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ABSTRACT

ELEMENTS OF EQUILIBRIUM METHODS FOR SOCIAL ANALYSIS
Murat R. Sertel
Submitted to the Alfred P. Sloan School of Management
on January 22, 1971
in partial fulfillment of the requireménts for the

Degree of Doctor of Philosophy

The study is introduced by a first chapter.

The second chapter, "Formal Elements of Social Systems'', first
gives set-theoretical definitions for abstract social systems and their
elements, establishing some terminology and notation as well. It is then
discussed how a social system is a generalization of an economy and how
the latter is, in turn, a generalization of a game.

Chapter 3, "Topological Foundations of Social Systems,"” develops some
continuity and convexity results for behavors in static and dynamic social
systems — all of which are defined in the previous chapter - after
presenting some mathematics which is of special use in social analysis.
This mathematics includes some facts concerning hyperspaces, a treatment
of semi-linear topological spaces and their fixed point properties as
iuvestigated by Prakash and Sertel, and some further facts relating to
the continuity and convexity properties of objective functionals and
their associated infimum and supremum functionals, dealing with feasible
regions as points in suitable hyperspaces.

Chapter 4, "Evolution and Equilibrium in Social Systems", first
discusses some notions related to social equilibria, including Nash,
Pareto, and core points, and then demonstrates existence results for
social equlllbrlum for static and dynamic social systems. The contractual
set i.e., set of social equilibria, is proved to be non-vacuous for a type
of static social system and four types of dynamic social system. In the
static case, Fan's fixed point theorem is applied. In the four dynamic
types of social system, a more powerful theorem is needed, as a fixed
point is sought in a semi-linear space. A fixed point theorem of Prakash
and Sertel fits the speclflcatlon and is applied. 1In all the cases where
the contractual set is shown to be non-empty, it is shown to be compact
as well. TFor certain social systems the contractual set is shown also
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to be convex.

The fifth and final chapter discusses "Extensions and Applications"”
of the framework and theory above. The first extension indicated is that
of probabilistic social systems. For these, a notion of a behavior as a
probability measure on a sigma-field of actions is offered, matters
pertaining to the measurable numerical representability of preferences
settled, and a notion ofprobabilistic social system formalized. Second, as an
application, a framework for the analysis of power is suggested, after a
certain causal relation of an event inducing another is formally introduced.
The resulting concept and measure of power is presented as a corrected
generalization and formalization of Dahl's concept and measure of power.
The importance of equilibrium methods for power analysis based on the above
is clarified. Third, it is indicated how social svstems may be viewed
as evolutionary systems, modifying the notion of dynamical system, so that
the attraction and stability of contractual sets and cores may be
investigated. Finally, the large topic of the guidance of social svstems
and organizations via incentive schemes, information systems and other
means is discussed as an area of application, suggesting also a number of
extensions which promise use in the area of legislation and the analysis
of multi-level social systems.
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1. INTRODUCTION

This study is motivated by the belief that notions and.methods
of equilibrium can be developed and applied in social analysis. By
social analysis is meant the positive and normative study of social
systems and social phenomena.

The first thing to do was to clarify and reduce to a few the
notions needed, assembling them in a consistent framework containing
all that is needed and nothing that is not. The kéy notion here is
that os a social system. For clarity and purity, it is defined set-
theoretically. Next it is equipped with certain topological propertiés.

To do anything with the notion of equilibrium for social systems,
it has to be demonstrated that such a thing exists, and that it exists for
a wide enough class of social systems. This is done. Extensions and
applications are discussed.

Since each chapter, except the present, begins with an introduction,

the reader will be spared a lengthy introduction here.



FORMAL ELEMENTS OF SOCIAL SYSTEMS

The present chapter first gives definitions for social
systems and their elements, also introducing some basic terminology
and notation to be used in the sequel. The formal notion of é
'social system' as defined is then compared with the more familigy
'economy' and 'game', in both of which the existence and various
optimality and stability properties of equilibrium have been
investigated extensively and equilibrium methods of‘analysis
have long been used fruitfully. This comparison, from which
games emerge as restricted versions of economies and the latter
emerge as restricted versions of social systems, is intended to
provide perspective and context within which to evaluate fhe

framework and results presented in this study.



2.1 Preliminaries

This section is designed to introduce the basic notions and
some of the notation and terminology to be used in the sequel.
The ceﬁtral notion is that of a social system, defined set-
theoretically in 2.1.2 after some notation is established in 2.1.1.
Some terminology and furthér notation is established in 2.1.3
to refer to the elements of social systems and to some important
formal objects which are derived from these elements. The discussion
in 2.1.4 turns from matters of definition and denotation to the
intended connotation of the terminology introduced, so as to
provide some intuitive grounding for the reader's formal under-
standing. This is done by examining the typical manner in which
the elements of a social system operate. In this ﬁay it is
hoped also to commqnicate the motivation for the way in which
those elements are named. A motivation for the next definition,
2.1.5, distinguishing between static and dynamié social systems,
is also derived from that discussion. The consistency
of the definition of social svstems is checked by 2.1.7, after
some requisite topological conventions and terminology are
established in 2.1.6. Finally, 2.1.8 adds a note to clarify

the important notion of 'incentive' in social systems.

2.1.1 Standing Notation: The emptv set will be denoted by ¢.
The set of real numbers will be denoted by R.
For any set X, [X] will denote the set of non-empty subsets

of X. Whenever [X] is endowed with a topology, that topology



will at least be as fine as the upper semi—fiﬁite (usf) topology.
(For these notions, seé 3.1.2 or the classic work of Michael
(1951) concerned with topologies on spaces 6f subséts.)

The rather usual symbols 'II' and '7n' will be used to
denote, respectively, products and projections. As regards
products, an important word of caution is due. Whemever the
product is the Cartesian product of mere sets, the product is to
be understood merely as such. Whenever it is a broduét of
topologized sets, the product is to be understood as equipped
with the product topology. Whenever it is the product of
sigma-fields, it is to be understood as the prbduct sigma-field,
and similarly for measure spaces. When the index set is not
very crowded, the symbol 'x' will also be used for products.

F.g., if {Xili € 1} is a family of sets indexed by i ¢ I, and
if the index set I = {1,2}, then the product may be written
as X; x X,, rather than HI{Xi} or g{Xi{i e I}or iglxi, all
of which denote the same. As a special kind of product, Y
will denote the set of all functions f:X - Y mapping X into Y,
i.e. such that f(x) € Y(x ¢ X). (0Of course, YX is the same as
H{YXlYX = Y}.) Finally, subscripts of 7 will indicate the

X
range of the function, so that, e.g., "% denotes projection into X.



2.1.2 Definition :

A social system is an ordered seven-tuplet

S=<W, U, H, G, I, T, A>, where

(2.1.2.1)

(2.1.2.2)

(2.1.2.3)

(2.1.2.4)

(2.1.2.5)

W={Xa¥ olacAl ¢
is a non-empty family of non-empty sets Xys

from which we define X = 11X , Xa =1 XB:

A A {x}

U= {u: XxR>R|ae A}
o
is an associated family of real-valued functions

u, on X x R; (see also 2.1.8):

= {h: x* + x%|a e A}
is an associated family of transformations ha’

o
of X :

G={g : X~ Rloa e A}
o
is an associated family of real-valued functions

g, on X

I={i: R Rxla e A}

is an associated family of function-valued
functions ia assigning a real-valued function on

X to each real-valued function .on X:



(2.1.2.6) T={t:Xx 2na+ Dac[xa]IDa # 620 € A}
is an associated family of functions t, assigning
a non-empty subset of X, to each ordered pair
whose first element is a point x € X and second
element belongs to the product HDa of a certain
family {Da|a e A} of non-empty gollections

DaC[Xa];

(2.1.2.7) A={a:X’x D » ; [d1|ae A}
@ 4q eD, o
is a self-indexed family of mappings

o .- 6 . a
(2.1.2.7") alx,d)) = {x e da[wa(xa,x ) > Sup W (v, x)},
y ed
a o3
a
(x* e X, da 3 Da)’

where ﬁa is defined as in 2{1.3.10 below.

2.1.3 Standing Terminology and Notation: Let S be as in 2.1.2.

(2.1.3.1) X, will be called the behavior space of a,

and X, will be called a behavior of ¢

iff x e X .
o o



(2.1.3.2) X* will be called the a-exclusive behavior

space of S (or of A), and X will be called

an a-exclusive behavior of § (or of A) iff

x e X .

(2.1.3.3) X will be called the (collective) behavior space

of S (or of A), and x will be called a (collective)

hehavior of S (or of A) iff x ¢ X.

(2.1.3.4 uy will be called the utility function of a.

The set RA will sometimes be called the

distribution space of S (or of A), generic

elements H{pa} £ RA'being denoted by p, so
A
A .
thatm (p) =p_ , with R = T{R |R = R,a ¢ A}.
Ra o A a' o
In this case, a point p ¢ RA will be called a

distribution to A and Py the share of o in op.

The function u: X x RA > RA, defined by u(x,p)

= M{u (x,p )} (xe X, pe rY) will be called
A o
the utility scheme of § (or of A).

(2.1.3.5) ha will be called the impression function
of o. The function h: X - NX®, defined by
A
h(x) = H{ha(n Ol(X))} {(x ¢ X) will be called

A X
the impression scheme of § (or of A).




(2.1.3.6)

(2.1.3.7)

(2.1.3.8)

(2.1.3.9)

(2.1.3.10)

B4 will be called the incentive function

for o. The function g: X - RA, defined by
g(x) = T{g,(x)} (x ¢ X) will be called the
A

incentive scheme for (or of) S ( or for A).

ia will be called the interpretation function

A
of @ The functiom i: (RX)A > (RX) , defined

by i(g) = T{i (g)} (g e (®R%)A), will be
A OO :
called the interpretation scheme of S (or of A).

t, will be called the feasibility transformation

for o, D, being called the feasibility space of a

and a subset d, being called a feasibility

for o iff da € D,- The function t, defined by

t(x,d) = z{ta(x,d)} (xe X3 d = i{da}, da € D, »
o € A), will be called the collective feasibility

transformation for (or of) S (or for A).

A will be called the personnel of S, each member

o € A being called a behavor .

For various abbreviations, the following

alternate notations will be used:



la(ga) = gd,

u (x> b %), i (g) (xa,hab(xa)))

u, (% 1y 95 8 (x50, (X))
= vy (Xg5ho (x*)) |

_ e a
= wa(xa,x ).

The derived function &a will be'called the

effective utility function of .

2.1.4 Discussion: Although the rigorous development of formal results
may necessitate the use of uncommon terminology and symbolism,
it is difficult to overemphasize the usefulneés of being able
to express the underlying postulates'and emergiﬁg results of a
theory in intuitively pleasing fashion, reasomably within common
language. The difficulties in achieving this sort of a restric-
tion to the simple and plain, of course, are the food on which
technical jargon and alienated scholarism thrive.

Realizing that there is no scarcity of jargon, especially
in the class of disciplines concerned with social phenomena,
the aim in term-coining here cannot be to expand the present
glossary, as it would be foolish to wish to irrigate the sea.
What the aim is can be expressed in two components: first,

to convey the meaning of the formal framework and theory in
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reasonably common and unartificial terminology, so that it is easilv
understood, at least in its broad outline; and, second to offer

in this terminology some precision and conciseness for what are

the essential elements of the framework and theory, thus hoping

to bring attention to what is a small class of important elements,
while giving that attention a clear focus by eliminating ambiguity
and vagueness via the formalism of definition.

Now that the basic elements of a social system have been
defined and a long list of terminology and notation has been
introduéed, some elucidation might be gained bv turning to the
connotation of the termé above. What the formalism of a social
system S in 2.1.2-3 roughly amounts to can be expressed in plain
language by describing the personnel A and the typical feasibility
transformation ty:

The personnel A can be understood in terms of its pypical
member o. The typical behavor a has its individual "tastes",
which are in the form of a (complete) preference ordering
represented (in order-preserving fashion) by the utility
function u, . In general, the utility achieved by o depends on
both its own behavior x and the (o-exclusive) behavior x% of
all others in A. Furthermore, it may depend on a real number
pa ¢ R, where Py is to be understood as either income or
wealth, or status, prestige, power or any composite of things such

as these which can be expressed suitably in real numbers. The
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operation of a consists of choosing a hehavior, i.e., behaving,
so as to optimize subject to the constraint of its feasibility
and subject to its '"perception" of thé circumstances. This
"perception' is expressed summarily by the impression function
hy and the interpretation function i . "Observing” a collective
behavior x € X, it is assumed that o '"sees'" the component

ﬂx x) = X, of x pertaining to itself as is. Although the
a

. . ' o
component pertaining to the rest of A is “X (x) = x , however,

a
a's impression ha(xa) may very well be different from x®*. Just
as the equality ha(xa) = x% need not hold, neither need the
equality #,(g,) = gy be satisfied. Thus o may "interpret" the
incentive function ga to be some different incentive function
. a
By # 8y Now x , uy, h,, I and ig all influence the choice

p 4 amade by a. Given an a-exclusive behavior x®

, 0 forms an
impression hy(x”) = y®. Having interpreted g, as iy (gy) = By»
the real number r, = g,(x,,y*) is understood to be forthcoming
as a function of the choice x,- Thus, ua(xa,.ya, ra) depends
on this choice, both directly and through T- This partly
defines the optimization oroblem for which o is to compute

a solution.

The problem to be solved by o is, in general, one of

constrained optimization. That is to say, apart from the fact

that ya is now fixed, already imposing restraints on the values

that can be taken by u, in the present computations according

o3
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to that ya, the choice of behavior X, is constrained to be

within a certain set daC:Xa' This set, called a feasibility,

is determined by the feasibility transformationvtu . The
operation of o is completely described by saying that it
identifies the set a(x”, d ) of behaviors x ¢ 'da which
maximize ua(', ya, gu(., y*)) on d,. (If s is weil—definéd,

then a(xa, dy) # ¢.) Exactly one of these "best" behaviors

X, € a(x%, da) is chosen, it being immaterial to o« - and to us -~
which particular one it is.

The fashion in which the feasibility transformations
operate can be seen by assuming that a feasibility d, is given
for each a tA and that each a chooses a behavior xa € dq in the
manner already described. The collective behaviof X = H{xaT'
arising in this way will, in general, now alter each fe:sibility
in the fashion described by t, - Specifically,’each da is now
transformed into t, (x, d), where d = H{dB|B e A} eHDB represents
the family of feasibilities, includin: that (da) oan, which |
as constraints, had governed the choice of x. In'general, the
equality ta(x,d) = d, does not hold, t, yvielding certain
behaviors xu £ da no longer feasible for o, while bringing
some behaviors z, ¢ da'into the new feasibility as elemeﬁts
z, € ty(x,d).

The operation of all of the feasibility transformations is

summarized in that of the collective feasibility transformation t.

Given a collective feasibility H{da'e D |o €Al =deD=TD
A a A
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which consists of collective behaviors zeX such that nxa(z) £ da
(a € A), and given a collective behavior x such that
wxa(x) € Q§a e A), t(x,d) = K{ta(x,d)lu gcA}.
Thus, to summarize in natural language,a social system
is a collection of behavors, each seeking its self-interest
subject to an incentive function and guided by its individual
preferenqes, by its interpretation of its incentive function
and by its impression of the others' behavior,.énd subject
also to a feasibility ~ which feasibility, in turn is
influénced by a history of past (collective) feasibilities and
(collective) behaviors chosen within these past feasibilities.
The remarks so far in explaining the operation of
feasibility transformations should yield the motivation for the

following definition, as well as the definition itself, rather

clear.

Definition: Let S be a social system and t the collective
feasibility transformation of S. S will be called (a) static

(social system) iff t is a constant map, i.e., t(x,d) = d for all

x e Xand de D= HDa . S will be called (a) dynamic (social
A
system) iff S is not static.

It is important to know that 2.1.2 is not a self-contradiction,
so that there exists an ordered seven-tuplet S satisfying the

definition of social system. Although that may be obvious, it

is also important to know a reasonably unrestrictive sufficient
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condition for S to exist. Such a condition will be given immediatly

the following conventions are agreed upon.

Standing Topological Conventions and Terminology: Whenever

R is considered as a topological space, it will be assumed
to have the order topology of the natural order éf real
numbers. (Recall that this is the same as the Fuclidean
topology for R.)

Following Bourbaki [1966], a topological épace will be

called quasi-compact iff the Borel-Lebesque condition is

-satisfied, i.e., every open cover has a finite subcover.
A topological space will be compact if it is quasi-compact
and Hausdorff.

A real-valued function u: X > R on a topological space X

will be called upper semi-continuous (usc) iff‘u-l({r € erzp})

is closed for all b € R; it will be called lower semi-continuous

(1sc) iff wl({reR|r < b}) is closed for all b ¢ R.
A point-to-set mapping F:X - Y of a topological space X

into a topological space Y will be called uppervsemi—continuous

(usc) iff F:X - [Y] is continuous with the upper semi-finite
" topology on [Y](see 3.1.2 or [Michael, 1951]). Thus, F is
usc iff for each x ¢ X, and for each neighborhood (nbd) V of F(x),

there exists a nbd U of x such that F(U)CV.
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2.1.7 Proposition (Existence of S): With reference to 2.1.2-3,

each a ¢ A (hence, A; and hence, S itself) is well-defined (i.e.,
S exists as a social system), if for each a e A, da € Da apd

v* € ha(X“), da is quasi-compact and Ga is upper semi-continuous
on{y%}x d,.

Proof: Assume that the hvpothesis is satisfied. Clearly, all

that needs to be shown is that a(x®, da) #o (x* e X%, d, € D,
a € A). Denote ya = ha(xa). Since d, is quasi-compact, so is
{y®}x d,. By upper semi-continuity of v, on {y*}x 4, » ;a attains

a supremum on {y%}x d, . Hence, ﬁa.attains a supremum on {x%}x da'

Thus, o(x%, da) # ¢, as to be shown.
#

2.1.8 Note (Preference and Incentives): As remarked in 2.1.4,

the utility functions u, are meant to be order-preserving
representations of complete (preference) orders of the

behavors o on X x R. Meanwhile, the functions'ga have been

called "incentive" functions to the effect that the real

numbers r € R serve to order the incentives, indicated as the
values taken by any g, - To justify this usage of "incentive"

it is assumed from here on that, for any x € X and anv o ¢ A,

if r and s are real numbers such that r < s, then ua(x,r) 5.ua(x,s).

This is to say that, ceteris paribus, a behavor does not prefer




less of the real-valued variable (incentive) to more, without

implying that more is actually preferred to less.

16
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Games, Economies and Social Systems

Having introduced the formal notién of a social system, it is
appropriate now to compare this with the more‘familiér notiopé
of an economy and a game. This will give a perspective within which
the ﬁlace of the present study might better be judged.

The notion of an economy which will be used iﬁ this comparison
is that of Arrow and Debreu (1954), although it will be presented
within the present terminology and notation. This is proper
enough procedure, for it willturn out that an eéonomy - or

an "abstract economy" as Arrow and Debreu called it - is a special

case of a social system and that a game is a special case vet

of an economy. All this will be very clear as soon as the

defintions are given.

Definition: An economy is an ordered quadruplet

~

S =<W, U, T, A >, where

(2.2.1.1) W is as in 2.1.2.1; from which X and X% are

| defined as there;

(2.2.1.2) U = i :X>Rlae Al
is an associated family of real-valued functions
Ga defined on X

(2.2.1.3) 7= {Ea:Xa - [Xa]‘a e A}
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is an associated family of mappings Ea assigning

a non-empty subset Ea(xa) of X, to each x% e X%:
(2.2.1.4) A= fa:x® x £, (X7) > [X,]]a € A}
is a self indexed family of mappings defined by

a(x®*, d,) = {xa € dalﬁa(xa’ x*) > Sup Uy (v s x®)},
Vo € dy

(x* e X%, dy & £ (X))

2.2.2 Defimtion: A game is an economy in which Ea(x“) = X, for

all x® ¢ X%and o € A.

2.2.3 Note: The actual definitions of Arrow and Debreu (1954) from
which 2.2.1-2 is generalized actually has A as a finite set,
but given more recent developments (Aumann, 1964) in which
a continuum of traders (players) is considered, it is unreasonable
to stick to such a restriction - a restriction which is
unnecessary in the first place, except possibiy to vyield

economics understandable with the tools of Fuclidean space.

A simple comparison of 2.2.1-2 with 2.1.2 yields that, indeed, an
economy is a special sort of social system and that a game is a
special case of an economy. This notion of a game may or may not

be appropriate. It does have the authorization of Arrow and Debreu,



19

however, and that should carry some weight. In any case the above
defintions 2;2.1-2 will not be used to derive any results of this
study, but afe_recorded merely for the comparison they allow.
Coming to that comparison, it is to be noted firstly that the
elements H, G and I of a social system have been suppressed in
2.2.1. Hence, the functions &a, as is intended to be suggested by.
using the notation of umlaut ('"'), are analogous to the effective

utility functions w_ of 2.1.3.10, but not necessarily such, since

a
they are not explicitly derived from functions uy, hy, gy and iy as are

the functions ¥, . Finally, the mappings Ea of 2.2.1.3 are restricted

a
versions of the feasibility transformations ty of 2.1.2.6 and 2.1.3.8.
The Ea 's depend only on a-exclusive behaviors x®. The t, 's

are allowed to depend, in addition, on the behavior X, of o as well

as the collective féasibility d in D = IID,.

All this being so, the restriction: of 2.2.1 may be viewed in
'different lights. Accordingly, one view might be that the
economist is not interested in the details of the full-blown social
system and it is a useful simplification to suppress the perceptive-.
cognitive and information-systemic elements for which H and I stand and
that the incentive séheme - which is_aséociated with G - does not
matter. Before turning to the simplification of the feasibility
transformations t_ to the form Ea , it is worth challgnging the above

view. For to say that economists are not concerned with incentives

wouldbe to say that they are not concerned with prices - wages included -
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or with taxes and subsidies - incentives for invéstment, etc.,
included. And to say that they are not interested in the effects

of imperfections in information or in its processing by the user,
e.g., in the "marketplace", would imply statements to the effects,
for instance, that a devaluation can be announced a week earlier

than it is consummated or that advertising has vet to be invented. It
is very difficult, therefore, to defend that ignorning the elements
H, G and I is a useful simplification or idealizatidnin the genre

of the "ideal gas'" or the "billiard ball" model of gasses.

The simplification of the feasibility transformations ta to the
fonnﬁa is also a difficult one to defend. For one thing, what is
feasible for an economic agent obviously depends on the behavior
of that agent itself. It would require some rather strong metaphysics
otherwise to explain why people or firms or governments choose to save
and invest if tomorrow's vacations, factories and parks did not
depend on whether one saved a penny or built a factory or upkept a
park today. Secondly, the factories one has tomorrow depends on
what factories one has today. For instance, one:allows the textile
industry to slowly depreciate its equipment and invests in the
electronics indusfry. The production possibilities set of tomorrow
depends on thé present one and on the point now chosen in it. That

is to say, the feasibility for the agent a depené;on xaand da.
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To include certain external effects, it is here permitted to
depend on the feasibilities dﬁgof the other agents B £ A as well.
(To give a possibly odd example for where this may become relevant,
it might be considered that the precedence set by allowing one boy

to be a conscientious objector to war, whether or not the bov uses

this priviledge, will probably make it easier for the next boy to
gain this choice).

The result of the above discussion seems to be not really that
an economy is a special case of a social system, but that this would
be so if one went by the definitions which were compared. But the
result is also that this would be a very artificial exercisé of
classification and that a social system, as defined by 2.1.2 is really
something dear to the interests of economics. In its formal
specification, nevertheless, it is more general than the economy
for which Arrow and Debreu proved the existence of an equilibrium.
It will be found then that the equilibria proved in 4.3. to exist
in the case of dynamic social systems generalize the result of
Debreu (1952) obtained for a certain special class of social systems.
The mentioned work of Debreu is actually the main matheﬁatical
pillar on which the 6utstanding Arrow and Debreu study is based,
the social systems treated in it being correspondingly specialized.
(Typically, both works deal with a finite personnel and with behaviors
in Euclidean space, and these constitute a further restriction on their

results. Although a preference to work in such spaces is often thought
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to be''realistic" (perhaps because it is "less abstract"), as far
as realism is concerne&, any result which 1is true with weaker
assumptions is at least as realistic as the same result with stfonger
assumptions. Furthermore, it is not possible to fepresent, for
example, an infinite-horizon plan naturallv as a point in finite
dimensional space, its natural habitat being infinite dimensional.
Hence, for this and many other reasons, neither is it the case that
all economics can be reasoned in Fucliden sﬁace.) |

The most summary comparison of a social system with a game,
to end this section, would be that the latter is sgatic (see 2.1.5)
Thus, the existence result of 4.2 can be regarded as a generalization
of Nash's [1950, 1951] result for (agaiﬁ a restricted variety of)
finite-personnel games to the case of a certain class (type 0) of

static social systems.
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TOPOLOGICAL FOUNDATIONS OF SOCIAL SYSTEMS

This chapter first presents some mathematics,‘mostly topology,
which is especially useful in the analysis of social systems. In
one way or another, all of this material is actuallv used in the
present study, but much more can be expected from its use than
would fit within the constraints of this investigation. Furthermore,
most of the material is either new to the field of social analysis
or plain new. As best as an amateur historian can do, the
origins and intellectual history of the material are indicated.

Next, some fundamental topological properties of behavors -
and, thus, indirectly of social systems - are demonstrated as
deriving fromvvarious properties, if they pertain, of elements
such as utility, impression, interpretation and incentive functions
and behavior spaces. These are demonstrated first for static and
then for dynamic social systems. They are used in the corresponding
theories of existence for social equilibrium, presented in the next

chapter.
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Topological Preliminaries

This section collects some topological facts crucial to the
later sections and chapters, so that they may be used freely
without explicit reference once they are recorded. Most of these
facts relate to hyperspaces and to real semi-linear topological
spaces (rst spaces).

The idea of hyperspace, i.e., a tooologicai space whose
points are subsets of a topological space, dates at least as
far back as the metric defined by Haqsdorff [1937] on the set
of non-empty closed subsets of a bounded metric space X.

(see also [Kelley, 1942] for a study of the Hausdorff metric
hyperspace when X is compact.) Meanwhile, Vietoris [1923]
defined the finite topology (see 3.1.2,10) for the set of non-
empty closed subsets of an arbitrary tépological space X. |
The standard reference adopted here, however, is the complete
and unifying study of Michael [1951].

The importance of hyperspaces for optimization, economic
theory and social analysis in general derives from at least
two considerations. One of these in turn derives from the
importance of point-to-set mappings.in these fields; For a
point-to-set mapping, such as an optimizing algorithm,a consumer
choosing bundles of goods or a behavor choosing a set of behaviors,

can be looked upon as a point-to-point mapping on the same domain
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of definition into a suitable hyperset (set of subséts) of the range. If
the domain and range of the point-to-set mappings are topological spaces,
then matters'relating to the (upper or lower semi-) continuity of this
mapping are often simplified by appropriate choice of a'topology for the
hyperset serving as range for the associated point-to-point mapping. This
is a primary wuse made of hyperspaces in this study, as 3.1.4.4-5 and the
application of these in 3,3.1, and thus in each of the results of 4.3,
constitute such a use.

These mentioned applications in the present study also illustrate
the second general use of hyperspaces for the mentioned fields of
inquiry. The consideration here is that "feasible regions' can be
regarded as points in a hyperspace, so that changes in these can be
analyzed by use of point-to-point mappings (and even, as in 4.3.3.3f5,
by use of point-to-set mappings) into that hyperspacg. The power of such
methods will probably be felt less in optimization constrained to
feasible regions in Euclidean space (especially when the constraints
are finitely parametrized, as in the case of linear constraints of budget,
etc.), but in dynamic optimization where decisions takeﬁ are allowed to alter
the very feasible regions within which they are taken - as in the case of
(dis-)investment - and especially when the feasible reglons lie in some
abstract space, such'as a function spéce, and the constraints are
not finitely parametrizable, these methods may be expected to bear fruit.
Even a restriction of the results in 4.3 to the éase of a singleton

personnel might testify to the walidity of such an expectation.
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Semi-linear topological spaces, and, more generally, semi-
linear spaces were first investigated, to the knowledge of
this author, by Prakash and Sertel [1970, a,b]. As a generalization
of linear (or vector) spaces, semi-linear (or semifvector) spaces
have an algebra which is satisfied, notaBlv for present purposes, by
the set of all non-empty subsets of a vector space. In the case
where L is a linear topological space, the set of non-empty quasi-
compact subsets of L form a semi~linear space. Among semi-linear
topological spaces, those which are used in this study are the
ones formed by the Hausdorff metric space of non-empty compact
and convex subsets of a normed real linear topological space.

Thus, the usual feasible regions in usual constrained optimization

~ are typical points of such a (rst) space.

3.1.1

Standing Notation: For any topological space X, C(X) will

denote the set of all non-empty closed subsets of X, k(X)
will denote the set of all non-empty quasi-compact subsets
of X, and K(X) will denote the set of all non-empty compact
subsets of X. If X is a convex set, 0(X) will denote the
set of all non-empty convex subsets of X. Furthermore, CQ(X) =
c(x) No, k0 = k& " 0(X), etc., will also be used.
If f: X >~ Y is a mapping, then T'(f) = {(x,y)lx e X,
y € £(x)} € X x Y will be used as standard notation for the

graph of f.
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3.1.2 Hyperspaces: This section follows [Michael, 1951], extracting
the bare minimum of information needed for the subsequent

development.

3.1.2.1 Notation: Let U C X. Then denote

<t = {Ye[X]]Y c U},

<>

{Ye[X1|YD U # ¢}.

Let {U |1 € I} be a collection of subsets U C X. Then
i
i
denote

<U|te 1> = (Ye[X]|YeUy;, Y O U, # ¢ for all i € I}.
I .
If T above is finite, so that {Uili e I} = {Ul,...,Un},

then also denote <Ui|i e I> by <U .y U >,

1 n

3.1.2.2 Definition: Let X be a topological space with topology T.

The upper semi-finite (usf) topology on [X]) is the topology

generated by{<Uﬁ4U € T} as a basis. The lower semi-finite

(1sf) topology on [X] is the topology generated by

{<U>_|U €1} as a sub-basis. The finite (f) topology on

[X] is the topology generated by {<U1, cees U >}{U1, cees Un}cr}.
n
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Remark: Using 'c' as a superscript to denote complements,

the following equations follow easily from the definitions:

(i) <U>+ = <U> = [U] = (<Uc>‘)c,
(1i) <u> = <u%°c ,
(iii) <U>¢ = <x, US

The following spells out, for the benefit of the reader, a proof for

a proposition observed by Michael.

3.1.2.4

Proposition: Let X be a topological space. The finite
topology on [X] is the coarsest topology, in the lattice of
all topologies on [X], which is finer than both the usf and

the 1lsf topology on [X]. [Michael, 1951, p. 179].

Proof: It suffices to show that the usf and the 1sf topology

on [X] are contained in anv topology containing the finite
topology on [X]. From the first equation of 3.1.2.3 it
follows that the usf topology is so contained. Let UC X
be open. Then, using the last two equations of 3.1.2.3,
<p>” = <g®¢ = <x,U> , proving that the 1sf topology is
also so contained.

d
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The»purnose of the following is, again, elucidation.

3.1.2.5 Proposition: Let X be a topological space, and denote the

usf, 1sf and f topologies, on [X], by T+,T—, T , respectively.

Then

(1) 1t is the coarsest topology on [X] for which (a)
<U>+ is open if U is open in X and (b) <H>~ is closed

if M is closed in X:

(ii) T 1is the coarsest topology on [X] for which
(a) <U>~ is open if U is open in X and (b) <M>% is closed

if M is closed in X:

(iii) 1+~ is the coarsest topology on [X] for which
(a) <U>is open if U is open in X and (b) <M>is closed
if M is closed in X.

* and

Proof: It follows directlv from the definitions that 1
T ~ are the coarsest topologies in [X] satisfying parts (a)

of (i) and (ii), respectively. 1In the following let UC X

be open, and w.l.g;, let M = U%, It suffices ﬁo show that parts
(b) of (i) and (ii) hold for T+ and 17, respectivelv, for then

(1ii) will follow by 3.1.2.4. To see that (i) (b) holds for

r+, just note that

b = (< he,
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which is closed since <U>+ is open. To see that (ii1) (b)

- + - L
holds for 1 , note, similarlv, that< M> = (<I©> )C is closed.

¥

The rest of this section following the ﬁresent paragraph,
with the possible exception of 3.1.2.9 is merely paraphrased
from [Michael, 1951]. The first definition gives a useful
equivalent rewording of the usual definitién of uppar and
lower semi-continuity for multi-valued binary relations
(point-to-set mappings). The remainder will be useful after
the né#t section introduces a special rst space which is a

hyperspace.

Definition: If X and Y are topological spaces; a mapping 

F: X »[Y] is called upper (lower) semi-continuous (u(l)sc)

iff ¥ is continuous with the u(l)sf topology on [Y].
[Michael, 1951; ». 179].

The last definition can be reworded also as follows.

Proposition: If X and Y are topological spaces, then a
function F: X > [Y] is u(l) sc iff {x € XlF(x)(}A # ¢} is
closed (open) whenever A is closed (open) in Y. [Michael,

1351; Thm. 9.1]
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3.1.2.8 Definition: Define the ("layout...) map {...of X')

L:[[X]] > [¥] by

L({Zia[x]]i €1)=1U0zZ

it
I

[Michael, 1951: Def. 5.5.1]

3.1.2.9 Proposition: If X is a topological space, then the layout
map of X is (i) usc, (ii) lsc and (iii) continuous accordingly
as [X] and [[X]] carry the (i) usf, (ii) 1sf, and (1ii) finite

topology (Cf. [Michael 1951 Thm. 5.7.2]).

Proof: Denote generic elements of [[X]] by E, and defin
jeJ, iff Yje E, so as to be able to write E = {Yilj € JE}.

The proofs of (i) (ii), (iii) are entirelv set-theoretic.

ad (1): Let V = <>t be a basic open nbd of Y = L(E) ¢ [X].

It suffices to show that L_l(V) = <V>+: '

Ee L7l (V) iffy Y =YeV

Tg

iff YCU
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iff (j € JE only if Y CU)
: 3
Ciff (J e JE only if Yi e V)

iff ECV

iff E e <wT .

ad (ii): Let V = <U>” be a basic open nbd of Y = L(E) € [X].
It suffices to claim that -1 (V) = <V>-, and to show it as

follows:
L, |
EeL —~ (V) iff Ye V
iff Yy NU# ¢

iff (3. e J. such that Y, U # ¢)
3 E j*

iff (3, € J_ such that Y, € V)
Jx E T

iff ENV # ¢
iff E e <V> .

ad ({ii): Let V= <Uy, ..., Un> be a basic‘open nbd of

Y = L(E) € [X] and denote N = {1, ..., n }, U= UUi and
N
W =<<U>+>+f\(f\<<Ui>’>’). It suffices to show that
N B
iy = we

Eel (V) iffYeV
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iff YCU and Yf\ui #¢ for all 1 € N

iff (§ e J and i £ N only if ¥,CU and 10U # ¢)

+ -
iff (3 eJE and 1 € N only if Yj e<U>  and Ye<U,> )

iff E¢ <<H>+>+ and E e(\éﬂ.>_>_
N i

iff E ¢ W.

3.1.2.10 Notation-Definition-Remark-Proposition: Replace [X] in

3.1.2.1-9 by C(X) and modify 3.1.2.3 to state that <U> = C(U)

if U is closed in X.

3.1.2.11 Proposition:

1. If X is a regular space and E € k(C(X)) with the usf
topology on C(X), then L(E) € C(X);

2. 1If X is a topological space and E € k(k(X))_with the
usf topology on k(X), then L(E) £ k(X). |

[Michael, 1951; Thm. 2.5.1-2, Thm. 9.5].

3.1.2.12 Proposition: Let X be a topological space, and let C(X)
be equipped with the finite topology. Then X is quasi-compact,
locally quasi-compact, separable, compact iff C(X) has the
same property [Michael, 1951; Thm. 4.2., Thm. 4.4.1, Thm. 4.5.1,

Thm. 4.9.6].
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Proposition: Let X be a metric space. Then the finite
topology on C(X) agrees with the Hausdorff metric topology
on C(X) iff X is (quasi-)compact. [Michael, 1951, Thm. 3.3,

Prop. 3.5].

3.1.3 Rst Spaces: Rather than lengthen the present chapter by para-

3.1.4

phrasing or reproducing, the original work by'Prakash and
Sertel on semi-vector spaces, semi-linear topological spaces,
rst spaces and their fixed point properties is appended to this

study.

Special Facts Basic to Optimization: This section collects some

facts relating to the continuity and convexity matters pertaining
to functionals typically playing the role of objeetive functional
in optimization problems. All of these facts aré well~known in
certain restricted instances, as when the functional'ié defined on
a subspace of Euclidean space. The novelty in the more general
facts presented here derives from the treatmeqt of the usual
feasible regions as points in suitable spaces. The various
contipuity and convexity properties of the objective functional
are related through this treatment to corresponding prbperties of
the opt;mal value attained on a feasible region, depending on the
abstract fgasible region as a variable . Thus, e.g., the

supremum attained by an objective functional on, say, a compact

feasible region is seen to share much of the continuity and
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convexity properties of the objective functional itself;.although
the supremum depends on the feasible region while the objective
functional depends on a generic element of the space in which
such feasible regions lie as sets. Such facts are essential

when the feasible regions become endogenous Qariables of the model,
as in dvnamic optimization or dynamic social_systems;

First corsidered are matters of continuity. The first lemma,
3.1.4.1, plays a key role here. While 3.1.4.1—3lare concerned with
the objedtive functional, the two simple propositions 3.1.4.4-5
are related in an obvious wayAto the feasibility. _Then
considered are the convexity properties, relating, again, to the
objective functional.

The main results are all concerned with how continuity,
convexity - and various weaker versions of these properties -
for the objective functional relate to corresponding properties of
the associated "supremum'" or "infimum functional. The results
are presented in "disaggregated" form, that is, continuity questions
are split into questions of upper and lower semi-continuity,
and convexity or concavity matters are formulated in terms of
strict and non-strict versions and in terms  (strict and non-strict)

quasi-convexity or quasi-concavity.

3.1.4.1 LEMMA: Let B be a cloéed set in a compact (Hausdorff)

space X x Y. Define
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o
|

= {(k,y) e C(X) x ¥Y|(k x{yhHhc B},

=
|

= {(k,y) e C(X) xY|(k x{yHnNB# 4,1},

and assume that C(X) has the finitetopology. Then

1. D is compact in C(X) x Y ; and

2. E is compact in C(X) x Y.

Proof: Denote Y* = ﬂY(B), By = BN (X x {v}), B*

y = Trx(By);

it is clear that all of these are compact. Furthermore,
C(X) x Y is a compact (Hausdorff) space when C(X) has the finite
topology, as C(X) is then compact (Hausdorff). (See 3.1.2.12).

Hence, it suffices to show that (1) D and (2) E are closed.

ad (1): There is nothing to préve if D = C(X) ©x Y, so

let A € (C(X) X Y)\D. Denote Dy = <B* >x {y} and generic
elements dy = (k,y) € Dv(y e Y*)., ‘Then A and dy are

distinct for each dy € D. Fixing y £ Y*, the:e thus exists an

open cover {W(dy)l d, € D, } of Dy with open boxes

‘and a family {Ny(dy)ldy € Dy}of nbds Ny(dy)C: C(X) x Y of
A, such that for each dv € Dv’ Wv(dy)(\Ny(dv) = ¢ (where

Uy(k) C C(X) is an open nbd of k and Vy(y) C Y is an open



nbd of y). Since <B*y> and {y} are compact; so is DV'

Hence, {wy(dy)| dy € Dy} affords a finite subcover

N VT ST o
{W&(dy) = Uy X Vy fi=1, ..., m(y)} .

1
Define V. =V_y ...N Vm(y) s
y y y

- 1 o am(y)
and Ny Ny(dy)(\, ...(\Ny(dy ) and

i i
W, = = oo 7)) .
y = Uy x Vg 1-=1, » m(y))
, i, ‘
Then {Wyll =1, ..., m(y) } is an open cover of D such that

Wir\Ny =¢ A =1, ..., m(¥).

Now {Vyly € Y*} is an open cover of the compact Y*,
affording a finite subcover { Vy, «e.y V } . Define

1 “n '
n
N=pry N . ThenN is a nbd of A which is disjoint from

4
LEIVRUN li=1, ..., m(y,)s 3 =1, ..., n} .
k|

Since DC W, NnD = ¢ . Thus, D is closed, since its

complement in C(X) x Y is open.
ad(2): To show that E & closed, note that

E = k)(<(B*)C>+)C.x {y}

and that E, = (<(B¢)c>+)C x {y}= <B*y>- x{y} 1is closed, hence

compact, for each y € Y*. Then the proof of (1) applies, merely

*- * >
by replacing<B y> by <B y> > DY by Ey, D by F and dy by ey.
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#

Lemma: Let X = Xa x X* be a compact (Hausdorff) space,
let u: X » R be continuous, and define the real-valued

functions u, u on C(Xa ) x x% by

G(ka’ iu) = Sup u(-, x%)
Ky \
ke C(X), x%¢ X%,
J o o
ulk , x) = Inf u(, x¥

ky
Assume C(Xa) has the finite topology. Then

1.1. u is usc iff u is usec,

2 u is lsc iff u is 1lsc:

2.1. u is usc iff u usc,

2. u is 1sc iff u is lsc.

Proof: Upon noting that Xa is Tl’ it is obvious that continuity
properties of G or u hold also for u, since a cohtinuity
property holding for @ or u on the whole of C(Xa) x X* also
holds on the subspace {({xa}; x*)} , while this subspace is

u

honeomorphic to X and u = u = u on this subspace. All the

implications 'if' are thus proved.
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To prove the rest, let p € R be arbitrary, and
denote PY = {r ¢ Rlr > p} , P = {r e R|r < p} , wleeh
= 15*, a7y = B, 1t = B, @leT) = T, w1ty = o',
Efl(P“) = E-. From this notation, it is clear how to use the
last lemma, observing that B+ is closed (compact) if u is usc
and that B~ is closed (compact) if u is lsc. Thus, in case
of.l.l.;D+ is closed, so that u is usc; in case of 1.2, D~
is closed,so that @ is 1lsc; in case of 2.1, E+ is closed, so
that @ is usc; in case of 2.12, E~ is closed, so that u is lsc.

This completes the proof.

#
3.1.4.3 Corollary: Using the definanda and notation of the last
lemma, among the following statements i.a, i.b and i.c

are equivalent (i =1, 2, 3):

1. a. u 1is usc.

b. u is usc with the finite topology on C(Xa).

(¢]
(=}

is usc with the finite topology on C(X,).

2. a. u is 1lsc.
|

is lsc with the finite topology on Cc(Xy) -

o
e

0
el

us lsc with the finite topology on C(Xa).
3. a. u is continuous

is continuous with the finite topology on C(Xa).

o
je
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c. u is continuous with the finite topology on C(Xa).

Proof: All is plain as a rearrangement of the last lemma.

#

The form in which 3.1.2.9 will actually be used (together
with 3.1.4.5 in proving 3.3.1) is actually the following simple

proposition, needing no proof.

3.1.4.4 Proposition: Let X be a topological space, and define the map

2 :[X] > X by
2(E) ={x|x ¢ E} (E e [X]).

Then £ is usc (lsc) with the usf(lsf) topology on [X].

3.1.4.5 Proposition: The graph I'(£) = {(E,x)|E € C(X), x ¢ E} € C(X) x X

is closed if X is regular and C(X) has the usf topology.

Proof: To see that the complement of r(¢) is open,let ¥e C(X)
and y € X\F. Since F is closed and X is regular, there
exist disjoint open sets U, VC X such that FC U and y ¢ V.
Then <U> is open with F ¢ <U> CC(X), and (<U> x V)NT(R) = ¢,

showing that I'(2) has open complement.

#
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In the rest of the section attention is directed to matters

of convexity of u, u, and u.

3.1.4.6 LEMMA: Let La and L” be real linear topological spaces
and, with reference to 3.1.4.2-3, let X® e KQ(L%), X, € KQ(La),
and assume u to be continuous. Then u has any of the properties
under (1) below iff @ has, and u has any of the propertiés

under (2) below iff y has:

1. a (striect) quasi-concavity,
b.(strict) concavity,

c.linearity, i.e., concavity and convexity:

2. a.(strict) quasi-convexity,
b.(strict) convexity,

c. linearity.

Proof: The 'if' parts of the proposition are all obvious.
upon noting that singleton subsets of X = are closed, and that the
colléction of these is convex. The 'only if"parts afe all
straightforward, so only (l.a) will be treated; imitation will
yield the remaining proofs. =

Let "A= 1 - X e [0,1], let (k,, xV), ('k , 'x*) e C(X)) *X%,
and let X, € k, and 'xa € 'ka with u(xa, <) = ﬁ(ka, x*) and

u('x,, "y = ﬁ('ku’ 'x*). Finally, denote Ea = kg +'A'ka,
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Eri¢ SR (xvva“—= Tyt = ¢/ =a
X Ax® + "A'x” and X, ax + A xa. Then u,(ka, x) >
u(x, %%). If u is quasi-concave, then

u(§a LX) > Min [u(x,, x*), u('xa, 'xa)],
whereby t is quasi-concave also; similarly, if u 1is strictly
quasi-concave (i.e., the last inequélity 1$ strict), then

u, too, is so.

#

3.1.4.7 Remark: From 3.1.4.2.-3, it is clear that 3.1.4.6 can be

3.2

strengthened by assuming only that u is usc for part 1 and

lsc for part 2.

Topological Properties of Behavors in Static Social Systems

From a narrow viewpoint, the prime motivation for recording the

properties collected in this section is the existence theory for

equilibrium in static social systems, presented in 4.2. The end

of the proof for an existence theorem for social equilibirum, however,
marks just a beginning for social analysis, no matter how general

and powerful that existence theorem. The properties enjoyed (or
suffered) bv behavors in a social system - static or dynamic -

deserve consideration, therefore, as main building blocks of social
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analysis, rather than merely as stepping stones useful only
for proving an equilibrium existence theorem. For this reason,
the present section treats selected properties of behavors in
some detail, restricting attention to the case of a static
social system. Actually, the properties of a social system itself
are expressed quite well, as a rule, in terms of the properties
of its behavors. So the present section may be looked upon
also as é treatment of selected properties of social systems in
the static case.

To clarify what particular properties are gained for behavors
from what properties of the behavior spaces, utility funcpions,
impression functions, interpretation functions and incentive

functions, the results of the present section are displayed in

.as ''disaggregated" form as is feasible here.

THFOREM: Let X = X = X X* be a compact (Hausdorff) space, let
f: X > R be continuous, and let F:X* > R be defined by £ (xa) =

Sup f£(*, x*). Define asx® » X by

a(x’) = (x|, x) > !

Then the graph I'(a)CX of o is compact and, hence, a is upper

o
semi-continuous witho(x ) non~empty and compact * e XM,
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Proof: From the continuity of f, it follows that Y = £(X) is

compact and, by 3.1.4.3, that f is continuous. Since R is Hausdorff,
the graph I'(f) C X xY of fand the graph T'(F) € X* x Y of T

are then both closed, hence compact. Thus, Xa X F(E) is compact

and so is (Xu xI'(£)) (T (£). B. Hence, the projection wx(B)

]

is compact. Obviously, T(a) nx(B). For each x* ¢ X%, a(x®) is

non-empty by the compactness of Xa x { x*} and the continuity of

f; it is compact, since it is the projection ﬂX ((x, x {x*H nNra))
)

of a compact set. Finally, o is upper semi-continuous by

closedness ofl'(0) and compactness of Xa , using Lemma 2 of

[Fan, 1952].

COROLLARY: If the collective behavior space of a static social

system is compaét and ﬁa is continuous for (each) behavor a , then
(each) o has a compact graph and, hence is upper semi-continuous,
selecting a compact and non-empty choice set in its behavior

space in reaction to each a-exclusive behavior.

Proof: Replace f in 3.2.1 by Qa.

#

COROLLARY: The consequence in 3.2.2 holds if the collective
behavior space is compact and u,, h, and éa are continuous

Proof: If u hCland g q 2Te all continuous,
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#
3.2.4 LEMMA: Let Z be convex in a real vector space and let g:Z > R -
u:Z x R + R be two real-valued functions, such that u is non-
decreasing in r ¢ R, i.e., such that for all z ¢ Z, if r, s ¢ R,
and r < s, then u(z,r) < u(z,s). Define f:Z > R bv f(z2) = u(z,g(z)).

Then f is quasi-concave if g is concave and u is quasi-concave.

Proof: If Z is emptyv, then there is nothing to prove. So let

2z, 2' €2, x=1-21"¢€ [0,1], and denote Z = Az + A'z'. Then

£(z) = u(z, g(z))

u(z, ag(z) + A'g(z"))

|v

v

Min [u(z,g(z)), u(z',g(z"))]
= Min [£(z), £(z")]. |
#

3.2.5 COROLLARY: If the behavior space X, is convex in a real vector

space and Y = ha(Ka), then Ga is quasi-concave on X, X {v®} if
éa is concave on Xa x {y%*} and u, is quasi-concave on

X, < (y%) < g (X y x (¥°D) % =h ), x* e x%).

Proof: A direct application of 3.2.4.
#

3.2.6 COROLLARY: If, in addition to the hypothesis of 3.2.5,
X is compact and convex in a real linear topological space,
a
and for each y* ¢ Y%, éa and u, are, respectively, continuous

on X, x {v*}
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and upper semi-continuous on X X {y*}x éa (Xd x{y%} ), then
a(x?) is noﬁ-empty, compact and convex for each x* € .
Proof: Since X, is compact, so is X, X {y®}. Since éd is
continuous so is éa (Xa X {ya}) compéct. By the same reaéon

u ,
and the upper semi-continuity of u, , v, is upper semi-continuous

o o

on X, xx% for any x ¢ x*. Thus, for each x* ¢ X%, w, attains
a supremum s*(x%) on some (x* , %) e X, x {x%}. Since ﬁa is

. o oy o o
upper semi-continuous on Xax {x%} , o (x*) {xa 3 Xal v, (xa,x )
2_5*(xa)} is closed, hence compact, while obviously non-empty
from the previous sentence, (x* ¢ X%). From 3.2.5, &a is also

quasi-concave on X, X {x®*}, so that a(x®) is also convex (x* ¢ X%).
#

Topological Properties of Behavors in Dynamic Social Systems

The present section is offered to serve the analysis of
dynamic social systems in a role analogous to that of ﬁhe last
section for the case of static social systems. In a narrow sense,
the section is aimed at the existence.theorv of equilibrium for
dynamic social systems, presented in 4.3, but the facts recorded
are actually of wider interest.

As the last section spells out - albeit for the static case -
how various properties of its behavors derive from fhose of other
elements of a social system, the present section avoids the

corresponding exercise in the dynamic case. This is in the belief
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that the last section provides an easy enough model to imitate.

The present section can, therefore, afford to be briefer.

3.3.1 THEOREM: Let X  and X* be compact (Hausdorff) spaces,
and let ;a: X, x X* > R be continuous. For generic k ¢ C(X)
- a a

and x% ¢ X%, denote ;a = Sup W (", x%), and define
k

o.

d(ka, x*) = {x, e kol ‘:A;a(xa, x%) i‘;a(ka’

x*)}

Then, taking the finite topology on C(Xa), the éraph
ra) ¢ C(X,) x X* x X, is compact and, hence, a is usc,

with each a(kaxa) non-empty and compact.
Proof: By continuity of w, , the set

B = {(kg, x>, X o) |r <y (Xg, x%) }
is closed. By continuity of Wi, %a is continuous, so that the
set

LG = LGy, %@, 0| > Wy, x)}

is closed also. Hence B(\(F+(5) X Xa) is closed. In fact, it is
compact as a subset of the compact C(X,) X X® x X, x ﬁa(xa x X&),
so that its projection P into C(X,) X X* x X, is compact.

Now P is simply the set

P ={ (kas x(]., Xa)l‘.ﬂia (XC!’ xa) ié’-}a(ka, x(!)}
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Pefining the map L':C(X)) x X% > X, by

L'(ka,xa) = {xalxa e k

als
its graph T'(L') < C(X,), x X® x X, is closed, so that
P T'(L') is compact. Observing thatl'(a) = PMNT(L') completes

the proof.

#

¢

COROLLARY: Let L, and L® be real linear T, spaces, 1e£ Xq €
kQ(Ly) and let X% € kQ(LY). Let Ga: Xyx X% > R be continuous
and assume that, for each x* e X%, &a is quasi-concave on Xa x
{x%}. Defineoa: cQ(X,) x x% > Xys fof generic k€ CQ(X,) and
x* e Xa, by

v

alky, x*) = {x, € k|¥, (xy, x¥)> § (ka, M},

where %a(ka, x%) = Sup w, (+, x*). Then o is usc with compact
kg
graph and with.each a(k , x%) non-empty, compact and convex,
o

taking the finite topology on CQ(Xy).

Proof: All but the fact that each a(ka,xa) is convex follows

from the last theorem, for a linear T.L space is certainly

1
T, (Hausdorff). Given any (k,, x*) € CQ(X,) X X%, the quasi-

concavity of w, on X, x {x%} ensures the convexity of the set

{xa € Xalﬁa(xd, x*) z_wa(ka,xa)}.
But a(k,, x*) is nothing but the intersection of this set with

the convex ky, SO a(ka, x%) is also convex.

#

49
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EVOLUTION AND EQUILIBRIUM IN SOCIAL SYSTEMS

This chapter is concerned with equilibrium in social systems.
The notion of 'equilibrium' is briefly compared with those of
'"Pareto point' and 'core point' as treated in economic theory and
the theory of games. Equilibrium points are then considered
as fixed points of certain mappings, called "evolutions', representing
the way in which certain adjustment processes operate for various
types of social system.

'0f the five very general types of social system studied for
the existence of an equilibrium, the first (tvpe 0) is static.

The remaining types (I-IV) are dynamic. All five types, classified
according to various topological properties which‘they satisfy, are
unrestricted in the cardinality of their personnel, so that the
personnel can be finite, countably infinite or uncountably infinite.
The behavior spaces are compact and convex in locally convex

real linear topological spaces in the case of type O social

systems; they are compact and convex in normed real linear
topological spaces in.the case of tvpes I-IV. For all five

types of social system, the set of equilibria is shoﬁn to be
non-vacuous, compact, and, in certain cases, also convex.

The existence result for equilibrium in the case of type O
social systems is proved by use of (effectivelv a fixed point)
theorem of Fan (1952). In social systems of types_I—IV, the existence
of social equilibirum is éstablished by applying a fixed point

theorem of Prakash and Sertel (1970 a) for certaiﬁ-(real'semi—
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linear topological) spaces developed by these authors (1970 b).
These latter existence results are extensions - obtained by
encorporation of impression, incentive and interpretation

schemes - of results developed by Prakash and Sertel (1970 c).
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Notions of Social Equilibrium

Of the many different notions of 'equilibrium' that are
relevant to the study of social systems, those which have attracted
the most attention in the study of games and economies are three

kinds. Only one of these really goes under the name of "equilibrium",

although the other two "Pareto point" and ''core point", are also

equilibria in a real sense and sometimes recognized as such. While

the present study is concerned mainly with the first of these and
it is the existence of equilibrium in this particular sense that
is established in the other sections of this chapter for certain
types of social systems, the study:might gain perspective if the
relation between the mentioned three kinds of equilibrium is
indicated. (To adhere to the most common usage, "equilibrium"
will hereafter be used to refer to the first mentioned of these.)
To define 'equilibrium', 'Pareto point' and ‘'core point' in
a fashion that will allow easy comparison, a few preparatory
definitions are in order. These become simpler in the case of
a gamé or, in general, a static social system, éince the notion
of 'admissibility' loses its importance in that case, as the
reader will notice for himself immediately the definition is
given. The notion of 'blocking' by "coalitions" is pivotal for
the comparison between the three kinds of point (eqﬁilibrium,

Pareto and core).
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4.1.1. Definition: Let A be the personnel of a social system S. Any

non—empty subset B C A will be called a coalition of S, and

B

the notation X, = IX , Xl = mX, D =nD, dDP= 1D, will
B o o o
B AN\B

B amp* B 8
be adopted with generic elements denoted as xB € XB’ X € XB,
dB € DB, dB ¢ DB.
4.1.2. Definition: Let x be a collective behavior and d a collective

feasibility of a social system S with personnel A. The pair

(x,d) will be said to be inadmissible for a (o € A) iff

Ty (x) = X, ¢ dd = (d):; otherwise, it will be said to

I _ o
be admissible for a; (x,d) will be said to be admissible for B ,

a coalition of S, iff (x,d) is admissible for each o € B;

otherwise, it will be said to be inadmissible for B. (x,d)

will be said to be (in)admissible iff it is (in)admissible for

A.

4.1.3 Definition: Let S be a social system, Let B be a coalition

of S, and let x = (x , xB), d = (d_, dB) be a collective

B
behavior and a collective feasibility, respectively. If

B!

the pair (X,d) is admissible for B, then it will be said

to be blocked by B 1ff there exists yB £ dB such that
. B . B
WB(YB’ X )-Z_WB (XB’ X )

holds for all 8 ¢ B and
. B B
WB* (YB, X ) > WB* (xB’ X )
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holds for some B ¢ B. If (x,d) is admissible for B, then it will

be said to be unblocked by B iff it is not blocked by B.

The notions of 'equilibrium', 'Pareto point' and 'core point'

can now be given precise meaning by the following defintion.

4.1.4 Definition: Let x be a collective behavior and d a collective
feasibility of a social system S with personnel A, such that
the pair (x,d) is admissible. The pair (x,d) will be called

an equilibrium (point) of S iff it is unblocked by each singleton

coalition {o} A; it will be called a Pareto point of S iff it

is unblocked by A; it will be called a_core point of S iff it

is unblocked by all coalitions of S. The equilibrium set of

S is the set of all equilibria of S. The Pareto set of S
is the set of all Pareto points of S; the core of S is the set

of all core points of S.

The comparison between equilibrium, Pareté and core points. of
a social system is now absolutely clear. Simple but important
consequences of the definitions are that all core points are
equilibria as well as Pareto points, so that the core is contained in
the intersection of the equilibfium set with the Pareto set,
Thus, the core is empty when, for instance, S does not have

an equilibrium. In the later
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sections of this chapter, sufficient conditions‘are given
for S to have an equilibrium. Démonstrating sufficient
conditions for the Pareto set or the core to be
non-vacuous is a research problem not taékled in this study.
Although it certainlv will not be a survey of the
literature, a brief sketch of the history of the above ideas
will now be given. The idea of an equilibrium point for a
competitive economy, in the sense of a price vector equating
supply to demand in éach market, is commonl& attributed
to Walras (1881). Wald (1933-4, 1934-5, 1951) proved,
under rather restricted conditions, that an equilibrium
exists for each of a pure production and a pufe exchange
economy. Arrow and Débreu (1954), based on a study of Debreu
(1952), demonstrated for the first time the existence of an
equilibrium for a competitive economy in which production,
exchange and consumption all take place, using less
stringent assumptions than those of Wald. One very good
reason why a survey of the literature up to 1954 is not
given here is that the mentioned work of Arrow and Debreu
contains an excellent such survey. The eiistencevtheorem
of Debreu (1952) for a social equilibrium (wﬁere, however,
the 'social s&stem" is actually the same as that defined to
be an "economy" in Arrow and Debreu (1954) - see also section

2.2 of the present study) is used in establishing the result
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of Arrow and Debreu (1954), and that theorem is itself based
on a corollary of the fixed point theorem of Eilenberg

and Montgomery (1946). Using Kakutani's (1941) fixed point
theorem, McKenz# (1955) obtained improvements on the Arrow
and Debreu study., All of these works used finite dimensional
methods. They succeeded in providing eéonomics with the
equilibrium whose various optimality and stability aspécts
had long been discussed and many worked out by a long and
formidable list of authors. Newman's (1968) excellent
collection is one good entry into the box of gems to which
all of the above belong. |

The idea of an equilibrium for a game was first formally
introduced in some generality by Nash (1950) and pfbved to
exist by him (1950, 1951), first by use of Kakutani's and
then by use of Brouwer's fixed point theorem. The game dealt
with was a finite personnel non-cooperative one with behavior
spaces (compact and convex) in Fuclidean spaces.

For information concerning the Pareto set, the core and
the relations between these and the equilibrium set, the
following short list might provide a reasonable means of
entry into the associated game-theoretic and economic
literature: (Edgeworth, 1881), (von Neumann and Morgenstem,
1944), (Arrow, 1950) ,(Gillies, 1953, 1959), (Bondareva,1962)
(Debreu and Scarf, 1963), (Vind, 1964), (Aumann, 1964),

(Shapley, 1965), Scarf, 1967). Of these (Aumann, 1964)
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contains a short but illuminating discussion of the development

of the area.
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Evolution and Equilibrium in Static Social Systems

In this section an equilibrium of a static social system is
defined as a fixed point of a certain transformatio called an
"evolution", and a sufficient condition is demonstrated for the
existence of such an equilibrium. The "static contractual set”,
i.e., the set of equilibria of a static social system, is shown
to be compact if the mentioned sufficient condition is satisfied.
This contractual set is shown also to be convex if certain
linearity conditions hold which yield the effective utility

functionSlinear.

Notation and Convention: In the case of static social systems

it is possible to somewhat simplify the notation adopted for
dealing with social syétems in general. This simplification is
permitted by the fact that the feasibility transformations ta of
a static social system are all constant functions, the typical

t, assigning a fixed da C X, to every point in its domain.

o
From this fact it is clear that no generality is lost by

assuming d, =X i.e., D, = {X }, for all the behavors

o *

o £ A, Taking advantage of this, the set T ¢ S can be fully
specified and suppressed by representing a static social system
S in the form <W, U, H, G, I A> . For, whenever a social

system is specified in this way, it will be understood to be

static and the constant collective feasibility will be taken to be
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the collective behavior space X. In this case, since there
is always one constant feasibility da =X, for each behavor
a € A, the behavors become simply point-to-set mappings

a: X% - Xa defined by
oy = . o ki o
a(x”) = {Xa € Xa’wa(xa,x ) > w (xM)1},

where

red o = . o
wa(x ) Sup .wa(ya, x%).
yaexa

Definitions: The evolution of a(static) social system

S =<W, U, H, G, I, A> is a transformation E: X + [X] defined

for each x € X, by

E(x) = T a(an(x)).
A

Definition: The (static) contractual set of a static social

system S is the set C = {x ¢ Xlx £ E(x)}cX of fixed points
of the evolution E of S. A collective behavior x ¢ X is called

a (static)social contract or equilibrium of‘S iff x ¢ C.

Definition: A static social system S will be classified as
type 0 ("type zero") iff the following conditions are satisfied

for each behavor a e A:
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1) Xa € KQ(LQ) for some locally convex real linear

topological space L, @

(2) §a is continuous on X and quasi-concave on Xy X {x%}for each

x* e X%,

The main theorem, 4.2.6, of this section will be proved

by use of the following (fixed point) theorem.

4,2.,5 THEOREM [Fan, 1952]: Let {Lala € A} be a famiiy of locally

convex real linear topological spaces. For each o ¢ A, let

X ¢ KQ(La) and let X® =1 X

o g Let X = MX, and let

A\{a} A
{r(a)|o € A} be a family of closed subsets of X. If,
for any point x € X, and for any a ¢ A, the set a(x®) ¢ 0(X,),
a—-
where x = ﬂXa(x) and
a(x®) = Ty (F(a)(\(Xa x {x%})),
o

then NT(a) # o.
A

4,2.6 THEOREM: Every type O social system has an equilibrium.

Proof: By 3.2.2, the graph T'(a) of each behavor a :in
the personnel A satisfies all but the requirement that
a(xa) C,Xa is convex for each x® ¢ X®. This requirement

is satisfied, however, since w, is quasi-concave. Thus,
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Nr(a) # ¢ and, evidently any point x in this intersection is
A .
a fixed point of the evolution, ie., an equilibrium.

#

COROLLARY: A static social system with a collective behavior
space which is compact and convex in a locally convex real
linear topological space is of type 0O, hence has an equilibrium,
if the following conditions are satisfied for each behavor

o in the personnel:

(1) u, is quasi-concave on X, X {ya}for each v* ¢ ha(Xa),

and u, is continuous;

(2) hais continuous;

(3) g, is concave on X, x {y*}for each y* ¢ h, (X*) and

&, is continuous.

Proof: From the quasi-concavity and concavity'of u, "a’ respec-—
tively,on X, x {y®}, it follows by 3.2.4 that &a is quasi-
kconcavé on the same (y* e ha(Xaﬁ; @ € A). Hence o(x%)

is coﬁvex for ééch x* € X* and ¢ ¢ A. From the continuity of

u_ , ha and éa , it follows that %a is continuous, so that the

o

social system is of type 0. Now 4.2.6 applies.

4.2.8 THEOREM: The contractual set C of a type O social system is

compact.
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Proof: Clearly, C is precisely the intersection of the graphs I'(a)
of all the behavors, which is compact since each I'(a) is compact

by 3.2.2.

#
4.2.9 THEOREM: The contractual set of a type O social system S is
convex if the effective utility function Ga of each behavor a in

the personnel of S is linear (both concave and convex).

Proof: It suffices to show that the graph I'(a) of an arbitrary
behavor a in the pérsonnel is convex. Let o be such a behavor,

and let x, y, € I'(a), where x = (x%, x,) and

v = (y%, Y,). Define z = (=%, z, ) = Ax +A' y for any

A

1 -2' €{0,1]. Then ﬁa (z) = Aﬁa(x) + ! ﬁ&(y), by
linearity of Ga . Since x, v eI'(a), ﬁa (x) = ﬁa(xa) and

v () = ¥, (%Y. But, by 3.1.4.6.1.c and the

linearity of %, , aais linear also. Hence, 5a(z“) =
A%a(xa) + ! ﬁa(y“), so that ga (z%) = wy(z), implying that

z, € a(z*), i.e., that z €l (a). Thus, I'(a) is conyex, completing

the proof,.

4.2.10 COROLLARY: Let S be as in 4.2.9, and let A be the personnel
of S. Denote Y* = ha(Xa) for each o € A. Assume that, for
each o € A, ha(x &+ M) = Ahu(x“) + 'Ah&(' x%) if x@

and 'x®belong to X%. Assume that éa is linear (concave and
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convex on Xa x Y%, for each a eA. If ua is linear on
X, x Y* x éa(xa x Y*) for each a tA, then the contractual

set of S B convex.

Proof: It follows from the ﬁypothesis concérﬁiﬁg ha and éa
that éa (x%, ha(xa)) is linear on X. It is easy to see

(though tedious to show) that the hypothesié concerning u, then
- ensures the linearity of ;a . Since éa is thus iinear from

each ae A, the desired result follows by 4.2.9.

R
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Fvolution and Equilibrium in Dynamic Social Systems

The primary aim of this section is to demonstrate reasonably
unrestrictive sufficient conditions for the existence of what will
be defined to be a dynamic social equilibrium. Although only
one type of evolution and social equilibrium needed consideration
in the case of static social systems, in the case of dynamic
social systems several types of evolution and several corresponding
types of equilibrium deserve attention. For, in the dynamic case,
the feasibility transformations are nc longer restriéted’to be
constant maps, so that various forms oﬁ relaxation of the constant-
ness of these maps can be considered in conjunction with various
assumptions governing the behavors, yiélding a variéty of
conditions each of which affords an existence theorem for an
associated type of social equilibrium.‘Furthermore, none of these
sufficient conditions implies the other, so the existence
theory for social equilibrium in dynamic social systems does not
reduce to a single theorem as it did in the static case - at least,
this author is not able to assert such a reduction at this time.

To compactify the statement of the existenée theorems for
dynamie social equilibrium, it is convenient earligr to have defined
types of social systems accordingly as thev satisfy certain
conditions. In this wav the sufficient conditions for existence of
an equilibrium are collected under each "tvpe', and the hvpotheses
of the existence theorems are shortened to become assumptions

that the social svstem is of one type or another. " Also, collecting
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all of these types in one subsection is intended to facilitate
their comparison with each other. The following section is

thusly motivated. -

4.3.1 Types of Dynamic Social System

It helps the exposition to collect at the outset all
the common features of the dynamic social systems to be
considered here. The first common feature of these is that the
behavior space X, of each behavor a is assumed to be non-empty
compact and convex in some normed real linear. topological space
L :

o

(4.3.1.1) X e kQ(L) (o € A).
a o

Secondly, the effective utility function, ﬁasof each
behav ot o ¢ A is assumed to be continuous (on X) and (its

. a
restriction) quasi-concave on Xa x {x®} for each x® ¢ X" :
(1) wy:X > R is continuous,

(4.3.1.2) (a e A).
(ii) ty:Xq x {x*} -+ R is quasi-concave

(x* e X%

Finally, the feasibility space D, of each behavor a ¢ A is

assumed to be the Hausdorff metric space (see_4.3.1.5) of all
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non-empty closed (hence compact) and convex subsets of Xa:
(4.3.1.3) D, = CQ(Xa) (a € A).

This gives simplicity‘to the following definition.

4.3.1.4 Definition: A social system satisfying 4.3.1.1-3 is classified

as type T iff the feasibility transformation

t :

o T X)) x X > C0(Xy)

i
A
is continuous for each behavor o &€ A

4.3.1.5 LFMMA: 1If X is compact and convex in a metric linear space
and C(X) has the Hausdorff metric [or,equivalently (see 3.1.2.13),
the finite] topology, then C(X) and its subspace CO(X) are both

compact and convex.

Proof: The compactness of C(X) follows by 3.1.2.12. The
convexity of C(X) follows by the continuity of scalar multi-
plication and vector‘addition in the linear topological space
where X lies. Since convex combinations of convex sets are
convex, it follows also that CQ(X) C C(X) is convex, and the
following simple convergence argument establishes what is
needed. Let {Ik} ?=1 + %k be a converging sequence of points
I e CQ(X). Then *k e C(X), since C(X) is closed. Let *x,

*#x' € *k, and denote an arbitrary convex combination



67

A*x 4+ A'*x'" by *% (A =1 - ' ¢ [0,1]). Then there exist
sequences {ix} :=1+ *x, (1x ") =1~ *x' with'ix, igr e I
(i =1,2, ...). Since 1k is convex, Ay + artixt = Iz ¢ ik

*:

(i

[

1, 2,...), so that {'®} , .~ *%. Hence,*X ¢ *k, proving
1=1 8

that *k is convex and, thus, that CO(X) is closed.

#

In the next two definitions one is able to relax the

condition on the feasibility transformations by restricting the

effective utility functions in alternate ways.

4.3.1.6

4.3.1.7

4.3.1.8

Definition: A social system satisfying 4.3.1.1—3 is classified

as type 11 1iff, for each beha&or o € A, the effective utility
function Wa igs "linear" (both concave and convex) and the
feasibility transformation £, is usc as a point-to-set mapping
with ¢t (k, x)c:CQ(Xa) being closed and convex,.

(k €T CQ(X), xeX).
A

Remark : In this case, it 1is possible to‘'view t, as a

point-to-point mapping inte CQO(COQ[X ]), (o € A).
o

Definition: A social system satisfying 4.3.1.1-3 is classified

as type IIT iff,for each behavor & € A, the effective
utility function ﬁa is strictly quasi~concave on each X; x x*)

x> ¢ Xu) and the feasibility transformation ty is as in type 1I.
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Finally, these last two restrictions on the effective
utility functions can be eliminated with appeal to an interesting

restriction on the feasibility transformations.

4.3.1.9 Definition: A mapping £: X >~ Y of a convex set X into a

convex set Y is called a convex process iff its graph

T(e) C X xY 4is convex.

4.3.1.10 Definition: A social svstem satisfying 4.3.1.1-3 is classified
as type IV iff the collective feasibility transformation is an

usc convex process.

4.3.1.11 Rémarka Of course, a collective feasibility transformation
t is a convex proceés iff each coordinate feasibility
transformation is a convex process.

This completes the present classification of social
systems into types. It is clear that, if the feasibility
transformations are all constant maps, a social system
of type I - IV is slightly more restricted tﬁan that
dealt with in section 4.2. The restriction comes from the
fact that each X& is now assumed to lie in a normed (real
linear topological) space, while before it was only

assumed to lie in a locally convex (real linear topological)

space. Thus, bv taking on this restriction, the constancy

assumption for the feasibility transformations has been
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eliminated.

Before turning in section 4.3.3 to prove the existence
of equilibrium for all four types of social system defined,
the next brief section will identify types of evolutions and

equilibria corresponding to these types of social system.

Types of Evolution and Equilibrium for Dynamic Seocial Systems

Corresponding to the types of social system defined
in 4.3.1, a set of mappings will now be defined. Corresponding
to each such mapping, called an "evolution", a type of social
equiliﬂtium will be identified as a fixed point of that mapping.
It is such types of fixed point which will be shown in the next

section to exist.

Notation: Let k, % denote generic elements of HCO(Xu) and let

A
X, y denote generic elements of X. Denote "CQ(XQ)(k) = ka .
= - - o =
WCQ(Xa) ) = 2, nxa(x) X, > T Xa(x) X, nxa(y) Yor
Also denote Z =CO(X ) x X , 2= T 2Z ,A (k,x) = Ta(k , x%).
* * * A A

Finally, denote generic elements of Z also by z.

Definition: The evolution of a type I social systemis
a transformation E: Z -~ Z defined for z € Z by

EI(Z) = {t(2)} x A (t (2), %)

it is classified as tvpe I. The evolution of a type 11

social system is a transformation F__:Z -+ Z defined, for

I1
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z € Z, by

EH(z) = t(g)'~->< A(t(z),2);

it is classified as tvpe II. The evolutions of a type
ITI social system are transformatiomsE tZ + Z and

ITIT

EIV: Z > Z defined, for z = (k,x) € Z by

B (e = @ ey, a(k,,x*),x)) x Ak,x),

Epy(ksx) = t({k} x A(k,x)) x A(k,x),

respectively; EIII is classified as type III and EIV as
type IV . The evolution of a type IV social svstem is a

transformation EIV:Z > 7 defined and classified as above.

Definition: A fixed point of an evolution is called a social

equilibrium (or social contract) and classified according to the

type of evolution of which it is a fixed point.

So much preparation finallyv allows turning to the existence

of social equilibrium in the dynamic case.
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Existence of Dynamié¢ Social Equilibrium

In this section it is shown that social systems of types

I - IV have equilibria. In particular, it is shown that the
(type i) evolution of a type i social system has a (type 1)
social contract for i ¢ {I, II, III, IV }, and that a type III

social system has, in addition, a type IV social contract.

In each of the existence results, the following fixed

point theorem is used:

THEOREM [Prakash and Sertell: Let {Zu|u e A} be a family

of 2° convex, compact and convex spaces, and let {Ea:
Z - Za | o ¢ Albe a family of usc point-to-set mappings omn

Z = 1NZ, such that Ea(z) £ CQ(Za) (z e Z, o € A). Define
A
E: Z> Zby E(z) =g (2) (z ¢ Z). Then there exists a
Aa
(fixed )point z ¢ Z such that z ¢ E(z). [1970, 3.16 Theorem VI].

In each application of this theorem, Za will be taken

to be CQ(Xa) x Xa’ as indicated in 4.3.2.1. In this case, both

CQ(Xa) and X, are easily seen to be 3° convex, so that

X X o o
their product Z, is 3~ convex, hence 2" convex.

It is worth noting that the fixed point theorem of Fan, used

in 4.2, cannot be applied in this case, as Za = CQ(XQ) x X lies in
a

a semi~linear topological space while it must be assumed to lie

in a linear topological space for Fan's mentioned theorem to apply.
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Thus, én extension of Fan's theorem is needed, and 4.3.3.1

provides just the desired sort of extension.  Actually, other

fixed point theorems of Prakash and Sertel [1970] can safely

be conjectured to suffice for some of the above types of

social system, but 4.3.3.1 works for all of these, as will be

seen. It is because 4.3.3.1 works for all of these cases that it is
possible to economize on the number of fixed point theorems to bev

used (known).
4.,3.3.2 THEOREM: Every type I social system has a type I social contract.

Proof: By 3.3.2, each behavor a ¢ A is usc in (ta(k,x),xa),
with a(ta(k,x), x*) e KQ(Xa) = CQ(X,) for each (k,x) e Z.

Since each t, and wxa(k,x) = x* is continuous

on Z, a(ta(k,x),xa) is usc on Z. Hence, {ta(k,x)} XQ(ta(k,x),xa)

is usc on Z, while {ta(k,x)} x u(ta(k,x), x%) e CQ(Za)

[(k,x) € Z, a € A]. Also, Z HZG is the product of 2° convex

A
compact and convex spaces Za , and

EpGh,x) = T ({t (k,x)} x alt (k,x),x%))
A o .

Thus, by 4.3.3.1, there exists a type I social contract

- EI(z) CZ.

#
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THEORFM: Every type II social system has a type II social
contract.

Proof: Since each Ex is usc, each a(gx(k,x), fx),as a
composition of usc mappings, is usc on Z. Thus, t (k,x) «x a(tOl :
(k,x), x®), for each ¢ ¢ A, is usc on Z. Since EII(k,x)_=

nE , Where

A II

E (k,x) = t (k,x) x alt (k,x),xV),
Il o o

to apply 4.3.3.1 it remains only to show ﬁhat EII(k,x) e CO(Z )
for each a e A. Since t (k,x) ¢ CQ(CQ(XG)) by hypothesis,

it suffices to show that a(ta(k,x), x*) e CQ(XCQ. In fact,

as the graph r(a) c:CQ(Xa) x X& x Xa is compact by 3.3.1,

and ta(k,x) is closed in the compact CQ(XG), it follows that

t, (k,x) x {x“DC:CQ(Xa) x X% is compact, implying that
a(ta(k,x), x%) is éompact, hence closed. This ieaves only

the convexity of a(ta(k,x), xa) to prove. Let Xa ,xx& £
q(ta(k,x), x®). Then ﬁa(xa,xa) = %a(za, x®) and Wa(x'a, x®) =
Sa(gé’ x*), for some %, 2& € ta(k,x). By 3.114.6, linearity

of ﬁa implies that of éa , so that ga (Ea, x2) = x@(ga,xa) +
1'5(2& ,x*) for all ) =1 - Are [0,1), where ;a = A1a+i'g& . But,

by linearity of % &a(iu’ x%) = Aﬁa(xa, x2) + ' %a(x; ,x%) =

o b4
W (Ea, x%), for X =xx + A'x' . Hence, x ¢ al(t (k,x), x%),
o a o Qa a

showing all that was required.

#
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THEOREM: Every type III social system has (1) a tvpe III

and (2) a type IV social contract.
Proof:

ad(l): Since the effective utility function ﬁa is strictly
concave on Xu x {xa} for each x® ¢ X%, O‘(ka’ _x“) is singleton
for each k, ¢ Ca(x,), x% & X*, o € A. Then ta(k, a(ka, x%), x%)
is the image under t, of a point_(k,a(ka, x%), x*) ¢ Z, hence it
is non-empty, compact and convex in CQ(XQ), by hypothesis, for
each such point z € Z(a e A), Thus, for each z = (k,x) ¢ 2,

E (@) & ) x (fx)|x, € X,) € QUK X {(x} [xe

a
Xa}), which is homeomorphic to CQ(Za), where, for each a ¢ A,

EIII (z) = ta(k,a(ka, x%), x%) x a(k,, x*).
o

But the map E :Z > CO(Z ) is usc, as t_  is so and o and

111, a a |
all projections are continuous (a € A), and EIII(Z) = KEIII(Z)
for any z ¢ Z. Hence, 4.3.3.1 apolies, yielding that there

exists a type III social contract z ¢ Z such that z ¢ EIII(z).

ad(2): Defining

EIVa(k,x) = £ ({k} x & (k%)) x alk ,x%)

for each o ¢ A and z = (k,x) ¢ Z, E__(2) = TNE__ (z). Since
v A IVa

each a is usc, so is the map A. As each a(ka, x*) is

singleton, so is A (z) (z ¢ Z). Hence,{ k} x A(k,x)e Z

for each (k,x) ¢ Z. Thus, EIV :Z > CQ(CQ(Xa)) x Xa has been
o
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defined for each aeA, and the range is a subspace of

C i i ' § : Z ).
Q(Za)’ so that FIV is the product of usc maps EIV Z > CQ(?a)

By 4.3.3.1, there exists a type IV social contract z € Z such

that z ¢ E z).
IV( )

#

THEOREM: Every type IV social system has a type IV social

contract.

Proof: For each o ¢ A define the map E (as in the last

IV
a
proof) by

: EIVa(k,x) = ta({k} x A(k,x)) a(ka,xa).

By the upper semi-continuity of each a, A is usc, so that each

E is usc,as each t, is so by hypothesis. As a(k , x%*) is
o

1v,

non-empty, compact and convex for each ka € CQ(XQ), x% e X& |
a e A, it follows that é(k,x), hence, {k} x A(k,x), has the
same properties for each (k,x) € Z. Since t is a convex

and usc process, it follows that each t, has a convex and
compact graph F(ta)c:Z x CO(Xa)’ as both Z and CQ(XQ) are
compéct(and convex). Thus, ta({k} x é_(k,x))'is'non—empty,

compact and convex, for each (k,x) ¢ Z, as it is the set

nCQ(Xa)(r(ta)r\({k} x A(k,x) x CQ(Xa)),

Hence, EIV (z) is non-empty, compaet and convex in Z, for

o
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each z ¢ Z and o €A. As EIV is nothing but the map defined

by EIV(Z) = .IE

v (z), 4.3.3.1 yields the result that there
A o

exists a type IV social contract z € Z such that z ¢ EIV(z).

#

Compactness and Convexity Results for Dynamic Contractual Sets

In thls section it is shown that the contractual sets,
i.e., sets of social contracts, shown to be noh-empty in
the last section are all compact, and that the contracutal set

consisting of type IV social contracts is also convex for a social

~system which is both type III and type IV.

THEOREM: Let C stand for the contractual set shown to be
non-vacuous in any one of the theorems 4.3.3.2-3, 4.3.3.4.1-2

and 4.3.3.5 above. Then C is compact.

Proof: Let E by any one of the evolutions E ({.e.{ I, II, III,
i
IV }). Then E is usc, as each Ea was shown to be so (o e A).

Then the graph
rE) = {(z, z')|z €2, z' € E(z)}

is compact as a closed subset of the compact Z x Z. Denoting
the diagonal {(z,z')|z=2z' ¢ Z} bv A, A is compact and C

is nothing but
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C = nZ(F(E) na,

hence compact.

#

THEOREM: Let S be a social system which is both

type III and type IV, and let C be the set of type IV

social contracts of S. Then C is convex.

Proof: As Z is convex, so is the diagonal A of Z x Z. Hence

it suffices to show that the graphI‘(EIV) is convex, as C =
nZ(F(EIV)(\A). It is obvious that F(EIV) is convex if the
graph I'(A) is convex, for the graph I(t) ié éénvex by
hyﬁothesis. Furthermore, I'(A) is convex if thé graph T'(a) of
each behavor a ¢ A is convex. It is tedious but
straightforward to show that I'(a) is convex, using the

hypothesis that Ga is linear ( a £ A).

#
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EXTENSIONS AND APPLICATIONS

This chapter will identify a selected number of directions
in which tﬁe framework and theory of the prefious‘chapters can
fruitfully be extended, also indicating application areas.

One large extension is into probabilistic social svystems,
6ccupying the first section. In that section a particular notion
of behavior as a probability measure on a sigma-field of actionsis
developed, the‘nume:ical representability of preferences on sets
of such behaviors is discussed, and the notion 6f probabilistic
social systém constructed.

The next section proposes a couple of axioms aé necgsaarily
satisfied by a causal relation, and applies the fesulting notion,

of an event 'inducing' an event, by building on it a notion of

.power in probabilistic social systems. The result is compared

with Dahl's [1957] concept of power and the importance of
equilibrium.metho{lsforpower analysis 1is pointed out.

The attraction and stability properties of éqﬁilibriﬁm sets
and cores is the topic of the next section. The required concepts
are presented, as borrowed and modified, from thé theory of
dynamical systems.

Finally, the study is closed by a discussion of a number of
extensions and applications particularly relevent for the management
of organizations. Organizations are defined, optimal incentive

problems posed, the choosing of incentive schemes related to the
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act of legislation, and the relevance of equiliBrium methods for

all of these clarified. Three main types of control, remunerational,
socializational and informational, are illustratéd. Extending the
detail in defining impression functions, it is shown how
information-systemic elements can be incorporated into the model.
Finally, the direction of multi-level social systems is pointed

to as an.area into which the model can be extended.
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Towards the Analysis of Probabilistic Social Systems

Along lines earlier suggested in [Sertel, 1969 a, bl,
probabilistic social systems will now be developed as an important
extension of the social systems so far studied. The next section,
5.2., illustrates one of the motivating reasons for studving
probabilistic social systems.

In 5.1.1 the notion of a behavior is particularized to that
of a probability measure on a sigma-field of actioms. 5.1.2
settles matters pertaining to the measurable numefical representa-
bilitv of preferences on behavior spaces when thenpreferences are
originally specified on a sure action ( a set of "sure prospects").
Then 5.1.3 finally assembles probabilistic social systems on the

basis of this groundwork.
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Action and Behavior

The notion of 'behavior' introduced in 2.1 and used up to
here is extremely general and abstract. In this section a more
particular and concrete version of that notion will be constructed,
founded on a certain notion of 'action'. This‘construction will,
in turn, serve as a foundation for the treatment of 'probabilistic
social systems', after certain questions relating to the rep-
resentation of preferences are dealt with in the next section.
This and the next two sections will thus give an extension
of part of the framework offered in (Serte1,1969 a).

The term 'individual' and phrases such as "things which
an individual can do" will be formally undefined here: they
are to be understood in the natural language sense. This

prepares .the ground for what follows.

6, of an individual j is

Definition: The sure action 0

the set of all mutually exclusive things which j can do.
A sigma-~field Fg of subset of 09 will be called a sigma-field

i
of actions (or, for short, an action field) of j iff it

contains the finest partition of oe.:
J

(05 = og} oy e 03 9.

There will always be assumed to be a unique non-trivial

action field C’jwith which an individual is associated. A
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5.1.1.3

5.1.1.4

5.1.1.5

5.1.1.6

Definition: A (joint) probability measure pJ: ]

subset 9, C 6.
j —o

i will be called an action of j iff ej £ Oj

Definitien: A probability measure pj: Qj -+ [0,1] defined

on the action field ©; of an individual j will be called

a behavior of j. The set Pj of all behaviors of j will be

called the behavior space of j.

Definition: A collectivity is an ordered pair <W,J ,where

W= {ijj € J}is the family of behavior spaces Pj of the

individuals j ¢ J, and where J is a non-empty collection

of individuals.

82

Remark: Since each action field is non-trivial, each behavior

space is non-empty. Compare 5.1.1.3 and 5.1.1.5 with 2.1.2-3.

Definition: The sure joint action of a collectivity

<W, J> is the product oQJ =1 Oej of the sure actions
J

oej(j € J). The sigma-field of joint actions (or, for

short, joint action field) of <W, J> is the product

QJ = H@j of the action fields ﬁj(j € J). A subset
J
6 6
C:o J

1 is called a joint aetion of <W, J> iff GJ e 0.

J

;> 10,1]

defined on the joint action field O_ of a collectivity

J

<W, J >will be called a joint behavior or state of <W, J>.
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The set PJ of all such measures will be called the joint

behavior space of state space of <W,J>.

Definition: The collective behavior space of a collectivity
<W, J>» is the product P = ng of the behavipr spaces’

Pj(j € J). A function p: J > ng in P isbcalléd a collective
behavior of <W,J> iffp(j) ¢ Pi (3 ed), i.e., iff pe P, In |

this case, p(j) is also denoted by pj = p(j) ¢ Pj' (cf.2.1.2-3).

Remark: The distinction between joint behaviors (or states)

and collective behaviors of a collectivity is crucial. To

"the probabilist it will already have been clear that a behavior

is simply a certain marginal of a joint behavior and a collective

behavior is simply a specification of all such marginals for

a joint behavior. Thus, there is a unique collective behavior

specifying these marginals of a joint behavior, whatever
joint behavior is given. Specifving a collective behavior,
however, determines either not more than one joint behavior
or not less than the cardinaiity offthe—contiﬁuum joint
behaviors. (This is so, for, if two joint hehaviors have the
same ;pecified marginals, then a continuum of convex
combinations also satisfy this condition, i.e., the set

of jqint behaviors consistent with a collective behavior

is convex). That there exist a joint behavibr'given‘a



collective behavior is governed, of course, by the
satisfaction of the Kolmogoroff consistency c¢onditions.
(Kolmogoroff, 1933). (See also (Kingman and Taylor, 1966)

and (Parthasarathy, 1967).)

84
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5.1.2 The Representation of Preference

In the social systems dealt with up to the present chapter,
no mention was mde of how it was that the utility functions
used were guaranteed to exist as numerical representatioﬁs of
(complete) preference orderings on the sets in questioq. This
is because all of the properties which were assumed, at one stage
or another, to hold for these functions were properties which
have been proved in the literature to be assumable without any
loss of generality when certain conditions are met, and these
sufficient conditions happened always to be satisfied whenever
needed.

Main reference in the literature is to the representation
theory of Debreu (1954) and of Herstein and Milnor (1953). For
all of the results developed so far, the utility functions were
assumed to have certain continuity and .convexity properties. The
domains of definitions for these functions were always compact
and convex. Assuming the necessary and sufficient conditions
demonstrated by Herstein and Milnor and presented below,
convexity of the domain guarantees the existence of a real-valued
linear function preserving the order of the given preferences.

I1f the domain is topologized by the order of the preference
relation, this function is easily seen also to be continuous.

Thus, all that was ever assumed so far can be seen to be

assumable, using the convexity of the set ordered by preference
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and the results of Herstein and Milnor. In certain cases,
Debreu's theory could have been used as an alternative,
e.g., when the domain was coﬁpact in a metric space, hence
satisfying the second axiom of eountabilitv (see Debreu's
Theorem 2).

In building toward probabilistic social systems, studied
in the next section, wheré the behavior spaces are of the special
kind introduced in the last section, matters of representation
of preferences are less straightforward; hence, the present
section. The exact questions which are addressed here will be
stated shortly, after some minimal preuaratioﬁ.

Let a collectivity <W, J> be given. Fix attention to a
specific individugl j e J, and let oeJ x R be completely
ordered by a preference relation < j summarizing j's preferences
between elements of this set.

The first question addressed now is the following:

Under what conditions does there exist a function

v, OeJ xR >R

such that

uj(pJ, r) = f Vj(w,r)dpJ(w)

6
oJ
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exists for all (pJ,r)vE P. x R, and, such that, identifying each

J

Zep aséignihg 1 to the set

zZ € oeJ with the degenerate Py I

{z} € 0, and O to the rest of 0., the eauivalence

J

uj(pg, r) 3_uj(p§', r ) iff (z,1) 3_j(z',r')

holds for all (z,r),(z',r') ¢ ofy x R?

This question will be answered by use of a'result due to
Herstein and Milnor.

Herstein and Milnor [1953] have demonstrated a necessary
and sufficient triplet of conditions for the ekistence of a
real-valued, linear function on a set M ordered compietely
by a relation fj , such that the function preserves this ordér.

These conditions are:

(1) M is a "mixture set":

(2) for all a, b, ¢, € M, the following sets are closed:

e

{» € [0,1]]2a + (1- M)b 2 c}

{x e [0,1]]c 33 xa + (1 -A)b}

(3) if a, b, c e Mwith a =1 b (where, for all d, e ¢ M,

'd = je' denotes 'd iﬁ'e and e‘fj d'), then
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A'"mixture set'" here is a generalization of a convex set in a real
vector space.

wa'this result will be used to obtain some‘reasoﬁable con-~
ditions under which the desired sort of function \)_j will
exist. First, it is assumed that the set oeJ is convei in a
real vector space. It follows that My xR is convex, hence a
"mixture set'. Next, assume that the conditi&ns (2) and (3)
are met by M = oeJ x R, Then there exists a 1iﬁear real—valqed
function vj: oeJ x R + R preserving 5_1. It will now be seen
that this function vj has all the desired pfbpertiés, after a

few more assumptions are made.

Topologize 09

g R with the order topology 5_1. That is,

topologize eJ x R with the coarsed topology for which

0

{{lbe © XR!b_>_ja}, {b €

oJ o

0, x Rlaiﬁ b}l.a € oeJ x R}

is a family of cloéed sets. (§g£g: This is not the ofder

topology defined by Eilenberg (1941). The definition of Eilenberg
would correspond to the quotient space where elements of an
equivalence class according to the order are not distinguished,
even though they may be distinct in oeJ x R. Althdugh the quotient
spacé of the space defined here is always Tl (in fact, T2, i.e.,
Hausdorff), this is not true of the space itself, as can be seen
from the fact that if B #abut b>;aanda ij b, then there

is no neighborhood of b(a) of which a (b) is not an element.

The course of definition chosen here is motivated by the need,
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in the present context, to keep distinctness of points distinct
from non-equivalence of points).It is obvious that vy is
then continuous. Hence, vy is continuous whenever oeJ x R has
a topology finer than the order topology of_i1 .

The final assumption to be made concerning JBJ x R is that
o GJ is a quasi—compéct Tl(topological) subspace of a linear
topological space. The first consequence of this comes from
the fact that 0; xR is T,, #.e., that the singleton subsets
{al} OQJ X R are closed. The mentioned consequence of this is
that V3 is continuous. This is so, for a T; topology on ;9J x R
= M is finer than the order topology. To see that a T, topology
is finer than the order topology, take a, ¢ ¢ M such that c ¢
{b ¢ M|b > ja} and note that the complement of {b ¢ M|b 3_1a}
is open in the Tl topology by the fact that c iﬁ a implies c
to be distinct from a, whereby there is a nbd of ¢ (in the Tl‘
topology):which does not meet {b € M|b 31 a} .

Since oeJ x R fails to be quasi-compact, however, it does
not follow from the continuity of “j that vj is bounded. This
is a serious deficiency, as boundedness coupled with continuity
of vy would guarantee its integrability with respect to each
Py € PJ’ as desired. It is this deficiency to ﬁhich a remedy will
now be sought.

Let §j: th > R represent a typical element of the set of

linear real-valued functions on 09J for which ;j(oeJ) < B,

where B is a fixed (bounded) closed interval [ry, Tol.
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tThe functions ;i are analogous to the (interpreted) incentive
functions B, ¢ X.+ R of thg previous chapters; the symbol
éj, however, is reserved here for a different but closely related
function.) By the fact that‘Vj's are restricted to have their
ranges contained in the bounded set B, it is being assumed that
no infinitely iarge rewards or punishments are distributed in
the social systems about to be considered.

From this assumption an important consequence will now be
obtained. First to be noted is that each Vj is obviously bounded.
Actually, this follows from the fact that o9J'is quasi—compaét

and that, by its linearity, ¥; is continuous, as ¥ ( GJ) is

i jo
therefore quasi-compact, hence bounded as a subset of R. But,

also, \)j may now be taken to be a function vj:oeJ x B =+ R, sinceg,

its restriction to oeJ x B is all that matters in the social system
which the present development is obviously heading toward.

The result of this is that the function

uyen) = [ v, dpy ()
08J )

is now well-defined, having imposed the constraint r ¢ B, as

Vj is continuous and bounded on 83 x B, hence integrable with

respect to each pJ € PJ. The property desired for vi with

respect to degenerate elements of Py is satisfied by its linearity.

Thus, u, now serves as a "utility function" for the individual j,

the domain of definition being P; x B, where PJ is the joint

behavior space of the collectivity <W, J> .
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Before turning to the next section, a natural continuation
of the above development to be settled here is deriving incentive
functions for the individuals in J. Again, attention will be
fixed to the individual j§ ¢ J.

Define the function éi: PJ + R by

gj (PJ) = / Yj (U) dPJ(w).
OBJ

Since ?j is continuous and bounded, éi is well defined. Now it

is clear that this function, §,, will play the role of §a (in

3

the previous chapters ) for the behavor j of the coming section.
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Probabilistic Social Systems

Building on the groundwork provided in the last two
seétions, it is now possible to define probabilistic social

systems as a variety of the general social system introduced at

the outset of the study. This will provide an extension of a formal

entity earlier introduced in (Sertel, 1969 a). The mentioned

“collectivity" therein) was

formal entity (although called a
a finite-personﬁel version of what is about to be defined here

as a probabilistic social system, the behavior spaces being
closed gaometric simplexes in Euclidean space, with incentive
and interpretation schemes missing from the specification while
an impression scheme was present. The‘social.system specified
was shown in that and an accompanying study (Sertel, 1969 b) -

to have a non-empty éompact and convex set of equilibria.

The distinguishing characteristics of such equilibria in
comparison to the equilibrium shown by Nash (1950, 1951) to

exist for games of a similar specification consisted of two
components. Firstly, impressionbfunctions Qere not explicit

- or they were implicitly assumed to be identity‘maps -

in Nash's specification. Secondly, the equilibria of Nash were
collective behaviors, while those of Sertel were joint behaviors,

referring to the terminology and verv important distinction

(see 5.1.1.8) introduced in 5.1.1.
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The importance of being able to deal with_joint behaviors
is_most clear when an exteﬁsion of the preSentﬁstudy to an
investigation, e.g., of the core is consideréd; For
the. joint randomization of the actions of members has to.
be considered as in the very nature of a coalition when the
notion of behavior is probabiliétic. This boint must therefore
be emphasized as crucial also to any politiéél analygis, if
any, which is to benefit from the methods suggeStéd by the
present study, since it mav be expected to b§ e$sential especially
in political analysis to be realistic about‘thé'workings of
coalitions. The theory of péwef suggested later in this
study is anticipated in the last remark.

A motivation for defining and studying probabilistic
social systems should be easily extractible from the components
above. With minor effort, relying on the previoﬁs sections,

a definition will soon be formalized. The major'portion of this
effort has to be directed’toward constructing'a'number of |

functions. This is now taken up.

Definition-Notation: Let PJ be the joint behavior space of

a collectivity <W, J>

Denote 67 = I denote the_product'sigma—field

6
2017
© J {3}
T 0 by 0], and denote the set of probability measures

J {3}

pgz Oj + [0,1] by Pg. Define the function ujﬁPJ > Pj as follows:
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p =uj(pJ) has the property that, for any ej e Oi’

I

k|
ij(ej) = PJ(ej X 09 ):

ui(pJ) will be called the j-marginal of p;. Define the

function uj: PJ > Pi as follows:

j
Py

= UJ(DJ) has the property that, for any 91 e @j,

ﬁ} (67 = p;(p05 x 67

uj(pJ) will be called the j-exclusive marginal of bJ.

Definition: A function uj: PJ x R 5> R will be called a

utility function of j. A function hj: P% > Pg will be

> R

called an impression function of j. A function gj: PJ

will be called an incentive function for j. A function i1

assigning to each incentive function gj for j an incentive

function gj = ij(gj) for j will be called an interpretation

function for j. A non-empty collection Di C:[P1] of non-empty

subsets dj c:Pj will be called a feasibilitv space for j,

and each element di € Dj will be called a feasibility for j.

Let {djlj € J} be a family of feasibilities dj’ one for each

j e J. The set d cP; of all joint behaviors p; such that,
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for each j ¢ J, uj(pJ) £ di will be called a collective
feasibility for J. The set of all collective feasibilities

for J will be called the collective feasibility space of J

and denoted by D. A mapping ti: Py x D > Dj will be called

a feasibility transformation of j. The mapping t: P; xD~>D

defined by
t(pJ, d) = {qJ € leuj(oJ) £ tj(pJ, d) for all j € J}

will be called the collective feasibility transformation

of J.

Definition: Let <W, A> be a collectivity, let

U= {uala € A} be a family of utility functionms,
H = {hala € A} a family of impression functions,
G = {gula € A} a family of incentive functions,

I= {iala € A} a family of interpretation functions,

=]
[]

{tGIa e A} a family of feasibility transformations,

and let A be a family of self-indexed mappings

a:PA x Da - [P,] defined bv

a®f, d,) = {p, € d | w(p, *p3) > sup i (a, e}
a

(qa € da) where the operator * and the function w_are
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defined below. Then the ordered seven-tuplet S =

<W, U, H, G, I, T, A> will be called a probabilistic social

_system.

Definition: Let Pj and P} be as in 5.1.3.1. " The binary

operation * is defined by

: (ej x ej) = pj(ej) ﬁ}(ej), (6,0 o ¢ ej

3 i ).

p. *p
j
o

Definition: Denote ia(ga) = g and

ua(Pa* ha(PZ)’ ia(ga) (pg * ha(pz)))

U, (py * h (0D, 2,(p, * hy(0%,)))

. a
va(pa * ha(pA))

= ¥ "% M),
a(pa py)

The derived function &a will be called the effective utility

function of a.

96
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Research Problems: The investigation of the non-emptiness

and other properties of equilibrium and Pareto sets and the
core of probabilistic social systems in general is a research
problem not undertaken here. A start toward this is the
already mentioned study (Sertel, 1969 a, b) of a finite and
static case - not reproduced here - but the results of that
study can probably be generalized to quite a degree. The
relation between the equilibrium set, Pareto set and core may
be especially interesting in the case of probabilistic

social systems. The reason for making this conjecture is

the point made earlier in this section (preceding 5.1.3.1).
concerning the coordinafed randomization of members' actions

for coalitions in the case of probabilistic social systems.
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Toward a Framework for the Analysis of Power

With the probabilistic social systems of the previous section
in mind, the present section now turns to a topic which is central
to political analysis, namelv, power. A notion.of one event (action)
'inducing' another will be introduced. Being reléted to the concept
of causality between events, it will be used to examine the formal
constituents of power relations between agents. The main data
governing such power relations will be derived from the joint
behavioré of the social system supposed. The non-transiency of
these relations will be seen to depend on Whethgr the social system
is at equilibrium.

The present discussion will get further by, rather than starting
from scratch, agreeing in principle with the intuitive idea of power
that guided Dahl: "o has power over 8 to the extent that he can get
B to do something that B would otherwise not do" [Dahl, 1957, pp.
202-3] (Dahl's notation is different than the one used here.)

And, taking this as a point of departure, there is no visible route
which both promises to lead toward a fruitful destination and
succeeds in completely by-passing the sgbject of‘causality. ¥or
that reason,it will enhance the exposition to agree from thé outset
on a minimal but workable committment as to when avgiven event will
be considered to be a cause of another given event. The question of
what are fruitfully to be considered as necessafy.and sufficient

conditions for such a causal relation to be said td exist between
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a given pair of events is too deep to be addressed here. For

what is ahead, however, it will be important”to agree on some
necessary conditions. The choice'of such conditions will be guided
by the objective of economizing on commitment subject to the con;
straint of obﬁaining something that is reasonably workable and non-
vague. In doing so, the readef will be left free to add any
further axioms which appear to be desifable. A whole host of
questions concerning time-precedence, contiguity, etc., will thus
be left to the reader to exercise his personal metaphysics with
regard to. Differing from Suppes [1967], the weakest necesséry

condition is chosen as expressed in the following definition.

Definition: Let $ be a sigma-field of events and p: $ » [0,1]
a probability measure defined on $, A relation xe$ x $

will be said to satisfy the first axiom of causality with respect

to p iff the following condition is satisfied:

(E,F) ¢ « only if there exists (an event)
E' ¢ $ such that p[E'] > 0 and

p[F|E'] < p[F|E]

Remark: What is required by the above axiom is quite minimal.
1f (E,F) ¢ «k is ever to be read as '"the event E is a cause of
event F when the probability judgement p is made," it is

being demanded that there be some event E' such that F is less
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likely, according to that judgement, when it is known that

E' is the case than when E is known to be the case. If this is

not taken as an axiom, then it would have to be considered as
reasonable to say "E causes F although F is at least as likely to
occur under any circumstances which are at all likely (judged

to have non-zero probabilitv measure) as under the circumstance of
E".

It is obvious that the event E' which is demanded must be
distinct from E, i.e., a different subset of the sure event on
which $§ is a sigma-field. This is so, for otherwise p[F|E'] would
be equal to p[F]E]. What is very important'to recognize, however,
is that E' is not required to be the complement of EC of E. In
fact, E' can be an event in $ which is a (proper) subset of E and
still satisfy the requirement imposed, while neither EC nor,
indeed, any event in $ which is a subset of E®, need satisfy the
requirement.

It is precisely this which constitutes the fundamental
disagreement of the axiom chosen in 5.2.1 with what Suppes
[1967] takes to be minimal as a necessary condition. (Reference
is to his Definition 1 of "prima facie cause", page 11 of
Suppes' Chapter 5.) By concentrating on the qomplement of E,
Dahl appears in his framework to have anticipated Suppes’' point
of departure, although this appearance may be due to the vagueness

of Dahl's notation in this regard, which in turn may be due to
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the fact that he did not work with the clear notion of a sigma-
field of events and may have been unaware of the distinction

between two events being complements and two events being distinct.
Now an additional and final axiom will be introduced to

capture the notion of "directionality" in a "causal relation".

5.2.3 Definition: Let $ and p be as in 5.2.1. A relation k¢$ x $

will be said to satisfy the second axiom of causality with respect

to p 1iff the following condition is satisfied:

(E,F) ¢ « only if p[F|E] > P[E

Fl.

To summarize 5.2.1 and 5.2.3, the following will be useful.

5.2.4 Definition: Let p be a probability measure defined on a sigma-

field $§ of events, and let E, F ¢ § be two events. F will be
said to p-induce F (denoted as E » F) iff there exists a
relation k € $ x $§ such that « sazisfies the first and second
axioms of causality and (E,F) € k.

It may be conjectured, as it was by the present author, that

E-+F and F » G implies E + G (where E, ¥, G ¢ $§, for some sigma-

P P P

field $ and where p: $ > [0,1] is a probability measure). The

conjecture is false, as the counterexample kindly provided by
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P. R. Kleindorfer (personal communication), presented below,

demonstrates.

5.2.5 Proposition: (The relation) -+ need not be transitive.
) p

Proof:Let $ be the power set of {a, b, c, d} ;éhd let p: $ »[0,1]

be a probability measure such that p({al}l) = p({b}) = p({c}) = p({d})

= 1/4. Then

1/2 = p({a, b}|{b,c}) >p({a,b} {b,c,d} ) = 1/3,
and
p ({a, b}|{b,e}) = p({b,c}|{a,b}) = 1/2,

so that

{b,c} 3 {a, b} .

Also,
1/2 = p(b, ¢}|{c, dD)> p(b, c}|{a, b, d}) = 1/3
and
p({b,c}|{c,d} ) = p({c, d}|{b,c} ) = 1/2,

so that
{b, ¢} » {a, b} and{c, d} > {b, c} .
p P

However, it is not the case that {c, d} 3 {a, L} , since
p ( {a, b}|{c, d}) = O contradicts that the first axiom of
causality holds for any « € $ x $ such that (-{é, d}, {a, b}) ¢ «.

#
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5.2.6. Remark: It has long been recognized that 'the causal arrow"
cannot be regarded as the 'copula' of logical implication,
notably for the reason that the latter contraposes while the
former does not. Another difference between '"the causal arrow"
and'the implication arrow" is revealed by 5.2.5, if 3 is accepted
as a ''causal arrow'". (This is so, for containment 'c' is transitive.)

Note also that a sure event can never be péinduced, for

there cannot exist a non-null subset conditianal upon which its
probability is less than unity. Thus, e.g., with reference
to 5.2.5, for any E ¢ $§, E ; {a, b, ¢, d} implies that p(E) = 0,
which is a contradiction: the first axiom of causality effectively
prevents one from saying, for an event, which happens anyway,

that it is "caused" bv some event.

Completely éacrificing the formal development of any interesting
mathematical consequences from the axioms or definitions introduced,
the promised application of the above to the topic éf power will now
be pursued. The context of what follows is a broabébilistic social
system with a personnel A of typical behavors o € A. For any
coélition B CA, OB = gOB is the joint action field of B, and
©_  is shorthand for 0O

3 P
B {8} B
of all joint behaviors pB = OB -+ [0, 1] of B.

is the behavor space of B, comnsisting

The following definition formalizes two kev concepts.
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Definition: Let A be the personnel of a probabilistic social

system S, and let B, B' C A be coalitions. For any joint

behavior Py of A, the power relation M(B, B': pA) is the set

8, ~» 6_,1}.
B" B B'
)

A

M(B,B'; pA) = {(eB,eB,)leB £ 0,0 ,¢0

B’ "B'

The power relation M(B', B; pA) is defined by replacing B with

B' and B' with B in the last expression. The power structure

of S subject to pA is the set M(S; pA) = {M(B, B'; p )|B, B' ¢ [A]}
A
of all power relations M(B, B'; pA) between coalitions B, B'C A.

The power relations defined above particulari;e to "interpersonal"

relations when only singleton coalitions are considered (Cf.(Frey,
n.d; p. 17).) They, as well as M(S: pA), can be "quantified" in

the fashion now to be indicated.

Definition: Let M(B, B'; pA) be a power relation in a power

structure M(S; ). Define the function m for each ordered pair
PA

B B!
pyl65.] 051, if 6 s~ Op
Pa

(SB,BB,) with eB e O and BB, e 0, by

0, otherwise.

The function m will be called the numerical representation of M(B,

B': pA). The set of numerical representations of all elements

of M(S: pA) will be called the numerical representation of M(S;pA).
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Remark: The definanda of 5.2.7-8 are all determined by one datum

alone, namely, the joint behavior Py of S.

Remark: A brief comparison of the function m with Dahl's "amount

of power'" [1957, p. 205] is in order. Although the probability

measure he uses is not a joint behavior and his notion of action

is not clear, with some harmless change in notation, Dahl's

definition of the amount of power of B over B', with respect to

the response 6_,;, by means of 0 sets this amount equal to
D b-

_ _ c
B(65,65,) = Prob [0 ,[6,] - Prob [oy,[6g]

If the probability pA is used, then A becomes more easily

comparable with m. In that case, m becomes the counterpart

here of A in Dahl's framewdrk. The two are very differént functions
of course, since the formalization of the underlying notion of
power here fundamentally differs from that of_Dahl. In the

present framéwork pA[GB.Ie ;] has no particglér'significance

in the obtaining of the number m (86, %3,), as it has no special

. It is important

role in determining whether or not GB 3 ,

A

to note that m will detect some cases where 6_ =« OB' by
PA
assigning m(OB, GB,) >0 while A will fail to do so. In fact
A may assign A(eB, eB,) < 0 while 9B gA 6grs so that m(GB,OB,) >0.
Hence from the standpoint of the development here, Dahl's

measure has to be classified as misleading.It is remarkable that

two formalizations of the same intuitive notion (recorded at the
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outset), should give such disagreeing results. The fact is,

however, that the notion formalized here is actually the following:

B has power over B' with respect to inducee action GB', by means

of inducing acting GB, and subject to Py > iff GB ;A GB': the

amount of this power is the probability pA[GB.IGB] of the

inducee action conditional upon the inducing action.

In ;he above definitions and remarks concerning power, an
arbitrary joint behavior pA of the social system Qas used. in
computing all the necessary probabilities. The‘iﬁportance of that
joint behavior being an equilibrium point is clear, if the power
relations and power structure are to be considered as non-transient.
For if the very fact that a certain power structure (or pA) holds
leads to its being altered, as 1s the case for any non-equilibrium
Dy» then the power structure (or pA) in questioh is transient and
not a regularity. It is important, therefore, whether there exists
a equilibrium Dy for, if there does, then the associated power
structure is an equilibrium power structure. That there does
exist an equilibrium P, for certain probabilistic social systems
was shown in [Sertel, 1969 a]. Generalizations of that result and
the investigation of the attraction and stability properties of
equilibrium sets and cores appear clearly to promise an important

bearing on political analysis.
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Towards the Analysis of Attraction and Stability

Given that the equilibrium set or Pareto set or core of
a social system is non-empty, two important and related types
of question arise concerning these sets: attraction and stability.
The tools for investigating these topics are to be fuund in the
theéry of dynamical systems. Naturally, this is also where the
notions themselves of attraction and stability are developed,
so it is there that one has to turn in order to see precisely
what these are., A few preliminary definitions of this theory
will be presented here to crystallize the required concepts. Then
it will be showr how a social system may be looked upon as a
dynamical system, so that the theory of the latter may be applied
to the former. Finally, some discussion will follow.

Possibly the most prominent author on attraction, as well

as the originator of the notion of weak attraction, is Bhatia (1966).

The definitions to follow, however, are borrowed from another
prominent author, Szegd(1968). They are slightly modified in
harmless fashion to relate most directly to social systems as an
area of application. Because -of this, some of the terms have

been changed, in order to avoid confusion. Notably, the notion of

a dynamical system has been modified and the term "evolutionary

system' attached to the result.
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For the following definitions, let X be a locally compact
Hausdorff space, and denote the set of non-negative integers by

Z, taking the order topology on Z. A bar across the top will

indicate topological closure.

5.3.1 Definition: A evolutionary system is an ordered triplet

<X, Z, E> , where
(5.3.1.1) E:X X Z X is an usc point-to-set mapping;
(5.3.1.2) E(x, 0) = x (x e X);

(5.3.1.3) E(E(x,m),n) = E(X, mn) (x e X;:mne Z).

5.3.2 Definition: The future of a point x € X is the set F(x) =

E({x} x 2).

5.3.3 Definition: The limit set of a point x € X is the set

5.3.4 Definition: Let M X be compact.
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(5.3.4.1) A = {x|LG)NMF By

is called the region of weak attraction of M. M is called

a weak attractor iff A"(M) is a nbd of M,

(5.3.4.2) AT = (x| F Lx)C M}

is called the region of attractiin of M. M is called an

_attractor iff AY(M) is a nbd of M.

5.3.5 Definition: Let MC X be compact.

(5.3.5.1) M is stable .iff, for every nbd V of M, there exists a nbd

U of M such that #(U) C V.

(5.3.5.2) M is.asymptotically stable iff it is a weak attractor and

stable.

The above definitions will now be interpreted from the viewpoint
of their application to social systems. The space X is to be
interpreted as the domain of an efolution, so that, depending
on the social system in miﬁd, X will be either 51ﬁply the collective
(or joint) behavior space, or it will be the pro&uct of the

collective (or joint) behavior space with the collective feasibility

space. In each of the cases where the contractual set was proved
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to be non-empty in this study, X was compact, hence satisfving
the requirement that it be a locally compact Hausdorff space.

Now the mappiﬁg E cah be related to the évplution of a social
system. Denoting the latter by El, equate El(x) = E (x,1). Then
El is the one-time-application of E. The condition 5.3.1.2
stétes that if E is applied zero times, then nofhiﬁg changes.

If it is applied two times,then E(x, 2) = E(E(#,l), 1) = El (E1
(x)), and so on. This is clear1§ consistent with the idea of

an evolution. As to E being usc, it has to be feﬁarked that

gl was usc in every case where it was shown to‘ha§e a fixed point.

From the fact that rl is usc, it follows that, defining

B(x) = E (x, 0),
=g @Y =1, 2,....),
En is usc for any n ¢ Z.

Now let V be a nbd of E(x, m). To show thét E is usc, one
needs to show the existence of nbd U of (x,m) such that E(U)C V,
Note that E(x, m) = E™(x) and that {m} is a nbd of m. Since
E" is usc, there exists a nbd N of x such that Em(N)!:_V. Then
U=N x {m} is a nbd of (x, m) such that E(N x {m}) = EM(N) C V.
Hence, E is usc, from the assumption that E1 is so. Thus, as

long as usc evolutions are used, as done in this study, to
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establish the non-emptiness of a contractual set, it is harmless
to assume 5.3.1.1. This concludes the justification for
5.3.1 as a whole.

Regarding the set M used in the definitions 5.3.4-5, notice
that it can be interpreted as a contractual set (or core, etc.)
as long as compactness is guaranteed for the latter. In the case
of the sets proved to be non-empty in this stﬁdy, the requirement
is met.

The idea intended to be communicated by the present section
is that the theory of dynamical systems may offer the tools feogired
for the attraction and stability analysis of the equilibriuﬁ set
and core of a social system. The modifications with which the
definitions above were presented amount to incorporating the case
where E is a point-to-set mapping, as corresponding to the fact
that an.evolution El is, in general, of this nature.

Without some rather stringent assumptions (in the nature

of strict quasi-concavity for certain restrictions of effective |
utility functions) the evolution of a social systeﬁ will usually
not be a point-to-point mapping. In this case, the usual Liapunov
or simpler methods of stability analysis are inapplicable, so that
some remedy has to be sought. The discussion above is the result

of some groping in that direction.
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Towards the Planning and Control of Organizations

The purpose of this section is fo indicate selected extensions
and applications of the aBove framework and theory which bear
especially ©on the management of social systems. The section has to
be selective for the same sort of reasons that would force one to be
so if one were listing the uses of addition and multiplication. It
has to be selective also for the reason that, after a point it
is more fruitful to do than to talk about the doing, to extend
and to apply rather than to endlessly converse on where and how to
extend and to apply.

"Management", at least for the present discussion, is the
gpessing of what is an achievable 'best" and the seeing to it
that such a best is achieved. So, with no great loss in paraphrasing,
it is planning and control. The guessing of what is achievable and
best, i.e., planning, is a matter of knowing what are reachable
points of the universe, having criteria of goodness for those
points, and, last but not at all least, having a framework and
accompanying methods, tools of analysis, to actually select a
point. And by the framework and method of analysis is not meant
as much an optimizing algorithm as is meant a way of thinking,
modelling, faithfully abstracting essentials and simply>
representing, in a fashion that is perhaps communicable to some
optimizing algorithm.

Supposing that a best achievable point is known, the actual
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seeing to it that the point is approximated in reality is a matter
of controlling the system whose performance is in question and which
performance is one of the reachable "points" in this abstract
discourse. The ability to control this system in turn depends on
what variables ~ "knobs, buttons, and levers", as it were - can

be set, and on kndwing how the system responds to the various

values at which these can be set.

When the system in question is a social system, as it
always is in any non-trivial management problem, and when it
is a large system, there is really no way to manage but to work
with a highly abstract model of it. This is not to say that
one cannot manage or improve the performance of a given hospital,
school, business organization, football team or economy without
such abstraction. It is to say, however, that ~ as Polya is
known to have remarked - a trick will work once, and it is a method
that works the next time.

It is the obtaining of such methods of management which is
addressed as an application here. It will be taken as granted that
the system to be managed is a social system, its pgrformance
depending on the behavior of the system and that behavior being
a concise way of expressing the behaviors of the members, or ,
in general, the coalitions.

It will be assumed that there is some criterion or objective
functional which numericallv represents the performance of the

system as a function of its behavior. If there is no such guide
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for comparing one behavior of the system with another behavior,
then it is not possible to guess what is a '"best" behavior; so, to
talk of managing the system, such a gﬁide has to be assumed to
exist. In reality, much of the difficulty of managemént may be

due to the absence of such a guide in clearcut form. But there

is nothing that can be done about thét here. If the objective

is t&o vague, it will not be possible to discriminate good
management from bad anyway.

The nature of this objective functional can be expressed with
the example of an economy. Think of a gross sort of "production
function" which shows national income as a function of levels of
various activities. Supposing that national incomé is the better
the larger, i.e., that it is a true measure of performance, and
looking at the mentioned "activities'" as behaviors of one sort of
another - or as aggregations of and decomposable into such - what
one has is an objective functional of the kind that will be
supposed.

It is an opportune moment to define an organizatibn
Q= <8, q> as a social system S together with an objective
functional q:X -~ R, where X is either, as usual, the collective,
or the joint behavior space of S. For the sake of simplicity,
assume that the personnel N = <1, ...., n> of S is finite.

Often, when an organization Q = <S, q> is specified,8 is a
"gross" and not a "net" objective functional, in a sense that

will now be seen. Consider the case of a business organization



115
and let q represent revenue net of all expenses but wages and
salaries. The incentive functions 85 (§ € N) express amounts,
in money units for the example beiﬁg considered, given to the
various members of the personnel. Summing up, one obtains the

pavroll function p =¥ g, ,, so that

z
N J

p(x) =1 g,(x) ; (xe X)
N
represents the additional pavroll expense which has to be
deducted from q(x) to compute the profit f(x) = é(x)—p(x) as
a function of the behavior x of the organization Q.
Suppose now that one seeks the "optimal" incentive scheme
g = (gl, creey én). For a profit~maximizing concéfn, the function
sought is g* such that, among all ineentive schemes, g* maximizes
profit. But this is not such a clear statement yet, for the
behavior x of Q@ depends on the incentive scheme imposed, and there
may be more than one possible way in which the system S behaves for
a given g. Furthermore, the set of these behaviors corresponding

to g maybe a large set. Worse, there may be no equilibrium behavior

when g is imposed, the behavior of S cvcling around in that set of
behaviors associated with g. It is not possible in general then
to write x as a function ¥(g) of g and then write f = f(y(g)) to search

for an optimal, i.e., f-maximizing,incentive scheme g*.
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If there exists an equilibrium behavior x = y(g), however,
then things are différent. Suppose it is known then that there is
a fairly wide class T of incentive schemes such that for every
g € T, the system S has an equilibrium. SucH a class T 1is
identified by the equilibrium existence theorems of this studv for
a variety of social systems S. Suppose that a fairly wide subset
of ' were identified to be a set of incentive scﬁemes for which

the equilibrium set has further nice properties, such-as being an

attractor and being stable. We already know that the equilibrium
set is compact for each of the cases where it was proved in this
study to be non-empty. Suppose that further studies, extensions
of the present one, teach us how to find a subset r' of r for’
which the equilibrium sets are all verv small, and stable
attractors. Then y(g) for each g € I'' can be represented, for all
practical purposes, by a single point x e ¥(g).

Now, returning to the original pfoblem of optimizing the

incentive scheme, write

(Max) £(¥(g))

s.t ge I
as a well-defined optimization problem. Problems of this sort have
been considered by Kriebel and Lave [1969]. A particularly
interesting case is that of the "constant-share finite organization",
where gj = qu, x=(x0, SEREE xn) being a non-negative vector
in E™1 with ? Aj = 1, determining f = ) 0 g as the profit

j=0
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function. Assuming negative definite quadratic effective utilitv
functions Gj and similar q, preliminary results have been obtained
by P. R. Kleindorfer and this author.

The above constitutes one illustration of how one would
usefully proceed from the present studv in obtaining results
central to the management of organizations. The basic ideas behind
what was just illustrated arose during the writing of a paper on
organizatiunal structures (Zannetos and Sertel, 1971).

This should be taken as an indication that they will be followed up.

While on the topic of incentive schemes, it is opportune
to mention how this relates to the topics of regulation and
legislation as specific instances of the general topic of controlling
social systems.

No great imagination is required to see that the idea of
an incentive scheme is an ddealization of the notion of a
rule, regulation or law in a social context. The sanctions behind
laws are not always real-valued, but usually reai.vector—valued.
For example, a sentence of 18 months imprisonment and a $35,000
fine can be pronounced together. Suspensions of licences, etc.,
are also sanctioms. So, in general, incentives are not real-
valued. But this is not a tremendous blow to the model of a social
system presented here, for vector-valued incentives can be
incorporated with no serious trouble, except for some tedium in
some of the proofs. In order not to complicate the model any

further, so that its main features stand out more clearly,



118

incentives were represented as real numbers. Recognizing all this,
however, the business of legislation is easily seen to be truly
a managerial activity. The choice of incentive scheme for the
profit-maximizing organization considered above and the making
of laws are essentially the same sort of thing.

How do the existence and various properties of equilibrium
‘or core points relate to the topic of legislation? Perhaps the
easiest way to communicate how is by means of an example. Take
the case of a typical unsuccessful 'rural reform", in a backward
and strongly feudal region, which redistributes land and illegalizes
all taxes paid by peasants to landlord. The mere passing of the
law makes little differences to reality, for the system tends
right back to its original equilibrium, if ever it is disturbed
in the first place. To prevent what is intended to be prevented,
an incentive scheme has to be found under which the undesired
status~quo is left outside the equilibrium set. To make sure it
really works, the equilibrium set induced by the legislation has
to be an attractor and stable, so that the behaviof of the
system is attracted toward this set and, once attracted, stays
in that vicinity.

Successful legislation requires, therefore, an equilibrium

analysis of the social system, whether this is based on strong
social intuition or mathematics. Often it is not possible to

alter the status—quo without a re-socialization of the personnel.
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Consider the case where one is illegalizing head-hunting in the
Phillipines, polygamy’in a traditional Islamic community, racial
discrimination in South Africa, or slaverv in earlier America.
To the people whose behavior has to be altered, there is nothing
wrong with their present behavior, in fact, what is asked of them
seems ridiculous or even immoral to them. There is little
that can be done by legislation, except for that legislation which
affects the socialization process, giving new values to new vintages
of entrants into the personnel, while the older viﬁtage dies.

Black-marketeering and smuggling are typically behaviors
»which aannot be prevented except by readjustment of the relative
price veétor, for it is the fact that thgy belong to the equilibrium
set of the present price vector that accounts for their presence.
Adjusting the price vector, of course, often defeats thg purpose
of making certain goods and services unavailable in the first place,
so this constitutes no way out. The idea of illegalizing certain
production and trade activities and imposing sanctions tries to
add new "price tags" of possible imprisonment, etc., to the usual
one of pence and piastres, and seeks thus to make the dealing
in the markets in question unattractive. It sucéeeds to the
extent that the elongated new ''price vector" moves the equilibrium
set away from those collective behaviors in which the undesired
behaviors are components.

Another example of a case where some equilibrium analysis

is needed is the prevention of fraud in an accounting system. The usual
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rule is well-advised: make it necessary to form as large coalitions
as possible for fraud to become undetectable. Requiring that at
least two people coalesce for any fraud to succeed is the uéual
extent to which this rule is carried. The extreme application would
be to expel all fraud from the core. That, of course, may require
a bit more than intuition to successfully do.

The example of the accounting system, however, is interesting
in a different sénse than the earlier examples. For the method
of fraud-prevention here is also information-systemic rather than
purely incentive-sanction based. For it is already illegal
and severely punishable to cheat. The key is to yield the undesirable
behavior detectable or observable whenever it becomes possible,
ie., unblocked.

All the above hints at three main means of social control:

remunerational (via incentive schemes), socializational (via

alterations in utility schemes) and informational. The last mentioned

can be explored a bit further. The impression functions of the
framework used in this study can be decomposed into two functions.
Take a typical impression function hy : X* > X%. Let Ga:Xa > X%

be a function called the data function reporting to o . Look at

the function &: X ~» % defined by 6(x) = Héa(x Y. This function
A A
is appropriately considered as an information system. The data

flowing through it, the filters and aggregation imposed, are all part
of the information system design. Now respecify the old impression

function ha as follows:
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h (x%) = By (x*, 8_(x*). ® € X%

In the new form, o sees-two things, x* and Ba(xa). Of these
éa(xa) is what he is told about x*. From all this, ﬁa obtains
an impression hj (x*). This impression is the o-exclusive behavior
which o then bases his choice of behavior on.

Now if ﬁa is given as a paramgter of a, ha can be influenced
by altering 6, . That is to say, h, the impression scheme, can
be altered by altering 6, the information system. This alters
the choice of behavior, the equilibria, and so on.

The above indicates a further direction in which the modei

used in this study can be extended, and identifies a further

form of informational control, that is, control via the

information system. It is easy to see how the specificatibn of
the interpretation scheme could be modifed also in similar
fashion.

Finally, the above discussion can now be used to indicate

a further extension of the model, towards multi-level social systems.

For consider now the fact that there are many people who already
realize that a social system can be controlledvin the ways
described above, each imposing an incentive scheme, socialization
process or information system. It is possible to view the behaviors
of these controlling agents as points in suitable function spaces,

and the agents themselves as behavors in a "second-level" social
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system, affecting the behavior of the underlying social system.
It is possible, therefore, to carry out an analysis of this second
level as one did of the first, and to investigate how the two
levels relate. For example, how do the respective equilibria
relate? "Hierarchical social systems thus become an extension of
the ones considered here.

This concludes the present discourse on how to fruitfully
extend the present model. Now is the time to begin the

investigations indicated.
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