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Abstract

A graph G is r-Ramsey minimal with respect to a graph H if every r-coloring of the
edges of GG yields a monochromatic copy of H, but the same is not true for any proper
subgraph of G. The study of the properties of graphs that are Ramsey minimal with
respect to some H and similar problems is known as graph Ramsey theory; we study
several problems in this area.

Burr, Erdés, and Lovész introduced s(H), the minimum over all G that are 2-
Ramsey minimal for H of 6(G), the minimum degree of G. We find the values of
s(H) for several classes of graphs H, most notably for all 3-connected bipartite graphs
which proves many cases of a conjecture due to Szabd, Zumstein, and Ziircher.

One natural question when studying graph Ramsey theory is what happens when,
rather than considering all 2-colorings of a graph G, we restrict to a subset of the
possible 2-colorings. Erdés and Hajnal conjectured that, for any fixed color pattern
C, there is some € > 0 so that every 2-coloring of the edges of a K,,, the complete
graph on n vertices, which doesn’t contain a copy of C contains a monochromatic
clique on n® vertices. Hajnal generalized this conjecture to more than 2 colors and
asked in particular about the case when the number of colors is 3 and C' is a rainbow
triangle (a K3 where each edge is a different color); we prove Hajnal’s conjecture for
rainbow triangles.

One may also wonder what would happen if we wish to cover all of the vertices
with monochromatic copies of graphs. Let F = {F}, F», ...} be a sequence of graphs
such that F}, is a graph on n vertices with maximum degree at most A. If each F), is
bipartite, then the vertices of any 2-edge-colored complete graph can be partitioned
into at most 2¢2 vertex disjoint monochromatic copies of graphs from F, where C is
an absolute constant. This result is best possible, up to the constant C.
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Chapter 1

Introduction

A graph G is H-Ramsey with r colors, denoted by G —, H, if any r-coloring of the
edges of G contains a monochromatic copy of H. If r = 2 we simply write G — H.
The fact that for every graph H there is a graph G such that G is H-Ramsey was
first proved by Ramsey [79] in 1930 and rediscovered independently by Erdds and
Szekeres a few years later [36]. Ramsey theory is currently one of the most active
areas of combinatorics with connections to number theory, geometry, analysis, logic,

and computer science.

A fundamental problem in graph Ramsey theory is to understand the graphs G
satisfying GG is Ky-Ramsey, where K} denotes the complete graph on k vertices. The
Ramsey number r(H) is the minimum number of vertices of a graph G which is H-
Ramsey. The most famous question in this area is that of estimating the Ramsey
number r(K}). Classical results of Erdés [31] and Erdés and Szekeres [36] show that
2k/2 < r(K}) < 2%. While there have been several improvements on these bounds
(see, for example, [21]), despite much attention, the constant factors in the above
exponents remain the same. Given these difficulties, the field has naturally stretched
in different directions. In this thesis we prove new results in three of these directions.
It should be noted that the text of this thesis, including the abstract and introduction,
may closely follow or be directly taken from various papers of the author including

[41, 42, 44, 51, 52].



1.1 Chapter 2: Minimum Degrees of Minimal Ram-
sey Graphs

The first such direction is to understand, for a fixed graph H, properties of the
collection of graphs that are Ramsey for H. Clearly, for a fixed graph H, the collection
of graphs that are Ramsey for it is upwards closed. That is, if G is Ramsey for H and
G is a subgraph of G', then G’ is also Ramsey for H. Therefore, to understand the
collection of graphs that are Ramsey for H, it is sufficient to understand the collection
M(H) of graphs that are minimal subject to being Ramsey for H; these graphs are
called Ramsey minimal for H.

For a graph G, let 6(G) denote the minimum degree of the vertices of G. Our
interest in Chapter 2 lies in s(H), which is the minimum of §(G) over all graphs
G € M(H). This parameter was first introduced and studied by Burr, Erdés,; and
Lovéasz in 1976 [12]. A simple upper bound is s(H) < r(H) — 1. Indeed, one may
take any Ramsey-minimal graph on r(H) vertices, and the minimum degree of this
graph is at most r(H) — 1. Since r(K}) is exponential in ¢, the result of Burr, Erdds,
and Lovasz [12] that s(K;) = (¢t — 1)* may be surprising.

Fox and Lin [43] observed the simple lower bound s(H) > 26(H) — 1 which holds
for every graph H. We say a graph H is Ramsey simple if this lower bound is tight,
that is if s(H) = 20(H) — 1. In recent years, the study of s(H) has received increased
attention. Fox and Lin [43| present an alternative proof that s(K;) = (t—1)? and also
show that K, is Ramsey simple, where K, is a complete bipartite graph with parts
of size s and t. Szabo, Zumstein, and Ziircher [88] conjectured that every bipartite
graph without isolated vertices is Ramsey simple.

They prove this conjecture for a variety of bipartite graphs including trees, even
cycles, and bipartite graphs where every vertex in one of the parts has degree §(H).
They also prove the conjecture for connected bipartite graphs with parts A of size a
and B of size b with b > a in which A contains a minimum degree vertex. It is worth
noting that they also address the case of isolated vertices.

In Chapter 2 we prove this conjecture for all 3-connected bipartite graphs, as
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well as for several other graphs. We also find the first examples of graphs that are
Ramsey simple but are not bipartite and the first examples of connected graphs H, H’

satisfying H C H' with s(H) > s(H’), a rather surprising property.

1.2 Chapter 3: The Erdés-Hajnal Conjecture for Rain-

bow Triangles

In Chapter 3 we pursue a different variant when studying which graphs satisty G — H,
namely by considering what happens when, rather than considering all colorings of
G, we restrict which colorings are allowed. Erdds and Hajnal [35] famously conjecture
that, for any 2-coloring C' of a complete graph, there is a ¢ = £(C') > 0 such that, for
every n, every 2-coloring of the edges of a complete graph on n vertices satisfying that
the 2-coloring contains no copy of C' does contain a monochromatic K,:. In other
words, if we only considered those colorings which don’t contain C', Ramsey numbers
would grow polynomially rather than exponentially.

There are now several partial results on the ErdGds-Hajnal conjecture. ErdGs and
Hajnal [35] proved that, for each fixed coloring C, there is € = €(C') > 0 such that
every coloring of a K, which does not contain a copy of C' has a monochromatic
clique with V8™ vertices. Fox and Sudakov [45], strengthening an earlier result of
Erdés and Hajnal, proved that for each fixed coloring C' there is € = ¢(C') > 0 such
that every coloring of a K, which does not contain a copy of C' has either a balanced
complete bipartite graph in the first color or a clique of order n¢ in the second color.

Erdss and Hajnal also proposed studying a multicolor generalization of their con-
jecture. It states that for every fixed k-coloring of the edges C' of a complete graph,
there is an € = ¢(C') > 0 such that every k-coloring of the edges of the complete graph
on n vertices without a copy of C' contains a clique of order n® which only uses k& — 1
colors. They proved a weaker estimate, replacing n¢ by e*V°8™. Note that the case of

two colors is what is typically referred to as the Erdds-Hajnal conjecture.

Hajnal [59] conjectured that the following special case of the multicolor generaliza-
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tion of the Erdgs-Hajnal conjecture holds. There is € > 0 such that every 3-coloring
of the edges of the complete graph on n vertices without a rainbow triangle (that is,
a triangle with all its edges different colors), contains a set of order n° which uses
at most two colors. We prove Hajnal’s conjecture, and further determine a tight
bound on the order of the largest guaranteed 2-colored set in any such coloring; this
size is ©(n'/3log?n). Indeed, we actually find asymptotically tight bounds for every
r > s > 1 for the largest size of a clique that uses at most s colors in an r-coloring of

a K, that contains no rainbow triangles.

1.3 Chapter 4: Packing Vertex-Disjoint Monochro-
matic Copies of Sparse Graphs

In Chapter 4 we pursue another variant of Ramsey theory where, rather than taking
a coloring of a graph G and finding a single monochromatic copy of some graph H,
we instead wish to partition all of the vertices of GG into monochromatic copies of
graphs.

An area that has attracted much interest is the study of Ramsey numbers for
bounded degree graphs. In 1975, Burr and Erdés [11] raised the problem that every
graph G with n vertices and maximum degree A has a linear Ramsey number, so
r(G) < C(A)n, for some constant C'(A) depending only on A. This was proved
by Chvatal, Rodl, Szemerédi and Trotter [20]| in one of the earliest applications of
Szemerédi’s celebrated Regularity Lemma [89]. Because the proof uses the Regularity
Lemma, the bound on C'(A) is quite weak; it is of tower type in A.

Recently, Conlon [22] and, independently, Fox and Sudakov [45] have shown how
to prove the bound of Cz(A) < 294 in the bipartite case. For the non-bipartite
graph case, the current best bound is due to Conlon, Fox, and Sudakov [25] C(A) <
90(Alog A)

Graham, Rodl, and Rucinski [49] proved that there are bipartite graphs with n

vertices and maximum degree A for which the Ramsey number is at least 2%(®)p,
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meaning that the upper bound of Conlon, Fox, and Sudakov is best possible, up to
the constant in the exponent.

It is a natural question (initiated by Andras Gyarfas) to ask how many monochro-
matic members from a bounded-degree graph family are needed to partition the vertex
set of a 2-edge-colored complete graph. In Chapter 4 we study this problem and re-
lated questions. Given F = {F}, F,,...} a sequence of graphs, we say it is a proper
graph sequence if F}, is a graph on n vertices. We say it has some graph property if
every graph of F has that property (e.g. F is bipartite if F,, is bipartite for every n).

We prove, for bipartite proper graph sequences F with maximum degree at most
A, that the vertices of any 2-edge-colored complete graph may be partitioned into
20(4) monochromatic copies of graphs from F, and that this is best possible up to
the constant in the exponent. We further prove that for proper graph sequences F
with maximum degree at most A, that the vertices of any 2-edge-colored complete

graph may be partitioned into 20(Alg4)

monochromatic copies of graphs from F.
Finally, we generalize this to arrangeable graph sequences by showing that, for proper
graph sequences JF with arrangeability a and chromatic number £ satisfying that
the maximum degree of F,, is at most y/n/logn, the vertices of any 2-edge-colored

complete graph may be partitioned into 20(@*%*) monochromatic copies of graphs from

F.
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Chapter 2

Minimum Degrees of Minimal

Ramsey Graphs

2.1 Introduction

For graphs G and H we write G — H and say G is Ramsey for H if in any 2-coloring
of the edges of G there exists a monochromatic copy of H. Ramsey’s theorem [79]
states that for any H there is a G that is Ramsey for H.

Clearly, for a fixed graph H, the collection of graphs that are Ramsey for it is
upwards closed. That is, if G is Ramsey for H and G is a subgraph of G', then G’
is also Ramsey for H. Therefore, to understand the collection of graphs that are
Ramsey for H, it is sufficient to understand the collection M(H) of graphs that are
minimal subject to being Ramsey for H; these graphs are called Ramsey minimal for
H.

Many fundamental problems in graph theory concern the study of M(H). The
most famous of these, one of the driving motivations for the field of Ramsey theory,
is to compute or estimate the Ramsey number r(H) for various H, where r(H) is the
smallest number of vertices of any graph in M(H). Of particular interest is r(K}), the
Ramsey number of the complete graph on ¢ vertices. Classical results of Erdds and
Szekeres [36] and Erdds [31] imply that 2/2 < r(K;) < 2% for t > 2. Despite much

interest (see, e.g., [21]), there have been no improvements in the constant factors in
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the above exponents.

This impasse has naturally led to the study of other problems related to M(H).
For example, the size Ramsey number 7(H) is the minimum number of edges of any
graph in M(H). This parameter was introduced by Erdés et al. [32]. While this
parameter is still far from understood, there are now several beautiful results about
size Ramsey numbers of sparse graphs (see, e.g., [5], [64], [80]). Another related
problem asks which graphs H are Ramsey-infinite, that is for which graphs H is the
family M(H) infinite (see, e.g., the book [50]).

For a graph G, let §(G) denote the minimum degree of the vertices of G. Our
interest in this chapter lies in s(H), which is the minimum of §(G) over all graphs
G € M(H). This parameter was first introduced and studied by Burr, Erdés, and
Lovész in 1976 [12]. A simple upper bound is s(H) < r(H) — 1. Indeed, one may
take any Ramsey-minimal graph on r(H) vertices, and the minimum degree of this
graph is at most r(H) — 1. Since r(K}) is exponential in ¢, the result of Burr, Erdds,
and Lovasz [12] that s(K;) = (¢t — 1)*> may be surprising.

Fox and Lin [43] observed the simple lower bound s(H) > 2§(H) — 1 which holds
for every graph H. To see this, assume for contradiction there is some minimal
Ramsey graph G for H with a vertex v of degree at most 20(H) — 2. By minimality,
there must be some red-blue coloring of the edges of G — v without a monochromatic
copy of H; we may extend this to an edge-coloring of G by coloring at most 6(H) — 1
of the edges incident to v blue and at most §(H) — 1 of the edges incident to v red.
As G is Ramsey for H, it follows that this coloring must have a monochromatic copy
of H containing v. However, v has degree less than 0(H) in any monochromatic
subgraph, contradicting that v is in a monochromatic copy of H, and completing the
proof. We say a graph H is Ramsey simple if this lower bound is tight, that is if
s(H)=2)(H) — 1.

In recent years, the study of s(H) has received increased attention. Fox and Lin
[43] present an alternative proof that s(K;) = (¢t — 1)? and also show that K, is
Ramsey simple. Szabo, Zumstein, and Ziircher [88] conjectured that every bipartite

graph without isolated vertices is Ramsey simple.

16



Conjecture 2.1.1. [88] If H is bipartite with no isolated vertices, then H is Ramsey

simple.

They prove this conjecture for a variety of bipartite graphs including trees, even
cycles, and bipartite graphs where every vertex in one of the parts has degree §(H).
They also prove the conjecture for connected bipartite graphs with parts A of size
a and B of size b with b > a in which A contains a minimum degree vertex. It
is worth noting that they also address the case of isolated vertices: they show that
for any graph H on n vertices (not necessarily bipartite), if we denote the graph
obtained from H by adding ¢ isolated vertices by H + tK, then s(H +tK,) = s(H)
ift <r(H)—mn,and s(H +tK;)=0ift >r(H) —n.

In this chapter we prove Conjecture 2.1.1 for all 3-connected bipartite graphs.
Theorem 2.1.2. If H is bipartite and 3-connected, then s(H) = 20(H) — 1.

In the process of proving the above result, we prove the following theorem which

gives the first examples of Ramsey simple graphs that are not bipartite.

Theorem 2.1.3. If H is 3-connected and has some vertex v of degree §(H) so that
the neighbors of v are contained in an independent set of size 20(H) — 1, then H is

Ramsey simple.

In a fairly wide range of values of p, the binomial random graph G(n, p) satisfies

the conditions of the above theorem, and hence we have the following corollary.

Corollary 2.1.4. If n ' logn < p < n~%/3, then G(n,p) is almost surely Ramsey

sitmple.

The lower bound on p originates from the need to be 3-connected (for p < n=!logn
there will almost surely be isolated vertices). The upper bound on p guarantees that
the expected number of triangles is o(n) and hence the neighborhood of a typical
vertex is an independent set. Further, one expects that there is a minimum degree
vertex v whose neighborhood is an independent set, and can be extended to an inde-

pendent set twice larger. The details of this proof are given in Section 2.9. Note also
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that in this range G(n,p) is almost surely not bipartite, so these graphs do not fall
under the assumptions of Theorem 2.1.2, and are examples of Ramsey simple graphs
that are not bipartite.

There has also been much interest in the value of s(K; - K3), where H - K5 denotes
the collection of graphs obtained by adding a new vertex v to H, picking a vertex u
of H, and connecting v to w. It was shown [88] that s(K; - Ky) >t — 1, and they
conjecture that s(K; - Ky) = s(K;) = (t — 1), for t sufficiently large. The motivation
for this conjecture is that, for ¢ sufficiently large, it intuitively may be the case that
any graph which is Ramsey for K, is also Ramsey for K, - K5. This conjecture was
disproved in [42], where it is shown that s(K; - K3) = t — 1. In this chapter, we
generalize the lower bound of [88] that s(K; - K;) >t — 1 to graphs other than K,
and we find upper bounds on s(H - K3) for many graphs H. Most notably, we find
that s(K;; - Ky) = 1, where K, is the complete bipartite graph with parts of size t.
This is strong support for Conjecture 2.1.1, as K, - Ky was thought to be the best
candidate for a counterexample.

Theorem 2.1.2 and Theorem 2.1.3 use a powerful tool originating from [12] and
generalized in [13] which requires the graphs to be 3-connected. In Section 2.3, we
present the tools necessary to prove Theorems 2.1.2 and 2.1.3 and then present their
proofs. We defer the proof that Corollary 2.1.4 follows from Theorem 2.1.3 and some
basic facts about G(n,p) to Section 2.9. In Section 2.4, we prove lower bounds for
s(H - K3) for many graphs H. In Section 2.5, we show that s(K;; - K3) = 1, and
in Section 2.6 we give an upper bound for s(H - K,) for many graphs H. Finally,
in Section 2.7, we give the first examples of connected graphs H C H' with s(H) >
s(H").

2.2 Preliminaries

In this section, we introduce notation and tools that we use to prove bounds on s(H).
Unless stated otherwise, all our colourings are red-blue colourings of the edges of a

graph. We call two edge-disjoint graphs R, B on the same vertex set V a colour
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pattern on V. For a graph H, a colour pattern is called H-free if neither R nor B
contains H as a subgraph. Let G be a graph that contains R U B as a subgraph,
where R, B is a colour pattern. We say a colouring ¢ of G extends (or has) colour
pattern RU B if R and B are both monochromatic with different colours. For a graph
H, we call a colouring ¢ H-free if there is no monochromatic copy of H in c. Given
a graph G which contains some G as an induced subgraph, we say the pair (G, G))
is H-robust if any graph which is obtained from G by adding some vertices S to G
and adding edges within S UV (Gy) satisfies that any copy of H is either contained
entirely within S UV (Gy) or is contained entirely within G.

Buwrr, Erdés, and Lovasz [12] introduced a powerful tool in determining s(K;). It
states that, given any K;-free colour pattern R, B, there is some graph G O RU B
which is not Ramsey for K;, but any K;-free coloring of G extends the colour pattern
R U B. For a graph H and a colour pattern R, B, we call a graph B = B(H, R, B)
a BEL gadget for H (with colour pattern RU B) if B contains R U B as an induced
subgraph, B - H and any H-free colouring of B has colour pattern R U B. Burr,
Nesetiil and Rodl [13] extended the proofs in [12] in the following way.

Lemma 2.2.1. [13] For any 3-connected graph H and any H-free colour pattern
R U B, there exists a graph B = B(H, R, B) that is a BEL gadget for H with colour
pattern R, B so that (B, RU B) are H-robust. Furthermore, if H and R U B are

bipartite, then so is B.

Let us say that BEL gadgets exist for H if for any H-free colour pattern R, B
there is a BEL gadget for H with colour pattern R U B.

2.3 A large class of Ramsey-simple graphs

In this section, we prove Theorem 2.1.2 and Theorem 2.1.3. In the following, we give

a sufficient condition for a graph H to be Ramsey-simple.

Lemma 2.3.1. Let H be a graph and suppose H has no isolated vertices and BEL
gadgets exist for H. If there is an H-free graph G with an independent set S of size
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20(H) — 1 so that any graph obtained from G by adding a vertex v and connecting v
to 6(H) vertices of S contains a copy of H, then H is Ramsey simple.

Proof. Take Gy to be a red copy R of G with distinguished set S and a blue copy
B of G with the same distinguished set S (note this creates no conflicts since S is
an independent set). Note that R, B is a colour pattern that is H-free, since both
R and B consist of a copy of G along with isolated vertices. Since there exist BEL
gadgets for H, we may create a graph B so that B - H, but any H-free coloring
of B extends the colour pattern R U B. Now, add a vertex v to B and add edges
from v to all of S. Call the resulting graph G’. The degree of v in G’ is 20(H) — 1,
and the graph obtained by removing v is not Ramsey for H. In any two-coloring of
the edges containing v, at least 6(H) of those edges must have the same colour, say,
without loss of generality, red. Then, by assumption on G, v along with these 6(H)
neighbours in .S and the red copy of GG contain a monochromatic copy of H. Hence,
G’ is Ramsey for H. Any Ramsey-minimal subgraph of G’ must contain v, and so

s(H) <20(H) — 1, i.e., H is Ramsey simple. ]
In the next lemma, we show how to construct G under certain assumptions on H.

Lemma 2.3.2. Let H be a graph and suppose H has no isolated vertices and BEL
gadgets exist for H. If there is a verter u of degree §(H) in H whose neighbourhood

is contained in an independent set of size 26(H) — 1, then H is Ramsey simple.

Proof. Let n be the number of vertices of H. Consider a graph GG on n—1 vertices that
is complete except for an independent set S on 25(H) — 1 vertices; that is, the graph
consists of an independent set on 25(H ) —1 vertices and a clique on n—1—(26(H)—1)
vertices, and there is a complete bipartite graph between them. Notice that H — u
is a subgraph of G for any H satisfying the assumptions of the theorem. Adding a
vertex v to G and connecting v to any 0(H) vertices of S creates a copy of H where
v acts as a copy of u. The graph G is H-free since it has only has n — 1 vertices.

Therefore, we can apply Lemma 2.3.1 to conclude that H is Ramsey simple. O

Note that Theorem 2.1.3 is a corollary of Lemma 2.3.2 and Lemma 2.2.1. We now
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apply Lemma 2.2.1 to show that every bipartite 3-connected graph is Ramsey simple
(Theorem 2.1.2). We again prove a slightly stronger result.

Theorem 2.3.3. Suppose H is a connected bipartite graph with at least two vertices.

If BEL gadgets exist for H, then H is Ramsey simple.

Proof. Let A, B be a bipartition of H with |A| < |B|, and take a = |A],b = |B],
soa<b Letn=a+0b=|V(H)|. Let 6 = 6(H). If B contains only vertices of
degree 9, if A contains a vertex of degree 9, or if @ = b, then it was proved in [88] that
H is Ramsey simple, as desired. So we may assume that B contains some vertex of
degree larger than J, that A contains no vertex of degree §, and that b > a; this also
means that B must contain some vertex u of degree 6. Under these assumptions we
will show that there is a graph G satisfying the assumptions of Lemma 2.3.1, thus
completing the proof. That is, G is H-free and has an independent set S of size 26 — 1
so that adding a vertex v to G’ and connecting v to any d vertices of S creates a copy
of H.

If b > 206, then we may take G to be a complete bipartite graph with both parts
of size b — 1. We will take S to be any 20 — 1 vertices from one of the parts. G will
not contain a copy of H, as neither of its parts has size at least b. Adding a vertex v
and connecting it to any 0 vertices of S creates a copy of H with v serving as a copy
of w.

Therefore, we may assume that a < b < 24. In particular, this means that any two
vertices in B have a common neighbour and any two vertices in A have a common
neighbour. Now, we will instead consider the graph G obtained as follows. Take an
independent set S on 26 — 1 vertices. For any set S’ of § vertices of S, add a copy of
H —wu where 5" is N(u). Formally, G will have vertex set SU ((g) x [n—¢&—1]). Enu-
merate the vertices of H as uq,...,u, so that u = u, and N(u) = {u,_s,...,Un_1}
For each set S" C S of size 6, fix some ordering vg: ,,—s, Vs/ n—54+1, - - . , Usr n—1 Of the ver-
tices of S’. The edges of GG that are not incident to S are those pairs of vertices of the
form {(S’, k1), (S, ko) } where S" is a set of § vertices from S and {ug,, ug, } is an edge
of H. The edges that are incident to S are those pairs of the form {vg ., (S, k2)}
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where {ug,, ug, } is an edge of H. Note that G is bipartite.

The subgraph of G consisting of those edges incident to S is bipartite with one
part being S. In the other part, all of the vertices have degree at most J (since the
vertex (S, k) can be adjacent only to vertices in S’). Therefore, if this subgraph
contains a copy of H, one of the parts of H must contain only vertices of degree ¢,
contradicting the assumption.

Hence, any copy of H in G must contain some edge {(S5’, k1), (S’, k2)} not incident
to S. Note that there are only n — 1 vertices in S’ or of the form (S5’, k). Therefore,

a copy of H must contain some other vertex.

However, a copy of H cannot contain any vertex of S other than those in S’.
Indeed, such a vertex would share no common neighbours with both (S, k) and
(S', ko). However, as (57, k1) and (57, ko) are adjacent, they must be in different parts
of the bipartition, contradicting the assumption that any vertex of the copy of H
must have a common neighbour with each vertex in the same part.

Therefore, a copy of H must contain a vertex of the form (5", ¢;) with S” distinct
from S’. However, since S” and S’ are distinct sets of size 0, they can intersect in at
most 0 — 1 vertices. Since the only vertices from S in a copy of H must be contained in
S’, and the only neighbours of (S”, ¢;) in S are in S”, we must have that all neighbours
in S of (S”,41) used by this copy of H must be contained in S’ N S”. Since this is
at most 0 — 1 vertices, the vertex (S”,¢;) must have degree at least § and so must
have another neighbour in the copy of H. In G, the only neighbours of (S”,¢;) not
contained in S are of the form (S”,¢y), and so H must contain some vertex (S”,(s)
as a neighbour of (5”,¢;). In particular, in this copy of H, the vertices of the form
(S, k) contain vertices from both parts of H, as do vertices of the form (S”, k). In
order to have that any two vertices from the same part share a common neighbour,
we must have that S’ N S” contains vertices from both parts of H. However, G is
bipartite and S’MNS” is contained in one of the bipartitions, contradicting that a copy
of the connected graph H can have vertices from both parts in S’ N S”. Therefore,
GG has no copy of H. By construction, adding a vertex to G and connecting it to any

0 vertices of S creates a copy of H. Therefore, G' has the desired properties, and so,
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by Lemma 2.3.1, H is Ramsey simple. [

2.4 Stronger lower bounds for graphs with hanging
edges

For a collection H of graphs, we say that a graph G is H-Ramsey, and denote this by
G — H, if in any two colouring of the edges of G there exists a monochromatic copy
of some H in H. If G is minimal with this property, we call G ‘H-Ramsey minimal.
We denote by M = M(H) the class of H-Ramsey minimal graphs. Note this class
does not need to relate by inclusion to any of the classes M(H) for H € H due to
the minimality assumption. We also set s(#) := mingemz) (G), as before.

Given a graph H = (V| E), we denote by H- K3 the collection of graphs obtained by
picking some vertex v of H, adding some new vertex w, and adding an edge between
v and w. This is a slight abuse of notation as we have already defined K, - K5 to be
a single graph, but a graph G is Ramsey for the previous definition of K} - K5 if and
only if it is Ramsey for the new definition, so the notation is consistent. Note that if
H is vertex transitive, then H - Ky contains, up to isomorphism, only one graph.

The following proof closely follows the ideas of the proof that s(K; - Ky) >t —1
in [88].

For a graph H, let

F(H) :={C C H|[N(x)] : x € V(H),C is a connected component of H[N(z)|}
denote the collection of all connected graphs that appear in the neighbourhood of any

vertex x of H. We will prove the following theorem:

Theorem 2.4.1. Let H = (V, E) be a graph on n vertices, and assume H has the

following properties:
1. H 1s connected.

2. H has minimum degree at least two.
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3. There is a colouring of Koy that is C-free for every C' € F(H).
Then s(H - K5) > 6(H).

Remark 2.4.2. Note that Condition (3) trivially fails, e.g., when H is bipartite, or
more generally, if there exists a vertex x of H so that H[N(x)] contains an isolated
vertex. Note also, that when H is the complete graph, then Condition (3) is trivially
satisfied. In Section 2.10, we give a large class of non-trivial examples of sparse

(vertex-transitive) graphs H that fulfill all conditions of the theorem, meaning that

the single graph H - K satisfies s(H - Ks) > 6(H).

Proof. Let G’ be an H - K>-Ramsey minimal graph. We want to show that §(G’) >
d(H). Assume the opposite and remove some vertex from G’ of degree 6(G’) < §(H).
This leaves some graph G = (V, E). By minimality of G’, there is a two colouring x
of E(G) such that there is no monochromatic copy of F' for any F' € H - Ky. Call the
two colours red and blue.

We say a vertex of GG is critical under some colouring v if it is contained in both
a red and a blue copy of H. We will show below that we can convert x to a colouring
1 of G with no monochromatic F' € H - Ky and without critical vertices. Let us first

show how the existence of such a colouring implies Theorem 2.4.1.

Claim 2.4.3. If there is a colouring ¢ of G with no monochromatic FF € H - K,
and with no critical vertices, then there is a colouring of G' with no monochromatic

H - K,.

Proof. If v is the vertex we removed from G’ of degree less than d(H), we define the
colouring ¢’ of G’ as follows: 1" agrees with ¢ on G, and an edge vw is coloured blue
if w is contained under ¢ in a red copy of H, and otherwise the edge is coloured red.

Assume G’ has a monochromatic copy F’ of some F' € H - K5. By choice of 1,
this F’ must use v. Since d(v) < 6(H), v must be the hanging vertex. Suppose F’
were red. Then F’ — v is red copy of H, so the pending edge vw must be coloured
blue in ¢/, a contradiction. On the other hand, if F’ were blue, then vw would be
blue and by definition of /" w is also contained in a red copy of H under . Then w

would be critical in G under v, a contradiction. O

24



It remains to show the existence of a colouring ¢ of E(G) without a monochromatic
F € H - K, and no critical vertices, completing the proof. Let us first study the

structure of y, the given colouring of G.

Lemma 2.4.4. Let x be any colouring of G without a monochromatic copy of any

FeH-K,.

(1) For any red (blue) copy Hy of H in G, all edges between V (Hy) and V(G)\V (H;)
are blue (red).

(11) Given Hy, Hy two monochromatic copies of H in G of the same colour, either

V<H1) == V<H2) or V(H1> N V(Hz) = (Z)

(13i) Let Hy be a red and Hs be a blue copy of H in G. Then there are no edges in
G between V(Hy) \ V(H2) and V(Hy) \ V(H,).

(iv) For any critical vertex v, if it is contained in a red copy Hy and a blue copy Hy

of H, v is not adjacent in G to any vertex w not in V(Hy) UV (Hs).

Proof. By assumption, there is no monochromatic F' € H - K, so (i), (iii) and (iv)

are immediate. (iz) follows by connectivity of H. ]
We would like to keep track of the positions of monochromatic copies of H. There-
fore, for a red-blue-colouring ¢ of G, we set

Vv

r

Vilue®) = {V’' € V(G) : There is a blue copy of H in G such that V(H) = V'}.

od(@) :={V’' C V(G) : There is a red copy of H in G such that V(H) = V'},

In other words, Ve (%) (Vplye(¥)) is the collection of V' so that V" is the vertex set
of a red (blue) copy of H.

We are now ready to describe the recolouring algorithm. The main motivation
behind the definition of ¥ below is that we have strong control over the kinds of struc-
tures that contain edges incident to critical vertices, and so have much leeway when
recolouring said edges. Indeed, we will use this structure to remove all monochromatic

copies of H that contain critical vertices.
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I. Let Vpoq(x) = {Vo, V1,...} be the hosts of red copies of H under x. Define x’
to agree with y on any edge that is not internal to any V;, and to be red on any

edge internal to some V.

I1. Let Vijue(X') = {Wo, W1,.. .} be the hosts of blue copies of H under x’. Define
X" to be blue on any edge that is internal to some W; but not internal to any

V;, and to agree with x’ on all other edges.

Note that by Lemma 2.4.4 (7i), the elements of V,,q(x) are pairwise disjoint, and by
2.4.4 (i) all edges between any two V; are blue. Now, X’ only colours edges red inside

the V;. Further, x” only changes edges not inside the V; to blue. We therefore have

Vied(X) = Vred(X”) = Yred-

Further note, since G has no monochromatic H - K5 under x and x’ only coloured
edges red inside the V;, G has no monochromatic H - K5 under x’. Therefore, again
by Lemma 2.4.4 (i) and (ii), the elements W; € V}j,e(X’) are pairwise disjoint, and
all edges between any two W; are red. Now, since x” recolours only edges inside
W; € Vhjue(X') to blue, the new hosts of blue H are the same as before. That is,
Vhlue(X) = Vhlue (X") = Vhlue:

For each V; containing a critical vertex under x”, choose some critical v; € V;. For
each W, containing a critical vertex, if possible, choose some critical w; € W; such
that for every 4, w; # v;. If this is not possible, choose any critical vertex w; € Wj.
Take A to be the set of v; and B the set of w;. We will now describe the final
recolouring step. Since the V; are pairwise disjoint, as are the W}, the sets of the form
Vi N W; are pairwise disjoint. So we may colour their internal edges independently of

each other.

IV. Our final colouring ¢ will be obtained by recolouring some edges of x”. First,
recolour the edges internal to any (V; N W;) \ (AU B) so that it contains no
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monochromatic copy of any connected component of H[N (v)] for any v € V(H)
(we will show that this is possible). ¢ will also recolour edges incident to some
v;, w;. Given any v;, it is a critical vertex under x”, so take j to be the unique
index such that v; € W;. For any vertex v’ € V; with v;v' € E, colour the edge

v;v" blue if v' # w;. If v/ = wj, colour the edge arbitrarily.

Given any wyj, it is a critical vertex under x”, so take i to be the unique index
such that w; € V;. For any vertex w' € W; with w;,w’ € E, colour the edge
wjw’ red if w' # v;, and colour it arbitrarily if v’ = v;. (We will later check
that this is well-defined, i.e. that we haven’t coloured any edges twice, except

those coloured arbitrarily.)
1 will agree with x” on all other edges.

We now begin proving that ¢ is well-defined and has the desired properties. We

first note some properties of x”.

Observation 2.4.5. x" above satisfies

(7) x” has no monochromatic H - Ks;

(¢7) if an edge e is internal to V; and not internal to any W, then e has colour red;
(i77) if an edge e is internal to W; and not internal to any Vj}, then e has colour blue.

Proof. We noted above already that G contains no monochromatic H - K5 under y’.
Now, x” only recolours edges inside Wy, to blue, so (i) follows. (ii) and (i) are

immediate from the colouring procedure. O]

Note that each property listed by the lemma above is symmetric with respect to

the colours.

Lemma 2.4.6. 1 is well-defined.

Proof. Let us first note that for each i and j, |V; N W;| < a(H). To see this, note any
edge internal to V; N W; is coloured red by x”, so since there is a blue copy of H on

W, by definition, we must have that in this copy V; N W, forms an independent set,
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so |[ViNW;| < a(H). Therefore, by assumption, V; N W; and so V; N W; \ (AU B)
may be coloured so there is no monochromatic copy of any connected component of
H[N(v)] for any v € V.

We now check that we do not ask for ¢ to colour an edge both red and blue; note
if an edge does not contain a v; or w; then it is only coloured once by 1. Otherwise,
assume it has the form {v;, v} with v € V; \ B and so was coloured blue. But then
for it to be coloured red we must have v; = w; for some j and v € W; \ A. But if
v; = w; we must have that w; could not have been chosen such that w; # v;, so we

must have |V; N W;| = 1, which is impossible since v, v; € V; N ;. ]

We collect some immediate facts about the colouring .

Observation 2.4.7.

The red degree of v; in V; under 1 is at most one.

The blue degree of w; in W; under ¢ is at most one.

Any edge in V; that is not internal to any W, and is blue under ¢ is incident to v;.
Any edge in W; that is not internal to any V; and is red under v is incident to w;.

Lemma 2.4.8. If v was a critical vertex under x", then v is not contained in any

monochromatic copy of H under 1.

Proof. Let Hy be a monochromatic red copy of H in G under v (the case for blue is
symmetric) and assume it contains a vertex critical under x”. If V(H;) = V; for some
i, then the red-degree of v; in V; is at most 1, giving a contradiction since 6(H) > 1.

Therefore, H; needs to use some edge e = vw that has been recoloured by v to
red. But 1 only recoloured edges that were incident to some critical vertices, that is
veVinW;and w € V; UW; for some V; € Vioq, W; € Vyye- Since V(Hy) # V,
we may assume that e is an edge leaving V;, ie. w € W; \ V;. Hence e is not
contained in V; N W;, so by the definition of 1, e is incident to w;, the critical vertex
we chose for W;. That is, v = w;. Note that there are no red edges between W, \ V;
and V; excluding those incident to w;. We consider now the neighbourhood of w;

in V(H;) N Wj. Note that property (3) of Theorem 2.4.1 implies in particular that
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there are no isolated vertices in H;[N(w,)]. Therefore some connected component C'
of Hi[N(w;)] containing at least one edge is contained in W,. But the only red edges
of W; are either incident to w; or contained in some V;; N W; (where i and i’ may or
may not coincide). Therefore by connectivity, we must have that C' is contained in
some (Vi NW;) \ {w,}.

By construction (Vy NW;)\ (AU B) = (Vi N W;) \ {vi#, w;} contains no red copy
of C. But vy is blue to all vertices of Vj» except possibly w;, so by connectivity (VN
W;)\{w;} contains no red copy of C, but this is a contradiction as the neighbourhood

of w; must have a connected component in a set of this form. O
Lemma 2.4.9. 1 contains no critical vertices.

Proof. Let a vertex v be given, and assume v is critical under ¢). Then v must be
contained in ¢ in some red copy H; of H and in some blue copy Hy; of H. By
Lemma 2.4.8, neither H; nor Hy may contain any vertices that were critical under
x”. However, any recoloured edge of 1 is incident to a critical vertex of x”; therefore,
the colourings of H; and H, agree with those of x”, but then v is critical under y”,

a contradiction. ]
Lemma 2.4.10. ¢ contains no monochromatic copy of H - K.

Proof. We already know that under x”, G does not contain a monochromatic copy
of any FF € H - Ky. Suppose Fj is a monochromatic copy of some F' € H - Ky
under . Then F} must use some edge e = vw, where v is critical under y”, since
1 only recoloured such edges. By Lemma 2.4.8, e must be the pending edge and v
the pending vertex. Thus, w is contained in a monochromatic copy H; of H under
1. Again by Lemma 2.4.8, w cannot be a critical vertex under x”. Also, since v only
recoloured edges which contained a critical vertex under y”, and none of these vertices
are contained in a monochromatic copy of H under v, none of the edges internal to
H, were recoloured by 1. Therefore, H; was already a monochromatic copy of H in
x". But since ¢ recoloured e, it needs to be internal to some V; or some W}, none of

which are equal to V(H;). But that means w is critical under x”, a contradiction. [

29



Now, Claim 2.4.3, Lemma 2.4.9, and Lemma 2.4.10 prove Theorem 2.4.1. O

2.5 Upper bounds for complete bipartite graphs with
hanging edges

In this section we will show that, for every ¢t > 2, we have s(/;; - K3) = 1. Since
K, - Ky is not 3-connected, we cannot simply apply Lemma 2.2.1 to create BEL
gadgets for it. We will instead use BEL gadgets for K, to construct a weaker version
of BEL gadgets for K- Ko. However, first we must show that BEL gadgets do exists
for Ky, as K39 is not 3-connected. Since the proof is almost identical for Ky ;, we
prove the more general version here. Throughout this and the next section, we call a
graph S = S(H, e, f) a negative (positive) signal sender if S - H and in any H-free
colouring of S, the edges e and f receive a different (the same) colour. The two edges

e and f of S are called signal edges.

Lemma 2.5.1. Fort > 2, let R, B be a Ks,-free colour pattern. Then there exists
a graph B = B(Ks4, R, B) that is a BEL gadget for Ky so that (B, RU B) is K-
robust. Furthermore, if RU B s bipartite, then so is B.

Proof. Let s = 6(t — 1)+ 1. We first show that the graph K3 ; with one edge removed
is a negative signal sender for K5, in which the two signal edges are adjacent. It is
known [43]| that K3 is Ramsey minimal for Ky;. Take a copy of K3, 1 and name
the three vertices a,b,c from the part of size three. Add a vertex v to the graph
and connect it to both a and b. Call this graph S™. We claim that S~ is a negative
signal sender for Ky, with signal edges va and vb. To see this, assume there is some
colouring of S~ in which va and vb have the same colour, say red, and there is no
monochromatic copy of Ks;. Then we may add an edge from v to ¢ and colour
it blue. This graph is a copy of K3, and so must have a monochromatic copy of
Ky ;. This copy must use the added edge and therefore v, but v has blue-degree 1, a

contradiction.
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Furthermore, there is a Ky -free colouring of S~ (in which va and vb necessarily
have different colours), since K, is Ramsey-minimal.

Once the existence of a negative signal sender S~ has been established in which the
signal edges are adjacent, it follows along the lines in [13| that BEL-gadgets for K-
exist, with the modification that, rather than using 3-connectivity, we use that the
graph S~ above is bipartite and therefore has girth at least 4. The general approach
is to glue several copies of S~ along their signal edges to obtain signal senders (both
positive and negative) in which the signal edges are arbitrarily far apart. Due to the

similarity, we omit this argument. O]

Next, we show the existence of a “weak” BEL gadget for K;; - K, conditioned on
s(Kiy - Ko) > 1. We need this weak version to construct “strong” signal senders in

Lemma 2.5.3.

Lemma 2.5.2. For anyt > 2, let R, B be a colour pattern. There is a graph B with
an induced copy of RU B so that (]§, RU B) is Ky4-robust and so that the following
hold.

(1) Any K, -free colouring in which R is red and B is blue extends to a K, -free

colouring of B.
(2) Any Ky - Ks-free colouring of B has colour pattern RU B.
Furthermore, if RU B s bipartite, then so is B.

Proof. Let B = B(K,;, R, B) be a BEL gadget for K;;. B exists by Lemma 2.2.1 for
t > 3, and by Lemma 2.5.1 for t = 2. If RU B is bipartite, we may assume that B is
bipartite. Note that B satisfies Property (1) and satisfies Property (2) with K, - K
replaced by K.

We now modify B to create the desired weak signal sender. To do this, if B is
bipartite with parts A, B, then for every set S of ¢ vertices contained either entirely
within A or entirely within B, we add a new set of ¢t + 1 vertices Vg and add a
complete bipartite graph between Vg and S. If B is not bipartite, we take every set

S of t vertices and add a set Vg as above. Note that the degree of each of the vertices
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Figure 2-1: The graph G, in the proof of Lemma 2.5.3 with special signal edge f.
The white circles are all sets of ¢t — 1 vertices, and thick lines indicate that vertices
between those sets are pairwise connected. The blue edges are all edges in B and the
red edges are all edges in R.

of Vs is t, so any colouring of B without a monochromatic copy of K;; extends to
a colouring of the modified graph without a monochromatic copy of K, by giving
every vertex added this way degree ¢ — 1 in red and degree 1 in blue. However, if
there is a monochromatic copy of K, in B, without loss of generality in colour red,
then, picking one of the parts of ¢ vertices, call it S, from the monochromatic copy,
either one of the edges from S to Vg is red and we have a red K;; - Ky, or all of the
edges are blue and the complete bipartite graph between S and Vs contains a blue

K, - K. Note also that we maintain robustness when adding the various V. O

We now construct a version of a signal sender which we call “strong” (negative
or positive) signal sender. The reason for this name is that we have control of the

colours of the edges incident to one of the signal edges.

Lemma 2.5.3. For t > 2 there is a bipartite graph S= = S~ (Kiy, e, f) with two
independent edges e, f so that any K, - Ka-free colouring of S~ satisfies that e and
f have different colours, and there is a K;-free colouring of S™ so that every edge

wncident to f has a different colour from f.

Proof. We first describe a colour pattern R, B and then apply the previous lemma; we
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will then add some vertices and edges to R U B to obtain a graph Gj; an illustration
of Gy with colour pattern R U B can be found in Figure 2-1.

Let Ag, A1, ..., A9 _1, By, B, ..., By_1 be disjoint sets of t — 1 elements each. For
each 1 <7 < 2t — 1, add a complete bipartite graph between By and A; , between
Ag and B;, and between A; and B;. Furthermore, add a new edge f, say between
new vertices v, and v,, and add all edges between v, and | J, <i<ot1 A;, and add all
edges between v, and U1§i§2t—1 B;. This is the graph Gy. All edges between Ay U By
and U1§i§2t—1 A; U B; form the subgraph B. All edges between U1§i§2t—1 A; and
Ul§i§2t—1 B; form the subgraph R.

Now, apply Lemma 2.5.2 to obtain a graph B that contains R U B as an induced
subgraph such that Property (1) and (2) of the lemma hold. The graph S~ is obtained
by adding to B the vertices Uq, Up and the edges incident to them, as described above.
Let e be an arbitrary edge in R.

By construction, there exists a K, ;-free colouring of B that has the colour pattern
R U B. Without loss of generality, we may assume that R is red and B is blue in
this colouring. We extend this to a K ,-free colouring of S~ in the following way.
Colour f blue and colour all other edges incident to v, and v, red. By construction,
f has a different colour than all edges adjacent to it. It is easy to see that there is no
monochromatic K;; in this colouring of G, and, therefore, by robustness there is no
monochromatic K ;.

It remains to prove that any K, - Ks-free colouring of S~ satisfies that e and f
have different colours. Let ¢ be a K, - Ko-free colouring of S~. By construction, the
colouring ¢ has colour pattern R, B, say without loss of generality that R is red and
B is blue. Assume for a contradiction that f is red. If there exists 1 < ¢ < 2t —1
such that all the edges v, and vy for € B;, y € A; are red, then A; U B; U{v,, vy}
forms a red K;;. If f is adjacent to one more red edge, this forms a red K, - K», a
contradiction. If v, has blue degree at least ¢, then it and its neighbors along with B
and any other blue edge out of By form a monochromatic K, - K. The symmetric
statement holds for v,. However, in any colouring in which v, and v, both have

blue degree less than ¢, there must be some i so that the edges from {v,,v,} are

33



monochromatic in red to A; U B;; then A; U B; along with v, and v, and one more

red edge incident to v, form a red copy of Ky, - K», a contradiction. O

As in the case of Lemma 2.5.1 and Lemma 2.5.2, the above lemma will imply the

existence a stronger version of BEL gadgets for K;; - Ky, and we omit the proof.

Lemma 2.5.4. For anyt > 2, let R, B be a colour pattern. There is a graph B with
an induced copy of RU B so that (]§, RU B) is Ky4-robust and so that the following
hold.

(1) Any K, - Ka-free colouring in which R is red and B is blue and no K;; in R
is incident or contains any edges of B and no K, in B is incident or contains
any edges of R extends to a K, - Ky-free colouring of B in which no vertex
of RU B is contained in a monochromatic copy of a K., except those vertices

contained in a K;; within R or within B.
(2) Any Ky - Ks-free colouring of B has colour pattern R, B.
Furthermore, if RU B s bipartite, then so is B.
We are now ready to prove the main theorem of this section.
Theorem 2.5.5. Fort > 2, s(K;; - Ky) = 1.

Proof. We first describe a graph G together with a colour pattern RU B C G, and
then apply Lemma 2.5.4 to force this colour pattern. An illustration of the graph G
with colour pattern R U B can be found in Figure 2-2.

Let U be a set of size 2t — 1, and let {Ur : T € (g)} be a collection of disjoint sets
of size 2t, indexed by the t-subsets of U. Form a graph F' on the union of those sets
in the following way. The subgraph F[U] forms a clique Ky 4, and each subgraph
F[Ur] for T € (g) forms a clique Ky. Furthermore, for each T € (lt]), we choose a
subset St of size t — 1 in Uy and add all edges between this set and T'; we also add,
for each T', a new vertex and connect it to one vertex of Syp.

Take two copies, F' and F”, of the above graph. Add a vertex v and add all edges
between v and U U U’. This graph is Gy. The colour pattern R U B we define as
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Figure 2-2: The graph Gy in the proof of Theorem 2.5.5 for ¢ = 2 with colour pattern
R U B where B consists of all blue edges and R consists of all red edges.

follows:

We claim there is a K;; - Ko-free colouring of the edges of G that extends the
colour pattern R U B so that any copy of K;; in R is not incident to any edge of
B and any copy of K, in B is not incident to any edge in R. To see this, colour
R red and B blue. Further, colour all remaining edges of F' blue and all remaining
edges of F’ red. Finally, colour all of the edges from v to U red and from v to U’
blue. The only monochromatic copies of K, are contained within one of the Ur or
U’ or are contained in v along with U or v along with U’. The edges touching those
monochromatic copies are either contained themselves in a monochromatic copy of

K., or are not contained in RU B.

We now show that any K, - Ks-free colouring of the edges of G that extends the
colour pattern RU B must satisfy that v is contained in both a red and a blue copy of
K, ;. In any such colouring, all of the edges of R must have the same colour, without
loss of generality red. Then, since the colouring has no monochromatic K, ;- Ky, all of

the edges leaving any Ur must be blue. Therefore, any ¢ vertices of U form one of the
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parts in a blue K, ;. If v had blue degree at least ¢ to U, then v along with ¢ of its
blue neighbours would be contained in a blue K, ;- K5, contradicting our assumption.
Therefore, v must have red degree at least ¢t to U. In this case, v is contained in a
red K, with the vertices of U. By symmetry, v is contained in a blue K;; with the
vertices of U’.

Now, applying Lemma 2.5.4 to Gog with R, B and adding a vertex w to B and

connecting w only to v gives the desired result. O]

2.6 Upper bounds for graphs with hanging edges

In this section, we generalize the methods of the previous section. Throughout this
section, let H be a graph that is sufficiently connected, which we define to be a
graph that is either 3-connected or isomorphic to the complete bipartite graph Ky,
with ¢ > 2. Further, let H € H - Ky. We call a vertex w a distinguished vertex
of H if attaching a pendant edge to H at w yields a copy of H'. Clearly, if H is
vertex-transitive, any vertex in it is distinguished.

Let 02(G) be the second-smallest degree in G. Note that §(H') < §(H) + 1.
In this section we show that s(H') < dy(H'), and if H is bipartite then s(H') = 1.
Since H’ is not 3-connected, we cannot directly apply Lemma 2.2.1 to construct BEL
gadgets for it. By applying Lemma 2.2.1 to H, we will get a weaker version of BEL

gadgets for H'. First, however, we need an even simpler lemma.

Lemma 2.6.1. If H is a 2-connected graph and H' € H - K5, then either s(H') =1

or there is a graph F with a vertex u satisfying that

(1) there is an H'-free colouring of F' in which w is not a distinguished vertex of

any monochromatic copy of H, and

(2) in any H'-free colouring of F, u is incident to edges of both colours.
Furthermore, if H 1s bipartite, so is F.

Proof. Let t be the number of vertices of H. Let F be a minimal Ramsey graph for
H' (if H is bipartite, we may take F to be bipartite as well) and obtain a graph F’
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by removing an edge e = {wp,w;} from F, and adding a pendant edge to both wyg
and w;. By minimality, the graph F — e is not Ramsey for H'. Therefore, if F’ is
Ramsey for H’, then one of the pendant edges is necessary for being Ramsey, and
thus s(H') = 1. Otherwise, F’ is not Ramsey for H'. If F’ satisfies Property (1) and
(2) with u = wy then we are done.

We now split the argument into two cases, based on which of the two properties

F’ fails to possess. In both cases we conclude that one of the following holds:
1. s(H) =1,
2. There is a graph F' (different from F”) with the properties desired by the lemma,
3. There is a graph F” with a special property (P).

After this, we will show that property (P) implies the existence of F', as desired.
The Property (P) is the following. F” contains t—1 vertices u = vg, v1, V2, .. ., V42

that are at pairwise distance at least ¢ so that

(a) there is an H'-free colouring x of F” in which all edges containing u = v, are

red and, for every 0 <1¢ < t—2, v; is not a distinguished vertex of any red copy

of H; and

(b) in any colouring of F” in which u is incident to edges of only one colour, all of

vy, ..., Vo are contained as distinguished vertices in a monochromatic copy of

H.

Assume first that in any H’-free colouring of F’, the vertex wy is a distinguished
vertex in a monochromatic copy of H. It is possible that in every H’-free colouring
of F’, the vertex wy is a distinguished vertex in a monochromatic copy of H in both
colours. In this case, s(H) = 1 (just add a pendant edge to wy). Otherwise, there is
an H-free colouring in which wy is a distinguished vertex in a monochromatic copy
of H in only one colour. In the latter case, the graph F” may be obtained by taking
t — 2 copies of F' taking vy,...,v;_o to be the copies of wy, and taking u to be an

isolated vertex.
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For the second case, assume that there is a colouring of I’ without a monochro-
matic copy of H' in which wy is not a distinguished vertex in any monochromatic
copy of H and that there is a colouring of F’ without a monochromatic copy of H’
in which wy is incident to edges of only one colour. Note that if we add the edge e to
F’ then F’ is Ramsey for H' and so, in particular, if we take the colouring without a
monochromatic copy of H’ in which wy is incident to edges of only one colour, say Cj,
and colour e in the other colour, say C, we must create a copy of H’; this copy must
contain e and be of colour C;. But the degree of wy in colour C] in this colouring is
1, and so wy cannot be contained in a monochromatic copy of H in colour C. There-
fore, the edge e must be a pendant edge in a monochromatic copy of H'. Note further
that in this colouring wq is not a distinguished vertex in a monochromatic copy of
H, since in F’ we added a pendant edge to wy and this would create a copy of H' in
the colouring of F”; so in the colouring of F’ we must have that w; is a distinguished
vertex in a monochromatic copy of H. Note that, since we added a pendant edge to
wy, it cannot be a distinguished vertex in monochromatic copies in both colours, for

otherwise there would be a copy of H' (in the colour of the pendant edge).

Now, obtain F” as follows. Take |V (H)| (t — 1) copies of F’, call them F{, FY, ...,
F\/V(H)\(t—n- For each copy F, associate the copy of w; in F] with the copy of wy in
F{ ;. Take u to be the copy of wy from Fj and take v; to be the copy of wy from
Fiavimy-

The distance from u to any v; and between any two v;,v; is at least |V (H)| by
construction. There is a colouring without a monochromatic copy of H' in which w is
incident to edges of only one colour and each v; is not contained as the distinguished
vertex in a monochromatic copy of H in that same colour; to see this, colour each
F! independently without a monochromatic copy of H' so that its copy of wy is
monochromatic in colour Cy. The connectivity condition on H guarantees that any
monochromatic copy of H must be internal to some copy of F/, and we do not create
any monochromatic copies of H’ since we have said that in any colouring of F” in

which there is no monochromatic copy of H' and in which wy is incident to edges of

only one colour, w; must not be contained in a monochromatic copy of H' in the other
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colour. We also see by induction that each v; must be contained as a distinguished
vertex in a monochromatic copy of H; indeed, we see this for each copy of wq in each
of the F, as by induction the vertex w; in F/_, is contained as a distinguished vertex
in a monochromatic copy of H, and so wy in F must be incident to only edges of the
other colour in F/, and so the copy of w; in F/ is also contained as a distinguished

vertex in a monochromatic copy of H.

We now show how to obtain a graph F with the desired properties from F” that
has Property (P). To F”, add two isolated vertices v and v} and put a copy of H on
the vertex set w,v,vy,...,v_9 in which v; is a distinguished vertex and so that uv
forms an edge. This is possible since H is 2-connected. Finally, add an edge between

v} and vy. This is the graph F.

To see that there is an H'-free colouring of F' in which u is not contained in a
monochromatic copy of H as a distinguished vertex, let x be the colouring of F”
from (a). Now colour all edges of the copy of H on vertex set w,v,vy,...,v;_9 red,
except for the edge uv which we colour blue. Note that we have not created any new
monochromatic copies of H since H is 2-connected and the distance in F” between
any v; and v; (0 <17 < j <t—2)is large. Since none of u,vy,...,v_9 is contained in
a red copy of H as a distinguished vertex, we have also not created a monochromatic

copy of H'. Thus, Property (1) follows.

Finally, let x’ be a colouring of F' in which u is incident to edges of only one
colour, say red. By Property (b), each v;, 1 <i <t — 2, is a distinguished vertex in a
monochromatic copy of H in F”. Suppose, one of those copies, say H; that “hangs” at
vertex v; is red. Then, either it forms a red copy with another edge containing v; (and
there is nothing to prove), or all other edges not in H; that are incident to v; must
be blue. But then, on the shortest path between u and v; that misses v (which exists
by 2-connectivity of H) there is some v; which is incident to edges of both colours,
and since it is the distinguished vertex of a monochromatic copy of H in F”| there
is a monochromatic H'. So suppose that all the monochromatic copies of H in F”,
of which the vertices vy, ..., v;_o are distinguished, are blue. Again, either we find a

blue copy of H’, or all edges between the v;, including the edge vjv; are coloured red.
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By assumption, all edges containing u are red, including the edge uv, yielding a red

copy of H' on the vertex set {u,v,v],vy,...,v_2}. O

We now prove a (weak) generalization of Lemma 2.5.2 by using BEL gadgets for
H.

Lemma 2.6.2. Let H be a graph that is sufficiently connected and let H' € H - K.
Fither s(H') = 1 or the following holds. Given an H-free colour pattern R, B there
is a graph G with an induced copy of RU B so that (G, RU B) is H-robust and:

(1) There exists an H'-free colouring of G that extends the colour pattern R, B in
which none of the vertices of RUB are distinguished vertices of a monochromatic

copy of H.
(2) Any H'-free colouring of G has the colour pattern R, B.
Furthermore, if RU B and H are bipartite, then so is G.

Proof. Let B =B(H, R, B) be a BEL gadget for H which exists by Lemma 2.2.1 when
H is 3-connected, and by Lemma 2.5.1 when H = Ky, for some ¢t > 2. Furthermore,
if H is bipartite and if R U B is bipartite, we may assume that B is bipartite. Note
that B satisfies Property (1) and Property (2) if we replace in the properties H' by
H.

For every vertex u of B, add a copy of the graph F' given by the previous lemma
(which exists unless s(H’) = 1) and identify the distinguished vertex of F* with w; this
is the graph G. Consider the colouring in which R is red and B is blue. Since B is a
BEL gadget for H, this colouring extends to an H-free colouring of B. This colouring
extends to an H'-free colouring of G in which no vertex of B is a distinguished vertex
in a monochromatic copy of H. This follows from Property (1) in Lemma 2.6.1, since
any copy of F' meets B only in its distinguished vertex u, and since H is connected.
Therefore, property (1) holds.

To see that property (2) holds, let x be an H’'-free colouring of G. Then by

property (2) in Lemma 2.6.1, every vertex u of B is incident to edges of both colours
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that do not lie inside B. Therefore, the colouring must be H-free on B. And thus,

by the property of a BEL gadget, x must extend the colour pattern R U B. O

Using the above lemma, we will construct signal senders in which we have some
control over the structure of edges incident to the signal edges, similar to the graphs

in Lemma 2.5.3.

Lemma 2.6.3. Let H be a graph that is sufficiently connected, let H' € H - Ky and
assume that s(H') # 1. Take t to be the number of vertices of H Then there is a graph
ST =S (H' e, f) with two independent edges e, f so that any H'-free colouring of S~
satisfies that e and f have different colours, and there is an H'-free colouring of S~
so that every edge incident to f has a different colour from f, and so that any vertex
in e or f is not the distinguished vertex in a monochromatic copy of H. Furthermore,

if H 1is triangle-free, then e and f are not contained in any triangles.

Proof. Let x be the chromatic number of H and let ¥ be the set of all y-colorings of
H. Define ¢ to be the size of the smallest color class over all x-colorings of B; i.e.,
¢ = minmin X))

If x > 2, let H be any (x—1)-uniform linear hypergraph having girth greater than ¢
and chromatic number at least 3. If x = 2, we take V(H) = {v1} and E(H) = {{vi}}.
In either case, set N = |V(H)| and {v1,vq,..., 08} = V(H).

From #H we build a graph G on V(H) by joining two vertices if and only if they
are both contained in some hyperedge of H. Throughout this construction we will
keep the underlying structure of H in mind. At this point, each hyperedge in H
corresponds to a clique on (x — 1) vertices.

We now build a graph G; by blowing up each vertex v; € V(Gy) into an inde-
pendent set V; of size 2t(t — 1) vertices; that is V(Gy) = Vi U Vo U -+ U Vy with
|Vi| = 2t(t — 1) and 2y € E(G,) if and only if there exists a pair of integers i, j € [IV]
such that z € V;, y € V}, and vv; € E(Gy). Each hyperedge of H now corresponds
to a complete (x — 1)-partite graph and the intersection of two hyperedges is either

the empty set or some independent set V.
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To V(G;) add an independent set 6 of ¢ — 1 vertices and join every vertex in 6
to every vertex in V(G;). Add, for every vertex v from V(G1), a new vertex w and
make vw an edge. Add two more vertices and an edge e between them. Let G5 be
the graph obtained by this procedure. Take B = Gbs.

If H has an edge r not contained in any K3, take x; and x5 to be the endpoints
of r; note such an edge exists if H is bipartite. Otherwise, take r to be any edge of
H and x1, 25 to be its endpoints. Define H to be the (labeled) graph on ¢ — 1 vertices
obtained from H’ by removing the vertices z; and x;. We obtain G3 from G5 by
inserting the edges of 2t vertex-disjoint (labeled) copies of H into each V;. Take R to
be the edges we just added, that is the edges of (G5 that are not in G.

Let B be the graph obtained by applying Lemma 2.6.2 to the colour pattern R, B
(we will show later that R, B has the necessary properties). The vertex set of S~ is
obtained by adding two vertices x| and x4, to V(B). We add the edge f := x|z} and,
for each i and for each copy of H that we added to Vj, we connect x} to the neighbors
of z1 in that copy, and x}, to the neighbors of x5 in that copy.

We will now check that the colour pattern R, B does not contain a monochromatic
H.

Note that R is the disjoint union of connected components that contain at most
t — 1 vertices, so R cannot contain a copy of H. Note also that B, excluding vertices
of degree 1, is a y-chromatic graph where one of the parts has size 0 — 1, so B cannot
contain a monochromatic copy of H by definition of o.

Indeed, we argue that we may extend R, B to colour the edges incident to ', z7,
without creating a monochromatic copy of H. To do this, colour all of R red, colour
all of B blue, colour f blue, and colour all of the edges incident to f red. Clearly,
we do not create a blue copy of H. Note that, in the case H is 3-connected, any
red copy of H using x} and/or x}, must remain connected after removing | and z),
and so vertices of the copy, excluding 2} and z/,, must be contained entirely within
the vertex set of one of the copies of H inside one of the V;. If we fix any copy of
H and consider the graph induced by this copy along with 2/, and ), this graph is

isomorphic to H' in which r is coloured blue rather than red. This graph has no red
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copy of H, as the vertex of degree 1 cannot be used in a copy of H, and then the
number of red edges remaining after this vertex is omitted is fewer than the number
of edges in H.

Finally, we wish to show that if the edges of B are coloured blue, the edges of R
are coloured red, and f is coloured red, then there must be a monochromatic copy of
H. Recall that the induced graph on V; consists of 2¢(¢ — 1) vertex-disjoint red copies
of H. For each such copy of H in V;, if the bipartite graph between H and {z!,z}}
is colored entirely red, then this forms a red copy of H’. If this is not the case, for
each V; and all the copies of H in V;, there is at least one blue edge in the bipartite
graph between H and {/,z}}. Hence the bipartite graph on V;U{z!, z}} contains at
least 2(¢ — 1) blue edges, which implies that either the bipartite graph V; U {2/} has
at least has t — 1 blue edges or the bipartite graph V; U {2/} has at least t — 1 blue
edges. In the case xy = 2, then the graph B along with the ¢ — 1 blue edges contain
a blue K,;_1, which must contain a blue copy of H, and there are other blue edges
incident to either part, so taking one of those forms a blue H’, as desired.

The remaining case is when x > 2. In this case, we define a 2-colouring of H; we
colour vertex v; with colour 1 if | has at least ¢ — 1 blue edges to V;, and otherwise
x4 has at least t — 1 blue edges to V; and we colour vertex v; with colour 2. Because
‘H has chromatic number at least 3, there must exist a monochromatic edge under
this colouring. Therefore, there is some j € [2] and some edge s of the hypergraph
so that o, has blue-degree at least ¢t — 1 to each of the V; with i € j. However, this
forms a complete blue multipartite graph with one part of size o and the remaining

parts of size t — 1, which must contain a blue H'. O

As discussed around Lemma 2.5.2, the above lemma immediately gives the follow-

ing version of BEL gadgets for H'.

Lemma 2.6.4. If H is sufficiently connected and H' € H - Ky with s(H') # 1, let
R, B be a colour pattern. There is a graph B with an induced copy of RU B so that
(B, RU B) is H-robust and so that the following hold.

(1) Any H'-free colouring in which R is red and B is blue and no H in R is incident
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or contains any edges of B and no H in B is incident or contains any edges of
R extends to a H'-free colouring 0f]§ wn which no vertex of RU B is contained
as a distinguished vertex in a monochromatic copy of a H, except those vertices

contained as a distinguished vertex in a copy of H within R or within B.

(2) Any H'-free colouring 0f]§ has colour pattern R, B.

The previous lemma will allow us to show the upper bound s(H’) < do(H’).

Theorem 2.6.5. If H is sufficiently connected and H' € H - Ky, we have s(H') <
S (H').

Proof. 1f s(H) = 1, we are done, and otherwise we may apply Lemma 2.6.4. Take ¢
to be the number of vertices of H. Take B to be t — 1 vertex-disjoint cliques, each on
t vertices. Apply Lemma 2.6.4 to this colour pattern (R is empty) to get a graph B.
Pick vertices vq,...,v;_1, one from each of the cliques from B. Pick a vertex v; # vy
from the first clique. Add edges to form a clique on vy,...,v;_1, and add one more
edge between v; and v;. Observe that this is not Ramsey for H', as we may colour
all of B blue and all of the edges added to B red; in blue there is no copy of H' by
construction, and in red we have a connected component on t vertices, but one of
those vertices has degree 1 so there is no red H in this part of the graph. We will
now add one more vertex v of degree d2(H') and show that with this vertex the graph
is Ramsey for H'. We first consider the case where there is a vertex of degree d,(H’)
that is not incident to the vertex of degree 1 in H'. Add a vertex v and connect it to
V1, ..., Usyary- Otherwise, if the vertex of degree d,(H') is incident to the vertex of
degree 1, then connect v to vy, ..., Vs,(g/)—1 and to v;. In either case, if B is coloured
blue, then if v has any outgoing blue edges it is contained in a blue H' as the pendant
vertex, and, otherwise, all of its outgoing edges are red and it is contained in a red

H'. O
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2.7 The complete graph with an added vertex

We define H; 4 to be the graph on ¢ + 1 vertices that contains a K; and in which the
remaining vertex (not in the K3) has degree d, with its neighbors being any d vertices
of the K;.

Note Hggq is isomorphic to Ky, 1, for which s(Kyy1) is known to be d* [12]. For
d = 1, it was recently shown that s(H;;) = t — 1 [42]. For d = 0, it was found
s(Hyo) = s(K;) = (t —1)* [88]. A natural question that arises is how s(H;4) behaves

when d is between 1 and t. We now state the main result of this section.

Theorem 2.7.1. For all 1 < d <t we have
S(th) = dz.

The proof of this theorem is presented in two parts. In the first part, we prove
that s(H;4) > d? for all values of d. The second part expands on the ideas in [12]
and [42] and deals with the upper bound on s(H; ) for d > 2: we construct a graph
G with a vertex v of degree d? that is Ramsey for H;4 such that G —v /4 Hiq. It
follows from this that s(H;4) < d?, and so we obtain s(H,4) = d* for all 1 < d < t.

We now begin with the first part of our proof, which closely follows the ideas of [12].

Lemma 2.7.2. Let H be a graph such that, for all v € V(H), the neighborhood of v
contains a copy of Kq. Then s(H) > d>.

Proof. Suppose there exists F' € M(H) and some v € V(F) with deg (v) < d*. Since
F' is minimal, we can 2-color the edges of F' — v so that there is no monochromatic
copy of H. Consider any such 2-coloring of F' — v. In this coloring, let .S denote the
neighborhood of v and let 77, ..., T, be a maximal set of vertex-disjoint red copies of
Kyin S. Since deg (v) < d?, we must have |S| < d?, and so k < d — 1. Now we color
all the edges connecting v to T1,...,T} blue, and all other edges incident to v red.
We claim that no monochromatic copy of H arises in such a coloring. Note that such

a copy would need to use v. We will now show that there is no red d-clique in the
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red neighborhood of v and that there is no blue d-clique in the blue neighborhood of
v, thus showing that v cannot be contained in any monochromatic copy of H.

Any red d-clique in S must intersect one of T3, ..., T, and therefore would have a
blue edge from v. On the other hand, suppose there exists a blue d-clique in the blue
neighborhood of v, which is precisely T3 U- - -UT}. Since k < d — 1, by the pigeonhole
principle, at least two vertices of this blue d-clique must be contained in the same 7.
These two vertices, however, are connected by a red edge, a contradiction. It follows

that such an F' € M(H) cannot exist, and hence s(H) > d*. O

Since the neighborhood of each vertex in H, 4 contains a copy of K, we have the

following corollary.
Corollary 2.7.3. For all values of d we have s(Hy4) > d*.

This completes the first part of our proof, establishing a lower bound on the value
of s(Hiq).

For the upper bound, we wish to construct an H-minimal graph with vertex of
degree exactly d? for d > 2. To that end, we wish to show that H; ; has BEL gadgets.
Theorem 2.2.1 implies this in the case d > 3, but not when d = 2; the majority of
the work in this section is proving that H,, has BEL gadgets.

Theorem 2.7.4. For all 2 < d <t, the graph H; 4 has BEL gadgets.

We postpone the proof of this theorem to the end of the section; let us first see

why it implies the desired upper bound on s(H;4).

Lemma 2.7.5. For all 2 < d < t there exists a graph F' with vertez v of degree d?
so that F' — Hy 4 but F' —v 4 Hi 4.

Proof. 1f d = t then s(H;4) = d* by [12], which immediately implies the lemma; we
will henceforth assume d < t.

The graph H,, has BEL gadgets by Theorem 2.7.4. This means that, for any
graph G and 2-coloring ¥ of G without a monochromatic copy of H, there exists a

graph F' /4 H, 4 with an induced copy of G such that every 2-coloring of F' without
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a monochromatic copy of H; 4 agrees with ¢ on the copy of G, up to permutation of
colors. We describe our graph G together with its coloring ¢ for our BEL gadget as

follows:
1. G contains d disjoint red copies 11, ..., Ty of K,

2. For each distinct pair ¢ and 7, there is a complete blue bipartite graph between

T; and T}, and

3. For each way there is to choose a d-tuple T = (t1,...,tq) € Ty X --- X Ty by
taking one vertex from each T;, we add a set of t—d vertices Sy = {vT,... vl ;};
we add blue edges between all pairs of vertices in St so that St becomes a blue
clique, and add more blue edges so that there is a complete blue bipartite graph

between Sy and T'. For distinct d-tuples 7" and 7", Sy and S7+ are disjoint.

An example of this G with coloring v is shown in Figure 2-3. We first claim that this
coloring 1 contains no monochromatic copy of H,;,. The connected components in
red are all copies of K, so there is no red copy of H; 4. We also claim there is no blue
copy of H;4. If we omit the vertices that are contained in the various Sr, the blue
graph is d-partite and so contains no K, as d < t. Therefore, any blue copy of H, 4
must use some vertex w in some St as part of a blue K;. Note that the blue degree of
w is t — 1, and therefore this blue K; must consist precisely of w and its neighborhood.
However, any vertex that is not w or contained in the blue neighborhood of w has
degree at most d — 1 to the neighborhood of w by construction, and so cannot be the
vertex of degree d in H; 4. Therefore, there is no blue copy of H; 4.

Consider a graph F' /A H, 4 with an induced copy of G such that any 2-coloring
of F' without a monochromatic copy of H; 4 restricts to the coloring 1 on the induced
copy of GG, up to permutation of the colors; this exists by Theorem 2.7.4. We now
modify F' to F’ by adding a vertex v, and adding d edges from v to each T; in the
induced copy of G. The vertex v clearly has degree d?>. We claim that this modified
graph F’ is Ramsey for H;,. Consider any 2-coloring of F”’. In this 2-coloring, if

there is a monochromatic copy of H; 4 in the subgraph F' = F’ — v, then we are done.
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Otherwise suppose the 2-coloring does not yield a monochromatic copy of H; 4 in F.
Then the induced graph G must have coloring ¥, up to permutation of colors. Let us
assume without loss of generality that each T} forms a red clique and the remaining
edges are blue.

If v had red degree d to some T}, then v together with T; would be a red copy of
H; 4. Thus, at least one edge from v to each copy of T; must be colored blue. Choose
one vertex t; from each T; so that v has a blue edge to ¢; and take T = (t1,...,t4).
Then these vertices t; together with St forms a blue K, and adding v creates a blue

H, 4. O

This immediately gives the desired upper bound on s(H; ).
Corollary 2.7.6. For every 2 < d < t, we have s(Hyq4) < d?.

Proof. By the previous lemma, there is a graph F” with a vertex v of degree d? which
is Ramsey for H; 4 so that F’ — v is not Ramsey for H; 4. Take F” to be a subgraph
of F’ which is minimal subject to the constraint that F” is Ramsey for F. F” must

contain v, and so s(H;4) < 6(F") < d?, as desired. O

Figure 2-3: Example of G with the coloring ¢ for ¢ = 5 and d = 3. Here, only one
set St is shown, corresponding to the triple T = (v,, vy, v;). The dashed blue edges
represent complete blue bipartite graphs. When we add the external vertex v, we will
connect it to three vertices from each copy of K5, making its degree d* = 9.
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We now prove that H;, has BEL gadgets. Note that, for ¢ = 2, the graph H»
is isomorphic to K3, for which it is known that BEL gadgets exist [12|. Henceforth,
we will assume that ¢ > 3. The ideas behind the proof of BEL gadgets for H, 5 stems

from a strategy in [42]. We now introduce the main tool that we will need.

Definition 2.7.7. Write F <> H to mean that, for every S C V(F) such that |S| >
€|V (F)|, the subgraph of F' induced by S is Ramsey for H (i.e. F[S] — H).

The following lemma, which is a strengthening of a theorem in [76], is proven in

142].

Lemma 2.7.8. For any graph H and every e >0 and t > 2, if w(H) < t then there
exists a graph F that is K,-free such that F < H.

We are now ready to construct a graph G so that, for every coloring of G without
a monochromatic copy of H, 2, a particular copy of some (arbitrary) graph Ry is forced
to be monochromatic. Furthermore, there is a coloring of Gy where R is red, all of
the edges leaving Ry are blue, there is no red H, 9, and there is no blue K;. The proof

of this lemma closely follows the arguments in [42].

Lemma 2.7.9. Let Ry be a graph that has no copy of Hyo. Then there exists a graph
Go with an induced copy of Ry and the following properties:

1. There is a 2-coloring of Gy without a red copy of Hy o and without a blue copy
of Ky in which the edges of Ry are red, and all of the edges incident to, but not

contained in, Ry are blue, and

2. Every 2-coloring of Gy without a monochromatic copy of Hy o results in Ry being

monochromatic.

Proof. Take € = 2_”_t2, where n is the number of vertices in Ry. Let Fy, Fy, ..., F;_»
be copies of the graph as defined in Lemma 2.7.8 when applied to H = H;,_;,. We
claim that the graph Gy := FiX ;X --- X F,_5 X R satisfies both desired conditions
(see Figure 2-4).
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To see the first property, color all the edges internal to any of Fi, F5, ..., Fi_o, Ry
red and the remaining edges blue. There can be no monochromatic red copy of Hy o,
since each F; is K;-free and Ry is H,o-free. Furthermore, there is no blue K}, since

the graph induced by the blue edges is (¢ — 1)-chromatic.

To see the second property, we consider some 2-coloring ¥ of Gy so that G
does not have a monochromatic copy of H;s. We show that this forces Ry to be
monochromatic. For a subset S of the vertices and some vertex v & S, define the
color pattern c, with respect to S to be the function with domain S that maps a vertex

w € S to the color of the edge (v, w). This method was utilized in [42].

For a vertex v € F}, consider its color pattern ¢, with respect to V(Ry). There
are 2" possible color patterns, so at least a 27" fraction of the vertices in I} have the
same color pattern with respect to V(Ry). Call the set of these vertices S;. Then
|S1| > 27" - |V(Fy)| > € |[V(F1)|, so there must exist a monochromatic copy H;
isomorphic to H,_; in S;. Without loss of generality, suppose H; is monochromatic
in red. We claim that all the edges going from S; to Ry (and in particular from
H; to Ry) are blue. Indeed, since all vertices v € S; have the same color pattern
with respect to Ry, then for a fixed vertex i € Ry the edges (i,v) have the same
color for all v € S;. If that color is red, then i along with all the vertices of H;
would form a monochromatic red copy of H;o, which contradicts our definition of
1. We now proceed inductively. Suppose we have identified red copies of H;_;;
labeled Hy,...,Hr_1 in F,..., F,_1 with vertex sets Vi,...,Vi_1 respectively, and
that all edges between these copies as well as to Ry are blue. In Fj, at least a
2-n=tk=1) > ¢ fraction of the vertices S), have the same color pattern with respect to
V(Ro)UV (Hy)U---UV (Hg_1). Since |Sg| > €-|V(F})|, we have F[S;] — H;_1,. Find
a monochromatic copy of H;_;; and call it Hy. Suppose Hj, is blue. Then, as in the
case before, all the edges between Hy and Ry, as well as to Hy, ..., H;_1, would have
to be red, otherwise there would be a monochromatic blue copy of H;,. But if all
these edges are red, then any vertex of Hy along with H; forms a monochromatic copy
of H;2, a contradiction. Thus, Hj must be red, and consequently all edges between

Hj and Hy, ..., Hy_1, Ry must be blue, completing the inductive step. After applying
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this argument ¢ — 2 times, we have a collection (Hj,..., H;_5) of red copies of H; 1,
with complete bipartite blue graphs between any two of them. Now, suppose some
edge in Ry was blue. Then this edge, along with one vertex in each of Hy,..., H; »

and one other arbitrary vertex in 1, forms a monochromatic blue copy of H; 5. Thus,

all the edges in Ry must be colored red, as required. O
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Figure 2-4: Construction of the gadget graph Gy for ¢ = 5 and d = 2. The dashed
lines represent complete bipartite graphs.

We now introduce a lemma which is a stronger version of an idea first introduced

in [12] known as a positive signal sender.

Lemma 2.7.10. There is a graph G with two independent edges e and [ so that, in
any 2-coloring of G without a monochromatic copy of H; o, both edges e and f must
have the same color. Furthermore, there is a 2-coloring of G with no red H, 5 and no
blue K; in which both edges e and f are red, and in which all of the edges incident to

either of e or f are blue. Furthermore, there are no edges incident to both e and f.

Proof. This follows by taking Ry in the previous lemma to be two disjoint edges, e

and f. O
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We now take the above lemma and use it to prove a slight strengthening of itself.

Lemma 2.7.11. There is a graph G with two independent edges e and f so that in
any 2-coloring of G without a monochromatic copy of H,o both edges e and f must
have the same color. Furthermore, there is a 2-coloring of G with no red H, 5 and no
blue K, in which both edges e and f are red, and in which all of the edges incident to
either of e or f are blue. Furthermore, any path between a vertex of e and a vertex

of f has length at least 3.

Proof. Lemma 2.7.10 gave us a graph that satisfied all of these constraints except
for the last one. Take two copies G',G” of this graph from Lemma 2.7.10, with
distinguished pairs of edges (¢/, f’) and (e”, f"), respectively. Identify f’ with ¢” and
take e = ¢ and f = f”, and call the resulting (combined) graph G. By construction,
any path between a vertex of e and a vertex of f has length at least 3. Also by
construction, in any 2-coloring of G without a monochromatic copy of H; s, we must
have that e = ¢’ and f’ have the same color, and f' = ¢” and f” = f have the same
color, and so e and f have the same color. Finally, if we color e, f’, and f all red, then
we may extend this to colorings of G' and G” so that neither G’ nor G” contains a red
H; 5 or a blue K, so that all edges incident to either of e or f are blue. This coloring
contains no red H, o, as every connected component in red is contained entirely within
at least one of G’ and G”, and neither one of these graphs has a red copy of H,».
There is no blue copy of K;, as every blue triangle is contained either entirely within

G' or entirely within G”, and neither one contains a blue copy of K;. ]

The next lemma uses these so-called strong positive signal senders to construct a
weaker version of BEL gadgets for H;,. It is weaker because it does not guarantee
that we can agree with a given coloring 1 of a graph up to permutation of colors; it
only guarantees that in a monochromatic H;o-free coloring of the graph, the edges
that are red in ¢ all end up with one color a; and the edges that are blue in v all end
up with one color as. The two colors a; and oy may be the same. After proving this
lemma, we will then show that the existence of this weaker version of BEL gadgets

implies the full strength of the BEL theorem, completing the proof.
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Lemma 2.7.12. Given edge-disjoint graphs Gy and Gy on the same vertex set that
are both Hys-free, there is a graph G with an induced copy of Go U G so that there
is a 2-coloring of G without a monochromatic copy of H, o in which Gy is red and G,
is blue. Furthermore, in any 2-coloring of G without a monochromatic H, o, all the

edges in Go have the same color and all the edges in G have the same color.

Proof. Take F' to be a copy of the graph given by Lemma 2.7.11.

Form a graph G as follows. Start with Gy U G; on the same vertex set. Add two
edges ey and e; independent from both Gy and G;. For any edge f; in G, we add
a copy of F' with ey and f; as the distinguished edges. For any edge f; in G, we
add a copy of F' with e; and f; as the distinguished edges. By construction, in any
2-coloring of G without a monochromatic H; o, all of the edges in Gy have the same
color and all of the edges in (G; have the same color.

Consider coloring all edges of G as well as eq red and all edges of GG as well as
e; blue. By construction of F, we may extend this coloring to a coloring of G in
which every copy of F' attached to two edges in GGy contains no blue K; and no red
H; 5 and in which all of the edges of F' that are incident to the two edges are blue.
Symmetrically, in this coloring every copy of F' attached to two edges in G| contains
no red K; and no blue H,, and satisfies that all of the edges of F' that are incident
to the two edges are red.

We claim there is no blue H;,. By symmetry it will follow that there is also no
red H;,. First, observe that if we pick any two edges (e, f) to which a copy of F
is attached, the vertices of any triangle in G are either contained entirely in F' or
entirely in the graph G’ obtained by removing the vertices of F' except e and f; this
follows immediately from the construction. Note further that any triangle that is not
contained entirely in G’ must use some vertex w that belongs to F' but not to G;
since there is no vertex in F' that has as a neighbor both a vertex of e and a vertex
of f, such a triangle may not use both a vertex of e and a vertex of f; in particular,
this means that all of the edges used by the triangle are contained in F' (note that
there are no edges between e and f that are not contained in F', by the way we

constructed Gy and G1). Therefore, any copy of K; must be contained entirely in the
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edges of F' or in entirely in G’. Since there is no blue K; in the copies of F' attached
to edges from Gy, any blue copy of H;, must have its copy of K, contained entirely
in Gy or entirely in some copy of F' attached to an edge of G;. If we take a blue K,
contained in some copy of F' attached an edge e and some edge f in G, then, since
all of the edges incident to both e and f are red, if we take the connected component
corresponding to the blue subgraph of G containing this copy of K;, we see that it is
contained entirely in this copy of F'. But by assumption this copy of F' has no H,»,
and so this blue K, is not contained in any copy of H;s. Therefore, any blue copy
of H;o must have its K, contained in G;. By assumption, GGy contains no copy of
H, 5, so this copy must have some vertex outside of Gy that has blue degree at least
2 to this copy of K,;. Such a vertex cannot be contained in the copies of F' attached
to an edge of Gy, as these are completely red to GG;. Therefore, this vertex must be
contained in some copy of F' attached to an edge e and an edge f of G,. But neither
e nor f may be edges of the blue clique, since they are both red, and so this vertex
must have a blue neighbor in e and a blue neighbor in f, but this contradicts our

assumptions on F', concluding the proof. O

If a graph H satisfies the conclusions of the above lemma, we say it has weak BEL
gadgets. We now prove that this is enough to get strong BEL gadgets for H, o, thus
completing the proof of the upper bound.

Lemma 2.7.13. If H is connected and has weak BEL gadgets, then H has BEL
gadgets.

Proof. Consider a graph GG with a given 2-coloring . Let G be composed of the
graphs G{, and G, where Gy, is the graph induced by the blue edges of G and G/ is
the graph induced by the red edges of G. Take t to be the number of vertices in H.

Define a graph Gy by taking G, adding to it some set S of ¢ vertices, and adding
edges to S so it forms a copy of H with one edge removed. Define Gy by taking G,
adding to it S, and adding to S the edge that was removed from H. We will show
that this resulting graph can be made a strong BEL gadget for H. Note that neither

Gy nor (G; contains a copy of H; the connected components are either connected
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components of Gy or GGy, or are in S. Note further that in any 2-coloring of Gy U G
in which all of the edges in Gy have the same color and all of the edges of G; have
the same color, if Gy and (G; have the same color then there is a monochromatic copy
of H, namely on vertex set S. Now, taking a weak BEL gadget for Gy and G; yields
the desired strong BEL gadget for G{, and G/. O

2.8 Concluding Remarks

We have shown that all 3-connected bipartite graphs are Ramsey simple. However,

Conjecture 2.1.1 remains open.

Conjecture 2.8.1. [88] If H is bipartite with no isolated vertices, then H is Ramsey

simple.

We have also demonstrated the first class of graphs that is not bipartite but is
Ramsey simple, namely those graphs that have BEL, that don’t have isolated vertices,
and that contain a vertex of minimum degree 6 whose neighbourhood is contained in
an independent set of size 20 — 1. One may hope to use similar techniques to those
found in the proof of Theorem 2.1.2 to get a corresponding result for triangle-free

graphs. This leads us to the following conjecture.

Conjecture 2.8.2. Every connected triangle-free graph without isolated vertices is

Ramsey simple.

Based on the techniques used here, it may be significantly easier to prove the

conjecture just for 3-connected graphs.

Conjecture 2.8.3. Every 3-connected triangle-free graph is Ramsey simple.

2.9 Sparse random graphs are Ramsey simple

We prove Corollary 2.1.4 that the random graph G(n,p) with n™!'logn < p < n=?/3
is Ramsey simple with high probability. This follows from showing that G(n,p)
satisfies the conditions of Theorem 2.1.3 with high probability.
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Proof of Corollary 2.1.4. Let n~'logn < p < n~%3 and assume that the vertex set
of G(n,p) is [n].

We will use the following basic facts about G(n,p), for p in the aforementioned

range.
(1) For every d, P[0(G(n,p)) = d] = o(1).

(2) PIS(G(n,p)) < pn] = 1 - o(1).

(3) With high probability, there exists a unique vertex in G(n, p) of minimum degree.
(4) With high probability, G(n,p) is 3-connected.

(5) For any d, we have P[§(G(n — 1,p)) > d — 1] > P[6(G(n,p)) > d] — o(1).

Facts (1), (2), and (3) follow from Theorem 3.9(i) and its proof in [8], and (4)
follows from Theorem 7.7 in [8]. We now prove fact (5).

Consider the vertex n € [n]. Since with high probability there is a unique vertex
of minimum degree by fact (3), the probability that n is this vertex is o(1). Then, in
the distribution obtained by taking G(n,p) and removing the vertex n, every vertex
has degree at least its degree in the G(n,p) minus 1. Since with high probability the
minimum degree vertex of G(n,p) was in [n — 1], we have that the minimum degree
of this G(n — 1,p) is at least §(G(n,p)) — 1. This completes the proof of (5).

We wish to show that, with high probability, G = G(n,p) contains a minimum
degree vertex, call its degree ¢, whose neighborhood is contained in an independent set
of size 2§ — 1. Combining this with fact (4) and applying Theorem 2.1.3 immediately
implies Corollary 2.1.4.

For any 0 < € < 1, pick d minimal so that P[0(G(n,p)) < d] > 1 —e. We will let

e very slowly tend to 0. By (2) we must have that d < pn. By (1) we must have that

1 —e < P[6(G(n,p) <d <1—e+o0(1).

For every set S C [n] with |S| < d and every vertex v € [n] \ S, take Ts, to be some
set containing S of size 2 |S| — 1 so that Tg, does not contain v. For any such S and
v, let Ag, be the event that v is the unique vertex of minimum degree in G(n, p) and

that its neighbourhood is S. Let Bg, be the event that T, is not an independent
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set. Note that the probability that there is some vertex v of minimum degree whose
neighbourhood is contained in an independent set of size 2deg(v) — 1 is at least the
probability that there exists a set S of size at most pn and a vertex v not in S so
that Ag, holds and Bg, does not hold. We will show that this is true with high

probability.

Note that the events Ag, are disjoint. With probability at least 1 —e—o(1), which
is 1 — o(1) as € tends to 0, the minimum degree is at most d and there is a unique
vertex of minimum degree. Equivalently, exactly one of the events Ag, occurs. We
next show that the conditional probability P[Bg,|As,] is o(1), which completes the

proof.

We consider the distribution G(n,p)|As,. For convenience, we will assume that
v = n. Then, in this distribution, the neighbours of v are S, and the remaining
vertices form the distribution G(n — 1, p) conditioned on the event that all vertices in
S have degree at least 6 and all vertices in [n — 1] \ S have degree at least 0 + 1; call
this event Cs. Hence, P[Bg,|As,] = P[Bs,|Cs], where the first probability is taken

with respect to G(n, p) and the second probability is taken with respect to G(n—1, p).

By deﬁnition, we have P[Bs,v’CS] = P[Bs’v VAN Cs]/P[Cs] < P[BS,U]/P[CS] The

expected number of edges in T, in G(n — 1,p) is

2 —1 2
(= () = -

where the last inequality uses d < pn, and the last equality uses p = o(n"2/3). Since
the probability that there is an edge in T, is at most the expected number of edges
in Ts,, we have P[Bg,] = o(1).

We next give a lower bound for P[Cs]. Note that Cs holds if 6(G(n—1,p)) > é+1.

Hence,

P[Cs]

v

P5(G(n—1,p) > 6+1] > P[5(G(n,p)) > 6 +2] — o(1)

P[5(G(n,p)) > d+1] —o(1) > e—o(1)

IV
VAR

v

P3(G(n,p)) = d+2] = o(1)



where the second inequality is by fact (5), the third inequality uses 6 < d, the fourth
inequality follows from fact (2), and the last inequality holds by the choice of d.
Putting this together, we have

Penp) [ Bswl|Asw] = Pam-1,p)[Bsw|Cs] <

Pe(n-1p)Bsw)/ Pam-1)[Cs] = o(1)/(e = o(1)) = o(1),

where the last inequality is by taking € to tend to 0 slower than Pg, ) [Bs,] tends to
0. This completes the proof. n

2.10 Random Caley graphs with a pendant edge

We give a non-trivial example of a vertex-transitive graph H such that H - K5 is not
Ramsey simple.

Let G be a group, and S be a subset of elements of GG, called the set of gen-
erators. The (undirected) Caley graph X(G,S) has vertex set G and edge set
{{g9,9s} : g € G,s € S}. Clearly, X(G,S) is vertex-transitive and the degree of a
vertex is |S U S7Y. For 0 < p < 1, we denote by H ~ X (G, p) a random Caley graph
H = X (G, S) where S is chosen by including every element of G with probability p.

Inn

Theorem 2.10.1. Let G be a group on n elements, let p — 0 such that p > /=7,
and let H ~ X(G,p). Then a.a.s. s(H - Ky) > §(H) > 1.

Proof. We prove that H satisfies the conditions of Theorem 2.4.1 a.a.s. Let .S denote
the set of generators of H chosen by including every element of G with probability p.

It is clear that §(H) > 2 a.a.s. since a.a.s. 6(H) > |S| > pn/2 > 1.

For condition (1) and (3) of Theorem 2.4.1, let C' be a large constant to be
determined later. We pick the set S in C rounds. Let ¢ € [0,1] be such that
p=1-(1-¢% Note that ¢ = (1 + o(1))p/C it p — 0. For 1 < i < C, pick
a set R; of elements each with probability ¢ of being in the set, choices for different ¢
being independent. Let S = R; U...U R¢ and note that this is an equivalent way of
picking the set S of elements each with probability p of being in the set.
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For an element € G and a subset A C G, we use the shorthand notation

r.A:={zra:a€ A}.

Lemma 2.10.2. Let x € G be a vertex of H, and let Ry, ..., Rc be as above. Then

with probability tending to one, the set x.Ry is connected.

Before we prove the lemma, let us show how it implies that H is connected a.a.s.,
i.e. condition (1) of Theorem 2.4.1 holds.

Let x € G be an arbitrary element of G. We claim that a.a.s. z.R; is a dominating
set of H, i.e. for every y € G, there is an edge between y and z.R;. By definition,
there is an edge between y and z.R; if there exists a generator s € S and an element
r1 € Ry such that ys = ary. For fixed z and y, there are |R;| possible values s € G
such that ys = xr;. With probability tending to one, |z.R;| > ngq/2. Therefore,
choosing R,, ..., Rc, the probability that there exists some y € G such that there is

no edge between x.R; and y is at most
n(1 — q) @ Im2 L Pr(|2.Ry| < ng/2) < e 7 "N 4 o(1) = o(1),

since q > \/% Together with Lemma 2.10.2 it follows that a.a.s. the graph H is
connected.

To prove that x.R; is connected, we need to show that a.a.s. for every nontrivial
partition AUB of R, there is an edge between x.A and x.B. That is, there exists
a€ A be Bandy € S such that b = ay. We show first that with high probability
the set Yap := {a b :a € A,b € B} of distinct such values y € G is large enough
for any partition of Ry, and then use the random choices of Ry, ..., Rc to show that
at least one solution survives with very high probability. In fact, we show something

slightly stronger.

Lemma 2.10.3. There exists a universal constant ¢ > 0 such that the following holds.
Let g > ,/IHT”. Further, let 1 < ny < ng, nq/3 < np < 2nq, and let A C G of size
|A| = na. Let B be a set of size ng chosen uniformly at random from G\ A. Then

with probability at least 1 — 27195 we have that |Ya p| > min{c-n,c-nang}.
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Proof. Let ¢ > 0 be a constant to be chosen later. For disjoint sets A, B C G let
Uap be the event that |Y4 g| < min{cn, c|A||B|}. Let us choose B one element at
a time and analyse how the value of Y4 p changes. To be precise, for 1 < ¢ < np
choose an element b, € G \ (A U B;_1) uniformly at random, where By := ) and
By = B;_1U{b;}. Let X; := |Yap, \ Yap,_,| be the random variable that counts the
“new” values a~'b with a € A, b € B after step t. If ‘YA7Bt—1‘ > cn, we are done.
So we may condition on the event that |Y4 5| < en (and hence |Ya p,| < cn for any

t < ng) which we abbreviate with Z. Then for a fixed element a € A

cn

< < 2c
|G — A — By_4|

Pr(a b, € Yap,_,| 2)

for n large enough since |A| + |B:] < 3ng = o(n). Hence, the expected size of
X; conditioning on the event Z is at least (1 — 2¢)|A| and therefore, by Markov’s
Inequality,

Pr (Xt < %| Z) = Pr <\A[ - X, > %\ Z)
2 E(A] - X 2)
B Al

< 4e.

That is, the random variable X; takes value (at least) |A|/2 with probability (at
least) 1—4c¢, independent of the history Xi,..., X;_1. Let Y3,...,Y, . be independent
Bernoulli experiments that are one with probability 4c and zero otherwise. Then the

sum letSnB Y, is a lower bound on the number of steps that X; fails to have value
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at least |A|/2. Therefore,

Pr(Uap) < Pr(|Yas| < cA||B| | [Yas| < cn)
= Pr(X; <|A|/2 at least (1 — 2¢)np times)
§Pr< > Yt2(1—20)ng>
1<t<np
S 21’13 . (40)(1—26)713

< 271007”3

for ¢ small enough. O

Proof of Lemma 2.10.2. Let ¢ > 0 be the constant from Lemma 2.10.3 and let Z
denote the event that N := |R,| € [4*,2¢gn] and that for every non-trivial partition
AUB of Ry the set Yap = {a"'b: a € A,b € B} has size at least min{cn, c|A||B|}.
We claim that the probability of Z is 1 — o(1). Certainly, N € [£*,2¢n] a.a.s. Let
now AUB = R be a partition of R, let ny := |A|, np := |B| and assume without
loss of generality that ny < ng. Note that by Lemma 2.10.3, the probability that
Y4 5| < min{cn, c|A||B|} is at most 271905 < 2720n4_ Ty follows that the probability
that Z fails to hold is at most

2nq

> > 2724 0(1) < 2ng27 1" 4 0(1) — 0
N=ng/2 ACR,|A|<N/2

since ng — oo. We now condition on Z. Fix now a non-trivial partition R; = AUB,
say |A| = na, |B| = ng, and assume without loss of generality that ny < N/2. By
assumption, there are at least min{cn, ¢|A||B|} (nontrivial) solutions for ay = b with
a € Aand b € B. Let X4p be the random variable that counts the number of
elements in Y, p that are chosen to be in RyU...UR¢. Since for a particular element

y € Y4 p the choices for Ry,..., Rc are independent, and since choices for distinct

elements in Y, p are independent, it follows that

Prr,...re(Xap = 0) = (1 - q)"V"8 < exp [~(C — 1)gmin{en, c|A[| BI}].
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It follows that

Pr(R; is not connected)
= Pr(R; is not connected | Z) + o(1)
= Pr(3 a partition AU B = Ry such that X453 =0 | Z) + o(1)

2nq N/2

N=ng/2 na=l ae(1)

2nq

<y 3 (N )6—(0—1>qan<N—nA>+ 3 (

na

N

)e—(C—l)qcn + 0(1)
na

N=ngq/2 1<na<N/2 1<ns<N/2
na(N—ng)<n na(N—ny)>n
2nq
< Z Z enA(lnN—G(qN)) + 2N€—(C—l)qcn + 0(1)

N=ngq/2 1<na<N/2
na(N—na)<n

< 2(ng)?e O™ 4 2ng2N e (CDen 4 (1),

since In N < Inn < ¢?n/2 < gN. Therefore, the probability that R; is not connected

is at most
exp [O(In(gn)) — ©(¢*n)] + exp [In(2ng) + 2ng — (C — 1)eng] + o(1) = o(1),

again since In(nq) < ¢?n and if we choose C' = C(c) > 3/c. O

We now prove condition (3) of Theorem 2.4.1. We need to analyse the family
F(H)={F C H[N(z)] : z € V(H),F is a connected component of H[N(x)]}

and show that there is a 2-colouring of K, that does not contain a monochromatic
copy of F, for any F' € F(H). Since H is vertex-transitive, the graph H[N(z)] is the
same graph for every x € G. Let us denote this graph by Hy. We show first that Hy

is connected a.a.s. which implies that F(H) consists of a single graph.

Lemma 2.10.4. Let G,p,q, H, Ry, ..., Rc be as above. Then, Hy is connected a.a.s.
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Proof. Fix a vertex z € G. Note that the neighbourhood N(z) = z.(S U S™1)
is connected since x.R; is connected a.a.s. by Lemma 2.10.2, and since x.R; is a

dominating set in H. O

Lemma 2.10.5. Let G,p, H be as in Theorem 2.10.1. Then, Hy has at least m =
p*n?(1+ o(1)) edges a.a.s.

Proof. Fix * € G and let S be the set we pick by including each element of G
with probability p, all choices being independent. We will count only the edges in
2.5 C N(x). Note that an edge in 2.5 corresponds to a triple (a,b,c) € S? such that

a = bc. We shall see that a.a.s the number of solutions to a = bc with a,b,c € S

2 2

is large. There are a total of n~ choices for b and ¢, giving a total of n° solutions
for a = bc in the group G of order n. For simplicity, let us only consider nontrivial
triples, i.e. solutions for a = bc where a,b, ¢ are distinct. There are still n?> — O(n)
such solutions. For a nontrivial triple (a,b,c) let X, be the indicator random
variable which evaluates to one if and only if all of a,b,c are chosen to be in S.
Let X = > X, be the random variable counting the number of these solutions
with a, b, ¢ chosen to be generators and a, b, ¢ distinct. The expected number of X is
p*n? — O(np?) by linearity of expectation, as X,,. = 1 with probability p® for each
nontrivial triple. To see that X is concentrated about its mean, we use the second

moment method and bound the variance of X. For two (distinct) nontrivial triples

write (a,b,c) ~ (a/,b',c') if X,p. and Xy p o are not independent. Let

A = Z PI‘(XabeC =1A Xa’,b’,c’ = 1),
(a,b,c)~(a’ b’ ')

where the sum runs over all ordered pairs of non-trivial triples. We note that
Var(X) < E(X) + A, see e.g. Chapter 4.3 in |3]. A pair (X, Xorp ) I8 DOt
independent if and only if the sets {a, b, c} and {a’,V’, ¢} have nonempty intersection.

If two nontrivial triples {a,b,c} and {da’,0',c} intersect in one element then
Pr(X,p.=1 A Xyp e =1)=p°. The number of such (pairs of) triples is O(n?). If

two nontrivial triples {a,b,c} and {d’, ', '} intersect in two or three elements then

63



Pr(Xope=1 AN Xope =1) <p? The number of such (pairs of) triples is O(n?).
It follows that Var(X) = O(p*n?) + O(p°n?®) = o(IE(X)?) since p > n~?/3. There-
fore, by Corollary 4.3.3 in [3], X = E(X)(1 + o(1)) = p*>n?(1 + o(1)) a.a.s. O

We are ready to prove condition (3) and thus finish the proof of Theorem 2.10.1.
Let Hy be as before. By Lemma 2.10.4, Hy is a.a.s. connected, and by Lemma
2.10.5, Hy has a.a.s. at least p>n?(1 + o(1)) edges, and a.a.s. at most 2np vertices.

The Ramsey number of a graph G with M edges and N vertices is at least 2(M~1/N

N vertices and see that the

(take a random colouring of the complete graph on 2(M~1/
expected number of monochromatic copies of G is o(1)).
Now, a(H) < n since H has n vertices. Therefore, a(H) < R(Hy) a.a.s., since

p> (/™m2 and it follows that Property (3) holds a.a.s. O

n ’
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Chapter 3

The Erd6s-Hajnal Conjecture for

Rainbow Triangles

3.1 Introduction

A classical result of Erdés and Szekeres [36], which is a quantitative version of Ram-
sey’s theorem [79], implies that every graph on n vertices contains a clique or an
independent set of order at least 1logn. In the other direction, Erdés [31] showed
that a random graph on n vertices almost surely contains no clique or independent
set of order 2logn.

An induced subgraph of a graph is a subset of its vertices together with all edges
with both endpoints in this subset. There are several results and conjectures indicat-
ing that graphs which do not contain a fixed induced subgraph are highly structured.
In particular, the most famous conjecture of this sort by Erdés and Hajnal [35] says
that for each fixed graph H there is € = ¢(H) > 0 such that every graph G on n
vertices which does not contain a fixed induced subgraph H has a clique or indepen-
dent set of order n. This is in stark contrast to general graphs, where the order of
the largest guaranteed clique or independent set is only logarithmic in the number of
vertices.

There are now several partial results on the Erdgs-Hajnal conjecture. Erdés and

Hajnal [35] proved that for each fixed graph H there is ¢ = ¢(H) > 0 such that every
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graph G on n vertices which does not contain an induced copy of H has a clique
or independent set of order e©V°6”. Fox and Sudakov [45], strengthening an earlier
result of Erdgs and Hajnal, proved that for each fixed graph H there is e = ¢(H) > 0
such that every graph G on n vertices which does not contain an induced copy of
H has a balanced complete bipartite graph or an independent set of order n¢. All
graphs on at most four vertices are known to satisfy the Erdés-Hajnal conjecture, and
Chudnovsky and Safra [18] proved it for the 5-vertex graph known as the bull. Alon,
Pach, and Solymosi [2| proved that if H; and H, satisfy the Erdés-Hajnal conjecture,
then for every v of Hy, the graph formed from H by substituting v by a copy of Ho
satisfies the Erdés-Hajnal conjecture. The recent survey [17| discusses many further
related results on the ErdGs-Hajnal conjecture.

A natural restatement of the Erdés-Hajnal conjecture is that for every fixed red-
blue edge-coloring x of a complete graph, there is an € = €(x) > 0 such that every
red-blue edge-coloring of the complete graph on n vertices without a copy of y contains
a monochromatic clique of order n¢. Indeed, for the graphs H and G, we can color
the edges red and the nonadjacent pairs blue.

Erdés and Hajnal also proposed studying a multicolor generalization of their con-
jecture. It states that for every fixed k-coloring of the edges of x of a complete graph,
there is an € = €(x) > 0 such that every k-coloring of the edges of the complete graph
on n vertices without a copy of x contains a clique of order n° which only uses £ — 1
colors. They proved a weaker estimate, replacing n¢ by e*V'°8™. Note that the case of
two colors is what is typically referred to as the Erdds-Hajnal conjecture.

Hajnal [59] conjectured that the following special case of the multicolor generaliza-
tion of the Erdgs-Hajnal conjecture holds. There is € > 0 such that every 3-coloring
of the edges of the complete graph on n vertices without a rainbow triangle (that is,
a triangle with all its edges different colors), contains a set of order n® which uses at
most two colors. We prove Hajnal’s conjecture, and further determine a tight bound
on the order of the largest guaranteed 2-colored set in any such coloring. A Galla:
coloring is a coloring of the edges of a complete graph without rainbow triangles, and

a Gallar r-coloring is a Gallai coloring that uses r colors.
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Theorem 3.1.1. Every Gallai 3-coloring on n vertices contains a set of order Q(n'/?log® n)

which uses at most two colors, and this bound is tight up to a constant factor.

To give an upper bound, we use lexicographic products. We will let [m] =

{1,...,m} denote the set consisting of the first m positive integers.

Definition 3.1.2. Given edge-colorings Fy of K,,, and Fy of K,,, using colors from
R, the lexicographic product coloring Fy ® Fy of E(Kp,m,) is defined on any edge
e = {(ug,v1), (ug,v2)} (where we take the verter set of K,y m, to be [mq] x [ma]) to be

Fi(uy,us) if uy # us, and otherwise vi # vy and it is defined to be Fy(vy,vs).

That is, there are m; disjoint copies of F, and they are connected by edge colors
defined by F}.

The upper bound in Theorem 3.1.1 is obtained by taking the lexicographic product
of three 2-edge-colorings of the complete graph on n'/? vertices, where each pair of
colors is used in one of the colorings, and the largest monochromatic clique in each
of the colorings is of order O(logn). A simple lemma in the next section shows that,
in a lexicographic product coloring F' = F| ® F5, the largest set of vertices using only
colors red and blue (for example) in F' has size equal to the product of the size of the
largest set of vertices using only colors red and blue in F| with the size of the largest
set of vertices using only colors red and blue in F;. For any set S of two of the three
colors, the largest such set has order O(n'/3)O(logn)O(logn) = O(n'/3log®n).

In the other direction, we will utilize the following important structural result of

Gallai [48] on edge-colorings of complete graphs without rainbow triangles.

Lemma 3.1.3. An edge-coloring F of a complete graph on a vertex set V with |V| > 2
s a Gallai coloring if and only if V- may be partitioned into nonempty sets Vy,...,V;
with t > 1 so that each V; has no rainbow triangles under F', alt most two colors are
used on the edges not internal to any Vi, and the edges between any fized pair (V;,V;)
use only one color. Furthermore, any such substitution of Gallai colorings for vertices

of a 2-edge-coloring of a complete graph K, yields a Gallai coloring.

Gallai colorings naturally arise in several areas including in information theory

[70], in the study of partially ordered sets, as in Gallai’s original paper [48], and in
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the study of perfect graphs [14]. There are now a variety of papers which consider
Ramsey-type problems in Gallai colorings (see, e.g., [19, 47, 56, 58|). However, these
works mainly focus on finding various monochromatic subgraphs in such colorings.

Because it may be of independent interest to the reader, we first present a par-
ticularly simple approach that will prove Hajnal’s conjecture, but will not give tight
bounds.

A graph is a cograph if it has at most one vertex, or if it or its complement is
not connected, and all of its induced subgraphs have this property. In other words,
the family of cographs consists of all those graphs that can be obtained from an
isolated vertex by successively taking the disjoint union of two previously constructed
cographs, GGy and G, or by the join of them that we get by adding all edges between
G1 and Gs. It was shown by Seinsche [87] that cographs are precisely those graphs
which do not contain the path with three edges as an induced subgraph. It is easy
to check by induction that every cograph is a perfect graph, that is, the chromatic

number of every induced subgraph is equal to its clique number.

Proposition 3.1.4. In any Gallai 3-coloring of a complete graph, there is an edge-
partition of the complete graph into three 2-colored subgraphs, each of which is a

cograph.

Proof: This follows from Gallai’s structure theorem by induction on the number of
vertices. The result is trivial for edge-colorings of complete graphs with fewer than
two vertices, which serves as the base case. Using Lemma 3.1.3, we get a nontrivial
vertex partition of the Gallai 3-coloring of the complete graph into parts Vi,...,V,
such that only two colors appear between the parts. By the induction hypothesis, we
can partition the edge-set of the complete graph on V; into three cographs, each which
is two-colored. For the two colors that go between the parts, we take the graph which
is the join of the cographs in each V;, that is, add all edges between the parts, and for
each of the other two pairs of colors, we just take the disjoint union of the cographs
of those two colors from each part. Since the join or disjoint union of cographs are

cographs, this completes the proof by induction. O
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The following corollary verifies Hajnal’s conjecture and, apart from the two loga-

rithmic factors, gives the lower bound in Theorem 3.1.1.

Corollary 3.1.5. Every Gallai 3-coloring of E(K,) contains a 2-colored clique with

at least n'/3 vertices.

Proof: Indeed, applying Proposition 3.1.4, if the first cograph (which is 2-colored)

1/3

contains a clique of order n'/® then we are done; otherwise, it contains no clique of

order n'/3 and, since cographs are perfect graphs, has chromatic number at most n'/3,

2/3

in which case it contains an independent set of order n“/°. In this latter case, this

independent set of order n*? in the first cograph contains in the second cograph a

3

clique of order n'/3 or an independent set (which is a clique in the third cograph) of

1/3

order n'/3. We thus get a clique of order n'/3 in one of the three cographs, which is

a 2-colored set. O

Improving the lower bound further to Theorem 3.1.1 appears to be considerably
harder, and uses a different proof technique, relying on a weighted version of Ram-
sey’s theorem and a carefully chosen induction argument. The weighted version of
Ramsey’s theorem shows that if each vertex of a complete graph on ¢ vertices is given
a positive red weight and a positive blue weight whose product is one, then in any
red-blue edge-coloring of K, there is a red clique S and a blue clique U such that the
product of the red weight of S (the sum of the red weights of the vertices in S) and
the blue weight of U (the sum of the blue weights of the vertices in U) is (log2 t).
Note that this extends the quantitative version of Ramsey’s theorem as the case in
which all the red and blue weights are one implies that there is a monochromatic

clique of order Q(logt).

We further consider a natural generalization of this problem to more colors, and

give a tight bound in the next theorem. In order to state the result more succinctly,
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we introduce some notation: for positive integers r and s with s < r, let

1 ifl=s<rorif s=r—1and ris even;
s(r—s) ifl<s<r—1;

1432 if s=7r —1and r is odd;

0 ifs=r.

Theorem 3.1.6. Let r and s be fixed positive integers with s < r. Fvery r-coloring
of the edges of the complete graph on n vertices without a rainbow triangle contains
a set of order Q(n(;)/(g) log™* n) which uses at most s colors, and this bound is tight

apart from the constant factor.

We next give a brief discussion of the proof of Theorem 3.1.6. The case s = r is
trivial as the complete graph uses at most r colors. The case s = 1 is easy. Indeed,
in this case, by the Erdgs-Szekeres bound on Ramsey numbers for r colors, there is
a monochromatic set of order Q(logn), where the implied positive constant factor
depends on 7. In the other direction, we give a construction which we conjecture is
tight.

The Ramsey number r(¢) is the minimum n such that every 2-coloring of the edges
of the complete graph on n vertices contains a monochromatic clique of order ¢. The
bounds mentioned in the beginning of the introduction give 242 < r(t) < 2% for
t > 2. For r even, consider a lexicographic product of /2 colorings, each a 2-edge
coloring of the complete graph on r(t) — 1 vertices with no monochromatic K;. This
gives a Gallai r-coloring of the edges of the complete graph on (r(t) — 1)"/? vertices
with no monochromatic clique of order t. A similar construction for r odd gives a

)72 vertices

Gallai r-coloring of the edges of the complete graph on (t—1) (r(t) —
with no monochromatic clique of order ¢. The following conjecture which states that
these bounds are best possible seems quite plausible. It was verified by Chung and

Graham [19] in the case t = 3.

Conjecture 3.1.7. Let N(r,t) = (r(t) — 1)"/? for r even and
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N(r,t) = (t—1)(r@t) = D" Y2 for v odd. For n > N(r,t), every r-coloring of the
edges of the complete graph on n vertices has a rainbow triangle or a monochromatic

K.

Having verified the easy cases s = 1 and s = r of Theorem 3.1.6, for the rest
of the chapter, we assume 1 < s < r. A natural upper bound on the size of the
largest set using at most s colors comes from the following construction. We will let
[r] be the set of colors. Consider the complete graph on [r]|, where each edge P gets
a positive integer weight np such that the product of all np is n. For each edge P of
this complete graph, we consider a 2-coloring cp of the edges of the complete graph
on np vertices using the colors in P and whose largest monochromatic clique has
order O(lognp), which exists by Erdés lower bound [31] on Ramsey numbers. We

then consider the Gallai r-coloring ¢ of the complete graph on n vertices which is the

r

2) colorings of the form cp. For each set S of colors,

lexicographic product of the (

the largest set of vertices in this edge-coloring of K, using only colors in S has order

an H O(lognp)

pesS |[PNS|=1

The order of the largest set using at most s colors in coloring c¢ is thus the maximum
of the above expression over all subsets S of colors of size s. Therefore, we want to
choose the various np to minimize this maximum. For s < r — 1, we give a second
moment argument which shows that the best choice is essentially that the np are all
equal, i.e., np = n" () for all P. In this case, the above expression, for each choice
of S, matches the claimed upper bound in Theorem 3.1.6. The case s = r — 1 turns
out to be more delicate. For r even, the optimal choice turns out to be np = n?/"
for P an edge of a perfect matching of the complete graph with vertex set [r], and
otherwise np = 1. For r odd, we have three different edge weights. The graph on
[r] whose edges consist of those pairs with weight not equal to 1 consist of a disjoint
union of a triangle and a matching with (r — 3)/2 edges. The edges of the triangle
each have weight n'/"(logn)"=3/?" and the edges of the matching each have weight
n?/"(logn)~3/". Tt is straightforward to check that these choices of weights give the
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claimed upper bound in Theorem 3.1.6.

Similar to the case r = 3 and s = 2 mentioned above, using Gallai’s structure
theorem, we observe that, in any r-coloring of the edges of the complete graph on n
vertices without a rainbow triangle, the complete graph can be edge-partitioned into
(72") subgraphs, each of which is a 2-colored perfect graph. A simple argument then
shows that there is a vertex subset of at least n(2)/(2) vertices which uses at most s
colors, which verifies the lower bound in Theorem 3.1.6 apart from the logarithmic
factors. Improving the lower bound further to Theorem 3.1.6 is more involved, using

a weighted version of Ramsey’s theorem and a carefully chosen induction argument

to prove this.

The rest of the chapter is organized as follows. In the next section, we prove some
basic properties of lexicographic product colorings. In Section 3.3, we give simple
proofs of lower and upper bounds in the direction of Theorem 3.1.1 which match
apart from two logarithmic factors. In order to close the gap and obtain Theorem
3.1.1, in Section 3.4 we prove a weighted extension of Ramsey’s theorem. We complete
the proof of Theorem 3.1.1 in Section 3.5 by establishing a tight lower bound on the
size of the largest 2-colored set of vertices in any Gallai 3-coloring of the complete
graph on n vertices. The remaining sections are devoted to the proof of Theorem
3.1.6. In Section 3.6, we prove the upper bound for Theorem 3.1.6. In Section 3.7,
we give a simple proof of a lower bound which matches Theorem 3.1.6 apart from the
logarithmic factors. In Section 3.8.1, using the second moment method, we establish
an auxiliary lemma which gives a tight bound on the minimum possible number of
nonzero weights in a graph with non-negative edge weights such that no set of s
vertices contains sufficiently more than the average weight of a subset of s vertices.
We give the lower bound for Theorem 3.1.6 in Section 3.8.2, which completes the
proof of this theorem. The proofs of some of the auxiliary lemmas which involve
lengthy calculations are deferred to the end. All logarithms in this chapter are base
2, unless otherwise indicated. All colorings are edge-colorings of complete graphs,
unless otherwise indicated. For the sake of clarity of presentation, we systematically

omit floor and ceiling signs whenever they are not crucial. We also do not make any
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serious attempt to optimize absolute constants in our statements and proofs.

3.2 Lexicographic product colorings

In this section, we will prove some simple results about lexicographic product colorings
(Definition 3.1.2). These will be useful in constructing examples of r-colorings that
do not contain large vertex sets that use at most s colors.

For such a lexicographic product coloring F; ® F» with F} on m; vertices and F3 on
my vertices, we will view the vertex set interchangeably as [my x ms] and [my] x [ma].
For the sake of brevity, we often refer to a lexicographic product coloring as simply a

product coloring.

Definition 3.2.1. For F' an edge-coloring of K,, and S C R a set of colors, we write
that a set Z of vertices is S-subchromatic in F' if every edge internal to Z takes colors

(under F') only from S.

When F' and S are clear from context, we shall simply say that Z is subchromatic.
We will write g . to be the size of the largest subchromatic set of vertices.
If F is an edge-coloring constructed via a product of two other colorings Fi, Fs,

then the next lemma allows us to determine g . in terms of g, . and g, .

Lemma 3.2.2. For any r-colorings Fi, Fy of E(K,,), E(K,,), respectively, and any
set S C R of colors, gy » = Gs p, * Ys.py» Where F' = F1 @ F.

Proof: Let Z a set of subchromatic vertices in F' (so Z C V(K xn,)) be given. We
will first show [Z] < gg .« g p -

Take U C [ng] to be the set of u € [n4] such that there is some v € [ny| with
(u,v) € Z; that is, U is the subset of [ny] that is used in Z. For any u € [n;], take
Vi C [ng] to be the set of v € [ny] such that (u,v) € Z, that is, V,, is the subset of

[ny] that is paired with v in Z. By construction, we have Z = J . {u} x V.

Therefore, the set U must be subchromatic in F, as given distinct uy,us € U
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there are vy, vy s0 that (uq,vy), (uz,v9) € Z, and hence:
Fl(ul,UQ) = F((ul,vl), (Ug,?)g)) € S

Thus, |U| < gg . -
Furthermore, given v € U we must have that V, is subchromatic in F5, as given

distinct vy, vy € V,, we have that
Fy(v1,v2) = F((u,v1), (u,v2)) € S.

Therefore, |V,,| < gg -

Hence,

2] = |J{u} x Vi

uelU

= Z |Vu| < ZQS,FQ = ‘U‘ 9s.m, < 9s.m " Ys.py-

uelU uelU

Since Z was arbitrary, we get gy, < Gsr " Isp,

We now prove that g . > gg . g5, » thus giving the desired result: take U C [n;] a
subchromatic set under Fy and V' C [ny] a subchromatic set under Fy. We claim that
U x V is subchromatic under F'. Consider any distinct pairs (uy, v1), (ug,v2) € U X V.
If uy # uy then

F((uy,v1), (ug,v2)) = Fi(uy,uz) € S,

and if u; = uy then

F((uy,v1), (ug,v)) = Fy(vy,v9) € S.

If we choose U to have size 9sr, and V to have size g, ., we get gg,. - Jsp,

|U X V| < 9s,r O

The next lemma states that the property of being a Gallai coloring is preserved

under taking product colorings.

Lemma 3.2.3. If Fy, Fy are Gallai r-colorings of E(Ky,), E(K,,), respectively, then
if F=F ® Fy then F is a Gallai coloring.
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Proof: Let any three vertices u = (ug,uz),v = (v1,v2),w = (wy,ws) € [ng] X
[ns] be given. We will show that they do not form a rainbow triangle under F. If
u; = vy = wy then F(u,v) = Fy(ug, v2), F(u,w) = Fy(ug, ws), F(v,w) = Fy(ve, ws);
therefore, u,v,w do not form a rainbow triangle by the assumption that Fy is a
Gallai coloring. If uy, vy, w; are pairwise distinct then F'(u,v) = Fi(uy,vy1), F(u,w) =
Fi(uy,wy), F(v,w) = Fy(vy,w;) and so u, v, w do not form a rainbow triangle by the
assumption that F is a Gallai coloring. Otherwise, exactly one pair of uy, vy, w; are
equal. Assume without loss of generality that u; = vy, u; # wy, and vy # w;. We

have:

F(u,w) = Fi(ui,wi) = Fi(v, wi) = F(v,w),
so again u, v, w do not form a rainbow triangle. O

The following corollary states that we may take a product of any number of 2-
colorings and the result will be a Gallai coloring; since all 2-colorings are Gallai

colorings, it follows by induction from the previous lemma.

Corollary 3.2.4. If Fy,..., Fy are 2-edge-colorings, then F1 ® --- ® Fj is a Galla

coloring.

3.3 Simple bounds for three colors

In this section we will demonstrate simple upper and lower bounds in the case r =3
and s = 2. We first apply the techniques of the previous section to demonstrate a

Gallai 3-coloring with no large 2-colored vertex set; we will use R for the set of colors.

Theorem 3.3.1. There is a Gallai 3-coloring on m wvertices so that, for every two
colors S € (];)7 every vertex set Z using colors from S satisfies |Z| < (4/9 +
o(1))m!/3log® m.

Proof: Take t = [m!/3]; then #3 is at least m. For every pair of colors P € (%), take
Fp to be a 2-coloring of F/(K;) using colors from P so that the largest monochromatic

clique has size at most 2logt. Such a coloring exists by the lower bound on Ramsey
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numbers proved by Erdds and Szekeres in [36]. We define F' a coloring on ¢ vertices
by taking ' = F{g, r,} ® F{(r,Rrs} ® Fir, ry} Where Ry, Ry, Rg are such that R =
{Ry, Ry, R3}. This is a Gallai coloring by Corollary 3.2.4. Fixing any set S of two
colors, two of the above three colorings have S-subchromatic sets of size at most
2logt, and the remaining one has size ¢, so the size of the largest S-subchromatic set
in F is at most #(2logt)? by Lemma 3.2.2. Since S is arbitrary, the size of the largest
S-subchromatic set for any S € (];) is at most ¢(2log )%

Restricting F' to any m vertices will be a 3-Gallai coloring with no subchromatic set
of size larger than #(2logt)?. Note that since t = [m!/3], we have t = (1 +o(1))m!/3,
SO

t(2logt)? = (1 + o(1))m*3(2log(m?))? = (4/9 + o(1))m*3 log m.

O

We now proceed to prove that any (allai 3-coloring on m vertices contains a
subchromatic set on two colors of size at least m!/3. Indeed, the next theorem is a
strengthening of this statement, as it states that the geometric average over S € (1;)
of g, . must be at least m*/.

We have three colors and we refer to them as red, blue, and yellow.

Theorem 3.3.2. For any Gallai 3-coloring F' on m vertices, we have HS€<R) s p =
) s,

m.

Proof: We proceed by induction on m to prove the theorem.

Define g to be the size of the largest subchromatic set using only the colors blue
and yellow, o to be the size of the largest subchromatic set using only the colors red
and yellow, and p to be the size of the largest subchromatic set using only the colors
red and blue. (A note on nomenclature: g stands for “green," as blue and yellow form
green when mixed. Similarly, o stands for “orange" and p for “purple.") We wish to
show that gop > m.

If m =1, then g=0=p=1 and gop = m.

Otherwise, m > 1 and by the structure theorem for Gallai colorings there is a non-

trivial partition of the vertex set into parts V4,...,V; and a pair of colors Q € (5)
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satisfying that for any distinct i, j € [t] there is a ¢ € @ so that every edge between V;
and Vj; has color ¢g. Take m; to be the size of V;. Take g; to be the size of the largest
set using only the colors blue and yellow from V;, o; to be the size of the largest set
using only the colors red and yellow from V, and p; to be the size of the largest set
using only the colors red and blue from V;. Without loss of generality we assume that
() contains colors blue and yellow.

We have g = ). g;. Indeed, we may combine all the largest sets using colors blue
and yellow from each V; to obtain a set of size ) . g; that only uses blue and yellow.

Furthermore, 0 > max; o; and p > max; p;. This gives:

gop = Zgz‘OP > Zgioipi > Zmz =m,

where the last inequality follows by the induction hypothesis applied to F restricted
to V. O

Note that we use o > max; 0; and p > max; p;. It is on these inequalities that
we will, in the next sections, gain multiple factors of logm; if, for example, we find
some set U C [t] satisfying that, for each distinct i, j € U, the edges between V;, V;
are all yellow, then o > EieU 0;. If it were the case that the o;, p; were all pairwise
equal, then we would get by the Erd&s-Szekeres bound for Ramsey numbers that
op = Q(log? t max; o;p;); this motivates the approach in the next two sections, where
we handle the general case in which it may not be true that the o;, p; are all pairwise

equal.

3.4 A weighted Ramsey theorem

In this section we will prove a version of Ramsey’s theorem that will apply to graphs
in which the weight of a vertex may depend on the color of the clique that contains
the vertex. The next lemma is a convenient statement of a quantitative bound on the

classical Ramsey Theorem.
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Lemma 3.4.1. In cvery 2-coloring of the edges of Ky, for some k and { there is a

red clique of order k and a blue clique of order € with k¢ > ilog2 t.

Proof: Take k to be the order of the largest red clique and ¢ to be the order of the

largest blue clique. We must have
k+¢
t<RE+1L0+1)< ( Z >

In Section 3.9 we indicate how to prove that (kze) < 22m; combining this with the

above inequality gives the desired result. a

For the rest of this chapter, let M := 2'°. The following lemma, which we call
the weighted Ramsey theorem, states that if vertex ¢ contributes weight o; to any
red clique in which it is contained and weight S; to any blue clique in which it is
contained, then we may give a lower bound for the product of the sizes of the largest

(weighted) red and blue cliques.

Lemma 3.4.2. Given a 2-coloring of the edges of a complete graph on t vertices with
t > M and vertex weights (o, 5;), take v; = «;f; and v = min;~y,;. There is a red
cligue S and a blue clique U with

(£0) (£4) o

seSs uelU

Proof: We will dyadically partition the vertices based on their pair of weights (o, 5;),
and then apply the classical ErdGs-Szekeres bound on Ramsey numbers in the form
of the previous lemma. That is, we will find a large set of vertices A so that any two
vertices in A have similar values for o; and g;. By applying Lemma 3.4.1 to this set
we will obtain the desired result.

Take a = max; o; and [ = max; ;.

If af > Llog’t we may take S = {i} with oy = o and U = {j} with 8; = B.

Otherwise, aff/vy < %log2 t. Observe that for each ¢ we have o; < «, §; < 3, and

;B > 7.
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This gives v/ < a; < @ and v/a < §; < . Note that we may partition [/, a]
into my; < log(af/v)+1intervals Iy, ..., I,,, such that, within any interval I;, we have
sup(/;)/inf(1;) < 2. Similarly, we may partition [y/a, ] into my < log(aB/v) + 1
intervals I7,..., I, ~with sup(Ij)/inf(l]) < 2. By the pigeonhole principle, there
must be some pair (j,;j') such that, taking A := {i : a; € I}, € I},}, we have
Al = t/(mams).

Applying the previous lemma to A, we get that there is a red clique S of size k
and a blue clique U of size ¢ with k¢ > 1log®(t/(mims)).

Note that, since t > M, we get myms < (log(4 log® t)+1)? = log?(: log” t) < /4.

Therefore, we get

L rog?(t/ (myms)) >

1
1 log?(t3/%) > 3 log” t.

R

Take oy = min;eq oy and S4 = minseq B;. For any ¢« € A, o; € I; and hence
aa > «;/2. Similarly, for any i € A we have 84 > f3;/2. Therefore, fixing any i € A,

we get aq54 > %% > /4. Therefore,

(Z as) (Z Bu> > (Z om) (Z 5,4) = kaalBa > klvy/4 > 312 log? t.

seS ucU seS uelU

O

Since, in the statement of the weighted Ramsey theorem, we take v = min; o;; 5;, it
provides good bounds when «o;; does not vary much between the vertices. Therefore,
when we wish to use it in the upcoming sections, we will first dyadically partition the
vertices based on «;(; and then apply the lemma to each partition.

Note that we chose v = min; o;3;. We may hope to be able to use other functions
of oy, B; in this expression. However, it is not as robust as one may hope. In particular,
we want to observe that the function «; + 3; will not yield an analogous theorem,
as if we have many vertices of weight (0,1) and color all of the edges red, then the

largest red clique has size 0 and the largest blue clique has size 1, but for each ¢ we
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have «; + ; = 1. Fortunately, using «;(; will suffice for our purposes.

3.5 Tight lower bound for three colors

In this section we will show that any Gallai 3-coloring on m vertices has a 2-colored
set of size Q(m1/3 log? m). This matches the upper bound up to a constant factor.

We will refer to the three edge colors as red, blue, and yellow.

For the rest of this section, fix an integer m € N. We remark that in this section
there is an inductive argument for which it is important to note that m remains fixed
throughout.

Let

clog?(Cn) if 0 <n<m'?
f(n) =< log®(m*?)1log?(Cnm=?) it m*® <n <md* |
¢ log*(m*?) log*(Cnm=3%) if m®? < n <m,
where D = 2208 ¢ = 2P° and ¢ = log 2(C?) = D~'6/4. We will have a further
discussion about f and its properties shortly. For now, simply note that f(m) =
Q(log® m).

We will prove the following theorem.

Theorem 3.5.1. For any n € [m|, a Gallai coloring F' on n vertices satisfies either

maxs g, . > m"1%/8 or [[5 g, > nf(n).

Before we prove Theorem 3.5.1, we show how it implies the existence of a large

subchromatic set.
Theorem 3.5.2. Fvery Gallai 3-coloring of E(K,,) has a two colored set of size

Q(m'/31log® m).

Proof: By Theorem 3.5.1, we have that either maxg g, , > m™/18/8 = Q(m!/?log® m),

or

[ 9er = mfm) = Emlog! (m*?) log?(Cm*/?)
S
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> 3m27%(log* m)27%(log® m) = 2753 m log® m.

As we have a lower bound on the product of three numbers, one of these numbers must
be at least the cubed root. Hence, maxg g, . > 2 °cm!/?log®m = Q(m!/3log® m), as

desired. O

We will now proceed with a further discussion about f. We call (0, m*9], (m*9 m8/*],
(m®? m] the “intervals of f." Note that on each interval, f(n) = vlog?(én) for some
constants «y,d (where m is viewed as a constant). Intuitively, C' is large so that we
avoid the range of values in which log is poorly behaved, and c¢ is small both so that
we may assume n is large and to make the transitions between intervals easier. f was
chosen so that it satisfies certain properties, the more interesting of which we explic-
itly enumerate below. All of these properties are formalizations of the statement “f

does not grow too quickly."

Lemma 3.5.3. If m > C, then the following statements hold about f for any integer

nwithl <n<m.

b~

. For any a € [L,1], f(an) > af(n).

n’

AS]

. For any a1, a0, a3 € [%, 1} such that ), o; = 1 we have, taking n, = a;n,

8
nf(n) - zi:mf(m) < g )

3. Fori>0 and m™™ > 2 > 1 we have f(2¢)log?(D27) > 512f(27+#9).

S

. For1 <7 <n< D37, we have f(1) > f(n)/2.

v

. For any o € [L, 5], f(an) > 16af(n).

These properties are collectively referred to as “the facts about f" and are proved
in Section 3.10.

We now proceed with a proof of Theorem 3.5.1.
Proof of Theorem 3.5.1: We proceed by induction on n. Define g to be the size

of the largest set in F' using only the colors blue and yellow, o to be the size of the
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largest set in F' using only the colors red and yellow, and p to be the size of the largest
set in F' using only the colors red and blue. We wish to show that either gop > nf(n)

or max(g, 0,p) > m"/'8/8.

Our base cases are those n for which f(n) < 1, as for these cases by Theorem

3.3.2 gop > n > nf(n). Since ¢ = log *(C?), any n < C is a base case.
If we are not in a base case, we have n > C (and f(n) > 1).

Since F'is a Gallai coloring, there is a non-trivial partition V(K,) =V, U... UV,
with |[V4] > ... > |Vi| > 1 such that there is some 2-coloring x of [¢] such that for
every distinct ¢, j € [t] and u € V}, v € V}, the color under F' of {u,v} is x(i, 7).

Suppose, without loss of generality, that x only uses the colors blue and yellow.

The proof will split into three cases.

Cases 1 and 2, Preliminary discussion: These will be the cases in which V; has
a substantial portion of the vertices. Let U; = Vi, U, denote the union of V; over
J # 1 such that x(1,7) is yellow, and Us denote the union of V; over j # 1 such that
X(1,7) is blue. We have that Uy, Us, Us is a non-trivial partition of V. Let n; = |U;|.
Let a; = |U;| /mn =mn;/n for i =1,2,3,80 gy + ag + a3z = 1.

For i = 1,2, 3, let F; be the coloring F' restricted to U;. Let g; be the size of the
largest subchromatic set in F; using only the colors blue and yellow, o; be the size of
the largest subchromatic set in F; using only the colors red and yellow, and p; be the
size of the largest subchromatic set in F; using only the colors red and blue. Suppose
without loss of generality ny > ng, so as > (1 — ay)/2 and max(ay, as) > 1/3. By
the induction hypothesis, for « = 1, 2, 3, we have that either one of g;, 0;, p; is at least
m™/18/8, in which case we may use g > max; g;, 0 > max; 0;, p > max; p; to complete
the induction, or

gi0ip;i > nif(n;).

Assume we are in this latter case. Since the U; are connected only by yellow and
blue edges, we may take the largest subchromatic set using only yellow and blue from
each U;, giving g > g1+ ¢2+¢3 (in fact, equality holds). Since U; and U, are connected

with yellow edges, we may take the largest subchromatic set using only red and yellow
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from both U; and U,, or we may simply take the largest such subchromatic set from
Us, so we get o > max (o1 + 09, 03). Similarly, p > max(p; + ps, p2)-
Note

gop > g10p + g20p + g30p > g1(01 + 02)(p1 + p3) + g2(01 + 02)p2 + g303(p1 + p3)
3
> g1(01 + 02)p1 + g2(01 + 02)p2 + g303p3 = G102p1 + G201P2 + Z GiO0iDi-
i=1

We thus have

gop — Z giOiPi = §102P1 + g201P2 = 2\/(9102172)(9201]?1) = 2\/(9101]91)(9202]92)
i=1

> 2v/(n1f(m))(naf(n2)) > 2y/arazny/ f(n) f (na),
where the second inequality is an instance of the arithmetic-geometric mean inequal-

ity.

Case 1: a;,ay > (logC)~'/%. In this case, we have

3
gop — Zgioz’pi > 2y/aragny/ f(n1) f(ng) > 2a100nf(n) > 2nf(n)//logC
=1

8
> g @ anf (ns),

where the second inequality is by the first fact about f, the third inequality is by
substituting lower bounds on «; and as, and the last inequality is by the second fact

about f. Hence,
gop > Zgzozpz + nf anf nz > nf( )
=1

where the last inequality is by the induction on hypothesis applied to U; for i = 1, 2, 3.

This completes this case.

Case 2: a; > (logC)~"* > ay. Before we proceed with this case, we prove a simple
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claim.

Claim 3.5.4. nf(n) +ny1f(n1) —2n,f(n) >0

Proof: Note nf(n) —nif(n) = (1 — aq)nf(n). Therefore,

nif(ny) —nif(n) > ainif(n) —nyf(n) = ainf(n) — anf(n) = —ay(1 — ag)nf(n),

where the first inequality follows from the first fact about f. From this we get

nf(n)+nif(n) —2n1f(n) > (1—a)nf(n) —ai(l—a)nf(n) = (1—ay)*nf(n) >0

O

In this case we have a; > 1 — (ay +a3) > 1 —2ay > 1 —2(logC)~Y* > 1/2 and

hence

3
gop = Y _ giopi = 2y/araany/ f(m) f(n2) > 8araanf(n) > dagnf(n)
1=1

> 2(az + ag)nf(n) = 2(n —n1) f(n)

> 200 m)0) = (11 00) ) =241
=nf(n) —nif(ny) >nf(n an n;),

where the second inequality is by both the first fact about f applied to f(n;) and
the fifth fact about f applied to f(ng), the third inequality is by a; > 1/2, and the
second-to-last one is by the claim.

Hence,
3

gop =Y _ gioipi +nf(n Zn (n:) > nf(n),

=1
where the last inequality is by the induction on hypothesis applied to U; for i = 1,2, 3.

This completes this case.
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Case 3: a; < (logC)~"4. This is the sparse case, when each part is at most a
(log C)~'/* = D=2 fraction of the total.

Take n; = |V;|. Take F; to be the coloring F' restricted to V;. Take g; to be the
size of the largest subchromatic set in F; using only the colors blue and yellow, o; to
be the size of the largest subchromatic set in F; using only the colors red and yellow,
and p; to be the size of the largest subchromatic set in F; using only the colors red
and blue.

We reorder the V; so that if ¢ < j then o;p; < o;p;.

Take 7 = [log(2D72n)], so max;n; < (logC)~V*n < D™2n < 27 < 2D 2n,
Define, for ¢ < 7, I; := [2°,2""!]. Take ®(i) = {j : n; € [;}. The ®(4) are dyadically
partitioning the indices; we will eventually use these partitions to construct sets to
which we will apply the weighted Ramsey theorem.

Note that g =3, g;, so we have gop = 3, g;op.

We now present the idea behind the argument for the rest of this case. Fix i so
that ®(i) has at least 20259 elements and i > log(nm~"/'8) (we will show that
most vertices v are contained in V; as j varies over the ® (i) that have this property).
We will define a weighted graph whose vertices are the indices and whose coloring is
x. Given an index j its weight will be (o;,p;). If we find a yellow clique in x then
the sum of the o; in the clique gives a lower bound on o, and, similarly, if we find a
blue clique in x then the sum of the p; in the clique gives a lower bound on p. We
will apply the weighted Ramsey theorem to half of the indices in ®(i) (to the indices
that are larger than the median of ®(7), to be precise); from this, we will be able to
conclude that if j is an index smaller than the median, then op/(o;p;) > D' f(n)/f(n;)
for some large constant D’ and so gjop > D’g;o;p;f(n)/f(n;) > D'n;f(n). We now
proceed with the argument.

When we count, we wish to omit parts ®(i) that don’t satisfy desired properties;
take

B = {i <7:|®()| <2D2s},

B" := {i < log(nm~"1#)}.
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Take B = B'UB". We will show that a large fraction of the vertices are not contained

in V; for j € ®(i) where i ranges over B.

; 1
SN <Y 2 (2D23070) = 4p2sTy "9k < 4D2§7m-2<7+1>/8

i€B’ jed(4) i<t i<T

1 256

where the fourth inequality follows from 2%/% > (14 1/16).

Note, if >, g; > m7/18/8, then we may complete the induction; assume this is not

the case. In particular, we get t < m"/!8/8 (since g; > 1). Therefore,

Z Z n; < Z Z 2nm /18 < otnm~ 7/18<n/4

1€B" jed(i 1€B" jed(7)

Hence,

Z Zn]<z an—l—z angn/4—l—n/4<n/2

i€B jed(i i€B’ jeP(3 1€B" jed (i)

As a corollary we get > ,op > iy 1y = n/2:

For any fixed i < 7 such that ¢ & B, take f3; to be the median of ®(i) (if ®(¢) has
an even number of elements, take 3; to be the larger of the two medians). Consider
{(0j,pj) : j € ®(i),j > B;}. By i ¢ B, this has at least D25~ > M elements
(recall from the weighted Ramsey theorem that M = 216)) so we get, by applying the
weighted Ramsey theorem to this set, that op > og,ps, log? <D28 T ) /32. Finally,
observe that either one of the oj,p;, g; is at least m™'¥/8 in which case we may
conclude the induction, or by the induction hypothesis we may assume o;p;g; >

n;f(n;). Therefore,
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> 9op= Y 90805 log? (Dﬁ”‘“) /32> > gjosps log” (D2§(T‘“) /32

JEP() 7€ (i) JEL(1):j <P
> Z g;0;p; 10g2 (D2§(7*2)> /32 > Z njf(nj) 10g2 (DQ%(Tiz)) /32
JED(i):5<Pi JED(i):5<Pi

> Z n; f (210gnj) log? <D2§(Tflognj)> /32 > Z 16n,;f(27)

JEP(1):5 <P JED(1):5<Bi
> Y 8nif(n),
JER(1):3<P:
where the third inequality is by o;p; < ojp; for j < j’, the fourth inequality is by
the induction hypothesis applied to V}, the sixth inequality is by the third fact about
f, and the seventh inequality is by the fourth fact about f and noting 27 > D3n.

We now consider for any set J C ®(i):

jeJ

> ny <2 B(i)].

JEP(9)

This gives:
D jes > Bl
Zjeb(i) nj — 2[@(i)]

Noting that |{j € ®(i) : j < Bi}| > |@(i)| /2
1
> 8nf(n) > 1 > 8n;f(n) =2f(n) > nj.
JEP():j<Bi JED(3) JEP(9)

Therefore,
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90p>zgj0p>zzgg()p> > Zgj0p> > 2f(n an

1<T jEP(4 i<T:i¢B jed (i i<T:i¢B JjeP(3
n Y Y n 2 2f(m)F = nf(n).
i<T:UEZB jeP (1)
We have thus concluded the induction. O

We informally refer to B” in the above proof as large if a large fraction of the
vertices are contained in a V; for j € ®(i) where ¢ ranges over B”. The case in which
B" was large easily implied the desired result. In extending this result in Section
3.8 to more colors, the primary difficulty is the following: when s is not 2, it is not

obvious that there is a large s-colored set as a result of B” being large.

3.6 Upper bound for many colors

In this section we will give asymptotically tight upper bounds for how large of a
subchromatic set must exist in an edge coloring on m vertices. We will first show
how to construct such colorings from weighted graphs with vertex set R, and then
we will choose such graphs to finish the construction. The next theorem states that
if we have a weighted graph on r vertices with edge weights wp, then we can find a

coloring F' so that g, , is, up to logarithmic factors, []pcqwp.

Lemma 3.6.1. Given a weighted graph (R, P) on r vertices with integer edge weights
{wp}pep, taking m = [[pepwp, there is a Gallai r-coloring on m wvertices so that

for any S C R, the size of the largest subchromatic set with colors in S is at most

HPeP:PgS wp - HPeP:\PmS\:1 2logwp.

Proof: We may define a Gallai r-coloring on m vertices as follows: take Py, ..., P, an
arbitrary enumeration of P. For each edge P, take F'p to be a 2-coloring of E(K,,)
using colors from P so that the largest monochromatic clique has order at most

2logwp (such a coloring exists by the Erdds-Szekeres bound for Ramsey numbers
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[36]). We define a coloring F' on m vertices by
F=Fp®Fp® & Fp,.

F is a Gallai coloring by Corollary 3.2.4. Given any S C R, note that g, . = wp if
P C S, as Fp uses only colors from P. If |P N S| =1, then the largest subchromatic
set in Fp using colors from P N .S is at most 2logwp by choice of Fp, s0 gy, <
2logwp. If |[PN S| =0, then s, = 1 as any two distinct vertices are connected by

an edge the color of which is not in S. Therefore,

sp = Hgspri < H wp - H 2log wp.

PeP:PCS PeP:|PnS|=1

O

The condition in the above lemma that the edge weights are integers is slightly

cumbersome; we will now eliminate it.

Lemma 3.6.2. Let (R, P) be a weighted graph on r vertices (r > 3) and weights
wp satisfying wp = w(l) for every P € P. Letting m = [[pcpwp, if m is an
integer and each wp satisfies wp > w(l), then there is a Gallai r-coloring on m

vertices such that, for any S C R, the size of the largest subchromatic set is at most

(L+0(1)) HPGP:PQS wp - HPeP:|PmS|=1 2log wp.

Proof: Take w) = [wp]. Since wp > w(l), we get wp < (14 o(1))wp. We may
apply the previous lemma to the wp to get an r-Gallai coloring on [[,wp > m

vertices so that for any S C R the size of the largest subchromatic set is at most

H wh - H 2logwp < (14 0(1)) H wp - H 2log wp.

PeP:PCS PeP:|PNS|=1 PeP:PCS PeP:|PNS|=1

Restrict this coloring to any m vertices; it is still a Gallai r-coloring and for any

S C R the size of the largest subchromatic set is at most (1 + o(1)) [[pep.pcswp -
[pepipnsi=1 2log we. O
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Now, if we wish to obtain colorings without large subchromatic sets, we need
only construct appropriate weighted graphs. Intuitively, we would like to minimize
the number of edges in such a graph (while still being able to maintain that all the
S C R have approximately the same value of [] PCs wp), as every edge creates extra

log factors. This observation motivates the following bounds.

Theorem 3.6.3. There is a Gallai r-coloring on m vertices such that for any S € (f)

the size of the largest subchromatic set is at most (1 + 0(1))m(;)/(5) log®* m, where

s(r—s) ifs<r—1,

Cr,s 1 if s=r —1 and r is even,

(r+3)/r ifs=r—1andris odd.

Proof: If s < r—1, we may apply the previous lemma to a clique on r vertices with
edge weights m"/ (), Any S C R of size s has (3) internal edges and s(r — s) edges

intersecting it in one vertex. By the previous lemma, we may find a Gallai r-coloring

where the size of the largest subchromatic set is asymptotically at most:
ml2)/() (2 log (m” (5)>)S(T_s) < m)/C) (logm)*r=9).

If s =r—1 and r is even, we may consider a perfect matching on r vertices where
each edge has weight m?/"; any subset of size r — 1 contains r/2 — 1 edges and there is
one edge with which it shares exactly one vertex. By the previous lemma, we may find
a Gallai r-coloring where the size of the largest subchromatic set is asymptotically at

most:
m®/2=D/C/29 166 (mV (1/2) < /200D 16 = m(2)/ () 10 m.

If s=r—1 and r is odd, we may consider a graph formed by taking the disjoint
union of a triangle on 3 vertices and a matching with (r — 3)/2 edges. The edges
of the triangle will each have weight w; := m!/"(logm)"=3/?" and the edges of the
matching will each have weight w, := m?/"(logm)~3/". Note that the product of the

weights is w3w( > = m. Let S C R of size s = r — 1 be given.
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If the vertex not contained in S is part of the triangle, then S contains (r — 3)/2
edges of weight wy and 1 edge of weight w,. Furthermore, there are two edges each
of weight w; that S intersects in one vertex. In the graph obtained from the previous
lemma the size of the largest subchromatic set taking colors from S is asymptotically

at most:

wlwér—S)/Q(z log w1)2 _ m(r72)/r<log m)f(rf?;)/r(z log(ml/’"(log m)(r73)/2r>>2
S m(r—2)/r(log m)—(r—B)/r (log m)?

s T

— m /) (log m)T+3/7,

If the vertex not contained in S is part of the matching then S contains (r —5)/2
edges of weight w, and 3 edges of weight w,. Furthermore, there is one edge of weight
ws that intersects S in one vertex. In the graph obtained from the previous lemma the

size of the largest subchromatic set taking colors from S is asymptotically at most:

wér—5)/2(2 IOg w2) _ m(r72)/r (log m)B/T(Z log(mwr(log m)*3/r>>

=W

< m" =2/ (logm)®" (log m)

E] T

= m(3)/ ) (log m)T+3)/7,

3.7 Weak lower bound for many colors

We now provide a simple lower bound for the largest size of a subchromatic set in any
r-coloring of F(K,,) that shows our upper bounds are tight up to polylogarithmic
factors; we show that any Gallai r-coloring on m vertices contains a subchromatic
set of size at least m(3)/(3). The following is a common generalization of Hdélder’s

inequality that we will find useful.
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Lemma 3.7.1. If § is a finite set of indices and, for each S € S, gs is a function

mapping [t] to the non-negative reals, then

IE (z 0 gs<i>1/'8) )

Ses 1 i SeS

Using the above lemma, we will prove a lower bound on the product of the g, .

for F' a Gallai r-coloring. This will easily imply the desired lower bound.

Theorem 3.7.2. For any Gallai r-coloring F' on m vertices,

H 9sr > m(::§>

se(?)

Proof: Take g, = g, ,. We proceed by induction on m. If m = 1, then each g, is 1
as is their product, while m (=) is also 1. Tf m > 1, we may find some pair of colors
() and some non-trivial partition of the vertices Vi, ..., V; such that for each pair of
distinct 4,7 in [¢], there is a ¢ € @ so that all of the edges between V; and V; have
color q.

Define, for i € [t], F; to be the restriction of F' to V;. Take gy, := g, . By

r—2 o
induction, for each i we have []g gy, > mi(s’Q), where m; = |Vj|.
Note that if ) € S then g, > > . g, since we may combine the largest subchro-

matic sets from each F;. For every S we have g, > max; g, ,, so

o (52)
ITs:=1{ 11 ng,i) IT 9= (Z 1T gié('*‘2)> IT 9

S S:QCS 1 S:QZS i S:QCS S:QZS
1/(7‘—2) 1/(r—2> (::3) 1/(7‘_2> (;:3)
= Z H Js.i o H gs o > Z HgS,i o
i S:QCS S:0¢S i S

r72)
s—2

(
S ) =)

Y]

where the first inequality follows by g, > >, g,, if @ C S, the second inequality
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follows by the preceding lemma and noting |S| = (Z:g), the third inequality follows
by g5 > g4, and the fourth inequality follows by the induction hypothesis. a

Note that, in proving this bound, if |S N Q| = 1, we simply use g, > s p,- Asin
the r = 3,5 = 2 case, if we can find a set of indices V,,...,V, so that between any
two of them the edges use the color contained in S N ), we may obtain a stronger
lower bound on g,.

We now conclude the argument.

Theorem 3.7.3. In any Gallai r-coloring F' on m wvertices, there is some S € (f)

with g . > mG)/G)
Proof: By the previous theorem, HSE(R) 9sr = m(:=3). As this is a product over

(;) numbers, there must be some S with

Gor > m () = o (3)/()

3.8 Lower bound for many colors

In this section we show that our upper bounds on sizes of subchromatic sets in Gallai

colorings are tight up to constant factors (where we view r and s as constant).

3.8.1 Discrepancy lemma in edge-weighted graphs

The lemma in this subsection has the following form: either a given weighted graph
has many edges of non-zero weight or it has some set S of size s whose weight is
significantly larger than average. In the next subsection we will show how to reduce
the problem of lower bounding the size of the largest subchromatic set in a Gallai r-
coloring to a problem regarding the number of non-zero edges in a graph that doesn’t
contain vertex subsets S whose weight is significantly larger than average, so this

lemma will be useful.
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Lemma 3.8.1. Given weights wp for P € (];) with wp > 0, take w =), wp. Take
ag = (;) ifs<r—1,a =7r/2ifs=r—1and r is even, and ag = (r + 3)/2 if
s=r—1 and r is odd. Either there are at least ay pairs P with wp > 0 or there is

some S C R of size s satisfying

S (14 @@j‘l

The proof of the above lemma uses elementary techniques along with the second

()
()

moment method and is deferred to Section 3.11.

3.8.2 Proof of lower bound for many colors

Let

wee (0T () =ea(() )

6 =202 (51 + 1)*(2)71 (r - 2) *17

s—1

c = (6/4)%5,".

d is an appropriately chosen scaling factor; why it is appropriate will become evident
later. C' should be thought of as a large constant, and 9, dg,d;, and ¢ should be
thought of as small constants. We provide some bounds on the above; although we

will not explicitly reference these, they are useful for verifying various inequalities:
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> 278’)"

6o > r /4,

51 > 2—117‘3

9

c > 27127“4

When we constructed the upper bound via product colorings, there was a weighted
graph (namely the one used to construct the coloring) so that for any S C R we could
approximate the size of the largest clique using colors from S by the product of the
weights of edges contained in S. It is tempting to believe that the structure of any
Gallai coloring F' can be approximated this way. Though this is not true in general,
the next theorem states that if it is not true then [[g g, . must be large. Take for

the rest of this chapter

28r2

mo =22 . (3.1)

Theorem 3.8.2. If m > my, then for any Gallai coloring F' on n < m wvertices, there

are f >1,¢>0, P C (g), and, for P € P, weights wp € [1,00) satisfying:

b~

. For every S € (f), 9sr = Hpe(g)m’p wp.

\S]

—€
N pepwp =m™n.

3. HSG(R> Is.r > (nf>(::§)

s

4. f > (logm)©e.

R

Taking a to be the size of P, f > (clog2 m)ad.

From the above theorem we will quickly be able to conclude Theorem 3.1.1. Note
that, if f is large enough, then by condition (3) we conclude that HSG(R) s r is large

and so some g, . is large. Otherwise, by condition (4) we have an upper bound on the
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size of €, so by conditions (1) and (2) the structure of the coloring is well-approximated
by the wp. This latter case will allow us to apply our work on weighted graphs from
the previous subsection to get a lower bound on a, and then we will apply condition

(5) to conclude that some g, . is large.

Proof: We will write g, for g, .. We will take wp =1 for any P in (1;) but not in
P; this way, for any 1" C (];”), we have [[pernp wp = [[per wp-
We proceed by induction on n.

Base Case: If n = 1, then we may take f = 1, = 0, and P = (). Lettinga = |P| =0,
1. For every S € (f), gs=1= HP6<S) wp.
2. HP€(1;> wp =1=m" n.
r—2

3. Mge(my 95 = 1= (nf) 2.
4. f=1= (logm)°e.

2 ad
d. lez(clog m) .

Preliminary discussion: If n > 1, there is some pair of colors @ = {Q1, @2} and
there is a non-trivial partition V(K,) = V3 U... UV, with |[Vi| > ... > |V;| such that
there is some 2-coloring x : (3) — @ such that for every distinct i, 5 € [t] and u € V;,
v € Vj, the color under F' of {u,v} is x(4,j) (which is in Q).

log(am®)

Given € > 0, define f.(¢) := (logm)~ em | where o = ¢/n. Note that we may

log o
rewrite f.(¢{) = (log m)cﬁclogﬁ; we will move between the two expressions freely.
Note also that f.(¢) is an increasing function of . We will need some lemmas about

fe, all of which are formalizations of the statement “ f. does not grow too quickly".

Lemma 3.8.3. The following statements hold about f. for every choice of € > 0,

m > mg, and 1 <n <m.

1. For any o € [1,1],

r—2

fe(an) > al/(Q(s—z))fe(n).
In particular, f.(an) > af.(n).
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2. For any a1, a0, a3 € [%, 1] with a1 + as + az = 1, taking n; = ayn,

nfe(n) < Z nife(ni) + 3(log ™/ m)n f.(n).

3. Fori>0andm® > 2/ > 1 we have f(2°) log;Q/(;;)((logl/4 m)27) > 256(3) fe(27%).
4o Forany 0> log ™ m, f.(an) > f.(n)/2.

We will refer to the above collectively as the facts about f.; we prove them in

Section 3.12.

The proof will split into four cases.

Cases 1 and 2, Preliminary discussion: For these cases, a simple numerical claim

will be useful.

Claim 3.8.4. For positive reals a,b with a < 1, we have

(1+a)” > 1+ ab/2.

Proof: Since 0 < a <1 we have 1 4+ a > ¢%2. Then

(1+a)®>e®?>14ab/2.

Cases 1 and 2 will be those cases in which V; is large.

Take U; = V;. Take U, to be the union of the V; such that the edges between V;

and Vj are of color ();. Take Uz to be the union of the V; such that the edges between

Vi and V; are of color Q2. We may assume without loss of generality that |Us| > |Us|.
Then {Uy, Us, Us} is a partition of V.

Define, for i = 1,2,3, F; to be the restriction of F' to U;. Take g., = g, -

i

Define n; = |U;| and «; = n;/n. By the induction hypothesis, for each F; there are

appropriate choices of f;,€;, P;, and wp;. Take a; = |P;|.
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The general approach for these cases as well as for Case 3 will be to choose some
index 7 and simply use the same graph to approximate our coloring. That is, we will
take P = P; and wp = wp,, and then we will show that € and f may be chosen
appropriately.

We now proceed: if, for some index ¢, we take P = P; and wp = wp;, since g, >
9s.,, we will have property (1): for every S € (7), g4 > g, > [Ipcswri = [1pcswp-

Furthermore,

H wp = H wp; > m “ni =m “on = mcilog(1/cq)/logm,,
pe(%) re()
If we take € = ¢; + 223/%) then the above shows that property (2) will hold.

logm

Define

X log(1/e;)
x; = max ((log m)c<eer Togm )7 (clog2 m)aid> .

If 7 is the index minimizing z;, then we will take:

log(1/a;
o og(1/a;)
logm

P:Pia

Wp = Wpy,

and f = x;; we will show that this satisfies properties (4) and (5), so choosing i to
minimize z; minimizes our f. Take a = [P|. We have already observed that properties
(1) and (2) will hold.

Take ¢ = max (e, %). Note that f = 2; = (logm)““ = fu(n). In this
case properties (4) and (5) hold by the choice of f:

f > (logm)“ > (logm)°.

log((c log2 m)ad)

f Z (log m)Ce’ 2 <log m)c C'loglogm — 210g((810g2 m)ad) — (C 10g2 m)ad.

We have only to show that, with this choice of f, property (3) holds. We claim
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that each f; satisfies f; > fo(n;).

log o;
logm’

If for some ¢ we have ¢, < € + then we must have (clog®m)%? > f =
(log m)cel, for otherwise we would have z; < f, contradicting our choice of €. There-

fore, for such an index 1,
fi > (clog® m)™* > (logm)° = fu(n) > fu(ny).

Otherwise, ¢; > ¢ + 8% g,
’ logm

log o

fi > (logm) > (log m)“(“Temt) = fu(ny).

We have, for each S satisfying Q@ C S, that g, > g¢, + g5, + gs,- For each S
satisfying ()1 € S, we have

9s = max(gs, + G505 9s5) = Gsi T Isa-

Similarly, if Q, € S then g4 > g, + g ,. Finally, for all S we have g, > max; g .

We have by the generalization of Holder’s inequality (Lemma 3.7.1):

r—2

=\ )
o> 11 So I1 o> z(n o 11 )
S

5:QCS i 5:QZS i \S:QCS  S:Q¢ZS

Therefore, we need only check that

1/(723)
z( Mo T gs> -

i \$:QCS  5:QZS

Fix T € (f) so that TN Q = {Q1}. We get g, > g, + 9.,

1/2

Case 1: a1,ay > log”/“m. The argument from the weak lower bound case applied
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here only gives:

y(:%3)
Z( H gS,i H gs) Z mee/(n,)

i \S:QCS  S:Q¢S

The main idea behind solving this case is to observe that it is sufficient to gain a
constant factor on either the largest or second largest term of the above sum.

Cousider:

1/(123)
z( 0 o I )
i \S:QCs S:Q¢ZS

-2 r—2

1/(323) 1/(23) 1/(523)
> ((gm +9..) ]I gs,1> - ((gm +9..) |1 gs,2> (H gsa> :

S£T S£T

We will handle the case g, < g,,; the case where g,., > g,, has a symmetric

argument. Then, since g, + g, > 29, ,, the previous is at least:

91/(272) H H H g0

S S

—ZH ( )T g =2)

— )

> S mtet)+ (2(073)) G min o min)
((=3)

where the first follows from the induction hypothesis, the second follows from Claim

3.8.4, the third follows from the lower bound on a4, the fourth follows from the fourth
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fact about f., the fifth follows from m > mg, and the sixth follows from the second
fact about f..
Case 2: log_l/Qm > «ay. In this case we have ay = 1 — (g + a3) > 1 — 209 >

1—2log™"?m > 3/4.
Again, the argument from the weak lower bound only gives:

r—2

1/<sf2)
Z( I 9. 11 gs> > Znifa(ni).

i \S:QCS  S:Q¢ZS

The main idea behind this case is to observe that it is sufficient to gain either a factor
of (1 + 8aw) on the first term (which is much larger than the others) or a factor of
_ r—2
dov, (2(=2) on the second term. We will do the former if g,.,/g, , is large enough,

and otherwise we may accomplish the latter.

g, 16(2:;) 29, We have

5 ( Mo I gs>l/(:§)

i \S:QCS  S:Q¢ZS

(273)
> < IT 9. 11 gs>

5:QCS 5:QZS

V) T g6 =2\ N e
>(9r, + 902" [T ger = (1416( 0 oo [T s
S£T s
16(" 3
> <1 + %) nyfi1 = nyf1 + 8agny fi,
s—2

where the last inequality is by Claim 3.8.4.

We know f; > fo(n;), so the above is at least:

ny fo(n1) + 8aony fu(ny) > ainfo(n) + Sasainfu(n)
> (1 —20a)*nfo(n) + dagnfo(n)

>nfe(n) =nf,
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where the first inequality follows from the first fact about f. and the second inequality
from substituting lower bounds on «;.

Otherwise, we have g, , < 16("_2)asg,.,, so

1(:3) e (02
Z ( H gS,z’ H gs) 2 Hgs,1 52 —+ ((gm +gT,2) H 9572> .
S

i \S:QCS  S:0ZS S#ET

Then the latter term is at least:

1/(223) ! 1/(:23)
o) )

SAT
1/(:23)
1 —1/(2(223
> == nafa > 4oy, ((; >)n2f2
16(5—2>a2

>M;W@Wmﬂmﬂzm;m@mw(éw@mﬁmo

= 4n2fe/ (n)a

where the third inequality follows from the upper bound on oy and from m > mg and
the fifth inequality from the first fact about f..

Therefore,

r—2

1/(5*2) r—2
Z ( H gs,i H gs) Z Hg;/fs_z) + 4n2fe’(n) Z nlfe’(nl) + 4n2fe’ (n)
:QC S

> ainfs(n) + 4agnfo(n)
> (1 — 2as)’nfo(n) + dasnfo(n)
> nfe/(n) = nf?

where the third inequality follows from the first fact about f..
Cases 3 and 4, Preliminary discussion: These will be the cases in which none of

the V; are large. For these cases, we will take n; = |V;| and «; = n;/n. We will take
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F; to be F' restricted to V; and take g, = g, ... By induction, for each F; there are
appropriate choices of f;, €;, P;, and wp;. Take a; = |P;|.

Since in these cases we have many indices, we will be able to apply the weighted
Ramsey theorem to appropriately selected subsets of them. The rest of the prelimi-
nary discussion for Cases 3 and 4 is based on doing so.

For each non-negative integer i let I; := [2°,2°"!]. Take ®(i) = {j : n; € I;}. The
® (i) form a dyadic partition of the indices which will eventually determine how the
indices are clustered when we apply the weighted Ramsey theorem. Take B” := {i <
log(nm™)}.

Take 7 = [log(2(log™"?m)n)|, so max; n! < (log™"*m)n < 27 < 2(log~"/?*m)n
and ®(i) is empty for i > 7.

For any pair 7,7 satisfying Q N'T = {@Q1} and Q NT" = {Q,}, take g; =
[sgirry 9s:00i = 97000 = 9, and g = [lsgi71 95,0 = 97,0 = g,,- Take Grp to
be the set of indices j with op > o;p; log?((log"/*m)2(7=9/2) /32, where i is such that
Jj € o(i).

G is the collection of indices j for which g,.g , is substantially larger than
91,9, ,» Where the meaning of “substantially larger" depends on the size of n;. The
following lemma states that almost all vertices are contained in some V; as j varies

over the indices of G 1.

Claim 3.8.5. > n; > (1 —dy)n.

J€GT 1

Proof: Take {V]'}i<; to be a reordering of {V;};<; so that if i < j then g__,g

<
TV —
T

That is, the V' are in increasing order based on the value of g

gT,v,’gT’,v!' T,V,’gT’,v,"
J J (3 7

Let g, o}, p, ®(i)',n’;, G 1 be defined as before (so, for example, o] = g

y 19 T,VZ.’)'

When we count, we wish to omit certain intervals that do not satisfy desired

properties. Let
B:={i <7:|®>)| <407 (log"* m)20=9/2},

We will show that a large fraction of the vertices are not contained in J;c g Ujea(iy V5
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that is, most vertices are not contained in V; where j is an index in ¢(i)" for some

1€ B.

Z Z n <Z2Hl (467 (log"/* m)207=9/2) = 867 (log"/ m27/2z21/2

1€B jed(4) <7 i<
< 867 (log!/* m)27/24 - 272 = 3267 (log"* m)2™ < 6467 (log™V* m)n

Thus,

S w<am/2 (3.2)

i€EB jed(i)

For any fixed i@ < 7 such that i ¢ B, enumerate ®(i)’ as ¢;1,¢i2,- .., 0oy
with O;S-jlp,dml < oy, jQpiz,ij if 51 < jo. That is, this enumeration is so that the
ngij are listed in increasing order with respect to their o}p} values. Take f; to be
Gi(1-6, /0)0(iy|- Consider {(o},p;-) :j € ®>i)',7 > Bi}. By i & B, this has at least
(logl/4 m)2(7=9/2 > M elements. We get by applying the weighted Ramsey theorem
to this set (with the coloring given by x) that:

log? ((log1/4 m)Z(T*iW)
32 '

op 2 0P,

For any j € ®(i)’, we have that if j < 3; then olp < of pjs , so the above is at least

log? ((10g1/4m)2(7_i)/2) .
/ oo !
0.} = ;80 ] € Gy

If i« ¢ B we obtain

) )
>, ms my < 1oy |2
JERGYGECY, 1 JED(i)':5>B;
. 5
= |®(i)'] 26, /2 < 51 > o
J€P (@)
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Therefore,

JEB(I)NG

o= (1-6/2) Y
YNGh (i

Thus,

I

jeqG’ JE

> wz0-apYy T
e(i)'N

ig€B jed(q)

7,7 TT’

> (1- 51/2)271 > (1—61)n,

where the third inequality follows from (3.2).

As ZjEGT,T/ n’; = ZjeGT,T/ nj, this completes the proof of the claim.

O

Case 3: a; < log™"/?m and Y icBr Zje%.) n; <n/2. Fix any pair T,T" € (f) with
TN = Q1 and T"NQ = Q5. The idea behind this case will be to choose some subset
G, of the indices so that, as j varies over G,, the value of a; does not change, to
intersect this set with Gz, and to use this to show that [[4 g, is large. In this case,
as in Cases 1 and 2, we will simply choose some j appropriately and take P = P, and
wp = Wpj.

Note that s; € [(;)}, so by the pigeonhole principle there must be some value s
such that

> () Sy wz(l) e

1g€B" je®(i):s,=s iZB" jed(i)
where the last inequality follows by the assumptions for Case 3. Take G, to be the
set of indices j with a; = a and, taking i to be the index with j € ®(¢), 7 is not in

B”; by the above, > n; > (;)_1n/2. Then take € = minjeq, € + 222%)  Note

JE€G, logm

+ log(1/a;)

that this is the same as taking ¢ = ¢; Togm

where ¢ is an index in G, minimizing

log(1/ay)

T; = Imax <(].Og m)C( it log m ) (C 10g2 m)a1d> ;

as all the a; are equal to a.

Take, with ¢ as above, P = P, and wp = wp,;. Then, as in Cases 1 and 2,
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properties (1) and (2) hold. Furthermore, as in Cases 1 and 2, taking

, ( log ((clog2 m)ad)>
¢ = max | e, ,

C'loglogm

we have for ¢ € G, that f; > fo(n;), and taking f = f.(n), properties (4) and (5)
hold. We need only check that property (3) holds.

Then take G = G, N G .

We have

j;m > n —]% n _ng:,T/ nj > ((g) 71/2 = 51> n > ((;) 1/4) n. (3.3)

Take g; = [Isgir1y 950008 = 974000 = 9, @a0d g = [Tsgi770y 95,0 = 970 = G-

We have:

2(90291/” >3 S (ggon)V ()

. JEGND(7)
y/on\ V(2
log?((log!* m)2(7=9/2)
S
i JeGNP(i)
>3 > nyfilog¥ () (log! 2tz (2)
i JeGN®(i)
>3 ST nyfulng) log” (=) (log m)20/2) 3271/ (022)
i jeGNa(i)
> > nife(2)log? (=) (log! m)2t /)32
i jEGND(i)
=Y Y s(y)mbe)
1 JEGND()
>Z Z ()nafe nlog™/? m)
i JEGND(i)
2> > ()nf n) > nfa(n) = nf,
. JEGND(7)

where the second inequality follows from G C Gp v, the sixth inequality follows by

106



the third fact about f., the eighth inequality follows by the fourth fact about f., and

the ninth inequality follows from (3.3).

Note that here we used only one pair T, 7’; we can afford to do this because we
gain a large amount due to B” being small. In the next case, we will use all of the

relevant pairs.

Case 4: a; < log”"/?m and > ienr 2jea@ M = n/2. In this case there are many
vertices contained in very small parts; this is the case where we will not simply take

P to be some P;.

The idea behind this case is to choose a set G, of many indices j with similar
values of Pj,wp;, and ¢;. We will be able to take wg = >, wq,;, which is a
significant improvement over simply taking for some j each wp = wp;. We will
intersect G, with some collection of Gr7» where each T" with TN Q = {Q1} and each
T" with TN Q = {Q2} will occur exactly once (so we pair up the sets T, 7" with
TN ={Q:} and T"'NQ = {Q2}; if an index is in Gy 7, then we have gained a large

factor on that index). This allows us to lower bound [ g,.

We may partition [0, 1] into at most d; ' + 1 intervals .J; of length at most dy. Fur-
thermore, we may partition [1,m] into at most 8, ' +1 intervals H; with sup(H;)/ inf(H,)
< m®.

We partition the indices in J,. g, ®(¢) by saying two indices j, j* are in the same
part if and only if €;, €¢;; are in the same interval J;, P; = P/, and for each P € P; =

Pjr, wp; and wpj are in the same interval H;.

Then the total number of possible partitions is at most 2() (65" + 1)(;)“. There-

fore, there is some part G, C J,cp» ®(i) where

S ony 227G 1) ST N > 2 G B = Q(T - 2) 5in.

s—1
FE€Ga i€B" jE®()

Then take ¢g = maxieq, €. Take wg = ), o wq and for P # Q take wp =
min;eq, wp;. Take P =P, U{Q} for any i € G,. Take a = |P| and note a < a; + 1
for any i € G,. We check that property (1) holds. For each S with @ C S,
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gSZngZZZmeZZsz H zrggwpz—wcg H wszwp.

i PCS i€Ga PCS,P#£Q PCS,P£Q PCS

For each S with Q € S, fixing any i € G4,

9s > g5, > [ wei > Hrzrég}wpz— I we.

PCS pPcS

Now, we choose € = (;) do + €o and check that property (2) holds:

HwP_ZleHwP>ZwQZH m- wpz)

e P;éQ i€Gq P;éQ
— m* 2 —1)éo E H wP,i Z m* 2 *1 60760 § n;
1€Gq P 1€Gq

> m—<<s>—1>6o—eoz(f - f) Sin > m- (@)oo,
S _

where the first inequality is valid since for j,j’ € G, we have wpj/wp; < m®, the
second inequality follows by choice of ¢) = maxjcq, €;, and the last inequality uses
mo > 2(::?) 91 which follows from m > myq (mg is defined in Equation 3.1) and the
choices of §y and 9;.

Fix a bijection 7 between {S € (%) : SNQ = {Q:1}} and {S € (7) : SNQ = {Q:}}
(one such bijection takes any S in the first set and removes () and adds Q)s.) Take
G to be the intersection of GG, and all sets of the form Gg () where S € (f) satisfies
SNQ ={Q:1}. There are (T_Q) pairs S, 7(S), so by Claim 3.2 we have

s—1
r—2 r—2
D BTN D> m Nooq )= {5oq)0)n
jEG j€Gq S:5NQ={Q1} i¢Gs,x(s)
-2
Z (T )(5171 Z (51n.
s—1

Note that, if j € G, then for any S with SN Q = {Q1}, since G C Gg(s), We
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have 9.9 s > 95,9, 108 2((log"* m)20=0/2) > 95,95, log?(2(7=9/2) where i is
such that j € ®(i). However, if j € G then i € B”, so

T\ 1/2
2(7‘—i)/2 — 2_ /
21

1/2
—-1/2
L (2m) s e
nm-

Therefore, log(207=9/2) > §(logm) /4.

This gives:
1/(123)
z( [0 o 11 )
7 S:QCS S:QZS
1/(273)
zz( I o 11 )
JjEG S:QCS S:QZS
1/(022)
>> | IL 9 11 9
JEG \ S:|QNS|#1 S:|QNnS|=1
1/(022)

= Z H gS,j H gsgﬂ—(s)

JEG \ S:|QNS|#£1 S:QNS={Q1}

, 1/(523)

d
> Z H Is. H 1_6(10g2 m)gS,jgﬂS)J

JEG \ S:|QNS|#1 S:QNS={Q1}
r—2>
s—2

1/(
—Z< (logm) /16 o Hgsj>

JjEG

>anf] (logm)/4) 22/ (52)
JEG

—anfj (logm) /4)*
JjeG

Take f' = (logm)®, f" = (clog?m)® and f = max(f’, f’). Note that f > f’
guarantees that property (4) holds and f > f” guarantees that property (5) holds, so
we need only check that property (3) holds. There will be two cases, that in which
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f = f" and that in which f = f”.
If f = f', for each j € G, we have ¢; > ey — g, so f; > (logm)©(©©=%) Then we

get:

anfj (logm)/4)** > Zn (log m)C(0=%) (5(log m) /4)**

jeG jeG

> Z nj(log m)C(eo-‘r(g)(So) (5(10g1/2 m)/4)

jeG

> 01n(logm) Oleo+(3)%0) (5(10g m)/4>2d

2d

> n(log m)C(EOJ“( )o0) — n(logm)° = nf' = nf.

Otherwise, f = f”. For each j € G, we have f; > (clog?m)@ Y4 as a < a; + 1.
This gives:

anf] (logm)/4) 2d > an (clog? m)t@=bd (5(1ogm)/4)2d

jeG jea

= (6/4)* ¢ (clog®m “dan > (6/4)* ¢ (clog® m)*éin

jeG

> n(clog?m)* =nf".

|

Take ag to be () if s <r—1,7/2if s =r —1 and r is even, and (r + 3)/2 if
s =7 —1 and r is odd. Take f; = (clog® m)®4. The following theorem states that

either some g, is large or their product is large.

Theorem 3.8.6. If m > my, either [[5g, > (mfo)(;:§> or there is some S C R of
size s with g, > (mfo)(g)/(g),

Proof: Choose f,e, P, wp as given by the previous theorem, then we need only show

f>foo lfe> (167‘(92) then we have C'e > 2( )d > 2agd so f > (logm)®c >
(logm)* > f,
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Otherwise, € < <16r(;)2> . Define a weighted graph on vertex set R where an
edge e € (1;) has weight logw.. Note that this graph has non-negative edge weights
and if an edge is not in P, then it has weight 0.

By Lemma 3.8.1, either this graph has at least ay edges or there is some set .S on

o\ 1
Zlogwp > 11+ (47“(;) >
PCS

If the graph has at least ag edges, then |P| > ag so f > (clog® m)®0¢, as desired.

s vertices with

()
(;) zp: logwp.

Otherwise, there is some S so that

o\ 1
Zlogwp > 11+ (47“(;) >
PCS

Then we have

1+47~ng1 ()
Mowo el 900,

PCS P

()
(g) zp: logwp.

—
N ®
N—

(1—e) <1+(4r(;)2) 71)

N3

—~
N3
~—

—
N—

s
2

5 s )G (mfo)(©/6)

Y

where the second to last inequality follows from (1 + b)(1 —b/4) > 1 + b/2 for any
be[0,1]. O

The previous theorem easily implies a general lower bound for the largest value

of g,.

Theorem 3.8.7. If m > my, there is some S C R of size s with g, > (mfo)(g)/(g).

Proof: By the previous theorem, either such an S exists or [[¢cp 0y > (mfo)(:j).

In this latter case, since this is the product of (’;) numbers, there must be some S

T

with g, > (mf) =)/ = (mfy) 0/, o
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Before we proceed, note that:

()0

We now simply rewrite the statement of the previous theorem in more familiar

notation.

Theorem 3.8.8. Fvery Gallai coloring of a complete graph on m vertices has a vertex

subset using at most s colors of order <m(;)/<;) log“* m), where

s(r—s) ifs<r—1,
Cris = 1 if s=r—1 and r is even,
(r+3)/r ifs=r—1 and ris odd.
Proof: If s <r—1and m > mgy, by Theorem 3.8.7 the coloring has a subchromatic
set of order at least m(2)/(2) (clog® m)(;)d. As 2(5)d = s(s — 1)2=2 = s(r — s), this
gives the desired bound in this case.
If s =r—1, ris even, and m > mg, by Theorem 3.8.7, the coloring has a

subchromatic set of order at least m(3)/(2) (c log? m) /24 pg

e (3) (5) 1=rie = =

this gives the desired bound in this case.

If s =7r—1, ris odd, and m > mg, by Theorem 3.8.7, the coloring has a

subchromatic set of order at least m(3)/(2) (c log? m)((r+3)/2)d. As

s\ [\ B s(s—1)r—s (r—1(r—-2 1
2((r+3)/2)<2><2) d_(r+3)r(r—1)s—1_(r+3) EE— T_Q—(r+3)/r,

this gives the desired bound in this case. a

3.9 Proof of Lemma 3.4.1

Lemma 3.9.1. For all k., ¢ > 1 we have (kzé) < 92kt
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Proof: We first observe that (ky) < (k;gf);“, or equivalently that %% < %.

To see this, note that the function f(n) = nlogn —log(n!) is super-additive (over the
positive integers), that is it satisfies f(n1)+f(n2) < f(n1+n2). This follows from using
Stirling’s formula, which is equivalent to f(n) = nloge— 3 logn— 1 log 2r+o0(1), and
known estimates on the o(1) term as well as the sub-additive nature of the logarithm

function. Taking ny = k,ny = £ gives

(klog k — log(k!)) + (Clog ¢ — log(L!)) < (k + €)log(k + ¢) — log((k + £)!).

k+2
Exponentiating both sides gives kk—’fi—f < (k(;i)ﬁ; , as desired.

Therefore, it now suffices to show that % < 22Vk This is equivalent to

showing that, for all k£, ¢ > 1,

k/Vke 2/Vkt
(k+€) (k:+£> 4

k l

Taking x = k/¢, note that x > 0 and that we may rewrite the left hand side of

the above as

g(z) = (1+ a:_l)ﬁ (1+ l’)\/F

Note that g(z) = ¢g(1/z), so it now suffices to show that, for all z > 1, we have
g(x) < 4. Note that ¢’(1) = 0. We claim that, for z € [1,1.5] we have ¢”(z) < 0 and
for x € [1.5,5] we have ¢’(z) < 0. These claims may be verified numerically, as the
inequalities are strict and the relevant functions are uniformly continuous over their
respective compact sets. This gives that, in the interval [1,5], g(z) is maximized at
g(1) = 4. Then, for x > 5, since 1+27! < e we have (142~ 1)ve < Vel <16 and,
in this range, 14+ < 2.5V so we have (1+2)Y* ' < 2.5, giving that g(z) < 2.5:1.6 = 4

for x > 5. O
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3.10 Proof of Lemma 3.5.3

For convenience, we restate both the definition of f and the statement of the lemma

here:

clog?(Cn) if 0 <n<m"?
f(n) =< log®(m*?)1log?(Cnm=?) it m¥° <n <md* |

A log!(m*2) log?(Cnm=8/%) if m8/° < n < m,
where D = 22, 0'= 27", and ¢ =log™*(C”) = D™'9/4.

Lemma 3.10.1. If m > C, then the following statements hold about f for any integer

nwithl <n<m.

1. For any o € [1,1], we have f(an) > af(n).

1

2. For any oy, ao, a3 € [%, 1} such that Y, o; = 1 we have, taking n; = a;n,

8
TRARS

nf(n) — me(ni) <

3. Fori>0 and m™' > 21 > 1, we have f(21)log?(D27) > 512f(27779).
4. For 1 <1 <n < D37, we have f(1) > f(n)/2.

5. For any a € [X, ], we have f(an) > 16af(n).

Proof: Observe that f(n) has two points of discontinuity: py = m**® and p; = m®/°.

Recall that the three intervals of f are (0,pol, (po, p1], (p1, m]; name these Iy, I1, I,
respectively.
If ¢ is either py or py, then we have fi(¢) := lim,, 4+ f(n) < lim,_,~ f(n) =: f_(¢).
Observe further that, if n is in some interval I of f, then for any ¢t € I we have
f(t) = vlog?(6t) for constants v, with ot > C.
Proof of Fact 1: We first argue that it is sufficient to show Fact 1 in the case that

both n and an are in the same interval of f. Intuitively, the points of discontinuity
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only help us. If nis in I;, an is in [y, and we have shown that Fact 1 holds when n

and an are in the same interval, then

an po

ﬂmm%%mmz@ﬁ%m——ﬁwzww.

Po Po 1
The case where n is in I, and an is in I; and the case where n is in Iy and an is in
Iy hold by essentially the same argument.

We next show Fact 1 in the case that both n and an are in the same interval I of

f. We have, choosing v and 0 to be such that f(t) = vlog®(6t) on I, that

F(an) = ylog*(adn),

af(n) = yalog?(én) = y(valog(dn))*.

Thus, it is sufficient to show that log(adn) — \/alog(dn) > 0. Note that equality

holds if & = 1. We consider the first derivative with respect to «; we will show that

it is negative for o > %. The first derivative is:
1 1 2 — In(&
_ log(6n) = M.
aln(2) 2/« aln(4)

Note that the above is negative if 2 — y/aln(dn) < 0, which is equivalent to

4
o= In%(dn) "

Therefore, for a € [m,l}, assuming an € I, we have f(an) > af(n). If

a < m with an € I then,

af(n) < %vlog%n) - ﬁv < log? Cy < vlog(6am) = f(an),

where the first inequality follows by the assumed upper bound on « and the last one
by an in I (and so dan > C).

Proof of Fact 2: Let v, be such that for ¢ in the interval I; containing n we have
f(t) = vylog?(6t). We define a new function f, whose domain is [nlog™' C,n]. For any
t in the domain of f; that isin [;, we define fo(t) = f(¢), and for any ¢ in the domain of
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f2 that is not in I;, we define f,(t) = ylog® C. If there is some point ¢ in [nlog™" C,n]
that is not in I;, then ¢ must be in [; 1, ast > nlog ' C' > p;_;log”™' C > p;_5. Then
note that we have chosen, for t not in [}, f>(t) = f4+(pj—1). Therefore, f, is continuous.
Also, tfo(t) is convex (this is easy to see by looking at the first derivative). The main
idea behind the proof will be to replace f by fs and then apply convexity to get the

bounds.

We claim f(t) > fo(t) for all ¢ in the domain of f5. If ¢ is in [}, then f5(t) = f(2).
Otherwise, ¢ is in I, ;. For any t € [nlog™' C,n], note that 6t > dnlog™' C >
C'log™' C. Therefore,

log?(0tm*/%) >

f(t) = log? (m*°C'log™" C)

~
clog?(mA4/9) ~ clog?(m4/9)

C

where the first equality follows by ¢ € I;_; and the first inequality by dt > log™' C.

Take S = {i: a; > log ' C}. For i € S we have that a;n is in the domain of f5.
Take r such that }, ga; = k. Since } ;0 =1, k=1-3% ga; > 1— 3log™! C.

Hence,

an nz >an nz >anf2 nz Z’S‘ (‘S’ )

€S €S €S

= Kknfy (|S| ) > Knfy (%n) > knfa(n/4) > kynlog?(dn/4),

where the third inequality follows Jensen’s inequality applied to the convex function

tf2(t) and the fourth inequality holds since f5 is an increasing function.

This gives

rnf(n an n;) < kynlog?(6n) — kynlog®(dn/4) = kyn(log?(6n) — log?(dn/4)).

i€S
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We now consider

log®(dn) — log®(én/4) = (log(én) + log(én/4))(log(én) — log(dn/4))

< 2log(dn)log4 = 4log(dn).

Noting that log(on) > log C, we get

rkyn(4log(on)) < 40771 log®(dn) = nf(n).

log c’

Thus,

= D naf ) < (1= R (n) + s f(n) = > naf ()

€S

< 1
~ 2logC

nf(0) + g (n) < o o).

Proof of Fact 3: Take v, such that for ¢ in the interval of f containing 2° we have
_ 2 o 8 . i i -/ . .
f(t) = vlog™(6t). Take j' = Zj. If 2" and 2"/ are in the same intervals of f, then we

get

F(2)log* (D7) = log? (52" log? (D7) = log? (21957 log? (21415

= 7 log?(2UHoe D)iHlogd)y > 519102 (§27H") = 512.f(27777),

where the last inequality follows from i+4logd > log C' > log D and j+log D > log D.
Therefore,

log D log D
(j+log D)(i+logd) > %(j—i—z’—l—logé) > %(2j+z’+log§) > 512(5' +i+logd).

If 20 and 27" are in different intervals of f, then they are in adjacent intervals
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since 29" < m*9. Therefore,

F(23) = J(2) = e log () log? (3m™"1"27) < cylog?(52) log?(2)

. . 1 . . 1 . .
< 2¢ (710g?(62)) log?(21) < == f(2)log*(2) < = f(2))log*(D2))

where the first inequality follows by the fact that if ag > a1 > by > by > 2 and

if apby = aib; then (logag)(logby) < (logai)(logby). To see this last fact about
logarithms, one may take the logarithm of both sides and apply the concavity of the

logarithm function.

Proof of Fact 4: Choose v, such that for ¢ in the same interval I; as 7 we have
f(t) = vlog®(6t). If n and 7 are in different intervals of f, then n must be in I,
as n/7 < D® < m*?. Furthermore, for n and 7 to be in different intervals, we must

have D357 > Cm** and so 67 > m*°. This gives:

f() = v1og?(67) > vlog*(m*?) > clog®(m*?)vlog*(CD?)

> clog?(m*®)ylog?(9m~*"n) = f(n),

where the second inequality follows by C'D? < C? and ¢ = log™%(C?).

Otherwise, 7 and n are in the same interval. Then
f(n) = ylog*(dn) < vlog*(6D*r) < ylog*((dm)*?) < 2ylog®(67) = 2f(7),

where the second inequality follows by é7 > C and C'/3 > D.

Proof of Fact 5: Let o < % be given. Consider:
1 1
16af(n) = 5(32af(n)) < 5 f(32an) < f(an),

where the first inequality is by the first fact about f and the second inequality is by
the fourth fact about f.
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3.11 Proof of Lemma 3.8.1

We argue that if a weighted graph on r vertices deviates in structure from the complete
graph with edges of equal weight and if s < r — 1, then there is some set of vertices
S of size s so that the sum of the weights of the edges contained in S is substantially

larger than average.

Lemma 3.11.1. Given weights wp for P € (};) with wp > 0, take w = ) pwp.

r

2)_1w by at least I, then there is some

Then if s <r —1, if some wp differs from (
S C R of size s satisfying

) F

r(3)”

ZUJPZ

)w
)

G
5

Proof: We will directly handle the case s = r — 2, from which the other cases will
follow. We are interested in finding an S C R of size r — 2 with a large value for the
total weight of edges in S. For each S we give this value a name: Zg = ZPQS Wwp.
Note that Zg is closely related the following: for ) € (g), define Yy to be the weight
of edges incident to at least one vertex of ): Yy = Zpe(g):mc#@ wp. Then, if we
take S to be R\ @, we have Y+ Zg is the total weight of all the edges. Thus, to show
that there is a large Zg, it is sufficient to show that there is a small Y. Towards this

end, choose @) € (};) uniformly at random; we will now compute the variance of Y.

Take, for P € (I;), Xp to be wp if PNQ # 0 and 0 otherwise. Then, taking

W=y pwp, we get

2r—3

G

E[Xp] IPI‘[PQQ#@}UJP: wp.

By linearity of expectation, we have




and

EY3 = Y 3 E(XeXe)

Pe(3) Pre(f)

= Y R[4+ Y S EXeX

Pe(3) veR (p,prye(R)*wePueP! P£P!

+ > E[XpXp],
(P,P)e(B)*:Pnp=p

where the last equality follows by partitioning the pairs P, P’ into those which are
equal, those which are distinct but intersect in some vertex v, and those which are

disjoint.

We now look at these terms individually.

2r — 3
(2)

For P = {v,u}, P = {v,u'} distinct and intersecting, the event P N Q # 0 and

E[X}] =Pr[PNQ # 0w} =

"3

P'NQ # () can occur if either v € @ or Q = {u, u'}; the first of these has probability

B

intersect in a vertex we get:

and the second has probability (Tl), and they are disjoint events. So, if P and P’

2

r
E [XPXP/] = S WpWpr.

()

If P, P’ are disjoint, then for XpXp to be non-zero we must have that () has an

4

()

element from P and an element from P’, which occurs with probability -, so in this

case:

4
E {XPXPI] = ——<Wpwpr.

)

Therefore, taking for v € R the (weighted) degree d(v) to be ZPG(R) wp,
2

E [Y3] is equal:

weP
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Z 27’(—)3w%+z Z g—)wpwp/ + Z éwpwpl

VER (ppiye(B) wePvep PP (P,P)e(5):PNP'=0 &)

oy 5 2veR pe(B)wep
o e pe(®)
oA OR O R R 0k,
SRR 2 D 5

Note that > _,d(v)? is minimized subject to the constraint Y _pd(v) = 2w

when the d(v) are pairwise equal by the Cauchy-Schwarz inequality, so > . d(v)* >

vER
ZveR (2“’)2, so the above is at least

r

The variance of Yy satisfies:

8r — 16 1 2r — 3 ’
Var (Yg) = E [Y2] — E[Yo]? w? + wh — | “"w
( Q) [ Q} [ Q] 2 T('r) + (;) Z < () )



Note we may rewrite the variance as:

Var (Yg) > (1) Z wh — Lw2 = Var (wg) -
2) pe(®

y )

If some wp is far from w/(}) = E[wg], then the variance will be large. As-
sume that for some P’ there is a non-zero real F so that wp = w/(}) + F. Note
Var (Yg) > Var (wg) = E [(wg —w/(})] and that (wg — w/(}))? is a non-negative
random variable. If ) = P’ (which occurs with probability (g)_l), then this random
variable has value F?, so its expectation is at least (;)_1F2. That is, the variance of

wg is at least (;)AFQ.

Thus, there must be some () so that

2r —3

G

Yo —

w

12
> (2) F>F/r

If Yo — @’(TW > F/r, since there are (3) different Yy and the average is

must be some Q' so that

ot () F

The other case is that

Yo — %w < —Fjr<— (r(;)>_1 F.

(2r—3)w—F/r
(2)
Define S = R\ Q. We get Zg + Yy = w so Zg = w — Y. By the above, there is

(2r—3)w

()

, there

Therefore, there is some () with Y <

some S with
(2r —3)w—F/r (")w+ F/r

() )
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s r—2
Taking S as above, choosing a random 5" € (%), we get that E [Zg/] > (52)2) - )(1:})+F/T.
2

S
2

Therefore, there must be some S’ € (f) with

G, OF

()

Zgr >

The case where s < r — 1 in Lemma 3.8.1 is an immediate corollary.

Lemma 3.11.2. Given weights wp for P € (}22) with wp > 0, take w =) pwp. If
s <r —1, then either there are at least (g) pairs P (i.e. all of them) with wp > 0 or

there is some S C R of size s satisfying

};_Swpz 1+<4r<;>2>_1 Ezgw

Proof: Assume there is some P’ with wpr = 0. We may apply the previous lemma

with F' = w/(}), since wp: differs from w/(7}) by F. This gives that there is some set

S C R of size s satisfying:

W
(2)

O
The following lemma states that if in a weighted graph there is a vertex whose

degree deviates from the average, then there is a set S C R of size r — 1 so that the

sum of the weights of the edges contained in S is substantially larger than average.

Lemma 3.11.3. Given weights wp for P € (1;) with wp > 0, take w =) ,wp. For
v € R, define d(v) := ) p.cpwp. If there is some v € R for which d(v) differs from
2w/r by at least F', then there is some S C R of size r — 1 with

pr > (E)l)ijF/r

PCS
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Proof: Choose a vertex v for which |d(v) — 2w/r| > F. If d(v) < 2w/r — F, then
we may take S =V \ {v}. This gives:

pr—w dv) >w— 2w/r—F) = (P)w—f—F> (ri)w—i—F/r.

PCS (2) (2)

Otherwise, we have d(v) > 2w/r + F. Since ) d(u) = 2w,

Zd ) <2w— w/r+F)=((r—1)/r)2w— F.
uFv

Since the average is 2w/r, there is some u with

d(u) < <T_

r

Low - F) Jr=1) = 2wfr — F/(r — 1) < 2w/r — F/r.

We may take S =V \ {u}. We get:

pr =w—du) >w— Q2uw/r—F/r) = (T(é)l)w—l—F/r
PCS 2

O

A strengthening of the case s = r — 1 and r is even in Lemma 3.8.1 is a corollary.

Lemma 3.11.4. Given weights wp for P € (R) with wp > 0, take w = ), wp.

2
Either there are at least /2 pairs P for which wp > w/r* or there is some S C R of

};Swp > 1+ (4r(g)2>_1

Proof: If there are fewer than r/2 pairs P for which wp > w/r?, then we must

size r — 1 with
(5)
(5)

w.

have that there is some vertex v not adjacent to any such pair. For this v, d(v) <

(r — Dw/r* < w/r. The previous lemma gives that there is some set S of size r — 1

ch:sw > ( z)l) +Tl2>wz 1+ (47"(;)2)1
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O

Finally, we prove a strengthening of the case s = r — 1 and r is odd in Lemma

3.8.1:

Lemma 3.11.5. Given weights wp for P € (1;) with wp > 0, take w = pwp. If r
is odd either there are at least (r + 3)/2 pairs P for which wp > 0 or there is some
S C R of sizer — 1 with

Pzgjswp > 1+ (47«(2)2)1

-1
Proof: Assume thereisno S C R of size r—1 with ZPQS wp > (1 + <4r (r) 2) )

(%),
()

I~
3

W |
—

N—"

In this case there is no S C R of size r — 1 with ) ,-qwp > B w~+ w/(4r), as
- 2

(5
We define an unweighted graph G = (V| E) by taking V' = R and a possible edge

—1 r—1
this latter term is larger than (1 + (47“ (;)2) ) ( 2))w-

e € (1;) is in £ if and only if w, > w/(4r®). By the previous lemma, G has at least
r/2 edges e satisfying w, > w/r?, and, indeed, the proof of the previous lemma shows
that every vertex must have degree at least 1. Since r is odd, G must have at least
(r+1)/2 edges e with w, > w/r?, and so it must have some vertex v incident to two
such edges.

Fix two neighbors vy, v of v so that wy, .,y and wy,.,) both have weight at least
w/r?. We claim that both v; and v, have degree at least 2 in G. Assume at least one
of them, without loss of generality vy, has degree one. We must have d(v) < 2w/r +
w/(2r?), for otherwise we have a contradiction by Lemma 3.11.3. However, this gives
that, since wy, 3 > w/r?, we must have wy, 1 < d(v) — Wiy < 2w/ —w/(2r?).

Then all other P incident to v; have weight at most w/(4r3), so
Wiy < Wiy + (1 —2)w/(4r°) < 2w/r —w/(2r®) + rw/(4r®) = 2w/r — w/(4r%).

Then by Lemma 3.11.3 we have reached a contradiction.
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Therefore, we must have that there are at least 3 vertices of degree 2 in G and
that every vertex has degree at least 1. Then the sum of the degrees is at least
6+ (r — 3) = r + 3 and so the number of edges of G must be at least (r + 3)/2, as

desired. O

3.12 Proof of Lemma 3.8.3

For convenience, we restate both the lemma and definition of f. here:

log(am®)

fe(0) = (log m)c( log m ), where oo = £/n. Recall also my from Equation 3.1.

Lemma 3.12.1. The following statements hold about f. for every choice of € > 0,

n > 1, and m > my.

1. For any o € [£,1], we have

In particular, f.(an) > af.n).

2. For any oy, ao, a3 € [%, 1] with a1 + s + az = 1, taking n; = ayn we have
nfn) < Z nifo(ni) + 3(og~¥*m)nf.(n).

2
2

3. Fori>0andm® > 2 > 1, we have f.(2°) log? (i )((log1/4 m)27) > 256(3) fe(277%).
4. For any o >log™ " m, we have f.(an) > f.(n)/2.
Proof of 1: Note

log o Ce B loglogm

fe(lan) = (log m)C(EJrllsﬁ) = (log m)C@(log m) a legm f(n).

Since 0 < o < 1, it is sufficient to show that C(loglogm)/logm < (2 (;":3))_1. This
2

2) are at most log'/®m, since m > my.

holds because C, loglogm and 2(’~
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Proof of 2: Note that the function (f.(¢) is a convex function of ¢. Indeed,
fe(é) _ (log m)Ce(log m)(logé)/logm _ (10g m)Ceg(loglogm)/logm‘

That is, f.(¢) is a polynomial of degree greater than 0 in ¢, so (f.(¢) is a polynomial
of degree greater than 1 in ¢ and so is convex.

Take S = {i : oy > log=¥*m}. Take x such that Y ics® = k. Note k >
1-2 logfg/ ‘m

DINIED SNINED D (|5| )

€S

= rnfe (En) > knfe (1_21#71) > knfn/4),

where the second inequality follows by Jensen’s inequality applied to the convex
function £f.(¢).
This gives

an& Zn’bf€ nz < '%nfe( ) - H“nfe(n/él) = Rn(fe(n) - f€(n/4))

€S

We now consider

log(1/4)

fe(n) — fe(n/4) = (log m)c6 — (log m)c( ) — (log m)c6 (1 — (log m)_2o/1°gm) )
The second factor satisfies:

1— (log m)—ZC/ logm _ 1 _ 2—20(loglogm)/logm

< 1— (1 —2C(loglogm)/logm) = 2C(loglogm)/logm < log™**m

where the first inequality follows by 2* > 1 4+ x for x < 0.
Thus,
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nfe(n Z:mf6 (n;)) < (1 —r)nfn)+ knf(n anf (n;)

€S

2(log m)nfe(n) + (log m)nfe(n )<3(10g m)nfe(n).

Proof of 3: We prove a slightly stronger statement. Take j' = j + 1(loglogm) so
that 27" = (logm)'/*27. We will show that

f(2)10g? =2) (27) > f(2%),

This is indeed stronger than the original statement as f.(¢) is an increasing function

of /.

Consider

+10g(27’/n) log n

fe(2i)=(10gm)c(e e ):(logm)ce(logm)cbgim(logm)Clogm.

Similarly,

z+2g logn

£(24%7) = (tog m)©*(log m)” 6% (log m)~C .

Therefore, it is sufficient to show that

i+2;5’

(log m)C i log? (2) (27') > 256 (;) (log m)C

or equivalently that

25"

log? (:2) (27') > 256 (;) (log m)wem .

Taking logarithms of both sides, we see that it is sufficient to have

200/ (1 _3) = 23 ogog m) (og ) + 106 (256() ).
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or equivalently

2(log §')/ (: - ;) — 20'(log logm) /(log m) — log (256 (g)) > 0.

We consider the first derivative of this with respect to j': it is 2(In(2);") 71/ (" ~2) —
2C(loglogm)/(logm). Note that this derivative is monotone decreasing for j' €
[1,00), so the minimum of 2(logj’)/(2:§) — 2Cj'(loglogm)/(logm) — log (256(%))
must be achieved at either the largest or smallest possible value of j'. We have
assumed m%log/*m > 27" > log/* m, so 26logm > d(logm) + (loglogm)/4 > j' >
(loglogm)/4. We consider the two extrema.

If 7/ = (loglogm)/4, we have

21og((log log m)/4)/ (Z - 3) - g log?(log m) /(log m) — log <256 (g))
>21log((log log m)/4)/(£ B 3) —1-log (256 (;)) > (),

where the last inequality follows from m > my,.

If 7/ =25logm:

21og(20 logm)/ C : ;) — 46C(loglogm) — log (256 (;))

—21log(20 log m)/ C - 2) — (loglog m)/ (: - ;) ~log (256 (g)) >0,

where the last inequality follows from m > my.

Proof of 4: Since f. is increasing, it is sufficient to show this for & = log™' m. Then

fe(log_l m) — (log m)C(ef(loglogm)/(logm))

_ (log m)Ce2—(log logm)?/logm

> (logm)(kZ_1 = fe(n)/2.
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Chapter 4

Packing Vertex-Disjoint
Monochromatic Copies of Sparse

Graphs

4.1 Introduction

Let K, be a complete graph on n vertices whose edges are colored with r colors
(r > 1). How many monochromatic cycles (single vertices and edges are considered
to be cycles) are needed to partition the vertex set of K,,? This question received much
attention in the last few years. Let p(r) denote the minimum number of monochro-
matic cycles needed to partition the vertex set of any r-colored K,,. It is not obvious
that p(r) is a well-defined function. That is, it is not obvious that there always is a
partition whose cardinality is independent of n. However, in [33| Erdds, Gyarfas and
Pyber proved that there exists a constant C' such that p(r) < Cr?logr (throughout
this chapter log denotes the natural logarithm). Furthermore, in [33] (see also [53])
the authors conjectured that p(r) = r.

The special case r = 2 of this conjecture was asked earlier by Lehel and, for n > ny,
was first proved by Luczak, Rodl, and Szemerédi [73]. Allen improved on the value of

no [1] and recently Bessy and Thomassé [6] proved the original conjecture for all values
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of n with » = 2. For general r the current best bound is due to Gyarfas, Ruszinko,
Sarkozy, and Szemerédi [54] who proved that, for n > ng(r), we have p(r) < 100r log r.
For r = 3, in [55] it was proved that all but o(n) of the vertices may be covered by 3
monochromatic cycles. Surprisingly, Pokrovskiy [77] found a counterexample to the
conjecture for all » > 3. However, in the counterexample, all but one vertex can be
covered by r vertex-disjoint monochromatic cycles. Thus, a slightly weaker version of
the conjecture still can be true, say that, apart from a constant number of vertices,

the vertex set can be covered by r vertex-disjoint monochromatic cycles.

Let us also note that the above problem was generalized in various directions; for
hypergraphs (see [57] and [84]), for complete bipartite graphs (see [33| and [61]), for
graphs which are not necessarily complete (see [4] and [83]), and for vertex partitions

by monochromatic connected k-regular subgraphs (see [85] and [86]).

Another area that attracted much interest is the study of Ramsey numbers for
bounded degree graphs. For a graph G, the Ramsey number R(G) is the smallest
positive integer N such that, if the edges of a complete graph Ky are partitioned into
two color classes, then one color class has a subgraph isomorphic to G. The existence
of such a positive integer is guaranteed by Ramsey’s classical result [79]. Determining

R(G) even for very special graphs is notoriously hard (see e.g. [50] or [78]).

In 1975, Burr and Erdés [11] raised the problem that every graph G with n vertices
and maximum degree A has a linear Ramsey number, so R(G) < C(A)n, for some
constant C'(A) depending only on A. This was proved by Chvatal, Rodl, Szemerédi
and Trotter [20] in one of the earliest applications of Szemerédi’s celebrated Regularity
Lemma [89|. Because the proof uses the Regularity Lemma, the bound on C(A) is
quite weak; it is of tower type in A. This was improved by Eaton [30] who proved,
using a variant of the Regularity Lemma, that the function C'(A) can be taken to be

20(A)

of the form 2

Soon after, Graham, R6dl, and Rucinski [49] improved this further to C'(A) <
20(Alog® A) and for bipartite graphs C(A) < 20(A188)  They also proved that there
are bipartite graphs with n vertices and maximum degree A for which the Ramsey

number is at least 2*(®)n. Recently, Conlon [22] and, independently, Fox and Su-
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dakov [45] have shown how to remove the log A factor in the exponent, achieving
an essentially best possible bound of Cp(A) = 29(%) in the bipartite case. For the
non-bipartite graph case, the current best bound is due to Conlon, Fox, and Sudakov
[25] C(A) < 20(A18A) - Similar results have been proven for hypergraphs: [26, 27, 75]
use the hypergraph regularity lemma and [24| improves the bounds by avoiding the
regularity lemma.

Similar results also hold for a-arrangeable graphs. An a-arrangeable graph is one
in which the vertices may be ordered as vy,...,v, such that, for any index 1, if we
consider those neighbors of v; in the set {v;11,...,v,}, they have at most a neighbors
in the set {vq,...,v;}. Chen and Schelp [16] proved that, for every a, there is some
constant C'(a) so that the Ramsey number of any a-arrangeable graph on n vertices
is at most C(a)n. The best bound that is known for C(a), again due to Graham,
Rodl, and Rucinski [49], is C(a) < 20%1ga,

It is a natural question (initiated by Andras Gyarfas) to combine the studies of
packing monochromatic cycles and of computing Ramsey numbers of sparse graphs
and ask how many monochromatic members from a bounded-degree graph family are
needed to partition the vertex set of a 2-edge-colored K. In this chapter we study
this problem and related questions. Given F = {F}, F»,...} a sequence of graphs,
we say it is a proper graph sequence if F;, is a graph on n vertices. We say it has
some graph property if every graph of F has that property (e.g. F is bipartite if F),
is bipartite for every n).

We derive the following lower bound from the result that, for n sufficiently large,
there are bipartite graphs on n vertices of maximum degree at most A with Ramsey

number 2°4%)n, [49]. We prove this bound in Section 4.6.

Theorem 4.1.1. There exists an absolute constant ¢ such that, for every A, there is
a bipartite proper graph sequence F with maximum degree at most A and, for every
n sufficiently large, there is a 2-edge-coloring of K, so that covering the vertices of

K, using monochromatic copies of graphs from F requires at least 2°® such copies.

This matches the upper bound we find.
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Theorem 4.1.2. There exists an absolute constant C' such that, for every A and ev-
ery bipartite proper graph sequence F with maximum degree at most A, every 2-edge-
colored complete graph can be partitioned into at most 2°2 vertez-disjoint monochro-

matic copies of graphs from F.

We can actually prove that if F has chromatic number at most £ then the bound
above may be taken to be 262, If k < log A, then this is the best bound we know
how to get. However, for larger values of k, we can get a better bound that depends

only on A.

Theorem 4.1.3. There exists an absolute constant C such that, for every A and
every proper graph sequence F with mazimum degree at most A, every 2-edge-colored

20A log A

complete graph can be partitioned into at most vertex-disjoint monochromatic

copies of graphs from JF.

If we are interested in graphs with bounded arrangeability rather than bounded
degree, we get a slightly weaker bound, assuming the graphs satisfy an additional

degree-bound, which is required for one of the tools we use.

Theorem 4.1.4. There exists an absolute constant C' such that, for every a there
and every a-arrangeable proper graph sequence F = {Fy, Fy, ...} satisfying that the
mazimum degree of F, is at most \/n/logn, every 2-edge-colored complete graph on
2C'a6

at least N wvertices can be partition into at most vertex-disjoint monochromatic

copies of graphs from F.

Theorems 4.1.2 and 4.1.3 give, perhaps surprisingly, that we have the same phe-
nomenon for these classes of graphs as for cycles; we can partition into monochromatic
graphs from F such that the average size of the parts (which are each monochromatic
copies of graphs from F) is roughly as large as the size of the single largest monochro-
matic graph we know how to find (i.e. the one given by our best bounds for Ramsey
numbers). It is particularly interesting to note that the conditions of Theorem 4.1.4
are satisfied with high probability by F,, = G(n,d/n) for d a constant, as Fox and
Sudakov [46] showed that, with high probability, the arrangeability of G(n,d/n) is
O(d?).
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It would be desirable to close the gap between the upper bound given by Theorem
4.1.3 and the lower bound in Theorem 4.1.1, though doing so may require improved
bounds for the Ramsey numbers of bounded degree graphs.

Finally, let us mention one interesting special case of Theorem 4.1.3. The k"
power of a cycle C'is the graph obtained from C by joining every pair of vertices with
distance at most k in C. Density questions for powers of cycles have generated a lot
of interest; in particular the famous Posa-Seymour conjecture (see e.g. [15, 37, 38,
39, 40, 65, 68, 69, 71]). Theorem 4.1.3 implies the following result on the partition

number by monochromatic powers of cycles.

Corollary 4.1.5. There exists an absolute constant C so that, for every k, ev-

QCk log k

ery 2-colored complete graph can be partitioned into at most vertex-disjoint

monochromatic kth powers of cycles.

4.2 Notation

V(G) and E(G) denote the vertex-set and the edge-set of the graph G. (A, B, E)
denotes a bipartite graph G = (V| E), where V = AUB and F C A x B. For a graph
G and a subset U of its vertices, G|y is the restriction to U of G. N(v) is the set of
neighbors of v € V. Hence, |N(v)| = deg(v) = dega(v), the degree of v. 6(G) stands
for the minimum and A(G) for the maximum degree in G. When A, B are subsets of
V(G), we denote by e(A, B) the number of edges of G with one endpoint in A and
the other in B. We write deg(v,U) = e({v},U) for the number of edges from v to U.

For non-empty A and B,
e(A, B)

HAB) = TA11B]

is the density of the graph between A and B.
Definition 4.2.1. The bipartite graph G = (A, B, E) is e-regular if

X CA Y CB, |X|>c¢lAl, [Y] > e|B| imply |d(X,Y) — d(A, B)| < e.
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We will often say simply that “the pair (A, B) is e-regular” with the graph G

implicit.

Definition 4.2.2. (A, B) is (¢, d, 0)-super-reqular if it is e-reqular, satisfies d(A, B) >
d, and
deg(a) > 6|B| Va € A, deg(b) > 6|A| Vb € B.

Definition 4.2.3. Given a k-partite graph G = (V, E) with k-partition V. = V; U
..UV, the k-cylinder Vi x ... x Vj, is e-reqular ((¢,d, §)-super-regular) if all the (5)
pairs of subsets (V;,V;), 1 < i < j <k, are e-reqular ((e,d,0)-super-reqular). If we
wish to say a cylinder is (g, 0, 9)-super-reqular, we simply say it is (e, §)-super-regular,
and wn this case it is not necessary to check the density condition. Given o > 0, the

k-cylinder Vi x ... xVj is a-balanced if, for everyi < j, ||Vi|—|V;|| < amin(|V}], |V}]).

We say a graph G on n vertices is a-nicely-arrangeable if it is a-arrangeable and
satisfies that A(G) < /n/logn. We say it is x-chromatically equitable if there is a
proper y-coloring of the vertices of G (one where no two adjacent vertices have the

same color) in which the size of any two color classes differs by at most 1. We say it

is R-linearly-Ramsey if R(G) < Rn.

4.3 Regularity and blow-up lemmas

Some of our main tools for finding monochromatic copies of graphs are regularity and
blowup lemmas. Regularity lemmas allow us to find monochromatic regular cylinders,
and blowup lemmas allow us to cover the vertices of such a cylinder with a sparse
graph.

Instead of the Regularity Lemma of Szemerédi [89], we will use the following
lemmas which Conlon and Fox |23| argued as consequences of the Duke, Lefmann,

and Rodl weak Regularity Lemma [29].

Lemma 4.3.1 ([29] and Lemma 5.3 in [23]). For each 0 < ¢ < 1/2, given any graph

G = (V,E) onn > k vertices we may find disjoint sets of vertices Vi,..., Vi so that

136



the induced k-partite cylinder is 0-balanced and c-regular; the size of each part is at

1 k23

least A3 n.

We will use the following corollary of this lemma.

Lemma 4.3.2 (Lemma 5.4 in [23]). For each 0 < ¢ < 1/2, given any 2-colored

22k wertices we may find vertez-disjoints sets Vi,..., Vi so

complete graph on n >
that the induced multipartite graph is, in one of the colors (say in red), an (¢,1/2,0)-
super-regular 0-balanced cylinder (i.e. one with no minimum degree constraint and

parts of equal size), where the size of each part is at least ﬁezﬁ%ﬂa

Indeed, to get this one applies Lemma, 4.3.1 for the red subgraph with 2% in place
of k to get an e-regular 2%*-cylinder. Then we may consider the complete graph whose
vertices i correspond to the parts of the cylinder V; and we color the edge (7, ) by
the majority color in the pair (V;,V;). We then apply R(K}) < 2?* and use the fact
that, if (V;,V}) is regular in one color, then it is also regular in the other color.

Our main tool for dealing with bounded degree graphs is a quantitative version

of the Blow-up Lemma (see [66, 67, 82]).

Lemma 4.3.3 (Quantitative Blow-up Lemma). For every constant « there exists a
constant C' = C(«) such that, given a graph R of order v > 2 and positive parameters
0, d, and A, for any 0 < e < (%dA)C the following holds. Let us replace the vertices
of R with pairwise disjoint a-balanced sets Vi, Va, ..., V. (blowing up). We construct
two graphs on the same vertex set V.= \JV;. The graph R’ is obtained by replacing
all edges of R with copies of the complete bipartite graph, and a sparser graph G is
constructed by replacing the edges of R with some (g,d,)-super-reqular pairs. If a
graph H with A(H) < A is embeddable into R, then it is embeddable into G.

To deal with a-nicely-arrangeable graphs, we use a version of the blowup lemma
due to Bottcher, Kohayakawa, Taraz, and Wiirfl [9]. It is worth noting that, in their
paper, the authors of |9] allow more parameters and compute more explicit bounds

than what we state below.
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Theorem 4.3.4 (Blow-up Lemma for Arrangeable Graphs [9]). For every constant «
there ezists a constant C' = C(«) such that, given a graph R of order r > 2 and positive
parameters 6 and a, if we take Ag to be a bound on the mazimum degree of R, then,
for any 0 < e < §~C0°Ar . 2-0a'A% tuking ng = 220&47"05_0“26_0, the following holds.
Let us replace the vertices of R with pairwise-disjoint a-balanced sets Vi, Vo, ..., V.
(blowing up) each of size at least ng. We construct two graphs on the same vertex
set V.= JVi. The graph R is obtained by replacing all edges of R with copies of
the complete bipartite graph, and a sparser graph G is constructed by replacing the
edges of R with some (g,0)-super-reqular pairs. If an a-nicely-arrangeable graph H is

embeddable into R', then it is embeddable into G.

4.4 Proofs of Theorems 4.1.2, 4.1.3, and 4.1.4

We basically follow the greedy-absorbing proof technique that originated in [33] and
is used in many papers in this area (e.g. [54], [61], [86]).

Given an R-linearly-Ramsey proper graph sequence F, we will show how to de-
compose any 2-edge-coloring of a K, into useful structures, in pursuit of the goal of
eventually decomposing it into monochromatic copies of graphs from F.

The structures we will use are monochromatic copies from F, monochromatic
super-regular cylinders, and something resembling a union of almost-complete mul-
tipartite graphs. Such a decomposition is useful as we will use a blow-up lemma to
cover the super-regular cylinders and it is easy to greedily embed graphs into almost-
complete multipartite graphs. For technical reasons, we don’t actually use complete
multipartite graphs, but a structure that will serve a similar purpose that we call a

branching degree cylinder.

Definition 4.4.1. Given positive integers ki, . .., ke, the (ki, ..., ke)-branching tree is
a rooted tree defined recursively as follows: the ()-branching tree is a single vertez, the
root, and the (ki, ..., keyq1)-branching tree is the graph obtained from the (ki, ..., ke)-
branching tree by adding ke 1 neighbors to each leaf (and the root vertex remains the

same). If k:=ky = ko = -+ = ky, we simply say it is a k-branching tree with { levels.
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In other words, the branching tree is a full and complete rooted tree, and the

parameters (ki,...,k;) determine the branching factor at each level.

Definition 4.4.2. Given a 2-edge-coloring of a K,, and positive integers ky, ..., ke, a
(ki,...,ke)-branching (1 — ) degree cylinder with scaling € assigns to every vertez v
of the (ki, ..., k¢)-branching tree a collection of vertices from the K,; if v and w are
not ancestors of each other in the branching tree, then V, and V,, are disjoint, and
otheruwise, if w is an ancestor of v, then V,, C V,,. Furthermore, for every pair w and
v with w the parent of v, there is some color and some set S, C V,, \ 'V, so that every
vertex in V, has degree at least (1 —)|S,| to S, in that color; we call S, the parental
neighborhood of V,. Finally, |V,| < e|S,|. If k := ki = ko = --- = ky, then we say it

s a k-branching cylinder with ( levels.

We are now ready to state the way in which we will decompose the vertices of a

2-edge-colored K.

Lemma 4.4.3. There exists an absolute constant C such that, given any 2-edge-
coloring of a complete graph, any k.0 >0, any 0 <e <1/2 and any 0 < § < 1/2—¢,

and any R-linearly-Ramsey proper graph sequence F, we may find
° Zf;é ki R2C%c=C vertex-disjoint monochromatic copies of graphs from F

o A k-branching (1 — 0 — ke) degree cylinder with scaling ke and with ¢ levels in
which, for v a vertex of the underlying branching tree, V, is the corresponding

set of vertices with parental neighborhood S, and

e Inside of each V,, with w not a leaf of the branching tree, a (2ke, 1/2—2ke, 0 —ke)
super-reqular cylinder C,, with k parts which are ke-balanced and which satisfies

that, for any v a child of w, S, C C,.

The above structures satisfy two additional properties. The first is that every vertex of
the complete graph is contained in one of the monochromatic copies of a graph from
F, one of the super-reqular cylinders, or in V, for v a leaf in the branching tree. The

second s that, for every V,, with w not a leaf of the branching tree, the associated
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super-reqular cylinder C., does not intersect V,, for any v a descendant of w and C,

does not intersect any of the monochromatic copies of graphs from F.

We first prove the above decomposition lemma, and then we show how to apply

it to prove Theorems 4.1.2, 4.1.3, and 4.1.4.

4.4.1 Proof of Lemma 4.4.3

To prove the above theorem, we will proceed by induction on ¢. One essential part

of the inductive step is the following lemma.

Lemma 4.4.4. There exists an absolute constant C' such that, given any R-linearly-
Ramsey proper graph sequence F, any € > 0, any positive integer k, and any 2-edge-

¢ monochromatic

coloring of a K,,, we may partition the vertices into at most R2¢% e~
copies of graphs from F and sets Vi, ...,V so that the multipartite graph induced by

one of the colors is a 0-balanced, (£,1/2 — ¢,0)-super-reqular cylinder.

To prove Lemma 4.4.4, we first find a monochromatic ¢/2-regular cylinder so that
the density between any two pairs is at least 1/2 by Lemma 4.3.2; then, we will cover
most of the remaining vertices with monochromatic copies of graphs from F. We
simply add the uncovered vertices to the cylinder; they do not significantly harm the
regularity. To this end, we prove the following observation about R-linearly-Ramsey

proper graph sequences.

Lemma 4.4.5. For any R-Ramsey proper graph sequence, given a 2-edge-colored K,
and an o > 0, we may cover all but an « fraction of the vertices of the K, using at

most 2R log(e/a) vertez-disjoint monochromatic copies of graphs from F.

Proof. Given any 2-coloring of a K, for n > 2R we may find a monochromatic
copy of F|,,/r). Removing the vertices of this copy leaves a 2-edge-coloring of a clique
on [(1—1/R)n] < (1—1/(2R))n vertices; iterating this procedure a := 2R log(e/«)

times gives a 2-edge coloring on at most (1 — 1/(2R))n < ¥R

n < an vertices,
assuming that at each iteration the graph had at least 2R vertices. If at any point the

graph failed to have at least 2R vertices, then we may remove each of the remaining
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vertices as monochromatic copies of Fi; in either case, the total number of monochro-
matic copies of graphs from F used was at most a + 2R = 2Rlog(1/a) + 2R =
2Rlog(e/ar). D

Proof of Lemma 4.4.4.

By Theorem 4.3.2, either n < 2% or we may find a monochromatic (£/2,1/2,0)-

super-regular, O-balanced cylinder where each part is at least an o := ﬁ (z:‘/2)24k(5/2)_5
fraction of the vertices. In the former case, we may simply take each vertex to
be a monochromatic copy of F; and take the cylinder to be empty. In the lat-
ter case, we find a 0-balanced cylinder on vertex set Vi,...,V; in which each part
has size at least an. Take ¢ := £2a/4. Then, by Lemma 4.4.5, using at most
2R1og(e/e") = R29Me=OW) copies of graphs from F, we may cover all but an &’ frac-
tion of those vertices of the K, that are outside of Vi,...,V,. There are n’ vertices
remaining outside of Vi,...,Vy; we wish to assume n’ is divisible by k, which we
may do by covering up to k vertices by copies of F;. Then, we simply add n’/k of
the remaining vertices to each of Vi,..., V4; since we are adding fewer than e2an/4
vertices to each part (each part has size an), the new cylinder is (¢,1/2 — ¢, 0)-super-
regular. O
Proof of Lemma 4.4.3. We proceed by induction on ¢. If { = 0, then we may take
the whole vertex set of the K, to be a k-branching cylinder with 0 levels. Otherwise,
if / > 0, by induction we may decompose the K, into at most Zf;g ki R2Cke—=C
vertex-disjoint monochromatic copies from F where C is the constant from Lemma
4.4.4, into a k-branching ke-scaling (1 — 6 — ke) degree cylinder with ¢ — 1 levels
with vertex sets V,, where v is a vertex of the corresponding branching tree and their
corresponding parental neighborhoods S,, and in each V,, for w not a leaf of the
branching tree there is a (2ke, 1/2 — 2ke, § — ke)-regular cylinder C,, satisfying that
it does not intersect V, for any descendant v of w, that it does not intersect any of
the monochromatic copies of graphs from F, and that it contains S, for any v a child
of w.

In order to prove Lemma 4.4.3 with ¢ levels rather than with ¢ —1 levels, we wish

to extend the branching degree cylinder. To do so, for each of the k‘~! leaves w of the
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k-branching tree with /-1 levels we apply Lemma 4.4.4 to decompose V,, into at most
R2%<=¢ monochromatic copies of graphs from F and into vertex-disjoint 0-balanced
sets C1,...,C} so that the induced cylinder C” in one of the colors is (¢,1/2 — ¢, 0)-
super-regular. We now extract low-degree vertices from this cylinder. We define
sets D; recursively; D; is the set of vertices in C’" \ C! that have degree at most
(0 —€)|C!| to C!, minus those vertices that appear in Dy,...,D; ;. We then take the
sets corresponding to the children of w in the /-level k-branching tree to be D; with
parental neighborhoods C; := C!\ D; and take C,, := C} x - - - x C}, to be the cylinder
corresponding to V,,. Note that, for each j # i, by e-regularity at most an e-fraction
of the vertices of C fail to have degree at least (6 — ¢)|Cj| to Cj. Therefore, each D;
has size at most (k — 1)e|C?|. This implies the cylinder C,, is (kK — 1)e < ke-balanced.
Furthermore, since each pair Cj, C} was (g,1/2 — ¢, 0)-super-regular and we removed
all vertices that had degree to C! less than (§ — ¢)|C!|, in the process we removed at
most (k —1)e|C7] vertices from C} and so C,, is (2ke, 1/2 — 2ke, § — ke)-super-regular,

as desired. O

4.4.2 Applying Lemma 4.4.3

We use the three structures found in Lemma 4.4.3, namely the monochromatic copies
of graphs from F, the super-regular cylinders, and the branching degree cylinder, to
cover all of the vertices with monochromatic graphs from F. We now explain how to
use the latter two structures to do this.

To cover vertices in a super-regular cylinder, we will apply one of the blow-up
lemmas. To that end, we wish to show how to embed few copies of graphs from F
into a balanced complete multipartite graph. It is easier to embed graphs that are,

in some sense, balanced.

Definition 4.4.6. A graph G is k-chromatically equitable if it has a proper k-vertez-
coloring (i.e. one in which no two adjacent vertices receive the same color) in which

every color class has the same size.

Note that, if a graph G is k-colorable, then the graph obtained by taking & disjoint
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copies of GG, which we denote by kG, is k-chromatically equitable. To see this, we may
take any k-coloring of G and cyclically permute the colors throughout the k£ copies

to get a chromatically equitable coloring.

Lemma 4.4.7. Given a proper graph sequence F = {Fy, Fy, ...} with chromatic
number at most k and given a complete 1/(k+ 1)-balanced k + 1-partite graph, we can

cover the vertices using al most (k + 1)? vertex-disjoint copies of graphs from F.

Proof. Let Ci,...,Cky1 be the parts of the complete graph. For each index
i € [k + 1], define v; = |C;| and take v = max;(v;). Then, for each set S C [k + 1] of
size k, define wg := v — v; where 7 is the unique index not contained in S. For each
such set S, we take a copy of kF,, (disjoint from all the copies chosen so far) that
uses wg vertices from each V; with ¢ € S. We use k + 1 such graphs, one for each S.
Note that, because the structure is 1/(k + 1)-balanced, for every step corresponding
to some S with i € S we remove at most a 1/(k + 1) fraction of C;, so there are
always enough vertices in C; to choose the next graph to be vertex-disjoint from the
previous ones, and so the procedure does not fail.

After this procedure, the number of uncovered vertices in Cj is

v — Z Wg = v — Zws T Wi\ {i} = U — Zws
S

S:ues S

That is, after this procedure, each C; has the same number of uncovered vertices, say
n. We cover these with a copy of (k + 1)F,. We use a total of (k + 1) copies of
graphs from F. O

Finally, we wish to show how, given a branching degree cylinder, to cover the

vertices of the V, with v a leaf in the corresponding branching tree.

Lemma 4.4.8. Giwen a 2-edge-coloring of a K,,, a d-degenerate k-chromatically equi-
table proper graph sequence F, and a k-branching (1/(32k%*d?))-scaling (1—1/(32k?*d?))
degree cylinder with 2k — 3 levels which assigns the set V, to a vertex v of the corre-
sponding branching tree with S, the parental neighborhood, we may cover all the V,

with v a leaf of the branching tree using at most k** monochromatic copies of graphs
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from F the vertices of which are contained entirely in the various S, or in some V,
with v a leaf, and, in doing so, for any v with parent w we use either at most a €

fraction of the vertices of S, or we use all of V.

Proof. For every path P = (v, ..., v9_3) from the root to a leaf in the branching

tree, we define, for every vertex v; with 0 < ¢ < 2k — 3, a corresponding color: this

color is red if the vertices of V,,,, all have red-degree at least (1 —1/(32k*d?))|V,,| to
V.., and otherwise they all have blue-degree at least (1 — 1/(32k%d?))|S,,| to S,, and

the color is blue. This gives a sequence of 2k — 3 colors; exactly one of the two colors
must occur at least & — 1 times in this sequence. Then take, for 0 < j <k —1, vp, to
be the vertex of the path P corresponding to the jth occurrence of the more common
color in the color sequence. Take vp, | to be vgy_3. Take Vp, := VUPJ_.

Now, we claim that, given any vertex sets Vo 2 Vi D --+ D Vi1 with |V;| > 4|V 4]
and satisfying that, for every ¢ > 0, we have that the vertices of V; have degree at
least (1 — 1/(16kd?))|Vi_1| to Vi_y, there is a k-partite subgraph with vertex-disjoint
parts V/ C V; with V! | = Vi_; where each part has size at least |Vj_1| in which, for
any pair i # j, we have that the vertices of V; have degree larger than (1 —1/(2d))|V}|
to Vj. To see this, note that, for any 7 and for every j > ¢, the average degree of a
vertex in V; to V; is at least (1 — 1/(16kd?))|V;]. By Markov’s inequality, at most a
1/(4kd) fraction of the vertices of V; fail to have degree at least (1 — 1/(4d))|V;| to
V;.  We now proceed as follows: for each 7, starting with ¢ = 0 and proceeding in
increasing order, we may remove at most a 1/(4d) fraction of the vertices of V; to
ensure that every vertex of V; has degree more than (1 — 1/(4d))|V;| to V; for every
7 > 1. For every pair of distinct ¢, j, at some point in this process V; has satisfied that
every vertex has degree more than (1 —1/(4d))|V;| to V;. After this point, at most a
1/(4d) fraction of the vertices of V; were removed by the process, so at the end of the
process we must have that the vertices of V; have degree more than (1 — 1/(2d))|V}|
to (what remains of) V;. Given this structure, we may simply greedily embed a copy
of kFy, ,| into this structure, using all of V;,_; and at most (k — 4)|Vj_1| vertices of
each V;.

We now proceed as follows. Iterate over the various distinct paths P in an arbitrary
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order. We wish to cover the vertices of vp,_, by few graphs from F. By the previous
argument, we may do so if, for each j > 7, we have that each vertex of Vp, has degree

at least (1 — 1/(16kd?))|Vp,

to Vp,; this was true before we started iterating. If this
is true, we will then use the previous argument to find a graph that covers Vp,_, and
uses at most (k —4)|Vp,_, | vertices from Vp,. Throughout this process, we remove at

most a

k—j—1
ch—j—1 ( > k) < 2(ek)" 77t < 2¢k < 1/(16kd?)

i=0
fraction of any Vp, for j < k — 1. Therefore, we will remove at most a 1/(16kd?)
fraction of the vertices from each Vp, throughout the process, and so the necessary

condition will hold and we will cover each Vp,_,. O

We now prove Theorem 4.1.2 and Theorem 4.1.3.
Proof. Let a proper graph sequence F with maximum degree at most A and chro-
matic number at most k be given. We know that F is R-Ramsey linear for some R,
and we know by [45] that R is at most 29%2 and by [25] that R is at most 2221084,
Take R to be the minimum of 2¢1%4 and 2¢24198 4 Take, for some sufficiently large
constant C, e = R=¢. Take ¢ = 2k — 3. Take § = 1/(64d*k?). Apply Lemma 4.4.3 to
obtain kO*) R20(k)c=0() — c=O() copies of graphs from F, a k-branching ke-scaling
(1—0—ke) > (1—26) cylinder with ¢ levels, and, for each w in the underlying branch-
ing tree, a (2ke, 1/2 — 2ke, 0 — ke) super-regular 0-balanced cylinder C,,, where these
structures have the properties described in Lemma 4.4.3. We now apply Lemma 4.4.8
to the branching cylinder; this allows us to cover all of the vertices of the V, where v
is leaf of the branching tree and V,, is the corresponding vertex set of the branching
cylinder using at most k2 monochromatic copies of graphs from F. Furthermore, for
any w in the branching tree, either V,, is entirely covered, or the only vertices from
V,, that are used are from C,, and we use at most a ke fraction of C,,. At this point,
the only vertices that we have not covered with monochromatic copies of graphs from
JF are those vertices in the various C,, from which we’ve used at most a ke fraction of
the vertices. Notice that, because each C, is a (2ke,1/2 — 2ke, § — ke) super-regular

O-balanced k + 1-partite cylinder, after removing at most a ke fraction of C,, the
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result is at least a (1/(k + 1))-balanced (R~ 1/4,§/2)-cylinder, so if C' is large
enough we may apply Lemma 4.3.3 and Lemma 4.4.7 to cover the remainder of the
cylinder using at most (k + 1)? monochromatic copies of graphs from F. We used a
total of RO(“) monochromatic copies of graphs from F when applying Lemma 4.4.3,
we used at most k9*) < ROM copies of graphs from F when applying Lemma 4.4.8,
and we used at most (k + 1) monochromatic copies of graphs from F from each of
the k9% vertices of the branching tree when applying Lemma 4.4.7, so we used a
total of RO(©) monochromatic copies of graphs from F. If k < log A, then this value
is 20(CkA): in particular, when k& = 2 as in the case of Theorem 4.1.2, we use 20(¢2)

monochromatic copies from F. For all values of k, we use 20(¢21°24) monochromatic

copies of graphs from F, giving the bound in Theorem 4.1.3. O

The proof of Theorem 4.1.4 is very similar, though it has some additional compli-
cations.
Proof. Let a proper graph sequence F which is a-nicely-arrangeable with chromatic
number at most k be given. We know that F is R-Ramsey linear for some R =
920(alog®a) Take for some sufficiently large constant C, e = 2-C4'¥* Take ¢ = 2k — 3.
Take § = 1/(64d%k?). Apply Lemma 4.4.3 to obtain k9% R20*)c=0() — c=O) copies
of graphs from F, a k-branching ke-scaling (1 — 6 — ke) > (1 — 26) cylinder with ¢
levels, and, for each w in the underlying branching tree, a (2ke, 1/2 — 2ke,§ — ke)
super-regular O-balanced cylinder C,,, where these structures have the properties de-
scribed in Lemma 4.4.3. We now apply Lemma 4.4.8 to the branching cylinder; this
allows us to cover all of the vertices of the V, where v is leaf of the branching tree
and V,, is the corresponding vertex set of the branching cylinder using at most k2
monochromatic copies of graphs from F. Furthermore, for any w in the branching
tree, either V,, is entirely covered, or the only vertices from V,, that are used are
from C,, and we use at most a ke fraction of C,,. At this point, the only vertices
that we have not covered with monochromatic copies of graphs from F are those
vertices in the various C,, from which we’ve used at most a ke fraction of the vertices.
Notice that, because each C, is a (2ke, 1/2 — 2ke, 0 — ke) super-regular 0-balanced

k + 1-partite cylinder, after removing at most a ke fraction of C,, the result is at
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least a (1/(k+1))-balanced (2-%Ca***) 1 /4, §/2)-cylinder, so if C' is large enough and
C, has enough vertices, we may apply Lemma 4.3.4 and Lemma 4.4.7 to cover the
remainder of the cylinder using at most (k+ 1)? monochromatic copies of graphs from

a4
F. However, if C,, doesn’t have enough vertices, that is it has 920

vertices, then
we may cover it using 20(a") monochromatic copies of graphs from F using Lemma
4.4.5. We used a total of 20(C*a") — 90(Ca®) monochromatic copies of graphs from
F when applying Lemma 4.4.3, we used at most k°*) copies of graphs from F when
applying Lemma 4.4.8, and we used at most 20(a") monochromatic copies of graphs
from F from each of the k) vertices of the branching tree when applying Lemma

4.4.7, so we used a total of 2°(¢4°) monochromatic copies of graphs from F, giving

the bound in Theorem 4.1.4.

4.5 Concluding Remarks

There are various interesting potential generalizations of Theorem 4.1.3. One may

ask if the theorem holds for r colors for any positive integer 7.

Conjecture 4.5.1. For every positive integer r there exists a constant C,. (depending
on 1) such that, for every A-bounded sequence F, every r-edge-colored complete graph

can be partitioned into at most QAT vertex-disjoint monochromatic graphs from F.

Since bounds on Ramsey numbers were key in proving the theorem for r = 2, it is
worth noting that Conlon, Fox, and Sudakov [25] proved that, for any fixed number
of colors r, for any graph G on n vertices of maximum degree A the Ramsey number
on r colors R,.(G) is at most 20rA%  The primary difficulty in adapting our proof to
this setting is in constructing a (1 — ) branching cylinder when there are more than
2-colors.

Finally, let us mention that since by now both the Regularity Lemma and the
Blow-up Lemma have been generalized to hypergraphs (see [81| and [62], respec-

tively), perhaps we can generalize our result to hypergraphs as well.
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4.6 Lower Bound

We wish to show that there exists a A-bounded sequence F = {F}, Fy, ...} and, for n
sufficiently large, a two-edge-coloring of K, that cannot be partitioned into fewer than
2%4) monochromatic copies of graphs from F. To see this, for every n take G,, to be
a graph on n vertices of degree at most A and, for n sufficiently large, with Ramsey
number at least 2%®)n as given by the result of Graham, Rodl and Rucirski [49]. We
define Fji recursively; take Foo = 1. Then define Fyi to be the disjoint union of Fyi—1
with Ggi-1. For integers of the form 2’ + j with j < 2°, define Fyi,; to be the disjoint
union of Fy with an independent set on j vertices. Under this definition, each F), is
a graph on n vertices with maximum degree at most A. Furthermore, for ny < nq,
F,, is a subgraph of F, . Finally, taking i to be the largest integer with 2/ < n, F,
contains a copy of Gai—1 and so has Ramsey number at least 2%(2)27-1 = 292y (for
n sufficiently large). Take F = {F}, F5,...}. Now, for N sufficiently large, take a 2-
edge-coloring of a complete graph on 2°4?) N vertices without a monochromatic copy
of Fyy (this is possible by the condition on the Ramsey number). Since the sequence
of graphs is increasing, this coloring also does not contain a monochromatic copy of
any F,, for n > N. Therefore, any partition of the vertex set into monochromatic

(A

copies of graphs from F must use at least 2*®) such copies.
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