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Distributed Power Allocation for Cooperative
Wireless Network Localization

Wenhan Dai, Student Member, IEEE, Yuan Shen, Member, IEEE, and Moe Z. Win, Fellow, IEEE

Abstract—Device-to-device (D2D) communication in cellular
networks is a promising concept that permits cooperation among
mobile devices not only to increase data throughput but also to
enhance localization services. In those networks, the allocation of
transmitting power plays a critical role in determining network
lifetime and localization accuracy. Meanwhile, it is a challenging
task for implementation in cooperative networks, since each
device has only imperfect estimates of local network parameters
in distributed settings. In this paper, we establish an optimization
framework for robust power allocation in cooperative wireless
network localization. We then develop distributed power al-
location strategies via relaxation of the original problem. In
particular, we decompose the power allocation problem into in-
frastructure and cooperation phases, show the sparsity property
of the optimal power allocation, and develop efficient power
allocation strategies. Simulation results show that these strategies
can achieve significant performance improvement compared to
the uniform strategies in terms of localization accuracy.

Index Terms—Convex optimization, cooperative techniques,
localization, power allocation, robust optimization.

I. INTRODUCTION

OCATION-AWARENESS of mobile devices is essential

for many emerging applications and services in wireless
networks, such as indoor navigation, asset tracking, social
networking, and environmental monitoring [1]-[9]. Conven-
tional techniques are not adequate for providing seamless and
high-accuracy location awareness in harsh environments. For
example, the global positioning system (GPS) does not operate
well indoors or in urban canyons due to signal blockage [10];
and the techniques that rely on cellular network infrastruc-
tures cannot provide satisfactory localization accuracy [7].
This inadequacy has motivated recent research activities in
localization for wireless networks [11]-[24].

Typical localization systems for wireless networks employ
two types of nodes, i.e., anchors (infrastructure with known po-
sitions) and agents (mobile devices with unknown positions).
Conventionally, agents aim to infer their positions based on
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Fig. 1. Cooperative wireless network localization: the anchors are infrastruc-
tures such as cellular base stations and GPS satellites, and the agents are
mobile devices. The agents infer their positions by making range measure-
ments with neighboring anchors and agents.

range measurements to the anchors [6]-[8].! With the emer-
gence of device-to-device (D2D) communication, each agent
can make additional range measurements with its neighboring
agents, and cooperates with them for positional inference.
Such cooperation can significantly improve localization per-
formance by virtue of sharing position information among
neighbors [25]-[28], thus circumventing the use of high-
power, high-density anchor deployment required for high-
accuracy non-cooperative localization. For example, in Fig. 1,
the agent’s cooperation enables both agents to determine their
positions, while neither agent can trilaterate its position unless
it can make range measurements with more anchors.

Localization accuracy in wireless networks is determined
by the network topology and the accuracy of range mea-
surements, where the latter depends on transmitting power,
signal bandwidth, and channel condition [8]. Allocation of
the transmitting power plays a critical role in wireless network
localization (WNL) since it affects network lifetime in addition
to localization accuracy. In fact, power allocation strategies
have been shown to significantly improve the localization ac-
curacy and reduce the power consumption in non-cooperative
localization networks [29]-[31].

Existing studies on power allocation for WNL considered
only the non-cooperative cases in the absence of D2D com-
munication [32]-[35]. The power allocation problems in these
studies were formulated as various optimization programs that
minimize the localization errors subject to a given transmitting
power constraint, or vice versa. In particular, the power

IThe range measurement (made by an agent) to a node refers to the
measurement of the distance between the agent and the node.
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allocation problems were investigated for wireless sensor
networks in [32] and for multiple-antenna radar networks in
[33]. Both studies employed the Cramér—Rao Bound as the
performance metric and relaxed the original problems into
convex programs. The authors in [34] adopted the squared
position error bound (SPEB) as the performance metric and
demonstrated that the power allocation problem for WNL can
be transformed into semi-definite programs (SDPs). Using two
important functional properties of the SPEB, recent work [35]
showed that the power allocation problems can be transformed
into second-order cone programs (SOCPs), which have more
efficient solvers than SDPs.

Little is known about optimizing the allocation of the
transmitting power among anchors and agents in cooperative
WNL. Due to the additional range measurements between
agents in cooperative settings, the expression for the agents’
SPEBs has a much more complicated structure than its non-
cooperative counterpart [25], hindering the design and analysis
of power allocation strategies. Moreover, distributed power
allocation strategies are more desirable than centralized ones,
since the latter requires the parameters of the entire network.
Designing such distributed power allocation strategies brings
another layer of difficulty because the location information of
the agents is interrelated over the entire network while only
local network parameters are available at each agent [36]—
[39]. In addition, it is essential to design robust strategies that
can cope with the uncertainty of network parameters since,
in practice, perfect estimates of such parameters are often
unavailable. Therefore, the goal of this work is to design
distributed power allocation strategies for cooperative WNL
under network parameter uncertainty.

In this paper, we establish an optimization framework
for robust power allocation in cooperative WNL, aiming to
minimize the localization errors in the presence of network
parameter uncertainty and transmitting power constraints. The
main contributions of this work are as follows.

e We derive several tractable upper bounds for the lo-
calization performance metric, which involve only local
network parameters;

o« We propose distributed strategies for the robust power
allocation, in which the underlying optimization problems
are transformed into convex programs;

o We show the sparsity property of the optimal power
allocation, leading to distributed sparsity-aided allocation
strategies.

The rest of the paper is organized as follows. Section II
presents the system model and then formulates the power
allocation problem in the presence of network parameter
uncertainty. Section III presents several important properties of
the individual SPEB (iSPEB) in cooperative WNL. Section IV
provides the design of distributed power allocation strategies.
Section V shows the sparsity property of the optimal power
allocation and presents the sparsity-aided allocation strategies.
Finally, numerical results are presented in Section VI and
conclusions are drawn in the last section.

Notation: [A];; denotes the element in the i™ row and ;™
column of matrix A. I,, denotes an n x n identity matrix.
0,,,, denotes a m X n matrix with all 0’s. 1,, and 0,, denote

n-dimensional vectors with all 1’s and 0’s, respectively. For
0,0, 1, and 0,,, the subscript will be omitted if clear in the
context. ey, is a unit vector with the k" element being 1 and all
other elements being 0’s. ||-||o denotes the number of non-zero
elements. The operation ® denotes the Kronecker product.
Matrix J,(¢) is defined as J;(¢) = [cos ¢ sin @]T [cos ¢ sin ¢].
For vectors x and y, the relations x > y and x > y denote that
all elements of x—y are nonnegative and positive, respectively.
For square matrices A and B, the relation A = B denotes
that A — B is a semidefinite matrix.

II. PROBLEM FORMULATION

This section introduces the system model for cooperative
WNL and formulates the distributed power allocation prob-
lems. The uncertainty model for network parameters is also
presented, which leads to robust formulations.

A. System Model

Consider a two-dimensional synchronized wireless network
with N, anchors and NN, agents. Anchors, with known po-
sitions, constitute infrastructure such as cellular base sta-
tions. Agents are mobile devices with unknown positions.
Let N, = {1,2,---,N,} denote the set of agents and
M = {Ny+1,N,+2, -+, Ny+ Ny} denote the set of anchors.
The position of node % is denoted by a vector py, and the angle
and the distance from node j to node % is denoted by ¢; and
dyj, respectively. The unknown positions of the agents are
written in a vector form p = [p] p} py, "

In cooperative WNL, each agent aims to determine its
position based on the range measurements to neighboring
agents as well as to neighboring anchors. In particular, two
kinds of transmission for localization are considered:

o Anchor transmission (infrastructure): anchor j transmits
a ranging signal to agent k with power xy;;
o Agent transmission (cooperation): agent j transmits a
ranging signal to agent k with power xy;.
Let {zk; tren, , jenun; denote the power allocation set, for
which the shorthand {x; } will be used in the rest of the paper
unless otherwise specified.

B. Distributed Power Allocation Formulation

The performance metrics for cooperative WNL are pre-
sented as follows. Let J.(p) denote the network equivalent
Fisher information matrix (EFIM) given by (1) at the bottom
of next page, where J2(py) and Cy; are given by

T2pr) = Y @ &g Teley)

JENy
and
Crj = (kj &y + i &) Te(dnj)

respectively [25].% In the above expressions, &; is the
equivalent ranging coefficient (ERC) that depends on the
channel condition between node k and j [35]. Note that by

2For notational convenience, the dependence of the power allocation set on
Je(p) are suppressed throughout the paper.
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simply setting &,; = &;x = 0, the EFIM given by (1) can
be specialized to networks in which nodes k£ and j are not
connected.

For k € N,, let P, be an unbiased estimator of py. It is
shown that the mean squared error for py is lower bounded
by the iSPEB P(ps), i.e.,

E{|Br — prll*} > P(pr) == tr{J. " (pr) } )

where the individual EFIM Je(py) is a 2 x 2 matrix that
retains all the necessary information to derive the information
inequality for the parameter p; [25].°

The iSPEB is adopted as a performance metric, and the
goal of distributed power allocation is to achieve the minimum
iSPEB by allocating transmitting power xj associated with
agent k, where x;, is the vector consisting of {xy;}jen; U
{%jk}jenr\{r}y- Such a problem can be formulated as

P, min P(pg)
Xk
st. Y ag < PP 3)
JENy
S ap < PY )
FEN\ K}
X =0 ®)

where Pa(nkc) and Pa(g]? are the total power associated with agent
k for anchor transmission and agent transmission, respectively.

Remark 1: The above formulation reduces to the non-
cooperative case by setting z; = 0 for all k € N, and j € N,
in the constraints.

C. Uncertainty Model and Robust Formulation

Perfect estimates of network parameters (angles and ERCs)
are often unavailable in practice; for example, the angles de-
pend on agents’ positions, which need to be inferred in WNL.
This motivates the robust formulation of power allocation
problems, where the design of strategies accounts for the un-
certainty associated with the estimated parameters.* The goal
of robust power allocation is to minimize the iSPEB subject
to power constraints and network parameter uncertainty.

For agent k£ and node 7, let ékj and ék;j denote the nominal
values of the angle ¢;; and ERC &, respectively. Consider

3The SPEB is obtained via information inequality and is asymptotically
achievable by the maximum likelihood estimators in high SNR regimes [40]—
[42]. High-accuracy WNL systems often operate in such regimes via the use
of repeated transmissions, coded sequences, or spread spectrum techniques,
etc.

“4For example, in applications such as navigation and tracking, the estimated
parameters can be obtained from previous time steps.

Fig. 2. Example of the uncertainty model: each agent is located in one of
the green circles; for agent k, the circle is centered at py with radius Jy.

that the actual parameters lie in the linear sets

Onj € [Drj — iy Oy el ] =1 iy ©
& € [&r — ey &g 3] =2 Siy M

where afj and sgk ; are positive scalars denoting the maximum
uncertainty. Fig. 2 provides an example of the uncertainty
model. Agent k is located in a circle centered at pj with
. . ¢ . 5
rfldlus 0r. In this case, €p; = arcsin ((6k + 5j)/dkj), where
dy; is the estimate of the distance between agent k and agent
7.
The worst-case iSPEB for agent k£ due to the network
parameter uncertainty (6) and (7) is given by

max P(pk) (8)

Pr(Pr) ==
{¢kj esgj’ 5k]‘ esij}

and correspondingly, the robust power allocation problem is
given by

PR mx}cﬂ Pr(Pk)

s.t. (3)—(5).
Remark 2: When the parameter uncertainty vanishes, the
worst-case iISPEB Pr (py) reduces to P(py) and consequently,

the robust power allocation problem &), r reduces to the non-
robust problem Z7y.

III. PROPERTIES OF SPEB

This section presents several important properties of the
iSPEB and lower bounds on the individual EFIM.

J&(P1) + 2 jennv 1y Cu R —Ci2 —Cin,
—Ca, Je(P2) + 2 jen 23 C2. —Ca,n,
Je(p) = ’ (1)
—Cn,1 —Cn, 2 JE (PN + 2 jeni v,y O
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A. SPEB Properties

The network EFIM J.(p) can be written as a linear com-
bination of positive semidefinite matrices, given by

p) = Z Z k€ Uk Uy
EEN: jENLUN\{k}
where ug; € R?Me is given by
. ey ® [cosgr; sindy; T if 1 €M
& (ex —ej) @ [cosgy; singg;|T  ifj €N,

in which e; and e; are NN,-dimensional vectors. Using this
expression of network EFIM, the following properties of the
iSPEB can be obtained.
Proposition 1 (Convexity): The iSPEB P(pg) is convex in
Xk
Proof: See Appendix A. O
Proposition 1 implies that &7 is a convex program since
the objective function is convex and the constraints are linear.
Thus, the optimal solution for &, can be obtained using
standard convex optimization algorithms provided that the
power allocation vectors of other agents, i.e., {X;}jen;\{x}
are available.
Proposition 2 (Monotonicity): The iSPEB P(py) is non-
increasing in power allocation vector Xj.
Proof: See Appendix B. O
Proposition 2 implies that the iSPEB is monotonically non-
increasing in &y, and thus the maximization over §; to obtain
the worst-case iSPEB is straightforward:

Pr(pr) = max P(pr)

{6, €87, €65=€, ;)

where§ =&y — akj

Note that the optimal solutions of &7;;’s and &y r cannot be
obtained in a distributed manner because the iSPEBs P(py)
and Pr(pi) depend on the angles and ERCs of the entire
network as well as the power allocation vectors of other agents.
Hence, we will derive upper bounds for P(px) and Pr(px)
that are amenable for distributed implementation in Section
III-B and Section III-C, respectively.

B. Upper Bounds for Distributed Implementation

This section provides upper bounds for the iSPEB P(py),
involving only the local network parameters. Consider the
following two auxiliary matrices:

2iplir Jo(ds
i) R0+ X PSR o
JENN\{k} gk Sjk Sjk
x
I (pr) = I2(pe) + Y m—m) 10,
jeM\{k}1+ agt 571@ AJk}
where

Ak—V [I2(pk) )" vk

in which v;;, = [cos¢@;, sin (bjk]T.S The next proposition
shows that these auxiliary matrices are lower bounds for
Je(Pr)-

Proposition 3: The EFIM for agent k is bounded as

I (pr) 2 ILpk) = Je(pr)-

Proof: See Appendix C. O
Proposition 3 implies that

P(pr) < P'(pr) < P"(pr)

where
Plpy) = tr{ [Jel(pk)]_l}
Pl(py) = r{ [3(pa)] ' }

are upper bounds for the iSPEB of agent k. Note that if A
is available,® then J.(ps) and JY(py) depend only on local
network parameters and power allocation vectors of agent k;
that is, they do not rely on the parameters of the entire network
or the power allocation vectors of other agents. Therefore,
these bounds for the iSPEB are amenable for distributed
power allocation. In addition, since P!(py) and P(py) are
upper bounds for the iSPEB, the power allocation programs
that adopt them as the objective functions are conservative
relaxations and their solutions will result in localization errors
small than the corresponding objective values.

Note that the denominator in the summand of the expression
in right-hand side of (10) does not contain x;;. Therefore,
the EFIM JY(py) is linear in z;;, and such a linear form
will permit more efficient optimization, e.g., SDP [34]. Indeed,
this form of EFIM will permit even more efficient convex
optimization, e.g., SOCP [35].

C. Upper bounds with Parameter Uncertainty

This section provides upper bounds for the worst-case
iSPEB Pgr(py) in the presence of network parameter uncer-
tainty. Consider the following matrix

QR (pk) = Y @i &, (Tel(dry) — 64 T)
JENy
where 0; = |sinszj|. Then it can be shown that for any

Prj € S,fj and §; € S,Ej,
Q2 (px) = I2(pk)
and consequently,
PApe) = {[32p0)] < {[Qip0)] T} an

provided that Q2 (py) = 0 [34].
Two additional auxiliary matrices are introduced as follows:

Qi(pr) = QK + D ik xjx (Fe(djk) — 6 T)
JENN\{k}

¢ (pr) = Q2 (pr) Z i ok (Je(Dj) — 01 T)
JENN\{k}

SIn fact, A jk 1s the directional position error bound of agent j (based solely
on the anchors) along the angle ¢;;, between the two agents [25].

9The knowledge of Aj, can be obtained by a sequential power allocation
strategy, as discussed in Section IV.
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where
¢, 5
1 Sjk i =k
Xjk = T AR and D €7 % w—
L) Ay 1+ Pa(gt)éjkA?k
in which
-1
A?k = max VJT‘k [QQ(PJ)} Vik -

¢jk€5fk

The next proposition shows that these two auxiliary matrices
Q! (px) and Q(py) are lower bounds of J.(py) and J%(py),
respectively.

Proposition 4: Under the uncertainty model (6) and (7),

Ql(pr) < Ji(pw),
QY (pr) < I (pr),

provided that Q2 (px) = 0.
Proof: Note that

Vor; € S &xj € Si;
Vor; € St &kj € Si

-1
AN >vi [Qipr) ] ik

> VJT'k [J?(Pk)]_

where the first inequality is due to the definition of A?k and the

second inequality is due to J4(px) = Q2 (px) and Q2 (px) =
0. Thus one can obtain

1
Vik = Ajk

L= S §jk
T T apd A% T Lol
ik

T 14 zieéie Ak
and similarly

ne o Sk

! 1+ Pa(g]i)gjkAjk
Moreover, note that Q*(px) = J2(px) and (J.(¢jx) —
d;r 1) = Ji(¢jx) [34]. These inequalities lead to the claim
of the proposition. O
Proposition 4 implies that for any ¢; € S,‘fj and {; € S,ij,

Pl(py) < tr{[Qi(pk)rl}
Plpe) < uw{[QHp)] '}

provided that QL(px) = 0, Q%(px) = 0 and Q2(px) = 0.
Consequently,

Palpi) < max  Plpy) <u{[Qlpo)] '} (12)
{¢kj651fj7§kjeskj}

Pr(pr) < max  P(py) < tr{[Qg(Pk)]_l}- (13)
{¢kj€5,fj-fkj€5kj}

Note that similarly to J¢(py) and Jg(py), if Af; is available,
then Q.(px) and QY(py) depend only on local network
parameters and power allocation vectors of agent k, facilitating
the design of distributed power allocation strategies.

IV. DISTRIBUTED POWER ALLOCATION STRATEGIES

This section develops distributed power allocation strate-
gies in the presence of network parameter uncertainty. These
strategies also account for the non-robust cases in which
the parameter uncertainty vanishes. In particular, the original
problem is decomposed into infrastructure and cooperation
phases, and distributed strategies are then designed for each
phase.

A. Power Allocation Decomposition

Using the upper bound in (12) or (13) as the optimization
objective for agent k requires the power allocation vectors
of all other agents. Obtaining these vectors in turn require
the power allocation vector of agent k in their optimization
programs. To circumvent this difficulty, we transform the
original problem into a sequential two-phase (infrastructure
phase and cooperation phase) optimization problem and design
distributed power allocation strategies for each phase. Specifi-
cally, each agent k accomplishes the tasks outlined as follows:

o infrastructure phase: determines the allocation of power
transmitted from anchors to agent k& and obtains its
positional information;

e cooperation phase: determines the allocation of power
transmitted from agent k to its neighboring agents, using
their positional information obtained in the infrastructure
phase.

The next two subsections will present the power allocation
strategies in the infrastructure and cooperation phases.

B. Infrastructure Phase

For each agent k, Pr(py) is minimized with respect to
{zr;}jen, with zp; = 0 for all j € N,. Using (11), the
robust anchor power allocation problem for agent k£ can be
formulated as

k) min

W min - w{[Qde0] ]

st. Qipr) =0
(3) and (5).
This power allocation problem can be transformed into SDP
by exploiting the properties of the SPEB as follows.

Proposition 5: Problem 3%8? is equivalent to the SDP given
by

PO min r{M
anc, SDP M€R2X27{mkj}j6/\/b { }
M I
S.t. =0 (14
{ I QX(pk) ]_ o
(3) and (5).

Proof: Consider adding a dummy constraint with an
auxiliary matrix M to Wéfc), resulting in

(k) . : A -1
gzanc,aux . MER2X2,{1:£17¢]' Yiens tr { [ Qe (pk) ] }
st. Qi(pr) =0

M = [Q4(pr)]
(3) and (5)

s)
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which is equivalent to BZ‘EHC) Note that (15), together with
Q2 (pk) = 0, can be converted into (14) using the property of
Schur complement. Moreover, note that (15) implies that

M} > e {[QXpn)] |

and consequently, the objective function in Wa(fc) aux can be
replaced by tr{M}. Thus ngc) spp 1S equivalent to Wa(fc) aux
and hence to 325;?. Finally, since Qﬁ(pk) is linear in xy;,
f@jfc) spp 18 an SDP. O

C. Cooperation Phase

Using the optimal solutions of Wanc in the infrastructure
phase, each agent k obtains Q2 (py) and transmits this to its
neighbors. Then, the power allocation problems for agent %k in
the cooperation phase are formulated using (12) and (13) as
relaxed performance metrics.

1) Distributed Strategy I: Based on (12), the power alloca-
tion problem for agent k in the cooperation phase is formulated
as

9;;31 : min tr{[Qi(pk)}_l}

{Zjetjena\ (k)
st. Qi(pk) = 0
@ — ().

(16)

Note that 9 1 is not necessarily a convex program since
the feasible set corresponding to the constraint (16) may be
nonconvex. To deal with this issue, consider the following
problem

(k) . :
yaux’l . M€R2X2x{glklvr?llj}jem\{k}tr{M}
M I
s.L. [ I @ )]to (17)
0< —Ijkg
WS T e, A%
Jje N\ {k} (18)
@ -3
where
Qipr) = Q2K+ D (Tu(djn) — o T).

JENA{F}

One can show that ﬁauxl is a convex program since the
feasible set corresponding to all the constraints is convex and
the objective function is a linear function of the optimization
Varlables The next proposition shows that the optimal solution

of gzagll can be obtained by solving the convex program

gz(k)

aux, I*

Proposition 6: The mlmmum objective value of 3” 11 is
the same as that of 2"

aux, I’

can be obtained from that of gz(k)

aux, I*

Proof: See Appendix D. O

and the optimal solution of 95:[)

Algorithm 1 Distributed Power Allocation Strategies

Input: S,fj and S,gj, ke N, and j € N UN, \ {k}
Output: {ij}kEM,JENU/Vb\{k}
1: For k € NV, agent k solves BZ‘mC spp in the infrastructure
phase
2: For k € N, agent k transmits Q2 (py) to its neighboring
agents
3: For k € N,, agent k solves f@auxl
cooperation phase
4: Output ;.

(or Pk

aux 1I

) in the

2) Distributed Strategy II: Based on (13), the power alloca-
tion problem for agent k in the cooperation phase is formulated
as

gz(k)

agt 11 - min

i -1
{Zjntjena\ (r} " { [ Q (pk” }

s.t. Qg(pk) =0
4)—(5).

As with Proposition 5, one can show that 9 agt, H is equiv-
alent to the following SDP.
k)

aux, II :

min tr{ M }
MER2X2 {xk }jen,\ (k)
st [M I
I Qg(Pk
@ —(5).

Remark 3: Since f@auxl and Qaux ; require only the es-
timates of the local network parameters, they are amenable
for distributed implementation. The detailed power allocation
strategies are described in Algorithm 1.

>]i0

V. SPARSITY OF POWER ALLOCATION

This section first presents the sparsity property of the
optimal power allocation and then proposes optimal anchor
power allocation strategies based on the sparsity property for
cooperative WNL. For ease of exposition, the strategy without
parameter uncertainty is considered and the analysis for the
robust case is analogous.

A. Sparsity of the Optimal Power Allocation Vector

Without loss of generality, the analysis focuses on the
anchor power allocation for agent k (i.e., c@ér]fc)) with the total
power constraint Pa(,i) =1.

Let yx = [xk(Na+1) Tk(N,+2) © Th(N,+Ny) ]T denote the
anchor power allocation vector (APAV) for agent k. Then the
objective function of 3%8? can be written explicitly as follows
[35]:

4-1"Ry yx
vy REAL R,y

where Ry, = diag{fk(mﬂ),fk(zvaw),"'
Ay € RVoXNo jg g symmetric matrix,

PA(priyr) = (19)

+Ek(Nut-Ny) - and

Ap=11T — ¢, C}; — Sk S}; (20)
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Anchor

Agen/o
o—7 / -
<- =~

Fig. 3. Sparsity property of the optimal APAV: for each agent, the optimal
localization accuracy can be achieved with at most three activated anchors.

with

cr = [cos ¢k(Na+1) Cos ¢k(Na+2) ©rr COS Qbk(Na-i—Nb) ]T
Sk = [SIn @, +1) SINOp(N,12) -+ SN DNy | -
Based on the expression of (19), the sparsity property of the
optimal APAV will be given.

Proposition 7: There exists an optimal APAV y; for Wa(fc)
such that ||y |lo < rank{A}.

Proof: See Appendix E. O

Remark 4: The matrix Ay in (20) is a linear combination
of three rank-one symmetric matrices, implying that the rank
of Ay is no more than three, i.e., rank{A;} < 3. Therefore,
Proposition 7 implies the sparsity of the optimal APAV, i.e.,
each agent can achieve the optimal localization accuracy by
activating at most three anchors. Fig. 3 illustrates the sparsity
of the optimal APAV.

Since f@‘ffc) and f@sgkt’)n have a similar structure, the sparsity
property of the optimal power allocation also holds for 95;?11:
each agent can achieve the optimal localization accuracy by
making range measurements with at most three other agents.
Such property enables us to develop sparsity-aided power
allocation strategies. For brevity, the design of the strategy
will focus on solving gzﬁc) and the solution for 3”,5:3[1 can be
obtained similarly.

B. Optimal Strategies for Simple Networks

Due to the sparsity of the APAV, the allocation strategy
presented here will start from networks with three anchors,
referred to as simple networks.

Proposition 8: For a simple network, if the following
conditions hold

rank{A;} =3
17 (RkAkRk)_ll >0
(RkAkRk)_l(Rk 1+al)=0

21

where o
o = (1T(RkAkRk)_11)_ /

then the unique optimal APAV for c@ér]fc) is given by

A
— (RkAkRk)il(Rk 1+« 1)

2 @2)

Y

1000
o o
600 |
El
= 2001
<
8
c:ﬁ
= o o o
el
S
S 200 I," ™
= . ,I
-600 -
o o
-1000 £, . . . . ]
-1000 -600 -200 200 600 1000

x coordinate [m]

Fig. 4. The cooperative network consists of anchors (red circles) and agents
(blue dots).

where
2c

A= .
1T(RxArRE) " H(Rp 1+ al)

Otherwise, there exists an opti_mal APAV for f@‘ffc) with two
positive elements and y;, = y}; ), where

1" = arg min ’PA(pk;%(f))

i€{1,2,3}
in which
~(1) 1 T
= 0 az a
i = o +a3[ 3 az]
~(2) 1 T
= az 0 a
Vi = ag[ 3 1]
~(3) 1 T
= as ap; O
e az[ 2 a1 0]
with a; = /&, +4) for ¢ = 1,2 and 3.
Proof: See [43]. 0

Proposition 8 gives the power allocation strategy for f@éfc)
in a closed form: if the conditions in (21) hold, the optimal
APAV is given by (22); otherwise, the optimal APAV is the
one (with the minimum objective value) of the three vectors.

The strategy in Proposition 8 can be extended to a general
network with Ny anchors. There are (Jg") distinct ways for
selecting three anchors to form simple networks; then the
optimal power allocation strategy is the one that corresponds
to the simple network with the minimum SPEB. In small
networks, this strategy is more efficient than SDP proposed
in Section IV.

VI. NUMERICAL RESULTS

This section provides the performance evaluation of the
proposed power allocation strategies, for which the convex
optimization programs are solved by CVX [44].
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Fig. 5. Average SPEB with respect to Pjg{ Two cases for different IV, are
considered: N, = 4 (dashed lines) and N; = 8 (solid lines).

Fig. 4 shows a two-dimensional cooperative network where
seven anchors are placed in the vertices of equilateral triangles
with circumradius of 500 meters. Agents are uniformly placed
in a circular area with radius of 50 meters and the center of the
circle is uniformly chosen in the whole 2000 m x 2000 m area.
Consider the ranging signals with carrier frequency f. = 2.1
GHz and bandwidth W = 40 MHz. The noise power density is
—168 dBm/Hz. The WINNER channel model [45] is adopted
for the ranging signal propagation as follows

f|GHz]
5.0

where X ~ A(0,0%) accounts for large-scale fading (i.e.,
shadowing). For anchor transmission, A = 41.0, B = 23.8,
and o = 4; for agent transmission, A = 46.8, B = 18.7,
and o0 = 3. The extended typical urban model is used for the
power dispersion profile [46]. The ERCs &;; are computed
according to the formulas in [25]. The total transmitting power
constraints in (3) and (4) are set to be the same for each agent,

PL[dB] = A + Blog,, d[m] + 201log;, +X

ie. P4 = PN, and P = PS/N,, where P =
500 W and Py takes specific values.

A. Localization Performance

This subsection evaluates the average SPEB for the fol-
lowing power allocation strategies in the absence of network
parameter uncertainty:

o Strategy I described in Section IV-Cl1;

o Strategy II described in Section IV-C2;

o the uniform strategy, in which

zkj = P /Ny, JjEMN
2 =PW (N, = 1), jeN\{k};

« the centralized strategy described in [47].

Fig. 5 shows the average SPEB as a function of the total
agent transmitting power for all the four strategies where
N, = 4 and 8. It can be seen that for all the strategies, the

SPEB [m?]

4} —8— Strategy I
—f— Strategy II
—8— Uniform (Coop.)
=—#— Optimal (Coop.)

02 4 6 8 10

NéL

Fig. 6. Average SPEB with respect to the number of agents by different
strategies for P = 1.25 W.

agt —

20

16 |

SPEB [m?]

4} —8— Strategy I
—f— Strategy II
—6— Uniform (Coop.)
=—#— Optimal (Coop.)

02 4 6 8 10

NéL

Fig. 7. Average SPEB with respect to the number of agents by different

strategies for Pt = 2.5 W.

average SPEB decreases with Pg as the agents can better
determine their positions with more transmitting power for
their cooperation. Moreover, the SPEB decreases with P
at a slower rate for larger values of P;‘g’{, implying that the
improvement of localization accuracy brought by the incre-
mental transmitting power of cooperation diminishes when
P,;g{ is large. These observations provide a guideline for the
localization accuracy versus power consumption tradeoff.
Figs. 6 and 7 show the average SPEB as a function of
the number of agents for all the four strategies where P,gt =
1.25 W and 2.5 W, respectively. It can be seen that Strategies
I and II significantly outperform the uniform strategy. For
example when N, = 6 and Py = 1.25W, both strategies
reduce the average SPEB by more than 30% compared to
the uniform strategy. Moreover, Strategy I performs better
than Strategy II, especially for large NV,, since the former

adopts a tighter bound for the SPEB as the objective function.
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Fig. 8. Worst-case SPEB with respect to USS by the centralized strategy and

the uniform strategy. In the cooperation setting, P;g =1.25W.

Finally, the performance loss of Strategies I and II compared
to the optimal centralized strategy increases with the number
of agents. This can be attributed to the fact that the bounds for
the SPEB used in the proposed strategies are tighter in smaller
networks.

B. Effects of Network Parameter Uncertainty

This subsection evaluates the worst-case SPEB for the
robust power allocation strategies in the presence of network
parameter uncertainty. Consider a network with four agents,
in which the uncertainty region of each agent is a circle with
radius A, referred to as the USS. Thus, for agent k, 52;‘ =
arcsin(A/dy;) for j € Ny, while 52;‘ = 2arcsin(A/cij) for
j € Na\ {k}.

Fig. 8 shows the worst-case SPEB as a function of the USS
for the centralized and uniform strategies where Pygf = 0W
(non-cooperative setting) and P,ot = 1.25W (cooperative
setting).” It can be seen that the worst-case SPEB increases
with the USS. This is because larger USS translates into
a larger range of network parameters and consequently a
larger worst-case SPEB. Moreover, the centralized strategy
significantly outperform the uniform strategy in both settings.
For example, in the cooperative setting, the centralized strategy
reduces the worst-case SPEB by more than 34% compared to
the uniform strategy. Finally, both strategies perform better in
the cooperative setting than in the non-cooperative setting.

Fig. 9 shows the worst-case SPEB as a function of the USS
for all the four strategies where Pyt = 1.25 W. It can be
seen that the worst-case SPEB increases with the USS for all
the strategies as with Fig. 8. Moreover, Strategies I and II
have almost the identical performance and both outperform
the uniform strategy, reducing the worst-case SPEB by more
than 36%. Finally, the performance loss of Strategies I and 1T

"The centralized strategy for the robust case can be obtained by extending
that for the non-robust case developed in [47] using a similar technique
proposed in Section III-C.

20
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Fig. 9. Worst-case SPEB with respect to USS by proposed strategies, the
uniform strategy and the centralized strategy.

compared to the centralized strategy is no greater than 7%,
showing the near-optimality and the robustness provided by
the two proposed distributed strategies.

VII. CONCLUSION

In this paper, we established an optimization framework
for robust power allocation in cooperative WNL. Based on
such framework, we developed efficient and distributed power
allocation strategies via relaxation methods. We also discov-
ered the sparsity property of optimal power allocation for
WNL, leading to more efficient power allocation strategies in
cooperative networks. The simulation results showed that the
proposed power allocation strategies significantly outperform
the uniform ones and achieve near-optimal performance. The
outcome of this paper provides a guideline for the design
of practical power allocation strategies, enabling robust and
energy-efficient localization networks.

APPENDIX A
PROOF OF PROPOSITION 1

Note that if X = 0, [ X7 ']ox_12k-1 and [ X1 ]o4 0 are
convex and non-increasing functions in X [48, p. 110]. In
addition, J.(p) is a linear function of x;. By the convexity
property of the composition functions [48, p. 86], P(px) is a
convex function in x;.

APPENDIX B
PROOF OF PROPOSITION 2

For two power allocation vectors xj; and yj, suppose
xr >~ yr and let {z;;} and {y;;} denote the corresponding
power allocation sets such that x; = y; for i € N, \ {k}.
Then, the difference between the EFIMs associated with power
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allocation sets {x;;} and {y;;} is given by

Je(Pi{zij}) — Je(Ps {yis})

T
=Y > (@ — ) uiguy
1€NL JENLUNG\ {3}
= > (k) — yky) Syunguy
JEMy
+ Z x]k Yik gjkujkujk
JENN\{k}

where the last equality is due to the fact that x; = y; for
i€ Ny \ {k}. Note that zx; — yx; > 0, & > 0, and uyjuy;
are positive semidefinite matrices. Therefore,

Je(Pi{zij}) — Je(Pi{yii}) = 0

and hence J. 1 (p; {z;;}) < I 1 (p; {vi;}), which leads to the

claim
w{ 3 s {o D], < e {37 @i w1, |-

where [J.(p) Jp, denotes the square submatrix on the diag-
onal of J;1(p) corresponding to py.

APPENDIX C
PROOF OF PROPOSITION 3

Without loss of generality, the proof focuses on the first
agent. Consider JL(p), representing the EFIM ignoring the
cooperation among agents in N, \ {1}, in (23) shown at the
bottom of this page. Note that J-(p) < J(p) since

Je(p) — Ji(p)

> )

keNA\{1} jeN\{1,k}

(k&K + Tjéry)urjug; = 0

where the inequality is due to the fact that each summand is
positive semidefinite. Consequently,

Je(p1) = I (p1).
The EFIM for agent 1 based on JL(p) is given as
Je (p1)
=Jip0)+ Y, [Cl,j -

JENN{1}

(24)

Cy,; (I2(pj) + Cj,l)fl CM}

where (a) can be verified after some algebra by noting
Cij = (z15€15 + Tjn&jn) Vi Vi

and (b) holds since J;(¢1;) = 0 and y/(14+yA ;1) increases in
y. Equations (24) and (26) give the result Jo(p1) = JL(py) =

Je(p1).
Moreover, due to the power constraints for the agent trans-

mission, it follows that x;, < P(gt) and hence
ik - ik
L+ P e Mg~ 1w G Agi
which leads to the claim that J(py) < JL(px).

APPENDIX D
PROOF OF PROPOSITION 6

Consider the following problem

min tr{M}
MER?*2 {zk,y;}jeNa\ {k}

c@(k)

aux, I -
Zit

L+, §jk A?k 7
jeNa\{k} @27)

4), (5) and (17).

s.t. Yy =

Analogously to Proposmon 5, one can show that f@auxl

is equivalent to gzag” and they have the same minimum

objective value. Hence, we only need to prove that @jfx) I
and 2"

aux, |
the optimal solution of Qau

y(k)

aux, I+
On the one hand, since (18) is a relaxed constraint of

(27), the minimum objective value of f@aux)l is no greater
than that of %)

aux, I*
solution {M*a{xjkvy] }jeM\{k}}
{@7 }jenr\(x) such that %, < a7, and

T €

* —J
Vi =T AR (28)
ER e G A%,

have the same minimum objective value and that
.1 can be obtained from that of

On the other hand, for an optimal
of 2%

aux, I* there exists

due to that z¢ /(1 + :céjkA?k) is an increasing func-
tion of x. Hence, {M*, {#%,y}}jeni\(x}} is also an opti-

mal solution of 9(

a1+ I the meantime, (28) implies that

{M*, {Z%,, 57} jen\ k) } is a feasible solution of @(k)l and

(25)  hence the minimum objective value of 95 )1 1s no greater than
@ IM(p1) + Z (15615 + j1851) (1) tr{M*}, which is the minimum objective value of f@duxl
¢ JENN1} L+ (15615 + 2j181) A Therefore, ﬁauxl and Wa(ux)l have the same minimum
bjective value and the {M*, {Z%,,y’} } is the op-
(b) 2161 : (1) 0bj gk Y5 rieNA\{k}
A 1651 j1 I
= Jo(p1) + Z % = Je(p1) (26)  (imal solution of gza(ux) [» obtained from that of f@auxl This
FEN{1} I concludes the proof of Proposition 6.
J2(p1) + ZjeM\{l} Ci,; —Cip —Cuin,
—Cs J2(p2) + C2 0
Je(p) = . “(p2) . (23)
—Cn.a 0 J2(Pn.) + Civa
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APPENDIX E
PROOF OF PROPOSITION 7

Let y;, denote an optimal APAV for f@‘ffc) with the minimum
number of positive elements and let m = ||y;|o. If there
are multiple such vectors, any can be chosen. Without loss of
generality, consider that the first m elements of y}. are positive,
i.e.,

T oT T
Yi=10")" Onpm] (29)
where y* denotes the vector consisting of the m positive ele-

ments of y;. Let R = diag{&x(n,+1), Sp(Nat2) * > Sk(Notm)
and A be the first principle m x m matrix of Ay, i.e.,

A=11"T—ccT —ssT
with

C = [COS Pp(N,+1) COS (N, +2) *** COS Dp(Nym) ||
s = [SIn G (N 41) SINGp(N,+2) ** SN P(Nytm) ] -

If m < rank{Ay}, the proof is complete; otherwise, it will
lead to a contradiction shown as follows.

If m > rank{A}, then m > rank{A} since rank{A;} >
rank{A}. This gives I — ATA # 0, which is equivalent
toI - R"!ATAR # 0. Suppose the /th column of (I —
R !ATAR) is not 0. Consider the following mapping

gt)=y*+t-I-R'ATAR)e

where ¢, € R™. By Lemma 1 (shown in Appendix F),
there exists ¢ such that g(f) = 0 and [/g(f)|o0 < m. Then
consider the APAV y, = [g(#)" 0T]". By Lemma 2 (shown
in Appendix G), yi is an optimal APAV for 9&?. However,
l¥kllo < m, which contradicts that y; is the optimal APAV
with the minimum number of positive elements.

APPENDIX F

Lemma 1: Givenn € N and w, z € R™, if w > 0 and z #

0, there exists t € R such that w+#z = 0 and ||w-+tz|o < n.

Proof: This lemma can be proved by considering a
mapping f: R — R”

f)y=w—+tz.

Note that (i) f(0) = w is a vector with all positive elements;
(ii) either f(t) or f(—t) has at least one negative element for
sufficiently large ¢; (iii) f(-) is continuous on ¢. Thus, there
exists £ € R such that f(f) = 0 with f({) containing at least
one zero element, i.e., || f(f)|jo < n. O

APPENDIX G

Lemma 2: If y = y* + (I - R"!ATAR)w, where y* is
givenin (29), and w € R™ is an arbitrary real vector satisfying
y = 0, then y = [y" O}, _,,]" is an optimal APAV for
172

Proof: To prove yj is an optimal APAV for Wa(fc), it
suffices to prove that y; achieves the same SPEB as y; in
(29) and that yy, satisfies the total power constraint.

One can verify that 1 € span{columns of A} and hence
1T (I - ATA) = 0". Consequently,

1TRI-R'ATAR)=0". (30)
Note that
a b « (c %
Ry 21T Ry 1T Ry Y1l Ry GD)

where (a) is due to the relationship between yj, and y, (b) is
due to (30), and (c¢) is due to (29). By the definition of the
pseudo-inverse matrix, A(I — A*A) = 0. Consequently,

RAR(I-R 'ATAR)=0. (32)
Note that
d
(vi)"RiARyyk @ (y)'RARy
e) * *
“ (y")TRARy
Dy TRARyE (33)

where (d) is due to the relationship between y; and y, (e)
is due to (32), and (f) is due to (29). Recalling the SPEB
expression in (19), equations (31) and (33) imply that yj and
y; achieve the same SPEB, i.e., PA(py;yx) = P*(Pr;¥})-

If1TI-R'ATAR) = 07, then 17y, = 1"y}, indicating
that y, satisfies the power constraint (4) and hence the proof
is complete; otherwise, it will lead to a contradiction shown
as follows.

If 1ITI-R'ATAR) # 07, then there exists ws # 0 such
that 1T(I-R AT A R)w, < 0. Moreover, there exists a suffi-
ciently small 8 > 0 such that y*+ (I-R'ATAR )Sw, = 0
since y* > 0. Let w = S wy and then the corresponding y
and yy, satisfy that

1Inyk =1y <10y* =13y}
Consider a scaled APAV y; =y /v where
v=1"yr)/(1"y5).
One can verify that
PApr; V&) = PA(0wrs yr/7)

(9)
=7PApriyr) < PA(Priyr)
= PPk i) (34)
where (g) is true since v < 1. Equation (34) implies y
outperforms yj, which contradicts the fact that yj is an
optimal APAV. O
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