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Abstract

In the era of Big Data, online retailers have access to a large amount of data about their
customers. This data can include demographic information, shopping carts, transactions and
browsing history. In the last decade, online retailers have been leveraging this data to build
a personalized shopping experience for their customers with targeted promotions, discounts
and personalized item recommendations. More recently, some online retailers started having
access to social media data: more accurate demographic and interests information, friends,
social interactions, posts and comments on social networks, etc. Social media data allows to
understand, not only what customers buy, but also what they like, what they recommend
to their friends, and more importantly what is the impact of these recommendations. This
work is done in collaboration with an online marketplace in Canada with an embedded social
network on its website. We study the impact of incorporating social media data on demand
forecasting and we design an optimized and transparent social loyalty program to reward
socially active customers and maximize the retailer’s revenue.

The first chapter of this thesis builds a demand estimation framework in a setting of
heterogeneous customers. We want to cluster the customers into categories according to their
social characteristics and jointly estimate their future consumption using a distinct logistic
demand function for each category. We show that the problem of joint clustering and logistic
regression can be formulated as a mixed-integer concave optimization problem that can be
solved efficiently even for a large number of customers. We apply our algorithm using the
actual online marketplace data and study the impact of clustering and incorporating social
features on the performance of the demand forecasting model.

In the second chapter of this thesis, we focus on price sensitivity estimation in the context
of missing data. We want to incorporate a price component in the demand model built in
the previous chapter using recorded transactions. We face the problem of missing data: for
the customers who make a purchase we have access to the price they paid, but for customers
who visited the website and decided not to make a purchase, we do not observe the price
they were offered. The EM (Expectation Maximization) algorithm is a classical approach for
estimation with missing data. We propose a non-parametric alternative to the EM algorithm,
called NPM (Non-Parametric Maximization). We then show analytically the consistency of
our algorithm in two particular settings. With extensive simulations, we show that NPM is



a robust and flexible algorithm that converges significantly faster than EM.

In the last chapter, we introduce and study a model to incorporate social influence among
customers into the demand functions estimated in the previous chapters. We then use
this demand model to formulate the retailer’ revenue maximization problem. We provide a
solution approach using dynamic programming that can deal with general demand functions.
We then focus on two special structures of social influence: the nested and VIP models
and compare their performance in terms of optimal prices and profit. Finally, we develop
qualitative insights on the behavior of optimal price strategies under linear demand and
illustrate computationally that these insights still hold for several popular non-linear demand
functions.

Thesis Supervisor: Georgia Perakis
Title: William F. Pounds Professor of Management



Acknowledgments

The two years I spent at MIT have been extremely enriching both intellectually and person-
ally. I would like to thank all the people that have been in my life during this journey.

First of all, I would like to thank The Accenture and MIT Alliance on Business Analytics
for funding this project and SHOP.CA for providing the data. In particular, I would like to
thank Marjan Baghaie, Andrew Fano, Thania Villatoro, Leslie Sheppard, Trevor Newell and
Gary Black for helpful discussions.

I would like to thank my advisor, Georgia Perakis. T am extremely grateful for the op-
portunity you offered me to work on this applied research project. I loved learning how
academic research interfaces with industry and how data can be extremely powerful to sup-
port modern decision making. Your guidance, support and enthusiasm have made my stay
at MIT an incredibly enriching experience. T would also like to thank Maxime Cohen for
being a great research teammate. Without your help, this project wouldn’t have been the
same.

I am grateful to the ORC staff Laura Rose and Andrew Carvalho. Your incredible
flexibility and patience makes the ORC a perfectly organized place to work in.

My time at the Operations Research Center wouldn’t have been nearly as memorable
without the “ORCers”. I would like to thank all my ORC friends for making me feel at home
in Boston. A special thank to JLVD for the great time we had organizing Informs social
events. Thanks to Andrew, Charlie, Anna, Mapi, Stef, Zach and all the first, second and
third years for the amazing weekends we spent in SidPac and exploring Boston. Finally,
thanks to Cécile for being the best roommate I could have hoped for.

Last but not least, thanks to Elhadi for always being there to support me. Finally, I
would like to express my gratitude to my family and especially to my parents who have

always supported me in all these years spent abroad.






Contents

1 Introduction 15
1.1 Problem and Motivation . . . . . . . . ... ... 15
1.2 SHOP.CA . . . . e 16
1.3 Contributions . . . . . . . .. L 18
1.4 Data . . . . o o 19

1.4.1 Transaction Data . . . . . .. .. ... ..o o 20
1.4.2 Ttem Data . . . . . . . .. . 20
1.4.3 Customer Demographic Information . . . . . . .. .. ... .. .. .. 20
1.4.4  Social Activity Data . . . . . . . . .. ... o 21

2 Joint Clustering and Logistic Regression 23
2.1 Introduction and Literature Review . . . . . . .. .. ... ... ... .... 23
2.2 Problem definition and Motivation . . . . .. .. .. ... ... 0. 26

2.2.1 A transparent and hierarchical business model . . . . . . ... .. .. 26
2.2.2 Customer heterogeneity . . . . . . .. .. .. ... ... 26
2.2.3 Demand estimation: Logistic choice model . . . . . . . ... ... .. 27
2.3 Model . . ..o 28
2.3.1 Notations . . . . . . . . e 28
2.3.2 Logistic Model . . . . .. ... 29
2.3.3 Problem Definition . . . . . .. ... oo 31
2.4 Joint clustering and logistic regression . . . . .. ... ... 31
2.4.1 Problem Formulation . . . . . . ... ... ... 31
2.4.2 Reformulation . . . . .. ... o 33



2.4.3 Adding clustering constraints . . . . . .. ... ... 38

244 Summary ... ..o 43
2.5 Joint clustering and multinomial logit . . . . . .. .. ... ... 44
2.5.1 Multinomial logit choice model . . . . . . .. .. ... ... ... .. 44
2.5.2 Notations and problem definition . . . . . .. .. ... ... ..... 44
2.5.3 Reformulation when customers have two choices . . . . . . .. .. .. 46
2.5.4 Reformulation when J >2 . . . . . ... ... ... ... .. ..... 48
26 Data . . . . . o e 49
2.6.1 Interested customers . . . . . .. ... .. 0oL 50
2.7 Implementation and results . . . . . ... ... . ... . 52

2.7.1 Joint clustering and logistic regression for the set of interested customers 52

2.7.2 Comparing to alternative approaches . . . . . . . ... ... ... .. o7
2.7.3 Sensitivity Analysis . . . . . . .. ..o 59
2.8 Conclusions . . . . . . .. L 60
Price sensitivity estimation with missing data 63
3.1 Imtroduction and Motivation . . . . . . . .. ... L 63
3.2 Model description . . . . . . . .. 64
3.21 Model . . . . 65
3.2.2  Estimation Problem . . . .. ... ... ... 00 0L 65
3.3 Motivation: missing data approach . . . . .. ... 00000 67
3.3.1 Complete data likelihood . . . . . . . . . ... ... ... ....... 67
3.3.2 Incomplete data likelihood . . . . . . .. . ... ... ... ... .. 68
3.4 EMalgorithm . . . . . . ... 70
3.5 NPM algorithm . . . . . . .. ... . 73
3.5.1 Description . . . . . . .. .. 74
3.5.2 Advantages . . . . ... 80
3.5.3 Theoretical results . . . . .. ..o 82
3.6 Results on simulated data . . . . . . .. ... . oo 91
3.6.1 Simulation framework . . . . .. .. ... 91



3.6.2 Comparing performances . . . . . . . . .. ... ... . 0. 92

3.7 Conclusion . . . . . . .. 95
Optimal Pricing Strategies 97
4.1 Introduction . . . . . . . . 97
4.2 Model . . . . 99
4.2.1 Modeling Social Influence . . . . ... .. .. .. oL 99
4.2.2  Two special structures . . . . . . .. ... Lo 102
4.2.3 Optimization Formulation . . . . . ... ... ... ... ....... 104
4.3 Dynamic Programming approach . . . . . .. . ... ... . 0L, 104
4.4 Insights in symmetric case . . . . . . . ... Lo 107
4.4.1 Symmetric Linear Model . . . . . . . . .. ... 0000 108
4.4.2  Comparing optimal solutions for the Nested and VIP models . . . . . 108
Conclusion and Further Research 117

Data and estimation 121
Al Data . . . .. L 121

A.1.1 Transaction Data . . . .. .. .. ... ... .. .. ... ... ... 121

A.1.2 Social interactions . . . . . . .. ... L L 121
A.2 Proof of Proposition 1.5 . . . . . . . .. .o 124
A.3 Evaluating the performance of a classifier . . . . . . . ... ... ... .. .. 126
A4 Benchmarks . . . . . ... 126
NPM algorithm 129
B.1 NPM algorithm under a general set of possible rewards R . . . . . .. . ... 129
B.2 Proof of Proposition 2.7 . . . . . ... ... 130
B.3 Simulation results . . . . . ... oL 134
Optimal Prices in the symmetric and linear case 137
C.1 Closed form solution under a linear demand function . . ... .. .. .. .. 137

C.1.1 Nested Model . . . . . .. ... 137



C.1.2 VIP model

10



List of Figures

1-1

2-1
2-2

2-4
2-5
2-6
2-7

Business Model . . . . . . . .. 17
Threshold Clustering . . . . . . . . . . . ... 41
Clustering with an hyperplane . . . . . . . .. . ... ... ... ... .... 43
filz) =2z —In(1+€") . . . 53
fol@)=—=In(14e€"). . . . 53
ROC curve for cluster Low . . . . . . . . .. ... oL 57
ROC curve for cluster High . . . ... . ... ... ... ... ... ..... b7
Bootstrap sensitivity results . . . . . . . ... ... L0 61
Non concavity of the incomplete data likelihood: I(z,1 —z). . . . . . .. .. 70
Surface of the likelihood for non-buyers . . . . . . .. .. ... .. ... ... 70
Non concave slice of likelihood . . . . . . . .. ... ... L. 70
Naive estimation and true distribution for different shapes of f . . . . . . .. 77
NPM algorithm for N = 10000, =0.5,8,0 =3 . . . . . . . . . . ... .. 89

Parameter estimation for N = 10000, a = (0.3, 0.5,0.7), (B0, Ba, Br) = (—1,—0.04, 3),

20 iterations . . . . .. Lo e 93
Comparing convergence rate of the EM and NPM algorithm . . . ... . .. 94
Average Number of Iterations and Running Time for NPM and EM . . . . . 94
Non Parametric estimation of the function f . . . . . ... .. .. ... ... 95
Sketch of social influence in a setting with two clusters . . . . .. .. .. .. 100
Nested model with 3 clusters . . . . . . . . . .. ... .. .. 102
VIP model with three clusters . . . . . . .. ... ... ... . 102



4-4  Sketch of Dynamic Programming approach . . . . . . ... ... ... .... 106

4-5 Optimal prices for the nested model with 3 clusters as a function of ~ for 4 —=1110

B
4-6 Optimal prices for the VIP model with 3 clusters as a function of ~ for g =1 110
4-7 Ratio of revenues generated by the VIP and nested model for K =3 . . . . . 111
4-8 Exponential demand and nested model . . . . . ... ... L. 112
4-9 Logistic demand and nested model . . . . . . . ... o000 112
4-10 Ratio of revenue for different demand models . . . . . . . .. ... ... ... 112
4-11 Optimal revenue as a function of a foro(a) =+/a . . . . .. .. ... ... 114
4-12 Optimal value of « for different influence functionso . . . . . . . . ... .. 114
A-1 Histogram of monthly transaction from January 2013 to February 2014 . . . 121
A-2 Histogram of percentage of discount received . . . . . . . .. ... ... ... 121
A-3 Features of interested customers . . . . . . . ... 124

12



List of Tables

1.1
1.2
1.3
1.4

2.1
2.2
2.3
2.4
2.5

3.1
3.2
3.3
3.4

Al
A2
A3
Al
A2
A3

B.1

Transaction data . . . . . . . ... 20
Item data . . . . . . .. 20
Demographic data . . . . . ... oL Lo 20
Social Activity data . . . . . . . ... 21
Regression results for cluster Low . . . . .. .. ... ... . L. 54
Regression results for cluster High . . . . . .. .. .. ... ... ... ... 55
Confusion Matrix for cluster Low . . . . . .. .. .. ... ... ... 56
Confusion Matrix for cluster High . . . . . .. .. ... ... ... ... 56
Out of sample accuracy of different models . . . . . . .. ... ... .. ... 59
Iterations and running time for N =1000. . . . . . . . . .. . ... ... .. 89
Iterations and running time for N = 10000 . . . . . . . . . . .. .. ... .. 89
N = 10000, estimated values and percentage errors . . . ... ... ... .. 90
Average absolute percentage error and number of iterations . . . . . . . . .. 93
Possible Social Actions . . . . . .. ... L 122
Customers Features built from Past Period . . . . . . .. ... ... ... .. 123
Definition of Confusion Matrix and accuracy measures . . . . . .. .. ... 126
Regression Results for Benchmark for cluster Low . . . . . .. ... ... .. 127
Regression Results for Benchmark for cluster High . . . . . . ... . ... .. 127
Regression Coefficients for Aggregated model (train set) . . . . . . .. .. .. 128
Comparing performances of NPM, EM and DM . . ... .. ... ...... 135

13



14



Chapter 1

Introduction

1.1 Problem and Motivation

In the last years, the amount of data available to online retailers has increased exponentially.
The Big Data revolution is drastically changing e-commerce. Online retailers have access
to a tremendous amount of information about their customers: browsing history, shopping
carts and demographic information. According to [1], online retailers have to use Big Data
for “personalization, dynamic pricing and predictive analytics”. Customers shop from the
same retailer in different ways. The available data should be used to offer personalized
items or promotions and to reward loyal customers. Big Data can also be used to build
accurate predictive models. By learning customers’ tastes and preferences, the retailer can
forecast the future demand for specific items. This is of great help for managing inventory for
example. Finally, Big Data is a key tool for effective pricing strategies. According to a study
by McKinsey, a retailer using Big Data to its current potential could increase their operating
margin by up to 60% ([2]) and companies that used big data and analytics outperformed their
peers by 5% in productivity and 6% in profitability. Recently, social media data has become
accessible to some online retailers. Social media generate an incredibly large amount of data
that can be useful for a better understanding of customers’ tastes, social interactions and
behavior. Incorporating social media in a Big Data analytics approach is the new challenge
for pricing for online retailers.

This research is part of the Accenture and MIT Alliance on Business Analytics in col-
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laboration with SHOP.CA: an online retailer who uses social media data to build a social
loyalty program where customers receive different prices according to their social activity.

Using their data, we build an optimized loyalty program.

1.2 SHOP.CA

SHOP.CA is a Canadian online marketplace with a social network in its website. After
creating an account, customers can connect to other members with “Friend requests”. They
can use the social network to send private messages and item recommendations. They can
share with their friends comments and reviews about their purchases. They can connect
their account with Facebook, LinkedIn, Twitter and with personal blogs. This embedded
social network is built to improve the customer shopping experience. The basic idea is the
following: when a customer purchases an item online, most of the times he uses its reviews
and ratings to evaluate its quality. But the review written by a total stranger may not have
the same effect as one written by a “good” and trusted friend. With an embedded social
network, before making a purchase, customers will be able to see which of their friends
bought the item and what they thought about it. This creates a personalized shopping

experience.

From the retailer perspective, building a social network platform increases the available
information about customers. This additional information about customers’ behavior is
extremely valuable to identify different segments in the population and to better predict

their behavior.

Badges and Rewards SHOP.CA’s business model is based on social interactions be-
tween its customers. To incentivize customers to be more social (add friends, send messages
and reviews, share the items they purchased), they build a “social loyalty program” where
customers are rewarded for their social activity with cash back (discount to use for future

purchases).
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MEMBER

;

Earning 0.5%

? . e, CONTINUE
(“) @ YOUR
JOURNEY

Be More Social
you have 2 so far

SHARE Your Friends
you have 11 so far

You've earned §25 in Rewards

SHARE the Goods
you have 17 so far

You've earned §5.75 in Rewards

SHARE Your Opinion
you have

Figure 1-1: Business Model

Figure 1-1 summarizes the current social loyalty program. Customers are clustered into
4 different categories (called “badges”) according to their social activity. Social activity is
measured in terms of number of friends, connections to external social platforms (as Facebook
and Twitter), reviews written and item recommendations (called “shares”). A customer who
just created an account is a “Member”. If he connects his account to a social network, adds 5
friends, shares 10 items AND writes 5 reviews then he becomes a “Sharer”. Adding additional
social networks, friend shares and reviews, he can successively become an “Influencer” and a
“Trendsetter”. Each of these badges is associated with a nominal level of rewards on every
purchase. Using SHOP.CA vocabulary we use the term rewards to mean discount. For
example, 3% rewards means that the customers receives a 3% discount on his purchase. A
Member receives 0.5% reward on each purchase, a Sharer receives 1%, an Influencer 1.5%
and a Trendsetter 2.5%. This nominal level of discount is applied on every transaction.
The customer receives it on a personal cash balance on the website. This cash-back can be
used without restrictions on any future purchase. Figure 1-1 is a screen shot from a user’s
account, and reports the different level of badges and associated rewards. This specific user
is connected with 2 social networks, has 11 friends, 17 shares and 27 reviews, he is thus a
“Sharer”. In addition to this nominal level of discount that depends on the badge category,

social interactions are rewarded with a fixed amount of cash-back. For example, if a customer
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refers a friend to join SHOP.CA and this friend subsequently creates an account and makes
a first purchase, the referrer receives $ 10 cash-back.

SHOP.CA business model is based on transparency. Rather than sending complicated
targeted discounts campaigns where the customer is not aware of why he is offered a specific
discount and what level of discount is offered to the other customers, SHOP.CA aims on
a transparent rewards program. Every customer knows exactly what level of reward he is
assigned to and what actions are required to get to the next badge category. Furthermore, the
criteria defining the badges are based exclusively on social activities. The badge definition
does not depend on the amount spent on the website or the number of recent purchases.
SHOP.CA wants to incentivize his customers to be more social: to write more reviews, more
recommendations, have more friends and has built his loyalty program with this objective

in mind.

1.3 Contributions

SHOP.CA’s current business model is based on four badges levels defined according to re-
views, shares, friends and connections to external social network. For example, to get to the
level “Sharer”, 1 social network, 5 friends, 10 shares and 5 reviews are required. Furthermore,
the badges categories are associated with 0.5%, 1%, 1.5% and 2.5% rewards. The goal of

this work is to optimize the current social loyalty program and to answer the questions:

1. How should the badges categories be defined (which social features should be used and
how should the badges levels be defined) in order to have a good customer segmentation

and demand estimation?

2. What levels of rewards should be given to each badge in order to maximize the total

revenue?

In this work, we answer these questions in three steps. In Chapter 2, we focus on the
first of the two questions. We present an optimization framework that defines the badges
categories and estimates distinct demand models parameters for each badge. For each cluster,

we use the transaction history and social interactions of the customers to predict their future
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consumption with a logistic choice model. We show that this problem can be formulated as a
mixed-integer convex optimization that can be solved efficiently by commercial solvers. We
apply our results on SHOP.CA data and show that clustering customers and incorporating
social features in the demand model significantly improves the prediction accuracy.

The model built in Chapter 2 uses customers’ transaction history and social interactions
to predict their future consumption. A key aspect in a revenue management perspective
that is not incorporated in this model is the customers’ price sensitivity. Working only with
transaction data, we face a problem of missing data. We observe which customers make
purchases and which do not, but the prices are recorded only when a transaction occurs. We
do not observe the prices offered to customers that decide not to purchase. In Chapter 3, we
propose two possible approaches to incorporate price sensitivity to our predictive model. We
first present the EM algorithm: a classical parametric approach to parameter estimation in
a setting of missing data. We then propose a novel estimation algorithm that can be applied
in a more general non-parametric setting. We compare the two approaches on simulated
data.

In Chapter 4, we address the second question formulated above. We start by proposing a
model to capture the social influence between badges. Given a badge structure and associated
demand model, we then solve the problem of maximizing the total revenue with a Dynamic
Programming approach. We then focus on two specific structures of social influence: the
nested and VIP models. In a symmetric setting, we develop insights on the behavior of

optimal pricing policies.

1.4 Data

For our models, we used social and transaction data from SHOP.CA collected from January
2013 to February 2014. We considered four types of data: transaction data, item data,
customers’ demographic information, social activity data. In this section, we present the
raw data we received, in later chapters we will explain how this data has been transformed

to answer specific questions. Descriptive statistics and histograms can be found in Appendix

Al
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1.4.1 Transaction Data

For every transaction on the website we had the following information:

USER_ID ITEM ID Date | Nominal Price Rewards
unique identifier | unique identifier price listed on | discount received ($)
of the buyer of the item pur- the website (be-

chased fore discount)

Table 1.1: Transaction data

1.4.2 Item Data

For every item in the catalog we have

ITEM ID | category Reviews statistics
Electronics,  Books, | average rating, num-
Cooking, Outdoor ... | ber of reviews, num-

ber of recommenda-

tions

Table 1.2: Item data

1.4.3 Customer Demographic Information

For every customer registered on the website we have access to the following demographic
information. Note that some of the features may be missing if the customer didn’t reveal

the information

USER_ID | Gender | Age | Zipcode

Table 1.3: Demographic data

20



1.4.4 Social Activity Data

The social activity data is the most interesting component of our data. Every user’s action

or activity is recorded in the following format:

USER _ID | Date and time | Action and Action Attributes

Table 1.4: Social Activity data

The social actions that have the most important role in our work are:

e Log In : customer logs in to his account

e Review written

e Number of friends

e Recommendation /“share”. personal recommendation sent about a specific item

e Referral: invitation sent to a non-member to join SHOP.CA website (a referral is
considered as “successful” if the non-member creates an account after receiving the

invitation)

In addition, we have access to SHOP.CA internal social network. We know its structure (who
is friend with who), who sent the friend request and when and we observe the volume of
personal messages and item recommendations between every pair of friends. Furthermore, we
know which customers linked their profile with external social networks (Facebook, LinkedIn,
Twitter ...) and have access to SHOP.CA related posts on these external platforms.

A detailed presentation of all the recorded actions and their attributes can be found in

Table A.1 in the appendix.
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Chapter 2

Joint Clustering and Logistic Regression

2.1 Introduction and Literature Review

In this Chapter, we consider an online retailer who faces a set of heterogeneous customers.
The retailer aims to see if customers with "similar" characteristics naturally cluster into
segments. This can allow the retailer to build a distinct demand model for each of these

segments.

Customer segmentation: With the rise of airline revenue management in the last few
decades, customer segmentation has become a central topic of interest. In the context of
airlines, it is hard to model well every potential customer using the same demand function.
On one side, leisure travelers book a long time in advance, have flexible dates and are very
price sensitive. On the other, business travelers often book at the last minute, have a tight
schedule and are not price sensitive. For an efficient seat allocation among these two types
of travelers, the airline has to estimate different demand functions for the two segments. The
same problem arises in e-commerce when retailers have multiple sources of information about
their customers (not only transaction data but also browsing history and social interactions).
Adding customer segmentation can be extremely useful in order to build an accurate demand

model.
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Logistic demand function: Traditional retailers collect information in an aggregate way.
They collect the number of purchases in a given store, in a given day, they may have some
information on the store inventory and on the prices but they do not have information on
the individual customer preferences. In this setting, only the cumulative demand (at a store,
or at a regional level for a given day for example) can be forecasted as a function of the price

(and of some characteristics of the store and the day).

Modern online retailers often have access to a large amount of data about their customers
(transaction and browsing history, demographic information, and more recently social net-
work data). It is then possible to forecast the demand at a more personalized level. In
this setting, choice models are a powerful and flexible tool that allows to forecast which
individuals will make a purchase in the near future and what they will buy. In this work,
we will use the most common choice model for the demand estimation: the logit model.
The multinomial logit model can be used to predict purchase behavior when customers are
offered a set of distinct items. (Binary) logistic regression deals with the simple (and more

aggregated) setting where customers are offered only two alternatives: to buy or not to buy.

Joint clustering and demand estimation-Literature Review: The problem of joint
clustering and regression has been widely studied in the computational statistics literature.
Classification and Regression Trees (CART) greedily build a tree by recursively splitting
the data sets in rectangular areas (|3]). Regression trees then build a distinct regression
model for every leaf. Multivariate Adaptive Regression Splines (MARS) also split the points
into region but use splines for regression to guarantee continuity of the prediction between
one region and another ([4]). Another possible approach used in the revenue management
literature is a mixture of models. Mixtures do not allow to classify customers into categories
but rather represent the global demand as a weighted average of different demand functions.
This increases the granularity of the problem and gives a more accurate aggregated demand
prediction. These methods rely on continuous optimization techniques and can often be
approximately solved with greedy heuristics. They have been studied by the data mining
community in the last 20 years and have been used for a large number of applications thanks

to commercial software packages that have been developed.
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A different approach for classification and linear regression is proposed by Bertsimas and
Shioda in |5] using integer (rather than continuous) optimization. They derive a linear mixed
integer program able to separate the points into polyhedral regions and build a distinct linear
regression for each of these regions. With the advances in integer optimization in the last
decade, integer formulations of clustering problems have become competitive with classical

greedy approaches and can be solved even for large data sets.

Finally, in the context of pricing with choice models, Keller, Levi and Perakis in [6]
show that, taking advantage of monotonicity properties of choice models, it is possible to
reformulate an intractable constrained non-convex pricing problem into a convex program

that can be solved fast.

Contributions: To the best of our knowledge, the problem of joint clustering and logistic
regression has not been studied before. In this work, we show that it can be reformulated
as a strictly concave mixed-integer program and illustrate computationally that it can be
solved efficiently for large data sets. Least absolute value linear regression is inherently a
linear optimization problem and [5] is able to reformulate the problem of joint clustering and
L, regression as a linear mixed-integer problem. In this paper, we exploit the monotonicity
properties of choice models highlighted in [6] to show that joint multinomial logistic regres-
sion and clustering can be rewritten as a mixed-integer concave optimization problem. We
then apply our method to predict customers’ future consumption using SHOP.CA data. We
show that our model is able to capture the heterogeneity in the customers’ population and
that, by adding a clustering step on top of the logistic demand estimation, the prediction
accuracy increases significantly. Furthermore, we show that social media data is extremely
valuable for online retailers. Considering social media features as the number of friends, the
number of messages sent, connections to social networks etc. allows a deeper understanding
of customers’ behavior and preferences which leads to a more accurate demand estimation.
Finally, performing sensitivity analysis on the output of our model can help retailers to un-
derstand which features (social or from transaction data) drive customers’ purchase behavior
and what is the marginal effect of each one of the features (the impact of an additional friend

or review on the customer’s likelihood to buy for example). This can be useful to decide how
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to allocate the Marketing efforts and to allocate rewards.

Outline: In Sections 2.2 and 2.3, we motivate and define our model and introduce the
notations we use in the rest of the Chapter. In Section 2.4, we present the problem of joint
clustering and (binary) logistic regression and show how it can be reformulated into a concave
mixed-integer program. In Section 2.5, we extend the previous result to the case where the
demand follows a multinomial logit model. Finally, in Sections 2.6 and 2.7 we analyze the

performance of our approach on SHOP.CA data.

2.2 Problem definition and Motivation

In this Section, we present the main motivations for our model.

2.2.1 A transparent and hierarchical business model

Recall the screen shot presented in Figure 1-1. In SHOP.CA’s website, customers are clus-
tered into 4 different categories (called “badges”) according to their social activity on the
website. Fach of these badges is associated with a nominal level of rewards on every pur-
chase. SHOP.CA’s business model is based on transparency. Every customer knows exactly
what level of reward he is assigned to and what actions are required to get to the next badge
category. Finally, by definition of a loyalty program, there has to be a hierarchical structure.
If customer A is more active (more friends, more reviews, ...) than customer B, he has to
receive at least the same amount of reward as customer B.

SHOP.CA’s business model is based on transparency and hierarchy. We need to cluster
the customers into categories in a transparent and hierarchical way that is easily understand-

able by the customer.

2.2.2 Customer heterogeneity

We want to build a model that predicts customers’ future purchase behavior and is able to
take into account customer heterogeneity. We have data on different types of customers’

activity: purchases, reviews, recommendations, friends, activity on social networks etc. In
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a traditional revenue management setting, marketers have only access to purchase history.
They can define as “good customers” the customers who made several purchases (on a regular
basis or in the recent past). Once we consider social activity data, the definition of “good
customers” becomes more complex. A “good customer” can be an individual who purchases
from the website on a regular basis but is not active socially, or also a customer who shares
many items through social medias with “friends” and regularly sends referrals emails. In this
setting where purchase history and social activity are combined, it is hard to describe the
entire population in a single model.

In our data set, customers are extremely heterogeneous in terms of price sensitivity
(quantity of discounted items purchased), social activity and purchase behavior. This is a
characteristic of online retailing where different population segments purchase from the same
channel.

We want to create a framework that is able to identify the different segments in the

population and build a demand model for every segment of customers.

2.2.3 Demand estimation: Logistic choice model

There are several possible approaches for demand modeling. Linear models can be used to
predict the amount ($) spent and choice models can be used to predict which specific item is
purchased. Our modeling choice is driven from the data we have available. In e-commerce,
data is often sparse. Online retailers often have hundred of thousands of registered customers
where only a small fraction makes a purchase in a given time period, and even less make
multiple purchases. In order to have a robust model, we chose to aggregate the available
information and used a logistic choice model to predict whether a customer makes a purchase
in a Future period (for all categories of items together). A choice model allows to estimate a
probability to buy for each customers as a function of his observable features (past purchases,

social interactions, number of friends etc.).

To conclude, our goal is two-fold. In order to capture customers’ heterogeneity, we want

to, jointly,
e cluster customers into categories with hierarchical and transparent rules
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e fit a logistic demand model for every category (cluster)

2.3 Model

In this Section, we introduce the notation and assumptions we will use throughout this work.

2.3.1 Notations

Let us consider a set of customers {i € [1,..., N]} characterized by their social and transac-
tion history. We consider a point in time ¢, and we denote by “Past Period” (resp. “Future
Period”) all the actions taken before (resp. after) ¢y. For every customer i, we build a vector
of Past features X; (a subset of the features presented in table A.2) and a binary variable
y; that indicates whether customer ¢ makes a purchase in the Future Period. We want to
cluster the customers into K categories and jointly estimate demand with a logistic model
for each cluster.

We will use the following notations:
e N number of customers

e i c[l,...,N]index of a customer

X; € R™ vector of features of customer i (the first element of X; is 1 for each customer

to incorporate an intercept term)

K number of clusters

Cy. cluster k

1 if customer ¢ makes at least one purchase in the Future Period

Y; =
0 otherwise

1 if customer ¢ is assigned to cluster Cy

Qi =
0 otherwise
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Assumption 1. We assume that the purchase behavior follows a different logistic model for

each cluster:

Ply: = 11X, i €CG) = 5%
and
, 1
Plyi = 0Xs,i € C) = 15

We want to define the clusters (by allocating customers to clusters) and jointly estimate

the logistic coefficients [, for each cluster.

2.3.2 Logistic Model

We describe, in this paragraph, the logistic model estimation in the classical setting where
K =1, i.e. where clustering is not required. The logit model is by far the most commonly
used discrete choice model. It is widely used because there exists a closed form formula for
the choice probabilities which is easy to interpret. We will present here a short derivation of
the model, for a detailed description see Chapter 3 of |7].

In a classical choice model setting, assume that a customer ¢ faces a set of possible
alternatives j € J. For example, if J = {0,1}, j = 0 corresponds to “not to buy” and j =1
corresponds to “buy”. Assume that customer 7 obtains from option j an utility U;; that can
be decomposed in:

Uij = Vij + €

The classical choice model assumption is that V;; is observed, while €;; is not. Furthermore
customer ¢ decides to choose option j if it is the option that generates the highest utility.

Thus customer ¢ chooses option jg if
Uijo = m?x Uij
and this happen with probability

Pijo = P(Usj, = max Uij)
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The logit model is obtained assuming that
1. Vj; is a linear function of a customer-alternative vector X;

2. the residuals ¢;; are independent uniformly distributed according to the type I extreme

value distribution (also called Gumbel distribution)
The cumulative distribution function of the Gumbel distribution is given by
F(e) = e°

Thus customer ¢ chooses option jo with probability

eVido

= —ZJ eVij

where the last equality comes from integrating the cumulative distribution function F.

Pijo = P(Usj, = max Uij)

In the case where there are only two options, we can denote y; € {0,1} the choice of

customer 4, and using the linearity assumption for V;; we get:

B-Xi 1

Py = 11X;) = B

where X is the vector of features of customer .

The parameter of this model is § and it is traditionally estimated through maximum

likelihood. If we observe N customers with attributes (Xj,y;) then the likelihood is

N N B X Yi 1 1=y
L(B) = H]P)(yi = 1|X;)Y"P(y; = OIXi)liyi = H <m) (1 + eﬁ.)ﬁ)

i=1 i=1

and the log-likelihood becomes:

L(B) = log(L(8)) = > _yif-X; = In(1 + %)

The log-likelihood L is a concave function of 5 and the maximum likelihood estimator
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defined by

A

f = argmax L(S)
B

is consistent (limy_,o, 5 = () and efficient (i.e. an estimator with minimum mean squared

error among the class of consistent estimators).

2.3.3 Problem Definition

In our case, we want to adapt the classical maximum likelihood approach for the logit model
(also called logistic regression) to incorporate different clusters. Assume that you have K
clusters and that for each cluster a different logit function describes the decision process.
We use a maximum likelihood approach to jointly cluster and estimate the logit coefficients.
Intuitively, we want to maximize the overall likelihood, knowing that every customer has to

be assigned to exactly one cluster.

We want to find K clusters Cy,...,Cx and K vectors (y,..., 8k in order to maximize:
K
Bma%( Z Z i Be- X — In(1 + eP:%1) (2.1)
L PR 1 iecy

2.4 Joint clustering and logistic regression

In this Section, we first formulate the problem of joint clustering and logistic regression as a
non-linear mixed-integer program. We show that this first formulation is intractable because
of a non concave objective function with binary variables. We then state our main contribu-
tion: we provide an equivalent formulation of the problem that can be solved efficiently in

terms of computational time by commercial solvers even with a large number of customers.

2.4.1 Problem Formulation

The objective is to allocate the customers into K clusters and estimate a logistic demand
function for each cluster in order to maximize the overall likelihood. This allows to capture
the different segments in the population and can significantly improve the accuracy of the

prediction.
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As stated in equation (2.1), this can be achieved by finding K clusters Cy,...,Cx and K

vectors 1, ..., Ok that maximize:

K

max Z Z yiBr- X5 — In(1 + eﬁk.xi)

k=1 i€Cy

This problem can be written as an integer program with binary variables a;;, defined by:

1 if customer ¢ is assigned to cluster Cy
Qi =

0 otherwise

Every customer has to be assigned to exactly one cluster. This can be enforced with the
following constraints on a; j
V(i, k) a;x € {0,1}
Vi S aip=1
If the sum of binary variables equals 1, then exactly one of these variables is equal to 1 and

the others are equal to 0. This translates into the fact that every customer has to be assigned

to exactly one cluster.

The joint clustering and logistic regression problem can thus be written as:

Br i,k

max Z aik [YiBr-Xi — In(1 + e™%)]
i

subject to Zaz}k =1,:=1,...,N.
: (2.2)

aix€{0,1},i=1,...,N, k=1,... K.

O e R" k=1,... K.

In the objective function of (2.2), for every cluster k we sum over the customers where
a;r = 1 thus those that are assigned to cluster k. It is easy to see that problem (2.2) is

equivalent to (2.1).

This formulation has a non-concave objective function containing integer variables, thus

standard gradient descent techniques cannot be applied in this setting. Solving (2.2) is thus
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a challenging optimization problem. On simulations, we observed that commercial solvers

can take several hours to solve such an instance even with a small number of customers.

2.4.2 Reformulation

Proposition 1.1. Problem (2.2) is equivalent to

S.

max
Brerai 1, A

.

Z Ayy; —In(1 + eAi)

Y aip=1i=1,.. N

k
ai,kE{O,l}, izl,...,N, k:L,K

BER™ k=1,... K.

A, eR,i=1,...,N.

where M s a “big” constant.

K.

(2.3)

In problem (2.3), y;, X; and M are input and the decision variables are the logistic

regression coefficients (), the binary variables that associate customers to clusters (a; ) and

A;. The definition of the variable A, is presented in the proof of Proposition 1.1. Intuitively,

A; comes from a change of variable and A; = 3;.X; for k such that a;; = 1. Note that the

constraints are linear in terms of the decision variables. Thus problem (2.3) is a mixed-integer

optimization problem with linear constraints. In our application M > max{max X;, 1000}

is sufficient (The constant 1000 is chosen in order to have e ~ 0).

Proof. The proof of Proposition 1.1 can be decomposed into 4 major steps.

1. The first step aims to remove the binary variables a; from the objective function of
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“0; = ;e X; — In(1 + P %) if a;, = 17. This can be rewritten as

max Z 0;

B> k04
subject to
i < ;e Xi — In(1 4 %) if a;p=1

Y aip=1i=1,.. N (2.4)

k
ai,kE{O,l}, izl,...,N, kzl,,K

B eR™ k=1, .. K.
eR i=1,...,N.

Note that the equality constraint presented in the change of variables is relaxed to an

inequality. This is due to the fact that we are maximizing over §; thus the constraint
0i < yifr-X; — In(1 + eﬁ’“'xi), ifa;,=1

will be tight at optimality and thus equivalent to
0 = viBe-X; — In(1 + eﬂk'xi), ifa;p, =1

Adding the variables ¢;, we have transformed problem (2.2) into an equivalent problem

without binary variables in the objective.

2. In the second step, we take advantage of some monotonicity properties of the logistic

function. Following the approach used in [6], let us introduce two functions:
fi(x) =z —In(1+€")
fi1 is strictly increasing and strictly concave. Let f; ! be its inverse.

fo(x) = —In(1 + €)
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o is strictly decreasing and strictly concave. Let fi! be its inverse.
y g y 0

Recall that y; is data and takes binary values thus, the first constraint of (2.4) can be

rewritten using the functions f; and fy.

0 < yifBrX; —In(1 + eﬁk'xi)
becomes
0 < [i(BrX) & f11(6;) < B X, (2.5)
0 <y X; —In(1 + eﬁk'xi)
becomes

6 < fo(Be-Xi) & f571(6:) > B X, (2.6)

Note that in equation (2.6) the sense of the inequality is reversed because fp is a

decreasing function.

3. We then introduce one last set of variables defined by:

fot (%) ify;=0

ffl(éi) ify, =1

Ai:

This definition allows us to rewrite the equations as

0 = f1(Ad)yi + fo(Ai)(1 — ys)

And, replacing J; by the previous expression in (2.4), we have
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max Zfl )i + fo(Ad)(1 —ys)

Brr@i, kA
subject to
Ai S ﬁka if Yy = 1 and Qi = 1

Ai Z 5kX“ if Y1 = 0 and Qi = 1

Y app=1i=1,.. N

k
ai,kE{O,l}, izl,...,N, kzl,,K

(2.7)

OLeR™ kE=1,..., K.

A, eR,i=1,...,N.

4. We then rewrite the “if..then” constraints of problem (2.7) as linear constraints using a
“big M” constant. Let M be a large constant (larger than max;; X; ;). Then, in (2.7),

we can replace

Ai S ﬁsz, if Yy = 1 and Qi | = 1

Ai Z kal, if Y1 = 0 and Q1 = 1

(1—2’y1)A2 Z (1—2yz)6sz—M(1—az,k)z:1,,N, k= 1,...,K.

In fact,

e If a;, = 0 the right-hand side of the previous equation becomes very negative (if

M is big —M approximates —oo) and there is no constraint on (4A;, B).
e If a;;, = 1 and y; = 0 then the previous equation becomes A; > ;. X

o Ifa;;, =1andy, =1 then the previous equation becomes —A; > —3,.X; & A; <
B X

This is exactly what is enforced by the two first constraints in (2.7).
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Thus formulation (2.7) can be rewritten as

max Zfl DY + Jo(A:)(1 — i)

Br i kA

subject to

» aip=1i=1,..,N.
k
aip€{0,1},i=1,....,N, k=1,... K.

BeR™ k=1,... K.
AER,i=1,...,N.

(2.8)
Finally, we replace fo and f; by their expression and obtain formulation (2.3).
max Ayy; — In(1 4 €2
Bk, Xl: Y ( )
s. t.
 app=1i=1,...,N.
k
air€{0,1},i=1,...,N, k=1,... K.
O e R" k=1,... K.
A, eR,i=1,...,N.
O

Proposition 1.2. Formulation (2.3) gives rise to a concave mazimization problem with

linear constraints.
Proof. The proof follows as:
o f:A— Ay, —1In(1 +¢e?) is a strictly concave function.
e The constraints in Problem (2.3) are linear in terms of the variables (A;, 5).
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]

Note that the objective function of (2.3) is the sum of strictly concave functions of a
single variable. Thus its gradient and Hessian are easy to compute. Furthermore, because
of the special shape of the objective function, we can approximate A — —In(1 + €®) by a
piece-wise linear function and get an accurate approximation of the solution by solving a

linear mixed integer program.

2.4.3 Adding clustering constraints

In the previous Section, we have shown that the joint clustering and logistic regression prob-
lem can be reformulated as a concave mixed integer problem. This can be solved efficiently
in terms of computational time with a “large” amount of customers as illustrated in the ap-
plication in Section 2.7. Nevertheless, the formulation proposed in (2.3) leads to overfitting,

clustering constraints need to be added.
Remark 1.1. Formulation (2.3) leads to overfitting.

Proof. Formulation (2.3) does not include any constraint on how customers should be as-
signed to clusters. It just enforces that every customer is assigned to exactly one cluster.
This lack of “clustering rules” leads to overfitting. Intuitively, the formulation allows to clas-
sify the customers according to their purchase behavior (variable y;), this leads to a perfect
classification on the training set but a total lack of prediction power for new unobserved data
points.

In order to prove this, let us divide the data set into D, the subset of buyers (y; = 1) and
D,y the subset of non-buyers (y; = 0). Recall that a model with perfect fitting accurately
predicts the purchase behavior of every single customer. A perfect fitting model predicts
that P(y; = 1) = 1 for customers in Dy, and P(y; = 1) = 0 for customers in D,;. Recall that
the likelihood of a logistic model is given by [, P(y; = 1/X;)¥P(y; = 0| X;)'"%. A likelihood
is always smaller than 1 and a model with perfect fitting achieves a likelihood value of 1,
which translates into a log-likelihood value of 0.

Let us consider that K > 2 (otherwise the problem is reduced to a simple logistic re-

gression). Let us also assume without loss of generality that X; > 0 for all . Let us build
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a feasible solution for Problem (2.3) that allocates the customers in D, to cluster 1 and the
customers in D,; to cluster 2. Let us also set 81 = B1 and (o = —B1, where 1 is a vector
of ones and B is a constant that goes to infinity. Let us also set A; = 5, X; if i € D, and
A; = [ X; otherwise.

We can verify that this solution is feasible for Problem (2.3) as every customer is assigned
to exactly one cluster and the first constraint of (2.3) is verified.

We then have,

. eBILXi
_ 1
]P)(yz = O‘X“ 1€ C2) - 1 + 6—31~Xi

By definition, y; = 1 for every 7 in C; and y; = 0 for every ¢ in Cy thus the likelihood of this

problem is
eBILXi 1

H 1 + eBLX; H 1 + e—BLX;
i€Ca

ieCy
which goes to 1 when B goes to infinity.

Thus, by defining cluster 1 as the cluster of buyers and cluster 2 as the cluster of non-
buyers and setting 8; = B1 and 2 = —B1, we build a feasible solution to (2.3). When B
goes to infinity this maximizes the likelihood (value of 1). Thus solving formulation (2.3)

creates perfect fitting. O

Formulation (2.3) can still be extremely valuable if we add clustering rules to avoid this
overfitting issue, namely to prevent from allocating customers according to the customer
future purchase behavior (the dependent variable y). There are several possible ways of
adding such constraints. Our approach is motivated by two main reasons.

First of all, recall the business model of the online retailer. Customers have to be clustered
into categories according to their social activity with transparent and hierarchical rules. If
a customer is strictly more active socially than another he cannot be assigned to a lower
category. Furthermore, customers are allocated to categories following “threshold rules”. For
example, in Figure 1-1, “sharers” are defined as customers with at least n; social networks,
no friends, nz items shared and ny4 reviews. Adding this type of constraints and adding

ni,No, N3, ny as decision variables avoids overfitting and allows to implement and optimize
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the retailer business model. Another motivation for these clustering rules is that, as we will
prove later, they can be written as linear constraints on the decision variables. This is a great
advantage, as adding linear constraints to formulation (2.3) does not change the complexity

of the problem.

Definition 1.1. Assume that a set of customers {i € [1,..., N|} each defined by a vector of

non-negative features v; € RM need to be clustered into K groups.

A “Threshold rule” is a clustering rule defined by K wvectors I'',... . T® € RM such that
Fjl- <...<TE forallj=1...M.

Customer 1 1s allocated to cluster k if and only if
xi; > T5Vj AND 3j such that x;; < T (2.9)

where TY =0

Example 1.1. For the sake of simplicity, we illustrate the definition of a threshold rule in
the simple case where K = 2. Note that the same approach can be generalized to any number

of clusters K.

Assume that we want to build two clusters denoted by “Low” and “High”. Cluster “High”
will capture the social customers and “Low” the rest. Assume that we want to differentiate
the two clusters according to their number of friends (denoted by F') and their number of
reviews (denoted by R). Then, using the retailer threshold business model we need to define
two threshold values I'y and I, and allocate customers to clusters according to the following

rule:

if F; > Ty AND R; > T, then assign i to cluster High

else assign i to cluster Low (2.10)
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Clustering according to features
Friends

« High profiles

. " O Low profiles

Reviews

Figure 2-1: Threshold Clustering

This clustering rule is illustrated in Figure 2-1 where cluster High is represented in red and
cluster Low in blue. This follows the retailer business model in our setting and constraints

(2.10) can be rewritten as linear constraints with binary variables.

Proposition 1.3. The constraints defining threshold rules (2.9) can be written as linear

constraints with binary variables.

Proof. We derive the result in the case where K = 2. The same approach can be used when

K > 2. Consider a general setting where we want to cluster according to M features rep-

resented by the vector z; € RM for every customer. Let us represent the threshold values in a
ag=1 ifVja,; >T;

vector I'. Then the constraints in (2.10) can be rewritten .
a; [, = 1 if 3] such that Tij < Fj

We can easily add the previous rule in our formulation using linear constraints.
Let us define a constant I',,,4, such that I'; <T',,,, Vj. We define this constant using the
maximum value of z; ; in the dataset for example. Let us also define € a “small number”. (If

x; has integer values € = 0.5 could be an example.)

e The statement 35 z; ; <I'; = a; = 1 can be written in the following way:

L = (T — e —zi5)

max

In fact if ;; < I'; then Tlm(f‘j — € —x;;) > 0 and this will enforce a; ;, = 1.
If ; ; < T this implies a;;, > 0 which does not enforce any additional constraint on
Q.
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1 if T 5 Z Fj
e [or the constraint on a; g we have to define the binary variable b; ; = .
0 otherwse

In order to do that we can define b; ; as a binary variable and write:

1 .
bij > T (zij —Ty) Vg
1 .
1—b;; > F—(Fj —X5) Vj

and then the constraint “a; g = 1 if Vjz;; > I';” becomes:
Qi H = Zbi,j —m+1
J

where m is the number of features.

This last constraint enforces a; y = 1 if and only if Zj b; j = m, which is equivalent to

T j Z Fj for all j

Finally, the constraints in (2.10) can be written with linear constraints:

;

Q4.1 Z F'r‘iaz (F] — € — CCZ‘J') VZVJ

b,}j 2 ﬁ(xi’j - F]) \V/Zv.]

CLinZZjbiJ’—m‘i‘l Vi

b5 € {01} Vivj
0

The same approach can be used with any number of cluster K. In general it is possible
to implement “If.. then” constraints with linear constraints. Sometimes introduction of
auxiliary binary variables is required. In our application, this does not change significantly

the complexity of our formulation as we already have binary variables and linear constraints.
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Generally the number of features in the clustering (m) is small (4 in Figure 1-1), and we

need to add m x N additional binary variables.

2.4.4 Summary

We have built a mixed integer concave optimization problem for joint clustering and logistic
regression. It takes as an input the desired number of clusters K and a set of customers,
each defined by two vectors of features: X, used in the logistic regression and z; used in
the clustering (z = (Friends, Reviews) in Example 1.1). It finds the threshold coefficients
I'y,... 'k and the logistic regression coefficients [, ..., Bk that maximize the overall log-
likelihood. This optimally clusters customers into categories according to threshold rules
AND jointly estimate a distinct logistic demand function for each cluster. This allows to
efficiently capture customers’ heterogeneity and build a more accurate demand model dif-
ferentiated across customers’ segments. To conclude, note that we have chosen here to use
threshold rules for the clustering to follow the retailer business model. This is not a require-
ment in our formulation. Any type of linear separators can be used without significantly
increasing the complexity of the problem. In Example 1.1, a hyperplane separator can be
chosen (as illustrated in Figure 2-2). In this case, the decision variable I" is replaced by the

intercept and slope of the separating hyperplane.

Friends

= High Profiles

O Low Profiles

Reviews

Figure 2-2: Clustering with an hyperplane

43



2.5 Joint clustering and multinomial logit

In the previous Section, we have formulated the problem of joint clustering and logistic
regression as a mixed integer concave optimization problem. The same approach can be
used when the customer faces more than two possible choices. We will show here that the

same approach can be extended to multinomial logit choice models.

2.5.1 Multinomial logit choice model

The multinomial logit model is a generalization of the logit model where customers have
the choice between J > 2 options. A classical transportation application is when customers
can choose between several transportation means: bus, train, bicycle, car.... A probability
is associated with each of the choices according to customer/choice attributes. In a online
retailing setting, customers have the choice between several items on sale. The set of available
options can be {“not to buy”,“buy item 17, “buy item 2”“buy item 3”,...}. The multinomial
logit model can be derived from the discussion in Section 2.3.2. Let us assume that customers
have the choice between J + 1 options where option 0 is the no purchase option and j €
{1,..., J} are the different purchase options. Let us assume, as in the previous Section, that
customer ¢ is characterized by a vector of features X;. Then a multinomial logit model is

defined by J vectors 3',...,37. Customer i chooses option j > 1 with probability:

1+ Zizl eh" X

and chooses the no purchase option 5 = 0 with probability:

1
1+ 21{:1 ef"-Xi

Note that if J =1 we recover exactly the logit model with binary choice.

2.5.2 Notations and problem definition

We want to generalize the approach presented in Section 2.4 to the case where customers

face more than two choices. We start by introducing the notations we will use in this Section
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and then formulate the joint clustering and multinomial logit problem.

Notations: To be consistent with the previous part we will adopt the following notations:
e i index of a customer, i € {1,..., N}
e k index of a cluster, k € {1,..., K}
e j index of a choice, j € {0,...,J}

° ﬁ,{; parameters of choice j in cluster k

By is set to 0 for every cluster k
e X, € R™ vector of features of customer i

e decision variable that allocates customers to clusters

1 if customer ¢ is allocated to cluster k
Aik =

0 otherwise
e choice decision variable (data)

1 if customer i chooses option j
Yij =
0 otherwise

Every customer makes exactly one choice thus > jYij =1

The overall likelihood becomes:

j @i kYi,j j a;
H eﬁi-xi kYi.g eyi,yﬂi-xi *
T BrX, - H T prX,
g \ L 22y e g \L 2oy e

because for every customer ) y;; = 1.

Problem Formulation: Similarly to Section 2.4, we want to allocate customers to clusters

(decision variables a; ;) and find the logistic coefficients 3] (for each cluster and option) in
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order to maximize the overall log-likelihood. The log-likelihood maximization problem can

be written:

max Z a; ; [Z (yi,jﬁi-xi) —In (1 + Z eﬁi-xi)]
ik

i a,
Proaik 5>0 3>0
s. t.

Zai,kZLi:l,...,N. (2.12)
k

aiykE{O,l}, Z'Il,...7N, kzl,,K
BleR™ k=1,....Kj=1,...J

We use similar techniques to Section 2.4 to reformulate this problem into a mixed-integer
concave optimization with linear constraints. We start the derivation with the simple case

where J = 2 and then show that the same approach can be used for any value of J.

2.5.3 Reformulation when customers have two choices

Let us consider the case where J = 2. The customer can choose between {“not to buy” “buy

item 17, “buy item 2”}. The objective function of problem (2.12) becomes:

Z @ik [yi,lﬁli-xi + yi,Zﬁi-Xi —1In (1 + B Xi 4 eﬁ,ﬁ.Xiﬂ
ik

Proposition 1.4. The joint clustering and multinomial logistic problem with two choices
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and K clusters can be reformulated into:

max Z(l — 4i0)0;i — In(1 4 €% + %)

Blaikdivi
s. t.
(=1 +2yi0)0;: > yioB. X — Zyz',gﬂi-xu if air =1
1>0
v > YioBr X+ (1 — yio) Z(l — ;)8 X, if aig =1 (2.13)
>0

» aip=1i=1,..,N.
k

aip€{0,1}, i=1,....N, k=1,...,K.

BleR™ k=1,....Kj=0,...J
This formulation has a strictly concave objective function and linear constraints.

Proof. The goal is to remove the binary decision variables a;; from the objective function
to make the problem more tractable. This is done in two steps.

Let us focus on a customer ¢ and on cluster k such that a;, = 1. Let us distinguish two
cases:

o If y,o =1 then y;; = y;2» = 0 and the objective function can be rewritten as
—In(1+ ePeXi 4 eﬁ’%'x"’)

Following the approach used in Section 2.4, we introduce the auxiliary variables §; and
v;. Note that we need two variables here instead of one because J = 2. Using the
change of variable ¢; = 8}.X; and v; = 32.X; we get

max —In(1+ e+ e”)

v; > BX

Note that the equality constraints can be relaxed because the objective is decreasing
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in both variables.

e If y;0 = 0 then y;; or y;» is equal to 1. Let us define: §; = y;16{.X; + 4;207.X; and
vi = (1 —vyi1)Bh-Xi + (1 — yi2)B8.X;. (Let 4,7 € [1,...,J], the previous definitions
enforce that if the customer chooses option j and rejects choice j then §; = ﬁ,iXZ and

and the maximization problem can be reformulated:

max 0; — In(1 4 €% + &%)
5.t 0 < yin B Xs + vi2 i X (2.15)

v; > (1— yi,1)5/1-Xz‘ + (1 - yz’,2)513-Xi

where, again, the equality constraints have been relaxed because the objective is in-

creasing in ¢ and decreasing in v.

Similarly to Section 2.4, we can put these two cases together using linear constraints and
obtain formulation (2.13).

Finally, as illustrated in the previous Section we can translate the “If a;; = 1 then...”
constraints into linear constraints by introducing a “big M” parameter.

Again, the objective function of problem (2.13) is strictly concave and the constraints
are linear. Similarly as before, we can then add clustering constraints to avoid overfitting.
We will not present the details here as the implementation is exactly the same as when the

choice is binary.

2.5.4 Reformulation when J > 2

The same exact approach can be used in the case where J > 2. The steps of the reformulation
are similar to the case J = 2 but in addition we have to make a distinction between the
customers that choose the no buy option and the others. We then add auxiliary variables
for every pair (customer, choice) and we take advantage of the monotonicity of the objective

function to relax the change of variable equalities into inequalities.
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Proposition 1.5. The joint clustering and multinomial logistic problem with J choices and

K clusters can be reformulated into:
maxr Z(l — i0)0 — In(1 + €% + Z e”f)
Bl @i k,0i,v] i 1>2
S. t.

(=1 + 2y;.0)0; > vioBp-Xi — Zyi,j5i~xia if aip =1

>0
Uf > 4008 Xi + (1 = yip) [(1 — yzg>B]]ng + yi,lﬁé-xi} cifagr =1
» aip=1i=1,.,N.
%

aip€{0,1},i=1,....N, k=1,... K.

(2.16)

BleR™ k=1,....Kj=0,...J
This formulation has a strictly concave objective function and linear constraints.

The proof can be found in Appendix A.2.

2.6 Data

In this Section, we use the data from SHOP.CA to build a Logistic Clustering to predict

future consumption. First, we explain how we transformed our data set for this purpose.
We start by splitting our data into two time periods that we denote “Past” and “Future”.

The Past period is used to build the customers’ features (X;) and we use the Future period

to determine the indicator of future purchases (y; € {0,1}).
Definition 1.2. We define
e Past Period: starts January 1st 2013 and ends October 31st 2013 (10 months)
e Future Period: starts November 1st 2013 and ends February 20th 2014 (4 months)

On SHOP.CA’s website, the mean return time (defined as the mean time between two
consecutive purchases for a customer) is three months. We choose a four months period for

the Future to capture a fraction large enough of returning customers. We start by considering
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the set of customers that made at least one purchase and at least one social activity in the
Past Period.

From the Past Period data we extracted social and transaction history features for every
customer, the list of features we considered is reported in Table A.2 in the Appendix. Using

the data in the Future period we build the customer specific indicator variable defined as

1 if customer 7 makes at least a purchase in the Future period
Yi =
0 otherwise

2.6.1 Interested customers

It is common practice, when trying to predict customers’ purchase behavior, to eliminate
customers that are “not interested”. Traditionally, the only tool online retailers use to define
“interested customers” is transaction history. Thus, customers who have not done a purchase
for a long period of time (“long” is defined with respect to the average return time to the
website, for example) are considered as non interested (or as churners) and are discarded
from the data used in the analysis. An example of a non interested customer is a customer
who creates an account, makes a purchase and then never visits the website again. In e-
commerce, this type of behavior is common because online retailers often offer important
discounts on the first purchase to attract new clients. “Not interested” customers need to
be removed from the data set to build an effective demand model. In our setting, we have
several tools to define interested and non interested customers. We have access to transaction
history, but also browsing history (customers log ins) and social interactions. This allows
for a more accurate definition of interested customers. A customer with frequent log ins
or frequent social interactions can be categorized as interested. This would not have been
possible if we had access only to transaction data. Removing from the analysis non interested
customers is a crucial step and can be assimilated to outliers’ detection. First of all, it allows
to remove customers on which the retailer has too little information to be able to predict
their future behavior. Secondly, and this is particularly important when dealing with social
features, it reduces the sparsity of the data. As discussed before, when dealing with multiple

customers’ features, it is easy to encounter data sparsity: most of the features have a really
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high mode at 0. Non interested customers create sparsity. Thus, by removing them, we build
a more balanced data set. This gives more room to predictive algorithms to build efficient
and robust predictions for future purchase behavior.

Our definition of “interested customers” comes from a discussion with SHOP.CA and their
experience on their customers’ purchase behavior. It is motivated by three main principles.
First of all, we want to use only Past data (transaction and social interactions). Then, we
want to capture customers who are active enough recently in terms of social interactions
and purchases. In order to quantify “active” and “recently”, we face a trade-off between
eliminating all non interested customers and having a data set large enough to train a
predictive model. We use the following definition of interested customers. Note that the 4

months time period is motivated again from the mean return time on the website.

Definition 1.3. We define as “interested customers” all the customers with, in the last 4

months of the Past period, at least:
e one purchase
e one social activity
e two active days

Focusing only on interested customers, we create a data set of 503 customers where 37%
of them make a purchase in the future. Note that the definition of interested customers
is only based on Past data and allows to consider only customers who are active on the
website recently and thus who are potential candidates for making purchases in the future.
The vast majority of the customers we discarded do not make a purchase in the future.
Figure A-3 summarizes the histograms of some social and transaction features for interested
customers. Note that focusing on interested customers allows to decrease the sparsity of
the data, but the distributions of social activities are still skewed towards 0. Histograms of
the distributions of some key features of interested customers are reported in Figure A-3 in
Appendix A.1.

Restricting the analysis to interested customers has thus two main advantages. First, it

allows to create a more balanced data set where a significant amount of customers buy in the
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future. This helps comparing the performance of different predictive algorithms. Secondly,

the data set becomes less sparse.

2.7 Implementation and results

In this Section, we solve the formulation presented in Section 2.4 for the set of interested
customers (Definition 1.3). We then analyze its predictive performance and compare it to
other predictive models that we use as benchmarks. We show that using clustering and
incorporating social features increases significantly the predictive power. Finally, we analyze

the sensitivity of our model to the data with a bootstrap approach.

2.7.1 Joint clustering and logistic regression for the set of interested

customers

We focus on the set of interested customers defined in Definition 1.3. Because of the sparsity

of the data, we build K = 2 clusters.

Clustering features selection (r)

Customers are assigned to clusters using a threshold implementation according to a vector of
features x that can incorporate social or transaction history from the Past Period. We want
to choose the features present in x in order to build two clusters approximately balanced (i.e.
with approximately the same number of customers in each cluster). As explained previously,
most of interested customers have few social interactions. Thus, it was not possible to include
the social features presented in Table A.2. Because of the structure of the threshold rules, the
vast majority of the customers would have been assigned to cluster “Low”. Thus we include
only the feature “Number of Purchases” in the clustering vector x. This choice is exclusively
motivated by the sparsity issue. With a richer data set in terms of social interactions, one
can try different combinations of features for the vector x in order to have the best prediction

fit.
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Regression features selection (X)

To select the features to be included in the logistic model (X) we use a greedy backward
selection strategy. We start by considering in vector X all the features presented in Table
A.2 and get the threshold value I' and the logistic coefficients $; and (5. Then, for each
cluster separately, we run a logistic regression and compute the standard deviation and p-
value for every feature. We use these p-values to eliminate in an iterative way the features
that have p-values above 0.05 for both clusters. Note that the coefficients §; and S5 found
by the joint formulation and the logistic regressions are the same, we use the second stage

regression only to get p-values and select significant features.

Solving the joint formulation

As mentioned in Section 2.4, the objective function of problem (2.3) is the sum of strictly
concave functions of one variable: ) . f;(A;), where f;(x) = y;x —In(1+¢€”). The constraints
of problem (2.3) are linear. In order to efficiently solve this problem, we approximate the
functions f; by piecewise-linear functions and transform problem (2.3) into a linear mixed-
integer program. Note the specific shape of the functions f; are illustrated in Figures 2-3
and 2-4. f; and fy have linear asymptotes in + and — infinity, this allows for accurate
approximations by piece-wise linear functions, without having to introduce a large number

of breakpoints (only 3 are used in Figures 2-3 and 2-4).

) — f0
< —— Piecewise linear approximation v J—— Piecewise linear approximation
T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
X X
Figure 2-3: fi(x) = x — In(1 + ¢%) Figure 2-4: fo(x) = —In(1 + €%)
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Solving the joint clustering and logistic regression problem takes under 10 minutes with
a laptop with Intel Core i5-2430M CPU with 2.40 GHz and 2.40 GHz processor, 4 GB
RAM and 64-bit Windows operating system. This is a reasonable run time for the demand

estimation problem as it does not need to be updated as frequently.

Results

With the data set of “interested customers” and using Number of Past Purchases for cluster-
ing we find that the threshold value I' = 3. Thus, customers with less than 3 Past Purchases
are assigned to cluster Low and customers with at least 3 Past Purchases are assigned to
cluster High. Out of the 503 interested customers, 212 customers are in cluster Low and 291
are in cluster High. This creates balanced clusters in terms of number of customers.

The regression coefficients and significant variables for each cluster are reported in Tables
2.1 and 2.2. Overall the variables Past Purchases, Days since last log in, Reviews and
Successful Referrer are significant. Note that the signs of the coefficients are consistent: the
farther in time a customer’s last log in, the lower the probability to buy for that customer.
Past Purchases, Reviews and Successful Referrer have a positive impact on the probability
to buy. Also note that the two clusters do not have the same set of significant features.
This illustrates the flexibility of the Logistic clustering algorithm that is able to capture the

different behaviors of the population segments.

Estimate Std. Error =z value P(> |z|)

Intercept -0.9135 0.3473 -2.63  0.0085**

Days since last log in -0.0133 0.0065 -2.03  0.0428*
Reviews 0.0924 0.0509 1.81  0.0694*

Successful Referrer 1.2384 0.4115 3.01 0.0026**

Signif. codes: 0 “*** 0.001 “**’ 0.01 “*’ 0.05

Table 2.1: Regression results for cluster Low

Performance

There are several possible ways to evaluate the performance of a probabilistic classifier. We

analyze the predictive power of our model looking at its confusion matrix and ROC curve.
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Estimate Std. Error z value P(> |z])

Past Purchases 0.0017 0.0004 425 < 1QTeRE
Days since last login ~ -0.0290 0.0041  -7.07 < 107tbEE*
Successful Referrer 0.7338 0.2494 2.94 0.0033**

Signif. codes: 0 “***’ 0.001 “** 0.01 ¥’ 0.05

Table 2.2: Regression results for cluster High

Confusion matrix A logistic model predicts a probability p; to buy for every customer.
We can transform it into a binary classifier (that predicts a binary value: whether the
customer is going to make a purchase in the future or not) by choosing a threshold value
~v and predicting that all the customers with p; >  are buyers. In this case we choose a
priori the same threshold value for the two clusters: v = 0.5. This is validated for cluster
High by the ROC curve plotted in Figure 2-6 ("top left corner" of the curve). Note that the
hyper parameter v can be tuned (and different values can be chosen for the two clusters)
using cross-validation. We do not use this approach here to avoid overfitting the data. We
can evaluate the predictive performance of a binary classifier looking at its confusion matrix
and at some associated metrics.

Tables 2.3 and 2.4 represent the confusion matrix and the accuracy, specificity, sensitivity
and precision for the two clusters. A detailed presentation of how a confusion matrix is built
and definitions of its associated metrics can be found in Appendix A.3. In a confusion matrix,
the rows represent the actual customer behavior and the columns represent the prediction.
For example, in cluster Low there are 5 customers who did not make a purchase (y; = 0)
but for whom we predicted that they were buyers. Accuracy, specificity, sensitivity and
precision are computed from the confusion matrix and measure the quality of the prediction
conditioned on a column or a row of the table (see Appendix A.3). A perfect classifier
achieves 100% score for each of these metrics.

We can see that cluster Low is unbalanced: 76% of its customers do not make a pur-
chase. Recall that cluster Low is the set of less frequent customers with less than three Past
Purchases, it makes sense that a low percentage of them makes a purchase in the future.
We also have less information about these customers, and this makes the prediction more
challenging. Our model correctly classifies most of the customers as non-buyers (156 out of

212) and has high scores for accuracy, specificity and precision. The only low score is the
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sensitivity that captures the number of correctly classified customers among the buyers (here
13 out of 38+13). This is not surprising because among non frequent customers, the model
probably does not have enough information to correctly identify all the buyers.

Cluster High is balanced: almost half of the customers make a purchase in the future.
Cluster High is the cluster of frequent customers, the model has more information about the
customers and is able to make more accurate predictions on customers’ future behavior. We
observe good scores for the four metrics we considered.

In summary, the in sample confusion matrix suggests a good overall performance of the
algorithm. Further analysis is done by comparing the performance of our algorithm relative

to two benchmarks (2.7.2) and analyzing the sensitivity of the parameters (2.7.3).

Proportion of non-buyers 76%

Prediction
Accuracy 80%

0 1
Specificity 97%

0| 156 )
Vi Sensitivity 25%

1] 38 13
Precision 72%

Table 2.3: Confusion Matrix for cluster Low

Proportion of non-buyers 53%

Pr(e)d1ct10111 Accuracy 76%
0]129 26 Specificity 837
Yi 1| 43 03 Sensitivity 68%
Precision 78%

Table 2.4: Confusion Matrix for cluster High

AUC and ROC A logistic model predicts a probability for every customer and is not a
simple binary classifier. A way to estimate the predictive performance of these probabilities
that does not require the choice of a specific threshold value 7 is the ROC curve (Receiver
Operating Characteristic). The ROC curve represents, for different values of v € (0,1)
the true positive and false positive rates. A random classifier (that predicts 1 with 50%
probability) has a ROC curve aligned with the first diagonal. A perfect classifier has a false

positive rate of 0 and a true positive rate of 1 (top left corner of the plot) for every value of
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v. Thus, looking at the ROC curve is a good way of evaluating the performance of the model
for different values of v > 0. A bad probabilistic classifier has a ROC curve close to the first
diagonal, a good one gets close to the top left corner. A quantitative way of evaluating a
ROC curve is computing the Area Under Curve (AUC), that geometrically is the area under
the ROC curve and represents the probability that, given two customers one with y; = 1
and the other y; = 0, the model is able to correctly determine which one is which. Figures
2-5 and 2-6 represent the ROC curves for the two clusters. The AUC for cluster Low is 69%
and 81% for cluster High. Again, we can notice a better predictive performance in cluster
High, this is due to the sparsity of the data for non-frequent customers. Overall, the ROC
curves and AUC scores show a good performance of the probabilistic classifier. Note that,
on Figures 2-5 and 2-6 the curve are labeled by the corresponding values of v. To build an
effective binary classifier we need to choose the classifier with the highest pair (False Positive
Rate, True Positive Rate). For both plots v = 0.5 seems a good choice, and this validates

the choice done in building the confusion matrix in the previous paragraph.

AUC= 69.8% AUC= 81.4%

1.0
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0.8
1

0.4
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0.4

True positive rate
0.4

True positive rate

0.4 0.8

| 188

0.2
0.2

0.0
0.0

1 1
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

False positive rate False positive rate

Figure 2-5: ROC curve for cluster Low  Figure 2-6: ROC curve for cluster High

2.7.2 Comparing to alternative approaches

In this Section, we compare the performance of our predictive model to a different benchmark.
We want to evaluate the impact of using social features and of clustering customers on the

predictive performance.

We define:
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1. Baseline: a simple model that predicts the most frequent outcome for every customer
(here as the majority of the customers do not buy in both clusters it predicts that

nobody buys in the future)

2. Benchmark: joint clustering and logistic regression that does not use social features

(only transaction history)

3. Aggregated model: a model that does not use clustering but predicts customers’
probability to buy using a single logistic regression model (it can incorporate social

features)

A detailed description of these models is presented in Appendix A.4.

We want to compare the out of sample accuracy of logistic clustering to the three bench-
marks. In order to do that,we randomly split the data set of interested customers into a
training set of 302 customers and a test set of 201 customers. In order to have a consistent
baseline, we keep the percentage of buyers and the ratios between clusters Low and High
constant in the the training and test sets. We train the four models on the training set and
report their out of sample accuracy (computed on the test set) in Table 2.5. Notice that
the accuracy of the Logistic Clustering (rounded to the nearest integer) does not change
from the result presented in the confusion matrix. This suggests that Logistic Clustering
is a robust model that can be consistently generalized to include new data points. We can
see that Logistic Clustering significantly outperforms the Baseline and the Benchmark. On
the entire data set, Logistic Clustering has correctly classified 15% more customers than the
Baseline. Note that Logistic Clustering also outperforms the Aggregated model, but the dif-
ference between their performances is smaller. The intuition is that, with a clustering step,
we are able to build a more accurate and robust model that captures the different aspects
influencing the different segments of the population.

We can conclude that incorporating social features for demand prediction significantly
increases the predictive performance. Furthemore, smartly clustering customers into cate-
gories creates a more robust and flexible model that is able to capture segments’ specificity.
Note that with a richer data set better performance can be achieved and the impact of

clustering can become even more valuable.
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Model Cluster Low Cluster High Entire data set
Logistic clustering 79% 7% 78%
Baseline 76% 53% 63%
Benchmark 5% 64% 69%
Aggregated model 5% 74% 74%

Table 2.5: Out of sample accuracy of different models

2.7.3 Sensitivity Analysis

We have performed the analysis of the Logistic Clustering algorithm with a set of 503 cus-
tomers because of data sparsity. This number of customers is not really large and it is
important to check the sensitivity of our results with respect to the data. In Section 2.7.2,
we divide the set of interested customers into a training and a test set and we compute the
out of sample accuracy. In what follows, we use a different approach based on bootstrap to

evaluate the sensitivity of the Logistic Clustering Parameters to the data.

Bootstrap approach
for b=1... B bootstrap repetition

e Generate a bootstrap sample of size 503 with replacement from the set of interested

customers
e run the Logistic Clustering algorithm
e store the value of the threshold ', and the regression coefficients Blb and ng

This allows us to approximate the distribution of f, ﬁAl and Bg and their sensitivity to
the data.

We simulate B = 100 bootstrap iterations and we reproduce our results in Figure 2-7.
The top plots are box-plots of the logistic regression coefficients for significant features for
the two clusters. In a box-plot, the thick horizontal line represents the median and the box
represents the 25 and 75 quantiles. The Inter Quartile Range is defined as the distance

between the 25 and the 75 quantiles. Outliers (points which distance from the median is

29



larger than 1.5 times the inter quartile range) are represented by a circle. We added a red
horizontal line representing the value estimated with the original data set (from Tables 2.1
and 2.2). First of all, notice that the red line falls inside the box and in most of the cases is
close to the median. This suggests that our model is robust to the data. Secondly, the signs
of the coefficients of the significant variables are consistent. For example, for Days since last
log in in cluster High, the estimated coefficient from Table 2.2 is negative and in the box-plot
only points defined as outliers are positive. This is another indicator of the robustness of
the model. Finally, note that, thanks to the bootstrap approach, we are able to estimate the
distribution of the threshold I'. We can see that, in our simulations, [, takes values between
2 and 7 with more than half of the values being between 3 and 4. This is another indicator
of the robustness of our model.

To conclude, more data would have been extremely valuable for the performance of our
model. Nevertheless, a sensitivity analysis based on bootstrap resampling shows that the

estimated parameters are robust with respect to the data variability.

2.8 Conclusions

We considered a set of customers characterized by their transaction and social interactions
history. The goal of this research was to define segments in the population using transparent
and hierarchical rules in order to have a better demand estimation. In Section 2.4, we showed
that the problem of joint clustering and logistic regression can be formulated as a strictly
concave mixed-integer problem and can be solved efficiently by commercial software. In
Section 2.5, the same approach is extended to the multinomial logit model where customers
can choose between a set J of items to purchase. Finally, in Section 2.7, we apply the
Logistic Clustering algorithm to SHOP.CA data. We analyze its performance and compare
it to alternative predictive models. Our model has a 78% accuracy on the set of interested
customers and significantly outperforms the classical models we use as benchmarks. We
show that adding social features to the model significantly improves the predictive accuracy.
For example, in this specific application, we show that the number of reviews written, the

number of successful recommendations sent and the days since the last log in are good
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Figure 2-7: Bootstrap sensitivity results

predictors of the customer future purchase behavior. This suggests that incorporating social
interactions in demand models can be extremely valuable for online retailers. In addition,
when facing heterogeneous customers, splitting customers into segments is extremely valuable
and allows to capture the differences in purchase behaviors across the population segments.
In our application, we implemented Threshold Rules to define the clusters but this is not
a constraint of the algorithm. Any polyhedral separator can be used. To conclude, even
if more testing with different data sets is needed, we believe that the Logistic Clustering

algorithm is a valuable and flexible tool to jointly find population segments and estimate

their demand function with a logit choice model.
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Chapter 3

Price sensitivity estimation with missing

data

3.1 Introduction and Motivation

A key aspect in e-commerce is understanding how customers respond to discounts (that we
will call rewards here). There are multiple possible sources of rewards: coupons and promo
codes offered on social networks, targeted promotions for a short period of time (Cyber
Monday for example), cash-back earned after a previous purchase. .. Not only rewards come
from different sources, they can also be redeemed in different ways: they range between
a fixed price discount on a specific category or item ($10 off a specific T-shirt or brand)
to a percentage of discount applied to any purchase. These different vehicles for rewards
have different impacts on customers. In traditional retailing, the promotions vehicles used
simultaneously are often limited, it is possible to keep track of the rewards used and the
number of customers that received them in order to evaluate the impact of each of these
vehicles. In online retailing, with a large amount of items on sale and different promotion
vehicles used simultaneously, it is impossible to keep track of which rewards were offered
to which customers. In a given day, multiple promo codes with different values can be
offered on social networks, and different promotions can be active on different items. In this
context, it is impossible to know which customers are “aware” of which rewards. Nevertheless,

when a customer makes a purchase, the retailer keeps track of the type of rewards used
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and their amount. This situation can be described as a problem of missing data: for the
customers that make a purchase, the retailer knows exactly what is amount of rewards
they used and what was its source, but for non-buyers the retailer does not know what is
the amount of discount they were offered. Understanding the impact of different types of
rewards on different customers is key to build effective pricing strategies. The problem of
missing or incomplete data has been widely studied in the Revenue Management literature.
The classical example is an airline reservation website where all the transactions are recorded
but there is no record of “the outside-option”: the customers that visit the website, observe
the prices and decide not to buy or to buy from a different carrier (see [9] or [13]).

In our specific problem, the problem is twofold. We first need to understand how rewards
are allocated between customers. For example, if rewards are offered through social networks
or friends’ recommendations, social customers are more likely to receive these offers, while
if they are offered through the retailer website, frequent customers will see them. After
modeling the distribution of rewards, we need to understand how customers respond to

these rewards by adding a price sensitivity component in the customer demand function.

Contributions: In a traditional parametric approach, the EM algorithm can be used to
solve this incomplete data problem. The main contribution of this work is a generalization
of the EM algorithm that allows a non-parametric estimation of the distribution of rewards.
This approach, denoted by NPM (“Non Parametric Maximization”), is more flexible and
robust and can be applied without restrictive hypothesis on the shape of the distribution of
rewards. With a logistic demand function, we show that the NPM is a consistent estimator
of the price sensitivity and distribution of rewards. Furthermore, with extensive simulations,
we show that the NPM converges significantly faster (3 times faster on average) than the

EM algorithm.

3.2 Model description

Consider a retailer selling a product online. He faces a set of customers where each customer

is defined by X; a set of observable (by the retailer) characteristics: (past purchases, social
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activities, social interactions, friends etc.). Furthermore, each customer is assigned to a
level of reward (that corresponds to a percentage of discount). These rewards can come
from multiple sources: cashback from previous purchases, promotions in a special period of
time, coupons or promo codes promoted through social media etc. We assume that active
consumers (in terms of social networks and past purchases) are more likely to receive high
level of rewards. Customers that are very active on social networks are more likely to be
aware of special promotions or promo codes posted by the retailer on these platforms. Other
customers may have cashback earned on previous purchases. Mathematically, we assume that
every customer’s rewards level, denoted by R;, is random and lies on a finite and discrete
set ({0%,1%,5%,10%} for example). We also assume that the distribution of R; depends on

the customers’ characteristics.

3.2.1 Model

We assume that the decision process of customer ¢ is in two steps:

1. The customer is assigned to a random reward level R;. We assume that R; lies in a
discrete and finite set R and that distribution of R; depends on a vector of customer
features denoted X; . We don’t assume a specific form for this distribution and we

denote P(R; = r|X;) = fx,(r).

2. After observing his reward level R;, the customer decides whether to make a purchase

according to a logistic model.

3.2.2 Estimation Problem

Let us assume that the retailer wants to estimate customers’ purchase behavior using only
transaction data. Given a dataset D, this means that for every customer i we observe his
vector of characteristics and whether he decides to make a purchase. For the customers that
made a purchase, we also observe the level of rewards they received R;. For the customers
that did not make a purchase we do not observe R;. This is thus an estimation problem with
missing data.

Define
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1: index of a customer

N: total number of customers (data)

X;: vector of features of customer i (data)

R;: reward offered to customer i (data only for buyers)

y;: binary variable that indicates whether the customer makes a purchase (data)

Dy: subset of buyers (subset of data for which we have complete information)

Let us also assume that R lies in a discrete set R; € R = {ri,...,rx}. Let us denote :
P(R; = r|X:) = fx.(r)

and

Ply: = Ui Xi) = T 5x75m

Assumption 2. We assume that R; and X; are independent.

We introduce this assumption to avoid colinearity between the logistic regression features
(X;, R;). A sufficient condition is that X; is a set of independent features that can be split
into two disjoint subsets X!, X? where f depends only on X' and P(y; = 1|R;, X;) depends

only on X?2. This condition is, of course, not necessary but avoids colinearity in the regressors

and simplifies the analysis. In the rest of this chapter, we will assume that assumption 2

holds.

We want to estimate the distribution function f and the parameters of the logistic regression (g, 3,)
using only transaction data, this is an estimation problem with missing data.

We will use the following definition of consistency:

Definition 2.1. Let N be the number of customers. O is a consistent estimator of Oy if O
converges to 6y in probability:

A P
91\[ — 90
N—oo
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We will need to compute local averages of functions, we will use the following notation

to represent the local average of the function f within a neighborhood of x with size e.

N d ZZ 1|Xi—x|<€f<Xi)
Exe(f) = ZZ 1x,—a)<e

In the following, we will not explicitly denote the value of ¢ and keep in mind that it is a

parameter that has to be tuned.

3.3 Motivation: missing data approach

In this Section, we build the likelihoods of complete and incomplete data sets.

3.3.1 Complete data likelihood

If we consider a complete data set, i.e. where the retailer observes the rewards for every
customer and whether they make a purchase or not, the likelihood for a data point (x,r,y)

can be decomposed in two steps:

e If a customer has a features’ vector X; = x then the corresponding probability of

receiving the reward level r is P(R; = r|X; = z) = f.(r)

e If a customer has a features’ vector X; = x and received a reward level R; = r then the

6B-I+ﬁ7‘7‘

corresponding purchase probability is given by P(y; = 1|X; = 2, R; = r) = S 5775+

and P(yl = 0|Xz =X, R,L = 7") =

1
1+eﬂ~7’+ﬁr7‘ :

e Finally, the likelihood of a data point (z,7,vy) is

66.$+5T7‘ 1
yﬂ:(ﬂw +01- y)fm(r)w

As y € {0,1} the first term of the sum represents a buyer and the second term repre-

sents a non-buyer.
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Thus, the complete data log-likelihood becomes

LoD, 8, ) =X, wilog (fx. (R) e )
+(1 — y;) log (fXZ(Rz)W>

3.3.2 Incomplete data likelihood

When the rewards offered to non-buyers are missing, the likelihood for buyers can be built

using the previous approach, while for non-buvers the expression is slightly different.
g p pPp ) y p ghtly

e For buyers, the data is complete thus the likelihood of a data point (x,r,y = 1) is

B.x+Brr
fo(r) Tmwra -

e For non-buyers, we do not observe the reward level R; and the likelihood of a data

point (z, @,y = 0) is given by the law of iterated expectations:
P(y = 0lz) = E[P(y = 0]z, R)]

and the likelihood for a non-buyer becomes:

1
log (Z fXKﬂW)

reER

The incomplete data log-likelihood is:

LD, 6, f) =1 wilog (fx (R e )

1= 91) (108 (Ser (D) b)) (32)

To illustrate the expression of this likelihood, let us consider a simple example where we
assume a parametric shape for f: fx, , where « is a set of parameters. Let us assume that
we are just interested in whether a customer receives a reward or not: R = {0,1}. Let us
also assume that, the probability of receiving a reward is a linear function of the features of
the customer:
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where « is a vector. Then we have
fz(1) =a.x and f,(0) =1—a.x

In this setting, the incomplete data likelihood £; can be written in terms of the data and
the pair (5, «) and we can estimate these parameters by maximizing the incomplete data
log-likelihood with respect to (5, «). Unfortunately, with a large number of customers and a
multidimensional vector of features, this approach can be numerically intensive. In addition,

we can show that, in general, £; is neither concave nor quasi-concave.
Proposition 2.1. £;(D, 3, f) is not quasi-concave.
Proof. Consider the simple case where there are no customer features and R = {0, 1}. With
binary reward levels, R; = 0 means that the customer is not offered a reward and R; = 1
means that the customer is offered a reward. In this case all the customers are the same and
they all have the same probability of receiving rewards level 1. Then let « = P(R = 1) and
1 —a=P(R =0) (this does not depend on 7).

Using the second term of equation 3.2, the log-likelihood for non-buyers becomes:

1 1 -«
(o5 =1 (o2 +152)

This is not a concave function of (o, 3,). In fact if (aq,81) = (0,1) and (ag, B2) = (1,0),
let (as, fBr3) be an intermediate point: (ag, Br3) = (%, Bﬂzﬂ) = (.5,.5). Then we have
l(a, Br1) = l(ag, Bra) = —log(2) ~ —0.69 and [(2tez Sntbey — (8237792, which is
smaller than the previous two. Therefore, concavity is violated.

In the same setting without features, it is possible to find numerical examples with more
than one customer where the likelihood is not quasi-concave. Consider 8 customers with 7

non-buyers and one buyer that does not receive a reward. Then £; becomes:

«

1-— 1 l-«
la, B,) = log(T) + 7log (oz1 s +—3 )

If you consider a parameter x € [0, 1] and the pair (o, 8,) = (2,1 — x), then the slice of the

likelihood function defined by x — I(z,1 — x) is not concave as shown in Figure 3-3.
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Figure 3-3: Non concave slice of likelihood

3.4 EM algorithm

The Expectation-Maximization (EM) algorithm is a classical approach to parameter estima-
tion with missing data introduced by Dempster et al. in 1977 ([8]). Consider a data set D..

and assume that some data is missing and we can only observe a censored data set D. In
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our case, D, is a complete data set where we observe the rewards for every customer and D
is the incomplete data set where the rewards for non-buyers are missing. The EM algorithm
turns out to be particularly useful in the case where the log-likelihood of the incomplete
data is hard to maximize (it is not quasi-concavity and has multiple local optima. ..) while
the complete data log-likelihood has a simple form. This is the case in our setting, we have
shown that the incomplete data likelihood is not quasi-concave in general and it is easy to
prove that the complete data likelihood is concave. The EM algorithm has been used in
the Operations Management literature to take into account censored or unobserved data in
several applications. In [9], Vulcano et al. estimate the customers’ arrival process on an
airline booking website, Phillips et al. ([10]) use the EM algorithm to estimate unobserved
reserve prices and willingness-to-pay in a business to business negotiation, Jagabathula et
al. ([11]) focuses on customers’ willingness-to-pay in a revenue management setting. The
EM algorithm is also widely used in Machine Learning for clustering problems as it provides

a fast and robust approach to estimate mixture of Gaussians.

Let 0 be the set of parameters to estimate. Consider the complete and incomplete data
sets D. and D and their associated log-likelihoods L.(D., ) and L;(D,0). Assume that L;
is hard to maximize while £, has a simple form. The idea of the EM algorithm is to replace
the complicated incomplete data likelihood £; by the expectation of the complete data log-
likelihood. The EM algorithm starts with an initial value for the parameters 6°. For every
iteration k, in the Expectation step “E”, it computes the expectation of the complete data
log-likelihood given 0%: Egx (L.(D;,0)). This expected log-likelihood has the same simple
form as £. and can thus be directly maximized to find updated parameters 8**! in the

Maximization step “M”.

In summary, the steps of the EM algorithm are:

e Initialization: Set § = °

On the k" iteration:

e E step: compute e(6%,0) = Eg [L.(D, 0)]
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e M step: update 6 by setting

0k = argmax, e(6",0)

These steps are repeated until convergence of (6%).

The EM algorithm is a simple and fast way of building an estimator of #. Dempster
(]8]) proves that, under some regularity conditions on £;, L£; increases after each iteration
of the EM algorithm. If the incomplete log-likelihood function is continuous in 6 then
all limit points of the EM algorithm are stationary points of the incomplete log-likelihood
function ([15]). Thus, if the EM algorithm converges, it converges to a stationary point.
By starting with different values 6°, running the EM algorithm until convergence (if any),
and finally considering the estimation of # with the highest likelihood value, we obtain a
maximum likelihood estimator of 6, that is consistent and efficient. In summary, the EM
algorithm is a simple and robust way of estimating parameters with missing or unobserved
data. Nevertheless, in some applications, it has been criticized for requiring a large number of
iterations before reaching convergence of the parameters ([13]). Having to run the algorithm
from different starting points to avoid reaching local optima of the likelihood function may

not be a practical approach.

In our setting, the EM algorithm can be applied to estimate jointly 5,5, and f if we
assume that f has a parametric shape. Let a be the parameters of f and 6 = (53, 5,, a).
Then

N eB-Xi+BrRi 1
Li(D,0) =) yilog <fX¢,a(Ri)W) (1=yi) [log [ Y fx.alr) T A Xihr
=1

reR

and

. N eB-Xi+Br R
6(9 ,(9) = Egk:EC(D, 9) = Z Y; log (in,a(Ri) 1+ €ﬁ~Xi+6rRi)
=1

1
+(1 — i) Egr [log (fxi,a(Ri)W)]
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where the expectation is taken over the unobserved variable R; for non-buyers. Note that e
and L; are identical for buyers (y; = 1) as there is no missing data for these customers but
differ for non-buyers (y; = 0). In e, there is no sum over r € R inside the logarithm, and
this is the reason why maximizing e is a concave optimization problem while maximizing £;
may not be one.

In order to compute the expectation Egx we need to compute P(R; = r|y; = 0, X;, 6%).

This can be done using Bayes’ rule:

P(y; = 0|R; = 7, X;)P(R; = r|X;)
P(yi = O|Xi)

1
foi,ak(r)

Py =P(R; =rly; =0,X;,6) =

Ywer ot (8) T

Overall the expected log likelihood becomes:

e(05,0) = 3" i [log (Fxoa(Ri)) + B.X; + B, Ry — log(1 + 5 XeAeR)

> (1=9) Y [Philog (fxia(r) = prylog(l + X0
( rer
We implemented the EM algorithm with simulated data in a parametric setting. The

results can be found in Section 3.6.

3.5 NPM algorithm

The EM algorithm is a classical approach used for parameter estimation with missing data.
For our application, if the function f is parametric, it is a fast and efficient method for jointly
estimating f and . There are theoretical guarantees for the convergence of the estimator
under regularity conditions of the incomplete data likelihood function. We present here an
alternative approach that does not require any parametric assumption on f.

Recall that fx,(r) represents the probability that a customer with a feature vector X;
receives the reward level r. This model assumes that the distribution of rewards depends

on the customer’s characteristics because more active and social customers are more likely
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to be aware of promotions and promo codes. While this dependency is intuitive, assuming a
specific parametric representation for f seems to be a strong hypothesis and can be difficult
to justify. When modeling customer behavior, the risk of mispecification is high and a
non-parametric analysis is extremely appealing due to its flexibility and robustness.

The Non Parametric Maximization (“NPM”) algorithm extends the EM algorithm ap-
proach to the case where f is non-parametric. As in the EM algorithm, an iterative ap-
proach is used and the “difficult” maximization part of the incomplete data log-likelihood is
replaced by a simpler maximization problem. The intuition behind this algorithm is that,
even though the incomplete data likelihood is not guaranteed to be concave in (f, 3, 3,), it
is concave in (3, 5,) when f is fixed. Thus, if we have an estimation of f, we can recover an
estimation of # by maximizing the incomplete data likelihood only with respect to (3, 3,)

which is a simple concave optimization problem.

3.5.1 Description

In what follows we will denote as ( the vector (53, 5,). The NPM algorithm starts with initial
estimates of the coefficients 3(%). Without prior knowledge of the impact of the features, a
good starting point is () = 0. This sets the probability of making a purchase to 50% for
every customer (An intuitive explanation of why 3() = 0 is an appropriate starting point is
presented later). It then uses this initial estimate to build a non-parametric estimator f(© of
the function f. This is the Non Parametric “NP” step. Then, in the Maximization step “M”,
it replaces f by this first estimate f(©) in the incomplete data log-likelihood and maximizes
the latter with respect to 3 to update its estimation B("). The process is then repeated until

convergence of (f,3).

In summary, the steps of the NPM algorithm are:

e Initialization: Set 3 = 3 (B(0) = 0 is a good initial guess)

On the k' iteration:

e NP step: f*): non parametric estimation of f knowing 3*)
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e M step: replace f by f%* in £; and set

B(’Hl) = argmaX5£i<D7 B, f(k))

e The process is repeated until convergence of (f, 3).

“NP” step: Non Parametric Estimation of the function f

In the NP step, we use the data and an estimation of 5 to build a non-parametric estimation
of the function f. Recall that R; lies in a discrete set R. For the sake of simplicity in
the explanation, we will consider, without loss of generality, the case where the rewards
are binary: R = {0,1}. This means that we are just interested in whether a customer
receives a reward or not. We do not consider the possibility of having a range of rewards
(0,5%,10%. . .). Nevertheless, the same approach can be similarly used for a general discrete
and finite set R. The description of the NPM algorithm with a general set R can be found
in Appendix B.1.

If the rewards are binary, for every customer we are interested only in the quantity

fx,(1) = P(R; = 1|X;) because we can get fx,(0) from fx,(0) =1 — fx,(1).

Naive approach A naive approach to build an estimator of f uses only the available data,
i.e. the rewards received by buyers. Let us consider the subset of buyers D,. For this subset
of customers we observe the rewards they receive. We can thus build a non-parametric
estimator of P(R; = 1|i € Dy, X;) = P(R; = 1|y; = 1, X;) using D,. With a moving average
estimator for example, we can approximate P(R; = 1|i € Dy, X; = x) by the proportion of
buyers that received a reward in the neighborhood of x.

Filling missing data using averages of observable data is a common practice in marketing.
In the econometrics literature, [12] focuses on supermarket sales data, where customers can
choose between different brands but only the price of the purchased option is recorded. They
show that there is a systematic bias in filling the missing price of a brand by the average
price of observed transactions of this brand. If customers are price sensitive, they tend to

purchase cheap options. Looking only at transaction data for a product means conditioning
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on the fact that this product has been purchased, thus that it was cheap. Averaging over

observed prices leads to a systematic underestimation of the price.

We observe the same phenomenon in our application because we assume that rewards
have a positive impact on the customer purchase behavior (5, > 0). Intuitively, if a customer
receives a reward he is more likely to make a purchase. Thus, among buyers, there is a higher
proportion of customers that received a reward compared to the whole population. By
computing the proportion of customers that receive a reward among buyers we overestimate
the probability f(1). It is not possible to use only buyers data to estimate the distribution

of rewards.

Proposition 2.2. The naive approach leads to an overestimation of the probability of re-

cewing a reward:

P(R; = 1y; = 1, X;) > P(R; = 1|X;) for any feature vector X;

Proof. We assume that 3, > 0, thus
Py = 1R = 1, X)) = 155k > Py = 1R, = 0, X;) = 1%, since e 7 < 1.
Therefore,
Py = 1|R; = 1, Xi) >P(y; = 1|1X;)
=P(y; = 1|R; = 1, X;) x P(R; = 1|X;)

Finally, using Bayes’ rule:

P(y; = 1|R; = 1, X))

P(y; = 1].X;) (3.3)
Thus this naive approach leads to an overestimation of the distribution of rewards. O
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Figure 3-4: Naive estimation and true distribution for different shapes of f

In Figure 3-4 we represent two shapes of function f (linear and piece wise constant) in
a one dimensional case. Here customers are characterized by a one dimension vector X;
that is represented on the x-axis. (The range of x is taken to represent the variable “Past
Purchases” introduced in Section 3.6). To every value of x is associated a probability of
receiving a reward represented by the green line in Figure 3-4. The red dots represent the
empirical distribution of rewards on a data set of 10000 customers (buyers and non-buyers),
the black dots represent the estimation given by the naive approach (empirical distribution
among buyers). We can see that in both plots the naive approach significantly overestimate

the function f for all values of the feature vector x.

NPM approach With the example of the naive approach, we have seen that is not possible
to recover an unbiased estimation using only data from buyers. Nevertheless, it is possible
to use the data D and an estimation of S to build a non parametric estimator of f. In
the “NP” step, we combine the non-parametric estimation given by the naive approach with
Bayes’ rule. Doing so, we are able to correct for the systematic bias of the naive approach
and recover an estimation of f from the data and an estimation of .

Let us start with Bayes’ rule:

Py, = 1|R; = 1, X;)
P(y; = 1|1X;)

PR, =1|Xi,y:=1) = P(R; = 1|1X3) (3.4)

In the previous equation, the left-hand side can be estimated from the data using the
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naive approach. We will show that the right hand-side can be written as a simple function
(that is denoted g) of the data, 5 and f. Thus, by inverting this function g, we can recover
a non-parametric estimation of f.

First let us remark that:
1. P(R; = 1]|X;) = fx,(1) is the quantity we want to estimate

2. We can build a non parametric estimator of P(R; = 1/X;,y; = 1) using the subset of

buyers Dj, (see naive approach)

eB-X;+BrR;

3. If we know the value of § then P(y; = 1|R;, Xi) = 1= v -

]P(Z/z' = 1) = ]P(Ri = HXi)]P(yi = 1‘Ri = 17Xi> + (1 - ]P(Ri = HXi))]P)(yi = 1‘Rz‘ = OaX’L'>

= fx(DOPyi =1k =1, X)) + (1 = fx,(1)P(y; = 1|k = 0, X;)

Let us combine the previous remarks. Using remark 3 we can build a non-parametric
estimator of P(y; = 1|R;, X; = x, 8) with a kernel smoothing. For example with a window

kernel we can approximate it by

A eBXi+BrT
Ex;~o (W)

Finally, the right hand side of equation (3.4) becomes

- BX;+B
fo(DEx e (755555 )

= eBX;+Br = eBX;
fo(DBxme (£ ) + (1= o) Bxme (755

Let g be:
Ao BX;+Br
. JEX,~ (W)
9(D. Bz, f) = — BXitBr AT AXi (3:5)
fEXiﬁu’C (1+eﬁxi+ﬁr> + (1 - f)]EXil’l’ <1+GBX¢>

Notice that, given D, and z, g is a homography with respect to f (ratio of two affine
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functions) and thus can be inverted easily in closed form. We can then build a non parametric

estimator of fx,—,(1) solving the equation with respect to f:
P(R; = 1|z, y; = 1) = g(D, B, , f)

where the left hand side is a non parametric estimator of P(R; = 1|X; = z,y; = 1). This

gives:
A Ex,me (157 ) PO = 1o,y = 1)
fx(l) ==

= eBXi+Br = eBX; 3 o o - eBXi+Br
[EXi:x (W — Ex;~0 11ePXi P(Ri = 1’%%‘ = 1) — Ex;~e T4 eBX; TBr

Choice of a starting value for g: The NPM algorithm starts with an initial estimate of
(B, 8,). Without any prior knowledge of the values of (3, 3,), (8, @EO)) = (0,0) is a good
starting point. This can be seen from the equation above that defines the update of f done
in the NP step. Notice that, replacing (3, 5,) by (0,0) in the equation above, the expression
is simplified and we get fx(l)(o) = If"(RZ = 1|z, y; = 1), which corresponds to the estimator
given by the naive approach. Recall that the naive approach is the best approximation of f,
without any a knowledge of the values of (3, 5,). Thus, this is a good starting point for the

iterative algorithm.

M step: Estimation of the logistic regression coefficients

In the previous Subsection, we have shown how, using an estimation of the logistic coefficients
£ we can build a non parametric estimator of the function f. This is the “NP” step of the
NPM algorithm. In this paragraph, we focus on the “M” step: using an estimator fof f, we
build an estimator of the logistic regression coefficients /.

Assume you have access to an estimator f of f. Recall that the incomplete data log-

likelihood is given in (3.2):

eB-Xi+BrRi
(DB, f) = Zyﬂog (fX )Heﬁ—XJrﬁR) log(D _ fx.(r) Hemw, o)

reER

Proposition 2.3. Given D and f, L;(D, B, f) is a quasi-concave function of [3.
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Proof. For one customer i, the log-likelihood is
i (108 (i (R)) + .5+ B, s — log (1-+ X)) (1) (k)g 2 Xﬁﬂﬂ)
re

e 5.X;+ (3,R; is a linear function of 3
o —log(1 + ePXithrfi) ig a concave function of 3

o log(} , cr fx (r)HT}W) is quasi-concave in [ as it is the logarithm of a sum of

sigmoids

Thus, given D and f, the incomplete data log-likelihood is a quasi-concave function of

8. 0

The “M” step of the NPM algorithm is the following:
Assuming a previous estimation f of f, we build an estimator of # by maximizing the

incomplete data log-likelihood with respect to £:
8= argmaxzL;(D, 3, f)

3.5.2 Advantages

The NPM algorithm is an alternative to the EM algorithm that can be applied without
any parametric assumption on the distribution function f. The NPM algorithm is thus a
semi-parametric approach: the distribution of rewards f is estimated in a non-parametric
way while the purchase behavior is assumed to follow a (parametric) logistic shape. There

are several advantages to this approach.

A non parametric approach

Non-parametric approaches allow for flexibility in data estimation and do not rely on heavy
distributional assumptions. This is particularly valuable when modeling customers’ or retail-

ers’ behavior tend not to follow classical linear or normal distributions. It has been observed
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(|14]) that, when modeling human decision processes, non-parametric approaches are ex-
tremely valuable because the observed behavior does not verify the assumptions underlying
classical parametric models. In our specific application, the function fx(.) represents the
distribution of rewards received by a customer with features vector X. While we can assume
that this distribution depends on the customer’s characteristics and the probability of having
high rewards is higher for “active” customers, it is difficult to justify a specific parametric
shape for this relationship (linear, quadratic or piecewise constant for example). In this
setting, the flexibility of non-parametric estimation allows to capture complex dependency

between the different variables.

On the other hand, we have to note that non-parametric approaches are criticized because
of the so-called “curse of dimensionality”. They are extremely powerful and allow to estimate
a more accurate relationship between the variables when dealing with a small (and small
often means one) number of dependent variables, but become computationally intractable
when the number of dependent variables increase. An intuitive understanding of the curse of
dimensionality comes from the sparsity of the data in high dimensional spaces. For example,
in the NP step of the NPM algorithm, we need to compute local averages in equation (3.5).
If the dimension of the features vector X increases, more and more data points are needed
to be able to find enough observations to perform meaningful local averages. Intuitively, if n
data points are required for a non-parametric estimation in a 1-dimensional space, n¢ data
points are required to have a comparable training data density in a d-dimensional space. For

more details on non-parametric estimation see for example [16].

Another drawback of non-parametric estimation, which is closely related to the curse of
dimensionality, is that non-parametric approaches can tend to overfit the data and may not
be able to generalize to other datasets. There is a tradeoff between localization (ability to
capture all the information in the training set) and generalization (to other data sets). This is
captured by the tuning parameters in the non-parametric approach, in the NPM algorithm it
lies in the non-parametric smoothing technique used (local average, kernel density estimation,

k-nearest neighbors, etc). Several parameter tuning techniques exist to avoid overfitting.
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Computational advantages

The specific approach of the NPM algorithm creates interesting computational advantages.
First of all, it decouples the estimation of the function f (done in the NP step) from the
estimation of the logistic regression coefficients 8 (done in the M step). As mentioned before,
this allows having two different estimation techniques: non-parametric for f and parametric
for §. This is not possible in the EM algorithm where all the parameters are estimated
together in a maximization step, and thus where a non-parametric component cannot be
handled. This decoupling also allows for a faster maximization step. Both the EM and
NPM algorithms, in the M step, maximize a concave likelihood function. In the case of the
EM algorithm, the maximization is over the entire set of variables (f and /8 here) while in the
NPM algorithm, the maximization is only over the variables 5. This decreases the complexity
of the maximization and can significantly reduce its running time. The complexities of the
E and NP steps are comparable, with the difference that the E step does not require the
computation of local averages.

Another important advantage of the NPM algorithm that has been observed in simula-
tions is its convergence rate. In practical applications, the EM algorithm has been criticized
for requiring a prohibitively large number of iterations before convergence of the estimation
(|13]). After extensive simulations demonstrated in later Sections, we show that, in our ap-
plication setting, the NPM algorithm requires significantly less iterations to converge. This
is an extremely valuable asset when dealing with extremely large data sets in the case of

online retailers and when estimates of customer behavior need to be updated frequently.

3.5.3 Theoretical results
Proof in the case where there are no customer features

In this Section, we consider the simple case where there is no vector of features X;. This
is equivalent to the case where all the customers are identical. In fact, in the latter case
for every customer (3.X; is a constant that can be considered as a common intercept. We
will analytically prove that, in this simplified setting, the NPM algorithm converges and is

a consistent estimator of g and f.
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Setting Let us consider the case where all the customers are identical, i.e. there is no
vector of features X;. Let us also assume that rewards are binary: each customer can be

assigned to reward level 0 or 1. (R; € {0,1}). Let us denote:

e ap = P(R; = 1): this is the true value we want to estimate (this probability is the

same for every customer)

eﬁ'r'O R;
1+557‘0 R;

o P(y; =1|R;) =

with 8.9 > 0
For the sake of simplicity we do not consider an intercept in the logistic function: we

assume that P(y; = 1|R; =0) = 0.5

NPM algorithm In this specific setting, the NPM algorithm becomes a parametric al-
gorithm, as the distribution of rewards is constant across customers: fx,(1) = ag. We can
replace f by the scalar a in the notations, and prove the convergence and consistency of the
NPM estimator. Note that, even in this parametric setting, the NPM algorithm is different
than the EM algorithm. The main underlying difference is that in the M step of the NPM
algorithm the maximization is done only over the variable 3, and not on the distribution of
rewards parameter o.

We first describe the steps of the NPM algorithm in this specific setting and then provide

a proof for its convergence and consistency.

Initialization: We start with an initial estimate of [, 50) =0.

In the k' step:

NP step The NP step updates the estimation of o using Bﬁk) and Bayes’ rule. Let us

recall that o® is the value of « that solves
P(R; = lly; = 1) = g(D, B, 2, )

where g is defined by

= BX;+Br
e i
O{EXlzx <1+66Xi+5'f )

= eBX;+Br = eBX;
Al x,~y (W + (1 = a)Ex,ns ( 157w

g(D7/87I7a) -
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In the case where X; = 0 the expression of g can be simplified. As there are no features

there is no need to average over the values of X;. Thus g becomes:

eBr

[0}
9(D, B, z,00) = Lt

Br
Oélierﬁr + (1 - CY)%

Let us denote RB the empirical probability of having a reward given that the customer is a

buyer:
i Vi

then a® satisfies

a(k) eﬁg)
RB _ 1+6ﬁ7(“k)
(k)
o)L+ (1 - )}
and thus, inverting the function g we get:
1
—sRB
a®) = 2 (3.6)

Note that if 550) = 0 then o = RB, i.e. the initial estimation of « is the empirical

estimation of P(R; = 1|y; = 1) introduced in the naive approach. Thus a(® > ay.

M step In this setting the incomplete data likelihood given in equation (3.2) becomes:

N Br -
e 1 o l—«
Li(D,B,a) = 2%& log (al + 66r>+yi(1_Ri) log <(1 B Oé)§>+(1_yi> log (1 + ebr * 2 )

Notice that only the first and last term of the sum are functions of j,.

The M step updates the estimation of 3, given a*®) by setting:

B = argmax,L£;(D, B, al®)
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Convergence and consistency In this paragraph we provide an analytical proof of the
convergence and consistency of the NPM estimates of 8, and «. The proof is in two steps.
We first start showing that, starting from B,EO) = 0 the sequence (ﬁﬁk))k is increasing and
thus converging. We then show that the limit point of (@Sk), C((k)> is the maximum likelihood
estimator of £;. This proves the consistency of the NPM algorithm.

Convergence

Proposition 2.4. Starting from 6£0) =0 and assuming Bro > 0, 6@ 15 a strictly increasing

sequence and o'\®) is strictly decreasing.
Proof. We describe the proof in four steps:

1. First, note that in the NP step a® is defined by equation (3.6):

where RB is estimated directly from data. The right hand side is a strictly decreasing

function of Bﬁk) thus, if 6,(1]6) increases, a'® strictly decreases.

2. Secondly, we can show that Bﬁl) > Bﬁo) = 0.
In fact, using the result of Proposition 2.3, we know that, for a fixed value of «,
L;(D, B,a) is a concave function of 3. Furthermore, we know that a(®) = RB > ay.

Finally,

oL;
9B,

1 1
D,0,0?) = —yiR — (1 —y)a® =
(D,0,a'”) E 5Y (1 =)™

_ Z %yiRi x (1 = —ZS;U)) >0

because a¥) = RB = Zzyf’ and Zz(:l;f“) < 1 (because P(y; = 1) > P(y; = 0) and for
#non-buyers 1)

N large enough, sbuyers
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Thus, £;(D, B, ) is a concave function of 3, and its derivative at 0 is positive, thus

its maximum is strictly positive and BT(l) > 0.

3. If, for a given k, a®=D < o® then ¥ > g+,

This step can be derived using the first order conditions in the M step of the NPM

algorithm.

AR = argmax,£y(D, B, a*))

oL;
— G550 =0
(k+1)
(k) eﬁ'r
> ViR @ 14D
— —

23 (1—y) O‘(k)ﬁ + (1 —a®)l

The right hand-side of equation (3.7) is increasing in both (8, and « while the left

hand-side depends only on data. The pairs ( ﬁkﬂ), a®) are the solutions to this fixed

point equation. We can thus conclude that if a*~1 < o®) then 5516) > ﬁr(kﬂ).

4. Finally, combining the two previous results, we can get the result by induction:

e Initialization: 67(,1) > ﬁﬁo) using step 2.

e Assume that, for a given k, /Bﬁk) > 67(~k_1). Then, using step 1 we have that

a*=1) < o®) and, using step 3, we get that ﬂﬁkﬂ) > 57@.

e We can then conclude that ﬁr(,k) is an increasing sequence and a*) is a decreasing

sequence.

O

Proposition 2.5. Starting from /6’7{0) =0 and assuming B9 > 0, By(nk) and a®) converge (in

R U {o0}).
Proof. Bq(nk) and o®) are monotonic sequences, thus they converge. O
Consistency From the previous paragraph we have that, starting from 57(,0) = 0 and

assuming [, > 0, @E’“) and a® are converging sequences. Let us denote 6500) and o> their

limit points. We will show here that these limit points are (5,9 and «y.
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Proposition 2.6. In this simplified setting without customers’ features, the NPM algorithm

is a consistent estimator of (Bro, o).

Proof. The iterations of the NPM algorithm are defined by

and

B*TY = argmax, £,(D, B, a*))

First of all, let us notice that, by consistency of the maximum likelihood estimator,

(Bro, ) maximize the expected incomplete data likelihood:
(BrOv Oé()) = argmax(ﬂ,-,a)E [ﬁz (D7 B7 a)]
L; is a differentiable function, thus

5. E [Li] (Bro, 0) = 0

%E [Lz] (@«0; Oéo) =0

(3.7)

Secondly, by definition of o we have that:

—iRB
Qo = B 1 Bro
r0 ePr
(1—7—3@"0 - 5) RB - 1+367'0
With an abuse of notation, let us denote
—iRrRB
a(B) = B 2
( ePr o l) RB o 667‘
1+65T 2 1+6ﬂ"'

We then have a(f,9) = ap and af ﬁk)) =,

Using this notation, the limit points (Bﬁoo),a(oo)) are a fixed point for the system of
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equations:

(Br, a) such that olfr) =o (3.8)

L] (B 0) =0

We already know that (5,9, o) verifies this system of equations. Showing that this system
of equations has an unique fixed point, we prove that (5,0, ) = (6,(100), a(*)) which means
that the NPM is a consistent estimator.

Let us consider the function that associates to 3, the derivative of the expected likelihood

with respect to the first variable, evaluated at (3., a(5,)).

O E(L) (8, a(5,)

h:B — 35,
Then:
e h(fByo) =0
e h is a decreasing function
3 = s | Bwr) B0 -w a@nii 1
@ (1+eﬂ - 5) +3
a(B) 125

because the first term does not depend on 8 and 3 :— is an increasing
(0%

(ﬁ)(1+1e5 _%>+%
function of f.

Thus B, is the only root of h thus (8,0, ap) is the only fixed point of the system of equations

(3.8, (Bro, ) = (B, a(®)) and the NPM algorithm is consistent.

]

Results with synthetic data: no features In the simple case where all the customers
are identical, we simulate synthetic data with different values of («, 8,) and different number
of customers (V) and analyze the performance of the NPM algorithm in terms of convergence

to the true value and running time.
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We build 18 different data sets combining different values of the problem’s dimensions:

e the number of customers N € {1000, 10000}
e the proportion of rewards o € {0.2,0.5,0.7}

e the price sensitivity 3, € {0.5,2, 3}

For every combination of parameters (N, «, 5,) we run the NPM algorithm until the difference
between two consecutive log-likelihood is less than 107% and the difference between two

consecutive values of o and 3 is less than 1072
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Figure 3-5: NPM algorithm for N = 10000, oy = 0.5, 8,0 = 3

Iteration

Iteration

a [ iterations Running time(s) « [ iterations Running time(s)
0.2 0.5 17 0.05 0.2 0.5 14 0.30
0.2 20 19 0.05 0.2 2.0 18 0.36
0.2 3.0 17 0.06 0.2 3.0 22 0.50
0.5 0.5 7 0.02 0.5 0.5 7 0.19
0.5 2.0 8 0.02 0.5 2.0 9 0.22
0.5 3.0 9 0.03 0.5 3.0 10 0.29
0.7 0.5 5 0.03 0.7 0.5 3 0.14
0.7 2.0 7 0.01 0.7 2.0 6 0.14
0.7 3.0 6 0.02 0.7 3.0 7 0.19
Table 3.1: Iterations and Table 3.2: Iterations and

running time for N = 1000

General case with § known

running time for N = 10000

The result proved in the last paragraph can be extend to a more general case including

customers’ features Xj.
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~

a B & B, Y%errora % error 3,

0.20 0.50 0.19 0.53 1.09 6.26
0.20 2.00 0.20 1.80 0.17 9.78
0.20 3.00 0.21 2.75 0.25 8.33
0.50 0.50 0.50 0.54 0.49 7.74
0.50 2.00 0.50 1.95 0.08 2.26
0.50 3.00 0.52 2.60 0.52 13.39
0.70 0.50 0.70 0.52 0.37 4.31
0.70 2.00 0.69 2.14 0.49 6.80
0.70 3.00 0.70 3.15 0.01 4.84

Table 3.3: N = 10000, estimated values and percentage errors

Proposition 2.7. Assume that

oB-Xi+BrR;

o Ply; = 11X, R) = “rxrmm
o f.(r) =P(R; =r|x) and that x is a vector that can take a finite number of values
e the value of B is known

Then the NPM algorithm is a consistent estimator of (B, f).

The second assumption is often realized in practice. Assume that f depends only on a
subset of features present in X. In our application, f can depend only on the social features
(number of friends, reviews etc.). These features take discrete and finite values.

The strongest assumption is the third one. X is the set of features that can be observed
for each customer. Assuming that X and R are independent, we can get a good estimate
of 5 (except the intercept term) by running a classical logistic regression of y; on X;. The
only term that cannot be computed this way is .. Thus, in our context, it is reasonable to
assume that the NPM algorithm starts with a good approximation of .

The proof of 2.7 follows the same outline as in the no feature case. We first prove the
convergence of 3, and f by proving that A is increasing and ( fE(1))g is decreasing in k
for any given value of x. We then prove the consistency of the estimator by proving that
it is solution to a fixed point equation with an unique solution. The detail of the proof are

reported in Appendix B.2.
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General case

We study the general case,where [ is not assumed to be known, using simulations in the
next Section. Computationally, we observe that the NPM algorithm is a consistent estimator

(that converges fast compared to the EM algorithm).

3.6 Results on simulated data

We presented three different approaches to jointly estimate the distribution of rewards f and

the logistic regression coefficients (3, 3, ):
e Direct maximization of the incomplete data likelihood (“DM?”)
e EM algorithm
e NPM algorithm

Recall that the incomplete data likelihood is not always concave. This makes the direct
maximization computationally intensive and, we do not have guarantees that the solution
we find is the global maximum.

In this Section, we compare the performances of the three approaches in terms of esti-
mation accuracy and running time in a setting where the three approaches can be applied.
We simulate N = 1000 customers with two features each and we apply the three approaches

to this synthetic data set.

3.6.1 Simulation framework

We simulate N = 10000 independent customers with two features. The definition of these
features is closely related to the significant features in the logistic clustering part.

Each customer is characterized by :
e d; (days since last purchase): uniformly distributed on [0 : 100]

e p; (Past Purchases): uniformly distributed on 10 x [0 : 100]
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e the rewards levels are binary (R; € {0, 1}) and depend only on p;: P(R; = 1|X;) = r(p;)

where f is a piece-wise constant function

/

ay if p < 330

f(p) = € as if 330 < p < 660 (3.9)

a if 660 < p
\

e customers decide whether to make a purchase according to a logistic function that

eBo+Bqdi+BrR;

depends on dz and RZ ]P)(yl = 1‘Rza dl) = W
e d; and p; are independent to satisfy assumption 2.

For each instance generated, we compare the performance of the NPM algorithm, the

EM algorithm and the direct maximization of the likelihood.

Convergence of the NPM algorithm

Figure 3-6 illustrates the convergence of the NPM algorithm in a particular instance, we can
notice that the convergence rate is fast: in 20 iterations the algorithm converges and the
estimated values are less than 5% far from the true parameters. It is important to remember
that here we consider a setting where the distribution of rewards is parametric and where we
give the same parametric assumptions (piece-wise structure of the function f) as an input
for the NPM algorithm. Relaxing this hypothesis, a full non-parametric estimation of the
distribution of rewards is possible.

In Figure 3-7, we compare the convergence rate of the EM and NPM algorithms on
the same instance as before, we can see that the NPM algorithm convergence significantly
faster: the estimated @. gets at less than 5% from the true value in 20 iterations while the

EM algorithm requires 100 iterations to get to the same accuracy.

3.6.2 Comparing performances

In this Section, we compare the performances of the three methods in terms of accuracy

and running time. We consider random values for («, 5, 5,), generate data sets of 100 000
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Figure 3-6: Parameter estimation for N = 10000,a = (0.3,0.5,0.7), (8o, Ba,Br) =
(—1,—0.04, 3), 20 iterations

customers and apply the three methods for parameter estimation. In Table B.1 in Appendix
B.3 we reported the estimation accuracy, the number of iterations and the running time for

20 instances.

% error By | % error By | % error (3, | # Iterations | Running Time (s)
NPM 104 3.73 5.69 12.0 63.6
EM 8.0 3.39 4.03 47.5 541.4

Table 3.4: Average absolute percentage error and number of iterations

In Table 3.4 we compare the NPM and the EM algorithm in terms of average absolute
percentage errors on the estimation of 5 and average number of iterations before convergence.
The average is taken over 80 instances (including the ones in Table B.1). We can notice that
the two algorithms have similar accuracy but that the NPM algorithm converges significantly

faster: it requires on average almost 4 times less iterations and a 8.5 times shorter running
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Figure 3-8: Average Number of Iterations and Running Time for NPM and EM

time. We observed this difference in speed consistently: in 96% of our simulations, the NPM
algorithm requires less iterations than the EM algorithm.

In conclusion, on synthetic data, the NPM algorithm has a good performance- comparable
to the EM algorithm- in terms of estimation accuracy but is significantly faster. In most
of the cases, with 100 000 customers and 6 parameters to estimate it converges in less than
20 iterations. The NPM algorithm significantly outperforms the EM algorithms in terms of

convergence rate.

NPM algorithm without any parametric assumption on f In the previous para-
graph, we wanted to compare the performances of EM and NPM. The EM algorithm can
only be used in settings where the function f has a parametric shape. Thus, we simulated
a piece-wise constant distribution of rewards (defined in equation (3.9)). But the strength

of the NPM algorithm is that it can be used in a general setting without any parametric
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assumption. The non-parametric approach of the NPM allows to get a good estimation of
f without any a priori information on its shape. To illustrate this, we use the simulation
framework presented in Subsection (3.6.1) where we replace f by a bell shaped function.
We simulate N = 100,000 customers. We then apply the NPM algorithm and use local
averages as the non-parametric estimator in the NP step. Figure 3-9 shows the result of the
estimation of f. The algorithm converges after 60 iterations. We can see that NPM allows
a good estimation of the distribution of rewards without parametric assumptions.

We used here local average to provide an estimation of the function f. One could argue
that we could get the same estimator from the EM algorithm if we make the problem
parametric by dividing the range of possible values of p into small intervals. Doing so, we
add a large number of additional variables o to the EM algorithm. Recall that in the EM
algorithm, the Maximization step is over all the variables (and not only (), thus this will
increase significantly the complexity of the M step. To conclude, the flexibility of the NP step
and the fact that it decouples estimation of f and (3, make the NPM algorithm extremely

attractive and efficient estimator when the shape of the function f is unknown.

P(R=1/p)

P(R=1|p)
o | + NPM estimation
s
T T

T T T
200 400 600 800 1000

P

Figure 3-9: Non Parametric estimation of the function f

3.7 Conclusion

In this chapter, we studied the problem of customers’ price sensitivity estimation in a setting
of missing data. We first apply EM, a well-known parametric algorithm, to estimate the
parameters of our model and then propose a novel non-parametric approach denoted NPM.

The NPM approach allows for a more flexible and robust estimation of the distribution of
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rewards using a non-parametric approach. We provide an analytical proof of the convergence
and consistency of the NPM algorithm in two simplified settings. Using simulations and
synthetic data, we validate its convergence on data sets with general customer’ features and
show that the NPM algorithm converges significantly faster (4 times less iterations and 8
less running time) than the EM algorithm. These two aspects make the NPM algorithm

extremely attractive for its flexibility and convergence rate.
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Chapter 4

Optimal Pricing Strategies

4.1 Introduction

In the two previous Chapters, we have built a demand estimation framework that identifies
segments in the customers’ population and jointly estimates their demand with a distinct
logit choice model for each segment. The logit model incorporates customers’ specific charac-
teristics (previous purchase behavior and social activity) and a price sensitivity component.
One last aspect is missing in the demand function: social influence. If an influential cus-
tomer buys an item, how will this affect the purchase behavior of his friends? How customers’
purchase behavior is influenced by a transparent rewards policy? In this Chapter, we first
present a model to describe the social influence among the population segments. We then
develop an optimization framework for the pricing problem. We identify the levels of rewards
that should be given to each badge category in order to maximize the total revenue. We then
formulate the pricing optimization problem and propose a dynamic programming approach
to solve it efficiently for a general shape of demand function. Finally, we focus on the case
where customers are symmetric and develop insights on the performance and behavior of

optimal pricing policies.
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Literature Review

Social networks have been deeply studied in marketing in the last decades. Viral marketing
is defined by the Oxford English Dictionary as “a method of product promotion that relies on
getting customers to market an idea, product, or service on their own by telling their friends
about 1t, usually by e-mail”. In other words, on a pricing perspective, assume that after
purchasing an item customers recommend it to their friends and that this encourages the
latter to purchase the same item. Then, it is extremely profitable for the retailer to identify
“influencers” (central customers with many friends for example) and offer them an important
price incentive (even offering the item for free sometimes) to make sure that they buy the
item and recommend it to their friends. The classical example comes from the fashion
industry, where VIP (famous singers, actors etc.) are offered clothes for free in exchange of

the advertisement the brand receives.

Different approaches have been used to model this social influence. Their common under-
lying structure is a connected graph where nodes represent customers and edges represent
friendship relations. An approach, inspired from the economics literature, is to consider that
every customer decides his purchase behavior by maximizing a utility function. This utility
is customer specific and depends on his friends consumption and on the item’s price (that can
be different for different customers). This gives rise to a bilevel optimization problem where,
in the lower level, the customers simultaneously choose their consumption by maximizing
their utility given the price and, in the upper level, the retailer decides what price to offer
to every customer. [17] and [19] study the case where customers’ consumption is continuous
while [18] focuses on when consumption is binary (customers can only choose whether to
buy or not). This approach gives important insights from a theoretical point of view but,
on an application perspective, it is difficult to justify a specific shape of utility function and
it is even harder to estimate a distinct function for every customer.

Another possible approach relies on modeling the spread of influence as a diffusion pro-
cess that can be deterministic (heat diffusion model) or probabilistic (cascade model). The
reference paper for a probabilistic diffusion process is [21], where, after proposing different

diffusion processes, they tackle the problem of finding the set of “VIP” to which the product
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is offered for free initially in order to maximize the total consumption over the entire net-
work. The general problem is NP-hard but heuristics are provided with good performance
guarantees (see [22] for example).

Finally, [20] proposes a discrete choice model decision process in two steps. Customers
face a finite set of choices: neighborhoods in which to live in their application. In the first
step, customers make a decision according to a discrete choice model depending only on
customer characteristics (income, family size etc.) and option characteristics (price, distance
from schools etc.). In the second step, customers observe what their friends chose in the
previous step and can adjust their decision. The social influence is captured in this second

step.

4.2 Model

We propose a model to incorporate social influence in the demand function and then formu-
late the pricing problem. We do not consider individual pricing (as studied in [17] or [19])
but follow SHOP.CA business constraints: every customer in the same badge category has
to receive the same reward level.

In this Chapter, to follow standard notations we will talk about prices rather than re-
wards. Rewards levels are percentages of discount, thus price and reward follow the simple
equation p; = po(1 — r;) where p; is the price offered to customer i, p, is the base price

(without discount) and r; is the reward level of customer i.

4.2.1 Modeling Social Influence

Recall SHOP.CA business model illustrated in Figure 1-1. Customers are clustered into badge
categories according to transparent rules. Furthermore, they know what is the rewards level

they receive and what are the rewards levels the other clusters receive.

We first consider a setting with K = 2 clusters and introduce and motivate our social in-
fluence model. We then generalize our approach to a general number of clusters K. Consider

a set of customers, divided into two clusters. Cluster 1 corresponds to cluster Low defined

99



Price % Population

X

P1 ° 1l —«

Figure 4-1: Sketch of social influence in a setting with two clusters

in Chapter 2. Cluster 2 corresponds to cluster High: the set of most influential and socially
active customers. Assume that o percent of the customers are in cluster 2 and 1 — « percent
are in cluster 1. Let us denote p; the price assigned to customers in cluster 1 and py the price
paid by customers in cluster 2. Assume that the influential customers receive a lower price
than the non-influential.First of all, we assume that the social influence depends on the price
discrimination (py — p1). The intuition is the following: customers in the lower category are
aware of the different prices and they know that by being more active (make more purchases,
write more reviews, share more items etc.) they can reach this additional level of discount.
This will increase the value they give to an additional purchase, or in other words, this will
incentivize them to buy. On the other end, influencers do not receive any additional benefit
from the social interactions (except the discounted price they pay). We also assume that the
social influence depends on the fraction of customers in cluster 2. This is motivated by two
main reasons. First of all, if the population in cluster 2 increases, this means that there are
more socially active customers that send recommendations, share purchases, write reviews.
This will influence the rest of the population to buy more. Secondly, on a price incentive
point of view, a customer in cluster 1 who has a large fraction of his friends in cluster 2- who
receive a higher discount than him- will be incentivized to accomplish the required actions

to get to cluster 2. In summary, we make the following assumptions:
Assumption 3. The demand of customer i in cluster k € {1,2} depends on:

o X;: the customer’s specific features described in Chapter 2 (transaction history, social

interactions . .. ).

o pi: price offered to cluster k

100



e An additional social influence term is present only for cluster 1. We assume that the
social influence depends on « fraction of “influencers” in the population and on p; — ps
the additional level of discount offered to these influencers. Thus this influence term
can be written f(o,p;1 — p2) where f is increasing in both arguments. We make the

further assumptions:
— the effects of a and p1 — pa are independent
— f is a concave function of «
— f is approximated by a linear function of p1 — po

Finally we can write f(o,p1 — p2) = o(a)(p1 — p2) where o is a concave function with

0(0) =0 and o(1) = 1.

It is common practice to assume that the influence is a concave function of the population
size. In fact, intuitively, the marginal effect of having one additional influencer is decreasing
with the number of influencers. |23]| proves this property at a global scale (cluster level)
starting from the local assumptions (customer level) of [21].

If the demand function follows a logistic model we then have the following definition.
Definition 3.1. The demand function of customer i in cluster 1 is given by

ePr-Xi=Brapi+Brivio(a)(p1—p2)

1 _

f" <Xi’p1’p2> o 1+ eB1-Xi—Brap1+Br,1710(a)(p1—p2) (41)
where o is a concave and increasing function that satisfies o(0) = 0 and (1) = 1 and
v € [0,1] is the cross-cluster influence coefficient.

The demand function of customer i in cluster 2 is given by
N efP2-Xi—Pr,2p2
[ (Xip2) = (4.2)

14+ eB2.-Xi—PBr2p2

Note that the coefficients § and [, are cluster specific (as in Chapter 2). The social
influence is captured by the term 3, ;7,0 () (p1 — p2) in equation (4.1). We introduced the
coefficient v; that measures the intensity of the social influence of cluster 2 on cluster 1. We

assume that, if p; —po > 0, i.e. the influencers receive a lower price, there is a positive social
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influence, thus 7; > 0. We also assume that the price sensitivity is always greater than the
social influence, thus 8,1 < 8,171 i.e. 71 < 1. Also note that if p; = py, i.e. no additional

discount is offered to cluster 2, then there is no social influence.

For settings with K > 2 clusters, we use the same model with an additional myopic
assumption. We assume that each customer is influenced only by one cluster. This gives rise

to two possible structures of influences.

4.2.2 Two special structures

We focus on two structures of social influence: the nested model, where clusters are hier-

archically ordered and the VIP model where a cluster of “VIP” influences the rest of the

@ @

vel 3%
MEMBER N
Eaming . °

Figure 4-2: Nested model with 3 clusters Figure 4-3: VIP model with three clusters

population.

Nested model

The nested model is illustrated in Figure 4-2. Its structure comes from SHOP.CA business
model. The lowest cluster (1) corresponds to the badge level “Member”, the second cluster
(2) is “Sharer” etc. With our myopic assumption, we consider that cluster & is only influenced
by cluster £ + 1. This is equivalent to assuming that customers are myopic and think “one
step at a time”. If a customer is in cluster k, he will only consider the price offered to him
and to the cluster just above him to make his purchase decision. He does not consider the
additional level of discounts he would get if he was two clusters above. This assumption

relies on the fact that a large number of actions are required to get from one badge level
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to another (reviews, shares, friends) and thus customers consider one step at a time. The

demand of customer i in cluster k is defined by:

eBrk-Xi=Brkpr+BrkVko (k1) (Pr—Pr+1)

FE (X, Dy Do) = (4.3)

1 + eBr-Xi=BrxPe+Brk1k0 (k1) (Pk—Pr+1)

where o is the fraction of customers in cluster k£ and we set ax,q = 0.

VIP model

The VIP model structure is illustrated in Figure 4-3. It is characterized by a cluster of “VIP”
(cluster K') that influences all the other clusters (1,..., K — 1). The typical example is a
network with a group of extremely popular people (famous artists for example) that are able
to influence the entire population. The rest of the customers are segmented according to
specific characteristics (geographical location, interests, price sensitivity, etc.) but they do

not interact between each other.

Thus the demand function of customer ¢ in cluster £ < K depends only on pg,px and

(0} ¢
eBrk-Xi—=Br kpr+Br kv (k) (Pr—PK)

f1 (X prs prc) = (4.4)

1 + ePr-Xi=Brkpr+Br k0o () (P —PK)

Note that the different lower clusters 1,..., K — 1 still have different parameters (3,7) but
they all are influenced by the VIP cluster K.

In summary, the nested and VIP models represent two possible approaches to model
social influence. In the nested model, K clusters are ordered hierarchically and each cluster
influences the cluster below. The VIP model selects a group of highly influential customers
that are able to influence the whole population. The rest of the customers are “at the same
level” and segmented according to common characteristics. Our goal is to solve the pricing
problem for the these two structures and compare the results in terms of pricing policies

(reward levels) and total revenue.
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4.2.3 Optimization Formulation

We want to assign a price py to each cluster k in order to maximize the total revenue taking
into account the social interactions. In a general setting, let us denote f¥(X;, pp,p_x) the
demand of customer ¢ in cluster k. p_; represent the prices offered to the other clusters.
Note that in the nested model f depends only on (p, pr+1) and in the VIP model it depends
only on (pg, pr)-

The revenue generated by customer i in cluster k is py f¥(X;, pr, p_r) and thus the revenue

maximization problem can be written:

max ZPka “Pk,pfk)

77777 k=1 1€Cy
. (4.5)
s.t. p"<ppe<p"* k=1,...K

additional business rules for p
This problem can incorporate additional business constraints on p, for example the retailer
may want to bound the difference in prices between certain clusters, or bound the sum of

discounts offered. Any business rule that can be formulated with linear constraints can be

added.

4.3 Dynamic Programming approach

We propose an approach to solve the optimization problem formulated in (4.5) based on Dy-
namic Programming. We detail our approach for the nested model. We start by simplifying

the notations and aggregate the demand for every cluster. We define:

Felprs o) = Y FF (X, i pr)

1€Cy
fx is the total demand from cluster k.
Assume that p; can take continuous values while p,, ..., px take values in a discrete set
r1,...,7;. Imagine that the retailer has initially in mind a price py for his product. He
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wants to assign a base price p; that will be reported on his website for new members or
“non-influencers”. p; can take continuous values and can be lower or greater than py. For
clusters 2 to K, the retailer wants to assign prices from a predefined grid rq,...,r; that
represent for example a fraction of py. This situation is common in practice because prices

often need to end by .99 or .49.

We can then use a dynamic programming approach to solve this problem. Dynamic pro-
gramming is a standard approach that enables to decompose a complex optimization problem
in simpler subproblems. It is based on recursive relationships called Bellman equations. They
express the problem for one cluster as a function of the previous cluster in a recursive way
that preserves optimality.

Here, the Bellman equations are:

(

V(QaPQ) = m;}lx p1f1(P1>p2)
V(k+1,pp41) = mﬁx Pifr Dk, Pkr1) + V (K, pr) (4.6)
V(K +1) = max i fr(pr) + V(K pK)

\
where V' is the value function and V(K + 1) gives the solution to 4.5.
These equations translate the following recursive approach:

1. For py € {rq,...7;}, fix the value of py and solve the pricing problem for cluster 1:

m;ilx pifi (p17p2)

Denote its optimal value V' (2, p2) and store the associated optimal price p;(pz).

k. For k+1 € {3,..., K}, fix a value of py,1 € {r1,...,r;} and solve the pricing problem

for clusters 1 until &:

k
max Y pifi(pis piva) = max pefi(p, prsa) + V (k. pr)
""" i=1 ’
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where V (k, pr) denotes the optimal revenue from clusters 1 to k — 1 given the value of

Pk-

K+1. Finally, the optimal revenue for K clusters can be obtained by

max P fr(pr) + V(K pr)

Note that for £ > 2 the values of py are in a discrete set, thus the maximization problems
V(k,.) can be solved by simple enumeration.

The approach used in dynamic programming is represented graphically on Figure 4-4.

prfe(pr)  pafs(ps. ps) paf2(pa, )

.T‘] .?"1 .?"1 i pfi{pr o2 = i)
@ @ @2
L B ®

@ @ @

@ o @’

P4 P3 P2

Figure 4-4: Sketch of Dynamic Programming approach

Complexity

Dynamic Programming allows to significantly reduce the complexity of the problem. Instead
of considering all the possible values of (ps,...,px) € {r1,...,r;}71, only a subset (that
scales linearly with K) is considered. This makes the problem tractable even for a large
number of clusters K.

Assume that max p; fi(p1, p2) for ps fixed can be solved efficiently. This is a univariate
optimization probl(f;n that can be solved fast if the objective function is concave or unimodal
for example. Denote | A| the complexity of this problem. Then the overall complexity of the
dynamic programming approach is O(J|A|+ J(K —1)) where J is the cardinal of the discrete
set {r1,...,7r;}. Note that this is linear in K and thus the dynamic programming approach
can be solved “fast” even with a large number of clusters. In summary, if one can solve the

(univariate) pricing problem for a single cluster, our Dynamic Programming approach can
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be used to solve efficiently the pricing problem for K clusters.

Note that the same Dynamic Programming approach can be used for the VIP model.
In this case, the Bellman equations have an easier form (as the cluster of VIP influences
directly every other cluster). We first have to fix pyx and solve the pricing problem for
clusters {1,..., K — 1} separately and then choose the best value of px € {ry,...,r;}. The
complexity of the problem becomes O((K — 1)J|AJ).

To conclude, the myopic property of our demand model (where clusters are influenced only
by the price offered to the cluster above) allows to decompose the optimization into simpler
sub-problems and to solve it efficiently using dynamic programming if we assume that the
prices offered to the clusters 2 to K lie in a discrete set. This approach can be used for any
shape of demand function and different types of business constraints (order of prices, bounds

on the feasible prices ...) can be incorporated.

4.4 Insights in symmetric case

After proposing an efficient way to solve the revenue optimization problem under a general
demand model, we want to characterize the optimal solutions. We want to answer the

questions:

e How does p, depends on k?
e What is the role of the cross-cluster coefficient 7
e How do the nested and VIP compare in terms of optimal policy and optimal revenue?

e How does the optimal solution depend on the distribution of customers across clusters
()?

To answer these questions, we consider a simple setting where the customers are symmet-
ric: every cluster has the same demand function. We start our analysis with an additional
simplifying hypothesis: we assume a linear function for the demand f;. This allows us to
solve problem (4.5) in closed form, study the relationship between the solution and the prob-

lem parameters and present meaningful insights on the behavior of the solution. We will
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then show using computations that the same results extend to different common demand

functions (including the logistic model).

4.4.1 Symmetric Linear Model

Let us assume that the demand function is symmetric (every cluster has the same parameters

and same number of customers) and linear. For K clusters we then have:

ek, Prr1) = d— Bpr + By(px — Prs1) for k < K

fr(pK) =d— Bk

(4.7)

In a linear demand model, d represents the market share (or the demand in the case where the
product is offered for free) and f is the price sensitivity. The symmetry assumption means
that both clusters have the same market share and price sensitivity, the only difference is
the social influence. Note that the term o (), introduced in the initial definition of influence
is dropped here. « is a constant in this case, it represents the fraction of customers in each
clusters: a = % as the clusters are equally populated. To simplify the notations, we write

v < o(a)7y in the symmetric case.

Proposition 3.1. Under a linear demand model, the nested and VIP optimization problems

are quadratic problems and can be solved in closed form.

The details of the formulation and the proof of Proposition 3.1 can be found in Appendix
C.1.

4.4.2 Comparing optimal solutions for the Nested and VIP models

In this paragraph, we compare the solutions for the nested and VIP models. For K = 2 the

two models are equivalent, we will start our analysis with K = 3.

Optimal prices for VIP For the VIP model, the assumption of symmetric demand func-

tion simplifies the problem. Clusters 1 to K — 1 have the same linear demand coefficients
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(d,3,7) and they all are influenced by the cluster of VIP (K). By symmetry of the problem,

clusters 1 to K — 1 are offered the same price.

Proposition 3.2. For a symmetric VIP model with K clusters and linear demand the op-

timal prices are

_— d(y—2)
BK —1)72+4y —4)
d(Ky+~—2)
Pr=...=PKk-1=

UK =1)7* 44y —4)

where pg < px_1=...=p1

The cluster of VIP customers (K) receives a lower price than the other clusters. Note
that the ration between p; and px depends only on v and K. When the social influence is

stronger (large ) then the ratio increases, this translates a stronger price discrimination.

Optimal prices for the nested model For the nested model, we can solve the pricing
problem in closed form for any value of K by solving the linear system presented in equation
C.3 in Appendix C. Nevertheless, the symmetry of the problem in this case is not sufficient
to give a closed form expression that can be applied for any value of K. For this reason, we

focus here on the case where K = 3.

Proposition 3.3. For a symmetric nested model with K = 3 clusters the optimal prices are

d —3y+2
_ 4 48
B B —8y+4 (48)
d 7 —4y+2
P2 = 7 5 (4.9)

d 32 —-5y+2
_ 4 4.10
P B2 8y 4 (4.10)

and, for v < 0.5, we have p3 < ps < py.

The proof of Proposition 3.3 is straightforward and is derived from inverting the linear
system of equations (C.3). Proposition 3.3 shows that the optimal price allocation gives a
lower price to most influential customers. This result is intuitive and confirms the validity

of our modeling assumptions. The condition v < 0.5 required for the correct ordering of
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prices, is derived from analyzing the closed form expressions for pi, ps, p3 and guarantees the
diagonal dominance of the matrix M presented in Appendix C.1. This is a mild assumption
from a modeling perspective, because we assume that the cross-cluster influence is smaller

than the price sensitivity.
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Figure 4-5: Optimal prices for the nested Figure 4-6: Optimal prices for the VIP
model with 3 clusters as a function of « for model with 3 clusters as a function of ~y
% =1 for % =1

Comparing nested and VIP model We first compare the optimal pricing policies for

the two models. Note that, for both models, the closed form expression for the prices can

d
]

the clusters while v drives the pricing difference among the clusters. Figures 4-5 and 4-6

be decomposed as ¢ times a function of v. Thus, d and § influence in the same way all

show the optimal prices for 3 clusters and for a ratio %_ = 1. Note that in both cases, when
~ = 0 the prices are identical. In fact, v = 0 corresponds to a situation without cross-cluster
influence. The two clusters are then identical and they receive the same price. Also note that
when v increases the price discrimination (difference between the prices) increases. This is
also intuitive, as with a high cross-cluster influence the retailer should offer lower prices to
the influencers to increase the overall consumption and he can afford to offer higher prices
to the lower clusters. Note also that the price discrimination is larger in the VIP model

than in the nested model (for v = .45, in the nested model p3 = 40,ps = 0.45,p; = 0.72,
in the VIP model p3 = 0.11,p; = p; = 0.86). In general, for K = 3 and v < 0.5 we have

P3vVIP < Panest < Ponest < Plnest < P2vIiP = P1VIP-
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We can also compare the two models in terms of optimal revenue generated. We consider
again the case K = 3 and we use the expressions for the optimal prices computed above to

compute the optimal revenue in the two cases.

Proposition 3.4. For linear symmetric demand function and K = 3 the ratio of the optimal

revenues generated by the nested and VIP models is given by:

11 1— 34272 -8 4
VIP:15( v) (77 + 2y ’Y+)>1

Wyested ‘ (=2 =+ 2) (272 —6y+3) —

Thus, if the two models have the same parameters (d, 3,7), then the VIP model always

generaltes more revenue than the nested.

VIP vs Nested profit
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Figure 4-7: Ratio of revenues generated by the VIP and nested model for K = 3

Note that the ratio of revenues does not depend on d and 3. It only depends on 7.
Figure 4-7 represents the ratio of revenues as a function of v. We can see that it is an
increasing function of v, thus, the greatest the social influence, the greatest is the additional
revenue generated by the VIP model compared to the nested. For v = 0.5 the VIP model
generates 25% more revenue than the nested (assuming that the two models have the same

parameters).

To summarize, we compared the VIP and nested models for a symmetric and linear demand
model in terms of optimal pricing strategies and optimal reward generated. For K = 3
clusters, we have seen that both models assign lower prices to more influential customers
and that the difference among prices increases with the cross-cluster influence parameter ~.

The VIP model has a more “aggressive” strategy and gives an important discount to the VIP
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cluster and the same and higher price to the other clusters. The nested model has a more
gradual approach with less price discrimination. Assuming the same demand parameters
(d,v, B), the VIP model always generate more revenue than the nested and the the ratio of
revenues is an increasing function of . This makes sense intuitively, when the population
has a set of VIP that can influence the entire population, the retailer can extract a significant
revenue by giving an important discount to the VIP and letting them influence the entire
population. If there is a hierarchical structure as in the nested model, the retailer has to give
discounts to a significant fraction of the population in order to have a cascading cross-cluster

influence, this decreases the potential revenue.

We have detailed our analysis under a symmetric and linear model to keep the analysis
tractable for the revenues and prices. The same analysis can be done with more general
symmetric demand functions. The optimal prices and revenues can be derived by solving
the dynamic programming approach presented in Section 4.3. We found extremely similar

behaviors for other types of demand functions. We consider an exponential demand function:
del“p(pk’pk+1) — deBrrtBy(Pr—PE-1)

and the logistic demand function introduced in equation (4.1).

Exponential model Logistic model VIP vs Nested profit
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enue for different demand
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Figures 4-8 and 4-9 show the behavior of the optimal solutions for the nested model under

exponential and logistic demand functions. The behavior of the solutions as a function of ~
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is really similar to the linear case. Even more striking is Figure 4-10 where the ratio between
VIP and nested revenues are extremely similar for the three possible demand shapes. We
can conclude that the qualitative insights developed on the nested and VIP models under
linear demand extend to other demand functions (and especially to a logistic demand) under

a symmetry assumption.

Allocation of customers among clusters

In the previous paragraphs, we have considered a totally symmetric case where every cluster
has the same number of customers. Let us now study the impact of different number of
customers in the clusters. In this paragraph we only consider the case where there are two
clusters (illustrated in Figure 4-1). Let us assume that a% of the population is in cluster
2. The demand function follows the assumptions given in 3. Then, under the symmetry

assumption, for a logistic demand model, we have:

eBo—Brp1+Bryo(a)(pr—p2)

di(pr,p2) = (1-a) 1 + eBo—Brpr+Bryo(a)(pr—p2) (4.11)

eBo—=Brp2

da(p2) (4.12)

@ 1 + eBfo—Brpz

We multiply the original demand functions presented in equation (4.3) by the number of cus-
tomers in the clusters. Note also that here the parameter of interest is a thus we reintroduce
the term o(«) in the cross-cluster influence. We assumed that o is a concave and increasing
function with ¢(0) = 0 and o(1) = 1 and we consider the family of functions o(a) = o' with
ie(0,1).

Figure 4-11 represents the optimal revenue as a function of « for o(a) = /a. We
obtain a concave and non-symmetric “bell-shaped” function that reaches its maximum for
a < .5. Note that with a = 0 and o = 0 there is effectively only one cluster and this
generates the same level of revenue. For v €]0, 1], the model builds two distinct clusters
and thus the revenue is larger. We prove that the optimal revenue function is concave,
under the assumption that the revenue given p is concave in «, in Proposition 3.5. This

result intuitively makes sense. For a concave influence function o it is optimal to give a
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discount to a “small” fraction of customers that will be able to significantly increase the
overall consumption. The value of o that maximizes the revenue depends on the shape of
the influence function o. In Figure 4-12, we represent the optimal value of « for o(x) = z for
different values of i € (0,1). The result again is intuitive. Small values of ¢ represent a very
“steep” influence function, thus it is sufficient to consider a smaller fraction of the population
as influencers in order to maximizes the total revenue. Notice that for every value of i < 1

the optimal ratio ay,q, is lower than 50%.
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Figure 4-11: Optimal revenue as a function Figure 4-12: Optimal value of « for differ-
of a for o(a) = Va ent influence functions o

Proposition 3.5. Let us consider two clusters and let R(«,p) be the revenue generated by

price vector p if a proportion o of the population is in cluster 2. Let
IT" : « = maz R(a,p)
p

Assume that R is a concave function of a. Then II* is a concave function of a.

Proof. We have that, II*(a) = max R(a,p). By assumption, for « fixed, R(«,.) is a concave
p

function thus it has an unique maximum. Let us denote p*(a) = argmax R(«,p). We then
p

have that II*(a) = R(a,p*(a)). The first order conditions give (%R(oz,p*(a)) = 0. Let us
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compute the second derivatives of I1*:

Sel'(@) = SER (@) + £ Rl @) (@ (4.13)
~——— —

@) = gy (@) + 5 Ry @)(7) (@) (1.14)

= O R(ap() <0 (1.15)

because, using the first order conditions, %R(a,p*(a)) = 0 for all & and %R(a,p*(a)) =
o fi(a, (). O

9o 9p

Conclusion on the symmetric case

In this Section,we have studied the symmetric case where every cluster has the same param-
eters (f3,7). We have first started our analysis considering a linear demand model. We have
shown that the VIP model leads to an aggressive strategy where the price discrimination
between VIP and the other clusters is important. The nested model leads to a more grad-
ual pricing strategy with smaller price discrimination between clusters. Assuming the same
demand parameters, we also show that the VIP model generates more revenue than the the
nested and that the ratio of revenues depends only on the cross-cluster influence factor ~.
We prove these results under the linear demand assumption and, using simulations, we show
that the qualitative results extend to more general demand function (including the logistic
model). We finally consider the problem of allocating customers to clusters and we show
that for a strictly concave influence function o(z) = z* with ¢ € (0,1) it is always optimal

to consider less than 50% of the population as influencers.
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Chapter 5

Conclusion and Further Research

This research considers the problem of building a social loyalty program for an online retailer
using social media data. Our approach has three main components.

In Chapter 2, we consider the problem of joint clustering and logistic regression. our goal
is to cluster customers into categories according to their social media and purchase behavior
and jointly build a distinct demand function for each category. We choose a logistic (binary
or multinomial) function to model the customers’ purchase decision process. We start by
showing that the problem of joint clustering and logistic regression can be formulated as
a mixed-integer optimization problem with a concave objective function (in the continuous
variables) and linear constraints. We show with computations that this problem can be solved
efficiently by commercial solvers even for a large number of customers. We then apply our
results to SHOP.CA data and highlight two main results. First of all, incorporating social
media data to a demand estimation model significantly improves the forecasting accuracy
(by 13% in our application). The number of reviews written, the frequency of website log ins
and the number of referrals sent are efficient predictors of the future demand. Social media
data can be extremely useful for online retailers to have a more accurate understanding
of customers’ behavior and correctly identify segments in the population. Secondly, in a
setting with heterogeneous customers, adding a clustering step in the demand estimation
process can be extremely valuable. The logistic clustering model outperforms by 6% in
terms of prediction accuracy an aggregated model that uses the same set of features in the

demand model but does not incorporate clusters. The logistic clustering method seems an
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efficient and robust approach to demand estimation with heterogeneous customers. This
has to be confirmed with extensive simulations on different types of data sets coming from
different application settings. Furthermore, we restricted our analysis to the "threshold
implementation" for the clustering step. A study of the performances of other types of linear
constraints has to be done. Finally, we carried our analysis with a set of 500 customers, with
a larger amount of data, an unsupervised pre-clustering step (as in [5] for example) can be

considered to reduce the computation time.

In Chapter 3, we focus on demand estimation with missing data. In Chapter 2, we
estimated customers’ demand as a function of past social and transaction activity: char-
acteristics that are observable for every customer. We want to incorporate in the demand
function a price sensitivity component but we have missing data. For customers that make
a purchase in the future we observe the price they paid, for customers that decide not to
make a purchase we do not observe the price they were offered. We want to jointly estimate
the distribution of rewards among customers and to incorporate rewards in the demand
function in this setting of missing data. We first introduce a classical parametric approach:
the EM algorithm. Then, we introduce a novel non parametric approach, denoted NPM
algorithm, that can be used without any parametric assumption on the shape of the distri-
bution of rewards. The non parametric assumptions allow for more flexibility, a key aspect
when modeling human behavior. We show that the NPM algorithm is a consistent estimator
in the "no features" setting and validate our approach in the general case with extensive
simulations. With synthetic data, we show that the NPM algorithm is a robust and efficient
estimator that significantly outperforms the EM algorithm in terms of computation time- in

our simulations, the NPM algorithm converges faster than the EM in 96% of the instances.

Finally, Chapter 4 focuses on the pricing problem. We assume that the customers are
clustered into categories and that we have estimated each category’s demand function. We
first incorporate a social influence component in the demand and define two special struc-
tures: the nested and VIP models. We then analyze and compare these models in terms
of optimal pricing and revenue. We analyze the symmetric and linear demand setting and
build insights on the behavior of the optimal solutions. We show that the VIP model ex-

tracts more profit than the nested model and that, in a general setting, it is optimal to give
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higher discounts to the most influential customers. We then show numerically that these
results extend to nonlinear demand models as the logistic. Finally we analyze the impact
of the proportion of customers considered as influencers on the total profit. The last step
of this research would be to test these optimal pricing strategies (with the demand models

estimated in Chapters 2 and 3).
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Appendix A

Data and estimation

A.1 Data

A.1.1 Transaction Data

Transaction data
Number of transactions 200k
Number of unique users 100k
Time range January 2013-February 2014

oAl ol
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months Percent tage discount it

Figure A-1: Histogram of monthly trans- Figure A-2: Histogram of percentage of

action from January 2013 to February 2014 discount received

A.1.2 Social interactions
The list of possible actions is reported in the following table:
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Action

Attributes

Customer Action Description

Log In

Logs in into his account

Update Profile

picture, descrip-

tion

Updates his profile: add or up-
date a picture, add or update per-

sonal description

Message

Recipient 1D

Sends a private message to other

registered member (the recipient)

Review

ITEM ID, Rat-

ing

Writes a review about item

ITEM ID and gives a rating

Recommendation

ITEM _ID,
USER_ID

Private recommendation to an-
other registered member about a

specific item

Referral

Success

Email invitation to register to the
website sent to a person that is
not already a registered member.
If the attribute Success=1, the re-
cipient accepts the invitation and

creates an account

Social Network

Information

(Action, Social

Network)

Interaction with a social network.
Customers can link their account
with their profile on a social net-
work, they can post something
on the social network through
the online retailer website, or
send messages. Possible social
networks: Facebook, LinkedIn,

Twitter

Friends

USER_ ID

Friend added in the internal net-

work

Table A.1: Possible Social Actions
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Category

Feature

Description

Transactions

Number of Purchases
Past Purchases
Number of promo codes used
Average rewards used

Days since last purchase

Total amount spent ($)

Social Activity
computed as of

11/1/13

Days since last log in

Days since last social activity

Active days in the last 4 months

Successful Referrer

Referrals received

Reviews

Messages

Sharer

Share referree

Social Networks

IFriends

Friends Past Purchases

An “active day” is a day
where the customer logs in
on his account

Referrals sent with Suc-

cess—1

Number of reviews written
Number of messages sent
and received

Number of item recommen-
dations sent

Number of item recommen-
dations received

Total number of activities
on a social network
Number of Friends (on the
website platform)

Amount ($) spent on the
website but the customer’s

friends

Table A.2: Customers Features built from Past Period
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Figure A-3: Features of interested customers

A.2 Proof of Proposition 1.5

Proof. The approach is similar to the one used before, we need to define the variables §; and

vl for j=2...J.

As before, let us focus on a customer ¢ and on k such that a,;, = 1. Then we have to

distinguish two cases:
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o If y; o = 1 then the objective function can be rewritten as

—In(1+ Z eﬂi'xi)

Jj=1

and the maximization can be reformulated:

max — In(1 + e + Z )
1>2

vl > BLX;, > 2

The objective is decreasing in every variable, thus the equality constraints can be

transformed into inequalities.

e If y; 0 = 0 then the objective function can be rewritten as

Z yz,jB]]ng — 111(1 + Z €6£'Xi)

Jj=1 j=1

and the maximization can be reformulated:

max & — In(1 4 e% + Z e”g)

Jj=2

s. t. 9, < ZyZJﬁ]]ng (A.2)

Jj=1

vl > (1 - y”)ﬁin + i B Xi J > 2

as the objective is increasing in ¢ and decreasing in v.

We can put these two cases together using linear constraints and get our result.
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A.3 Evaluating the performance of a classifier

Definition of confusion matrix and accuracy measures. Consider a data set with P positive
labels (y; = 1) and N negative labels. A classification algorithm predicts a value for each
data points. Some are correctly classified some are not. To assess the predictive power
of the classifier we count the number of true positives TP (the label is positive and the
algorithm predicts positive), true negatives TN, false positives F'P (the label is negative but
the algorithm predicts positive) and false negatives F'N. The algorithm predicts correctly
for the true positive and the true negatives. The four possible outcomes are presented in
Table A.3. Accuracy, Specificity, Sensitivity and Precision are four ways of evaluating the
performance of a binary classifier in a context of an unbalanced data set (where one of the

labels is present significantly more often than the other).

N

Proportion of non-buyers

Prediction Accuracy TijhiN

0 1 G o

" 0[TN FP A »
Y 1 pN P en81'1yly ﬁ
Precision TPiFD

Table A.3: Definition of Confusion Matrix and accuracy measures

A.4 Benchmarks

In Section 2.7.2, we introduced three alternative models to benchmark the performance of

the Logistic Clustering. In what follows, we present here the details of these approaches.

Baseline The baseline is the simplest model we can think of. For every cluster, it predicts
for every customer the most frequent outcome. Here, for our two clusters, the most frequent
outcome is y; = 0 thus the Baseline predicts that none of the customers makes a purchase in
the future. This model seems rather simple but it demonstrates good accuracy in situations
of unbalanced data (as in this case) where one of the two outcomes is significantly more
frequent than the other. With unbalanced data, it is already hard to build a predictive

model that outperforms the baseline.
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Benchmark We introduce the benchmark to analyze the value of using social features in
the demand estimation. In traditional revenue management, retailers use only transaction
data to predict future demand. We want to show that incorporating social information about
customers can turn out to be extremely valuable to estimate their future consumption. For
clusters High and Low, we run a logistic regression model using only the Transaction features
presented in Table A.2. In the same way as for Logistic Clustering, we use a greedy backward
selection approach to eliminate non-significant features. The only significant feature is Past
Purchases. The regression coefficients for Cluster Low and High are reported in Tables A.1

and A.2.

Estimate Std. Error z value P(> |z])

Intercept  -1.2761 0.2169 -5.88 < 1078FF*

Past Purchases 0.0007 0.0008 0.89 0.3723
Signif. codes: 0 “***’ 0.001 “** 0.01 “*’ 0.05

Table A.1: Regression Results for Benchmark for cluster Low

Estimate Std. Error z value P(> |z])

Intercept -0.9377 0.1961 -4.78 < 1075%F*

Past Purchases 0.0021 0.0004 4.69 < 1070%FF*
Signif. codes: 0 “***’ 0.001 “** 0.01 “*’ 0.05

Table A.2: Regression Results for Benchmark for cluster High

Aggregated model We introduce the aggregated model to investigate the impact of the
clustering step in Logistic Clustering. The Aggregated model builds a single logistic regres-
sion for the entire interested customers data set (without splitting it into clusters Low and
High). All the social and transaction features presented in Table A.2 can be used. Again,
we first run a model with the entire set of features and then use a greedy backward selection
approach to remove non-significant features. The regression coefficients estimated from the

train set presented in 2.7.2 are reported in Table A.3.
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Estimate Std. Error z value P(> |z|)

Past Purchases 0.0017 0.0005 3.80  0.0001***
successful referrer 0.7441 0.2604 2.86 0.0043**
days since last log in ~ -0.0304 0.0038  -7.96 < 107 1**x

Signif. codes: 0 “*** 0.001 “***’ 0.01 “*’ 0.05

Table A.3: Regression Coefficients for Aggregated model (train set)
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Appendix B

NPM algorithm

B.1 NPM algorithm under a general set of possible re-
wards R

Let us consider that the possible rewards are in a discrete and finite set R = {ry,... ,rx}.
In this case, the NPM algorithm can be applied in a very similar way as in the binary case

described in 3.5.1.

NP step
In the NP step we want to build an estimate of f,(rx) for £ = 1,..., K. The approach is
the same as in the binary case, but instead of inverting a ratio of linear functions, we have

to solve a system of linear equations.

For every k we write Bayes’ rule and, assuming that we know (3, we transform it into:

Ply; = 1R; = 1y, Xi)P(R; = 1| X; = )

~ BXi+Brr
. Ex, e (Hea+ﬁkk> fa(r1)
P(Ri=n|Xi=w,yi=1) = K - BX i+ Brrq (B.2)
> et Jo(rg) Exina <W>

For every value of k, the left hand side can be estimated from the available data. Thus by
multiplying equation (B.2) by the denominator of the right-hand side, it becomes a linear
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equation on f,(r,) for ¢ € [1, K]. We have a different equation for every value of k. Thus
solving this system of linear equations we recover the values of f,. Note that for every value
of k£ the denominator in the right hand side is the same. Thus this system of equation can

be solved easily (without having to invert a matrix) and we get:

P(R; = r|X; = z,y; = 1)

E eBXi+BrT
Xi~x 1+66Xi['3r7‘

fo(r) =C

1 P(R;=7|X;=z,y;=1
where & =3 » A( | eﬁx;ﬁm )
EX121<W)
M step
The M step is identical to the one considered in the binary rewards case. The incomplete

data likelihood given in equation (3.2) is written for a general set R.

B.2 Proof of Proposition 2.7

The proof of Proposition 2.7 follows the same outline as the proof in the no feature case.
To simplify the notations let us assume that X; takes only a finite and discrete set of values
X- We have seen that this assumption is not necessary, we only need that the subset of X
that influences f takes a finite number of values. To avoid to insert a new notation we will
assume that f depends on X; and that X, takes a finite and discrete number of values. To

mimic the notations introduced in the no features case, let us denote o, = f,(1).

Convergence

Proposition 3.6. Starting from 6£0) =0 and assuming Bro > 0, 6@ 15 a strictly increasing

sequence and oy (k) is strictly decreasing for every value of x € x.

Proof. Recall that in the no feature case we defined RB as the empirical expected reward

among buyers. Here, let us define RB, the empirical expected reward among buyers that
have X; = z: RB, = E(R|y =1, X = x).

We, then, describe the proof in four steps:
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1. First, note that in the NP step ag(ck) is defined in section 3.5.1:

A BX
e 7
a(k) . EX»;ZI <1+eﬁxi> RBw
P BX;+Br - BX; - BX;+Br
e i e i e i
Ex,no  1ropxmmr | — Exics | 7507% | | BB2 — Exina | 7750
1+e 1+e 1+e

The right hand side is a strictly decreasing function of ﬁ,gk) thus, if 67@ increases, ol

strictly decreases.

. Secondly, we can show that Br(l) > BT(O) = 0.
In fact, using the result of Proposition 2.3, we know that, for a fixed value of «,

L;(D, B, a) is a concave function of f. Furthermore, we know that oY = RB, > f.(1).

Finally,
oL, 1 s
) — 0.0y — R (1—y)a Y=
aﬁr (D7 67 57” — Oa a ) - 223 yle 1 + eﬁ.X«; (1 yz)axi 1 + 65~Xi
1 elr
= iRi——— — (1 —y;)a?
Zzy 1+ eB (1= wi)a; 1+ ef=

zeX i| X;=x

= Z 1 Z vl |1 — —Zi\xi:m — Pl >0

1+ efe DilX s Yi

TEX i| X;=x
0 DX, = Vil
because, for every value of z, ol = RB, = {T—y and 3, > 0 thus:
i|x;=a Yi

Zi\XZ:x(l — yi)eﬁ'm _P(yi =0|X; = x) s axm +(1 - az)1+iﬂm€ﬂ4< )
2i|Xi:a: P(y; = 1|X; = z) aw% + (1 - O‘I)lﬁw

Thus, £;(D, B,,a?) is a concave function of 3, and its derivative at 0 is positive, thus
its maximum is strictly positive and 67(}) > 0.
. If, for a given k, D < o for all values of = then Br(k) > Bﬁk“).

This step can be derived using the first order conditions in the M step of the NPM
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algorithm.

B = argmax, £i(D, 5, o)
oL,

— (D, % o®)) =0
(D)
(k) epatpl™tY
>y o)
— ysz (k+1) (1 - yl) (k) *) =0
TEX i| X;=x 1 poth Qg W + (1 — Qg )1+i5.z

TV
increasing in o and decreasing in [,

The pairs ( (1) oK) are the solutions to the fixed point equation in ((B.3)). We can

thus conclude that if o™ < o for all z then ﬁﬁk) > 519”1).
4. Finally, combining the two previous results, we can get the result by induction:

e Initialization: BT(D > ﬁr(o) using step 2.

e Assume that, for a given k, B,Ek) > B,Ek_l). Then, using step 1 we have that

(k) (k+1

D < ol for all x and, using step 3, we get that [r ) > Bﬁk).

o

e We can then conclude that 5§k) is an increasing sequence and a® is a decreasing

sequence.

Proposition 3.7. Starting from 550) =0 and assuming B.o > 0, ﬁﬁk) and o'F) converge.

Proof. @(«k) and o®) are monotonic sequences, thus they converge. O]

Consistency From the previous paragraph we have that, starting from Bﬁo) = 0 and
assuming 3,9 > 0, ﬁ,(f“) and a® are converging sequences. Let us denote @(,OO) and o> their

limit points. We will show here that these limit points are (5,9 and «y.

Proposition 3.8. If 3 is assumed to be known and X; take discrete values, the NPM algo-

rithm is a consistent estimator of (5ro, o(z)).

132



Proof. The iterations of the NPM algorithm are defined by

Ex~ (155 ) RB.

(k) LeP
Q" = —
T ~ BX,;+Br ~ BX; ’\ BX;+Br
€ ? e d e i
[]EXizx <—1+65Xi+m) - EXizm <—1+eﬁXi>:| RB:): - EXizz <1+eﬁXi+ﬁr>

and

B = argmaxy £;(D, B, B, o))

First of all, let us notice that, by consistency of the maximum likelihood estimator,

(Bro, ) maximize the expected incomplete data likelihood:

(Bro, ) = argmax s\ E [Li(D, B, B, a)]

L; is a differentiable function, thus

Z-E (L] (8. Bro, ) =0
2L (L) (8, Bros ) = 0

Secondly, by definition of o we have that:

Bx
€
14-eB= RBI

Qp = —

z eBa+Br0 B RB eBr+Brg
14+ePzthro ~ 1+ePw T T 1 yePrtBro
With an abuse of notation, let us denote
ePr
o (5 ) = Lo i
LA eBr+6r0 ¢ | pB eBz+Br
1+rePetBr ~— 14ePe T T 14ePztBr

We then have a(8,9) = ap and a(ﬁr(k)) =a,
Using this notation, the limit points (Bﬁoo),oc(oo)) are a fixed point for the system of

equations:

(B, @) such that olfr) = (B.4)

(‘%’TE [Ez] (57“; Oé) =
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We already know that (5,9, ) verifies this system of equations. Let us show that it is
the only fixed point.
Let us consider the function that associates to (3, the derivative of the expected likelihood

with respect to the first variable, evaluated in (5,, a(3,)).

9]
95,

h:pB, —

E[L:] (B, Br, a(Br))

Then:

b h(ﬁro) =0
e h is a decreasing function

Thus 5,¢ is the only root of h thus (5,9, ap) is the only fixed point of the system of equations
(B.4), (B0, ) = (B, a(*)) and the NPM algorithm is consistent.

B.3 Simulation results
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Appendix C

Optimal Prices in the symmetric and

linear case

C.1 Closed form solution under a linear demand function

We prove Proposition 3.1 and detail the derivation of the closed form solution under a linear

demand function.

C.1.1 Nested Model

Under the nested model, the demand is

f(pk;pk—i—l) =d— Bpr + /B’Y(pk; —pk+1) for k < K
fK(PK) = J—ﬁpK

137



This can be written in a matrix way. Let d(p) € RX be the vector of demands for the

different clusters. Then d(p) = d — Mp where

s0—-~) v 0 ... 0
0 B(l—7) By 0
M= . . . . 0 (Cl)
0 B(l—7) By
I 0 0 ﬁ_

C.1.2 VIP model

Under the VIP model, the demand is

f(pr,px) =d — Bpr + By(pr — px) for k < K

Jr(pK) = J—ﬂpK

As for the nested model, let d(p) € RE be the vector of demands for the different clusters.
Then d(p) = d — Mp where

B1l-9) 0 .0 By
0 Bl-n) .0 By
M=| L By (C.2)
0 Bl =) By
0 0 8 |

For both models, the revenue maximization problem can be rewritten
max p.d(p) = max p.(d — Mp)
P

This is a quadratic program. Without any constraints on p derived from business rules, it

can be solved in closed form using the first order conditions:

U, [p (d—Mp)| =0e d=(M+M)pep=(M+M)'d (C.3)
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