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Abstract

The goal of this thesis is to describe, model, and optimize reverse logistics systems commonly
used in the Consumer Electronics industry. The context and motivation for this work stem
from a collaboration with an industrial partner, a Fortune 500 company that sells consumer
electronics and is one of the top retailers in its sector. The thesis is divided into three parts.

In the first part of the thesis we model and analyze the problem of forecasting failures of
new products. When a new device is introduced to the market there is limited information
available about its failure time distribution since most devices have yet to fail. However,
there is extensive failure time data for prior devices, as well as evidence that the failure
time distribution for new devices can be forecast from the data for prior devices. In this
setting, we propose two strategies for forecasting the failure distribution of new products
that leverages the censored failure observations for the new devices as well as this massive
amount of data collected for prior devices. We validate these strategies using data from our
industrial partner and using data from a social enterprise located in the Boston area.

The second part of the thesis concerns inventory management in a reverse logistics
system that supports the warranty returns and replacement for a consumer electronic device.
This system is a closed-loop supply chain since failed devices are refurbished and are kept
in inventory to be used as replacement devices or are sold through a side-sales channel.
Furthermore, managing inventory in this system is challenging due to the short life-cycle of
this type of device and the rapidly declining value for the inventory that could potentially
be sold. We propose a stochastic model that captures the dynamics of inventory of this
system, including the limited life-cycle and the declining value of inventory that can be sold
off. We characterize the structure of the optimal policy for this problem. In addition, we
introduce two heuristics: (i) a certainty-equivalent approximation, which leads to a simple
closed form policy; and (ii) a dual balancing heuristic, which results in a more tractable
newsvendor type model. We also develop a robust version of this model in order to obtain
bounds for the overall performance of the system. The performance of these heuristics is
analyzed using data from our industrial partner.

The final part of the thesis concerns the problem faced by a consumer electronics retailer
when matching devices in inventory to customers. More specifically, we analyze a setting
where there are two warranties in place: (i) the consumer warranty, offered by the retailer
to the consumer, and (ii) the Original Equipment Manufacturer (OEM) warranty, offered
by the OEM to the retailer. Both warranties are valid for a limited period (usually 12
months), and once warranties expire, the coverage to replace or repair a faulty device ends.
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Thus, a customer does not receive a replacement if he/she is out of consumer warranty, and
the retailer cannot send the device to the OEM for repairs if it is out of OEM warranty.
The retailer would ideally like to have the two warranties for a device being matched, i.e.,
the customer would have the same time left in his consumer warranty as the device would
have left in the OEM warranty. A mismatch between these warranties can incur costs to
the retailer beyond the usual processing costs of warranty requests. Namely, since a device
can fail multiple times during its lifecycle the replacement device sent to customers that file
warranty requests can lead to out-of-OEM-warranty returns. In order to mitigate the num-
ber of out-of-OEM-warranty returns, we propose an online algorithm to match customers
that have filed warranty claims to refurbished devices in inventory. The algorithm matches
the oldest devices in inventory to the oldest customers in each period. We characterize
the competitive ratio of this algorithm and, through numerical experiments using historical
data, demonstrate that it can significantly reduce out of warranty returns compared to our
partner’s current strategy.

Thesis Supervisor: Stephen C. Graves
Title: Abraham J. Siegel Professor of Management Science & Engineering Systems
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Chapter 1

Introduction

In 2014, U.S. consumers paid over $20 billion dollars buying and extending warranties for
electronic devices they purchased!. In addition, costs related to warranty management are
a significant expense for most companies in the consumer electronics sector. For example,
Apple Inc., one of the largest players in this segment, spent $2.9 billion dollars in 2013
alone with warranty related costs 2. Furthermore, the repair and refurbishment of electronic
devices has become a key issue for government and industry, particularly because of the
environmental concerns related to disposing and managing the end-of-life of these devices.

Within this setting, the goal of this thesis is to describe, model, and optimize a type of
reverse logistics system commonly used in the consumer electronics industry for managing
device failures and customer warranty claims. We study three different facets of this type of
system and develop a theoretical framework that addresses key issues in each one of them.

Namely, the issues that we address are:

e Forecasting warranty claims: We model and analyze the problem of forecasting
failures of new products. When a new device is introduced to the market there is
limited information available about its failure time distribution since most devices
have yet to fail. However, many companies usually collect extensive failure time data
for prior devices, as well as evidence that the failure time distribution for new devices
can be forecast from the data for prior devices. In this setting, we propose two
strategies for forecasting the failure distribution of new products that leverages the

censored failure observations for the new devices as well as the potentially massive

 http:/ /www.warrantyweek.com/archive/ww20141009.html
2http:/ /goo.gl/ilYFwg
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amount of data collected for prior devices. We validate these strategies using data
from our industrial partner and using data from a social enterprise located in the

Boston area.

Inventory Management: we address inventory management in reverse logistics
systems that support the warranty returns and replacement for consumer electronic
devices. This type of system is a closed-loop supply chain since failed devices are
refurbished and are kept in inventory to be used as replacement devices or are sold
through a side-sales channel. Furthermore, managing inventory in this system is
challenging due to the short life-cycle of this type of device and the rapidly declining
value for the inventory that could potentially be sold. We propose a stochastic model
that captures the dynamics of inventory of this system, including the limited life-cycle
and the declining value of inventory that can be sold off. We characterize the structure
of the optimal policy for this problem. In addition, we introduce two heuristics: (i) a
certainty-equivalent approximation, which leads to a simple closed form policy; and
(ii) a dual balancing heuristic, which results in a more tractable newsvendor type
model. We also develop a robust version of this model in order to obtain bounds for
the overall performance of the system. The performance of these heuristics is analyzed

using data from our industrial partner.

Warranty Matching: we analyze the problem faced by a consumer electronics re-
tailer when matching devices in inventory to customers. More specifically, we analyze
a setting where there are two warranties in place: (i) the consumer warranty, offered
by the retailer to the consumer, and (ii) the Original Equipment Manufacturer (OEM)
warranty, offered by the OEM to the retailer. Both warranties are valid for a limited
period (usually 12 months), and once warranties expire, the coverage to replace or
repair a faulty device ends. Thus, a customer does not receive a replacement if he/she
is out of consumer warranty, and the retailer cannot send the device to the OEM for
repairs if it is out of OEM warranty. The retailer would ideally like to have the two
warranties for a device being matched, i.e., the customer would have the same time
left in his consumer warranty as the device would have left in the OEM warranty. A
mismatch between these warranties can incur costs to the retailer beyond the usual

processing costs of warranty requests. Namely, since a device can fail multiple times
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during its lifecycle the replacement device sent to customers that file warranty requests
can lead to out-of-OEM-warranty returns. In order to mitigate the number of out-
of-OEM-warranty returns, we propose an online algorithm to match customers that
have filed warranty claims to refurbished devices in inventory. The algorithm matches
the oldest devices in inventory to the oldest customers in each period. We character-
ize the competitive ratio of this algorithm and, through numerical experiments using
historical data, demonstrate that it can significantly reduce out of warranty returns

compared to our partner’s current strategy.

Even though this work was developed with practical applications in mind, the theoretical
framework developed throughout this work stands on its own as a contribution to the
theory of closed-loop supply chains. Furthermore, since several companies, and e-tailers in
particular, use the same type of reverse operations strategy that we analyze, our findings
can find a broader application in the retail industry.

The remainder of this chapter will be structured as follows. In Section 1.1, we describe
the reverse operations at an industrial partner that played a central role in the development
of this work. In Section 1.2 we contextualize our contributions through a brief literature
review. Finally, Section 1.3 serves as an outline of the thesis and we summarize the main

results in each chapter.

1.1 Reverse-Logistics at our Industrial Partner

The practical backdrop for this work stems from a collaboration with an industrial partner,
a Fortune 100 company that is a Wireless Service Provider (WSP) and that is also one of
the top retailers in its sector. For this company, as for many other retail businesses, the
management of warranty claims and regret returns is a key issue. In fact, the volume of
warranty claims for products commercialized by our industrial partner is substantial (in the
order of thousands per day), and a significant portion of sold items are returned. Coupled
with the short life cycle of their products, usually less than one year, this leads to large levels
of inventory of refurbished products that suffer fast depreciation and that are expensive to
dispose.

This company uses a reverse logistics model that is similar to the one adopted by other

retailers, especially on-line retailers. In this model, there are two warranty contracts in place:
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(i) the consumer warranty, and (ii) the Original Equipment Manufacturer (OEM) warranty.
The consumer warranty protects the consumer against any defects in the purchased product
and also provides the consumer a period for “regret returns”. In addition, the consumer
warranty has strict requirements - when a warranty claim is filed, a new or refurbished item
is immediately shipped by our industrial partner to the consumer together with a pre-paid
shipping label so that the customer can return his original unit. Thus, a replacement item
is sent before the original item is received. The OEM warranty, on the other hand, is offered
by the OEM to the WSP, covering every device purchased from the OEM. This warranty
is slow - a defective product sent to the OEM takes weeks or months to be fixed and a

replacement device is not shipped immediately.

Because of the differences between the OEM and consumer warranty contracts, our
partner WSP has a reverse logistics facility that is dedicated to processing customer-regret
returns and customer warranty claims. This facility also holds inventory of refurbished
devices and can execute repairs if the defect in the returned product is small or not covered
by the OEM warranty. However, if the returned product has a defect that is covered by
the OEM warranty, the device is sent to the OEM for repair and refurbishment. Since this
reverse logistics facility uses repaired and refurbished devices to satisfy consumer warranty
claims, this system fits in the context of closed-loop supply chains (CLSCs).

If at any point in time the WSP deems that it has too much inventory of refurbished
devices, it can sell excess inventory through a side-sales channel. Thus, the key tradeoff for
managing inventory in this system is deciding between keeping a device in stock to satisfy
some future warranty claim, or selling the device through a side-sales channel. Managing
this trade-off is challenging due to three issues: (i) the non-stationary nature of the demand
for replacements; (ii) the short life-cycle of these devices; and (iii) the fast value depreciation
faced by the refurbished device in inventory that could potentially be sold.

Both the consumer warranty and the OEM warranty are valid for a limited period
(usually 12 months), and once warranties expire, the coverage to replace or repair a faulty
device ends. Namely, a customer does not receive a replacement if he/she is out of consumer
warranty, and the retailer cannot send the device to the OEM for repairs if it is out of OEM
warranty. In addition, the OEM warranty is associated to a specific device, while the

consumer warranty is specified to the consumer.

The WSP would ideally like to have the two warranties for a device being matched, i.e.,
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the customer would have the same time left in his consumer warranty as the device would
have left in the OEM warranty. A mismatch between these warranties can incur costs to
the retailer beyond the usual processing costs of warranty requests. Namely, this extra-cost
is incurred when a customer still covered by the consumer warranty has a device that fails,
and this device is not covered by the OEM warranty. In this case, the WSP will then
either pay for the OEM to repair the device, which incurs additional costs to the system,
or it will scrap the device. At our partner WSP, these out-of-OEM-warranty devices are
a significant source of cost for their reverse operations. Furthermore, since a device can
fail multiple times during its lifecycle, the replacement device sent to customers that file
warranty requests can lead to out-of-OEM-warranty returns. Also, the OEM warranty does
not restart once a device is remanufactured and it is not paused while a device is in stock
at the WSP, such that “old” devices, with little OEM warranty left, can potentially be sent

to customers as replacements.

1.2 Literature Review

This thesis builds upon a vast body of knowledge that addresses closed-loop supply chains
(CLSC), reverse logistics, forecasting, and on-line algorithms. Although each of the follow-
ing chapters will have its own literature review, we provide a broad overview of prior work
in this area.

Two early examples of papers that consider the management of inventory of repaired and
refurbished items that influence this work are Simpson (1978) and Allen and D’Esopo (1968).
A more recent summary of research in this field can be found in Guide and Van Wassenhove
(2009), which presents an overview of the literature in CLSC and discuss future directions
of research.

Forecasting with censored or truncated observations has been an active area of research
for the last 50 years since the introduction of the Kaplan-Meier Estimator in Kaplan and
Meier (1958). Using the EM algorithm for incomplete data was introduced in Dempster
et al. (1977), and our strategy builds upon this work. Taylor (1995) introduces a semi-
parametric approach for maximum-likelihood information with censored data when failures
are exponentially distributed. A detailed discussion of the role of regularization for ob-

taining sparse representations was done in Tibshirani (1996), and an example of the use of
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regularization for quantile regression with censored data can be found in Lindgren (1997).
In the operations literature, Karim and Suzuki (2005) present a comprehensive literature
review on statistical methods for analyzing warranty claim data. To the best of our knowl-
edge, our work is the first to apply regularized regression for hazard rate estimations, and
to use this completely data-driven approach to forecasting failures in a closed-loop supply

chain context.

A detailed analysis of the importance and challenges related to forecasting warranty
claims at our partner WSP is explored in Petersen (2013). The forecasting part of this work
benefited from the same partnerships, discussions, and data as Petersen (2013) and, because
of this, shares many of its core ideas. However, while Petersen (2013) presents results and
strategies tailored to the WSP, this chapter frames the discussion in more generic terms,

and we believe our approach has a wide range of applications.

With regard to inventory management for warranty replacements, Huang et al. (2008)
offers a detailed overview of the literature in warranty management, and analyzes inventory
management when there is demand for both new and replacement items,without taking
into account remanufacturing. Khawam et al. (2007) use a simulation approach to obtain
inventory management policies for Hitachi. From a conceptual level, product warranty
management is discussed by Murthy and Blischke (1992). Also, the connection between the
warranty and logistics literature is discussed by Murthy et al. (2004), and the relationship
between warranty service and customer satisfaction is discussed. The impact of regret re-
turns on inventory management is analyzed in de Brito and van der Laan (2009) where the
authors highlight the effect of imperfect information about returns on inventory manage-
ment. Different models for remanufacturing products in a CLSC are analyzed in Savaskan
et al. (2004). Finally, our work fits in the wider field of perishable inventory systems, and
a review of the results in this area can be found in Nahmias (2011).

As for the theoretical tools that we use in this paper, Bertsekas (2005) presents an
overview of Dynamic Programming in the finite and infinite horizon setting, including
many examples in inventory management. Balancing policies have also been an active
area of study, and Levi et al. (2008) contains an application of this approach in inventory

management.

Research in matching items and individuals has also been very active during the last

50 years. One of the seminal works in this area is on the Hungarian algorithm, and can be
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found in Kuhn (1955). More recently, the problem of matching under preferences has played
a central role in economics and operations research. In particular stable matching problems,
which is discussed in Gusfield and Irving (1989), has been an area of extensive research. A
review of tools for analyzing on-line algorithms, which encompass the type of policies that
we use in the third part of the thesis, can be found in Albers (2003). Finally, the type of
matching problem that we consider in this thesis has yet to be covered in the literature, and
we believe that our application provides an interesting context for assignment and matching

algorithms.

1.3 Outline and Summary of Main Contributions

In this section we will briefly summarize three parts of the thesis. Each part corresponds
to a different aspect of managing the closed-loop reverse logistics system we examine in
this work. Chapter 2 addresses the problem of forecasting failures and estimating failure
age distributions in the context of our partner WSP. In Chapter 3, we present and analyze
a control model that captures the dynamics and key decisions of inventory in the reverse
supply-chain. Finally, in Chapter 4 we study the problem of assigning refurbished devices
in inventory to customers, and we analyze different assignment strategies

Each chapter is, for the most part, independent and can be read as an individual work.

The reader should feel free to dive into the chapter that is the most relevant to their interests.

Chapter 2: Data-Driven Failure Age Estimation

The closed loop nature of this reverse logistics system makes forecasting failures important
in order to determine the amount of inventory of replacement devices that should be kept in
stock. Furthermore, an effective forecasting strategy can help the WSP identify if a device
recently introduced into the market is having a higher than expected failure rate, allowing
for operational and strategic adjustments such as fixing the hardware/software of a device
or changing the way that it is marketed. However, forecasting failures at the beginning of
the life-cycle of a device can be challenging, since the number of observations is limited and
failure observations might be censored or truncated. For example, if t weeks have passed
after the launch of a device, then no customer has a device that is more than ¢ weeks old, and

failures after this period are still unobserved. Because of this, traditional non-parametric
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approaches, such as the Kaplan-Meier estimator, are not sufficient for estimating the failure
distribution of a new device. On the other hand, the WSP has a large amount of historical
data available, since it collects detailed information about sales and failure times from the
different devices that it sells. In fact, since our partner WSP is one of the largest players
in this market, it has data from millions of customer purchases and failures.

In this setting, we propose and analyze two methods for estimating failure distribu-
tions of newly launched devices that leverages the historical data of failures from other
devices. The proposed strategies are based on a hazard rate model developed under the
assumption that customers in the same cohort have devices that fail according to the same
age-dependent failure distribution. A cohort is a pool of customers that share similar fea-
tures (e.g. phone model owned, data plan, etc.).

The first estimation strategy uses an Expectation-Maximization (EM) type algorithm
to estimate the parameters of a mixture model. Here, we assume that hazard rates of
devices in a new cohort are drawn from a mixture of scaled hazard rate distributions built
from historical data. Furthermore, since maximizing the likelihood function of a set of
observations is intractable, we use an EM approach to maximize a lower bound of the
likelihood and obtain an estimate of the parameters of the mixture model.

The second estimation strategy, which we call hazard rate regression, uses a model
selection method, where we assume a “basis” set of hazard rate distributions determined
from historical data. We then use a regularized regression to identify and fit the relevant
hazard rates distributions from the basis to the observed failures from the new cohort. This
allows for a sparse representation of the estimated hazard rate distribution, which can be
useful depending on the context of the estimation problem. For example, a sparse solution
can help identify which cohorts are the most similar and can help with an investigation of
the features that these cohorts have in common.

Both of these estimation strategies assume that the hazard rate distribution that is being
estimated can be described by a mixture of scaled versions of the hazard rate distributions
in the basis. Using data from our partner WSP we argue that this assumption holds in
practice. Furthermore, to the best of our knowledge, this type of approach is novel and has
not been studied before in the Operations Management community.

In the final part of this chapter, we describe how these estimation strategies can be used

to create a forecast of the volume of warranty requests received by our partner WSP, and
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introduce different metrics to measure the quality of the forecast. We also examine both
estimation strategies through a series of numerical experiments using data from our partner
WSP and using data from Project Repat, a Boston-based social enterprise that transforms
old t-shirts into quilts. Through these experiments, we observe that both the EM algorithm
and the Regression approach have a similar average performance, but the performance of
the regression approach has a lower variance. Furthermore, the regression approach leads
to sparser representation of the hazard rate distribution, while the estimate produced by

the EM algorithm is dense in the mixture parameters.

Chapter 3: Inventory Management in a Closed-Loop Supply Chain

The short life-cycle of devices sold by our partner WSP coupled with the fast value de-
preciation of these devices, makes managing inventory at the reverse logistics facility a
challenging problem. Furthermore, the demand for replacement devices is non-stationary,
and not all devices sent to the OEM can be refurbished. In this system, devices arrive in
inventory either as seed-stock from the OEM (usually 1% of sales) or as refurbished devices
corresponding to previous failures or regret returns. Devices leave inventory when they are
sent as replacements to customers that filed warranty claims, or through a side-sales channel
that the WSP uses to sell excess inventory.

The second part of the thesis proposes and analyzes two versions of the inventory man-
agement problem. First, we discuss a discrete-time deterministic version, for which hazard
rates are fixed fractions of sold devices that fail. We prove the optimal policy for this
case and also present a worst case analysis. The second version introduces a discrete-time
stochastic model, for which we prove the structure of the optimal policy and discuss a
heuristic for managing this system. These models depart from the other inventory man-
agement models in the literature since it incorporates the short life-cycle of devices, the
fast value depreciation of the devices as well as by making no assumptions on demand and
arrival distributions.

In the deterministic model, we assume that both the demand and the arrival processes
are deterministic and known. Since this problem has a finite horizon corresponding to the
life-cycle of the device, finding the optimal buying and selling quantities in each period is
equivalent to solving a linear optimization problem. Despite being an optimization problem

that can be solved efficiently using a numeric solver, we prove and discuss the structure
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of the optimal solution for this problem. There are a three main reasons why we do this:
(i) By proving the structure of the optimal policy we can make explicit the relationship
between the optimal policy and the dynamic cost structure of the problem; (ii) The results
from this analysis will be used to prove the optimal policy of the stochastic version of the
problem; (iii) The Certainty-Equivalent approximation of the stochastic problem is based

on the deterministic model.

We assume that the costs of purchasing a new device into inventory and the revenue
of selling a device in a side-sales channel are both non-increasing. Furthermore, we also
assume that the revenue obtained selling a refurbished device in a side-sales channel is
lower than the cost of sourcing a new device into inventory. Thus, in this setting, the
optimal sourcing strategy will be myopic in the sense that we only buy enough items to
satisfy the unmet demand for replacement devices in the current period. Conversely, the
optimal selling quantity in some time period will depend on the inventory level at the
beginning of the period and on the mazimum total net demand in the interval between the
current period and the time when the cost of sourcing a new device falls below the current
price of a refurbished device in a side-sales channel. The maximum total net demand
in some interval is defined as the maximum cumulative difference between the demand
for replacement devices and the amount of devices that arrive from the OEM. Thus, the
maximum total net demand acts as a sell-down-to level. If inventory is above this level,
items will be sold until the number of items in inventory is equal to this level. Conversely,
if inventory is below this level, no items are sold.

We also address the question: If the hazard rate distribution is unknown, what is the
mazimum number of new devices that will have to be purchased to support the reverse
chain? The answer to this question is useful for two main reasons. First, we can use
it to plan seed stock requirements, and guide operational decisions regarding refurbished
device management. In addition, it can be used to bound the operational cost of supporting
warranty of a new device, which is useful for planning considerations when releasing a new
device into the market. We answer this question by examining a model where an adversary

can choose the hazard rate distribution, and prove a tight worst case bound in this setting.

In the stochastic model, we assume that replacement requests are generated by the
hazard rate distribution discussed in the first part of the thesis. We prove the structure

of the optimal policy in this case, and show that it has the same sell-down-to structure
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as the optimal policy in the deterministic case. However, the optimal sell-down-to level in
every period depends on the distributions of the demand and arrival processes and cannot
be computed in closed-form. Because of this, we introduce two heuristics for managing
inventory.

The first heuristic is a certainty-equivalent approximation where we obtain a suboptimal
inventory control policy by approximating the uncertainty in the problem by its average
value. Since the volume of devices in the WSP’s reverse logistics system is very large, this
heuristic works well in practice. We construct the certainty-equivalent approximation using
the hazard rate model discussed the first part of the thesis. In this case, the certainty-
equivalent approximation to the optimal policy still purchases items myopically, but uses
an approximation to calculate the sell-down-to-level in each time period.

The second heuristic is the cost-balancing policy that takes into account the uncertainty
of the demand and arrival process. More specifically, we solve a newsvendor-type problem
that balances the costs of selling too few or too many items. We find the optimal sell-down-
to level through a Sample Average Approximation (SAA), a well studied approach in the
Operations Management literature.

Through numerical experiments, we analyze the performance of these policies and sim-
ulate their sensitivity with respect to changes in different parameters of the system such
as number of devices, failure distribution, OEM lead time, seed-stock and the loss at the
OEM. As a benchmark, we compare the performance of these policies with the clairvoyant
policy, the policy that knows ex-ante the sample path of the device failures and the arrivals
from the OEM.

Next we compare the certainty equivalent policy with the cost-balancing policy for differ-
ent distributions of device failures. We observe that the cost-balancing policy usually leads
to a better performance than the certainty-equivalent approximation. However, when the
number of devices is large (which is the case for our partner WSP) the certainty-equivalent
approximation achieves a near-optimal performance and is sufficient for practical applica-
tions.

Finally, we analyze the performance of the different policies using real-world data from
a device sold by the WSP. This simulation incorporates learning, i.e., the methodology
discussed in the previous chapter is employed and the hazard rate distribution of the device

is updated as new information on failure rates becomes available. We observe that in
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practical settings both policies capture over 90% of the clairvoyant profit.

Chapter 4: Warranty Matching in a Closed-Loop Supply Chain

As mentioned in the introduction of this chapter, there are two warranties in place in this
system: (i) the consumer warranty (offered by the WSP to its consumers), and the (ii)
OEM warranty (offered by the OEM to the WSP). Ideally the two warranties would be
matched, i.e., the customer would have the same time left in his consumer warranty as
the device would have left in the OEM warranty. A mismatch between these warranties
incurs costs to the retailer beyond the usual processing costs of warranty requests. Namely,
this extra-cost is incurred when a customer still covered by the consumer warranty has a
device that fails, and this device is not covered by the OEM warranty. In this case, the
WSP will then either pay for the OEM to repair the device, which incurs additional costs
to the system, or it will scrap the device and the device leaves the system. At our partner
WSP, these out-of~-OEM-warranty devices are a significant source of cost for their reverse
operations.

Since a device can fail multiple times during its lifecycle, the replacement device sent
to customers that file warranty requests can lead to out-of-OEM-warranty returns. Also,
the OEM warranty does not restart once a device is remanufactured and it is not paused
while a device is in stock at the WSP, such that “old” devices, with little OEM warranty
left, can potentially be sent to customers as replacements. At the WSP’s reverse logistics
facility, devices in stock were matched at random to consumers that placed warranty claims.
More specifically, refurbished devices received from the OEM were not sorted by time left
in OEM warranty, and customer requests were also not sorted according to the time left in
their customer warranty. This would lead to “old” devices being sent to “young” customers,
creating a scenario where a customer with a few months left in its consumer warranty
receives a device with an expired OEM warranty. Conversely, this would also lead to cases
where “young” devices were sent to “old” customers, effectively wasting OEM warranty
coverage time.

Given this setting, in the third part of the thesis we model the problem of matching
devices to customers and analyze different assignment strategies and how they impact mis-
match costs and out-of-OEM-warranty returns. Note that the assignment strategy is crucial

in mitigating out-of-warranty returns, and simple strategies that do not take into account
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the closed-loop nature of the system can lead to a large average mismatch. For example,
a first-in-first out strategy for assigning replacement devices to customers, not taking into
account customer ages, might lead to large mismatches. Similarly, randomly assigning de-
vices to customers, which was the practice used by our partner WSP, might also lead to
large mismatches and, consequently, to poorly matched assignments.

The three assignment strategies that we focus on are:

e The Random assignment policy: where devices in inventory are randomly assigned to
customers that require replacement devices, ignoring the time remaining in both the
customer and device warranties. This was the policy used by the WSP at the time

that our collaboration began;

e The Youngest-Out-First (Myopic) policy: where in every time period devices in inven-
tory are assigned to customers as to minimize the mismatch in that specific period.

We prove that this is the optimal single-period assignment strategy in our formulation;

e The Oldest-Out-First policy: a policy that always assigns the oldest devices in inven-

tory to the oldest customers that require replacements.

Our first analysis involves assuming that the activation date of customers that need
replacements devices is random and we assume that failure ages of devices are i.i.d. Also,
we assume that the total number of device failures is constant in every period and given
by n, and that there are m > n devices in inventory at the reverse logistics facility in
every period. In this context, we prove distribution-free upper and lower bounds on the
expected mismatch cost for the random assignment policy. These bounds have a practical
interpretation and can help a plant manager decide if it is worth investing in a matching
policy other than random assignment.

We then consider the Youngest-Out-First policy, where customers and devices are sorted
by age and matched from youngest to oldest. We prove that, in the long-run and for a lead
time of [, the mismatch cost of the YOF policy will be very close to [. In fact, the distribution
of the mismatch cost will have an exponentially decreasing tail. However, this policy has
a major drawback. If we allow m and n to be random variables that change over time,
this policy may lead to an accumulation of “old” devices in the system, since it uses the
youngest first, and when n fluctuates, devices that are out of OEM warranty might be sent

to customers.
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In order to address this, we propose the Oldest-Out-First policy. This policy also sorts
devices and customers by age but, instead of matching them from youngest to oldest, it
matches them from oldest to youngest. The intuition behind this policy is that in the
long-run it is not worth allowing devices to “age” in inventory, even though using them
immediately is not the optimal short-term thing to do. We analyze this policy as an on-
line algorithm and, by assuming certain conditions for the system’s behavior, we prove the
competitive ratio of this policy. The competitive ratio allows for a comparison between the
clairvoyant policy, i.e., the policy that “knows” all the information of the system, and the
oldest-out-first policy.

We evaluate these policies through numerical experiments that use data from our part-
ner WSP and also using a simulated scenario where failures are chosen from a pre-set

distribution. We compare the performance of these policies using two metrics:

e Awerage uncovered time per replacement device shipped: if a refurbished device of age
7 is sent as a replacement to a customer of age i, the uncovered time of the customer
will be max(j —i,0). Since we assume that both the customer warranty and the OEM
warranty have the same length, this represents the amount of time that a customer
is still covered by the customer warranty while the device he/she owns is not covered
by the OEM warranty. This is a measure of exposure of the WSP with regards to

out-of-warranty returns;

e Percentage of failures that are out-of-warranty: the percentage of all the failures that
happened when the customer was covered by the customer warranty but the device
that failed was not covered by the OEM warranty. In this case, the device is either

scrapped or the WSP has to pay for its repair/refurbishment.

In our experiments, we observe the OOF significantly decreases the average number
of uncovered weeks with respect to random matching, and that it performs better than
the Youngest-Out-First policy since “old devices” do not accumulate in stock over time.
We also observe that both the OOF and the Youngest-Out-First policy present significant

improvements over random matching due to the power of sorting requests and devices.

26



Chapter 2

Data-Driven Failure Age
Estimation in a Closed Loop

Supply Chain

2.1 Introduction

One of the main challenges in supply chain management is forecasting demand, particularly
when introducing a new product into the market. In this chapter, we propose and analyze
a strategy for forecasting the demand for replacement devices in a large Wireless Service
Provider (WSP). More specifically, this WSP offers a warranty to their clients (usually
12 months in duration), and clients covered by the warranty that have devices that fail
are entitled to receive a replacement from the WSP. For the WSP, estimating the demand
for replacement devices is critical for planning the operations that support the customer

warranty.

If a customer covered by the WSP’s customer warranty has a device that fails, he/she
receives a replacement which is shipped overnight from the WSP’s reverse logistics facility.
The replacement device is usually not a new device, but a device that failed at an earlier
time and was refurbished. When a customer receives a replacement device, he/she ships
the broken device to the WSP (usually within one or two weeks), which then proceeds to
refurbish /repair the device (if possible) and stores it in inventory in order to use it as a

replacement device in the future. If the WSP finds that, at some point, it has too many
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refurbished devices in inventory, excess devices can be sold through a side-sales channel.

The closed loop nature of this reverse logistics system makes forecasting failures impor-
tant in order to determine the amount of inventory of replacement devices that should be
kept in stock. Furthermore, an effective forecasting strategy can help the WSP identify if
a device recently introduced into the market is having a higher than expected failure rate,
allowing for operational and strategic adjustments such as fixing the hardware/software of
a device or changing the way the devices are marketed. However, forecasting failures at the
beginning of the life-cycle of a device can be challenging, since the number of observations
is limited and failure observations might be censored or truncated. For example, if ¢t weeks
have passed after the launch of a device, then no customer has a device that is more than

t weeks old, and failures after this period are still unobserved.

On the other hand, the WSP has a large amount of historical data available, since it
collects detailed information about sales and failure times from the different devices that it
sells. In fact, since our partner WSP is one of the largest players in this market, it has data
from millions of customer purchases and failures. Leveraging this information will play a
key role in the estimation strategies discussed in this chapter. Also, this company launches
around a dozen to two dozen new devices per year and, since the life-cycle of these devices
is between one and two years, it is usually managing replacement request from around 40

different devices.

In this chapter, we propose and analyze methods for estimating failure distributions of
newly launched devices that leverages the historical data of failures from other devices. The
proposed strategies are based on a hazard rate model developed under the assumption that
customers in the same cohort have devices that fail according to the same age-dependent
failure distribution. A cohort is a pool of customers that share similar features (e.g. phone
model owned, data plan, etc.). For example, a device model could be iPhone 5’s sold in
August in Boston to customers in a certain type of plan.

We propose two different strategies for estimating the hazard rates of a new cohort
of customers. Both of these strategies use the hazard rates determined using historical
data from other cohorts containing different customers and/or devices. The first estimation
strategy uses an Expectation-Maximization (EM) type algorithm to estimate the parameters
of a mixture model. Here, we assume that hazard rates of devices in the new cohort are

drawn at random from a set of scaled hazard rate distributions built from historical data.
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The second estimation strategy uses a model selection method, where we assume a “basis”
set of hazard rate distributions determined from historical data. We then use a regularized
regression to identify and fit the relevant hazard rates distributions from the basis to the
observed failures from the new cohort. The practical performance of these two approaches

will be analyzed through numerical experiments that use data from our partner WSP.

Note that both these strategies are parametric, although the basis functions used are
all built from data. In fact, a pure non-parametric estimation strategy that deals with
censoring (such as the Kaplan-Meier estimator) would not be effective in this case, since all

failure observations of a recently launched device are truncated in the same time period.

A detailed analysis of the importance and challenges related to forecasting warranty
claims at our partner WSP is explored in Petersen (2013). This chapter benefited from the
same partnerships, discussions, and data as Petersen (2013) and, because of this, shares
many of its core ideas. However, while Petersen (2013) presents results and strategies
tailored to the WSP, this chapter frames the discussion in more generic terms, and we

believe our approach has a wide range of applications.

In fact, in Section 2.5.4, we present an application of our estimation strategy to Project
Repat, a social enterprise that transforms old t-shirts into quilts. In this case, the company
needed to forecast the volume of t-shirts that were sent by their customers in order to make
staffing decisions in their textile plant. Since customers first purchase the quilts on-line and
then mail their t-shirts to Project Repat using a pre-paid shipping label, the problem is

similar to the one faced by our partner WSP.

The remainder of this chapter is structured as follows. In Section 2.2 we introduce the
model for device failures and briefly discuss the Kaplan-Meier estimator, a non-parametric
approach for estimating hazard rates. In Section 2.3 we formalize our estimation problem
and its challenges. In Section 2.4 we present two distinct estimation strategies. The first
strategy is based on the EM algorithm, while the second strategy involves a regularized
regression. In Section 5 we present a few numerical experiments including one utilizing
data from our partner WSP. Finally, in Section 2.5.4 we discuss how this strategy was used

at Project Repat.
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2.2 Estimating Failure Rates

In this section, we will present a review of the literature on estimation with censored and
truncated data. We then describe the device failure process and introduce the notation that
will be used throughout this chapter. In the final part of this section, we review and discuss
the Kaplan-Meier (KM) estimator. As our goal is to estimate the distribution of failure

ages of devices at our partner WSP, we will frame our discussion within this context.

2.2.1 Literature Review

The history of methods for estimating failure or survival distributions of products, machines,
and subjects in clinical trials has a long history, dating back to seminal work of Greenwood
in the early 20th century, in Greenwood and others (1926). These methods attempt to
build a distribution for the occurrence time of an event (such as age of failure of a device
or death of a patient) based on a set of observations of the said event. As in most of the
literature, we will call the time at which an event occurs the failure time. In many practical
settings, these observations can be censored, i.e., there is no information available on the
exact time that a failure occurs, only that it is outside of some interval. For éxample, if
we are trying to estimate the failure time distribution of electronic devices sold at different
times during the last few months, we have censored observations in that we have yet to
observe the failure times for the devices that have yet to fail. All we can say is that their
failure times are at least as long as the devices’ current ages.

The most popular non-parametric approach for estimating failure time distribution is
the Kaplan-Meier estimator, introduced in Kaplan and Meier (1958), and widely used in
practice. We will cover the KM estimator at the end of this section section.

There are also many parametric strategies for estimating failure distributions. One clas-
sic parametric approach is the Cox Proportional Hazards Model (Cox and Oakes (1984)),
where the hazard rate is assumed to be a scaled version of some baseline hazard function,
and the scaling parameter is a function of certain covariates. This approach is commonly
used in medical applications when analyzing the survival rate of a patient as a function
of characteristics the patient has, such as genetic factors or pre-existing conditions. Other
parametric strategies involve the Expectiation-Maximation (EM) type algorithms, and have

been used to estimate parameters of failure time distributions (McLachlan and Krishnan
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(2007)). An EM approach will be the cornerstone of one of the estimation strategies pro-
posed in Section 2.4.

Taylor (1995) introduces a semi-parametric approach for maximum-likelihood informa-
tion with censored data when failures are exponentially distributed. A detailed discussion
of the role of regularization for obtaining sparse representations was done in Tibshirani
(1996), and an example of the use of regularization for quantile regression with censored
data can be found in Lindgren (1997). Also, the use of L1 penalized estimation is used in
the context of the Cox proportional hazards model to estimate hazard rates in Tibshirani
and others (1997) and in Goeman (2010). In the operations literature, Karim and Suzuki
(2005) present a comprehensive literature review on statistical methods for analyzing war-
ranty claim data. To the best of our knowledge, our work is the first to apply regularized
regression for hazard rate estimations that uses historical data to build a basis of hazard

rate distributions.

2.2.2 The device failure process

We assume that the failure age of a device can be described by a discrete failure distribution,
where, for t € Z,

Pr(failure of device at age t) £ p;.

It is also useful to describe the failure process in terms of hazard rates. The hazard rate at
age t is the probability that, conditioned on the non-failure up until the beginning of age ¢,

the device fails at age ¢. Thus,
Pr(failure at age ¢ | survived to age t) £ h;.

The relationship between the hazard rate and the failure distribution is

Dt

t = T w—=i—1

1- 22;11 Pk.
Let the complementary cumulative distribution function (CCDF) be denoted by F;. Then,
F; = Pr(failure > age t) and the relationship between the hazard rate and the CCDF is



Thus, note that p; = hy and that, for ¢t > 1,
t-1
pe = he - H(l - hy). (2.1)
k=1

We also assume that a failure observation can be of two types: (i} an uncensored ob-
servation, i.e., the exact age that the device had when it failed is observed; (ii) a censored
observation, i.e., if a failure observation is censored at age ¢, we know that the failure age
of this device is strictly larger than t. Another critical assumption that we make is that
fatlure age and censoring are independent. In the WSP case, this is equivalent to assume
that sales date and failure date are independent. This assumption will be discussed in more

detail in Section 2.3.

2.2.3 The Kaplan-Meier estimator

The Kaplan-Meier (KM) estimator is the maximum likelihood non-parametric estimator
of a failure distribution when failure observations are censored. We will derive the KM
estimator for the case where failure ages are discrete. The extension to continuous time is
straight forward and can be found in Kaplan and Meier (1958).

We assume that we have two sets of samples in hand: (i) a set of uncensored failure
observations y = (y1, ..., yr), where y; is the number of devices that failed at age ¢, and (ii)
a set of censored failure observations z = (z1,.. ., 21), where 2 is the number of observations
censored at age t, i.e. all that is known is that the failure of these devices will happen at
an age strictly larger than t. The total number of observations is EzT:l yi + z;. We also
assume that whether an observation is censored or not is independent of the failure age.
Under these assumptions; the probability of observing this set of samples for a given failure

distribution p = (p1,...,pr) is given by

L(p;y, z) = Pr(observing (y, z) | p)
T p—
ot § A
i=1

Where L(p;y, z) is the likelihood (in this case, also the probability) of observing the sample

Yy, z if the failure distribution were described by the vector p. Rewriting this expression in

32



terms of the hazard rates, the likelihood becomes

T i—1 i
L(hiy,2) =[] | - TT = hy)»- ) | TT @ — Ry)*
i=1 j=1 j=1
T T
- (H hi’") : (H(l - hi)zi+zj>iyj+zj) (22)
i=1 i=1

Letr; 23 > ¥tz be the population of devices at risk of failure at time i, i.e., the number

of observations with failure time greater or equal to . Then the maximum-likelihood hazard

rate vector h* will be

T
h* = arg m’?nyi log hi + (r; — yi) log(1 — hy) (2.3)

i=1
where this expression comes from taking the logarithm of the likelihood function. By taking
the derivative of the log-likelihood function, it is straightforward to see that the right-hand

side of (2.3) is maximized when

Yi
hf ==,
1 i

Thus, we have that the maximum-likelihood CCDF is

i
ok ™ =Y
F = 31;[1 T
which is the commonly known Kaplan-Meier estimate of the CCDF.

If the probability distribution has a discrete support, the hazard rates can be interpreted
as transition probabilities in a Markov Chain with an absorbing state. This leads to a
natural interpretation of the KM estimator, where the estimate of the hazard rate for some
age t is the ratio between the transitions observed from the state “working at age t” to the
“failure” state and the total number of transitions observed out of the state “working at
age t”.

For the estimation problem faced by our partner WSP, the KM estimator is not very
useful for estimating the failure distribution of a new device. When a new device is launched
to market, all failure observations are truncated, since the oldest device sold is no older than
the time past since the launch date. Thus, if the KM estimator were applied to this case,

it would not be possible to estimate the right tail of the failure distribution.
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However, historical failure data indicates that the failure distribution of devices sold
by the WSP have a similar shape. For example, consider the hazard rate distributions
estimated from four devices sold by the WSP depicted in Figure 2-1'. These devices are from
different manufacturers and have different specifications: devices A and B have keyboards
while C and D do not; devices C and D have the same operations system, while A and B
have different ones; all devices have distinct CPUs; they use different wireless technologies.

Despite the differences between the devices in Figure 2-1, their failure distributions are
somewhat similar, resembling scaled versions of each other. There is a spike at the be-
ginning of the hazard rate distributions due to regret returns and dead-on-arrival failures.
Afterwards, the hazard rate is fairly constant up until one year, the time when most cus-
tomer warranties expire. After one year, there is a sharp decrease since only customers that
purchased extended warranties can exchange their devices.

Since failure distributions of different devices are similar, we propose estimation strate-
gies that leverage these similarities. Thus, when a new device is introduced into the market,
the “prior information” available from other devices will be used to estimate the right-tail
of the failure distribution of the new device. Before presenting our estimation strategies,

we will first set up the estimation problem in the next section.

2.3 Problem Set-Up

In our set-up, we assume the that customers are divided into cohorts. A cohort of customers
is a pool of customers that share similar features and whose devices fail according to the
same hazard rate. For example, features that define a cohort could include the type of
device that a customer owns,customer location, or the month that the customer purchased
a device. For our partner WSP, a pool of customers is given by all the customers that own
the same type of device, regardless of when the device was purchased. This is illustrated in
Figure 2-2. In the case of Project Repat, the other company we collaborated with, a cohort
is defined as all customers that purchased a product in a given week.

We assume that there is a maximum failure age T for devices, such that, for all practical

purposes, devices of age larger than T will never fail. This comes from the fact that the

!The failure dates in the data we obtained from the WSP corresponded to the dates when the failed
device was received from the customer, not the date when failure claim was filed. Since the customer has a
few weeks to return the broken device, the real failure date was a few weeks earlier.

34



g

Hazard Rate
Hazard Rate

0.001 0.002
0.000 0.000
o 25 50 75 0 2 50 75
Age in Weeks Age in Weeks
(a) Device A (b) Device B
0004
0.004
0.003 ooos
] B
o o
®
e
-
0001 a0t
0.000 0.000
2 2 50 75 4 % 50 7
Age in Weeks Age in Weeks
(¢) Device C (d) Device D

Figure 2-1: Hazard Rates of four different devices sold by the WSP. The age of failures is
given in weeks.

WSP offers a warranty of at most two years, and customers that are not covered by a
warranty are not entitled to a replacement device. In practice, the choice of T depends on
the context of the estimation problem. We denote the “true” (initially unknown) hazard
rate, failure distribution, and CDF by h*, p*, and F*, respectively. Also, let f be the age of
the oldest device in the system. If £ < T, there are no observations for failure times in the
interval [¢, T.

For example, if a new device is launched in January and the current month is April,
then ¢ = 4 months, and there are no observations of failure times larger than 4 months.
This is problematic in the context of the WSP since, around this time, the WSP needs to
start making decisions as to how much stock of this device to carry in its reverse logistics
facility, as well as wether to take counter-measures if the failure rate of the device is too
high. If there is no information about failures larger than 4 months, making tactical and
strategic decisions might be difficult. Furthermore, the KM estimator does not provide
solace when # < T, since it is a non-parametric estimator and cannot provide information

on the right tail of the failure distribution. We overcome this issue in a data-driven way by
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Figure 2-2: Hazard Rates estimated from sales in three different months for two devices.

using the failure distributions of devices already in the market as priors for the estimated

failure distribution.

We denote the estimate of the hazard rate of a cohort of customers given a set of uncen-
sored and censored failure observations y = (y1,...,¥;) and z = (21,..., %), respectively,
by a vector h(y,z) = (hi(y,2),...,hg(y,2)). The estimate of the discrete failure distri-
bution from the observations y and z is given by p(y,z) = (p1(y,2),...,p;(y,2)). The
corresponding estimate of the CDF is then F(y, z) = (Fi(y, 2), ..., F(y, 2)), where

Ft(ya Z) = sz(ya Z).
i=1

and
t—1

pt(ys Z) = ht(yv Z) : H(l - hk’(ya z)) (24)
k=1

Ideally, we would like an estimation strategy such that if no observation is truncated, i.e.,
t =T, and if y and z are sampled from the failure distribution defined by the hazard rates

h*, we have
T

sup |hs(y, z) — hy| — 0 almost surely as Zyi + z; — o0o.
s

i=1
The KM estimator satisfies this criteria when ¢ = T and the number of observations goes to
infinity. This is clear from the Markov-Chain interpretation of the discrete hazard model,
since the horizon is finite and thus all failure “states” will be visited an infinite number of
times as the number of observations goes to infinity. However, as mentioned if £ < T there

are no observations in the interval [, T]. Also, at the WSP, censoring occurs since devices
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in a cohort are sold in different time periods and might not have failed up to the current
time period. More specifically, if we are in period ¢ and a device sold in period s < ¢ has not
vet failed, we only know that this device might fail with a failure age greater than ¢ —s. In
addition, we assume that the time that a device is sold and its failure time are independent,

since all devices in a cohort fail according to the same hazard rate distribution.

Let {le,...,ﬁm} be a collection of m different hazard rate distributions, such that
B = (izjl, ey iﬂf) represents the hazard rates for some other cohort or device or a hazard
function built using expert opinion. We view this collection as a basis set for modeling the
population of possible hazard rate distributions. Furthermore, we allow for each element j
of the basis to be scaled by some positive parameter A;, such that A; B = (A hl, . /A\jfz%ﬂ),
and /\jhf < 1,Vi,j. We use the set of distributions as the basis in a mixture model for the
estimation of the true hazard distribution ~A*. Namely, we assume that each device in the

cohort will fail according to scaled basis element j with probability 0}‘. Hence, we have that
Pr(failure at age t|survived > t) = h} = 20* AS hi.

Also,
m
Pr(failure at age > t|survived > ¢) =1 — h{ = ZO; (1 - A;‘B{)
Note also that 37, 65 - (1 - /\;ﬁ{) =3 (1- )\;9;‘}}{), as »_;0; = 1. The expression
for the failure probabilities also becomes slightly different than before. The probability of

failure of a device at age t in this case is

m -1
Pr(failure at age t) = ZO; : (/\’;ilg . tl—I(l - /\jﬁ{)) .
j=1 i=1
In this setting, our goal is to estimate \* = (A}, -, A},) and 6* = (67, ...,6},). With suffi-
cient data, this allows for a greater flexibility in the estimate. From a practical standpoint,
this also allows a practitioner to identify if the failure distribution of devices in some cohort
recently launched into the market is a more intense or subdued version of the hazard rate

distributions in the basis.

After observing failures described by the vectors y and z, let 6(y, z) be the estimate for

6* and A(y, z) be our estimate for A*. We consider an estimation strategy to be effective if,
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given a set of samples y and z of observations, we have

: _
0;(y,z) — 05 and A\;(y, 2) — A}, Vj almost surely as Zyl — oo and zt: 2; — 00,
i=1 i=1
and also, for any (y, z) we want 0 < A;(z,y) 71{ < 1,Vi, 7, so that the resulting hazard rates
are feasible. Note that there is a straight forward equivalence between the hazard rates and
failure probabilities as shown in Equation 2.4.

Although this is a parametric approach, we make no explicit assumptions on the un-
derlying shape of the failure distribution. This is a departure from other models, such as
the Cox Proportional Hazards model and models that assume a specific underlying distri-
bution. In our case, the hazard rate distributions in the basis are completely determined
by historical data or are defined by the modeler. Although generic, this approach is only
adequate when there is an abundance of data and, of course, historical failure distributions
or expert opinion available that can be used as priors.

In many applications, such at our partner WSP, estimating a hazard rate distribution
as a mixture of the hazard rate distribution of other devices is also useful to identify which
manufacturers and/or features lead to large number of failures. For example, this estimation
strategy can help identify if devices with similar operating systems have similar hazard
functions. Additionally, this strategy can quickly help identify if a recently launched device
has an unusually high (or low failure rate).

In the next section, we will describe our estimation strategies and their strengths and

weaknesses.

2.4 Estimation Strategies

With the basis formed by the collection of hazard rate distributions {izl, - ,ﬁ"‘} that will
be used in our mixture model and the failure observations in hand, we are ready to present
the two strategies for estimating the hazard rates of devices in a cohort. Following a similar
notation as in Section 2.2.3, assume that the failure age of a cohort of devices has a finite
discrete support [1,T]. Also, assume that observations are truncated at some age t < T.
As before, we observe y = (y1,...,y;), where y; represents the number of device failures at

age 1, and we observe z = (21, ..., z7), where z; is the number of observations of age i yet to
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fail. Furthermore, let r; = > ¥ T2 be the number of devices of age i that are at risk,
i.e., devices that were observed to have a failure age greater or equal to .

The first strategy we present is an Expectation-Maximization (EM) algorithm tailored
to this problem, where an estimate of the parameters 8* and A* is obtained by maximizing
a lower bound of the likelihood function for a set of observations (y, z). The EM algorithm
is a classic approach in statistical estimation, and a survey of this method can be found in
Dempster et al. (1977).

The second approach is a regularized regression approach, where we estimate the scaling
parameters by solving an optimization problem. This approach has the advantage that the

estimate of 67 A} will converge as the number of samples goes to infinity.

2.4.1 Estimation using an Expectation-Maximization Approach

As a first step towards developing the Expectation-Maximization approach for estimating
the failure rates, we will derive the log-likelihood function for a set of observations y, z.

Following Equation 2.2, and recalling that

m t—1
Pr(failure at age t) = ZO;‘ . (A;h% . H(1 - A;M)) )
i=1 ‘

=1

we can write the likelihood of some sample y, z for mixing probabilities § = (61,...,6y)

and scaling parameters A = (A1,...,Ap,) as

L8, Ay, z) = Pr(y, 2|6, A),

i m = . bi m i ) “
= DOERYLR | [CER /AN IR WA | [CEpVIA
i=1 \j=1 k=1 j=1 k=1
The log-likelihood then becomes
i m il . m i .
loa(L(6, 33, 2)) = Y wilog | D65 - Aghd - [L(1 = id) | + zslog | 365 TT(1 - X))
i=1 j=1 k=1 =1 k=l

(2.5)

This expression is not necessarily concave and is analytically intractable. There are no

guarantees that there are unique vectors 8 and A that maximize this expression, nor that
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optimal solutions can be described in closed form. In fact, if m is large, i.e., there is a large
number of hazard rate distributions in the basis, there may even be a subspace of parameters
that maximizes the log-likelihood. In this case, we say that the model is non-identifiable.
Also, note that even if the parameters 8 were known, maximizing the log-likelihood with

respect to A is still challenging since the expression is not concave.

On the other hand, instead of maximizing the likelihood in Equation 2.5 directly, assume
that we also had access to observations of two other sets of variables: {w;;} and {8},
where {o;;} corresponds to the fraction of uncensored failures observed for an age i that
were generated by basis element hi, while {Bi;} corresponds to the fraction of censored
observations for an age i that were generated by basis hazard rates #/. Note that Z;nzl o =
1 and Z;’;l Bi,; = 1. In this case, the likelihood of y, 2z, {a;;} and {8;;} in terms of A and
6 is denoted by L({a; ;, 5; j,y, 2|0, }) and is

I m il A Qi jYi i ‘ Bijzi
L(8, X {aig, Bigh v 2) = [T [T <0j (Ajh% Jla- M@)) ~(0]- ITa- Ajhi))
i=1j=1 k=1 k=1

where the first term inside the product is the probability of «; ;jy; non-censored observation
from basis j and the second term is the probability of observing j; ;jz; censored observations

from basis j.

Since we cannot observe a; j and 3; ; we formulate the estimation problem as maximizing

the expectation of the likelihood above. Namely, we can estimate 6 and A by solving

n/{%xE [L(ey /\3 {ai,ja ﬁi,j}1 Y, Z)|0, )‘] .

)

where the expectation is taken over {a;j,0i;}. Unfortunately, this expression is still in-

tractable. In order to obtain a tractable formulation note that, from Jensen’s inequality,
IOg (E [L(ga /\) {ai,jv 67i7j}’ Y, z)lO, A]) Z E [lOg (L(e» )‘? {ai,j7 :Bi,j}’ Y, Z)) '67 /\] B

and we can attempt to maximize the right-hand-side of the expression above, obtaining a

lower bound for the expected likelihood E [L(0, X\; {ai j, Bs,;}, v, 2)|8, A]. The right hand side

40



of the expression above is

E[lOg(L(9 /\’ {ai,jy ﬁi,j}7 Y, z))197 /\]

E[LB(Q {az,]’Bz,]}J/v 3)101/\]+E[E)\()‘. {al,]a/@‘l,]} Y, )|9 /\]

(2.6)

where we define §; ; = Efoy jyil0, A], % ; = E[B; j2|0, ], and where Lg and Ly are

(Lo(8; {aij, Bis} 9 20N = D> (5ij + 7i,3) log(6))
and

i=1 j=1

E[L)(0;{cj,Bij}r v, 2)|0, Al

i—1 i
gi,j log (/\jhi 3 | [CRP YA

) + z; jlog (H(l - /\Jiﬂc))
k=1 k=1

4 t
yi,j log (Ajhf) +

zgkaj+2kj Yi,j

gig | log (1- Ashi).
k=i
If the expected values {7; ;, Z;,;} were fixed, maximizing Equation 2.6 would be straightfor-

Y
»>

i Mg i Ms

ward, since it is separable in # and A and is also convex in both arguments. In addition
given 8 and )\, we have that

Uij = Eloy jyi|0, A] = y; - Pr(haz. rate is h)|\, 6, failure age i, survived > i)

Using Bayes rule, we know that the probability that the basis is A7 given a device that

survived until the beginning of age i and fails with age i can be written as

y g,
Pr(haz. rate is h?)|A, 6, failure age 7, survived > i) = :L‘] 1933. .

23:1 Ajhi0;
Similarly, we have

Zi; = E[B; j2i]0, ] = z; - Pr(haz. rate is ij)|/\,9 failure age i, survived > 1)
and

. 1— X\;Rh))6;
Pr(haz. rate is h7)|A, 0, fail > 4, survived > %) ( Ajh’)?q .
o1 (1 = Ajh1)6;

Thus, given the expected fractions {g; ;, Z ;} it is straightforward to maximize Equation
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2.6 and, given 6 and ), it is easy to calculate {g; j, Z; ;}. This suggests a procedure where
we alternate between maximizing Equation 2.6 and calculating the expectations {¥; ;, %, }.
This is the basis of the Expectation Maximization (EM) algorithm. This procedure is

outlined below:
1. Given y and z, define some initial values for #°¢ and A% and stopping criteria ey and
€X;
2. (Expectation Step) Calculate ; ;, Z;; as

old j,Jgold
ARl i

(1 — A%dhT)gatd
J /7]
Vi 2i,j
YLy Agdhsggi”

™ (1= Agldhg)geld

Yij = =2z
3. (Maximization Step) Define r; ; = Zizz Uk,j + 2x,;. Also, let fzfnin = mini{fzg}. Cal-

culate /\?e“’ for every j by solving

t
new _ i ) T LB
by arg /\jg;&/lf):" Zyw log (/\th) + (rij — Uij) log (1 /\]hz) .

min $=1

Also, calculate 8™¢* defined as

1 _ _
grew — Zi:l Yij + Zijj
; ==l
Zﬁ:l Yi+ 25

4. If ||gme® — §9')| < €5 and ||A"¥ — X%9|| < €y stop and return the current estimates of

6™ and A% If not, make 6°/¢ = @"e¥ and A% = \"€¥ and repeat from Step 2.

In the procedure above, note that "¢ maximizes Equation 2.6. Also, we restrict
the maximum value of A7’ in order to ensure feasibility of the resulting scaled hazard
rate distribution. The convergence of the previous algorithm follows directly from the
convergence of EM algorithms Wu (1983).

This proposed estimation method has a few limitations. First, even though the pro-
cedure itself converges, it does not necessarily guarantee convergence to the maximum-
likelihood estimate of 8 and A. Furthermore, it does not directly address potential iden-
tifiability problems in this model. Finally, the estimates for § and A may be dense, i.e.,
with most elements of both vectors being non-zero, which can make identifying the most

important elements in the basis difficult.
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2.4.2 Hazard Rate Regression

In this subsection, we will present and discuss an alternative approach for estimating the
parameters of the mixture model. Namely, we will calculate the empirical quantiles, use a
model selection procedure to identify relevant basis and, finally, use a regression to calculate
the weights in our model. From Section 2.2.3, we have that the non-parametric estimate of

the hazard rates for non-censored observations y and censored observations z is

pkM _ Yi
1 7";' k]
where r; = iji yj + z;. We denote hEM _— (h{{M, R hi-KM). Also, from our probabilistic

model, we have that the hazard rate at some age ¢ for a device is given by a scaled combi-
nation of basis hazard rates {ﬁl, cee flm}, where each vector in this set has dimension T'.
More specifically, each basis j is scaled by some factor A; and each device in the cohort
will fail according to basis j with probability ;. In this case, the probability of failure of a
device that survived up until the beginning of age ¢ fails with age ¢ will be Z;nzl 0;X; iL‘Z .

A first approach to estimate @ and A would be to find parameters that minimizes the
distance

[ -] 2

where [|-[| 7 is the p-norm of the first t components of the vector. Namely, for some vector
x?

7 1/p
lallyz = (Sicilul?)

Equation 2.7 is not convex due to the bilinear term. However, since in practice the goal is
often to identify relevant bases and then use the weighted model for forecasting, it might not
be necessary to learn § and A individually. If this is the case, we can define w = (wy, ..., wp,),
where w; = 6; - ;. If we also consider feasibility constraints in order to ensure the resulting

estimated hazard vector is feasible, we can write the regression problem as
minimize szilwﬁﬂ - hKMHpE
m .
st. Y whl <1l,i=1,...,T, (2.8)
i=1
w; >0,7=1,...,m.
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Simply put, this approach finds a point in the cone generated by the basis hazard rates
that is a feasible hazard rate distribution and that minimizes the distance between the non-
parametric estimates 6f the hazard rates. Furthermore, if £ = T’ as the number of samples
goes to infinity, ij=1 /\’;Oﬁﬂ will converge to hXM. Since we assume that the original
samples were drawn from the mixture model in Section 2.3, we have that the solution of the

above, denoted by w*, will converge as well, such that Z;"zl w} hJ converges to Z;":l MH R

One major problem of this approach is that if ? is small and m is large, the problem
could have multiple optimal solutions. In fact, there might be a subspace of solutions that
minimizes the norm, indicating that this model is unidentifiable. Furthermore, even if we
obtain a solution, the vector w might mostly have non-zero components, making it difficult

to identify the truly important basis in our estimation problem.

We can address the identifiability issue by regularizing the regression. This is done by
adding a term to the objective function, ensuring that it is strictly concave. Furthermore,
we can try to obtain a sparse solution w by penalizing or limiting the cardinality of this
vector. Obtaining a sparse solution can be useful depending on the context of the estimation
problem. For example, a sparse solution can help identify which cohorts are the most similar
and can help with an investigation of the features that these cohorts have in common.
Ideally, we would have a constraint of the type card(z) < ¢, where ¢ is some number chosen
by the practitioner. However, adding this term is impractical since it destroys the convexity

of the problem.

One alternative that addresses both issues is using the [1 norm as a penalty function?®.
The {1 norm is the convex envelope of the cardinality function and, in practice, tends to
lead to sparse solutions in optimization problems as discussed in Tibshirani (1996). This
approach is commonly referred to as the LASSO regression. Thus, the penalty function

then becomes

minimize ”Z;”:lwﬂﬂ - hKMHpZ + vllwlh

m
st. > wihl <1,i=1,....T, (2.9)
j=1

w; >20,7=1,...,m.

“The I1 norm of some vector z is simply 3, |zi.
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where v is some positive weight that is an input to the optimization. The larger the weight,
the larger the penalty on the norm of w. Note that the problem is now strictly convex and
has a unique optimal solution.

Finally, the optimization in Equation 2.9 is useful for model selection, i.e., for identifying
which of the basis hazard rates are the most relevant. Thus, the optimization is done through

the following steps:

1. Define a tolerance ¢ > 0 and let d* be the optimal cost of the problem in Equation

2.8.

2. For some v > 0 we solve the optimization problem and select the relevant basis, which

will usually be the basis elements for which the corresponding weight is non-zero.

3. With the relevant basis elements in hand, we discard the non-used basis and resolve
the problem in Equation 2.8 with v = 0 using only the new set of basis. The new cost

is denoted by d".
4. If " < (1 + €)d*, stop. If not, decrease v and return to Step 2.

The solution of the second step will be taken as our estimate of 0}‘)\;. In the next section

we will analyze through numerical experiments both of these approaches.

2.5 Forecasting and Numerical Experiments

In this section we will examine the performance of the EM algorithm and of the hazard rate
regression procedure proposed in the previous section through three sets of experiments.
The first set of experiments uses data from our partner WSP and the goal is to estimate the
amount of weekly customer warranty claims it receives for two different devices. The second
set of experiments corresponds to an artificial set-up where we compare, in a controlled
setting, the performance of the two estimation strategies. The final set of experiments is
based on data from Project Repat, a social enterprise in the Boston area that transforms
old t-shirts into quilts.

Before presenting the experiments, we will first discuss, using the context of our partner
WSP, how the estimate of the hazard rate distribution was used to forecast the number of

device failures and, therefore, the number of warranty claims.
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2.5.1 Forecasting

As discussed in Section 2.3, if the maximum warranty of a device is T periods in length, and
if we are t periods after the launch of the device, the oldest device in the market will be of age
t and there will be no failure observations in the interval [¢,T]. The estimate of the hazard

rate distribution using information up until time ¢ will be denoted by Rt = (h?, cees hgq)

Furthermore, assume that sales of devices happen in some interval [1,T], such that
there are no sales after time 7s. Let the sales in each period be described by a vector
s = (s1,...,97,). For our experiments, we assume that this vector is known. This is not

true in practice, but the estimation of sales volume is beyond the scope of this chapter.

In this setup, we expect the last period in which failures occur to be T + T,. Hence,
we define T4, = T + Ts to be the length of time that the WSP has to manage warranty
claims for a device. Also, let the age distribution of devices in a cohort be given by z(t) =
(z1(t),...,z7(t)) where z;(t) represents the amount of devices of age i in the cohort of

devices at the beginning of period t. Then, we have that z1(t) = s, V¢t and that
Elzia(t+ DR =1 = hd) -zy(t),Vi=2,...,T;Vt =1,..., Trnaz—1-

Also, in the first period, z(1) = (s1,0,...,0). Furthermore, let the number of failures at
time ¢ be given by a vector f(t) = (fi(t),..., fr(t)), where f;(t) is the number of failures

of age i at time t. Then, given an estimate Rt of the hazard rate distribution, we have
E[fiOR] =kl - zi(t),Vi=1,...,T;Vt =1,..., Tmaz—1, (2.10)

and the expected number of failures at time ¢ will be >_, hf- z;(t). In our experiments, we

take this expectation as the estimate of the failures.

One metric for the performance of an estimation strategy is to compare the estimates
of (f(1),..., f(Tmax)) to the true failures. A second metric that we use is comparing the
maximum distance between the estimated Cumulative Distribution Function (CDF) and the
true CDF. We define estimated CDF with information up until time 7 by F¢ = (FZ, RN F%),

where Ff is
i
I , N
ki :1—H(1—’lk)»
k=1
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and if the true CDF is F* = (FY,...,F}), we have that the maximum distance is
max |F} — F}|.
2

We call this distance the Kolmogorov-Smirnov (KS) distance, since it has the same form
of the Kolmogorov-Smirnov statistic for an empirical distribution. From a practical stand-
point, if all devices were sold on a single day, this distance would represent the maximum

error of the estimate of the cumulative number of failures of a device.

2.5.2 Forecasting Failures at the WSP

We consider the problem of estimating the weekly number of failures for two models of
devices sold by our partner WSP. The first device, which we call device A, was a device
marketed towards business customers and was one of the best-selling devices in this segment.
The second device, which we call device E, was a device marketed towards regular customers
and was one of the best-selling models in its launch year. Device E was also a device that
had an unusually high failure rate, higher than other models in the segment, and which led
to a stock-out of replacement devices at our partner WSP.

We take the hazard rate distributions estimated from 5 other devices as the set of basis
hazard rate distributions in our estimation. We have access to all failures of these devices so
that the hazard rate distributions of these devices were estimated using the KM estimator.
The 5 devices used as basis were made by 4 different manufacturers and had different
operating systems and physical characteristics than devices A and E. Since the number of
elements in the basis is small, we did not include a regularization term in the regression
estimation procedure. For the EM algorithm, the stopping criterium of the algorithm was
that the parameters did not change by more than 1%.

Our experiments consist of estimating the weekly number of failures for both of these
devices, considering that there are different number of weeks of information available, i.e.,
different values of £. We take T as 100 weeks and Tiax as 150 weeks, since more than 95%
of sales happen during the first 50 weeks from launch. Recall that if we are ¢ weeks after
the launch of the device, the oldest device in the market is of age at most ¢ and we have
no failure age observations in the range [t,T]. Thus, in the case, the information in the

interval [1,?] is used to estimate h! and, by assuming that the weekly sales of this device
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Figure 2-3: Estimate error of the total number of failures after 150 weeks as a % of the real
total failures and the KS distance for different amounts of data for device A.

is known, we create a forecast for the expected weekly failures from week 1 to week Tq0
using Equation 2.10.

The results for the EM algorithm and for the hazard rate regression for device A are
depicted in Figure 2-3 and in Figures 2-8 and 2-9 in the Appendix of this chapter. Figure
2-3a shows the absolute error in the forecast of the total number of failures of device A for
t € [1,40]. Thus, if we are t weeks after launch, we have ¢ weeks of information, and we
use this information to estimate the total volume of failures. In Figure 2-3b we depict the
KS distance between the estimate of the CDF and the true CDF of the device for different
amounts of information available. After receiving 25 weeks of failure data, both estimators
produce good results, having a maximum error around 10% and a KS distance of 0.1. Note
that 25 weeks is still at the beginning of the warranty life-cycle of the device, which is
usually around 100 weeks long. The performance of both estimation strategies for different
amounts of information can be visually compared in Figures 2-8 and 2-9 in the appendix of
this chapter.

The performance of the estimation strategies for device E, which had a higher than
expected failure rate, is depicted in Figures 2-4, 2-10 and 2-11. Once again we assume
that the device is launched on week 1 and we make the estimate assuming we are ¢ weeks
after launch and only have information up until week ¢. In this case, the EM algorithm
failed to produce good forecast of the failures. This happened for a few reasons. First,
the hazard rate of device E was unusually larger than the hazard rates of other devices in
the basis. Furthermore, the EM algorithm does a local search, and does not guarantee a

quality estimate of the mixture parameters. On the other hand, the hazard rate regression
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Figure 2-4: Estimate Error of the total number of failures after 150 weeks as a % of the
real total failures and the KS distance for different amounts of data for device E.

estimation strategy produced estimates with KS distances that were consistently around
0.1, with only 22 weeks of data. In addition, with more than 22 weeks of data, the estimate
of the total number of failures is within 10% of the true total number of failures. This
indicates that it would have been indeed possible to detect early on the unusual failure rate
of this device, allowing for tactical decisions such as better management of inventory of
refurbished devices. Figures 2-10 and 2-11 illustrate the performance of the two estimation
strategies.

A tailored version of the estimation strategy was implemented at our partner WSP, and
the implementation is described in Petersen (2013). In addition, a plug-in was developed
for Microsoft Outlook and Excel that allowed managers at the reverse logistics facility to

forecast the amount of failures and also provided an estimate of inventory needs.

2.5.3 Simulation using computer generated data

The second set of experiments consists of comparing the EM algorithm and the hazard rate
regression in a controlled setting. More specifically, we assume that 7' = 200 and that all
members of a cohort enter the market at the same time. We consider a basis set of 30 hazard
rate distributions that will be used to estimate the hazard rate of a target new cohort. The
failure distributions of cohorts in the basis and the (initially unknown) failure distribution

of the new cohort are generated as follows:

1. Sample a and b from a Uniform distribution with parameters [1,T]. Furthermore,

sample some value p from a Uniform distribution with parameters [0, 1];
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2. The failure age distribution of the cohort is set to be a mixture of a Uniform random
variable with parameters [1,a] and an Exponential random variable with mean b. The

mixture probability is p.

The mixture of a uniform and exponential random variables are chosen to represents
two populations inside a cohort. It also generates a non-trivial failure distribution for
each cohort. We also assume that failure observations are censored, and that the censoring
random variable is uniform with parameter [0, T'|. Thus, for each failure sample we generate
a corresponding censored variable such that, if the sampled failure age is x and the sampled
censoring variable is y, we observe min(z, y). We also assume that we know if an observation
is censored or not.

We assume that we do not have direct access to the hazard rate distributions in the basis,
and that the hazard rate distributions in the basis are estimated using the KM estimator for
100 (potentially censored) samples of the corresponding cohort’s failure distribution. For
the new cohort, the target of the estimation problem, we also assume that there are 200
(potentially censored) failure observations.

We evaluate the performance of the two estimation strategies for different values of ¢.
Thus, if a sampled failure age for a member of the new cohort is z and the censoring variable
is y, we will observe min(z, y,¢). For each value of ¥, we generate 100 different bases and
100 new cohorts using the sampling strategy described in the beginning of this subsection.
We then estimate the hazard rate distribution of the new cohorts and corresponding value
of ¢ using both the EM algorithm and the regression approach. For the EM approach the
algorithm was interrupted if the parameters did not change by more than 1%. For the
regression approach we included a regularization component, and we set the tolerance to
be 5% of the non-regularized cost.

The results are summarized in Figure 2-5. In the box plot, the black line in the middle of
the box is the median of the sample, the top line is the 75% quantile and the bottom line is
the 25% quantile. The lines extend to 1.5 times the inter-quartile range. Note that that there
is no improvement for ¢ larger than 10 (10% of the horizon), and both approaches produce
failure distribution estimates with a KS distance lower than 0.2. Thus, at 10 periods after
launch it would be possible to have a reasonable estimate of the failure distribution. Note
that the KS distance of the regression approach has a much lower variance than the EM

algorithm. This is because of the sensitivity of the EM algorithm to the initial parameters
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Figure 2-5: Box-plot of the KS distance between the true hazard rate and the estimated
hazard rate for different values of . The distance is calculated for the horizon [1,100].

and the fact that it does not necessarily converge to the maximum-likelihood estimate of
the model parameters.

The regression approach, which included regularization with a 5% tolerance, also led
to sparser representations. None of the observations in the simulation used more than 22
elements of the basis and, the average number of basis selected was 7. On the other hand, in
the EM approach, in the majority of the simulations all elements of the basis had non-zero

weights.

2.5.4 Estimating returns at Project Repat

The third set of numerical experiments uses data from Project Repat, a social enterprise in
the Boston area that transforms old t-shirts into quilts. Their product is popular among col-
lege students and recent graduates that want to preserve their college (or fraternity/sorority)
t-shirts, and it is also popular among athletes, particularly runners, who collect t-shirts from
races. Depending on the season of the year, Project Repat can sell from hundreds to thou-
sands of quilts per week.

The dynamics of Project Repat’s customer-facing operation is as follows: (i) customers
“purchase” and pay for a quilt on Project Repat’s website; (ii) Project Repat registers the
order and send the customer a pre-paid envelope; (iii) The customer puts old t-shirts in
the envelope and sends it to Project Repat; (iv) The t-shirts are received, cut, sewn into a
quilt; and (v) the quilt is shipped to the customer.

Project Repat puts a high value on the social and environmental impact of their work.

Besides being a company that upcycles old t-shirts, Project Repat contracts all of its sewing
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Figure 2-6: Figure (a) is the hazard rate distribution of the time until the customer sends
the t-shirts. Figure (b) is the fraction of customers that never sent their t-shirts.

to textile plants in the United States as an attempt to “ repatriate the textile industry”.
Finally, this company actively works with NGOs that employ individuals with disabilities
and that have limited employment opportunities.

A major issue in Project Repat’s operations is forecasting the volume of envelopes with t-
shirts that they receive from the customers that purchased a quilt on-line. More specifically,
they use these forecasts to decide how many working-hours they should contract from textile
plants; and if the volume of work needed exceeds the minimum contracted, they have to
pay overtime.

In this context, we use the hazard rate regression strategy to estimate the lead time
between the customer receiving an envelope from Project Repat, and sending back their
old t-shirts. We model this lead-time as a random variable, having a similar interpretation
as the failure age. While before we were estimating the failure age of devices, here we
are estimating the customer lead time, i.e., how many days (or weeks) after purchasing a
product do customers send in their t-shirts.

The hazard rate of the amount of time until customers send in their t-shirts is depicted
in Figure 2-6a for three sample months. Note that these hazard rates appear to be scaled
versions of each other. Also, from the return data, we have that customers take between
2 and 3 weeks on average to send their t-shirts, if they send it in at all. However, the
lead-time is heavy tailed, and over 20% of customers that eventually send their t-shirts take
more than 5 to weeks send them.

In Figure 2-6b, we have the fraction of customers that never sent their t-shirts. This

seems to be the driving factor that makes hazard rates dissimilar. The fraction of orders
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Figure 2-7: KS Distance for estimates from different cohorts for different amounts of infor-
mation available.

that never send t-shirts are driven by two factors: (i) seasonality effects - quilts purchased as
gifts have a lower percentage of returns; (ii) the promotion in place - coupons and discounts

attract customers with a lower return rate.

For our estimation, we define a cohort as the customers that purchase devices in a given
week. The goal is to estimate the weekly hazard rate of a customer sending in the t-shirts.
In our experiment, we use 7' = 24 weeks and use the empirical hazard rate from 35 different
weeks as the basis set. We chose 3 cohorts to estimate - each cohort is from a different
month, in order to ensure that they are not too similar, and they were all chosen from sales
after the cohort weeks in the basis.

We observe the performance of the estimation strategies for different amounts of infor-
mation available, i.e., different values of . Thus, we assume we are t weeks after a cohort
purchased their quilts, and use the information from the interval [1,] to estimate the lead-
time distribution. Note that, for all 3 cohorts, with two weeks of information (out of a
horizon of 140 weeks) the KS distance is less than 0.15 and, with three weeks of informa-
tion, the distance is less than 0.1. Since all customers in a cohort purchase a quilt at the
same time, the KS distance is the same as the maximum error of the aggregate estimate of
the number of t-shirts sent per week. The estimation procedure also led to sparse represen-
tations, and for all cohorts and values of £ no estimate used more than 7 elements of the
basis.

This estimation procedure was built into a cloud-based forecasting tool that was given to

Project Repat. Through the tool, the company can forecast the volume of t-shirts received
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given open pending orders of each cohort in the system. Also, by analyzing the basis selected
by the estimation procedure, Project Repat can identify which weeks best represent a new

cohort, and use this to try to identify what influences the customer lead-time.

2.6 Conclusion

We proposed and analyzed two methods for estimating failure distributions of newly launched
devices that leverages the historical data of failures from other devices. The proposed strate-
gies are based on a hazard rate model developed under the assumption that customers in the
same cohort have devices that fail according to the same age-dependent failure distribution.
A cohort is a pool of customers that share similar features (e.g. phone model owned, data
plan, etc.).

The first estimation strategy used an Expectation-Maximization (EM) type algorithm
to estimate the parameters of a mixture model. Here, we assumed that hazard rates of
devices in a new cohort are drawn from a mixture of scaled hazard rate distributions built
from historical data. Furthermore, since maximizing the likelihood function of a set of
observations is intractable, we use an EM approach to maximize a lower bound of the
likelihood and obtain an estimate of the parameters of the mixture model.

The second estimation strategy, called hazard rate regression, uses a model selection
method, where we assumed a “basis” set of hazard rate distributions determined from
historical data. We then used a regularized regression to identify and fit the relevant hazard
rates distributions from the basis to the observed failures from the new cohort. This allows
for a sparse representation of the estimated hazard rate distribution, which can be useful
depending on the context of the estimation problem.

In the final part of this chapter, we described how these estimation strategies can be
used to create a forecast of the volume of warranty requests received by our partner WSP,
and introduced different metrics to measure the quality of the forecast. We also examined
both estimation strategies through a series of numerical experiments using data from our
partner WSP and using data from Project Repat, a Boston-based social enterprise that
transforms old t-shirts into quilts. Through these experiments, we observed that both the
EM algorithm and the Regression approach have a similar average performance, but the

performance of the regression approach has a lower variance. Furthermore, the regression
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approach leads to sparser representation of the hazard rate distribution, while the estimate
produced by the EM algorithm is dense in the mixture parameters.

There are a few open problems that we have yet to examine. First, a more thorough
theoretical characterization of the hazard rate regression procedure, and an analysis of its
connections with other estimation strategies may lead to a deeper understanding of its
advantages and disadvantages. A second problem is the connection between estimation
and inventory management. For example, in this setting, it is not clear if the presence of
censored information leads to policies that oversell items, or a policy that undersells items.
Finally, investigating how the basis in the estimation impacts overall estimation quality
can lead to a more precise guidelines for defining cohorts and selecting the basis used for

estimation.
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2.7 Appendix - Figures
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Figure 2-8: Simulation results device A using a hazard rate regression approach.
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Figure 2-9: Simulation results device A using EM algorithm.
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Chapter 3

Inventory Management in a

Closed-Loop Supply Chain

3.1 Introduction

The goal of this chapter is to describe, model, and optimize the inventory at our industrial
partner, a Wireless Service Provider (WSP) that is a Fortune 100 company. This WSP sells
consumer electronics and offers voice and data plans to its consumers. For this company,
as for many other retail businesses, the management of warranty claims and regret returns
is a key issue. In fact, the volume of warranty claims for products commercialized by our
industrial partner is substantial (in the order of thousands per day), and a significant portion
of sold items are returned. Coupled with the short life cycle of their products, usually less
than one year, this leads to large levels of inventory of refurbished products that are costly

to maintain and expensive to dispose.

Our industrial partner uses a reverse logistics model that is similar to the one adopted by
other retailers, especially on-line retailers. In this model, there are two warranty contracts in
place: the consumer warranty, and the Original Equipment Manufacturer (OEM) warranty.
The consumer warranty protects the consumer against any defects in the purchased product
and also provides the consumer a period for “regret returns”. In addition, the consumer
warranty has strict requirements - when a warranty claim is filed, a new or refurbished item
is immediately shipped by our industrial partner to the consumer together with a pre-paid

shipping label so that the customer can return his original unit. Thus, a replacement item
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is sent before the original item is received. The OEM warranty, on the other hand, is offered
by the OEM to the WSP, covering every device purchased from the OEM. This warranty
is slow - a defective product sent to the OEM takes weeks or months to be fixed and a
replacement device is not shipped immediately.

Because of the differences between the OEM and consumer warranty contracts, our
partner WSP has a reverse logistics facility that is dedicated to processing customer-regret
returns and customer warranty claims. This facility can also execute repairs if the defect
in the returned product is small or not covered by the OEM warranty. However, if the
returned product has a defect that is covered by the OEM warranty, the device is sent to
the OEM for repair and refurbishment. Since this reverse logistics facility uses repaired and
refurbished devices to satisfy consumer warranty claims, this system fits in the context of
closed-loop supply chains (CLSCs).

The remainder of this chapter will address inventory management in the reverse logistics
facility. For such, we present a literature review and then proceed to discuss the problem
set-up and the different players in the system. We then introduce a discrete-time stochastic
model that captures the behavior and the dynamics of this system. We prove the structure
of the optimal policy for this problem, starting with a deterministic approximation and
proceeding to the stochastic case. We also propose a balancing approximation that allows
for a tractable calculation of inventory management policies. This results in a simpler, more
tractable newsvendor-type model. In the final part of the chapter the policies we propose

will be examined through numerical experiments.

3.2 Literature Review

This chapter builds upon a vast body of literature that addresses closed-loop supply chains
(CLSCs) and reverse logistics. T'wo early examples of papers that consider the management
of inventory of repaired/refurbished items are Simpson (1978) and Allen and D’Esopo (1968)
that study a finite horizon remanufacturing system. More recently, Guide and Van Wassen-
hove (2009) and Fleischmann et al. (1997) present an overview of the literature in CLSC
and discuss future directions of research. Also, Savaskan et al. (2004) discusses different

strategies for remanufacturing products in a CLSC context.

With regard to inventory management for warranty replacements, Huang et al. (2008)
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offers a detailed overview of the literature in warranty management, and analyzes inventory
management when there is demand for both new and replacement items, and assumes the
demand to be stochastic. However, it does not take into account remanufacturing. Khawam
et al. (2007) use a simulation approach to obtain inventory management policies for Hitachi.
In Toktay et al. (2000), a closed-loop queuing model that captures dynamics of recycling at
Kodak is proposed, and a control-policy for the procurement of components is proposed. In
Feinberg and Lewis (2005) and in Chen and Simchi-Levi (2009), the authors investigate the
case where demand can be positive or negative, being similar to the set-up in this problem,

although the authors do not consider time-varying costs.

From a conceptual level, product warranty management is discussed by Murthy and Blis-
chke (1992). Also, the connection between the warranty and logistics literature is discussed
by Murthy et al. (2004), as well as the relationship between warranty service and customer
satisfaction. The impact of regret returns on inventory management is analyzed in de Brito
and van der Laan (2009) where the authors highlight the effect of imperfect information
about returns on inventory management. Also, in Geyer et al. (2007), the cost-saving poten-
tial of remanufacturing systems is analyzed, although the inventory management problem

is not considered.

Our work also draws from the stream of literature that considers inventory management
in the presence of incomplete or censored demand information, specifically when ordering
quantities or inventory levels impact demand observations. Although this is a setting dif-
ferent than ours, since we consider a reverse logisics system where inventory levels do not
influence observations, many in this stream of literature have the same flavor as the results
in our work. In Chen and Plambeck (2008), the inventory management of non-perishable
goods when there is incomplete demand information is considered, and a policy for man-
aging inventory while learning about demand is studied. The newsvendor problem with
censored demand is studied in Godfrey and Powell (2001), and distribution free algorithm
for setting the ordering quantity is determined. An asymptotic analysis of inventory plan-
ning with censored demand is presented in Huh and Rusmevichientong (2009), and adaptive
data-driven inventory control strategies when there is censored information are proposed in

Huh et al. (2011).

Finally, our work also fits in the wider field of perishable inventory systems, and a review

of the results in this area can be found in Nahmias (2011). As for the theoretical tools that

61



we use in this paper, Bertsekas (2005) presents an overview of Dynamic Programming in
the finite and infinite horizon setting, including many examples in inventory management.
Balancing policies have also been an active area of study, and Levi et al. (2007) contains

an application of this approach in inventory management.

3.3 Problem Description

There are three players in this reverse supply chain: the customer who purchases mobile
devices, the Wireless Service Provider (WSP), and the Original Equipment Manufacturer
(OEM). The forward supply chain between these players is structured as a traditional supply
chain. The customer purchases a mobile device from the WSP and either subscribes to a
wireless plan that includes voice and data services provided by the WSP or purchases access
to these services through a pre-paid card. The WSP, whom we focus on, is both a retailer
of mobile devices and a provider of wireless services to consumers. As mentioned in the
introduction, most of the revenue of the WSP comes from the services it provides, and one
of their corporate goals is to ensure that the time customers spend “disconnected” from
their network is minimized, since a disconnected customer means lost revenue and loss of
customer goodwill. The OEM, at the top of the forward chain, acts as a wholesaler, and
sells mobile devices in bulk to the WSP. The reverse supply chain, however, is a closed-loop
supply chain (CLSC). Before describing the dynamics of this CLSC, we will highlight the two
warranty contracts that are in place in this system, namely, the consumer warranty, offered
by the Wireless Service Provider (WSP) to the device user, and the Original Equipment
Manufacturer (OEM) warranty, offered by the OEM to the WSP.

3.3.1 The Consumer and the OEM warranties

The consumer warranty is designed to minimize the time a customer spends without a
working device. This warranty has a base length of 12 months, but can be extended if the
customer decides to purchase an extended warranty plan, usually an additional 12 months
of coverage. If a device presents a problem, the user contacts the WSP’s call center where
a technician provides assistance and tries to resolve the issue. If the technician is unable
to solve the problem, or if a manufacturing defect is verified, a warranty claim is filed and

a replacement device is immediately shipped to the user. In most cases the user receives
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a replacement device in less than 72 hours from the time a warranty claim is received by
the WSP. In addition, the replacement device comes with a pre-paid shipping label so the
user can mail the defective device to the WSP’s reverse logistics facility where the device
goes through testing and triage. A key feature of this system is that, whenever possible, the
replacement shipped to the consumer is a refurbished device of the same model of the device
that failed. More specifically, the replacement device is usually a remanufactured device
from some previous warranty claim or regret return. If there are no refurbished devices
available, the WSP will send the customer either a new device of the same model or, if no
new devices are available, will give the customer an upgrade, and will give the customer
a newer model. Giving customers an upgraded device is perceived as a “last resort” for
fulfilling warranty claims, since it creates an incentive for customers to file warranty claims

as an attempt to obtain a new device for free.

The consumer warranty contract also allows for regret returns, such that the user has
a “grace period” of a few weeks after purchasing a new mobile device where the device can
be returned to the retail site for a complete refund, net of a stocking fee. These returned
devices are shipped from the retail site to the same reverse logistics facility that manages

defective devices that originate from warranty claims.

The OEM warranty is designed to protect the WSP from manufacturing defects of
devices purchased from the OEM. This warranty usually has a 12 month duration and
starts when the WSP purchases the devices, usually in bulk, from the OEM. The warranty
asserts that the OEM is responsible for remanufacturing or replacing defective devices that
are sold to the WSP. Unlike the consumer warranty, the OEM warranty is not designed to
minimize the time that the WSP spends without a working device. However, this warranty
specifies a lead time for the OEM to remanufacture or replace the faulty device, usually a
few weeks. For some OEM’s, this contract also stipulates a seed-stock of new devices that
the OEM provides to the WSP to be used as replacement devices for the initial warranty
claims and to cover other losses in this CLSC.

The WSP maintains an inventory of refurbished devices in a reverse logistics facility,
which is dedicated to processing customer regret returns and faulty devices originated from
warranty claims. This facility can also execute repairs if the defect in the returned product
is small or not covered by the OEM warranty. Since a large volume of warranty claims

are filed per day (usually over ten thousand), and a significant number of customers that
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purchase new devices regret their decision and return their device (usually between 5% and
10%), there are over one million devices in this facility at any given time.

The structure of the consumer and OEM warranties create management issues that
ultimately impact the reverse logistics operations of the WSP. An example of this friction
is no trouble found (NTF) devices, which are devices where the customer claims that there
is an issue with the device, but neither the WSP nor the OEM can replicate the problem.
In this case, both the OEM does not offer a replacement to the WSP, and the WSP might
not use this device as a replacement, since it cannot ensure perfect functionality. This
generates loss in the system and potential additional costs for the WSP. Another source
of friction that can lead to system loss are manufacturing defects that are detected by the
WSP and disputed by the OEM. Since there is a large volume of devices going through the
reverse logistics facility, there can be a large number of disputed claims, creating additional

overhead for the managers at the WSP.

3.3.2 Dynamics of the reverse logistics facility

The dynamics of this system are depicted in Figure 1. Grey arrows denote the flow of items
from customers into the system, dark arrows represent items leaving the system, and white
arrows correspond to the flow of items within the system. The dashed box outlines the
limits of the WSP’s reverse-logistics facility that processes and stores returned items. The

device flow in this reverse supply chain is described below, following the numbers in Figure

1:

1. When a warranty claim is filed, the replacement is immediately shipped to the user
from the inventory within the WSP’s reverse logistics facility, together with a pre-paid
shipping label for the return of the original product held by the customer. Note that

the customer receives a replacement before returning the original item.

2. Upon receipt of the replacement, the customer mails back the failed unit to the reverse

logistics facility.

3. A second source of products into the facility are regret returns. A customer can return
a product within a few weeks of purchase, and receive a full refund, possibly net of
a stocking fee. Customers that return an item through this channel do not receive a

new product.
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Figure 3-1: Dynamics of the CLSC. The dashed line outlines the reverse logistics facility.

4. Products received from warranty claims and regret returns go through a triage process
upon arrival at the facility and different tests are conducted. The triage process
generally leads to four possible outcomes: (i) no problem is found and the product is
sent to inventory after a refurbishment; (ii) there is a minor problem, and the device
is repaired at the facility; (iii) there is a major problem that is covered by the OEM
warranty, and a warranty claim is filed with the OEM; (iv) there is a major problem
that is not covered by the OEM warranty, and the defective device is either repaired

at the facility or disposed.

5. If the triage process determines that the defect is covered by the OEM warranty, the
device is shipped to the OEM for repair and refurbishment. It usually takes a few
weeks for the refurbished device (or a replacement) to return to the reverse logistics
facility. Also, when a product is launched, the OEM provides an initial seed stock
of new devices to our industrial partner, and these devices are kept in stock at the

reverse logistics facility.

6. The refurbished devices kept in stock by the reverse logistics facility can be sold
through side-sales channels. These channels include sales to other WSPs that sell
these devices in other markets, to companies that recycle components of these devices,

and also through certified pre-owned sales programs. Side-sales not only generate
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revenue, but also act as an inventory control mechanism, allowing the facility to

reduce inventory levels, especially towards the end of a products life cycle.

3.3.3 Demand, Costs, and Controls

Demand in this system corresponds to the demand for refurbished devices that will be sent
as replacements to users that filed a warranty claim. Refurbished devices enter inventory
either from the OEM or directly from the testing and repairs part of the facility. Since this
is a closed loop system, there is a correlation between the demand for refurbished devices
and the arrivals of refurbished devices in inventory. In addition, the loss in this loop, i.e.,
the number of devices that cannot be repaired, can be significant and might exceed 20% of
all devices that arrive at the facility. Loss can happen for multiple reasons. For example,
the consumer warranty might cover a wider range of defects than the OEM warranty or, as
mentioned before, the OEM and the WSP do not agree on the nature of a defect.

Due to the consumer warranty contract, every customer warranty claim is fulfilled im-
mediately, preferably using refurbished items. Backlogging is not allowed and if there are
no refurbished products in stock, the WSP will send the customer either a new or upgraded
device. Thus, the primary control that exists for managing inventory is the number of de-
vices that are sold through side sales channels, and the number of new devices brought into
the system either through direct purchases from the OEM or as seed stock. Furthermore,
the value of these refurbished devices depreciates quickly over time, hence there is a hold-
ing cost for units in inventory, corresponding to the opportunity cost of selling inventory
through a side channel. There is also a cost associated with not having enough inventory of
refurbished products since, in this case, a new device has to be purchased from the OEM
and shipped to the consumer or the consumer is given an upgrade. Balancing these two
costs in face of the non-stationarity of the demand for replacement devices, the short prod-
uct life-cycle of mobile devices, and the closed loop nature of this system is a significant
challenge when managing inventory in this system.

Another source of cost in the system are out-of-warranty returns, i.e., defective devices
with expired OEM warranty that are returned by consumers who are still covered by the
consumer warranty . This issue is particularly acute for devices that have a high failure rate
since, in this case, it is not unusual for users to file two or more warranty claims during the

period they are covered by the consumer warranty. Defective devices returned with expired
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OEM warranty have low salvage value and are costly to repair. Out-of-warranty returns are
also accentuated due to the fact that the OEM warranty of a device starts when the WSP
purchases it and is not interrupted while it is being remanufactured or when it is in stock
in the reverse logistics facility. Thus, devices “age” in inventory, and if an “old” device in
stock is sent to a “young” customer, i.e., a customer that is still in the beginning of its
consumer warranty contract, this device might fail again while the user is still covered by

the consumer warranty but the device has an expired OEM warranty.

3.4 Inventory Model

From a tactical perspective, there are two main decisions involved in managing this system:
(1) the decision of how many devices should be kept in the inventory located at the reverse
logistics facility, herein called the inventory management problem; and (ii) the decision of
which devices in inventory should be matched to which customers, herein called the warranty
matching problem. In order to obtain tractable policies for managing this supply chain, we
will uncouple these problems and address them separately. Although, uncoupling these two
decisions implies that the policies discussed in this chapter are not optimal in a system-
wide sense, it will lead to policies for which we can glean both theoretical and managerial
insights. Furthermore, the numerical experiments in the next chapter indicate that making
these decisions independently does not lead to a significant additional cost. In this section,
we will analyze two versions of the inventory management problem. First, we will discuss
a deterministic version, for which hazard rates are fixed fractions of sold devices that fail.
We will prove the optimal policy for this case and also present a worst case analysis. The
second version is the stochastic problem, for which we prove the structure of the optimal

policy and discuss a heuristic for managing this system.

3.4.1 Inventory Dynamics and Costs

The dynamics of the inventory at the reverse logistics facility is depicted schematically in
Figure 1. We assume that time is discrete and that, at each time instant ¢, the demand for
refurbished devices, i.e., the number of warranty claims, is described by d(¢). The number
of refurbished devices that arrive to stock is given by a process a(t), and the inventory level

at the beginning of the period is z(¢). The number of devices purchased at time ¢ is denoted
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Figure 3-2: Inventory dynamics at the reverse logistics facility.
by u*t(t), and devices sold at time ¢t is denoted by u~(t). We assume that the cost, c;, of
purchasing a new device and the revenue, p;, obtained from selling a refurbished device
in the side-sales channel are non-increasing, such that ¢; > ci+1,and ,pr > pr1, Ve, In
addition, we assume that c¢; > p¢, V¢, such that there are no strategic buying opportunities,

and a new device cannot be purchased and then sold at a later time for a profit.

Thus, the sequence of events in a period ¢ is

1. The inventory level at the beginning of period ¢t is z(¢);
2. a(t) refurbished devices arrive in inventory;

3. The demand d(t) for replacement devices is received;

4. At least max(d(t) — a(t) — x(¢),0) are purchased and demand is satisfied due to the

assumption that no backlogging is allowed;
5. Up to max(z(t) + a(t) — d(t),0) devices are sold.
6. The inventory at the end of the period is z(t + 1) = z(t) + a(t) — d(t) —uw™ (t) + u™(¢).

Since this is a CLSC, the demand and arrival processes are correlated, non-stationary,
and their distributions might be unknown at the launch of the device. Together with the
requirement that no backlogging is allowed, deciding how many devices should be purchased
and sold can be challenging. With the notation and assumptions in hand, we are ready to

discuss the deterministic version of this problem.
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3.5 Deterministic Problem

In this section, we will assume that both the demand and the arrival processes are determin-
istic and known. For this simplified case, finding the optimal buying and selling quantities
in each period is equivalent to solving a Linear Program. More specifically, if we assume
that both the demand and the arrival processes are deterministic and known over a finite
horizon T, the optimal buying and selling quantities are the solution of the linear program

T-1
maximize Eptu_(t) —cut(t)
=0

st. z(t+1)=xz(t) +a(t) —d(t) —u (t) +ut(t),Vt=0...T -1 (3.1)
z(0) =z,

z(t),u” (t),u™(t) >0, Vt=0...T -1

Despite being an optimization problem that can be solved efficiently using a numeric
solver, we will prove and discuss the structure of the optimal solution for this problem.
There are a three main reasons why we present this analysis: (i) By proving the structure
of the optimal policy we can make explicit the relationship between the optimal policy and
the dynamic cost structure of the problem; (ii) The results from this analysis will be used
to prove the optimal policy of the stochastic version of the problem; (iii) The Certainty-
Equivalent approximation of the stochastic problem is exactly the solution to Problem 3.1,
since we take the demand and arrival processes to be equal to their expected value.

The first step towards obtaining the optimal solution is proving that there will be an
optimal policy where, if we sell items at period ¢, we will only purchase more items once
the cost of a new item falls below p;. More specifically, if we sell at period ¢, we will only
buy again at or after period 5;, where 5, = max{s|cs > p;}. The definition of §; is depicted
in Figure 3-3. This is due to the monotonicity assumptions on ¢; and p: and is stated in

the following proposition.

Proposition 1. For some t, let 5; = max{s|c; > p:}. Then for the problem in Equation
3.1, there will be an optimal solution {u;"pt(t), Ugpt(t)} where, for every ¢ where ug(t) > 0,

we have u;'pt(s) =0, Vs € [t,5).

Proof. Assume an optimal solution {u;'pt(t),u;pt(t)}. Now, let t be the last period where

Ugpt(t) > 0, ie, we are selling devices. If ujpt(s) > 0 for some s € [t §], construct
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Figure 3-3: Definition of 5,. The gray line represents {p;} while the black line represents
{ct}. Thus, as stated in Proposition 2, there will be an optimal solution where if items are
sold at time t, no items will be purchased at least until time 5(f).

a new solution, {@*(t), 4™ (s)}, where @~ (t) = max(ugy(t) — ugp(s),0), and @*(s) =
max(ujm(s} — Ugpe(t),0). Note that at most one of u™(t) and @t (s) is positive. This
new solution is still feasible, since less devices are leaving the system and the cost difference

between these two solutions is

(ptu_(t) - Csfﬁ(s)) - (Ptu;pt(t) - Csujpt(s)) = (pt — ¢s) max(—ujpt(s), _ugpt(t)),
= (cs — pt) min(u:pt(s)v ugpt(t))a

> 0.

Thus, the new solution has at least the same cost as before, and if ¢; > p; there is a strict
cost improvement. We can repeat the same procedure for {47 (t), 4~ (s)} and again for each
new solution that we obtain. Since this is a finite horizon problem, we will eventually obtain
a solution that satisfies the conditions of the proposition and has at least the same cost of

the original optimal solution. O

We can determine an optimal purchasing and selling quantity at any time t as a func-
tion of the inventory at the beginning of that period. Using the same notation as in the
previous proposition, we will denote the optimal buying and selling quantity at time ¢ by
{u;"pt(t),ugpt (t)}. Since the cost of sourcing a device to satisfy a warranty claim is non-
increasing, the optimal sourcing strategy will be myopic in the sense that we only buy
enough items to satisfy the unmet demand for replacement devices in the current period.

Conversely, the optimal selling quantity at some time ¢, ug(t), will depend on z(t) and on
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the mazimum total net demand in the interval [t, 5;]. The maximum total net demand in

some interval [¢, s] is denoted by v(¢, s), and is defined as

= max Zd(z — a(i). (3.2)

r€[t s

More specifically, if inventory z(t) is above v(t,5;), we will sell items down to the level
v(t, 5;). Thus, the optimal selling quantity at time ¢ does not depend on the demand and
arrival after §; since the marginal price of sourcing a device after time §; drops below the
marginal revenue of selling a device at time ¢.

Before we prove the optimal policy, we discuss one more auxiliary proposition. In this
proposition, we show that if items are sold at time ¢, additional items will not be sold before

time sy, defined as

s = min {s € 6,5 S d(i) — als) = (¢, gt)} . (3.3)

=t
We will use this proposition to prove the feasibility of the dual solution to the LP in Equation
3.1.

Proposition 2. For some t, let s; be defined as in Equation 3.3. Then, there will be
an optimal solution {u:pt(t), ugpt(t)} that satisfies Proposition 1 where, if ug,(t) > 0,

Ugpt(s) = 0 for s € [t + 1, s7]. Furthermore, z(7 + 1) = 0 for some 7 € [t + 1, 5].

Proof. Let t be a period where uopt(t) > 0. Then, from Proposition 1, we have that

uopt(s) = 0,Vs € [t, 5. Thus, we can write the inventory for any s € [t, §]| as

z(s+ 1) =z(t) — (Z d(s) — a(s) ) - iu;pt(r).
r=t
Also, from the definition of s}, we have
z(s; + 1) = z(t) — v(¢, 5¢) Zuopt
Since gy (t) > 0,Vt, and from the definition of v(t, 5;), note that

x(s) > z(s} +1),Vs € [t, s7],
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and, therefore, z(s) > 0,Vs € [t, s;]. Now, assume that ug,(s) > 0 for some s € [t + 1, s}].
Then, we could increase ugy () by some € > 0 reduce ug,(s) by € and preserve feasibility,
since the inequalities are strict. In addition, since prices are non-increasing, we obtain at
least the same profit as before. We can repeat this procedure for every period where items
are sold and obtain the result in the proposition.

Finally, assume, for contradiction, that z(7) > 0,Vr € [t + 1,3; + 1]. Then, in this case,
we could sell one extra unit in period ¢ and preserve feasibility in the interval [t + 1,5].
Also, we improve the objective even if selling one extra unit in ¢ implies the purchase of one

more unit after time §;, we still improve the cost sine ¢, < p;, V7 > 5.

O

In order to prove the optimal solution of this problem, we introduce the concept of an
event. We define an event as a time interval [t,s]|, ¢ < s, such that z(¢f) = 0, z(s) = 0,
and z(7) > 0,V7r € (t,s). Thus, the interval starts with zero inventory, then has positive
inventory in each period, until the end of the interval. We can assume, without loss of
generality, that the initial inventory is 0, i.e., z(0) = 0. If zg > 0, then we can re-specify
the arrival in the first period as a(0) = a(0) + x¢. Note that we can express any optimal
solution to the problem in Equation 3.1 as a sequence of events, as z(T') = 0 in any optimal
solution.

The next proposition states that there will be an optimal solution to the problem where

there will be at most a single buy or sale within each of this solution’s events.
Proposition 3. Consider the optimal solution to the problem in Equation 3.1. Also, let

t, s] be an event in this solution. Then, there is an optimal solution {u;rpt(s), Ugpt(8) } where

1. There is at most a single buy within the event [t, s], and if so, it will occur in period
s —1;1e., ugpt(r) =0,7 € [t,s — 2], and uzpt(s -1)>0;

2. There is an optimal solution with at most a single sale within the event [¢, s];

3. There is an optimal solution with at most a single transaction (either a buy or a sale)

within the event [¢, s].

Proof. For part 1 of the proposition, suppose that we have two buying instants, 71 <
in the interval [¢,s]. In this case, we can defer the purchase of one unit from period 7 to

period T2 and maintain feasibility since we assume there is positive inventory. In addition,
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we potentially improve the objective function, since purchasing costs are non-increasing.
We can continue until the number of units purchased in period 71 goes to zero or until an
inventory z(7),7 € (71, 72) goes to zero. In both cases we have a contradiction - in the
former we have reduced the number of buy epochs by one, while in the latter [¢,s] is no
longer an event. Hence, there will be a single buy event. Also, since delaying a purchase
is always no more expensive, through a similar argument we can show that the single buy
should be in period s — 1.

For part 2 of the proposition, assume that there are now two selling instants, 71 < T»
in the interval [t,s]. We can advance the sale of one unit from 7 to 71 while preserving
feasibility since we assume positive inventory. Also, we potentially improve the objective,
since prices are non-increasing. We can repeat this procedure until the second sell epoch
goes to zero or until an inventory x(r),7 € (71, 72) goes to zero. In both cases we have a
contradiction - in the former we have reduced the number of selling periods by one, while
in the latter [¢, s] is no longer an event.

Finally, for part 3 of the proposition, consider an event [t,s]. From parts 1 and 2, we
know that there will be at most a single buy and a single sell event. Hence, assume that

there is a sell event at time 7 and a buy event at time s — 1. There are two possibilities:

e p; < ¢s_1: We can reduce the number of items sold at time 7 by one unit, which
allows us to reduce the number of items being purchased at time s — 1 by one unit.
These changes increase the objective by ¢s_; — pr > 0. We can repeat this procedure

until there is at most one transaction, leading to a contradiction.

® p; > cs_1: We can increase the number of items sold at time 7 by one unit, which
requires that one more unit be bought at time s — 1. This increases the objective
function by pr — ¢s—1 > 0. This solution remains feasible as we start with positive
inventory in the time interval. We would continue increasing the amount sold at time
7, until this forces the inventory at some point in (t,s) to be zero, at which point [t,s]

is not an event, and we obtain a contradiction.
O

Finally, we are ready to state and prove the optimal solution for this problem. We will
show that the following procedure yields an optimal solution:

The feasibility of this solution is stated in the following proposition.
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Algorithm 1 Procedure for obtaining the optimal solution to the problem in Equation 3.1
fort=0,...,7 — 1l do
uo_pt(t) = max (a:opt(t) —v(t, ), 0),
ug-pt(t) = max(d(t) — a(t) - xopt(t)y 0),
Zopt(t + 1) = Zopt(t) — d(t) + a(t) + ugpy (£) — ugpy(1)-
end for

Proposition 4. Algorithm 1 generates a feasible solution to the problem described in

Equation 3.1. Furthermore, this solution satisfies Propositions 1 to 3.

Proof. In order to prove that {u;'pt(t),u;pt(t)} is feasible, note that

Zopt(t) + a(t) — d(t) + u;rpt(t) — Ugpt(t) = Zopt(t) + a(t) — d(t) + max(d(t) — a(t) — zopt(t),0)
— max (zopt(t) — v(t, 5),0),

= max(Zopt(t) + a(t) — d(t),0) — max (:v(t) —v(t, 5),0),

where we combine the first two terms to get the second line. Note that, by definition

v(t,5) = MaXeer 5, 2 i—g A(i) — a(i) > d(t) — a(t). Thus,

Zopt(t) + a(t) —d(t) + u;"pt(t) — u;pt(t) = max(zopt(t) + a(t) — d(t),0) — max (:I?opt(t) —w(t, 5),0),
> max(zopu(t) + a(t) — d(t), 0) — max (zope(t) — (d(t) — a(t)),0)
=0.

Thus, xept(t) > 0,Vt, and the solution is feasible.

Note that this solution satisfies Proposition 2 since if ugp(t) > 0, then zopt(t) > v(t,5:)
and, from the definition of v(t, 5;), the inventory will never fall below 0 in the interval [t, 5;].
Also, this solution satisfies Proposition 1 since we sell down to the level v(¢, 5;), such that
the inventory at the beginning of period s} +1 is 0.

The solution also satisfies Proposition 3. Assume that at time s we have zopi(s) = 0.
Then, let 7 > s be the first period where we buy or sell. If at time 7 we sell an item,
since the solution satisfies Propositions 1 and 2, we will only sell again after period s} and,
[t,s; + 1] will be an event. If we buy items at time 7, since we have, from the definition of
the policy, that z(7 + 1) = 0, and [t,7 + 1] will be an event. Since we only buy or sell in

one period during this event, Proposition 3 is satisfied. O
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The next proposition addresses the lengths of the events generated by this algorithm.

Proposition 5. If [¢,s] is an event generated by Algorithm 1, then s < 5 + 1, where

3 = max{s|cs > p;}. Furthermore, if a purchase occurs in this event, it will happen at time

t, and if a sale occurs within this event, it will be at time s — 1.

Proof. Assume that z(t) = 0. Then, if d(t) — a(t) > 0, we will purchase d(t) — a(t) items,
Le, ul(t) = d(t) - a(t) and z(t + 1) = 0; as such we have s = t + 1 and [t,t + 1] will
be an event. If a(t) ~ d(t) > 0, but v(t, 5;) = max,¢ps,] i (i) — a(i) > 0, then we will
not sell any units. In fact, no items will be sold or purchased in the interval [¢, s7), since
v(t,5) > 0. At time s}, we will have that z(s}) — d(t) + a(t) <0, i.e.', inventory will be 0
or negative, and items might be purchased. In either case, (s} + 1) = 0. Since s} < 5, the
event will have length at most 5, + 1 — ¢.

Conversely, if a(t) —d(t) > 0 and v(¢, 5;) < O, then it must be that a(t) —d(t) > —v(¢,5,),
and —wv(t, §;) items will be sold. From Proposition 2, we have that z(sf + 1) = 0. Once
again, the event will have length at most 5; + 1 — ¢t. If a(t) — d(¢t) > 0 and v(¢,5;) > 0,
then no items will be purchased or sold before time s}, and at time s} enough items will be

purchased to satisfy on hand demand, such that [t, sf + 1] will be an event O

With these propositions in hand, we are ready to prove that Algorithm 1 leads to an
optimal solution to the deterministic inventory management problem. This result is stated

and proved in the theorem below.

Theorem 6. The procedure described in Algorithm 1 generates an optimal solution for
the problem in Equation 3.1. Furthermore,this procedure will take O(T?) steps to find an
optimal policy.

Proof. The proof of the theorem will be done by first rewriting the optimization problem
(3.1) in a slightly different way and taking its dual. With the dual in hand, we will construct
a feasible solution to the dual that satisfies the complementary slackness conditions with the
solution {ugp,(t), ugy(t)}, hence proving the optimality of the primal solution. We denote
the inventory at time ¢ under this solution by zops(t).

The first step is to rewrite the optimization problem. For such we assume, without loss
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of generality, that 2o = 0, and we let §(t) be the cumulative total net supply defined as

5(t) = Za(s) —d(s),Vt

s=0

Then, in Equation 3.1, note that

2(t+1) = 2(t) + a(t) = d(t) + udp () — ugp (2),

t
a(s) — d(s) + ugy(s) — ugpe(s),
s=0
t
=6(t) + Z u:pt(s) - ngt(s).
s=0

Thus, this optimization problem can be rewritten as

T—1

maximize Zptu_ (t) — cqut(t)

t=0

t
st Y uT(s)—ut(s) <8(t),Vt=0,...,T—1
s=0

u”(t),ut(t) >0,Vt=0...T - 1.

The dual of this problem is
T-1
minimize Y 6(t) q(t)

=0

T—1
st. p < Zq(s) <¢, Vt=0,...,T -1
s=t

q(t) >0, vVt =0,...,T—1

(P)

We can interpret the dual variable ¢(¢) in the problem above marginal change in profit when

increasing or decreasing the total net-demand in one unit.

Consider the sequence of events generated by the algorithm. From the previous propo-

sition we know that, within each event, sales or purchases will happen in only one single

period. Also, let [s,t] be a buying event if, for some 7 € [s,t], we have ug'pt(T) > 0. Con-

versely, let [s,t] be a selling event if, for some 7 € [s, ], we have ug,(7) > 0. Also, from
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the nature of the algorithm, we have that inventory at time T will be 0, i.e., no inventory

is left over at the end of the horizon.

Now, consider the following candidate dual solution, {g*(¢)}, defined as follows. Let

[s,T] be the last event in the interval [0,T]. Then, for 7 € [s,T — 1]

er—1, if [s,T] is a buying event and 7 =T — 1
q*(7) = < ps, if [s,T) is a selling event and 7 =T —1

0 otherwise.

Then, for any two sequential events [r, s] and [s, t], and for every 7 € [r, s), let ¢*(7) be

cs—1— q*(t—1), if [r,s]is a buying event and 7 =s — 1
(r) =< p, —g*(t - 1), if [r, s] is a selling event and 7 =s—1

0 otherwise.

Before proving the optimality of the above dual solution, let us briefly go over an intuitive
interpretation of its structure. Let us assume that at some time 7 contained in the event
[r, s] we change the arrivals from the OEM at by € units, and assume that ¢ is small. Then,

using the definition of §(k), we have that the change in the cost of the dual problem will be

-1 ecs—1, if [r, s] is a buying event,
€ (k)=
k=t epr,  if [r, g] is a selling event.

Thus, if the marginal impact of changing the demand or arrivals in any time period will
either be the cost of a new device at the end of the event to which the time period belongs,
if it belongs to a buying event, or the side-sales price of a refurbished at the beginning of

the event, if it belongs to a sales event.

In order to prove that this solution is feasible, first note that, from Proposition 5, if
[r, s] is an event, then r < 75 4+ 1, where 75 = max{r|c, > ps}, and we have that p, < ¢s_1.
Hence, we will have that p; < Zf____sl q*(t) < cs, Vs.

Also, since the policy satisfies Proposition 1, we know that if [r, s] is a selling event and

that [s,t] is a buying event, it must be that p, > ¢;. Using this fact, and the fact that {c;}
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and {p;} are non-increasing, we obtain that for any two consecutive events [r, s|] and [s, 1],
T(s-1)2pr—q(t=1) 2pr— -1 20,

and ¢*(t) > 0,Vt. Thus, {g*(¢)} is a dual feasible solution.

We are now left to prove that {g*(t)} satisfies the complementary slackness conditions

with {ud,;(t), ug,(t)}, i-e., we need to show that

q*(t) - (Z Ugpt (8 u;"pt(s) - 5(t)) =0, Vt (3.4)
opt (t) - (pt Zq* 3)) =0, Vt (3.5)
opt(t (ct Z q(s) ) =0, WVt (3.6)

Let Zopt(t) be the inventory under the policy {ug,;(t), ugy(t)}. Thus, the first condition

can be rewritten as

t) : (Z u(:pt(s) - opt(s) ( )) =q (t) ( opt(t) - ujpt(t) - 6(t) + d(t) - a(t)) , Vi,
=0

=q"(t)- (—z(t+1)), Vit

Since g*(t) will only be positive if £+ 1 is the boundary of an event and since, by definition,
if £ + 1 is the boundary of an event then zop(t + 1) = 0, we have that this condition is
satisfied for all ¢.

Now, the condition

T—1
Ugpt () - (Pt - Z q*(s)> =0, WVt

s=t
will be trivially satisfied if uy, (t) = 0. If ug,(¢) > 0, then, from Proposition 5, we have that
t is the beginning of some event [¢, r|, and that, by construction, Zs_t q*(s) = ¢*(r—1) = p;
Thus, p; — Zz tl g*(s) = 0 and the condition is satisfied.
Finally, the condition uopt(t ( ZZ tl q*(s ) = 0 will always be satisfied since, if
Opt(t) > 0, then Zs_t q*(s) = ¢4.

Thus, since we have a primal and dual feasible solutions that satisfy complementary
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slackness, the candidate solution {u(‘fpt(t), Ugyt ()} is an optimal solution to the problem in
Equation 3.1.

Since in the procedure described in the statement of the period we must calculate v(t, 3;)
for every period, which will be a procedure that takes O(T) steps in each period, finding
the optimal solution takes O(T?) periods.

O

From a practical standpoint, if 5; is known, the exact values of ps,s € [s, 5] and ¢;, s €
[s, 5] do not need to be known in order to calculate the optimal sell-down-to level. For
example, if we assume that {p, ¢;} depreciate at a factor of a per time period, we have that

§¢ can be found by solving

and we have 5; = log, (&) = log,(&).

As another example, if the cost of purchasing a device is constant throughout its life-
cycle, then 3, = T — 1,Vt and the optimal solution does not depend on the exact values
of prices in the side-sales channel, only on the fact that prices are non-increasing. This
particular case is useful from a managerial standpoint since estimating the cost of sourcing
a new device and the revenue obtained from selling a refurbished device can be difficult in
practice. At our partner WSP, for example, side-sales can occur through auctions, generat-
ing price uncertainty. Additionally, estimating the cost of sourcing a new device to be used
as a replacement device is also ambiguous: is the cost the cost of purchasing a new device
from an OEM, or the opportunity cost of not having that device available in a retail store,
where it could be sold to a new customer? A policy that only requires a simple ordering of

costs and revenues and not a precise estimation bypasses this issue.

3.5.1 Deterministic demand and arrival processes

As discussed in the previous chapter, we assume that devices fail according to an age
dependent hazard rate model that is independent of a device’s sales date, where age is
defined as the time a device has been with a customer. In addition, the hazard rates are
unknown at the launch of the device, although priors for the hazard rates can be constructed
using historical data. We denote the estimate of the hazard rate at time t for devices of age

s by hs(t). Thus, denoting all the information available at time ¢ by F;, the hazard rate for
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age k is defined as
Pr(device fails in period s| device survived up to the beginning of period s, F;) = hs(t).

Also, we denote the number of working devices of age s with customers at time ¢ by w,(t),
such that the vector w(t) = (wo(t),...,w:(t)) describes the number of “surviving” devices

of each age at time t. Thus, the expected number of device failures at time ¢t is

E[# of failures at time t] = Z ws(t) - hs(t).
s=0
For the deterministic version of this problem, we model the demand process as being the
expected number of failures. In the Control Theory literature, this is referred to as a
certainty equivalent approximation and is discussed in Bertsekas (2005). Thus, we treat
the hazard rates as the actual fractions of total devices that fail. If there is information
available on the hazard rates up to time £ < ¢, then the demand for refurbished devices is

described by the pair of equations

d(t) = Zws ho (D), Vt,

ws+l(t + 1) = (1 - hs(i)) ’ ws(t)th'

We can generate the arrival process using a similar model, utilizing remanufacturing
rates at the OEM. If d(t) devices were sent to the OEM at time ¢, we assume that a fraction

rs of these devices will return after s periods. The arrival process then becomes

t
t) =) ried(s

s=0
In practice, there is loss in this process and not all devices shipped to the OEM can be

remanufactured, and thus we would expect that 3 sTs < 1.

A strategic question that arises when managing the inventory of refurbished devices is:
If the hazard rates are unknown, what is the mazimum number of new devices that will have
to be purchased to support the reverse chain? The answer to this question is useful for two

main reasons. First, we can use it to plan seed stock requirements, and guide operational
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decisions regarding refurbished device management. In addition, it can be used to bound
the operational cost of supporting warranty of a new device, which is useful for planning
considerations when releasing a new device into the market.

Since there is considerably less variability in the OEM remanufacturing process com-
pared to the demand process, we assume a fixed lead time of [ at the OEM and an efficiency
of 0 < a <1,i.e., a fraction of 1 — « of the devices sent to the OEM cannot be fixed. Thus,
the arrival simplifies to

a(t) =a-d(t-1).

Also, let f; be the fraction of devices that fail at age ¢, and let wW(¢) be the number of
devices that enter the market at time ¢. Thus, the demand process can be written as
d(t) = Yt _, fsw(t — s). Note that we can translate these fractions to deterministic hazard

rates, such that the hazard rate at time t is

b

=1 ;-

1- Zs:O f s
Finally, in order to answer the question, we assume that devices fail only once. The
case where multiple failures are allowed significantly complicates the analysis, and we leave
it as a possible extension. Thus, if “nature” can pick {f;} adversarialy, and if we assume

> s fs = B < 1, we obtain the following proposition.

Proposition 7. Let f; be the fraction of devices that fail at age t and w(t) the number of
devices sold at time t. Furthermore, let d(t) = S°%_, fsw(t — s) and a(t) = ad(t — 1), for

some lead time [ and efficiency a. Then, if ), fi = 8 < 1, we have

t

# of additional units needed to satisfy demand < 8 f(l)l%xl] w(s) — aw(s — ).
t€[0,7—
s=0

Thus, the bound is independent of {f;}.
Proof. In the Appendix of this chapter. O

As a simple example of how this proposition can be used, assume that sales decay
exponentially according to some rate v, such that @W(¢ + 1) = 4w(t). Then, assuming that

w(t) = 0,Vt < 0, for some 0 < a < 1 and lead-time [ we have
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1—’Yt+1

¢ L -w(0), ift <l
S w(s) —am(s—)={ 77 o
=0 Uraltr =D 5(0), if ¢ > 1
Thus, this leads to
11—_—“1:— -w(0), if @ >~

t
max w(s) —aw(s —1) <
tE[O,T—l]g (s) (s=4) (1=a)+yT"Ha/+'-1) -w(0)

: l
— ifa<ny

Note that the “worst case” in terms of uncovered demand occurs either at ¢t = [ because
there are no items arriving from the OEM, or at time T — 1, the end of the horizon, because
the arrivals from the OEM continue to lag the failures. By making T' — oo, we obtain the

bound ,

1 — min(4!
tefo,7-1] =5 1—7

w(0)

From the proposition then, the maximum number of devices that will need to be purchased

1—min(a,y)

to satisfy warranty claims is T—r

- B -w(0). Since, in this example, the total number
of devices that fail is ﬁ Bw(0), a fraction of at most 1 — min(a, ¥%) of devices that fail will
be replaced with new devices. If we assume a 85% efficiency at the OEM ( a = 0.85 ), a
5% decrease in sales per week (7 = 0.95), a 3 week lead time (I = 3) , and that 15% of all
devices fail (8 = 0.15), the maximum number of devices needed is bounded by

: — min(y}, @) .

1
w(s) — aw(s —1) <
te%l,%’)fl] 2 w(s) —aw(s—1) < B T

— min(0.953,0.85) __
-w(0
1-0.95 w(0)

w(0) = 0.15

which is about 0.43w/(0).

3.6 Stochastic Problem

Although tractable, the deterministic approximation to the inventory management problem
presents a major limitation by not taking into account the variability of the demand and
arrival processes, leading to an inventory policy that we expect would oversell refurbished
items. In this section, we will analyze the stochastic version of this problem, where replace-

ment requests are generated by the hazard rate process discussed in the previous chapter.
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In addition, we will present a simple policy for managing inventory in face of stochastic
demand and discuss its connection to the optimal policy.
For an informational state J,., and stochastic arrival and departure processes a{t) and

d(t), the optimal policy for managing inventory will be a solution to the optimization

problem
T-1
maximize Z Eat) ()} [peu(t) — ceu™ (8)| Fr)
t=0
st. z(t+1)=2(t) +a(t) —dt) —u (t) +ut(t),Vt=0...T — 1 (3.7)

z(t),u™ (t),ut(t) >0,Vt=0...T,

where, once again, the sequence {c;} and {p:} are non-increasing, and c¢; > p¢,Vt. Here,
the state of the system at time ¢ is determined by six variables: (i) the current time #;
(ii) the on-hand inventory z(t); (iii) the information available about hazard distribution
Fr; and (iv) the realization of the net demand A(t) = d(t) — a(t), (v) the distribution of
ages of devices of customers/devices in the market, (vi) the different devices currently with
the OEM (on-order inventory) . However, in order to simplify notation, we will denote
the net inventory at time t by ZT(t) = z(t) — A(t) (which can take a negative value), and
the optimal policy will be written as a function {ug (¢, i),u;'pt(t, Z)}. The structure of
the optimal policy u*(¢,Z) is presented in the following proposition, while the proof is in
the appendix. The structure of the optimal policy is such that, in every period, we will

sell-down to some level #(t) that depends on the current informational state of the system.
Proposition 8. For some #(t) > 0, the optimal policy for the stochastic inventory model

in (3.7) is

ug_pt(t,'—f) = max(—i, 0),

Ugpt (8, T) = max(Z — 8(¢),0).

Where #(t) > 0 and only depends on the distribution of demand and arrivals, and on

the costs of the problem.

Proof. The proof is in the appendix of this chapter. |
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Receive seed-stock and Observe and satisfy demand
refurbished items from OEM (use new devices if needed)
i\ Y J J
- v
Buy and/or sell items Update failure and return
| distributions with new data
A
A
Decide how many Update forecasts of demand
items to buy/sell and arrivals from OEM

Figure 3-4: Reoptimization scheme for the inventory management problem.

Because the cost of purchasing a new device is non-increasing, an optimal policy only
purchases items to satisfy immediate demand needs when T < 0. When there are enough
items in inventory to satisfy immediate needs, there will be a sell-down-to level 7(t) that is
time dependent, since the arrival and demand processes are not stationary. Note that the
structure of the optimal policy is the same as in the deterministic case and, once again, is
an artifact of the cost structure of this problem.

Calculating the sell-down-to levels is potentially difficult depending on the demand and
arrival processes and, in general, involves solving the dynamic programming problem. In
order to obtain a more tractable stochastic policy that is easy to implement in practice,
we consider two heuristics: (i) a certainty equivalent heuristic; and (ii) a cost-balancing
heuristic. They are described in the next two subsections. These heuristics can be used in

a reoptimization scheme as described in Figure 3-4

3.6.1 Certainty-Equivalent Approximation

A certainty-equivalent approximation to a stochastic optimization problem is a way to
obtain a suboptimal control policy by approximating the uncertainty in the problem by
its average value. Ideally, this approximation leads to a control strategy that is easier to
obtain (either numerically or analytically) than the optimal policy and has a near-optimal
performance. This type of approximation has a long history in Control Theory, as discussed

in Bertsekas (2005), originating from Linear Quadratic Control problems where in many
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cases the certainty-equivalent policy leads to the same control strategy as the optimal policy.

Since the volume of devices in the WSP’s reverse logistics system is very large (usually
in the order of millions of devices), we expect that the coefficient of variation of replacement
requests per day will be low. If this is the case, we can employ the certainty equivalent
approximation by taking the demand for replacement devices and the arrival process of
devices in inventory as their average values. Then, we can use the results from Section 3.5

to calculate the optimal sell-down-to level.

We construct the certainty-equivalent approximation using the hazard rate model dis-
cussed in Chapter 2. In this case, the certainty-equivalent approximation to the optimal
policy still purchases items myopically, but uses an approximation to calculate the sell-down-
to-level in each time period. More specifically, in order to calculate the sell-down-to-level
we assume that, instead of having stochastic demand and arrival processes, the demand and

arrival processes are deterministic and equal to their average values.

Since we assume that devices of the same model fail according to the same hazard rate,
the certainty equivalent approximation takes hazard rates as fractions of total devices that
fail. Following the notation of Section 3.5.1, we have that the expected number of failures

at time ¢ will be

t
E[# of failures at time ¢] = Z ws(t) - hs(t),
s=0

where wg(t) is the number of devices of age s with customers at time t and hg(t) is the
estimate of the hazard rate for devices of age s at time ¢. With this in hand, along with a
forecast of the number of devices that are added to the system in every time-period through
sales we can forecast the average number of devices that fail. Furthermore, if the lead time
of the customer and at the OEM are also stochastic, if we have an estimate of the repair

rate of the OEM, we can use the same procedure to estimate the number of arrivals.

The main limitation of this approach is that it does not take into account the variability
of the demand and arrival processes. If there is a large variability in the number of devices
that might fail on any given day, the certainty-equivalent approach will lead to a sell-down-to
value that is too low. More concretely, let E[d(t)] and Ela(t)] be, respectively, the expected
demand for replacement devices and arrivals from the OEM at time £. Then, following

the notation from the previous section, the certainty-equivalent sell-down-to level at time
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t, denoted by v¢(t, 3¢) will be

T

ve(t, 5;) = max E[d(k)] — Ela(k)],
TG[t,st] It

where §; = max{s|cs > ps}. Note that, from Jensen’s Inequality, we have that

T T
max Eld(k)] — Ela(k)] € E | max d(k) — a(k
e, > Eldh)] ~ Bla(k)] < B | e 3 d(k) - )
Thus, the sell-down-to-level generated by the certainty-equivalent policy might be too low.
Next, we introduce a policy that takes into account the stochastic variability of the demand

and arrival policies.

3.6.2 Cost-Balancing Approximation

The certainty-equivalent approximation assumes that the demand and arrival processes
are equal to their average, leading to an underestimate of the sell-down-to-level. We can
address this concern by taking the variability of the demand and arrival processes into
account. One way to do this is to analyze the distribution of the maximum net-demand.
Namely, at period ¢, we can use the distribution of v(¢, 5;) and of the time period where the
maximum net-demand is achieved, denoted by s} as in Equation 3.3, in order to determine
the sell-down-to level. In practice, since the state of the system can be very large!, and
devices can fail multiple times, the distribution of v(¢, §;) and of s} can be calculated through
numerical simulations.

If the distribution of v(¢t, 3;) and of s} are known, an approximation to the optimal
number of items to be sold can be obtained by solving the newsvendor-type problem

ocuin B (e =2 (vt 8) = 2() + u7(0)" + (pe = pop) (@(t) = u™ (1) — v(t,8))7]

In this formulation, csy — p represents the marginal underage cost of selling too many items
and having to buy additional new units at time s}, while p; — p,; represents the overage
cost, i.e., the opportunity cost of not selling enough items.

We denote the solution to the optimization problem above by %~ (¢) and it is obtained

IMb e o
Thcl aie

iywhere from tens of thousands to miilions of customers of different ages that own devices
of with varying ages as well.
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by differentiating the expression, setting it to 0, and observing if the unconstrained optimal

is withing the interval [0, z(¢)]. Thus, if 9(t) satisfies

B [(ea; — pe)1(0(t,50) < 5(1))] = Eles; — i, (3.8)

then we have

@~ (t) = max (z(t) — 9(¢),0).

From a practical standpoint, the solution to Equation 3.8 can be obtained by simulation.
Namely,let v;(¢, 5¢), sj’iﬁi ) be N samples of the maximum-net-demand and of the time period
where it occurs. Then, the solution to Equation 3.8 can be approximated by finding the

smallest U (¢t) that satisfies

N N
1 _ . 1
N Zizl(cst.i = ps; ) 1(vilt, &) < ON () 2 ;:1: Csy, — Pt- (3.9)

With the samples in hand, we can find @ (t) through a simple linear search. This approach
is akin to Sample Average Approximation (SAA) methods commonly found in the literature
such as in Levi et al. (2007) and in Kleywegt et al. (2002).

Although this method does not ensure optimality, simulating the demand and arrival
paths tends to be simpler than using some search or approximate dynamic programming
method to find the optimal sell-down-to level in the stochastic setting. Furthermore, if there
is no uncertainty in the system, i.e., the demand and arrival processes are deterministic,
then 9 (t) will be the same as in the deterministic problem.

We call the policy based on the solving 3.8 the cost-balancing policy, since it balances
the costs of selling too few or too many items. In the next section we will compare its

performance with the certainty equivalent approximation through numerical experiments.

3.7 Numerical Experiments

In this section we will analyze the performance of the policies proposed in the previous
section through numerical experiments. We first analyze the certainty equivalent policy
where we calculate the sell-down-to level in every period by taking hazard rates as fractions

of devices that fail and use them to calculate the maximum net demand and, therefore,
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the sell-down-to level. We simulate the sensitivity of this policy to changes in different
parameters of the system such as number of devices, failure distribution, OEM lead time,
seed-stock and the loss at the OEM. As a benchmark, we compare the performance of
this policy with the clairvoyant policy, the policy that knows ex-ante the sample path of
the device failures and the arrivals from the OEM. We will use the total profit over the
stmulation horizon as a performance metric in all our simulations. Thus, if the simulation
occurs for T' time periods and we consider a sequence of costs of new devices {c;} and prices
of refurbished devices {p;}, then an inventory management policy that purchases a sequence

of {u*(t)} new devices and sells {v"(t)} refurbished devices will generate a profit of
T-1
Zptu_(t) — cu™ (t).
=0

Next we compare the certainty equivalent policy with the cost-balancing policy for differ-
ent distributions of device failures. We show that although the cost-balancing policy usually
leads to a better performance than the certainty-equivalent approximation, when the num-
ber of devices is large (which is the case for our partner WSP) the certainty-equivalent
approximation achieves a near-optimal performance and is sufficient for practical applica-

tions.

Finally, we analyze the performance of the different policies using real-world sales and
failure data of a device sold by the WSP. This simulation incorporates learning, i.e., the
methodology discussed in the previous chapter is employed and the hazard rate distribution
of the device is updated as new information on failure rates becomes available.

In order to simulate these different scenarios, a large-scale discrete-time simulator was
built using the Julia programming language. More details about Julia can be found in Lubin
and Dunning (2013). The simulator creates a virtual CLSC where each device and each
consumer is an individual object inside the simulation. Thus, each customer and device have
a unique id, and failure times, warranty lengths and lead-times can be individually defined
for each customer/device pair. Furthermore, the simulator allows for each individual device
to be stored in inventory at the OEM or at the WSP’s reverse logistics facility. At each

time period, refurbished devices can be sold and new devices can be purchased from the

OEM.

The simulations were designed to be at the finest level of granularity as possible in
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order to keep the simulation as realistic as possible and also to allow for an easy integration

with databases and IT systems used to manage reverse operations in the real-world. In

addition, by using the Julia language, the simulator was designed to run on a cloud-based

environment and on multiple processors.

The variables that can be set by the user and the outputs of the simulator are described

in the list below:

e User-defined simulation parameters:

Number of periods that the system will be simulated;
Number of repetitions of the simulation;

Market size, i.e., the total number of customers that purchase devices and will

be covered by the customer warranty;

Time period in which each customer purchases a device, which corresponds to

the activation date of the customer warranty;
Seed-stock level as a fraction of new devices sold

Failure distribution of each device (alternatively, the user can directly input the

hazard rate distribution);

Length of the Consumer Warranty;

Length of the OEM warranty;

OEM and consumer lead time (the lead times are assumed to be deterministic);
Probability of a device not returning from the OEM;

Sales price p; of a refurbished device in each time-period;

Cost c; of a new device in each time-period;

Failure distribution of refurbished devices (to model multiple device failures);

e User-Defined control parameters

Control policy: clairvoyant, certainty-equivalent, or cost-balancing;
Number of sample paths for the cost-balancing simulation;

Matching Strategy of devices to customers (will be covered in the next chapter);

e The output statistics for each sample path are as follows:

89



— Number of refurbished devices shipped to customers as a replacement device in

each time-period;

— Number of new devices shipped to customers as a replacement device in each
time-period;

— Inventory level in each time-period,;

— Number of out-of-warranty returns in each time-period: these are customers that
are still covered by the customer warranty and that send in defective devices that

are out of OEM warranty;
— Seed stock received in each period;
— Sales of new devices sold in each period;
— Volume of side sales in each time period;
— Current forecast of device failures in the remaining time periods;
— Current forecast of device arrivals from the OEM in the remaining time periods;
— Profit in each time period;
— Arrivals from the OEM in each time period;

— Difference between time left in OEM warranty and time left in customer warranty

for each replacement device shipped.

Finally, when using pre-defined distributions, we assume that when a device is purchased
by a customer, the OEM warranty and the customer warranty start simultaneously at the
moment of purchase. However, the simulator does support a mismatch between these war-
ranties at the moment of purchase. Unless specifically stated, one-period in all simulations

corresponds to one day.

3.7.1 The certainty-equivalent heuristic

For all deterministic simulations, we assume that one period represents one day and that the
customer and a OEM warranties have a 12 month length. Thus, if a customer has a device
that fails and he is out of customer warranty, it will not be replaced. We also assume that
the demand for new devices is a random variable with the probability distribution in Figure
3-5a, such that each customer samples its purchasing date from this distribution. Since

we assume that the customer and device warranties start simultaneously when a customer
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Figure 3-5: Parameters of the simulation for the deterministic policy. We assume that the
failure distribution is exponential with mean 364 days. We also assume that sales only occur
during the first 6 months from launch.

acquires a new device, Figure 3-5a also represents the activation date probability of both
warranties for the customer-devices pair. In addition, the expected demand for new devices
will have the same shape as the curve in Figure 3-5a. We assume a total simulation horizon
of 2.5 years, and that the prices of new devices and refurbished devices decrease linearly
over time as depicted in Figure 3-5d. Finally, we assume that the failure distribution of
devices is Exponential with average 12 months. Thus, the hazard rate of devices is constant.
Approximately 63% of newly purchased devices will fail under warranty.

One stringent assumption we make for this set of simulations is that the devices fail
only once. Albeit unrealistic, this assumption allows us to ignore mismatches between
the consumer and OEM warranties, simplifying the simulation and allowing for a larger
number of simulated sample paths. In the next chapter, when we analyze strategies aimed

at matching devices and customers, we will loosen this assumption.

As a benchmark, we will use the clairvoyant policy, i.e., the policy that knows a priori
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when all the failures and returns will occur. We compare the profit per/device between the
clairvoyant policy and the certainty equivalent policy. We also analyze the ratio between
these two profits for each sample path. Note that the clairvoyant policy is the harshest
benchmark since there is no uncertainty. Comparing the clairvoyant policy with the optimal
policy would be ideal, but a good performance with respect to the clairvoyant policy suffices

to guarantee an adequate practical performance of this policy.

In Figure 3-6 we depict the performance of the certainty-equivalent for different numbers
of devices sold. We assume that seed-stock corresponds to 1% of sales, that the total lead-
time of the customer and the OEM is 15 days, and that the loss at the OEM is 20%. We
normalize the profit by the number of devices so that we can compare the profit (cost) per
device when the number of devices in the system changes. When the number of devices is
small (less than 3000), we observe that the performance of the certainty-equivalent policy
is, on average, less than 75% of the clairvoyant. This is expected, since there is a small
number of devices in the system, and there will be a relatively large coefficient of variation
in the system. As the number of devices in the system increases, the coefficient of variation
decreases (law of large numbers), and the certainty equivalent approximations improve. In
practice, the average number of devices of a given type sold by the WSP is in the order of
hundreds of thousands to millions of devices. Thus, if the assumption of stationarity of the
hazard rate of a device of a given model holds, the deterministic heuristic will work well in

practice.

Figure 3-7Ta depicts the profit per device sold as a function of the OEM lead-time. Note
that, as lead-time increases, the potential profit per device will decrease. This occurs for two
reasons. First, at the beginning of the sales-period, if the OEM lead-time is long enough,
there will be insufficient seed-stock to cover the incoming warranty requests and new devices
will have to be purchased. A second reason is that after the peak of warranty returns there
might be an opportunity to sell inventory but, since prices decrease over time, a delay in
devices arriving from the OEM leads to these devices being sold at a lower price. Thus,
reducing OEM lead-time can be an effective method for reducing costs in a reverse supply
chain system. At the limit, if the lead-time were zero and there were no loss at the OEM,

no inventory would be needed since devices would be remanufactured instantly.

In Figure 3-7b the profit-per-device as a function of the loss at the OEM is depicted. As

the loss at the OEM increases, the number of refurbished devices arriving from the OEM
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Figure 3-6: Comparison between the certainty equivalent and the clairvoyant policies as a
function of the number of devices sold. The error bars represent +/- 2 standard deviations
from the average. The average and errors are based on 300 sample paths. We assume that
the seed-stock corresponds to 5% of sales, lead-time is 15 days, and loss at OEM is 20%.
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Figure 3-7: Comparison between the certainty equivalent and the clairvoyant policies as a
function of: (a) the lead-time at the OEM and (b) the loss at the OEM. The error bars
represent + /- 2 standard deviations from the average. The average and errors are based
on 300 sample paths. We assume that the seed-stock corresponds to 5% of sales, there are
30,000 devices sold, and loss at OEM is 20%.
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Figure 3-8: Comparison between the certainty equivalent and the clairvoyant policies as
a function of seed-stock received from the OEM. The error bars represent +/- 2 standard
deviations from the average. The average and errors are based on 300 sample paths. We
assume that the OEM lead time is 21 days, there are 30,000 devices sold, and loss at OEM
is 20%.

reduces, such that additional new devices might have to be purchased to satisfy demand for
replacement devices. Furthermore, there will be potentially less inventory to sell through
side-sales, further reducing the profit per device.

Finally, in Figure 3-8 we have the profit-per-device as a function of the OEM seed-
stock. An increase in seed-stock counteracts the lead-time at the OEM at the beginning of
the horizon, and in the period when warranty claims are increasing in time. It also helps

counteract the loss at the OEM, keeping an adequate level of replacement devices.

Simulation using sales and failure data from the WSP

Using data from our partner WSP, we analyze the impact of the deterministic policy com-
pared to the clairvoyant policy when applied to one of their best-selling devices. More
specifically, for all devices of this model that the WSP sold, we had data of the sales date
of each device as well as the failure dates (if the device failed at all).

In this simulation, each period represents one day, and we assume the price of a new
device to be constant and equal to $100 throughout the life-cycle of the device. Also, we
assume that the price of a refurbished device in the side-sales channel to decrease linearly
from $100 to $10 over a horizon of T = 104 weeks. We assume a standard OEM and
consumer warranty length of 1 year. The aggregate lead-time of the customer and the
OEM was set to be deterministic and equal to 4 weeks.

Furthermore, we assume that the sales date of each device is “known” by the heuristic,
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but that the failure dates are not. Thus, we consider that the heuristic does not “know”
the hazard rate distribution of this device when it is launched into the market and that it
estimates the hazard rate distribution using the regression approach discussed in the last
chapter. In particular, we take the hazard rate distributions of five other devices to serve
as a basis in our estimation problem. The estimate of the hazard rates and, therefore, of
the expected demand and arrivals, is updated in every period as more failures are observed.

The performance of the certainty-equivalent policy is displayed in the table below, for

different loss levels at the OEM and different fractions of seed-stock as a fraction of sales.

Table 3.1: % of Clairvoyant Profit Captured by Deterministic Heuristic

Seed stock as % of sales
Loss at OEM 0% 1% 2% 3%

10% 92.9% 87.9% 505% 35.8%
20% 98% 97.3% 96% 87%
30% 99.3% 99% 98.9% 98.6%

Note that the certainty-equivalent policy performs worse than the clairvoyant case when
there is low loss at the OEM and a high seed stock level. This scenario represents a situation
where a large volume of items are sold in the side-sales channel, since there is low loss at
the OEM and plenty of seed stock. In this scenario, the deterministic policy ends up selling
too much inventory, leading to a poor performance. In practice, the WSP received about

1% of devices as seed-stock and the observed loss at the OEM is around 20%.

3.7.2 Cost-Balancing Heuristic

The cost-balancing heuristic uses the strategy described in Section 3.6.2 to approximate
the sell-down-to quantity in each period. Unlike the certainty equivalent approximation, it
takes into account the uncertainty in the demand and arrival processes. However, this comes
at the expense of complexity and, when using the sell-down-to policy, the distribution of
the demand and arrival processes must be known or, at least, simulated. In our numerical
experiments, we choose to simulate the distributions of device failures and arrivals through
a Monte-Carlo simulation. Thus, in every time period of the simulations in this section, the

sell-down-to level is calculated using the sample approximation described in Equation 3.9
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with 100 samples.

In order to explore the performance of this heuristic, we analyze the distribution of the
ratio of the profit generated by the cost-balancing heuristic and the clairvoyant policy for
multiple sample paths of different failure distributions. More specifically, we consider 300
sample paths of demands and arrivals. Since this simulation is costly from a computational
point of view, we simulated a smaller scale version of the system in the previous section.
Namely, instead of considering a time-period as being a day, we assume that it as a week.
Thus, we consider a 1 year OEM and customer warranty (52 weeks), and a volume of 5000
devices sold in the system. The sales pattern is generated by the same distribution as
the one in Figure 3-5a, and that the price structure is the same as in Figure 3-5d. We
also assume an OEM lead-time of 3 weeks, and OEM loss of 20%, and that the seed-stock
received from the OEM corresponds to 5% of sales. All these parameters were chosen to
resemble parameters actually used by our partner OEM.

The metric we use to contrast the cost-balancing policy and the certainty-equivalent
policy is the ratio between the profit obtained by one of the heuristics and the clairvoyant
policy. Thus, for each sample path of demand and arrivals, we calculate the difference
between the ratio obtained by each heuristic and the clairvoyant profit. The distribution
of these ratios suggests the “spread” of the suboptimality of each different heuristic. We
visualize these distributions using box plots?.

If Figure 3-9 a comparison between the different heuristics is depicted for a Lognormal
failure distribution. The Lognormal distribution is a “heavy tailed” distribution with a
large variance. When the Lognormal has a small mean and variance, as depicted in Figure
3-9a, both heuristics perform very well. This is because there will be a large number of
failures and, given the seed-stock level, there will be few opportunities to sell devices in a
side-sales channel. When the mean and the variance are increased, as depicted in Figure
3-9b, the cost-balancing policy outperforms the certainty-equivalent policy. This happens
precisely because the cost-balancing policy takes into account the distribution of failures
and arrivals of devices in inventory, making better selling decisions when failures happen
according to a heavy-tail distribution.

Next, as depicted in Figure 3-10 we assume that the failure distribution is Uniform. In

Figure 3-10a all devices will fail at some point, leading to a scenario where few refurbished

*http://en.wikipedia.org/wiki/Box_plot
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Figure 3-9: Comparison between the certainty equivalent and the cost-balancing policies
policies for a Lognormal failure distribution. Note that the axis on each figure is different.
The middle line in the box is the median, the upper and lower ends of the box are, respec-
tively, the 25% and 75$ quantiles, and the lines extend to 1.5 times the Interquartile (IQR)
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Figure 3-10: Comparison between the certainty equivalent and the cost-balancing policies
policies for a Uniform failure distribution.

devices are sold, and both heuristics perform near-optimal. When only half of devices fail
under warranty coverage, as depicted in Figure 3-10b, the certainty-equivalent heuristic and
the cost balancing heuristic are not statistically different. In this case, we have a relatively
small variability in weekly failures (other than the non-stationary failure average), and the
cost-balancing policy does not present an advantage over certainty-equivalent policy.
Finally, we consider the case where failure ages are exponentially distributed, having a
constant hazard rate. This is depicted in Figure 3-11. In this case, when the average of the
exponential distribution is large, both heuristics are, once again, statistically indistinguish-

able. Since the hazard rate is constant, the total number of devices that will fail in each
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Figure 3-11: Comparison between the certainty equivalent and the cost-balancing policies
policies for an Exponential failure distribution.

period will have a small variability and both policies will have similar performances.

In these simulations, we are assuming that devices fail only once in order to simplify
our numerical experiments. If devices fail multiple times and if, in addition, we allow
for mismatches between the customer warranty and the OEM warranty, estimating the
average number of failures and arrivals from the OEM becomes a more challenging task.
In practice, the average of the demand and arrival paths can be approximated through
a Monte-Carlo simulation, using a strategy similar to the cost-balancing heuristic, and
described in Equation 3.9. Thus, in this case, the computational expense of both methods

is similar.

Simulation using sales and failure data from the WSP

Using the same data and simulation set-up described in section 3.7.1, we compare the cost-
balancing policy with the clairvoyant policy using data from one of their best-selling devices.
As before, we assume the price of a new device to be $100 throughout the life-cycle of the
devices and we assume that the price of a device in the side-sales channel decreases from
$100 to $10 over the horizon of T = 104 weeks. We assume that decisions are made on a
daily basis, such that the decision about the number of devices that can be purchased and
sold is made every day.

We once again assume that the hazard rate distribution is not known by the heuristic
and that it is estimated using the hazard rate regression approach discussed in the previous

chapter. With the hazard rate distribution estimate in hand, we use 100 samples to calculate
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the sell-down-to level every day. The results of the simulation are depicted in the table

below:

Table 3.2: % of Clairvoyant Profit Captured by Cost-Balancing Heuristic:

Seed stock as % of sales
Loss at OEM 0% 1% 2% 3%

10% 94.3% 90.4% 86.6% 64%
20% 98.2% 97.7% 96.8% 90.4%
30% 99.4% 99.2% 99% 98.7%

Note that the cost-balancing heuristic has a better performance than the deterministic
heuristic (shown in the previous section) since it takes into account uncertainty in the arrival
and demand processes. However, this difference is, in general, less than 5%. Also, the cost-
balancing policy performs better than the certainty equivalent case when there is low loss
at the OEM and a high seed stock level. In practice, the WSP usually observes a loss of
around 20% at the OEM and receives a red stock of 1% of sales.

3.8 Conclusion

In this chapter, we proposed and analyzed two models for an inventory management problem
commonly found in the reverse logistics operations of consumer electronics retailers. We
developed this work in the context of a large WSP, which is also one of the largest retailers
in its segment. The models that we propose take into account the closed-loop nature of
reverse logistics systems in this setting, as well as the short life-cycle of electronic and the
fast value depreciation that these devices suffer.

First, we introduced and examined a discrete-time deterministic model for this problem,
where the demand for replacement devices and the arrival of refurbished devices in inventory
are known. We proved the optimal policy for this case and also presented a worst case
analysis. Even though costs, demand, and arrivals change over time, the optimal policy
has a simple structure and can be easily implemented in practice. More specifically, the
optimal sourcing strategy will be myopic in the sense that we only buy enough items to
satisfy the unmet demand for replacement devices in the current period. Conversely, the
optimal selling quantity in some time period will depend on the inventory level at the

beginning of the period and on the mazimum total net demand in the interval between the
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current period and the time when the cost of sourcing a new device falls below the current
price of a refurbished device in a side-sales channel. Thus, the maximum total net demand
acts as a sell-down-to level. If inventory is above this level, items will be sold until the
number of items in inventory is equal to this level. Conversely, if inventory is below this

level, no items are sold.

Next we introduced a discrete-time stochastic model, for which we proved the struc-
ture of the optimal policy and presented two heuristics. The first heuristic is a certainty-
equivalent approximation where we obtain a suboptimal inventory control policy by approx-
imating the uncertainty in the problem by its average value. Since the volume of devices in
the WSP’s reverse logistics system is very large, this heuristic works well in practice. The
second heuristic is the cost-balancing policy that takes into account the uncertainty of the
demand and arrival process. More specifically, we solve a newsvendor-type problem that
balances the costs of selling too few or too many items. We find the optimal sell-down-
to level through a Sample Average Approximation (SAA), a well studied approach in the
Operations Management literature.

Through numerical experiments, we analyzed the performance of these policies and
simulated their sensitivity with respect to changes in different parameters of the system.
As a benchmark, we compared their performance with the clairvoyant policy, the policy that
knows ex-ante the sample path of the device failures and the arrivals from the OEM. We
observed that although the cost-balancing policy usually leads to a better performance than
the certainty-equivalent approximation, when the number of devices is large (which is the
case for our partner WSP) the certainty-equivalent approximation achieves a near-optimal
performance and is sufficient for practical applications.

Finally, we examined the performance of the different policies using real-world data
from a device sold by the WSP. This simulation incorporates learning, i.e., the methodology
discussed in the previous chapter is employed and the hazard rate distribution of the device
is updated as new information on failure rates becomes available. We observe that in
practical settings both policies capture over 90% of the clairvoyant profit.

There are a few open problems that were not addressed in this chapter. First, note that
many issues in this supply chain are caused by the fact that the consumer warranty and
the OEM warranty have different specifications. Namely, the consumer warranty requires

a fast replacement of a failed device, while the OEM warranty allows for a comparatively
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large lead time for the OEM to refurbish failed devices. Studying how to redesign these
contracts by taking into account the incentives and preferences of the consumer, the WSP

and the OEM can lead to novel insights about the management of warranty systems.

A second open problem is the analysis of inventory management policies that take into
account how much time customers and devices in inventory have left in their respective
warranties. Although matching customers and devices is the subject of the next chapter,
we did not jointly examine the closed-loop inventory management and matching problems.
Looking at these two problems together can lead to new policies for managing this system

that could have interesting theoretical properties.

3.9 Appendix: Proofs

Proof of Proposition 7

Proposition 7. Let f; be the fraction of devices that fail at age ¢ and w(¢) the number
of devices sold at time t. Furthermore, let d(t) = S°._, fs@w(t — s) and a(t) = ad(t — 1), for
some lead time ! and efficiency a. Then, if }°, f(k) = 8 < 1, we have

# of additional units needed to satisfy demand < I[ggx pa Z w(s) — aw(s —1).

Thus, the bound is independent of {f;}.

For failure rates {f;}, and given a lead time of [ at the OEM and an efficiency of «, the

total number of new devices that will have to be purchased to satisfy demand is

v*(0) = ke[OT 1]Zd(’t —a(i)

}:an—adz—n

ke[O T—1]

The demand process can be written as

t
() =Y fow(t - s).

s=0
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Thus, we have that

v*(0) tefg?‘x 44 Z Z frw(s—r1) - « Z frw(s — 1 —r),

=0 r=0
t—l  t—-l-s
t,e[OT 1¥fszw —a;)fs ; w(r),
t—s
- e, 2 (o) w0

In order to find the worst case failure rate, i.e., the failure rate that maximizes v*(0),

consider the problem

maximize Z fs (zﬁ(r) — aw(r — l))

s=0 r=0

subject to Y f; < B, fp > 0,Vi.
t

The optimal cost will be simply 8max,<¢ (3°L_8 @W(r) — a@(r — 1)) and the optimal failure

rate will have only one non-zero component. Thus, we obtain the inequality

v*(0) € max fBmax (i w(r) — aw(r — l)>

<t
te[0,7—-1] s< —o

t
= tel[g)l,’?‘"}il] B (SZO w(s) — ow(s — l)) .

Which is the bound in the proposition.

Proof of Proposition 8

The proof of the proposition will be done by backwards induction on ¢, and will share some

elements with the proof of the deterministic case. Since no backordering is allowed, we have

Jro1(z) =  max —cr_qu’ +progu’, (3.10)
0<zZ+ut—u~
Ji(Z) = max —cut +pu +E [Jp(@+ut —uT)],VE€ [0,T - 1]. (3.11)
0<T+ut—u—

Note that the expectation in the second equation is taken over the demand and arrivals

in period t + 1 on-wards. The induction hypothesis are
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1. Ji(%) is non-decreasing and concave;

2. The optimal ordering policy is, for some #(t) > 0,

ud(Z,t) = max(-7,0) (3.12)

Uy (T, £) = max(z — 5(t),0) (3.13)

For t = T — 1, we will by or sell all leftover items, such that 5(T" — 1) = 0 and all the
the induction hypothesis holds. Now, assume that the hypotheses hold for ¢t + 1. For ease

of exposure, let u(t) be defined as the net number of devices purchased and sold, i.e.,
u(t) = u™ (t) - ut ()

Then,

Ji(T) = max min(ciu, pru) + E [Je41(T — u)] -
0<T—u

which, by defining y = T — u, can be rewritten as

Jy(T) = max min(cy(—y + ), pt(—y + ) + E [Je41(y)] -

Since the expression

min(ci(—y + T), pe(—y + 7)) + E [J14+1(y)]

is concave for all (y,T), then partial maximization over y preserves concavity, and J;(Z) will
be concave, satisfying the first induction hypothesis. Also, the marginal profit variation
of adding or removing an item from inventory at time ¢ will always be less than ¢, since
removing an item would incur a future cost of at most ¢; for any realization of the demand
and arrival processes, such that J{(Z) < ¢;.

For the second induction hypothesis, recall Equation (3.11) and note that, if T < 0, we
have

Jt(_IL'—) = Olzl_aX cu+ FE [Jt+1 (i — U)] .

<zT—u
Since, J;(Z) < ct+1 < ct, the expression above is non-decreasing for u < 0, and u*(Z,t) = 7.

Conversely, if T > 0, we have that u*(Z,t) > 0, since ciu + E [Ji11(T — u)] is non-
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decreasing for u < 0. Therefore, the optimal policy and cost can be found by solving

Ji(T) = Jmax_pru + E[Ji+1(T — )] .

which, by once again making y = ¥ — u, we can rewrite as

Ji(T) = o‘?ﬁ%pﬁ ~pey + E[Je1(y)] .-

Let y* denote the unconstrained minimum of this optimization problem and let y*(Z) denote

the constrained minimum. Then, we have that

T ify*>7
y'(@)=qy* f0<y* <z
0 ify*<0
or, equivalently,
0 ify*>7T
wW(@)= 7y f0<y<7T
T ify* <0
If we define 9(t) = max(0, y*), we obtain
T ifz<0

7

T—-o@)t ifz>0

u*(z) =

which satisfies the second induction hypothesis.
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Chapter 4

Warranty Matching in a
Closed-Loop Supply Chain

4.1 Introduction

In the previous chapter we addressed the issue of managing inventory in a reverse logistics
system that supports a warranty contract between a large Wireless Service Provider (WSP)
and its customers. The problem of managing inventory at the WSP’s reverse logistics
facility was studied, and we analyzed various policies for buying and selling refurbished
devices. However, once an inventory management policy is fixed, it is still necessary to
assign inventory items to customer requests according to the warranties that are in place.

We investigate this challenge next.

More specifically, as described in detail in Section 3.1 of the previous chapter, there are
two warranties in place: (i) the consumer warranty, offered by the retailer to the consumer,
and (ii) the OEM warranty, offered by the OEM to the retailer. Although both warranties
have the goal of protecting the players in this supply chain against manufacturing defects,
they might have very different characteristics. For example, the consumer warranty might
guarantee an immediate replacement of the faulty device for a working (new or refurbished)
one, while the OEM warranty might require the vendor to wait for the device to be repaired,

such that a replacement device is not immediately sent to the retailer.

Both warranties are valid for a limited period (usually 12 months), and once warranties

expire, the coverage to replace or repair a faulty device ends. Namely, a customer does not
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receive a replacement if he is out of consumer warranty, and the retailer cannot send the
device to the OEM for repairs if it is out of OEM warranty. In addition, the OEM warranty

is associated to a specific device, while the consumer warranty is specified to the consumer.

The WSP would ideally like to have the two warranties for a device being matched, i.e.,
the customer would have the same time left in his consumer warranty as the device would
have left in the OEM warranty. A mismatch between these warranties can incur costs to
the retailer beyond the usual processing costs of warranty requests. Namely, this extra-cost
is incurred when a customer still covered by the consumer warranty has a device that fails,
and this device is not covered by the OEM warranty. In this case, the WSP will then either
pay for the OEM to repair the device, which incurs additional costs to the system, or it will
scrap the device and the device leaves the system. If the device leaves the system, it cannot
be used in the future as a replacement device and it also cannot be sold through the side-
sales channel. At our partner WSP, these out-of-OEM-warranty devices are a significant

source of cost for their reverse operations.

Since a device can fail multiple times during its lifecycle, and the failure rate of re-
furbished devices is about the same as for new devices, the replacement device sent to
customers that file warranty requests can lead to out-of-OEM-warranty returns. Also, the
OEM warranty does not restart once a device is remanufactured and it is not paused while
a device is in stock at the WSP, such that “old” devices, with little OEM warranty left,
can potentially be sent to customers as replacements. At the WSP’s reverse logistics facil-
ity, devices in stock were matched at random to consumers that placed warranty claims.
More specifically, refurbished devices received from the OEM were not sorted by time left
in OEM warranty, and customer requests were also not sorted according to the time left in
their customer warranty. This would lead to “old” devices being sent to “young” customers,
creating a scenario where a customer with a few months left in its consumer warranty re-
ceives a device with an expired OEM warranty. Conversely, this would also lead to cases
where “young” devices were sent to “old” customers, effectively wasting OEM warranty

coverage time.

From a practical standpoint, our goal is to propose and analyze assignment strategies
that mitigate these out-of-OEM-warranty returns in this system, i.e., minimize the number
of replacement requests from customers still covered under the retailer warranty, but whose

failed device is not covered by the OEM warranty. For such, we will first discuss the drivers
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of out-of-OEM-warranty returns and then proceed to formulate the problem of assigning
devices in inventory to customers. The final parts of the chapter will be dedicated to

discussing and analyzing different strategies for assigning devices to customers.

4.1.1 A note on nomenclature

Throughout this chapter, we use the term old customers to refer to customers that have
little time left in their consumer warranty. Since the consumer warranty has, in general,
about a 1 year duration, an old customer can be thought of a customer with only 1 or
2 months left in his warranty. Conversely, young customers are customers that still have
most of their warranty left. Along these lines, when we refer to the customer’s age, we are
referring to how long he is into the customer warranty. A

Similarly, we refer to a device as an old device if it has little time left in the OEM
warranty. On the other hand young devices are new and have most of the OEM warranty
left. OEM warranties, at our partner WSP, usually lasted 1 year as well. Thus, if the
customer warranty has length 7, and the OEM warranty has length Tpe., then a customer
of age t has T, — t left in the customer warranty, and a device of age t has Tper, — t left in

the OEM warranty.

4.1.2 What drives out-of-warranty returns?

Before formulating mathematically the assignment problem, we will discuss the drivers of
out-of-warranty returns from a conceptual level. This will help identify what are the drivers
of mismatches and, in a later section, will guide the development of a policy for matching
devices to customers. Specifically, assuming that the devices are homogeneous in the sense
that they all obey the same failure-rate distribution, we argue that the main drivers of
out-of-warranty returns are (i) the length of the sales period, i.e., the amount of time that
devices are being sold; (ii) the matching algorithm used to send devices to customers; (iii)

random fluctuations in sales and failures.

Sales Period

If all devices were sold on the same day, and assuming that both the OEM and the retailer
warranty start on that sales date, out-of-warranty returns in this system would not occur

since all devices and customers would have the same age. If the OEM and consumer
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warranties have the same duration, all devices would have the same amount of time left in

the OEM warranty as customers have in their warranty, and a mismatch will never happen.

However, an increase in the length of the sales period leads to devices of different ages
failing in the same time period. It also leads to refurbished devices of different ages arriving
from the OEM to inventory at the reverse logistics facility in the same time period. Thus,

the longer the sales period, the larger the possibility of mismatches being created.

As a simple example of this fact, assume that when a customer purchases a new device,
the device and the customer warranty start simultaneously. Also, assume that customers
have a deterministic failure rate of « per week, i.e., in each week «- 100% of customers have
devices that fail, independent of the customer’s age. Finally, assume that there is a lead
time of [ weeks for refurbishing devices, i.e., after [ weeks a broken device will be available
to be used as a replacement. To simplify our analysis, we assume that replacement devices
do not fail, i.e., devices can fail at most once. In this setting, consider two scenarios: (i) n

devices are sold in one day; (ii) n/T devices are sold each week over a period of T weeks.

In scenario (i), in week t there will be (1 — a)!"lan customers with failed devices that
require replacements. All of these customers will have the same age t. The replacement
requests from these customers will be satisfied from refurbished devices in inventory (as well
as from seed stock), and all devices in inventory will have the same age t as the customers,
since they are devices that failed at or before week t — | and were refurbished. Thus, for
any assignment strategy there will be no mismatch, since devices in inventory will have the

same age as customers requesting replacements.

For scenario (ii), since devices are sold during multiple weeks, failures will be composed
of a mix of devices from customers of different ages. More specifically, in week ¢ > T, there
will be (1 — a)*~®an/T failures from customers that purchased devices in week s € [1,T].
This is illustrated in Figure 4-1. There we assume that T = 6, n = 900, and o = 0.05.
Note that there will be a mix of devices of different ages in inventory and, depending on
the assignment strategy, there could be mismatches between customers and replacement
devices. Note that, the longer the sales period, the larger the mix of different devices in
inventory. Furthermore, recall that, in this case, the make up of refurbished inventory is a

translation of the failures shown in the right figure.
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Figure 4-1: Sales per week and failures per week for the example with deterministic sales
and returns. We assume that there are only 6 weeks of sales, 150 items are sold per week,
and each week 5% of customers have devices that fail. In (b), each color represents the
devices from a sales week. Note that the customers with devices that fail are a mix

Assignment Strategy

The assignment strategy is crucial in mitigating out-of-warranty returns, and simple strate-
gies that do not take into account the closed-loop nature of the system can lead to a large
average mismatch. For example, a first-in-first out strategy for assigning replacement de-
vices to customers, not taking into account customer ages, might lead to large mismatches.
Similarly, randomly assigning devices to customers, which was the practice used by our
partner WSP, might also lead to large mismatches and, consequently, to poorly matched
assignments.

In the next few sections of this chapter we will propose and analyze different assignment

policies. Namely, we will focus on three strategies:

e The Random assignment policy: where devices in inventory are randomly assigned to
customers that require replacement devices, ignoring the time remaining in both the

customer and device warranties;

e The Youngest-Out-First (Myopic) assignment policy: where in every time period de-
vices in inventory are assigned to customers so as to minimize the mismatch in that

specific period;

e The Oldest-Out-First policy: a policy that always assigns the oldest devices in inven-

tory to the oldest customers that require replacements.
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Random fluctuations in sales and failures

As discussed in Chapter 2, we assume that devices of the same type fail according to some
hazard rate distribution that is unknown at the beginning of a device’s live-cycle. Since
devices fail at random times, the mix of the ages of devices that arrive in inventory and the
ages of customers requiring replacements depends on the failure distributions of devices.

In addition, there is also uncertainty regarding the volume of new customer-device pairs
entering the system in every time-period. Sales of new devices are affected by multiple
variables, such as quality of devices, marketing efforts, prices and discounts. This constantly
changes the volume of devices entering the market and, therefore, the mix of devices that
are failing in every time period.

The rest of the chapter is structured as follows. In Section 4.2, we present a literature
review. In Section 4.3, we formulate the matching problem. In Section 4.4, we analyze
different matching strategies assuming stationary distributions of failure ages. In section
4.5, we discuss in depth the oldest-out-first assignment strategy. Finally, in Section 4.6, we

evaluate the different policies through various numerical experiments.

4.2 Literature Review

Research in matching items and individuals has been very active during the last 50 years.
One of the seminal works in this area is on the Hungarian algorithm, and can be found in
Kuhn (1955). More recently, the problem of matching under preferences has played a central
role in economics and operations research. In particular the stable matching problem, which
is discussed in Gusfield and Irving (1989), has been an area of active research. A survey
on relationship between market design and matching problems can be found in Roth and
Sotomayor (1992), and an application to matching medical students to residency programs
is covered in Roth (2003).

In the operations management literature, matching problems have been studied in the
context of blood bank inventory management in Jennings (1973) and in Pegels and Jelmert
(1970). The role of matching strategies in kidney-exchange programs has also received
considerable attention. A framework for studying this problem from a game-theoretic point
of view can be found in Ashlagi et al. (2011) and, more recently, in Ashlagi et al. (2013).

Although we build upon these streams of research, our work considers a very different
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setting. First, we are analyzing a matching problem in the context of a closed-loop supply
chain. Furthermore, our set-up is dynamic, and decisions made in one period impact the
system’s state in the future. Finally, our goal is not to find an allocation that is an equilib-
rium, but to find a cost minimizing match. Given these characteristics, our work also draws
from the literature on on-line allocation. An example of an on-line algorithm for minimum
metric bipartite matching is Meyerson et al. (2006). Also, in Bansal et al. (2007), an on-line
algorithm for bipartite matching and its competitive ratio are examined.

A review of tools for analyzing on-line algorithms, which encompass the type of policies
that we use in the third part of the thesis, can be found in Albers (2003). Finally, the type of
matching problem that we consider in this thesis has yet to be covered in the literature, and
we believe that our application provides an interesting context for assignment and matching

algorithms.

4.3 Problem Formulation

We will formulate the problem of assigning devices to customers as a discrete time problem
where, at the beginning of each discrete period, customers of different ages place requests
for replacement devices, and devices in inventory are assigned to these customers. In order
to maintain the mathematical description of the system as close as possible to real-world
reverse-logistics systems, we will assume that each customer and device has a unique numeric
identifier. From a practical perspective, the device identification number is its serial number,
while the customer identification number is his/her registration number. The set of all
device ids in the system at time ¢ will be given by D;, while the set of all unique customer
ids active in the system at time ¢ will be given by C;. Since customers own devices, we
will denote the set of customer-device pairs at time ¢ by &. Thus, if customer ¢ € C; owns
device j € D; at time t, then (3, j) € &.

The pool of customers, devices, and customer-device assignments changes over time,
since customers and devices are constantly entering or leaving the system. In addition,
it also depends on the assignment strategy used in assigning customers to new and/or
replacement devices. The activation date, i.e., the date that the customer warranty starts,
will be given by a function z : {C;} U{D;} — N, such that if ¢ € C;, 2(i) will be the start

date of i’s customer warranty and if j € Dy, 2(j) will be the start date of device j’s OEM
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warranty. We assume that customers have a finite warranty with length given by T, such
that if, at time t, t — 2(¢) = Ty, 7 € Ct, then the customer will leave the active customer
pool at time ¢ + 1. The set of customer-device pairs that leave the system due to expired
customer warranties will be given by £F. Also, the set of new customer-device pairs that

enter the system through sales in the forward chain at time t is denoted by £'*¥.

The set with all devices ids in inventory at time ¢ in the reverse-logistics facility will be
denoted by Z;. The set of devices in inventory also changes over time, and depends on the
remanufactured devices arriving from the OEM, on devices being sold through side-sales
channels, and on devices sent as replacements to customers. We will denote the set of device
ids that arrive in inventory from the OEM at time ¢ by .A; and the ones that leave through
side sales channels or due to expired customer warranty (they belong to a customer-device
pair in £7P) by O;. Also, devices that are sent as replacements to customers at time ¢ will

be denoted by R;. Thus, the set of devices in inventory evolves according to the expression

It+1 = It UAt - OtURt.

The set of customer-device pairs that fail at time ¢ is given by F, such that if (¢, j) € F;
customer i that owns device j has a faulty device and needs a replacement. Also, let the set
of customer-device pairs created due to customers receiving replacements be £P. Hence,
if customer-device (i, j) € F; is matched to device k € R, then (i, k) € £P. Then, we can

write the evolution of & as

i1 =EUENUET -~ FLUET™.

Let the set of all customers that have devices that fail be given by th . Thus, i € th if
there exists some j € D, such that (i,4) € Fi. The cost of assigning a device j to a customer

i is given by a cost functional, ¢ : {th } x {Z;} = R, defined as

Jf(z(i) —aG)). i€ {Cl). i€ (T 2() > 200),

c, 2(1) > 2(4)-

c(i, j) = (4.1)
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where f is some non-negative convex non-decreasing function, and ¢ > 0. Compactly,

c(i,§) = max(f(z(i) — 2(5)), ©).

Thus, f grows with the difference of the age between the device and the customer and the
older the device and the younger the customer, the larger the cost of a mismatch. From
a practical standpoint, the function ¢(%,j) can be thought of as the expected uncovered
warranty cost, i.e., the expected future cost of sending replacement device j to customer 1.
In this case, the cost ¢ represents the expected future cost when device j has more time left

in the OEM warranty than customer ¢ has left in the customer warranty.

The function f captures the cost to the WSP if a customer has a replacement device that
fails. If the WSP sends to consumer ¢ a replacement device j with an activation date that is
after the consumer’s activation date, i.e. z(j) > z(), this means that the device is “younger”
than the consumer and, if it eventually fails, the device will be remanufactured through the
OEM warranty and the OEM will bare the cost of repair and refurbishment. Conversely, if
the activation date of the replacement device is before the consumer’s activation date, i.e.
z(j) < 2(i) , the device will be “older” than the consumer and there is a possibility that
the device will fail while phe consumer is still covered by the consumer warranty but the
device is not covered by the OEM warranty. If this is the case, the retailer will still send
a replacement device from its reverse logistics center to customer i; but the failed device j
has no (or minimal) value. If the retailer wants to include device j in its inventory in the
reverse logistics center, this is no longer “costless” and the retailer will have to pay to get
device j repaired. If the retailer does not intend to return j to inventory, then it would
have liked to have sold the device (after it was repaired by the OEM) into a side channel.
However, this option is less attractive as the retailer has to pay to refurbish or repair device
j.

As z(1) — 2(j) increases, the larger is the probability that, in the future, device j re-
turns with an expired OEM warranty, and the expected cost to the WSP increases. Given
estimates of failure rates of a device, the cost function f can represent the expected cost to
the system that a device, which is still under consumer warranty but out of OEM warranty,
will fail. As an example, let r be the marginal cost of refurbishing a device that is out of

OEM warranty, i.e., the additional cost to the WSP of having to deal with a device out
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of OEM warranty. Then, if the customer warranty and the OEM warranty have the same

length, we can set the cost f of sending device j to customer i, if z(j) < z(i), to be
f(z(i) — 2(j)) = - Pr(Device fails and failure time > 2(i) — 2(j) periods ).

In practice, for the WSP the value r is around $100, such that the expected cost of refurbish-
ing a device can be significant. If, for example, the failure age is exponentially distributed,

and both the customer warranty and the OEM warranty have length T, the cost would be
f(Z(Z) - Z(])) =17T- (ez(j)_z(i) _ e—Tw).

Within this setting, our goal is to minimize the total assignment cost over a finite hori-
zon corresponding to the life-cycle of the device. Our first step will be to formulate this
problem as a deterministic optimization, in which all the failures, devices, and customers
are deterministic and known for each period. We denote this optimization problem as the
clairvoyant formulation of the assignment problem since there is no uncertainty and all
information is known. We will use the clairvoyant formulation as a benchmark to which
other assignment strategies will be compared. More specifically, we will analyze the worst
case ratio between the cost obtained by an assignment strategy and the clairvoyant cost
over all possible sales, failures and arrivals of devices in inventory. Thus, if there is no
uncertainty in the device failures, in the new customers that enter the system, and in the
arrivals of devices in inventory, the clairvoyant formulation will be the assignment problem
below, where the binary decision variables are {y;;(¢)}, and y;;(¢) will be 1 if device j is

assigned to customer ¢ at time ¢. We call this problem the Clairvoyant Assignment Problem

(CAP).
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T
minimize Z Z Z c(i, ) - yi;(t)

t=1jecf JEL:
st Y wi(t) <1, VjeT, vte[LT]
iec!

- o of
 wt)=1, Viec] vte[lT]
JET: (CAP)

Ri = {(4,4)|lyij(t) =1}, Vte[1,T]
Lini=LiUA —OtURy, Vte [1, T]
gt+1 :&Uc‘:t“ewué'trep—ftugf"p, Vt € [I,T]

y(t) € {0,1}, Viec!,Vje T, vte 1,T).

Even though this is a large scale optimization problem with potentially millions of deci-
sion variables, with no uncertainty in the system this problem can be solved in polynomial
time since it is essentially a large assignment problem that has a convex objective function.
Algorithms such as the Hungarian Algorithm will provide polynomial time guarantees to
this formulation. However, in practice, uncertainty is pervasive in this system. As discussed
in the previous chapter, there is considerable uncertainty regarding the failure times of de-
vices. In addition, there is uncertainty related to new customers entering the system, as

well as the arrival times of refurbished devices in inventory from the OEM.

Note that we assume an inventory management policy that determines the amount of
new devices that enter inventory and of refurbished devices that leave through side-sales
channels. Formulating the assignment and inventory management problems as a single
(potentially stochastic) optimization problem is challenging. For example, formulating an
adequate cost functional would require estimating not only the cost and prices of devices,
but also the financial cost of mismatched warranties. However, for the particular case where
the mismatch cost function is one-sided, i.e., there is only a cost to the system if the customer
that receives a replacement device has more time left in his customer warranty than the
replacement device has left in the OEM warranty, any optimal inventory management policy
will sell the oldest devices in inventory first. This also come from the fact that we assume
that the price of a device in the side-sales market does not depend on the age of the device
since once a device leaves the system through side-sales, it is no longer covered by the OEM

warranty.
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4.4 Assigning Devices to Customers: Stationary Distribu-

tions

In this section we will analyze different matching strategies assuming that the activation
date of customers that need replacement devices is random. We assume that failure ages
of devices are i.i.d. and given by a distribution F with support [0, T,,], where Ty, is the
length of both the OEM and customer warranties. We also assume that time is discrete
and that at least T, periods have passed since the launch of the device. Thus, if a device
that fails at time ¢, the activation time of this device and its customer will be a random

variable A =t — X where X is the failure age and
Pr(A<t) =Pr(X >t-#) =1—-F(t—-t+1).

We assume that the total number of device failures is constant in every period and given
by n, and that there are m > n devices in inventory at the reverse logistics facility in every
period. We also assume that the lead time at the OEM is deterministic and equal to [
periods, such that devices that fail in period ¢ will be available in period ¢ + . Finally, for
an assignment of device j to customer ¢, we assume that the cost c is linear in the amount of
uncovered warranty time and ¢ = 0. Remembering that z(3) the activation date of customer

¢ and z(j) is the activation date of customer j, we have:

z(2) — 2(y 7 AN z(g (1
C(i,j) _ (2) (4) € {Ct }7 JE {It}v (7) = 2(4), (4.2)

0, 2(3) > 2(5).

More compactly, c(, j) = max(z(¢) — 2(j), 0). Thus, if X; is the failure age of the device of
customer 4, and X is the failure age of replacement device j, we have that 2(i) =t — X;
and z(j) = t — X; — t — [, where t is the amount of time device j has been in inventory,
and [ is the lead time at the OEM. Then, if customer ¢ has a failure at time t and receives

device j as a replacement, the expected assignment cost will be
Ele(4, )] = max(z(i) — 2(j),0) = E[max(X; +t +{ — X;,0)]

Studying this simple setting will allow us to identify what are the trade-offs between
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different policies and how they impact the distribution of device ages in inventory. We will
look at three policies in the setting: (i) random assignment, which is what is currently being
done at the reverse logistics facility; (i) best assignment, which is a myopic strategy; and
(iii) oldest-out-first, where we use first the oldest devices in inventory , matching them to

the oldest customers.

4.4.1 Random Assignment

Due to the large volume of incoming refurbished devices and requests, our partner WSP does
not sort devices nor customer requests. Although they might prioritize the use of refurbished
devices in inventory instead of seed-stock received from the OEM (or vice-versa depending
on the situation), the assignment of devices to customers within each class of devices is done
in no particular order. In fact, refurbished devices received from the OEM are not sorted
by age and are usually mixed and placed in large boxes or containers in inventory. In order
to describe this scenario from a conceptual level, we will first look at the case where devices
in inventory are randomly assigned to replacement requests. This setting is not entirely
realistic, since we do not differentiate between seed-stock and refurbished devices but, as a

simplified model, will serve to analyze the potential downsides of random assignment.

Random Assignment when m =n

In this section, we assume that the number of items in inventory is the same as the number
of request, so that m = n. Assume that in some period t the customers that file warranty
claims are matched uniformly at random with the devices in inventory. Namely, customers
and devices are sampled randomly without replacement and matched. Since m = n, the
inventory will be renewed in every period, and since the failure ages of all devices and
customers are i.i.d., the distribution of device ages in inventory will be the same as incoming
requests, albeit shifted by the lead time . In this case, if X; and X are two random failure
ages distributed according to a continuous distribution F', the average cost of the assignment

per device will be

Ele(i, /)] = Pr(X; < X; + DEf(X; +1 - X)|Xi < X; +1,VieCl,j e T..
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If | =0, for X and Y distributed according to F', we have that Pr(Y > X) =Pr(Y < X) =
1/2 and

Elcli, j)] = %E[Y —X|Y > X]

_ % (%E[Y ~X|Y > X] + %E[X _YIX > Y])

= 2 (Blmax(¥ — X,0)] + Elmax(X ~ Y,0))

= % (Elmax(Y, X) — X] + E[max(-Y, - X)] + X)
1

= 5 (Blmax(¥, X)| - Elmin(Y, X))

The second equality above comes from the fact that X and Y are i.i.d. and the third
equality comes from the fact that E[max(Y — X,0)] = Pr(Y > X)E[Y — X|Y > X]. If, for
example, the ages of requests are distributed uniformly between [¢,T + t] for some T > 0,

then

Ble(i,g)) =5 5 =

T
3

N | =
S

If the warranty is 12 months in length, then customers that receive replacements will have,
on average, 2 months of warranty coverage time during which the devices are not covered

by the OEM warranty.

For a linear cost function as in Equation (4.2), we can bound the expected age difference
caused by random matching for any discrete failure distribution with some support [0, T,].

This is shown in the result below.

Proposition 9. For any two discrete 1.i.d. random variables X and Y with distribution

defined on a support {0, Ty,], we have that

Emax(Y +1 - X,0)] <

N

+ 1.

Proof. First, note that E[max(Y +1— X, 0)] < Emax(Y +!— X, )] = E[max(Y — X, 0)] +1.
Now, if p, = Pr(X = z) and the joint distribution is pzy = Pr(X = z,Y = y) = pzpy, we
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have
T T

Emax(Y — X,0)] < Z mey -max(y — z,0).
y=0 =0

Since pzy = pyz, the r.hs. of the expression above can be maximized by solving

T T
maximize Z Z yyon max(y — z,0)
y=0 z=0
s.t. sz: = 17
T
pr > 0V, y.

The solution to this optimization problem is p§j = p} = 1/2 and p} = 0 for all other z
leading to a cost of T'/4.

To prove this, assume a feasible solution to this problem which we denote by (9o . .. pr).
If this solution has only one non-zero component, then the cost will be 0, lower than the
proposed solution. Conversely, if {f;} has more than one non-zero component, let ppax be

the largest component of {f,}, and let xyax be the index of this component. Then,

Z Pepy max(y — , O) < Pmax Z P MAX(Tmax — T, 0)
y,x€L T<Tmax

< Pmax Z pz- T

T<Tmax

= Pmax * (1 - pmax) -T.
The last expression is maximized when pmax = 1/2 and, in this case, we obtain

Z Pzpymax(y — z,0) <

T
y,2€T 4

Since the cost of the solution p§ = p} = 1/2 and p; = 0 for all other = is T'/4, we are

done. O

This bound gives us a limit on how poorly a random assignment strategy can be in
a steady-state system. If T,, = 12, in this setting, for the piecewise linear cost function,

random assignment will lead to at most an average uncovered time of 3 months plus the
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lead time at the OEM. From a practical perspective, this bound can serve as a guide for
practitioners to identify if it is worth investing in the equipment or software to implement

more sophisticated matching/sorting strategies.

Random Assignment when m > n

In the multi-period setting we assume that when a customer purchases a device, the cus-
tomer warranty and the OEM warranty start at the same time. Also, the failure age of all
customers/devices is sampled from the same distribution. As mentioned in the beginning
of this section, we assume that there is a constant volume of n requests per day, and that
there are m > n items in inventory. In addition, we assume the lead-time at the OEM is
deterministic and equal to ! periods.

In every period n devices with age randomly distributed between 0 and T, will fail and
arrive in inventory. There will also be m — n devices in inventory carried over from previous
periods. The age of a device j € Z; will be the sum of two random variables: (i) the age of
the device when it arrived in inventory; (ii) how long it stayed in inventory. As mentioned
in the beginning of this section, we assume that all devices fail according to some c.d.f. F.

To model the time a device stays in inventory when using a random matching strategy,
we assume that devices in inventory are chosen uniformly at random and matched to an
incoming request. Since we assume that there are n requests per period and m devices in
inventory, where m > n, each device in inventory will be chosen with probability n/m, and
m — n devices carried over from one period to another. Thus, on average, a device will stay
m/n — 1 periods in inventory. Thus, we can model the time a device stays in inventory as
a Geometric random variable with support (0,1,...) and parameter n/m.

The age of a device in inventory will then be given by the sum of two random variables
Y and Z, where Y ~ F is the age of devices that fail with customers, and Z is a geometric
random variable with parameter n/m and support (0,1,...). With this in hand, we can
bound the expected assignment cost in each period, which is presented in the proposition

below.

Proposition 10. For any failure time distribution F' defined on a finite support [0, Ty], if
the age of each customer i that needs a replacement in a period t is a continuous random

variable distributed according to F, and the ages of a device j in inventory is given by
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Y +1+Z, where Y ~ X, and Z is is a geometric random variable with parameter n/m and

support (0,1,...), then we have
Elc(i,5)] = Elmax(Y + 14+ Z — X,0)] < ~2 4+ 1 + % 1.
Proof. We have

Elc(3,7)] = Elmax(Y + 1 + Z — X,0)]

= EZ[E'va[max(Y +l4+2z- X,0)|Z = z]]
For the inside expectation, we can use the same proof as in Proposition 9 and we have
Elc(i,j)] < Ez[Tw/A+1+2)=Ty/4+1+m/n—1,

completing the proof. By construction, this bound is tight.

The term 2 — 1 can be interpreted as the safety stock kept in inventory as a fraction of
the total incoming warranty claims per period. Also, in the worst case setting, the average
mismatch for random assignment grows linearly with the safety stock .

Although a worst-case bound is useful to understand what would be the worst possible
mismatch when using a random assignment policy, a lower-bound on the average cost can
also help a practitioner decide if investing in a system that tries to improve the matching is

worthwhile or not. The next proposition introduces a lower bound using Jensen’s inequality.

Proposition 11. For any age distribution F' defined on a finite support [0, T,,], if the age
of each customer ¢ that needs a replacement in a period t is a random variable distributed
according to F', and the ages of a device j in inventory is given by Y +1+4 Z, where Y ~ X,
and Z is a geometric random variable with parameter n/m and support (0, 1,...), then we
have

Elc(i,j)] > 1+ E[Z] =1+ %1- ~1.
Furthermore, there is a distribution that achieves this bound.
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Proof. Since the function max(z,0) is convex, we have

Emax(Y +1+ Z - X,0)] > max(E[Y + 1+ Z — X],0)
=1+ E[Z].

Where the last equality comes from the fact that X and Y are i.i.d. The bound is achieved
if the distribution F' has zero variance, i.e., all the probability mass is concentrated in a

single point. O

With these results in hand, we now proceed to analyze the Youngest-Out-First assign-
ment policy, where devices in inventory and requests are sorted by age and matched youngest

to oldest.

4.4.2 Youngest-Out-First (Myopic Policy)

Another policy that can be used for assigning customers to devices is a Youngest-Out-First
(YOF) policy. In this policy, we sort all the m devices in inventory and sort all the n
customer requests by age, and assign the n youngest devices in inventory to the n customer
replacement requests from youngest to oldest. This assignment policy is depicted in Figure
4-2. Assuming that the cost of a match is given by ¢(¢, 7) for some device j and customer

1, this matching strategy will be optimal if m = n. This is shown in the proposition below.

Proposition 12. If m = n, the youngest-out-first policy is optimal.

Proof. For contradiction, assume that there is an optimal matching of devices to warranty
claims that has a total cost that is strictly less than the one generated by the youngest-out-
first policy. Since the matching is different than the one generated by the youngest-out-first
policy, there must be at least one “crossing”, i.e., two devices in stock, i; and i3, of ages z(i1)
and z(i2), that are each matched to warranty claims from customers j; and j2 of ages z(j1)
and z(j2) , respectively, and z(i1) < 2(é2) and z(j1) > 2(j2). The term “crossing” is used
here because if we arranged all the requests and devices in stock by age, and then looked at
the network formed by matching devices in stock to requests, we would have crossing edges
in any solution other than the one generated by the policy. Since ¢(i, ) is non-decreasing
and convex in 2(%) — z(j), we can match 4; with j> and i3 with j;, and potentially improve

the cost. To show this, let g(2(i) — z(j)) = max(f(2(i) —2(j)),0) and let A; = 2(j1) — 2(j2).
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Figure 4-2: Depiction of the Youngest-Out-First assignment strategy. In this example,
m = 7 and n = 5. Customers and devices are sorted by age and matched youngest to
oldest. Unused devices in inventory are carried over to the next period and age. Note
that the only assignment that occurs a cost is the assignment of the device of age 8 to the
customer of age 7.

Then,

c(i1, j1) + cliz, J2) — c(i1, J2) — elia, 1) =
= g(2(i1) — 2(j1)) + 9(2(i2) — 2(J2)) — 9(2(i) — 2(j2)) — g(2(i2) — 2(j1))
= g(z(i1) — 2(j1)) — g(2(i1) — 2(71) + &) + g(2(i2) — 2(31) + A;) — g(2(i2) — 2(j1))
> ¢'(2(i1) — 2(j1))(=4;) + ¢'(2(i2) — 2(j1))4;

> 0.

The first inequality comes from the fact that g is convex (if g were not differentiable,
a subgradient can be used), and the last inequality comes from the fact that g is non-
decreasing and convex, such that ¢'(z) > ¢'(y) for any x > y.

We can repeat this procedure iteratively for all the “crossings” (and crossings that can
be potentially added during the procedure), and eventually end in a solution where no
crossings exist, which is exactly the one generated by the policy, which is a contradiction.

Since inventory is renewed in each period, the proof is complete. O

In the single-period problem of assigning devices to customers, i.e., for the case where

T = 1, the Youngest-Out-First policy will be optimal. This is proved in the next proposition:
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Proposition 13. If m > n and T = 1. the youngest-out-first policy is optimal.

Proof. First, if m = n, the optimality of the YOF policy is asserted from the previous
proposition. Next, if m > n, i.e., for any subset of size n of the m devices in inventory
that we choose, the YOF policy generates the best assignment between the n devices in the
subset and the n customers.

Now, we can potentially reduce the assignment cost for any subset of n devices in
inventory that are chosen to be matched to the n customer requests using the following
procedure: (i) Choose the oldest device in the subset. (ii) If the oldest devices in the subset
is older than the youngest device outside of this subset, swap the two devices. If it is not
older, stop. (iii) With the new subset in hand, use the YOF policy to match devices in the
subset to customers. (iv) Return to step (i) and repeat the procedure until the n youngest
devices are in the subset. Note that step (ii) will potentially decrease the cost since the cost
function is increasing in the age of devices used. Furthermore, step (iv) also potentially
decreases the cost since the YOF policy is optimal when m = n. Since this procedure is

valid for any initial subset of n devices that is chosen, the proof is complete. O

For the multiperiod case and m > n, we will present two results regarding the stationary
age distribution of devices in inventory when the youngest-out-first policy is used. First,
we will prove that as t — oo there will be, with probability 1, at least m — n devices in
inventory with age greater than T, such that they will never be chosen by the youngest-
out-first policy since the incoming devices in inventory from the OEM will be younger than
the devices carried over from the previous period. This occurs because this policy uses the
youngest devices in inventory first, such that the old devices that arrive in inventory tend
to not be chosen and will age. Thus, there will be a time period #, where for any ¢t > t
the policy will always choose the n devices that have just arrived in inventory to be used
as replacements since the devices carried over from the previous period will be older than
Tw + I, which is the maximum value of the age distribution.

Based on this result, we proceed to prove a distribution-free bound on the tail of the
average mismatch between devices in inventory and incoming requests using the youngest-
out-first policy. Namely, for any failure distribution, as n increases the average mismatch
decays exponentially to zero.

We introduce some notation in order to capture the case where m > n. Let (X ,f‘), X t( "))
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be the random vector representing the sorted ages of customers that file requests at time
t. Thus, Xt(i) will be the i-th youngest customer. Also, let (Yt(l), . ,Yt(m)) be the ages
of devices in inventory at time ¢, after devices arrived from the OEM. We do not assume
that Xt(i) and Yt(i) are equally distributed, although we do assume that if a customer of
age X requires a replacement device at time ¢, then at time ¢ + [ there will be a device of
age X + [ arriving in inventory. Finally, let ()Z't(l) +1,... ,X’é") + 1) be the random vector
representing the sorted ages of devices arriving from the OEM at time £. Note that the
elements of (X't(l) +1,... ,f(t(”) + 1) will be contained in the vector (Yt(l), ey Yt(m))‘ Also,

note that X’fi) = Xt(i)lv since the lead time is deterministic.

If we match devices from youngest to oldest, and if m > n, we have that lim;_, Y,;(j ) >

Tw +1,Vj > n almost surely. This is proved in the proposition below.

Proposition 14. Using a youngest-out-first policy and assuming m > n, we have that
limg—o0 Yt(j BN T,V > n almost surely. Furthermore, if F(t) = 1 — F(¢), and for a lead
time of {, then for any ¢t > f we will have, with probability at least 1 — 1/n that there will
be at least m — n devices in inventory with age greater than T, where £ is defined as

- 2 m-—n logn
t= = . l
F(t-1) ( n + n >+

Proof. Since we assume that customers that require replacement devices send to the retailer

broken devices of the same age as them, we have that Yt(nﬂ)

< T, only if in the interval
[0,t — ] the total number of customers of age larger than T, — [ is less than m —n. Since in
each period the age of customers is independent, and letting F((t — 1) =1 — F(¢ — ) be the
probability of an arrival having age larger than t — [, we have that, by the Borel-Cantelli

lemma, as t — oo, we will observe an infinite number of devices of age larger than T, — [.

Furthermore, the total number of arrivals of age larger than T}, up to time t is distributed

according to a Binomial random variable with n(t—{) trials and success probability F(t—1).

Remembering that the Chernoff bound for some binomial random with parameters p

and n trials is
(np — k)2)

Pr (< k successes in n trials ) < exp (— p
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we obtain, in our case, that

Pr(Yt("H) > Tw) > 1 —Pr( < m — n successes in n(t — 1) trials)

(n-(t=10)-Ft—1)— (m—mn))?
= 1-exp (‘ on(t — DE(t — 1) )

Thus, the time period £ where the probability that at least (m — n) devices in inventory are

older than Ty, is at least 1 — 1/n can be obtained by finding the smallest £ that satisfies

(n-(t=1)- F(t—1) — (m —n))?
P (‘ 2n(t — )EF(t - 1) ) 2

1
-
This inequality is satisfied for any

1 m—n logn \/210gnm—n (logn)?
> — . l
T F(t-1) < n TR T n n TR +

Using the triangle inequality and the fact that logn/n < 1/2,¥n > 1, we have

5. (m—n+logn) > m—n+logn+\/2lognm—n+ (loan)2
n n n n n n n

and we can set f as

o 2 m—n+logn i
CF(t-1) n n

such that for any t > £, at least (m — n) devices in inventory will have age of at least Ty,

with probability larger then 1 — 1/n. O

With this result in hand, we can explicitly describe the limiting distribution of items
in inventory under this policy. As ¢ — oo, we have from the previous proposition, that for
some ¢ we will have Yt("H) > T, for all t > % and the youngest out first policy will only use
the n incoming devices from the OEM as replacements. Also, we defined ¢ such that for
any ¢t >t we will be in this regime, where only incoming refurbished devices are used, with

probability at least 1 — 1/n.

In order to obtain a distribution free bound on the average assignment cost in this case,

let FX be the empirical CDF for the ages of the n requests arriving in period ¢t. More
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specifically,
n
FX(t) =) 1(X' <)

i=1
where 1 is the indicator function. Additionally, let F‘,f( be the empirical CDF of the age
distribution of ages of devices arriving from the OEM at time ¢, minus the lead time. If

we assume that f is linear we can write the random empirical average uncovered time of

devices at time ¢t as

1< y .
=3 max(X{? +1-x9,0).
A distribution-free bound for the tail of this cost is given in the proposition below.

Proposition 15. The tail of the distribution of 1 7 ' max(X{" +1 - x%,0) will be

1 (7') (’I,) € l
Pr ( ZE 1 maX(Xt +1 Xt N 0) € 2exp 2n T

Proof. First, note that,

——Zmax (XD +1-x90) < < jX(” x| 41

Now, we leverage the results presented by Major (1978) and Levina and Bickel (2001)

regarding Mallow’s metric. Namely, as noted in Levina and Bickel (2001), we have

L (i) (i)
= — min X - X
(]17 7.771 Z

1 (o .
-
i=1

where the minimum is over all permutations of (1,...,n). Also, as posed by Major (1978),

we have that this is exactly that Mallow’s distance and

1 _
— min X(’ XU = / |Fyn(s) — Fxh(s)lds +1.
T (J1seenin) = ’

Finally,

1 Tw B
/ |F;11L(s) - F)zln(s)|ds +1.= / [Fyn(s) — Fxn(s)lds +1
0 0

< Ty, sup |Fyn(s) = Fxn(s)|+1
s€[0,Ty]
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Thus, from the DvoretzkyKieferWolfowitz inequality, for any € > [, we have

1¢ ® ® e\
Pr (;;max(yt +l—Xt 70)26 S26Xp _zn(Tw> .

O

In practice, since hundreds of devices of a given type are received per day, sorting all
the devices will lead to a mismatch close to [. For example, if we choose € = | + T,,/10, the
bound will be 2exp(—0.02n). If we sort 200 devices per day, the probability of the average
mismatch being larger than 0.1T,, +{ is smaller that 4%. Note that the bound is only valid

for e > 1.

4.4.3 Oldest-Out-First

The Oldest-Out-First (OOF) policy is similar to the youngest-out-first, with the exception
that the n oldest devices in inventory are sorted and matched to incoming requests instead

of the n youngest devices. The OOF policy is described below.

Algorithm 2 Oldest Out First Policy

for all t do
1) Sort warranty claims by age
2) Sort devices in stock by age

3) Match devices in stock to warranty claims from oldest to newest
end for

First, note that this policy will be ineffective if T, << m/n, i.e., the support of the
distribution of customer ages is much smaller than the inventory turnover rate. This is
because devices age in inventory and since we are using the oldest devices first, we will be
unable to clear inventory of old devices. On the other hand, if m is not too much larger
than n, we will have a large inventory turn over, and no device will be “stuck” in inventory.

The next section will be dedicated to an in-depth analysis of the OOF policy.

4.5 Oldest-Out-First Policy in Depth

In this section we will analyze the Oldest-Out-First (OOF) policy in detail and prove the-
oretical guarantees on its performance. Note that the random matching policy, the YOF

policy, and the OOF policy can be interpreted as on-line algorithms since, at some time ¢,
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they only take into account the distribution of devices in inventory and the requests at time
t. More specifically, at time ¢ they only take into account the set of customers that require
replacements, which we denoted by th and the current distribution of devices in inventory,
which we denote by Z;. We will determine the performance of the OOF policy by analyzing

its competitive ratio. The definition of the competitive ratio is given below.

Definition 16. Let A(th , Iy, Ay) be the cost of an algorithm that, at time ¢, assigns devices
to customers in the Clairvoyant Assignment Problem (CAP). Also, let C’*({th I, At}) be
the solution of the CAP where the customer requests in each period given by {th }, inventory
in the beginning of each period is Z; and the arrivals from the OEM in each period is {A;}.

Then, this algorithm is said to have a competitive ratio o if

m Zt A(C{7 It’ At)
ax i
{thvIt,Ai} C*({Ct aIt, At})

The competitive ratio allows for a comparison between the clairvoyant policy, i.e., the
policy that “knows” all the information of the system, and an on-line policy. In our case,
the clairvoyant policy is the solution to the deterministic optimization problem C*. Thus,
we can interpret the competitive ratio as a game where, given an assignment policy, an
adversary chooses a realization of failures and arrivals that maximizes the ratio of the cost
of the assignment policy and the clairvoyant cost. Note that if we make ¢ = 0, it is possible
that the competitive ratio is infinity.

We now proceed to formulate the device assignment problem as a transportation prob-
lem, and then we propose and analyze the oldest-out-first policy, a heuristic for matching

devices in stock to customers introduced in the previous section.

4.5.1 The oldest-out-first policy

In order to analyze the OOF policy, we will formulate the assignment problem from the
previous section as a closed loop transportation problem, reducing the dimension of the
state by allowing the failure ages of customers (and, consequently, the ages of the devices
that they hold) to be independent in each period. Note that this assumption is not entirely
consistent with the original formulation of the CAP, where the same pool of customers is
carried over from one period to another. In our competitive analysis, this assumption gives

more “leverage” for the adversary to choose the age of incoming requests and of devices
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coming into inventory, giving an upper-bound on the competitive ratio for the OOF policy
applied to the CAP. However, this assumptions allows for a simpler formulation and analysis

of the OOF policy.

Let T, be the maximum time length of a customer warranty, and let the warranty
requests at time ¢ be denoted by a vector d(t) = (di(t),...,dr,(t)) where d;(t) represents
the number of requests from customers of age j, i.e., customers that are j time-periods into
their customer warranty at time t. The warranty claims are satisfied with devices from
stock. We will denote the devices in stock by a vector z(t) = (z1(¢), ..., zs(t)) where S is
the age of the oldest devices in inventory, and z;(t) is the number of devices in stock of age
i, i.e., devices that are i months into the OEM warranty. The refurbished items that arrive
from the OEM at time ¢ are denoted by the vector a(t) = (a1(t),...,as(t)). Also, we let
d(t) = Y d(9), () = Sy (), and a(t) = Sy a(t).

For this analysis, let [ be the OEM lead time, and we assume that the maximum variation

of the number of warranty claims from one period to the next is bounded by Ad, i.e.,
ld(t + 1) —d(t)| < Ad.

Also, if we assume a lead time at the OEM of | periods, for any loss level at the OEM we
have that
a(t) —d(t) <1-Ad.

As mentioned in the previous section, since a significant fraction of refurbished devices
used to fulfill warranty requests fail again, and since faulty devices that are out of the OEM
warranty cannot be sent to the OEM for refurbishment, our goal is to match devices in stock
to customer warranty requests in order to minimize the total uncovered warranty cost over
a finite time horizon T'. If a device of age j is sent to a customer of age i < 7, there is a risk
that this device will fail when it is out of OEM warranty, but still covered under customer
warranty. In addition, as the difference j — 7 increases, the risk that this device will fail out
of OEM warranty increases and, therefore, the expected cost to the vendor also increases.
To capture this, we assume a cost function with the same structure as the cost in Equation
4.1, such that the cost of using a device in stock of age j to satisfy a warranty claim from
a customer of age ¢ is given by a function c(i, j) that is convex and non-decreasing in the

difference j —i. As before, the cost c(i,j) can be thought of as the expected future cost for
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the vendor of sending a device of age j to a customer of age i. The maximum cost will be
denoted by ¢maz, while the minimum cost, i.e., when ¢ > j, will be denoted by cpin. Thus,
we assume that ¢(i,j) = cmin, Vi > J.

Customers that file a warranty claim send their broken devices to the vendor and, if
the device is still covered under OEM warranty, the vendor sends the faulty device to the
OEM for refurbishment. In this section, we assume that there is always enough inventory
to satisfy all the warranty claims. More specifically, this means that the WSP is willing to
utilize new devices to guarantee that there is no backlog and, therefore, Z(t)+a(t) > d(t), Vt.
Denoting by y; ;(t) the number of devices of age j that are used to satisfy customers of age
i, the clairvoyant allocation, i.e., the allocation if all the arrivals are known ahead of time

is the solution to the following optimization problem:
r S W
minimize Z Z Z (4, )y (t)
t=1 j=1 i=1

subject to Zyu (t)=d;(t),i=1,...,. W

zjp(t+1) = z;(t) + aj(t) — Zyn vji=1,...,8 t=1,...,T

.'L‘j(t) Z O, V’i, t.

We will now analyze the performance of the OOF policy as an on-line policy for this
problem. The intuition behind this policy is that, since devices in inventory are aging and
losing “OEM warranty months”, if we use oldest devices first, over time we will not have
devices in inventory that are “too old”. Additionally, the long-term benefit of using “old”
devices first outweighs the short term cost induced by potentially sending “old” devices to
“young” customers. If we used the optimal myopic strategy, which is to use the youngest
devices first, we could potentially end up with leftover old devices in inventory that continue
aging as time passes, eventually expiring their OEM warranty.

For the single period problem, i.e., when T = 1, the OOF policy has the following

property:

Proposition 17. If T = 1 and #(1)+a(1) = d(1), then the oldest out first policy is optimal.
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Proof. If #(1) + a(1) = d(1), then the number of incoming requests is the same as the
number of devices in inventory, such that there will be no leftover devices at the end of
the period. In this case, the OOF policy is the same as the Youngest-Out-First policy and
optimality follows directly from Proposition 12. O

The competitive ratio of the OOF policy for a single period is described in the propo-
sition below. Here, we assume that there is enough inventory to satisfy all the warranty

claims.

Proposition 18. For the single-period problem, let z,d, and a be the current inventory,
the current demand, and the replacements that arrive in the beginning of the period. Also,
assume that 3, x;+3" a;-3>;d; < Azandthat }°;dj = n. Then, if U = {z,a,d| 3_; z;+
>4 —>;d5 < Az, 37 d; = n} the oldest out first policy has a competitive ratio of

Cost of OOF given {z,a,d} < “Cmin + (1 — @) Cmax

max ’
{z.a,dyeu Clairvoyant cost given {z,a,d} ~ Crmin
(n—Ax)* . s
where o = *——=—. Furthermore, this bound is tight.
Proof. The proof is in the appendix of this chapter. O

For the multi-period case, the competitive ratio of the OOF policy is given in the next
proposition. In order to obtain this ratio, we make two assumptions: (i) that the demand is
fairly smooth and does not change by more than Ad between two periods (i.e. a Lipschitz
continuity assumption); and (ii) the total number of devices in inventory in a period is
within a factor of m of the total demand in that same period. In practice, assuming a
hazard rate model for device failures, if sales are smooth (which is often the case), demand
for replacements will be fairly smooth. Similarly, the number of devices in inventory will
not become arbitrarily large since excess inventory can be sold. This ratio is tight for cases
where devices returning from the OEM into stock can have any age, but it is loose if we
assume that devices returning from the OEM are warranty requests from previous periods

that aged according to the lead time.
Proposition 19. Assume that
e ) . di(l)=n
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o {dt)} U = {{dO}| X, d;(t+1) — 5, d;(0)] < Ad, vt}
e For some m >0, {z(t),d(t)} € S = {{z(t),d(t)}|0 < >, zi(t) <m - di(t)}

Then, the oldest out first policy has a competitive ratio that satisfies the inequality

1
{z(t)dm(?)}fu ns Clairvoyant cost given {z(t),d(t)} — * Cmin

Cost of OOF given {z(t),d(t)} < Cmax — Cmin (m N 2Ad - l)

which does not depend on the horizon T
Proof. The proof is in the appendix of this chapter. O

As an example of this ratio, let us assume that time is measured in weeks, and that

Ad = 0.051, Cmax = 3¢min, m = 0.2, and | = 3 weeks. Then, the bound would be

1+Mﬂ.(m+2As'l>=2

Cmin

In addition, as expected, the bound increases with lead time and demand variation
ratio Ad/n. Also, it is worth noting that this bound does not depend on the horizon, so the
OOF policy cannot perform arbitrarily poorly. In the next section we will show, through
numerical experiments, the performance of the OOF policy. In practice, the OOF policy
mitigates significantly the number of uncovered months, especially in comparison to random

matching and to the myopic policy.

4.6 Numerical Experiments

In the previous sections we examined three different policies for assigning devices in in-
ventory to customers: (i) random assignment; (ii) the YOF policy and; (iii) the OOF
policy. We proved theoretical properties of these policies and also derived bounds for their
performance. In this section, we will compare and contrast these three approaches through
numerical experiments. In addition, at the end of this section, we will simulate the practical
performance of these policies using real-world data from our partner WSP.

Our simulations were done using an extended version of the simulator developed for
the numerical experiments in Chapter 3. More specifically, the simulator described in

Section 3.7 of Chapter 3 was adapted to include the customer-device assignment strategy
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as an additional input parameter and to allow for devices to fail multiple times. For the
simulations in the first subsection, we used the inventory management policy based on
the Certainty-Equivalent approximation described in Section 3.6.1 of the previous chapter.
Since we allow devices to fail multiple times, the average demand and arrival paths were
estimated in every time period through a Monte-Carlo simulation using 50 samples. For
the simulations in the second subsection, we used the clairvoyant policy, where the exact
dates of device failures and arrivals from the OEM are assumed to be known.

For the simulations in this section, one discrete period corresponds to one day. We
also assume that when a customer purchases a new device, both the OEM and customer
warranties start simultaneously. However, once a device fails and is sent to the OEM for
repair/refurbishment, the device keeps aging and “consuming” OEM warranty.

We will use two metrics for measuring the performance of the different assignment

policies:

o Average uncovered time per replacement device shipped: if a refurbished device of age
j is sent as a replacement to a customer of age i, the uncovered time of the customer
will be max(j —¢,0). Since we assume that both the customer warranty and the OEM
warranty have the same length, this represents the amount of time that a customer is
still covered by the customer warranty while the device he/she owns is not covered by
the OEM warranty. Since devices can fail multiple times, this is a measure of exposure

of the WSP with regards to out-of-warranty returns;

e Percentage of failures that are out-of-warranty: the percentage of all the failures that
happened when the customer was covered by the customer warranty but the device
that failed was not covered by the OEM warranty. In this case, the device is either

scrapped or the WSP has to pay for its repair/refurbishment.

In the remainder of this section we will ’look at two different sets of numerical experi-
ments. In the first set of experiments we extend the simulator developed in the previous
chapter to allow for the assignment policy to be an input to the simulation. We then
simulate the life-cycle of devices using different failure distributions and compare the per-
formance of the different policies. The second set of experiments uses real-world data from
our partner WSP. We use data from 3 devices to contrast the performance of the different

assignment strategies.
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Figure 4-3: Parameters of the simulation. The failure distribution is exponential with mean
364 days. Sales only occur during the first 6 months from launch.

4.6.1 Comparing different policies

We assume a total simulation horizon of 2.5 years and that both the customer and the
OEM warranty have a length of 12 months. Thus, if a customer has a device that fails and
he is out of customer warranty, it will not be replaced. We also assume that devices can
fail multiple times, such that a replacement device sent to a customer can fail again. In
addition, we assume that new devices are sold according to the probability distribution in
4-3a such that each customer samples its purchasing date from this distribution. The prices
of new and refurbished devices will, unless explicitly stated, follow the pattern depicted
in Figure 4-3b, such that the price of both new and refurbished devices decrease linearly
over time. We assume a 3 week total lead time from when a device fails until it returns to
inventory (this includes both the customer and OEM lead times), and a 20% probability
that a device sent to the OEM cannot be repaired. We set the seed-stock level to be 5% of
devices sold.

For our first experiment, we assume that the failure age of devices are exponentially
distributed with average 12 months. Thus, the hazard rate of devices is constant and
approximately 63% of newly purchased devices will fail under warranty. We also assume
that 6000 devices are sold, and that the sales period of each new device sold is sampled from
the distribution in 3-5a. Although the volume of devices sold that we use is small compared
to real-world volumes (usually one or two orders of magnitude higher), this smaller scale
allows us to do a Monte-Carlo simulation of the life-cycle of the device. In this experiment,
we simulate the life-cycle of the device 100 times.

The results are depicted in Figure 4-4. The random assignment strategy leads to an
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Figure 4-4: Box-plots for the average uncovered days per replacement device shipped and
the percentage of failures that are out-of-warranty when assuming that the failure age is
an Exponential random variable with average 365 days. The data was generated from 100
simulations of the life-cycle of the device.

average of 18 days of uncovered time per device shipped, the YOF policy generates about
12 days, and the OOF policy only around 6 days, as shown in Figure 4-4a. This happens
because, over time, the OOF policy does not let old devices accumulate in inventory and
even if the policy is not optimal in a single period, it has a better performance than the
myopic policy in this multi-period setting. Furthermore, on average the number of out-of-
warranty failures in this experiment was about 1.4% of the total volume of failures, while
the YOF and the random matching policies were, respectively, 2.7% and 3.7%. This is
illustrated in Figure 4-4b. Since, in practice, the WSP deals with tens-of-thousands of
failures per day, the simulation indicates that changing the policy used to assign devices
to customers could lead to significant cost savings since, by using the OOF policy, the
WSP could refurbish /repair through the OEM warranty more devices than if a random
assignment strategy were used. These devices could then either be used as replacement or

sold through the side-sales channel.

For the second experiment, we assume that the failure age of devices follow a log-normal
distribution. This distribution has a high variance and is “heavy tailed”. The results are
depicted in Figure 4-5. The OOF policy will still have a superior performance in both
metrics when compared to the YOF policy and the random matching policy. In this case,
the random assignment policy has an average of 2.4% of devices being out-of-warranty

failures, while for the OOF policy this decreases to an average of 1.25%.
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Figure 4-5: Box-plots for the average uncovered days per replacement device shipped and
the percentage of failures that are out-of-warranty when assuming that the failure age is a
Log-Normal random variable with parameters u = log(365) and ¢ = log(120). The data
was generated from 100 simulations of the life-cycle of the device.

4.6.2 Experiment using real-world data from the WSP

Using data for two different devices sold by the WSP we compare, under a certainty-
equivalent inventory management policy, the performance of Random Assignment policy,
the YOF policy and the OOF policy. These two devices are from different manufacturers,
and use different operating systems. As in the previous subsection, when there are side-sales,
we assume that the oldest devices in inventory are sold first.

The data collected by the WSP contains individual sales and failure dates (if the device
fails) for every device sold. The sales and the hazard rate distributions for these two devices
are depicted in Figure 4-6. We did not have direct access to data from the OEM regarding
repair rate and loss. However, the managers at the WSP’s reverse logistics measured that
the average aggregate customer and OEM lead-time is about 4 weeks. Furthermore, they
estimate that 20% of replacement requests received cannot be repaired. We used both of
these parameters in our simulation. As before, we assume a customer and OEM warranty
lengths of 12 months. We also assume that the cost of sourcing a new device and the price
of a refurbished device in a side-sales market behave according to Figure 4-3b. Finally, the
contract between the WSP and the OEMs for these devices sets the seed-stock level to be
1% of sales.

Our experiment consisted of a Monte-Carlo simulation where, for each device, we simu-
lated 30 life-cycles of sales and failures, assuming that 15,000 devices were sold per life-cycle.

The sales date of each device was sampled from the actual sales dates. The failure dates (if
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Figure 4-6: Sales and hazard rate distributions of two devices sold by the WSP.

a device failed at all) were drawn from the failure-time distribution. As a metric of perfor-
mance, we assume the average uncovered time per replacement device shipped. Finally, we
assume that a device can fail more than once throughout its life-cycle, and that refurbished
devices have the same failure distribution as new devices.

The outputs of the simulations are summarized in Figure 4-7. Note that the OOF
significantly decreases the average number of uncovered weeks with respect to random
matching, and that it performs better than myopic matching since “old devices” do not
accumulate in stock over time. Also, note that both the OOF and the myopic policy present
improvements over random matching due to the power of sorting requests and devices. The
difference between the performance for both devices can be explained by the different sales
patterns of the two devices, and the fact that a larger fraction of devices type B fail than

devices of type A.

4.7 Conclusion

In this chapter, we modeled and examined the problem of matching devices to customers in
a reverse logistics system when there are two warranties in place: (i) the consumer warranty

(offered by a WSP to its consumers), and the (ii) OEM warranty (offered by the OEM to the
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Figure 4-7: Box-plots for the average uncovered days per replacement device shipped using
data from the WSP. The data was generated from 30 simulations of the life-cycle of the
devices.

WSP). Ideally the two warranties would be matched, i.e., the customer would have the same
time left in his consumer warranty as the device would have left in the OEM warranty. A
mismatch between these warranties incurs costs to the retailer beyond the usual processing
costs of warranty requests. Namely, this extra-cost is incurred when a customer still covered
by the consumer warranty has a device that fails, and this device is not covered by the OEM
warranty.

Given this setting, we analyzed different assignment strategies and how they impact
mismatch costs and out-of-OEM-warranty returns. Namely, the three assignment strategies

that we focused on were:

e The Random assignment policy: where devices in inventory are randomly assigned to
customers that require replacement devices, ignoring the time remaining in both the
customer and device warranties. This was the policy used by the WSP at the time

that our collaboration began;

e The Youngest-Out-First (Myopic) policy: where in every time period devices in inven-
tory are assigned to customers as to minimize the mismatch in that specific period.

We prove that this is the optimal single-period assignment strategy in our formulation;

e The Oldest-Qut-First policy: a policy that always assigns the oldest devices in inven-

tory to the oldest customers that require replacements.

Our first analysis of these policies involved assuming that the activation date of cus-
tomers that need replacements devices is random and that failure ages of devices are i.i.d.

Also, we assumed that the total number of device failures is constant in every period and
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given by n, and that there are m > n devices in inventory at the reverse logistics facility in
every period. In this context, we proved distribution-free upper and lower bounds on the
expected mismatch cost for the random assignment policy. These bounds have a practical
interpretation and can help a plant manager decide if it is worth investing in a matching
policy other than random assignment.

We then considered the Youngest-Out-First policy, where customers and devices are
sorted by age and matched from youngest to oldest. We proved that, in the long-run and
for a lead time of I, the mismatch cost of the YOF policy will be very close to I. In fact,
the distribution of the mismatch cost has an exponentially decreasing tail. However, we
argued that this policy has a major drawback. If we allow m and n to be random variables
that change over time, the YOF policy may lead to an accumulation of “old” devices in the
system, since it uses the youngest first, and when n fluctuates, devices that are out of OEM
warranty might be sent to customers.

We addressed this through the Oldest-Out-First policy. This policy also sorts devices
and customers by age but, instead of matching them from youngest to oldest, matched
them from oldest to youngest. The intuition behind this policy is that in the long-run it
is not worth allowing devices to “age” in inventory, even though using them immediately
is not the optimal short-term thing to do. By assuming certain conditions for the system’s
behavior, we proved the competitive ratio of this policy.

We also evaluated these policies through numerical experiments that use data from our
partner WSP and also through simulations scenarios where failures are chosen from a pre-set
distribution. In our experiments, we observe the OOF significantly decreases the average
number of uncovered weeks with respect to random matching, and that it performs better
than myopic matching since “old devices” do not accumulate in stock over time. We also
observe that both the OOF and the myopic policy present vast improvements over random
matching due to the power of sorting requests and devices.

Finally there are a few promising research directions that we have yet to explore. First,
examining the optimal policy for the matching problem could lead to effective on-line match-
ing strategies with provable guarantees. Another unexplored area is the intersection between
inventory management and warranty matching. Finally, an analysis of strategies that only
require partial sorting of devices and customers may lead to assignment policies that are

simple to implement in practice and have a good performance.
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4.8 Appendix: Proofs

Proof of Proposition 18

Proposition. For the single-period problem, let x,d, and a be the current inventory, the
current demand, and the replacements that arrive in the beginning of the period. Also,
assume that Zj zj—i-zj aj_Zj d; < Az and that Zj d; =n. Then, ifU = {z,a,d| Zj x;+
205 — 22;d; < Az, 3" d; = n} the oldest out first policy has a competitive ratio of

o Cost of OOF given {z,a,d} < OCmin + (1 — a)cmax
ax
{z,a,d}eu Clairvoyant cost given {z,a,d} — Cmin

?

(n—Azx)*
n

where o = . Furthermore, this bound is tight.

Proof. The proof will be done in two steps. First, we will explicitly construct an example
that achieves the competitive ratio and we will then show by contradiction that this is in
fact the largest possible competitive ratio.

Assume we have T 4+ @ = n + Az units in inventory and that d = n. Also, we assume
without loss of generality, that a; = 0,V%, i.e., no items arrive (or the items that would
arrive are already in inventory).

Assume that the age distribution of items in inventory is z = (n,0,...,0,Az), ie.,
the only non-zero components of the inventory age distribution are ; = d and zg = Ax.
Also, assume that all the demand for replacement devices is given by d = (n,0,...,0). In
this case, the optimal single-period policy would allocate all the new devices to satisfy the
warranty requests, obtaining a total cost of cpinn, while the OOF policy would use the
oldest devices first, and have a cost of cmax - min(n, Az) + cmin(n — Az)*. Note that we can
rewrite min(n, Az) as

min(n,Azr) =n — (n — Az)*.
Thus, the cost can be rewritten as
Cmax - Min(n, Az) + cmin(n — AT)T = cmax - (n — (n — AZ)T) + cmin(n — Az) ™.
The ratio between these two costs is

— + —
Cmax * (n —(n— A'T)+) + Cmin(n — A"L')+ _ Cmax -~ (1 - %) + Cmingﬁ—Ai+

n

Crnin™ Cmin
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This achieves the competitive ratio.

Now, for contradiction, assume that there is another combination of customer and device
ages that achieves a strictly larger competitive ratio than the distribution stated before.
Also, in accordance to the beginning of the chapter, let the set of customer be given Cf and
the set of devices in inventory be given by Z. NIt must be that card(Z) = card(Cf) + Az,
or else we can increase the number of very old devices in stock and potentially increase the
cost of the oldest out first policy while potentially decreasing the optimal cost (since there
are optimal policy will have more options).

Consider the allocation generated by both the OOF and the optimal policy. With bot
allocations in hand, let Zpor be the set of devices used only by the OOF policy and not
by the optimal allocation, let Zopr be the set of devices devices used only by the optimal
allocation and not by the OOF policy, let Tpyp bet the devices used by both, and let Zyopne
be the devices that neither of the allocations use. Note that all these sets are disjoints and
their union is Z. Also, note that card(Zpor) = card(Zopr)-

Finally, let C(f-) pr be the set of warranty requests satisfied using devices from Zppr
and let Cfopr be the complement of this set. The set with all warranty requests is Cf =
C(f) pr Y (70 PT-

With these sets in hand, we can increase the competitive ratio through the following

procedure:

1. Shift the devices in ZpoF to the oldest age slot, obtaining a competitive ratio that is
at least as large as the original stock and warranty claims. This does not change the

cost of the optimal allocation;

2. For this new configuration, relocate the units of inventory in Zopr to the youngest
time slot. Note that these devices will continue to not be used by the OOF policy,

and the optimal cost with this new configuration will potentially be smaller.

3. Reallocate the warranty claims in C(J; pr to the youngest arrival slot. This will po-
tentially increase the cost of the OOF policy, while not changing the optimal cost,
since these devices can still be satisfied with young devices from Zppr. Thus, the

competitive ratio of this new allocation will be at least the same as before.

4. If Igotn = 0 we are done, since the new allocation has the competitive ratio from the

statement of the proposition - in this case it will simply be %ﬂ;ﬁf
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5. In this new setting, if Zgyn # 0, consider a modified policy of the OOF, where the
devices in the set ZpoFr are sent to the customers in Cé pr and the remaining devices
are matched to the customers in Cfopr using the OOF policy (or the youngest-out-
first, since the number of remaining devices is the same). Note that this increases
overall cost since, if we consider only the devices in Zgyr, U Zoor to satisfy the n
requests, the OOF first assignment will be the same as the youngest-out-first, which
is optimal according to Proposition 12. Therefore, using the devices in Zppof to satisfy

the customers in C{) pr increases cost.

With the allocation in the last step of the above procedure, note that the allocation of
devices of the optimal policy from Zgyp to Cfopr will be the same as the allocation of the
rearranged OOF policy, since the number of devices in both sets is the same and will have
a total cost that we denote by 8. Also, the number of devices in Zpor and Zppr will be

Az. Thus, this new competitive ratio can be bounded by:

Cost of OOF policy _ Cost of modified allocation policy < CmaxAx + 3
Optimal Cost  — Optimal Cost = cminAz+ 8

Since cmax = Cmin, the ratio is non-increasing in 3. Since the minimum allocation cost for

the remaining devices is (n — Az)cpin, we obtain

Cost of modified allocation policy < CmaxAZ + (n — AZ)emin

— b

Optimal Cost Cmin M

which is exactly the competitive ratio we had before. Hence, we achieve a contradiction

and the proof is complete. O

Proof of Proposition 19

Proposition. Assume that
® Zj dj(l) =n
o {d(t)} €U = {{d}I X, di(t+1) — 32;d;(t)] < Ad,Vt}

e For some m > 0, {z(t),d(t)} € S = {{z(t),d(t)}|0 < 3", z;(t) <m-d;(t)}
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Then, the oldest out first policy has a competitive ratio that satisfies the inequality

max Cost of OOF given {z(t),d(t)} < 14 Cmax = Cmin 4 2Ad -1
{z(t),d(t)}uns Clairvoyant cost given {z(t),d(t)} ~ m )

Cmin

which does not depend on the horizon T.

Proof. Assume some {z(t),d(t)}. If we uncouple the ages of devices in stock between
periods, and defining the variation of inventory between two periods by Axz(t) = (x(t) +

d(t — 1) — d(t))*, we have from the previous proposition that

o Cost of OOF given {z(t),d(t)} _ ST cinaxd(t) — (¢max — min) (d(t) — Ax(t))*
{z(t),d(t)}uns Clairvoyant cost given {z(t),d(t)} — Z;F: | Cmind(t)
< 2ot Cmind(t) + (Cmax — Cmin) Az (?)
} St Cmind(t)
Cmax — Cmin Z?:l Ax(t)
Crin 0

=1+

From the assumption that z(t) < m - d(t) for some m and since (z(t) +d(t — 1) — d(t))T <
z(t) + (d(t — 1) — d(t))*, we obtain

max C?st of OOF gi\fen {z(t),d(t)} <1 4 Cmax ~ Coin [ (d(t—1)—d(t)*
{z(1),d(t)juns Clairvoyant cost given {x(¢),d(t)} Cmin Zthl d(t)

Once again using the triangle inequality, note that

Simomax(d(t —1) —d(),0) _ ¥, max(d(t +1) — d(t),0)
Simpdt) ) Y d(t)

This expression can be bounded from above by solving

T max(d(t) — d(t +1),0)
1 d(®)

subject to |d(t) — d(t + 1)| < Ad, Vt,

maximize

d(0) = N,

d(t) > 0,Vt.
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The solution, {d*(¢)} to this optimization problem is

d*(t) = max(d*(t — 1) — Ad,0),Vt
= max(N — Ad - t,0)

We can prove this by contradiction. Assume that we have some other solution with a

strictly larger cost than {d*}. Then, starting from d(T") and proceeding backwards over ¢,

we can decrease the value of each term as much as possible, increasing the numerator of

the objective function while decreasing the denominator. Thus, reduce the overall cost and

obtain the solution above, obtaining a contradiction. With the solution in hand, since the

d*(t) = 0 for large enough ¢, we have

T

N2
E d*(t) < —,
P Ad

and

I
~

max(d(t) — d(t+1),0) < N.

o+
Il
=]

Therefore, the bound is

Cost of OOF given (d(t),2(t)) _ Cmax — Cmin

{d(t)}ergi};(t)}es Clairv. cost given (d(t),z(t)) Crin

and the proof is complete.
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