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Dalitz plot analysis of B0 → D̄0πþπ− decays

R. Aaij et al.*

(LHCb Collaboration)
(Received 8 May 2015; published 7 August 2015)

The resonant substructures of B0 → D̄0πþπ− decays are studied with the Dalitz plot technique. In this
study a data sample corresponding to an integrated luminosity of 3.0 fb−1 of pp collisions collected by
the LHCb detector is used. The branching fraction of the B0 → D̄0πþπ− decay in the region mðD̄0π�Þ >
2.1 GeV=c2 is measured to be ð8.46� 0.14� 0.29� 0.40Þ × 10−4, where the first uncertainty is
statistical, the second is systematic and the last arises from the normalization channel
B0 → D�ð2010Þ−πþ. The πþπ− S-wave components are modeled with the isobar and K-matrix formalisms.
Results of the Dalitz plot analyses using both models are presented. A resonant structure at mðD̄0π−Þ ≈
2.8 GeV=c2 is confirmed and its spin-parity is determined for the first time as JP ¼ 3−. The branching
fraction, mass and width of this structure are determined together with those of the D�

0ð2400Þ− and
D�

2ð2460Þ− resonances. The branching fractions of other B0 → D̄0h0 decay components with h0 → πþπ−

are also reported. Many of these branching fraction measurements are the most precise to date. The first
observation of the decays B0 → D̄0f0ð500Þ, B0 → D̄0f0ð980Þ, B0 → D̄0ρð1450Þ, B0 → D�

3ð2760Þ−πþ
and the first evidence of B0 → D̄0f0ð2020Þ are presented.

DOI: 10.1103/PhysRevD.92.032002 PACS numbers: 14.40.Lb, 14.40.Be, 14.40.Nd

I. INTRODUCTION

The study of the Cabibbo-Kobayashi-Maskawa (CKM)
mechanism [1,2] is a central topic in flavor physics.
Accurate measurements of the various CKM matrix param-
eters through different processes provide sensitivity to
new physics effects, by testing the global consistency
of the Standard Model. Among them, the CKM angle β
is expressed in terms of the CKM matrix elements as
argð−VcdV�

cb=VtdV�
tbÞ. The most precise measurements

have been obtained with the B0 → ðcc̄ÞKð�Þ0 decays by
BABAR [3], Belle [4] and more recently by LHCb [5]. The
decay1 B0 → D̄0πþπ− through the b → cūd transition has
sensitivity to the CKM angle β [6–10] and to new physics
effects [11–14].
The Dalitz plot analysis [15] of B0 → D̄0πþπ− decays,

with the D̄0 → Kþπ− mode, is presented as the first step
towards an alternative method to measure the CKM angle
β. Two sets of results are given, where the πþπ− S-wave
components are modeled with the isobar [16–18] and
K-matrix [19] formalisms. Dalitz plot analyses of the decay
B0 → D̄0πþπ− have already been performed by Belle
[20,21] and BABAR [22]. Similar studies for the charged
B decays B− → Dð�Þþπ−π− have been published by the

B-factories [23,24]. The LHCb data set offers a larger and
almost pure signal sample. Feynman diagrams of the
dominant tree level amplitudes contributing to the decay
B0 → D̄0πþπ− are shown in Fig. 1.
In addition to the interest for the CKM parameter

measurements, the analysis of the Dalitz plot of the B0 →
D̄0πþπ− decay is motivated by its rich resonant structure.
The decay B0 → D̄0πþπ− contains information about
excited D mesons decaying to Dπ, with natural spin and
parity JP ¼ 0þ; 1−; 2þ;… A complementary Dalitz plot
analysis of the decay B0

s → D̄0K−πþ was recently pub-
lished by LHCb [25,26], and constrains the phenomenol-
ogy of the D̄0K− (D−

sJ) and K−πþ states. The spectrum
of excited D mesons is predicted by theory [27,28]
and contains the known states D�ð2010Þ; D�

0ð2400Þ;
D�

2ð2460Þ, as well as other unknown states not yet fully
explored. An extensive discussion on theory predictions for
the cū, cd̄ and cs̄ mass spectra is provided in Refs. [26,29].
More recent measurements performed in inclusive decays
by BABAR [30] and LHCb [29] have led to the observation
of several new states: D�ð2650Þ; D�ð2760Þ, and D�ð3000Þ.
However, their spin and parity are difficult to determine
from inclusive studies. Orbitally excited D mesons have
also been studied in semileptonic B decays (see a review
in Ref. [31]) with limited precision. These are of prime
interest both in the extraction of the CKM parameter
jVcbj, where longstanding differences remain between
exclusive and inclusive methods (see review in Ref. [32]),
and in recent studies of B → Dð�Þτν̄τ [33] which have
generated much theoretical discussion (see, e.g.,
Refs. [34,35]).

*Full author list given at end of the article.
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A measurement of the branching fraction of the decay
B0 → D̄0ρ0 is also presented. This study helps in under-
standing the effects of color suppression in B decays, which
is due to the requirement that the color quantum numbers of
the quarks produced from the virtual W boson must match
those of the spectator quark to form a ρ0 meson [36–40].
Moreover, using isospin symmetry to relate the decay
amplitudes of B0 → D̄0ρ0, B0 → D−ρþ and Bþ → D̄0ρþ,
effects of final-state interactions (FSI) can be studied in
those decays (see a review in Refs. [37,41]). The previous
measurement for the branching fraction of B0 → D̄0ρ0 has
limited precision, ð3.2� 0.5Þ × 10−4 [21], and is in agree-
ment with theoretical predictions that range from 1.7 to
3.4 × 10−4 [38,42].
Finally, a study of the πþπ− system is performed

on a broad phase-space range in B0 → D̄0πþπ− from
280 MeV=c2 (≈2mπ) to 3.4 GeV=c2 (≈mB0

d
−mD0), which

is much larger than that accessible in charmed meson
decays such asD0 → K0

Sπ
þπ− [43–45] or in B decays such

as B0
ðsÞ → J=ψπþπ− [46–49]. The nature of the light scalar

πþπ− states below 1 GeV=c2 (JPC ¼ 0þþ), and in particu-
lar the f0ð500Þ and f0ð980Þ states, has been a longstanding
debate (see, e.g., Refs. [50–52]). Popular interpretations
include tetraquarks, meson-meson bound states (mole-
cules), or some other mixtures, where the isosinglets
f0ð500Þ and f0ð980Þ can mix, therefore leading to a
nontrivial nature (e.g. pure ss̄ state) of the f0ð980Þ and
complicating the determination of the CKM phase ϕs from
B0
s → J=ψπþπ− decays [48,53,54]. In the tetraquark pic-

ture, the mixing angle, ωmix, between the f0ð980Þ and
f0ð500Þ states is predicted to be jωmixj ≈ 20° [55,56]
(recomputed with the latest average of the mass of the κ
meson 682� 29 MeV=c2 [32]). Other theory models
based on QCD factorization and its extensions [57,58]

predict that the f0ð500Þ and f0ð980Þ mixing angle φmix for
the qq̄ model is 20°≲ φmix ≲ 45°. The LHCb experiment,
in the study of B0

ðsÞ → J=ψπþπ− decays [47–49], has

already set stringent upper bounds on φmix in B0 (B0
s)

decay: φmix < 17° (< 7.7°) at 90% C.L. For the first time,
the f0ð500Þ − f0ð980Þ mixing in the B0 → D̄0πþπ− decay,
both in qq̄ and tetraquark pictures, is studied.
The analysis of the decay B0 → D̄0πþπ− presented in

this paper is based on a data sample corresponding to an
integrated luminosity of 3.0 fb−1 of pp collision data
collected with the LHCb detector. Approximately one third
of the data was obtained during 2011 when the collision
center-of-mass energy was

ffiffiffi
s

p ¼ 7 TeV and the rest during
2012 with

ffiffiffi
s

p ¼ 8 TeV.
The paper is organized as follows. A brief description of

the LHCb detector as well as the reconstruction and
simulation software is given in Sec. II. The selection of
signal candidates and the fit to the B0 candidate invariant
mass distribution used to separate and to measure signal
and background yields are described in Sec. III. An
overview of the Dalitz plot analysis formalism is given
in Sec. IV. Details and results of the amplitude analysis
fits are presented in Sec. V. In Sec. VI the measurement of
the B0 → D̄0πþπ− branching fraction is documented. The
evaluation of systematic uncertainties is described in
Sec. VII. The results are given in Sec. VIII, and a summary
concludes the paper in Sec. IX.

II. THE LHCB DETECTOR

The LHCb detector [59] is a single-arm forward spec-
trometer covering the pseudorapidity range 2 < η < 5,
designed for the study of particles containing b or c quarks.
The detector includes a high-precision tracking system
consisting of a silicon-strip vertex detector surrounding
the pp interaction region [60], a large-area silicon-strip

FIG. 1 (color online). Examples of tree diagrams via b̄ → c̄ud̄ transition to produce (a) πþπ− resonances, (b) nonresonant three-body
decay and (c) D̄0π− resonances.

R. AAIJ et al. PHYSICAL REVIEW D 92, 032002 (2015)

032002-2



detector located upstream of a dipole magnet with a
bending power of about 4 Tm, and three stations of
silicon-strip detectors and straw drift tubes [61] placed
downstream of the magnet. The tracking system provides a
measurement of momentum, p, with a relative uncertainty
that varies from 0.4% at low momentum to 0.6% at
100 GeV=c. The minimum distance of a track to a primary
vertex, the impact parameter (IP), is measured with a
resolution of ð15þ 29=pTÞ μm, where pT is the compo-
nent of p transverse to the beam, in GeV=c. Different types
of charged hadrons are distinguished using information
from two ring-imaging Cherenkov detectors [62]. Photon,
electron and hadron candidates are identified by a calo-
rimeter system consisting of scintillating-pad and pre-
shower detectors, an electromagnetic calorimeter and a
hadronic calorimeter. Muons are identified by a system
composed of alternating layers of iron and multiwire
proportional chambers [63].
The online event selection is performed by a trigger

which consists of a hardware stage, based on information
from the calorimeter and muon systems, followed by a
software stage, which applies a full event reconstruction. At
the hardware trigger stage, events are required to have a
muon with high pT or a hadron, photon or electron with
high transverse energy in the calorimeters. For hadrons, the
transverse energy threshold is 3.5 GeV. The software
trigger requires a two-, three- or four-track secondary
vertex with a significant displacement from the primary
pp interaction vertices (PVs). At least one charged particle
must have a transverse momentum pT > 1.7 GeV=c and be
inconsistent with originating from a PV. A multivariate
algorithm [64] is used for the identification of secondary
vertices consistent with the decay of a b hadron. The pT of
the photon from D�−

s decay is too low to contribute to the
trigger decision.
Simulated events are used to characterize the detector

response to signal and certain types of background events.
In the simulation, pp collisions are generated using PYTHIA
[65] with a specific LHCb configuration [66]. Decays of
hadronic particles are described by EVTGEN [67], in which
final-state radiation is generated using PHOTOS [68]. The
interaction of the generated particles with the detector and
its response are implemented using the GEANT4 toolkit [69]
as described in Ref. [70].

III. EVENT SELECTION

Signal B0 candidates are formed by combining D̄0

candidates, reconstructed in the decay channel Kþπ−, with
two additional pion candidates of opposite charge.
Reconstructed tracks are required to be of good quality
and to be inconsistent with originating from a PV. They are

also required to have sufficiently high p and pT and to be
within kinematic regions where reasonable particle iden-
tification (PID) performance is achieved, as determined by

calibration samples of D�þ → D0ðK−πþÞπþ decays. The
four final-state tracks are required to be positively identified

by the PID system. The D̄0 daughters are required to form a
good quality vertex and to have an invariant mass within

100 MeV=c2 of the known D̄0 mass [32]. The D̄0 candi-
dates and the two charged pion candidates are required to

form a good vertex. The reconstructed D̄0 and B0 vertices
are required to be significantly displaced from the PV. To

improve the B0 candidate invariant mass resolution, a

kinematic fit [71] is used, constraining the D̄0 candidate
to its known mass [32].
By requiring the reconstructed D̄0 vertex to be displaced

downstream from the reconstructed B0 vertex, backgrounds
from both charmless B decays and direct prompt charm
production coming from the PVare reduced to a negligible
level. Background from D�ð2010Þ− decays is removed
by requiring mðD̄0π�Þ > 2.1 GeV=c. Backgrounds from
doubly misidentified D̄0 → Kþπ− or doubly Cabibbo-
suppressed D̄0 → K−πþ decays are also removed by this
requirement.
To further distinguish signal from combinatorial back-

ground, a multivariate analysis based on a Fisher discrimi-
nant [72] is applied. The sPlot technique [73] is used to
statistically separate signal and background events with the
B0 candidate mass used as the discriminating variable.
Weights obtained from this procedure are applied to the
candidates to obtain signal and background distributions
that are used to train the discriminant. The Fisher discrimi-
nant uses information about the event kinematic properties,
vertex quality, IP and pT of the tracks and flight distance
from the PV. It is optimized by maximizing the purity of the
signal events.
Signal candidates are retained for the Dalitz plot analysis

if the invariant mass of the B0 meson lies in the range
[5250, 5310] MeV=c2 and that of the D̄0 meson in the
range [1840, 1890] MeV=c2 (called the signal region).
Once all selection requirements are applied, less than 1% of
the events contain multiple candidates, and in those cases
one candidate is chosen randomly.
Background contributions from decays with the same

topology, but having one or two misidentified particles,
are estimated to be less than 1% and are not considered
in the Dalitz analysis. These background contributions
include decays like B0 → D̄0Kþπ−, B0

s → D̄0K−πþ [74],
Λ0
b → D0pπ− [75] and B0 → D̄0πþπ− with D̄0 → πþπ−

or D̄0 → KþK−.
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Partially reconstructed decays of the type B0 →
D̄0πþπ−X, where one or more particles are not recon-
structed, have similar efficiencies to the signal channel
decays. They are distributed in the region below the B0

mass. By requiring the invariant mass of B0 candidates
to be larger than 5250 MeV=c2, these backgrounds are
reduced to a negligible level, as determined by simulated
samples of B0 → D̄�0πþπ− and B0 → D̄�0ρð770Þ with D̄�0

decaying into D̄0γ or D̄0π0 under different hypotheses for
the D̄�0 helicity.
The signal and combinatorial background yields are

determined using an unbinned extended maximum like-
lihood fit to the invariant mass distribution of B0 candi-
dates. The invariant mass distribution is shown in Fig. 2,
with the fit result superimposed. The fit uses a Crystal Ball
(CB) function [76] convoluted with a Gaussian function for
the signal distribution and a linear function for the
combinatorial background distribution in the mass range
of [5250, 5500] MeV=c. Simulated studies validate this
choice of signal shape and the tail parameters of the CB
function are fixed to those determined from simulation.
Table I summarizes the fit results on the free parameters,

where μB0 is the mean peak position and σG is the width of
the Gaussian function. The parameter σCB is the width of
the Gaussian core of the CB function. The parameters fCB
and p1 give the fit fraction of the CB function and the slope
of the linear function that describes the background
distribution. The yields of signal (ν0s) and background
(ν0b) events given in Table I are calculated within the signal
region. The purity is ð97.8� 0.2Þ%.

IV. DALITZ PLOT ANALYSIS FORMALISM

The analysis of the distribution of decays across the
Dalitz plot [15] allows a determination of the amplitudes
contributing to the three-body B0 → D̄0πþπ− decay. Two
of the three possible two-body invariant mass-squared
combinations, which are connected by

m2ðD̄0πþÞþm2ðD̄0π−Þ þm2ðπþπ−Þ ¼m2
B0 þm2

D0 þ 2m2
π;

ð1Þ

are sufficient to describe the kinematics of the system. The
two observables m2ðD̄0π−Þ and m2ðπþπ−Þ, where reso-
nances are expected to appear, are chosen in this paper.
These observables are calculated with the masses of the B0

and D̄0 mesons constrained to their known values [32]. The
invariant mass resolution has negligible effect and therefore
it is not modeled in the Dalitz plot analysis.
The total decay amplitude is described by a coherent sum

of amplitudes from resonant or nonresonant intermediate
processes as

Mð~xÞ ¼
X
i

ciAið~xÞ: ð2Þ

The complex coefficient ci and amplitude Aið~xÞ describe
the relative contribution and dynamics of the ith inter-
mediate state, where ~x represents the ðm2ðD̄0π−Þ;
m2ðπþπ−ÞÞ coordinates in the Dalitz plot. The Dalitz plot
analysis determines the coefficients ci. In addition, fit
fractions and interference fit fractions are also calculated
to give a convention-independent representation of
the population of the Dalitz plot. The fit fractions are
defined as

F i ¼
R jciAið~xÞj2d~xR jPiciAið~xÞj2d~x

; ð3Þ

and the interference fit fractions between the resonances i
and j (i < j) are defined as

F ij ¼
R
2Re½cic�jAið~xÞA�

jð~xÞ�d~xR jPiciAið~xÞj2d~x
; ð4Þ

where the integration is performed over the full Dalitz plot
with mðD̄0π�Þ > 2.1 GeV=c. Due to these interferences
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FIG. 2 (color online). Invariant mass distribution of B0 →
D̄0πþπ− candidates. Data points are shown in black. The fit is
shown as a solid (red) line with the background component
displayed as dashed (green) line.

TABLE I. Results of the fit to the invariant mass distribution of
B0 → D̄0πþπ− candidates. Uncertainties are statistical only.

Parameter Value

μB0 5282.1� 0.2 MeV=c2

σG 33.6� 5.4 MeV=c2

σCB 13.4� 0.3 MeV=c2

fCB 0.908� 0.025
p1 −0.152� 0.035 ðGeV=cÞ−1
ν0s 9565� 116

ν0b 215� 19
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between different contributions, the sum of the fit fractions
is not necessarily equal to unity.
The amplitude Aið~xÞ for a specific resonance r with spin

L is written as

Aið~xÞ ¼ FðLÞ
B ðq; q0Þ × FðLÞ

r ðp; p0Þ × TLð~xÞ × Rð~xÞ: ð5Þ

The functions FðLÞ
B ðq; q0Þ and FðLÞ

r ðp; p0Þ are the Blatt-
Weisskopf barrier factors [77] for the production,
B0 → rh3, and the decay, r → h1h2, of the resonance,
respectively. The parameters p and q are the momenta of
one of the resonance daughters (h1 or h2) and of the
bachelor particle (h3), respectively, both evaluated in the
rest frame of the resonance. The value p0 (q0) represents
the value of p (q) when the invariant mass of the resonance
is equal to its pole mass. The spin-dependent FB and Fr
functions are defined as

L¼0∶Fð0Þðz;z0Þ¼1;

L¼1∶Fð1Þðz;z0Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þz0
1þz

r
;

L¼2∶Fð2Þðz;z0Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz0−3Þ2þ9z0
ðz−3Þ2þ9z

s
;

L¼3∶Fð3Þðz;z0Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z0ðz0−15Þ2þ9ð2z0−5Þ
zðz−15Þ2þ9ð2z−5Þ

s
;

L¼4∶Fð4Þðz;z0Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz20−45z0þ105Þ2þ25z0ð2z0−21Þ2
ðz2−45zþ105Þ2þ25zð2z−21Þ2

s
;

ð6Þ

where zð0Þ is equal to ðrBW × qð0ÞÞ2 or ðrBW × pð0ÞÞ2. The
value for the radius of the resonance, rBW, is taken to be
1.6 GeV−1 × ℏc (¼ 0.3 fm) [78].
The function TLð~xÞ represents the angular distribution

for the decay of a spin L resonance. It is defined as

L ¼ 0∶ T0 ¼ 1;

L ¼ 1∶ T1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y2

q
cos θ × qp;

L ¼ 2∶ T2 ¼ ðy2 þ 3=2Þðcos2θ − 1=3Þ × q2p2;

L ¼ 3∶ T3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y2

q
ð1þ 2y2=5Þðcos3θ − 3 cosðθÞ=5Þ

× q3p3;

L ¼ 4∶ T4 ¼ ð8y4=35þ 40y2=35þ 1Þ
× ðcos4θ − 30cos2ðθÞ=35þ 3=35Þ × q4p4:

ð7Þ
The helicity angle, θ, of the resonance is defined as the
angle between the direction of the momenta p and q. The y

dependence accounts for relativistic transformations
between the B0 and the resonance rest frames [79,80],
where

1þ y2 ¼ m2
B0 þm2ðh1h2Þ −m2

h3

2mðh1h2ÞmB0

: ð8Þ

Finally, Rð~xÞ is the resonant line shape and is described
by the relativistic Breit-Wigner (RBW) function unless
specified otherwise,

RBWðsÞ ¼ 1

m2
r − s − imrΓðLÞðsÞ ; ð9Þ

where s ¼ m2ðh1h2Þ and mr is the pole mass of the
resonance; ΓðLÞðsÞ, the mass-dependent width, is defined as

ΓðLÞðsÞ ¼ Γ0

�
p
p0

�
2Lþ1

�
mrffiffiffi
s

p
�
FðLÞ
r ðp; p0Þ2; ð10Þ

where Γ0 is the partial width of the resonance, i.e., the width
at the peak mass s ¼ mr.
The line shapes of ρð770Þ, ρð1450Þ and ρð1700Þ are

described by the Gounaris-Sakurai (GS) function [81],

GSðsÞ ¼ m2
rð1þ Γ0g=mrÞ

m2
r − sþ fðsÞ − imrΓρðsÞ

; ð11Þ

where

fðsÞ ¼ Γ0

m2
r

p3
0

�
ðhðsÞ − hðm2

rÞÞp2

þ ðm2
r − sÞp2

0

dh
ds

����
s¼m2

r

�
;

hðsÞ ¼ 2

π

pffiffiffi
s

p log

� ffiffiffi
s

p þ 2p
2mπ

�
;

g ¼ 3

π

m2
π

p2
0

log

�
mr þ 2p0

2mπ

�
þ mr

2πp0

−
m2

πmr

πp3
0

;

and ΓρðsÞ ¼ Γ0

�
p
p0

�
3
�
m2

r

s

�
1=2

: ð12Þ

The ρ − ω interference is taken into account by

Rρ−ωðsÞ ¼ GSρð770ÞðsÞ × ð1þ aeiθRBWωð782ÞðsÞÞ; ð13Þ

where Γ0 is used, instead of the mass-dependent width
ΓðLÞðsÞ, for ωð782Þ [82].
The D�ð2010Þ− contribution is vetoed as described in

Sec. III. Possible remaining contributions from the
D�ð2010Þ− RBW tail or general D̄0π− P-waves are mod-
eled as
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RD�ð2010Þðm2ðD̄0πþÞÞ ¼ e−ðβ1þiβ2Þm2ðD̄0πþÞ; ð14Þ

where β1 and β2 are free parameters.
The πþπ− S-wave contribution is modeled using two

alternative approaches, the isobar model [16–18] or the
K-matrix model [19]. Contributions from the f0ð500Þ,
f0ð980Þ, f0ð2020Þ resonances and a nonresonant compo-
nent are parametrized separately in the isobar model and
globally by one amplitude in the K-matrix model.
In the isobar model, the f0ð2020Þ resonance is modeled

by a RBW function and the modeling of the f0ð500Þ,
f0ð980Þ resonances and the nonresonant contribution are
described as follows. The Bugg resonant line shape [83] is
employed for the f0ð500Þ contribution,

Rf0ð500ÞðsÞ ¼ mrΓ1ðsÞ=
�
m2

r − s − g21
s − sA
m2

r − sA
zðsÞ

− imrΓtotðsÞ
�
; ð15Þ

where

mrΓ1ðsÞ ¼ g21
s − sA
m2

r − sA
ρ1ðsÞ;

g21ðsÞ ¼ mrðb1 þ b2sÞ expð−ðs −m2
rÞ=AÞ;

zðsÞ ¼ j1ðsÞ − j1ðm2
rÞ;

j1ðsÞ ¼
1

π

�
2þ ρ1 log

�
1 − ρ1
1þ ρ1

��
;

mrΓ2ðsÞ ¼ 0.6g21ðsÞðs=m2
rÞ expð−αjs − 4m2

KjÞρ2ðsÞ;
mrΓ3ðsÞ ¼ 0.2g21ðsÞðs=m2

rÞ expð−αjs − 4m2
ηjÞρ3ðsÞ;

mrΓ4ðsÞ ¼ mrg4πρ4πðsÞ=ρ4πðm2
rÞ;

ρ4πðsÞ ¼ 1=½1þ expð7.082 − 2.845sÞ�;

and ΓtotðsÞ ¼
X4
i¼1

ΓiðsÞ: ð16Þ

The parameters are fixed to mr ¼ 0.953 GeV=c2,
sA ¼ 0.41m2

π , b1 ¼ 1.302 GeV2=c4, b2 ¼ 0.340, A ¼
2.426 GeV2=c4 and g4π ¼ 0.011 GeV=c2 [83]. The
phase-space factors of the decay channels ππ, KK and
ηη correspond to ρ1;2;3ðsÞ, respectively, and are defined as

ρ1;2;3ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
1;2;3

s

s
; 1; 2;

and 3 ¼ π; K and η: ð17Þ

The Flatté formula [84] is used to describe the f0ð980Þ
line shape,

Rf0ð980ÞðsÞ ¼
1

m2
r − s − imrðρππðsÞg1 þ ρKKðsÞg2Þ

; ð18Þ

where

ρππðsÞ ¼
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π�

s

s
þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π0

s

s
;

and ρKKðsÞ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K�

s

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K0

s

s
: ð19Þ

The parameters g1ð2Þ and mr [46] are mr ¼ 939.9�
6.3 MeV=c2, g1 ¼ 199� 30 MeV and g2=g1 ¼ 3.0� 0.3.
The nonresonant contribution is described by

RNRðm2ðπþπ−Þ; m2ðD̄0πþÞÞ ¼ eiαm
2ðπþπ−Þ: ð20Þ

Its modulus equals unity, and a slowly varying phase over
m2ðπþπ−Þ accounts for rescattering effects of the πþπ−
final state and α is a free parameter of the model.
The K-matrix formalism [19] describes the production,

rescattering and decay of the πþπ− S-wave in a coherent
way. The scattering matrix S, from an initial state to a final
state, is

S ¼ I þ 2iðρ†Þ1=2Tρ1=2; ð21Þ

where I is the identity matrix, ρ is a diagonal phase-space
matrix and T is the transition matrix. The unitarity require-
ment SS† ¼ I gives

ðT−1 þ iρÞ† ¼ T−1 þ iρ: ð22Þ

The K-matrix is a Lorentz-invariant Hermitian matrix,
defined as K−1 ¼ T−1 þ iρ. The amplitude for a decay
process,

Ai ¼ ðI − iKρÞ−1ij Pj; ð23Þ

is computed by combining the K-matrix obtained from a
scattering experiment with a production vector to describe
process-dependent contributions. The K-matrix is modeled
as a five-pole structure,

KijðsÞ ¼
�X

α

gαi g
α
j

m2
α − s

þ fscattij
1 − sscatt0

s − sscatt0

�

×
1 − sA0
s − sA0

�
s −

sAm2
π

2

�
; ð24Þ

where the indexes i; j ¼ 1; 2; 3; 4; 5 correspond to five
decay channels: ππ, KK̄, ηη, ηη0 and multimeson (mainly
4π states) respectively. The coupling constant of the bare
state α to the decay channel i, gαi , is obtained from a global
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fit of scattering data and is listed in Table II. The massmα is
the bare pole mass and is in general different from the
resonant mass of the RBW function. The parameters fscattij

and sscatt0 are used to describe smooth scattering processes.

The last factor of the K-matrix, 1−sA0
s−sA0

ðs − sAm2
π

2
Þ, regulates

the singularities near the πþπ− threshold, the so-called
“Adler zero” [85,86]. The Hermitian property of the
K-matrix imposes the relation fscattij ¼ fscattji , and since only
πþπ− decays are considered, if i ≠ 1 and j ≠ 1, fscattij is set
to 0. The production vector is modeled with

Pj ¼
�
fprod1j

1 − sprod0

s − sprod0

þ
X
α

βαgαj
m2

α − s

�
; ð25Þ

where fprod1j and βα are free parameters. The singularities in
the K-matrix and the production vector cancel when
calculating the amplitude matrix element.

V. DALITZ PLOT FIT

An unbinned extended maximum likelihood fit is per-
formed to the Dalitz plot distribution. The likelihood
function is defined by

L ¼ L0 ×
1ffiffiffiffiffiffi
2π

p
σs

exp

�
−
ðνs − ν0sÞ2

2σ2s

�

×
1ffiffiffiffiffiffi
2π

p
σb

exp

�
−
ðνb − ν0bÞ2

2σ2b

�
; ð26Þ

where

L0 ¼ e−ðνsþνbÞðνsþνbÞN
N!

×
YN
i¼1

�
νs

νsþνb
fsð~xi;θsÞþ

νb
νsþνb

fbð~xi;θbÞ
�
: ð27Þ

The background probability density function (PDF) is
given by fbð~x; θbÞ and is described in Sec. VA. The signal
PDF, fsð~xi; θsÞ, is described by

Mð~xi; θsÞεð~xiÞR
Mð~x; θsÞεð~xÞd~x

; ð28Þ

where the decay amplitude, Mð~x; θsÞ, is described in
Sec. IV and the efficiency variation over the Dalitz plot,
εð~xÞ, is described in Sec. V B. The fit parameters, θs and θb,
include complex coefficients and resonant parameters like
masses and widths. The value N is the total number of
reconstructed candidates in the signal region. The number
of signal and background events, νs and νb, are floated and
constrained by the yields, ν0s and ν0b, determined by the
D̄0πþπ− mass fit and shown with their statistical uncer-
tainties in Table I.

A. Background modeling

The only significant source of candidates in the signal
region, other than B0 → D̄0πþπ− decays, is from com-
binatorial background. It is modeled using candidates in
the upper mðD̄0πþπ−Þ sideband ([5350, 5450] MeV=c2)
with a looser requirement on the Fisher discriminant,
and is shown in Fig. 3. The looser requirement gives a
similar distribution in the Dalitz plane but with lower
statistical fluctuations. The Dalitz plot distribution of
the combinatorial background events lying in the upper-
mass sideband is considered to provide a reliable
description of that in the signal region, as no depend-
ence on mðD̄0πþπ−Þ is found by studying the Dalitz
distribution in a different upper-mass sideband region.
The combinatorial background is modeled with an
interpolated nonparametric PDF [87,88] using an adap-
tive kernel-estimation algorithm [89].
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FIG. 3 (color online). Density profile of the combinatorial
background events in the Dalitz plane obtained from the upper
mðD̄0πþπ−Þ sideband with a looser selection applied on the
Fisher discriminant.

TABLE II. The K-matrix parameters used in this paper are
taken from a global analysis of πþπ− scattering data [22]. Masses
and coupling constants are in units of MeV=c2.

mα gαπþπ− gαKK̄ gα4π gαηη gαηη0

0.65100 0.22889 −0.55377 0.00000 −0.39899 −0.34639
1.20360 0.94128 0.55095 0.00000 0.39065 0.31503
1.55817 0.36856 0.23888 0.55639 0.18340 0.18681
1.21000 0.33650 0.40907 0.85679 0.19906 −0.00984
1.82206 0.18171 −0.17558 −0.79658 −0.00355 0.22358

fscatt11 fscatt12 fscatt13 fscatt14 fscatt15

0.23399 0.15044 −0.20545 0.32825 0.35412

sscatt0 sprod0
sA0 sA

−3.92637 −3.0 −0.15 1
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B. Efficiency modeling

The efficiency function εð~xÞ accounts for effects of recon-
struction, triggering and selection of the B0 → D̄0πþπ−
signal events, and varies across the Dalitz plane. Two
simulated samples are generated to describe its variation
with several data-driven corrections. One is uniformly
distributed over the phase space of the Dalitz plot and the
other is uniformly distributed over the square Dalitz plot,
which models efficiencies more precisely at the kinematic
boundaries. The square Dalitz plot is parametrized by two
variablesm0 and θ0 that each varies between 0 and 1 and are
defined as

m0 ¼ 1

π
arccos

�
2

mðπþπ−Þ −mðπþπ−Þmin

mðπþπ−Þmax −mðπþπ−Þmin
− 1

�

and θ0 ¼ 1

π
θðπþπ−Þ; ð29Þ

where mðπþπ−Þmax ¼ mB0 −mD0 , mðπþπ−Þmin ¼ 2mπ

and θðπþπ−Þ is the helicity angle of the πþπ− system.
The two samples are fitted simultaneously with common

fit parameters. A fourth-order polynomial function is used
to describe the efficiency variation over the Dalitz plot. As
the efficiency in the simulation is approximately symmetric
over m2ðD̄0πþÞ and m2ðD̄0π−Þ, the polynomial function is
defined as

εðx; yÞ ∝ 1.0þ a0ðxþ yÞ þ a1ðxþ yÞ2 þ a2ðxyÞ
þ a3ðxþ yÞ3 þ a4ðxþ yÞxyþ a5ðxþ yÞ4
þ a6ðxþ yÞ2xyþ a7x2y2; ð30Þ

where

x ¼ m2ðD̄0πþÞ −m2
0

ðmB0 −mπÞ2 −m2
0

and y ¼ m2ðD̄0π−Þ −m2
0

ðmB0 −mπÞ2 −m2
0

;

ð31Þ

with m2
0 defined as ½ðmD0 þmπÞ2 þ ðmB0 −mπÞ2�=2. The

fitted efficiency distribution over the Dalitz plane is shown
in Fig. 4.
The efficiency is corrected using dedicated control

samples with data-driven methods. The corrections applied
to the simulated samples include known differences
between simulation and data that originate from the trigger,
PID and tracking.

C. Results of the Dalitz plot fit

The Dalitz plot distribution from data in the signal region
is shown in Fig. 5. The analysis is performed using the
isobar model and the K-matrix model. The nominal fit
model in each case is defined by considering many possible
resonances and removing those that do not significantly
contribute to the Dalitz plot analysis. The resulting resonant

contributions are given in Table III while the projections
of the fit results are shown in Fig. 6 (Fig. 7) for the isobar
(K-matrix) model.
The comparisons of the S-wave results for the isobar

model and the K-matrix model are shown in Fig. 8. The
results from the two models agree reasonably well for the
amplitudes and phases. In the πþπ− mass-squared region
of ½1.5; 4.0� GeV2=c4, small structures are seen in the
K-matrix model, indicating possible contributions from
f0ð1370Þ and f0ð1500Þ states. These contributions are
not significant in the isobar model and are thus not included
in the nominal fit: adding them results in marginal changes
and shows similar qualitative behavior to the K-matrix
model as displayed in Fig. 8. The measured S-waves from
both models qualitatively agree with predictions given
in Ref. [91].
To see more clearly the resonant contributions in the

region of the ρð770Þ resonance, the data are plotted in the
πþπ− invariant mass-squared region ½0.0; 2.1� GeV2=c4 in

FIG. 4 (color online). Efficiency function for the Dalitz
variables obtained in a fit to the LHCb simulated samples.
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FIG. 5 (color online). Dalitz plot distribution of candidates in
the signal region, including background contributions. The red
line shows the Dalitz plot kinematic boundary.
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Fig. 9. In the region around 0.6 GeV2=c4, interference
between the ρð770Þ and ωð782Þ resonances is evident.
In the πþπ− S-wave distributions of both the isobar
model and the K-matrix model, a peaking structure is
seen in the region ½0.9; 1.0� GeV2=c4, which corresponds
to the f0ð980Þ resonance. The structure in the region
½1.3; 1.8� GeV2=c4 corresponds to the spin-2 f2ð1270Þ
resonance.
Distributions in the invariant mass-squared region

½6.4; 10.4� GeV2=c4 of m2ðD̄0π−Þ are shown in Fig. 10.
There is a significant contribution from the D�

Jð2760Þ−
resonance observed in Ref. [29] and a spin-3 assignment
gives the best description. A detailed discussion on the
determination of the spin of D�

Jð2760Þ is provided in
Sec. VIII B.
The fit quality is evaluated by determining a χ2 value

by comparing the data and the fit model in Nbins ¼ 256
bins that are defined adaptively to ensure approximately
equal population with a minimum bin content of 37
entries. A value of 287 (296) is found for the isobar
(K-Matrix) model based on statistical uncertainties only.
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FIG. 6 (color online). Projections of the data and isobar fit onto (a) m2ðπþπ−Þ and (c) m2ðD̄0π−Þ with a linear scale. Same projections
shown in (b) and (d) with a logarithmic scale. Components are described in the legend. The lines denoted D̄0π− and πþπ− include the
coherent sums of all D̄0π− resonances, πþπ− resonances, and πþπ− S-wave resonances. The various contributions do not add linearly
due to interference effects.

TABLE III. Resonant contributions to the nominal fit models
and their properties. Parameters and uncertainties of ρð770Þ,
ωð782Þ, ρð1450Þ and ρð1700Þ come from Ref. [90], and those of
f2ð1270Þ and f0ð2020Þ come from Ref. [32]. Parameters of
f0ð500Þ, f0ð980Þ and K-matrix formalism are described in
Sec. IV.

Resonance Spin Model mr (MeV=c2) Γ0 (MeV)

D̄0π− P-wave 1 Eq. (14) Floated
D�

0ð2400Þ− 0 RBW Floated
D�

2ð2460Þ− 2 RBW Floated
D�

Jð2760Þ− 3 RBW Floated
ρð770Þ 1 GS 775.02� 0.35 149.59� 0.67
ωð782Þ 1 Eq. (13) 781.91� 0.24 8.13� 0.45
ρð1450Þ 1 GS 1493� 15 427� 31
ρð1700Þ 1 GS 1861� 17 316� 26
f2ð1270Þ 2 RBW 1275.1� 1.2 185.1þ2.9

−2.4
ππ S-wave 0 K-matrix See Sec. IV
f0ð500Þ 0 Eq. (15) See Sec. IV
f0ð980Þ 0 Eq. (18) See Sec. IV
f0ð2020Þ 0 RBW 1992� 16 442� 60
Nonresonant 0 Eq. (20) See Sec. IV
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The effective number of degrees of freedom (nDoF)
of the χ2 is bounded by Nbins − 1 and Nbins − Npars − 1,
where Npars is the number of parameters determined by
the data. Pseudoexperiments give an effective number of
234 (235) nDoF.

Further checks of the consistency between the fitted
models and the data are performed with the unnormalized
Legendre polynomial weighted moments as a function of
m2ðD̄0π−Þ and m2ðπþπ−Þ. The corresponding distributions
are shown in Appendix A.
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FIG. 8 (color online). Comparison of the πþπ− S-wave obtained from the isobar model and the K-matrix model, for (a) amplitudes and
(b) phases. The K-matrix model is shown by the red solid line; two scenarios for the isobar model with (black long dashed line) and
without (blue dashed line) f0ð1370Þ and f0ð1500Þ are shown.

]4/c2 [GeV2)−π+πm(

2 4 6 8 10 12

 )4
/c2

E
ve

nt
s 

/ (
 0

.1
 G

eV

0

500

1000

Data

K-matrix fit
−π+π
−π

0
D

 S-wave−π+π
Background

LHCb

(a)

]4/c2 [GeV2)−π+πm(
2 4 6 8 10 12

 )4
/c2

E
ve

nt
s 

/ (
 0

.1
 G

eV

1

10

210

310 LHCb

(b)

]4/c2 [GeV2)−π
0

Dm(

5 10 15 20 25

 )4
/c2

E
ve

nt
s 

/ (
 0

.2
5 

G
eV

0

500

1000

1500

2000
Data

K-matrix fit
−π+π
−π

0
D

 S-wave−π+π
Background

LHCb

(c)

]4/c2 [GeV2)−π
0

Dm(

5 10 15 20 25

 )4
/c2

E
ve

nt
s 

/ (
 0

.2
5 

G
eV

1

10

210

310 LHCb

(d)

FIG. 7 (color online). Projections of the data and K-matrix fit onto (a) m2ðπþπ−Þ and (c) m2ðD̄0π−Þ with a linear scale. Same
projections shown in (b) and (d) with a logarithmic scale. Components are described in the legend. The lines denoted D̄0π− and πþπ−

include the coherent sums of all D̄0π− resonances, πþπ− resonances, and πþπ− S-wave resonances. The various contributions do not
add linearly due to interference effects.
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VI. MEASUREMENT OF THE B0 → D̄0πþπ−

BRANCHING FRACTION

Measuring the branching fractions of the different
resonant contributions requires knowledge of the B0 →
D̄0πþπ− branching fraction. This branching fraction is
normalized relative to the B0 → D�ð2010Þ−πþ decay that
has the same final state, so systematic uncertainties are
reduced. Identical selections are applied to select B0 →
D�ð2010Þ−πþ and B0 → D̄0πþπ− candidates, the only
difference being that mðD̄0π−Þ < 2.1 GeV=c2 is used to
select D�ð2010Þ− candidates. The kinematic constraints
remove backgrounds from doubly misidentified D̄0 →
Kþπ− or doubly Cabibbo-suppressed D̄0 → K−πþ decays
and no requirement is applied on mðD̄0πþÞ.
The invariant mass distributions of mðD̄0π−Þ and

mðD̄0πþπ−Þ for the B0 → D�ð2010Þ−πþ candidates are
shown in Fig. 11 and are fitted simultaneously to determine
the signal and background contributions. The D�ð2010Þ−
signal distribution is modeled by three Gaussian functions
to account for resolution effects while its background is

modeled by a phase-space factor. The modeling of the
signal and background shapes in the mðD̄0πþπ−Þ distri-
bution are described in Sec. III. The B0 → D�ð2010Þ−πþ
yield in the signal region is 7327� 85.
The efficiencies for selecting B0 → D�ð2010Þ−πþ

and B0 → D̄0πþπ− decays are obtained from simulated
samples. To take into account the resonant distributions in
the Dalitz plot, the B0 → D̄0πþπ− simulated sample is
weighted using themodel described in the previous sections.
The average efficiencies are ð1.72� 0.05Þ × 10−4 and
ð4.96� 0.05Þ × 10−4 for the B0 → D�ð2010Þ−πþ and
B0 → D̄0πþπ− decays.
Using the branching fractions of BðB0→

D�ð2010Þ−πþÞ¼ð2.76�0.13Þ×10−3 and BðD�ð2010Þ− →
D̄0π−Þ ¼ ð67.7� 0.5Þ% [32], the derived branching
fraction of B0 → D̄0πþπ− in the kinematic region
mðD̄0π�Þ > 2.1 GeV=c2 is ð8.46� 0.14� 0.40Þ × 10−4,
where the first uncertainty is statistical and the second
uncertainty comes from the branching fraction of the
normalization channel.
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FIG. 9 (color online). Distributions of m2ðπþπ−Þ in the ρð770Þ mass region. The different fit components are described in the legend.
Results from (a) the isobar model and (b) the K-matrix model are shown.
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FIG. 10 (color online). Distributions of m2ðD̄0π−Þ in the D�
Jð2760Þ− mass region. The different fit components are described in the

legend. Both results from (a) the isobar model and (b) the K-matrix model are shown.
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VII. SYSTEMATIC UNCERTAINTIES

A. Common systematic uncertainties and checks

Two categories of systematic uncertainties are consid-
ered, each of which is quoted separately. They originate
from the imperfect knowledge of the experimental con-
ditions and from the assumptions made in the Dalitz plot
fit model. The Dalitz model-dependent uncertainties
also account for the precision on the external parameters.
The various sources are assumed to be independent and
summed in quadrature to give the total.
Experimental systematic uncertainties arise from the

efficiency and background modeling and from the veto
on the D�ð2010Þ− resonance. Those corresponding to the
signal efficiency are due to imperfect estimations of PID,
trigger, tracking reconstruction effects, and to the finite size
of the simulated samples. Each of these effects is evaluated
by the differences between the results using efficiencies
computed from the simulation and from the data-driven
methods. The systematic uncertainties corresponding to the
modeling of the small residual background are estimated by
using different subsamples of backgrounds. The systematic
uncertainty due to the veto on the D�ð2010Þ− resonance is
assigned by changing the selection requirement from
m2ðD̄0π�Þ > 2.10 GeV=c2 to 2.05 GeV=c2.
The systematic uncertainties related to the Dalitz models

considered (see Sec. IV) include effects from other possible
resonant contributions that are not included in the nominal
fit, from the modeling of resonant line shapes and from
imperfect knowledge of the parameters of the modeling,
i.e., the masses and widths of the πþπ− resonances
considered, and the resonant radius.
The nonsignificant resonances added to the model for

systematic studies are the f0ð1300Þ, f0ð1500Þ, f02ð1525Þ,
and D�ð2650Þ− [f02ð1525Þ and D�ð2650Þ−] mesons for the
isobar (K-matrix) model [29,32,48,49]. The spin of the
D�ð2650Þ− resonance is set to 1. The differences between
each alternative model and the nominal model are con-
servatively assigned as systematic uncertainties.

The radius of the resonances ðrBWÞ is set to a unique value
of 1.6 GeV−1 × ℏc in the nominal fit. In the systematic
studies, it is floated as a free parameter and its best fit value
is 1.84� 0.05 GeV−1 × ℏc (1.92� 0.31 GeV−1 × ℏc) for
the isobar (K-matrix) model. The value 1.85 GeV−1 × ℏc is
chosen to estimate the systematic uncertainties due to the
imperfect knowledge of this parameter.
The masses and widths of the πþπ− resonances consid-

ered are treated as free parameters with Gaussian con-
straints according to the inputs listed in Table III. The
differences between the results from those fits and those of
the nominal fits are assigned as systematic uncertainties.
For the isobar model, additional systematic uncertainties

due to the modeling of the f0ð500Þ and f0ð980Þ resonances
are considered. The Bugg model [83] for the f0ð500Þ
resonance and the Flatté model [84] for the f0ð980Þ
resonance, used in the nominal fit, are replaced by more
conventional RBW functions. Themasses andwidths, left as
free parameters, give553� 15 MeV=c2 and562� 39 MeV
for the f0ð500Þ meson and 981� 13 MeV=c2 and 191�
39 MeV for the f0ð980Þ meson. The resulting differences
to the nominal fit are assigned as systematic uncertainties.
The kinematic variables are calculated with the masses of

the D̄0 and B0 mesons constrained to their known values
[32]. These kinematic constraints affect the extraction of
the masses and widths of the D̄0π− resonances. The current
world average value for the B0 meson mass is 5279.58�
0.17 MeV=c2 and for the D̄0 meson is 1864.84�
0.07 MeV=c2 [32]. A conservative and direct estimation
of the systematic uncertainties on the masses and widths of
the D̄0π− resonances is provided by the sum in quadrature
of the B0 and D̄0 mass uncertainties. The effects of mass
constraints are found to be negligible for the fit fractions,
moduli and phases of the complex coefficients.
The systematic uncertainties are summarized for the

isobar (K-matrix) model Dalitz analysis in Appendix B.
Systematic uncertainties related to the measurements
performed with the isobar formalism are listed in
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Tables XIV–XVII, while those for the K-matrix formalism
are given in Tables XVIII–XXI. In most cases, the
dominant systematic uncertainties are due to the
D�ð2010Þ− veto and the model uncertainties related to
other resonances not considered in the nominal fit. In the
isobar model, the modeling of the f0ð500Þ and f0ð980Þ
resonances also has non-negligible systematic effects.
Several cross-checks have been performed to study the

stability of the results. The analysis was repeated for
different Fisher discriminant selection criteria, different
trigger requirements and different subsamples, correspond-
ing to the two data-taking periods and to the two half-parts
of the D̄0πþπ− invariant mass signal region, above
and below the B0 mass [32]. Results from those checks
demonstrate good consistency with respect to the nominal
fit results. No bias is seen; therefore no correction is
applied, nor is any related uncertainty assigned.

B. Systematic uncertainties on the B0 → D̄0πþπ−

branching fraction

The systematic uncertainties related to the measurement
of the B0 → D̄0πþπ− branching fraction are listed in
Table IV. The systematic uncertainties on the PID, trigger,
reconstruction and statistics of the simulated samples
are calculated in a similar way to those of the Dalitz plot
analysis. Other systematic uncertainties are discussed below.
The systematic uncertainty on the modeling of the D̄0π−

and D�ð2010Þ−πþ invariant mass distributions is estimated
by counting the number of signal events in the B0 signal
region assuming a flat background contribution. The
D�ð2010Þ− mass region is restricted to the range [2007,
2013] MeV=c2 for this estimate. The calculated branching
fraction is nearly identical to that from the mass fit and thus
has a negligible contribution to the systematic uncertainty.
The signal purity of B0 → D�ð2010Þ−πþ is more than 99%.
To account for the effect of resonant structures on the

signal efficiency, the data sample is divided using an
adaptive binning scheme. The average efficiency is calcu-
lated in a model-independent way as

εave ¼
P

iNiP
iNi=εi

; ð32Þ

where Ni is the number of events in bin i and εi is the
average efficiency in bin i calculated from the efficiency
model. The difference between this model-independent

method and the nominal is assigned as a systematic
uncertainty.

VIII. RESULTS

A. Significance of resonances

The isobar and K-matrix models employed to describe
the Dalitz plot of the B0 → D̄0πþπ− decay include all of the
resonances listed in Table III. The statistical significances
of well-established πþπ− resonances are calculated directly
with their masses and widths fixed to the world averages.
They are computed as the relative change of the minimum
of the negative logarithm of the likelihood (NLL) function
with and without a given resonance. Besides the πþπ−
resonances listed in Table III, the significances of the
f0ð1370Þ, f0ð1500Þ and f02ð1525Þ are also given. The
results, expressed as multiples of Gaussian standard devia-
tions (σ), are summarized in Table V. All of the other πþπ−
resonances not listed in this Table have large statistical
significances, well above five standard deviations.
To test the significance of the D�

Jð2760Þ− state, where
J ¼ 3 (see Sec. VIII B), an ensemble of pseudoexperiments
is generated with the same number of events as in the data
sample, using parameters obtained from the fit with the
D�

Jð2760Þ− resonance excluded. The difference of the
minima of the NLL when fitting with and without
D�

Jð2760Þ− is used as a test statistic. It corresponds to
11.4σ (11.5σ) for the isobar (K-matrix) model and confirms
the observation of D�

Jð2760Þ− reported in Ref. [29]. The
two other orbitally excited D resonances, D�

Jð2650Þ− and
D�

Jð3000Þ−, whose observations are presented in the same
paper, are added into the nominal fit model with different
spin hypotheses and tiny improvements are found. They
also do not describe the data in the absence of the
D�

Jð2760Þ−. Those resonances are thus not confirmed by

TABLE V. Statistical significance (σ) of πþπ− resonances in the Dalitz plot analysis. For the statistically significant resonances, the
effect of adding dominant systematic uncertainties is shown (see text).

Resonances ωð782Þ f0ð980Þ f0ð1370Þ ρð1450Þ f0ð1500Þ f02ð1525Þ ρð1700Þ f0ð2020Þ
Isobar 8.0 10.7 1.1 8.7 1.1 3.6 4.5 10.2
K-matrix 8.1 n/a n/a 8.6 n/a 2.6 2.2 n/a
With systematic uncertainties 7.7 7.0 n/a 8.7 n/a n/a n/a 4.3

TABLE IV. Systematic uncertainties on BðB0 → D̄0πþπ−Þ.
Source Uncertainty ð×10−4Þ
PID 0.02
Trigger 0.13
Reconstruction < 0.01
Size of simulated sample 0.26
B0, D�ð2010Þ− mass model < 0.01
Dalitz structure 0.04
Total 0.29
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this analysis. Finally, an extra D̄0π− resonance, with
different spin hypotheses (J ¼ 0; 1; 2; 3; 4) and with its
mass and width allowed to vary, is added to the nominal
fit model and no significant contribution is found.
The significance of each of the significant ωð782Þ,

f0ð980Þ, ρð1450Þ, f0ð2020Þ and D�
Jð2760Þ− states is

checked while including the dominant systematic uncer-
tainties (see Sec. VII A), namely, the modeling of the
f0ð500Þ and f0ð980Þ resonances, the addition of other
resonant contributions and the modification of the
D�ð2010Þ− veto criteria. In all configurations, the signifi-
cances of the ωð782Þ, f0ð980Þ, ρð1450Þ and D�

Jð2760Þ−
resonances are greater than 7.7σ, 7.0σ, 8.7σ, and 10.8σ,
respectively. The significance of the f0ð2020Þ drops to 4.3σ
when using a RBW line shape for the f0ð500Þ resonance.
The abundant f0ð500Þ contribution is highly significant
under all of the applied changes.

B. Spin of resonances

As described in Sec. V C, a spin-3 D�
Jð2760Þ− contri-

bution gives the best description of the data. To obtain the
significance of the spin-3 hypothesis with respect to other
spin hypotheses (J ¼ 0; 1; 2; 4), test statistics are built.
Their computations are based on the shift of the minimum
of the NLL with respect to the nominal fit model when

using different spin hypotheses. The mass and width
of the D�

Jð2760Þ− resonance are floated in all the cases.
Pseudoexperiments are generated using the fit parameters
obtained using the other spin hypotheses. Significances
are calculated according to the distributions obtained from
the pseudoexperiments of the test statistic and its values
from data. These studies indicate that data are inconsistent
with other spin hypotheses by more than 10σ. Following
the discovery of the D�

sJð2860Þ− meson, which is inter-
preted as the superposition of two particles with spin 1
and spin 3 [25,26], a similar configuration for the
D�

Jð2760Þ− has been tested and is found to give no
significant improvement in the description of the data.
To illustrate the preference of the spin-3 hypothesis, the
cosine of the helicity angle distributions in the mass-
squared region of ½7.4; 8.2� GeV2=c4 for m2ðD̄0π−Þ are
shown in Fig. 12 under the various scenarios. Based on our
result, D�

Jð2760Þ− is interpreted as the D�
3ð2760Þ− meson.

Recently, LHCb observed a neutral spin-1 D�ð2760Þ0 state
[92]. The current analysis does not preclude a charged
spin-1 D� state at around the same mass, but it is not
sensitive to it with the current data sample size.
Studies have also been performed to validate the spin-0

hypothesis of the D�
0ð2400Þ− resonance, as the spin of this

state has never previously been confirmed in experiment
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FIG. 12 (color online). Cosine of the helicity angle distributions in the m2ðD̄0π−Þ range ½7.4; 8.2� GeV2=c4 for (a) the isobar model
and (b) the K-matrix model. The data are shown as black points. The helicity angle distributions of the Dalitz plot fit results, without the
D�

Jð2760Þ− and with the different spin hypotheses of D�
Jð2760Þ−, are superimposed.

TABLE VI. Measured masses (m in MeV=c2) and widths (Γ in MeV) of the D�
0ð2400Þ−, D�

2ð2460Þ− and
D�

3ð2760Þ− resonances, where the first uncertainty is statistical, the second and the third are experimental and
model-dependent systematic uncertainties, respectively.

Isobar K-matrix

D�
0ð2400Þ m 2349� 6� 1� 4 2354� 7� 11� 2

Γ 217� 13� 5� 12 230� 15� 18� 11
D�

2ð2460Þ m 2468.6� 0.6� 0.0� 0.3 2468.1� 0.6� 0.4� 0.3
Γ 47.3� 1.5� 0.3� 0.6 46.0� 1.4� 1.7� 0.4

D�
3ð2760Þ m 2798� 7� 1� 7 2802� 11� 10� 3

Γ 105� 18� 6� 23 154� 27� 13� 9
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[32]. When moving to other spin hypotheses, the minimum
of the NLL increases by more than 250 units in all cases,
which confirms the expectation of spin 0 unambiguously.

C. Results of the Dalitz plot analysis

The shape parameters of the πþπ− resonances are fixed
from previous measurements except for the nonresonant
contribution in the isobar model. The fitted value of the
parameter α defined in Eq. (20) is −0.363� 0.027, which
corresponds to a 10σ statistical significance compared to
the case where there is no varying phase. An expansion of
the model by including a varying phase in the D̄0π− axis is
also investigated but no significantly varying phase in that
system is seen. The results indicate a weak, but non-
negligible, rescattering effect in the πþπ− states, while
the rescattering in the D̄0π− states is not significant. The
masses, widths and other shape parameters of the D̄0π−

contributions are allowed to vary in the analysis. The values
of the shape parameters of the D̄0π− P-wave component,
defined in Eq. (14), are β1 ¼ 0.95� 0.05 (0.90� 0.04)
and β2 ¼ 0.51� 0.06 (0.43� 0.05) for the isobar
(K-matrix) model.
The measurements of the masses and widths of the three

resonances D�
0ð2400Þ−, D�

2ð2460Þ− and D�
3ð2760Þ− are

listed in Table VI. The present precision on the mass
and width of the D�

0ð2400Þ− resonance is improved with
respect to Refs. [29,32]. The result for the width of the
D�

2ð2460Þ− meson is consistent with previous measure-
ments, whereas the result for the mass is above the world
average which is dominated by the measurement using
inclusive production by LHCb [29]. In the previous LHCb
inclusive analysis, the broad D�

0ð2400Þ− component was
excluded from the fit model due to a high correlation with
the background line shape parameters, while here it is

TABLE VII. The moduli of the complex coefficients of the resonant contributions for the isobar model and the
K-matrix model. The first uncertainty is statistical, the second and the third are experimental and model-dependent
systematic uncertainties, respectively.

Resonance Isobar (jcij) K-matrix (jcij)
Nonresonance 3.43� 0.22� 0.04� 0.51 n/a
f0ð500Þ 18.7� 0.70� 0.29� 0.80 n/a
f0ð980Þ 2.62� 0.25� 0.09� 0.46 n/a
f0ð2020Þ 4.41� 0.51� 0.21� 1.78 n/a
ρð770Þ 1.0 (fixed) 1.0 (fixed)
ωð782Þ 0.30� 0.04� 0.00� 0.01 0.31� 0.04� 0.01� 0.01
ρð1450Þ 0.23� 0.03� 0.01� 0.02 0.28� 0.03� 0.08� 0.01
ρð1700Þ 0.078� 0.016� 0.006� 0.008 0.136� 0.020� 0.077� 0.011
f2ð1270Þ 0.072� 0.002� 0.000� 0.005 0.073� 0.002� 0.006� 0.003
D̄0π− P-wave 18.8� 0.7� 0.3� 1.9 19.6� 0.7� 0.7� 0.6
D�

0ð2400Þ− 12.1� 0.8� 0.3� 0.6 13.1� 1.0� 0.8� 0.5
D�

2ð2460Þ− 1.31� 0.04� 0.02� 0.02 1.31� 0.04� 0.04� 0.00
D�

3ð2760Þ− 0.053þ0.011
−0.006 � 0.003� 0.008 0.075þ0.016

−0.008 � 0.005� 0.003

TABLE VIII. The phase of the complex coefficients of the resonant contributions for the isobar model and the
K-matrix model. The first uncertainty is statistical, the second and the third are experimental and model-dependent
systematic uncertainties, respectively.

Resonance Isobar [argðciÞ°] K-matrix [argðciÞ°]
Nonresonance 77.1� 4.5� 2.3� 5.4 n/a
f0ð500Þ 38.4� 2.7� 1.3� 3.7 n/a
f0ð980Þ 138.9� 4.6� 1.5� 10.9 n/a
f0ð2020Þ 258.5� 5.0� 1.1� 26.8 n/a
ρð770Þ 0.0 (fixed) 0.0 (fixed)
ωð782Þ 176.8� 7.8� 0.6� 0.5 174.8� 8.0� 1.5� 0.5
ρð1450Þ 149.0� 7.5� 4.8� 4.5 132.9� 7.8� 8.5� 5.5
ρð1700Þ 103.5� 13.1� 4.5� 2.4 77.6� 9.9� 23.1� 4.5
f2ð1270Þ 158.1� 3.0� 1.6� 3.8 147.8� 2.5� 8.5� 2.6
D̄0π− P-wave 266.7� 3.7� 0.3� 7.1 261.0� 4.0� 3.3� 6.7
D�

0ð2400Þ− 83.6� 4.4� 2.8� 4.6 78.4� 4.1� 11.5� 1.7
D�

2ð2460Þ− 262.9� 2.9� 0.8� 3.0 257.4� 3.4� 0.7� 1.9
D�

3ð2760Þ− 91.1� 6.7� 1.4� 5.1 92.7� 7.3� 15.2� 2.3
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included. The present result supersedes the former meas-
urement. The Dalitz plot analysis used in this paper ensures
that the background under the D�

2ð2460Þ− peak and the
effect on the efficiency are under control, resulting in much
lower systematic uncertainties compared to the inclusive
approach.
The moduli and the phases of the complex coefficients of

the resonant contributions, defined in Eq. (2), are displayed
in Tables VII and VIII. Compatible results are obtained
using both the isobar and K-matrix models. The results
for the fit fractions are given in Table IX, while results
for the interference fit fractions are given in Appendix C.
Pseudoexperiments are used to validate the fitting pro-
cedure and no biases are found in the determination of
parameter values.

D. Branching fractions

The measured branching fraction of the B0 → D̄0πþπ−

decay in the phase-space regionmðD̄0π�Þ > 2.1 GeV=c2 is

BðB0 → D̄0πþπ−Þ ¼ ð8.46� 0.14� 0.29� 0.40Þ × 10−4;

ð33Þ
taking into account the systematic uncertainties reported
in Table IV. The first uncertainty is statistical, the second
systematic, and the third the uncertainty from the branching
fraction of the B0 → D�ð2010Þ−πþ normalization decay
channel. The result agrees with the previous Belle meas-
urement ð8.4� 0.4� 0.8Þ × 10−4 [21] and the BABAR
measurement ð8.81� 0.18� 0.76� 0.78� 0.11Þ × 10−4

[22], obtained in a slightly larger phase-space region. A
multiplicative factor of 94.5% (96.2%) is required to scale
the Belle (BABAR) results to the same phase-space region as
in this analysis.
The branching fraction of each quasi-two-body decay,

B0 → rih3, with ri → h1h2, is given by

BðB0 → rih3Þ×Bðri → h1h2Þ ¼ BðB0 → D̄0πþπ−Þ× F i

εcorri
;

ð34Þ

where the resonant states ðh1h2Þ ¼ ðD̄0π−Þ; ðπþπ−Þ. The
fit fractions F i, defined in Eq. (3), are obtained from
the Dalitz plot analysis and are listed in Table IX. The
correction factors, εcorri , account for the cutoff due to
the D�ð2010Þ− veto. They are obtained by generating
pseudoexperiment samples for each resonance over the
Dalitz plot and applying the same requirement
[mðD̄0π�Þ > 2.1 GeV=c2]. They are summarized in
Table X. The correction factors are the same for the isobar
model and the K-matrix model. The effects due to the
uncertainties of the masses and widths of the resonances are
included in the uncertainties given in the table.
Using the overall B0 → D̄0πþπ− decay branching frac-

tion, the fit fractions (F i) and the correction factors (εcorri ),

TABLE X. Correction factors due to the D�ð2010Þ− veto.

Resonance ϵcorri %

f0ð500Þ 99.52� 0.10
f0ð980Þ 98.74� 0.09
f0ð2020Þ 99.29� 0.05
S-wave 98.55� 0.04
ρð770Þ 98.95� 0.03
ωð782Þ 99.39� 0.02
ρð1450Þ 95.66� 0.06
ρð1700Þ 96.73� 0.06
f2ð1270Þ 91.91� 0.09
D�

0ð2400Þ− 98.60� 0.10
D�

2ð2460Þ− 100.
D�

3ð2760Þ− 100.

TABLE IX. The fit fractions of the resonant contributions for the isobar and K-matrix models with
mðD̄0π�Þ > 2.1 GeV=c2. The first uncertainty is statistical, the second and the third are experimental and
model-dependent systematic uncertainties, respectively.

Resonance Isobar (F i %) K-matrix (F i %)

Nonresonance 2.82� 0.34� 0.07� 0.80 n/a
f0ð500Þ 13.2� 0.89� 0.31� 2.45 n/a
f0ð980Þ 1.56� 0.29� 0.11� 0.54 n/a
f0ð2020Þ 1.58� 0.36� 0.15� 1.00 n/a
S-wave 16.39� 0.58� 0.43� 1.46 16.51� 0.70� 1.68� 1.10
ρð770Þ 37.54� 1.00� 0.61� 0.98 36.15� 1.00� 2.13� 0.79
ωð782Þ 0.49� 0.13� 0.01� 0.03 0.50� 0.13� 0.01� 0.02
ρð1450Þ 1.54� 0.32� 0.08� 0.22 2.16� 0.42� 0.82� 0.21
ρð1700Þ 0.38þ0.25

−0.12 � 0.07� 0.06 0.83� 0.21� 0.61� 0.12
f2ð1270Þ 10.28� 0.49� 0.31� 1.10 9.88� 0.58� 0.83� 0.58
D̄0π− P-wave 9.21� 0.56� 0.24� 1.73 9.22� 0.58� 0.67� 0.75
D�

0ð2400Þ− 9.00� 0.60� 0.20� 0.35 9.27� 0.60� 0.86� 0.52
D�

2ð2460Þ− 28.83� 0.69� 0.74� 0.50 28.13� 0.72� 1.06� 0.54
D�

3ð2760Þ− 1.22� 0.19� 0.07� 0.09 1.58� 0.22� 0.18� 0.07
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the branching fractions of quasi-two-body decays are
calculated in Table XI. The first observation of the decays
B0 → D̄0f0ð500Þ, B0 → D̄0f0ð980Þ, B0 → D̄0ρð1450Þ,
as well as B0 → D�

3ð2760Þ−πþ, and the first evidence of
B0 → D̄0f0ð2020Þ are reported. The present world aver-
ages [32] of the branching fractions BðB0 → D̄0ρð770ÞÞ×
Bðρð770Þ→ πþπ−Þ, BðB0→D̄0f2ð1270ÞÞ×Bðf2ð1270Þ→
πþπ−Þ, BðB0 →D�

0ð2400Þ−πþÞ×BðD�
0ð2400Þ−→ D̄0π−Þ,

and BðB0 → D�
2ð2460Þ−πþÞ × BðD�

2ð2460Þ− → D̄0π−Þ are
improved considerably. When accounting for the branching
fractions of the ωð782Þ and f2ð1270Þ to πþπ−, one obtains
the following results for the isobar model:

BðB0 → D̄0ωð782ÞÞ
¼ ð2.75� 0.72� 0.13� 0.20� 0.13þ0.20

−0.23Þ × 10−4

ð35Þ
and

BðB0 → D̄0f2ð1270ÞÞ
¼ ð16.8� 1.1� 0.7� 1.8� 0.7þ0.5

−0.2Þ × 10−5: ð36Þ
For the K-matrix model, one obtains

BðB0 → D̄0ωð782ÞÞ
¼ ð2.81� 0.72� 0.13� 0.13� 0.13þ0.20

−0.24Þ× 10−4 ð37Þ
and

BðB0 → D̄0f2ð1270ÞÞ
¼ ð16.1� 1.1� 1.4� 0.9� 0.7þ0.5

−0.2Þ × 10−5: ð38Þ

In both models, the fifth uncertainty is due to knowledge of
the πþπ− decay rates [32]. The results are consistent with
the measurement of the decay B0 → D̄0ωð782Þ, using the
dominant ωð782Þ → πþπ−π0 decay [32,40].

E. Structure of the f 0ð980Þ and f 0ð500Þ resonances
In the isobar model, significant contributions from

both B0 → D̄0f0ð500Þ and B0 → D̄0f0ð980Þ decays are
observed. The related branching fraction measurements can
be used to obtain information on the substructure of the
f0ð980Þ and f0ð500Þ resonances within the factorization
approximation. As discussed in Sec. I, two models for the
quark structure of those states are considered: qq̄ or
½qq0�½q̄ q̄0� (tetraquarks). In both models, mixing angles
between different quark states are determined using our
measurements. In the qq̄ model, the mixing between ss̄
and uū or dd̄ can be written as

jf0ð980Þi ¼ cosφmixjss̄i þ sinφmixjnn̄i; ð39Þ

jf0ð500Þi ¼ − sinφmixjss̄i þ cosφmixjnn̄i; ð40Þ

where jnn̄i≡ ðjuūi þ jdd̄iÞ= ffiffiffi
2

p
and φmix is the mixing

angle. In the ½qq0�½q̄ q̄0� model, the mixing angle, ωmix, is
introduced and the mixing becomes

jf0ð980Þi ¼ cosωmixjnn̄ss̄i þ sinωmixjuūdd̄i; ð41Þ

jf0ð500Þi ¼ − sinωmixjnn̄ss̄i þ cosωmixjuūdd̄i: ð42Þ

In both cases, the following variable is defined:

rf ¼ BðB0 → D̄0f0ð980ÞÞ
BðB0 → D̄0f0ð500ÞÞ

×
Φð500Þ
Φð980Þ ; ð43Þ

where Φð500Þ and Φð980Þ are the integrals of the phase-
space factors computed over the resonant line shapes and
the phase-space factors are proportional to the momentum
computed in the B0 rest frame. The value of their ratio
is Φð500Þ=Φð980Þ ¼ 1.02� 0.05.

TABLE XI. Measured branching fractions of BðB0 → rh3Þ × Bðr → h1h2Þ for the isobar and K-matrix models.
The first uncertainty is statistical, the second the experimental systematic, the third the model-dependent systematic,
and the fourth the uncertainty from the normalization B0 → D�ð2010Þ−πþ channel.

Resonance Isobar (×10−5) K-matrix (×10−5)

f0ð500Þ 11.2� 0.8� 0.5� 2.1� 0.5 n/a
f0ð980Þ 1.34� 0.25� 0.10� 0.46� 0.06 n/a
f0ð2020Þ 1.35� 0.31� 0.14� 0.85� 0.06 n/a
S-wave 14.1� 0.5� 0.6� 1.3� 0.7 14.2� 0.6� 1.5� 0.9� 0.7
ρð770Þ 32.1� 1.0� 1.2� 0.9� 1.5 31.0� 1.0� 2.1� 0.7� 1.5
ωð782Þ 0.42� 0.11� 0.02� 0.03� 0.02 0.43� 0.11� 0.02� 0.02� 0.02
ρð1450Þ 1.36� 0.28� 0.08� 0.19� 0.06 1.91� 0.37� 0.73� 0.19� 0.09
ρð1700Þ 0.33� 0.11� 0.06� 0.05� 0.02 0.73� 0.18� 0.53� 0.10� 0.03
f2ð1270Þ 9.5� 0.5� 0.4� 1.0� 0.4 9.1� 0.6� 0.8� 0.5� 0.4
D�

0ð2400Þ− 7.7� 0.5� 0.3� 0.3� 0.4 8.0� 0.5� 0.8� 0.4� 0.4
D�

2ð2460Þ− 24.4� 0.7� 1.0� 0.4� 1.2 23.8� 0.7� 1.2� 0.5� 1.1
D�

3ð2760Þ− 1.03� 0.16� 0.07� 0.08� 0.05 1.34� 0.19� 0.16� 0.06� 0.06
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The value of the branching fraction Bðf0ð500Þ→
πþπ−Þ¼ 2=3 is obtained from the isospin Clebsch-Gordan
coefficients and assumes that there are only contributions
from ππ final states. The ratio Bðf0ð980Þ → KþK−Þ=
Bðf0ð980Þ → πþπ−Þ ¼ 0.35þ0.15

−0.14 , obtained from an average
of the measurements by the BABAR [93] and BES [94]
collaborations, is used to estimate the branching fraction
Bðf0ð980Þ → πþπ−Þ. Assuming that the ππ andKK decays
are dominant in the f0ð980Þ decays,Bðf0ð980Þ → πþπ−Þ ¼
0.46� 0.06 is obtained. This gives

rf ¼ 0.177þ0.066
−0.062 ;

taking into account the systematic uncertainties, as listed in
Table XII.
The parameter rf is related to the mixing angle by the

equation

rf ¼ tan2φmix ×

����FðB0 → f0ð980ÞÞ
FðB0 → f0ð500ÞÞ

����2 ð44Þ

in the qq̄ model and by

rf ¼
���� 1 −

ffiffiffi
2

p
tanωmix

tanωmix þ
ffiffiffi
2

p
����2 ×

����FðB0 → f0ð980ÞÞ
FðB0 → f0ð500ÞÞ

����2 ð45Þ

in the ½qq0�½q̄ q̄0� tetraquark model [57,58]. The form factors
FðB0 → f0ð980ÞÞ and FðB0 → f0ð500ÞÞ are evaluated at
the four-momentum transfer squared equal to the square of
the D̄0 mass. Finally, values of the mixing angles as a
function of form factor ratio are obtained in Fig. 13 for
the qq̄ model and the ½qq0�½q̄ q̄0� tetraquark model. Such
angles have also been computed by LHCb for the decays
B0
ðsÞ → J=ψπþπ− [47–49].
The expectation is that the ratio of form factors should be

close to unity. However, LHCb has recently performed a
search for the decay B0

s → D̄0f0ð980Þ [95]. The limit set on
this decay is below the value expected in a simple model
based on our measured value of BðB0 → D̄0f0ð500ÞÞ and
assuming equal form factors. More complicated models
may be needed in order to explain all results.
The above discussion is one possible interpretation of

the results. Another possible mechanism [91,96] involves
the generation of pseudoscalar resonances through the
interactions of πþπ− mesons.

F. Isospin analysis of the B → Dρ system

Themeasured branching fraction of theB0 → D̄0ρð770Þ0
decay, presented in Table XI, can be used to perform an
isospin analysis of the B → Dρ system. Isospin symmetry
relates the amplitudes of the decays Bþ → D̄0ρð770Þþ,
B0 → D−ρð770Þþ, and B0 → D̄0ρð770Þ0, which can be
written as linear combinations of the isospin eigenstates
AI with I ¼ 1=2 and 3=2 [37,41]

AðD̄0ρþÞ ¼
ffiffiffi
3

p
A3=2;

AðD−ρþÞ ¼
ffiffiffiffiffiffiffiffi
1=3

p
A3=2 þ

ffiffiffiffiffiffiffiffi
2=3

p
A1=2;

AðD̄0ρ0Þ ¼
ffiffiffiffiffiffiffiffi
2=3

p
A3=2 −

ffiffiffiffiffiffiffiffi
1=3

p
A1=2; ð46Þ

leading to
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FIG. 13 (color online). Mixing angle as a function of form factor ratio for the (a) qq̄ model and (b) ½qq0�½q̄ q̄0� tetraquark model. The
green band gives the 1σ interval around central values (black solid line).

TABLE XII. Systematic uncertainties on rf . The sum in
quadrature of the uncertainties is also reported.

Source rf

PID 0.001
Trigger 0.001
Reconstruction < 0.001
Simulation statistic 0.001
Background model 0.001
D�ð2010Þ− veto 0.012
Additional resonances 0.007
RBW parameters 0.008
ππ resonant mass, width 0.011
f0ð500Þ model 0.033
f0ð980Þ model 0.028
Total 0.048
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AðD̄0ρþÞ ¼ AðD−ρþÞ þ
ffiffiffi
2

p
AðD̄0ρ0Þ: ð47Þ

The strong phase difference between the amplitudes A1=2

and A3=2 is denoted by δDρ. Final-state interactions between
the states D̄0ρ0 andD−ρþmay lead to a value of δDρ different
from zero and through constructive interference, to a
larger value of BðB0 → D̄0ρ0Þ than the prediction obtained
within the factorization approximation. In the heavy-quark
limit, the factorization model predicts [97,98] δDρ ¼
OðΛQCD=mbÞ and the amplitude ratio RDρ ≡ jA1=2jffiffi

2
p jA3=2j ¼

1þOðΛQCD=mbÞ, where mb represents the b quark mass
and ΛQCD the QCD scale.
Using our measurement of BðB0 → D̄0ρ0Þ together

with the world average values of BðB0 → D−ρþÞ,
BðBþ → D̄0ρþÞ, and the ratio of lifetimes τðBþÞ=τðB0Þ
[32], we obtain

RDρ ¼
ffiffiffi
1

2

r �
3ðBðD−ρþÞ þ BðD̄0ρ0ÞÞ

BðD̄0ρþÞ ×
τBþ

τB0

− 1

�
1=2

ð48Þ

and

cos δDρ ¼
1

4RDρ
×

�
τBþ

τB0

×
3ðBðD−ρþÞ − 2BðD̄0ρ0ÞÞ

BðD̄0ρþÞ þ 1

�
:

ð49Þ
With a frequentist statistical approach [99], RDρ and cos δDρ

are calculated for the isobar and K-matrix models in
Table XIII. These results are not significantly different
from the predictions of factorization models. As opposed to
the theoretical expectations [37,41] and in contrast to the
B → Dð�Þπ system [40], nonfactorizable final-state inter-
action effects do not introduce a sizable phase difference
between the isospin amplitudes in the B → Dρ system. The
precision on RDρ and cos δDρ is dominated by that of the
branching fractions of the decays Bþ → D̄0ρð770Þþ (14%)
and B0 → D−ρð770Þþ (17%) [32]. The precision of the
branching fraction of the B0 → D̄0ρð770Þ0 decay is 7.3%
(9.2%) for the isobar (K-matrix) model (see Table XI).

IX. CONCLUSION

A Dalitz plot analysis of the B0 → D̄0πþπ− decay is
presented. The decay model contains four components
from D̄0π− resonances, four P-wave πþπ− resonances and
one D-wave πþπ− resonance. Two models are used to

describe the S-wave πþπ− resonances. The isobar model
uses four components, including the f0ð500Þ, f0ð980Þ,
f0ð2020Þ resonances and a nonresonant contribution. The
K-matrix approach describes the πþπ− S-wave using a
5 × 5 scattering matrix with a production vector. The
overall branching fraction of B0 → D̄0πþπ− and quasi-
two-body decays are measured. Significant contributions
from the f0ð500Þ, f0ð980Þ, ρð1450Þ and D�

3ð2760Þ−
mesons are observed for the first time. For the latter, this
is a confirmation of the observation from previous inclusive
measurements, and the spin-parity of this resonance is
determined for the first time to be JP ¼ 3−. This suggests a
spectroscopic assignment of 3D3, and shows that the 1D
family of charm resonances can be explored in the Dalitz
plot analysis of B-meson decays in the same way as
recently seen for the charm-strange resonances [25,26].
Evidence for the f0ð2020Þ meson is also seen for the first
time. The measured branching fractions of two-body
decays are more precise than the existing world averages
and there is good agreement between values from the isobar
and K-matrix models.
The masses and widths of the D̄0π− resonances are

also determined. The measured masses and widths of the
D�

0ð2400Þ− and D�
3ð2760Þ− states are consistent with the

previous measurements. The precision on the D�
0ð2400Þ−

meson is much improved. For the measurement on the mass
and width of the D�

2ð2460Þ− meson, the broad D�
0ð2400Þ−

component was excluded from the fit model in the former
LHCb inclusive analysis [29], due to a high correlation
with the background line shape parameters, while here it
is included. The present result therefore supersedes the
former measurement.
The significant contributions found for both the

f0ð500Þ and f0ð980Þ allow us to constrain the mixing
angle between the f0ð500Þ and f0ð980Þ resonances.
An isospin analysis in the B → Dρ decays using our
improved measurement of the branching fraction of the
decay B0 → D̄0ρ0 is performed, indicating that nonfactor-
izable effects from final-state interactions are limited in
the Dρ system.

ACKNOWLEDGMENTS

We express our gratitude to our colleagues in the CERN
accelerator departments for the excellent performance of
the LHC. We thank the technical and administrative staff
at the LHCb institutes. We acknowledge support from
CERN and from the national agencies: CAPES, CNPq,
FAPERJ and FINEP (Brazil); NSFC (China); CNRS/IN2P3
(France); BMBF, DFG, HGF and MPG (Germany); INFN
(Italy); FOM and NWO (The Netherlands); MNiSW and
NCN (Poland); MEN/IFA (Romania); MinES and FANO
(Russia); MinECo (Spain); SNSF and SER (Switzerland);
NASU (Ukraine); STFC (United Kingdom); NSF (USA).
The Tier1 computing centers are supported by IN2P3

TABLE XIII. Results of RDρ and cos δDρ.

Model RDρ cos δDρ

Isobar 0.69� 0.15 0.984þ0.113
−0.048

K-matrix 0.69� 0.15 0.987þ0.114
−0.048

DALITZ PLOT ANALYSIS OF … PHYSICAL REVIEW D 92, 032002 (2015)

032002-19



(France), KIT and BMBF (Germany), INFN (Italy), NWO
and SURF (The Netherlands), PIC (Spain), GridPP (United
Kingdom). We are indebted to the communities behind
the multiple open source software packages on which we

depend. We are also thankful for the computing resources
and the access to software R&D tools provided by Yandex
LLC (Russia). Individual groups or members have received
support from EPLANET, Marie Skłodowska-Curie Actions

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 0
 p〈

0

1000

2000

3000

4000

5000

6000

7000

8000 Data

Isobar model

K-matrix model

LHCb

(a)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 1
 p〈

500−

0

500

1000

1500
LHCb

(b)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 2
 p〈

500−
0

500

1000

1500

2000

2500

3000

3500
LHCb

(c)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 3
 p〈

600−
400−
200−

0
200
400
600
800

1000
1200
1400

LHCb

(d)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 4
 p〈

0

1000

2000

3000

4000

5000
LHCb

(e)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 5
 p〈

400−

200−

0

200

400

600

800
LHCb

(f)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 6
 p〈

300−
200−
100−

0

100

200

300

400

500 LHCb

(g)

]4/c2) [GeV−π
0

D(2m

5 10 15 20 25

4
/c2

 / 
G

eV
〉

U 7
 p〈

300−

200−
100−

0

100

200

300

400

500
LHCb

(h)

FIG. 14 (color online). The first eight unnormalized Legendre polynomial weighted moments [0 to 7 correspond to (a) to (h)] for
background-subtracted and efficiency-corrected B0 → D̄0πþπ− data and the Dalitz plot fit results as a function of m2ðD̄0π−Þ.
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APPENDIX A: UNNORMALIZED LEGENDRE
POLYNOMIAL WEIGHTED MOMENTS

Figures 14 and 15 show the distributions of the unnor-
malized Legendre polynomial weighted moments hpU

L i
which display the contributions of resonances with spin
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FIG. 15 (color online). The first eight unnormalized Legendre polynomial weighted moments [0 to 7 correspond to (a) to (h)] for
background-subtracted and efficiency-corrected B0 → D̄0πþπ− data and the Dalitz plot fit results as a function of m2ðπþπ−Þ.
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larger than L=2. The ρð770Þ resonance can clearly be seen
in the distributions with L ≤ 2 and the D�

2ð2460Þ− reso-
nance in the distributions with L ≤ 4. Figures 16 and 17

display an expanded version in low mass regions. The
distributions from the isobar and the K-matrix models are
compatible with those from data.
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FIG. 16 (color online). The first eight unnormalized Legendre polynomial weighted moments [0 to 7 correspond to (a) to (h)] for
background-subtracted and efficiency-corrected B0 → D̄0πþπ− data and the Dalitz plot fit results as a function of m2ðD̄0π−Þ. Only
results in the region m2ðD̄0π−Þ < 10 GeV2=c4 are shown.
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FIG. 17 (color online). The first eight unnormalized Legendre polynomial weighted moments [0 to 7 correspond to (a) to (h)] for
background-subtracted and efficiency-corrected B0 → D̄0πþπ− data and the Dalitz plot fit results as a function of m2ðπþπ−Þ. Only
results in the region m2ðπþπ−Þ < 3 GeV2=c4 are shown.
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APPENDIX B: SYSTEMATIC UNCERTAINTIES ON THE PARAMETERS
IN THE DALITZ PLOT ANALYSIS

1. Systematic uncertainties for the isobar model

TABLE XIV. Systematic uncertainties on the D̄0π− resonant masses (MeV=c2) and widths (MeV) for the isobar
model.

D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

Source Γ0 m0 Γ0 m0 Γ0 m0

PID 1.9 0.5 <0.1 <0.1 1.2 0.3
Trigger 0.5 0.2 0.2 <0.1 1.9 0.7
Reconstruction 0.2 0.1 <0.1 <0.1 0.5 0.1
Simulation statistic 0.6 0.1 0.1 <0.1 0.6 0.1
Background model 1.5 0.6 0.1 <0.1 3.4 0.4
D�ð2010Þ− veto 4.4 0.8 <0.1 <0.1 4.6 0.4

Total (experiment) 5.1 1.1 0.3 <0.1 6.2 1.0

Additional resonances 10.7 0.4 0.1 0.1 21.0 5.1
RBW parameters 0.1 1.9 0.1 <0.1 1.0 1.5
ππ resonant mass, width 3.4 0.1 0.1 0.1 2.9 1.3
B0, D0 mass 0.2 0.2 0.2 0.2 0.2 0.2
f0ð500Þ model 2.3 3.6 0.5 <0.1 9.0 3.5
f0ð980Þ model 2.8 0.7 0.2 0.1 3.5 1.2

Total (model) 11.8 4.2 0.6 0.3 23.3 6.6

Total (all) 12.9 4.3 0.7 0.3 24.1 6.7
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TABLE XV. Systematic uncertainties on the moduli of the complex coefficients of the resonant contributions for the isobar model. The
moduli are normalized to that of ρð770Þ.
Source Nonresonance f0ð500Þ ωð782Þ f0ð980Þ f2ð1270Þ ρð1450Þ
PID 0.02 0.15 <0.01 0.03 <0.001 0.01
Trigger 0.02 0.03 <0.01 0.01 <0.001 <0.01
Reconstruction <0.01 0.01 <0.01 <0.01 <0.001 <0.01
Simulation statistic <0.01 0.11 <0.01 0.01 <0.001 <0.01
Background model <0.01 0.07 <0.01 0.02 <0.001 <0.01
D�ð2010Þ− veto 0.03 0.20 <0.01 0.08 0.002 0.01

Total (experiment) 0.04 0.29 <0.01 0.09 <0.001 0.01

Additional resonances 0.34 0.61 <0.01 0.03 0.003 <0.01
RBW parameters 0.11 0.10 0.01 0.04 0.001 0.01
ππ resonant mass, width 0.06 0.41 <0.01 0.03 0.001 <0.01
f0ð500Þ model 0.36 n/a <0.01 0.46 0.004 0.01
f0ð980Þ model 0.01 0.30 <0.01 n/a <0.001 0.01

Total (model) 0.51 0.80 0.01 0.46 0.005 0.02

Total 0.51 0.85 0.01 0.47 0.006 0.02

Source ρð1700Þ f0ð2020Þ D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID <0.001 0.06 0.14 0.21 <0.01 <0.001
Trigger 0.001 0.02 0.17 0.08 0.02 <0.001
Reconstruction <0.001 <0.01 0.01 0.02 <0.01 <0.001
Simulation statistic 0.001 0.02 0.10 0.03 0.01 <0.001
Background model 0.002 0.01 0.03 0.06 <0.01 0.002
D�ð2010Þ− veto 0.006 0.20 n/a 0.20 <0.01 0.002

Total (experiment) 0.006 0.21 0.25 0.31 0.02 0.003

Additional resonances 0.005 0.37 1.74 0.47 0.01 0.007
RBW parameters 0.002 0.27 0.05 0.12 0.01 <0.001
ππ resonant mass, width 0.002 0.73 0.16 0.19 <0.01 0.001
f0ð500Þ model 0.004 1.56 0.62 0.20 0.01 0.003
f0ð980Þ model 0.003 0.06 0.06 0.18 0.01 0.002

Total (model) 0.008 1.78 1.86 0.59 0.02 0.008

Total (all) 0.010 1.80 1.87 0.66 0.03 0.008
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TABLE XVI. Systematic uncertainties on the phases (°) of the complex coefficients of the resonant contributions for the isobar model.
The phase of ρð700Þ is set to 0° as the reference.

Source Nonresonance f0ð500Þ ωð782Þ f0ð980Þ f2ð1270Þ ρð1450Þ
PID 0.2 0.1 0.4 0.1 0.1 0.1
Trigger 1.1 0.3 0.1 0.1 0.6 0.2
Reconstruction <0.1 <0.1 <0.1 <0.1 0.1 0.1
Simulation statistic 0.3 0.1 0.3 0.2 0.3 0.3
Background model 0.7 0.1 <0.1 0.4 0.4 0.4
D�ð2010Þ− veto 1.8 1.2 0.2 1.4 1.4 4.8

Total (experiment) 2.3 1.3 0.6 1.5 1.6 4.8

Additional resonances 3.0 2.8 <0.1 2.7 1.6 1.1
RBW parameters 0.3 1.1 0.1 1.3 <0.1 0.3
ππ resonant mass, width 2.3 0.1 0.3 0.4 1.2 2.2
f0ð500Þ model 3.7 n/a 0.3 10.5 3.0 3.6
f0ð980Þ model 1.0 2.1 0.2 n/a 1.1 1.1

Total (model) 5.4 3.7 0.5 10.9 3.8 4.5

Total (all) 5.8 3.9 0.7 11.0 4.1 6.6

Source ρð1700Þ f0ð2020Þ D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID 0.4 <0.1 0.2 0.3 0.1 0.2
Trigger 0.5 0.2 0.2 0.7 <0.1 0.6
Reconstruction <0.1 0.1 0.1 0.1 0.1 0.1
Simulation statistic 0.7 0.2 0.1 0.2 0.1 0.1
Background model 0.6 0.9 0.1 <0.1 0.2 0.3
D�ð2010Þ− veto 4.4 0.6 n/a 2.7 0.8 1.2
Total (experiment) 4.5 1.1 0.3 2.8 0.8 1.4
Additional resonances 0.3 3.4 5.7 1.8 1.2 3.9
RBW parameters 1.0 1.1 0.6 1.6 0.7 1.8
ππ resonant mass, width 0.5 1.3 0.5 0.3 0.7 2.0
f0ð500Þ model 0.3 26.5 4.2 3.9 2.4 1.9
f0ð980Þ model 2.1 1.8 0.4 0.1 0.9 0.2

Total (model) 2.4 26.8 7.1 4.6 3.0 5.1

Total (all) 5.1 26.9 7.1 5.4 3.1 5.3
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TABLE XVII. Systematic uncertainties on the fit fractions (%) of the resonant contributions for the isobar model.

Source Nonresonance f0ð500Þ ρð770Þ ωð782Þ f0ð980Þ f2ð1270Þ ρð1450Þ
PID 0.02 0.23 0.37 0.01 0.04 0.07 0.06
Trigger 0.01 0.03 0.09 <0.01 <0.01 0.05 0.03
Reconstruction 0.01 0.09 0.39 0.01 0.01 0.01 <0.01
Simulation statistic <0.01 0.09 0.26 <0.01 0.01 0.04 <0.01
Background model 0.01 0.08 0.07 <0.01 0.01 0.05 0.04
D�ð2010Þ− veto 0.06 0.15 0.01 <0.01 0.10 0.29 0.03

Total (experiment) 0.07 0.31 0.61 0.01 0.11 0.31 0.08

Additional resonances 0.51 0.57 0.81 0.02 <0.01 0.53 0.01
RBW parameters 0.21 0.03 0.50 0.01 0.07 0.10 0.15
ππ resonant mass, width 0.09 0.60 0.08 <0.01 0.03 0.16 <0.01
f0ð500Þ model 0.57 2.25 0.04 0.01 0.50 0.94 0.14
f0ð980Þ model 0.03 0.48 0.19 0.01 0.20 0.11 0.09

Total (model) 0.80 2.45 0.98 0.03 0.54 1.10 0.22

Total (all) 0.80 2.47 1.15 0.03 0.56 1.14 0.24

Source ρð1700Þ f0ð2020Þ S-wave D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID 0.01 0.01 0.31 0.19 0.12 0.43 0.02
Trigger <0.01 0.03 0.04 0.02 0.06 0.28 0.01
Reconstruction <0.01 0.01 0.12 0.13 0.14 0.18 0.02
Simulation statistic <0.01 0.01 0.05 0.06 0.04 0.09 0.01
Background model 0.02 0.01 0.04 0.05 0.03 0.01 0.02
D�ð2010Þ− veto 0.07 0.14 0.26 n/a 0.01 0.50 0.06
Total (experiment) 0.07 0.15 0.43 0.24 0.20 0.74 0.07
Additional resonances 0.04 0.24 1.43 1.60 0.01 0.01 0.07
RBW parameters 0.02 0.21 0.07 0.17 0.28 0.44 0.02
ππ resonant mass, width 0.02 0.22 0.05 0.17 0.13 0.02 0.02
f0ð500Þ model 0.03 0.92 0.25 0.60 0.13 0.22 0.03
f0ð980Þ model 0.02 0.04 0.14 0.01 0.10 0.09 0.03

Total (model) 0.06 1.00 1.46 1.73 0.35 0.50 0.09

Total (all) 0.10 1.01 1.52 1.74 0.40 0.90 0.11
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2. Systematic uncertainties for the K-matrix model

TABLE XVIII. Systematic uncertainties on the D̄0π− resonant masses (MeV=c2) and widths (MeV) for the
K-matrix model.

D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

Source Γ0 m0 Γ0 m0 Γ0 m0

PID 8.9 5.9 1.0 0.3 1.1 8.6
Trigger 1.1 0.6 0.1 <0.1 0.1 0.1
Reconstruction <0.1 <0.1 <0.1 <0.1 <0.1 <0.1
Simulation statistic 4.6 0.5 0.2 0.1 2.4 0.4
Background model 2.3 0.9 0.1 <0.1 2.7 0.8
D�ð2010Þ− veto 14.9 9.0 1.4 0.3 12.1 5.4
Total (experiment) 18.1 10.8 1.7 0.4 12.7 10.2
Additional resonances 8.5 1.0 0.3 0.2 1.4 1.1
RBW parameters 6.0 1.5 <0.1 0.1 8.9 2.3
ππ resonant mass, width 1.4 0.9 0.1 0.1 1.3 0.1
B0, D0 mass 0.2 0.2 0.2 0.2 0.2 0.2
Total (model) 10.5 2.0 0.4 0.3 9.1 2.6
Total (all) 21.0 11.0 1.8 0.5 15.6 10.5

TABLE XIX. Systematic uncertainties on the moduli of the complex coefficients of the resonant contributions for
the K-matrix model. The moduli are normalized to that of ρð770Þ.
Source ωð782Þ f2ð1270Þ ρð1450Þ ρð1700Þ
PID <0.01 0.001 0.04 0.037
Trigger <0.01 <0.001 <0.01 0.002
Reconstruction <0.01 <0.001 <0.01 <0.001
Simulation statistic <0.01 0.003 0.02 0.004
Background model <0.01 <0.001 <0.01 0.001
D�ð2010Þ− veto 0.01 0.005 0.07 0.067
Total (experiment) 0.01 0.006 0.08 0.077
Additional resonances <0.01 0.003 <0.01 0.003
RBW parameters 0.01 <0.001 0.01 0.003
ππ resonant mass, width <0.01 <0.001 <0.01 0.010
Total (model) 0.01 0.003 0.01 0.011
Total (all) 0.01 0.007 0.08 0.077

Source D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID 0.21 0.10 <0.01 0.003
Trigger 0.12 0.01 0.02 <0.001
Reconstruction <0.01 <0.01 <0.01 0.001
Simulation statistic 0.62 0.72 0.03 0.003
Background model 0.13 0.13 <0.01 0.002
D�ð2010Þ− veto <0.01 0.39 <0.01 0.001
Total (experiment) 0.68 0.84 0.04 0.005
Additional resonances 0.52 0.22 <0.01 0.002
RBW parameters 0.30 0.46 <0.01 0.002
ππ resonant mass, width 0.05 0.04 <0.01 0.001
Total (model) 0.60 0.51 <0.01 0.003
Total (all) 0.91 0.98 0.04 0.006
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TABLE XXI. Systematic uncertainties on the fit fractions (%) of the resonant contributions for the K-matrix model.

Source ρð770Þ ωð782Þ f2ð1270Þ ρð1450Þ ρð1700Þ
PID 1.36 <0.01 0.06 0.50 0.37
Trigger 0.33 0.01 0.04 0.01 0.01
Reconstruction 0.02 <0.01 <0.01 <0.01 <0.01
Simulation statistic 1.17 0.01 0.45 0.22 0.02
Background model 0.07 <0.01 0.15 0.04 0.01
D�ð2010Þ− veto 1.09 <0.01 0.68 0.61 0.48
Total (experiment) 2.13 0.01 0.83 0.82 0.61
Additional resonances 0.61 0.02 0.56 0.01 0.05
RBW parameters 0.49 0.01 0.15 0.21 0.04
ππ resonant mass, width 0.12 0.01 0.04 0.04 0.10
Total (model) 0.79 0.02 0.58 0.21 0.12
Total (all) 2.28 0.03 1.02 0.85 0.62

Source S-wave D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID 0.77 0.59 0.13 0.28 0.13
Trigger 0.09 0.03 0.01 0.39 0.03
Reconstruction 0.01 <0.01 <0.01 <0.01 <0.01
Simulation statistic 0.31 0.28 0.49 0.38 0.01
Background model 0.23 0.13 0.08 0.03 0.04
D�ð2010Þ− veto 1.44 n/a 0.69 0.86 0.12
Total (experiment) 1.68 0.67 0.86 1.06 0.18
Additional resonances 1.08 0.63 0.23 0.28 0.03
RBW parameters 0.18 0.40 0.47 0.46 0.06
ππ resonant mass, width 0.07 0.07 0.02 0.01 0.01
Total (model) 1.10 0.75 0.52 0.54 0.07
Total (all) 2.01 1.00 1.01 1.19 0.20

TABLE XX. Systematic uncertainties on the phases ( °) of the complex coefficients of the resonant contributions
for the K-matrix model. The phase of ρð700Þ is set to 0° as reference.

Source ωð782Þ f2ð1270Þ ρð1450Þ ρð1700Þ
PID 0.8 5.6 4.1 12.8
Trigger <0.1 0.2 <0.1 0.3
Reconstruction 0.1 <0.1 <0.1 0.0
Simulation statistic 0.5 1.1 1.6 1.5
Background model 0.2 1.3 0.3 0.1
D�ð2010Þ− veto 1.1 6.2 7.1 19.2
Total (experiment) 1.5 8.5 8.4 23.1
Additional resonances 0.2 1.9 2.3 3.3
RBW parameters 0.4 1.3 0.4 0.6
ππ resonant mass, width 0.1 1.1 5.0 3.0
Total (model) 0.5 2.6 5.5 4.5
Total (all) 1.5 8.9 10.0 23.6

Source D̄0π− P-wave D�
0ð2400Þ− D�

2ð2460Þ− D�
3ð2760Þ−

PID 3.2 7.0 0.2 11.8
Trigger 0.4 0.9 0.3 0.1
Reconstruction <0.1 <0.1 <0.1 0.1
Simulation statistic 0.1 0.8 0.1 1.3
Background model 0.7 0.3 0.4 0.1
D�ð2010Þ− veto n/a 9.1 0.4 9.5
Total (experiment) 3.3 11.5 0.7 15.2
Additional resonances 6.6 0.2 1.8 0.4
RBW parameters 1.0 1.5 0.4 2.2
ππ resonant mass, width 0.4 0.7 0.2 0.3
Total (model) 6.7 1.7 1.9 2.3
Total (all) 7.5 11.7 2.0 15.4
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APPENDIX C: RESULTS FOR THE INTERFERENCE FIT FRACTIONS

The central values of the interference fit fractions for the isobar (K-matrix) model are given in Table XXII (Table XXIII).
The statistical, experimental systematic and model-dependent uncertainties on these quantities are given in Tables XXIV,
XXV and XXVI (Tables XXVII, XXVIII and XXIX).

TABLE XXII. Interference fit fractions (%) of the resonant contributions for the isobar model with mðD̄0π�Þ > 2.1 GeV=c2. The
resonances are (A0) nonresonant S-wave, (A1) f0ð500Þ, (A2) f0ð980Þ, (A3) f0ð2020Þ, (A4) ρð770Þ, (A5) ωð782Þ, (A6) ρð1450Þ, ðA7Þ
ρð1700Þ, ðA8Þ f2ð1270Þ, ðA9Þ D̄0π− P-wave, ðA10ÞD�

0ð2400Þ−, ðA11ÞD�
2ð2460Þ−, ðA12ÞD�

3ð2760Þ−. The diagonal elements correspond
to the fit fractions given in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12

A0 2.82 2.70 −0.37 −0.25 0.00 0.00 0.00 0.00 0.13 0.79 −1.70 −2.12 0.06
A1 — 13.23 −1.02 −4.53 0.00 0.00 0.00 0.00 0.14 3.37 0.97 3.81 0.57
A2 — — 1.56 0.79 0.00 0.00 0.00 0.00 −0.21 −0.60 0.63 −0.90 −0.14
A3 — — — 1.58 0.00 0.00 0.00 0.00 −0.17 −1.39 −1.27 −1.76 −0.16
A4 — — — — 37.54 −0.78 2.43 1.53 0.00 −5.71 −1.54 −3.26 −0.78
A5 — — — — — 0.49 −0.01 0.00 0.00 0.00 0.01 −0.01 0.00
A6 — — — — — — 1.54 −0.06 0.00 0.26 −0.74 0.94 0.04
A7 — — — — — — — 0.38 0.00 −0.89 −0.66 −0.58 −0.13
A8 — — — — — — — — 10.28 −2.29 −0.89 −1.43 −0.27
A9 — — — — — — — — — 9.21 0.00 −0.01 0.00
A10 — — — — — — — — — — 9.00 0.01 0.00
A11 — — — — — — — — — — — 28.83 0.00
A12 — — — — — — — — — — — — 1.22

TABLE XXIII. Interference fit fractions (%) of the resonant contributions for the K-matrix model with mðD̄0π�Þ > 2.1 GeV=c2. The
resonances are (A0) K-matrix S-wave, (A1) ρð770Þ, (A2) ωð782Þ, (A3) ρð1450Þ, ðA4Þ ρð1700Þ, ðA5Þ f2ð1270Þ, ðA6Þ D̄0π− P-wave, ðA7Þ
D�

0ð2400Þ−, ðA8Þ D�
2ð2460Þ−, ðA9Þ D�

3ð2760Þ−. The diagonal elements correspond to the fit fractions given in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9

A0 16.51 0.00 0.00 0.00 0.00 −0.06 2.37 −1.45 −0.10 0.01
A1 — 36.15 −0.84 4.20 2.10 0.00 −5.39 −1.88 −2.81 −0.90
A2 — — 0.50 −0.01 0.00 0.00 0.00 0.01 −0.01 0.00
A3 — — — 2.16 −0.43 0.00 −0.15 −1.14 0.73 −0.04
A4 — — — — 0.83 0.00 −1.49 −0.99 −1.12 −0.24
A5 — — — — — 9.88 −2.03 −0.73 −1.50 −0.35
A6 — — — — — — 9.22 0.00 −0.01 0.00
A7 — — — — — — — 9.27 0.01 0.00
A8 — — — — — — — — 28.13 0.00
A9 — — — — — — — — — 1.58
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TABLE XXIV. Statistical uncertainties on the interference fit fractions (%) of the resonant contributions for the isobar model with
mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) nonresonant S-wave, (A1) f0ð500Þ, (A2) f0ð980Þ, (A3) f0ð2020Þ, (A4) ρð770Þ, (A5)
ωð782Þ, (A6) ρð1450Þ, ðA7Þ ρð1700Þ, ðA8Þ f2ð1270Þ, ðA9Þ D̄0π− P-wave, ðA10Þ D�

0ð2400Þ−, ðA11Þ D�
2ð2460Þ−, ðA12Þ D�

3ð2760Þ−. The
diagonal elements correspond to the statistical uncertainties on the fit fractions given in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12

A0 0.34 0.29 0.11 0.07 0.00 0.00 0.00 0.00 0.02 0.13 0.36 0.26 0.03
A1 — 0.89 0.54 0.64 0.00 0.00 0.00 0.00 0.04 0.22 0.45 0.20 0.08
A2 — — 0.29 0.15 0.00 0.00 0.00 0.00 0.03 0.09 0.09 0.11 0.04
A3 — — — 0.36 0.00 0.00 0.00 0.00 0.02 0.18 0.20 0.22 0.05
A4 — — — — 1.00 0.33 0.65 0.32 0.00 0.35 0.21 0.22 0.12
A5 — — — — — 0.13 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A6 — — — — — — 0.32 0.24 0.00 0.24 0.18 0.19 0.04
A7 — — — — — — — þ0.25−0.12 0.00 0.23 0.15 0.20 0.03
A8 — — — — — — — — 0.49 0.20 0.14 0.07 0.04
A9 — — — — — — — — — 0.56 0.00 0.00 0.00
A10 — — — — — — — — — — 0.60 0.00 0.00
A11 — — — — — — — — — — — 0.69 0.00
A12 — — — — — — — — — — — — 0.19

TABLE XXV. Experimental systematic uncertainties on the interference fit fractions (%) of the resonant contributions for the isobar
model with mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) nonresonant S-wave, (A1) f0ð500Þ, (A2) f0ð980Þ, (A3) f0ð2020Þ, (A4)
ρð770Þ, (A5) ωð782Þ, (A6) ρð1450Þ, ðA7Þ ρð1700Þ, ðA8Þ f2ð1270Þ, ðA9Þ D̄0π− P-wave, ðA10Þ D�

0ð2400Þ−, ðA11Þ D�
2ð2460Þ−, ðA12Þ

D�
3ð2760Þ−. The diagonal elements correspond to the statistical uncertainties on the fit fractions given in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12

A0 0.07 0.06 0.03 0.03 0.00 0.00 0.00 0.00 0.07 0.02 0.11 0.09 0.01
A1 — 0.31 0.22 0.20 0.00 0.00 0.00 0.00 0.07 0.06 0.26 0.04 0.01
A2 — — 0.11 0.05 0.00 0.00 0.00 0.00 0.14 0.02 0.04 0.04 0.02
A3 — — — 0.15 0.00 0.00 0.00 0.00 0.11 0.08 0.06 0.11 0.02
A4 — — — — 0.61 0.05 0.31 0.16 0.00 0.18 0.05 0.03 0.02
A5 — — — — — 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A6 — — — — — — 0.08 0.03 0.00 0.11 0.12 0.06 0.01
A7 — — — — — — — 0.07 0.00 0.10 0.07 0.03 0.01
A8 — — — — — — — — 0.31 0.16 0.11 0.07 0.02
A9 — — — — — — — — — 0.24 0.00 0.00 0.00
A10 — — — — — — — — — — 0.20 0.00 0.00
A11 — — — — — — — — — — — 0.74 0.00
A12 — — — — — — — — — — — — 0.07
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TABLE XXVI. Model-dependent systematic uncertainties on the interference fit fractions (%) of the resonant contributions for the
isobar model with mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) nonresonant S-wave, (A1) f0ð500Þ, (A2) f0ð980Þ, (A3) f0ð2020Þ,
(A4) ρð770Þ, (A5) ωð782Þ, (A6) ρð1450Þ, ðA7Þ ρð1700Þ, ðA8Þ f2ð1270Þ, ðA9Þ D̄0π− P-wave, ðA10Þ D�

0ð2400Þ−, ðA11Þ D�
2ð2460Þ−, ðA12Þ

D�
3ð2760Þ−. The diagonal elements correspond to the statistical uncertainties on the fit fractions given in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12

A0 0.80 0.61 0.31 0.17 0.00 0.00 0.00 0.00 0.03 0.28 0.56 0.45 0.01
A1 — 2.45 2.00 3.03 0.00 0.00 0.00 0.00 0.16 0.72 0.79 0.98 0.08
A2 — — 0.54 0.67 0.00 0.00 0.00 0.00 0.02 0.15 0.13 0.28 0.08
A3 — — — 1.00 0.00 0.00 0.00 0.00 0.08 0.51 0.34 0.69 0.06
A4 — — — — 0.98 0.03 0.47 0.12 0.00 0.54 0.33 0.27 0.09
A5 — — — — — 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A6 — — — — — — 0.22 0.08 0.00 0.31 0.18 0.14 0.03
A7 — — — — — — — 0.06 0.00 0.12 0.07 0.04 0.02
A8 — — — — — — — — 1.10 0.49 0.33 0.09 0.05
A9 — — — — — — — — — 1.73 0.00 0.00 0.00
A10 — — — — — — — — — — 0.35 0.00 0.00
A11 — — — — — — — — — — — 0.50 0.00
A12 — — — — — — — — — — — — 0.09

TABLE XXVII. Statistical uncertainties on the interference fit fractions (%) of the resonant contributions for the K-matrix model with
mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) K-matrix S-wave, (A1) ρð770Þ, (A2) ωð782Þ, (A3) ρð1450Þ, ðA4Þ ρð1700Þ, ðA5Þ
f2ð1270Þ, ðA6Þ D̄0π− P-wave, ðA7Þ D�

0ð2400Þ−, ðA8Þ D�
2ð2460Þ−, ðA9Þ D�

3ð2760Þ−. The diagonal elements correspond to the statistical
uncertainties on the fit fractions shown in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9

A0 0.70 0.00 0.00 0.00 0.00 0.04 0.28 0.49 0.43 0.16
A1 — 1.00 0.34 0.71 0.31 0.00 0.41 0.22 0.25 0.14
A2 — — 0.13 0.00 0.00 0.00 0.01 0.00 0.00 0.00
A3 — — — 0.42 0.29 0.00 0.29 0.23 0.20 0.07
A4 — — — — 0.21 0.00 0.23 0.16 0.19 0.04
A5 — — — — — 0.58 0.22 0.16 0.08 0.05
A6 — — — — — — 0.58 0.00 0.00 0.00
A7 — — — — — — — 0.60 0.00 0.00
A8 — — — — — — — — 0.72 0.00
A9 — — — — — — — — — 0.22

TABLE XXVIII. Experimental systematic uncertainties on the interference fit fractions (%) of the resonant contributions for the K-
matrix model with mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) K-matrix S-wave, (A1) ρð770Þ, (A2) ωð782Þ, (A3) ρð1450Þ, ðA4Þ
ρð1700Þ, ðA5Þ f2ð1270Þ, ðA6Þ D̄0π− P-wave, ðA7ÞD�

0ð2400Þ−, ðA8ÞD�
2ð2460Þ−, ðA9ÞD�

3ð2760Þ−. The diagonal elements correspond to
the statistical uncertainties on the fit fractions shown in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9

A0 1.68 0.00 0.00 0.00 0.00 0.10 0.84 1.88 1.21 0.36
A1 — 2.13 0.06 1.42 1.02 0.00 0.87 0.37 0.14 0.29
A2 — — 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00
A3 — — — 0.82 0.73 0.00 0.13 0.30 0.10 0.15
A4 — — — — 0.61 0.00 0.88 0.51 0.89 0.14
A5 — — — — — 0.83 0.27 0.16 0.18 0.16
A6 — — — — — — 0.67 0.00 0.00 0.00
A7 — — — — — — — 0.86 0.00 0.00
A8 — — — — — — — — 1.06 0.00
A9 — — — — — — — — — 0.18
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APPENDIX D: RESULTS OF THE K-MATRIX PARAMETERS

The moduli and phases of the K-matrix parameters in Eq. (25) are listed in Table XXX. The breakdown of systematic
uncertainties is shown in Tables XXXI and XXXII.

TABLE XXIX. Model-dependent systematic uncertainties on the interference fit fractions (%) of the resonant contributions for the K-
matrix model with mðD̄0π�Þ > 2.1 GeV=c2. The resonances are (A0) K-matrix S-wave, (A1) ρð770Þ, (A2) ωð782Þ, (A3) ρð1450Þ, ðA4Þ
ρð1700Þ, ðA5Þ f2ð1270Þ, ðA6Þ D̄0π− P-wave, ðA7ÞD�

0ð2400Þ−, ðA8ÞD�
2ð2460Þ−, ðA9ÞD�

3ð2760Þ−. The diagonal elements correspond to
the statistical uncertainties on the fit fractions shown in Table IX.

A0 A1 A2 A3 A4 A5 A6 A7 A8 A9

A0 1.10 0.00 0.00 0.00 0.00 0.02 0.24 0.25 0.40 0.15
A1 — 0.79 0.02 0.41 0.25 0.00 0.26 0.29 0.19 0.05
A2 — — 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A3 — — — 0.21 0.08 0.00 0.20 0.09 0.12 0.03
A4 — — — — 0.12 0.00 0.14 0.12 0.08 0.02
A5 — — — — — 0.58 0.14 0.19 0.08 0.08
A6 — — — — — — 0.75 0.00 0.00 0.00
A7 — — — — — — — 0.52 0.00 0.00
A8 — — — — — — — — 0.54 0.00
A9 — — — — — — — — — 0.07

TABLE XXX. The moduli and phases of the K-matrix parameters. The first uncertainty is statistical, the second
the experimental systematic, and the third the model-dependent systematic. The moduli are normalized to that of the
ρð770Þ contribution and the phase of ρð770Þ is set to 0°.

Parameter Modulus Phase (°)

f10 17.0� 3.3� 9.5� 3.7 347.3� 13.7� 18.7� 3.2
f11 14.9� 17.1� 20.3� 8.0 160.0� 70.1� 39.6� 26.2
f12 111.3� 23.1� 23.8� 12.8 226.1� 12.0� 11.2� 4.9
f13 28.7� 14.2� 8.1� 5.3 186.5� 30.0� 30.4� 8.6
f14 31.0� 12.8� 13.4� 8.8 10.61� 25.9� 15.2� 2.9
β0 9.5� 1.8� 2.9� 1.1 20.7� 15.2� 13.5� 10.4
β1 17.2� 6.4� 6.2� 4.8 19.6� 19.4� 14.4� 3.7
β2 34.9� 7.6� 14.3� 3.1 128.3� 12.1� 2.1� 1.9
β3 53.5� 14.3� 9.2� 4.2 138.7� 15.5� 7.2� 3.9
β4 52.5� 10.2� 22.4� 5.9 305.0� 10.5� 13.5� 2.2

TABLE XXXI. Systematic uncertainties on the moduli of the K-matrix parameters. The moduli are normalized to that of ρð770Þ.
Source f10 f11 f12 f13 f14 β0 β1 β2 β3 β4

PID 8.1 5.5 22.5 3.2 13.2 2.5 3.6 10.7 8.0 18.0
Trigger 0.4 1.1 2.5 1.0 1.2 0.2 0.7 0.6 1.1 1.0
Reconstruction 0.1 0.9 0.4 0.5 0.7 0.1 0.4 0.4 0.6 0.5
Simulation statistic 0.3 4.6 2.8 2.7 1.6 0.1 1.8 1.0 0.6 0.7
Background model 0.6 0.5 6.5 <0.1 0.2 0.1 0.7 1.7 2.4 2.7
D�ð2010Þ− veto 4.9 18.9 1.9 6.8 0.6 1.4 4.6 9.2 3.7 13.1
Total (experiment) 9.5 20.3 23.8 8.1 13.4 2.9 6.2 14.3 9.2 22.4
Additional resonances 3.5 8.0 12.6 3.8 7.7 1.1 4.6 3.0 3.5 5.6
RBW parameters 1.2 0.4 2.3 3.3 4.0 0.2 1.1 0.5 2.2 1.9
ππ resonant mass, width 0.3 0.7 0.1 1.5 1.7 0.2 0.6 0.4 0.7 0.3
Total (model) 3.7 8.0 12.8 5.3 8.8 1.1 4.8 3.1 4.2 5.9
Total (all) 10.2 21.8 27.0 9.6 16.0 3.1 7.8 14.6 10.1 23.2
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