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In many instances of holographic correspondences between a d-dimensional boundary theory and a (d +
1)-dimensional bulk, a direct argument in the boundary theory implies that there must exist a simple
and precise relation between the Euclidean on-shell action of a (d — 1)-brane probing the bulk geometry
and the Euclidean gravitational bulk action. This relation is crucial for the consistency of holography, yet
it is non-trivial from the bulk perspective. In particular, we show that it relies on a nice isoperimetric

inequality that must be satisfied in a large class of Poincaré-Einstein spaces. Remarkably, this inequality
follows from theorems by Lee and Wang.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Consider a holographic correspondence between a (d + 1)-di-
mensional bulk gravitational theory on a conformally compact
manifold M and a d-dimensional field theory on its compact
boundary X = dM.! Assume that the correspondence follows by
considering the near-horizon limit of a large number N of BPS
(d — 1)-branes (mentioned simply as branes in the following) [1].
The boundary field theory has N colors and can be interpreted as
living on these branes. It is then natural to study the physics as-
sociated with probe branes in the bulk geometry. These branes are
clearly special since, in some sense, they make up the bulk holo-
graphic space itself. Such studies have appeared many times in the
literature; particularly instructive results were discussed, for exam-
ple, in [2].

Recently, a precise construction of the probe brane action Sy
from the point of view of the boundary field theory was pro-
posed [3]. The main motivation in [3] is to provide purely field
theoretic tools to study holography in a wide range of models. It is
shown that the probe action naturally describes the motion of the
brane in a higher-dimensional holographic bulk space, including in
the case of the pure Yang-Mills theory where a fifth dimension
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E-mail addresses: frank.ferrari@ulb.ac.be (F. Ferrari), arovai@mit.edu (A. Rovai).
! Physically relevant non-compact manifolds can usually be obtained by taking
the large volume limit of a compact manifold.
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automatically emerges [3]. In particular, the details of the bulk ge-
ometry can be read off from the probe action [4].

The construction in [3] implies an interpretation of the probe
brane that seems to depart from the standard lore, which relates
the presence of a probe brane in the bulk to some Higgsing of
the gauge group on the boundary. Instead, the Euclidean partition
function for K probe branes in the bulk is shown in [3] to com-
pute exactly the ratio Zyyx/Zy between the Euclidean partition
functions of the boundary theory for N + K and N colors respec-
tively,

Z
N+K 2/92 e~ Sb(D) | (11)
ZN

where we have denoted by X the degrees of freedom living on
the brane. This point of view has many interesting consequences
and seems consistent with the notion of Highly Effective Action
described in [5], which corresponds to the special case N =K =1.

The aim of the present work is to understand, from the bulk
perspective, one of the simplest consequence of Eq. (1.1). Assume
that the free energy —In Zy scales as NV F at large N, for some ex-
ponent y, with corrections o(NY~1) (for example, in the standard
gauge theories considered in [3], ¥ =2 and the corrections are of
order O (N°%) =o(N)). Then In(Zy41/ZN) = —yNY~1(F +0(1)). On
the other hand, in the large N limit, the probe brane action Sy, is
very large (for example, it is proportional to N in gauge theory).
The right-hand side of (1.1) is then dominated by configurations
minimizing Sp. If we denote by S} the minimum value of Sy, we
obtain in this way In(Zny41/Zn) = —S§. If, moreover, we use the

0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
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standard holographic dictionary of [6,7] that identifies N¥ F with
the on-shell gravitational bulk action S¥, we get the fundamental
identity

N
Si=-—5;. 1.2
g J/ b ( )
This is an archetypal holographic identity, relating a bulk quantity
on the left-hand side to a surface quantity on the right-hand side.

The reasoning that leads to (1.2) is very robust and we believe
that it constitutes an important basic property of holography. How-
ever, it does not constitute a proof. Indeed, it assumes that the
gauge theoretic probe brane action constructed in [3] (for which
the identity (1.2) is a rigorous mathematical statement) matches
with the standard bulk notion of probe brane action. This is a
new addition to the gauge theory/string theory dictionary and, as
any other entry in this dictionary, it cannot be rigorously proved.
Our aim in the following will be to test this proposal, by deriving
(1.2) directly from the bulk perspective, thus without using the results
of [3] or assuming the validity of (1.1).

Let us note that the relation (1.2) can be easily generalized to
a large variety of situations, including cases with several types
of branes (like for example in AdS3 holography), cases where o’
corrections and finite N effects are included, and even cases cor-
responding to asymptotically flat geometries. We let the discussion
of some of these extensions to a companion paper [8] and focus
presently on the basic conceptual issues in the simplest frame-
work.

At first sight, the equality (1.2) seems rather puzzling, for at
least two basic reasons. First, the gravitational action is naively in-
finite and a holographic renormalization procedure is required to
make sense of it [9], whereas the probe brane action is naively fi-
nite with no need to renormalize. Yet, equation (1.2) implies that
an analogue of the holographic renormalization prescription must
exist for the probe brane action and we have to understand what
this could be. Second, the gravitational action Sg is the sum of
the bulk Einstein-Hilbert term and a boundary Gibbons-Hawking
term, whereas the brane action S, is a purely surface quan-
tity, sum of Dirac-Born-Infeld and Chern-Simons contributions.
To compute the on-shell value S, one naively has to solve the
field equations on the brane and evaluate Sy, on the solution. This
looks quite complicated and the matching with the very different-
looking on-shell gravitational action may seem rather miraculous.
Clearly, in view of the claimed extreme generality of (1.2), a simple
mechanism must be at work, simplifying drastically the analysis
and ensuring consistency.

We shall elucidate these issues in the following in the case of
pure gravity, where the bulk space M is a Poincaré-Einstein mani-
fold,

d
12
We shall prove that the consistency of (1.2) relies on a non-trivial
isoperimetric inequality, bounding from below the area A(X) of

any hypersurface X ¢ M homologous to the boundary by the vol-
ume V (My) of bulk space enclosed by X,

Ruv=——Gpv. (1.3)

AX) = %V(Mz)- (1.4)

It is easy to see that this inequality is violated if the Yamabe
constant of the boundary is negative. Holography thus cannot be
consistent in these cases, a fact that has been known for a long
time [10,11] (a negative Yamabe constant simply means that the
action for a conformally coupled scalar on the boundary will not
be bounded from below, implying that the field theory on the

boundary is ill-defined). Quite remarkably, when the Yamabe con-
stant is non-negative, the inequality (1.4) can be derived from the
details of the proof of a theorem by Lee [12] and was also proved
directly by Wang in [13].

2. A simple example: Schwarzschild-AdSs

It is very useful to first analyze a simple example. So let us con-
sider the famous Schwarzschild black hole in AdSs, which is dual
to the N =4 gauge theory on X =S x S', when the temperature
is above the Hawking-Page transition [7,14]. We pick the standard
representative

g=dt* +a°dQ3 (2.1)

for the conformal class of the metric on X, where t and t + 8 are
identified and dQ% is the round metric of radius one on S3. The
bulk metric can be conveniently written by using the Fefferman-
Graham coordinates associated with (2.1) as?

1
G=— [der2 +FO (1= (r/m)?) de? + azf(r)dszg] . (22)

with

4q2
The full cigar-shaped bulk manifold M = B? x S3 is covered when
0<r<ry(or 0<x<1) with r=0 corresponding to the bound-
ary and r =ry, to the tip of the cigar (horizon). The parameter «
belongs to the interval ]0, 1[, ensuring that f > 0. Smoothness at
r =ry yields the relation

B=may/2a(1 —w)

between o and the inverse temperature S.

Let us now consider a 3-brane, which is a hypersurface X in M.
In the present section, for simplicity and consistently with the
symmetries of the metric (2.2), we limit our discussion to hyper-
surfaces given by an equation r = constant. The brane action is
then a function of r, sum of DBI and CS contributions. The DBI
term is simply the area of the hypersurface for the induced metric
times the 3-brane tension. A simple calculation yields

2m213a3B (1 —x3)(1 — 2ax + x%)

4 2
Y X

f=1=2ax+x*, x=(/m)?, (2.3)

(2.4)

Spei(r) = (255)

This term is a monotonically decreasing function of x (or of r). It
tends to make the brane shrinks. The Euclidean CS term is

5cs=—if3/C4,
T

(2.6)

where the Ramond-Ramond five-form field strength F5 = dC4 is
related to the bulk volume form Q5 by
4i
F5=TS25+--~ (2.7)
The - - - represent components on the S® part of the ten-dimensio-
nal geometry, which must be present because F5 is self-dual. How-
ever, these terms play no role in our discussion, nor does the S°.
This is why we have not mentioned them up to now, and we shall
not mention them any longer. It is straightforward to integrate the

2 The use of Fefferman-Graham coordinates near the boundary will make the
general discussion in the next section easier. In the present case, these coordinates
cover the full bulk manifold.
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volume form of the metric (2.2) to obtain C4. The integration gener-
ates and arbitrary integration constant c, yielding

YR S S d
C4=la (—r—4+az7+ﬁ—a+(:) tAw3,
where w3 is the volume form on the unit radius round 3-sphere.
Plugging into (2.6), we get

(2.8)

2m213a3 B x* — 4ax® — dax+1
Scs(n) =— 7 3
L X
for some x-independent constant s (which is proportional to the
constant ¢ in (2.8)). The CS term is a monotonically increas-
ing function of x, tending to make the brane inflate towards the
boundary x = 0. Adding up (2.5) and (2.9), we finally get

+s, (2.9)

Ar213a3B o + 3ax? — X3
Sp(r) = —— -
Th

This formula has three important basic qualitative features.
First, it is a monotonically decreasing function of x: the DBI term
wins over the CS term and the brane wants to shrink. The mini-
mum value of the action is obtained for the maximum value x =1
of the variable x, for which the shrunken brane sits at the tip of
the cigar,

+5. (2.10)

4m?13a3
s’g:—jﬂ(a—1)+s. (211)
r
h

Second, dSp/dr < 0 at x = 0: the brane equations of motion are
not satisfied at the minimum of the action, and, actually, have no
solution! Third, the result depends on an arbitrary constant s.

For most purposes, this ambiguous constant s in the brane ac-
tion is inoffensive. It can be interpreted as coming from the gauge
symmetry C4 +> C4 + ¢4, for any closed 4-form c4. However, for
our purposes, it clearly does play a crucial role. Our aim is to find
the on-shell value S} of the brane action and any undetermined
constant would allow to shift Sy to any value we like, which is of
course nonsense.

A naive way to fix the constant s in (2.11), or, equivalently, the
constant c in (2.8), could be to impose the global regularity of the
potential C4. This would imply that the term in parenthesis in (2.8)
has to vanish when r = ry,. However, this condition is artificial and,
as we shall see, utterly incorrect. There is no reason to impose a
global regularity condition on a non-gauge-invariant object. Only
the field strength dC4 must be globally defined, and of course it is
for any choice of the constant c.

This situation is, actually, quite familiar, at least in the context
of asymptotically flat black hole solutions. For example, the gauge
potential for a Euclidean four-dimensional Reissner-Nordstrom
black hole of charge Q reads A = —i(Q /r + c¢)dt in standard co-
ordinates. The constant ¢ is indeterminate, but is most naturally
chosen such that the electrostatic potential of a charged probe
particle vanishes at infinity. This yield ¢ = 0. This is a very natural
and physically sound condition, simply stating that the energy of
a particle in flat space should be given only by its rest mass with
no constant contribution from an electrostatic potential at infinity.
It implies that the gauge potential A is not globally defined, since
this would inconsistently imply ¢ = —Q /ry # 0, where r =r is
the horizon.

What is happening in our asymptotically AdS set-up is actually
very similar.®> The condition that will determine ¢ must be imposed

3 This similarity can be made extremely precise in some cases, when the asymp-
totically AdS geometry is obtained from the near-horizon limit of an asymptotically
flat geometry, see [8].

in the asymptotic region. This is a familiar strategy in hologra-
phy: any sensible condition must be imposed near the boundary
and not in the deep IR region of the geometry, where the horizon
is located. Actually, in asymptotically AdS spaces (and contrary to
what happens in asymptotically flat spaces), we also expect that
the condition we need to impose will still allow some mild am-
biguity in Sf. Indeed, in view of the fundamental relation (1.2)
we wish to prove, we should be allowed to add arbitrary finite
local counterterms. In the present case, the most general countert-
erm action, constrained by locality, general covariance and power
counting, is of the form
co C1 C2

S =0 (L3 + g7+ gt)
for dimensionless renormalization constants cg, ¢; and ¢ that may
depend on a regulator € but not on a or B. These terms corre-
spond to adding a cosmological constant, curvature and curvature
squared terms in the boundary theory.

These considerations yield the following simple proposal to fix
the ambiguity associated with the integration constant s:

The brane action, evaluated for a brane worldvolume r = €, where r
is the Fefferman-Graham radial coordinate and € > 0 a regulator, should
go to a purely counterterm action near the boundary, up to terms that go
to zero when € — 0.

This is a very natural prescription and we believe that it is the
only consistent one. Moreover, it is compatible with the construc-
tion in [3] and is in harmony with the general intuition that going
to the boundary of bulk space corresponds to a UV limit in the
boundary field theory. In our example, using the well-known for-
mulas for the tension of a D3-brane in type IIB string theory and
the relation between the AdS scale L and the string theory param-
eters [1],

4
= 1 DA £5gsN
27l gs 14

(2.12)

, (2.13)

we see that the first term in the right-hand side of (2.10) is pre-
cisely of the form (2.12) when x — 0. The constant s must thus be
of the form (2.12) as well. Putting everything together, we obtain

4 ST, (214)

for an arbitrary finite counterterm action Sct. Using (1.2), with
an exponent y = 2 suitable for a free energy scaling as N2 in
gauge theory, we reproduce precisely the correct free energy of
the A =4 Yang-Mills theory [7,14].

Remark. the shrinking of the probe brane to the tip of the cigar
geometry might be interpreted as the Euclidean version of a brane
falling into the horizon of the Minkowskian black hole geometry.
However, we would like to emphasize that this is misleading. As
will be clear in the next section, the tip of the cigar is not a special
point for the brane. If allowed to deform in arbitrary ways, the
brane can shrink at any point on the cigar, thus including at r < ry,.
Only the minimal value of S}, has a physical meaning.

3. The general case

Let us now consider an arbitrary Poincaré-Einstein bulk
space M. We pick a representative g of the conformal structure
on the boundary X = dM. We denote by r the Fefferman-Graham
radial coordinate and by z the coordinates on X. The bulk metric
near the boundary reads

_Ldri+g

G >

, (3.1)
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where
g(r,20) =82 +go@r*+--- (3.2)

has the usual near-boundary Fefferman-Graham expansion. We in-
troduce a regulator € > 0, denote by X, the hypersurface r = € and
by M the interior of X, the regulated bulk space. We also denote
with the symbol = equalities modulo the addition of local coun-
terterms on the boundary and terms that go to zero when € — 0.
The gravitational action is the sum of the Einstein-Hilbert and
the Gibbons-Hawking terms, which is a surface integral over X..
It is easy to check, using the expansion (3.2), that the Gibbons-
Hawking term is always a pure counterterm. This is a nice con-
sequence of using the Fefferman-Graham coordinate r to regulate
the bulk space. Using Einstein’s equations (1.3), we thus obtain

1 dd—1
s —7/dd+]x detG(R—i—%)

%
& 1 67'[ Gd+1

€

V(M¢), (3.3)

8w GgyqL?
where Gg441 is the bulk Newton constant and V(M) the volume
of the regulated bulk space.

We now have to define what we mean by probe brane in gen-
eral. On physical grounds, it is reasonable to consider that a probe
brane should be an embedding of the boundary manifold X in M,
which can be obtained by smoothly deforming X¢. A less stringent
requirement would be to consider all hypersurfaces homologous to
the boundary. We shall work with this second point of view for
simplicity, but we believe that the first point of view should be
equivalent for our purposes (at least it is on the specific examples
we are aware of). We denote by My the bulk space enclosed by X,
oMy = X. The DBI term in the brane action is simply t3_1A(X),
where t3_1 is the brane tension and A its area (worldvolume) for
the induced metric on X. The Euclidean CS term is —it4_q fz Cq,

with dCy = %Qd+] proportional to the volume form of the bulk
space, generalizing (2.6) and (2.7). Integrating to get Cy4 produces
an arbitrary integration constant s, as in the example of Section 2.
This constant must be the same for all the probe branes, since
they are all homologous to each other. Moreover, up to this con-
stant, Stokes’ theorem implies that the CS term is proportional to
the volume of My. Overall, we thus obtain

d
Sb(%) = a1 (A(®) = TV(My)) +s

The constant s is fixed by using the principle formulated in Sec-
tion 2: we impose that Sy(Z¢) =0, i.e. the brane action on the
boundary is a pure local counterterm. Since it is obvious that
A(Z¢) =0, the area being a local cosmological constant term on
the boundary, we get, by taking (3.3) into account,

(3.4)

d
SME)ET¢40MZ)—ZVUWﬂ)+8nG¢HLm_ﬁ§. (3.5)

To compute the on-shell brane action S, we thus have to mini-

mize the functional A — %V over all probe branes. If we can prove
the isoperimetric inequality (1.4), then the minimum value will be
zero, which is realized by a shrunken brane.* The identity (1.2)
would automatically follow,” with an exponent

y =8mLlGyy174—1N. (3.6)

4 In the explicit examples we know, it is clear that the boundary can always be
shrunk to zero area. More generally, this follows easily if one knows the topology of
the bulk, as in theorems by Graham and Lee and Lee [15]. Even more generally, this
follows from the fact that the boundary . = dMc is in a trivial homology class.

5 Note that the same argument would also work if the relevant branes were not
saturating the BPS bound, since in this case the functional A(X) — %V(Mg) is re-

Note that y must be independent of N. For example, in type
1B with the N =4 theory living on the boundary X, the ten-
dimensional Newton constant is G1g = 271 Esgs =
taking into account the volume 7T3L53 of the §° plece in the ge—
ometry, the five-dimensional G5 = W' Using (2.13), we see that
(3.6) yields y =2 as expected. Cases with other values of y are
discussed in [8].

Thus there remains to understand the crucial inequality (1.4).
This kind of inequalities have been much studied in mathematics,
see e.g. [17]. The infimum of the ratios A(X)/V (Myx) is known as
the Cheeger constant I, (M) of the non-compact manifold M. The
inequality (1.4) is thus equivalent to a lower bound for the Cheeger
constant, Ioo(M) > d/L. Interestingly, it is known that I§O/4 pro-
vides a lower bound on the spectrum of the Laplacian on M [17].
The inequality (1.4) thus also implies a generalized Breitenlohner—
Freedman bound.

To build intuition on (1.4), it is very instructive to start by
considering a special class of large hypersurfaces. We use the
Trudinger-Aubin-Schoen theorem to pick a conformal class rep-
resentative g on the boundary having constant scalar curvature R.
It is then straightforward to compute A — %V for hypersurfaces &
given by r = constant, at small r, where r is the Fefferman-Graham
radial coordinate associated with g, by using the expansion (3.2).
One finds that it diverges as R/r¢=2, if d > 2, or as —RInr if d =2
[10,11]. In particular, if R < 0, the probe brane action is unbounded
from below and Sj = —oo! A crucial requirement is thus that
R > 0. This is equivalent to saying that the Yamabe constant Y ([2])
of the conformal class at infinity is non-negative. Holography will
be inconsistent in such cases, precisely due to the emission of large
probe branes, as argued in [11,16].° Let us emphasize that this ar-
gument shows that the stability of the bulk string theory implies
that A(X) — %V(M;) must be bounded from below. For our pur-
poses, we need the much stronger result (1.4) to be true: that the
bound should always be strictly zero.

We thus limit ourselves to the cases Y[g] > 0. Remarkably, the
inequality (1.4) was then derived in [13], building on the results in
[10] and on geometric measure theory. Let us sketch here a more
elementary approach, based on some of the results of [12]. The
idea is to consider a scalar field ¢ on M of mass m? = (d + 1)/L?,
thus sourcing an operator of dimension § =d + 1 on the bound-
ary. As usual, such a scalar field will behave as r4=% = 1/r near the
boundary. For our purposes, we choose the source ¢ = lim,_,o(r¢)
to be a strictly positive constant, say equal to one. The field equa-
tion (A +m?2)¢ = 0 then implies immediately, from the maximum
principle, that ¢ > 0 on M. Moreover, using (1.3), it is not difficult
to check that A(|dg|* — ¢?/L?) <0, where |d¢|> = GHV,¢d,¢.
The maximum principle then implies that

ldg|* —¢?/L? <0

(3.7)

on M, as soon as this is valid near the boundary r = 0. But, when
r — 0, this inequality can be directly checked by using the ex-
pansion (3.2) and the similar well-known expansion for the scalar
field. Using the same conformal class representative as in the pre-
vious paragraph, with constant scalar curvature R, one finds that
|dp|? — ¢2/L% ~ —R/(d(d — 1)) near the boundary, which is indeed
non-positive if Y([g]) > 0.

placed by A(X) — %qV(Mz) with |q| < 1, and the minimum of this functional is
also zero by the isoperimetric inequality (1.4).

6 See [18] and references therein for interesting recent physical applications of
this instability. See also [19] for examples which could be consistent and for which
the Yamabe constant is negative. In these examples, the boundary has several dis-
connected components and the relevant branes do not saturate the BPS bound. Our
general consistency condition must apply in these cases as well, but a detailed study
is beyond the scope of the present letter.
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This being established, we can proceed as follows.” We consider
the vector field v#* = 9" In¢. By using (3.7), we immediately find
that

1 d
|v|2=G,wv“v”§L—, divv=VMv“zL—2. (3.8)

We now integrate the second inequality above over My and use
Stokes’ theorem to find

fddx,/P(G)v“nM > Ld—2V(ME), (3.9)
z

where P(G) denotes the determinant of the induced metric on X
and n is the unit normal to ¥, pointing outward. The isoperimetric
inequality (1.4) then follows from the bounds

0< / d?%/P(G)v*n, < / d%/P(G) |v¥n, |

) X
S/ddx,/p(c)|v| < @, (3.10)
)

where, in the last step, we have used the first inequality in (3.8).
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