18.05 Lecture 30
April 27, 2005

Bayes Decision Rule
E(M)ar(6) + £(2)az(d) — minimize.

h(x) 5(—2) D ; or s if =
fQ(X) >§(1),H2. f <,H1 Hs : if }

6:{H11

Example: see pg. 469, Problem 3
Hy: fifx)=1for0<z <1
Hy: fo(x)=2zfor0<z<1
Sample 1 point x;

Minimize 3ao(d) + 1o (6)

1 1 1 1
0 ={Hp: T > §;H1 : T < g;either if equal}

Simplify the expression:

3 3
5:{H02501 Si;H1:$1> 5}
Since x is always between 0 and 1, Hy is always chosen. 6 = H always.

Errors:

ap(0) =Po(6 # Ho) =0

041((5) = ]P1(6 75 Hl) =1

We made the ap very important in the weighting, so it ended up being 0.

Most powerful test for two simple hypotheses.
Consider a class K, = {¢ such that a;(§) < a € [0,1]}
Take the following decision rule:

Hx) o, Akx)
fa(x) = et fa(x) =

Calculate the constant from the confidence level a:

5:{H12

fi(x)
f2(x)
Sometimes it is difficult to find c, if discrete, but consider the simplest continuous case first:
Find £(1),€(2) such that £(1) +£(2) = 1, {5 = ¢

Then, ¢ is a Bayes decision rule.

E(M)a1(0) +£(2)a2(0) < E(1)ar(0) +&(2)az(d")

for any decision rule ¢’

If ' € K, then a1(¢') < .

Note: a1(d) = a, so: E(1)a+ £(2)az(d) < &(1)a + £(2)a(d)

Therefore: as(d) < as(d’),d is the best (mosst powerful) decision rule in K,

a1 (6) =P1(0 # Hy) = Py(

<co)=u«

Example:
H1 : N(O, 1)7 H2 : N(l, 1), al(é) =0.05
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fl(x) = 6_%2$?+%Z($i—1)2 — e%—in >c

fa(x)

Always simplify first:

5> @iz log(e), Y s < 5 +logle). Y wi <

The decision rule becomes:

0= {Hl : Z.’L‘z < C/;HQ : ZIL’Z > C/}
Now, find ¢/
041(5) = ]P)l(z XTi > Cl)
recall, subscript on P indicates that 1, ..., z, ~ N(0,1)
Make into standard normal:

Pl(%;i > %) =0.05

Check the table for P(z > ¢”’) = 0.05,¢” = 1.64,¢' = /n(1.64)

Note: a very common error with the central limit theorem:

PN n%zl’i—ﬂ Hfoz'*nli
Z 7 \/_( o ) \/EO'

These two conversions are the same! Don’t combine techniques from both.

The Bayes decision rule now becomes:

§={Hy:» 2 <164yn;Hy: Y ;> 1.64v/n}

Error of Type 2:
042(6) = ]P)Q(Z r;, < c= 164\/’[_7,)

Note: subscript indicates that Xi,..., X,, ~ N(1,1)
Sz —n(l) < 1.64y/n—n
N4 - Vvn

Use tables for standard normal to get the probability.
Ifn =9 — Py(z < 1.64 — V9) = Py(z < —1.355) = 0.0877

= Py( ) =Py(2 < 1.64 —+/n)

Example:
H,:N(0,2),Hs: N(0,3),a1(5) =0.05

1 n,— 2 53T
A  (ggg)te =20 = (§)"/2e—%2w? > ¢
1 > 2 -

5:{H112$3 Sc’;HQ:Zx? > '}

This is intuitive, as the sum of squares ~ sample variance.
If small - o0 =2
If large - 0 =3
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) =P1(x2 > ") =0.05

01(0) =P (e} > ) =PUE S > §
" = 18.31,¢ = 36.62

If n = 10, Py(x3, > ¢) = 0.05;
Can find error of type 2 in the same way as earlier:
P(x2 > %) — P(xi, > 12.1) = 0.7

A difference of 1 in variance is a huge deal!

Large type 2 error results, small n.

** End of Lecture 30
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