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Abstract

The study of two-dimensional statistical physics models leads naturally to the
analysis of various conformally invariant mathematical objects, such as the Gaus-
sian free field, the Schramm-Loewner evolution, and the conformal loop ensemble.
Just as Brownian motion is a scaling limit of discrete random walks, these objects
serve as universal scaling limits of functions or paths associated with the under-
lying discrete models. We establish a new convergence result for percolation, a
well-studied discrete model. We also study random sets of points surrounded
by exceptional numbers of conformal loop ensemble loops and establish the ex-
istence of a random generalized function describing the nesting of the conformal
loop ensemble. Using this framework, we study the relationship between Gaus-
sian free field extrema and nesting extrema of the ensemble of Gaussian free field
level loops. Finally, we describe a coupling between the the set of all Gaussian
free field level loops and a conformal loop ensemble growth process introduced
by Werner and Wu. We prove that the dynamics are determined by the conformal
loop ensemble in this coupling, and we use this result to construct a conformally
invariant metric space.
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Chapter 1

Percolation

This chapter presents joint work with Dana Mendelson and Asaf Nachmias. It appears
verbatim in [381.

1.1 Introduction

Let Q c C be a nonempty Jordan domain, and let A, B, C, D be four points on ai
ordered counter-clockwise. Let P6 denote the critical site percolation measure on
the triangular lattice with mesh size 6 > 0, that is, each site in the lattice is inde-
pendently declared open or closed with probability 1/2 each. The Cardy-Smirnov
formula [72] states that as 6 -+ 0, the probability P6 (A B + CD) that there exists a
path of open sites in L2 starting at the arc AB and ending at the arc CD converges
to a limit that is a conformal invariant of the four-pointed domain (see Figure 1-1).
Our main theorem establishes a power law rate for this convergence under mild
regularity hypotheses.

Theorem 1.1.1. Let (f2, A, B, C, D) be a four-pointed Jordan domain bounded by
finitely many analytic arcs meeting at positive interior angles. There exists c > 0
such that

P6 (AB + CD) - lim P6 (AB + CD) = O(6c),
6-+0

where the implied constants depend only on ( 2, A, B, C, D).

We prove Theorem 1.1.1 for all c < 1/6, with better exponents for certain domains
(see Remark 1.2.2).

Schramm posed the problem of improving estimates on percolation arm events
(see Problem 3.1 in [71]). In Section 1.6, we obtain the following improvement
of the estimate found in [75] for the probability that the origin is connected to

{z : IzI = R} in the upper half-plane.

Theorem 1.1.2. Let {0 + SR} denote the event that there exists an open path
from the origin to the semicircle SR of radius R in critical site percolation on the

11



D

Figure 1-1: We picture triangular site percolation by coloring the faces of the
dual hexagonal lattice. Smirnov's theorem states that the probability of a yellow
crossing from boundary arc AB to boundary arc CD converges, as the mesh size
tends to 0, to a limit which is a conformal invariant of the four-pointed domain
(0, A, B, C, D). In the sample shown, the yellow crossing event {A B - CD} oc-
curs.

triangular lattice in the half-plane. Then

P(0 ++ SR) -- e0 (loglogR)R-1/ 3 - (log R)O(1' loglogR)R-l/ 3

Our methods also yield the estimate eO(V'ig igR)R-1/6P for the probability that
the origin is connected to {z : Iz| = R} in the sector centered at the origin of angle
2npi. We remark that our methods are insufficient to give better estimates for the
probability that the origin is connected to {z : IzI = R} in the full plane (the so-
called one-arm exponent, which takes the value 5/48, [31]) and multiple arm events
either in the full or half plane.

In his proof of Cardy's formula, Smirnov constructs a discrete observable G,5
Q- C, defined as a complex linear combination of crossing probabilities, and
shows that G6 converges as 6 -+ 0 to a conformal map. The crossing probabilities
and their limits can be then read off G6 and its limit. A similar high-level strategy
was also used by Smirnov [74] and Chelkak and Smirnov [9] to show that the
interfaces of the critical Ising and FK-Ising model converge to SLE curves. See [15]
for a comprehensive survey of this subject.

We note that the power law rate of convergence is obtained for the FK-Ising
model ([74, 22]) more directly than for percolation, because the combinatorial rela-
tions in the Ising model establish that "discrete Cauchy-Riemann" equations hold
precisely. In particular, in the case of the Ising model one can work with discrete
second derivatives and obtain discrete harmonic functions. By contrast, for per-
colation the observable G6 is only known to be approximately analytic. Thus it is
necessary to control the global effects of these local deviations from exact analytic-
ity. To accomplish this, we use a Cauchy integral formula with an elliptic function
kernel in place of the usual z '-4 1/z.

The half-plane arm exponent, as well as the validity of Smirnov's theorem is
widely believed to be universal in the sense that it should hold for any reason-

12



able two-dimensional lattice. Nevertheless, so far it is an open problem to prove
Smirnov's theorem even for the case of bond percolation on the square lattice. The
value of the exponent does, however, depend on the dimension. For example, in
high dimensions (that is, dimension at least 19 in the usual nearest-neighbor lat-
tice, or dimension at least 6 on lattices which are spread-out enough) its value is
-3 [27]. To the best of our knowledge, there are no predictions in dimensions
3,4,5. As for the error terms, in dimension 2 it is believed that the correct bound
for P(0 -+ SR) of Theorem 1.1.2 is E(R-1/ 3) (we are unable to prove this here). In
general, it is believed that the polynomial decay should have no logarithmic cor-
rections except for at dimension 6, the upper critical dimension (see [761).

Finally, we remark that Theorem 1.1.1 has been independently proved by Binder,
Chayes, and Lei [6] using different methods. Their approach applies to arbitrary
simply connected domains, while our proof achieves explicit exponents for the
subclass of piecewise analytic domains (see Remark 1.2.2).

Acknowledgements

We thank Vincent Beffara, Gady Kozma and Steffen Rohde, and Scott Sheffield
for helpful discussions. We specifically thank Scott for suggesting the idea to use
elliptic functions in the proof of Theorem 1.2.1 and for his help with the proof of
Proposition 1.3.6.

D.M. was partially supported by the NSERC Postgraduate Scholarships Pro-
gram. A.N. was supported by NSF grant #6923910 and NSERC grant. S.S.W. was
supported by NSF Graduate Research Fellowship Program, award number 1122374.

1.2 Set-up and notation

Throughout the paper, we consider piecewise analytic Jordan domains Q with pos-
itive interior angles. That is, a3 is a Jordan curve which can be written as the con-
catenation of finitely many analytic arcs y1,.. , yN Recall that an arc is said to be
analytic if it can be realized as the image of a closed subinterval I c R under a real-
analytic function from I to C. We will call the point at which two such arcs meet a
corner, and we will denote the collection of corners by {x}j=1,...,N- Our hypothe-
ses imply that there is a well-defined interior angle at each corner, and we impose
the condition that each such angle lies in (0, 21r]. We define r := exp(2ffi/3) and
let f2 have three marked boundary points, labeled x(1), x(r), and x(r 2 ) in counter-
clockwise order. We denote the angles at marked points by 27raj and those at un-
marked points by 2,rpi.

Denote by f5 the sites of the triangular lattice with mesh size S which are con-
tained in f2 or have a neighbor contained in f2 and consider critical site percolation
on 126. Let (1i2 6)* be the sites of the hexagonal lattice dual to 126 (that is, (06)* are
the centers of the triangles of L26). We depict open and closed sites by coloring

13



the corresponding hexagonal faces yellow and blue, respectively. For z, z' E M,
let [z,z'] denote the counter-clockwise boundary arc from z to z'. As in [721, the
following events play a central role (see Figure 1-2):

E' -a simple open path from [x(rk+2), X(k)] to [x(rk), (Tk+'
Ek(z) { separating z from [x(rk+1l), X(k+2 )] ]

for k C {0,1,2}. Let H5 = P(E ) and for z and z + q neighbors in (25)*, define

P ,(z, r)= P(E1 (z + ij) \ E' (z)). Following [31, we define

G6: H +H+ 2 H2, := Hl + HT + H 2.

x(T 2 )

Figure 1-2: The event E (z) occurs when there exists a simple open path separating
z from [x(r),x( 2 ) ].

We extend the domain of G from the lattice (12')* to all of f2 by triangulat-
ing each hexagonal face and linearly interpolating in each resulting triangle. The
possible triangulations for each face are 0 and 0 and rotations thereof. We will
see that the choice of triangulation is immaterial. We obtain Theorem 1.1.1 as a
corollary of the following theorem.

Theorem 1.2.1. Let (12, x(1), x(r), x(r 2 )) be a three-pointed, simply connected Jor-
dan domain bounded by finitely many analytic arcs meeting at positive interior
angles, and let T be the triangular domain with vertices 1, T, and T2 . Then there
exists c > 0 so that IG" - 0 (z) = O(6c), where $ is the conformal map from
(f2, x(1), x(T), x(r2)) to (T,1, r,T2), and where the implied constants depend only
on the three-pointed domain.

Remark 1.2.2. Our methods establish Theorem 1.2.1 (and thus Theorem 1.1.1) for
any exponent

2 1 1
i~j (3 6ai 2#j)

14



These exponents are essentially the best possible given our approach, because no
piecewise-linear interpolant of a function on a lattice of mesh 3 can approximate
the conformal map to T with error better than 6min,(1/6ai,1/2P1 ) due to behavior
near the boundary.

Remark 1.2.3. Our proof of Theorem 1.1.1 uses results whose proofs require SLE
tools, but only for two purposes: (1) to handle the case where the domain con-
tains reflex angles (that is, some interior angle formed at the intersection of two
of the bounding analytic arcs is greater than n), and (2) to obtain the sharp expo-
nent discussed in Remark 1.2.2. Without SLE machinery, we obtain Theorem 1.1.1
for domains without reflex angles and for exponents c < minij(c3,1/6ai, 1/6#ij),
where c3 is the three-arm whole-plane exponent (which is known to be 2/3, but
only by using an SLE convergence result). See Remark 1.5.3 for further discussion
of this point.

Remark 1.2.4. In [75], a bound of R- 11 3+o(1) for the half-plane arm exponent was
proved using SLE calculations and the fact that the percolation exploration path
converges to SLE6 as proved by Smirnov [72] and Camia-Newman [8]. By contrast,
our proof follows from Proposition 1.5.6, which is a variation of Theorem 1.1.1
proved by similar methods. The only SLE result on which our proof of Theo-
rem 1.1.2 depends is the statement c3 > 1/3, where c3 is the three-arm whole-plane
exponent.

For two quantities f(S) and g(d), we use the usual asymptotic notation f =

0(g) to mean that there exist constants C and 60 > 0 so that If(6)1 CIg(3)1 for
all 0 < 3 < do. We use the notation f < g to mean f = 0(g) as 6 -+0, and we
write f g to mean f = 0(g) and g = 0(f). We sometimes use C to denote an
arbitrary constant.

1.3 Preliminaries

First we recall some results from [72]. The first is a Holder norm estimate of H~k
and is obtained via Russo-Seymour-Welsh estimates.

Lemma 1.3.1 (Lemma 2.2 in [72]). There exist C, c > 0 depending only on Q such
that for all 3 > 0, the c-Hblder norm of H6k is bounded above by C. That is,

H' k(z) - H k(z')I < C z - z', (1.3.1)

for rk E {1-TT 2}.

Our second estimate is Smirnov's "color switching" lemma.

Proposition 1.3.2 (Lemma 2.1 in [72]). For every vertex z E (L26) * and k e {0, 1, 2},
we have

P' (z, ) = P'j (z, TTI).

15



X(1)

Figure 1-3: The event E1 (z) \ E1 (z + j) occurs if and only if there are disjoint yel-
low arms from z to [x(r2), x(1)] and from z to [x(1), x(r)] forming a simple path
separating z from [x(r), x(T 2 )], as well as a blue arm from z + q to [x(r), x(r 2)]
which prevents a yellow path from separating z + rq as well.

We will sometimes drop the superscript 6 from the notation when it's clear
from context. If F is a hexagonal face in (Q'6)*, let V(F) denote the set of vertices
of F and define for each z c V(F) the vector q pointing to the adjacent vertex
counterclockwise from z. Define the difference (see Figure 1-4(a))

Rk(Z) := PTk(z + Tk _-k) - Prk(Z + rk+ 1 
7 _ -kn)

Define z' = z + r1 - 1i and rewrite PTk (z', tj) as P2t' (z, 17), where ' is obtained by

translating E2 by z - z' (and PO' refers to probability with respect to W'). Define the
events Ek (z) with respect to W', and define x'(rk) to be x(rk) translated by z - z'.

Given k,l e {0,1,2}, or E {-1,1}, and z c (n'5)*, we say that the event
EfivTelrm(z) occurs if

TkT U7

"a - 1, and ETk (z) \ E T(z + rk7) occurs, and the arm from z to
[x(r'l+), x(rl+2 )] fails to connect in W', or

" a= -1, and E' k(z) \ E'k(z + rkr1) occurs, and the arm from z to

[x'(rl+1), x'(Tl+2 )] fails to connect in 2.

For zo E 2, we define Efivearm (z) to be the union of Efyelarm (z) as z ranges over the

vertices of the hexagonal face containing zo.
Note that these are indeed five-arm events because two additional arms are

required to prevent the failed arm from connecting elsewhere on [x(r'), x(r'+l)]
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Ro('tv) R1(v)

V + 77
F

(a)

V3

V4

V, V2

(b)

Figure 1-4: (a) Each arrow represents the probability of a three-arm event as shown
in Figure 1-3. The quantity Ro(z) is defined to be the difference between the prob-
abilities represented by the two green arrows. Similarly, R1 (z) is shown in blue
and R 2 (z) is shown in orange. (b) Suppose that the triangle z1z2z 3 is in the trian-

gulation of the face F. For z in the interior of this triangle, we bound aG (z) by
applying (1.3.4) to triangles z 2z1z4 and z1z4z 3 -

(see Figure 1-5).

Proposition
we have

1.3.3. If F is a hexagonal face in (f2)*, then for zo in the interior of F

51aG6 (zo) I 3 V3 max Rk(z)
zE V(F), kE {O,1,2}

<54\/3 max P(E ei'T (z)).
kJ E{,1,2},uE{-1,1} '

(1.3.2)

(1.3.3)

Proof. The main idea in the following proof is suggested in [721. For (1.3.2), we first
observe that for z E V(F), we have

S [ H(z) - Hs1k(z = P(Zn)-P~k(Z -- )

- Pk+1 (z, T1) + Pk+1 (z + T7, -17)
= Prk+1(z + ?7, -iT) - P(z + 7, -)

= Pk(Z + T1, -n) - Pk (Z + q, -n),

by Proposition 1.3.2. Suppose that the triangle T with vertices z, z + 17, and z + 1
is in the triangulation of F. Then for z in the interior of T, we may write 63 as

17



Figure 1-5: The symmetric difference of the events E1 (z) \ E1 (z + tj) and E' (z') \
E (z' + 'i) can occur in six ways. One way for the event to occur is shown above:
the three requisite arms are present in Q, so the event E1 (z) \ E1 (z + 17) occurs.
However, the blue arm fails to connect to [x'(T), x'(r 2 )] in 0'. This requires two
additional yellow arms to prevent the blue arm from connecting elsewhere on

[x'(r), x'(T 2 )]. This event is denoted EfivIarm(z). The first subscript Tk speci-
fies that the three-arm event under consideration involves the blue arm touching
down on [x(Tk+l), X rk+2)]. The second subscript r indicates that the boundary
arc [x(r'l+), x(r'+2 )] is involved in a failed connection. The third subscript a de-
scribes whether the failed connection occurs in Q but not f2' (in which case we say
a- 1), or vice versa (o- = -1).
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6A ( - ),where A= 1/2+ i/(2N/3). We obtain

' 1 a45 1 (H1 + H, + T2H2)

Y1H1 TH ((T HT 23H)H

\all allT \ allT aH2 +r T 2 ag r-r1/11 c( D1 aI7) (alT7 aT27) ÷2 aHT27 a

_5 v/3max Pk(z +l rk2+ yk- ) -- PTk(z + Tk+1 k1) . (1.3.4)
kE{0,1,2}

For triangles whose vertices are not consecutive vertices of the hexagon, we obtain
a similar bound by applying (1.3.4) two or three times (see Figure 1-4(b)).

For the bound in (1.3.3), we let A = ETk(z) \ E k(z + -k1) and B = Ek (Z) \
Elk (z + k) and apply IP(A) - P(B)I < P(A A B), where A A B denotes the sym-

metric difference of A and B. Note that A A B C Ukl,u E am(zO), since some arm
in Q must fail to connect in 2', or vice versa. Applying a union bound as k and I
range over {0, 1, 2} and o ranges over { -1,1} yields the result. L

Finally, we need the following a priori estimates for Hk (z) when z is near af.

Proposition 1.3.4. Let (Q, x(1), x(r), x(r2)) be a three-pointed Jordan domain. There
exists c > 0 such that for every z E (f26)* which is closer to [x(Tk+1), X(rk+ 2 )] than
to an \ [x(.rk+1), X(rk+ 2 )], the following statements hold.

(i) H~k(Z) < dist(z,Ma)c.
(ii) IS(z) - 11 < dist(z, 3f)c.

(iii) dist(G6(z), [x(T k+1) X(k+2)]) ,< dist(z, [Tk+l, k+2 C,

with implied constants depending only on (0, x(1), x(r), x(T 2 )).

Proof. (i) For w c [x(Tk+l),x(k+ 2 )], define D1(w) and D2 (w) to be the distances
from w to the boundary arcs [x(rk+ 2), X(Tk)] and [x(rk), x ( k+1)], respectively. Let
D = infWG[X(Tk+),X(Tk+2)] max(D1 (w), D2 (w)) > 0. Let z' E [x(Tk+1),x(r k+2)] be a
closest point to z, and consider the annulus centered at z' with inner radius Iz -
z'j and outer radius R. Then ETk (z) entails a crossing of this annulus, which has
probability O(lz - z'jc) by Russo-Seymour-Welsh.

(ii) Again let z' E [x(rk+l), x(r k+2)] be a point nearest to z. Consider the event
that there is a yellow crossing from [x(rk+ 2 ), X(Tk)] to [x(rk+1),z'] and the event
that there is a blue crossing from [x(rk), X (k+1)] to [z', x(Tk+2)]. These events are
mutually exclusive, and their union has probability 1. Since these two events have
probability HTk 1 (z) and HTk+2(z), we see that

HTk(z) + (HTk+1(z) + HTk+2(z)) = O((dist(z, aM)c) + 1.

(iii) This statement says that G maps points near each boundary arc to the cor-
responding image segment in the triangle, and it follows directly from (i). 0
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1.3.1 Percolation Estimates

In this subsection we present several percolation-related estimates in preparation
for the proof of Theorem 1.2.1. We think of these lattices as embedded in R2 with
mesh size 6, and distances are measured in the Euclidean metric.

Define Ck(r, R) to be the event that there exist k disjoint crossings of alternating
colors from the inner to the outer boundary of an annular section Ao (r, R) of angle
o and inner radius r and outer radius R. The following is a well-known result on
the half-annulus two-arm and three-arm exponents. We refer the reader to [31,
Appendix A] for a proof.

Proposition 1.3.5. We have

P6 (C (r, R)) -, and

P6 (C3 (r, R)) x r .7 R

In the next proposition, we show that the exponents in the estimates above are
continuous in the angle 0.

Proposition 1.3.6. For all E > 0, there exists a = a(E) > 0 so that

P6 c2 (r )1-E
P(C+a (r, R)) < - and (1.3.5)

P" (C +a (r, R)) f< -(1.3.6)

Proof. We only prove (1.3.5) since the proof of (1.3.6) is essentially the same. We
begin by showing that there exists C > 0 so that for all r > 0 and R > 0, there exists

60 = 60(r, R, c) > 0 for which P(C7+a(r, R)) < C (L) holdswhen0 <6< .
For this statement, we may assume without loss of generality that R = 1.

Consider the sector of angle 7r + a as a union of a sector of angle 7c with a sector
of angle a. Divide the sector of angle a into [(1 - r)a-1] curvilinear quadrilaterals
of radial dimension a, as shown in Figure 1-6. Let s e {1,..., [(1 - r)a-1] } and
note that the event C+a(r,1) \ C,(r, 1) entails the existence of a quadrilateral of
distance sa from the inner circle of radius r such that there is a three-arm crossing
of alternating colors of the half-annulus with inner radius a and outer radius sa A
(1- r - (s + 1)a).

In the case sa < (1 - r) /2, there is also a two-arm crossing from the annulus of
inner radius sa and outer radius sa + r (see Figure 1-6(a)). If s E [2 k, 2 k+1] and sa <

(1 - r) /2, then the probability that both of these events occur isO (( 2 

O( a) by Proposition 1.3.5. Applying a union bound over s we obtain

P6 (C a (r,1) \C2(r,1)) < ca log-1 a. (1.3.7)
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Since C2(r,1) c C2+a(r,1), (1.3.7) implies

P" (C7+a(r,1)) P6 (C (r,1) + ca log a-'

< c(r + alog a-).

In the case sa > (1 - r)/2, the event C2+a(r,1) \ C2(r, 1) implies the existence
of a two-arm crossing of alternating colors from the annulus of inner radius sa
and outer radius sa - r and a similar computation yields P8 (C,2+a(r,1)) c(r +
a log a 1) in this case as well.

Ia Ia

(a) (b)

Figure 1-6: The cases (a) sa < (1 - r)/2 and (b) sa > (1 - r)/2 for the event

Cl+a(r, R) \ Cl(r, R) in Proposition 1.3.6.

Finally, to show that 60 may be taken to be independent of r and R, we ap-
ply a multiplicative argument. Let K > 0 be large enough and 60 small enough
that P6 (C,(r, R)) < (1/K)1-E for all 0 < 3 < 6o. Insert concentric arcs of radii

r, rK, rK2 ,..., rK[1[K(R/r)J between the arcs of radii r and R, and consider the re-
gions between successive pairs of these arcs. Since a crossing from the arcs of
radius r to the arc of radius R implies that each of these regions is crossed, we have

[logK(R/r)J

P(C+a(r, R)) ~ P8 (C7+a (rKkrKk+))
k=1

< c.

Remark 1.3.7. In particular, by taking r = 6, the previous results yields bounds for

half-disk crossing probabilities for z E af.

Using Smirnov's theorem, we can generalize one-arm estimates to annulus sec-
tors of any angle.

Proposition 1.3.8. For every e > 0,

P6(C1(r, R)) < . (1.3.8)
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Proof. Smirnov's theorem implies that for all r and R there exists do =do (r, R, e) >
o so that for all 0 < S < 60, we have P6 (C' (r, R)) < (r/R)1 3 0 -. As in the previ-
ous proposition, we can remove the dependence on r and R with a multiplicative
argument.

We can generalize the previous results for annular regions to a neighborhood
of a meeting point of two analytic arcs. We let Ck "(r, R) denote the event that
there exist k disjoint crossings of alternating color contained in Q and connecting
the circles of radius r and R centered at z. We have the following corollary of
Propositions 1.3.6 and 1.3.8.

Corollary 1.3.9. Let E > 0, let a = a (E) be an angle satisfying the conclusion in
Proposition 1.3.6. Let Q be a piecewise analytic Jordan domain in R2 . Fix z E af
and suppose that z is not a corner of Q. Let Ro = Ro (z, e) > 0 be sufficiently small
that BR0 (z) n f2 is contained in a sector centered at z and having angle 7r + a and
radius Ro. Then for all k e {1,2,3} and for all 0 < r < R < Ro,

P6~ ~ (p ~ k(k+1)16-
Pa5 (Cz(r',R)) < (1.3.9)

with implied constants depending only on E.

Proof. Since the event Co (r, R) implies a crossing of a sector of angle 7r + a with
inner and outer radii of r and R,

p6 (Ck (r, R)) < p6( (rR)

and we can estimate the probability on the right by Proposition 13-6 for k 12, 31
or Proposition 1.3.8 for k = 1. E

We conclude this section by recording a generalization of the previous corollary
for corners z E M . The proof of this proposition uses convergence of the explo-
ration path to SLE 6 . We know how to remove this dependence on SLE results only
when k = 1, where Smirnov's theorem suffices. We use (1.3.10) when k e {2, 3}
only to handle the case where Q has reflex angles and to obtain the sharp exponent
discussed in Remark 1.2.2.

Proposition 1.3.10. Suppose that z E Mf is a corner of Q, but otherwise the hy-
potheses and variable definitions are the same as in Corollary 1.3.9. Then the con-
clusion holds, with (1.3.9) replaced by

p~l pk~zr )k(k+1) /120-
PoC~~,R)) < (1.3.10)

where 27r0 is the angle formed by aQ at z.

Proof. Define a (r, R) to be the probability of k disjoint crossings of alternating
color from inner to outer radius in {z : arg z E (0,2W) and r < IzI < R}. In [75],
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it is shown that
lim4a 5 2(1, R) -Rk(k+1)/6+o(1), (3
6-+0'

using the convergence of the percolation exploration path to SLE6. By the invari-
ance of the law of SLE6 under the conformal map z - z20, we conclude that (1.3.11)
generalizes to

lim ae 6 (1, R) - Rk(k1)/120+o(1).
6-40 '

The following multiplicative property is also used in [75]: for all k < r < r' < r",
we have

a)~j1 2 (r, r") < a 2 (r, r')a? 2 (r', r"). (1.3.12)

This inequality still holds with 1/2 replaced by 0. The proof in [75] for the case
6 = 1/2 relies only on these two facts and therefore generalizes to (1.3.10) for the
sector domain {z : arg z E (0,2iO)}. The extension of this result to piecewise
real-analytic Jordan domains with positive interior angles is obtained by following
the same argument carried out in Corollary 1.3.9 for 0 = 1/2.

1.4 Proof of Main Theorem

1.4.1 Background and set-up

We begin by recalling few definitions and facts from complex analysis and differ-
ential geometry. See [1], [71], and [34] for more details. If a, b E C are linearly
independent over R and P is a parallelogram with vertex set {0, a, b, a + b}, then a
function f : P -+ C U {oo} is said to be doubly-periodic if f(z + a) = f(z) for z on
the segment from 0 to b and f(z + b) = f(z) for all z on the segment from 0 to a.
If f is continuous, then such a function may be extended by periodicity to a con-
tinuous function defined on C. An elliptic function is a doubly-periodic function
whose extension to C is analytic outside of a set of isolated poles. Given distinct
points P1, P2 E P, there exists an elliptic function f with simple poles at pi, P2 (and
no other poles) [71, Proposition 3.4]. One way to obtain such a function is to define
the Weierstrass product

(jk) = Z2  aj +bk, aj bk 2(aj+bk) 2

(j,k)$ (0,0)

and set
- a((4 - (P1 + P2)/ 2 ))2

Or(( -P1)o-(( - P2).

We recall the definitions of the differential forms dC = dx + i dy and d( = dx -
i dy. Note that d A d( = 2idA, where dA is the two-dimensional area measure and
A is the usual wedge product. Recall that the exterior derivative d maps k-forms to
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(k + 1)-forms and satisfies

df = af d( + afd, and d(fd() = df Ad( (1.4.2)

for all smooth functions f.
Let 0 : (0, x(1), x(r), x(r 2)) -+ (T,1, r,T2 ) be the unique conformal map from

Q to the equilateral triangle T with vertices 1, r, and r2 which maps x(rk) to Tk for
k E {0, 1, 2}. Let S > 0 be small and define f2edge to be such that L2 \ i2edge is the set
of all hexagonal faces of (12,)* completely contained in f2. Let Tedge be the image
of fecige under 0.

We modify G5 to obtain a function G' for which the lattice points on the bound-
ary of f2 \ f2edge are mapped to the boundary of T. Specifically, we set

Tk z is adjacent to x(rk)

(Z) proj (G(z), [rk, Tk+1]) if z is not adjacent to x(rk)

G but is adjacent to [x(rk+1), X(Tk+2)]

G6 (z) otherwise,

where we are using the notation proj(z, L) for the projection of a complex number
z onto the line L c C. Now linearly interpolate to extend 0 6 to a function on f2,

and define J : T - T by J(w) - 06(0-1(w)).

Schwarz-reflect 17 times to extend J to the parallelogram P in Figure 1-8. For
example, if r is the reflection across the line through 1 and r, then for w in the
triangle r(T), we define J(w) = r o J o r(w). Define an elliptic function gw via
(1.4.1) with period parallelogram P and poles at p1 = wo (1 + r 2) /3 and

P2 = w varying over the grey triangle K in Figure 1-8.

Figure 1-7: The function J is defined as the composition of 6 5 with the inverse of
the Riemann map from Q to the triangle. The region Tedge is the image under the
conformal map 0 from Q to T of the region f2edge, shown in green.
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We will also need a result from the theory of Sobolev spaces. If U c R2 is a
bounded domain, and 1 < p < oo, we define the Sobolev space W1'P (U) to be the
set of all functions u : U -+ R such that the weak partial derivatives of u, j, and

are in LP (U); see [16] for more details. We equip W"-P(U) with the norm

IIUIIW1,P :_ II I(PU)+)- LP(11)'lull' + +~

Denote by id the identity function from P to P, and define C' (P) to be the set of
smooth, real-valued functions from P. Since J is piecewise-affine on P, the real
and imaginary parts of J are in W1-1(P). Since J is defined so that J : T -+ T
takes vertices to vertices and boundary segments to boundary segments, J - id is
continuous and doubly-periodic. Since smooth functions are dense in W1 1 (P) and
L* (P) [16], for each e > 0 we obtain a pair of smooth functions Q1, Q2 E C' (P)
such that

IQ(w) - (1(w) - w)I < e for all w E P,

I|Q1 - Re(J - id) IlwHi < e, and (1.4.3)
11 Q2 - Im(J - id) Ilwi < E,

where Q = Q1 + iQ2 (for see [16] 5.3.3 and C.5, for example). Defining Q, and Q2
to be bump function convolutions, we arrange for Q, and Q2 to inherit periodicity
from J - id. We note that by choosing e sufficiently small in (1.4.3), we can for
every e' > 0 choose Q so that

aQ - a(J -- id)IIgwI dA <C', (1.4.4)

where dA refers to two-dimensional Lebesgue measure. One way to see this is to
define f(z) = aQ(z) - a (J(z) - z) and note that for R > 0, we have

Hf9HLi < RI|f IIl + If||L-||1{|gJ>R}gIIL1- (1.4.5)

By the dominated convergence theorem, we may choose R sufficiently large that
the second term on the right-hand side is less than e'/2. Once R is chosen, we may
choose Q so that IIfIILi <; E'/(2R), by (1.4.3). Then (1.4.4) follows from (1.4.5).

1.4.2 Proof of main theorems

Proof of Theorem 1.2.1. The following calculation is similar to the proof of the Cauchy
integral formula, but with two key changes: we keep track of the 3 term, and we
use the elliptic function gw in place of the usual kernel '-4 1 /(. Choose r > 0
sufficiently small that the balls B1 and B2 of radius r around wo and w are disjoint,
and apply Stokes' theorem to the region P \ (B 1 U B2) to obtain that for smooth,
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P

T2

Figure 1-8: We extend J(w) to a function on the parallelogram P, which is a union
of 18 small triangles. The elliptic function gw : P - C has poles at wo fixed and w
varying in the gray region.

complex-valued, periodic functions Q on P, we have

_,_.Q(()gw(( ) d(- Q(C )gw(C ) dC \(1B

Note that the integral around af2 vanishes by periodicity. Applying (1.4.2) and the
product rule, we obtain

P\(IUB) P(BB2)[(a Qd( + aQdk)gw + (agwd( + agd)]A d(
JP\( B1 UB2 ) ~P\ (B1u B2)gdD]

Jp\ fBu 2 aQ(() gw(() d A d(,.
=P\VB1UB2)

Let Q be a smooth, complex-valued, periodic function on P such that (1.4.3) and
(1.4.4) are satisfied with E = c' = 6100, say. Since Q is bounded and g has an
integrable pole at (, we can take r -+ 0 and apply the dominated convergence
theorem. We obtain

27riQ(w) Res(gw,w) + 2iriQ(wo) Res(gw,wo) = 2i jaQ()gw(() dA((), (1.4.6)

where dA (4) = dx dy is notation for the area differential. The key step of the proof
is to bound the right-hand side of (1.4.6) by O(6c). To do this, we first consider
j in place of Q, and we estimate the integral over the regions T \ Tedge and Tedge
separately. We postpone the details of these calculations to the following section,
along with stronger lemma statements (Lemmas 1.5.2 and 1.5.4).
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Lemma 1.4.1. There exists c > 0 so that

'Tedge aj(4)gw(()dA(() = 0(6'), (1.4.7)

where the implied constants depend only on the three-pointed domain.

Lemma 1.4.2. There exists c > 0 so that

fTe(()gw(()dA(() = OW), (1.4.8)
JT\Tedge

where the implied constants depend only on the three-pointed domain.

Since Res(gw, w) is a continuous function of w with no zeros in K, there exists
C > 0 such that

0 < C-1 < Res(gww) < C < oo, Vw E K,

and similarly for the residue at wo. Therefore, (1.4.8) implies that Q(w) is within
0(6c) of a constant function, as w ranges over the gray triangle shown in Figure 1-
8. By considering w to be one of the vertices of the gray triangle (so that J(w) -
w = 0), we see that this constant function is 0(6 c). We conclude that Q(w) =
0(6c). By (1.4.3), this implies J(w) - w = O(SC). By definition, this is equivalent
to 05(z) - O(z) = 0(Sc). The theorem follows, since 0 agrees with G1 except on
the outermost layer of lattice points. [

We combine the rate of convergence for H1 + THT + r 2HT2 with the rate of con-
vergence for H1 + HT + HT2 near iM to prove the rate of convergence of the crossing
probabilities.

Proof of Theorem 1.1.1. Let z E [x(1), x(r)]. First we note that H 2 (z) = O(C) by
Proposition 1.3.4. Hence, by Theorem 1.2.1,

Hi(z) + rHT(z) = O(z) + O(SC) .

We also have that
Hl(z) + HT (z) = 1 + (O(5c),

since S6 (z) = 1 + 0(6C) by Proposition 1.3.4 (ii). Since the vectors (1,1), (1, r) E C2

are linearly independent, this concludes the proof. E

1.5 Bounding the error integral

1.5.1 Piecewise analytic Jordan domains

In this section, we prove the two lemmas used in the proof of the main theorem.
We often treat the conformal map O(z) like a power of z when z is near a corner
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of the domain Q. To make this precise, we use the following theorem from the
conformal map literature [35].

Theorem 1.5.1. If Q is a Jordan domain part of whose boundary consists of two
analytic arcs meeting at a positive angle 27ra at the origin, and if 0 : Q -+ H is a
Riemann map sending 0 to 0, then there exists a neighborhood B of the origin and
continuous functions Pi, P2 B n Ti -+ C and p3, p4 :(B n 11) - C for which

(Z) = z1/( 2a)p1(z), 0'(z) = z1/(2 a)- 1p2 (z),

0--1 (z) = z2a p3 (z), and ($- 1 )'(z) = z 2"1p 4 (z)

and p;(0) 7 0 for i c {1, 2,3,4}.

We choose a collection B of disks covering the boundary of Q as follows (see
Figure 1-9). For each z e DO, choose a disk B(z) centered at z and small enough
that the boundary arc (or arcs) containing z admits a Taylor expansion in B (z). If
necessary, shrink B(z) so that U2 is well-approximated by its tangent (or tangents,
if z is a corner point) in B(z), in the sense of Propositions 1.3.6 and 1.3.10. If nec-
essary, shrink B (z) once more to ensure that 12 n B (z) has one component. From
this collection of open disks, extract a finite subcover B = (Bj){ 1 of aQ containing

Bcorners = {B(z) : z is a corner point}. Then 13 is an annular region whose interior
has positive distance from aQ. Thus, for all sufficiently small 6, B covers fedge.

Note that this cover has been chosen in a manner which depends only on Q and c,
and in particular is independent of S.

Throughout our discussion, we permit the constants in statements involving
asymptotic notation to depend only on the three-pointed domain. We also use C
to represent an arbitrary constant which depends only on the three-pointed do-
main. When working with the variable E, we will frequently relabel small constant
multiples of E as E from one line to the next.

Lemma 1.5.2. Let J, gm, be as in Section 1.4, and suppose that the angle measures
at marked points are 2irai for i = 1,2,3, and remaining angles are 2np31 for j =
1,2,..., n. For every E > 0,

aj(()gw( )dA(() < 5mn'j('-61 E, 1..
fedge 

.

where the implied constants depend only on E and the three-pointed domain.

Proof of Lemma. Let 1 be as described above. Since the number of disks in B is
bounded independently of 6, it suffices to demonstrate that (1.5.1) holds for each
one. Let B E 13, and let 7r1 be the angle formed by aQ center of B.

To bound fTedgeno(nnB) aj(()gw(C)dA(() . we index all the faces {Fk} intersect-

ing ai in such a way that the distance from Fk to the center of B is :: k6 for all k;
this is possible since ad is piecewise smooth. We will bound the integral over each
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X(1)

Figure 1-9: We cover the boundary with finitely many small disks, so that the
boundary is approximately straight in each disk. Moreover, we ensure that every
corner and every marked point is centered at one of these disks. More disks are
required in regions of high curvature, as illustrated here for a domain bounded by
a limaeon.

k+1

Figure 1-10: If z is adjacent to the side [x(rk+l) x(.rk+2)], then the distance from

G6 (z) to a T is equal to the probability H~k(z). This probability is bounded by that
of a two-arm half-plane event with radius k6 and the two-arm P-annulus event
with inner radius 2k& and constant-order outer radius.
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Fk and then sum over k (see Figure 1-10). Let ( e Tedge n ((Fk) and suppose that

[r, T 2 ] is the closest boundary arc. We rewrite

J(O) = 61(1((O))( A-1)(, (1.5.2)

and we define z =- 1 ((). First we bound 0'5(z). In modifying G,5(z) to obtain
0,"(z), the image of z has to be moved no farther than H,1(z) = P(E 1(z)), by the
definition of G'(z). The event E1 (z) entails a two-arm half-disk crossing and a
two-arm fp-annulus crossing (see Figure 1-10). Since these events occur in disjoint
regions, they are independent and we can bound P(E 1 (z)) by the product of their
probabilities. By Corollary 1.3.9, the two-arm half-plane exponent in Q, is 1 and by
Proposition 1.3.10 the two-arm P-annulus exponent is 1/2P. Thus the probability
of E 1 (z) is at most (k6)1/ 2 P-E (1/k) 1 . Hence for z + 17 in the outermost layer and
z a neighbor of z + q, we have

(d'(z + 7j) - 66 (z))

1 (C (z + 1j) - G" (z + 17) + G' (z + i?) - G5 (z) + G" (z) - 0," (z)) (1.5.3)

< ((k6)1/ 2 fi-E( 1-E + G'5(z 1) - G6(z)).

x 8-1()1/20-E 1-E

In the last step we use a shifted domain trick (see the proof of the second in-
equality in Proposition 1.3.3 and Figure 1-5) and apply the trivial inequality P(A \
B) < P(A). Using (1.5.3) to bound each term of the expression 0'5(z) = -

W z), we get 61d 5 (z) 6-1 (k)1/ 2 P-E (1/k)1-E.

We assume that the location z of the pole is in the face nearest to the center of
B (since that is the worst case) and also that the image of the center of B is not a
vertex of the equilateral triangle T. We obtain

'Tedgeos(OnB j) J(()gw (()dA(4) (1.5.4)

C1/6

< 1 sup Ia05(z)(0- 1)'(O(z))gw(q- 1 (z)) area(0(Fk))
k=1 ZEFk

by replacing the integrand with its supremum on each Fk and summing over k.
We use the estimate area((P(Fk)) $ supEk ('(z)| & and use Theorem 1.5.1 to
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estimate the factors involving (. We bound the right-hand side of (1.5.4) by

S(c(r)'('P(z)) gw area(P(Fk))
C/6-__________ A_____

< -1 (ko) 1/2p-E (1/k)1- (51-1/2 2M - 1 /2P 52 ( 2/2 -2

k=1

C/6
61-E y () 1 /2 P-2 4)

(k=1

6 1' if 2P< 1
61/2p-Eci P>1

We have evaluated the sum by noting that the factor in parentheses is a convergent
Riemann sum when the exponent is at least -1. When the exponent is less than
-1, the summation over k gives a constant factor, leaving the contributions of the
powers of S.

If the center of By is a marked point, the proof is essentially the same and the net
effect is to replace 1/2P with 1/6a throughout the calculation. These replacements
are justified either by fewer percolation arms (when the exponent appears in an
arm event estimate), or by the angle of 7r/3 at the vertices of the triangle T (when
the exponent appears because of the conformal map r).

Remark 1.5.3. We can remove the dependence on SLE by using Smirnov's theorem
to estimate one-arm p-annulus probabilities (instead of using Proposition 1.3.10).
The result is that we obtain (1.5.1) with the right-hand side replaced by

6mini ,1 (1. ,) -E

Lemma 1.5.4. Let J,gm, {ai}, {pj} be as in the statement of Lemma 1.5.2. Let C3 =
2/3 be the 3-arm whole-plane exponent. Then

<Mii(C3, E

T\Tedge aJ(()gw(()dA(() ,< 6 
' 'R' ,(1.5.5)

where the implied constants depend only on e and the three-pointed domain.

Proof of Lemma. We will use Proposition 1.3.3 to bound aG. Let B be as above and
note that dist(aO, Q \ U B) > 0 by the discussion preceding Lemma 1.5.2.

We first handle Q \ U B. Suppose that one of the five-arm events of Figure 1-5
occurs, say E1,,arm(z). Let b be the point nearest x(r2) where a blue arm touches
down in the shifted domain, and let s be the number of lattice units along the
boundary from b to x(r 2). When z t U 3 (see Figure 1-11), z is well away from the
boundary thus we note that such a five arm event entails the existence of:

1. a 3-arm whole-plane event in alternating colors at z, in a ball of radius 0(1),
2. a 3-arm half-annulus event of alternating colors originating at b, in a semi-

circle of radius s&/2, and
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X(1)

Figure 1-11: To bound the probability of the five-arm difference event described in
Proposition 1.3.3, we consider three regions which contain two-arm or three-arm
crossing events (these regions are shown in green and red, respectively).

3. a 2-arm half-annulus event in an annulus of inner radius s6/2 and outer ra-
dius 0(1).

Since the derivative of the conformal map is bounded above and below for z away
from the boundary, we can ignore the contribution of '(-1(z)) in (1.5.2) and
calculate

3-arm whole-plane 3-arm half-plane 2-arm half-ann.
C/6

J J(z) I,< 45-1 (15C3-E) X (1/S)2 X (S6)
s=1

<6 C3-E.

Hence we have

<p aB3J(()gw(( )d A (( ) < gwg- d(C<C3-El

since a simple pole is integrable with respect to area measure.
To bound the integral of the union of the balls in B, we handle each B E 8

separately. We first consider a ball centered at a marked corner, say x(r). Once
again, for each z and each percolation configuration, we define b E a)f to be the
point nearest x(r 2) at which a blue arm from z touches down in the shifted domain.
This time we let s be the graph distance from b to the boundary point zfoot nearest
to z (see Figure 1-14) and index the faces Fn,k in such a way that if z E Fn,k, Ix(r) -
zi k6 and dist(MI, z) - n6. As above, we bound Ia 6 (z) I using percolation
arm estimates in each hexagonal face and sum over all the faces in O(n n B). By
symmetry, it suffices to sum over only the faces which are closer to the boundary
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C

Figure 1-12: We sum over the possible locations for b, considering the cases b E A,
b E B, b E C, and b E D separately.

arc [x(T), x(r 2)] than to the boundary arc [x(1), x(r)].

Suppose that the corner at B is one of the three marked points and has inte-

rior angle air. We bound I a by summing over all possible locations for b. We
consider four cases:

" Case A: b is closest to the corner at x(r) (Figure 1-13(a)),

" Case B: b is within k/2 units of zfoot (Figure 1-13(b)),

" Case C: b is more than k/2 units to the right of zfoot but closer to zfoot than to

x(r2) (Figure 1-13(c)), and

" Case D: b is closest to x(r 2) (Figure 1-13(d)).

For simplicity, we assume that [x (r), x (r 2 )] is a real analytic arc (that is, that there
are no corners between x(r) and x(T 2 )). It will be apparent that similar estimates

hold when additional corners are accounted for.

Denote by P(z, b) the contribution to aG of the five-arm event with missed

connection at b (see Figure 1-5). As in (1.5.4), we bound the sum for Case A by a

constant times

P(z,b)

C/5 Ck k/22 r )/2a-e

N-11-' k .N
k=1 n=1 r=1 ; 3-arm disk. 3-arm half-disk- 1-arm a-ann.2-arm a-ann.

(0-1)'(o(Fn,k)) area(O(Fn,k))) gw

x (k)1-1/6a 4 2 (k)1/ 3 a- 2 (k)-1/ 6 a

< min(c3,1/6a)-e.
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We upper bound the contribution of Case B by a constant times

P(z,b)

C/S Ck k/2 1 /S2 i12
-=1 n-c3- (kk1/ 2-

k= n1 =133-arm disk V 1-arm a-ann.
3-arm half disk 2-arm half-ann.

($-1)'(*Fn,k)) area(O(Fn,k)) gw

x (ki5)1-1/6a 62(k,6)1/3a--2 (kM)-1/6a

< min(C3,1/6a)-E.

For Case C, we get

P(z,b)
C/S Ck C/S

4 5-1 n-C3-E -
k=1 n=1 r=k/2 3 3-arm disk. 3-arm half-disk

< 1/6a--.

(k45)1-1/ 6 a52 (kS5)1/ 3a- 2 (k45) -1/6a

For Case D, we denote by 27ry the angle at x(r 2) and by t the number of lattice
units from x(T 2 ) to b. We obtain

P(z,b)
C/S Ck C/S.

S1 -C3-E t-2 (t) 1 r (k4)1-1/ 6Y62 (k6)1/ 3 r- 2 (k6)-1/ 6 -

k=1 n=1 t=1 3-arm disk. 3-arm half-disk- 2-army ann

The proofs for the bounds in a disk whose center is not marked are essentially
the same as these. As in the proof of Lemma 1.5.2, the net effect is to replace 1/6a
with 1/2p. El

Remark 1.5.5. As in Remark 1.5.3, we can remove the dependence on SLE by using
Smirnov's theorem instead of Proposition 1.3.10, under the additional assumption
that ai has no reflex angles (that is, maxij(ai, i) < 1/2). By using the weaker one-
arm fi-annulus bound in place of the two-arm and three-arm bounds, we obtain
(1.5.5) with the right-hand side replaced by

mini, C3, 1

Without the help of SLE, our techniques break down in the presence of reflex an-
gles.
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(1)4 V,

0* 4

x(r) -r2

(a)

(b)

X((d)

Figure 1-13: Assuming that z is near a marked corner, we have four cases to con-
sider: (a) b is close to x(r), (b) b is close to z, (c) b is between z and x(r2 ) but far
from both, and (d) b is close to x (r2 ). For a closer view of the corner with additional
labels, see Figure 1-14.
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b

Figure 1-14: A close-up view of the corner of Figure 1-13(b), with labels illustrating
the roles of k, n, r, and s. The faces are indexeed by k and n in such a way that
the distance from z to the corner is - k6 and the distance from z to af is . n6.
Similarly, the faces intersecting the boundary are indexed so that the distance along
the boundary from the corner to b is - r6 and the distance from b to zfoot is x s6.

1.5.2 Uniform bounds for half-annulus domains

While the constants in Theorem 1.1.1 generally depend on the three-pointed do-
main, there are some classes of domains for which Theorem 1.1.1 holds with uni-
form constants. In preparation for the proof of Theorem 1.1.2, we obtain uniform
constants for a class of half-annulus domains with arbitrarily small ratio of inner
to outer radius.

Let Gr,R C H be the origin-centered half-annulus of inner and outer radius r
and R, respectively. Let Tunit be the triangle with vertices 0,1, and eiy/ 3, and define

Pr,R : fr,R -+ Tunit to be the conformal map sending -R, -r, and R to ein/ 3/0, and
1, respectively. For r > 0, define Sr = {reiO : 0 < 6 < n}.

Proposition 1.5.6. For all 0 < c < c 3 = 2/3 and 0 < S < r < 1/2, we have

P'(Sr ++ Si) - r,(r) = O(r- 1/3 c) = O(Sc-1/3), (1.5.6)

where the implied constants depend only on c and, in particular, are uniform over
r C (0,1/2].

Remark 1.5.7. To ensure that the interval (0, c3 - 1/3) of possible exponents c is
nonempty, we need the SLE result that the three-arm whole-plane exponent c 3 is
greater than 1/3.

Proof. We proceed by modifying Lemmas 1.5.2 and 1.5.4 to prove (1.5.1) and (1.5.5)
with constants uniform over the domains 2r,1. For z c C and p > 0, let B(z, p) be
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the disk of radius p centered at z. For the integral over 2r,1 \ B(0, 1/2) we obtain a
bound of 0(62/ 3-E) by Lemmas 1.5.2 and 1.5.4, so it suffices to consider the integral
over f2r,i n B(0,1/2).

Fix e > 0, and determine a(E) from Proposition 1.3.6. Choose 2(e) small
enough that B(i, i) \ B(0, 1) is contained in a sector of angle 7r + a centered at i.
Cover Sr with finitely many balls of radius 2rii in such a way that UwES, B(w, r')
is contained in the union U of the balls. By Lemmas 1.5.2 and 1.5.4 and rescaling
(1.5.1) and (1.5.5) by a factor of r, we find that fu laJgwIl dA = O(r- 1/ 3 c3-E). So it
remains to consider the integral over the annulus A' := {z : r(1+n) < IzI < 1/2}.
We reduce further to considering the integral over the left half {z E A' :n/2 <
arg(z) < 7r} of A', since the contribution from the right half of A' is smaller. We
compute this integral similarly to those in Lemmas 1.5.2 and 1.5.4 (see Figure 1-15):
we index the faces Fn,k in such a way that I F,k - r - k6 and dist(Fnk, R) n6 and,
for z E Fn,k we bound

P(z,b) <

-1 (n A k)-c3+E -6 2-)E (sAm-)1-E r (k / + -E
-s6 A iyr) \ r k, k+ r
3-arm disk. 1-arm half-ann'.

3-arm half-disk. 2-arm half ann. 2-arm half-ann.

Figure 1-16 shows how to write Or,, as a composition of simpler conformal maps.
Using this composition, we compute

(z + r)2/3
(r,(Z) 1/3

z - r
,1(z) z4/3(z + r)1/3' and

(Z)) z4 / 3 (z + r)1 /3
rj z - r

Using these estimates, we can upper bound f I Jgw I dA by summing over the faces
Fn,k. We obtain

(( )'(0(Fn,k)) area(O(Fn,k)) 0 A
C/6 Ck Cr/ I (M + r)1/ 3

Z 13 13 P(z, b) (k + r)1 / 3 (kS) 1/3 62 (kS + r) 2 / 3 (kS)-2/ 3  (k6) 2/ 3

k=rvr/6 n=1 s=1

<-1/3C3-E
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X(1) X(T) X(r 2)

Figure 1-15: We use crossing events for the five regions shown to bound the prob-
ability of a five-arm event for which b e S,.

1.6 Half-plane exponent

We begin with a lemma about the conformal maps br,R :r,R -4 Tunt; see Subsec-
tion 1.5.2 for notation.

Lemma 1.6.1. There exist a1, a2 > 0 so that for all r, R > 0 such that r/R < 1/2, we
have

a, < Or,R(r) <a2. (1.6.1)
- (r/R)1/

3 -

Proof. By scaling, we may assume R = 1. Consider the sequence of conformal
maps illustrated in Figure 1-16. Let us call these maps f, for n = 1,2,...,5, so that
fn : Dn -+ D,+,. Since the domains are Jordan, we may regard fn as a continuous
map defined on the closure of each domain. Define the compositions fn fn 0
fn_1 - -- o fi.

For n > 2, let Kn C Dn denote the image of

K1 := {z : IzI = r and arg z E [0, n/2]} U [r, 1/2]

under fn-. For n E {2,3,5}, regard fn as having been analytically continued in a
neighborhood of every straight boundary (by Schwarz reflection), and define mn
and Mn to be the infimum and supremum of fn(z) as z ranges over Kn and r ranges
over [0,1/2].

We claim that 0 < mn < Mn < oo for all n E {2,3,5}. For n = 5, this follows
from the continuity of fn and the fact that the derivative of a conformal map cannot
vanish. For n = 3, this follows from the joint continuity of the M6bius map (z -
w)/(1 - iuz) in w and z.

The case n = 2 requires more care, since the eccentricity of D2 depends on r. We
introduce the notation D2,r and f2,r to indicate this dependence. Let I C (0,1/2)
be an interval. We claim that for every fixed z E nlr' D2,,, the quantity f2,r(Z) is
continuous in r. We first recall some definitions from complex analysis: given a
simply connected domain U c C and a point z E U, we will say that a Riemann
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map p : D -> U is normalized if p(0) = z and (p'(O) > 0. Recall that a sequence
of open sets Un C C converges to an open set U c C in the Caratheodory sense
with respect to z E U if (a) for all compact K c U containing z, we have K C Un
for all n sufficiently large, and (b) U contains every open set satisfying condition
(a). If Un -+ U in the Caratheodory sense, then the normalized Riemann maps
(Pn : D -+ Un converge uniformly on compact subsets to the normalized Riemann
map p : D -+ U [82]. Observe that if rn -* r, D2,rn converges to D2,r with respect to
0 in the Caratheodory sense. Hence f2,rn -+ f2,r uniformly on compact sets, which
in turn implies that frn -+ fr uniformly on compact sets. In particular, we obtain
joint continuity of fr(z) in z and r. It follows that the infimum and supremum of
Ifr(z)I over (z, r) C Kn x [0,1/2] are achieved, which implies 0 < m 2 < M 2 < 00-

Since fi(r) = 2r /(1 + r2), we have

r < f(r) < 2r.

We note that each fn is monotone on the real line, and apply f5 o f4 o f3 o f2 to the

inequality above. Using our derivative bounds, we obtain

m5 (m2 m3r)1 3 < f4 (r) M5 (2M2M3r)1 3

thus the result holds with a,= m5 (m 2 m3 )1/3 and a2 = M5 (2M 2 M3 )1/3. L

Remark 1.6.2. Numerical evidence suggests that Lemma 1.6.1 holds with a, = 1
and a2 ~ 1.426.

We denote by P the measure P6=1 corresponding to site percolation on the tri-
angular lattice with unit mesh size.

Lemma 1.6.3. For all 0 < c < c 3 - 1/3 = 1/3 there exists Ro > 1 such that for all
R > Ro and for all r K 1 R

-2

P' (Sr ++ SR) - Pr,R(r) a R-c. (1.6.2)

Proof. This follows immediately from Proposition 1.5.6, by rescaling by a factor of
R. Note that we have used the openness of interval (0, c3 - 1/3) to deal with the
multiplicative constant in the bound given by Proposition 1.5.6. [1

Proof of Theorem 1.1.2. Let e > 0, and define Ro = eV0ogl1gR. We assume that R is
sufficiently large that Ro satisfies the statement of Lemma 1.6.3. Define a 1 / (1 -
3c) and n = [log0 O loga RJ. Let Rk = Rak for 1 K k < n -1, and let Rn R. We
first prove the upper bound. Since an open path from 0 to SR includes a crossing
from SRk to SRk+1 for all 0 < k < n, we may use Lemma 1.6.1, Lemma 1.6.3, and
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(a) Half-annulus D,

(d) Half-disk D4

(b) Half-ellipse D2

(e) Sector D5

(c) Half-disk D3

(E A

(f) Equilateral triangle D6

Figure 1-16: Panels (b) through (f) show the images of the half-annulus in panel (a)
under successive conformal maps. Composing these maps gives the conformal
map 0r,R from the half-annulus to the equilateral triangle which sends -R, -r,
and R to ein/ 3, 0, and 1. The ratio of outer radius to inner radius is 20 for the half-
annulus shown. The map from D1 to D 2 is a suitable scaling of z '-4 z + 1/z. The
map from D 2 to D3 is the restriction of the conformal map from an ellipse to the
disk. From D 3 to D4, a Mbbius map moves the image of -r to the origin. The map
from D4 to D5 is the cube root, and the map from D5 to D 6 is the restriction to a
sector of the Schwarz-Christoffel map from the disk to the regular hexagon.
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independence to compute

n-1

P(0+ SR) H P(SR + SRk+1)
k=O

n- 1 [a -1/3 +a -j[a2 (+ 3  k+k 10k+J

by (1.6.2). Factoring out the first term in brackets and splitting the product, we
obtain

n-1 n-I - 1/3 n-1
P(0 +-+ SR ) i a2 fi1 ( -1/)3I [1 + a1(10a 2 )-1R 3-cR-1/ 3

k=O k=O k=

< (a1 /10 +a2)n-1(R/RO)-1/3

because the second term in brackets simplifies to a1 / (10a 2) by our choice of Rk.
Substituting the value of n gives

P(0 ++ SR) < R' 3 (log a) - 1og(a1/10+a 2)/log R0 (log R)log(aj/10+a2 )/ log ROR-'/ 3

< eCV1og logR R-1/3,

for some constant C and for sufficiently large R, which gives the upper bound.

For the lower bound (see Figure 1-17), we define R = 2Rk. Define Ek to be the
event that there is an open crossing of 2RkR/ from [Rk, R'] to [-Ri, -Rk]. By the
Russo-Seymour-Welsh inequality, this probability is bounded below by a constant
p which does not depend on k. Note that there is a path from the origin to SR if the
following events occur:

1. there is an open path from the origin to SR,
2. there is an open path from SRk to SR' for all 0 < k < n, and

k+1

3. Ek occurs for all 0 < k < n.

Since these events are increasing, we can use the FKG inequality to lower bound
the probability of their intersection by the product of their probabilities. We obtain

n-1 n-1

P(0 ++ SR) P(O ++ SRO) H P(SRk + SRk ) H P(Ek)
k=O k+1 k=O

> R-1/2 n-1 ai -l/3 - a,(Rk+I cj

since P(0 + SRO) = R_-1/3 +o(l) > R-1 /2 by the Cardy-Smirnov theorem. Factor-
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-R' Rk R,, R

Figure 1-17: If there are segment-to-segment crossings of each narrow half-
annulus, crossings from SRk to SR' for each 0 < k < n, and an open path from
the origin to SRO, then there is an open path from the origin to SR. The figure
shown is an image under radial logarithmic scaling (r, 6) '-4 (log r, 6).

ing as before and simplifying, we obtain

-1 ' -- 1/3 n i 10R-c13
P(O ++ SR) > R-1/2(alp)~ n- k+l 1/ n- 1 - 1(R1'+1l1/3-cRk 1/3

k=O Rk k=O

" R-12 -n3 aP)n-1 R- - 1/3 n-l1 - 21/3-c R13c-1
RH/ 2 2n/3 (aip)"-O ( Rk ) H1 - loR k+lk

k=0 R k=O

" R -1/ 22-n/ 3 a1p(1 - 21/3-c/1) n- (R/Ro)-1/3

" e-CVig ogR R-13,

for some constant C > 0 and sufficiently large R.
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Chapter 2

Nesting in the conformal loop

ensemble

This chapter presents two joint works with Jason Miller and David Wilson. It appears
almost verbatim in [491 and [471.

2.1 Introduction

The conformal loop ensemble CLEK for K E (8/3,8) is the canonical conformally
invariant measure on countably infinite collections of non-crossing loops in a sim-
ply connected domain D C C [65,69]. It is the loop analogue of SLEK, the canonical
conformally invariant measure on non-crossing paths. Just as SLEK arises as the
scaling limit of a single interface in many two-dimensional discrete models, CLE
is a limiting law for the joint distribution of all of the interfaces. Figures 2-1 and 2-2
show two discrete loop models believed or known to have CLE as a scaling limit.
Figure 2-3 illustrates these scaling limits CLEK for several values of K.

2.1.1 Overview of main results

Fix a simply connected domain D C C and let F be a CLE, in D. For each point
z E D and E > 0, we let Kz(e) be the number of loops of r which surround
B(z, e), the ball of radius e centered at z. We study the behavior of the extremes of
XzA(e) as e -+ 0, that is, points where Nz(c) grows unusually quickly or slowly
(Theorem 3.8.7). We also analyze a more general setting in which each of the loops
is assigned an i.i.d. weight sampled from a given law p. This in turn is connected
with the extremes of the continuum Gaussian free field (GFF) [23] when K = 4
and p({-o-}) = p({-}) = for a particular value of a > 0 (Theorem 2.1.2 and
Theorem 2.1.3).
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2.1.2 Extremes

Fix a > 0. Recall that the Hausdorff a-measure 7a of a set E C C is given by

-ha (E) = lm inf (diam(Fi))a : Fi ; E, diam(Fi)

where the infimum is over all countable collections {Fi} of sets.
dimension of E is defined to be

dimn(E) inf{a > 0 : Wa(E) = 0}.

For each z e D and e > 0, let

~(6) := (e)
log(1/E)

For v > 0, we define

FV(CLEK) : ) := {z C D : lim N(E) =v}(Dv(LE,, (Dr) :feI

The Hausdorff

(2.1.1)

(2.1.2)

Our first result gives the almost-sure Hausdorff dimension of eDF (CLEK). The
dimension is given in terms of the distribution of the conformal radius of the con-

(a) Site percolation.

0 o

(b) 0(n) loop model. Percola- (c) Area shaded by nesting of
tion corresponds to n = 1 and loops.
x = 1, which is in the dense
phase.

Figure 2-1: Nesting of loops in the 0(n) loop model. Each 0(n) loop configuration
has probability proportional to xtOal length of loops x n# ooPs. For a certain critical
value of x, the 0(n) model for 0 _ n < 2 has a "dilute phase", which is believed
to converge CLE, for 8/3 < K < 4 with n = -2cos(4n/K). For x above this
critical value, the 0(n) loop model is in a "dense phase", which is believed to
converge to CLE, for 4< K< 8, again with n -2 cos(47r/K). See [24] for further
background.
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(a) Critical FK bond configura-
tion. Here q = 2.

C1

Cl C1 C1

El
0

0 El

13 K#q '
0 0

0 V,
0

00

(b) Loops separating FK clus- (c) Area shaded by nesting of
ters from dual clusters. loops.

Figure 2-2: Nesting of loops separating critical Fortuin-Kasteleyn (FK) clusters
from dual clusters. Each FK bond configuration has probability proportional to

(p/(1 - p))Iedges x q#clusters [181, where there is believed to be a critical point at
p = 1/(1 + 1/ F) (proved for q 1 [51). For 0 < q < 4, these loops are believed
to have the same large-scale behavior as the 0(n) model loops for n = ,F in the
dense phase, that is, to converge to CLEK for 4 < K < 8 (see [56, 24]).

nected component of the outermost loop surrounding the origin in a CLEK in the
unit disk. More precisely, recall that the conformal radius CR(z, U) of a simply con-
nected proper domain U C C with respect to a point z E U is defined to be I p'(0)I
where p: D -+ U is a conformal map which sends 0 to z. For each z E D, let L be
the kth largest loop of f which surrounds z, and let Uk be the connected component
of the open set D \ Lk which contains z. Take D = D and let T = - log(CR(0, U)).
The log moment generating function of T was computed in [61] and is given by

AK(A) := log E [eAT] = log ( (2.1.3)
- COS(4n/K)

COS (1/( - 4)2 + 8A)'

for -oo < A < 1 -- 3. The almost-sure value of dim (D, (r) is given in terms
of the Fenchel-Legendre transform A* : R -+ [0, oo] of AK, which is defined by

A*(x) := sup(Ax - AK(A)).
AER

We also define

yK(v) =
3K if V 0.

For each K E (8/3,8), let Vmax be the unique value of v > 0 such thatYK (v) 2.
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(b) CLE4 (from the FK model with q = 4) *

(c) CLE16/ 3 (from the FK model with q = 2) (d) CLE6 (from critical bond percolation) *

Figure 2-3: Simulations of discrete loop models which converge to (or are believed
to converge to, indicated with *) CLE, in the fine mesh limit. For each of the
CLEK's, one particular nested sequence of loops is outlined. For CLEK, almost all
of the points in the domain are surrounded by an infinite nested sequence of loops,
though the discrete samples shown here display only a few orders of nesting.
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2.

dim <Dyv(CLEK)

V

Vtypical Vmax 1

Figure 2-4: Suppose that D G C is a simply connected domain and let F be a CLEK
in D. For K C (8/3,8) and v > 0, we let Iv(F) be the set of points z for which the
number of loops N(e) of f surrounding B(z, e) is (v + o(1)) log(1/E) as e -÷ 0.
The plot above shows how the the almost-sure Hausdorff dimension of ,(CLEK)
established in Theorem 3.8.7 depends on v (the figure is for K = 6, but the behavior
is similar for other values of K). The value 1 + Z + K = dimH FV(CLEK) is the
almost-sure Hausdorff dimension of the CLEK gasket [61, 51, 451, which is the set
of points in D which are not surrounded by any loop of r.

Theorem 2.1.1. If 0 < v < vmax, then almost surely

dimn (Dv(CLEK) 2 -'K( (21.5)

and V(CLEK) is dense in D. If vmax < v, then (DV(CLEK) is almost surely empty.
Moreover, if r is a CLEK in D, p: D -+ O' is a conformal transformation,

i := p(F), and 'Fv(t) is defined to be the corresponding set of extremes of f,
then (Dv(f) = (p(F,(D)) almost surely.

We also show in Theorem 2.4.9 that 'Ivmn (r) is almost surely uncountably infi-
nite for all K C (8/3,8). This contrasts with the critical case for thick points of the
Gaussian free field: it has only been proved that the set of critical thick points is
infinite (not necessarily uncountably infinite); see Theorem 1.1 of [23].

See Figure 2-4 for a plot of the Hausdorff dimension of Dv(CLE 6) as a function
of v. The discrete analog of Theorem 3.8.7 would be to give the growth exponent
of the set of points which are surrounded by unusually few or many loops for a
given model as the size of the mesh tends to zero. Theorem 3.8.7 gives predictions
for these exponents. Since CLE6 is the scaling limit of the interfaces of critical
percolation on the triangular lattice [73, 7,81, Theorem 3.8.7 predicts that the typical
point in critical percolation is surrounded by (0.09189... + o(1)) log(1/E) loops as
e -+ 0, where e > 0 is the lattice spacing.
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1

Vtypical (K)

0 K
8 8

Figure 2-5: Plotted as a function of K are the typical nesting and maximal nesting
constants (Vtypicai and Vmax, respectively). For example, when K = 6, Lebesgue al-
most all points are surrounded by (0.091888149... + o(1)) log(1/E) loops with in-
radius at least E, while some points are surrounded by as many as (0.79577041 ... +
o(1)) log(1/e) loops.

We give a brief explanation of the proof for the case v = 1/ET: by the re-
newal property of CLEK (Proposition 2.2.3), the random variables log CR(z, Uk) -
log CR(z, U+-1) are i.i.d. and equal in distribution to T. It follows from the law of
large numbers (and basic distortion estimates for conformal maps) that, for z E D
fixed, A2 (E) -+ 1 /ET as E -+ 0, almost surely. By the Fubini-Tonelli theorem,
we conclude that the expected Lebesgue measure of the set of points for which
M(E) -- 1/ET is 0. It follows that almost surely, there is a full-measure set of
points z for which Az(e) - 1/ET. In other words, v = Vtypical := 1/ET corre-
sponds to typical behavior, while points in Dv(CLEK) for v # 1/E T have excep-
tional loop-count growth.

The idea to prove Theorem 3.8.7 for other values of v is to use a multi-scale re-
finement of the second moment method [23, 111. The main challenge in applying
the second moment method to obtain the lower bound of the dimension of the set
ID, (CLEK) in Theorem 3.8.7 is to deal with the complicated geometry of CLE loops.
In particular, for any pair of points z, 7v E D and - > 0, there is a positive proba-
bility that single loop will come within distance - of both z and w. To circumvent
this difficulty, we restrict our attention to a special class of points z E ID (CLEK) in
which we have precise control of the geometry of the loops which surround z at
every length scale.

Recall that the CLE gasket is the set of points z C D which are not surrounded
by any loop of F. Equivalently, the gasket is the closure of the union of the set of
outermost loops of F. Its expectation dimension, the growth exponent of the ex-
pected minimum number of balls of radius e > 0 necessary to cover the gasket as
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E -+0, is given by 1 + Z + 3, [611. It is proved in [511 using Brownian loop soups
that the almost-sure Hausdorff dimension of the gasket when K E (8/3,4] and it
is shown in [451 that this result holds for K E (4,8) as well. We show in Propo-
sition 2.2.17 that the limit as v -+ 0 of dimH (Dv (r) is 1 + I + 3 (equivalently,
y, is right continuous at 0). Consequently, from the perspective of Hausdorff di-
mension, there is no non-trivial intermediate scale of loop count growth which lies
between logarithmic growth and the gasket.

Theorem 3.8.7 is a special case of a more general result, stated as Theorem 2.5.3
in Section 2.5, in which we associate with each loop L of r an i.i.d. weight c
distributed according to some probability measure y. For each a > 0, we give the
almost-sure Hausdorff dimension of the set

I(Di() :=z D : lim Se(z) = a

of extremes of the normalized weighted loop counts

Sz(E) 1 Sz(E) where Sz(E) = , (2.1.6)
log(1/e)S) Lerz(e)

and rz(E) is the set of loops of r which surround B(z, e). This dimension is given
in terms of A* and the Fenchel-Legendre transform A* of p. Although the dimen-
sion for general weight measures p and K G (8/3, 8) is given by a complicated
optimization problem, when K= 4 and p is a signed Bernoulli distribution, this di-
mension takes a particularly nice form. We state this result as our second theorem.

Theorem 2.1.2. Fix a > 0, and define pB({a}) pB({--}) =. In the special
case K = 4 and p = PB, we have

dimW 4 gB (r) = max 0,2 - - a2  (2.1.7)

almost surely.

This case has a special interpretation which explains the formula (2.1.7) for the
dimension. It is proved in [441 that the random height field Sz(e) converges in the
space of distributions as e -+ 0 to a two-dimensional Gaussian free field h, and the
loops F can be thought of as the level sets of h (since h is distribution-valued, h
does not have level sets strictly speaking, but there is a way to make this precise).
This suggests a correspondence between the extremes of Sz(e) and the extremes
of h. Although h is a distribution-valued random variable and does not have a
well-defined value at any given point, extreme values of h (also called thick points)
can be defined by considering the average h, (z) of h on B(z, E) and defining T(a)
to be the set of points z for which h,(z) grows like alog(1/e) as E -+ 0. It is
shown in [23] that dim-H T(a) = 2 - 7ra2, which equals dim- G/B when o- = N/2
and K = 4. The following theorem relates exceptional loop count growth with the
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extremes of the GFF. Loosely speaking, it says that for each a there is a unique
value of v for which "most" of the a-thick points have loop counts )~ d v.

Theorem 2.1.3. Let K = 4 and PB ({a-}) = PB({- -}) = 1 for some a > 0. For every
a C R, there exists a unique v = v(a) > 0 such that the Hausdorff dimension of
the set of points with Sz(E) -+ a as E -÷ 0 is equal to the Hausdorff dimension of
the set of points with Sz(e) -+ a and AVz(e) -+ v as e - 0. Moreover, we have

v(a) = a coth 7 .2)

The usual multiple of the GFF is obtained by taking o = v/7/. Theorems 2.1.2
and 2.1.3 are proved in Section 2.5.

v(a) = coth

Vmax 0.7107 --------------------------

Vtypical = 1/r2 _ _ _ _ _ _ _ _

Ia

Figure 2-6: A graph of v(a) versus a, which gives the typical loop growth
v log(1 / e) corres onding to each point with signed loop growth a log(1/e), for
a E [-V-/Z, 2/n . Also shown is the value Vmax beyond which there are no
points having growth vlog(1/E). The graph does not reach the dashed line be-
cause it is not optimal to use the maximum number of loops: the advantage of
having many loops (and thus many terms in the sum S,(E)) is offset by the dis-
advantage of having fewer points which are surrounded by many loops. This
optimization problem is the one described in the proof of Theorem 2.1.3.

2.2 Preliminaries

We first give a brief overview of the exploration tree based construction of CLEK
in Sections 2.2.1 and 2.2.2. In Section 2.2.3, we review some facts from large de-
viations, and then in Section 2.2.4 we collect several estimates for random walks.
Finally, in Section 2.2.5 we apply these estimates to establish asymptotics for the
probability that )4 (e) ~ v for v > 0.
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2.2.1 The continuum exploration tree

In this section, we review the exploration tree construction of CLEK for K E (8/3,8)
given in [65]. We begin by briefly recalling the definition of the SLE, and SLEK(p)
processes. There are many surveys on the subject (for example, [83, 301) to which
we refer the reader for a more detailed introduction. The radial Loewner transform
of a continuous process W : [0, oo) --+ D is defined as follows. For z E C, define
gt(z) to be the solution of the ordinary differential equation

agt (z) - -g9( )t (Z) + W=
at = izgt (W - Wt oz 221

This ODE is well-defined until gt(z) = Wt, and the swallowing time Tz is defined
to be the first time at which this occurs, or oo if it never occurs. For t > 0 the hull Kt
is defined to be the set of points Kt {z c D : Tz < t} of D swallowed by time t.
For each t > 0, gt is the unique conformal transformation D \ Kt -+ D with gt (0) =
0 and g'(0) > 0. We refer to W as the driving function of the Loewner evolution, and
we refer to the random growth process (Kt)t>o as the radial Loewner transform of
W.

Radial SLEK, introduced by Schramm [57], is defined to be the Loewner trans-
form (Kt)t>o of the driving function Wt = exp(iV/Bt), where Bt is a standard
Brownian motion. Time is parametrized by log-conformal radius, which means
that g'(0) = et for all t > 0. It was proved by Rohde and Schramm [56] (K # 8)
and Lawler, Schramm, and Werner [32] (K = 8) that there is a curve 77 from 1 to 0
in U such that D \ Kt is the unique connected component of ID \ q [0, t] containing 0.
We say that ?I generates the process Kt and call ' the radial SLEK trace. The driving
function can be recovered from n by the relation Wt = limZ-+() gt (z), where the
limit is taken with z E D \ Kt.

Let D C C be a simply connected domain. For any conformal transformation
p : D -+ D, we take the image of radial SLEK in D under p to be the definition
of radial SLEK in D from p(1) to p(0) (with T(1) interpreted as a prime end). If
p extends continuously to D (equivalently if aD is given by a closed curve, see
[55, Theorem 2.1]) then radial SLEK in D is almost surely a continuous curve. It
was proved by Garban, Rohde, and Schramm [20] that for K < 8, radial SLE, in
an arbitrary proper simply connected domain is almost surely continuous except
possibly at its starting point.

We now describe the radial SLEC (p) processes, a natural generalization of ra-
dial SLE, first introduced in [29, Section 8.3]. For w, v C aID, radial SLEK (p) with
starting configuration (w, v) is the Loewner transform of W, where the pair (W, V)
solves the system of SDEs

dVt =_Vj+ t dt
Vt - Wt (2.2.2)

dWt =iN/Wt d Bt - _Wt + fWt At
1 (2 2 Wt - Vt)
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with Wo = w and Vo = v. The force point Vt satisfies V gt(v) for all t > 0. The
system (2.2.2) has a unique solution up to the collision time Tcil := inf{t > 0 :
Wt = Vt}. The weight p = K- 6 is special because SLEK (K - 6) is target invariant
[63]: radial SLEK(K - 6) in D with starting configuration (w, v) and target a e D
has the same law (modulo time change) as an ordinary chordal SLEK in D from w
to v, up to the first time the curve disconnects a and v [631.

We now explain how to construct a solution to (2.2.2) which is defined even
after the collision time reci. A more detailed treatment is provided in [65, Section
3]; we give here a brief summary following [61]. We first consider p > -2. For
t < T,,i, we define the process Ot = arg Wt - arg V taking values in [0, 2ff] and find
using It6's formula and (2.2.2) that Ot satisfies the SDE

d6t = dBt + 2 cot(Ot/2) dt. (2.2.3)

Moreover, a similar calculation shows that Wt and V may be recovered from Ot via

arg Wt = arg w + vIKBt + E cot(6s/2) ds.

argV = arg Wt - Ot.

Motivated by (2.2.3) and (2.2.4), we define a process Ot for t > 0 by evolving Ot
according to (2.2.3) on each interval of time for which Ot t {0, 2n } and instanta-
neously reflecting at the endpoints (so that the set {t : Ot E {0, 2f }} has Lebesgue
measure zero). There is a unique process Ot with these properties [65, Proposi-
tion 4.2]. We define Wt and V for t > 0 using (2.2.4), and we define radial SLEK (p)
in ' with starting configuration (w, v) to be the radial Loewner transform of vv.

When -K/2 - 2 < p < -2, the integral in (2.2.4) is infinite, and a different ap-
proach is required. One possibility is to lift Ot to a continuous real-valued process
Ot as follows. Instead of reflecting the process 0 to the interior of [0, 2ff], we flip
a fair coin at every hitting time T of 2rZ to determine whether to subsequently
evolve 0 in (OT, OT + 2ff) or (OT - 2n, OT). Cancellation introduced by the coin
tosses is sufficient to make the integral in (2.2.4) finite (see [84] for more discussion
of this point). We define Wt and V according to (2.2.4) with 6 in place of 0, and
we define SLEK(p) to be the radial Loewner transform of W. We now drop the 6
notation and will write 0 for the lifted process whenever -K/2 - 2 < p < -2.

For p > K/2 - 2, the laws of radial SLEK(p) and ordinary radial SLEK are mu-
tually absolutely continuous up to any fixed positive time, so SLEK(p) is a.s. gen-
erated by a curve by the result of [56]. In [39] it is established that SLEK(p) is a.s.
generated by a curve for all p > -2 (see Remark 2.2.2). The continuity of radial
SLEK(p) has not yet been established for p e (-K/2 - 2, -2]. Radial SLEK(p) in a
general proper simply connected domain is defined again by conformal transfor-
mation, but the analogue of the continuity result of [20] is not known for p # 0.

The target invariance of radial SLEK (K - 6) processes continues to hold after
time c, and using this property we can construct a coupling of radial SLEK(K 6)
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Figure 2-7: For -K/2 - 2 < p <; -2, we modify the [0,2 r]-valued process 6 to
obtain a process 0 taking values in R: after each hitting time T of 2irZ, an indepen-
dent coin toss determines whether the next excursion of 0 is in the interval above

Oyor the interval below &r.

processes targeted at a countable dense subset of D.

Proposition 2.2.1 ([65, Section 4.21). Let {ak}kEN be a countable dense sequence in
D. There exists a coupling of radial SLE,(K - 6) processes nak in D from 1 to ak
started from (w, v) = (1, 1ei-) such that for any k, f E N, Tak and 1a' agree a.s.
(modulo time change) up to the first time that the curves separate ak and aj and
evolve independently thereafter.

From the coupling {lak}kcN defined in Proposition 2.2.1, we can almost surely
uniquely define (modulo time change) for each a E D a process qa targeted at
a, by considering a subsequence {ak, }nN converging to a. Then 77a is a radial
SLEK(K - 6), and we write 0a, Wt,, Va for the corresponding processes of (2.2.3)
and (2.2.4). The complete collection of curves {aIa1 is the branching SLEK(K - 6)
or continuum exploration tree of [651.

2.2.2 Loops from exploration trees

The CLE, loops {Lk} surrounding a point a E D are defined in terms of the branch

7a of the exploration tree as follows [651 (see Figure 2-8):
Suppose 8/3 < K < 4.

* Let Ta = inf{t > 0 : 6a E {2n }} be the first time that qa forms a loop
around a.

" If Ta = o0, then there are no loops surrounding a. If Ta < oo, let a' = sup{s <
a a = 0}. ThenCL is defined to be 1a[&, , a ]. If Oa= 27 (resp. Oa= -2i)

then L' has a counterclockwise (resp. clockwise) orientation.

The next loop L2 is defined similarly, with the interior of L' playing the role of D.
Continuing this process yields the full sequence {Lk} of loops.

Suppose 4 < K < 8.

* Let r be the first time at which 6 completes an upcrossing of an inter-
val of the form [27rk,27r(k + 1)] for k E Z. This is the first time qa forms a
counterclockwise loop surrounding a.
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0 qa(f#cw) 0

(a) 8/3 < < 4 (b) 4 < K <8

Figure 2-8: Branching SLEK (K - 6) construction of CLEK process F in H. (a) When
8/3 < K < 4, the branch 17a targeted at a traces out a countable sequence of
disjoint simple loops until the first time that the process 0f hits 2n. If we de-
fine .a =sup{s < r = 0}, then the outermost CLEK loop surrounding
a is 17a [a, 1Ta]. The schematic figure above disguises an important feature of the
SLEK(K - 6) process: 17a is tracing out a CLE loop at Lebesgue almost all times. So,
for example, there are countably many small loops between the two points marked
with a purple dot. (b) For each a E H, qa (dashed blue line) is the branch of the
exploration tree targeted at a. Marginally it evolves as a radial SLEK(K - 6) which,
whenever it hits the domain boundary or its past hull, continues in the comple-
mentary connected component containing a. Let rT be the first time t that 77a
completes a counterclockwise loop surrounding a; the location of the force point
at time ra is va . ga(gae.) for some f T < Tacw. The outermost loop L' of
r surrounding a is q,a I . Successive loops are defined in analogous fashion.
L' is necessarily counterclockwise and pinned at 7a(c). It is disjoint from the
domain boundary if and only if a is first surrounded by a clockwise loop.

* If T a =o then there are no loops surrounding a and we set La to be the
empty sequence. If Tc, < oo let C := sup{t < C Of }= 0, let va

a7 ) and let ja be the branch 17", reparametrized so that ia I [Oia IIa O,]. The outermost loop LI surrounding a is defined to be hJa

If Ll is defined, it is necessarily counterclockwise and pinned at 7a(fc); more-
over, 'ia(aCf ) is in the boundary if and only if 7a has not previously made a clock-
wise loop around a [65, Lemma 5.21. The next loop L' surrounding a is then de-
fined in analogous fashion, and continuing in this way gives the full CLEK process
r in D. See Figs. 2-8 and 2-9.

Remark 2.2.2. For 4 < K < 8, assuming that chordal SLEK(K - 6) processes are
generated by continuous curves with reversible law [65, Conjecture 3.11], it was
shown [65, Proposition 5.1 and Theorem 5.4] that CLEK loops are continuous, and
that the law of the full ensemble is independent of the choice of root for the explo-
ration tree. This conjecture was proved in [39, Theorem 1.3] and [41, Theorem 1.1
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Figure 2-9: When 4 < K < 8, clockwise loops of qa (dashed blue line) are not
CLE loops, but correspond either to complementary connected components of CLE
loops (left panel) or complementary connected components of chains of CLE loops
(right panel). The CLE process is renewed within each clockwise loop (Proposi-
tion 2.2.3).

and Theorem 1.2], so the properties hold. (They are immediate for K E (8/3,4] by
the equivalence of CLEK and the outer boundaries of loop soups [70].)

The CLE, process in a general proper simply connected domain is defined by
conformal transformation, so the law of CLEK is conformally invariant. Moreover,
conditional on the collection of all of the outermost loops, the law of the loops
contained in the connected component D' of D \ Ll containing a is equal to that of

a CLEK in Da independently of the loops of r which are not contained in Da.

Proposition 2.2.3. For any fixed countable set {aj}jEN C D, conditioned on {L }jeN

the collections of loops within the connected components of D \ Uj L'. are dis-

tributed as independent CLEK processes.

Note that when K E (4,8) a complementary component need not be surrounded
by any L; see Figure 2-9.

2.2.3 Large deviations

We review some basic results from the theory of large deviations, including the

Fenchel-Legendre transform and Cramer's theorem. Let y be a probability mea-
sure on R. The logarithmic moment generating function, also known as the cumu-
lant generating function, of p is defined by

A(A) = A,(A) = log E [e"X]
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where X is a random variable with law p. The Fenchel-Legendre transform A*
R -4 [0, oo] of A is given by [12, Section 2.2]

A*(x) := sup(Ax - A(A)).
AeR

We now recall Cram6r's theorem in R, as stated in [12, Theorem 2.2.3]:

Theorem 2.2.4 (Cramer's theorem). Let X be a real-valued random variable and
let A be the logarithmic moment generating function of the distribution of X. Let
Sn = E 1 Xi be a sum of i.i.d. copies of X. For every closed set F C R and open
set G c R, we have

limsup 1-log P F-Sn E F < - inf A*(y), and
n--oo n n I yEF

liminf -log P r-Sn E G > - inf A*(y).nLoo n n yeG

Moreover,

P -Sn e F < 2exp n inf A*(y) . (2.2.5)
n I _yEF

Following [12, Section 2.2.1], we let DA := {A : A(2I) < oo} and DA* {x
A*(x) < oo} be the sets where A and A* are finite, respectively, and let FA
{A'(A) : A E Do}, where A' denotes the interior of a set A c R. The following
proposition summarizes some basic properties of A and A*.

Proposition 2.2.5. Suppose that p is a probability measure on R, let A

moment generating function, and assume that DA # {0}. Let a and b denote
the essential infimum and supremum of a p-distributed random variable X (with
a = -oo and/or b = oo allowed). Then A and its Fenchel-Legendre transform A*
have the following properties:

(i) A and A* are convex
(ii) A* is nonnegative

(iii) TA c DA*
(iv) A is smooth on Do and A* is smooth on.F
(v) If DA = R, then FX = (a, b)

(vi) If (-oo, 0] C DA, then (a, a + 6) c TX for some s > 0
(vii) If [0, o) c DA, then (b - 6, b) c TA for some 6 > 0

(viii) A* is continuously differentiable on (a, b)
(ix) If -oo < a, then (A*)'(x) -4 -oo as x 4 a
(x) If b < oo, then (A*)'(x) -4 +oo as x t b

Proof. For ((i))-((iv)), we refer the reader to [12, Section 2.2.1].
To prove ((v)), note that

- IE[Xe]

E[eX56



Therefore,
< 

= < A'A) < =.

E[eAX] - < E[eX] -b

Thus FA C [a, b], which gives T C (a, b).
This leaves us to prove the reverse inclusion. Suppose c E (a, b), and let Y

X - C.
Then

A E[XeAX] E[YeAY ] E[1y>o}YeLY] + E[1y<O}YeLY]
A'(A) = E[eAX] = C + E[eAY] E[eAY]

Since DA = R, the tails of X and Y decay rapidly enough for each of the above
expected values to be finite. Since P[Y > 0] > 0, the first term in the numerator
diverges as A -+ oo, while the second term decreases monotonically in absolute
value. So for sufficiently large A, we have A'(A) > c. Similarly, for sufficiently
large negative A we have A'(A) <; c. Since A is smooth, A' is continuous, so c E TA.
The proofs of ((vi)) and ((vii)) are analogous.

To prove ((viii)), note that TX = (a, b) for some a < a < b < b. By ((iv)),
A* is smooth on (a, b). Therefore, it suffices to consider the possibility that a < a
or b < b. Suppose first that b < b. By the proof of ((v)), b < b implies that
DA = (A 1, A2 ) for some A2 < o. Furthermore, observe that A'(A) - b as A /, A 2.
It follows that A(A 2) < o, and by convexity of A we have for all b < x < b,

A*(x) = sup[xA - A(A)] = xA2 - A(A 2 )-
A

In other words, A* is smooth on (d, b) and is affine on (b, b) with slope matching
the left-hand derivative at b. Similarly, if a < d, then A* is affine on (a, d) with
slope matching the right-hand derivative of A* at a. Therefore, A* is continuously
differentiable on (a, b).

To prove ((ix)), we note that since X is bounded below, D' = (-o, ) for some
0 < < +o. Moreover, there exists e > 0 so that (a, a + e) C TX, by essentially the
same argument we used to prove ((v)) above. Let D = {A : A'(A) E (a, a + e)},
and note that the left endpoint of D is -o. Since A' is smooth and strictly in-
creasing on D (see [12, Exercise 2.2.241), there exists a monotone bijective function
A : (a, a + E) - D for which A'(A(x)) = x. In the definition of A*(x), the supre-
mum is achieved at A = A(x). Differentiating, we obtain

d
(A*)'(x) = d [xA(x) - A(A(x))]

= A(x) + xA'(x) - A'(x)A'(A(x)) (2.2.6)

= A(x).

Since the monotonicity of A implies that A(x) -+ -o as x -+ a, this concludes the
proof.
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The proof of ((x)) is similar. E

The following is a simple corollary of Cramer's theorem which is applicable to
a sequence of bounded, closed intervals contained in 5F. The proof is routine and
is omitted.

Corollary 2.2.6. Suppose c, d c R, c < d, and [c, d] C .T. If c, -+ c and d, -+ d,
then

11thnlim - log P --Sn E [cn, dn] = -inf A* (y).n -og n n y[udc,d|

We also have the following adaptation of Cram6r's theorem for which the num-
ber of i.i.d. summands is not fixed.

Corollary 2.2.7. Let X be a positive real-valued random variable with exponential
tails (that is, E[eXOX] < oo for some Ao > 0), and let A(A) = log E[eAX]. Let Sn =
Z=1 Xi be a sum of i.i.d. copies of X, and let Nr min{n : Sn > r}. If 0 < v1 < v 2,
then

1
nlim -logP[vir < Nr 5 v2 r] - inf vA*(1/v). (2.2.7)

r- co r VE [V1,V21

This is the origin of the expression vA*(1/v) in (2.1.4).

Proof. Recall that
A*(x) = sup [Ax - A(A)

whr theX brackeed expressiJO kVIonL - V. Dc X has exponential tails,
A'(0) = E[X] exists. If x < E[X], then for some sufficiently small negative A,
the bracketed expression is positive, so A*(x) > 0. Likewise, if x > E[X] then
A*(x) > 0. Recall also that A*(E[X]) = 0.

Let a = ess inf X E [0, oo) be the essential infimum of X and b = ess sup X E
(0, oo] be the essential supremum of X.

Because A* is convex on [a, b], by Lemma 2.2.8 proved below, vA* (1 /v) is con-
vex on [1/b, 1/a]. The expression vA*(1/v) is 0 when v = 1/E[X] and is positive
elsewhere on [1/b,1/a], so it is strictly decreasing for v < 1/E[X] and strictly
increasing for v > 1 /E [X].

There are three possible cases for the relative order of 1 /E[X], vj, and V2. For
example, suppose v1 < v 2 < 1/E[X]. We write

{vir < Nr < v2r} { >jXi <r n { Xi ; r} Er n Fr.

I1<i< [virl -1 1 1<i<-[V2r] I

Since vA*(1/v) is continuous on (1/b, 1/a), by Cram6r's theorem,

P[Ec] = e-virA*(1/v)(1+o(1)) and JP[Fr] = V2rA*(1/V2)(1+0(1))
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except when 1/v1 = 1/b, in which case the expression for P[El] becomes an upper
bound. Therefore,

P[Er n Fr] = P[Fr] - P[Fr n Ec] = e-v2rA*(l/v2)(1+o(1)),

which gives (2.2.7). The proof for the case 1/E[X] < v1 < v 2 is analogous, and in
the case v1 < 1/E[X] < v 2 , both sides of (2.2.7) are 0.

Lemma 2.2.8. Suppose that f is a convex function on [a, b] ; [0, oo]. Then x -
xf(1/x) is a convex function on [1/b, 1/a].

Proof. Since f is convex, it can be expressed as f(x) = supi (ai + Pi x) for some pair
of sequences of reals {ai}iEN and {fijiEN. For x e [0, oo] we can write xf(1/ x)
sup;(aix + pi), so it too is convex.

Proposition 2.2.9. Let X be a nonnegative real-valued random variable, and let
A(A) = log E[elx]. Then

limvA*(1/v) = sup{A: A(A) < oo}. (2.2.8)
V4o

Proof. Let A0 = sup{A : A(A) < oo}, and note that 0 < A0  oo. Recall that
A*(x) sup; (Ax - A(A)), so

vA*(1/v) = sup(A - vA(A)).
A

The supremum is not achieved for any A > Ao. If A 0 > 0, then E[X] < oo and for
v < 1/E[X] the supremum is achieved over the set A > 0 [12, Lem. 2.2.5(b)]. For
any A > 0 we have A(A) > 0, so vA*(1/v) Ao for 0 < v < 1/E[X]. On the
other hand, for any A < A0 we have A(A) < oo, so liminfqo vA*(1/v) > A. Thus
limvso vA*(1/v) = A 0 when A0 > 0.

Next suppose Ao = 0. Then the supremum is achieved over the set A < 0,
for which A(A) < 0. For any E > 0, there is a 6 > 0 for which -e < A(A) < 0
whenever -6 < A < 0. Since Ao = 0, Pr[X = 0] < 1, so A(-6) < 0. Let
vo = -6/A(-6). By the convexity of A, for 0 < v < vo, the supremum is achieved
for A c [-6,0]. For A in this range, A - vA(A) < Ev, so 0 < vA*(1/v) Ev when
0 < v < vo. Hence limygo vA*(1/v) = 0 when A0 = 0. 0

We conclude by giving a parametrization of the graph of the function r over
the interval (0, oo).

Proposition 2.2.10. Recall the definition of A, in (2.1.3). The graph of r" over the
interval (0, oo) is equal to the set

1 ~ ~ ~ o A AKA -0< < 1 . (2.2.9)
A't (A) AA 1 32{(KAA K K0j}0(.2
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Proof. Recall that A*(x) supa[Ax - A,(A)]. Since A' is continuous and strictly
increasing, the maximizing value of A for a given value of x is the unique A C R
such that A'K (A) = x. If we let A be this maximizing value, then we have

A*(x) = Ax - A(A). (2.2.10)

Differentiating (2.1.3) shows that as A ranges from -oo to 1 - 2/K - 3K/32, A'(A)
ranges from 0 to oo. Using (2.2.10) and writing v 1/x, we obtain

1 1

and
1 AK

vA*(1/v) = (AA' (A) - AK(A)) = A - AK(A)
K A' (A) A (A)

Therefore, {(v, vA*(1/v)) : 0 < v < co I is equal to (2.2.9). l

Proposition 2.2.11. The function YK is strictly convex over [0, oo).

Proof. Define x(A) = 1/A' (A) and y(A) = A - AK(A)/A(A). By Proposition2.2.10/
the second derivative of yK is given by

_ [ _ 8ir2 sin 2 (Z V8KA + (K - 4)2) tan 8KA + (K - 4) 2)
x'(1. (2.2.K

x'(A) 27rV8KA + (K - 4)2 - K sin 8KA (2.2.11)

It is straightforward to confirm that sin 2 t tan t / (2t -- sin (2t)) > 0 for all t C [0.,v/2)
(where we extend the definition to t = 0 by taking the limit of the expression

as t \ 0). Similarly, sinh 2(2t) tanh(t)/(sinh(2t) - 2t) > 0 for all t < 0 (again
extending to t = 0 by taking a limit). Setting t = ZE8KA + (K - 4)2, these ob-
servations imply that the second derivative of YK is positive for all A less than
1 - 2/K - 3K/32.

2.2.4 Overshoot estimates

Let {Sn}nEN be a random walk in R whose increments are nonnegative and have
exponential moments. In this section, we will bound the tails of S, stopped at

(i) the first time that it exceeds a given threshold (Lemma 2.2.12) and at
(ii) a random time which is stochastically dominated by a geometric random

variable (Lemma 2.2.13).

Lemma 2.2.12. Suppose {X]}j1 N are nonnegative i.i.d. random variables for which
E[X1 ] > 0 and E[eOX ] < oo for some A0 > 0. Let Sn = E_> Xi and r = inf{n >
0 : Sn > x}. Then there exists C > 0 (depending on the law of X1 and AO) such that
P[ST, - x > a] < C exp(-Ana) for all x > 0 and a > 0.
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Proof. Since E[X1 ] > 0, we may choose v > 0 so that P[X1  v] i. We partition

(--o, x) into intervals of length v:

00

(-oo, x) Ik where Ik = [x - (k + 1)v, x - kv) .

Then we partition the event Sx - x > a into subevents

{STX -x > a}= U U En,k where En,k= {Sn E Ik,Sn+1 x+a}.
n=Ok=O

The event En,k implies Xn+ 1 > kv + a, and since Xn+1 is independent of Sn, we
have

ER[elOX]
P[En,k] < P[ Sn C k] x eXokv+a)'

On the event Sn E Ik, since Xn+ 1 is independent of what occurred earlier and is
larger than v with probability at least 1, we have P[Sn+ 1 E Ik Sn C 1k, Sn- 1, - --, Si]
). Thus

00

Z P[Sn c Ik] = E[ {n : Sn Ik} 2.
n=0

Thus
2E[eoX] 2E[eOX] x eoa.

P[ST -x> k] eo(kv+a) - 1 - e-Aov

Lemma 2.2.13. Let {Xj}jEN be an i.i.d. sequence of random variables and let Sn =
E=1 Xi. Let N be a positive integer-valued random variable, which need not be
independent of the Xj's. Suppose that there exists A0 > 0 for which E[eOXl] < 00

and q E (0,1) for which P[N > k] qk-1 for every k E N. Then there exist
constants C, c > 0 (depending on q and the law of X1) for which P[SN > a] <
C exp(-ca) for every a > 0.

Proof. Since qE[eAX] is a continuous function of A which is finite for A = A0 > 0
and less than 1 for A = 0, there is some c > 0 for which qE[e2cX] < 1. The Cauchy-
Schwarz inequality gives

E [ecSN] = E [ CSk 1{N=k}

< E [e2cSk]P[N = k]
k=1

q-1/2 ( J[e2cX1 ]q) < o.

k=1

We conclude using the Markov inequality P[SN > a] e-caE[eSN].
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2.2.5 CLE estimates

We establish two technical estimates in this section. Lemma 2.2.18 uses Cram6r's
theorem to compute the asymptotics of the probability that the number Az(E) of
CLE loops surrounding B (z, E) has a certain rate of growth as E - 0. We begin
by reminding the reader of the Koebe distortion theorem and the Koebe quarter
theorem.

Theorem 2.2.14. (Koebe distortion theorem) If f : D - C is an injective analytic
function and f(0) = 0, then

r 2 f'(0 ) I< If(rezo) r )2 f'(0), for6ERand0<r<1.
(+ r)2 (1 - r)2

The lower bound implies the Koebe quarter theorem, which says that B (0, f'(0) /4) c
f(D) [30, Theorem 3.17]. Combining the quarter theorem with the Schwarz lemma
[30, Lemma 2.11, we obtain the following corollary.

Corollary 2.2.15. If D C C is a simply connected domain, z e D, and f : D - D is
a conformal map sending 0 to z, then the inradius inrad(z; D) := infwEc\D Z - WI

and the conformal radius CR(z; D) := If'(0) satisfy

inrad(z; D) < CR(z; D) < 4 inrad(z; D).

We also record the following corollary of the distortion theorem, see [30, Propo-
sition 3.26] for a proof.

Corollary 2.2.16. There exists a constant Cr such that for all conformal maps f from
LL L&LL LuA LOXsk L%' C4 wV I f() = J CI UL J 'V) = t1L.t I aLL 1I I r,

f(z) -zl I CrIZ12 _

Furthermore, by de Branges's theorem this statement holds with Cr = (2 - r) / (1 -
r)2.

In preparation for the proof of Lemma 2.2.18 below, we establish the continuity
of the function yK defined in (2.1.4). Throughout, we let vmax be the unique solution
to yK(v) = 2.

Proposition 2.2.17. The function yK is continuous. In particular,

lim yK(v) = 1 - 3K (2.2.12)
V10 K 32

Recall that two minus the quantity on the right side of (2.2.12) is the almost-sure
Hausdorff dimension of the CLEK gasket [61, 51, 45].

Proof of Proposition 2.2.17. The continuity of y, on (0, oo) follows from Proposition 2.2.5 ((iv)),
and the continuity at 0 follows from Proposition 2.2.9 and the fact that (2.1.3) blows
up at A = 1 - - -but not for A < A0.U -- - K 32
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Lemma 2.2.18. Let K E (8/3,8), 0 < v < vmax, and 0 < a < b. Then for all
functions E '-+ 6(e) decreasing to 0 sufficiently slowly as e - 0 and for all proper
simply connected domains D and points z E D satisfying a < CR(z; D) 5 b, we
have

l* log P[v < z(e) <v + S(e)] y(v) forv>
I log e

(2.2.13)

. logP[i5(e) 5 Az(e) <6 (e)]
him = yK,(0) for v = 0 ,
e-+O log e

where yK is defined in (2.1.4), and the convergence is uniform in the domain D.

Proof. Let { Ti}ieN be the sequence of log conformal radius increments associated
with z. That is, defining U to be the connected component of D \ L which con-
tains z, we have Ti := log CR(z; Uzy1 ) - log CR(z; Ui). Let

n

Sn :Z=X:Ti logCR(z;D) -logCR(z;Uz) forn E N.
i=1

As in Corollary 2.2.7, we let Nr = min{n : Sn > r}.
By Corollary 2.2.15 and the hypotheses of the lemma, we have

log(a/4) - log inrad(z; Uzn) ! Sn < log b - log inrad(z; U"). (2.2.14)

Suppose first that v > 0. Let

E := {(v + q) log(1/E) Nlog(a/4)+1og(1/E)}, and

F := {Nog(b)+log(1/7) < (v + 60 - P) log(1/e)}.

It follows from (2.2.14) that for all fixed 60 > 0 and 0 < q < S/2 and for all
e = e(q) > 0 sufficiently small, we have

{v < Nz(e) < v + 6} D E n F.

By Corollary 2.2.7, log P[E]/ log e - inf E[v+qv+6o,-,]YK ('). Furthermore, Cramer 's
theorem implies that P[F I E] = eO(). It follows that

logIP[v <A&(e) 5v+ 60 ] .n
lim inf logE> mnf YK(

Letting i -+ 0 and using an analogous argument to upper bound the limit supre-
mum of the quotient on the left-hand side, we find that

lim log P[v < Ph(e) v + So] = i YK
E-+0 log E [v,v+601
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By the continuity of yK on [0, co), we may choose S(E) 4 0 so that (2.2.13) holds.
The proof for v = 0 is similar. As above, we show that for 65 > 0 fixed, we have

l log P[6o /2 < .Kz(e) < So] inf YK
----40 log e [60/2,60

Again, choose 6(e) 4 0 so that (2.2.13) holds. E

2.3 Full-plane CLE

Let D C C be a proper simply connected domain and let F be a CLEK in D. For

each z E D, let Li be the jth largest loop of F which surrounds z. In Section 2.3.1

we estimate the tail behavior of the number of such loops Li which intersect the

boundary of a ball B(z,r) in D. Using these estimates, in Section 2.3.2 we show
rapid convergence of CLEK on large domains D as D - C.

2.3.1 Regularity of CLE

Lemma 2.3.1. For each K E (8/3,8) there exists p, = p 1 (K) > 0 such that for any
proper simply connected domain D and z E D,

P[Lr n aD = 0] ;> p > 0.

Proof. If K E (8/3, 4], we can take p1 = 1 since the loops of such CLEs almost surely
do not intersect the boundary of D. Assume K C (4,8). By the conformal invari-

ance of CLE, the boundary avoidance probability is independent of the domain D
and the point z, so we take D = D. Let q = if be the branch of the exploration
process of r targeted at 0 and let (W, V) be the driving pair for il. Let r be an al-

most surely positive and finite stopping time such that q| [O,, almost surely does

not surround 0 and ij(r) 7A VT almost surely. Then qI[T,) evolves as an ordinary

chordal SLEK process in the connected component of ]D \ i ([0, r]) containing 0 tar-

geted at VT, up until disconnecting VT from 0. In particular, I,1) almost surely
intersects the right side of I [0,T] before surrounding 0. Since 77 is almost surely not
space filling [561 and cannot trace itself, this implies that, almost surely, there exists
z E Q2 n D such that the probability that t) makes a clockwise loop around z before
surrounding 0 is positive. This in turn implies that with positive probability, the
branch iZ of the exploration tree targeted at z makes a clockwise loop around z

before making a counterclockwise loop around z. By [65, Lemma 5.21, this implies
P[CL n aD = 0] > 0. E

Suppose that D = D. By the continuity of CLEK loops, Lemma 2.3.1 implies
there exists ro = ro (K) < 1 such that

P[LC C B(0,ro)] > . (2.3.1)L W I -/j -2
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D

B (z, r) Io

Figure 2-10: Illustration of Lemma 2.3.2. With uniformly positive probability p
p(K) > 0, the second outermost CLE, loop surrounding a point z E D is contained
within the largest ball B (z, r) centered at z and contained within the domain.

Lemma 2.3.2. For each K E (8/3,8) there exists p = p(K) > 0 such that for any
proper simply connected domain D and z E D,

P[L2 C B(z,dist(zaD))] > p.

(See Figure 2-10.)

Proof. Let D 1 be the connected component of D \ Ll which contains z and let X
CR(z; D1)/ CR(z; D) 1. Let qp: D -+ D, be a conformal map with qp(0) = z, and
let r = dist(z, D). By Corollary 2.2.15, we have CR(z; D) 5 4r, hence

k~()I-CR(z; B1 ) -CR(z;D) -C. z j < 4Xr.
CR(z; D)

Theorem 2.2.14 then implies for Iw I < ro < 1, we have

|Ip(w) - z < 4Xr ro (2.3.2)
(1 - ro)2

(

Since the distribution of - log X has a positive density on (0, co) [611, the probabil-
ity of the event E ={X < (1 - ro) 2/(4ro)} is bounded below by p2 = P2(K) > 0
depending only K. On E, the right hand side of (2.3.2) is bounded above by r, i.e.,
p(roD) C B(z, r). By the conformal invariance and renewal property of CLE, the
loop L 2 in D is distributed as the image under p of the loop L0 in D, which is
independent of X. Thus, by (2.3.1), P[L2 C B(zr)] > P[E]P[L2 C B(z,r) I E] >

(p2)(p1/ 2 ) =: p > 0.
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For the CLE, F in D, z E D and r > 0 we define

Jzr min{j > 1 : lB(z,r) 0} (2.3.3a)

J r min{j > 1: L' C B(z,r)}. (2.3.3b)

Corollary 2.3.3. Jr - I,) is stochastically dominated by 2N where N is a geo-
metric random variable with parameter p = p(K) > 0 which depends only on
K E (8/3,8).

Proof. Immediate from Lemma 2.3.2 and the renewal property of CLEK. l

Lemma 2.3.4. For each K C (8/3,8) there exist c1 > 0 and c2 > 0 such that for
any proper simply connected domain D and point z E D, for any positive num-
bers r and R for which r < R and B(z, R) c D, a CLE, in D contains a loop L
surrounding z for which L c B (z, R) and L n B (z, r) = 0 with probability at least
1 - (cir/R)c2.

Proof. For convenience we let x = log(R/r) and rescale so that R = 1. For the CLE,
F, let Aj - log CR(LJ (F)). By the renewal property of CLEK, {Aj+ 1 - Aj} form an
i.i.d. sequence, and their distribution has exponential tails [61]. Now min({Aj} n
(0, oo)) = Aj, which by Lemma 2.2.12 is dominated by a distribution which has
exponential tails and depends only on K. By Cram&r's theorem, there is a constant
c > 0 so that A + < x - log 4 except with probability exponentially small in

x. By Corollary 2.3.3, Jz - Jz1 is stochastically dominated by twice a geometric
random variable, and so Jzc <J2 z+ cx except with probability exponentially small
inl x. If both of these high probability everLts occur, tLen 12y fl B(ze-) = 0. VL

2.3.2 Rapid convergence to full-plane CLE

Recall that the total variation distance between two probability measures P and v
(on a common probability space) is defined by

11p - vHTz := sup{p(A) - v(A): A measurable}.

Lemma 2.3.5. Let {Xj}jjN be non-negative i.i.d. random variables whose law has
a positive density with respect to Lebesgue measure on (0, oo) and for which there
exists Ao > 0 such that E[ekXl] < co. Let Sn =1_ Xj. For M > 0, let TM =
min{n > 0 : Sn > M} and let PM be the law of the "overshoot" Sm - M. There
exists a probability measure p supported on (0, co) with exponential tails and a
constant C > 1 such that

||pM - pflTV < Ce-M/C.

It is known that there is a limiting measure p (for example, see [21, Chapt. 3.101).
If f(x) is the density function for the law of X1, then the density function of SM -
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STm-1 converges as M -+ oo to

xf(x) dx
f0""tf(t)dt

and the law of the overshoot STM - M converges as M -+ oo to

frf(t) dt dx
f0" t f(t)dt

For our results we need this convergence to be exponentially fast, for which we
did not find a proof, so we provide one.

Proof of Lemma 2.3.5. For M > N > 0, we construct a coupling between PN and
pm as follows. We take So = 0 and So = N - M, and then take {Xj}jEN and

{Xj}jEN to be two i.i.d. sequences with law as in the statement of the lemma, with
the two sequences coupled with one another in a manner that we shall describe
momentarily. We let Sn = zf_- Xi and S0 + E, 1 . Define stopping times

TN= min{n > 0: S, > N} and TN =minfn>0:Sn>N}.

Then 5 TN - N ~' PN and $- - N ~ Pm. We will couple the X's and Xj's so that

with high probability STN =SN'
Lemma 2.2.12 implies that there exists a law A on (0, oo) with exponential tails

such that stochastically dominates pm for all M > 0. We choose 6 to be big
enough so that p([0,26]) > 1/2.

We inductively define a sequence of pairs of integers (ik, 1k) for k E {0, 1,2,... }
starting with (io,jo) = (0,0). If Sik +6 Sjk then we set (ik 1,jk+i) := (ik +
1,jk) and sample Xik+l independently of the previous random variables. If Sk +
6 < Sik, then we set (ik+1,jk+1) := (ikjk + 1) and sample Xjkl independently

of the previous random variables. Otherwise, Sik - -1k < 6. In that case, we

set (ik+1,jk+i) := (ik + l1,jk + 1) and sample (Xikl, Xjk) independently of the
previous random variables and coupled so as to maximize the probability that

Sik+ I = Sjk l. Note that once the walks coalesce, they never separate.
We partition the set of steps into epochs. We adopt the convention that the kth

step is from time k - 1 to time k. The first epoch starts at time k = 0. For the epoch
starting at time k (whose first step is k + 1), we let

f(k) = min {k' > k: min(Si,,,Sjk,) > max(Sij,) -}.

Let Ek be the event
Ek {Si(k) - Sj|(k) I < 0}.

By our choice of 6, P[Ek] > 1/2. If event Ek occurs, then we let f(k) + 1 be the last
step of the epoch, and the next epoch starts at time f(k) + 1. Otherwise, we let f(k)
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be the last step of the epoch, and the next epoch starts at time (k).
Let D (t) denote the total variation distance between the law of X1 and the law

of t + X 1. Since X1 has a density with respect to Lebesgue measure which is posi-
tive in (0, co), it follows that

q:= sup D(t) <1.
O<t<o

In particular, if the event E occurs, i.e., S - 6, and the walks have not

already coalesced, then P[Si4(k),1 # jf$ 1] < q.

Let Yk = max(Sik, Sj,). For the epoch starting at time k, the difference Yi(k) - k
is dominated by a random variable with exponential tails, since j has exponential
tails. On the event Ek there is one more step of size Yf(k)+1 - Ye(k) in the epoch.
This step size is dominated by the maximum of two independent copies of the
random variable X1 and therefore has exponential tails. Thus if k' is the start of the
next epoch, then Yk' - Yk is dominated by a fixed distribution (depending only on
the law of X1) which has exponential tails. It follows from Cram6r's theorem that
for some c > 0, it is exponentially unlikely that the number of epochs (before the
walks overshoot N) is less than cN.

For each epoch, the walks have a (1 - q)IP[Ek] > 0 chance of coalescing if they
have not done so already. After cN epochs, the walkers have coalesced except
with probability exponentially small in N, and except with exponentially small
probability, these epochs all occur before the walkers overshoot N. El

Lemma 2.3.6. Let X be a random variables whose law is the difference in log con-
formal radii of successive CLE, loops. Let fA denote the density function of X - M
conditional on X > M. For some constant CK depending only on K,

supfM < C, x exp [-(1 - 2/K - 3K/32)x].
M

For all M and all x > 1, the actual density is within a constant factor of this upper
bound.

Proof. The density function for the law of X is [61, eqn. 4]

Kcos(47r/K) (j+})2 _ (1 4)21
-E(-1)1(j+j) exp 2 X .

4 j= 8/K

For large enough x, the first term dominates the sum of the other terms. For small
x, a different formula [61, Thm. 1] implies that the density is bounded by a con-
stant. Integrating, we obtain P[X > M] to within constants, and then obtain the
conditional probability to within constants. El

For a collection F of nested noncrossing loops in C, let TIB(z,r)+ denote the
collection of loops in F which are in the connected component of C \ {. E :
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L surrounds B (z, r) } containing z. If r is a CLEK in a proper simply connected
domain containing B(z,r), then F|B(z,r)+ = r I,-1-

Theorem 2.3.7. For K e (8/3,8) there is a unique measure on nested noncross-
ing loops in C, "full-plane CLEK", to which CLEK's on large domains D rapidly
converge in the following sense. There are constants C > 0 and a > 0 (de-
pending on K) such that for any z e C, r > 0, and simply connected proper
domain D containing B(z,r), a full-plane CLEK C and a CLEK FD on D can be
coupled so that with probability at least 1 - C(r/ dist(z, aD))a, there is a confor-
mal map p from rc IB(z,r)+ to FD B(Zr)+ which has low distortion in the sense that
Ip'(z) - 11 < C(r/ dist(z,aD))a on rc IB(z,r)+. Full-plane CLEK is invariant under
scalings, translations, and rotations.

Proof. We first prove for that x > 0, the stated estimates hold for z = 0 and r 1,
with C and D replaced by any two proper simply connected domains D1 and D2
which both contain the ball B(0, ex).

For i E {1,2}, let Ti denote the CLEK on Di. Let A(= -log CR(0, Le4(i)).

Note that AJP' < - x for i E {1,2}. Furthermore, {+1 - A }E is an i.i.d. positive
sequence whose terms have a continuous distribution with exponential tails [61].
Therefore, by Lemma 2.3.5, there is a stationary point process A(0) on R with i.i.d.
increments from this same distribution, and the sequences A( 1) and A( 2) can be
coupled to AM so that A() n (-2x,oo) = A( 0) n (-3x,oo) for i c {1,2}, except
with probability exponentially small in x.

Let
a:= min A) n ( x, 0). (2.3.4)

By Lemma 2.2.12 or Lemma 2.3.6, a C (-2x, - 1x) except with probability expo-
nentially small in x.

We shall couple the two CLEK processes r, and r 2 as follows. First we generate
the random point process A( 0). Then we sample the negative log conformal radii of
the loops of r1 and F2 surrounding 0, so as to maximize the probability that these
coincide with A() on (-2x,oo). If either (1) or A(2) does not coincide with A(0)
on (-jx, co), then we may complete the construction of F1 and r 2 independently.
Otherwise, we construct r1 and F 2 up to and including the loop with conformal ra-
dius e-a, where a is defined in (2.3.4). Let a0 denote the loop of Fi whose negative
log conformal radius (seen from 0) is a, and let U(') denote the connected compo-
nent of C \ ,CLa) containing 0. Then we sample a random CLEC I' of the unit disk D
which is independent of a and the portions of r1 and r2 constructed thus far. (We
can either take Fo to be independent of A 0), or so that the negative log conformal
radii of Fr's loops surrounding 0 coincide with (A( 0) - a) n (0, co).) Then we let
yf (') be the conformal map from D to Ua with yf() (0) = 0 and (yf(i) )'(0) > 0, and

set the restriction of Fi to Uan to be y/W (rD). If there are any bounded connected
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components of C \ La( other than U(, then we generate the restriction of Fi to
these components independently of everything else generated thus far. The result-
ing loop processes Fi are distributed according to the conformal loop ensemble on
Di, and have been coupled to be similar near 0.

Let y = y(2) o (f(1))-1 be the conformal map from Ua to U for which
yf (0) = 0 and y'(0) = 1. Assuming a E (-x, -x) and a E A (1) and a E A(2), the
Koebe distortion theorem implies that on B(0, ex/ 4), y' - 1I is exponentially small
in x.

By Lemma 2.3.4, except with probability exponentially small in x, both 1 1 and
F2 contain a loop surrounding B(0, 1) which is contained in B(0, ex/ 4 ). It is possi-
ble that yf maps a loop of F1 surrounding D to a loop of F 2 intersecting D or vice
versa. But since y has exponentially low distortion, any such loop would have to
have inradius exponentially close to 1. The expected number of loops of T with
negative log conformal radius between - log 4 and 1 is bounded by a constant, so
by the Koebe quarter theorem, the expected number of loops of F1 with inradius
between l/e and 1 is bounded by a constant. Let D 3 = e"D1 be a third domain,
where u is independent of everything else and uniformly distributed on (0,1). It
is evident that euTi has no loop with inradius exponentially (in x) close to 1, ex-
cept with probability exponentially small in x. On the other hand, we can couple a
CLEK on D3 to F1 in the same manner that we did for domain D2 , and deduce that
F1 must also have no loop with inradius exponentially close to 1, except with prob-
ability exponentially small in x. We conclude that it is exponentially unlikely for
there to be a loop of F, surrounding B(0, 1) which y' maps to a loop of F 2 intersect-
ing B(0, 1) or vice versa. Thus yf(F1IB(z,1)+) - F2IB(z,l)+, except with probability
exponentially small in x.

The corresponding estimates for general z and r and domains D1 and D 2 con-
taining B(z, r) follows from the conformal invariance of CLEK.

Given the above estimates for any two proper simply connected domains which
contain a sufficiently large ball around the origin, it is not difficult to take a limit.
For some sufficiently large constant ko (which depends on K), we let Tk be a CLEK
in the domain B (0, ek), where k > ko is an integer. For each k, we couple rk+1 and
Tk as described above. With probability 1 all but finitely many of the couplings
have that k+1I B(o,ek/2)+ = Yk(k IB(oek/2)+) for a low-distortion conformal map Yk,
so suppose that this is the case for all k > f. The conformal maps Yfk (for k > f)
approach the identity map sufficiently rapidly that for each m > f, the infinite
composition ... o ym+1 0 ym is well defined and converges uniformly on compact
subsets to a limiting conformal map with distortion exponentially small in m. We
define r, IB(O,em/ 2 )+ to be the image of T 1B(O,em/ 2 )+ under this infinite composition.
These satisfy the consistency condition Fc1B(,exp(m 1/2))+ c Tc1B(,exp(m2 /2))+ for

M 2 _ m 1 > f, so then we define TC = Um>f FCIB(O,em/2)+. For any other proper
simply connected domain D containing a sufficiently large ball around the origin,
we couple ID to F[log dist(O,aD)] as described above, and with high probability it will
be close to Tc in the sense described in the theorem.

It is evident from this construction of r, that it is rotationally invariant around
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0. Next we check that rc is invariant under transformations of the form z '-+

Az + C where A, C E C and A 3A 0. Note that Arc + C restricted to a ball B(0, r)
is arbitrarily well approximated by CLE on B(C, A2k) for sufficiently large k. But
by the coupling for simply connected proper domains, the CLEs on B (C, A2k) and
B (0, 2k) restricted to B (0, r) approximate each other arbitrarily well for sufficiently
large k, and by construction, rc restricted to B (0, r) is arbitrarily well approxi-
mated by CLE on B(0, 2 k) restricted to B(0, r) when k is sufficiently large. Thus
full-plane CLE is invariant under affine transformations.

Finally, if there were more than one loop measure that approximates CLE on
simply connected proper domains in the sense of the theorem, then for a suffi-
ciently large ball the measures would be different within the ball. Since for some
sufficiently large proper simply connected domain D, CLE on D restricted to the
ball would be well-approximated by both measures, we conclude that full-plane
CLE is unique. E

2.4 Nesting dimension

In this section we prove Theorem 3.8.7, which gives the Hausdorff dimension of
the set (D, (F) for a CLE, F in a simply connected proper domain D C C. Define

{z E D: liminf N(r;F) > v}(r) r-+O

Fi;(F) := z E D: limsupKN~(r;r) v}.
r-+O

Then the sets q1, (F) are monotone in v, and oD (r) = (D+ (F) n (D; (F). (We suppress
F from the notation when it is clear from context.)

Proposition 2.4.1. (D4(F) and ty (F) are invariant under conformal maps.

Proof. Let qp: D - D' be a conformal map, and let F be a CLEK in D; qp(F) is a CLEK
in D'. By Theorem 2.2.14, for all E > 0 small enough

Az (16&e1lp'(z)-; r) < A ,) (E; p(r)) < jz (-L E I p (z .)

But

lim inf A/z(16 E 1; = lim inf Afz(E; F)
E-+O+ 1og(1/E) e-+0+ log(1/(16-FlE W (z)l)

= lim inf A .z(e;r)
E- O+ log(1/E)*

Thus
liminfAr~(e;F) = liminfK~,(z)(e;w(r))
,--0+ '-++

Elso p(o+ (r)) = (D+ ( p(r)). Similarly, p(%I (r)) = (-(T()).



Observe that conformal maps preserve Hausdorff dimension: away from the
boundary, conformal maps are bi-Lipschitz, and the Hausdorff dimension of a
countable union of sets is the maximum of the Hausdorff dimensions. So we may
restrict our attention to the case where the domain D is the unit disk ID.

2.4.1 Upper bound

Let F be a CLEK in D. Here we upper bound the Hausdorff dimension of 'I (T).
Recall that yK is defined in (2.1.4) and that vmax is the unique value of v > 0 such
that yK(v) -2. Moreover, yK(v) c [0,2) for 0 < v < vmax-

Proposition 2.4.2. If 0 < v < Vtypical, then dimn 'Dv (CLEK) < 2 - YK (v) almost
surely. If vtypical K v < Vmax, then dimn D+ (CLEK) < 2 - yK (v) almost surely. If
V> Vmax, then (D+ (CLEK) = 0 almost surely.

Proof. Observe that the unit disk can be written as a countable union Mbbius trans-
formations of B (0,1/2). For example, for q E D n Q2, define Pq to be the Rie-
mann map for which Wq(0) = q and T'(0) > 0. Then D = UqeInQ2 pq(B(0,1/2)).
By Mbbius invariance, therefore, it suffices to bound the Hausdorff dimension of
D:: n B(0,1/2) for a CLEK in D.

To upper bound the Hausdorff dimension, it suffices to find good covering sets.
Let r > 0. Let Dr be the set of open balls in C which are centered at points of rZ2 n
B(0, 1/2 + r/ /2) and have radius (1 + 1/ /2-)r. For every point z C B(0, 1/2), the
closest point in rZ2 to z is the center of a ball U e Dr for which B (z, r) C U C
B(z, (1 + x/2)r).

For each ball 1 r Dr, lt (1) bei the trnter nf IL We defino

Ur,v+ : U E r : Az(u)(r) ;> v

Ur,v- := {U E Dr : z(u)(r) } (2.4.1)

Recall that the conformal radius of D with respect to z E ID is 1 - Z 2. For U c
Dr, we have lz(U)l < 1/2+r// F,so 1 < CR(z;ID) < 1 provided r K 1 - 1/ /.
Thus by Cram6r's theorem (as in the proof of Lemma 2.2.18) and the continuity of
yK v), for v > Vtypical we have

IP[U e ur,v+] K rY(v)+o(l).

and for v < Vtypical we have

IP[U C Ur,v-] < r<.(v)+0(1)

where for fixed v, the o(1) terms tend to 0 as r - 0, uniformly in U.
Next we define

V U Uexp(n),v (2.4.2)
n>m
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Suppose that z E 41 (r) f B(0,1/2). Since lim infeo Az~(e) > v, for any v' < v,
for all large enough n, Az((1 + V2)e-") > v'n. There is a ball U E Uen for which
U C B(z, (1 + V2)e-"), and so Arz(u)((1+1/ V/)e-") > Az ((1 + /2)e-"), so
U E Uenv'+. Hence, for any m E N and v' < v, we conclude that Cm,'+ is a cover
for Dv (r) n B(0,1/2).

Suppose that z e 4Dv (r) n B(0,1/2). Since lim sup.a 0  l z(e) _ v, for any v' >
v, for all large enough n, Az(e-") < v'n. There is a ball U E Uen for which
B(z, e-n) C U, and so Ar(e-") > Az(U)((1 + 1/v/)e-), so U E Uenv'-. Hence,

for any m E N and V > v, we have that Umv'- is a cover for 4I- (r).
We use these covers to bound the a-Hausdorff measure of cF$ (F). If m E N and

V' > V > Vtypical (for D4 (r)), or v' < v < Vtypical (for a)- (r)),

E[Na('1v (F))] < E [ '(diam(U))" (2.4.3)

= E 1 [(2+ f/i)e~" a P[U E n'
n>m UeDe-"

5 n(2-a-r,(v')+o(1))< ES
n>m

If a > 2 - y (v'), the right-hand side tends to 0 as m -+ oo. Since m was arbitrary,
we conclude that E[Na($$ (F))] 0. Therefore, almost surely W a(QD (r)) = 0.
Any such a is an upper bound on dimn 04 (r). The continuity of YK(v) then im-
plies that almost surely dimW 4D (F) 2- yK(V) (when v > Vtypical) and dimu (D- (r)
2 - yK(v) (when v < Vtypical). When v = Vtypica, the dimension bound (which
is 2) holds trivially. Finally, when v > vmax, the bound in (2.4.3) shows that

to (4D (F)) = 0 almost surely. Therefore, 4D (F) = 0 almost surely. E

2.4.2 Lower bound

Next we lower bound dimW ((Dv (F)). As we did for the upper bound, we assume
without loss of generality that D = D. We introduce a subset P,(F) of 4v(F) which
has the property that the number and geometry of the loops which surround points
in Pv(F) are controlled at every length scale. This reduction is useful because the
correlation structure of the loop counts for these special points is easier to estimate
(Proposition 2.4.7) than that of arbitrary points in Dv(F). Then we prove that the
Hausdorff dimension of this special class of points is at least 2 - y, (v) with positive
probability. We complete the proof of the almost sure lower bound of dimh 0, (F)
using a zero-one argument.

Lemma 2.4.3. Let F be a CLEK in the unit disk D, and fix v > 0. Then for functions
6(e) converging to 0 sufficiently slowly as e -+ 0 and for sufficiently large M > 1,
the event that

(i) there is a loop which is contained in the annulus B(0,e) \ B(0,e/M) and
which surrounds B (0, e/M), and
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(ii) the index J of the outermost such loop in this annulus B (0, e) \ B (0, e/M)
satisfies v log E 1 j (v +6 (E)) log E 1

has probability at least EO'(v)+o(1) as E -+ 0.

Proof. We define 6(e) to be 2 times the function denoted 6 in Lemma 2.2.18. Let
E1 denote the event that between v log E-1 and (v + 16(E)) log e1 iloops surround

B(z, c), let E 2 denote the event that at most 16(E) log ,-- loops intersect the circle
3B (z, -), and let E3 denote the event that there is a loop winding around the closed
annulus B(0, E) \ B (0, E / M).

Lemma 2.2.18 implies

P[E1 ] = r(v)+O(l) as E -* 0. (2.4.4)

Corollary 2.3.3 implies that for sufficiently small E, we have

F[E21 Ell ;> 3. (2.4.5)

Lemma 2.3.6 applied to the log conformal radius increment sequence implies
that for some large enough M,

P [CR (0; U > M~1/2 ElI - . (2.4.6)

Lemma 2.2.13 and Corollary 2.3.3 together imply that for large enough M

P CR (0; u') / CR (0; U) M-1 2 Eli . (2.4.7)

Combining (2.4.4), (2.4.5), (2.4.6), and (2.4.7), we arrive at

P[E 1 n E2 n E3] _ Er(v)+0(1) as E -> 0.

Since El n E2 n E3 implies the event described in the lemma, this concludes the
proof.

We define the set Pv = Pv(F) as follows. For z e D and k > 0 we inductively
define

" Letro =0.

* Let Vk = Uzk be the connected component of D \ LIk containing z. In partic-
ular, VO = D = D.

* Let p be the conformal map from V' to D with pT(z) = 0 and (Tk)'(z) > 0.

" Let tk = 2-(k+l).

* Let rwk+ be the smallest J e N such that pt(pC) c \(0 tk).
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Let Fk be the image under pk of the loops of F which are surrounded by /Jzk and
in the same component of D \ 1 zk as z. Then fI is a CLE, in D.

Let M > 1 be a large enough constant for Lemma 2.4.3, and let Ek to be the
event described in Lemma 2.4.3 for the CLE fJ and E = tk. We define

Ekli,k2 := f Ek.
k1 <k<k 2

Throughout the rest of this section, we let

Sk= 1 ti for k>0. (2.4.8)
O<i<k

Lemma 2.4.4. There exist sequences {rk}kEN and {Rk~keN satisfying

lim log rk _ lim log Rk = 1 (2.4.9)
k-+oo log Sk k-+oo log Sk

such that for all z E B(0, 1/2) and k > 0, we have

B(z,rk) c V k C B(z,Rk) (2.4.10)

on the event Ezk

Proof. For 0 < j < k, the chain rule implies that on the event Ez0'k we have

CR(z; V) = CR(0; qtz~(V )) CR(z; V- ) 5 tj_ CR(z; VP~ 1 ), (2.4.11)

where the inequality follows from Corollary 2.2.15. Iterating the inequality in
(2.4.11), we see that

CR (z; Vk) <- tk_ 1 CR(z; Vzk-1) 5 <(tk_- -.. to) CR(z; Vzo)

= SkCR(z;D). (2.4.12)

Since I(({- 1) -1)1(0)= CR(z; Vzk- 1), it follows from the Koebe distortion theorem
that Vk C B(z, tk-1/(1 - tk-1) 2 CR(z; Vzk- 1)). Since CR(z; Vzk-1) K Sk-1 CR(z; D),
CR(z; D) =1 -z 2 _ 1, and tk- <1/2, we see from (2.4.12) that V. ; B(z,4Sk),
so we set Rk = 4 Sk to get the second inclusion in (2.4.10).

O~kTo find {rk}kEN satisfying the first inclusion in (2.4.10), we observe that on Ez'
we have

CR(z; Vk) M-tk-1 CR(z; Vkl) > ... > M-k(tk- 1 - to) CR(z; Vz/)

SM-ksk CR(z;D) .

Applying the upper bound of Corollary 2.2.15, we thus see that inrad(z; Vz) >
M-sk CR(z; D). Since CR(z; D) 3/4 for z E B(0,1/2), setting rk = 16 -Sk
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gives (2.4.10).
A straightforward calculation confirms that these sequences {rk}kcN and {Rk}kEN

satisfy (2.4.9).

We define P,(F) ; D by

P,(F) := {z E B(0,1/2) : Eg'" occurs}. (2.4.13)
n>1

Next we show that elements of P, (F) are special points of ID, (F):

Lemma 2.4.5. For v > 0, always P,(F) ; Ov(F).

Proof It follows from the definition of Ek that for z e P,, the number of loops

surrounding Vzk is (v + o(1)) log skj1 as k - oo. Lemma 2.4.4 then implies that the

number of loops surrounding B(0, Sk) is also (v + o(1)) log skj 1 as k -+ oo.

If 0 < E < 1, we may choose k = k(e) > 0 so that sk+1 < E < Sk- Then

AFz(sk) .0log sk' < z(E) < Az(sk+1) log 1Sk74l
logsj1 loge- 1 - loge- 1 - logs74 1  log e- 1

Observe that log Sk+1 / log sk -+ 1 as k -+ oo. From this we see that both the left
hand side and right hand side converge to v as e -+ 0, so the middle expression
also converges to v as e -+ 0, which implies z C D, (F). El

We use the following lemma, which establishes that the right-hand side of
fr% A -1 r \ - _ 1 - - - -(2.4.13) is all intersection oi cliseu seis.

Lemma 2.4.6. For each n E N, the set Py, := {z E B(0,1/2) : E' occurs} is
always closed.

Proof. Suppose that z is in the complement of Pv,n, and let k be the least value of j
such that Ejz fails to occur. Each of the two conditions in the definition of Ek (see
Lemma 2.4.3) has the property that its failure implies that Ek also does not occur
for all w in some neighborhood of z. (We need the continuity of qp in z, which may
be proved by realizing qp4 as a composition of pk with a Mbbius map that takes the
disk to itself and the image of w to 0.) This shows that the complement of P,, is
open, which in turn implies that P,,n is closed. El

Proposition 2.4.7. Consider a CLE in 1D. There exists a function f (depending on

K and v) such that (1) f(s) - sr.v)+o(1) as s -- 0, and (2) for all z, w E B(0, 1/2)

P[EO'" n Eog"]f(max(sn, 1z - W)) < P[E0'"]P[E0,"]. (2.4.14)

Proof. Suppose z, w E B(0,1/2). Let rk and Rk be defined as in Lemma 2.4.4. If
1z - W I Rn, then we bound [E?'" nE9f] P[E'1 and, using Lemma 2.4.3 and
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the fact that Rn = 4s,,

P[Ez'n] > II t (v)+o(1) Y(v)+o(1) = max(sn, z - wD)r-(V)+O(1)
k<n

which implies (2.4.14). Next suppose Iz - wI > Rn. Let

u = min{k E N : Rk < 1Z - W1}.

P[Ez'n n Ez'] - P[EO'u n Eou]P[Eu,n n Eu nEz'" n EOU]

By Lemma 2.4.4, w Vzu and z ( Vu, so we see that Vzu and Vu are disjoint. By the
renewal property of CLE, this implies that conditional on EO'u n ELu, the events Ek
and Ek for k > u are independent. Thus

P[Ez'n Ez'n] = P[EOu n E u]P[Eu,n]P[Eugn]

<P[EzU'u]]P[Ezu'"] P[E un]

O[zUn n Ez"'n]p [EOs"] < P[EzU'n]]p[E O;"].

Since
P[EOgu] > -(v)+( max(sn,Iz - WI)rI(V)+z(1)

(2.4.14) follows in this case as well. El

We take tk as in Section 2.4.2 and sk as in (2.4.8). We will prove Theorem 3.8.7
using Proposition 2.4.7 and the following general fact about Hausdorff dimension,
the key ideas of which appeared in [19, 11, 23].

Proposition 2.4.8. Suppose P1 D P2 D P3 D ... is a random nested sequence of
closed sets, and {sn}neN is a sequence of positive real numbers converging to 0.
Suppose further that 0 < a < 2, and f(s) = sa'o(1) as s - 0. If for each z, w E D
and n > 1 we have P[z E Pn] > 0 and

P[z, w c Pn]f(max(sn, z - WI)) _ P[z E Pn]P[w E Pn], (2.4.15)

then for any a < 2 - a,

P[dimn (P) ;> a] > 0 where P:= n Pn -
n>1

Proof. Let Pn denote the (random) measure with density with respect to Lebesgue
measure on C given by

dpn(z) - 1 zEPnnD

dz P[z E Pn]
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Then E [p,(DI)] = area(D), and by (2.4.15),

IE [Pn (D) 2 ] JP[ZD E Pn dzdw < C1 < oo
DxD P[Z C Pn]1P[w E Pn]

for some constant C1 depending on the function f but not n.

Recall that for a > 0, the a-energy of a measure p on C is defined by

1
Ia i/: (P1 dp(z) dp(w).

AXCI ZWa

Recall also that if there exists a nonzero measure with finite a-energy supported
on a set P c C, usually called a Frostman measure, then the Hausdorff dimension
of P is at least a [17, Theorem 4.13]. The expected a-energy of Pn is

E[Ia(in)] =f Pjz'zvEPn] 1-dzdw,
DxD P[z E Pn]P[w E Pn] z - wza

and when a < 2 - a, the expected a-energy is bounded by a finite constant C2

depending on f and a but not n.

Since the random variable Pn (D) has constant mean and uniformly bounded
variance, it is uniformly bounded away from 0 with uniformly positive probability
as n - oo. Also, P [Ia(Pn) < d] -+ 1 as d -÷ oo uniformly in n. Therefore, we can
choose b and d large enough that the probability of the event

Gn := {b- 1 < Pn(D) < b and Ia(Pn) < d}

is bounded away from 0 uniformly in n. It follows that with positive probability
infinitely many Gn's occur. The set of measures p satisfying b- 1 < p(D) < b and is
weakly compact by Prohorov's compactness theorem. Therefore, on the event that
Gn occurs for infinitely many n, there is a sequence of integers k1 , k2 ,... for which

PI, converges to a finite nonzero measure p, on JD.

We claim that p, is supported on P. To show this, we use the portmanteau
theorem, which implies that if 7re - 7r weakly and U is open, then 7r(U) <
lim infe irf (U). Since Pn is closed for each n E N, we have

P*(C \ Pn) < lim inf PI,(C \ Pn) 0,

where the last step follows because Pk, is supported on Pk, c Pn for ke > n. There-
fore

P*(C \P) = Jim y(C \Pn) =0,

so y* is supported on P.
To see that p* has finite a-energy, we again use the portmanteau theorem,

which implies that

[ f dp < lim inf f f dpf
j , ->-Co J -
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whenever f is a lower semicontinuous function bounded from below and p -+ p
weakly. Taking f(z,w) Z -W|a, p k,(dz)1pk(dw), and p = p(dz) p(dw)
concludes the proof. E

Proof of Theorem 3.8.7. Recall that conformal invariance was proved in Proposition 2.4.1.
We now show that dim- ', (r) = 2 - y,(v) almost surely, when 0 < v < vmax.
(The case v = vmax uses a separate argument.) We established the upper bound in
Section 2.4.1, so we just need to prove the lower bound.

Suppose v < Vmax. For each connected component U in the complement of the
gasket of r, let z(U) be the lexicographically smallest rational point in U, and let
TU be the Riemann map from (U,z(U)) to (D,0) with positive derivative at z(U).
By Proposition 2.4.8, for any e > 0, there exists p(e) > 0 such that

P[dimW (P,(pu(rIu))) > 2- YK(V) - E] > p(E).

By Lemma 2.4.5 P,(pu(11u)) c FD (pu (rIu)), and by conformal invariance,

dimW (Dv (wu(rIu)) = dimn v(rIu),

which lower bounds dims FD,(F). Since there are infinitely many components U
in the complement of the gasket, and the r Iu's are independent, almost surely
dimn ey(D) > 2 - y(v) - e. Since E > 0 was arbitrary, we conclude that almost
surely dims (Dv(r) > 2- YK(v).

It remains to show that Dv(r) is dense in D almost surely, for 0 < V < Vmax. Let
z be a rational point in D, and recall that Uk is the the complementary connected
component of D \ ,L which contains z. Almost surely (D (rIUk) has positive Haus-
dorff dimension, and in particular is nonempty. Since there are countably many
such pairs (z, k), almost surely o, (F u) 3 0 for each such z and k, and almost
surely for each rational point z, diameter(Uz) - 0. El

Theorem 2.4.9. For a CLEK r in a proper simply connected domain D, almost
surely vmax(F) is equinumerous with R. Furthermore, almost surely vD,.(F) is
dense in D.

Proof. As usual we assume without loss of generality that D = D. We will describe
a random injective map from the set {0, 1 }N of binary sequences to D such that the
image of the map is almost surely a subset of (Dvma, (r).

Let M > 0 be a large constant as described in Lemma 2.4.3. For a CLE F in
D, let EE (v) denote the event that there is a loop contained in B(0, E) \ B(0, e/M)
surrounding B (0, e/M) and such that the index J of the outermost such loop is at
least v log E-1. If (D, z) 3/ (D.,0), V is a CLE in D, and e > 0, let EzE(v) be the event

EE (v) occurs for the conformal image of F under a Riemann map from (D, z) to

(D, 0). If {ej};je is a sequence of positive real numbers, let Ez'n (v) = 0 (v)

denote the event that Ez, (v) "occurs n times" for the first n values of E in the
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sequence. More precisely, we define EDn (v) inductively by Ez 1 (v) EZE1 (v) and

E"(v) = ,(v) nEUz (2.4.16)

for n > 1. For the remainder of the proof, we fix the sequence Ej := tj = 2-i-1 and
define the events Ez'n (v) with respect to this sequence.

For a domain D with zo e D, let p be a conformal map from (D, 0) to (D, zo),
and let FD,zo,n (v) denote the event that there is some point z E B(0, 1/2) for which
E 'zn)(v) occurs. By Lemma 2.4.6 and Propositions 2.4.7 and 2.4.8, we see that there

is some p > 0 (depending on K E (8/3,8) and v < vmax), such that P[FD,zo,n(V)
p for all n.

For each k c N, we choose Vk C (Vtypical, Vmax) so that YK(vk) 2 - 2 k1 For
each k E N and f c N, we define qk, -- 2

Suppose z c B(0,1/2) and 0 < r < 1/2 and 0 < u < r/M. For n C N and
V < Vmax, we say that the annulus B (z, r) \ B (z, u) is (n, v)-good if (i) there exists

a loop contained in the annulus and surrounding z (say Lz is the outermost such

loop), and (ii) the event Fuz,z,n (v) occurs.
For q,r > 0, define u(q,r) = (q/C)1/ar1+2/, where C and a are chosen so

that every annulus B (z, r) \ B (z, u) contained in D contains a loop surrounding z
with probability at least 1 - C(u/r)a (see Lemma 2.3.4). For 0 < r < 1/2, let Sr
be a set of -1 disjoint disks of radius r in B(0, 1/2). By our choice of u(q, r), the
event G that all the disks B(z, r) in Sr contain a CLE loop surrounding B(z, u) has
probability at least 1 - q. We choose rk,f > 0 small enough so that for all n E N,
with probability at least 1 - 21-2k-w there are two disks B(z, rk,f) in brk such that
B (z, rkf) \ B (z, u (qk,e, rk,f)) is an (nk, Vk)-good annulus. This is possible because on

the event G, the disks in 5 r give us 1 ry independent trials to obtain a good

annulus, and each has success probability at least p. Abbreviate uk,f = U(qk,f, rk,f).
Finally, we define a sequence (nfk)kN growing sufficiently fast that

. j 1 log uj+1
lim = 0, (2.4.17)
k-*O Zk 1 logsn

Now suppose that F is a CLE in the unit disk. Define

A = A(D,,r,u,q,n,v)

to be the event that there are at least two disks B (z, r) and B (w, r) in Sr such that
B(z,r) \ B(z,u) and Bv(w,r) \ B(w,u) are both (n,v)-good. If (D,z) 7 (D,0) and F
is a CLE in D, define A = A (D, z, r, u, q,n, v) to be the event that A (D,0, r, u, q, n, v)
occurs for the conformal image of F under a Riemann map from (D, z) to (D, 0).
Abbreviate A (D, z, rk,, Uk,, qk,, nk, Vk) as Akt (D, z)

We define a random map b , D from the set of terminating binary sequences
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to the set of subdomains of D as follows. If the event A, 1 (D, 0) occurs, we set

f(D) = 1 and define Do = z(U() and D1 = qp(U,$W)), where z and w
are the centers of two (nj, vi)-good annuli, Pz (resp. Pw) is a Riemann map from
(ID,z) (resp. (D, w)) to (D,0), E Uz and W' E Uj''' are points for which

Izn1 1r
EIZ 'n (v1) and Ew " 'n(vj) occur, and I(2) (resp. I(')) is the index of the nth
loop encountered in the definition of E'~n(vl) (resp. El'n(vl)) (in other words,
the first such loop is denoted J in (2.4.16), the second such loop is the first one
contained in the preimage of B(0, E2) under a Riemann map from (UlL, z) to (D, 0),
and so on). If A does not occur, then we choose a disk B (z, ri,1 ) in Sr 1 and consider

whether the event A 1 ,2 (Uz r1') occurs. If it does, then we set f(D) = 2 and define

Do and D, to be the conformal preimages of UZ''Z, and Uw'', respectively, where
again z and w are centers of two (ni, vi)-good annuli. Continuing inductively in
this way, we define f(D) E N and Do and D1 (note that f(D) < oo almost surely
by the Borel-Cantelli lemma since Et 2 1-2k-e < oo). Repeating this procedure in
Do and D1 beginning with k = 2 and f = 1, we obtain Dij C Di for i, j E {0,1} X
{0, 1}. Again continuing inductively, we obtain a map b '-+ Db with the property
that Db c Dbf whenever b' is a prefix of b.

If b E {0,1}N, we define zb Ab' is a prefix of b DbY. Since Ek 2 k2 -2k-e < oo, with
probability 1 at most finitely many of the domains Db have f(Db) > 0. It follows
from this observation and (2.4.17) that

lim inf fzb() VMaxt-+o

But by Proposition 2.4.2, almost surely every point z in D satisfies

limsup )z(t) <; Vmax.
t-+o

Therefore, zb E Ovmax (r)-

Since the set of binary sequences is equinumerous with R, this concludes the
proof that DFVmax (r) is equinumerous with R. The proof that o'vmax (r) is dense now
follows using the argument for density in Theorem 3.8.7. 0

2.5 Weighted loops and Gaussian free field extremes

The main result of this section is Theorem 2.5.3, which generalizes Theorem 3.8.7
and highlights the connection between extreme loop counts and the extremes of
the Gaussian free field [231. Let r be a CLEK, and fix a probability measure y on
R. Conditional on r, let (f)rcr be an i.i.d. collection of p-distributed random
variables indexed by r. For z E D and E > 0, we let Fz (E) be the set of loops in F
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which surround B (z, E) and define

Sz(0) = 1 C and Sz(E) = og(E)
LErz (E) 1g(1/E)

For a CLEK F on a domain D and a e R, we define (D@(F) C D by

$(D() :=z E D : lim Sz(E) = a}.

To study the Hausdorff dimension of iDi (F), where F is a CLE, on D, we intro-
duce for each (a, v) c R x [0, oo) the set

,(:{z E D : limSz(E) =a and limA(,(E) v} . (2.5.1)

Let A* be the Fenchel-Legendre transform of y and let A* be the Fenchel-Legendre
transform of the log conformal radius distribution (2.1.3). We define

vA* (R)+ vA*(1) V > 0

yr (a, v) limy'\o y(a, v') v = 0 and a 7 0 (2.5.2)
limv'\O K = - v=0and a 0,

where the limits exist by the convexity of A* and A* (Proposition 2.2.5((i))). Note
that yK (a, v) may be infinite for some (a, v) pairs. Note also that the second and
third limit expressions for a = 0, v = 0 agree except when A*, (0) = oo, because
1;r"o .v'%/A*(()/,,') = 0 n vr A* (n)< .XIILLv1_+U V I&LkU/ V ) - J VVL.L.V'1 1Il1kU) .

Theorem 2.5.1. Suppose v > 0, a E R, (p,,(CLEK) is given by (25.1), and yK(a, v)

is given by (2.5.2). If YK(a, v) < 2, then almost surely,

dime (DP,v(CLEK) 2- y(a,v). (2.5.3)

If YK(a, v) > 2, then almost surely dI1,v(CLEK) 0.

Proof. Suppose that F ~ CLE, in a proper simply connected domain D C C. If
a v 0, then 'F,,(F) contains the gasket of F, which implies dim- Fg,v(F) ;>
2 - yK (0, 0) [45]. Furthermore, Va,v(r) c (o (F), which implies by Theorem 3.8.7
that dims Fp,v(F) M 2 - YK(0,0). Therefore, (2.5.3) holds in the case a = v = 0.

Suppose that (a, v) 74 (0,0), and assume yK(a, v) < 2. For the upper bound in
(2.5.3), we follow the proof of Proposition 2.4.2. As before, we restrict our attention
without loss of generality to the case that D = D and the set tv (F) n B (0,1/2).

For the remainder of the proof, we interpret the expression OA*(a/0) to mean
limy- 0 vA*(a/v) for A* e {A, A*} and a e 1k. Fix e >0. We claim that for X >0
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sufficiently small,

inf v'A* > vA* ( and (2.5.4)
v'E(v-&,v+6)n[o,oo) KV'I - \ v 8/

inf ['A* a') > 3 A (vA* (a)- . (2.5.5)
v'e(v-6,v+6)n[o,oo), vL (VV 8

a'E (a-6,a+6)

(We include the minimum with 3 on the right-hand side of (2.5.5) to handle the case
that vA*(a/v) = oo. The particular choice of 3 was arbitrary; any value strictly
larger than 2 would suffice.)

The continuity of vA*(1/v) on [0, oo) (Proposition 2.2.17) implies (2.5.4).

For (2.5.5), we consider three cases.

(i) If v > 0, then (2.5.5) follows from the lower semi-continuity of A* (See the
definitions in the beginning of [12, Section 1.21 and [12, Lemma 2.2.51).

(ii) If v = 0 (so that a $ 0) and limxo xA*,(1 /x) < oo, we write

v'A* =a'.( A ). (2.5.6)

Assume that a' > 0; the case that a' < 0 is symmetric. If 6 E (0, a), then
a' E (a - 6, a + 6) implies that a' is bounded away from 0. Therefore, (2.5.6)
and the lower semi-continuity of A* imply that for all tj > 0, there exists
6 > 0 such that

a* > ( im -xA*,/) P.

whenever 0 < v' < Sand a' E (a-6,a+). Since a' > a-6, we can
choose 'i > 0 and then 6 > 0 sufficiently small that (2.5.5) holds.

(iii) If v = 0 (so that a # 0) and limx4 0 xA*(1/x) = oo, then the lower semicon-
tinuity of A* implies that there exists 6 > 0 such that (2.5.5) holds with 3 on
the right-hand side.

We choose 6 > 0 so that (2.5.4) and (2.5.5) hold, and we replace the definition
(2.4.1) of rv+ with

Ur,a U E Dr z(U)(r) -v < S and Sz(U)(r) - a<

where Dr is defined as in Section 2.4.1 in the proof of Proposition 2.4.2. As in
(2.4.2), C,',a Un;>mep-n)va is a cover of @2,v (r) n B(0,1/2) for all m C N.
Suppose that y,(a, v) < 2. Using Lemma 2.2.18 and Cramer's theorem, we see
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that for sufficiently large n,

P[U E Hexp(-n),v,a] < (U)(e) - a <6 zA(u)(e) - v <6 X

P [ jz(U) (e-") _ V <5]8

< e-(a,v)-E/2)n (2.5.7)

If y,(a, v) > 2, then the same analysis shows that IP[U E Uexp (~n),v,a] < e-cn for
some c > 2. The rest of the argument now follows the proof of Proposition 2.4.2.

For the lower bound we may assume y,(a, v) < 2, which implies that vA*(a /v)

is finite. We consider the events denoted by EZ in the discussion following Lemma
2.4.3, which we now denote by Ek (1). We also define events on which we can con-

trol the sums associated with the loops in each annulus. More precisely, suppose
that (4k)keN is a sequence of positive real numbers with 8 k -a 0 as k -+ oo. We

define

Ek(2) = ISONt; fk) Ez ((a - 6k) 109 t-', (a + 6k) 109 t-1) .

(Recall the definition of fk from Section 2.4.2 and that So(tk; fk) represents the
weighted loop count with respect to fk, where we define & for L E f to be

equal to the weight of the conformal preimage of L in F.) We define the events

Zk = E(1) n E(2) and kk,k2 =k Ek as before. Similar to (2.5.7), we have by
Cramer's theorem

P Ek(2) I Ek() = tvA*(a/v)+o(1)
E~k(1)] - tvAA(a/v)+ool)

provided 6 k -+ 0 slowly enough. We multiply both sides by P[E (1)] =tA*(1/v)+o(1)
and get

p[k _ (a,v)+o(1) as k -÷ co.

Thus Proposition 2.4.7 and its proof carry over with YK(v) replaced by yK (a, v).

It remains to verify that 1(a, v; F) c (DP,,(F), where P(a, v; F) is defined to be

the set of points z for which Pz'" occurs for all n. We see that limEgo z(E) = v for

the reasons explained in the proof of Lemma 2.4.5. Moreover, limdo Sz (E) = a for

analogous reasons. By Proposition 2.4.8, this concludes the proof. 11

In Theorem 2.5.3 we show that dimn <Da(CLEK) is almost surely equal to the
maximum of the expression given in Theorem 2.5.1 as v is allowed to vary. In
Theorem 2.5.2 we show that, with the exception of some degenerate cases, there is
a unique value of v at which this maximum is achieved.

Theorem 2.5.2. Let a e R and let p be a probability measure on R.
(i) If a = 0, then v - y,(a, v) has a unique nonnegative minimizer vo.

(ii) If a > 0 and p ((0, oo)) > 0 or if a < 0 and p((-oo,0)) > 0, then v 4 y,(a, v)
has a unique minimizer vV. Furthermore, v- > 0.
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(iii) If a > 0 and p ((0,oo)) = 0 or a < 0 and M((-oo,0)) = 0, then for all
V E [0, co) we have y(a, v) = co. In this case we set vo = 0.

Proof. For part ((i)), note that when a = 0, the expression we seek to minimize is
vA*(0) + vA*(1/v). If A*(0) < +o, then this expression has a unique positive
minimizer because its derivative with respect to v differs from that of vA*K(1 v) by
the constant A*,(0) and therefore varies strictly monotonically from -o to +o. If
A*(0) = +oo, then v = 0 is the unique minimizer.

For part ((iii)), observe by Cramer's theorem that A*(x) = oo when x and a
have the same sign, sor y(a, v) = 0.

For part ((ii)), we may assume without loss of generality that a > 0 and p((0, oo)) >
0. Define a = ess inf X and b = ess sup X for a p-distributed random variable X,
so that -oo < a < b < +o. Since p((0,oo)) > 0, we have b > 0 by Proposi-
tion 2.2.5((v)).

We make some observations about the functions fp : (0, co) - [0, o] and f:
(0, oo) -+ [0, co] defined by

-and f(v) :- vA*i(I
fl,(v) :=vA* and K

First, they inherit convexity from A* and A* by Lemma 2.2.8. Note that the sum
f (v) := fp(v) + fK(v) is also convex.

By Proposition 2.2.5((viii)), A* is continuously differentiable on (a, b). The chain
rule gives

f'(v) - (A*)' + A*

If a > -o, then Proposition 2.2.5((ix)) implies (A*)'(x) -+ -o as x \ a. Similarly,
if b < o, Proposition 2.2.5((x)) implies (A*)'(x) - +o as x 7 b. In other words,

lim f'(v)=+0 if a>0, and (2.5.8)
v /a/a

lim f'(v) = -00 if b < o. (2.5.9)
v\a/b

Recall from Proposition 2.2.10 that (note fK = yr)

(/ ( A'(A)\ K 32J

Suppose -o < Ao < 1 - 2/K - 3K/32. If v = 1 /A (A), then

d t1 [A - AK (A 'KA
f'(v) = d = AK(Ao).

[1/AK(A)]

When we take A0 -÷ -o0 (which corresponds to taking v -+ +o) and A0 -+ 1 -
2/K - 3K/32 (which corresponds to taking v -+ 0), respectively, in the explicit
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formula (2.1.3) for AK, we obtain

lim f(v) =-o, and (2.5.10)
v\O

lim f'(v)= +o . (2.5.11)
v/+co

We conclude the proof of ((ii)) by treating five cases separately. For each of
the cases (i)-(ii) and (iv)-(v), we argue that f'(v) ranges from -oo to +oo for v e
(a/b, a/max(0, a)) (if a < 0 so that max(0, a) = 0 then we interpret a/0 = +oo).
Upon showing this, continuous differentiability of f (Proposition 2.2.5((viii))) guar-
antees by the intermediate value theorem that the equation f'(v) = 0 has a solu-
tion. The convexity of fl, and strict convexity of fK (Proposition 2.2.11) imply that
the solution is unique. Case (iii) uses a separate (easy) argument.

(i) a < 0 < b < oo. Note that f,' (x) - -oo as x \ a/b and fj(x) -+ +00 as
x -÷ +oo. Since f,(x) 74 o as x \ a/b and f' (x) 74 -oo as x -> +00, we
conclude that f'((a/b, +oo)) = (-oo, +oo).

(ii) a < 0 < b = oo. We have f'((0, +oo)) (-oo,+ oo) since fi(x) goes to -'o0
as x \ 0 and to +oo as x - +oo.

(iii) 0 < a = b < oo. Since a = b, A,(x) +oo for all x 76 b, so v = a/b is the
unique minimizer of v F- yK(a, v).

(iv) 0 < a < b < oo. We have f'((a/b, a/a)) (-oo,+oo) since f'(x) goes to
-oo as x \ a/b and to +oo as x / a/a.

(v) 0 < a < b = oo. We have f'((0, a/a)) = (-oo, +oo) since fj(x) goes to -oo
as x \ 0 and f/'(x) goes to +oo as x Z a/a. El

Theorem 2.;31 Lot a C R and let p bea probability measure on R Let vil vo(a)
be the minimizer of v -k yK(a, v) from Theorem 2.5.2. If yK(a,'vo(a)) < 2, then
almost surely

dimR (Dv (CLE.) = 2 - y.(a, vo(a)). (2.5.12)

If yK (a,vo(a)) > 2, then '1 (CLEK) = 0 almost surely.

Proof. The lower bound is immediate from Theorem 2.5.1, since

011a(T) C avo (a)()

where F is a CLEK. For the upper bound, we follow the approach in the proof
of Proposition 2.4.2. It suffices to consider the case where the domain is the unit
disk D, and without loss of generality we may consider the set 'a (F) n B(0, 1/2).
Observe that if a = 0, then

yK (0, v) = vA* (0) + vA*(1/v) . (2.5.13)

If A,* (0) = oo, then the first term in (2.5.13) is infinite unless v = 0. It follows that
vO (0) = 0 in this case. If A* (0) < oo, then the derivative of the first term with
respect to v is a nonnegative constant A*(n), while the derivative of the second
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c,(a) c,(a)

y c,(a),
v1 V2 V 1  V2 V 1

(a) (b) (c)

Figure 2-11: To obtain (2.5.14), we trim [0, oo) to a compact subinterval [vi, v'] as
follows. First, we remove an interval (v 2, 0o) on which vA*(1/v) is larger than
c,(a) = yK(a,vo(a)) (panel (a)). Second, if c.(a) is smaller than 1 - } - 2, we

remove an interval [0,v1 ) on which vA*(1/v) is larger than c,(a) (panel (b)). If
necessary, we remove intervals [vi, v) and/or (v', v 2] on which f,(v) is larger
than c,(a) (panel (c) shows an example for which the former is necessary but not
the latter).

term is a strictly increasing function going from -co to co as v goes from 0 to oo. It
follows that A*,(0) < o implies vo(0) > 0. We first handle the case A*(0) < o.

Let c,(a) = YK(a, vo(a)). Since vA*(1/v) and vA*(a/v) are convex and lower
semicontinuous, we may define v, and v2 so that vA*(1/v) C,(a) if and only if

0 < v 1 < v < v 2 < oo (see Figure 2-11). Observe that [v1, v 2] is nonempty since

it contains vo(a). We also define v' := inf{v > vi : vA*(a/v) < c,(a)} and

V2 := sup{v v 2 : vA* (a/v) c.(a)}.

We claim that

V > 0, 36 > 0 so that V(a', v) C [a - 6, a + 6] x [v', v'] we have

vA*(a'/v) > vA*(a/v) - . (2.5.14)

Using (2.5.13), observe that if a = 0, then c,(a) is less than yK (0,0), which implies
that v, > 0. Therefore, (2.5.14) follows in the case a = 0 from the lower semiconti-
nuity of A* at 0. For the case a > 0, we observe that vA*(a/v) finite on [v' , v'2]. By
lower semicontinuity and convexity of A*, this implies that vA*(a/v) is continu-

ous on [vi, v']. Since [V', v'] is compact, we conclude that vA* (a/v) is uniformly

continuous on [v',v']. Since vA*(a'/v) can be written as a'vaA*(a/(va/a'))

(a straightforward limiting argument shows that this equality holds even when
V = 0), the uniform continuity of A* implies (2.5.14) except possibly at the end-

points v' and V'. However, since A* is lower semi-continuous, (2.5.14) holds at v'

and v' as well.

Recall the collection of balls D7 for r > 0 that we defined in the proof of Propo-
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sition 2.4.2. For n E N, let

Q" :{ IQ E Dexp(-n) Sz(E) C (a - 5,a 6)

Our goal is to show that for all Q e Dexp(-n) and n sufficiently large,

]p[Q Ej Q"] < e--(ua- 2 (2.5.15)

The rest of the proof is similar to that of Proposition 2.4.2. To prove (2.5.15), we
abbreviate Kz(Q)(e-") as j and write

z[Q E Q" = E p [z(Q)(0-n) E (a -wi, a +) .

We split the conditional probability according to the value of K:

P[Q E Q11] < E [1{z[V1V2]} [S(Q)(e n) E (a - 5, a +6) K

+ E [1 [VlV2 \[VVI1P [Sz(Q) (e ") E (a - 6, a + 5) K ]
+ E [1 {TV[, 111P [z(Q)(e-") C (a - 6, a + 6) K .

The first term on the right-hand side is bounded above by e-n(c,(a)+o(1)), because of
our choice of vi and v 2. Similarly, the second term is bounded above by e-n(c,(a)+o(1))

by Cramer's theorem and our choice of v'f and vf. Thus it remains to show that the
third term is bounded above by e-1(cp (a)-E/ 2 ) f

ing and dividing by e-"Al(iiA), applying Cram6r's theorem, and using (2.5.14),
we find that for large enough n, the third term is bounded above by

E [1 e-n(i A*(a/-r)+TV^1(1/ )--E 2 n5rA* (1/5)

en(c,(a)-E/ 4 )E 1 (1

It remains to show that E enAZ(1/k) = eo("). We claim that in fact

IE [1]? [fe] enKA*(1/K) is bounded above independently of n. If Vtypical v, we

partition [vtypical, v2] into n intervals of equal length, with endpoints denoted by
x0 ,..., xn. Denote by L~n) the law of R. Applying (2.2.5) from Cramer's theorem

Af
and using an upper Riemann sum, we get

eUXA*(1/x) dL~Q (x) < 2 en(xi *(l/xK)-x- 1 A*(1/xi- 1)) V 2 - vtypica1
Vtypical iIV1

Letting C be the maximum of the derivative of f- on pca, we estimate d'4-
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ference in parentheses using the mean-value theorem. We get

nxA*('/x) dL5L)(x) 2 ~(v - vtypicai) eCn(xi-xi_1)n-1

Vtypical i 2

=2(v - VticaIleC(v-vtypica)

which does not grow with n. By an analogous computation, if v' Vtyica1 then
the integral from v' to vtypical is also bounded in n. Writing

[v', v2] = [v', min(vtypical, v')] U [max(vtypical, vI), v']

(where we interpret an interval [a, b] to be empty if b < a), we conclude that

E 1 [V e" *(1/) is bounded in n, as desired.

Now consider the case A*,(0) = oo, which implies that vo (0) = 0. As in the case

A*(0) < oo, it suffices to show that for every e > 0, there exists 8 > 0 such that

P [Igz(e") I 5 < ef"(1'(OO)~"). (2.5.16)

Choose n > 0 small enough that vA*(v) > 1 - 2/K - 3K/32 - e/2 whenever v C
(0,iq). Then choose 6 > 0 small enough that A* (x) > 2/q for all x e (-_/_, /n)

(this is possible by lower semicontinuity of A*). Again abbreviating Az(e~") as S,
we write

P [Az (e") I 8] E [P [z(e-")j 8ikfl]

E [P [z(e~n)| 8 < |5 1Kc[0)]

+ E [P [z(e-") I | I 1.Kc[ -

Bounding the conditional probability by 1 and using our choice of 1, we see that
the first term is bounded above by e~n(r(OO)-,). For the second term, we note by
(2.2.5) in Cramer's theorem that the conditional probability is bounded above by

2exp (nf inf A*(y))

On the event where Mis at least n, the factor KinfI <, 1 7V A*(y) is at least 2, which

implies that the second term is bounded by e-2n. This establishes (2.5.16) and
concludes the proof. l

Proof of Theorem 2.1.2. The logarithmic moment generating function of the signed
Bernoulli distribution is A(n) = log cosh(an). When K= 4, formula (2.1.3) for A,
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simplifies to

A 4 -(A) logcosh(v 1-2A)
-logcos(7v r2A)

A < 0
A > 0.

Using the definition of the Fenchel-Legendre transform,

vo(a)A* ( + vo(a)A* 1 inf sup [71a + A - v(AK(/) Ap
P vo(a)) K(vota) v>0,A'"WI

By the Minimax Theorem (see e.g., [541), the right-hand side equals

sup inf [a + A - v(AK(A) A(j))] sup [ija +
nj v>0 r, 1 : A,(A)+A.(q)<O

Since AK(A) is continuous in A and AK(A) - oo as A -+ oo, if AK(A) + A(, < 0,
then A can be increased so that AK(A) + AM(ij) = 0. Thus this last supremum can
be replaced by the supremum over A and 71 satisfying AK(A) + Ap () = 0.

Observe that A,(ij) > 0 for all il, and AK(A) < 0 only when A < 0. It follows
that if AK(A) + AM(17) = 0, then A < 0 and we can use the formulas for AK and A,
to conclude that

AK(A) + Am(q) 0 implies rj 7 i -. (2.5.17)

So we have

vo(a)A* ) + vo(a)A*
vo (a) Kvo (a) = sup su

A<O o

2a 2

2oa2

since the supremum is achieved when A = -a 27r2 /2a 2 .

Proof of Theorem 2.1.3. In light of Theorems 2.5.1 and 2.5.3,
the maximum of2 - yK(a, v) is obtained when v = " coth(
Theorem 2.1.2, we begin by writing

it suffices to show that

="). As in the proof of

y(a, v) =vA* + vA* = sup [ija + ;- (K

At the minimizing value of v and the corresponding maximizing values of 17 and
A, the derivatives of the expression in brackets with respect to v, A, and ,7 are all
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zero. Differentiating, we obtain the system

AK(A) + Al(p7) 0
1 1A'(A) = -A'(i)
a v

The first equation implies ori = 7r/2A as in (2.5.17). Substituting for A in the
equation A' (A) =-!A(17), we get a = a21/g 2. Finally, substituting into !A' (17)

1/v gives v =coth (ffa), as desired.

2.6 The weighted nesting field

We prove the existence and conformal invariance of the limit as e -+ 0 of the ran-
dom function z - Kz (e) - E [Arz (e)] (with no additional normalization) in an ap-
propriate space of distributions (Theorem 2.6.1). We refer to this object as the nest-
ing field because, roughly, its value describes the fluctuations of the nesting of F
around its mean. This result also holds when the loops are assigned i.i.d. weights.
More precisely, we fix a probability measure p on R with finite second moment,
define rz(e) to be the set of loops in F surrounding B(z, e), and define

SZ(E) = 1: L , (2.6.1)
r z (E)

where L are i.i.d. random variables with law p. We show that z '-4 Sz(e) -
E[Sz(E)] converges as E -÷ 0 to a distribution we call the weighted nesting field.
When K = 4 and p is a signed Bernoulli distribution, the weighted nesting field is
the GFF [44, 48]. Our result serves to generalize this construction to other values
of K E (8/3,8) and weight measures p. In Theorem 2.6.2, we answer a question
asked in [65, Problem 8.21.

The weighted nesting field is a random distribution, or generalized function,
on D. Informally, it is too rough to be defined pointwise on D, but it is still possible
to integrate it against sufficiently smooth compactly supported test functions on D.
More precisely, we prove convergence to the nesting field in a certain local Sobolev
space Hsc(D) C C' (D)' on D, where C' (D) is the space of compactly supported
smooth functions on D, C' (D)' is the space of distributions on D, and the index
s E R is a parameter characterizing how smooth the test functions need to be. We
review all the relevant definitions in Section 2.10.

Given h E Cc'(D)' and f E C' (D), we denote by (h,f) the evaluation of the
linear functional h at f. Recall that the pullback h o V- 1 of h E C' (D)' under a
conformal map V-' is defined by (h o V- 1,f) (h, IV'2f 0 V) for f E COO (p(D)).

Theorem 2.6.1. Fix K E (8/3,8) and 6 > 0, and suppose p is a probability measure
on R with finite second moment. Let D C C be a simply connected domain. Let
F be a CLE, on D and ((c)Cer be i.i.d. weights on the loops of F drawn from the
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distribution p. Recall that for e > 0 and z e D, Sz(e) denotes

L surrounds B(z, E)

Let
hE (Z) Sz(E) - E[Sz(E)]. (2.6.2)

There exists an H -6 (D)-valued random variable i = h(F, (cL)) such that for all
f E C"(D), almost surely limeo(he,f) (h,f). Moreover, h(F, (c)) is almost
surely a deterministic conformally invariant function of the CLE F and the loop
weights (fr)LGF: almost surely, for any conformal map p from D to another simply
connected domain, we have

h(<p(F), ( ,(L)),CF)=-_h(F, ( C),CC-)o -P 1

In Theorem 2.11.2, we prove a stronger form of convergence, namely almost
sure convergence in the norm topology of H-2-6(D), when E tends to 0 along any
given geometric sequence.

We also consider the step nesting sequence, defined by

nn
On (Z)= E L, (z) - E (iZ) ,n E N,

k=1

where the random variables ( ,C)LGr are i.i.d. with law p. We may assume without
loss of generality that p has zero mean, so that On (z) = E"= (z). We establish

Mhe 111wILg CUILV1gCILCe result for tme step nesting sequence, which parallels
Theorem 2.6.1:

Theorem 2.6.2. Suppose that D C C is a proper simply connected domain and
6 > 0. Assume that the weight distribution p has a finite second moment and zero
mean. There exists an H 2-6(D)-valued random variable 0 such that limn,, n=
j almost surely in H-2 -(D). Moreover, f is almost surely determined by r and
( )LGF-

Suppose that O is another simply connected domain and p: D - O' is a con-
formal map. Let I be the random element of H - 6 (O) associated with the CLE
r p(F) on O and weights ((q))sj. Then 6 = 0 o p-' almost surely.

In Proposition 2.12.2, we show that the step nesting field and the weighted
nesting field are equal, under the assumption that p has zero mean.

When K = 4, a = v/ /Z, and p = PB where PB({a}) = IB(f - = 1/2 (as
in Theorem 2.1.2) the distribution h of Theorem 2.6.1 is that of a GFF on D [44].
The existence of the distributional limit for other values of K was posed in [65,
Problem 8.21. Note that in this context, }E[Sz(c)Sw(e)] is equal to the expected
number of loops which surround both B (z, E) and B (w, E). Let GD (z, zv) be the
Green's function for the negative Dirichlet Laplacian on D. Since Sz(E) converges
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to the GFF [441, it follows that ZE [Sz(E)S,(E)] converges to 1GD(Z, W) (see Section
2 in [111). That is, the expected number of CLE4 loops which surround both z and
w is given by GD (Z, W)-

One of the elements of the proof of Theorem 2.6.1 is an extension of this bound
which holds for all K E (8/3,8). We include this as our final main theorem.

Theorem 2.6.3. Let r be a CLEK (with 8/3 < K < 8) on a simply connected proper
domain D. For z, w E D distinct, let K, be the number of loops of r which
surround both z and w. For each integer j > 1, there exists a constant CKj E (0, oo)
such that

E [A, '] - (Vtypical 27 GD (Z,W)) j CCj(GD (Z, W) + 1)j- (2.6.3)

2.7 Further CLE estimates

We record the following corollary of the proof of Lemma 2.3.5.

Lemma 2.7.1. Let {Xj}jEN be non-negative i.i.d. random variables whose law has
a positive density with respect to Lebesgue measure on (0, oo) and for which there
exists Ao > 0 such that E[eOX1 ] < oo. For a > 0, let Sa = a + Z> X1, and for
a, M > 0, let -r' = min{n > 0 : S' > M}. There exists a coupling between Sa and
$b (identically distributed to Sb but not independent of it) and constants C, c > 0
so that for all 0 < a < b < M, we have

P Sara = -1 > 1 - Ce-.
M TM I -

The following lemma provides a quantitative version of the statement that it is
unlikely that there exists a CLE loop surrounding the inner boundary but not the
outer boundary of a given small, thin annulus.

Lemma 2.7.2. Let r be a CLE in D. There exist constants C > 0, a > 0, and EO > 0
depending only on K such that for 0 < E < Eo and 0 < S < 1/2,

E [VO (e (1 -6)) - No (e) ] < C45+ CE". (2.7.1)

Proof. We couple the CLEK T D = in the disk with a whole-plane CLEK TC as
in Theorem 2.3.7. Index the loops of rc surrounding 0 by Z in such a way that
Ln (rc) and Ln (rD) are exponentially close for large n. For n e N define Vn =
- log inrad LC (TD), and for n E Z define Vn = - log inrad Ln (rc). Since whole-
plane CLEK is scale invariant, the set {Vn : n c Z} is translation invariant. Using
Corollary 2.2.15 to compare (VC)nE z to the sequence of log conformal radii of the
loops of Fc surrounding the origin, the translation invariance implies

E [# {n : a < V < b}] = vticai(b - a) .
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Let a and the term low distortion be defined as in the statement of Theorem 2.3.7.
With probability 1 - Q(ea) there is a low distortion map from rDIB(0,,)+ to rc IB(O,E)

and on this event, we can and bound

# n : log < V < log }

< # n : log -O(Ea) V<log (1" +.O(a)

On the event that there is no such low distortion map, this can be detected
by comparing the boundaries of I B(0E)+ and cl B(o,E) I so that conditional on

this unlikely event, D lB(o,E)+ is still an unbiased CLEK conformally mapped to
the region surrounded by the boundary of TD IB(O,E)+* In particular, the sequence
of log-conformal radii of loops of FDIB(,E)+ surrounding 0 is a renewal process,
which together with the Koebe distortion theorem and the bound 6 < 1/2 imply

E[No(e(1 - 6)) - Ao(E) no low distortion map] < constant .

Combining these bounds yields (2.7.1). El

Lemma 2.7.3. For each K E (8/3,8) and integer j c N, there are constants C > 0,
a > 0, and EO > 0 (depending only on K and j) such that whenever D is a simply
connected proper domain, z E D, p is a conformal transformation of D, and 0 <
E < Eo, if fis a CLEKin D, then

E[ Az(ECR(z; D);F) - Mg()(ECR(j(z);qp(D));p(J))Il < CEa.

Proof. Observe that translating and scaling the domain D or its conformal image
p(D) has no effect on the loop counts, so we assume without loss of generality
that z = 0, p(z) = 0, CR(z; D) = 1, and CR(p(z); p(D)) = 1. Observe also that it
suffices to prove this lemma in the case that the domain D is the unit disk D, since
a general 4, may be expressed as the composition p = 2 W,1 where T, and P2
are conformal transformations of the unit disk with pi(0) = 0 and q (0) = 1, and
the desired bound follows from the triangle inequality.

Let F be a CLEK on D, and let T p(F). By the Koebe distortion theorem and
the elementary inequality

1 1
1 - 3r 2 1 + 3r, for r small enough, (2.7.2)

(+ r)2 
- 1r)2

we have
B(0, e - 3E2) C -1(B(0, E)) C B(0, E + 3E2)

for small enough E. Hence NAo(E + 3c 2 ;r) < Ko(E;t) < Ao(E - 3E2 ; r), and so for

X := Nj(,-3c 2 ; F) - 'N( + 3C 2 ; )
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we have I o(e; r) -Ko(e;;F)| X.
By Lemma 2.7.2 we have E[X] = O(ea), which proves the case j 1.
Notice that the conformal radius of every new loop after the first that intersects

B(0, e + 3E 2 ) has a uniformly positive probability of being less than 1 (e - 3E2),
conditioned on the previous loop. By the Koebe quarter theorem, such a loop
intersects B(0, e - 3e 2 ). Thus for some p < 1 we have P[X > k + 1] < pP[X > k]
for k > 0. Hence

E[Xi] kjP[X = k] < E kipkP[X =1] < ( kipk E[X] = O(ea),
k=1 k=1 (k=1

which proves the cases j > 1.

2.8 Co-nesting estimates

We use the following lemma in the proof of Theorem 2.6.3:

Lemma 2.8.1. Let AO > 0, and suppose {Xj} jEN are nonnegative i.i.d. random vari-

ables for which E[X1 ] > 0 and E[eAOX1] < oo. Let A(A) = logE[eLX1] and let

Sn =EL,1 Xj. For x > 0, define Tx = inf{n > 0 : S, > x}. For A < Ao, let

M' = exp(ASn - A(A)n).

Then for A < AO and x > 0, the random variables {MAATx }nEN are uniformly

integrable.

Proof. Fix P > 1 such that PA < A0. By H6lder's inequality, any family of random
variables which is uniformly bounded in LP for some p > 1 is uniformly integrable.
Therefore, it suffices to show that supn> 0 E[(MATX)P] < oo. We have,

(Mn' )# = exp(PA(SnX - x)) x exp(#Ax - PA (A)(n A rx))

< exp(#A(ST, - x)) x exp(pAx).

The result follows from Lemma 2.2.12. El

Proof of Theorem 2.6.3. Fix z, w E D distinct and j E N. Let p: D -+ D be the
conformal map which sends z to 0 and w to e-X E (0,1). Let GD (resp. GD) be
the Green's function for -A with Dirichlet boundary conditions on D (resp. D).
Explicitly,

GD(u,v) 1 logu-v| for u,v E D.

In particular, GD (0, u) = , log Iu - for u E ID. By the conformal invariance of
CLEK and the Green's function, i.e. GD(U, V) = GD(ep(u), p(v)), it suffices to show
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that there exists a constant Cj,K E (0, oo) which depends only on j and K E (8/3,8)
such that

E[(A(O,e-x)j] - (VtypicaX)' < Cj,K(x + 1)j-1 for all x > 0. (2.8.1)

Let {Ti}i N be the sequence of log conformal radii increments associated with
the loops of F which surround 0, let Sk -- k=1 Ti, and let rX = min{k > 1 :
Sk ;> x}. Recall that AK(A) denotes the log moment generating function of the law
of T1 . Let Mn = exp(AS, - AK(A)n). By Lemma 2.8.1, {MnATX}nEN is a uniformly
integrable martingale for A < 1 - 1 - K. By Lemma 2.2.12, we can write STx = x +
X where E[eAX] < co. By the optional stopping theorem for uniformly integrable
martingales (see [85, A14.3]), we have that

1 = E[exp(AS, - AK (A)TX)] E[exp(Ax + AX - AK (A)TX) (2.8.2)

We argue by induction on j that

E[(A' (0)rX)] xi + O((x + 11). (2.8.3)

The base case j = 0 is trivial.

If we differentiate (2.8.2) with respect to A and then evaluate at A 0, we obtain

0=E[(x + X - A' (O)Tx)].

If we instead differentiate twice, we obtain

0 E[(x + X - A'(0)T) 2 - A -(0)T,1.

Similarly, if we differentiate j times with respect to A and then evaluate at A = 0,
we obtain

0 =E[(x + X - A'()x)+ AE[(x + X - A' (0)rx)i4k], (2.8.4)
i>O,k>1
i+2k<j

where the AK,i,k's are constant coefficients depending on the higher order deriva-
tives of AK at 0. By our induction hypothesis, for h < j we have E[rTh] - O((x +
)h). Conditional on rx, X has exponentially small tails, so E[iXe] =O((x +1)h )

as well. From this we obtain

0 E[(x - A' (0)x)] + O((x +1)j'). (2.8.5)

Using our induction hypothesis again for h < j, we obtain

j-1.
0 () (-l)hxi + E[(-A' (0)rx)] + O((x + 1)-1), (2.8.6)

h=O \"/
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from which (2.8.3) follows, completing the induction.
Recall that JO, (resp. J01r) is the smallest index j such that L4 intersects (resp. is

contained in) B (0, r). It is straightforward that

Tx_1og4 JO e-x AO,e-x + 1 < 10,e-x.

Since the r's are stopping times for an i.i.d. sum, conditional on the value of Tx10g4,

the difference Tx - Tx_1o4has exponentially decaying tails. Moreover, by Lemma 2.3.2,
conditional on the value of rx, Je-x - rx has exponentially decaying tails. Thus

E[A'lex] = E[rlx] + O((x + 1)-1). Finally, we recall that 1/A' (0) = 1/E[T1 ]
Vtypical-

By combining Theorem 2.6.3 and Corollary 2.3.3, we can estimate the moments
of the number of loops which surround a ball in terms of powers of GD (z, W)-

Corollary 2.8.2. There exists a constant Cj,K C (0, oo) depending only on K E
(8/3,8) and j E N such that the following is true. For each E > 0 and z E D
for which dist(z, aD) > 2e and 6 c R, we have

E[(Hz(E))] - (2TvtypicalGD(ZZ + ee"))J Cj,K(GD(z,z + Eele) + 1)j-1. (2.8.7)

In particular, there exists constant a constant CK E (0, oo) depending only on K E
(8/3,8) such that

E [VZ E) V~ial ogCR(z; D) 5K(28)
EC

Proof. Let w = z + eelO. Corollary 2.3.3 implies that AIvz,w - Az(E) I is stochastically
dominated by a geometric random variable whose parameter p depends only on K.

Consequently, (2.8.7) is a consequence of Theorem 2.6.3. To see (2.8.8), we apply
(2.8.7) for j = 1 and use that GD(U,V) = log Iu - v j-ii(v) where yu(v)
is the harmonic extension of v '-+ - log Iu - vj-1 from aD to D. In particular,
yfz(z) = log CR(z; D).

2.9 Regularity of the E-ball nesting field

A key estimate that we use in the proof of Theorem 2.6.1 is the following bound on
how much the centered nesting field hE depends on E. The proof of Theorem 2.9.1
and the remaining sections may be read in either order.

Theorem 2.9.1. Let D be a proper simply connected domain, and let he(z) be the
centered weighted nesting around the ball B(z, E) of a CLEK on D, defined in (2.6.2).
Suppose 0 < E1 (z) 5 e and 0 < E2 (z) E on a compact subset K C D of the
domain. Then there is some c > 0 (depending on K) and Co > 0 (depending on K,
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D, K, and the loop weight distribution) for which

JJ E[(hEl (z) (z) -hE 2(Z) (z)) (h, (w) (w) -hEQv) (w))] dz dw < COEc (2.9.1)
KxK

Proof. Let A, B, and C be the disjoint sets of loops for which A U B is the set of
loops surrounding B(z, E1 (z)) or B(z, e2 (z)) but not both, and B U C is the set of
loops surrounding B(w, e,(w)) or B(w,- 2 (w)) but not both. Letting L denote the
weight of loop L, then we have

E [(hel(W)(z)- h,2(W)(z)) (hEi (W) (w) -h,,(W))]I
Cov [hE1 (z) (z) "E2(Z) (z), hE (w) (zv) - hE 2(W (v)

= tCov faG + X 4b, E b + E G (2.9.2)
ac-A b e B bE B ccC I

= kVar [ ]E [|B|] k E [ ] 2 Cov [| A|+B|,|JB|+|C||
Var[ ] E[IBH] + E[]2 Cov(fz(E1)-AZ(E2),w(E1)-Kw(E2)),

where the signs are the sign of (E1(z)-E2(z))(El(w)-e2 (w)).
Let GKE (z, w) denote the expected number of loops surrounding z and w but

surrounding neither B(z, c) nor B(w, e). Then E[IBI] < G"E(z, w). In Lemma 2.9.3
we prove

I ,E(z,w) dz d < C1 Ec,

and in Lemma 2.9.7 we prove

JJKXK Cov(Iz(E1(z)) -Nz(E 2 ()),Aw/E(e1(w)) -Nw(E 2 (w))) dz dw < C2 ec,

where c depends only on K and C1 and C2 depend only on K, D, and K. Equa-
tion (2.9.1) follows from these bounds. l

In the remainder of this section we prove Lemmas 2.9.3 and 2.9.7.

Lemma 2.9.2. For any K G (8/3,8) and j E N, there is a positive constant c > 0
such that, whenever D C C is a simply connected proper domain, z c D, and
0 < E < r, the jf moment of the number of CLEK loops surrounding z which
intersect B(z, E) but are not contained in B(z, r) is O((E/r)c).

Proof. If there is a loop L = Lk surrounding z which is not contained in B(z, r)
and comes within distance E of z, then Jz, K k and JBu > k, so JzE Bt
from Corollary 2.3.3 Jzr - Jr is dominated by twice a geometric random vari-
able, and by Lemma 2.2.12 in [481 together with the Koebe quarter theorem we
have JzE - 12r is order log(r/E) except with probability O((e/r)c1), for some con-
stant c1 > 0 (depending on K). Therefore, except with probability O((E/r)c2) (with
r2 = c2(K) > 0), we have J E JZ . In this case there is no loop surrounding z
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not contained in B (z, r), and coming within distance e of z. Finally, note that con-
ditioned on the event that there is such a loop L, the conditional expected number
of such loops is by Corollary 2.3.3 dominated by twice a geometric random vari-
able.

Lemma 2.9.3. For some positive constant c < 2,

KKE (z, w) dzdw = O(area(K)2-c1 2Ec). (2.9.3)

Proof. Let Fw denote the number of loops surrounding both z and w but not B (z, e)
or B(w,E). Then G"' (z,w) = E [Fzw].

Suppose Iz - wI < E. Let L be the outermost loop (if any) surrounding both
z and w but not B(z, E) or B(w, e). The number of additional such loops is z,w (F'),
where V'is a CLEK in intC, and by Theorem 2.6.3 we have E[z,w(F')] < C 1 log(E/ z -
w|) + C2 for some constants C1 and C2. Integrating the logarithm, we find that

G','(z,w) dz dw = O(area(K) c 2 ). (2.9.4)
Iz-wI<E

Next suppose Iz - wl > e. Now Fzw is dominated by the number of loops
surrounding z which intersect B(z, E) but are not contained in B(z, Iz - wi), and
Lemma 2.9.2 bounds the expected number of these loops by O((E/ jz - wI)c) for
some c > 0. We decrease c if necessary to ensure 0 < c < 2, and let R = area(K)1 2 .
Since (E Iz - wI)c is decreasing in Iz - w1, we can bound

G ''(z,w) dz dw O((E/Iz - w|)c) dz dw
lz-wl>E lz-w >E-

= O(area(K)2-c/ 2Ec) . (2.9.5)

Combining (2.9.4) and (2.9.5), using again c < 2, we obtain (2.9.3). E

We let Sz,w be the index of the outermost loop surrounding z which separates
z from w in the sense that w t Uz". Note that Sz,w is also the smallest index for
which z t UW':

Sz,w:= minfk : w it Uz} = minfk : z t Uw,}. (2.9.6)

We let Yz,w denote the o--algebra

Z'W := -Lk : 1 < k < Sz,w} U {'Ck : 1 < k < Sz,w}). (2.9.7)

Lemma 2.9.4. There is a constant C (depending only on K) such that if z, w E D are
distinct, then

-C < [ log < C.
- min(jz - w, CR(z; D)) -
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Proof. Let r = min(Iz - w l, dist(z, aD)). By the Koebe distortion theorem,

CR(z; Usz w) < 4r,

which gives the upper bound. By [48, Lemma 2.3.4], there is a loop contained in
B(z, r) but which surrounds B(z, r /2k) except with probability exponentially small
k, which gives the lower bound.

Lemma 2.9.5. There exists a constant C > 0 (depending only on K) such that if
z, w E D are distinct, and 0 < E < min( z - wl,CR(z; D)), then on the event

{CR(z; Uz'') > 8E4,

lB [ j2 -z |Uz'"] - n [J2 - Sz,w] -

Vtypical 1og CR(z; Ulzs') <C (2.9.8)
min(lz - w l,CR(z;D)) -

Proof. Let S = Sz,w. By (2.8.8) of Corollary 2.8.2 we see that there exist C1 > 0 such
that on the event {CR(z; Uz) > 84 we have

E [j" -Sz' I zl typcal109CR (z; Uzsz'')
'E[J2E Sz,w typical lo C1 . (2.9.9)

We can write

E[JzE -Z' [kZE -'J-{CR(z;UW) 8Ej F "[E -'P{CR(z;Uz)<8E}j

Applying (2.9.9), we can write the first term of (2.9.10) as,

E [(JzE - S)1CR(z;US) 8El [ - S IEU[J] 1{CR(z;US) 8E]

E Vtypicai log CR(z; U ) +C) 1{CR(z;Us)8E1

Vtypical log min(lz - zv, CR(z; D)) const

- E Vtypicai log CR(z;Uzs) 1{CR(z;Us)<8E}]

Using [48, Lemma 2.3.4], there is a loop contained in B (z, E) which surrounds
B (z, e/ 2k) except with probability exponentially small in k, so the last term on the
right is bounded by a constant (depending on K).

If JzE S, then JzE - S counts the number of loops (L)kEN after separating z
from w before hitting B (z, e). If JzE < S, then S - J2E counts the number of loops
(Lk )kEN after intersecting B (z, E) before separating z from w. Consequently, by
Corollary 2.3.3, w e h sole lu f -the second term of (2.9.10) is bounded
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by some constant C2 > 0. Putting these two terms of (2.9.10) together, we obtain

E [Jz, - Sz,W] - Vtypica log Min(Iz w1,CR(z;D)) <const. (2.9.11)

Subtracting (2.9.11) from (2.9.9) and rearranging gives (2.9.8).

Lemma 2.9.6. There exist constants C 3, c > 0 (depending only on K) such that if
z, w E D are distinct, and 0 < e' < e < r where r = min(z - wI, CR(z; D)), then

E [ (E[ J - I Uz z, w E[JQe - J,])2 C3  . (2.9.12)

Proof. We construct a coupling between three CLEK's, F, f, and f, on the domain
D. Let S = Sz,w, = Sz,w, and S = Sz,w denote the three corresponding stopping
times. We take F and f to be independent. On D \ dz, we take f to be identical to

F. In particular, S = and Uz = dg. Within UJ, we couple f to F as follows. We
sample so that the sequences

{-logCR (z; U+k) }e and {-log CR (z; U[k)+k} kEN

are coupled as in Lemma 2.7.1. Define

K = min{k S :CR (z; Uz) = CR (z;U) for some k >

and let K be the value of i for which the conformal radius equality is realized. Let

V : Uz --+ FI be the unique conformal map with iVf(z) = z and Y'(z) > 0. We take

F restricted to GI to be given by the image under Vj of the restriction of F to Uz.

Since I log CR(z; Uzs) - log rl and I log CR(z; Uz) - log rI have exponential tails,
and since the coupling time from Lemma 2.7.1 has exponential tails, each of K - S,

k - 5, and I log CR(z; Uf) - log rI = I log CR(z; F) - log r I have exponential tails,
with parameters depending only on K.

Let
A :=lEl[ J,- Je,, |Uf ]E [eeE Ef

In the above coupling U and Uz are independent, so we have

E[Ijz - JQ |U] - E[Jz - JQ,,] = E[A I Uz].

Therefore, the left-hand side of (2.9.12) is equal to E[(E[AIUS]) 2]. Jensen's inequal-
ity applied to the inner expectation yields

E[(E[A| U])2] E[E[A 2 I UZ]] = E[A2]

We can also write A as
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A E[J - J- fz2 e + JQ 1 uZ , Zi E+

and then use the inequality (a + b) 2 < 2(a2 + b 2 ) for a, b E R to bound

A 2 < 2YE E 2Y!,

where for t < E we define

Y: E [J- K - I2g + k |Us,Fz ]

We define the event
A = {CR(z; Uz) ;> Vi}.-

Then

E[YE 1A] =E E [Jzn-K z+ U z 1A

E[E[(Jzn KJ2 )2 'AUZ]& EE ( J~ -K - fz" + k2A UZS, 114

= t E(Ji-- K -- fzng + k 12

< const x (c/r)c

where the last inequality follows from Lemma 2.7.3, for some c > 0 and for suitably
large r/E.

Next we apply Cauchy-Schwarz to find that

E[YJAc] < VE[Y2]P[Ac].

Lemma 2.7.1 and the construction of the coupling between F and f imply that
P[Ac] < const x (e/r)c for some c > 0. It therefore suffices to show that E[Y?] < C
for some constant C which does not depend on E or Ec. By Jensen's inequality, it
suffices to show that there exists C such that

1E[(J2, - K - J~ K) 4 ] C. (2.9.13)

To prove (2.9.13), we consider the event B ={CR(z; UK) > E}. By Lemma 2.7.3,

- K - fzt + k) 4 1B] < const

where the constant depends only on K.

Using (a + b)4 8(a4 + b4) for a, b c R, and the fact h.4 J -- K an f( -
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are equidistributed, we have

1E[(I2 - K - Jzt + K)4 lBc] < 16 E[(Jzt - K)4 lBc] .

On the event Bc, we have K > Jzg. Conditional on this, K - J has exponentially
decaying tails, so the above fourth moment is bounded by a constant (depending
on K), which completes the proof. E

Lemma 2.9.7. Suppose 0 < el (z) < e and 0 < E2 (z) < e on a compact subset
K c D of the domain D. Then there is some c > 0 (depending on K) and Co > 0
(depending on K, D, and K) for which

J ICov(Kz(E1(z)) -K'z(E 2 (Z)),Afw(-l(W)) -KV(e 2(w)))Idz dw < CoEc.
KxK

(2.9.14)

Proof. For a random variable X, we let X denote

X = X - E[X]. (2.9.15)

We let Yz denote
Yz :=Jn(z) - Jze(z). (2.9.16)

Recalling that Jzr A (r)+ 1, we see that

E[YZYW] = Cov(Afz(el(z)) - K( 2(z)), Aw(e(W)) - w(e2 (W))),

so we need to bound E[YZw] .

We treat two subsets of K x K separately: (1) the near regime { (z, w) : jz - w| <
E}, and (2) the far regime {(z,w) : E < Iz - w}.

For the near regime, we first write

yz = Yz,) + y(,2)

where Y) counts those loops surrounding B (z, min(E1 (z), E2(z))) and intersecting

B(z,max(E (z), E2 (z))) with index smaller than Sz,w, and Y counts those loops

with index at least Sz,w. Then -z,w determines Y) and Y(1, and conditional on

, YL,2 and Y are independent (recall that -z,w was defined in (2.9.7)). Thus

Yw and Yj)z are conditionally independent (given Yz,w) for i, j e {1, 2}.
Observe that

E[YZYw] < E[YY,]. (2.9.17)
ijG{1,2}
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For i, j E {1, 2},

IE [ YzS, ()z] E [ E [Y z )z w]

E [E [!i2 | zw] E [ g~z I Yzw

<. E[F zww]2 1/]12 E [E[ w) xz,W] 2] . (2.9.18)

For the index i = 1, we write

E [, z,w] 2] = [( 1))2]< E [(y ,)2] E [F[(1)2] UzI ]

But

Yzlw < 1 + A z,w rI un

By Theorem 2.6.3, E[(1 + Az w (Tu))2 ] < const + const x Gu(z, w) 2 , where GU
denotes the Green's function for the Laplacian in the domain U. By the Koebe
distortion theorem, the Green's function is in turn bounded by Gu (z, w) < const +
const x max(0,log(CR(z; U)/ z - zv1)). Therefore,

E ' <( 9)5E 0 1 +log 2 1z - W1E #[1)2]
L CR (z; Uz z )

IyT Lemma 2.2.19 - g kCR ; - - lcIng C + fnr ime randAm vIriable Y

with exponentially decaying tails. It follows that

E. [ZzY,1 2Izw]= [($,))2] = 0 (1 + log2 Iz-W) . (2.9.19)

For the index i = 2, we express Y,2 in terms of Jz,Ei (z) and JZ,E2 (z) and use
Lemma 2.9.5 twice (once with El (z) and once with E2 (z) playing the role of E in the
lemma statement) and subtract to write

E (Zz,2) | 2z,w ] = E[ ,)[I|Uz'"] z const

E wE [Y, z,w ] < C . (2.9.20)

for some constant C depending only on K.

Combining (2.9.17), (2.9.18), (2.9.19), and (2.9.20), we obtain

1E[Zc'W] < const + const x log 2  E
|z - wI
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which implies

JJ E[YZYw] dz dw < const x area(K) x e2 . (2.9.21)
KxK

Iz-wI<c

For the far regime, we again condition on Y-,w, the loops up to and including
the first ones separating z from w, and use Cauchy-Schwarz, as in (2.9.18), but
without first expressing Yz and Yw as sums:

0 0 
o'W 1/2 Yo ]21/2

E[ ] [< E [E[z|I z,w]2 E [E[Yw|Iz 2. (2.9.22)

By Lemma 2.9.6, we have

E [E[Y - I z,w]2] < C .) (2.9.23) YZ ~min(0 z - w 1, CR (z; D))

Integrating over {(z, w) E K x K : E < Iz - wI} gives (2.9.14).

2.10 Properties of Sobolev spaces

In this section we provide an overview of the distribution theory and Sobolev
space theory required for the proof of Theorem 2.6.1. We refer the reader to [78] or
[79] for a more detailed introduction.

Fix a positive integer d. Recall that the Schwartz space S(Rd) is defined to be
the set of smooth, complex-valued functions on Rd whose derivatives of all orders
decay faster than any polynomial at infinity. If P= (1, P2---, fp) is a multi-

index, then the partial differentiation operator 0f is defined by a = a302 . - . af.

We equip S(Rd) with the topology generated by the family of seminorms

{||kn,fp := sup IxI n"Ia(x)I : n > 0, P is a multi-index}
xE Rd

The space S'(Rd) of tempered distributions is defined to be the space of continuous
linear functionals on S(Rd). We write the evaluation of f E S'(Rd) on 0 c S(Rd)
using the notation (f, p). For any Schwartz function g E S(Rd) there is an asso-
ciated continuous linear functional 0 '-4 fRd g(x)O(x) dx in S'(Rd), and S(Rd) is a
dense subset of S'(Rd) with respect to the weak* topology.

For ' E S(Rd), its Fourier transform 0^ is defined by

() = IRd e-2nixhp(x) dx for ( E Rd.
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Since ( E S(Rd) implies ( E S(Rd) [78, Section 1.13] and since

( 01,P2) =J(1(x)e-2nixy02 (y) dx dy =(P1, 2)

for all 01, 02 E S (Rd), we may define the Fourier transform f of a tempered distri-

bution f E S'(R') by setting (f,p) :(f,() for each 0 e S(Rd)

For x E Rd, we define (x) := (1 + x1 2) 112. For s E R, define HS(Rd) c S'(Rd)
to be the set of functionals f for which there exists R e L 2 (Rd) such that for all

0 c S(Rd)/

(0,) = R ( ) (0) )s d . (2.10.1)

Equipped with the inner product

(fYg) Hs (Rd) Rd R) ( ) d , (2.10.2)

H(Rd) is a Hilbert space. (The space HS(Rd) is the same as the Sobolev space
denoted Ws, 2 (Rd) in the literature.)

Recall that the support of a function f : Rd - C is defined to the closure of the
set of points where f is nonzero. Define T = [-it, 7r] with endpoints identified, so

that Td, the d-dimensional torus, is a compact manifold. If M is a manifold (such as
Rd or Td), we denote by C'(M) the space of smooth, compactly supported func-
tions on M. We define the topology of C' (M) so that Vn, -+ yt if and only if there
exists a compact set K C M on which each yf is supported and Bayf - &1Y uni-
formly, for all multi-indices a [78]. We write C'(M)' for the space of continuous
linear functionals on Cc(M), and we call elements of CF(M)' distributions on M.

For f C Cc(Td)' and k E Zd, we define the Fourier coefficient f(k) by evaluating

f on the element x H-4 e-ik'x of C, (Td). For distributions f and g on Td, we define
an inner product with Fourier coefficients f(k) and g(k):

(fY g)H (d) := = (k) 2'f(k)(). (2.10.3)
kEZd

If f E S'(Rd) is supported in (--7, ,r)d, i.e. vanishes on functions which are sup-
ported in the complement of (-7r, 7r)d, then f can be thought of as a distribution
on T d, and the norms corresponding to the inner products in (2.10.2) and (2.10.3)
are equivalent [79] for such distributions f.

Note that H-s (Rd) can be identified with the dual of Hs (Rd): we associate with
f E H-s(Rd) the functional g - (f,g) defined for g C HS(Rd) by

(fg) := fdRfs( ) Rg ( ) d .

This notation is justified by the fact that when f and g are in L2 (Rd), this is the
same as the L 2 (Rd) inner product of f and g. By Cauchv-Schwarz, o ! (f,g) is a
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bounded linear functional on HS (Rd). Observe that the operator topology on the
dual HS(Rd) coincides with the norm topology of H-s(Rd) under this identifica-
tion.

It will be convenient to work with local versions of the Sobolev spaces Hs (Rd).
If h E S'(Rd) and Vf c C' (Rd), we define the product yih E S'(Rd) by (Yh,f) =
(h, yf). Furthermore, if h E HS (Rd), then V1h E HS(Rd) as well [2, Lemma 4.3.161.
For h c C' (D)', we say that h E Hoc (D) if ,'h E Hs(Rd) for every Yf E Coo*(D).
We equip Hl'oc (D) with a topology generated by the seminorms jYf IIHs(Rd), which
implies that hn -+ h in Hlsc(D) if and only if yphn -+ yih in HS(Rd) for all E E
Co (D).

The following proposition provides sufficient conditions for proving almost
sure convergence in H- -6(Rd).

Proposition 2.10.1. Let D C Rd be an open set, let 6 > 0, and suppose that (fn)nEN
is a sequence of random measurable functions defined on D. Suppose further that
for every compact set K c D, there exist a summable sequence (an)nlN of positive
real numbers such that for all n E N, we have

IKxK E[(fn+1(x) - fn (x))(fn+i(y) - fn(y))] dx dy < a3. (2.10.4)

Then there exists f E H-6 (Rd) supported on the closure of D such that fn -4 f
in H -6 (D) almost surely.

Before proving Proposition 2.10.1, we prove the following lemma. Recall that
a sequence (Kn)neN of compact sets is called a compact exhaustion of D if Kn C
Kn+1 C D for all n E N and D = UnEN Kn.

Lemma 2.10.2. Let s > 0, let D c Rd be an open set, suppose that (Kj)jEN is a
compact exhaustion of D, and let (fn)neN be a sequence of elements of H-5(Rd).

Suppose further that (yj)jEN satisfies yfj E Cc(D) and gyf1 K = 1 for all j E N. If

for every j there exists fi E H-s(Rd) such that yjfn -+ f'j' as n -+ oo in H-(Rd),
then there exists f E Hjes(D) such that fn - f in Hj>s (D).

Proof. We claim that for all Vj c Cc"*(D), the sequence yffn is Cauchy in H-s(Rd).
We choose j large enough that supp Vj c Kj. For all g E HS (Rd ),

(Yifn,g) - (fm, g)1 = I(Yj(fn - fm), ig)I -

By hypothesis pjfn converges in H- (Rd) as n -+ oo, so we may take the supre-
mum over {g : Ig|HS(Rd) < 1} of both sides to conclude LY'fn - YfmIIH-s(Rd) - 0
as min(m,n) -+ oo. Since H-s(Rd) is complete, it follows that for every f E
C' (D), there exists ff c H-s(Rd) such that Wfn -+ ff in H-s(Rd).

We define a linear functional f on C' (D) as follows. For g E C' (D), set

(,g) : = (Y"g), (2.10.5)
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where yf is a smooth compactly supported function which is identically equal to 1
on the support of g. To see that this definition does not depend on the choice of Yf,
suppose that y1' e Cce(D) and W2 C C (D) are both equal to 1 on the support of
g. Then we have

(flg) - (f'2', g) = liM((y 1 - Y2)fnfg) = 0,

as desired. From the definition in (2.10.5), f inherits linearity from f'/ and thus
defines a linear functional on C' (D). Furthermore, f E Hj.(D) since yaf f"' E
H-s(Rd) for all y' e C' (D). Finally, fn -+ f in HQ (D) since yffn -- yff fP in
H -s(Rd). E

Proof of Proposition 2.10.1. Fix yq E Cm (D). Let D, be a bounded open set contain-
ing the support yi and whose closure is contained in D. Since D, is bounded, we
may scale and translate it so that it is contained in (-7, 7r)d. We will calculate the
Fourier coefficients of yf (fn+1 - fn) in (-7r, 7r)d, identifying it with Td. By Fubini's
theorem, we have for all k E Zd

E Iyf?, + yfn (k)1 2  (2.10.6)

E (Ifn+(x)Vi(x)e-ik'xdx - IDf-ik2xdx)

L- | 2e(Rd) jj E [(fn+1 (x) - fn (x)) (fn+l (y) - fn (y))] dx dy
Dx D,

L |Rd an/,

by (2.10.4). By Markov's inequality, (2.10.6) implies

p [jip'f~i7- yfn(k)I I ank/+ IkH, (k)<-d-6 an.

The right-hand side is summable in k and n, so by the Borel-Cantelli lemma, the
event on the left-hand side occurs for at most finitely many pairs (n,k), almost
surely. Therefore, for sufficiently large no, this event does not occur for any n > no.
For these values of n, we have

I||fn -- yfn+1lr-ads (d) -- 1L2f 1 (k) 2 (k)- 2 (d+6 )

kEZd

< Z a2(k)d+ 6 (k)- 2d-25

keZd

= (an/45),
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Applying the triangle inequality, we find that for m, n > no

4512n-1
HII|fm - lfnIIH-d-srd) = 0 / n a) . (2.10.7)

-d-,5d) -- 6 dj=M)

Recall that the H d-6(Td) and H-d-(Rd) norms are equivalent for functions sup-
ported in (-7r, 7r)d (see the discussion following (2.10.3)). The sequence (afn)cN is
summable by hypothesis, so (2.10.7) shows that (Yfn)nEN is almost surely Cauchy
in H-d-6 (Rd). Since H-d-6(Rd) is complete, this implies that with probability 1
there exists h'' E H-d-,(Rd) to which yffn converges in the operator topology on
H -  -6j(Rd)

Applying Lemma 2.10.2, we obtain a limiting random variable f E H~ ~(Rd)
to which (fn)nEN converges in H- 6 (Rd)

2.11 Convergence to limiting field

We have most of the ingredients in place to prove the convergence of the centered
E-nesting fields, but we need one more lemma.

Lemma 2.11.1. Fix C > 0, a > 0, and L E R. Suppose that F, F1, and F2 are real-
valued functions on (0, co) such that

(i) F1 is nondecreasing on (0, oo),
(ii) IF2 (x +6) - F2(x)I < Cmax(6a, e-ax) for all x > 0 and 6 > 0,
(iii) F = F1 + F2, and
(iv) For all 6 > 0, F(n6) -+ L as n -+ oo through the positive integers.

Then F(x) -+ L as x -+ oo.

Proof. Let E > 0, and choose 6 > 0 so that Csa < E. Choose xo large enough
that Ce-axo < E and jF(nd) - LI < E for all n > x0 /S. Fix x > xo, and define
a = Sx/SJ. For u E {F,F1,F2 }, we write Au = u(a +5) - u(a). Observe that
IAF2 1 < E by (ii). By (iii) and (iv), this implies

IAFi I = |AF - AF2 I ; IAFI + IAF2 1 < 3E.

Since F1 is monotone, we get F1 (x) - F1 (a) < 3E. Furthermore, (ii) implies
IF2 (x) - F2 (a)I < E. It follows that

IF(x) - LI < IF(x) - F(a)I+ IF2 (x) - F2 (a)I+IF(a) - LI < 5E.

Since x > xo and E > 0 were arbitrary, this concludes the proof. E

Theorem 2.11.2. Let h, (z) be the centered weighted nesting of a CLE, around the
ball B(z, E), defined in (2.6.2). Suppose 0 < a < 1. Then (han)nEN almost surely
converges in H- -,(D).

Proof. Immediate from Theorem 2.9.1 and Proposition 2.10.1.
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Proof of Theorem 2.6.1. We claim that for all g G C' (D), we have (he,g) - (h,g)
almost surely. Suppose first that the loop weights are almost surely nonnegative
and that g c C'(D) is a nonnegative test function. Define F(x) := (he-x,g),
F1(x) := (Sz(ex ),g), and F2 (x) := -(E[Sz(e-x)],g). We apply Lemma 2.11.1
with a as given in Lemma 2.7.2, which implies

lim(hEg) = (h,g) for g E C' (D), g > 0. (2.11.1)
e-+O

For arbitrary g e C' (D), we choose g e C' (D) so that g and g + g are both
nonnegative. Applying (2.11.1) to g and g + g, we see that

lim(hEg/ (h,g for g c C' (D) . (2.11.2)

Finally, consider loop weights which are not necessarily nonnegative. Define loop
weights = (() , where x+ = max(0, x) and x- = max(0, -x) denote the
positive and negative parts of x E R. Define h+ to be the weighted nesting fields
associated with the weights + (associated with the same CLE). Then (h+,g) -
(h+, g) almost surely, and

(hEg) = (hE,g) - (h-,g) -+ (h+,g) - (h-,g) - (h,g),

which concludes the proof that (hE,g) -> (h, g) almost surely.

To see that the field h is measurable with respect to the a-algebra I generated
by the CLE, and the weights ( L)LrG, note that there exists a countable dense
subset F of C' (D) [78, Exercise 1.13.6]. Observe that h2-n is 1-measurable and h is
determined by the values {h2-n (g) : n E N, g c F}. Since h is an almost sure limit
of h2-n, we conclude that h is also X-measurable.

To establish conformal invariance, let z E D and E > 0 and define the sets of
loops

loops surrounding B(p(z), eIYp(z) ), and

2 loops surrounding qp(B(z, E))

where A denotes the symmetric difference of two sets. Since either 7-1 c E2 or

~2 C 1i,

hE (Z) -hckpf(z) ((Z))

Multiplying by g E C' (D), integrating over D, and taking E -+ 0, we see that by
Lemma 2.7.3 and the finiteness of E[ f ], the sum on the right-hand side goes to 0
in L' and hence in probability as E -+ 0. Furthermore, we claim that
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in probability as e - 0. To see this, we write the difference in square brackets as

hel,(z)( p(z)) - ace(p(z)) + hce(()) - hE((Pz)),

where C is an upper bound for I p'(z) as z ranges over the support of g. Note that
fD [hCE (p (z)) - , (p (z))] g(z) dz -+ 0 in probability because for all 0 < E' < E and
Yp E C'"(D), we have

E||, hE - VMEhE|d|6(Td) -1 EIiph, - E

kGZd

L (I|/|| E [(hE (x) - h.i(x))(h.(y) - hE'(y)) dxdy k)
keZd

see (2.10.6) for more details. The same calculation along with Theorem 2.9.1 show
that

ID [hce( p(z)) - hNEp,(Z)I((z))] g(z) dz -+0/

in probability. It follows that (h,g) o p, g) for all g E Cc (D), as desired. L

2.12 Step nesting

In this section we prove Theorem 2.6.2. Suppose that D is a proper simply con-
nected domain, and let F be a CLE, in D. Let p be a probability measure with
finite second moment and zero mean, and define

n

n (z) = k (z), nEN.
k=1

We call (On)neN the step nesting sequence associated with r and (fC)ier.

Lemma 2.12.1. For each K E (8/3,8) there are positive constants c1, c2, and c 3
(depending on K) such that for any simply connected proper domain D C C and
points z, w E D, for a CLEK in D,

Pr [zw > c1 log C(z; ) + c2j+ c3 ] exp[-j]-

Proof. Let Xi be i.i.d. copies of the log conformal radius distribution, and let Te
_ X;. Then

Pr[Tf < t] E[e-X]fet

Pr[Te 5 log(CR(z; D)/Iz - wj)] 5 E[e-x] CR(z; D)
Iz-wI
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If Tf > log(CR(z; D)/ z - wl), then J Kz < . But Nz,w < JZ'_ , and by
Corollary 2.3.3, Jz lz-wj - Iziz-wj has exponential tails. El

Proof of Theorem 2.6.2. We check that (2.10.4) holds with f" =m. Writing out each
difference as a sum of loop weights and using the linearity of expectation, we cal-
culate for 0 < m < n and z, w E D,

n

E[(bm(z) - bn(z))(bm(w) - n (w))] Z O IP[Az,w > k].
k=m+1

Let 6(z) be the value for which c1 log(CR(z; D) /6(z)) + c3 = k, where cl and c3
are as in Lemma 2.12.1. Let K be compact, and let 6 = maxzEK d(z). Then

6 < exp[-O(k)] x sup dist(z,aD) (2.12.1)
zeK

and
JJ Pr[Nz,w > k] dz dw < exp(-k) x area(K) 2 . (2.12.2)

KxK
|z-w>6

The integral of IP [Azw > k] over z, w which are closer than 6 is controlled by virtue
of the small volume of the domain of integration:

JJ P[ANz,w > k] dz dw < 62 x area(K). (2.12.3)
KxK

Iz-w <6

Putting together (2.12.1), (2.12.2) and (2.12.3) establishes

JJIP [z,w > k] dz dzv < exp[-(k)] x CK,D (2.12.4)
KxK

as k -+ oo.

Having proved (2.12.4), we may appeal to Proposition 2.10.1 and conclude
that bm converges almost surely to a limiting random variable b taking values in
H2-6 (D).

Since each bm is determined by F and ((C)LET, the same is true of b. Similarly,
for each n E N, rn inherits conformal invariance from the underlying CLEK It
follows that b is conformally invariant as well. El

The following proposition shows that if the weight distribution p has zero
mean, then the step nesting field b and the usual nesting field h are equal.

Proposition 2.12.2. Suppose that D ; C is a simply connected domain, and let p be
a probability measure with finite second moment and zero mean. Let F be a CLEK
in D. and let (r) r1 be an i.i.d. sequence of p-distributed random variables. The
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weighted nesting field h = h(F, (fr)cEr) from Theorem 2.6.1 and the step nesting
field 3= f (r, (,c)Lcr) from Theorems 2.6.1 and 2.6.2 are almost surely equal.

Proof. Let g E C' (D), e > 0 and n c N. By Fubini's theorem, we have

E[((hE,g) - (n, g)) 2] (2.12.5)

l DxD E[(hE(z) - n(z))(hE(w) - -w))]g(z)g(w)dzdw.

Applying the same technique as in (2.9.2), we find that the expectation on the
right-hand side of (2.12.5) is bounded by o2 times the expectation of the number
Nz,(n, E) of loops L satisfying both of the following conditions:

1. L surrounds Bz(e) or C is among the n outermost loops surrounding z, but
not both.

2. C surrounds Bw(e) or C is among the n outermost loops surrounding w, but
not both.

Using Fatou's lemma and (2.12.5), we find that

E [((h,g) - (f, g)) 2] = E [lim lir ((hE,g) - ng))2

< liminflim inf E[((hE,g) - (On,g))2]

< liminf lim inf E [Nz,w (n,c)] g(z)g(w) dz dw
<lim0 supo 1fupDxD
lim sup limsup E [Nz,w(n, e)] g(z)g(w) dz dw.

,--+0 n-m fD x D

If z 7 w, then Nz,w < oo almost surely, so E [Nz,w (n, c)] tends to 0 as e -+ 0 and n -
oo. Furthermore, the observation Nz,w (n, E) Az,w implies by Theorem 2.6.3 that
E[Nz,w(n, E)] is bounded by vtypical log Iz - wj- + const independently of n and
e. Since (z, w) '-4 E[Nz,w(n, E)]g(z)g(w) is dominated by the integrable function
(vtypicai log Iz - wj + const)g(w)g(w), we may apply the reverse Fatou lemma to
obtain

E[((h,g) - (fg))2 ] < ff lim sup lim sup E[Nz,w (n, e)] g(z)g(w) dz dw
JJ JDx D E-+O fl*O

=0 ,

which implies
(h, g) = (b, g) (2.12.6)

almost surely. The space Cc(C) is separable [78, Exercise 1.13.6], which implies
that C (D) is also separable. To see this, consider a given countable dense subset
of Cc(C). Any sufficiently small neighborhood of a point in C*(D) is open in
C* (C), and therefore intersects the countable dense set. Therefore, we may apply
(2.12.6) to a countable dense subset of C' (D) to conclude that h = r almost surely.

E-
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Chapter 3

CLE4 and the Gaussian free field

This chapter presents joint works with Scott Sheffield and Hao Wu. Much of this content
appears in [681.

In this chapter, we establish a coupling between a zero-boundary Gaussian free
field and a CLE4 growth process in which the boundaries of explored regions in
the growth process correspond to level loops of the GFF. Sections 3.1 through 3.5
cover prerequisite tools involving conformal loop ensembles in doubly connected
domains. Sections 3.6 through 3.8 describe the GFF/CLE4 coupling, and the re-
mainder of the chapter is devoted to proving a property of the CLE4 growth pro-
cess: the dynamics are determined by the CLE4 loops.

3.1 Introduction

In [70], CLEs in simply connected domains are constructed from Brownian loop
soup. The authors proved that CLEK for K E (8/3,4] are the only random col-
lections of curves satisfying conformal invariance and the restriction property (see
Section 3.2.3 for more details). They also showed that CLE is closely related to SLE:
each loop in CLEK for K E (8/3,4] is an SLEK-type loop. In [25], nested CLE in the
Riemann sphere is defined and shown to be invariant under M6bius transforma-
tions.

In this section, we study CLE in doubly connected domains. By the theory of
conformal maps [53], every doubly connected domain is conformally equivalent
to exactly one of the following standard domains:

(i) an annulus {z E C : r < IzI < 1} for some r e (0, 1),
(ii) the punctured disk D \ {0}, or

(iii) the punctured plane C \ {0}.
We construct CLE in each of these domains. We construct CLE in an annulus using
the Brownian loop soup, and show that invariant under conformal maps from
the annulus onto itself. We consider a limit as the inner radius of the annulus
tends to 0 to construct CLE in the punctured disk, and we consider a limit of CLEs
in punctured disks of radii tending to infinity to construct CLE in the punctured
plane. We show that CLE in the punctured disk is also rotationally invariant, and
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we show that CLE in the punctured plane is invariant under scalings, rotations,
and inversion. Having constructed CLE in standard doubly connected domains,
we define CLE in an arbitrary doubly connected domain as the image of CLE under
a conformal map from the standard domain to which it is conformally equivalent.
The aforementioned invariances ensure that the resulting law does not depend on
the choice of conformal map.

The main results about CLE in an annular domain, which we call annulus CLE,
can be summarized as follows:

" The law of annulus CLE is conformally invariant and satisfies the restriction
property.

" Annulus CLE and CLE in a simply connected domain are closely related:
given a CLE in simply connected domain, consider the loop containing a
given interior point. The collection of loops between this particular loop and
the boundary of the domain has the same law as an annulus CLE.

CLE in the punctured disk satisfies the following properties.

" The law of CLE in the punctured disk is conformally invariant and satisfies
the restriction property.

" CLE in the punctured disk may be regarded as a CLE in the unit disk condi-
tioned on the event that no loop surrounds the origin (this event has proba-
bility zero; nevertheless this conditioning can be defined via a limiting pro-
cedure).

" If the loops that we are interested are far from the origin, then these loops
are almost the same as the lw p l n CLE iC T mp7y connected domain (seI

Proposition 3.4.5 for a precise statement).

Finally, CLE in the punctured plane satisfies the following properties.

" The law of CLE in the punctured plane is conformally invariant and satisfies
the restriction property.

" CLE in the punctured plane may be viewed as CLE in the Riemann sphere
conditioned on the event that neither 0 nor oo is surrounded by a loop.

For CLE in the punctured plane, invariance under inversion z '-s 1/z is true
by construction. By contrast, reversibility for nested CLE in the whole plane is
nontrivial-it is the main result in [25].

In [701, the authors described a procedure to discover the loops in a CLE by ex-
ploring in small steps from the boundary. See Figure 3-1 for an illustration of this
exploration process in the case K= 4. The construction of this exploration proce-
dure makes extensive use of conformal invariance and the restriction property of
CLE. We use the same procedure to explore the loops for CLE in doubly connected
domains, and we prove a quantitative relation between the CLE explorations in
simply and doubly connected domains.
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Figure 3-1: A CLE4 exploration process in D \ {O}, sampled at times 0 < ti <
... < t6 . For 1 < k < 6, the gray region in frame k shows the origin-containing
component of the region unexplored at time tk. The color of each loop indicates
the its time of discovery: the earliest loops are blue, the latest loops are green, and
the ones in between are red.
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3.2 Preliminaries

3.2.1 Notation

For 0 < r < R and x e C, we define the following subsets of C:

D = {z G C : IzI < 1}, B(x,r) = {z E C: Iz - xj < r},
Cr ={z G C: |z| = r}, C(x,r) = B(x,r),
Ar = {z e C: r < jzj < 1}, A(r,R) ={z E C: r < jzj < R}.

Throughout the paper, we fix the following constants:

K E (8/3,4], 8 -1, a- (8-K)(3K-8) (6-K)( -8) . (3.2.1)
K 32K 2K

We write f < g to mean that f /g is bounded from above by some constant, and
we write f x g to mean that f < g and g < f.

3.2.2 Brownian loop soup

We now briefly recall some results from [33]. We define for all t > 0 and z E C the
law pt (z, z) of the two-dimensional Brownian bridge of duration t that starts and
ends at z. We define the infinite, o--finite measure plooP on unrooted loops modulo
time reparametrization by

lp f Pt p(ZZ) dtdA(z),

where dA denotes area measure on C (see Chapter 5 of [30] for a rigorous construc-
tion of the integral of a measure-valued function). Then, PlOOP inherits a striking
conformal invariance property. More precisely, define for all D C C the Brownian
loop measure plooP (D) as the restriction of pl oP to the set of loops contained in D.
It is shown in [33] that

(i) for two domains D' c D, sampling from plop (D) and restricting to the set
of loops contained in D' is the same as sampling from p1 op (D'), and

(ii) for two connected domains D 1, D2, the image of pooP (D1 ) under a conformal
map cD : D1 -+ D1 has the same law as plooP(D 2).

The restriction property is an apparent consequence of the definition of jllOP (D),
and conformal invariance is inherited from the conformal invariance of planar
Brownian motion.

We denote by A(V1, V2; D) the measure under plOOP of the set of loops contained
in a domain D that intersect both V1 c C and V2 c C.

Proposition 3.2.1. [28, Lemma 3.1, equation (22)] Suppose that 0 < r < 1 and
R > 2. Then

A(Cl,CR;C\ Dr) = 2 1 4p(R/s)ds
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for some function p : (0, oo) -+ R satisfying the following estimate: there exists a
universal constant C < oo such that, for u > 2, we have

1 C
2logu - ulogu

For a fixed domain D c C and a constant c > 0, a Brownian loop soup with
intensity c in D is a Poisson point process with intensity cPIooP(D). The following
property of the Brownian loop soup follows from properties of the Brownian loop
measure: fix a domain D and a constant c > 0, and suppose D' is a subset of D and
that is a Brownian loop soup in D. Let L, be the collection of loops in L that are
contained in D' and let 2 = L \ L1. Then L, has the same law as Brownian loop
soup in D', and L, and L2 are independent. In fact, this assertion also holds for
certain random domains D. In particular, we have the following proposition.

Proposition 3.2.2. Let L be a Brownian loop soup in D with intensity c E (0,1],
and let (Dt)t>o be a (deterministic) decreasing family of subdomains of D. For
t 0, define D* to be the domain obtained by removing from D the closures of
clusters of loops in L which are not contained in Dt. Let r be a stopping time for
the process (D*)t>o. Then the conditional law of L restricted to D* given D* is that
of a Brownian loop soup in D*.

Proof. The proof is a straightforward modification of the proof of Lemma 9.2 in
[701, but for completeness we review it here. For D C D and n > 1 we define
Fn(D) to be the union of all squares in 2-"Z2 contained in D. Then for all such
unions-of-squares V c D, the event {Fn(D*) = V} depends only on the loops
intersecting D \ V and is therefore independent of the loop configuration in V.
This shows that for all n > 1, the loop configuration in F (D*) is a Brownian loop
soup in Fn (D*). Since Un Fn (DT)= D, this shows that the configuration in D* is a
Brownian loop soup.

3.2.3 CLE in a simply connected domain

Definition and properties of CLE

Let us now briefly recall some features of the conformal loop ensembles for K E
(8/3,4] - we refer to [70] for details and proofs of these statements. A simple CLE
r in D is a random loop configuration ('yj, j E J) in D, measurable with respect to
T, whose law possesses the following two properties:

* Conformal invariance. For any Mbbius transformation 4) of D onto itself, the
laws of r and 0(r) are the same. Thus, for any simply connected domain
D, we may define CLE in D as the distribution of cD(F), where D : D -+ D
is a conformal map. Note that Mcbius invariance implies that the resulting
measure does not depend on the choice of conformal map D from D onto D.

119



e Restriction. For any simply connected domain D C ID, define the set D* =
D* (D, r) obtained by removing from D all the loops (and their interiors) of
F are not contained in D. Then, conditionally on D*, and for each connected
component U of D*, the law of those loops of F that do stay in U is that of a
CLE in U.

In [701, the authors show that for each CLE, there exists a real number K E
(8/3,4] so that all the loops in the CLE are almost surely SLE-type loops. Further-
more for each such value of K, there exists exactly one CLE distribution that has
SLEK-type loops.

As explained in [70], a construction of these particular families of loops can
be given in terms of outermost boundaries of clusters of the Brownian loops in a
Brownian loop soup with intensity c(K) C (0,1], where

(6 - K)(3K - 8)
2K

Throughout the paper, we will denote the law of simple CLE in simply connected
domain D as p4.

Exploring CLE

Consider a simple CLE in the unit disk and a small disk B(x, E) of radius E, where
x c D. Let y' be the loop that intersects B (x, E) with largest harmonic measure as
seen from the origin. Define the quantity

u(E) := PlyE surrounds the origin]. (3.2.2)

As E -+ 0, we have u(c) eP+o(1), where #= - 1 [70, Corollary 4.3]. We say that
a loop is pinned at x c aD if the loop contains x and is contained in D U {x}. We
refer to a loop which is pinned at some x c 3D as a bubble.

Proposition 3.2.3. [70, Section 4] The law of y normalized by 1 / u (E) converges
as E - 0 to a u-finite measure on the set of loops pinned at x, which we denote
vbub(D; x) and call the SLE bubble measure in ID rooted at x. Furthermore,

(i) the vbub(D; x)-measure of the set of loops surrounding the origin is 1, and
(ii) for r small enough, vbub(ID; x) (R(y) > r) -: r-P where R(y) is the smallest

radius r such that y is contained in B (x, r).

Now we describe the discrete exploration process. Suppose we have a simple
CLE loop configuration in the unit disk D. We draw a small semi-disk of radius E
whose center is uniformly chosen on the unit circle. The loops that intersect this
small semi-disk are said to be discovered on the first step. If we do not discover
the loop containing the origin, we call the connected component of the remain-
ing domain that surrounds the origin the to-be-explored domain. We define the
conformal map ff from the to-be-explored domain onto the unit disk normalized
at the origin (meaning that 0 maps to 0 and the derivative of the conformal map
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at 0 is positive). We also define yE to be the loop we discovered with largest har-
monic measure as seen from the origin. Because of the conformal invariance and
restriction property of simple CLE, the image of the loops in the to-be-explored do-
main under the conformal map ff has the same law as simple CLE in the unit disc.
Thus we can repeat the same procedure to the image of the loops under ft. We
draw a small semi-disk of radius e whose center is uniformly chosen on the unit
circle. The loops that intersect the small semi-disk are the loops we discovered at
the second step. If we do not discover the loop containing the origin, define the
conformal map f2 from the to-be-explored domain onto the unit disk normalized
at the origin. The image of the loops in the to-be-explored domain under f2 has
the same law as simple CLE in the unit disk, and we may repeat. With probabil-
ity 1, there is a finite step N at which we discover the loop containing the origin,
and we define y to be the loop containing the origin discovered at this step and
stop the exploration. We summarize the properties and notations for this discrete
exploration below.

" Before time N, all the steps of discrete exploration are i.i.d.

" The random variable N has a geometric distribution:

P(N > n) = P(y'does not contain the origin)n = (1 - u(E))n.

" We define the conformal map

The discrete exploration converges as E - 0 to a Poisson point process of bubbles
with intensity measure given by

vbub(D) vbub(D;x) dx.

In fact, this Poisson point process of bubbles can be used to recover the CLE loops.
More precisely, let (yt, t > 0) be a Poisson point process on the Cartesian product
of the set of bubbles and the nonnegative real line with intensity vbub(D) times
Lebesgue measure. Define r = inf{t > 0 : yt surrounds the origin}. Then for
each t <r, 'yt does not contain the origin, so we may define ft to be the conformal
map from the connected component of D \ yt containing the origin onto the unit
disk and normalizing at the origin. For this Poisson point process, we have the
following properties [70, Sections 4 and 71:

* T has exponential law: P(r > t) = e-.

" For r > 0 small, let t1 (r), t 2(r),..., tj(r) be the times t before r at which the
bubble yt has diameter greater than r. Define Tr = ftjr) 0 ... 0 ft (r). Then

Tr almost surely converges as r goes to zero to some conformal map T with
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respect to the Carathdodory topology seen from the origin. We write TP
ot<rft.

* More generally, for each t < r, we can define 't = os<tfs. Then (L:
t-- (yt), 0 < t < r) is a collection of loops in the unit disk, and L, surrounds

the origin.

The relationship between this Poisson point process of bubbles and the discrete
exploration process we described above is given via the following proposition.

Proposition 3.2.4. V converges in distribution to T with respect to the Caratheodory
topology seen from the origin. Furthermore, L, has the same law as the loop in
simple CLE containing the origin.

Denote Dt = T-- (D) for t < r. We call the sequence of domains (Dt, t < r) the
uniform CLE, exploration process in D, targeted at the origin.

3.2.4 Conformal radius

A proper simply connected domain D is an open subset of C such that D and
its complement in C are both nonempty and connected. From Riemann Mapping
Theorem, we know that for any proper simply connected domain D and an interior
point z E D, there exists a unique conformal map D from D onto the unit disk D
such that (D(z) = 0 and 1'(z) > 0. We define the conformal radius of D seen from
z by

CR(D;z) = 1/D'(z).

We abbreviate CR(D) -= CR(D;0).
Consider a closed subset K of D such that D \ K is simply connected and 0 E D \

K. There exists a unique conformal map (tK from D \ K onto D which is normalized
at the origin: OK(0) = 0,4'(K) > 0. By the Schwarz lemma, we have V'(K) > 1,
from which it follows that

CR(D \ K) = 1/@'(O) 1.

The Schwarz lemma and the Koebe one quarter theorem imply that

d < CR(D \ K) < 4d, (3.2.3)

where d = dist(O, K) is the distance from the origin to K.
Define the capacity of K in D seen from the origin as

cap(K) = -log CR(D \ K) > 0.

We adopt the convention that CR(D \ K) = 0 and cap(K) = co if 0 E K. When K is
small, for example when the radius R(K) of K is less than 1/2, we have that

cap(K) < R(K)2

122



An annular domain A is a connected open subset of C such that its complement
in the Riemann sphere has two connected components and both of them contain
more than one point. If A is an annular domain, then there exists a unique constant
r E (0,1) such that A can be conformally mapped onto the standard annulus Ar =
{z : r < 1zI < 1}. We define the conformal modulus of A, denoted by mod(A),
to be r- 1.

The following standard lemma describes the relationship between the confor-
mal radius of simply connected domain and the conformal modulus of an annular
domain.

Lemma 3.2.5. Suppose K is a closed subset of D such that D \ K is simply connected
and 0 c D \ K. Clearly Ar \ K is an annular domain for r small enough. We have

lim mod (Ar \ K) = CR(D \ K).
r-+O mod(Ar)

3.2.5 Overshoot estimates for compound Poisson processes

Recall that the total variation distance between two probability measures p1 and
P2 on a common measurable space is defined by

11P1 - P211w:= sup{lpi(A) - p2 (A)j : A measurable}.

For any coupling (X 1, X2 ) of p1 and P2 (i.e. for any coupling (X 1, X 2) where the
marginal law of Xi is pi, i = 1,2,), we have

|IP1 - P211w < IP[X1 # X21,

and there exists coupling (X1 , X2) such that the equality holds (see [36, Proposition
4.7]).

Suppose (a(t), t > 0) is a compound Poisson process starting from 0 with jump
measure H that is supported on (0, oo) and satisfies

(1 A x)H(dx) < oo,

where a A b denotes the minimum of two real numbers a and b. The process can be
written as

a(t) = A for all t > 0,
O<s<t

where (A,, s > 0) is a Poisson point process with intensity measure H. The Camp-
bell formula states that the Laplace transform of a is given by

E[exp(-Aa(t))] = exp (-tf( - ex)H(dx)) for all A > 0,t > 0.

Define the local time process (Lx, x > 0) and the first passage process (Dx, x > 0)
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of (o-(t), t > 0) by

L, := inf ft > 0 : o-(t) > x}, D, =- o(L,) for t > 0.

We have the following estimates of the overshoot D, - x:

Proposition 3.2.6. Suppose that H is absolutely continuous with respect to Lebesgue
measure and that there exists a constant Ao > 0 such that

J(ek' - l)H(dx) < o.

Then there exists C E (0, co) such that

P[Dx - x > y] < Ce-1y, for all x > 0, y > 0. (3.2.4)

If we define Px to be the law of Dx - x, then there exist C E (0, oo) and 6 > 0 such
that px converges exponentially fast in total variation to some measure poo:

flpx - poollTv < Ce-'x for all x > 0. (3.2.5)

Proof. For finite measures rI, the result is established in [46, Lemma 2.12, Lemma
3.5]. This result implies the result for the case FI((0, oo)) = +oo. To see this, define
for all - > 0 a compound Poisson point process o.E by aggregating each sequence
of consecutive jumps of size less than e into a single jump. Then with probability
tending to 1 as E - 0, the overshoot of a equals the overshoot of a. 11

3.3 Annulus CLE

3.3.1 Definition and properties of annulus CLE

We say that a family of measures

{ : D c C is an annular or simply connected domain}

is an annulus CLE if (i) p(D) is a measure on the set of configurations of simple
loops whose exteriors are contained in C \ D, (ii) the family of measures satisfies
conformal invariance, and (iii) the family of measures satisfies the restriction prop-
erty. In this section, we will for each K e (8/3,4] construct an annulus CLE with
SLE-type loops.

Our construction proceeds by first defining random loop configurations in the
standard annuli Ar for r c (0,1). We will do so by constructing simple CLE in D
from the Brownian loop soup as in [70]. For K E (8/3,4], let L(Ar) be a Brownian
loop soup with intensity c(K) in Ar. Define the event E(L(Ar)) that there is no
cluster of C(Ar) that disconnects the inner boundary from the outer boundary.

On the event E(12(Ar)), let F(Ar) be the collection of outermost boundaries
of clusters of (Ar), so that T(Ar) is a -ollection of disjoint simple loops in Ar.
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The event E(12(Ar)) contains the event that the loop surrounding the origin for
CLE in the disk has inradius less than r, and this event has positive probability-
indeed, the conformal radius of the loop surrounding the origin has a distribution
whose density with respect to Lebesgue measure is positive on (0,1) [62]. There-
fore, E(L (Ar)) has positive probability and we may define annulus CLE, in Ar as
the law of r(Ar) conditioned on the event E(L(Ar)).

For any annular domain A with conformal radius r, let p be a conformal map
from Ar onto A and define yo to be the law of the loop configuration p(r) where
r is an annulus CLEK in Ar.

We denote by p(A) the probability of the event E(C(A)) and abbreviate p(Ar)
as p(r). The following lemma summarizes the asymptotic behavior of p(r) as r
goes to zero. Recall the definition of a in terms of K in (3.2.1).

Proposition 3.3.1. [52, Lemma 7, Corollary 81 The function p is nondecreasing, and
there exists a universal constant C < oo such that, for 0 < r, r' < 1,

1p(r)p(r'/C) < p(rr') < p(r)p(r'). (3.3.1)

Furthermore,
1. There exists a constant C > 1 such that, for r small enough, ra < p(r) < Cra.
2. For any constant A > 0, the limit of p(Ar)/p(r) exists as r goes to zero and

limro p(Ar)/p(r) = Aa

Proposition 3.3.2. For r in(0, 1), the law of CLEK in A(r, }) is invariant under rota-

tions z '-+ eiez and under the map z '-+ 1/z.

Proof. The result follows directly from the conformal invariance of the Brownian
loop soup.

Annulus CLE, also satisfies the restriction property:

Proposition 3.3.3. Suppose r is an annulus CLEK in Ar and that D is an open subset
of Ar. Let D* be the set obtained by removing from D all the loops (and their
interiors) in F that are not contained in D.

(i) If D is simply connected, then conditionally on D*, for each connected com-
ponent U of D*, the conditional law of the loops in F that stay in U is that of
a CLEK in U.

(ii) If D is an annular region, then conditionally on D*, for each connected com-
ponent U of D*, the conditional law of the loops of r that are contained in U
is that of a CLE in U.

Furthermore, the loop configurations in different components U are independent.

Remark 3.3.4. Note that in case (i), U is necessarily simply connected. In case (ii),
U may be simply connected or annular.

Proof. Let L be a Brownian loop soup in Ar. We define Z to be the Brownian
loop configuration obtained by sampling , determining D*, and then sampling
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independent Brownian loop soups in each connected component of D*. By Propo-
sition 3.8.9, C has the same distribution as L.

Similarly, define F to be a CLEK in Ar and define f to be the loop configuration
obtained by sampling F and then independently resampling the loop ensembles in
each connected component of D*. The proposition statement is equivalent to the
assertion that F and f have the same law.

Let B E F (recall that we defined the --algebra F on the space of loop config-
urations in Section 3.2.3). Let E be the set of simple loop configurations in Ar with
no loops surrounding Cr, and write i, for the law of . Then by the definition of
annulus CLE, we have

P [B] P[F(L) E B n E]
Ar P[F(L) E E]

P[F(.C) E B n E]
P[F() C E]

where in the second line we have used the fact that F(L) and F (f) have the same
law.

Define the event E1 that there are no loops in F(C) which intersect Ar \ D and
surround Cr, and let E2 be the event that there are no loops in r(f) which are con-
tained in D and surround Cr. Since E1 is measurable with respect to the or-algebra
generated by the set f* of loop clusters intersecting Ar \ D and E2 is measurable
with respect to the loops in D*, we conclude that the following two procedures
give a loop configuration with the same law:

(i) Sample L* and the loop configuration inside D* from their joint law, and
_.'A LA LLL L %JA L .L L-'k ~V'-L L L L _ I I LLI.

(ii) Sample L* from its marginal distribution conditioned on E1, and then sample
the loop configuration inside D* from its conditional law given i* and E2.

Since L* determines D*, this gives

P[F(,C) E B n E]FQ~)cB=E]a [B]
P[(ft) c E] PA '

which concludes the proof. E

Propositions 3.3.5 and 3.3.6 describe two ways to find annulus CLE in CLE in a
simply connected domain.

Proposition 3.3.5. Suppose F is a CLE, in D and D c D is an annulus. Let D*
be the set obtained by removing from D all the loops in F the closure of whose
interiors that are not contained in D. Then conditionally on D*, for each connected
component U of D*, the conditional law of the loops in F that stay in U is that of a
CLE in U. Furthermore, the CLEs in different components U are independent.

Proof. Realize F as the set of outermost clusters of a Brownian loop soup C in D.
We define the following procedure for finding D*: denote by D* the complement

126



of the union of the loop clusters not contained in D. By Proposition 3.8.9, the law
of the Brownian loops contained in D* is that of a Brownian loop soup in D*.

Figure 3-2: The first panel shows the domain D*, where D = D \
{a union of two slits}. The second panel shows the exploration process we use
to discover the innermost cluster surrounding the inner boundary of D: we choose
a ray whose endpoint is on the interior slit and define T1 to be the first time the ray
hits the boundary of D*, and from t(T1) we explore outward along the ray 71 until
we exit DI or discover the first loop cluster C winding around the annulus, which
happens in the diagram above at time T2. We define DI to be the intersection of DI
and the unbounded component of the complement of C. We continue in this way
to define a random sequence of domains D*, D*, ... , D*.

Observe that D* and DI are not necessarily equal, because, with positive prob-
ability, D* has an annular component U containing one or more loop clusters sur-
rounding the inner boundary of U (and so the interior of the corresponding CLE
loop would not be in D-see Figure 3-2). We will discover any such clusters as fol-
lows. Choose an arbitrary ray emanating from an arbitrary point in the bounded
component of C \ D and let ('qt : t > 0) be a parameterization of the ray. For t > 0,
denote by Lt the set of loop clusters of L not contained in D \ tj [0, t]. Define

T1 = inf{t > 0 : 11(t) E DJ}.

Define the (possibly empty) set of random times T2,... , TR. to be the sequence of
times at which the growing cluster Lt acquires a cluster Ky surrounding the inner
boundary of D. Here R is a random variable taking values in {1, 2,..., oo}. Define
D7 to be the intersection of D and the unbounded component of C \ Kj_ (see

I -
Figure 3-2).

Proposition 3.8.9 implies that the law of the configuration of loops in D7 is
distributed like a Brownian loop soup in D . This shows that R < oo almost surely,
because at each step there is a positive probability (indeed, a probability tending
to 1 in j) that there are no clusters surrounding the inner boundary of DB.
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Since R is the least index j for which the Brownian loop soup in D7 has no
loops surrounding the inner boundary, our exploration may be viewed as a re-
jection sampling procedure which conditions on the event that no loop clusters
surround the inner boundary. Therefore, the loop configuration in D* has the law
of a Brownian loop soup in D* conditioned to have no loop clusters surrounding
the inner boundary. Since D* = D*, this concludes the proof. 3

Proposition 3.3.6. Let F be a CLEK in D, and let y(O) be the loop in F that surrounds
the origin. Let D* be the subset of D obtained by removing from D the loop y(O)
and its interior. Then conditioned on D*, the loop configuration F \ {y(O) } is dis-
tributed as an annulus CLEK in D*.

Proof. The idea of this proof is to apply Proposition 3.3.5 to Ar and let r -+ 0. Let F
be a loop configuration obtained by sampling y(O) and then sampling an annulus
CLEK in D*; our goal is to show that the law of f is that of a CLEK.

For each r > 0, define fr to be the loop configuration obtained as follows:
sample the loops in F whose interiors are not contained in Ar c ID, define D* =ID \
{y(0) and its interior}, and resample a CLE in D* in such a way that if D* D
then Fr F. Since 0 t y(O) almost surely, we have limr-o Fr = f almost surely.
Therefore, dominated convergence gives us

P[J G B] = limP[Fr C A] = limp p[B] = p' [B]
r--+ r-+0 DD

for all measurable sets B E F of loop configurations. El

3.3.2 Uniform annulus CLE exploration

Let Fr be an annulus CLEK in Ar. Fix x E 3D and consider the loops in Fr that
intersect B(x, e). Suppose y, is the largest of these loops, according to harmonic
measure seen from the origin. Then we have the following counterpart of Propo-
sition 3.2.3 (recall the definition u(E) := P[y surrounds the origin] from (3.2.2)):

Proposition 3.3.7. The law of y4 normalized by 1/ u(E) converges as E -+ 0 to a
measure on loops in Ar pinned at x, which we denote by vbub (Ar; x) and call SLE
bubble measure in Ar rooted at x. Furthermore, the Radon-Nikodym derivative
of vbub (Ar; x) with respect to vbub (D; x) is given by

dvbub(Ar; x) W p(Ar \ Y)
dvbub(D; x) (') = {it(r) CAr} p(Ar) exp(cA(rDy;D)).

For a proof, we refer the reader to [68, Proposition 3.61.
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3.4 CLE in the punctured disk

3.4.1 Existence and properties of CLE in D \ {O}

Lemma 3.4.1. There exists a universal constant C < oo such that for all 0 < r' <
r < 62 < 1 and D C A6 an annular domain, there exists a coupling between a
CLE, rr in Ar and a CLE, Tr' in Ar' such that

P[D* D*f] < C lg(6
- log(l/r)'

where D* (resp. D*,) is the set obtained by removing from D all loops (and their
interiors) of Fr (resp. rr') that are not contained in D, and that on the event {Dr
D*,}, the collection of loops of Tr restricted to D* is the same as the collection of
loops of rr' restricted to D*.

Proof. Suppose is a Brownian loop-soup in Ar'. Denote by L, the collection of
loops of L that are contained in Ar, and define L2 = L \ 1. Note that L, and L2
are independent. On the event E(C), define F (resp. F1 ) as the collection of outer
boundaries of outmost clusters of C (resp. 1). Note that, conditioned on E(L), F
(resp. F 1) has the same law as CLE, in Ar' (resp. Ar). Let D* (resp. D*) be the set
obtained by removing from D all loops (and their interiors) of F (resp. F 1) that are
not contained in D. Then by construction, we have D* c D* c A6 .

Note that on the event E(L), if no loop in L2 intersects D*, then we have D*
DI. Define S ( 2, A,) to be the event that some loop in L2 intersects A6 . Let E1 be
the event that no loop of r1 disconnects Cr from C1; and let E2 be the event that L
that no cluster contained in A (r, r') disconnects Cr' from Cr. We have

P[{D* 7 D*} n E(L)]/p(r')

5 P[S( 2,A 6 ) nE(L)]/p(r')

< P[S( 2,A6 ) n E1 n E2 ]/p(r')

Since they are measurable with respect to disjoint sets of loops, E1, E2 , and S ( 2, A6 )
are independent events, and the probabilities of E1 and E2 are p(r) and p(r'/r), re-
spectively. Thus we have

P[S(L2, A6 ), E1 , E2 ]/p(r')

K P[S(t2,A)]p(r)p(r'/r)/p(r')

<P[S(L2,A)],

where the implied constant can be expressed in terms of the constant in Proposi-
tion 3.3.1 and is universal. So we only need to show that

P[S( 2, A6 )] < logS'
log r-1
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Note that S (L 2, A6) is the same as the event that there exists loop in L intersecting
both Cr and C. The latter event has the probability

1 - exp(-cA(Cr, C; Ar)).

From Proposition 3.2.1, we have that

IP[S(L2 , A5)] = 1 - exp(-cA(Cr, Cs; Ar'))
< A(Cr,Cs; Ar')

A (Cr, C 6; C \ r'D) - A(Cr, C1 ; C \ r'D)

= 2 (p -p d s

rr log(1/) ds

<log(1/S)
, log(1/r)

Theorem 3.4.2. For K E (8/3,4], there exists a unique measure on collections of
disjoint simple loops contained (along with their interiors) in D \ {0}, which we
call CLE, in D \ {0}, to which CLE, in Ar converges as r -+ 0 in the following
sense. There exists a universal constant C < oo such that for any 6 > 0 and any
annular region D C A, a CLEK Ft in D \ {0} and a CLEK Tr in Ar can be coupled
so that

P[Dt'* D*] < C lg16Clog(1/r)'

where Dt,* (resp. D*) is the set obtained by removing from D all the loops of Ft
(resp. Fr), along with their interiors, that are not contained in D, and such that on
the event { Dt,* = D*} the collection of loops of Ft restricted to Dt,* is the same as
the collection of loops of Fr restricted to Dr.

Proof. For k E N, define rk 1 /eek. For k > 1, suppose Fk is an annulus CLEKin Ark
and D* is the set obtained by removing from D all loops of 'k that are not contained
in D. From Lemma 3.4.1, Fk and Tk+1 can be coupled so that the probability of
{D* 74 Dk+1} is at most

C log( e-k,

and on the event D* = D+ the collection of loops of k restricted to D* is the
same as the collection of loops of Tk+1 restricted to D+ 1. Suppose that, for each
k > 1, Fk and Fk+1 are coupled in this way. Then with probability 1, for all but
finitely many couplings, we have that D* = D*+ 1, so suppose that this is true for
all k> 1, and define, for k> 1,

Dt,* = Di,

and define Ft restricted to * ' tb he the collection of loops of Tk restricted to D .
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Then, for any ko ;> 1, the probability of D",* D is at most

SC log e-k -
log ( -kO. k>ko

For any r > 0, suppose rko < r < rk,-1, annulus CLE, Fr in Ar can be coupled with
rko so that the probability of {D* 7 D*} is at most

Clog(1/6)
log(1/r)'

where D* is the set obtained by removing from D all loops of rr that are not con-
tained in D. And on the event {D* = D 0 }, the collection of loops of Fr restricted
to D* is the same as the collection of loops of Tko restricted to D* . Therefore, the
probability that Dt,* /; D* is at most

C log(1/5)e~*k +Clg16 C o(1
log(l/r) ~ log(l/r)

This completes the proof. E

Clearly, CLE, in D \ {0} is invariant under rotations z '-+ e'0z. We define CLEK
in any domain conformally equivalent to a punctured disk as the conformal image
of CLEK in D \ {0}. The rotational invariance ensures that the resulting law does
not depend on the choice of conformal map.

Propositions 3.4.3 and 3.4.4 describe the restriction property of CLE, in D \ {0}.

Proposition 3.4.3. Let D c D be domain which is either simply connected or an-
nular, the closure of which does not contain the origin, and let Ft be a CLE, in
D \ {0}. Define Dt,* to be the set obtained by removing from D all loops of Ft that
are not contained in D. Then, conditionally on Dt,*, for each connected component
U of D*, the conditional law of the loops in ft that stay in U is that of a CLEK in
U.

Proof. The conclusion is direct consequence of the construction of conditioned CLEK
in Theorem 3.4.2 and the restriction property of annulus CLEK in Proposition 3.3.3.

Proposition 3.4.4. For any simply connected domain D c D such that 0 E D, let
Dt,* be the set obtained by removing from D all loops of a CLE, Ft in D \ {0} that
are not contained in D. If we denote by U the connected component of D* that
contains the origin, the conditional law given D* of the loops in rt that stay in U
is the same as a CLE, in U \ {0}.

Proof. For r > 0 sufficiently small, define Dr D n Ar, and define D,* to be the set
obtained by removing from Dr all loops of rt that are not contained in Dr. Note
that with probability tending to 1 in r, ft has no loop intersecting both D \ D and

131



rD. Suppose there is no such loop and let Ur be the connected component of Dr
that is contained in U (see Figure 3-3). From Proposition 3.4.3, the collection of
loops of t restricted to Ur has the same conditional law given Ur as a CLEK in
Ur. To complete the proof, it suffices to note that mod(Ur) -+ oo almost surely as
r -0. E

D D :A*

(a) The first panel shows a domain D containing the origin. The second panel depicts a sample
of CLE, in ID \ {0}. The third panel shows the corresponding set D*, and the last panel shows
the connected component U.

(b) The first panel shows the set Dr = D n Ar. The second panel de-
picts the corresponding set D*. The last panel shows the connected
component Ur.

Figure 3-3: Restriction property of CLE, in D \ {0}.

The following proposition describes the relationship between CLE, in H \ {i}
and CLE, in H: loops very far from the singular point i are look similar.

Proposition 3.4.5. Define D = D n H, and let y > 0. There exists a universal
constant C < oo such that a CLE, rt in H \ {yi} can be coupled with a CLE, r in
H so that

P[Dt,* # D*] < C/ logy,

where D* (resp. D '*) is the set obtained by removing from D all loops of r (resp.
rt), along with their interiors, that are not contained in D. And on the event

D'* = D* }, the collection of loops of Ft restricted to Dt'* is the same as the
collection of loops of F restricted to D*.

Proof. Suppose r is a CLEin H and y(yi) is the loop in F that contains the point yi.
We write y(yi) to denote the union of the loop and its interior. We fix a constant
q > 1/3, and set R = y/(log y)II.
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From Proposition 3.3.6, we know that, given y(yi), the collection of loops in
F restricted to H \ y(yi), denoted as F1, has the same law as annulus CLE. Given
y(yi) and on the event that y(yi) n CR = 0, we have D* = DI where D* (resp.
D*) is the set obtained by removing from D all loops of F (resp. Ti) that are not
contained in D.

With an idea similar to the one used in the proof of Lemma 3.4.1, annulus CLEK
F 1 can be coupled with annulus CLEK F2 in H \ B(yi, 1) so that

P[Di D:] 5 CA(y(yi), C1 ; H \ B(yi, 1)),

where D* is the set obtained by removing from D all loops of F2 that are not con-
tained in D. On the event {y(yi) n CR = 0}, this quantity is less than

CA(CR, C1 ; H).

And, by [28, Lemma 4.5], we have that

A(CR,C1; H) < 1/log R.

From Theorem 3.4.2, an annulus CLE F2 can be coupled with CLEK Ft in H \
{yi} so that

P[D* #: Dt'*] < C/ logy.

So we see that a CLE, F in H and a CLE, Ft inH \ {yi} can be coupled so that

P[D* # D'*] < C ((R)-0 + logy+ 1 < 1/ logy. 1
Y + og y +og R

3.4.2 Uniform exploration of CLE in D \ {0}

We will explore CLE, in D \ {O} in a manner similar to the uniform exploration
of CLE, in D. Suppose Ft is a CLE, in D \ {O}. We choose x c aD and explore
the loops of Ft that intersect B(x, e). Let ytE be the largest of these, in the sense of
harmonic measure as seen from the origin. We have the following counterpart of
Proposition 3.2.3 (recall the definition of u(E) in (3.2.2):

Proposition 3.4.6. The law of yt*E normalized by 1/ u(E) converges to a measure,
which we denote by vbub(D \ {O}; x) and call the SLE bubble measure in D \ {0}
rooted at x. The Radon-Nikodym derivative of vbub(D \ {O}; x) with respect to
vbub(D; x) is given by

dvbub(D \ {O}; x) 1 E(y) CR(D
dvbub(D; x)

where E (y) is the event that y does not surround the origin.
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Proof. A combination of Proposition 3.3.7 and Lemma 3.2.5 implies the conclusion.

Suppose y is a loop in D \ {O} U aID rooted at x c aD, recall the definition of
R(y) as the infimum of all values of r > 0 such that y is contained in the disc
centered at x with radius r. Recall the constants defined in (3.2.1); we have the
following quantitative result for vbub (ID \ {0}; x):

Lemma 3.4.7. Whenever tj > P, we have

J R(y)lvbub(ID\ {0};x)(dy) < oo.

Furthermore, since P E [1, 2), we have

SR(y) 2 Vbub(ID\ {0}; x)(dy) < oo.

Proof. The conclusion is direct consequence of Proposition 3.4.6 and Proposition 3.2.3.

Now, we can describe the uniform exploration process of CLEK in D \ {0}. Most
of the proofs are similar to the proofs in [701 for CLE, in simply connected do-
mains. For completeness we rewrite the proofs in the present setting.

Suppose (yt, t > 0) is a Poisson point process with intensity

vbub(I \f{0) / vbub(1 J\{0};x)dx.

For t > 0, let fj' be the conformal map from ID \ yt onto D and is normalized at the
origin. For any fixed T > 0 and r > 0, let t1(r) < ... < t (r) be the times t before T
at which R(yt) is greater than r. Define

Then tVr converges as r -+ 0:

Lemma 3.4.8. 'PIr converges almost surely in the Carath6odory topology seen
from the origin to some conformal map, denoted by 'i4, as r goes to zero.

Proof. Lemma 3.4.7 guarantees that

E [ cap(y)1R(yt) 1/ 2
t<T \
-Tv bub(ID \ {0}) (cap (Yt)1R (.y+)1/2)

< Tvbub (n \ 0}) (R(,yt)21R~*s/ o-
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Since there are only finitely many times t before T at which R(4Y) > 1/2, we have
that, almost surely,

Z cap(yt) <00,
t<T

and this implies the convergence in Carathdodory topology (see [70, Stability of
Loewner chains]). 0

Define Dt = (l')-(D) for t > 0. Then (Dt)t>o is a decreasing family of
simply connected domains containing the origin, which we call the uniform CLEK
exploration process in D \ {0}. We define Lt = (T )-1 (yt) for t > 0. It is clear
that

Dt=f lDt, D+ := U D = D \ Lt.
s<t s>t

Suppose (yt, t > 0) is a Poisson point process with intensity vbub (D) and that
(Di, t < T) is the uniform CLE, exploration process in D defined from the process
(yt, t > 0) in the manner described in Section 3.2.3. Define, for q > 0,

J() (en caP() - 1)1E(y)vbub(D)(dr), (3.4.1)

where E (y) is the event that y does not surround the origin. Then the relation-
ship between the process (Dt, t > 0) and the process (Dt, t < r) is described in
Proposition 3.4.11 below. First, however, we show that 0(a) is finite and positive.

Lemma 3.4.9. The quantity 0(n), which is defined in Equation (3.4.1), is finite
whenever i q 1 - K/8. In particular, 0(a) is finite.

Proof. The integral may blow up when R(y) is small or when y is close to the
origin. We will control the two parts separately.

To handle the integral over the set of loops y for which R (y) is small, we calcu-
late

(e1cap(1') - 1)1R(y)1/ 2 bub(D) (dy)

$ cap(y)1R(y) 1/2vbub (D)(dy)

$ JRj y)21R(y)<1/ 2 bub

For the set of loops passing near the origin.

J(e cap(Y) _ 1 )1{R(y)>1/2}1E(y) Vbub(D)(dy) CR(D) 1 {R (r)>1/2}1E(r) vbub(D)(dr)

Conditioned on {R(y) > 1/2} n E(y), we can parameterize y clockwise by the ca-
pacity seen from the origin starting from the root and ending at the root: (y(t), 0
t < T). Suppose S is the first time that y exits the ball B(x, 1/2) where x E aD is
the root of y. Then we know that, given y[0, S], the future part of the curve y[S, T]
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has the same law as a chordal SLE in D \ y[0, S] from y(S) to the root of y. Thus we
only need to show that the integral is finite when we replace the curve by chordal
SLE curve.

Precisely, suppose y = (yt, t > 0) is a chordal SLE in the upper-half plane H
from 0 to co (parameterized by the half-plane capacity), we only need to show that

E[CR(H \ T; i)K/8 -1] <c'o (3.4.2)

where CR(H \ y; i) is the conformal radius of H \ y seen from i. Suppose gt is the
conformal map from H \ y[0, t] onto H normalized at infinity, so that (gt(z) - z)z -
2t as z -+ oo. And let Wt be the image of the tip y(t) under gt. Define

Zt = gt (i) - Wt, Ot = arg Zt, St = sin O.

And define
Mt = CR(H \Y[0,t];i)K/

8- 1 X S8/K-1

Then Mt is a local martingale (see [80, Proposition 6.11). Denote P* as the law
of chordal SLE weighted by the martingale M. We also know that E* [Sh8/K] is
bounded from above by some universal constant C (see [80, Equation (6.9)1). Thus

E[CR(H \Tr;i)K/ 8 -1] < C

which completes the proof.

Corollary 3.4.10. The quantity

] (e'7cap(rt ) - 1)vbub(D \ {0})(dy) (3.4.3)

is finite as long as j < 2/K - K/32.

Proof. The combination of Proposition 3.4.6 and the proof of Lemma 3.4.9 gives the
result that the quantity in Equation (3.4.3) is finite as long as 17 + a < 1 - K/8. El

Proposition 3.4.11. For any t > 0, the law of (y., s < t) is the same as the law of
(ys, s < t) conditioned on (T > t) and weighted by Mt where

Mt = exp a 1 cap(ys) - 0(a)t). (3.4.4)
(s<t

In particular, for any t > 0, the law of Dt is the same as the law of Dt conditioned
on (r > t) and weighted by

CR(Dt) -"e-O(")t.

Proof. We first note that the process (ys, s < t) conditioned on (T > t) has the
same law as a Poisson point process with intensity 1-y( vbub (D) restricted to the
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time interval [0, t). Suppose (fs,s > 0) is a Poisson point process with intensity
lE(y)vb (ID), and define

Mt = exp a 1 cap(is) - 6(a)t).
(S<t

So we only need to show that, for any function f on the set of bubbles such that
both of the following integrals are finite,

E exp (- Zf(fs)) M = exp (-t (1 - e-(Y))ea cap(r)1 E()vbub(D) (d))

This can be obtained by direct calculation:

-logE exp(-Ef(7s))Mt

- log E exp -z (f(fs) - a cap(is)) +6(a)t
s<t

t J( - e-(r)+acap(r))E() bub(D) (dy) + 0(a)t

t f(1 - e-f(T))eacap()1E(r) Vbub(D) (dy). 0

The following proposition describes the transience of the uniform exploration
process of CLEK in D \ {0}.

Proposition 3.4.12. Suppose (Dt, t > 0) is a uniform CLE, exploration process in
D \ {0}. Denote by R(D) the least value of R such that D is contained in RD.
Then, almost surely,

R(Dt) - 0, as t --+ oo.

Proof. Suppose (Dt, t < r) is a uniform CLE exploration process in the unit disk.
From Proposition 3.4.11, we have that

PDt~~D0 Pa-~D=] 0 (a)TpV[DTnlaID= 0Ir >T] > 0.
T~+ n aD = 0] >! P[aDt n aD = 0] >-~~Parn3D=O ]>0

Define Dt = DtT+; then there exist r C (0, 1) and p > 0 such that

?[Dt c rD] > p.

For k > 1, define
Tk = kT, D = Dt

and let W be the conformal map from Dk onto D normalized at the origin: qOk(0)
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0, q4(O) > 0. For k > 1, the events {Pk(D*+1) C rD} are i.i.d. Thus

IPL k(Dk+1) C rD] 00.
k

Thus, almost surely, there exists a sequence Kj -+ oo such that

40K (Di 1 ) C rD, for all j.

Since D_' c D' , we have that
Kj+1 K

YKj (Di. 1 ) C rD, for all j.

Then we can prove by induction that D'. c rj-D: Suppose it is true for some j >

1. Since pK is the conformal map from D c rj-ID onto D, let y1 be the conformal

map from D onto rj-lD normalized at the origin and let W2 be the conformal

map from rh-ID onto D normalized at the origin (in fact, YI2(z) - z/r- 1). Then
K, = W2 10 . Thus

D~jlc (p1K ) 1 (rID) =1, v i' 21 (rID) - Yf7 1(rID) C r1ID.

The last relation follows from the inequality I |I(z) > Iz for all z.
We have proved that, almost surely, there exists a sequence Kj - oo such that

Dt c riD. Since the sequence of domains (Dl, t 0) is decreasing, this implies

We conclude this section by explaining how the loops (L, t > 0) obtained from
the point process of bubbles (yt, t > 0) (the Poisson point process with intensity
vbub (ID \ {0})) correspond to the loops in a CLE. We first remove from D all loops
Lt (with their interiors) for t > 0, and then, in each connected component, sample
independent CLEs. We will argue that the collection of these loops from CLE to-
gether with the sequence (L, t > 0) has the same law as the collection of loops in
a CLE in D \ {0}. The idea is very similar to the one used in [70, Section 71 to show
that the loops obtained from the bubbles have the same law as the loops in CLE in
D.

Suppose t is a CLE in ID \ {0}. Fix a point z c ID \ {0}. Let L(z) be the loop
in Ft that contains z. We will describe a discrete exploration of Ft for discovering
Lt (z). Fix E > 0 small and 6 > e small. Sample x1 E ID uniformly from the
circle. The loops of Ft that intersect B(x1 , e) are the loops we discovered. Call
the connected component of the remaining domain that contains the origin the
to-be-explored domain and let fl' be the conformal map from the to-be-explored
domain onto the unit disc normalized at the origin. Let yt"' be the discovered loop
with largest harmonic measure seen from the origin. The image of the loops in the
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to-be-explored domain under fiE' has the same law as CLE. Thus we can repeat
the same procedure, define fpE ,yE etc. For k > 1, define

te ft"f- tE

We also need to keep track of the point z: let zk = oj'E(z), and let K be the
largest k such that z c (k'')- 1((D). Define another auxiliary stopping time K' < K
as the first step k at which either Izkl ;> 1 - 8 or k = K. If K' < K, this means
that the point z is conformally far from the origin and is likely to be cut off in
the discrete exploration. We first address the case that z is discovered at the step
K + 1. Note that 0 4E will converge in distribution to some conformal map 'lS (for
reasons analogous to those given in the proof of Proposition 3.2.4) obtained from
the Poisson point process (yt, t > 0). This implies that L (z) has the same law as
('s) -1 (yt), as we expected.

Next we deal with the case that z is cut off from the origin: we stop the dis-
crete exploration at step K' - 1. At the step K', instead of discovering the loops
intersecting the ball of radius e, we discover the loops intersecting the circle with
radius N/3. After this step, we continue the discrete exploration (of size e) by tar-
geting the image of the point z, following the discrete CLE exploration procedure.
We discover the point z at some step. Letting e and S tend to zero appropriately,
we can also prove the conclusion for Lt (z) in this case.

More generally, for fixed z1, ... ,Zk E D \ {0}, we also need to demonstrate the
conclusion for the joint law of (L (z1),..., Lt (Zk)). The argument is almost the same
as above and is omitted.

3.5 CLE in the punctured plane

3.5.1 Existence and properties of CLE in the punctured plane

In this section we discuss CLE in the final standard doubly connected planar do-
main: the punctured plane. The following lemma is analogous to Lemma 3.4.1.
For a proof, we refer the reader to [68, Lemma 5.1].

Lemma 3.5.1. There exists universal constant C < oo such that the following is
true. For any S E (0,1),0 < r' < r < 62, and annular region D C A(, 1), there
exists a coupling between an annulus CLE, Fr in A(r, }) and an annulus CLE Tr'
in A(r', r) such

IP[D*= D*] 5 log(1/S)
r - log(1/r)'

where D* (resp. D*') is the set obtained by removing from D all loops (and their
interiors) of Fr (resp. rr') that are not contained in D. And on the event D* = D*'
the collection of loops of rr restricted to D* is the same as the collection of loops of
Fr' restricted to Dr,.
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The following theorem, analogous to Theorem 3.4.2, establishes the existence
of CLE in the punctured plane.

Theorem 3.5.2. For K E (8/3,4], there exists a unique measure on collections of
disjoint simple loops in C \ {0}, which we call CLEK in C \ {0}, to which CLEK in
A(r, ) converges in the following sense. There exists universal constant C < 00

such that for any 6 > 0 and for any annulus D C A (6, j), one can couple a CLEK
Ft in C \ {O} and a CLEK Tr in A(r, j) so that

P[Dt'* D*] < C lg16-- log(1/r)'

where Dt,* (resp. D*) is the set obtained by removing from D all loops of Ft (resp.
Fr) that are not contained in D, and so that on the event {Dt'* = D* }, the collection
of loops of Ft restricted to D* is the same as the collection of loops of Fr restricted
to Dr

It is clear that CLEK in C \ {0} can also be viewed as the limit of CLEK in RID \
{0} as R - oo or the limit of CLEK in C \ rD as r - 0. Theorem 3.5.2 may be
proved by making small modifications to the proof of Theorem 3.4.2.

The following proposition is a direct consequence of the construction given in
Theorem 3.5.2.

Proposition 3.5.3. CLE, in C \ {0} is invariant under the conformal maps
1. z -4 Az, for all A E C, and
2. z -4 1/z.

3.5.2 Uniform exploration of CLE in the punctured plane

For R > 1, suppose (DtR, t > 0) is a uniform CLEK exploration process in RID \ {0}
with D tR = RD. For s E R, define

TR= inf{t : CR(D tR) <6-s Ds(R) = Dt. (3.5.1)

We abbreviate TR := T& and Dt(R): Dt (R).

Lemma 3.5.4. For all s c R, there exists a decreasing function 6(R) such that
6(R) - 0 as R -+ oo and that

P[Dt(R) c RD] 1 -6 (R) as long as R> R2

Proof. Without loss of generality, we may assume s = 0. From the scale invariance
and the transience of the uniform exploration process (Proposition 3.4.12), there
exists a decreasing function 61 (R) such that 6 1 (R) - 0 as R -+ oo and that

P [Dt(R) c RID] > 1 - 61 (R). (3.5.2)
L4

140



Let R > 1, and choose R > R2 . Suppose (D', t > 0) is a uniform CLE, exploration
in RD \ {0}. Define

= inf{t: CR(4+) R},

DR= D+, and

? = CR(Dt).

And let Tp be the conformal map from 1ZD onto Dt normalized at the origin so that
p(0) = 0 and p'(0) = 1.

Let (Dt, t > 0) be an independent uniform CLE, exploration in 1ZD \ {0}, and
define Dt (7Z) as in (3.5.1) with respect to (Di, t > 0). Then we have that

Tp(D (7z)) V D(R).-

To show the conclusion, we only need to control the domain p(Dt (7?)).
The process (- log CR(Dt), t > 0) is a compound Poisson process starting from

- log R. Furthermore, its jump distribution is absolutely continuous with respect
to Lebesgue, because by Proposition 3.4.6 its jump distribution is absolutely con-
tinuous with respect to the log conformal radius jump distribution for the uniform
CLE exploration in the disk. Therefore, by Proposition 3.2.6 and Corollary 3.4.10,
there exists a positive constant ?7 > 0 such that

P[IR > pR] > 1 - pl, for all p E [0,1/2], R > R2. (3.5.3)

We will fix p later. Set
E, = [7Z > pR].

From (3.5.2), we have that on E1,

P D(7) C 7D > 1 - 61 (pR) for all 7Z. (3.5.4)

Set
E2 = D(R) C ID

By Corollary 2.2.16,

p(z) - zI 5 4zl2/7Z, for all IzI < IZ/4. (3.5.5)

Thus, on E2 we have
p(Dt(7Z)) C RD.

Combining (3.5.3) and (3.5.4), we have that

P[Dt(R) c RD] > P[E1 n E2 ] > 1 - p7 - 61(pR).

The conclusion is proved by setting p = log R /R, and 6(R) = pI + 6 1 (pR). ]
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Lemma 3.5.5. For all s E R, there exists a decreasing function 6(R) such that
6(R) -+ 0 as R - oo and that the following is true. There exists a coupling
between uniform exploration processes in R1ID and R2D with corresponding do-
mains D (R 1) and V (R 2) such that the conformal map Vf from DJ (R1 ) onto D (R2 ),
normalized at the origin so that y'(0) = 0 and y'(0) > 0, satisfies

P [ly - id llo < 1/R] > 1 - 6(R), (3.5.6)

where IIf - gI1o is the supremum norm for two conformal maps defined on the
closure of D = Ds(R1):

|f - gA = sup{If(z) - g(z)I: Z E D}.

Proof. Without loss of generality we assume s = 0. Suppose R 1, R2 > R8, where
R > 128. Set R R 4. For i E {1, 2}, let (Dt", t > 0) be a uniform CLE, exploration
process in RiD \ {0}. Define

T' = inf ft :CR(Dt ) < }

D,'I = D'ir and

Ri = CR(Dt's).

Let pi be the conformal map from RiD onto Dti normalized at the origin so that
(pi(0) = 0 and p (0) = 1.

By Proposition 3.2.6, there exists rj > 0 such that there is a coupling between
R1 and R2 satisfying

P[R1 = R2] > 1 - R . (3.5.7)

We couple (Dt4, 0 < t < T1 ) and (D+, 0 < t < T2 ) so that (3.5.7) is satisfied, and
we define E1  {R1 = R 2 }. On E1 , denote R = R, = R2. Set p = 64/R and

E2 = {7Z > pR}.

We also have that
P[E2] > 1 - p77. (3.5.8)

On E1 n E 2, let (Dt, t > 0) be an independent uniform CLEK exploration in RD \
{0}, and let Dt((R) be the domain defined in (3.5.1) with respect to the exploration
(Df, t > 0). We couple (Dtl, t > T1 ) and (Dt'2 , t > T2 ) so that each is the confor-
mal image of (Dl, t > 0) on the event E1 n E2, and we couple them as independent
explorations on the complement of E1 n E2. Set

E3 - [Dt((R) C RD].

From Lemma 3.5.4. there exists a decreasing function 51 (R) such that 6,(R) goes
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to zero as R -÷ oo and, on E1 n E2, we have

P[E 3] 1 - 51 (R), (3.5.9)

since PR> R 2 . For i E {1,2},

gi(0*(R)) D-'(Ri).

Set Vv = aP2 0 rPj. Then yi is the conformal map from Dtl onto Dt,2 normalized at
the origin and

W( 01(RM())= TP2(Dt(7Z))-

Thus we only need to show that Vf satisfies (3.5.6).
First, on E1 n E2 n E3, since

(pj(z) - zj < 4|z1 2 /(pR), for all zI I R,

we know that
p1(Dt(R)) C- 2RD.

Second, on E1 n E2n E3, by the Koebe 1/4 Theorem, we have that

Dt' - p RID = 16R3D.
4

By (3.5.5), we have

IY (Z) - Z 1 for all z 2R.

Combining these, we have that

yf(z) - zj 1/R, for all z c (Dt(7)).

Finally, we combine (3.5.7), (3.5.8), and (3.5.9) to obtain

P [ly(z) - zj : 1/R Vz e p1(Dt(R))] P[E1 n E2 n E3] > 1 - R~71 - p7 - (R),

which completes the proof.

Theorem 3.5.6. There exists a coupling of a CLE, r in C \ {0} and a random family
of domains (Dt)tER, which we call the uniform exploration of CLE in the punc-
tured plane, such that

(i) for all t E R, the restriction rIDt is a CLE, in Dt,
(ii) (Dt+s)s>o is a uniform exploration of rID, in D,, and

(iii) CR(Dt) < 1 if and only if t > 0.

Remark 3.5.7. Conditions (i) and (ii) in Theorem 3.5.6 determine the law of (Dt)tGR
up to translations of the form (Dt)teR i-+ (Dt+to)trR for to E R, and condition (iii)
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is included to remove this ambiguity.

Proof. Suppose S(R) is the decreasing function in Lemma 3.5.5. For k > 1, define
Rk inductively so that S(Rk) < 2-k, Rk > 2k, and Rk+1 > R.

By the proof of Lemma 3.5.5, for all k > 1 there exists a coupling between
a uniform exploration in Rk+1D and a uniform exploration in Rk+2D so that the
probability of the event Ek is at least 1 - 2 k, where Ek is the intersection of the
events

" Dt(Rk+l) C 2RkD, and

" there exists a conformal map yf defined on 16RID, normalized at the origin,
that maps Dt(Rk+l) onto Dt(Rk+2) and satisfies

Yfk(Z) - z| I R- 1  for all Iz I 2 Rk-

Since i_ 2-k < oo, the Borel-Cantelli lemma implies that there almost surely
exists a positive integer I such that Ek holds for all k> 1. For m > 1, define

Fm = fm o .o l-Jl;

Clearly, for m > I and n > 1 we have

lFm(z) - zj < 2/R1 , for all jzj < 2RID, and

IFm+n(z) - Fm(z) 2/Rm, for all Iz I 2RDD.

Thus Fm converges uniformly to a map F on 2R1D. Set

Do := DtY(oo) := Fo(Dt(R,+1))-

Our coupling is consistent in that Do does not depend on the choice of 1. For t > 0,
define (Dt)t>o to be the image of the exploration in Do under Fo.

To define Dt for negative values of t, we choose a monotone sequence sn tend-
ing to -oo and repeat the above construction (using the same coupling) with Dt4
in place of Dt. In this way we obtain for each n > 1 a domain Dt (oo) and an
exploration process ([J)I>o therein. The aforementioned consistency of our cou-
pling ensures that Do appears as one of the domains in each of these exploration
processes. In other words, for all n > 1, we have Do = S" for some sequence
of real numbers un. By Lemma 3.5.4, un - oo as n -+ oo. We set Dt = D "
where n is chosen to be large enough that un > t. This completes the construc-
tion of the domains (Dt)tER, and conditions (i)-(iii) follow immediately from the
construction. [

144



3.6 A coupling of the GFF and the CLE exploration
process

3.6.1 The topographic map of the Gaussian free field

Let D C C be a domain, and let h : D --+ R be a continuous function. One natural
way to encode h is to specify the collection of all level sets {z : h(z) = t} for t E R,
in the same way that cartographers use a topographic map to represent terrain.
We will construct such a collection of all level sets of the zero-boundary Gaussian
free field (GFF) h, a conformally invariant random generalized function which is a
fundamental object in the study of two-dimensional statistical physics models.

Since h is a generalized function but not a function, some work is required to
make the notion of a level set precise. One approach, carried out in [59], is to project
the GFF onto the space of functions piecewise affine on a triangulation of small
mesh size 5 > 0. The image h of h under this projection is a continuous function,
so its level sets are well-defined. Although our construction works directly in the
continuum setting and does not make reference to the discrete GFF (as in [60]), it is
nevertheless instructive to begin by considering the level sets of the discrete GFF.

For simplicity, we let D = [-1, 1]2, n E N, and 6 = 2/n. We triangulate D by
tiling D with 5 x 6 squares and dividing each square into two right triangles with
lines of slope -1 (so each tile looks like &). For each face F in this triangulation, h
is almost surely non-constant along all three edges of F, which means that the level
sets of h' F are line segments. It follows that the level loops of h" are polygonal
curves which we may equip with a natural orientation, specified by the rule that
we trace out the loop so that the values of h immediately to the right of the curve
are larger than the values of h immediately to the left of the curve. In other words,
the values of h infinitesimally outside a counterclockwise oriented loop are larger
than the values of h infinitesimally inside the loop, and vice versa for a clockwise
loop. In Figure 3-4, we show a surface plot of a GFF sample1 , along with the
collection of level loops surrounding the origin, with the colors red and blue used
to indicate counterclockwise and clockwise orientation, respectively.

We are particularly interested in the outermost blue loop surrounding the ori-
gin, as well as the collection r6 of all the outermost blue loops. We will show that
the continuum analogue of r', which we denote r, is a CLE4 (for more details
regarding the conformal loop ensemble, see Section 3.6.2). We will also give an in-
terpretation of the red loops in Figure 3-4, relating them to a uniform exploration
of F using a Poisson point process of SLE bubbles, introduced in [84].

3.6.2 The uniform CLE exploration and the GFF

The Schramm-Loewner evolution (SLE) processes were introduced by Oded Schramm
[58] as candidates for the scaling limits of discrete statistical physics models in

1To simulate the GFF height gap, we add A = x/8 to the values of h on the boundary of the
square. This has the effect of specifying the orientation of the boundary of the domain.
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(a) (b)

Figure 3-4: Panel (a) shows a surface plot of a discrete GFF h on a 250 x 250
grid. Panel (b) shows the level lines of h surrounding the origin. Red loops are
oriented counterclockwise (with the values of h larger outside than inside), and
blue loops are oriented clockwise (with values of h larger inside). Observe that the
loops surrounding a given point appear in an alternating sequence of red and blue
bands, where each band consists of a nested progression of loops of the same color.
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Figure 3-5: A picture of all the clockwise loops which are surrounded by no other

clockwise loop, colored from blue to red to green in decreasing order of height.
The continuum analogue of this height-indexed collection of loops is a uniform
CLE4 exploration process in [-1,1]2.
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two dimensions. A chordal SLE is a random non-self-traversing curve in a simply
connected domain, joining two prescribed boundary points of the domain. SLE
curves, indexed by K > 0, are the only random planar curves that satisfy confor-
mal invariance and the domain Markov property. SLE processes have been proved
to be the scaling limits of many discrete models. For example, SLE4 is the scaling
limit of a level line of the discrete GFF with certain boundary conditions [591.

The conformal loop ensembles (CLE) were introduced as candidates for the
scaling limit of the collection of all of the interfaces in the discrete model, in con-
trast to the single-interface model SLE. A CLE is a countable random collection of
simple loops that are disjoint and non-nested. CLEs, indexed by K E (8/3,4], are
defined and studied in [66,701. The CLEs are the only collections of simple loops in
a simply connected domain that satisfy both conformal invariance and the domain
Markov property: if F is a CLE in the unit disk, then F satisfies

" conformal invariance: Let <p be any conformal map from D onto itself, (p(F)
has the same law as F. This makes it possible to define CLE in any simply
connected domain D via conformal images.

" the domain Markov property: For any simply connected domain D C D, let
D* be the set obtained by removing from D all loops of F that are not totally
contained in D. Then, given D*, for any simply connected component U of
D*, the conditional law of the loops of F contained in U is the same as the
law of CLE in U.

Each loop in CLEK is an SLE-type loop. This implies, for example, that the Haus-
dorff dimension of each loop is 1 + ' almost surely [4].

The original construction of CLE_ [65] involves choosing a root R C aD and
considering an exploration tree, which is a collection {R+z : z e D} of SLEK(K - 6)
processes (a variant of SLEK), each starting from R and targeted at a point z E
D. The collection of processes is coupled in such a way that for every z, w C D,
the processes jR-+z and 1 R-+w agree (up to time change) until the first time r that
z and w lie in different connected components of D \ 1lR-+z [0, r]. The loops are
constructed using branches of the exploration tree. We refer the reader to [651 for
more details. Observe that, because of the choice of root, the exploration tree is not
invariant under any map that does not fix the root.

In [84], the authors constructed a more symmetric exploration process for K E
(8/3,4]. Loosely speaking, they define qR-+z as follows: (1) choose a root R ac-
cording to harmonic measure on aD, and (2) after each time q closes a loop, re-
sample a fresh starting point for the next loop according the harmonic measure
on the boundary of the unexplored component containing z. Such a process car-
ries two natural time parameterizations: (1) log conformal radius time, for which
t - log CR(D \ Rj az[0, t], z) + log CR(D, z), and (2) the local time of the log con-
formal radius time, which is obtained from log conformal radius time by excising
each interval during which a loop is traced.

ForK = 4, this exploration process is target invariant in the sense that it is
possible to couple a collection of such processes 1R-+z targeted at every point z E
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D. Furthermore, in this coupling, the local time associated with each loop in r is
independent of the target point z used to define it [841. We encode this process by
associating with each loop L e r the local time t when that loop was added. We
refer to this process as the uniform exploration of CLE4.

3.6.3 Statement of coupling theorems

Our first result establishes the existence of a coupling of the type described in Sec-
tion 3.6.1, in which the CLE4 loops may be viewed as level loops of the Gaussian
free field. In this coupling, the height of each level loop C corresponds to its time
t(C) in the uniform exploration. We write int L to denote the bounded region en-
closed by L.

Theorem 3.6.1. There exists a coupling between a zero-boundary GFF h in the
unit disk and a uniform CLE4 exploration process ((C, t(C)), C e r) such that the
following is true. Given the exploration process ((C, t(C)), C E E), the conditional
law of hjr is that of a GFF with boundary value 2A(1 - t(L)). Furthermore,
the family (hlit : L e F) is conditionally independent given the exploration
process.

We will also show that level loops and heights are deterministic functions of the
free field in this coupling. This result is what one would expect from the discrete
motivation, since level loops of a random continuous function are determined by
the function.

Theorem 3.6.2. In the coupling of Theorem 3.6.1, the CLE loops and the explo-
ration process are deterministic functions of the field.

We also prove a whole plane version of Theorems 3.6.1 and 3.6.2. Let F be a
nested CLE4 in C [25, 491. We define a subset Fo c F, which we call the origin-
nested whole plane CLE, as follows. Let Co be the outermost loop C E F sur-
rounding the origin for which CR(L, 0) <; 1, and let (Lk : k E Z) be the doubly-
infinite sequence of all loops surrounding the origin arranged in nested order (so
that Lj surrounds Lk for all j < k). Denote by Fo the union of (Lk : k E Z) and the
set of all loops K E r such that no loop with the same orientation as K surrounds
K and is surrounded by the innermost loop in (Lk : k e Z) surrounding K. We say
that (tC : L E ro) is an exploration of F if for all k c Z, either ((-1)k(t - t k) :
C E int Lk \ intCk+l) or ((-1)k+1 (tC - t 4k) : L C int Lk \ int Ck+l) is a CLE4
exploration process in int Lk. We denote by a (L) e { -1,1} the orientation of a
level loop C of a GFF, where a(L) -1 if L is clockwise and a (L) = +1 if L is
counterclockwise.

Theorem 3.6.3. There exists an origin-nested whole plane uniform CLE4 explo-
ration process (t(L) : L e Fo) and a coupling of this process with a whole plane
Gaussian free field h with the property that for all k C Z, the field hIi-tCk and
the exploration (O(k) (tL - tk) : L c int Lk \ int Ck+l) are coupled as in Theo-
rem 3.6.1. Furthermore, in this coupling the exploration is a deterministic function
of the-field.
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3.6.4 Comparison with a symmetric GFF/CLE4 coupling

In this section, we relate our coupling between GFF and CLE4 to a coupling be-
tween CLE4 and the Gaussian free field introduced in [421. We begin by reviewing
a standard result about Brownian motion.

Consider a one-dimensional standard Brownian motion (B(t), t > 0), and de-
fine the reflected Brownian motion Y(t) = IB(t) for t > 0. Then Y can be decom-
posed into countably many Brownian excursions (a Brownian excursion (e(t), 0 <
t < r) is a Brownian path with e(O) = 0, e(T) = 0 and e(t) > 0 for 0 < t < r).
We define the local time process (L(t), t > 0) of the Brownian motion, which is a
nondecreasing function which is constant on the interior of each excursion. If we
parameterize these Brownian excursions by the local time process of the Brownian
motion, then we obtain a Poisson point process of Brownian excursions (eu, u > 0).

We can also reverse this procedure. There are two ways to construct a Brownian
motion from a Poisson point process of Brownian excursions (eu, u > 0).

(i) Sample i.i.d. coin tosses o-u for each excursion eu, multiply the excursion by
the sign a-, and concatenate these signed excursions. The process we get is a
Brownian motion.

(ii) Concatenate all the excursions to obtain a reflected Brownian motion (Y(t), t >
0). Define the local time process (L (t), t > 0) of Y. Then the process (Y(t) -
L(t), t > 0) has the same law as a Brownian motion.

The coupling in [42] is defined as follows. We let F be a CLE4 in D. For each loop
L E F, sample an independent random variable a(L) to be +2A or -2A with equal
probability. We think of a(L) as the orientation of L, that is, a((L) = +2A (resp.
o-(12) = -2A) corresponds to L being oriented clockwise (resp. counterclockwise).
The law on the obtained sample ((L, a((L)), L E F) is called CLE4 with symmetric
orientations. The following theorems are analogous to Theorems 3.6.1 and 3.6.2
for the GFF/CLE 4 exploration coupling.

Theorem 3.6.4. There exists a coupling between zero-boundary GFF h in the unit
disk and CLE4 with symmetric orientations ((1, o(L)), L E F) in the unit disk
such that the following is true. We denote the restriction of h inside the loop 1 by
hIL. Given the loop configuration with orientations ((L, a(L)), 1 E F), for each
loop 1, the conditional law of hIL is that of a GFF with boundary value 2Au().
Furthermore, the family (hIL : L F F) is conditionally independent.

Theorem 3.6.5. In the coupling given by Theorem 3.6.4, the loop configuration
with orientations ((L, a (L)), 1 C F) is a deterministic function of the field h.

Because of the additional randomness of the signs a-(L), the coupling between
the GFF and CLE4 given in [42] is analogous to construction (i) of Brownian mo-
tion from the Ito excursions. The uniform exploration coupling is analogous to
construction (ii).

Acknowledgements. We thank Wendelin Werner and Jason Miller for helpful dis-
cussions.
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Remark 3.6.6. In this paper, we focus on K = 4. The necessary and sufficient condi-
tion for q to have positive probability to hit the interior of the interval (xjR, Xj+1,R)
(resp. (xj+lL, Xj,L)) is

j. j
ZP'R E (-2,0) (resp. Zpi'L E (-2,0)),
i=O i=O

with the convention pOfL POR = 0,L = 0 l+1,L -00, ,R = 0+, r+1 ,R

oo. See [13, Lemma 15].

3.6.5 The Gaussian free field

The zero-boundary Gaussian free field h on a domain D ; C is a random distri-
bution, or generalized function, on D. Loosely speaking, this means that h is too
rough for h to be defined pointwise, but it is possible to integrate h against suffi-
ciently regular test functions. More precisely, h is a random element of the space of
continuous linear functionals of the space C'"(D) of smooth functions compactly
supported in D. We use the notation (h, p) for the evaluation of h at p E C' (D).
We refer the reader to the survey articles [64] and [37] for more details about the
construction of the GFF.

The law of the zero-boundary GFF on D is characterized by its covariance ker-
nel, which is the function GD : D x D -4 R for which

Cov[(h, p1), (h, P2)] = pl(X)p2(y)GD(X,y) dx dy.

In fact, the GFF covariance kernel GD is the Green's function of the Dirichlet Lapla-
cian on D, which may be written as

GD(Xy) 2tlogIx - y + D(x,y),

where for each x E D, y '-+ GD(X,y) is the harmonic extension of the restriction
of the function y -L log Ix - yI to aD. Alternatively, y '-+ GD (X, Y) can be
expressed as the density of the occupation measure of Brownian motion started
at x E D, which assigns to each measurable set B C D the expected amount of
time spent in B by a Brownian motion started at x and stopped upon exiting D. By
the conformal invariance of planar Brownian motion, GD is cOnformally invariant,
and therefore the zero-boundary GFF is also conformally invariant.
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3.7 Coupling between the GFF and radial SLE4

3.7.1 Level lines of the GFF

SLE4 curves can be viewed as level lines of the GFF, but since the GFF is not a
function, some care is required to make this notion precise. The results in this
subsection collected from [59, 60, 42, 40].

Theorem 3.7.1. Fix weights (pL; pR) and corresponding force points (XL; xR). De-

note by (Kt);>o an SLE4 (pL; _R) process. There exists a coupling (K, ) where is
a zero boundary GFF on H such that the following is true. Let r be any stopping
time which is almost surely less than the continuation threshold of K. Let ht be the
harmonic function in H with boundary values:

+A (1

+ j'pi)

+( p'R)
i=O

+( LPi,R
i=0

if x (X j+,L f j,L)),

if X c [ft (Xj,R), ft (Xj+1,R)),

where pOL _ OR - 0, xoL -0, xl+1,L - _o O,R = 0+, r+1,R = 00 (see Figure
3-6). Then the conditional law of + h0 restricted to H \ K, given KT is equal to the
law of ofT + hT.

(-0,-])

-A( + pL) -A A .A(l+ pI.R)

XIL 0 XI'R

Figure 3-6: The function hT in Theorem 3.7.1 is the
boundary value in the right panel.

-A(l + pIL) -A -A A A _(1 + plR)

harmonic extension of the

Denote by q the curve generating the Loewner chain in the coupling of Theo-
rem 3.7.1. The height of the field on the left and right sides of q are not the same,
but in fact differ by 2A. This height gap is a reflection of the fact that the GFF is a
distribution rather than a function. Nevertheless, since the heights of the field on
the two sides of q are constant and average to zero, we may interpret 17 as a height-
zero level curve of . Another feature of level curves we expect n to satisfy is the
property of being determined by the field:

Theorem 3.7.2. Suppose 17 is an SLE4(pL; pR) and is a zero-boundary GFF on H.
In the coupling (17, ) of Theorem 3.7.1, ?1 is almost surely determined by c.
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By Theorems 3.7.1 and 3.7.2, we may say that in the coupling (q, ), the curve '
is the zero level line of + ho. In particular, if we let be a zero-boundary GFF on
H and a c (-1, +1), then the level line of with height aA is a chordal SLE4(-a -
1; a - 1) curve with force points at (0-; 0+). Note that when a E (-1, 1), both -a -
1 and a - 1 are above the continuation threshold, so the curve can be continued all
the way to oo.

The following results describe the interaction behavior of several level lines (see
Figure 3-7). For simplicity, we only state the results in zero-boundary GFF. They
can be generalized to the GFF with piecewise constant boundary values.

771 A -aA

-- aA 0 -A-a 1A A-a1A 0
V&(2)-

0 0 0 -a2-1 -a2-1 a2-a 1-2 a2-ai a2-1

X2 X1 V1(X 2)

(a) Let be a zero-boundary GFF. Fix x, > x 2. iji is the level line
of 4 with height alA starting from xi targeted at oo, at E (-1,1), for

i = 1,2.

1 211 M

0 00

(b) If a 2 > a,, then 112 stays to (c) If a 2 = a,, then 12 merges (d) If a2 < a,, then 112
the left of ql. with Y 1 upon intersecting. crosses 1 upon intersecting

and never crosses back.

Figure 3-7: Let be a zero-boundary GFF. Fix x1 > x2. Di is the level line of with
height aiA starting from xi targeted at oo, ai E (-1, 1), for i E {1, 2}.

For proofs of the following two propositions, see [81].

Proposition 3.7.3. Suppose that is zero-boundary GFF on H, fix x1 > x2, and let
a,, a2 E (-1,1). Let i be the level line of c with height aiA starting from xi targeted
at oo, for i E {1, 2}.

1. If a2 > a1, then 12 almost surely stays to the left of ql.
2. If a2 = a,, then '12 may intersect 'h, and upon intersecting, the two curves

merge and never separate.
3. If a2 < a1 , then 772 may intersect q1, and upon intersecting, crosses and never

crosses back.
In particular, if x1 = x2, that is the two level lines starting from the same point,

then 172 almost surely stays to the left of i1i when a 2 > a1 and '12 almost surely stays
to the right of 'ii when a2 < a1 .
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The following result describes the conditional law of one level line given the
other level lines (see Figure 3-8).

Proposition 3.7.4. Let be a zero-boundary GFF on H. Fix -1 < a < b < c < 1,
and let 17a, qb, tj be the level lines of starting from 0 targeted at oo with height
aA, bA, cA respectively. Then the conditional law of 17b given 17a and '7 is chordal
SLE4 (c - b - 2; b - a - 2).

q5(?lb)

A-CA A -bA A-aA Ab

- AAc 
- bA

-A-bA AA-b

-AA-CA

Figure 3-8: Fix -1 < a < b < c < 1, the conditional law of 'lb given 77a,17c is
SLE4 (c - b - 2; b - a - 2).

From Theorems 3.7.1 and 3.7.2, the GFF level line starting from 0 and targeted
at oo is well-defined and is a deterministic function of the field. By conformal
invariance, we can define the level line of the GFF in any simply connected domain
starting from a boundary point and targeted at another boundary point. In this
section, we describe a level line of the GFF starting from a boundary point and
targeted at an interior point.

We let h be a zero-boundary GFF in the upper half plane, and we fix a starting
point x E R, a target point z c H, and a constant a c (-1,1). The level line of
h starting from x targeted at co with height aA is a chordal SLE4(-a - 1;a - 1).
In particular, this chordal curve is target independent, which means that we can
construct the level line 7 = ql-z targeted at z in the following way: Run the curve
starting from x targeted at co until the first time t1 that l([0, t1]) disconnects z from
00, and denote by H1 the connected component of H \ il([0, t1]) containing z. We
choose any point x1 on the boundary of H1, and continue the curve by targeting at
x1 until the first time t2 that l([t1, t2]) disconnects z from x1 in H1 . Denote by H2
the connected component of H1 \ '([ti, t 2]) containing z. We choose any point x2
on the boundary of H2 and continue the curve by targeting at x2 until the first time
t3 that 1l([t 2, t 3]) disconnects z from x2, and so on. This procedure can be continued
until we reach the continuation threshold: at some time tK, the boundary value on
HK is constant and is either A - aA or -A - aA; see Figure 3-9 and recall Remark
3.6.6.

Once we reach the continuation threshold, we can no longer continue the level
line towards z. We define 'ixz to be ? [0, tN] and reparameterize the curve by
the capacity seen from z, yielding the curve ('i-+z(t), 0 < t rz-+z). Note that,
although (tk, Hk, k E N) depends on the choice of the target points (xk, k E N), the
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process 17"z does not. We call the curve (i-z(t),O t r"') the level line of
h with height aA starting from x targeted at z.

Denote by H = Ha (x, z) the connected component of H \ lx4Z containing z.
Note that, when we complete the level line q with height aA targeted at z, there
are two possibilities for the boundary value of h on the interior side of aH: either
A - aA or -A - aA. In the former case we say that H is a plateau, and in the latter
case we say H is a valley. We may also say that z is an a plateau or in a valley,
if x and a are clear from the context. The level line qx+z has the following basic
properties.

-A---A 4.X

A-aA A-aA A-aA

0 -~A-aA--c

(a) Run the level line with (b) Choose any point x, on (c) At some time tn, we meet
height a? starting from x tar- the boundary of H1. We the continuation threshold:

geted at oo until the first time continue the level line with the boundary values of h on
ti that il disconnects z from height a? from i(ti) inside the inside of H are constant,
oo. We denote by H1 the con- H1 by targeting at xi until the equal to either A - a? or -A -
nected component of H \ first time t2 that q disconnects aA.
containing z. z from x1 .

Figure 3-9: The construction of the level line with height aA starting from x E R
targeted at z E H. If we reparameterize the curve by capacity seen from z, then this
level line does not depend on the choice of target points (xk, k c N) in the process
of the construction.

Lemma 3.7.5. Suppose h is a zero-boundary GFF in H and fix x E R, z E H, and
a E (-1,1). The level line of h with height aA starting from x and targeted at z
satisfies the following properties:

" It is a continuous curve up to and including the continuation threshold.

" It is a deterministic function of the field.

" The probability that Hz(x, z) is a plateau is (1 + a)/2.

Proof. The first two properties are immediate from the construction. The third
property follows from the optional stopping theorem and the fact that (ht(z)) t>o is
a martingale, where ht is defined as in the statement of Theorem 3.7.1. See [671 for
details. El

By target independence, we also have the following.
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Lemma 3.7.6. Suppose h is a zero-boundary GFF in D and fix a E (-1, 1). The level
line of h with height aX starting from 1 and targeted at the origin has the same law
as radial SLE4 (-a - 1;a - 1) from 1 to the origin with two force points (1+ 1-),
up to the first closing time r1 :

T1 = infft > 0 : Wt = V+ = Vt-} (3.7.1)

where W is the driving function, and the processes V+ and V- track the evolution
of the force points under the Loewner flow

Next we describe the relationship between the GFF and radial SLE after the first
closing time. Suppose h is a zero-boundary GFF in D and fix a = -1 + 2, for E > 0
small. The level line of h starting from 1 and targeted at the origin with height aA
has the same law as radial SLE4(-a - 1; a - 1), and we denote it by 7([0, r1]). Let
D1 be the connected component of D \ i([0, Ti]) containing the origin. Note that
the probability of the event that the origin is on a plateau is E. If this is true, we stop
the curve. If not, given Q([0, r1 ]), the law of h restricted to D1 is the same as GFF
in D1 with boundary value -2E0. We continue the curve in D1 by the following
the level line of height -2E/I + aA of the field in D1 starting from / (TI) targeted at
the origin until the continuation threshold is hit, and denote this part of the curve
by fl([r1, T2]). Let D 2 be the connected component of D1 \ n ([l,T2]) containing the
origin. If the origin is not on a plateau, then we continue the curve by the level line
of height -4EA + aA, and so on. At some finite step N the origin is on a plateau,
and we stop. See Figure 3-10. We call the path (ij(t),0 < t < TN) the E-exploration
process of h starting from 1 and targeted at the origin stopped at the discovery
time TN- It follows from the construction that N has a geometric distribution:

P[N > n] = (1 - E)n, for all 1 ;> 0.

Recall that DN is the connected component of D \ j([0, TN]) containing the origin.
In Section 3.8, we show that DN converges in distribution as E -+ 0 to the CLE4
loop containing the origin.

From the domain Markov property, we know the existence of the entire radial
SLE4 (-a - 1;a -1):

Corollary 3.7.7. Fix a E (-1,1). Radial SLE4(-a - 1; a - 1) starting from 1 with
force points (1+;1-) is generated by a continuous curve (i(t), t > 0) which is
transient in the sense that

lim In(t) =0.t-+00

Proof. We only need to show the transience of the path. Suppose a E (-1,0] and
a = -1 + 2E. Let q be a radial SLE4 (-a - 1; a - 1) and (Tk, k > 1) be its successive
closing times. Let N be the random index for which TN is 11's discovery time. For
t > 0, denote by Ht the connected component of D \ 'i([0, t]) containing the origin,
and define gt to be the conformal map from Ht onto D normalized at the origin so
that gt(0) = 0 and g (0) = et
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-2EA -2cA --c0
-4cA -4IcA

7g(0) x 77(0) x 77(0)

1773)

77(
1

)77
2
) 17(

1
)

(a) Given 17 up to time T1, if (b) Given q up to time T2, if (c) Given q up to time TN, the

the origin is in a valley, the the origin is in a valley, the mean height of the field at the
mean height of the field at the mean height of the field at the origin is -2NEA + 2A.
origin is -2,A. origin is -4A.

Figure 3-10: Fix a = -1 + 2e, where e > 0 is small. We start the radial SLE4 (-a -
1; a - 1) by the level line of the field with height aA, denoted as 'i([0, T]). If the
origin is in a valley. We continue the curve by following the level line of height
-2eA + aA. If the origin is still in the valley, we continue the process until at some
finite step N, the origin is on a plateau.

We claim that for T > 0 sufficiently large, we have

P[aHT n aD = 0] > 0. (3.7.2)

Define n = Ll-aj + 1. Clearly, for T large enough, the probability of the event
{T > Tn and N > n} is positive. On this event, the conditional law of boundary
of HTn given ';( [0, Tn]) is the law of the level line of zero-boundary GFF in D with
height -2AnE + aA. Since

-2Ane + aA < -A,

the probability that this level lines hits aD is zero by Remark 3.6.6. This implies

(3.7.2).

From (3.7.2), there exist r E (0, 1) and p E (0,1) such that

P[HT C rD] p.

Denote

Dk = HkT, k = gkT, Ek -- kpk(Dk+1) c rD], for k > 1.

From the conformal invariance and domain Markov property of r we know that
the events (Ek, k > 1) are i.i.d. Thus Ek P[Ek] = oo, which implies that there almost
surely exists a sequence nj -4 oo such that for all j, the event Enj holds. We will

show by induction that for all j > 1,

Dn C r~-ID, (3.7.3)
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which implies the transience of the path.
Suppose (3.7.3) is true for j > 1. Note that

Dnj c Dnj+1 c p'l(rD).

We only need to show
qY- (rD) c riD. (3.7.4)

We know that Pnj is the conformal map from Dnj c r]i-D onto D normalized at
the origin. Let yj 1 be the conformal map from Dnj onto ri- 1ID normalized at the
origin and let Yf2(z) = z/ri-1. Then nj = W2 o i1, and (3.7.4) follows by noting
that lyr1 (z) ;> zJ for allz. l

3.8 Exploration of the GFF

3.8.1 The boundary-branching GFF exploration tree

In this section we describe a way of exploring the GFF which is closely related to
the uniform CLE4 exploration from Section 3.2.3. To this end, we first construct an
object we call the boundary-branching GFF exploration tree.

Suppose h is a zero-boundary GFF in D. Fix a = -1 + 2E with E > 0. The
level line of h starting from 1 targeted at -1 with height aA has the same law as
chordal SLE4 (-a - 1; a - 1) with force points (1-; 1+). Given two target points
Y1, Y2 E aD; the relationship between the level line targeted at yi and the level line
targeted at Y2 is the following: the two curves coincide up to the first time that
y1, Y2 are disconnected. After this time, the two paths evolve towards their target
points respectively. We denote by yBa the union of all level lines starting from
some x c ID and targeted at some y E ID. We call yBa the boundary-branching
exploration tree of GFF with height aA.

Lemma 3.8.1. Let h be a zero-boundary GFF in the unit disk. Fix a C (-1,1). The
boundary-branching exploration tree yB,a with height at of h has the following
properties:

" yB,a is almost surely a deterministic function of h.

" The law of ysa is conformal invariant, that is, for any conformal map p from
D onto itself, q(YBa) has the same law as yB,a

" yB,a separates D into countably many connected components. Given yB,a, the
conditional law of h restricted in these components are independent GFF's;
some of these GFF's have boundary value A (1 - a) and the others have bound-
ary value A(-1 - a). We call the components with boundary value A(1 - a)
plateaux and the other components valleys.

" The probability of the event that the origin is in a plateau is (1 + a)/2.
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In fact, the connected component of D \ yB,a containing the origin has the same
law as the connected component of D \ ([0, r1 ]) containing the origin, where 71 is
radial SLE4(-a - 1; a - 1) and r1 is its first closing time. Recall that a = -1 + 2e
with E > 0 small. Given yBa, let yE be the plateau with largest harmonic measure
seen from the origin.

Lemma 3.8.2. The law of yE normalized by 1/E converges vaguely to M, the SLE4-
bubble measure in D uniformly rooted over the circle, with respect to the Haus-
dorff metric.

Proof. By conformal invariance, it suffices to show that the law of yE conditioned
on the event that fy contains the origin converges to

M(- I y contains the origin).

Let a = -1 + 2e, and suppose yB,a is the boundary-branching exploration tree of
the zero-boundary GFF in D. Define D' to be the connected component of D \ yBa

containing the origin. Denote by q the corresponding radial SLE4(-a - 1; a - 1)
started at point chosen uniformly at random on the boundary of the disk.

We condition on the event that D' is a plateau, and let a and r be the ran-
dom times for which q[o-, r] is the excursion of q which surrounds the origin. For
all 5 > 0, we can sample a curve with the same law as 77[a, r] by first sampling
q[0, o + 6] and then sampling an SLE4 curve in D \ i[0, a +6] from 17(a + 6) to 77(a)
conditioned to surround the origin. Since the conformal map from D \ '[0, o + 6]
to D converges on compact subsets of D to the identity as E, 6 - 0, we see that
the law of D' conditioned on u-(a) converges to the SLE4 bubble measure rooted at
q(o-). By symmetry, however, ij(a) is uniform on D. Therefore, DC conditioned to
be a plateau converges to M(. I y contains the origin), as desired. 0

Now we can describe the discrete GFF exploration process. Suppose h is a
zero-boundary GFF in D. Fix a = -1 + 2E, where e > 0 is small. Let y4 be the
boundary-branching exploration tree for h with height aA. And define 1 to be
the connected component of D \ y4 containing the origin. Let f1 be the conformal
map from D1 onto D normalized at the origin, and denote by Yi the plateau with
largest harmonic measure seen from the origin. If D1 is a plateau (in other words
Y1 = D 1), we stop. Otherwise, let h1 be the image of h restricted to D1 under fl.
Then h1 has the same law as a GFF with boundary value -2EA. Let yB be the
boundary-branching exploration tree for h1 with height -2A + aA. Denote by D 2
the connected component of ID \ yB containing the origin. Let f2 be the conformal
map from D2 onto D normalized at the origin, and 'Y2 be the plateau with largest
harmonic measure seen from the origin. If D2 is a plateau, we stop. If not, we
continue, etc. At some finite step N, DN = rN is a plateau, and we stop. Note that,
when the origin is in the plateau, the mean height of the field in DN is -2NA + 2A.

We summarize notation and properties of the discrete GFF exploration GFF
below:
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" The steps of discrete exploration are i.i.d. In particular, ((fn, ,y), n < N) have
the same law.

" The first step N when the origin is in some plateau has a geometric distribu-
tion:

P(N > n) = P(The origin is in some valley)" (1 - .

" We define the conformal map

V f = -1 0 2' 0 fl-

Recall the terminology in Section 3.7; in fact, DN : () (yN) has the same
law as the connected component of D \ ([0, T]) where q is a radial SLE4(-a -
1; a - 1) and T is the discovery time time.

By arguments analogous to those for Theorem 3.8.2 and Proposition 3.2.4, we
have the following conclusions. Suppose ('yt, t > 0) is a Poisson point process with
intensity M. Define r= inf{t : yt contains the origin}. For each t < r, let ft be the
conformal map from the connected component of D \ yt containing the origin onto
D normalized at the origin. And, for each t < r, set Tt = os<tfs, L, = (T)-1(y).

Lemma 3.8.3. The relationship between the discrete exploration of GFF and the
Poisson point process of bubbles is the following:

" gE converges in distribution to T, in Carath6odory topology seen from the
origin as e -+ 0.

" DN = -l (YN) converges in distribution to L1, the loop in CLE 4 contain-
ing the origin, in Caratheodory topology seen from the origin as e - 0.

* Given (YB,1 < n < N), the mean height of the field on DN ~ ( y) (TN),
which is 2A(1 - Ne), converges in distribution to 2A(1 - r).

Corollary 3.8.4. Set a = -1 + 2e with e > 0. Suppose tj is a radial SLE4 (-a -
1; a - 1) and T is its discovery time. Define LE to be the connected component of
D \ il ([0, T]) containing the origin. Then LE converges in distribution to the loop in
CLE4 containing the origin in the Carathdodory topology seen from the origin.

3.8.2 The GFF exploration and proofs of main theorems

We first explain the relationship between the GFF E-exploration process and E/2-
exploration process (starting from 1 and targeted at the origin), introduced in Sec-
tion 3.7.

Suppose h is a zero-boundary GFF in D. Fix n C N and e = 2-". Let I" be the
E-exploration process of h starting from 1 targeted at the origin, and rT be its first
closing time. Denote by D' the connected component of D \ ,"([0, r]) containing
the origin. Let qn+l be the E/2-exploration process of h starting from 1 targeted
at the origin, and let -and r+1 be its first and second closing times. Define
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D +1 to be the connected component of ID \ 7n+1 ([0, T +1]) containing the origin,
for i E {1,2}.

On the event that D" is a valley, Proposition 3.7.3 implies that almost surely,

Dn+1 = D c Dn+1. (3.8.1)

4)( 7710, Till) )

(a) D' is a plateau. (b) Case 1. D +1 is a plateau. (c) Case 2. D"+1 is a valley.

Figure 3-11: On the event that Dn is a plateau, there are two cases for Dn+1, Dn+1

On the event that Dn is a plateau, there are two cases for D, D 1. (i) If D 1

is a plateau, then almost surely, (see Figure 3-11)

Dn+1 C Dn. (3.8.2)

(ii) If Dn+1 is a valley and Dn+1 is a plateau, then almost surely, we have (see
Figure 3-11)

D -+1 Dn c Dn+1 (3.8.3)

Now suppose h is a zero-boundary GFF in D. Fix E = 2~- for some n E N. Let

r7 " (resp., 17n+1) be the E-exploration process (resp. E/2-exploration process) of h
starting from 1 targeted at the origin, and (rT, k > 1) (resp., (n+ 1 , k > 1)) be its
successive closing times, and N" (resp., Nn+1) is the integer for which

Tn =n"n (resp,. Tn+1 T n+1

is its discovery time. Also, denote by L" (resp. Ln+l) the connected component of
D \ 17"([0, T"]) (resp. D \ rin+1([0, Tn+1])) containing the origin.

From (3.8.1), (3.8.2), and (3.8.3), we have that, almost surely,

Ln+1 C L" (3.8.4)

and
Nn+1 E {2Nn,2N" - 1}. (3.8.5)

To complete the proof of Theorems 3.6.1 and 3.6.2, we introduce the full branching

161



GFF exploration tree. Fix E > 0 small and a = -1 + 2E. Suppose h is a zero-
boundary GFF in D. Recall the construction of E-exploration process of the field
starting from 1 targeted at the origin, introduced in Section 3.7. This construction
can be easily generalized to the exploration process starting from any point on the
boundary targeted at any interior point. Note that, if x E ID and y1, Y2 E D, the
relation between the exploration process q1 starting from x targeted at yi and the
exploration process 912 starting from x targeted at Y2 is the following: the two paths
coincide up to the first time that yi and y2 are disconnected. After this time, the
two paths evolve toward their respective target points (stopped at their discovery
times respectively). Now we define full branching GFF E-exploration tree of the
field to be the union of all E-exploration trees starting from all x c ID and targeted
at all z E ID.

Lemma 3.8.5. Let h be a zero-boundary GFF in D. Fix E > 0. The full-branching
E-exploration tree yF,E of h has the following properties:

" yF,, is almost surely a deterministic function of h.

" The law of yF, is conformal invariant, that is for any conformal map (0 from
D onto itself, cp(yFE) has the same law as yF,E

" Define L(z) to be the connected component of D \ yF,, containing z E D.
Then LE(0) is, almost surely, the same as the connected component of D \
j([0, TI) where ij is the E-exploration process of h starting from 1 targeted at
the origin and T is its discovery time.

" Given yF,,, the conditional law of h restricted to L (0) is the same as a GFF
with mean height h-(0) =2i(i - ENc) for some integer N- determined by
yF,-

Proof of Theorems 3.6.1 and 3.6.2. Suppose h is a zero-boundary GFF in D. For any
n E N, set E = 2-". Run the full-branching exploration tree yF,n of h. Note that yF,n
is a deterministic function of h. For any z E ID, define Ln (z) to be the connected
component of D \ yF,n containing z. Denote by N" (z) the integer such that, given
YF,n, the mean height of h restricted to L"(z) is

h"(z) := A(1 - 2-"N"(z)).

From (3.8.4) and (3.8.5), for any fixed z C ID, we have almost surely,

Ln+1 (z) C L"(z), lhn+1 (z) - h"(z)j < 2-"A. (3.8.6)

Note that L"(z) and h"(z) are deterministic functions of h. Fix some countable
dense subset D of D.

On one hand, almost surely, (3.8.6) holds for all z E 'D. On this event, define

YF,o _U yF,n, and h'(z) = lim h"(z).
nn
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Define L' (z) to be the connected component of D \ yF,, containing z E D. Note
that ((L*(z), hm(z)),z e D) is almost surely determined by h. From Lemma 3.8.5,
we know that, given yF,n, for all z E D, the conditional law of h restricted to L" (z)
is a GFF with mean height h" (z). In fact, hn (resp. h') can be defined almost
everywhere by setting h"(w) = h"(z) (resp. h'(w) = h"(z)) when w E Ln(z)
(resp. w E LY(z)). Fix a smooth function p, compactly supported in B. We know
that (h", p) plus an independent Gaussian with mean zero and variance En (p) has
the same law as a Gaussian with mean zero and variance E (p), where

E(p) = p(x)p(y)GD(x,y)dx dy, and

En (p) = p(x)p(y)Gn(x,y)dxdy, G"(x,y) = ZGLn(x,y)
DxD)Ln

Here GD is the Green's function of the Dirichlet Laplacian on the domain D, and
the sum ELn is taken over all connected components of D \ yF,n. From (3.8.6),
(h", p) converges to (h', p) almost surely. Furthermore, E" (p) is decreasing in n
thus has a limit, which we denote by E"(p). Then (h', p) plus an independent
Gaussian with mean zero and variance E'(p) has the same law as a Gaussian
with mean zero and variance E (p). This implies that h' plus independent zero-
boundary GFF's in each connected component of D \ yF,o has the same law as a
zero-boundary GFF in D. And given yF,,, the conditional law of h restricted to
L*'(z) is the same as a GFF with mean h"(z) for any z E D.

On the other hand, from Lemma 3.8.3, we know that L" (z) converges in distri-
bution to the loop in CLE4 containing z in the Carath6odory topology seen from
z. Thus L'x(z) has the same law as the loop L(z) in CLE4 containing z. Moreover,
h'(z) has the same law as 2A (1 - t(L(z))) where t(L (z)) is the time parameter of
the loop L (z) in CLE4 with time parameter.

Combining these two observations, we conclude the proof of Theorem 3.6.1.
Since ((L*(z), h'"(z)), z E 'D) is almost surely determined by h, we have also
proved Theorem 3.6.2. l

Remark 3.8.6. If we consider the setting of Lemma 3.8.3, the proof of Theorems 3.6.1
and 3.6.2 actually gives the almost sure convergence of DN (4)- (yN) along
the subsequence e, = 2-".

We conclude by proving Theorem 3.6.3.

Proof of Theorem 3.6.3. Let F be a nested CLE4 in C, and denote by (k : k E Z)
the sequence of loops surrounding the origin as defined in Section 3.6.3. Choose
o-(Lo) uniformly at random from the set {+1, -1}, and let a(k) = (-1)ko.(Co)
for all k E Z. For each k c Z, we sample an annulus CLE4 exploration process

(tk : L is between k and 4k+1)

in int Lk \ int 4k+1. We define (tCk : k E Z) inductively by tco = 0 and tCk+1

t 4k + (-1)kU()t+ke. For every CLE 4 loop L between k and k+1, we define tL =
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aDT
x

.'0

Figure 3-12: To show that the level lines are determined by the free field in the
whole-plane exploration coupling, we sample an outside-in exploration (Dt)tER
(from co to 0) and an inside-out exploration (from 0 to co) with the same GFF h,
conditionally independent of one another. Each level loop Lk surrounding the
origin for the inside-out process is equal to Dt for some t C R. To see this, we run
the outside-in process until it hits Lk at some point x and some time r, and we
then run a level line of the GFF inside DT starting at x and with height equal to the
height of Lk. By pathwise uniqueness of level lines, this level line equals 'k-

t _ - (--1) Dtk. It is clear from the construction that the resulting process satisfies
the definition of an origin-nested CLE4 exploration.

For each loop in the origin-nested CLE4, we define an independent Gaussian
free field hL with boundary conditions corresponding to the height tL and the
orientation of L. Then h = EC hL, considered as a tempered distribution modulo
global additive constant, has the law of a GFF on C because the restriction of h to
the interior of k has the law of a zero-boundary GFF (modulo additive constant),
and zero-boundary GFFs on a sequence of domains tending to C converge in law
to the whole plane GFF [43, Proposition 2.101.

To show that the level loops are determined by h in this coupling, we couple h
with an exploration process from co to 0 and an exploration process from 0 to co in
such a way that the exploration processes are conditionally independent given h,
following [14]. This is possible since h conformally invariant and in particular is in-
variant under the inversion z i-+ 1/z. We claim that the two exploration processes
are in fact equal, which implies that each is determined by h.

To see this, let k be one of the loops surrounding the origin for the inside-
out process, and let tek be the height corresponding to 4k. Encode the outside-in
process as a nested progression (Dt)tCR of domains as defined in Theorem 3.5.6
in [68]. Let r= sup{t E R : k c Dt} be the hitting time of k for the process
(aDt)R; see Figure 3-12. Since level lines cannot cross one another except at the
boundary of the domain, aDT and k touch rather than crossing. Since aDT and

k touch, they have the same orientation and heights which differ by less than A.
Let x E aDT n 4k, and consider the level line in DT starting from x of height tLk.
By pathwise uniqueness of GFF level lines, this level line traces out 4k. It follows
that every loop surrounding the origin for the inside-out process is equal to Dt for
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some t E R. Since k E Z was arbitrary, the result follows from Theorem 3.6.2. E

In the remainder of the thesis, we will prove the following theorem.

Theorem 3.8.7. In a conformally invariant exploration process of non-nested CLE4
in a simply connected domain D C C, the exploration is a deterministic function
of the CLE4 loops.

We use Theorem 3.8.7 to construct a conformally invariant metric on CLE4.

Theorem 3.8.8. There exists a conformally invariant metric on the collection of
CLE4 loops in D.

Proposition 3.8.9. Let L be a Brownian loop soup in D with intensity c E (0,1],
and let (Dt)t>o be a decreasing family of subdomains of D. For t > 0, define D*
to be the domain obtained by removing from D the closures of clusters of loops in
C which are not contained in Dt. Let r be a stopping time for the process (D*)t>.
Then the conditional law of L restricted to D* given D* is that of a Brownian loop
soup in D*.

Proof. The proof is a straightforward modification of the proof of Lemma 9.2 in
[70], but for completeness we review it here. For D c D and n > 1 we define
Fn (D) to be the union of all squares in 2-Z2 contained in D. Then for all such
unions-of-squares V c D, the event {F n(D*) = V} depends only on the loops
intersecting D \ V and is therefore independent of the loop configuration in V.
This shows that for all n > 1, the loop configuration in Fn (D *) is a Brownian loop
soup in Fn (D*). Since Un Fn (DT) = DT, this shows that the configuration in D* is a
Brownian loop soup. E

3.9 The loops determine the exploration process

In this section we show that the conformally invariant CLE4 exploration process
is a deterministic function of the CLE4 loops. Our strategy is inspired by the one
used by Dubedat in [13, 14] to prove that the Gaussian free field determines the
SLE trace in the usual GFF/SLE coupling. The idea is to explore from aD to the
loop y surrounding the origin and from y to lD, with these explorations sampled
conditionally independently given the CLE4 loops. We show that the amounts of
exploration time in each direction in this coupling are almost surely equal. This
implies that the discovery time of y is determined by the CLE4 loops.

Denote by K the set of compact subsets of C. For K, K' E K, we define the
Hausdorff metric

dHausdorff(K, K') = max sup inf Ix - y|, sup inf Ix - y|
I xGKyK' yEK',xGK
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We regard a CLE4 F as a compact set by considering its gasket, which is the set of
points surrounded by no loop of F. Denote by 7- the space of processes (Dt)t>o of
nested domains, and we define

dT(D, D) = sup dHausdorff (Dt, Dt).
t>o

and equip T- with its Borel a-algebra. The metric dT inherits completeness and
separability from the Hausdorff metric [50], so T is Polish. Theorem 9.2.1 in [771
establishes the existence of regular conditional probability distributions for Polish
space valued random elements, and we will use this theorem implicitly when we
sample random elements from their conditional laws given certain a-algebras.

3.9.1 Annulus CLE exploration

Proposition 3.9.1. Let U C D be an open set containing the origin, and let (Dt)t>o
be a uniform CLE4 exploration in D with associated CLE4 F. Define

Tu = inf{t > 0 : U Z Dt}.

Then, given the loops of F intersecting D \ U, the loops of F contained in U and the
exploration (Dt)ost Tu are conditionally independent.

Proof. Denote by T u the loops of F contained in U. We couple (Dt)ostTu and F
as follows: sample (Dt)OstTU from the law of a CLE4 exploration stopped upon
hitting U. Then sample F by sampling independent CLEs in the components unex-
plored by (Dt)o t<Tu. By the domain Markov property of CLE, FU is distributed as
a CLE 4 in the origin-containing complementary component of F \ Fu. In particular,
Fu is conditionally independent of (Dt)ogt Tu given F \ FU. E

Proposition 3.9.2. Let (Dt)teR be a uniform CLE4 exploration in ID with associated
CLE F. Suppose that K is a random simply connected subset of D coupled with
a CLE4 in such a way that K contains the origin and almost surely no loop of F
intersects both K and its complement. Then the conditional law of the exploration
up to the hitting time of K is conditionally independent given F of the loops of F
inside K.

Proof. For n C N, define the random domain Un to be the simply connected open
set of minimal area which contains K whose closure is a union of closed squares
in the grid 2 -nZ2. Denote by An the exploration up to Tun, by Bn the loops of F
inside Un, and by Cn the loops of F not inside Un. Applying Proposition 3.9.1 to
each domain U such that P[Un = U] > 0, we find that for all bounded continuous
functions f and g,

ELf (An)g (Bn) ICn] = IE[f (An) ICn] E [g (Bn) ICn].- (3.9.1)

As n -÷ oo, we have An - A almost surely, where A is the exploration until the
hitting time of K. Similarly, we have Bn -4 B and C -* C, where B denotes
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Figure 3-13: Define a loop ensemble by first sampling a pinned loop y surround-
ing the origin, and then inside of y sample an exploration until just before the loop
surrounding the origin is discovered at time T. This procedure is a reversal of the
CLE4 exploration process in D, wherein we explore loops not surrounding the ori-
gin for an exponential amount of time and then sample a pinned loop surrounding
the origin. Proposition 3.9.3 says that loops discovered by the exploration along
with aDT_ (shown in purple) along with an independent CLE4 outside y (shown
in cyan) form a CLE4 in D (Proposition 3.9.3).

the loops of r inside K and B denotes the loops of r not inside K. Hunt's lemma
[10, Theorem 5.451 states that if (Xn)neN is an Ll-dominated sequence of random
variables almost surely converging to X and (Fn)nEN is a monotone sequence of
a-algebras with F = a (UnEN .Fn), then E[Xn I .Fn] -+ E[X I ] almost surely (and
in L1). Applying this lemma to take n -+ oo on both sides of (3.9.1), we obtain the
desired result. El

Proposition 3.9.3. Let y be a loop sampled from the bubble measure vbub(D) re-
stricted to loops surrounding the origin. Let (Dt)t;o be an independent CLE4 ex-
ploration inside y with f the associated CLE4 , and let T be the time when the loop
containing the origin is discovered. Define Fi to be the loops of r outside of DT-,

as well as aDT_. Sample an independent CLE4 r 2 in the simply connected region
between y and aD. Then the union F of r, and r2 is a CLE4 in D.

Proof. Consider two consecutive CLE4 loops L2 and 4 surrounding the origin in
an origin-nested CLE4 coupled with a whole-plane Gaussian free field, as defined
in Theorem 3.6.3 (see Figure 3-14). Define L, and 3 to be the exploration frontiers
just before the discovery times of L, and 3, respectively. We will refer to touching
pairs of oppositely-oriented loops, such as (L1, L 2),figure eights. The proposition
is equivalent to the claim that 3 along with the loops between L, and 3 are
distributed as a CLE4.

By inversion invariance of the GFF, loops 43 and L, are consecutive CLE4 loops
surrounding oo in the exploration of h from 0 to oo. Therefore, the loops between

43 and L, are distributed as an annulus CLE. Furthermore, 3 has the law of the
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Figure 3-14: Consider two consecutive figure eights in a whole-plane Gaussian free
field. The CLE4 loops are illustrated with solid lines, and the exploration frontiers
just before the discovery time of each CLE4 loop are shown dashed. The loops are
colored according to their orientation as GFF level lines.

origin-surrounding loop for a CLE4 in L1 by the inversion invariance of CLE4 ,
which is proved in [26]. . .

3.9.2 The two-way annulus exploration

Let L be a CLE4 loop surrounding the origin in an origin-nested whole plane CLE4,
sample a CLE4 Fo inside , and let be the CLE4 loop surrounding the origin. De-
note by o the annular region between L and lo, and denote by the loop ensemble
in 2 obtained by removing aL from L. By Proposition 3.3.6, is an annulus CLE
in 2. We sample an outside-in annulus exploration (Dt)o<t<D of F from its con-
ditional law given F, and conditionally independent of (D)osss we sample an
outside-in exploration (Et)ot from its law given F. Denote by i the resulting
law of ( 2, (DQ)o<; , (Et)o<;t we). Denote by r the measure on quintuples

obtained by (1) sampling (, (D5)o<;s, (Et)o<t<;) from S dBo/pi(S), (2) choosing a
from the uniform distribution on [0,gv] (and conditionally independent given S of
everything else), and (3) defining

r:= sup{t >0 : Et Z Q\D,}.

We define p2 similarly except that r is selected uniformly from [0, T] and

a:= sup{s > 0 : Ds Z \ E}.

Lemma 3.9.4. The marginal laws of

(0, (Ds)O<s<e, (Et)O<t<T)
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under p1 and P2 are equal.

Proof. We begin by describing a way to sample ([, (Ds)ogs<;,, (Et)ot<T) from its
P1 law. Sample the region [2 and exploration (Ds)o ss from its law under pl.
Choose a uniformly in [0, S], and note that conditioned on )D, and aDs, the CLE4
loops between aD, and aDs are distributed as an annulus CLE r in that region. By
Proposition 3.9.3 and 3.9.2, we may sample an annulus CLE exploration from aDs
to aD, from its conditional law given r. If we denote this exploration by (Et)o<ts<,
then by Proposition 3.9.2 the law of (2, (Ds)ogs<;, (Et)o<t T) is the same as its p1-
law.

Define (L1, 2), ( 3, 4), and (L5, 6) to be three consecutive figure eights
in a whole-plane GFF, numbered outside-in. Define a measure v on triples ([2,
(Ds)o s<;, (Et)o<;t<) by letting [ be the annular region between L2 and 5, let-
ting (Ds)o<s< be the GFF exploration from 2 to 3, and letting (Et)t<T be the GFF
exploration from 5 to L4. In the following paragraph we argue that the pl-law of
([2, (Ds)o<ss<, (Et)o<t<T) is equal to v.

The p-law of S is a unit mean exponential random variable, so the pl-law of
S is te-t dt. Thus the pl-law of a, which is uniformly distributed from 0 to S, is
also a unit mean exponential and is therefore the same as the p-law of S. Thus
the pi- and v-laws of the exploration (D,)o<s , agree. Furthermore, the v and p,
conditional laws of the inner boundary of f2 given D, are both given by Q(aD,),
where Q = L -+ K denotes the transition kernel mapping a loop surrounding
the origin to the law of the loop IC surrounding the origin for a CLE 4 in K. This is
true by definition for v, and for p1 it may be seen by noting that the pl-law of S - or
given o is a unit mean exponential independent of a. Finally, the conditional laws
of the explorations (Et)t<T given (iDs)o s<, and aDs are both given by annulus
explorations from aDs to aD,.

By inversion invariance of the whole-plane Gaussian free field, the law of ([2,
(Ds)o s<,, (Et)o<;t<T) under P2 is also equal to v. This concludes the proof. El

Lemma 3.9.5. p1 (S) = p,(T)

Proof. We will abbreviate D<s := (Du)u<s and similarly for E. We claim that

P1 [S I [,F, D<, E<T] = 111[T |2,r, D<, E<T]. (3.9.2)

The lemma follows from (3.9.2) and Lemma 3.9.4.
For s E R, we define the function

g (n,rD <s) = I,[s |n, r, D<,]

Then the left-hand side of (3.9.2) equals Pi [S I [, r, D<,], since E is conditionally
independent of S. This in turn equals p[S I [2, r, D<,], because the p- and p1-laws
of the evolution of D after time a are the same. Thus the left-hand side of (3.9.2)
equals g([, r, D<,).

The right hand side can be written as

P1[T [nr,Du, E<T= p[T I [n,r,D<;,, E<T] = p[T I [n,r,D,o-, E<T].
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because the forward exploration is conditionally independent of S given Q and F.
We define for t > 0

Mt := P[2T |Fr, D, a, E<tAT = g(t(Q, F, E<t)), (3.9.3)

where t denotes the inversion z 4 1 /z. Since (3.9.3) holds for all t, it holds for all
stopping times taking countably many values. Note that M is a nonnegative mar-
tingale, which by Doob's upcrossing lemma implies that Mt has a most countably
many discontinuities. Since the conditional law of r given Q, F, and E is absolutely
continuous with respect to Lebesgue measure (by Lemma 3.9.4), r is almost surely
a continuity point of Mt. Therefore, we may define r = 2'" [r2"J, apply (3.9.3)
with t = rn, and take n -> oo to conclude that the right-hand side of (3.9.2) is the
same as g(t(Q, F, E<)). The result then follows from Lemma 3.9.4. E]

Theorem 3.9.6. We have S = T almost surely.

Proof. From Lemma 3.9.5, y(S2) = p 1(S) = p 1(T) = y(S T). By symmetry, P(S2)
p(T 2 ). Therefore, by the Cauchy-Schwarz inequality, S = AT almost surely for
some A E R. Since p(S 2) =(T2), we have S = T almost surely.

3.10 The CLE4 metric

In this section we use result that the CLE4 loops determine their exploration to
define a metric on CLE4 loops. In this metric, the balls of radius t correspond to
the set of loops discovered by the exploration up to time t. We begin by describing
a simple way to recover a metric from its metric balls.

3.10.1 An alternate metric space axiomatization

If (X, d) is a metric space, then for every x E X and r > 0, the closed d-ball of
radius r centered at x is defined by

Br(X) ={y X : d(x,y) r}.

The collection {Br (X) : x c X, r > 0} satisfies the following properties:
(i) (identity of indiscernables) Bo(x) = {x},

(ii) (nesting) Br (x) C B, (x) whenever 0 < r < s,
(iii) (symmetry) for all x,y E X, sup{r > 0 : y Br(x)} sup{r > 0 : x i

Br (y)} < oo, and
(iv) (triangle inequality) for all x, y E X and r, s > 0 such that r + s < sup{t > 0

y j Bt (x)}, we have Br (x) n B,(y) = 0.
It is straightforward to verify that if {B, (x) : x E X, r > 0} is a collection of sets
satisfying these properties, then there exists a unique metric d on X such that for
all x e X and r > 0, the closed d-ball of radius r centered at x is Br (x).

The following proposition establishes a sufficiency condition for a collection of
subsets of X to satisfy the metric ball properties enumerated above.
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Proposition 3.10.1. Let X be a nonempty set, and suppose that {Br (x) : x E X, r >
0} is a collection of subsets of X satisfying properties (i) and (ii). Also, suppose that
for all x,y E X and for all 0 < r < sup{t > 0 : x i Bt(y)}, we have

r + sup{s > 0 : Br(x) n Bs(y) = 0} = sup{t > 0 : y t Bt(x)} E R. (3.10.1)

Then there exists a unique metric on x with respect to which the closed ball of
radius r centered at x is Br (x).

Proof. We define d(x, y) = sup{t > 0 : y t Bt(x)}. Note that (3.10.1) implies

d(x, y) 5 r + sup{s : Br (x) n Bs(y) = 0} < r + d(y, x)

for r > 0 arbitrary. This establishes d (x, y) < d (y, x). Reversing the roles of x and
y shows that d(y, x) < d(x, y), so property (iii) is satisfied.

To demonstrate property (iv), we note that if r + s < d(x, y), then (3.10.1) im-
plies that

s < sup{s > 0 : Br(x) n Bs(y) = 0}.

By property (ii), this implies that Br (x) n B, (y) = 0.

3.10.2 The CLE4 metric space

By Theorem 3.9.6, the discovery time of the loop containing the origin in a CLE4 in
the disk is a deterministic function of the CLE4 loops. By conformal invariance, the
discovery time of every loop, and hence the entire exploration, is a deterministic
function of the CLE4 loops.

The boundary of D plays a privileged role as the loop from which we explore
in the CLE exploration process. However, it is also possible to explore from any
CLE loop. When used to describe a loop, the term shape will be defined to be its
equivalence class modulo scalings of the form z -+ Az, where A > 0. We say that a
loop y is stationary of the law of its shape is equal to the law of the shape of a loop
in a nested CLE4 in C (note that by scale-invariance, all such loop shapes have the
same law). The construction in the following definition is illustrated in Figure 3-15.

Definition 3.10.2. Let F be a CLE4 in D. For t > 0 and L E r, we define Bt((L) C r
as follows. Let y be a stationary loop, independent of r, and conformally map F
to the interior of y. Choose a point zo in the interior of the image of 4, apply the
inversion z -+ 1 / (z - zo). Finally, conformally map the resulting configuration
to the unit disk D. Since this loop ensemble is a CLE4 in D, we may define an
exploration process from aD which is determined by the CLE4 loops. We define
Bt (L) to be the preimage under this composition of conformal maps of the set of
loops discovered up to and including time t in this exploration process.

By conformal invariance, the resulting set Bt(L) does not depend on y, the
choice of zo, or the two choices of conformal map between D and a stationary loop
(the first and third maps illustrated in Figure 3-15).
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0- 1, OZ Z-j- j

Figure 3-15: To define the ball of radius t centered at L in terms of the CLE ex-
ploration, we apply a series of conformal maps to obtain a CLE configuration with
(the image of) L as the outer boundary. The first map sends the configuration to the
interior of an independent, stationary loop. The second map is an inversion that
positions the image of the L as the outermost loop in the configuration. Finally, we
conformally map to D.

Proposition 3.10.3. There exists a metric 6 on F whose closed ball of radius r cen-
tered at L is equal to Br (L), for all r > 0, 1 c r.

Proof. It suffices to show that {Br(L) : r > 0, L C F} satisfies the hypotheses of
Proposition 3.10.1. Conditions (i) and (ii) are immediate from the construction.

Let (D,s) be the exploration from 3D to the loop 1 surrounding the origin,
and let (Et), o be the exploration from L to )D. Define

F(s) = inf{t > 0 : aEt Z DsJ.

By Theorem 3.9.6, F(0) = S and F(T) = S. Furthermore, by Lemma 3.9.4, the
conditional laws of a and F(a-) given r are both the uniform distribution on [0, S].
It follows that F(s) = S - s, which implies (3.10.1). 0
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