect the dependence of the
shielding upon orientation relative to the magnetic field (i.e., the chemical shift anisotropy).

The chemical shift scale is generally denoted in ppm of the Larmor frequency, with the
upfield or least shielded values displayed on the right side of spectra. Thus the “shifts” are
downfield from a reference value, such as TMS:

S= Orer — G.rumple

= aref - G.mmple M
l - Gref

The indirect relationship of molecular structure to chemical shifts can be determined from ab
initio calculations, and has become is a major area of computational chemistry and NMR
research unto itself.31:52 In this thesis, the use of chemical shifts primarily to provide site

resolution, and the structural implications of the chemical shift itself is not discussed in detail.

Dipolar Couplings
Dipolar couplings reflect the interaction of two nuclear magnetic moments through space,

according to

HD=i‘B'S, (8)
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which is expressed according to the Correspondence Principle as

This expression is usually decomposed as follows:

h2
HD=%2‘—T‘Z(A+B+C+D+E+F) (10)

where the coupling constant b is

h2
bls=_%f_; (I

and the “dipolar alphabet™ (Abragain, p. 104)%

A=(3cos’0-1)L.S,, (12a)
1 2

B= —Z(3cos 0-1)(1,S_+1.5,), (12b)

Cc= %sinBcosBe"i“’(l+Sz +18,), (12¢)

D= %sin@cosee‘*”(l_SZ +1,S.), (12d)
3 . 2, g

E=Zsm 6e"1.S,,and (12e)
3.5 2i¢

F=Zsm 0e "1 S_. (12f)

The terms A and B commute with the Zeeman interaction and are referred to as the secular
terms. Truncation of the dipolar Hamiltonian amounts to removing all terms that correspond to
non-energy conserving processes. Measurement of dipolar couplings provides direct structural

information in the form of internuclear distances.
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Scalar Coupling
The indirect or J coupling between nuclei results from electronic interactions. It has the

same spin and distance dependence, to first order, as the dipolar coupling, and is expressed as:

~ — -

H=F-j-§=JI8, (13)

n

the approximation valid when the J anisotropy is small, which is true in most instances for non-
metals. In most instances the chemical shifts are much larger than the scalar coupling, and

therefore the form of the latter can be reduced to its longitudinal component:

H,=J1S8, (14)

Quadrupolar Couplings
The final internal term is the quadrupolar coupling, which occurs for I>1/2 nuclei:
e = 5 =
Hy=—-"7"7-"--I-V-I 15
¢ 21021-1) (13
where e is the elementary charge, Q is the quadrupole moment, and V is the electric field
gradient tensor. Ir this thesis, quadupolar couplings are not encountered and therefore will not

be considered further. This assumption is justified in the context of U-"N,"*C-labeled

biomolecules, without *H- or "O-enrichment.

RF Perturbations
The final term in the spin-1/2 Hamiltonian is due to the transverse oscillatory magnetic field

induced by high voltage RF frequency pulses in the solenoid coil.
Hpr = 0, (t)[lx cos@(t)+1,sin go(t)] (16)
The nutation frequency is defined by the customary relationship,

w, =7 B> (7
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where B, is the radiofrequency magnetic field, with amplitude usually in the range 10-50 G,
resulting in 'H nutation frequencies of ~40 to 200 kHz. With modern spectrometers, pulse
sequence schemes can be arbitrarily complex, with relative phase defined to within 0.1° and
timings within <0.02 us. It is the design and implementation of complex pulse sequences that

will comprise the bulk of this thesis.

Magnitude of Interactions in the Spin Hamiltonian

Typical magnitudes of interactions in the spin Hamiltonian are summarized in Table 1-1.
The Zeeman terms, in this case at a static magnetic field strength of 11.7 Tesla, define the
rotating frame of reference for each type of spin. All other interactions are usually less than 25
kHz. In comparison, solid state NMR probes can achieve pulsed transverse magnetic fields (B))
that result in nutation frequencies (Y B,) ranging from 25 to 250 kHz. Therefore it may often be
possible to work in a limit where the RF perturbations dominate the non-Zeeman terms in the
Hamiltonian. This follows intuitively from perturbation theory, and will be described in greater
detail below, ' <ing the formalism of average Hamiltonian theory (AHT). Although this requires
probe hardware can consistently generate B, fields near the top of the range indicated here, this is
feasibie under favorable conditions. Among all forms of spectroscopy, NMR is unique in the
extent to which the quantum evolution can be controlled by applying extremely sophisticated RF

pulse sequences.
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Table 1-2. Intcractions in the Spin-1/2 Solid State NMR Hamiltonian."

Interaction Spin 1 Spin 2 Typical Magnitude
Zeeman 'H 500 MHz
*C 125 MHz
"N 50 MHz
CS & CSA 'H 10 kHz (20 ppm)
*C 25 kHz (200 ppm)
“N 15 kHz (300 ppm)
Dipolar couplings 'H 'H 20-25 kHz
e 'H 20-25 kHz
"N ‘H 10-12 kHz
"C "*C 2.2 kHz
N C 1.1 kHz
Scalar couplings 'H BC, "N 50-200 Hz
BC *C 35-75 Hz
*C N 5-15Hz

*Magnitudes are approximately the maximum observed in organic solids; couplings
reflect values for directly bonded spin pairs.

A relevant observation at this point concerns the uncertainty with which observables may be
determined in SSNMR. In true “solids”, where molecular motion is restricted to small amplitude
lattice vibration, spin-lattice relaxation occurs on the time scale of many seconds or minutes, and
spin-spin relaxation can in principle be similar (provided that spin decoupling is ¢ -rformed with
high efficiency, as discussed in Chapter 4). The implication with respect to Heisenberg
uncertainty is that energy level splittings can be measured with sub-Hz precision.

Therefore SSNMR (and NMR in general) has two unique spectroscopic characteristics. First,
the spin Hamiltonian can be manipulated with exquisite specificity and complexity, in order to
extract desired observables according to experimental design. Second, observables can be
measured with uncertainties of less than 1 Hz in many cases, a precision rarely possible with any

other form of spectroscopy.
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Symmetry: Spatial & spin tensor rank

Sometimes many NMR interactions are similar in magnitude and therefore not independently
observable. More often, large interactions—such as the 'H-""C dipolar couplings—dominate the
appearance of the spectrum. In order to observe weaker interactions, or to choose among those
comparable in magnitude, it will be necessary to remove some terms from the Hamiltonian with
“decoupling” sequences. Doing so requires uniquely identifying each term according to
symmetry. Dipolar couplings between 'H and '’C, for example, can easily be differentiated
from spin terms that involve only 'C, and a pulse sequence applied to 'H for purposes of
heteronuclear decoupling. However, it is not immediately clear how one might separate the ''C-
"C dipolar coupling from the "*C CSA.

The differentiation of such terms from one another relies on the fact that the each term in the
spin Hamiltonian possess both spatial and spin dependence. The dipolar alphabet above
foreshadowed this fact, in that terms A through F each have spatial terms (in 8 and ¢) that are
second-order spherical harmonics, to go along with each spin term. Thus, mechanical rotation
can be used in conjunction with manipulations of the spin terms, to impose a collective time-
evolution that will depend on both terms. This statement will be formalized in the following
section, but for now it suffices to categorize the rank of the angular momentum tensors for the

aforementioned terms in the Hamiltonian.

Tabhle 1-3. Symmetry of Terms in the Spin Hamiltonian.

Interaction A 1) ! m
Zeeman & CS 1 0, 1 2 0
CSA 1 0, +1 2 | £1,%2
Homonuclear Dipole* 2 (0,122 2 | %1,£2
Heteronuclear Dipole* 2 | %1, %2
--I spin H 0, 1
--S spin 1 0, 1

*m=0 component vanishes with MAS
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The variable / refers to the rank with respect to spatial modulation, m the spatial rotational
component (m={-I,-1+1,..1}), A the rank with respect to spin modulations, and p the spin
rotational component (i ={-A,—A+1...A}). The modulations of both spin and spatial terms are
most conveniently described in terms of irreducible spherical tensor operators (ISTO).33.54
Correspondence between the (implicitly Cartesian) spin terms , used thus far, with the ISTO

basis is achieved by the relations:

7;0 = Iz’ (183)
T, =F—=1

141 = "'_2 t (18b)
T, =—l-(3I.S, -1-5), (18¢)
20 Jg bingd

_ 1

Ty, =$ﬁ(’isz +1,5,) (18d)
Tyyy = %Fs*. (18e)

In all instances within this thesis, modulation of the spatial terms will proceed according to
the assumption of MAS, where there are four spatially independent terms for the CSA and dipole
interactions, corresponding to m=t1,+2.55 Furthermore, we will primarily be concerned
quantitatively with the dipolar couplings, and therefore show this case as an example. The

transformations from the molecular frame to the laboratory frame (not shown in detail) result in:

2 .
wp(1) = sz)"')e"”"’" (19a)
m=-2
wg’; =0, (19b)
@ _ b . +iY b
05, =-—-—"=sin(2 e s 19¢
D 22 ( ﬂPR) (19¢)
ol = ’;Asinz(ﬁm)eﬂ'm. (19d)
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where by is from Eq. 11, and B,z and Y, are the Euler angles that describe the rotation from the

principal axis system (molecular frame) to the rotor frame.

Time Evolution of the Density Matrix
The density operator p(t) describes the state of the spin system at all times. The statistical

ensemble must satisfy the time-dependent Liouville equation:4

< p(0)=~{H(2). (0], 20)

which can be solved in the general case:

- : 21
pl) = U(1,0)p(0)U™(1,0) @D
with the propagator defined as
U(1,0)= Texp[—i_[; H(¢ )dt'] (22)

T here is the Dyson time-ordering operator.

From these expressions two simple results emerge. First, if the density matrix and
Hamiltonian commute, no evolution occurs. Second, if the Hamiltonian is self-commuting,
evolution can be described exactly by solving Eq. 22. For modern NMR problems, these two
cases are of limited interest, and in general more precise solutions for time-dependent
Hamiltonians must be determined, either by numerically evaluating Eq. 21 with short time steps,
or by approximating Eq. 22 for fixed time-intervals by a perturbative expansion of the

Hamiltonian. We address the later, more conceptually insightful alternative first.
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Pulse Sequence Design: Average Hamiltonian Theory

A formalized framewcrk for the design and analysis of multiple pulse sequences is provided
by average Hamiltonian theory (AHT).3¢ In essence, AHT attempts to solve Eq. 22 according to

the Magnus expansion:

H=HY+H?+H® + | (23)

through third order (numbered to be consistent with perturbation theory), defined as

H® = fl ]' H(t)dt, (24a)
HY = 2__1'( Idtl ;.)L[H(t, ). H(t,))dt, (24b)
HO = 6‘;{ ]‘ d,l]' dtzljdt.q([H(h )WH(,) H(t, )]] +[H(n,).[H(e). H(y )]]) (24c)

These expressions provide a Hermitian operator regardless of the order used; therefore the
propagator in Eq. 22 is always unitary, and can be applied repeatedly to describe long-time
evolution. Higher order terms in the AHT expansion account for “residual” interactions; that is,
terms that disrupt the tidy first order AHT approximation. These can generally be viewed as
quantum mechanical garbage which must be discarded before spoiling the entire density matrix.
Errors arising from RF pulse imperfections, such as finite pulse widths, inhomogeneity of the B,
field, risetime and transient effects (e.g., phase transients, risetime and falltime asymmetries,
etc.) can in practice lead to error terms that are comparable to the first order term. However,
with appropriate modeling of the RF excitation, or correction at low order for effects such as
phase transients, the errors can be systematically removed.

Recently, Hohwy and Nielsen have derived an alternative formulation of the Magnus
expansion that permits convenient calculation of higher order terms.3!-37 In practice, terms up to

3" order are significanc for design of pulse sequences involving only low-y nuclei, where the
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interactions are dominated by the RF field defining the cycle time T, whereas 5" order may be

necessary for 'H-based pulse sequences because the couplings are an order of magnitude larger.

Interaction Frame

The usual presumption in the context of multiple pulse sequences is that the applied RF field
is significantly larger than the internal interactions such as dipolar couplings and chemical shifts,

ie.,

|on| >> |Hi (25)
That is, the pulse sequence exactly defines the modulation of spin terms, according to:

Upr = Texp[—i [ HRF(t')dt'] 26)

If we denote the interaction frame with a tilde, the following expression,

H,,, = Ugp(£,0)H; U, (27)
which can be used along with

U(1,0) = URF(t,O)[Texp[—i j(: A_(f)dr ]] (28)

to describe the evolution. The expression takes on a particularly convenient form when the

cyclic condition

Ugr(7,,0) = %1 (29)

is satisfied.

Chad M. Rienstra 41



Simulation Methods

The precise evolution of the system can be described by numerical diagonalization of the
Hamiltonian matrix at short times (compared to all modulations, both spin and spatial) and
application of Eq. 21 and 22. This method is computationally demanding but reliable, and serves
as a standard against which approximate analytical methods such as AHT can be compared. In
recent years, a number of improvements to computational methods have appeared in the
literature 8.58-60 Here we do not discuss these in detail, but merely mention that improved
powder averaging schemes in combination with clever recycling of the propagator where
possible can save a large fraction of the computation effort. With these approaches, numerical
simulations in two-spin systems are sufficiently fast that interactive, exploratory simulations of
spin dynamics are feasible, and this is often useful in the course of pulse sequence design, in
conjunction with the AHT and quaternion rotation models.6!-63

Whenever possible, it is highly desirable to derive analytical expressions (usually from AHT
expansion) that express the dominant time-dependence of the system. Such expressions can arise
from higher-order calculations of pulse sequences7. A more elegant approach is to remove the
higher-order terms by pulse sequence design to invoke a response from the spin system that is
simple to model according to first-order AHT results. The construction of “compensated” pulse
sequences is often performed by use of composite pulses.62:64.65 Although the design of such
pulse sequences may require a large investment of time and computational effort (both analytical
and numerical), the payoff is easily interpretable data that may be compared readily from one
experimental result to the next. With sufficiently well compensated pulse sequences, working in
an approximately ideal AHT limit is reasonable, and throughout this thesis, several examples
will demonstrate this to be true for ’C-""C and 'H-""C systems under CMR7, T-MREV, and
similar sequences.

Analytical models are refined and exercised in two-spin systems, but have broader

implications. The availability of simple analytical forms for the two spin case implies that
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extension to multiple spin models is computationally feasible, because the multi-spin behavior
can then be described by one diagonalization of a large matrix, rather than creation of small step
propagators. The standard approach of greatest convenience is to use the analytical model and
expand the Hamiltonian into multiple spin states where necessary, always taking advantage of
the “ideal” evolution approximation. Calculation of evolution is only necessary at the
completion of each cycle as defined by the RF excitation. The time cost of including muitiple
spins in the simulation (matrix size is proportional to 2", and matrix diagonalization takes time
units proportional to the third power of the matrix dimensionality) can be comparable to, or
smaller than, the number of time steps that would have been required without the analytical
expression. Thus, interactive fitting schemes over several parameters may be practical even for
systems of 4-6 spins encountered in some instances. The crucial distinction is that
diagonalization occurs only once per crystallite modeled, rather than hundreds of times over the

course of a rotor cycle as required for the entirely numerical methods.
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Chapter 2.  Analog RF Electronics for NMR

Introduction

Here we summarize the necessities of analog RF electronics required to understand some
common NMR circuits, composed of lumped elements and transmission lines. The goal of this
Chapter is to provide the reader with assistance in designing, tuning, debugging, and repairing
NMR probe circuits. Not all of the engineering details for probe construction will be considered
here, although reference to some design considerations will be made where relevant. Detailed
theoretical discussions of these issues have been published by Doty,!-3 and many additional
practical issues in books by Gerstein and Dybowski,* and Fukishima and Roeder.> Emphasis
here will be on the practical aspects of designing NMR probes for both high efficiency and
power handling, by providing basic tools for probe circuit analysis and then evaluating some
common solid state NMR probe designs.

Many essential theoretical results will be derived, to iliustrate concepts in a cohesive manner;
some other results will simply be stated with reference to the appropriate literature. A basic
understanding of RF electronics is assumed, as available in review articlesé.7 and/or electronics
textbooks.3 Beyond the typical introductory treatment, many of the crucial assumptions
regarding component modeling will be reexamined here. In particular, the parasitics associated
with lumped elements at high frequency must be included in probe analysis in order for many
fundamental features of designs to be properly understood. The excellent review of component
modeling at high frequency by Rhea will be relied upon heavily.? Digital components will not

be discussed.

Chad M. Rienstra 51



Basic Approach

Most of RF circuit design for NMR can be reduced to a simple problem: provided a fixed
level of transmission power, how can the largest possible coil current be generated? To answer
this question, both the circuit efficiency and power-handling capabilities must be understood and
accounted for. Both the peak B, field and maximum duty cycle must be specified, appropriate to
achieve the >100-250 kHz nutation frequencies (yB,) for each spin. Throughout this thesis, there
will be examples of the direct impact that higher available B, fields have upon the quality of
spectra. Because the amplitude of yB, and the internal terms in the SSNMR Hamiltonian are
comparable in magnitude, increases in sensitivity and resolution may often be derived directly
from higher applied field strengths. As the level of sophistication of the RF pulse sequences
increases, so too does the value of quality hardware. In practice, order of magnitude
improvements in NMR signal strength may often be achieved from ~75 to 150 kHz increases in
'H decoupling fields, in combination with TPPM decoupling. Therefore under no circumstance
may the solid state probe designer sacrifice power-handling capability solely in favor of circuit
efficiency; no circuit can produce signals from fully dephased magnetization. Clearly many
other probe issues—such as B, and B, field homogeneity, multi-channel tunability, temperature
range of operation, maximum MAS rates, sample volume, and system stability—must be
considered. But the hard RF pulse is the sine qua non of SSNMR, and all other design issues
must be considered only in this context.

In terms of circuit analysis, we view the problem primarily from the transmission viewpoint.
Current generates transverse B, field over the coil volume, which can be easily measured in
NMR experiments. In practice, nutation of nuclear spins about the applied B, field is much
simpler and reproducible than sensitivity measurements, as the latter depend on receiver noise
figure, relaxation properties of the sample under study, and B, homogeneity, among many other
potential factors. The reciprocity of transmit-receive efficiency ensures that this level of analysis

is sufficient.!0 A circuit that generates B, with high efficiency will also effectively couple the
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induced current from transverse magnetization (the source voltage from nuclear spins) into the
pre-amplifier and receiver—that is, probes with high transmit efficiency will also have high
receive sensitivity. (This assumes that receiver noise figure, electromagnetic shielding, and other
such mundane issues are properly accounted for; in all modern spectrometers, the probe
efficiency and noise temperature are the determinants of sensitivity.)

Although the principle of reciprocity implies that the choice of impedance reference frame
for circuit analysis is arbitrary, transmit mode is a more natural choice. The transmit mode
characteristic impedance—i.e., 50 Q—is 2 common frame of reference for all circuit designs. In
most instances transmit-receive switching circuits, amplifiers, and other components will be
power-matched at 50 Q. Transforming the coil impedance at a given frequency to this
impedance is conceptually reasonable, and given the rules of impedance transformation in
lumped and distributed circuit elements, can be achieved with standard methods. In receive
mode, the appropriate reference frame is that of the highly inductive impedance (approximately
(1+ j100)Q) of the tuned, noise-matched pre-amplifier; this frame is significantly less intuitive.
Therefore for all of the following discussion, we assume transmit mode but realize by reciprocity
that the opposite perspective is equally valid, albeit more cumbersome.

With this assumption, the problem can be broken down into two parts. First, deliver as much
power as possible to the coil. This is our measure of overall circuit efficiency—i.e., what

percentage of amplifier power finds its way to the coil? We define this overall efficiency as:

F, il
— coi . 1
=4 (1)

amplifier
Second, generate as much current as possible from the power delivered to the coil. This is a

function of coil quality factor (Q):

1 coil = kJQR‘()il = k'\/ Q nPampliﬁer (2)
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Here and in all subsequent work Q, whether referring to a single component, collection of

lumped elements, or the entire circuit, is defined as:

_Im[Z] _ X _ storedenergy

= =—= 3
¢ Re[Z] R dissipated energy )
This is equivalent to the effective rate of energy dissipation (or ring down) which is
Q
1'-riru:down = E 4)

Some of the factors that contribute to overall ceil Q, and geometrical factors defining k, will be
considered below, although our focus will be primarily on Eq. 1. Although the choice of coil
geometry is most certainly an important consideration in probe design, we note that in practice
the requirements for MAS rate and sample volume dictate the length and diameter of the
solenoid coil. This restriction impiies that there is not as much flexibility in choice of inductor
geometry (which primarily determines coil Q) as there is in the design of circuits used to isolate
frequencies from each other and to transform the impedance (tune and match) each frequency to
50 Q. For this reason the majority of the discussion here will focus on impedance transformation
and isolation circuits, which can readily accommodate any coil design within typical ranges of
inductance and Q for NMR; very low inductance resonators and superconducting coils are the
exceptions.

An additional caveat must be delivered at this point. One issue that is often confused in the
probe literature is that of the relevance oi circuit Q to overall probe performance. Although it is
perfectly legitimate to discuss the “probe Q”, in terms of the ringdown of a pulse delivered to the
probe, in many instances—and in fact most circuits beyond single resonance—this value has
little direct influence on sensitivity or overall transmission efficiency. The measured input port
Q value on a probe channel is a function that depends upon the arrangement of isolation circuits,
the electrical phase relating coil to tuning circuit, the type of impedance transformation scheme

used for tuning and matching, and the relative Q values of components. “Probe Q” can, by
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coincidence, be the same as the coil Q, but more likely will be very different. In well
characterized circuits, the coil Q can be back-calculated from the input port (“probe”) Q, and so
the value of probe Q is not entirely meaningless. However, on its own, “probe Q” says
absolutely nothing directly about the conversion of electrical power to magnetic field in a probe
circuit. The steady state resonant coil current depends on only two factors: (1) how much power
is delivered from amplifier to coil? (2) how effectively does the coil convert this power into
current, and subsequent transverse B,? Analysis that does not directly address these questions is
irrelevant. This statement does not quarrel with the fact that circuit topology, electrical phase,
and impedance transformation may effect the transient characteristics of circuits, and these
transients may compromise performance in some pulse sequences; in addition, inordinately long
probe ringdown times may obscure broad features in spectra. These concerns may dictate
eventual use of Q-switching circuits, or place restrictions on types of pulse sequences used, but
have only secondary importance.

In order to answer the questions above, a brief review of some basic RF electronics is

required, which will precede discussion of specific probe circuits.

RF Circuit Components

Inductors

Ideal limit

Inductors are, by convention, conductors designed to increase magnetic flux linkage, and

thereby energy storage:

1. 2
E=—LI 5
> (3)
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From the circuit viewpoint, in the ideal limit, inductance generates a positive, purely reactive
impedance that is linear with frequency:

Z=joL (6)

For unit conversion, note that 1 nH at ~160 MHz is +1j € (reactive). Inductance for a single-

layer solenoid (neglecting leads) is well apprczimated by

,,‘2'_2
L=———-107 7
9r+10!

where the inductance is in nH, n is the number of turns, r the radius in inches to the wire center
and [ is the solenoid length (wire center to wire center) in inches.? (p. 59) This formula is correct
to within 1% if the length-to-diameter ratio is greater than 0.33.!! NMR solenoid inductance is

generally in the 50-200 nH range, and frequencies in the hundreds of MHz.

n=6

Figure 2-1. Single layer solenoid geometry.

Typical lead inductance is ~20 nH per inch for #22 gauge wire, and decreases with lead width.

Circular rings (horseshoe locps) of wire have an inductance (nH)
a 16a
L=—=7.3531log— —6.386 |, 8
10° ( 874 ) ®)

where a is the mean radius of the ring and d the wire diameter (in inches). Both lead and loop

inductance values must be minimized relative to coil inductance for optimal magnetic field. Two
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leads on either side of a solenoid are best modeled as a continuous loop that begins at the bottom

of one lead and loops over the top of the coil to the end of the second lead.

Parasitic Model

In addition to the ideal inductance, solenoids have finite resistance and capacitance. The
stray capacitance, including both inter-turn capacitance and that between the solenoid and
ground plane, can be estimated based on the geometry. For most NMR sample coil geometries
compatible with common MAS spinner designs (i.e., coil length to diameter ratio of 0.5-2.0), the

stray capacitance can be estimated by

C, =1.22d, 9)

where d is the coil diameter (wire center to center) in inches, assuming air dielectric (e~1).
Additional dielectric material on or near the coil can be considered by multiplying Eq. 8 by the

cross-sectional average dielectric between coil and ground plane.

R =o0l/Q L

Figure 2-2. Solenoid parasitic model.
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Self-resonance occurs when the inductive and capacitive reactances are equal:

|
Jres = 22JIC (10)

As the frequency approaches self-resonance, a greater fraction of the energy is stored in the
capacitance of sample and its surroundings. In other words, more energy is stored as electric
than magnetic field. This may be particularly undesirable if the sample itself is a lossy dielectric,
such as a salt solution. Therefore the coil self-resonance frequency should normally be
significantly higher than the 'H frequency. Note that Rhea discusses the coil “effective Q" (p.
63),? which is the expression relating the total coil complex impedance to the frequency relative

to self-resonance, i.e.

2
Qe_ﬁ'=QcoiI|:]_(f£S) ] (11)

For this reason, a coil with zero effective Q, as formally defined, can still generate magnetic

field. Self-resonance by definition merely states that the total coil impedance is purely real
(resistive). Energy may still be delivered to this resonant tank circuit, and will be shared
between magnetic field (inductance) and electric field (capacitance). If the dissipation of energy
in the capacitance is slow compared to the dissipation in the inductor itself (i.e., the fictitious coil
Q, due to conductor resistance alone, is much less than the capacitor Q, determined by dielectric
loss), the coil will function quite well for NMR. For solution NMR, this scenario is not typical,
as aqueous solutions will be lossy. For solids, it may be possible (though probably not ideal) to
work in a regime at or near self-resonance.

The unloaded coil Q is determined primarily by the finite resistance of copper wire at room
temperature and high frequency. The resistivity at low frequency is described by the expression:

(Rhea, p. 54)°
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—6
R, = 10.37x107p,

c e (12)

in ohms per foot of a round conductor, where d is the conductor diameter (in inches) p, is the
resistivity (relative to copper). At high frequency for an isolated conductor, current density in
concentrated on the surface of the conductor, resulting in increased resistivity due to the skin

effect. The skin depth 8 (in inches) is

5=26|P (13
% )

where f is the frequency in Hz. As a point of reference, at 6.76 MHz the skin depth of copper is
1 mil (i.e., 1/1,000" inch); at 1 GHz, 0.082 mils. This implies that a (smooth) surface plating of
a few mil of copper or silver is sufficient to ensure high conductivity at RF frequencies of 100-
750 MHz, since 99%+ of the current is carried within 5 dof the surface. The AC resistance,

assuming that the thickness of material is much greater than the skin depth, is

R,,C:lxlO'“—““;'f (14)

per foot (where fis in Hz, 4 in inches).

Coil Quality Factor (Q)

Equations (3), (6), and (14) together show that the isolated conductor Q should increase as
Jf. This general functional form is also true for solenoids well below self-resonance.
However, the absolute Q value of a single-layer solenoid depends upon the turn geometry and
size, as explored in detail by Medhurst!2 and Grover.!3 Optimal wire spacing is determined

primarily by proximity effects between turns.!2.14 Several additional factors contribute to coil Q,
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as discussed in greater detail by Rhea (p. 60-70).° The results indicate that the overall diameter,

and ratio of length to diameter, are the primary determinants of coil Q:

Qunlnuded = lgOdW‘\/? ( 1 5)

where d is the coil diameter (wire center to wire center) in inches, f is the frequency (MHz), and

0.4964 0.0709
+
Ji/d ld

w"plimal =0.9121- » (16)

is a dimension-less parameter that expresses the dependence of Q upon turn density, due
primarily to proximity effects. Because the parameters 4 and [ are generally determined by the
choice of magic-angle spinner apparatus (based on desired maximum MAS rate), the range of Q
over the remaining degrees of freedom is relatively modest. Eq. 15 assumes the optimal inter-

turn spacing (one-half the wire thickness between edges of adjacent turns of wire for a length to

diameter ratio of 2-4). The parameter Y may decrease by ~15-20% if the inter-turn spacing is

changed to one-quarter the wire thickness or the full wire thickness, the typical extrema in
winding geometry with constant diameter wire for SSNMR coils. (See Rhea p. 62, Table 3-2 for
more details.) Because the total number of turns is also constrained somewhat in order to avoid
self-resonance (due to higher inductance, not capacitance, in Eq. 10), generally this range of
adjustment is not feasible and the practical deviation in coil Q for a fixed diameter, length, and
'H operating frequency is on the order of 5-10%, assuming standard single-layer solenoid
geometry. Nevertheless, it is desirable to ensure that the total inductance of the coil is dominated
by the solenoid itself, and not the leads; this implies that the majority of magnetic flux is

concentrated within the active sample volume.

Massachusetts Institute of Technology, 1999 60



B, Homogeneity

Although coil Q—given a fixed overall coil length, diameter, and material—is not expected
to deviate by large amounts with modest changes in turn spacing and wire diameter or shape, the
homogeneous portion of the B, field depends more strongly on these parameters. As discussed
by Haeberlen and co-workers,!3 the roll-off in B, as a function of coil length (i.e., axial
inhomogeneity) may be compensated by increasing the turn density at the ends of the coil
(Figure 2-3(b)). Alternatively, the coil diameter may be tapered (Figure 2-3(c)) to achieve a very
similar axial profile.!® The shortcoming of both designs may be reduced radial homogeneity,
which is determined primarily by spacing between turns. Coil geometries designed to reduce
radial inhomogeneity without large increases in inductance (and decreasing self-resonance
frequency) are: flattened wire (Figure 2-3(d)), variable width ribbon (Figure 2-3(e)), or loop-gap
resonators (Figure 2-3(f)). Variable width ribbon designs may improve radial homogeneity
relatively while maintaining a moderate inductance,!” whereas loop-gap resonators appear to
provide the best overall homogeneity of any resonator design but suffer from the extremely low
inductance, which is hard to tune with high efficiency, especially to multiple frequencies, in the

RF frequency range.!8
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Figure 2-3. Cross sections of several inductor geometries.

One side of the coil is depicted at constant x, as a function of y and z. (a) Standard solenoid. (b)
Variable pitch solenoid (Haeberlen).!3 (c) Tapered solenoid. (d) Flattened wire. (e) Variable

ribbon width.!7 (f) Loop-gap resonator.!8.19

Optimization of coil geometry can be performed by numerical integration of the Biot-Savart
jaw,20

drsxrjk

3 17)
|rﬁ|

B =1 1§

which assumes uniform current density over the path of the conductor surface and is found to
predict field profiles well in the low frequency regime (i.e., where overall coil size is small
compared to the wavelength). Normally the path is defined in analogy to the treatment of

Haeberlen: !5
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(18)

I +n2n r* — r(xcos@ + ysing@
Blz(x'y'z)zz.[ ( )

—n2x 2 Y 2 _-,/d(p
[(x —rcos@) +(y—rsing) +(z—agp) ] 2

In this formalism, the path is swept out over ¢, and coil geometry parameterized accordingly.
Variable pitch is accounted for by the functionality of a, variable diameter by r. Variable width
and shape of ribbon or wire is described by additional parameters, as in Ref. 17. Optimization by
numerical integration of Eq. 18, and analysis of some homogeneity profile (usually by second
moment methods) over a desired coil volume may yield improvements. Implementation is
another matter, possibly requiring coil forms, which reduce filling factor and may arc under high
voltage. An improved coil geometry that address all of these theoretical and practical issues may

yield significant improvements in overall sensitivity and probe performance in the future.

Capacitors

Ideal limit

Energy may be stored in electric field according to:

E=%CV2 (19)

In the circuit modeling viewpoint, capacitive reactance is negative, inversely proportional to

frequency:

Z= i (20)
joC oC

The simplest capacitor is a parallel plate, with capacitance (in pF)

_02248¢A

S (21)

C

where ¢ is the dielectric constant, A is the area (square inches) and S the plate spacing (inches).
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Parasitic Model

Two non-ideal aspects of capacitors in the RF are associated lead inductance and dielectric
loss, as shown in the following figure. The inductance L and series resistance R, result from the
finite lead lengths, and are modeled as if short segments of isolated wire. The parallel resistance,

R

P

is due to dielectric loss, and determines the capacitor Q well below self-resonance. Self-
resonance of small chip capacitors (American Technical Ceramics series B and C) will typically
be above 1 GHz for small (~1-5 pF) values, although the voltage-handling specification of chip
capacitors of this type and capacitance range is typically not sufficient for high power probe
applications. Variable capacitors (Polyflon, Jennings-ITT, etc.) typically are self-resonant in the
100-500 MHz range, with the exception of physically small quartz dielectric models, which

again have difficulty achieving voltage specifications of use for solids probes.

C R, L

Figure 2-4. Capacitor model.
Capacitor Q

Because capacitor Q is, below self-resonance, a function of the dielectric loss,

0=—r:, (22)
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where tan § is the dielectric loss constant. The primary consideration in choice of commercial
capacitor, or design of custom capacitive elements, is the dielectric material. For fixed
capacitors, a large dielectric constant is desired, in order to maximize capacitance in a small
space. Most chip capacitors (e.g., ATC) use synthetic ceramics similar to porcelain, for example.
Cylindrical capacitors with relatively high voltage specifications usually have ieflon (e.g.,
Polyflon) or gas/vacuum (e.g., Jennings) dielectric. Transmission line supports and other
insulators must have low loss and high breakdown voltage, but with lower dielectric constant to
minimize stray capacitance, and again teflon is the best choice unless low '"°F background (or
extremely low 'H) is required. Clearly no other dielectric performs as well as air, which is

therefore our preference whenever space allows.

Table 2-1. Material Dielectric Properties®

Material € (dielectric Loss tangent Loss tangent
constant) (100 MHz) (3 GHz)
Air 1.0006 0 0
Teflon 2.1 0.0002+ 0.0028
Polyethylene 2.26 0.0002 0.00031
Kel-F 2.5 0.001
Vespel 3.5 0.004
Epoxy 3.6 0.03
Nylon 3.7
Quartz (fused) 3.78 0.0002 0.00006
G-10 49 0.008
Pyrex 5
Silicon nitride 8 0.001+
Porcelains 5-8 0.0002+
Sapphire 9.9 0.0002
Water 78 0.005 0.157

“from Doty (p. 4475)3 and Rhea (p. 78)°
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Transmission Lines

Distributed properties

Volumes have been written on transmission line theory, and it is recommended that one of
several texts be consulted for a complete derivation of the transmission line equations, which is
beyond the scope of the present discussion.”-21-24 A transmission line is any pair of parallel
conductors, which can be represented by uniform distributed capacitance, inductance,

conductance, and resistance:

Figure 2-5. Transmission line distributed properties

The two conductors may be arranged in many configurations, though coaxial is standard. The
field representation of a coaxial line is the transverse electromagnetic (TEM) mode, in which

fields are always transverse to the direction of conductor length.
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Figure 2-6. TEM mode for coaxial transmission line.

Applying Kirchhoff’s law to the circuit for instantaneous voltages and currents and simplifying

expressions (see, for example, Chipman p. 22)2! results in the differential equations:

v _ —(R+ joL)I
dz
a_ —(G + joC)V
dz

(23)

signal terminal load

transmission line -
source impedance Z;

- P -
¢

Figure 2-7. General transmission line circuit
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The solution to Eq. 23 is:

V(z)=Vie"? + Vyel?

(24)
1(z)= Le " + Le"*
where the propagation constant is
y=a+jB=(R+joL)G+ joC). (25)

The complex factor can be decomposed into the attenuation coefficient ocand the phase
factor . Eq. 24 shows that for any given point along the line, the ratio of V to I must be constant.
This value is referred to as the characteristic impedance:

Vv . R+ jwL
Zy=—= +x=f—— 26
0=7 Ry + jX, G+ joC (26)

For all problems of interest for modern NMR, the high frequency approximation is valid, where

wlL>> R, 0C>>G. 27

The attenuation o is primarily due to the surface resistance R (assuming air dielectric), and the

characteristic impedance is a simple function of line geometry for coaxial lines:

- R, G% =0.00164(1+1)£np/m, (28)
27, a b)Z
L 60 b 138 b
Zy= = =—=InZ="Zlog=, 29
0 C Je a e ga )

where a and b are the inner and outer conductor diameters (in inches), and fis in MHz.
Examination of the functional dependence of Z, and o on coaxial line geometry (specifically, by

keeping the outer conductor diameter b constant and varying the inner conductor diameter a)
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reveals some interesting trends (Figure 2-8). The minimal attenuation is observed at the b:a ratio
of 3.6:1, resulting in Z, of 77 2. At constant b, significant changes in the geometrical ratio, from
1.6:1 to 12.7:1 (corresponding to Z, of 29 to 152 Q), can be tolerated with at most a 50%
increase in o; more aggressive alteration of a, resulting in ratios of 1.4:1 to 20.8:1 (Z, of 20 to
182 ), causes only a doubling of the attenuation constant relative to the optimal result. The
implication of this result—that Z, can be varied over an extreme range without large penalty in
attenuation—may be useful for improved transmission line designs. This additional degree of
freedom in probe design permits novel impedance transformation strategies for higher efficiency

and power handling in multi-channel circuits.

4.0
3.5
3.0
2.5
o (np/km) 50
1.5
1.0

0.5

0 50 100 150
Z,(€2)

Figure 2-8. Transmission Line Attenuation as a Function of Impedar.ce.

Attenuation is determined at 560 MHz by assuming 2.2” outer conductor and

varying the inner conductor diameter, with air dielectric.

Eqgs. 23, 24, and 26 can be combine