18.05 Lecture 24
April 8, 2005

Bayes Estimator.

Prior Distribution f(8) — compute posterior f(6|X1, ..., X,)
Bayes’s Estimator = expectation of the posterior.

E(X — a)? — minimize a — a = EX

Example: B(p)7 f(p) = Beta(a, 6) - f(plxla 7'7571) = Beta(a + szaﬁ +n— le)

a+y
0 iy Tpy) = ————
(xla y L ) a—i—ﬁ—i—n
Example: Poisson Distribution
TI(\ A) = A"
W), f(zA) = ==
Joint p.f.:
AT N AET
f(xlaaxnp‘)*ll;[l ZCi!e - H.Tzl €
If £(\) is the prior distribution, posterior:
Yz _
f()\|l'1,...,l’n) = S
g(@1.an) = [ q5re ™ f(N)dA

Note that g does not depend on A:

f(Al‘rl? 7$n) ~ )\Z$ze—n)\f()\)
Need to choose the appropriate prior distribution, Gamma distribution works for Poisson.
Take f(\) - p.d.f. of D(a, 3),
B a1 —ga
)\ = _)\a
TV =1 () c

FOT1, oy ) ~ ATt Te=( 0N Do 4 Y24, B + 1)
Bayes Estimator:

a+d x;
Ay, wy) = BEX = 272200
(xla 71;) n+6

Once again, balances both prior intuition and data, by law of large numbers:

a/nt+ ) i/n —
AMZ1y ey Ty) = /1+—%:/n/ n—0ZT—EX)— A

The estimator approaches what you’re looking for, with large n.
Exponential E(a), f(z|a) = ae™*® 2 >0

f(‘rla '--awn|a) = H;’Zlae_fmi = an@_(ziﬂi)a
If f(«) - prior, the posterior:
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flalzy, ...,xn) ~ e (2 "“)”‘f(oz)

Once again, a Gamma distribution is implied.
Choose f(a) —I'(u,v)

New posterior:

fa]zy, oy apn) ~ a" T lem (ot Py 4 0+ sz)

Bayes Estimator:

u+n u/n+1
X1,y ey ) = = n— oo

v+ x;  v/n+d xi/n

1
EX

— =

8l =

Normal Distribution:

1
N(p,0), f(zlp, o) = e 5oz (T

fz, ., xn|p,0) = me 1

It is difficult to find simple prior when both u, o are unknown.
Say that o is given, and p is the only parameter:

1 _ 1

Prior: f(p) = b\/ﬂe a2 (h=a)” = N(a,b)

)

Posterior:

f(l’L|X17 '~-7Xn) ~ 67#Z(Ii7‘u)2iﬁ(“*a)2
Simplify the exponent:

1 5 5 1, 5 9 5, M 1 Sy a
ZFZ(%*QWCHFM )+ 55 (" = 2ap+a”) = p (5 + 55) — 2u( +op) e

202 202 2b? 202
B B B? B
— 2 - = 2_ — ) - = — =)
=p*A—-2uB+...=A(p 2uA+(A)) A+... Ap A)+

1 )_N<02A+nb2f o2b? )
"V2Al o2 +nb? o2+ nb?

FIX, o ) e e AU = IO (- S = N (S

Normal Bayes Estimator:

cla+nb*T  ofa/n+b?T ., _
w(Xq, ..., Xpn) = T Py n—>o0T—E(X1)=p

** End of Lecture 24
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