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Abstract

A parametric investigation was conducted in order to characterize the mechanical
response of two-dimensional composite scarf joints subjected to extensional loading,
to determine the associated response sensitivities to joint parameters, and to establish
the fundamental operative joint mechanics. The geometric parameters of equal scarf
angles, adhesive thickness, and unequal scarf angles, and the laminate parameter of
similar laminate configurations of both adherends of [±θ2/02]S, [±θ/0]2S, and homog-
enized [±θ2/02]S (equivalently homogeneously orthotropic) were explored for values
of θ of 45◦ and 15◦. The ply regions of the laminates were modeled as transversely
isotropic T700/2510 carbon/epoxy composite material, and the adhesive region as
isotropic FM 300-2K polymer film adhesive. Linear elastic plane strain analyses were
performed via finite element modeling. The results indicate that the overall mechani-
cal response of two-dimensional composite scarf joints in the joint region is influenced
by the global/macroscopic joint features of ‘effective’ through-thickness stiffness prop-
erties of the configuration in the joint region, and equilibrium considerations along
the bondline, and by the local joint features manifested at the tips of the adherends
at the ends of the joint region and through ply-by-ply level mismatch in stiffness
properties within the adherend. The global peaks in the magnitudes of strains occur
in the adhesive, and the distributions of strains in the adhesive essentially reflect
the distributions of strains along the bondline in the adherend. The distributions of
strains in the adherend along the bondline reflect the distribution of stiffness prop-
erties of the adherend through the thickness, and are governed by the local effects of
mismatch in stiffness properties between the θ and 0◦ plies along with the lengthscale
of the effective ply thickness. Sharp changes in the magnitudes of strains occur near
the acute and obtuse tips of the adherend, and these are related to the overall length-
scales of the configuration and show similar aspects to those occurring in laminated
structures with ply drop-offs. The magnitudes of strains show the greatest sensitivity
to variations in the scarf angle of the configuration, increasing with increasing values
of scarf angle and associated changes in bondline length, but show little sensitivity to
variations in the adhesive thickness of the configuration. For the asymmetric config-
urations of unequal scarf angles, the response characteristics exhibit combined effects
of variations in scarf angles and adhesive thickness, and exhibit significant asymmetry
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in the cross-sectional distribution of far-field longitudinal strain. Recommendations
for further work are presented.

Thesis Supervisor: Professor Paul A. Lagacé
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Chapter 1

Introduction

Advanced polymer matrix composites are an important class of materials that

continue to be explored and researched for increased applications. These materials

constitute of high strength/stiffness fibers embedded in a less stiff polymer matrix

material that binds the fibers and provides inter-fiber load transfer capability. The

aerospace industry, in particular, has invested significant attention towards the use

of carbon fiber-reinforced composites over the past few decades. The motivation for

such notable attention primarily originates from the savings in weight and favorable

mechanical properties that carbon fiber-reinforced composites provide in comparison

to the other main class of materials in use for practical structural applications in

aircraft – metallic alloys. Composites are known for their high stiffness-to-weight and

strength-to-weight ratios (ratio of material stiffness or strength to density), surpassing

those of aluminum-based alloys. These are referred to as “specific” properties. This

attribute of composites is perhaps the most favorable from the prospect of aerospace

industrial applications wherein weight savings are prioritized.

Henceforth in this document the word “composites” will generally allude to ad-

vanced polymer matrix composites. A distinctive feature of these materials is the lack

of material isotropy at the macroscopic level. This emerges from the micromechancial

structural composition of these materials through the presence of fiber-matrix mate-

rial combination. The carbon fibers in carbon fiber-reinforced composites are embed-

ded in specific directions in the matrix material, and this directionality is indexed by
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angular orientation, also known as ply angle. Plies of varying angular orientations

are stacked over each other to yield a laminated composite, and this is generally

the final form used for direct structural fabrication. This results in the presence of

reinforced fibers in specified directions. This directional specification allows better

load-carrying capability in these directions, whereas the capability in transverse di-

rections is reduced due to lack of transversely reinforced fibers. Composites therefore

essentially allow manipulation of directional strength in the structure. Similar issues

apply to stiffness properties.

In recognition of such control over strength at the benefit of saving structural

weight, aerospace companies such as Boeing and Airbus have indicated growing in-

terest in the use of composites. As an example, the primary structure of the new

Boeing 787 Dreamliner, including the wings and the fuselage, is fabricated from car-

bon fiber-reinforced composites on the order of 50% by structural weight [1]. This

statistic is important to the commercial success of the proposed flagship airliner,

since structural weight reduction directly relates to reduced fuel consumption and

augmented range. In a rapidly advancing world where efficient energy consumption

has become a key priority, such advancements in the aerospace industry are invalu-

able and imperative. This, however, is not the only benefit that composites bring

forth. Composites also provide significant structural benefits by enhancing fatigue

life of aircraft and eliminating modes of failure characteristic to metallic structures

[2]. These benefits are, of course, realized during the operational service life of the

aircraft. Composite strucutres do, however, introduce other modes of damage such

as delamination, fiber-matrix debonding, and matrix cracking, that require special

design considerations for prevention [3].

The existing knowledge base of composite materials and their structures is not

as comprehensive and rigorous as that of metals. This is largely a consequence of

the extent of experience, based in terms of time and broader applications, of metallic

structures versus high grade advanced composites. For example, the research invest-

ment in the study of composites has gone up only since the 1970’s and 1980’s.

Aircraft and spacecraft structures in operational service are inevitably vulnerable
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to structural damage, wear and tear, and degradation. Existing repair mechanisms for

metallic structures can be directly applied to restore structural strength in laminated

carbon fiber-reinforced composite structures. However, implementing such repair

mechanisms may not yield similar results and design benefits for composites as it may

for metallic structures. This can primarily be attributed to the essentially different

natures of composite and metallic materials. Repair mechanisms therefore need to

be investigated that work well for damaged composite structures. A repair of a

composite structure may be considered as removal of damaged material within the

structure followed by replacement with a patch of material of virgin strength. In

other instances, there may not be any removal of material necessary and an overlay

patch material of virgin strength may be sufficient.

Mechanically fastened or bolted joints find widespread use in metallic structures.

Bolted joints are economical and simple to implement, and provide certain obvi-

ous advantages such as ability to disassemble the patch and parent materials, and

relatively easy in-service inspection. However, bolting composite parts is not partic-

ularly advantageous. Drilling holes in composites can lead to significant structural

degradation of the laminate. Holes are geometric features that give rise to stress

concentrations in their close vicinity within the structure. Composites also exhibit

poor bearing properties, and these compound with fatigue vulnerability of the bolts,

in cases where they are metallic, to make bolted joints even more disadvantageous

in composites [2]. Furthermore, additional fastening elements such as washers and

spacers are required to prevent damaging the composite adherends when bolting them

together. This inevitably causes increase in structural weight.

Mechanically fastened joints are not the only repair mechanisms in use for compos-

ite structures. Adhesive joints can also be used, and they provide various advantages

over mechanically fastened joints, despite some of the problems associated with them.

Adhesive bonding of composite structures can preserve the external contours and ge-

ometric features of the original structure after repair, and result in lighter joints as

no metallic fastening components such as bolts and rivets are required. To date, ad-

hesive joints have been predominantly employed in secondary load-bearing structural
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elements, with some occasional use in primary load-bearing structural components

of aircraft [2]. Adhesive joints generally result in significantly lower stress concentra-

tions in the joint region in comparison to bolted joints. However, adhesive joints in

composites do have their drawbacks. Strong and reliable adhesive joints require high

quality surface preparation of adherends and strict process control. Adhesive joints

do not permit simple in-service inspection or ability to disassemble, and therefore

joint strength may be difficult to ascertain in any quantifiable way when the repaired

structure is in operational service. In addition, adhesive joints may also impose geo-

metric limitations for the structural components and may not be implementable for

all structural geometries.

The structural behavior of one particular type of adhesive joint for laminated

composites, namely the scarf joint, is explored in this study. The two main types of

adhesive joint configurations in use for composites applications are the lap joint and

the scarf joint. Each has its own advantages and disadvantages. Significant research

has been conducted on lap joints, but existing knowledge about scarf joints between

composite adherends is limited. This lack of a comprehensive knowledge base about

composite scarf joints is an important motivation for conducting this investigation.

A parametric study is performed to investigate the structural sensitivities of com-

posite scarf joints to various geometric parameters and laminate configurations. The

findings from this study can be potentially useful in practical applications wherein a

more involved and comprehensive knowledge of composite scarf joints from a struc-

tural standpoint is required to furnish a reliable and feasible design. In the next

chapter, some of the fundamental prior research that has been conducted in regard

to composite scarf joints is reviewed along with a discussion of their associated im-

plications and limitations.
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Chapter 2

Previous Work

A review of prior studies and investigations relating to scarf joint repairs, and a

discussion of the associated knowledge acquired from these works are presented in

this chapter. This is followed by a discussion of the limitations of these works and

the relevance of their findings in the context of motivation for undertaking this work.

There exists a considerable amount of literature involving work oriented towards

understanding the structural characteristics of adhesively bonded scarf joints. Var-

ious technical aspects of the structural behavior of scarf joints have been explored.

These aspects range from one parametric study of scarf joints to strength assess-

ments, failure issues, and joint optimization. Most of the studies have focused on

two-dimensional idealizations of scarf repairs, although some studies have also con-

sidered three-dimensional idealizations. A significant amount of prior work has been

numerical in nature, and most of the findings are based on finite element model-

ing. Some analytical models for determining the stress and strain states in simple

two-dimensional idealizations of scarf joints have also been developed. Such analyti-

cal models usually result in numerical or closed-form solutions to a set of governing

ordinary differential equations for simple cases of two-dimensional scarf joints with

homogeneously isotropic or orthoropic adherends and perfect scarf joint geometry, as

presented later in Figure 3.1. Such analytical models lack the comprehensiveness to

analyze cases of perturbed scarf joint geometries exhibiting physical issues such as

manufacturing imperfections, or complicated cases wherein the adherends are lam-
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inated composites with varying stiffness properties from ply to ply. Experimental

investigations have also been presented in the literature relating to composite scarf

joints. These investigations have focused mainly on establishing ultimate strength of

composite scarf joints and exploring failure issues.

Some of the earlier studies on scarf joints can be traced back to Adkins and Pipes

[4], who explore analytically the sensitivity issues involving mismatch in adherend

stiffnesses and blunt adherend tips. More importantly, they adapt the analytic formu-

lations of Erdogan and Ratwani [5] and of Reddy and Sinha [6] that model the adhesive

as a shear-tension spring (originally due to Volkerson [7]), to cases of orthotropic lami-

nated adherends with tip bluntness. The original adhesive shear-tension spring model

studies indicate the possibility of producing uniform stress distributions in scarf joints

with identical homogeneous adherends and that these homogeneous stresses are lower

for smaller scarf angles. Adkins and Pipes have extended the analytic formulations

to show that scarf joints with smaller scarf angles are highly sensitive to mismatch

in adherend stiffnesses and adherend tip bluntness. Thus, the benefits of shallow

scarf angles come at a cost. The solutions to their modified shear-tension spring

equations exhibit boundary layer characteristics for small scarf angles and significant

adhesive stress concentrations in the boundary layer. Similar modeling efforts have

been carried out by Marcolefas et al. [8]. They have attempted to develop a method

of analysis for the case of a metal-to-composite scarf joint in which the metal and

adhesive exhibit nonlinear behavior. Their analysis results in the determination of

the stress distribution in the joint through numerical solutions of the model equations

under tensile and compressive loading. Additionally, they propose a case-specific fail-

ure criterion for the scarf joint considered. Gleich [9] provides an analytical study of

a two-dimensional scarf joint configuration involving identical isotropic adherends of

similar lengths and thicknesses. The adherends are modeled as plates with bending

and extensional stiffnesses, and the adhesive as an elastic layer with uniform stresses

across its span. The resulting governing differential equations are then solved numer-

ically through finite difference discretization for shear and peel stress distributions in

the joint.
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Gunnion and Herszberg [10] have performed a structured parametric study of

composite scarf joints through finite element modeling. The study investigates the

stress distribution along the adhesive bondline and shows the dependence of peak

values to perturbations in scarf angle, adhesive thickness, ply thickness, laminate

thickness, and variations in laminate configurations and over-laminates. The joint

configuration with an over-laminate can be considered as comprising a standard scarf

joint with an overlapping laminate on the top or bottom of both adherends, covering

the adhesive region adhering the adherends, and extending to some finite distance over

the adherends. Their overall findings indicate that the average peel and shear stresses

along the bondline are not affected by the stacking sequence, laminate thickness,

adhesive thickness, and mismatched stiffnesses of the adherends. An increase in the

scarf angle causes an increase in the average peel stress at the bondline but a reduction

in the average shear stress. The use of over-laminates results in a reduction of both

the average peel and shear stresses at the bondline.

Wang and Gunnion [11] further investigate the adequacy of the two-dimensional

idealization of a composite scarf joint in assessing the performance of a scarf joint.

They propose a design methodology for scarf joint repair in composite structures by

adopting strain-based failure criteria for the adhesive (maximum strain) and com-

posite adherends (von Mises strain) to yield improved designs for strength. Harman

and Wang [12] have attempted to optimize the scarf profile in cases involving scarf

joints between adherends of dissimilar moduli in the sense of having uniform stress

distributions within the adhesive to endow equal load-bearing capability to the entire

adhesive region by design in expectation of enhanced joint strength and reduction in

the amount of required material removal. Other attempts of optimization of scarf

joint configuration include that of Breitzman et al. [13]. Their work has focused

on the composition of the repair patch and they have attempted to determine opti-

mal patch ply stacking sequences that minimize the von Mises stress in the adhesive

region.

Other notable efforts directed towards the study of scarf joints include considera-

tion of laminated orthotropic composite adherends with significant focus on damage
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and strength assessment of composite scarf joints. Of these efforts, Kumar et al.

have tested CFRP (carbon fiber-reinforced polymer) composite scarf joints for fail-

ure in uniaxial tension and compression [14, 15]. CFRP composite scarf joints were

subjected to compresive and tensile loads until failure occurred. The ultimate com-

pressive and tensile joint strengths were determined. It was observed that the ultimate

tensile and compressive joint strengths decreased monotonically with increasing scarf

angle. The failed specimens were also imaged through scanning electron microscopy.

It was observed that the failure mechanism that dominates in compressive failure in

scarf joints for cases of scarf angles of less than 3◦ is fiber microbuckling. For larger

scarf angles, cohesive shear deformation of the adhesive film was more dominant in

causing failure. For the case of uniaxial tension, the dominant failure mode for scarf

angles of less than 2◦ was fiber fracture and pull-out. For larger scarf angles, tensile

failure was observed to be caused by cohesive shear failure of the adhesive film. Finite

element modeling was also performed wherein the adherends were modeled as homo-

geneously orthotropic continua and failure strengths were predicted by prescribing

a failure criterion combining aspects proposed by Hashin [16] and Lee [17]. Goh et

al. [18] have conducted experiments to determine the effects of bondline flaws, such

as disbonds, on the load-bearing capability of scarf joints. Their results reveal that

the load-bearing capability of scarf joints decreases with increasing size of bondline

flaw at a faster rate than with the decrease in effective bonding area. Fractographic

analysis also revealed that fracture occurred in the matrix of the composite adherend

adjacent to the adhesive-adherend interface at a distance equal to a small fraction of

a ply thickness. Kim et al. [19] have explored the interaction of laminate damage

in the adherend with disbonding in the adhesive to combined in-plane and impact

loading. Their findings reveal that composite scarf joints experience impact dam-

age due to a combination of adhesive disbonding and matrix cracking, and that the

damage size increases with increasing levels of in-plane pre-strain loading. Additional

investigations of strength and failure assessments include the study of Kawakami and

Feraboli [20] regarding lightning strike damage resistance and tolerance of composite

scarf joints, and the experimental work of Jen [21] on fatigue life evaluation of scarf
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joints.

Other studies have investigated the onset of failure in composite scarf joints by

implementing cohesive damage models for ductile adhesives using finite element mod-

eling. Damage models were implemented to simulate damage onset and growth in the

adhesive to match empirical evidence of mixed mode interlaminar-intralaminar fail-

ure established through experimentation of small angle specimens [22]. Elastic finite

element analyses were performed using cohesive laws determined from inverse meth-

ods for pure modes to identify critical regions where damage initiation could occur.

Pinto et al. [23] performed further strength analysis through finite element modeling

of three-dimensional scarf joints with repair width, scarf angle, and overlay plies as

variable parameters. Particular studies have also been performed to characterize the

performance of three-dimensional scarf joints with circular patches [24].

Kimiaeifar et al. [25] performed work to quantify the reliability of scarf joints

by using a probabilistic model. The reliability is assessed through a design equation

depending on partial safety factors and material properties and loads. The ultimate

goal of the work is to predict a reliable probability of failure using scarf angle, failure

criterion, and load.

In the existing literature on scarf joints, a distributed range of technical aspects

has been explored. Analytical formulations of simple scarf joint idealizations with

homogeneous isotropic adherends that furnish stress distributions within the joint

are pursued, as well as numerical work to determine stress fields along the adhesive

bondline using finite element models. In the case of numerical work, the variation of

stress distribution in the adhesive with certain joint parameters such as scarf angle,

adhesive thickness, ply thickness, laminate thickness, over-laminates, and adherend

laminate configurations has been considered in one study [10]. The two important

conclusions from this study indicate low sensitivity of adhesive stresses to mismatched

adherend laminate configurations and significant reduction in peak stresses with use

of over-laminates. The other results presented involve a qualitative assessment of the

effects of the studied joint parameters on the average and peak stresses, but only at

the bondline. General conclusions, however, cannot be drawn about the underlying
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mechanics of load transfer in composite scarf joints and their mechanical response.

Overall, the bulk of the previous work performed on scarf joints, however, focuses

on strength and failure issues regarding scarf joints and optimization of scarf joint

configuration.

Most of the existing literature on composite scarf joints does not address a sig-

nificant number of issues required to comprehensively characterize the mechanical

behavior of composite scarf joints. What can be noted is the lack of systematic para-

metric studies of composite scarf joints and investigations into the structural response

dependency on the associated composite scarf joint parameters. Thus, there is a need

to develop a fundamental understanding of composite scarf joint mechanics. Fur-

thermore, while there has been substantial work directed towards the optimization

of scarf joints, this has generally been conducted around specific configurations and

without defining the qualitative or quantitative reasons that drive the optimization

in the context of design of a scarf joint. The motivation for current work is therefore

to address this knowledge gap and to undertake a study of composite scarf joints so

as to provide a characterization of their mechanical behavior, and thereby produce a

technical knowledge base to facilitate design of composite scarf repairs for practical

applications.
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Chapter 3

Objectives and Approach

The overall objectives of this work and the definition of the problem investigated,

along with an outline of the approach and modeling considerations involved in ad-

dressing the problem, are presented in this chapter. Section 3.1 includes a discussion

of the primary objective of this study and the approach undertaken to attain the pri-

mary objective. The two-dimensional composite scarf joint geometric configuration is

presented in Section 3.2 along with the definition of pertinent joint parameters. This

is followed in Section 3.3 by a detailed discussion of the selection and quantification

of joint parameters chosen for investigation in this work, including the associated

reasons for the specific choices.

3.1 Overall Objective and Approach

An account of the existing knowledge about scarf joints is provided in the previous

chapter and the literature reviewed therein. Guided by the survey of existing liter-

ature, a systematic and structured investigation of the mechanical response of scarf

joints with consideration of various joint parameters was undertaken in this work.

The mechanical response is defined to be the stress and strains fields occurring in the

joint when subjected to a prescribed loading condition such as a uniform extensional

displacement.

The principal objective of this study is to determine key parameters and their
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influences on the mechanical behavior of a two-dimensional composite scarf joint. As

indicated, the mechanical behavior in this work is defined as the stress and strain

states occurring within the adherends and adhesive material in the structural config-

uration subjected to a uniform extensional displacement. Proper characterization of

the mechanical response of two-dimensional composite scarf joints requires an accu-

rate and representative identification of the physical joint parameters to which the

response may be sensitive. Parameters of geometric and material nature relating to

the two-dimensional composite scarf joint were thus considered in this work in order

to characterize the mechanical response and the related sensitivities. Linear static

plane strain analyses were used with varying geometric and material configurations

to account for the variations in the joint parameters. The reasons for the choices of

the various aspects of the approach are subsequently described.

For the purpose of simplicity, the foremost recognition to be made is that the

primary response characterization can be made by investigating a two-dimensional

idealization of the scarf joint profile. This should provide a fundamental level of

understanding about the mechanical behavior of a composite scarf joint, and partic-

ularly in determining the influence of various parameters on the joint response. The

methodology for response investigation and characterization can then be extended to

study three-dimensional configurations and response differences subsequently com-

pared. This will naturally allow for a more convenient design analysis approach

once the scarf joint responses from both types of analyses are used in conjunction

with possible experimental results. In cases where numerical methods are used,

a two-dimensional analysis can be more computationally economical than a three-

dimensional one. The two-dimensional composite scarf joint geometry considered in

this study is presented in Section 3.2. It is expected that the two-dimensional geo-

metric configuration, as depicted in Figure 3.1, is a representative reduction of the

three-dimensional scarf repair that may find typical use in aircraft wing skins and

structural elements with similar external geometric features. It is thus particularly

relevant to investigate the mechanical response of two-dimensional composite scarf

joints to static extensional loading.
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Polymeric adhesives used in scarf joints possess extensive load-bearing capability

when deforming in their nonlinear stress-strain regime. Aircraft structures, however,

are designed to experience deformation strictly in the elastic regime. The entire struc-

ture must deform only elastically to react out the loads it is subjected to during its

entire service life. Under such consideration, a primary aspect regarding the mechan-

ical response of a two-dimensional scarf joint that must be addressed is its mechanical

behavior within the elastic regimes of the adhesive and the adherends when subjected

to extensional loading. In order to pursue a comprehensive characterization of the

mechanical response of scarf joints and exploit the full load-bearing capability of the

adhesive, the mechanical response in the nonlinear stress-strain regime of the adhe-

sive may also be investigated subsequently in order to fully assess the complete design

potential of scarf joints. In this work, exploration was limited to the mechanical re-

sponse of two-dimensional scarf joints in the linear stress-strain regime of the adhesive

and the adherends in order to establish initial understanding of the baseline response.

In the two-dimensional case, the physical deformation of the joint is assumed to

occur only in the two-dimensional plane of consideration (plane strain deformation),

and all strains in the third direction, the y-direction, are consequently equal to zero.

The problem under investigation is then essentially a plane strain linear elasticity

problem with prescribed boundary conditions of uniform extensional displacements

and material definitions varying from ply to ply within the laminated composite

adherends and from adhesive to ply across the adherends. This permits investigation

of the baseline response sensitivities to the joint parameters.

The domain over which the solution to this elasticity problem is sought is simply

the two-dimensional geometry of the composite scarf joint. The complications in the

geometry of the composite scarf joint introduced through the presence of the adhesive

region and the variation of material properties over the joint domain are prohibitive

to determining a closed-form analytical solution to the problem. Therefore, numer-

ical solutions to the governing equations must be sought. Finite element analysis is

currently the most commonly used numerical technique in obtaining such numerical

solutions, particularly in relation to performing structural analyses for most practical
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purposes.

Two-dimensional finite element models were used in this work to investigate the

mechanical response and load transfer mechanisms of composite scarf joints in re-

lation to various geometric and material parameters. This will provide a technical

foundation that can serve as a basis for designing composite scarf joints for practi-

cal applications and provide fundamental insight into the mechanics of load transfer

within the joint.

3.2 Two-dimensional Composite Scarf Joint

Configuration

The definition of the geometric configuration of the two-dimensional composite

scarf joints investigated in this work is described in this section. This geometric

configuration is shown in Figure 3.1 and is formulated to address the overall objective

and associated approach of the study, as discussed in Section 3.1.

Definitions of the geometric parameters associated with the two-dimensional com-

posite scarf joint configuration shown in Figure 3.1 are provided subsequently. The

total geometric length of the joint along the x-axis is denoted by L. The length along

the x-axis spanning only the joint region, that is the region between the extremities

of the adhesive along the x-axis, is denoted by Ljoint.

The adherends are both laminated composites, although they need not be nec-

essarily identical in configuration. They were, for this work, however, defined to

possess similar laminate configuration and thickness (equal ply count and ply thick-

ness), which is denoted by tadherend in Figure 3.1. Adherends with identical laminate

configurations ensure that the stiffness mismatch does not play any role in the me-

chanical response sought in this investigation. The laminate thickness was preserved

invariable in order to avoid inducing geometric eccentricity in this work. It is noted

that such geometric eccentricity can exist practically due to manufacturing imperfec-

tions, or for design measures. The adhesive thickness is denoted by ta.

The scarf angles for the joint are denoted by α1 and α2, with the subscript corre-
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Figure 3.1 Two-dimensional composite scarf joint geometry.
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sponding to the associated composite adherend. The scarf angles for either adherends

may not be equal as well. Again, this can be attributed to manufacturing imperfec-

tions, or a result of design issues. Such a situation is parameterized by varying the

values of the unequal scarf angles, α1 and α2, as shown in Figure 3.1. In this work,

the scarf angle α1 was always set to 10◦. This situation will also have a varying

adhesive thickness (ta) along the scarf line. As the adhesive thickness varies in the

case of unequal scarf angles along the scarf length, it was defined in this work to have

a minimum value of 0.008 in at the base of the joint for the cases of (10◦, 8◦) and

(10◦, 9◦), and at the top of the joint for the cases of (10◦, 11◦) and (10◦, 12◦). This

implies that the adhesive thickness increases along the scarf length from a minimum

value of 0.008 in from the base for the first two cases of unequal scarf angles, but

from a minimum value of 0.008 in from the top of the joint for the latter two cases.

For the case of equal scarf angles, the joint length (Ljoint) is related to the geometric

parameters of laminate thickness (tadherend), adhesive thickness (ta), and scarf angle

(α = α1 = α2) through Equation 3.1:

Ljoint =
tadherend cosα + ta

sinα
. (3.1)

The characterization of the mechanical response was developed through the classifi-

cation of the stress and strain states within the joint for the parameters defined in the

next section. A discussion of the considerations involved and the approach adopted

in selecting and quantifying the parameters for this investigation is presented in the

next section.

3.3 Selection and Quantification of Scarf Joint

Parameters

Numerous parameters related to a two-dimensional scarf joint can be identified

to which the mechanical response may be sensitive. These may be related to the

geometry of the scarf joint or the material that constitutes the scarf joint. In this
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Table 3.1 Table of two-dimensional composite scarf joint parameters investigated

Parameter
Considered

Parameter Values

ta [in] α Laminate

Baseline 0.008 10◦ [±452/02]S

α 0.008
5◦

15◦
[±452/02]S

α unequal
(α1, α2) 0.008 (min)

(10◦, 8◦)
(10◦, 9◦)
(10◦, 11◦)
(10◦, 12◦)

[±452/02]S

ta

0.004
0.006
0.010
0.012

10◦ [±452/02]S

Laminate 0.008 10◦

[±152/02]S

[±15/0]2S

[±45/0]2S

Homogenized∗ [±452/02]S

Homogenized∗ [±152/02]S

* Note: Stiffness values of adherend set to be homogeneously orthotropic from
Classical Laminated Plate Theory for indicated laminate with no
spatial variation within adherend.
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work, in order to provide a well-defined scope of study and to establish fundamental

knowledge about the mechanical behavior of two-dimensional composite scarf joints,

four parameters were identified and selected for investigation. These are three ge-

ometric parameters, the scarf angle of each adherend, α1 and α2, and the adhesive

thickness, ta, and one material parameter, the adherend laminate configuration. The

two scarf angles were considered in a manner to investigate geometric configurations

with equal scarf angles (α = α1 = α2) and unequal scarf angles (α1, α2).

The model parameters that were explored were selected with the aim of fulfilling

the primary objective of this study of determining the key parameters and their influ-

ences on the mechanical behavior as elicited through the stress and strain fields. The

basic joint response was initially established by setting and investigating a baseline

case. The specifications of this baseline case were chosen in relevance to typical prac-

tical applications and earlier studies. For the baseline case, the following parameters

were chosen: equal scarf angles of α1 and α2 equal to 10◦, an adhesive thickness value

of 0.008 in, and identical 12-ply laminate adherends with a laminate configuration of

[±452/02]S. A balanced and symmetric laminate configuration for the baseline case

was selected for practical purposes. This was done in order to investigate the behavior

of laminates commonly employed in industrial practice where only plies of 0◦, ±45◦,

and 90◦ orientations are generally considered. As all cases investigated in this study

are two-dimensional and not subjected to any transverse (out-of-plane) loading, the

90◦ ply orientation was thus eliminated from all adherend configurations considered.

Balanced and symmetric configurations find particular use in practical applications

as a result of their favorable mechanical properties brought about by balance of ply

orientations and symmetry about the laminate mid-plane. This case is indicated in

Table 3.1 and is the one from which changes in parameters were worked. The adhesive

material was selected to be FM300-2K polymer film adhesive, and the carbon/epoxy

composite material for the adherends was selected to be T700/2510. These choices

were based upon availability and industrial usage of such materials in existing appli-

cations. The physical value of the adhesive thickness of 0.008 in was selected for the

baseline case, which is the manufactured physical thickness of the film adhesive [26].
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Similarly, the cured ply thickness (tply) for T700/2510 carbon/epoxy composite ma-

terial is 0.006 in [27]. This results in a laminate thickness of the adherends (tadherend)

of 0.072 in for a laminate of twelve plies.

Parametric variations from the baseline case were chosen with various increments

in values based on consideration of typical applications, prior work, and practical

issues. Each parameter was varied individually in each case while maintaining the

others invariable. This allows the sensitivity to each parametric variation, as man-

ifested in the stress and strain fields within the joint to be addressed individually,

relative to the baseline case. The various parametric cases considered are all listed in

Table 3.1.

Initially, two different cases based on selected increments for each parameter were

examined in order to establish first order assessment of the influence on the mechanical

response. The increments for the geometric parameters were chosen in consideration

of practical issues that may cause such variations in reality, such as manufacturing

imperfections. In such situations, the deviation in these parameters is expected to

be within a reasonable percentage of the original value of the parameter. These in-

crements are therefore an estimation of such deviations from original values that are

expected to occur in practice. Thus, scarf angle increments of 5◦ were chosen to inves-

tigate the response sensitivity to (equal) scarf angle variation in the initial phase. The

5◦ increment size was chosen in order to investigate sensitivity issues in the mechan-

ical response of two-dimensional composite scarf joints and also allow for modeling

convenience in conjunction. This results in scarf angles of 5◦ and 15◦, in addition

to the baseline case of 10◦. The mechanical response sensitivity to unequal scarf

angles were explored with a 20% difference between scarf angles in the preliminary

stage. This results in unequal scarf angle configurations of (10◦, 8◦) and (10◦, 12◦).

The results can thus be compared to those for the baseline case of equal scarf angles

to discern the influence of unequal scarf angles on the mechanical response. The

adhesive thickness was varied by 50% increments of the baseline thickness value of

0.008 in. This results in adhesive thicknesses of 0.004 in and 0.012 in along with the

baseline value of 0.008 in.
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The parametric variations in laminate configurations from the baseline case are

[±152/02]S, [±45/0]2S and [±15/0]2S. The effect of effective ply thickness stacking

sequence on the mechanical response of scarf joints was investigated along with varia-

tion of off-axis ply orientation angles. The 15◦ ply orientation was chosen in addition

to the 45◦ orientation for investigation because its presence renders the laminate par-

ticularly susceptible to delamination issues [28]. In addition, the presence of 15◦ ply

orientation allows for investigation of influence of varying longitudinal and transverse

stiffnesses compared to the 45◦ case. The use of 15◦ plies also significantly reduces

the ply stiffness mismatch within the laminate compared to the 45◦ case.

After initial characterization and examination of influence from results from these

cases, another set of complementary values for the joint parameters were chosen for

response investigation where more refined steps were identified to be needed in order

to fully capture the influence of the particular parameter. The results from the

entire study were then analyzed in conjunction in order to characterize the response

sensitivities of two-dimensional composite scarf joints. For those parameters where

this was indicated to be needed, half of the previous increment size was used. This

was done for the cases of unequal scarf angles and adhesive thickness, resulting in

unequal scarf angle values of (10◦, 9◦) and (10◦, 11◦) (10% deviation from baseline),

and adhesive thickness values of 0.006 in and 0.010 in (25% deviation from baseline).

In addition to actual laminates, the response to homogeneously orthotropic elas-

tic adherends was also explored. This was done in order to isolate the effects of

homogeneous material orthotropy from ply-to-ply stiffness variation in the laminated

adherends. Two homogeneously orthotropic adherend cases were thus chosen such

that the stiffness properties correspond to the effective homogeneously orthotropic

stiffness properties of the laminates of [±452/02]S and [±152/02]S. These cases form

a third set wherein the ply stiffness mismatch is completely eliminated and its influ-

ence is thereby explored through comparison with the former cases. The ply stiffness

mismatch is maximum for the case of [±452/02]S and intermediate for the case of

[±152/02]S.
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Chapter 4

Finite Element Modeling

The basic findings of this work and the ensuing discussions draw entirely from

the results of the finite element models for the parametric cases of two-dimensional

composite scarf joints discussed in Section 3.3. This chapter entails discussions of the

details of the finite element modeling performed in this work. This includes a discus-

sion of the approaches, assumptions, and considerations involved in assembling the

finite element models, keeping in view the needed level of fidelity in order to generate

response characterization from the model results that is well representative of actual

composite scarf joints. The typical finite element model geometry is presented and

discussed in Section 4.1. A discussion of the material properties and considerations

in modeling the composite plies and adhesive follows in Section 4.2. The details of

formulating the prescribed boundary conditions applied to all finite element models

are discussed in Section 4.3. Section 4.4 involves a discussion of the discretization

aspects of the finite element models, including the type of elements employed and the

mesh density used in the laminate and adhesive regions. All finite element modeling

was performed using the computer-based finite element analysis suite Abaqus [29],

and the models involved linear static plane strain analyses. Finally, an assessment of

model lengths through comparison of the far-field longitudinal strains is presented in

Section 4.5
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4.1 Model Geometry

Most of the geometric dimensions for all finite element models were determined by

the physical material dimensions such as ply thickness (tply), adhesive thickness (ta),

and the choice of parameters. These are noted for each case considered in Table 3.1.

The dimensionalized geometry of a typical two-dimensional composite scarf joint finite

element model can be related to the physical characterization shown in Figure 3.1.

The laminate thickness, tadherend, was preserved as an invariable parameter across all

the cases studied as a consequence of choosing 12-ply laminated adherends composed

of the same composite material (T700/2510) for all cases. The joint length, which is a

function of the scarf angle, adhesive thickness, and laminate thickness, was determined

through Equation 3.1 and its appropriate adaptations for the case of unequal scarf

angles for the various models. The relation reveals that the joint length is variable

and must change as the scarf angle and adhesive thickness are varied.

The length ∆L, as shown in Figure 3.1, is the distance between either of the ver-

tical edges of the configuration and the joint region where the adhesive layer exists.

The length ∆L must vary if L, the total model length, is to be kept constant. Alter-

natively, ∆L may be kept constant while L is allowed to vary. In this work, ∆L was

kept constant and chosen to be three times the laminate thickness, tadherend, in all

cases. This gives a value of ∆L equal to 0.216 in. This was done in order to ensure

that the distance ∆L was sufficiently large in order to allow the strain state outside

the joint region to lose the effects introduced by the presence of the adhesive region in

the joint and become sufficiently uniform through the thickness of the configuration

at the far-field location where the uniform displacements are applied. A discussion

of the resulting far-field strains for all the models is presented in Chapter 5, and an

assessment of the length, ∆L, in this regard is presented in Section 4.5. The resulting

dimensions of Ljoint and L are given in Table 4.1 for all finite element models. The

total length of the model, L, is found through Equation 4.1:

L = Ljoint + 2∆L. (4.1)
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The geometric dimensions α, (α1, α2) for the case of unequal α’s, ta, tply, and tadherend

for all finite element models are given in Table 3.1 as per the parametric choices.

4.2 Material Properties

The laminated composite adherends in this work were modeled as being consti-

tuted of T700/2510 carbon/epoxy unidirectional plies, and the adhesive as being

constituted of FM300-2K polymer film adhesive. The T700/2510 unidirectional plies

exhibit transversely isotropic material properties at the ply level. The experimentally

obtained stiffness properties for a T700/2510 unidirectional ply are given in Table 4.2

[30]. The properties for the isotropic FM300-2K film adhesive are a Young’s Modulus

of 0.348 Msi and a Poisson’s ratio of 0.400 [31]. The adhesive material region was

modeled as being linearly isotropic.

The variation of these transversely isotropic material properties for each ply across

different ply orientations in the composite adherend region must be taken into account

in the finite element modeling. Abaqus does not allow definition of out-of-plane ma-

terial coordinate systems for the definition of material orientation in two-dimensional

models wherein the plane of consideration is the two-dimensional plane of modeling.

Consequently, for the models in this study the ply stiffness properties for each ply ori-

entation were transformed to correspond to the default global axis system in Abaqus,

or the finite element model coordinate system (FEM Coordinate System). A sequen-

tial schematic of the coordinate systems relative to which the ply stiffness properties

were transformed sequentially in order to facilitate definition of these properties for

the finite element models is shown in Figure 4.1.

The orthogonal coordinate system, {x1, x2, x3}, or the Ply Coordinate System,

denotes the original material ply coordinates. The x1-axis is aligned with the fiber

direction in the ply, the x2-axis denotes the in-plane direction transverse to the x1-

axis, and the x3-axis is the direction orthogonal to the plane spanned by the x1- and

x2-axes. The Laminate/Joint Coordinate System, {x, y, z}, represents the laminate

coordinate system of a typical two-dimensional composite scarf joint as denoted in
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Table 4.1 Geometric length dimensions, Ljoint and L, of each finite element model

Variable
Parameter

Parameter
Value Ljoint [in] L [in]

Baseline 10◦ 0.454 0.886

α
5◦

15◦
0.915
0.300

1.347
0.732

α unequal
(α1, α2)

(10◦, 8◦)
(10◦, 9◦)
(10◦, 11◦)
(10◦, 12◦)

0.558
0.501
0.450
0.447

0.990
0.933
0.882
0.879

ta

0.004 in
0.006 in
0.010 in
0.012 in

0.431
0.443
0.466
0.477

0.863
0.875
0.898
0.909

Laminate

[±152/02]S

[±15/0]2S

[±45/0]2S

Homogenized∗ [±452/02]S

Homogenized∗ [±152/02]S

0.454

0.454

0.454

0.454

0.454

0.886

0.886

0.886

0.886

0.886

* Note: Stiffness values of adherend set to be homogeneously orthotropic
from Classical Laminated Plate Theory for indicated laminate with
no spatial variation within adherend.
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Table 4.2 Stiffness properties for T700/2510 carbon/epoxy unidirectional ply

Property Value

E11 18.2 Msi

E22 1.22 Msi

E33 1.22 Msi

G12 0.613 Msi

G13 0.613 Msi

G23 0.399 Msi

ν12 0.309

ν13 0.309

ν23 0.596
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Figure 4.1 Definition of axes systems used and their associated transformations:
(upper) Ply Coordinate System, (middle) Laminate/Joint
Coordinate System, and (lower) FEM/Abaqus Coordinate System.
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Figure 3.1. This is obtained via a rotation about the x3-axis of the material coor-

dinate system through the ply angle in the opposite direction (negative θ rotation

for positive θ ply angle and vice versa). Note that a rotation is considered positive

in the counterclockwise direction. The x3-axis is preserved as the z-axis in the new

orientation. All final results and evaluations are presented in Chapter 5 relative to

the Laminate/Joint Coordinate System. The default Abaqus coordinate system, also

referred to as the FEM Coordinate System in this work, is denoted by {X’, Y’, Z’}.
This is obtained via a 90◦ counterclockwise rotation about the x-axis. The x-axis is

preserved as the X’-axis in the new orientation. The z-axis becomes the Y’-axis, and

the y-axis becomes the Z’-axis with the positive direction reversed. The FEM Coor-

dinate System was employed for the purposes of building and running finite element

models only.

The specific transformation relations employed in transforming each set of ply

stiffness properties are given in Appendix A. The transformation relations are, in

principle, simply an extension of the Classical Laminated Plate Theory (CLPT) me-

chanics to three dimensions. The transformations of axes only serve to allow definition

of material properties for modeling convenience in Abaqus.

The transformed material properties for each ply orientation relative to the FEM

Coordinate System were ultimately used as input to define the mechanical properties

of associated material regions corresponding to the relevant ply regions of the lam-

inated adherend in each finite element model. Each material region of different ply

orientation was defined using the anisotropic linear elastic material option in Abaqus

for material definitions. It may be noted from the outset that the transformed mate-

rial constants for each ply also provide insight into the nature of coupling effects that

can be expected in the stress and strain field responses relative to the laminate axes.

For the case of modeling homogenized [±452/02]S and [±152/02]S laminates, the

variation of material properties from ply to ply was eliminated and the adherends

were modeled as homogeneously orthotropic linear elastic plates having the equiv-

alent laminate-level stiffness characteristics of [±452/02]S and [±152/02]S laminates,

respectively. The orthotropic linear elastic plate properties for the homogenized ad-
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herends were obtained simply as the average of the transformed material properties of

each ply orientation in the associated laminate for the homogenized adherend, again

with Classical Laminated Plate Theory as a basis.

4.3 Boundary Conditions

The two-dimensional finite element models of composite scarf joints investigated

in this work were subjected to uniform extensional displacement boundary conditions.

This was done in order to simulate physical situations wherein composite scarf joints

are expected to be used in the repair of structures, such as wing skins on aircraft.

Such structures generally need to transmit extensional loads, amongst other types

of loading. The boundary conditions used in this study therefore seek to model this

particular loading condition. This allows work to be conducted to determine the

effects of the various parameters considered for a controlled situation that is repre-

sentative of loading that occurs practically. This can be relayed to other situations.

In this work, this has been achieved by applying uniform extensional displacements

to the vertical edge of the two-dimensional composite scarf joint model at x equal

to the model length, L, and keeping the vertical edge at x equal to 0 fixed with 0

displacements.

A need exists to provide an ability for direct comparison of the mechanical response

across all the parametric cases investigated based on equal load-carrying capability.

This is due to the fact that a parent structure may need to transmit the same load

after a scarf joint repair. The applied uniform displacements, uapp, were therefore

selected to correspond to equivalent load-carrying capability for all the parametric

cases in this study. Since all the finite elements models entail geometric linearity in

the strain-displacement relations, and material linearity in the stress-strain relations,

the structural response of the models for a prescribed displacement can be scaled to

any other applied displacement corresponding to a different loading situation if the

behavior involved continues to fall within the linear regime.

The mechanical response for the different parametric cases varies depending upon
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the parametric configuration of the joint. This results from variations in the effective

stiffness of the scarf joint due to the variations in the geometric parameters of the

joint and the laminate configuration of the adherends. Due to these variations, it is

not possible to determine a priori the exact displacements at the far-field location

for each parametric case that correspond to an equivalent applied load for all cases.

Thus, a consistent method to choose the applied displacement corresponding to an

equivalent load-carrying situation needs to be established.

The applied displacements in this work were chosen as estimated far-field values

by using an estimate of the far-field longitudinal strain in the joint, corresponding to

a uniformly distributed load of 100 lbf at the vertical edge at x equal to the model

length, L. The load magnitude of 100 lbf was chosen in order to ensure that the

mechanical response remains within the linear regime. The uniform far-field stress

corresponding to a uniformly distributed load of 100 lbf is obtained by dividing by

the cross-sectional area equal to the adherend thickness of 0.072 inches times a unit

width of 1 inch in the y-direction. The resulting value of 1389 psi is the uniform

tensile stress in the x-direction in the three-dimensional case. The estimated far-

field strain in the joint is simply the uniform tensile stress divided by the effective

longitudinal laminate stiffness of the adherend, Exx. The estimated far-field strain

is therefore only variable with the adherend stiffness since the equivalent load (100

lbf) and the cross-sectional area (constant tadherend) are preserved as invariable across

all the parametric cases. The effective longitudinal stiffness, Exx, for the laminate

adherends of [±452/02]S, [±45/0]2S, and homogenized [±45/0]2S is 7.61 Msi, and this

yields a value of 182.5 µstrain for the estimated longitudinal far-field strain. Similarly,

for the laminate adherends of [±152/02]S, [±15/0]2S, and homogenized [±15/0]2S, the

effective longitudinal stiffness, Exx, is 16.0 Msi, and this yields a value of 86.8 µstrain

for the estimated longitudinal far-field strain. The applied displacements for each

parametric case are then obtained by multiplying the estimated longitudinal far-field

strain by the respective model length, and are listed in Table 4.1. The simplified
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relation for the computation of applied displacements is shown in Equation 4.2:

uapp[in] =
1389 [psi] L [in]

Exx [psi]
. (4.2)

The applied uniform far-field displacement for each model is listed in Table 4.3. The

applied uniform far-field displacement boundary conditions are also illustrated in

Figure 4.2.

The results obtained from these specific models can be scaled, as previously noted,

by determining appropriate ratios to scale all results. The underlying assumption is

that all behavior stays within the linear regimes. These ratios depend upon whether

the far-field condition is based on displacement or load. If based on displacement, it

is necessary to determine the ratio of the values of the desired uniform extensional

displacement to that of the applied uniform extensional displacement, uapp, as used

in the model. All results for the field variables from the actual model are then

multiplied by that ratio to determine the values for the field variables for that desired

displacement. For the case of desired applied distributed load, it is first necessary to

determine the resulting load being carried for the case modeled. First, the longitudinal

far-field strains occurring at the edge at x equal to L, as obtained via the model,

are averaged, and then multiplied by the effective longitudinal laminate stiffness of

the adherend, Exx, to yield the corresponding effective uniform tensile stress. The

effective uniform tensile stress can then be multiplied by the cross-sectional area,

which is equal to the adherend thickness of 0.072 inches times a unit width of 1 inch

in the y-direction, in order to determine the value of the average distributed load

transmitted in the modeled case. It is then necessary to determine the ratio of the

values of the desired distributed load to that of the average distributed load for that

model. All results for the field variables from the actual model are then multiplied

by that ratio to determine the values for that desired load.
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Table 4.3 Applied far-field displacement, uapp, for each finite element model

Variable
Parameter

Parameter
Value uapp [in]

Baseline 10◦ 0.0001618

α
5◦

15◦
0.0002458
0.0001336

α unequal
(α1, α2)

(10◦, 8◦)
(10◦, 9◦)
(10◦, 11◦)
(10◦, 12◦)

0.0001808
0.0001702
0.0001610
0.0001618

ta

0.004 in
0.006 in
0.010 in
0.012 in

0.0001576
0.0001597
0.0001639
0.0001604

Laminate

[±152/02]s

[±15/0]2s

[±45/0]2s

Homogenized∗ [±452/02]s

Homogenized∗ [±152/02]s

0.0000769

0.0000769

0.0001618

0.0001618

0.0000769

* Note: Stiffness values of adherend set to be homogeneously orthotropic
from Classical Laminated Plate Theory for indicated laminate
with no spatial variation within adherend.
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4.4 Model Discretization

The purpose of this work, as has been noted earlier, is to establish a fundamental

level understanding of the mechanical response and its associated parametric sensitiv-

ities for two-dimensional composite scarf joints. As this understanding is to be based

on the results of the finite element modeling performed in this work, the modeling

considerations and aspects involved directly influence the results, and therefore the

primary understanding that is sought. Within this context, the type of finite elements

used for discretization influences the modeling output and results. In this work, all

two-dimensional scarf joint models were discretized using three-noded (linear), plane

strain, displacement-based elements, named as CPE3 in the Abaqus standard element

library. Plane strain conditions arise from the base assumption about the structural

configuration of composite scarf joints, as discussed in Chapter 3. As it is assumed

that the scarf joint configuration has significant geometric extension in the y-direction

to prohibit any deformation out of the x-z plane, a plane strain condition exists at

any given cross-section of the configuration. Linear triangular elements were used in

order to reduce the computational cost of executing the models, yet ensuring ade-

quate resolution of the resulting stress and strain fields in order to capture their steep

variations in the model region.

Each ply was discretized with two elements in the through-thickness direction.

This is illustrated in Figure 4.2 wherein a characteristic mesh of a typical two-

dimensional composite scarf joint finite element model is shown in the joint region.

The use of two elements per ply thickness was based on the consideration of issues

related to modeling lengthscale. It was ensured that the lengthscale associated with

the elements was at least greater by an order of magnitude than the lengthscale asso-

ciated with fiber diameter in the plies. Thus, stress and strain fields generated from

such modeling are maintained at a lengthscale where the assumption of fiber-matrix

continuum in regard to stiffness properties remains valid.

The adhesive material is assumed to be homogeneously isotropic. The adhesive

region is discretized with three elements through the adhesive thickness. Mesh seeds
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were thus applied to each model in Abaqus at the horizontal adhesive edges and

the vertical edges of each ply to yield the discussed number of through-thickness

elements for the adhesive and ply regions. The number of elements in the x-direction

was not restricted and the discretization in the x-direction was achieved to yield

appropriate element aspect ratios at the adjoining regions between the plies and

the adhesive. The characteristic mesh of a typical two-dimensional composite scarf

joint finite element model along with the applied boundary conditions is shown in

Figure 4.2, with an enlarged view of the mesh structure near the adhesive tip and the

adjoining ply tip regions shown in Figure 4.3. The mesh density was kept higher in

the adhesive region compared to the adherends in order to capture any higher stress

and strain gradients within the adhesive region. The adhesive region is expected to

be sensitive in producing higher stress and strain gradients due to the entire load

being transmitted from one adherend to the other via the adhesvive. The adhesive

layer is relatively thin, that is on the order of a ply thickness, and is significantly less

than the adherend thickness. Large sensitivities in the mechanical response of the

scarf joint are expected to occur within the adhesive.

4.5 Assessment of Model Lengths

An assessment of the sufficiency of the finite element model length between the

joint region and the edges of the model was performed. The sufficiency of this length

was assessed based on the recovery of uniform distribution of far-field longitudinal

strain through the thickness of the laminated adherend. The true physical state of

far-field strain at the model edge at x equal to L is purely longitudinal and has uniform

distribution through the thickness of the adherend. Thus, the fidelity of a modeled

case can be assessed by considering the level to which the far-field state of strain in

the model becomes purely longitudinal. This is based on the uniformity of the state

of strain through the thickness of the adherend in this region.

An additional finite element model of the case with twice the length between the

joint region and the model edges compared to that for the baseline case, 2∆L (0.432
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Figure 4.2 Discretized mesh of a typical two-dimensional composite scarf joint finite
element model with applied boundary conditions.
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Figure 4.3 Enlarged view of the mesh at the adhesive tip region and the adjoining
ply tips of a typical two-dimensional composite scarf joint finite element
model.
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in), with prescribed displacement boundary conditions corresponding to equivalent

load-carrying capability for this case, was run in order to compare the distributions of

far-field longitudinal strain through the thickness of the adherend for the two cases.

All other parameters for this case were retained to be similar to those for the baseline

configuration, and the length of the joint region was kept constant. The magnitudes

of the differences in the values of the longitudinal strain from the average far-field

longitudinal strain, ε∞11, are assessed at the far-field location through the thickness of

the adherend. The magnitudes of these differences are reported as percentages of the

average far-field longitudinal strain, ε∞11, in Table 4.4 for specific locations through

the thickness of the adherend. These locations in the adherend correspond to the six

effective mid-ply locations for the [±452/02]S laminate configuration of the adherend.

The magnitudes of percentage differences in the values of local far-field longitu-

dinal strain from the average far-field longitudinal strain, ε∞11, indicate uniformity

of the distribution of longitudinal strain through the thickness of the adherend to

within 0.15% of ε∞11 for the baseline case with ∆L, and to within 0.04% of ε∞11 for

the case with 2∆L. In this work, the length for the baseline case of ∆L between the

joint region and the model edges is thus considered to be sufficiently long to allow

recovery of purely longitudinal far-field strain behavior corresponding to that of a

perfect laminate, with sufficiently uniform distribution of longitudinal strain through

the thickness of the adherend.
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Table 4.4 Magnitudes of percentage differences in the values of longitudinal strain
at the end of the model from the average far-field longitudinal strain, ε∞11,
at different locations through the thickness of the adherend of [±452/02]S
for the cases of ∆L and 2∆L

Location in z
(in)

Difference for
∆L

Difference for
2∆L

0.066 0.15% 0.04%

0.054 0.04% 0.02%

0.042 0.09% 0.01%

0.030 0.10% 0.01%

0.018 0.02% 0.03%

0.006 0.03% 0.04%
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Chapter 5

Results

The results obtained through the finite element modeling of all the two-dimensional

composite scarf joint cases investigated in this work are presented in this chapter. The

findings of this work are primarily captured through the mechanical response exhib-

ited in the strain distributions along defined coordinate axes in the scarf joint region,

along with isostrain contour field plots. The isostrain contour field plots, which in-

dicate the overall global joint response, are given in Appendix B. The strain results

throughout are presented in terms of the tensorial components. The strain distribu-

tions along the coordinate axes associated with the joint provide localized qualitative

and quantitative assessment of the mechanical behavior of the joint. This chapter is

devoted to their documentation.

The results in this chapter are documented in association with variation of indi-

vidual parameters. This allows the associated sensitivities for each parametric case

to be assessed directly. The strain results for different laminate configurations of the

adherends, similar for both adherends within one joint configuration, are presented

in Section 5.1, and response sensitivities are described. In addition, the general char-

acteristics of the mechanical response of two-dimensional composite scarf joints are

described. The results for different scarf angles, equal for both adherends within one

joint configuration, are presented in Section 5.2. The results for different adhesive

thicknesses are presented in Section 5.3. The results for different scarf angles for

adherend 2, with the scarf angle for adherend 1 always equal to 10◦, are presented in
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Section 5.4. In the latter three sections, description of the response sensitivities to

the parameters is emphasized.

The presentation of strain results requires definition of the axes used. The defined

axes can be categorized into two types, and are shown in Figure 5.1. The first set

of axes is obtained by rotating the x-axis by the associated scarf angles, α1 and/or

α2. These axes are identified by the subscript j, and thus denoted as xj. One of these

axes, xjm, runs at the midline of the adhesive along the scarf length beginning at

the bottom of the configuration (z = 0 in), and has a relative angle of (α2 + α2)/2.

The interface between the adhesive and adherend 1 is defined as bondline 1. This

has an axis, xjb1, beginning at the top of the configuration (z = 0.072 in), that runs

towards the bottom of the configuration, and has a relative angle of α1. The interface

between the adhesive and adherend 2 is defined as bondline 2. This has an axis, xjb2,

beginning at the bottom of the configuration (z = 0 in), and has a relative angle of

α2.

The distance along each of these axes is normalized to be between 0 and 1, run-

ning from its starting point to the other end of the configuration. Thus, the nor-

malized distance along the adhesive midline, denoted as x∗jm, is obtained by dividing

the true values of xjm by the length of the configuration along the adhesive midline,

[tadherend/ sin((α1 + α2)/2)]. Similarly, the normalized distances along the two bond-

lines, denoted as x∗jb1 and x∗jb2, are obtained by dividing the true values of xjb1 and xjb2

by the length of the configuration along the bondline. This is equal to the adherend

thickness, tadherend, divided by the sine of the associated angle, α1 or α2. The strain

distributions along the xj-axes are thus all plotted versus the corresponding normal-

ized values, x∗j . It is also noted that the strain plots along x∗jb1 and x∗jb2 indicate strain

values in the adhesive. However, the use of a prime on x∗jb, x′∗jb, indicates strain values

within the adherends. Thus, strain plots along x′∗jb1 and x′∗jb2 indicate strain values

in the adherends. Strain plots along x∗jb1 are only included for the case of unequal

scarf angles (α1 6= α2), in which case the geometric asymmetry yields different strain

values along the two bondlines. The ply interface locations along x′∗jb2, and adjacent

locations along x∗jb2 and x∗jm, for the cases of [±θ2/02]S are listed in Table 5.1, and
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Figure 5.1 Definition of coordinate axes, xjb1, xjm, xjb2, and xa, used for plots of
normalized strain distributions for all parametric cases.
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those for the cases of [±θ/0]2S are listed in Table 5.2.

The second set of axes runs parallel to the x-axis with the origin at the end of the

joint region at x equal to (Ljoint + ∆L) within adherend 2. The axes are distinguished

by the subscript a, and thus denoted as xa. These axes are used at specific through-

thickness locations, and thus for specific values of z. Each of these axes runs from

bondline 2 within the adherend to the edge of the scarf joint at x equal to L. This

implies that each axis has negative values for values of x less than (Ljoint + ∆L), and

positive values for values of x greater than (Ljoint + ∆L) along these axes. The values

along these axes are normalized by the adherend thickness, tadherend, and denoted by

x∗a. The strain distributions in this regard are also plotted versus the normalized

values, x∗a. The acute ply tip locations along x∗a for the cases of [±θ2/02]S for cases of

equal scarf angles are listed in Table 5.3.

The values of strain within the adhesive along the xjb-axes are plotted at a third

of the distance of the characteristic element length from each bondline (0.001 in).

Similarly, strain values within the adherend along these axes are also plotted at one

third of the distance of a characteristic element length from each bondline (0.001

in). Within this distance, the strain values are representative of the strain variation

occurring at the bondline in the adhesive or the adherend for each case.

The strain plots presented in this chapter include distributions of longitudinal

strain, ε11, and shear strain (tensorial), ε13, along the specific coordinate axes as

defined previously. These two strain components sufficiently establish the fundamen-

tal mechanics and response of two-dimensional composite scarf joints and the load

transfer mechanisms within the joint. The distributions of transverse normal strain

in the adhesive, ε33, generally exhibit similar trends to those for the distributions of

longitudinal strain, ε11. This is demonstrated through the distributions of normalized

strains of ε11 and ε33 along the adhesive midline for the baseline case shown in Figure

5.2. In regions in the adhesive where the distributions of normalized strains remain

relatively uniform, the magnitudes of transverse normal strain are related to those

of longitudinal strain via the Poisson’s ratio of the adhesive, ν, with the ratio being

approximately 2ν, as indicated by plane strain conditions. However, in regions of
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Table 5.1 Ply span intervals for [±θ2/02]S laminates along x∗j -axes

x∗j Interval Ply Angle

0.0 ≤ x∗j < 0.167 + θ

0.167 < x∗j < 0.333 − θ

0.333 < x∗j < 0.667 0

0.667 < x∗j < 0.833 − θ

0.833 < x∗j ≤ 1.0 + θ

Note: Interval boundaries, except 0.0 and 1.0, indicate actual
ply interface locations inside adherend along x′∗jb2, and
adjacent ply interface locations along x∗jb2 and x∗jm.
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Table 5.2 Ply span intervals for [±θ/0]2S laminates along x∗j -axes

x∗j Interval Ply Angle

0.0 ≤ x∗j < 0.083 + θ

0.083 < x∗j < 0.167 − θ

0.167 < x∗j < 0.250 0

0.250 < x∗j < 0.333 + θ

0.333 < x∗j < 0.417 − θ

0.417 < x∗j < 0.583 0

0.583 < x∗j < 0.667 − θ

0.667 < x∗j < 0.750 + θ

0.750 < x∗j < 0.833 0

0.833 < x∗j < 0.917 − θ

0.917 < x∗j ≤ 1.0 + θ

Note: Interval boundaries, except 0.0 and 1.0, indicate actual
ply interface locations inside adherend along x′∗jb2, and
adjacent ply interface locations along x∗jb2 and x∗jm.
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Table 5.3 Acute ply tip locations for [±θ2/02]S laminates along x∗a for scarf angles
of 5◦, 10◦, and 15◦

Acute Ply
Tip Angle
(interface
location)

x∗a Location

α = 5◦ α = 10◦ α = 15◦

+ θ
(z = 0.060 in)

-1.905 -0.945 -0.622

− θ
(z = 0.048 in)

-3.810 -1.890 -1.244

0
(z = 0.024 in)

-7.620 -3.780 -2.488

− θ
(z = 0.012 in)

-9.525 -4.725 -3.110

+ θ
(z = 0.0 in)

-11.430 -5.670 -3.732
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Table 5.4 Average far-field longitudinal strain, ε∞11, for each finite element model

Variable
Parameter

Parameter
Value ε∞11 [µstrain]

Baseline 10◦ 151.0

α
5◦

15◦
161.0
141.5

α unequal
(α1, α2)

(10◦, 8◦)
(10◦, 9◦)
(10◦, 11◦)
(10◦, 12◦)

133.0
142.0
140.0
126.0

ta

0.004 in
0.006 in
0.010 in
0.012 in

165.0
158.0
145.0
139.0

Laminate

[±152/02]S

[±15/0]2S

[±45/0]2S

Homogenized∗ [±452/02]S

Homogenized∗ [±152/02]S

67.3

67.2

152.1

153.4

67.2

* Note: Stiffness values of adherend set to be homogeneously orthotropic
from Classical Laminated Plate Theory for indicated laminate
with no spatial variation within adherend.
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high gradients in strains, the ratio of magnitudes of transverse normal strain to those

of longitudinal strain varies. Nevertheless, the general characteristics of the distribu-

tions of both strains remain the same, and no additional observations are gathered

from the distributions of transverse normal strain, ε33. Therefore, the results for the

distributions of transverse normal strain are not presented in this chapter.

The strain distributions in each plot are normalized by the average value of far-field

longitudinal strain, ε∞11, as determined for each model. The average value of far-field

longitudinal strain is the average of the values of longitudinal strain, ε11, occurring at

the edge of each model at x equal to L. The values of ε∞11 for each parametric case are

listed in Table 5.4. For all cases, except for those with unequal scarf angles, the strain

fields in the joint region are anti-symmetric about the rectangular coordinate system

originating at the geometric center of the scarf joint at x equal to L/2 and z equal to

tadherend/2, with one axis being aligned with the adhesive midline, xjm, as shown in

Figure 5.1. This can be attributed to anti-symmetry of the geometry, material, and

loading about such a coordinate system for the associated cases of two-dimensional

composite scarf joints investigated.

5.1 Effects of Laminate Configuration

The strain distributions for the two-dimensional composite scarf joints with vari-

ous laminate configurations of the adherend investigated in this work are presented in

this section. The general characteristics of the strain response of the two-dimensional

composite scarf joints are described in relation to these specific cases of laminate

configurations of the adherend. In addition, the sensitivities exhibited in the strain

response to the variations in these configurations are also detailed.

The distributions of longitudinal strain, ε11, along bondline 2 in adherend 2 and in

the adhesive show high values of strain at the location of the acute tip of the adherend.

As indicated in Figures 5.3 and 5.4, the longitudinal strain has peak values in the

adherend at the acute tip, at x′∗jb2 equal to 0.0. Conversely, the greatest reduction

in longitudinal strain in the adherend occurs at the location of the obtuse tip of the
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Figure 5.2 Plot of normalized magnitude of ε11 and ε33 versus x∗jm at midline in
adhesive for the baseline case with equal scarf angles of 10◦, adhesive
thickness of 0.008 in, and laminate configuration of [±452/02]S.
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adherend, at x′∗jb2 equal to 1.0. At each end in the adherend, there exists a region of

normalized length approximately equal to 0.1 with high strain gradient to the end

value. Between these regions, the longitudinal strain remains relatively uniform for

the cases of homogenized [±θ2/02]S, with there being no difference in the value of

normalized strain for the two values of θ considered, 45◦ and 15◦.

For the laminated cases of [±θ2/02]S and [±θ/0]2S, the effect of mismatched stiff-

ness properties arising from the presence of plies at angles of +θ and −θ along with

those at 0◦ is evident through the sharp increases and decreases in longitudinal strain

at the locations of ply interfaces along the bondline. The distributions of normal-

ized longitudinal strain for the cases of [±152/02]S and [±15/0]2S very closely follow

the distributions for the corresponding homogenized cases, to the extent of almost

overlapping them, with deviations of no larger than 10% of the normalized value of

longitudinal strain at ply interface locations along the bondline. However, the cases

of [±452/02]S and [±45/0]2S show significant variations in the distributions of normal-

ized longitudinal strain along the bondline compared to those for the corresponding

homogenized cases. The local maxima of longitudinal strain occurring between the

normalized distances of 0.1 and 0.9 for the case of [±45/0]2S are all of relatively similar

normalized magnitude of approximately 2.0. This value is slightly smaller than the

corresponding normalized value of 2.3 for the single local maximum of longitudinal

strain occurring in the same interval for the case of [±452/02]S. Similarly, the local

minima of longitudinal strain occurring in the interval for the case of [±45/0]2S are

all of similar normalized magnitude of approximately 0.75, as compared with the cor-

responding normalized magnitude of 0.70 for the single local minimum for the case of

[±452/02]S. Thus, the magnitude of the variation in longitudinal strain with respect

to the average far-field value for the case of [±45/0]2S is smaller compared to that for

the case of [±452/02]S.

It is important to note that for the case of [±45/0]2S, the region of high strain

gradient at each end is accompanied by a change in the sign of strain gradient over

a normalized length of approximately 0.1, wherein the longitudinal strain reaches

a local maximum value. In comparison to the case of [±452/02]S, similar behavior
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occurs but over a normalized distance of approximately 0.2 from either ends of the

bondline. In addition, the distribution of longitudinal strain for each case experiences

a slight reduction in magnitude at the normalized distance of 0.89 along bondline 2.

This point along the bondline has the same location in x as the location of the acute

tip of the other adherend (adherend 1).

The distributions of longitudinal strain, ε11, in the adhesive along bondline 2 are

directly related to the corresponding distributions in adherend 2 along bondline 2.

This can be seen in the plots of normalized longitudinal strain in the adhesive along

the bondline, as shown in Figures 5.5 and 5.6. In general, increases and decreases

in strain values in the adhesive occurring at various locations along the bondline

are tied to associated increases and decreases in strain values in the immediately

adjacent region in the adherend. The distributions of normalized longitudinal strain

along the bondline in the adhesive over the normalized distances between 0.2 and

0.8 are related to those in the adherend by ratios of approximately 4.5 and 3.0 for

the cases of homogenized [±152/02]S and homogenzied [±452/02]S, respectively. The

magnitudes of normalized longitudinal strain occurring for the cases of laminates

having 15◦ plies are higher compared to those for the cases of laminates having 45◦

plies. This indicates the greater mismatch in longitudinal stiffness properties between

the adhesive and the adherend for the cases having 15◦ plies compared to those having

45◦ plies.

The distributions of longitudinal strain, ε11, in the adhesive along the midline

exhibit significant resemblance to the distributions of longitudinal strain along the

bondline, both in the adhesive and in the adherend. The normalized distributions

are shown in Figures 5.7 and 5.8 for the cases of different laminates. For these

cases, the distributions of longitudinal strain are symmetric about x∗jm equal to 0.5,

in consistency with the symmetry of the various aspects of the configuration of a two-

dimensional composite scarf joint, as discussed in the introduction to this chapter.

The local increases and decreases in longitudinal strain are reduced in magnitude,

the local variations are shifted, and the overall strain gradients are also reduced in

magnitude. Overall values of longitudinal strain at the adhesive midline for the cases
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of homogenized [±152/02]S and homogenized [±452/02]S remain the same as those

occurring in the adhesive at the bondline. The average values of normalized longitu-

dinal strain for the cases of homogenized [±152/02]S and homogenized [±452/02]S are

5.5 and 3.7, respectively, over the normalized distances between 0.2 and 0.8.

The distributions of normalized shear strain, ε13, at bondline 2 in adherend 2 are

presented in Figures 5.9 and 5.10 for the cases of [±θ2/02]S, homogenized [±θ2/02]S,

and [±θ/0]2S. These distributions exhibit similar characteristics to those for longitu-

dinal strain. In particular, the distributions of shear strain remain relatively uniform,

except near the end regions. This is specifically true for the homogenized cases. In

addition, high values of shear strain occur at the acute tip of the adherend for all

cases. However, the peak magnitude of shear strain does not always occur at the

acute tip of the adherend for the cases of laminated adherends. The local maxima in

shear strain for the case of [±45/0]2S all have relatively similar normalized magnitude

of approximately 3.4, slightly less than the normalized magnitude of 3.7 for the single

local maximum for the case of [±452/02]S. Similarly, the local minima in shear strain

away from the end regions for the case of [±45/0]2S have negative values and also

have a relatively similar normalized magnitude of approximately 1.8. This is slightly

larger than the normalized magnitude of approximately 1.7 for the single local mini-

mum for the case of [±452/02]S, which is also negative in value. The laminated cases

of [±152/02]S and [±15/0]2S also show greater variations in the distributions of shear

strain compared to those for longitudinal strain at ply interfaces. These variations are

within differences of 50% of normalized values of shear strain at some ply interface

locations. In all cases, the local maxima and minima for shear strain occur at the

same locations as where the local maxima and minima for longitudinal strain occur.

Another noteworthy feature in the distributions of shear is the sharp reduction in

shear strain occurring near the normalized distance of 0.89 in the adherend along

the bondline for all cases. This behavior is also exhibited in the distributions for

longitudinal strain, but is significantly amplified in the distributions for shear strain.

The distributions of normalized shear strain, ε13, along bondline 2 in the adhesive

are shown in Figures 5.11 and 5.12 for all cases. The shear strain remains entirely
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Figure 5.3 Plot of normalized ε11 versus x′∗jb2 at bondline 2 in adherend for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.

- 82 -



0.0 0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

x′∗jb2

ε
11
/ε
∞ 11

[±452/02]S
[±45/0]2S
[±152/02]S
[±15/0]2S

0.0

Figure 5.4 Plot of normalized ε11 versus x′∗jb2 at bondline 2 in adherend for the
cases of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S, and
[±15/0]2S.

- 83 -



0.0 0.2 0.4 0.6 0.8 1.0

2

4

6

8

10

12

x∗jb2

ε
11
/ε
∞ 11

[±452/02]S
hom* [±452/02]S
[±152/02]S
hom* [±152/02]S

0

Figure 5.5 Plot of normalized ε11 versus x∗jb2 at bondline 2 in adhesive for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.6 Plot of normalized ε11 versus x∗jb2 at bondline 2 in adhesive for the
cases of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S, and
[±15/0]2S.
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Figure 5.7 Plot of normalized ε11 versus x∗jm at midline in adhesive for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.8 Plot of normalized ε11 versus x∗jm at midline in adhesive for the cases
of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S, and
[±15/0]2S.
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negative in value, and the sharp reductions in shear strain occurring at the normalized

distance of 0.89 in the adherend along the bondline are not as sharp in the adjacent

adhesive region along the bondline. The largest magnitudes of shear strain occur near

the acute tip of the adherend within a distance of a characteristic element length from

the tip (0.003 in) for the laminated cases of [±152/02]S and [±15/0]2S, and for the

cases of homogenized [±152/02]S and homogenized [±452/02]S. The corresponding

normalized values are -26.8, -27.1, -28.1, and -15.8, respectively. However, the peak

magnitudes of shear strain for the laminated cases of [±452/02]S and [±45/0]2S occur

at the normalized distance of approximately 0.45, having normalized values of -20.0

and -16.3, respectively. Local variations in shear strain occur in the adhesive along

the bondline at locations adjacent to the ply interface junctions, as exhibited in the

distributions of longitudinal strain.

The distributions of normalized shear strain, ε13, at the adhesive midline are shown

in Figures 5.13 and 5.14 for all cases. These distributions exhibit similar characteris-

tics to those in the adhesive at the bondline, but additionally exhibit symmetry about

the midpoint of the adhesive midline, as illustrated in the distributions of longitudi-

nal strain, and as must occur as previously described. This results in a reduction in

the magnitudes of local gradients in shear strain occurring near the beginning of the

adhesive midline, but a slight increase in those occurring near the end. In addition,

the overall magnitudes of shear strain remain similar to those along the bondline in

the adhesive.

The distributions of normalized longitudinal strain, ε11, for the cases of [±θ2/02]S

and homogenized [±θ2/02]S along x∗a-axes, as defined in Figure 5.1, at various locations

in adherend 2 through the thickness (values of z) are presented in Figures 5.15 through

5.22. The locations through the thickness were chosen such that the effects of varying

stiffness through the adherend could be isolated in the distributions of strains within

the adherend. These locations were chosen to be the midply locations for the cases of

[±θ2/02]S, and the top and bottom of the adherend of the overall configuration. The

locations for these axes were retained in the cases of homogenized laminates in order

to investigate the corresponding distributions of strains in the absence of mismatch
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Figure 5.9 Plot of normalized ε13 versus x′∗jb2 at bondline 2 in adherend for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.10 Plot of normalized ε13 versus x′∗jb2 at bondline 2 in adherend for the
cases of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S,
and [±15/0]2S.
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Figure 5.11 Plot of normalized ε13 versus x∗jb2 at bondline 2 in adhesive for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.12 Plot of normalized ε13 versus x∗jb2 at bondline 2 in adhesive for the
cases of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S,
and [±15/0]2S.

- 92 -



0.0 0.2 0.4 0.6 0.8 1.0

0

-4

-8

-12

-16

-20

-24

x∗jm

ε
13
/ε
∞ 11

[±452/02]S
hom* [±452/02]S
[±152/02]S
hom* [±152/02]S

-28

Figure 5.13 Plot of normalized ε13 versus x∗jm at midline in adhesive for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.14 Plot of normalized ε13 versus x∗jm at midline in adhesive for the cases
of laminate configurations of [±452/02]S, [±45/0]2S, [±152/02]S, and
[±15/0]2S.
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in stiffness properties within the adherend. Similar plots are presented for the cases

of [±θ/0]2S in Figures 5.23 and 5.24. For these cases, strain distributions along

x∗a-axes at the top and bottom of the adherend, in conjunction with similar strain

distributions for the cases of [±θ2/02]S, were found to be sufficient to characterize the

strain behavior in the adherend in these cases, and thus are the only ones presented.

For these plots, negative values of x∗a span the joint region within the adherend,

whereas positive values of x∗a span the region immediately outside the joint region to

the edge of the model.

The distributions of longitudinal strain exhibit similar behavior for all cases out-

side the joint region. In this region, the distributions show negative gradients in

longitudinal strain for the through-thickness locations of z equal to 0.072 in, 0.066

in, 0.018 in, 0.006 in, and 0.0 in, and positive gradients in longitudinal strain for the

through-thickness locations of z equal to 0.054 in, 0.042 in, and 0.030 in, starting at

x∗a values between 1 and 2. The largest gradients in longitduinal strain in this region

occur farther from the centerline, which is located at z equal to 0.036 in. Variations in

longitudinal strain occur near x∗a equal to 0 throughout the thickness of the adherend.

The point x∗a equal to 0 identifies the beginning of the joint region, and physically

represents the location beyond which (for x∗a less than 0) the effective stiffness compo-

sition of the configuration through the z-direction, at any cross-section in x, changes

due to varying stiffness contributions of each of the adherends and the adhesive.

The distributions of longitudinal strain for the homogenized cases and the lam-

inated case of [±152/02]S follow each other closely, showing similar trends along x∗a

within the adherend at all locations through the thickness. This indicates the strain

behavior of the adherend in the absence of varying stiffness for the homogenized

cases, and the intermediate case of [±152/02]S approximating the homogenized cases

in characteristic response. Within the joint region, that is for negative values of x∗a,

the magnitude of longitudinal strain generally increases towards the adhesive at all

locations except for an initial decrease occurring at the locations of z equal to 0.018

in, 0.006 in, and 0.0 in. This increase is not necessarily monotonic and has slight local

variations. For all cases, the distributions of longitudinal strain within the joint region
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show a region of negative gradient leading to a local minimum value of longitudinal

strain, followed by a region of positive gradient leading to a local maximum value of

longitudinal strain near the adhesive. This occurs at all locations through the thick-

ness, except for z greater than 0.054 in. These local minima in longitudinal strain

occur within the joint region between x∗a values of -0.5 and -0.7. In this region, at z

equal to 0.054 in, there is a noticeable change in the gradient in longitudinal strain,

but a local minimum in longitudinal strain does not occur. At the location of z equal

to 0.066 in, adherend 2 does not extend within the joint region to span this region.

However, for all cases, a local minimum in longitudinal strain occurs at this location

of z prior to the joint region within a normalized distance of approximately 0.1 along

x∗a. At the location of z equal to 0.072 in, the gradient in longitudinal strain is only

negative and results in a minimum value of longitudinal strain at x∗a equal to 0.0. The

maximum values of longitudinal strain at any location in z occur near the adhesive

in all cases, with the greatest overall values occurring farthest from the centerline.

This is illustrated through the normalized values of local peaks in longitudinal strain

of 1.32, 1.18, 0.92, 1.13, 1.67, and 2.86 occurring at locations in z of 0.066 in, 0.054

in, 0.042 in, 0.030 in, 0.018 in, and 0.0 in, respectively, for the case of [±452/02]S.

Similarly, for the corresponding homogenized 45◦ case, the normalized peak values

of longitudinal strain at the corresponding locations in z are 1.31, 1.30, 1.18, 1.12,

1.15, and 2.86. It is also noted that the corresponding values for the homogenized 15◦

case are very close to those for the homogenized 45◦ case. For all cases, the values of

normalized longitudinal strain always remain between 1.1 and 1.35 near the adhesive,

except at the bottom of the adherend. At this location in z, there exists a region of

steep positive gradient in longitudinal strain spanning a normalized distance of 0.5

from the adhesive.

The distributions of longitudinal strains for the laminated case of [±452/02]S also

indicate that the lower ±45◦ plies show higher values of longitudinal strain near the

adhesive compared to those in the upper ±45◦ plies, with normalized values near

the adhesive at the top and bottom locations of the adherend being 0.68 and 2.86,

respectively. A similar trend is exhibited at the top and bottom of the adherend
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for the homogenized cases with the normalized values of longitudinal strain for the

cases of homogenized [±152/02]S and homogenized [±452/02]S being 0.44 and 0.56,

respectively, at the top, and 3.18 and 3.14, respectively, at the bottom. The values

of longitudinal strain for the laminated case of [±452/02]S also decrease at locations

in z of 0.054 in, 0.042 in, 0.018 in, and 0.006 in, just prior to the adhesive within

a normalized distance of 1.0 from the adhesive. The distributions of longitudinal

strain for the laminated case of [±452/02]S exhibit the local effects of increases or

decreases in longitudinal strain occurring at ply tips located at the various locations

through the thickness of the adherend, in addition to the features characteristic of

the distribution for the corresponding homogenized case.

The distributions of normalized shear strain, ε13, for the cases of [±θ2/02]S and

homogenized [±θ2/02]S along x∗a-axes at various locations through the thickness of the

adherend are presented in Figures 5.25 through 5.32. The distributions of normalized

shear strain for the cases of [±θ/0]2S are presented in Figures 5.33 and 5.34.

The distributions of shear strain share several characteristic trends with the dis-

tributions of longitudinal strain, and in general exhibit magnification of the effects

occurring in the distributions of longitudinal strain. This is particularly true with

the increases and decreases in the values of shear strain along x∗a caused by the pres-

ence of ply tips at various locations through the thickness, particularly the decrease

occurring near the edge of the joint region, where x∗a equal to 0.0. Gradients in shear

strain that arise for x∗a values greater than 0.0 have positive values for locations of z

equal to 0.072 in, 0.066 in, and 0.054 in, and negative values for all other locations

of z. However, at the location of z equal to 0.054 in, the distributions of shear strain

for all cases experience a local minimum at x∗a equal to approximately -0.28, resulting

from localized negative gradients in shear strain. Distributions of shear strain show

positive and negative values in the adherend for all cases, with values being negative

at x∗a equal to 0.0 for all locations in z lower than and including z equal to 0.042 in,

and near the adhesive within the −45◦ plies at the locations of z equal to 0.018 in and

0.054 in for the laminated case of [±452/02]S. The magnitude of normalized shear

strain is also higher for the cases of [±152/02]S and homogenized [±152/02]S in all

- 97 -



-6 -5 -4 -3 -2 -1 0 1 2 3

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Average
Far-Field Value

x∗a

ε
11
/ε
∞ 11

[±452/02]S
hom* [±452/02]S
[±152/02]S
hom* [±152/02]S

0.0

Figure 5.15 Plot of normalized ε11 versus x∗a located at z equal to 0.072 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.16 Plot of normalized ε11 versus x∗a located at z equal to 0.066 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.17 Plot of normalized ε11 versus x∗a located at z equal to 0.054 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.18 Plot of normalized ε11 versus x∗a located at z equal to 0.042 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.19 Plot of normalized ε11 versus x∗a located at z equal to 0.030 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.20 Plot of normalized ε11 versus x∗a located at z equal to 0.018 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.21 Plot of normalized ε11 versus x∗a located at z equal to 0.006 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.22 Plot of normalized ε11 versus x∗a located at z equal to 0.0 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.23 Plot of normalized ε11 versus x∗a located at z equal to 0.072 in for the
cases of laminate configurations of [±45/0]2S and [±15/0]2S.
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Figure 5.24 Plot of normalized ε11 versus x∗a located at z equal to 0.0 in for the cases
of laminate configurations of [±45/0]2S and [±15/0]2S.
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distributions compared to the corresponding distributions of cases having 45◦ plies.

This is due to the stiffer in-plane properties. This is indicated through the values

of normalized shear strain of 4.25, 5.46, 1.03, and 2.58 occurring at the acute tip of

the adherend for the cases of [±152/02]S, homogenized [±152/02]S, [±452/02]S, and

homogenized [±452/02]S, respectively. In addition, it is also noted that the ratio of

the magnitudes of normalized shear strain for the case of homogenized [±152/02]S to

those for the case of homogenized [±452/02]S is approximately 2.0 near the bondline

in the joint region at the locations of z equal to 0.054 in, 0.042 in, 0.030 in, and 0.018

in.

The distributions of normalized strain along the x∗a-axes for the laminated cases of

[±θ/0]2S exhibit similar trends to those occurring for the cases of [±θ2/02]S, but with

additional local strain variations due to the increased stiffness variation generated

from a more variable ±θ ply distribution. These effects are evident, particularly in

the distributions of normalized longitudinal strain and normalized shear strain at z

equal to 0.0 in, as shown in Figures 5.24 and 5.34, respectively, compared to those in

Figures 5.22 and 5.32.

5.2 Effects of Scarf Angle (Equal Values)

The strain results for the scarf angle cases of 5◦, 10◦, and 15◦, with equal values for

both adherends, for the two-dimensional composite scarf joint configurations with the

laminate of [±452/02]S and adhesive thickness of 0.008 in are presented in this section.

The distributions of strains for the scarf angle case of 10◦ are the same as those for

the case in Section 5.1 with the laminated adherend configuration of [±452/02]S,

representing the baseline configuration. Most importantly, the strains for the cases

of the three scarf angles are generally very similar in terms of the characteristics of

the distributions, as described in Section 5.1.

The distributions of normalized longitudinal strain, ε11, for the cases of 5◦, 10◦, and

15◦, at bondline 2 in adherend 2, at bondline 2 in the adhesive, and at the adhesive

midline are presented in Figures 5.35, 5.36, and 5.37, respectively. These distribu-
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Figure 5.25 Plot of normalized ε13 versus x∗a located at z equal to 0.072 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.26 Plot of normalized ε13 versus x∗a located at z equal to 0.066 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.27 Plot of normalized ε13 versus x∗a located at z equal to 0.054 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.28 Plot of normalized ε13 versus x∗a located at z equal to 0.042 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.29 Plot of normalized ε13 versus x∗a located at z equal to 0.030 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.30 Plot of normalized ε13 versus x∗a located at z equal to 0.018 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.31 Plot of normalized ε13 versus x∗a located at z equal to 0.006 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.32 Plot of normalized ε13 versus x∗a located at z equal to 0.0 in for the
cases of laminate configurations of [±452/02]S, homogenized [±452/02]S,
[±152/02]S, and homogenized [±152/02]S.
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Figure 5.33 Plot of normalized ε13 versus x∗a located at z equal to 0.072 in for the
cases of laminate configurations of [±45/0]2S and [±15/0]2S.
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Figure 5.34 Plot of normalized ε13 versus x∗a located at z equal to 0.0 in for the cases
of laminate configurations of [±45/0]2S and [±15/0]2S.
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tions manifest the sensitivities in the response of longitudinal strain to changes in

scarf angle by primarily exhibiting changes in the magnitudes of longitudinal strain.

The shapes of the distributions, however, basically remain similar. The magnitudes

of longitudinal strain increase progressively with increasing scarf angle in the adhe-

sive. The magnitudes of longitudinal strain along the bondline in the adherend show

much less variability than in the adhesive, wherein the differences in magnitude are

magnified, among the different cases. The distributions of normalized longitudinal

strain in the adherend show a relatively uniform ratio among the three cases within

the lower ±45◦ and 0◦ plies, except near regions of steep gradients in longitudinal

strain. The magnitudes of longitudinal strain increase with increasing scarf angle in

the lower ±45◦ plies, but decrease with increasing scarf angle in the 0◦ plies. The

ratios of normalized strain magnitudes for the case of 5◦ to the case of 10◦, and for the

case of 10◦ to the case of 15◦, are both equal to 0.9 at the middle of the lower ±45◦

plies. In the middle of the 0◦ plies, these ratios are both equal to 1.1. The distribu-

tions of normalized longitudinal strain overlap each other in the upper ±45◦ plies in

the adherend along the bondline. The distributions of normalized longitudinal strain

within the adhesive at the bondline and at the midline also show relatively uniform

ratios among the three cases, except near the end regions of steep gradients in longi-

tudinal strain that occur within a normalized distance of 0.1 from each end. Thus,

the normalized longitudinal strains in the adhesive at the bondline show approximate

ratios of 0.51 between the strain magnitudes for the case of 5◦ to the case of 10◦, and

of 0.56 for the case of 10◦ to the case of 15◦. In addition, the corresponding ratios

of magnitudes of normalized longitudinal strain at the adhesive midline are 0.47 and

0.58. The longitudinal strain magnitudes for all three cases converge to within 25%

of the normalized values at the end of the bondline in the adhesive, at the obtuse tip

of the adherend.

The distributions of normalized shear strain, ε13, for the cases of the various equal

scarf angles at bondline 2 in adherend 2, at bondline 2 in the adhesive, and at the

adhesive midline are presented in Figures 5.38, 5.39, and 5.40, respectively. The

variations in the distributions of shear strain exhibit similar trends to those occurring
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in the distributions of longitudinal strain. The distributions of shear strain generally

exhibit magnification of the effects manifested in the distributions of longitudinal

strain. The sharp gradients in shear strain occur at the same locations as in the

longitudinal strains, in the adherend and the adhesive. For the distributions of shear

strain in the adherend along the bondline, the magnitudes of shear strain increase

with increasing scarf angle. The values of normalized shear strain for the cases of

5◦, 10◦, and 15◦ are 1.7, 3.6, and 4.1 at the acute tip of the 0◦ plies located at x′∗jb2

equal to 0.33, respectively, and are -0.6, -1.6, and -2.3 at the obtuse tip of the 0◦

plies located at x′∗jb2 equal to 0.67, respectively. The magnitudes of normalized shear

strain in the adhesive along the bondline and along the midline also increase with

increasing scarf angle. In addition, similar to the distributions of longitudinal strain,

the distributions of shear strain in the adhesive for the cases of the various scarf angles

also show relatively uniform ratios among each other, except near the end regions over

a normalized distance of 0.1 from the ends. These ratios of normalized shear strain

values for the 5◦ case to the 10◦ case, and for the 10◦ case to the 15◦ case in the adhesive

at the bondline are approximately 0.6 and 0.8, respectively, except within regions of

steep gradients in shear strain. The corresponding ratios of normalized shear strain

values at the midline of the adhesive are the same. Another important observation in

the distributions of shear strain in the adherend is the slight local decrease in shear

strain occurring at the normalized distance of 0.89 along the bondline for the case

of 10◦, as previously observed in Section 5.1. The location of this local decrease in

shear strain in the adherend shifts along the bondline for the cases of 5◦ and 15◦, and

occurs at the normalized distances of 0.88 and 0.90 along the bondline, respectively.

This effect is also observed in the distributions of normalized shear strain along the

bondline in the adhesive, although less magnified, and is manifested through slight

kinks in the distributions of normalized shear strain for all the three cases at the same

locations. Additional kinks are also observed in the distributions of normalized shear

strain in the adhesive near the beginning of the bondline, all occurring within the

normalized distance of 0.03 from the beginning of the bondline.

The distributions of normalized strains along x∗a-axes in adherend 2 for the various
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Figure 5.35 Plot of normalized ε11 versus x′∗jb2 at bondline 2 in adherend for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.36 Plot of normalized ε11 versus x∗jb2 at bondline 2 in adhesive for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.37 Plot of normalized ε11 versus x∗jm at midline in adhesive for the cases of
scarf angles of 5◦, 10◦, and 15◦.

- 123 -



0.0 0.2 0.4 0.6 0.8 1.0

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

5.0

x′∗jb2

ε
13
/ε
∞ 11

α = 5◦

α = 10◦

α = 15◦

-3.0

Figure 5.38 Plot of normalized ε13 versus x′∗jb2 at bondline 2 in adherend for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.39 Plot of normalized ε13 versus x∗jb2 at bondline 2 in adhesive for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.40 Plot of normalized ε13 versus x∗jm at midline in adhesive for the cases of
scarf angles of 5◦, 10◦, and 15◦.
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scarf angle cases are also essentially similar to each other. These are shown in Figures

5.41 and 5.42 for longitudinal strain, and in Figures 5.43 and 5.44 for shear strain.

These are shown at the top (z = 0.072 in) and bottom (z = 0.0 in) of the adherend.

The strain distributions are not presented for intermediate locations through the

adherend thickness because they show similar characteristic trends for all the scarf

angle cases. Thus, consideration of these results shows the effects of variation in scarf

angle, and these can be used with the results for the distributions of strains at various

locations through the adherend thickness, as presented in Section 5.1 for the case of

10◦. Gradients in strains occur near both tips of the adherend, and their magnitudes

increase with increasing scarf angle. The distributions of longitudinal strain show

a monotonic reduction at the top of the adherend (z = 0.072 in), in approaching

the location of the obtuse tip of the adherend, with normalized magnitudes of 0.84,

0.69, and 0.60 for the scarf angle cases of 5◦, 10◦, and 15◦, respectively, at the obtuse

tip of the adherend. The distributions of longitudinal strain at the bottom of the

adherend (z = 0.0 in) experience sharp increases in strain values near the adhesive

in approaching the location of the acute tip of the adherend. The magnitudes of

normalized longitudinal strain for the cases of 5◦, 10◦, and 15◦ at the acute tip of

the adherend are 1.88, 2.86, and 3.27, respectively. In addition, local decreases in

longitudinal strain occur for each case near the beginning of the joint region. These

local minima of normalized longitudinal strain for the cases of 5◦, 10◦, and 15◦ have

values of 0.79, 0.85, and 0.93, respectively, and occur at x∗a values of -1.3, -0.54, and

-0.13, respectively. The local variations in longitudinal strain are spread over greater

distances within the joint region for configurations with decreasing scarf angle, as

indicated by the previous values of the locations at which they occur.

The distributions of shear strain along x∗a at the top of the adherend (z = 0.072

in) show monotonic increase, in contrast to the corresponding decrease occurring in

the distributions of longitudinal strain. Apart from this, the distributions of shear

strain are similar to the corresponding distributions of longitudinal strain, showing

wider spread of the distributions for negative values of x∗a (joint region), and lower

magnitudes of local maxima and minima with decreasing value of scarf angle. The
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normalized value of local minimum in shear strain for the case of 10◦ occurring at

the normalized distance of -3.67 is -0.051. Similar local minima in shear strain occur

for the cases of 5◦ and 15◦, having normalized values of -0.02 and -0.08, respectively,

at the normalized distances of -7.51 and -2.20, respectively. For the cases of 5◦, 10◦,

and 15◦, the magnitudes of normalized shear strain at the obtuse tip of the adherend

at the top of the adherend are 0.23, 0.48, and 0.61, respectively. The corresponding

magnitudes of normalized shear strain at the acute tip of the adherend at the bottom

of the adherend are 0.21, 1.03, and 2.0.

5.3 Effects of Adhesive Thickness

The strain results for the adhesive thickness cases of 0.004 in, 0.006 in, 0.008

in, 0.010 in, and 0.012 for the two-dimensional composite scarf joint configurations

with the laminate of [±452/02]S, and equal scarf angles of 10◦ are presented in this

section. The distributions of strains for the adhesive thickness case of 0.008 in are

the same as those for the baseline case with equal scarf angles of 10◦ and laminate

configuration of [±452/02]S, as presented in Section 5.1. The primary focus of this

section is on documenting and establishing the sensitivities of the strain response

to varying adhesive thickness for the two-dimensional composite scarf joint cases

investigated.

The distributions of normalized longitudinal strain for the various adhesive thick-

ness cases at bondline 2 in the adherend, at bondline 2 in the adhesive, and at the

adhesive midline are presented in Figures 5.45, 5.46, and 5.47, respectively. For the

distributions of normalized longitudinal strain along the bondline in the adherend,

the magnitudes of longitudinal strain increase with increasing adhesive thickness in

the lower ±45◦ plies, and the region of the upper ±45◦ plies with positive strain

gradients occurring between the acute tip of the ±45◦ plies (x′∗jb2 equal to 0.67) and

the locations of the local maxima of longitudinal strain. The distributions of normal-

ized longitudinal strain are in relatively uniform ratios for all cases in the lower ±45◦

plies over a normalized distance of approximately 0.1 centered along the middle of
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Figure 5.41 Plot of normalized ε11 versus x∗a located at z equal to 0.072 in for the
cases of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.42 Plot of normalized ε11 versus x∗a located at z equal to 0.0 in for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.43 Plot of normalized ε13 versus x∗a located at z equal to 0.072 in for the
cases of scarf angles of 5◦, 10◦, and 15◦.
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Figure 5.44 Plot of normalized ε13 versus x∗a located at z equal to 0.0 in for the cases
of scarf angles of 5◦, 10◦, and 15◦.
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the ±45◦ plies. These ratios can be determined by assessing the magnitudes of the

normalized longitudinal strain at the interface of the lower +45◦ and −45◦ plies, at

the normalized distance of 0.167. These ratios have values of 1.21, 1.32, 1.44, 1.56,

and 1.69 corresponding to cases with increasing adhesive thickness. In the 0◦ plies,

the distributions of longitudinal strain show little variation for the various cases and

all show values of normalized longitudinal strain approximately equal to 1.0 at the

normalized distance of 0.54, with the distributions almost overlapping each other be-

tween this location and the location of the obtuse tip of the 0◦ plies (x′∗jb2 equal to

0.67). The region over which negative gradients in longitudinal strain occur near the

end of the bondline increases with increasing adhesive thickness. The local peaks in

longitudinal strain in this region occur at the normalized distances of 0.84, 0.84, 0.87,

0.93, and 0.94 corresponding to the cases with decreasing adhesive thickness. The

corresponding normalized values of the local peaks in longitudinal strain occurring at

these locations for each case are 1.58, 1.55, 1.44, 1.47, and 1.33.

The distributions of longitudinal strain in the adhesive at the bondline follow sim-

ilar trends to those in the adherend. An important observation for the distributions

of longitudinal strain in the adhesive along the bondline is that the normalized value

of longitudinal strain for all cases is approximately 5.0 at the normalized distance

of 0.40. This location is in contrast to the location having normalized distance of

0.54 in the adherend, where the normalized value of longitudinal strain for all cases

is approximately 1.0. Between this normalized distance of 0.40 along the bondline

and the location adjacent to the obtuse tip of the 0◦ plies in the adhesive, the mag-

nitudes of longitudinal strain decrease with increasing adhesive thickness, showing

steeper gradients in longitudinal strain with decreasing adhesive thickness. The local

peaks in normalized longitudinal strain in this region in the adhesive occur at the

normalized distances of 0.82, 0.85, 0.88, 0.92, and 0.95, having values of 3.47, 3.38,

3.21, 3.13, and 3.33 corresponding to cases with decreasing adhesive thickness. The

distributions of normalized longitudinal strain at the adhesive midline adjacent to

the 0◦ plies show close overlap with values of approximately 5.0 for all cases. The

distributions of longitudinal strain at the adhesive midline adjacent to the ±45◦ plies
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show increasing magnitude of longitudinal strain with increasing adhesive thickness.

The values of normalized longitudinal strain adjacent to the interface locations of

the +45◦ and −45◦ plies (x∗jm equal to 0.17 and 0.83) are 2.68, 2.88, 3.09, 3.29, and

3.51 corresponding to cases with increasing adhesive thickness. In addition, extended

regions of negative gradients in longitudinal strain occur near the end of the adhe-

sive midline for increasing adhesive thickness. The normalized values of local peaks

near the upper end of the adhesive midline are 5.06, 4.68, 4.34, 4.32, and 4.11 cor-

responding to cases with decreasing adhesive thickness, occurring at the normalized

distances of 0.93, 0.94, 0.95, 0.96, and 0.98. These peaks occur symmetrically about

the midpoint near the beginning of the midline as well.

The distributions of normalized shear strain for the various cases of adhesive thick-

ness at bondline 2 in the adherend, at bondline 2 in the adhesive, and at the midline of

the adhesive are presented in Figures 5.48, 5.49, and 5.50. For the normalized shear

strain in the adherend, the distributions for the various cases show little variabil-

ity in the lower ±45◦ plies and basically overlap each other between the normalized

distances of approximately 0.1 and 0.25. In the 0◦ plies and upper ±45◦ plies, the

magnitudes of the normalized shear strain increase with increasing adhesive thickness.

This effect is most amplified within the 0◦ plies, where the normalized magnitudes of

shear strain at the middle of the 0◦ plies are 0.50, 0.73, 0.98, 1.32, and 1.62 for the

increasing adhesive thickness cases. The value of normalized shear strain for all cases

reduces to approximately -1.6 at the obtuse tip of the 0◦ plies (x′∗jb2 equal to 0.67).

An important observation for the distributions of shear strain in the adherend along

the bondline, as in the preceding cases, is the slight local decrease in the magnitudes

of shear strain occurring near the end of the bondline before the terminal region of

negative gradients in shear strain. For the cases of increasing adhesive thickness, this

effect occurs at the normalized distances of 0.95, 0.92, 0.89, 0.88, and 0.86 along the

bondline in the adherend.

The distributions of normalized shear strain along the bondline in the adhesive

show increasing magnitudes of shear strain with increasing adhesive thickness adjacent

to the lower ±45◦ plies, but decreasing magnitudes of shear strain with increasing
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Figure 5.45 Plot of normalized ε11 versus x′∗jb2 at bondline 2 in adherend for the cases
of adhesive thicknesses of 0.004 in, 0.006 in, 0.008 in, 0.010 in, and 0.012
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Figure 5.47 Plot of normalized ε11 versus x∗jm at midline in adhesive for the cases of
adhesive thicknesses of 0.004 in, 0.006 in, 0.008 in, 0.010 in, and 0.012
in.

- 137 -



adhesive thickness adjacent to the 0◦ plies. The location of the maximum in the

magnitudes of normalized shear strain shifts lower on the bondline with increasing

adhesive thickness. This has values of -21.3, -20.5, -19.9, -19.5, and -17.5, and occurs

at the corresponding normalized distances of 0.48, 0.46, 0.45, 0.44, and 0.41 for the

cases of increasing adhesive thickness. In addition, the locations near the end of the

bondline at which a sharp change in the gradients in shear strain occurs change for

the various cases, occurring at the normalized distances 0.84, 0.87, 0.89, 0.92, and

0.95 for the cases of decreasing adhesive thickness. The distributions of normalized

shear strain in the adhesive at the midline show similar characteristics to those at the

bondline in the adhesive. The magnitudes of normalized shear strain in the region

adjacent to the ±45◦ plies increase with increasing adhesive thickness, but decrease

in the region adjacent to the 0◦ plies. In addition, the regions of sharp change in

the gradients in shear strain occurring near both ends of the midline shift inwards

from the ends for the various cases of adhesive thicknesses. Near the upper end of

the midline, these changes occur at the normalized distances of 0.89, 0.91, 0.92, 0.93,

and 0.95 for the cases of decreasing adhesive thickness. Finally, these distributions

exhibit symmetry as must occur as previously described.

The distributions of normalized longitudinal and shear strain along the x∗a-axes

at the top and bottom of adherend 2 for the various adhesive thickness cases are

presented in Figures 5.51 through 5.54. The distributions for all cases show similar

characteristics to those for the baseline case of 0.008 in. The distributions at the top of

the adherend (z = 0.072 in) have similar shapes across all cases. For the distributions

of normalized longitudinal strain at this location, the values of normalized longitudinal

strain at x∗a equal to 0.5 are 0.96, 0.95, 0.94, 0.93, and 0.92 corresponding to cases with

increasing adhesive thickness. The main difference among the distributions of strains

for the various cases is manifested in the distributions of longitudinal strain along x∗a at

the bottom of adherend 2, in which the magnitudes of normalized longitudinal strain

relative to 1.0 increase with increasing adhesive thickness, and reach peak values

of 2.37, 2.59, 2.86, 3.40, and 3.61 corresponding to cases with increasing adhesive

thickness, at the corresponding locations of the acute tip of the adherend where
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of adhesive thicknesses of 0.004 in, 0.006 in, 0.008 in, 0.010 in, and 0.012
in.

- 139 -



0.0 0.2 0.4 0.6 0.8 1.0

0

-4

-8

-12

-16

-20

-24

x∗jb2

ε
13
/ε
∞ 11

ta = 0.004 in

ta = 0.006 in

ta = 0.008 in

ta = 0.010 in

ta = 0.012 in

-28
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x∗a equal to -5.64. It can also be noted that the locations of the local minima in

longitudinal strain, below the far-field value, shift inwards of the joint region with

increasing adhesive thickness, and occur at x∗a values of -0.35, -0.44, -0.54, -0.70, and

-0.87 corresponding to cases with increasing adhesive thickness. The corresponding

distributions of normalized shear strain exhibit similar behavior. In addition, the

distributions of normalized shear strain show a region of maximum variation in the

magnitudes of shear strain among the various cases, occurring between x∗a values of

0 and -3.5. In this region, the maximum difference in the magnitudes of normalized

shear strain for the various cases remains within 100% of the values for the baseline

case of 0.008 in, but magnitudes of normalized shear strain for all cases remain below

0.13.

5.4 Effects of Unequal Scarf Angles

The strain results for the unequal scarf angle cases of (10◦, 8◦), (10◦, 9◦), (10◦,

11◦), and (10◦, 12◦) for the two-dimensional composite scarf joint configurations with

the laminate of [±452/02]S and minimum adhesive thickness of 0.008 in are presented

in this section. The results for the case of (10◦, 10◦) with equal scarf angles are

reproduced as those for the baseline case, and shown for comparison with the results

for all other cases of unequal scarf angles. Additional results are included for all cases

along the x∗jb1-axis at bondline 1, as defined in Figure 5.1. These results specifically

capture the effects incurred due to the asymmetry of the configurations with unequal

scarf angles. The strains in adherend 2 along the x∗a-axes are included for locations at

the top and bottom of the adherend, and at the mid-ply locations of the upper and

lower 0◦ plies. The additional mid-ply locations for the 0◦ plies were chosen in order

to illustrate the asymmetric distributions of longitudinal strain in the far-field region

occurring through the adherend thickness for the cases of unequal scarf angles.

The distributions of normalized strains for all cases along both bondlines and the

adhesive midline are affected by the combination of the changing adhesive thickness

within each case, introduced through the dissimilarity in scarf angles, and the chang-
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Figure 5.51 Plot of normalized ε11 versus x∗a located at z equal to 0.072 in for the
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Figure 5.52 Plot of normalized ε11 versus x∗a located at z equal to 0.0 in for the cases
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ing magnitude of the scarf angle for adherend 2 across all cases. The scarf angle for

adherend 1 remains constant at 10◦. Thus, the adhesive thickness decreases along

bondline 1 for the cases of (10◦, 8◦) and (10◦, 9◦), but increases for the cases of (10◦,

11◦) and (10◦, 12◦). Conversely, the adhesive thickness increases along bondline 2

for the cases of (10◦, 8◦) and (10◦, 9◦), but decreases for the cases of (10◦, 11◦) and

(10◦, 12◦). For all cases, the adhesive thickness varies linearly along the bondline.

The maximum values of adhesive thickness corresponding to the cases with increasing

scarf angle for adherend 2 are 0.020 in, 0.014 in, 0.008 in, 0.014 in, and 0.020 in. The

distributions of normalized longitudinal strain along bondline 1 in adherend 1 and

the adhesive are presented in Figures 5.55 and 5.57, respectively. The distributions

of normalized longitudinal strain along bondline 2 in adherend 2 and the adhesive

are presented in Figures 5.56 and 5.58, respectively. The distributions of normalized

longitudinal strain along the adhesive midline are presented in Figure 5.59.

The distributions of normalized longitudinal strain in the adherend along both

bondlines are the same for the baseline case, as they must be due to symmetry.

In addition, the shapes of the distributions remain the same for all cases. For the

distributions of longitudinal strain in the adherend along bondlines 1 and 2, the

magnitudes of longitudinal strain in the ±45◦ plies near the acute tip of each adherend

increase with increasing dissimilarity in scarf angles and increasing magnitude of the

scarf angle for adherend 2. Thus, for longitudinal strain along bondline 1 in the

adherend, the case of (10◦, 12◦) has the highest magnitudes with a local normalized

peak of 4.81 at the acute tip of adherend 1, and 3.07 at the acute tip of 0◦ plies.

The baseline case of (10◦, 10◦) has the lowest magnitudes of longitudinal strain with

corresponding normalized peaks of 2.86 and 2.29 at the acute tip of adherend 1 and the

acute tip of the 0◦ plies, respectively. In the ±45◦ plies, the magnitudes of longitudinal

strain are increasingly ordered corresponding to the cases of (10◦, 9◦), (10◦, 11◦), and

(10◦, 8◦) along bondline 1. The distributions of normalized longitudinal strain in

the 0◦ plies for the cases of (10◦, 8◦), (10◦, 9◦), and (10◦, 10◦) overlap each other

along bondline 1, while the magnitudes of longitudinal strain are increasingly ordered

corresponding to the cases of (10◦, 10◦), (10◦, 11◦), and (10◦, 12◦), with normalized
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values of 0.72, 0.77, and 0.94, occurring at the obtuse tip of the 0◦ plies, respectively.

In contrast, the distributions in the 0◦ plies overlap each other for the cases of (10◦,

10◦), (10◦, 11◦), and (10◦, 12◦) along bondline 2, while for the cases of (10◦, 8◦)

and (10◦, 9◦), the magnitudes of longitudinal strain remain higher than those for

the case of (10◦, 10◦), with normalized magnitudes of 2.96, 2.63, and 1.94 at the

acute tip of the 0◦ plies, and 1.02, 0.82, and 0.72 at the obtuse tip of the 0◦ plies,

respectively. It is also noted that the magnitudes of negative gradients in longitudinal

strain occurring near the end of bondline 1 decrease in order from the case of (10◦,

8◦) through to the case of (10◦, 12◦). In this region, local peaks in the magnitudes

of longitudinal strain occur. The normalized values for these peaks along bondline 1

are 1.60, 1.52, 1.40 for the cases of (10◦, 8◦), (10◦, 9◦), and (10◦, 10◦), respectively,

occurring at the normalized distance of 0.90. For the cases of (10◦, 11◦) and (10◦, 12◦),

these values are 1.54 and 1.60, respectively, occurring at the normalized distances of

0.84 and 0.77, respectively. Similar trends are also exhibited in the distributions of

longitudinal strain in the adherend in the corresponding region of bondline 2, with

the magnitudes of negative gradients in longitudinal strain decreasing with decreasing

scarf angle for adherend 2. For these distributions, the local peaks in longitudinal

strain occur at the normalized distances of 0.76 and 0.81 for the cases of (10◦, 8◦)

and (10◦, 9◦), respectively, with corresponding normalized values of 1.59 and 1.54,

and at 0.90 for the cases of (10◦, 10◦), (10◦, 11◦), and (10◦, 12◦), with corresponding

normalized values of 1.42, 1.54, and 1.65.

In the adhesive, the distributions of longitudinal strain along bondline 1 are similar

to those in adherend 1. The most notable difference in the strain distributions occurs

adjacent to the 0◦ plies. In this interval, the distributions of longitudinal strain for the

cases of (10◦, 8◦) and (10◦, 9◦) have lower magnitudes than those for the baseline case,

instead of any overlap in the distributions. For the distributions of longitudinal strain

in the adhesive along bondline 2, the primary differences are exhibited through the

increase in the magnitudes of normalized longitudinal strain for increasing magnitude

of the scarf angle for adherend 2. Thus, the cases of (10◦, 12◦) and (10◦, 11◦) show

higher magnitudes of longitudinal strain than those for the other cases along the
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entire length of bondline 2. In addition, the distributions of normalized longitudinal

strain for the cases of (10◦, 8◦) and (10◦, 9◦) show higher magnitudes than those for

the baseline case adjacent to the lower ±45◦ plies, but lower magnitudes adjacent to

the 0◦ and upper ±45◦ plies.

The distributions of normalized longitudinal strain at the adhesive midline also

show similar characteristics to those at the bondlines in the adhesive. The magnitudes

of longitudinal strain increase with increasing dissimilarity in scarf angles and the

magnitude of scarf angle for adherend 2 adjacent to the ±45◦ plies, with the effect of

increase in the magnitude of the scarf angle for adherend 2 being more amplified. This

is indicated through the normalized magnitude of local peaks in longitudinal strain

near the beginning and end of the adhesive midline. The local peaks in normalized

longitudinal strain near the upper end of the midline have values of 4.27, 4.38, 4.34,

5.35, and 6.72 for the cases of (10◦, 8◦) through (10◦, 12◦), respectively. In the

region adjacent to the 0◦ plies, the magnitudes of longitudinal strain increase simply

with increase in magnitude of the scarf angle for adherend 2. In addition, due to

asymmetry, the peaks in the magnitudes of longitudinal strain occurring near the

beginning and end of the midline are shifted in location for all the cases. This is

illustrated near the end of the midline, where local peaks in longitudinal strain occur

at the normalized distance of 0.95 for the cases of (10◦, 10◦), (10◦, 11◦), and (10◦, 12◦),

and at the normalized distances of 0.87 and 0.91 for the cases of (10◦, 8◦) and (10◦,

9◦), respectively. Similar shifts in location occur near the beginning of the adhesive

midline as well, where the local peaks occur at the normalized distance of 0.05 for

the cases of (10◦, 8◦), (10◦, 9◦), and (10◦, 10◦), and at 0.08, and 0.12 for the cases of

(10◦, 11◦) and (10◦, 12◦), respectively.

The distributions of normalized shear strain along bondline 1 in adherend 1 and

the adhesive are presented in Figures 5.60 and 5.62, respectively. The distributions

of normalized shear strains along bondline 2 in adherend 2 and the adhesive are

presented in Figures 5.61 and 5.63, respectively. The distributions of normalized

shear strain along the adhesive midline are presented in Figure 5.64. As in the case

of the distributions for longitudinal strain, the distributions for shear strain along
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Figure 5.55 Plot of normalized ε11 versus x′∗jb1 at bondline 1 in adherend for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
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Figure 5.56 Plot of normalized ε11 versus x′∗jb2 at bondline 2 in adherend for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.57 Plot of normalized ε11 versus x∗jb1 at bondline 1 in adhesive for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
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Figure 5.58 Plot of normalized ε11 versus x∗jb2 at bondline 2 in adhesive for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
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Figure 5.59 Plot of normalized ε11 versus x∗jm at midline in adhesive for the cases of
unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
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both bondlines show similar characteristics in the adherends and in the adhesive.

However, unlike for longitudinal strains, there also are significant differences between

the distributions in the adherend and the adhesive. Along bondlines 1 and 2, for the

distributions of normalized shear strain in the adherend in the ±45◦ plies near the

acute tip of the adherend, the magnitudes of shear strain increase with increasing

dissimilarity in scarf angles and increasing magnitude of the scarf angle for adherend

2, as in the case of distributions for longitudinal strain in this region. The greatest

variation in the magnitudes of shear strain occurs within the 0◦ plies and the ±45◦

plies near the obtuse tip of the adherend for the various cases of unequal scarf angles.

In the 0◦ plies along bondline 1, the magnitudes of shear strain increase in order

corresponding to the cases of (10◦, 10◦), (10◦, 9◦), (10◦, 8◦), (10◦, 11◦), and (10◦,

12◦), thus indicating increase in magnitudes with both increasing dissimilarity in

scarf angles as well as magnitude of the scarf angle for adherend 2. The distributions

for the cases of (10◦, 8◦) and (10◦, 11◦) in this region overlap. Along bondline 2, the

magnitudes of shear strain in the 0◦ plies increase in order corresponding to the cases

of (10◦, 10◦), (10◦, 11◦), (10◦, 9◦), (10◦, 12◦), and (10◦, 8◦), thus indicating increase in

magnitudes with increasing dissimilarity in scarf angles but decreasing scarf angle for

adherend 2. In the±45◦ plies near the obtuse tip of the adherend along bondline 1, the

distributions of normalized shear strain for the cases of (10◦, 10◦), (10◦, 9◦), and (10◦,

8◦) almost entirely overlap, and the magnitudes increase with increasing scarf angle

of adherend 2 greater than 10◦. Along bondline 2, the distributions of normalized

shear strain for the cases of (10◦, 10◦), (10◦, 11◦), and (10◦, 12◦) show overlap in this

region, while the magnitudes increase with decreasing scarf angle of adherend 2 less

than 10◦. The values of local peaks in normalized shear strain in the adherend along

bondline 1 near the obtuse tip of the adherend are 1.78, 1.56, 1.45 for the cases of

(10◦, 8◦), (10◦, 9◦) and (10◦, 10◦), respectively, and occur at the normalized distance

of 0.93. For the cases of (10◦, 11◦), and (10◦, 12◦), the corresponding peak values are

1.54 and 1.40, occurring at the normalized distances of 0.92 and 0.94, respectively.

Similarly, along bondline 2 in the adherend, the corresponding values of local peaks

in normalized shear strain are 1.22 and 1.43 for the cases of (10◦, 8◦) and (10◦, 9◦),
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respectively, occurring at the normalized distance of 0.92, and are 1.45, 1.56, and 1.91

for the cases of (10◦, 10◦), (10◦, 11◦), and (10◦, 12◦), respectively, occurring at the

normalized distance of 0.93.

The distributions of normalized shear strain in the adhesive along both bondlines

show similar characteristics. In the region adjacent to the ±45◦ plies near the acute

tip of the adherend along both bondlines, the magnitudes of normalized shear strain

increase with increasing dissimilarity in scarf angles and increasing scarf angle for

adherend 2, with the baseline case having the lowest magnitudes. Conversely, in

the region adjacent to the 0◦ plies, the baseline case has the highest magnitudes of

normalized shear strain, and the magnitudes of normalized shear strain decrease with

decreasing scarf angle for adherend 2. In addition, the locations of the local peaks in

shear strain shift along the bondlines for the various cases. Thus, along bondline 1,

the local peaks in normalized shear strain in this region have values of -17.2, -18.6,

-20.0, -19.9, and -19.7 corresponding to cases with increasing scarf angle for adherend

2, respectively, and occur at the normalized distances of 0.41, 0.45, 0.45, 0.41, and

0.37, respectively. Similarly, along bondline 2, the local peaks in normalized shear

strain in the region adjacent to the 0◦ plies have values of -17.4, -18.6, -20.0, -19.8, and

-19.3 for the cases of increasing scarf angle for adherend 2, respectively, and occur at

the normalized distances of 0.37, 0.41, 0.45, 0.45, and 0.41, respectively. In the region

adjacent to the ±45◦ plies near the obtuse tip of the adherend, the magnitudes of

normalized shear strain increase with decreasing scarf angle for adherend 2, with the

distributions for the cases of (10◦, 8◦), (10◦, 9◦), and (10◦, 10◦) almost overlapping. In

this region along bondline 2, however, the magnitudes of longitudinal strain increase

with increasing scarf angle for adherend 2, as in the region adjacent to the ±45◦ plies

near the acute tip of the adherend. It is also noted, as for previous parametric cases,

that sharp gradients in shear strain occur near the ends of both bondlines in the

adhesive, and these changes occur at varying locations for the different cases. Along

bondline 1, these changes occur at the normalized distance of 0.86 for the cases of

(10◦, 8◦), (10◦, 9◦), and (10◦, 10◦), and at 0.78 and 0.74 for the cases of (10◦, 11◦)

and (10◦, 12◦), respectively. Similarly, along bondline 2, similar changes occur at the
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normalized distances 0.73 for the case of (10◦, 8◦), at 0.81 for the case of (10◦, 9◦), at

0.86 for the cases of (10◦, 10◦) and (10◦, 11◦), and 0.84 for the case of (10◦, 12◦).

The distributions of normalized shear strain at the adhesive midline generally

show similar characteristics as those in the adhesive at the bondlines. There are,

however, some differences. The magnitudes of normalized shear strain in the region

adjacent to the 0◦ plies again are highest for the baseline case and decrease with

decreasing scarf angle for adherend 2. In addition, there are accompanying shifts in

the locations of the local peak values in the region. The local peaks in normalized

shear strain occur at 0.46, 0.47, 0.50, 0.52, and 0.53 corresponding to cases with

increasing scarf angle for adherend 2, respectively, and have corresponding values of

-17.2, -18.6, -19.9, -19.9, and -19.4. In the region adjacent to the ±45◦ plies near

the acute tip of each adherend, the magnitudes of normalized shear strain decrease

with increasing scarf angle for adherend 2, except in the transition region adjacent

to the 0◦ plies. However, in the corresponding region adjacent to the ±45◦ plies

near the obtuse tip of each adherend, except within the transition region adjacent to

the 0◦ plies, the magnitudes of normalized shear strain increase with increasing scarf

angle for adherend 2, and show greater variation among the various cases. Finally,

the locations of sharp changes in gradients in shear strain occurring near the end of

the adhesive midline vary for the different cases, as for the distributions along the

bondlines. They occur at the normalized distance of 0.80 for the case of (10◦, 8◦), at

0.87 for the case of (10◦, 9◦), and at 0.92 for the cases of (10◦, 10◦), (10◦, 11◦), and

(10◦, 12◦).

The distributions of normalized strains along the x∗a-axes at the top and bottom

of adherend 2, and at the mid-ply locations of the top and bottom 0◦ plies at z equal

to 0.042 in and 0.030 in, respectively, are presented in Figures 5.65 through 5.72. The

strain behavior for the cases of unequal scarf angles exhibits similar characteristics

in the joint region as exhibited for the equal scarf angle cases, and for the adhesive

thickness cases as presented in Sections 5.2 and 5.3.

The main difference for the cases of unequal scarf angles is exhibited outside the

joint region in the far-field values of normalized longitudinal strain at different loca-
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Figure 5.60 Plot of normalized ε13 versus x′∗jb1 at bondline 1 in adherend for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.61 Plot of normalized ε13 versus x′∗jb2 at bondline 2 in adherend for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.62 Plot of normalized ε13 versus x∗jb1 at bondline 1 in adhesive for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.63 Plot of normalized ε13 versus x∗jb2 at bondline 2 in adhesive for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.64 Plot of normalized ε13 versus x∗jm at midline in adhesive for the cases of
unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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tions through the adherend thickness. The far-field values of normalized longitudinal

strain vary from 1.0 for the various cases, and the difference in values increases with

increasing dissimilarity in scarf angles and the distance of the through-thickness lo-

cation from the centerline of the adherend at z equal to 0.036 in. It is noted that for

the cases of (10◦, 8◦) and (10◦, 12◦), the values of normalized far-field longitudinal

strains reach 0.85 and 1.15 at the top and bottom of the adherend, respectively, for

both cases. Similarly, for the cases of (10◦, 9◦) and (10◦, 11◦), the values of nor-

malized far-field longitudinal strains reach 0.93 and 1.07 at the top and bottom of

the adherend, respectively, for both cases. The far-field values of normalized longi-

tudinal strain at the mid-ply location of the upper 0◦ plies are 0.97 for the case of

(10◦, 8◦), 0.99 for the cases of (10◦, 9◦) and (10◦, 11◦), and 0.98 for the case of (10◦,

12◦). Similarly, at the mid-ply location of the lower 0◦ plies, the far-field values of

normalized longitudinal strain are 1.01 for the cases of (10◦, 9◦) and (10◦, 11◦), and

1.02 for the cases of (10◦, 8◦) and (10◦, 12◦). The magnitude of the mismatch in

the values of longitudinal strain from the value of the average far-field longitudinal

strain at different through-thickness locations in the adherend in the far-field region

thus depends linearly on the magnitude of mismatch between the scarf angles and

the distance of the location from the centerline of the adherend. The far-field value

of normalized shear strain for all cases at all through-thickness locations is 0.0.

In general, the magnitudes of normalized longitudinal strain in the joint region

increase near the adhesive, except at the top of adherend 2. At this location, there is

only negative strain gradient, leading to normalized values of longitudinal strain at

the obtuse tip of the adherend of 0.59, 0.65, 0.69, 0.72, and 0.73 corresponding to cases

with increasing scarf angle for adherend 2, respectively. The sharpest increase for all

cases is observed at the bottom of adherend 2, near the acute tip of the adherend,

where the normalized values of longitudinal strain are 4.03, 3.43, 2.86, 4.10, and

4.96 corresponding to cases with increasing scarf angle for adherend 2, respectively.

Thus, the magnitudes of longitudinal strain increase with increasing dissimilarity

in scarf angles, and with increasing scarf angle for adherend 2. In addition, the

location of the local minimum occurring near the beginning of the joint region shifts
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towards the adhesive along x∗a for all cases. This is exhibited in the distributions

of longitudinal strain at the bottom of the adherend, where the local minimum in

longitudinal strain near the beginning of the joint region occurs at x∗a values of -1.85,

-1.14, -0.54, -0.94, and -1.33 corresponding to cases with increasing scarf angle for

adherend 2, respectively. This indicates the greater spread of the distributions of

longitudinal strain within the joint region for the various cases. The distributions of

normalized shear strain are different than those for normalized longitudinal strain, but

do show some similar trends for all cases, with increasing magnitude of shear strain

with increasing dissimilarity between scarf angles as well as increasing scarf angle for

adherend 2. This is indicated through the values of normalized shear strain near the

acute tip of the adherend, which are 1.27, 1.18, 1.03, 1.85, and 2.35 corresponding to

cases with increasing scarf angle for adherend 2, respectively.
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Figure 5.65 Plot of normalized ε11 versus x∗a located at z equal to 0.072 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).
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Figure 5.66 Plot of normalized ε11 versus x∗a located at z equal to 0.042 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).
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Figure 5.67 Plot of normalized ε11 versus x∗a located at z equal to 0.030 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).

- 167 -



-7 -6 -5 -4 -3 -2 -1 0 1 2 3

1.0

2.0

3.0

4.0

5.0

Average
Far-Field Value

x∗a

ε
11
/ε
∞ 11

(α1,α2) = (10◦, 8◦)

(α1,α2) = (10◦, 9◦)

(α1,α2) = (10◦, 10◦)

(α1,α2) = (10◦, 11◦)

(α1,α2) = (10◦, 12◦)

0.0

Figure 5.68 Plot of normalized ε11 versus x∗a located at z equal to 0.0 in for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Figure 5.69 Plot of normalized ε13 versus x∗a located at z equal to 0.072 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).
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Figure 5.70 Plot of normalized ε13 versus x∗a located at z equal to 0.042 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).
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Figure 5.71 Plot of normalized ε13 versus x∗a located at z equal to 0.030 in for the
cases of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦),
and (10◦, 12◦).
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Figure 5.72 Plot of normalized ε13 versus x∗a located at z equal to 0.0 in for the cases
of unequal scarf angles of (10◦, 8◦), (10◦, 9◦), (10◦, 10◦), (10◦, 11◦), and
(10◦, 12◦).
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Chapter 6

Discussions

The discussions of the results based on the distributions of normalized strains

presented in Chapter 5 are the focus of this chapter. The mechanics of the character-

istic response and the fundamental mechanisms of load transfer for a two-dimensional

composite scarf joint are discussed in Section 6.1. In Section 6.2, the sensitivities in

mechanical response related to the joint parameters investigated in this work are

discussed.

6.1 Mechanics of the Characteristic Response

The mechanics of the characteristic response of a two-dimensional composite scarf

joint are discussed in this section. These are determined from the distributions of

the strains presented in Chapter 5, and are thus discussed in relation to the features

exhibited in them. In addition, aspects of mechanisms of load transfer specific to the

scarf joint configuration are discussed.

The basic mechanics of the characteristic response of a two-dimensional composite

scarf joint can be established by first considering the results for the cases with homog-

enized adherends. For the region of normalized distances between 0.2 and 0.8 along

the bondline, both in the adhesive and in the adherend, the distributions of longi-

tudinal and shear strains are relatively uniform. However, sharp gradients in strains

occur near the acute and obtuse tips of the adherend. The gradients in longitudinal
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strain are positive near the acute tip of the adherend and negative near the obtuse

tip. Conversely, the gradients in shear strain are negative near the acute tip of the

adherend and positive near the obtuse tip. For both longitudinal and shear strains,

however, the gradients near the acute tip of the adherend result in a large increase

in the magnitudes of strains, whereas those near the obtuse tip of the adherend re-

sult in a large decrease in the magnitudes of strains. These effects are noticeable by

considering the distribution of normalized longitudinal strain in the adherend along

the bondline for the case of homogenized [±452/02]S, which has the normalized value

of 3.14 at the acute tip of the adherend, and of 0.56 at the obtuse tip, compared

to the normalized value of 1.22 in the region where the longitudinal strain remains

relatively uniform. Such local effects near the tips of the adherend also occur in the

cases with laminated adherends, and are thus characteristic of the configuration of

the scarf joint rather than of the specific laminate configurations of the adherend.

The distributions of strains along the x∗a-axes in the adherend provide additional

information for an understanding of the underlying mechanics of the adherend re-

sponse in transferring load from the prescribed far-field boundary condition to the

adhesive at the bondline for a two-dimensional scarf joint. These are also consistent

with the previous discussion concerning the basic mechanics. First, the distributions

of longitudinal and shear strains generally remain uniform for all cases outside the

joint region for x∗a values greater than 1.0. This indicates the existence of uniform

through-thickness distributions of strains in this region, as is expected for balanced

and symmetric laminates (including homogenized adherends) subjected to symmetric

longitudinal loading, in accordance with Classical Laminated Plate Theory. In the

joint region for the homogenized adherends, the magnitudes of strains generally in-

crease in approaching the bondline for the locations associated with the region along

the bondline having normalized distances between 0.2 and 0.8. The normalized mag-

nitudes of longitudinal strain for all cases of adherend configurations remain between

1.1 and 1.35, as noted in Section 5.1. Additionally, the magnitudes of gradients in

strains near the bondline increase with distance from the centerline of the adherend,

such as at the top and bottom of the adherend. These features are in consistency with
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those exhibited in the distributions of strains along the bondline in the adherend. Due

to the lower stiffness of the adhesive compared to the adherend, there must be larger

magnitudes of strains in the adhesive than those in the adherend in order to transfer

the same load from one adherend to the other through the adhesive, and thus for

mechanical equilibrium to be satisfied. Moreover, the displacement continuity at the

bondline causes the magnitudes of strains to increase in the adherend in approaching

the bondline. This behavior is different from that for the case of a laminated configu-

ration with an intermediate region similar to the adherend in the joint region, which

has gradual ply drop-offs of upper plies from the top of the configuration, and the

drop-off region is not adhered to an adhesive or secondary structure. In this case, the

values of strains near the ending region of ply drop-offs (the region comparative to

the bondline in the adherend for a scarf joint) must gradually decay to zero as they

end as this is a boundary condition on stress [32].

In the cases with homogenized adherends, the magnitudes of longitudinal strain

in the adhesive are related to the corresponding longitudinal stiffness moduli of the

adherends. This can particularly be seen in the region where the distributions of

longitudinal strain remain relatively uniform, between the normalized distances of

0.2 and 0.8. The difference in the values of normalized longitudinal strain for the two

cases reflects the mismatch in stiffness properties of the adherends for the two cases.

For the cases of homogenized [±452/02]S and homogenized [±152/02]S adherends, the

ratio of normalized longitudinal strain for the homogenized [±452/02]S case to the

homogenized [±152/02]S case is approximately 0.61. This compares well with the

corresponding ratio of the longitudinal stiffness moduli for the two adherends, which

is 0.65. In addition, the distributions of strains in the adhesive along the bondline

and the midline show similar characteristics for similar laminate configurations of the

adherend, and do not exhibit any variations in trends with changes in scarf angle or

adhesive thickness of the configuration.

The strain response along the bondline in the adherend generally depends on the

stiffness distribution through the adherend thickness, and hence along the bondline.

The stiffness variation in the adherend is introduced by the varied orientation of
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plies through the adherend thickness. The dependence of the strain response on the

stiffness distribution in the adherend is indicated by comparison of the distributions of

strains for the cases with laminated adherends to those for the cases with homogenized

adherends. For the cases with laminated adherends, sharp increases and decreases in

the magnitudes of strains occur along the bondline in the adherend at locations of

ply interfaces, in addition to those occurring near the end regions. These effects are

caused by the mismatch in stiffness properties occurring at these interfaces. Thus,

sharp increases in the magnitudes of both longitudinal and shear strains occur at the

acute tip of the 0◦ plies, and conversely, sharp decreases occur at the obtuse tip of the

0◦ plies for all laminated cases. The variations in the magnitudes of strains between

the laminated and homogenized cases having 15◦ plies do exist, but are much smaller

compared to those occurring between the corresponding cases having 45◦ plies. This

is a consequence of the reduced mismatch between the stiffness properties of the 15◦

and 0◦ plies compared to that between the 45◦ and 0◦ plies. This is indicated by

considering the ratio of the magnitudes of normalized longitudinal strain at the acute

tip of the 0◦ plies along the bondline for the case of [±452/02]S to those for the case

of [±152/02]S, which is 1.88. This compares well with the inverse of the ratio of the

corresponding longitudinal moduli, which is 1.66. The differences in the magnitudes

of normalized shear strain for the two cases are greater than those in normalized

longitudinal strain near regions of ply interfaces, indicating greater mismatch in the

in-plane shear stiffness properties as compared to longitudinal stiffness properties

between plies oriented at θ and at 0◦ for each case.

In addition to magnitudes of strains being affected by the variation in stiffness

properties between dissimilarly oriented plies, there is evidence of the role of effective

ply thickness as a key lengthscale involved in the strain response. In the region be-

tween the ends along the bondline in the adherend within normalized distances of 0.2

and 0.8, the intervals of strain gradients occurring between the maxima and minima

in the magnitudes of strains vary for the cases of [±θ2/02]S and [±θ/0]2S. As these

maxima and minima in the magnitudes of strains occur at the acute and obtuse tips

of the 0◦ plies, respectively, the length intervals along the bondline corresponding to
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the span of the 0◦ plies (i.e. the effective ply thickness) for the two cases indicate the

lengthscales over which the steep strain gradients occur. These normalized length-

scales are 0.083 for the case of [±θ/0]2S, and 0.333 for the case of [±θ2/02]S, with the

effective ply thickness of the 0◦ plies changing by a factor of 4 (from four single 0◦ plies

distributed through the thickness of the laminate to four 0◦ plies all stacked at the

center of the laminate). However, the magnitudes of the associated peaks in strains

remain relatively unaffected among the cases of different effective ply thicknesses in

the laminate configurations of the adherend.

The regions over which the steep strain gradients occur near the ends of the

bondline, both in the adherend and in the adhesive, are also limited by lengthscales

associated with the specifics of each configuration. In the cases with laminated ad-

herends having single effective ply thickness, [±θ/0]2S, this lengthscale is associated

with the normalized length interval of 0.083 along the bondline spanning the unit ply

thickness of 0.006 in for these cases. This lengthscale is not apparent in the distri-

butions of strains for the cases of [±θ2/02]S, having twice the effective ply thickness

(0.012 in), and this is specifically exhibited in the results for the case of [±45/0]2S. For

these cases, the normalized length interval over which the steep strain gradients occur

near the end regions is the same as the corresponding normalized length interval for

the homogenized cases. The absence of this lengthscale associated with the effective

ply thickness near the end regions of the bondline is thus established for the cases of

[±θ2/02]S, as the distributions for these cases have similar length intervals over which

steep strain gradients occur near the end regions as for the homogenized cases, which

essentially comprise homogeneously orthotropic plate adherends with no ply-by-ply

delimitation through the adherend thickness. Thus, the lengthscale associated with

the overall dimensions of the configurations is dominant in these cases.

The mechanics of stiffness variation on a ply-by-ply basis are also exhibited in the

distributions of strains along the x∗a-axes in the adherend for the cases with laminated

adherends. Local variations in the magnitudes of strains occur at different locations

along x∗a in the joint region. These local variations are well reflected in the distribu-

tions of longitudinal strain through the adherend thickness for the case of [±452/02]S.
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The distributions of longitudinal strain for this case show increasing deviation from

the distributions of longitudinal strain for the corresponding homogenized case at

locations below z equal to 0.054 in within the adherend. These deviations essentially

result from the mismatch in stiffness properties between the ±45◦ plies and the 0◦

plies. The magnitudes of longitudinal strain decrease near the bondline at the loca-

tion of z equal to 0.042 in, but increase at the location of z equal to 0.018 in. These

effects are essentially local manifestations of the sharp decreases and increases in the

magnitudes of longitudinal strain occurring at the obtuse and acute tips of the 0◦

plies, respectively, as exhibited in the distribution of longitudinal strain along the

bondline in the adherend for the case of [±452/02]S.

The macroscopic response of the effective laminate configuration through the

thickness at any location in x remains the same. Thus, as per mechanical equi-

librium, the net longitudinal stress resultant for any given cross-section in the joint

region equals that outside the joint region. In the region outside the joint, the lam-

inate composition through the thickness remains invariable. However, in the joint

region, the cross-sectional composition of the ‘effective’ laminate is different at ev-

ery location in x due to the presence of the adhesive region. This is illustrated in

Figure 6.1. The net longitudinal stress resultant at any given location in x can be

approximated to first order as the integral along the z-direction of the product of

the longitudinal strain and the local value of the longitudinal modulus. The value

of this net resultant for all locations in x should equal the average far-field longitu-

dinal stress in order for mechanical equilibrium to hold. Thus, the difference in the

cross-sectional composition at each location in the joint region mainly leads to the

variations in the distributions of strains along the z-direction from those for a simple

laminate. Considering the cases of homogenized adherends, the effective longitudinal

stiffness of the configuration in the joint region, accounting for the presence of the

adhesive region, is given by Equation 6.1, where Eeff denotes the effective longitudinal

stiffness of the configuration in the joint region, Exx denotes the effective longitudinal

stiffness of the homogenized adherend, and E denotes the extensional modulus of the
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adhesive:

Eeff = Exx

(
tadherend −

ta

cosα

)
+

E

Exx

(
ta

cosα

)
tadherend

(6.1)

The cross-sectional extent of the adhesive region through the thickness of the scarf

joint configuration is given by the term [ta/ cosα], as illustrated in Figure 6.2.

An important feature in the distributions of longitudinal and shear strains is the

sharp reduction in the magnitudes of longitudinal and shear strains, but particularly

evident in the distributions of shear strain, occurring at the normalized distance of

0.89 for the cases with baseline geometry, and at corresponding locations for all other

parametric cases. This point along bondline 2 is precisely aligned with the acute tip

of adherend 1, both having the same location in x, and consequently in x∗jb2. The

region between the normalized distances of 0.89 and 1.0 represents the region wherein

the adhesive region begins to reduce at 0.89, until the entire original configuration of

the laminate for the adherend is recovered at 1.0. These reductions in the magnitudes

of strains are also essentially a macroscopic feature characteristic of the configuration

of a scarf joint rather than being specific to any parameter, as per the issue of the

macroscopic response through the thickness. However, since the location of the acute

tip of the adherend varies with the geometric parameters of the scarf joint, such

as scarf angle and adhesive thickness, the locations of associated reductions in the

magnitudes of strains do vary accordingly.

The local effects of the varying stiffness distribution in the adherend on the distri-

butions of strains were discussed previously. Additionally, a macroscopic effect of the

varying cross-sectional composition of the ‘effective’ laminate in the joint region is

also exhibited in the distributions of strains in the adherend along the x∗a-axes. This

is most noticeable by considering the cases with homogenized adherends, wherein the

cross-sectional composition of the ‘effective’ laminate remains constant between the

acute tips of both adherends in the joint region. For these cases, at locations of z in

the adherend except at the top and the bottom, the magnitudes of strains along the

x∗a-axes monotonically increase towards the bondline without showing any variation

in trend, thus indicating invariance in the ‘effective’ stiffness of the cross-section in
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Figure 6.1 Illustration of a cross-section through the z-direction in the joint region
at an arbitrary location in x for a two-dimensional composite scarf joint.
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this region.

These macroscopic effects are also exhibited for the cases with adherend configu-

rations of [±θ2/02]S, and are particularly noticeable in the distributions of strains for

the case of [±452/02]S. Near the beginning of the joint region, local reductions in the

magnitudes of strains occur near the same location in x, or x∗a, as that identifying the

acute tip of adherend 1 at x∗a equal to -0.64 for the baseline geometric configuration.

These reductions in the magnitudes of strains manifest the effect of varying ‘effective’

cross-sectional composition of the adherend through the z-direction, as discussed pre-

viously. These are more discernible in the distributions of shear strain, and at lower

locations in z, farther from the centerline of the adherend at z equal to 0.036 in.

These variations are also in consistency with those occurring in the distributions of

strains along the associated bondline region, in the adherend and in the adhesive. In

addition, this feature is also a characteristic of the configuration of a scarf joint, and

occurs for all cases, reflecting the effect of the acute tip of adherend 1.

Considering the equilibrium of a differential triangular element in the adhesive

at the bondline allows better characterization of the geometric effects of the config-

uration, such as scarf angle, on the general state of stress near the bondline. These

considerations are formulated in Appendix C, and can be used in conjunction with

the results of the distributions of strains to indicate key controlling mechanisms. The

equilibrium of a single differential triangular element is considered first in terms of

the differential stresses and differential forces acting on it. Next, the overall macro-

scopic equilibrium formulation along any xj-y plane in the adhesive is considered by

integrating the differential forces of these infinitesimal differential triangular elements

along the length of the bondline (or any xj-axis) and relating these to the resultant

longitudinal and through-thickness far-field loading conditions. Thus, at any virtual

cut along the xj-direction through the adhesive, or anywhere in the joint, the net

force in the longitudinal direction must equate to that at the far-field application of

load, and the net force in the through-thickness direction must equal to zero.

A two-dimensional scarf joint must transfer the entire load from one adherend to

the other via the adhesive. The adhesive experiences strains with distributions that
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depend on the distributions of strains occurring in the adherend at the interface of the

adherend and the adhesive, as the deformation must be continuous at the bondline.

This is indicated by the similarities in the distributions of strains in the adherend

and the adhesive at the bondline. The increases and decreases in the magnitudes

of strains occurring at the bondline in the adherend cause corresponding increases

and decreases in the magnitudes of strains in the adjacent adhesive region, at the

bondline and at the midline. It is noted that the associated shear strain is positive

in the adherend, but negative in the adhesive, as must occur. This is indicated from

the schematic of the equilibrium considerations of a differential triangular element

in the adhesive in Appendix C, as negative shear stress (and thus negative shear

strain) must act on the horizontal edge of a triangular element, along with positive

longitudinal stress acting on the vertical edge, in order to equilibrate a positive net

longitudinal load.

The adhesive region, which is less stiff compared to the adherends, has much higher

magnitudes of strains. This is driven by the significant mismatch in stiffness properties

between the adherend and the adhesive. In addition, the magnitudes of the shear

strain in the adhesive are significantly larger compared to those of the longitudinal

strain. This indicates that the response is shear dominant in the adhesive, and that

the bulk of the extensional load is transferred from one adherend to the other via the

adhesive undergoing significant shear deformation. This is exhibited by comparing the

distributions of normalized longitudinal and shear strain for the case of homogenized

[±452/02]S. At the center of the adhesive midline, the magnitude of shear strain is

3.5 times that of longitudinal strain. This effect is also indicated from equilibrium

considerations in terms of the in-plane components of stress along the bondline for a

differential triangular element. These indicate higher magnitudes of shear stress and

strain in proportion to longitudinal stress and strain, as the value of the scarf angle

decreases, in order to maintain equilibrium of the differential triangular element, and

thus of any xj-y plane of unit width in the y-direction when subjected to extensional

load.

One of the key aspects of the equilibrium considerations along xj-axes in the adhe-
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sive, as formulated in Appendix C, is the area bounded by the distributions of strains

along these xj-axes. Considering equal load-carrying capability across all cases inves-

tigated in this work, the areas bounded by the (normalized) distributions of strains,

εij(xj), for two different xj-axes in the adhesive, xjb2 and xjm, must be approximately

equal for all configurations having similar effective longitudinal adherend stiffness,

and thus similar average far-field longitudinal strain, ε∞11, in order for macroscopic

equilibrium to be satisfied. In addition, for the distributions of strains in the adhe-

sive along the bondline and along the midline, the ratio of the area bounded by the

distributions adjacent to the 0◦ plies to that bounded by the distributions adjacent to

the ±θ◦ plies indicates the proportion of load transmitted across the 0◦ plies versus

that transmitted across the ±θ◦ plies by the adhesive. This is particularly notice-

able for the cases of laminated adherends having ±45◦ plies. For these cases, the

distributions of normalized longitudinal and shear strains indicate that the greatest

load-carrying capability in the adherend is always provided by the 0◦ plies which ex-

perience the highest magnitudes of stresses, because the adjacent length interval in

the adhesive region along the bondline or the midline has the greatest bounded area

for the distributions of both longitudinal and shear strains. This is also indicated

by comparing the differences in the normalized values of longitudinal strain adjacent

to the middle of the 0◦ plies at the adhesive midline for the cases of [±452/02]S and

[±152/02]S, which are 4.9 and 5.34, respectively, to those adjacent to the middle of

the ±45◦ plies, which are 3.09 and 5.75, respectively. For the cases with homoge-

nized adherends, the area bounded by the distributions of normalized strains along

corresponding intervals remains relatively uniform, indicating uniform load-carrying

capability through the adherend thickness, except near the top and bottom of the

adherend at its tips.

The distributions of strains at the adhesive midline exhibit an averaged effect

of the distributions occurring at both bondlines. Thus, at every location along the

adhesive midline, the distributions of strains are affected by the adjacent distributions

along both bondlines. The distributions remain symmetric about the center of the

adhesive midline, in addition to the macroscopic equilibrium for the xjm-y plane of
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unit width in the y-direction, as formulated along the bondline in the adhesive in

Appendix C. Considering the ends of the midline, the distributions of strains capture

the net effect of the sharp increase in the magnitudes of strains at the obtuse tip

of the adhesive, as well as the sharp decrease in the magnitudes of strains at the

corresponding acute tip of the adhesive. This causes local peaks in strains to occur

slightly inwards of the ends of the midline, in comparison to those occurring precisely

at the obtuse tip of the adhesive in the distributions of strains in the adhesive along

the bondline. However, the magnitudes of strains at the adhesive midline remain

similar to those at the bondline, as in the case of homogenized [±452/02]S, where

the magnitudes of normalized longitudinal strain in the adhesive at the middle of the

midline and the bondline are 3.41 and 3.43, respectively. The regions of sharp strain

gradients do exhibit variation through the distribution over larger length intervals and

with reduced associated magnitudes occurring at the midline than at the bondline

in the adhesive. In addition, for the laminated cases, the ratios of magnitudes of

longitudinal strain adjacent to the ±θ plies to those adjacent to the 0◦ plies at the

adhesive midline generally remain similar to those at the bondline in the adhesive, but

again show broader spread of distributions and associated reductions in magnitudes.

The overall behavior of a two-dimensional composite scarf joint therefore can be

characterized with local features as well as macroscopic features, as shown by the

results of the distributions of strains, and as discussed in this section. The local

effects can be grouped into those occurring due to ply-by-ply stiffness variation in

the adherend and governing lengthscales associated with these ply-by-ply stiffness

variations, and with regions of steep strain gradients near the ends of the bondline.

The macroscopic effects can be categorized into those related to variations in the

cross-sectional composition of the ‘effective’ laminate in the joint region and issues of

mechanical equilibrium and load transfer along xj-axes, as exhibited by the distribu-

tions of strains along these axes.
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6.2 Sensitivities of Response to Parameters

The sensitivities of the response, as shown in the distributions of strains, to the

parametric variations in the configurations of two-dimensional composite scarf joints

are discussed in this section. The results show that the greatest sensitivity in response

among all parameters is to the variations in scarf angle.

The sensitivities to variations in the laminate configuration of the adherends are

discussed first. The sensitivities in response are generally controlled by two primary

factors. The first involves the overall macroscopic stiffness properties of the adherend.

The distributions of strains in the adhesive are higher in magnitude compared to those

in the adherend, which is essentially due to the mismatch in stiffness properties be-

tween the adherend and the adhesive. In addition, the case of homogenized [±152/02]S

shows higher normalized magnitudes of strains in the adhesive than those occurring

for the case of homogenized [±452/02]S. For increasing effective longitudinal stiff-

ness of the adherend, the resulting magnitude of average far-field longitudinal strain

must decrease, and so must the magnitudes of strains in the configuration. This

therefore indicates the macroscopic difference in the stiffness properties between the

adherends for the two cases. For the cases with laminated adherends, considering

macroscopic equilibrium along any xj-axis and the associated xj-y plane in the adhe-

sive, as formulated in Appendix C, the local magnitudes of normalized strains along

any xj-axis depend on the stiffness properties of the adjacent plies. In addition to

these local variations, as in the distributions of normalized longitudinal strain, the

total bounded area of these distributions along any xj-axis is preserved among the

cases of laminated adherends having similar effective longitudinal stiffness, reflecting

equal load-carrying capability as indicated by the equilibrium of resultant longitu-

dinal force in Equation C.7. Thus, the distributions of strains show local variations

along any xj-axis in correspondence to the adjacent variation in the distribution of

stiffness in the adherend along the axis, which includes local increases and decreases

in strains at the acute and obtuse tips of the 0◦ plies, respectively, while preserving

the area bounded by the distributions among the cases with adherends of similar
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effective longitudinal stiffness.

The second factor pertains to the variation of stiffness properties through the

adherend thickness. The main sensitivities of the distributions of strains along the xj-

axes in the adherend and in the adhesive are manifested through the sharp increases

and decreases in strains corresponding to the location of stiffness variations through

the adherend thickness. Thus, the configurations with homogenized adherends ex-

hibit relatively uniform distributions of strains along the xj-axes, except near the end

regions, manifesting the absence of stiffness variation through the adherend thickness.

In comparison, the laminated adherend cases of [±θ2/02]S and [±θ/0]2S show localized

increases and decreases in the magnitudes of strains at and adjacent to the acute and

obtuse tips of the 0◦ plies in all configurations, respectively, along the xj-axes in the

adherend and in the adhesive. The magnitudes of these local variations (magnitudes

of local increases and decreases) show particular sensitivities to the change in the

value of the ply angle, θ, in the laminate configurations, but are relatively insensitive

to lay-up sequence, such as those occurring for the cases of [±θ2/02]S and [±θ/0]2S

for each of the two values of θ. The increased sensitivities exhibited between the

corresponding configurations of different ply angle θ essentially reflect the stiffness

mismatch between the 0◦ plies and θ plies for the respective cases.

Similar sensitivities in the strain response to adherend configurations are observed

in the distributions of strains in the adherend along the xa-axes. The distributions

of normalized longitudinal strain are essentially insensitive to the ply angle, θ, be-

tween the homogenized cases and the laminated case of [±152/02]S. However, the

response of normalized longitudinal strain for the laminated case of [±452/02]S ex-

hibits greater magnitudes as well as more local variations along the xa-axes in the

adherend compared to the response for the homogenized cases and the laminated

case of [±152/02]S. For the distributions of normalized shear strain along the xa-axes,

the response is sensitive to both variations in ply angle, θ, of the configurations, as

well as specific laminate configurations of the adherend. In these cases, the response

of normalized shear strain shows the highest normalized magnitudes for the case of

homogenized [±152/02]S. The normalized magnitudes of shear strain for the cases
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having ±45◦ plies are lower than those for the cases having ±15◦ plies, resulting from

greater mismatch in the in-plane shear stiffness properties between the ±45◦ plies and

the 0◦ plies compared to that between the ±15◦ plies and the 0◦ plies. The distribu-

tions for the laminated case of [±452/02]S show greater sensitivity in terms of local

variations in magnitudes from its corresponding homogenized case. Near the tips

of the adherend, the normalized magnitudes of both longitudinal and shear strains

exhibit similar trends in sensitivities in terms of the increases in the magnitudes of

strains. In these regions, these magnitudes increase with respect to the far-field value

for the cases of laminated [±452/02]S, homogenized [±452/02]S, laminated [±152/02]S,

and homogenized [±152/02]S, progressively. This is indicated specifically by the nor-

malized magnitudes of shear strain of 1.03, 2.58, 4.25, and 5.46 occurring at the acute

tip of the adherend for these cases, as noted in Section 5.1. These variations in mag-

nitudes indicate the sensitivity in the response of shear strain to the differences in

in-plane shear stiffness properties of the different cases in two different manners. One

aspect of the response sensitivities is manifested through the overall stiffness varia-

tion of the adherend, as clearly exhibited in the homogenized cases of homogenized

[±θ2/02]S. Another aspect is manifested through local ply-to-ply variation within

each adherend, as exhibited in the laminated cases of [±θ2/02]S, where the +θ ply is

at the acute tip of the adherend. Similar trends are also exhibited in the distribu-

tions of shear strain for the cases of [±45/0]2S and [±15/0]2S, having corresponding

normalized values of 1.12 and 4.27, respectively.

The distributions of strains for the cases of equal scarf angles exhibit explicit trends

in sensitivity to variation in scarf angle. One of the primary trends is the amplification

in the normalized magnitudes of both longitudinal and shear strains along the xj-

axes, particularly in the adhesive, for cases of increasing values of scarf angle. The

distributions of normalized strains along the xj-axes show relatively uniform ratios

of magnitudes among the different cases of equal scarf angles, except near the end

regions, where similar behavior is also exhibited but the specific values of the ratios

do not remain uniform. These effects are illustrated in the distributions of normalized

longitudinal strain along the bondline in the adhesive, as noted in Section 5.2, with the
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approximate ratios of normalized magnitudes of longitudinal strain taking values of

0.51 for the case of 5◦ to the case of 10◦, and 0.56 for the case of 10◦ to the case of 15◦.

Corresponding ratios of 0.47 and 0.58 are noted for the distributions of normalized

longitudinal strain along the adhesive midline. Similarly, for the distributions of

normalized shear strain along the bondline and the adhesive midline, the approximate

ratios of normalized magnitudes of shear strain take values of 0.6 for the case of 5◦ to

the case of 10◦, and 0.8 for the case of 10◦ to the case of 15◦, as noted in Section 5.2.

The magnitudes of strains thus increase with increasing values of equal scarf angles,

as indicated by corresponding normalized values of longitudinal strain of 1.88, 2.86,

and 3.27 at the acute tip of the adherend. Such increase in the magnitudes of strains

are exhibited for increasing values of scarf angle over the entire joint region.

The increase in magnitudes of strains with increasing values of scarf angle can also

be related to equilibrium considerations in the adhesive, as formulated in Appendix

C. The equilibrium equations resulting from these considerations indicate that in

the process of load transfer from the adherend to the adhesive, the state of stress

(and strain) must decompose into all of its in-plane components in contrast to the

longitudinal state of stress occurring in the far-field region. This decomposition is

directly related to the scarf angle of the configuration, as indicated by Equations C.3

and C.4. Thus, the strains in the adhesive along the bondline resulting from the

deformation induced by the adherend in the process of load transfer are particularly

sensitive to the scarf angle of the configuration. The dependence of the length of

the bondline on the scarf angle of the configuration is given by [tadherend/ sinα], as

illustrated in Figure 6.2, and has values of 0.826, 0.415, and 0.278 for the cases

of increasing values of scarf angle. Therefore, for increasing values of scarf angle,

the local magnitudes of both longitudinal and shear strains must increase along the

bondline as the length of the bondline reduces correspondingly, because the stresses

maintaining equilibrium act upon increasingly shorter regions for equivalent resultant

longitudinal load, as per Equation C.7. The ratios of these numbers from equilibrium

considerations also compare well with the corresponding ratios of the magnitudes

of strains for the cases of equal scarf angles reported previously. Furthermore, this

- 189 -



effect is expected for scarf angles of less than 90◦. In the limiting case of 90◦, that

corresponding to a butt-joint, the load transfer process is expected to induce a state

of stress in the adhesive that is dominantly in extension.

The magnitudes of the strains in the adherend for the cases of equal scarf angles

are also related to the ‘effective’ stiffness properties of each configuration in the joint

region. These properties depend upon the local cross-sectional stiffness contribution

of the adhesive region through the thickness of the configuration, at any location in x

in the joint region, through the term [E ta/(Exx cosα)] in Equation 6.1, in addition to

the cross-sectional stiffness contributions from both adherends. The ‘effective’ cross-

sectional contributions from the adhesive and the adherend regions thus depend on the

variable parameter of scarf angle in these cases, which affects the overall macroscopic

strain behavior in the adherend. For the distributions of strains along the bondline

in the adherend, particularly those of normalized shear strain, the location of local

decrease in the magnitude of strain occurring near the upper end of the bondline

shifts slightly downwards along the bondline in the upper ±45◦ plies for the cases

with decreasing value of scarf angle. The locations for these decreases in the values of

normalized shear strain are noted to be 0.88, 0.89, and 0.90 for the cases of increasing

value of scarf angle in Section 5.2. The occurrence of these local variations can be

attributed to be effects associated with the change in the ‘effective’ cross-sectional

stiffness properties of the configuration due to the changing stiffness contribution

from adherend 1 and the adhesive, in addition to the increasing stiffness contribution

from adherend 2 in this region. Along the bondline, the location of the acute tip of

adherend 1 from the end of the bondline is given by [ta/(sinα cosα)], as illustrated in

Figure 6.2. This denotes the location along the bondline at which the cross-sectional

stiffness contribution from adherend 1 begins. Using this expression, the normalized

values along the bondline for the location of the acute tip of adherend 1 are 0.888,

0.887, and 0.885 for the cases of increasing values of equal scarf angles. This shows

similar trends as those from the strain results noted previously.

The distributions of strains for the various cases of equal scarf angles also indicate

a larger spread of distributions across the normalized distances for decreasing values
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of scarf angle. This is obviously due to the enlarged joint region for cases with smaller

scarf angles. The length of the joint region, Ljoint, is given by Equation 3.1, and the

length of the bondline in the joint region is given by [tadherend/ sinα], as illustrated in

Figure 6.2. Thus, this increases in value for decreasing values of equal scarf angles

as noted previously, just as Ljoint does. The effects of increasing bondline length with

decreasing values of equal scarf angles, and hence increasing span of the joint region,

are indicated by the shifts in the locations of local variations in the magnitudes of

strains. This feature is most noticeable in the distributions of normalized shear strain

along the bondline in the adherend, and the distributions of normalized longitudinal

and shear strains along the x∗a-axis at the bottom of the adherend. At this location at

the bottom of the adherend, the locations of local increases and decreases in strains

along x∗a for the different cases occur over larger distances for decreasing values of scarf

angle. The local minima in normalized longitudinal strain near the beginning of the

joint region are noted to occur at the normalized distances of -1.3, -0.54, and -0.13 for

the cases of increasing values of equal scarf angles. These effects are associated with

the change in the ‘effective’ cross-sectional stiffness properties of the configuration

in the joint region due to the varying cross-sectional stiffness contributions from the

adherends and the adhesive. The location of the acute tip of adherend 1 along the

x∗a-axes is given by [−ta/(sinα)], as illustrated in Figure 6.2. Using this expression,

the normalized values for the location of the acute tip of adherend 1 along x∗a are

-1.27, -0.64, and -0.43 for the cases of increasing values of scarf angle. This location

along x∗a identifies the point beyond which the stiffness properties of adherend 1 have

cross-sectional contribution, in addition to the cross-sectional stiffness contributions

of adherend 2 and the adhesive. These locations correspond to regions near the

beginning of the joint region along the x∗a-axes where local minima in the magnitudes

of strains occur, as previously reported.

The strain responses also exhibit explicit trends to variations in values of adhesive

thickness. However, for changes in values of 50% in magnitude from the baseline value

for this parameter, the distributions of strains along the xj-axes in the adherend and

in the adhesive show significantly reduced sensitivities in the magnitudes of strains
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compared to those occurring for the changes in scarf angles. This can be related to

equilibrium considerations at the bondline as well (as formulated in Appendix C), as

the decomposition of the in-plane state of stress along an xj-axis only depends on the

scarf angle of the configuration, and not on the adhesive thickness. Thus, the sensi-

tivities in the strain response for the cases of changing adhesive thickness result from

the macroscopic variation in the ‘effective’ stiffness properties of the configuration

in the joint region based on the changing cross-sectional stiffness contribution of the

adhesive through the weighted term of [E ta/(Exx tadherend cosα)] in Equation 6.1. It

is noted that the effective change in the cross-sectional stiffness of the configuration,

Eeff , is approximately 3% from that of the baseline case for changes in adhesive thick-

ness values of 25% from the baseline value. This compares well with the magnitudes

of variations in normalized strains for the different cases of adhesive thickness, and is

particularly manifested in the variations in the magnitudes of normalized shear strain

at the center of the adhesive midline. At this location, the magnitudes of normalized

shear strain for the cases of 0.006 in and 0.010 in (25% variation from the baseline

value) also vary by approximately 3% from that of the baseline case of 0.008 in, and

those for the cases of 0.004 in and 0.012 in by approximately 6%, accordingly.

The magnitudes of normalized longitudinal strain along the xj-axes in the ad-

herend and the adhesive generally increase with increasing values of adhesive thick-

ness, particularly in and adjacent to the ±45◦ plies. This is indicated, as noted in

Section 5.3, by the normalized values of longitudinal strain of 2.68, 2.88, 3.09, 3.29,

and 3.51 for the cases of increasing values of adhesive thickness, occurring at the

normalized distances of 0.17 and 0.83 (adjacent to the −45◦ and +45◦ ply interfaces)

at the adhesive midline. The corresponding values of normalized longitudinal strain

at the normalized distance of 0.83 (at the upper −45◦ and +45◦ ply interface) in the

adherend at the bondline are 1.15, 1.23, 1.35, 1.47, and 1.53. Similarly, this trend is

also exhibited at the acute tip of the adherend, where the values of normalized lon-

gitudinal strain for increasing values of adhesive thickness are 2.37, 2.59, 2.86, 3.40,

and 3.61. For the distributions of normalized shear strain along the xj-axes, greater

sensitivities in the magnitudes of normalized shear strain occur in and adjacent to
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the 0◦ plies compared to the ±45◦ plies. It is noted that along the xj-axes in the ad-

hesive, the distributions of normalized shear strain show increasing magnitudes with

increasing adhesive thickness adjacent to the ±45 plies, but decreasing magnitudes

with increasing adhesive thickness adjacent to the 0◦ plies. In addition, the location

of the global peaks in shear strain occurring in the adhesive along the bondline shift

lower along the bondline with increasing adhesive thickness, taking normalized values

of -21.3, -20.5, -19.9, -19.5, and -17.5 at the corresponding normalized distances of

0.48, 0.46, 0.45, 0.44, and 0.41, as noted in Section 5.3.

The locations of local increases and decreases in the magnitudes of strains are

also sensitive to the changes in the adhesive thickness of the configuration. This

is noted particularly for distributions of normalized shear strain along the bondline

in the adherend and for distributions of longitudinal strain along the xa-axis at the

bottom of the adherend. For the distributions of normalized shear strain along the

bondline in the adherend, local decrease in the magnitudes of shear strain occurs near

the upper end of the bondline at the normalized distances of 0.84, 0.87, 0.89, 0.92,

and 0.95 for the cases of decreasing adhesive thickness, as noted in Section 5.3. These

effects, as in the cases of variations in equal scarf angles, can be attributed to the

variation in ‘effective’ cross-sectional stiffness contributions of the adhesive and the

adherend regions near the end of the bondline, influenced by the changing locations

of the acute tip of adherend 1 for each configuration. The location along the bondline

of the acute tip of adherend 1 from the end of the bondline for each configuration is

again given by [ta/(sinα cosα)], as previously noted for equal scarf angles, and varies

with the parameter of adhesive thickness in these cases. Thus, for decreasing values

of adhesive thickness, this results in normalized values for the location of the acute tip

of adherend 1 of 0.83, 0.86, 0.89, 0.91, and 0.94 along the bondline. These locations

also compare well with the region of local decrease in the magnitudes of shear strain,

as reported previously.

The distributions of normalized longitudinal strain along the xa-axis at the bottom

of the adherend also indicate the slightly increased spread of the distributions of

strains with increasing adhesive thickness. Although the length of the joint region
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spanning the adherend for configurations with changing adhesive thickness remains

the same, the local minima in longitudinal strain near the beginning of the joint region

occur at the normalized distances of -0.35, -0.44, -0.54, -0.70, and -0.87 for the cases

of increasing value of adhesive thickness, as also noted in Section 5.3. These shifts are

associated with the corresponding shifts in the location of the acute tip of adherend

1 along xa. As noted previously for the cases of equal scarf angles, this location is

given by [−ta/(sinα)], and varies with the parameter of adhesive thickness in these

cases. Using this expression, for the cases of increasing value of adhesive thickness,

the normalized values of the location of the acute tip of adherend 1 along xa are -

0.32, -0.48, -0.64, -0.80, and -0.96. These effects are manifested in the distributions of

normalized shear strains as well, as previously noted. The occurrence of local minima

in both longitudinal and shear strains near the beginning of the joint region can also

be attributed, as in the cases of equal scarf angles, to the variations in ‘effective’

cross-sectional stiffness contributions of the adhesive and adherend regions, which are

affected by the geometric location of the acute tip of adherend 1.

The sensitivities exhibited in the distributions of strains for the cases of unequal

scarf angles reflect the combined effects of sensitivities in the strain responses to

variations in scarf angle for adherend 2 as well as the accompanying variation in

adhesive thickness along the bondline. It is recalled here from Section 5.4 that the

adhesive thickness decreases linearly along bondline 1 for the cases of (10◦, 8◦) and

(10◦, 9◦), but increases linearly for the cases of (10◦, 11◦) and (10◦, 12◦). Conversely,

the adhesive thickness increases linearly along bondline 2 for the cases of (10◦, 8◦) and

(10◦, 9◦), but decreases linearly for the cases of (10◦, 11◦) and (10◦, 12◦). The increase

in the maximum values of adhesive thickness from the minimum baseline value of

0.008 in along each bondline is 75% (to 0.014 in) for cases with a 1◦ mismatch in

scarf angles, and 150% (to 0.020 in) for cases with a 2◦ mismatch in scarf angles. The

magnitudes of normalized longitudinal strain overlap in the 0◦ plies for the cases of

(10◦, 8◦), (10◦, 9◦), and (10◦, 10◦) along bondline 1, and for (10◦, 10◦), (10◦, 11◦), and

(10◦, 12◦) along bondline 2. In addition, the magnitudes of normalized longitudinal

strain increase along bondline 1 for the cases of (10◦, 11◦) and (10◦, 12◦), and along
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bondline 2 for the cases of (10◦, 8◦), and (10◦, 9◦) relative to those for the baseline

case. The general characteristics of the distributions of longitudinal and shear strains

remain the same for these cases as those for cases of similar scarf angle and adhesive

thickness values.

The magnitude of the gradient in longitudinal strain decreases near the obtuse tip

of adherend 1 along bondline 1 for cases of increasing scarf angle for adherend 2. The

normalized local peaks in longitudinal strain occur at the same normalized distance

of 0.90 for the cases of (10◦, 8◦), (10◦, 9◦), and (10◦, 10◦), with values of 1.60, 1.52,

and 1.40, and at 0.84 and 0.77 for the cases of (10◦, 11◦) and (10◦, 12◦), respectively,

with values of 1.54 and 1.60, respectively, as noted in Section 5.4. Along bondline 2 in

the adherend, the magnitude of the gradient in longitudinal strain decreases for cases

with decreasing scarf angle for adherend 2. The normalized location of local peaks

in the longitudinal strain has the same value of 0.90 for the cases of (10◦, 10◦), (10◦,

11◦), and (10◦, 12◦), with peak normalized values of 1.42, 1.54, and 1.65, respectively,

and normalized locations of 0.76 and 0.81 for the cases of (10◦, 8◦) and (10◦, 9◦),

respectively, with normalized peak values of 1.59 and 1.54, respectively, also noted

in Section 5.4. The shifts in locations of these local effects can be attributed to the

geometric shifts in locations of the acute tips of both adherends, which depend on the

associated scarf angles as well as the local value of adhesive thickness, as illustrated

in Figure 6.2 for the location of the acute tip of adherend 1 for configurations with

equal scarf angles. Similar trends in sensitivities are also exhibited in the distributions

of longitudinal strain along the xj-axes in the adhesive, and those of normalized

shear strain, with values of local peaks and relevant normalized locations recorded in

Section 5.4. The magnitudes of strains for the different cases generally increase with

increasing magnitude of scarf angle for adherend 2, increasing dissimilarity in scarf

angles for each adherend, and the associated increase in adhesive thickness along the

bondline. The distributions of strains also indicate greater spread along the xa-axes,

with variations in the scarf angle for adherend 2. This is indicated by the shifts in

the locations of local minima in longitudinal strain occurring near the beginning of

the adherend region at the bottom of the adherend, with values of xa of -1.85, -1.14,
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-0.54, -0.94, and -1.33 for the cases of increasing scarf angle for adherend 2. The shifts

in these locations, as noted previously for other parameters, can also be attributed

to the shifts in geometric locations of the acute tip of adherend 1 along xa, which

depend on the associated scarf angles as well as the local value of adhesive thickness.

An important feature of the strain response for the cases of unequal scarf angles

is the asymmetric distribution of longitudinal strains occurring through the thickness

of the adherend at the far-field location. This asymmetry results from the overall

asymmetric configuration of the scarf joint caused by the asymmetric adhesive distri-

bution along the scarf length. The prescribed displacements at the far-field location

through the thickness of the adherend are uniform. However, as the effective adhe-

sive thickness at any location in z is not the same, the resulting far-field longitudinal

strain for that location in z also varies, in order to preserve the condition of uniform

distribution of displacement through the thickness of the adherend. It is also noted

that the magnitudes of longitudinal strain at the far-field location vary linearly with

mismatch in scarf angles, and with distance from the centerline of the adherend at

z equal to 0.036 in. Thus, at the top and bottom of the adherend, the values of

normalized longitudinal strain vary by ±7% for the cases of (10◦, 9◦) and (10◦, 11◦),

each with a 1◦ mismatch, and ±15% for the cases of (10◦, 8◦) and (10◦, 12◦), each

with a 2◦ mismatch, as noted in Section 5.4.
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Chapter 7

Conclusions and Recommendations

An investigation was performed in this work in order to explore the general

characteristics of the mechanical response and mechanisms of load transfer in two-

dimensional composite scarf joints. This includes consideration of the sensitivities

of the mechanical response to variations in the geometric parameters of equal scarf

angles, adhesive thickness, and unequal scarf angles, and variations in laminate con-

figurations for both adherends of the types of [±θ2/02]S, [±θ/0]2S, and homogenized

[±θ2/02]S (equivalently homogeneously orthotropic) for values of θ of 45◦ and 15◦.

Linear elastic plane strain analyses were performed for all cases via finite element

modeling. The configurations were subjected to uniform extensional loading corre-

sponding to equal load-carrying capability across all cases, and the resulting strain

fields were used to characterize the response.

The following conclusions are drawn from this work:

1. The strain fields are asymmetric about the center of the adhesive midline for

all cases, except for those cases with unequal scarf angles, due to associated

asymmetry in material constitution, geometric configuration, and loading con-

ditions.

2. The overall response is influenced by global/macroscopic features and local fea-

tures of the two-dimensional composite scarf joint configuration. The global/ma-
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croscopic effects are manifested via the effective cross-sectional stiffness of the

configuration in the joint region, Eeff , and equilibrium considerations along the

bondline. The local effects are manifested at the ends of the joint region at

the tips of the adherend, and through ply-by-ply level mismatch in stiffness

properties within the adherend.

3. The macroscopic equilibrium holds at any arbitrary xj-axis parallel to the bond-

line in the configuration, considering the fundamental principles of mechanics.

Along such an axis, such as along the bondline in the adhesive, all three in-plane

components of stress (and strain) are involved in equilibrating the resultant load.

The magnitudes of strains in the adhesive are significantly greater than those in

the adherend, and are driven by the extent of mismatch in stiffness properties

between the adhesive and the adherend.

4. The magnitudes of strains within the joint region are generally controlled by the

effective macroscopic through-thickness stiffness properties of the configuration,

such as the effective longitudinal stiffness of the configuration, Eeff , which is

controlled by the stiffness and thickness ratios of the adhesive to the adherends.

5. For all cases, slight kinks in the magnitudes of strains occur at locations corre-

sponding to places where the cross-sectional stiffness contribution of adherend

1 through the z-direction ends along the bondline, thus illustrating the effect of

overall cross-sectional stiffness properties of the configuration.

6. The distributions of strains in the adherend along the bondline reflect the dis-

tribution of stiffness properties of the adherend through the thickness, and the

distributions of strains along the bondline and the adhesive midline essentially

reflect the distributions of strains at the bondline in the adherend, which are

governed by local effects of mismatch in stiffness properties between the θ and

0◦ plies.

7. For all cases, sharp increases in the magnitudes of longitudinal and shear strains

occur near the acute tip of the adherend, whereas sharp decreases occur near
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the obtuse tip. These effects are comparative in some aspects to those occur-

ring in regions of ply drop-offs in associated laminated structures. The overall

lengthscales of the gradient regions associated with these sharp changes in the

magnitudes of strains are governed by the overall geometry of the configuration.

8. The effective ply thickness is a key lengthscale governing the local variations

in strains along the xj-axes, and this is shown particularly via the effective

ply thickness of the 0◦ plies in determining the spans of the regions of sharp

gradients in strains along these axes.

9. The global lengthscales controlling the regions of high gradients in strains near

the tips of the adherend along the bondline can interact with lengthscales as-

sociated with the effective ply thicknesses, as the basic distributions of strains

remain the same for the cases of [±θ2/02]S and homogenized [±θ2/02]S, but

change for the case of [±θ/0]2S.

10. Sensitivity to laminate configuration mainly occurs through variations in the

overall stiffness properties of the configuration within the joint region through

variations in the cross-sectional stiffness contributions of each laminate.

11. The magnitudes of strains show the greatest sensitivity to variations in the value

of scarf angle of the scarf joint configuration. This is related to the specific de-

composition of the state of stress into all three planar components near the

bondline through the scarf angle of the configuration via equilibrium consider-

ations along the bondline. This results in greater contribution of shear stress

versus longitudinal stress in load transfer as the value of scarf angle decreases.

12. The length of the bondline increases significantly with decreasing value of scarf

angle, thus allowing greater region for associated stresses to act and equilibrate

the resultant load. This results in reduced magnitudes of stresses, and thus

strains, for equal load-bearing capability across the cases, with decreasing value

of scarf angle.
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13. The magnitudes of strains show relatively little sensitivity to variation in the

value of adhesive thickness of the scarf joint configuration, as the changes in the

magnitudes of strains are comparable to the variation in the ‘effective’ cross-

sectional stiffness of the configuration in the joint region, Eeff , occurring due to

cross-sectional variations in the stiffness and thickness ratios of the adhesive to

the adherends.

14. Magnitudes of strains are reduced at the adhesive midline compared to those

at the bondline, and this effect increases with increasing adhesive thickness.

15. For the cases of unequal scarf angles, the distributions of strains show explicit

asymmetry due to the asymmetric nature of the configurations, but the shapes

and trends of the distributions exhibit a combination of common characteristics

to those exhibited for the cases of equal scarf angles and adhesive thicknesses,

independently, with scarf angle being the primary factor.

16. For the cases of unequal scarf angles, the distributions of longitudinal strain in

the adherend exhibit increasing asymmetry through the adherend thickness in

the far-field region with increasing mismatch between the values of scarf angles.

This is attributed to increasing resulting asymmetry for these configurations.

Based on the results of this investigation, recommendations for further work include:

1. Finite element analyses should be performed for two-dimensional composite

scarf joints with variations in global parameters, such as the ratio of the stiffness

properties of the adherend to those of the adhesive, adherend thickness, and

scarf angle, in order to characterize the effects on the lengthscales associated

with these key parameters.

2. Finite element analyses should be performed to better characterize the local

lengthscales associated with effective ply thickness by varying the effective stiff-

ness mismatch between plies and the effective thickness of these plies.
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3. Finite element analyses should be performed to more fully investigate the varia-

tions in the overall characteristics of the distributions of strains at the adhesive

midline with changes in the adhesive thickness of the configuration.

4. Finite element analyses should be performed to investigate the mechanical re-

sponse and associated sensitivities of full three-dimensional composite scarf joint

configurations allowing by-pass load transmission pathways in the structure, and

considering variations in joint parameters associated with the third dimension.

5. The mechanical response of composite scarf joints with nonlinear load-bearing

capability of the adhesive should be investigated via finite element analyses, as

design practices require considerations of much higher load-bearing capability

for the adhesive in order to consider final failure of such configurations.

6. Mechanical response with modeled ‘defects’ in the scarf joint configuration

should be investigated via finite element analyses, with appropriate failure cri-

teria defined in the models to predict ultimate joint strength for both two- and

three-dimensional composite scarf joint configurations.

7. Experiments should be conducted in order to test the ultimate strength of com-

posite scarf joint specimens similar to the configurations modeled in this work,

including observations of the failure modes of the specimens and their loca-

tions. Comparisons of such to the locations of global peaks in the magnitudes

of strains and their locations, as identified in this work, should be made.
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Appendix A

Transformation of Ply Stiffness
Properties

The transformation relations used in transforming the ply stiffness components

relative to the Ply Coordinate System for each ply orientation to their corresponding

stiffness components relative to the Abaqus/FEM Coordinate System are detailed in

this appendix. The coordinate systems used are defined in Section 4.2 and illustrated

in Figure 4.1. The compliance matrix for the ply within the Ply Coordinate System

is:

C =



1

E1

−ν12

E1

−ν13

E1

0 0 0

−ν12

E1

1

E2

−ν23

E2

0 0 0

−ν13

E1

−ν23

E2

1

E3

0 0 0

0 0 0
1

G23

0 0

0 0 0 0
1

G13

0

0 0 0 0 0
1

G12


. (A.1)

The unidirectional ply material properties in Table 4.2 are used for the T700/2510

material. The compliance matrix is first transformed from the Ply Coordinate System

to the Laminate/Joint Coordinate System via:

Ĉ(θ) = T−1
1σ (θ) C T1ε(θ), (A.2)
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where:

T1σ(θ) =



cos2 θ sin2 θ 0 0 0 2 cos θ sin θ

sin2 θ cos2 θ 0 0 0 −2 cos θ sin θ

0 0 1 0 0 0

0 0 0 cos θ − sin θ 0

0 0 0 sin θ cos θ 0

− cos θ sin θ cos θ sin θ 0 0 0 cos2 θ − sin2 θ


, (A.3)

and:

T1ε(θ) =



cos2 θ sin2 θ 0 0 0 cos θ sin θ

sin2 θ cos2 θ 0 0 0 − cos θ sin θ

0 0 1 0 0 0

0 0 0 cos θ − sin θ 0

0 0 0 sin θ cos θ 0

−2 cos θ sin θ 2 cos θ sin θ 0 0 0 cos2 θ − sin2 θ


. (A.4)

In these equations, the angle, θ, is the ply orientation angle for each ply. The trans-

formed compliance matrix for T700/2510 as a function of the ply orientation angle is

given as Ĉ(θ).

Next, the T700/2510 compliance matrix, Ĉ(θ), is transformed relative to the

Abaqus/FEM Coordinate System via:

ˆ̂
C(θ) = T2σ(φ) Ĉ(θ) T−1

2ε (φ), (A.5)
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where:

T2σ(φ) =



1 0 0 0 0 0

0 cos2 φ sin2 φ 2 cosφ sinφ 0 0

0 sin2 φ cos2 φ −2 cosφ sinφ 0 0

0 − cosφ sinφ cosφ sinφ cos2 φ− sin2 φ 0 0

0 0 0 0 cosφ − sinφ

0 0 0 0 sinφ cosφ


, (A.6)

and:

T2ε(φ) =



1 0 0 0 0 0

0 cos2 φ sin2 φ cosφ sinφ 0 0

0 sin2 φ cos2 φ − cosφ sinφ 0 0

0 −2 cosφ sinφ 2 cosφ sinφ cos2 φ− sin2 φ 0 0

0 0 0 0 cosφ − sinφ

0 0 0 0 sinφ cosφ


. (A.7)

The transformation angle, φ, is set to 90◦ in this case since the Abaqus/FEM Co-

ordinate system is obtained by rotating the Laminate/Joint Coordinate System by

+90◦ about the x-axis in the Laminate/Joint Coordinate System. The components

of the transformed compliance matrix,
ˆ̂
C(θ), relative to the Abaqus/FEM Coordi-

nate System for each ply orientation were directly inputted into Abaqus for material

definitions of each ply region in the finite element models.
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Appendix B

Isostrain Contour Field Plots

The normalized isostrain contour field plots for all two-dimensional composite

scarf joint configurations investigated in this work are presented in this appendix. As

discussed in the introduction to Chapter 5, the strain fields in the joint region are

anti-symmetric about the rectangular coordinate system originating at the geometric

center of the scarf joint at x equal to L/2 and z equal to tadherend/2, with one axis

being aligned with the adhesive midline, xjm, as shown in Figure 5.1, for all cases

except those with unequal scarf angles. The primary strain response is manifested

in the joint region. These characteristics of the strain fields allow for convenient

presentation of the isostrain contour field plots as it suffices to present the strain

response in only one half of the joint region. All normalized isostrain contour fields

in this appendix are therefore presented for regions spanning one half of the joint

length, between x equal to L/2 and x equal to (L + Ljoint)/2.

The normalized isostrain contour field plots are presented for each scarf joint con-

figuration for each of the three planar tensorial components of strain: longitudinal

strain (ε11), shear strain (ε13), and transverse strain (ε33). The magnitudes of strains

in each isostrain contour field plot are normalized by the estimated far-field longi-

tudinal strain of 182.5 µstrain for the cases with laminated adherends of [±452/02]s,
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[±45/0]2s, and homogenized [±45/0]2s, and 86.8 µstrain for the cases with laminated

adherends of [±152/02]s, [±15/0]2s, and homogenized [±15/0]2s. The normalized con-

tour intervals are 0.5 for longitudinal and transverse strains, ε11 and ε33, and 1.0 for

shear strain, ε13. The global peak magnitude of strain occurring in each scarf joint

configuration is denoted by εm. The actual and scaled magnitudes of strains for other

loading conditions can be determined from these normalized isostrain contour field

plots as per the discussion in Section 4.3.
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Figure B.1 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 5◦, adhesive thickness of
0.008 in, and laminate configuration of [±452/02]S.
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Figure B.2 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 5◦, adhesive thickness of
0.008 in, and laminate configuration of [±452/02]S.

- 210 -



x

z 0.
02

in

-0
.5

-0
.5-0

.5
-0

.5

-1
-1

.5
-1

-1
.5

ǫ m
=

2.
04

+
45

◦
_
45

◦
0◦

+
45

◦
_
45

◦

Figure B.3 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 5◦, adhesive thickness of
0.008 in, and laminate configuration of [±452/02]S.
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Figure B.4 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.5 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.6 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.7 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 15◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.8 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 15◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.9 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 15◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.10 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 8◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.11 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 8◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.12 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 8◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.13 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 9◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.14 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 9◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.15 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 9◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.16 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 11◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.17 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 11◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.18 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 11◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.19 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 12◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.20 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 12◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.21 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with unequal scarf angles of (10◦, 12◦), minimum
adhesive thickness of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.22 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±452/02]S.
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Figure B.23 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.004 in, and laminate configuration of [±452/02]S.
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Figure B.24 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.004 in, and laminate configuration of [±452/02]S.
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Figure B.25 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.006 in, and laminate configuration of [±452/02]S.
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Figure B.26 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.006 in, and laminate configuration of [±452/02]S.
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Figure B.27 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.006 in, and laminate configuration of [±452/02]S.
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Figure B.28 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.010 in, and laminate configuration of [±452/02]S.
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Figure B.29 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.010 in, and laminate configuration of [±452/02]S.
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Figure B.30 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.010 in, and laminate configuration of [±452/02]S.
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Figure B.31 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.012 in, and laminate configuration of [±452/02]S.
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Figure B.32 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.012 in, and laminate configuration of [±452/02]S.
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Figure B.33 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.012 in, and laminate configuration of [±452/02]S.
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Figure B.34 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±452/02]S.
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Figure B.35 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±452/02]S.
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Figure B.36 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±452/02]S.
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Figure B.37 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±152/02]S.
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Figure B.38 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±152/02]S.
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Figure B.39 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of homogenized [±152/02]S.
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Figure B.40 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±152/02]S.
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Figure B.41 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±152/02]S.
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Figure B.42 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±152/02]S.
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Figure B.43 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±45/0]2S.
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Figure B.44 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±45/0]2S.
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Figure B.45 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±45/0]2S.
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Figure B.46 Normalized isostrain contour field plot of ε11 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±15/0]2S.
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Figure B.47 Normalized isostrain contour field plot of ε13 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±15/0]2S.
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Figure B.48 Normalized isostrain contour field plot of ε33 for the two-dimensional
composite scarf joint with equal scarf angles of 10◦, adhesive thickness
of 0.008 in, and laminate configuration of [±15/0]2S.
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Appendix C

Equilibrium Considerations in the
Adhesive

As discussed in Section 6.1, the macroscopic equilibrium along any xj-axis in the

adhesive, particularly along the bondline, is a key consideration in establishing the

mechanics of the response and the associated load transfer mechanisms. The specifics

of this equilibrium formulation are presented in this appendix.

The equilibrium of differential triangular elements in the adhesive along an arbi-

trary xj-axis for an arbitrary xj-y plane of unit width in the y-direction is considered.

The schematic for one such differential triangular element in the x-z (or 1-3) plane

located along the bondline in the adhesive is illustrated in Figure C.1. The differ-

ential length, dxj, denotes the length of the hypotenuse of the differential triangular

element along the bondline. The differential forces acting on the faces of this element

in the 1-direction and the 3-direction are denoted by dF1 and dF3, respectively. The

associated differential lengths of the horizontal (normal to the 3-direction) and verti-

cal (normal to the 1-direction) edges of the differential triangular element are related

to the scarf angle of the configuration, α, as dxj cosα and dxj sinα, respectively.

The expressions for the net resultant forces in the 1-direction and the 3-direction

acting on the xj-y plane, of unit width in the y-direction, are obtained by integrating

the expressions for each of the differential forces along the length of the xj-axis,

[tadherend/ sinα], which is also the length of the bondline. The expressions for these
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Figure C.1 Equilibrium schematic of a differential triangular element located along
the bondline in the adhesive of a two-dimensional composite scarf joint.
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differential forces depend on the stresses acting in those directions, and on the scarf

angle of the configuration through the differential lengths of the edges:

dF1 = −σ11(dxj sinα) + σ13(dxj cosα), (C.1)

dF3 = −σ13(dxj sinα) + σ33(dxj cosα). (C.2)

Taking the integral along the length of the xj-axis, [tadherend/ sinα], yields macroscopic

equilibrium relations for the net longitudinal and transverse forces. These equilibrium

relations for the net longitudinal and transverse forces must be equal and opposite to

the equivalent far-field conditions of pure extensional load in the 1-direction, and no

load in the 3-direction:

F1 =

∫ tadherend
sinα

0

[σ11(xj) sinα− σ13(xj) cosα] dxj =

∫ tadherend

0

σ∞11(z) dz, (C.3)

F3 =

∫ tadherend
sinα

0

[σ13(xj) sinα− σ33(xj) cosα] dxj = 0. (C.4)

The resulting equilibrium Equation C.3 for the net longitudinal force can also be

expressed in terms of the corresponding strain components by using the constitutive

relations for plane strain:


σ11

σ33

σ13

 = λ


1− ν ν 0

ν 1− ν 0

0 0 1− 2ν



ε11

ε33

ε13

 , (C.5)

where E and ν are the Young’s modulus and Poisson’s ratio of the adhesive, and the

constant λ relates to these via:

λ =
E

(1 + ν)(1− 2ν)
. (C.6)
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This results in the following expression for the net longitudinal force:

F1 =

∫ tadherend
sinα

0

[λ(1−ν)ε11(xj) sinα− E

1 + ν
ε13(xj) cosα+ λνε33(xj) sinα]dxj. (C.7)

This is worked to give:

F1 = A

∫ tadherend
sinα

0

ε11(xj) dxj+B

∫ tadherend
sinα

0

ε13(xj) dxj+C

∫ tadherend
sinα

0

ε33(xj) dxj, (C.8)

where:

A = λ(1− ν) sinα, (C.9)

B = − E

1 + ν
cosα, (C.10)

C = λν sinα. (C.11)

The constants E, ν, λ, A, B, and C are the same for any xj-axis for a given scarf angle

in the adhesive.

As discussed in Section 6.1, the longitudinal load transmitted across any xj-y

plane of unit width in the y-direction must be the same for mechanical equilibrium to

hold. Thus, for two different xj-axes in the adhesive, xjb2 and xjm, the areas bounded

by the (normalized) distributions of strains, εij(xj), must be approximately equal for

all configurations having similar effective longitudinal adherend stiffness, and thus

similar average far-field longitudinal strain, ε∞11, thereby indicating equality of load

transfer. This is expressed as:

∫ tadherend
sinα

0

εij(xjb2) dxjb2 =

∫ tadherend
sinα

0

εij(xjm) dxjm. (C.12)

This also holds true when comparing distributions of normalized strains in the ad-

hesive along similar xj-axes, xjb2 or xjm, for two or more different configurations that

have similar effective longitudinal adherend stiffness. These aspects are exhibited
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in all distributions of strains along the bondline and the midline in the adhesive in

Section 5.1 for the different configurations of adherend investigated in this work.

The equilibrium Equations C.3 and C.4 thus indicate the specific dependence of

the decomposition of the in-plane state of stress along an arbitrary xj-axis, associated

with the scarf angle of a two-dimensional composite scarf joint configuration, α.
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