18.05 Lecture 22
April 4, 2005

Central Limit Theorem

X1, ..., X,, - independent, identically distributed (i.i.d.)
T=21(X1+...4+Xy,)

p=EX,0? = Var(X)

M n— oo N(0,1)
o
You can use the knowledge of the standard normal distribution to describe your data:
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This expands the law of large numbers:
It tells you exactly how much the average value and expected vales should differ.
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where: Z; = Xi;“;IE(Zi) =0,Var(Z;) =1
Consider the m.g.f., see that it is very similar to the standard normal distribution:

Ee! vm (At t2n) _ getZi/Vi oy otn/VR — (Eetzl/\/ﬁ)"

1 1
Ee'?t =14+ tEZ; + 5t?]EZf + 6t3]EZf’ + .

1 1
=14+ =2+ Zt3EZ3 + ...
+ 5t G P+

Eet/vVMZr — 1 4 £ + iIEZ3 +..~14 L
on | 6n3/2 1 n

Therefore:

t2
Etzl/\/ﬁ”zl “ \n
BBV & (14 L)

2
1+ t—)n oo el /2
2n
Gamma Distribution:

Gamma function; for « > 0,3 > 0

- m.g.f. of standard normal distribution!
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p.d.f of Gamma distribution, f(x):

<1
1= A —F(a) xa*1671d$7 f((l?) = { xaflefx,x 2 0, 0’ I < 0}

Change of variable x = By, to stretch the function:

I(a)

/oo 1 ﬁa 1, a—1 Byﬁ * 56! a—1_-—py
1= — By e dy:/ y* e PVdy
o D(a) o Do)

p.d.f. of Gamma distribution, f(z|a, 3):

f(zla, B) = {%x”‘_le_ﬁx,x > 0;0,z < 0} — Gamma(a, B)

Properties of the Gamma Function:

F(a):/ xafle*xdz:/ r* ld(—e ") =
0 0

Integrate by parts:

=22 te| — / (—e ) (a — 12" 2de =0+ (a — 1)/ r* 2e "dr = (a — DI'(a — 1)
0 0
In summary, Property 1: T'(a) = (o« — 1)T'(a — 1)
You can expand Property 1 as follows:

'n)=n—1DI'h—=1)=n-1)n—-2)'n—-2)=(n—1)(n—2)(n—3)'(n—-3) =

=(n—-1)..()I(1) =(n-1)I(1),T(1) = /000 e fdxr=1->T(n)=(n—1)!
In summary, Property 2: I'(n) = (n — 1)!

Moments of the Gamma Distribution:
X ~ (a, )
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Make this integral into a density to simplify:

_ B Tla+k) /OO gotk plortk)—1 Bz g,
Do) poth Jy D(a+k)

The integral is just the Gamma distribution with parameters (« + k, 3)!

Na+k) (a+k-1(a+k-2)x..xall(a) (a+k-1)Xx..Xxa«a

- T(w)pr [(a)B* Bk
For k = 1:
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@
E(X)=—
(X) 3
For k = 2:
E(X?) = (o ;21)a
Var(z) = (o ;Zl)a - g—z = %
Example:

[(e=2500, §=50)

B

If the mean = 50 and variance = 1 are given for a Gamma distribution,
Solve for av = 2500 and # = 50 to characterize the distribution.

Beta Distribution:

bty ey D@D | T@EB) o
/Oac (1—2) dx_F(omLﬂ)’l_/O (1—2)"""d

Beta distribution p.d.f. - f(z|«, 5)

Proof:

T(a)T(B) = / x"_le_c”d:(;/ P le Vdy = / / 2@y le = @Y drdy
0 0 o Jo
Set up for change of variables:
L yB-le=(ety)

xaflyﬁflef(aﬂry) — :Eail((:r +y) - I)ﬁflef(ery) — :Eail(x +y)ﬁfl(1 - Py

Change of Variables:

s=x+4yt= yx = st,y =s(1 —t) = Jacobian = s(1 —t) — (—st) = s

T
T+y
Substitute:

1 o'} 1 oo
= / / te s P21 — )P le S sdsdt = / t* 11 - t)ﬁfldt/ s9HAlems s =
o Jo 0 0

_Ataultwlxrm+m_rmww>

Moments of Beta Distribution:
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Once again, the integral is the density function for a beta distribution.
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For k = 1:

«
EX = a+p
For k = 2:
2 (a+ 1o
EXT = (a+pB+1)(a+B)
(a+ 1 a? af
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Shape of beta distribution.

** End of Lecture 22
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