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Abstract

Thermoelectrics study the direct inter-conversion between heat flow and electrical power, which
has a wide range of applications including power generation and refrigeration. The performance

of thermoelectricity generation and the refrigeration is characterized by a dimensionless number

called the Figure-of-Merit (Z7), defined as Z7 = o:S*T'/ k&, where & is the electrical
conductivity, K is the thermal conductivity, S is the Seebeck coefficient, and 7 is the absolute
temperature. Before 1993, the upper-limit of Z7 was barely 1. After the efforts of more than
twenty years, the upper-limit of ZT has been pushed up to ~2. However, for the thermoelectric
technology to be commercially attractive, the value of Z7 and the cost of production have to be

further improved.

Most of the ZT enhancing strategies that have been proposed since 1993 involve the
changing and the controlling of the dimension of materials systems, the scattering mechanism(s)
of carriers, the shape of the electronic band structure and the density of states, and the magnitude
of the band gap. As further research is carried out, it is found that these strategies do not always

work to enhance ZT. Even for a working materials system, the improvement margin of increasing

ZT can be small. The balancing between & and S°/ k has significantly limited the

improvement margin for our ZT enhancing goal. Therefore, we have two problems to explore:

(1) how can we deal with the strong correlation between 0 and S 2k , when trying to enhance
ZT, and (2) how can we make the above mentioned strategies more convergent as we change the
dimension of materials systems, the scattering mechanism(s) of carriers, the shape of electronic

band structure, and the magnitude of the band gap?



This thesis aims to explore the solutions to these two major problems at the research
frontier of thermoelectric Z7" enhancement. The first problem is discussed by providing a new
framework of pseudo-ZTs, where the electronic contribution (zz,) and the lattice contribution (z#;)
to the overall Z7 can be treated in a relatively separate manner. The second problem is discussed
under this new framework of pseudo-ZTs, through four subsections: (i) scattering and system

dimension; (ii) band structure; (iii) density of states; (iv) band gap.

The one-to-one correspondence relation between the carrier scattering mechanism(s) and
the maximum Seebeck coefficient is further studied. A new tool for scattering mechanism(s)
inference and for the Seebeck coefficient enhancement is provided. For the band structure and
the band gap part, advanced band engineering methods are provided to study nanostructured
narrow-gap materials, the Dirac cone materials, and the anisotropic materials, which are

historically found to be good thermoelectric materials.

To further demonstrate the newly developed theories, this thesis has also illustrated the
application of these models in some specific materials systems, including the graphene system,
the transition metal dichalcogenides monolayer materials systems, the Bi;..Sby alloys system, the

In;xGaxN alloys system, and the (BiiySby)2(S1xTex)3 alloys system.

Thesis Supervisor: Mildred S. Dresselhaus

Title: Institute Professor of Electrical Engineering and Physics
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Chapter 1

Introduction

The energy crisis is an urgent issue on a global scope, economically, politically,
environmentally, and scientifically. The essence of the energy issue is how to sustainably power
our planet at the present and in the future, without introduction further severe damage to the
natural environment and human society. The human society has been powered by the fossil
energy from ancient time, including coal, natural gas, and oil. Even up to now, the contemporary
industry still relies 86.4% on fossil energy. On the one hand, the fossil deposit will be run out
sooner or later. On the other hand, the combustion of fossil fuels is releasing 34,000,000,000
tonnes of carbon dioxides [1], among other harmful gas pollutants, per year, causing irreversible
environmental changes. Since it now seems impossible to stop consuming fossil fuels, thereby
shutting down the 86.4% of the industry [2] and putting the human society back into darkness, an
efficient approach is needed to enhance the energy usage efficiency that is compatible with both
traditional and new energy generation approaches. Thermoelectrics is one of the most promising

technologies that can keep in such a task [3-6].

Thermoelectrics is the subject that studies the inter-conversion between heat flow and
electricity, which involves two aspects: power generation and refrigeration/cooling [7, 8]. When
a thermoelectric system is exposed to a temperature gradient, a built-in voltage will be
established between the hot side and the cold side, which results in usable electric power
generation when connected to an external circuit. Oppositely, if a thermoelectric system is
connected to an external power supply, heat flow will be generated by consuming the electricity

energy, which results in refrigeration/cooling.

14



In traditional heat engine systems, about 70% of the energy is lost as waste heat to the
environment on average. An estimated 1500-3000 trillion BTU/year of waste heat from
industrial processes remain unrecovered in the United States [9]. In recent years, thermoelectric
power generation has had renewed interest to partially convert this waste heat into electricity.
Thermoelectric power generators have been developed to produce electricity from the waste heat
in car exhaust gas [10], or from solar-radiation [9] heat as a cheap alternative to solar cells.
Thermoelectric technology can be implemented for almost all thermal processes, such as
combustion furnaces [10], vehicle and air craft engines [9], thermal fluids [11], nuclear reactors
[12], and various sorts of factories [13], which will all play an important role in waste heat
recovery. Under some special circumstances, high-temperature thermoelectric power generators
provide an effective choice, e.g. for the nuclear reactors in space craft and in deep ocean

submarines [12].

Thermoelectric refrigeration and cooling use solid state materials as media. With many
attractive features such as low noise, compact size, easy installation and transport, low cost and
low pollution, thermoelectric cooling become one of the most suitable approaches for electronic
cooling, laser cooling, medical cooling, and temperature controlled clothing. Products fdr
portable cooling in niche markets have already been put into commercial use, including USB
beer/cola coolers, car-seat coolers [14, 15], and polymerase chain reaction instruments for DNA

pieces amplification [16].

1.1 Thermoelectrics

To make a closed circuit, a thermoelectric device must have at least two legs, which are formed
by P-type and N-type thermoelectric materials, respectively, as shown in Figure (1.1a). In the
thermoelectric power generation device, the charge carriers at the hot side tend to have higher

kinetic energy than the charge carriers at the cold side, which results in a net carrier flow. This

15



charge flow will be balanced by the built-in voltage [17]. The magnitude of the built-in voltage is

proportional to the temperature gradient, as shown in Equation (1.1),

AV = SAT (1.1)

where S is called the Seebeck coefficient, named after the Baltic German physicist Thomas
Johann Seebeck. Macroscopically, the Seebeck coefficient means the induced thermoelectric
voltage per unit temperature difference, which is also called the thermopower. Microscopically,
the Seebeck coefficient means the entropy carried per unit charge during the transport process,

which will be further explained by the Boltzmann Equations in Chapter 2.

TE heat pump TE generator

Figure 1.1: Scheme of (a) a thermoelectric power generation device and (b) a thermoelectric
cooling device. The electrons and holes are indicated by the negative charge and positive charge
signs. The arrow indicates the direction of current flow within the circuit. The P-type leg and the

N-type leg are indicated and marked out in such P-N junction structures.
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A thermoelectric cooling device also needs at least two legs for P-type and N-type
thermoelectric materials, as shown in Figure (1.1 b). This P-N junction will work as a heat sink
to perform the heat pumping task. The heat pumping rate is proportional to the electrical current

flowing in the junction, as shown in Equation (1.2),
r:(nP _HN)Icurrent (12)

where r is the heat pumped per unit time, 7, is the electrical current, and I1, and I1, are

the Peltier coefficients for the P-type and N-type legs, respectively, named after the French
physicist Jean Charles Athanase Peltier. This phenomenon is called the Peltier effect. The Peltier
effect can be seen as the reverse counterpart of the Seebeck effect. Thus, the Seebeck coefficient

and the Peltier coefficient for a specific material can be related by Equation (1.3).
I1=78 (1.3)

Further, the Seebeck coefficient of this specific material can usually vary as a function of

temperature, which is called the Thomson effect.

1.2 Figure of Merit

The performance of a thermoelectric device, or of a specific thermoelectric material is

characterized by a dimensionless number named the Figure-of-Merit (Z7), as defined in Equation
(1.4)[17],

_oS’T
K

ZT

(1.4)

17



where O is the electrical conductivity, K is the thermal conductivity, S is the Seebeck
coefficient, and 7'is the absolute temperature. This definition could be understood intuitively. To
have the thermoelectric device work more efficiently, we will prefer it to conduct more
electricity, and to induce larger voltage, while to conduct less heat to keep the temperature
gradient and thermal potential. The relation between the ZT and the power generation efficiency

(&) of a thermoelectric system is shown in Equation (1.5),

§=T:‘Iot—TCold 41+ZT_1
T,

Hot \/1+ZT+@

Hot

(1.5)

where 7}, , and 7, stand for the hot-side and cold-side temperatures, respectively. Further,

0.S? characterizes the power density per unit time of this energy conversion device, and is,

therefore, called the power factor.

1.3 Scope and Organization of this Thesis

This thesis is organized in the way of providing solutions to the two major problems in the
frontier research of thermoelectric Z7 enhancement: (1) How can we conquer the strong
correlation between electrical conductivity ( 0), thermal conductivity ( K) and the Seebeck
coefficient (.S )? (2) Why have the strategies previously used by researchers regarding changing
the system dimensions, the carrier scattering mechanism(s), the electronic band structure, the
electronic density of states, and the energy band gap, sometimes worked but sometimes they do

not work?

The first problem is discussed in this thesis work by providing a new framework of
pseudo-ZTs, where the electronic contribution and the lattice contribution to ZT can be treated in

a relatively separate manner. The second problem is discussed under this new framework of

18



pseudo-ZTs, through four subsections: (i) scattering and system dimension; (ii) band structure;

(i1) density of states; (iv) band gap.

The carrier scattering mechanism(s) is (are) further studied. A new tool for scattering
mechanism(s) inference and for the Seebeck coefficient enhancement is provided. For the band
structure and the band gap part, an advanced band engineering method is provided to study
nanostructured narrow-gap materials, the Dirac cone materials, and the anisotropic materials,
which are historically found to be good thermoelectric materials. Discussions and future

suggestions are provided in the final chapter.
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Chapter 2

New Framework for Thermoelectric

Theory

The bottle-neck for thermoelectric applications, both power generation and cooling, is to enhance
the energy conversion efficiency, i.e. to enhance Z7. Tremendous efforts have been made since
the Hicks-Dresselhaus model was proposed in 1993 [18], and these efforts have pushed the upper
limit of ZT from ~1 to ~2. However, to realize large scale commercial use of thermoelectric
technology, the cost and efficiency of thermoelectric materials need to be further improved
significantly. To fulfill this task, a new framework for thermoelectric theory is provided in this
chapter. This new framework of theory decomposes Z7 into two pseudo-ZTs, where one pseudo-
ZT measures the electronic contribution and the other scales the lattice contribution. By using
this framework, deeper physics can be revealed, which gives important guidance for a more

convergent way to develop materials science and engineering strategies to enhance Z7.

2.1 History of ZT Enhancement

This Chapter is reprinted/adapted from the published work: * S. Tang and M. Dresselhaus,
“Anisotropic transport for parabolic, non-parabolic, and linear bands of different dimensions”,
Applied Physics Letters, 105, 033907 (2014). > S. Tang and M. Dresselhaus, “Building the
Principle of Thermoelectric ZT Enhancement”, arXiv, 1406.1842, (2014). i

20



Before the 1990s, the Z7 of major thermoelectric materials was barely up to 1, as shown in
Figure (2.1 a) [10].

( a) 1 (b) ’ N;o “Pb”S'bTen
1 1 gt "
1 BlzTea SiGe \
; Nano-BIiSbTe / bTelPbS
1
= 08 1y 087 o,
g Bisb ¥ N
. A =
E 064 . f\l 3
5 ¥ 3
o & @
= 0.4 % 1 E
i [ Yl o
K 7 % -
021 ?-V '
| = Room temperature
0 r—d——r . . v ' , : ;
0 200 400 600 B00O 1000 1200 000 200 400 600 800 1000

Temperature (K) Temperature (C)

Figure 2.1: The achievement of highest Z7 values of typical good thermoelectric materials up to
1993 (a) [10] and now (b) [19].

In 1993, Hicks and Dresselhaus proposed that by employing nanoscience and nanotechnology, it
might be promising to have Z7 much above 1 in low-dimensional materials systems, such as
quantum wells and nanowires [18, 20]. Following this clue, researchers have made significant
efforts to increase Z7. Mahan and Sofo pointed out that a sharp change in density of states near
the Fermi energy may lead to a large Seebeck coefficient and an enhanced Z7'[21]. Super-lattice
structures and nanocomposite structures have also been used to further increase the Seebeck
coefficient and to reduce the lattice thermal conductivity [22]. Heremans et al. managed to obtain
high Z7 values with PbTe materials by introducing resonant states into the band gap [23]. Later,
Parker et al. suggested another approach using heavy doping to create a pipe-shaped Fermi
surface for Z7T enhancement [24]. Most of the ZT enhancing strategies that have been proposed
since 1993 involve the changing and the controlling of the dimension of materials systems [18,

20], the scattering mechanism(s) of carriers [23], the shape of the electronic band structure [24]
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and the density of states [21], and the band gap, which have pushed the upper limit of ZT to ~2,

as shown in Figure (2.1 b).

2.2 Theory Basics for Modeling ZT

As shown in Equation (1.4), ZT can be calculated from all the transport properties, including the
electrical conductivity ( 0" ), the thermal conductivity ( x ) and the Seebeck coefficient (.S').
Since thermoelectric systems are mostly used under low field conditions, the Boltzmann
Transport Equations are widely used to model all these aforementioned transport properties. In
this section, we review some of the most important theoretic basic concepts for describing such

transport properties.
2.2.1 Band Structure

In solid state semiconducting materials, the energy ( £') of allowed quantum states for electrons
are functions of the lattice momentum (K ). The dispersion relation £ (k) controls the band

structure [25]. Usually, the band structure is discussed within the first Brillouin zone, i.e. the first
Wigner—Seitz cell in the reciprocal space. At absolute zero temperature (7" = 0), all the electrons
will be frozen within the valence band. The fully filled valence band will not contribute to the
electronic transport. At a finite temperature above 7' =0, a certain portion of the electrons at the
top of the valence band will be thermally excited to the bottom of the conduction band, which
leads to charge vacancies at the top of the valence band. A charge vacancy effectively possesses
a positive charge within the background of the “electron sea”, and is called a “hole”. There is a
forbidden energy range between the valence band and the conduction band, where no electrons
or holes are allowed. This forbidden energy range is called the band gap. Only the carriers near
the band gap, i.e. electrons at the bottom of the conduction band and holes at the top of the
valence band contribute to the transport phenomena. The bottom of the conduction band and the

top of valence band are called the band edges.
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2.2.2 Effective Mass Theorem

In solid state physics, if we use ¥, (r,t) to denote the nth wavefunction of electrons, where r

is the coordinate of electrons in the real space and ¢ is the real time, and we use 178 (r) to

denote the single color wavefunction [25]. In general, we have
W, (0 = [(r.K, 0, (r)d’k, 2.1)

where ¢(l‘,k,t) is the weight distribution of each singe color wavefunction in this wave-packet

of electrons. However, if the electrons in solid state crystals are delocalized, i.e., the wavelength
of electrons is much larger than the interatomic distance, the wave-packet of electron will be

localized in the reciprocal space such that

¥, 000 = [#(r.k,00°K |, (1)

=@, (r,0)y,, (r), (2.2)

where y/, K (r) is the single color wavefunction at the average position k, in the reciprocal

space, and
@ (r,7) :[ | ¢(r,k,t)d3k] 2.3)

is the envelope function for this wave-packet. Hence, the Schrodinger Equation can be

effectively written as,
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[E,(k,—=iV,)+V,, ()]0, 1,0 =i = (r 25 (2.4)

where E is the energy for the nth band. Equation (2.4) is the basic equation of Effective Mass

Theory, which has many useful derivatives. An important one will be the £ (k) relation of

parabolically dispersed carriers at the bottom of the conduction band or at the top of the valence

band, as shown in Equation (2.5),

k, — kedg“) +7 *(, kedge)) +h2(k:_kedge’f)2 @.5)
2m, 2m, 2m, ' |

59 -4

k

edge,y

and k

edge. AT€ the

where &, k, and k, are the three components of k , while &,

three components of the K value of the band edge (K, ), and m,* , m; , m; arc the

edge

corresponding principal effective masses.

2.2.3 Boltzmann Transport Equation and the Relaxation Time Approximation

The Boltzmann Transport Equation deals with the transport of an ensemble of carriers [25]. The
Occupancy Distribution Function f (r,k,t) is used to describe this ensemble, which means the

occupancy probability of a quantum state at position r, lattice momentum K and time ¢ . If we

assume that the total number of carriers is conserved within a system, we have

(2.6)

scattering °

%) 0
f me+VEVf—f
az

where F,_ is the external force exerted on the carriers.
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If the external electrical field is low and the scattering processes for the carriers are

elastic, the scattering term on the right-side of Equation (2.6) can be described by an energy ( £)

dependent relaxation time function 7 (E ) ,

o __f-h

A, lsca ering > (27)
or " r(E)
where
£ = 1 2.8)
° E-E, '
exp +1
kg
is the Fermi-Dirac distribution function, F s isthe Fermi energy and k, is the Boltzmann
constant.
The transport properties can then be calculated using the Occupancy Distribution
Function f (l‘, K, ) . The charge current density can be given by
orage (0:2) =—e[ £ (r.k,1)V,E(K)d’K, (2.9)
while the heat current density can be given by
Jhe (0:2)= [ f (1K) E-E, )V, E(K)d’K. (2.10)

Furthermore, at a steady state condition, f / Of = 0 is satisfied, so we have

J harge (r,t) = J Charge and Jeat (r,t) = J\yeu - BY solving Equations (2.6), (2.7), (2.9) and
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(2.10), we can get expressions for the electrical conductivity (0 ), the Seebeck coefficient (.S'),

and the electronic contribution to the thermal conductivity ( k,),

o= ezl[/=0]’
g ky Ly
e I
]2
x, =Tk, (Iu-z] ——=l ],
[=0]
where
% \= E-E,
L= (_a_];):(E)(TBT—)’dE
and

E(E)= ;5(E«E(k'))r(E)w.

@.11)

2.12)

(2.13)

(2.14)

(2.15)

Here the energy dependent function =(£) is called the Transport Distribution Function. For a

general electron or hole pocket, the energy dependence of the Transport Distribution Function

near the band edge can be written as,

where

(2.16)
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Ey=8,4a, (2.17)

in which g, is the electronic geometrical factor, and @, is the normalization factor. For

calculation, we illustrate the use of the above formalism in a 3-dimensional (3D) parabolically
dispersed band valley, which is described by Equation (2.5), for clarification. The density of

states for such a band edge is

* * * 1
\’mmm =
D(E)y=X_122F2 (2.18)
=R

and the Scattering Relaxation Time Function is

EY
r(E)=rO[k Tj : (2.19)
B

where the coefficient 7, depends on the scatting strength and the exponent j depends on the

energy dependence of the specific scattering mechanism(s). Therefore, the Transport Distribution

Function can be written as,

1 1
* 3 * * ®\ £ 3 .
(m, m;m;)3 \/22'0 (m;m,m,)°® EE'J

m 3R (kT

5. (E)= , (2.20)

where the subscript i (=1, 2, or 3) is the indicator for the three different principal transport

directions. In this case, the parameters in Equations (2.16) and (2.17) are related to

1
(m;m,m;)?
e =

m

2.21)

i
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1
N2z, (mimmy)® 2.22)
3Rk T '

and

n==-j. (2.23)

2.2.4 Multi-Channel Transport

In the case where the transport of the whole system has contributions from more than one

channel, the overall transport can be calculated by [17, 25],

c=>0,, (2.24)

ZO',.S[

i

S (2.25)

and

B 0,0, oY
Ke_ZK""+T§—ai+aj(S’ S,) . (2.26)

The second term on the right side of Equation (2.26) can increase the thermal conductivity

greatly, especially for narrow-gap materials, and is responsible for the so-called bipolar effect.
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2.3 Problems with Z7 Enhancement

As mentioned before, there is still a distance for thermoelectric technology to become
commercially used regarding its energy conversion efficiency. As further research is carried out,
it is found that the above mentioned strategies do not always work to enhance Z7. Even for a
working materials system, the improvement margin of increasing Z7 can be small. This can be
explained from the definition of ZT in Equation (1.4). To enhance ZT by controlling the
electrical conductivity ( 0'), thermal conductivity ( & ) and Seebeck coefficient (.S ) occurs with

extreme difficulty. For one thing, the electrical conductivity ( 0) is positively correlated with the
thermal conductivity ( x ), where the electronic contribution to the thermal conductivity (&, ) can

be approximated by the Wiedemann—Franz law as shown in Equation (2.1), where L is called
the Lorentz Number. The Lorentz Number for a simple metal can be approximated by a free

electron gas model as,

2

2
L =%_(k_3) = 2.44)(10_8 WQKQ,
e

where € is the elementary charge. For another thing, the electrical conductivity ( 0 ) and the

Seebeck coefficient (S') are usually negatively correlated as shown in Figure (2.2) [26].
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Figure 2.2: The negative correlations of the electrical conductivity and the Seebeck coefficient

for a general materials system with different carrier concentrations [26].

Therefore, we can see that most of these ZT enhancing strategies now in use are balancing

strategies between & and S 2 /K . This can be understood by simple illustrations of the extreme
cases. For example, a typical metal will have large electrical conductivity ( 0 ), but will usually
be compensated by the large thermal conductivity (& ) and the small Seebeck coefficient (.S).
As a second example, a conventional insulating plastic material will have a large Seebeck
coefficient (S ) and a small thermal conductivity, which will, however, be compensated by a
very small electrical conductivity (0 ). These two examples show that the balancing strategies
are like playing a “seesaw balancing” game, and this is why the balancing game significantly

limits the improvement margin for our Z7 enhancing goal.

The above discussion identifies two problems that are crucial for the field of

thermoelectrics: (1) how can we deal with the strong correlation between & and § 2/ , when
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trying to enhance Z7, and (2) how can we make the above mentioned strategies more convergent
as we change the dimension of materials systems, the scattering mechanism(s) of carriers, the

shape of electronic band structure, and the magnitude of the band gap?

2.4 Solving the Problems by Proposing
Pseudo-ZTs

My proposal for tackling this transport “balancing” problem as posed in Section 2.3 is to
reformulate the definition of Z7 into pseudo-ZTs as in Equation (2.27), where the strong
correlations within the form of the multiplications in Equation (1.4) can be effectively avoided.

The framework of the pseudo-ZT7s is structured as [27],

1 1 1
ZT  zt, zt,
where
B 1
Zte = -J—([)[—]-Jg]_, (2.28)
)
()
ot, =——, (2.29)
T
and
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bulk 1

C= : : (2.30)
T (ge/gL)ansz

Here
0 E —E, {
VIR . L -(X*—-—”’ : ] Xdx, 2.31)
x=(E,,~E ) thyT (1+ GXp(X)) kBT
and
K, =g, K", (2.32)

where E, is the electron or hole carrier energy at the band edge. /=0, 1 or 2. K, is the lattice

thermal conductivity for a specific material, Ki"”‘ is the lattice thermal conductivity for the
corresponding bulk material, and g, is the lattice geometrical factor, as an example, for a 3D

bulk crystal material, g, =1, while g, and a,, are as defined in Equation (2.16)-(2.23).

In Equation (2.27)-(2.32), we see that the pseudo-ZT term zf, only measures the

electronic influence to the total Z7, while the pseudo-ZT term z#, only scales the lattice
influence to the total Z7. We see further that the lattice influence is calibrated by the
geometrically normalized lattice thermal conductivity C, which is proportional to the bulk

crystal lattice thermal conductivity and inversely proportional to the absolute temperature, i.e.

bulk

Coc—Lt—. 2.33
7 (2.33)

Under the framework of Equation (2.27), the multiplication relation between the three transport
properties in Equation (1.4) is changed to the addition relation of two transport related terms.

This step largely relaxes the correlation between terms that we need to consider in our more
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convergent approach toward optimizing the total Z7. This will be seen clearly in the following
sections, where deeper physics can be revealed relative to our goal of thermoelectric ZT

enhancement.

2.5 How Scattering and Dimension Affect ZT

Many efforts have been made to enhance Z7T by changing the carrier scattering mechanism(s) or
changing the dimension of materials systems, e.g. by synthesizing a specific material into two-
dimensional thin films or one-dimensional nanowires. While the improvement of Z7 has been
achieved in some materials systems, it is puzzling that the methods of changing the scattering
mechanism(s) or the efforts of lowering the dimensionality do not always work for all systems.
In some materials systems, low-dimensional materials even have lower Z7 than their bulk
materials counterparts. We here try to answer how to deal with this puzzle and we then propose a
divide-and-conquer strategy on how to enhance ZT by controlling the carrier scattering

mechanism(s) or changing the dimension of materials systems [27].

In Figure (2.3), it is shown how the two pseudo-ZT7s change with the carrier concentration

for systems of different dimensions.
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Figure 2.3: Illustration of how changing the dimension of a materials system can change the two
pseudo-ZTs, zf, and zf, , in opposite directions. The red curve represents a three-dimensional

parabolic band valley, and the green curve represents a two-dimensional parabolic band valley.
To make a fair comparison, it is assumed that this three-dimensional band valley and this two-

dimensional band valley have the same effective mass, and the same constant carrier scattering

relaxation time along the different directions. For the zf, part, the lower dimension system has a

higher pseudo-ZT; for the zf, part, the lower dimension system has a lower pseudo-ZT.
Therefore, changing the dimension of a materials system, e.g. by making the materials into nano-
form, will change z#, and z{, in opposite directions. This also tells us that for low carrier

concentrations, it may be an advantage to use low dimensional materials rather than 3D bulk
materials, while for the high carrier concentrations as defined in this thesis, 3D bulk materials are

more promising for thermoelectrics. With this introduction, we now develop these ideas further.

For the purpose of illustration, a three-dimensional (red curve) parabolic band system and
a two-dimensional (green curve) parabolic band system are chosen, where the constant relaxation

time scattering is dominant in both cases. It is clear that while the low-dimensional system has
higher z¢, than the three-dimensional system, as shown in Figure (2.3 a), it also has lower zt,

compared to the bulk case, as shown in Figure (2.3 b). I have calculated the cases of other
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scattering mechanism(s) and dimensions, which all show that the changing of dimension of a

materials system will change the two pseudo-ZT7s in opposite directions.

I further calculated the influence of changing the scattering mechanism(s) on the two
pseudo-ZTs, as shown in Figure (2.4). For the purpose of illustration, we here show a three-

dimensional parabolic band system where the acoustic phonon

(a) (b)

2 — 2 " "
— Chargcq Impurity e Charged Impurity
Scattering j=-1.5 Scattering j=-1.5
- _ Acoust.ic Phonon . Acoustic Phonon
Q2 :3 | Scattering j=0.5 =5 " Scattering j=0.5
N o N o
- S
0
20 5 0 5 10 O 0 5 0 5 10
(E/' 'Eedgt’)",kBT (E/ 'Ecdge)/kBT

Figure 2.4: Illustration of how changing the carrier scattering mechanism(s) of a transport
system can change the two pseudo-ZTs, zt, and zf,, in opposite directions. The black curve

represents a case where the charged impurity scattering mechanism is dominant, and the purple
curve represents a case where the acoustic phonon scattering mechanism is dominant. To make a

fair comparison, it is assumed that both of these two system have a three-dimensional parabolic
band valley. For the zf, part, the acoustic phonon scattering with lower scattering order

( j ==0.5) has higher pseudo-ZT; for the z#, part, the charged impurity scattering with higher
scattering order ( / =1.5) has lower pseudo-ZT. Therefore, changing the scattering

mechanism(s) of a transport system, e.g. by adding foreign ionized impurities, will also change

zt, and zf, , in opposite directions.

scattering is dominant (purple curve), and another three-dimensional parabolic band system

where the ionized impurity scattering is dominant (black curve). We still see clearly that while
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the acoustic phonon scattering system has higher zf, than the ionized impurity scattering

system, as shown in Figure (2.4 a), it also has lower zf, compared to the ionized impurity

scattering, as shown in Figure (2.4 b). We have calculated the cases of other scattering
mechanism(s) and dimensions, which all show that the changing of scattering mechanism(s) of

carriers will also change the two pseudo-ZT7s in opposite directions.

Figure (2.3) and (2.4) have answered the question why the methods of changing

dimension or scattering to enhance Z7 sometimes work, but sometimes do not work: they change
zt, and zt, inopposite directions. Therefore, we accordingly propose a divide-and-conquer

strategy, instead of a blind trial strategy. Before we consider changing the dimension of

scattering, we should first examine the geometrically normalized lattice thermal conductivity
Cx Kf””‘ /T . 1f C is small, the total ZT is dominated by zf, according to Equation (2.27). In
this case, we should try to increase the scattering order ( j ) in Equation (2.19) by e.g. adding

charged impurities, and we should also try to decrease the dimension of the materials system by

utilizing nanostructured materials, e.g. thin films, nanowires, etc. If C is large, the total ZT is
dominated by z#, according to Equation (2.27). In this case, we should try to decrease the
scattering order ( j ) by e.g. reducing the concentration of charged impurities, and we should
keep the materials system in bulk form. If C is moderate, zf, and zZ, will be comparable to

each other. Accordingly we suggest that the strategies regarding changing scattering

mechanism(s) or changing materials system dimension will not improve Z7 in a notable way,
due to the balancing of loss and gain between zf, and zf, . The relation between scattering

mechanism(s) and thermoelectric behaviors will be further discussed in Chapter 3.

2.6 How Band Asymmetry Affects ZT
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It will be helpful to study what are the common properties of the band structures for the
traditional good thermoelectric materials, e.g. bismuth antimony, lead telluride, and bismuth
selenide. These materials are always related to narrow-band-gap semiconductors, Dirac cone
materials, and topological insulators. Further, we see that these materials usually have better P-
type thermoelectric behavior than N-type. Based on the aforementioned phenomena, we make a
conjecture that the good thermoelectric performance, especially for the P-type cases, originates

from the large asymmetry of the carrier effective masses between electrons and holes. To verify

this conjecture, we now examine how this band asymmetry ratio affects the pseudo-ZTs of zf,

and zt, for such systems. We define the band asymmetry ratio as the ratio between the radii of

curvature for the electron dispersion and the hole dispersion, i.e.

1 / 1

S NET

ok )| ok’
Electrons

which in the case of parabolic bands can be simplified to be the ratio of the effective masses, i.e.

B=

: (2.34)

Holes

m *
Iflectmns . (235)

B =

Holes

Without loss of generality we assume a system at temperature 1’ to have a band gap of

E = k »1 . We also assume that the scattering mechanism(s) for the electrons and the holes are

the same, so that the comparison can be focused on the band asymmetry. The pseudo-ZTs are

calculated as a function of band asymmetry

ratio [, as shown in Figure (2.5) [27, 28].
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Figure 2.5: Illustration of how an increase of band asymmetry ratio £ between the conduction

band and the valence band can increase the two pseudo-Z7s, zf, and zf, , in the same direction.

The black curve represents a case where the charged impurity scattering mechanism is dominant,
and the purple curve represents a case where the acoustic phonon scattering mechanism is
dominant. To make a fair comparison, it is assumed that both of these two systems have a three-

dimensional parabolic band valley. Unlike the change of scattering mechanism(s) or the change

of the system dimension, the increase of band asymmetry ratio 8 will increase both zf, and

zt, together, regardless of the scattering mechanism(s) or the system dimension.

We see that unlike the case of the system dimension in Figure (2.3) or the scattering

mechanism(s) in Figure (2.4), the band asymmetry ratio £ in Figure (2.5) changes both the zZ,

and zf, in the same direction. The three-dimensional systems that have parabolic bands and

charged impurity scattering (black curve), or acoustic phonon scattering (red curve) are shown
here. The cases of other scattering mechanism(s) and system dimensions have also been

calculated, which have shown the same tendency. This tells us that although, changing the
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scattering or dimension may even sometimes result in reduced Z7, choosing large band

asymmetry materials may always enhance the maximum values of ZT.

This is consistent not only with the good thermoelectric performance of narrow-band-gap
semiconductors, Dirac cone and topological insulator related materials, where the electron
carriers are effectively much lighter than the heavy hole carriers, but also with the
nanocomposite approach, where the induced network of nanoscale grain boundaries forms a

screening system for the holes, and effectively making the band asymmetry ratio /3 larger.

2.7 How Band Gap Affects ZT

As mentioned above, the traditional well behaved thermoelectric materials are mainly narrow-
band-gap semiconductors or semimetals. This naturally raises a question for us: how about wide-
band-gap materials? The traditional viewpoint has been that wide-band-gap materials have small
carrier concentrations, and therefore have poor thermoelectric performance. However, from
Figure (2.2) we can see that, good thermoelectric performance does not necessarily depend on
large carrier concentrations. Actually, a large carrier concentration may only imply a large
electrical conductivity ( 0") in Equation (1.4), but as we explained in the previous sections, the
large electrical conductivity ( 0) is always accompanied by a reduced Seebeck coefficient (.S')
and an increased thermal conductivity ( k) as shown in Figure (2.1), which reduces the

thermoelectric ZT as a whole.

In order to have a birds-eye picture of how the band gap affects the whole thermoelectric

ZT, 1 calculated the pseudo-ZTs versus band gap relation as shown in Figure (2.6).
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Figure 2.6: Illustration of how an increase in the band gap between the conduction band and the
valence band can increase the two pseudo-Z75, zf, and zf, , in the same direction. The black

curve represents a case where the charged impurity scattering mechanism is dominant, and the
purple curve represents a case where the acoustic phonon scattering mechanism is dominant. To
make a fair comparison, it is assumed that both of these two systems have a three-dimensional

parabolic band valley. Unlike the change of the scattering mechanism(s) or the change of system
dimensions, an increase of the band gap will increase both zf, and z#, together, regardless of

the scattering mechanism(s) or the system dimensions, as mentioned in the text.

The three-dimensional systems of parabolic bands with charged impurity scattering (black
curve), and with acoustic phonon scattering (red curve) are shown in Figure 2.6. The cases of

other scattering mechanism(s) and system dimensions have also been calculated, and they also

have shown the same tendency. We see that the band gap will increase both zf, and zf, .

although the tendency of increase is stronger in zZ, than in z7, . Different from the traditional
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view, we see that a wide band gap is not necessarily harmful for enhancing the thermoelectric
ZT.

The real problem for utilizing wide band gap materials for thermoelectric applications is
how to control the Fermi level by doping. I suggest for future research directions to use
nanostructures and amorphous structures for increasing the thermal stability of dopings. Further,
the typical large lattice thermal conductivity of wide-band-gap semiconductors is also a large
concern. This concern can also be reduced by the nanostructure approach e.g. nanocomposites
structures, polycrystalline structures and amorphous structures, which can largely reduce the

mean free path of phonons.

2.8 Demonstration in Specific Materials

In the previous sections, I have provided the general mathematical descriptions to show how the
framework of pseudo-ZTs can be used to see the new physics of Z7 enhancement. In this section,
we illustrate this method of pseudo-ZT in some specific systems.

~

2.8.1 Demonstration in Metal Dichalcogenide Monolayer Materials Systems

We first demonstrate the pseudo-Z7 framework in metal dichalcogenide monolayer systems.
This class of materials system is currently attracting intensive research attention. Because of the
single-layer structure, the Fermi level of a metal dichalcogenide monolayer can be changed not
only by doping, but also by adatoms absorption [29] and gating voltage [30], which gives us
more opportunities to study the largest possible Z7. This class of materials system might not be
the best thermoelectric materials, but as long as our purpose here is to demonstrate the idea that
using the framework of pseudo-ZTs, the trend of Z7 changes can be seen more clearly than using
the traditional transport properties, the metal dichalcogenide monolayer materials system is a

good example [29-41].
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Figure 2.7: The demonstration of how changing the scattering order j will change zz. and z#; in
different directions. This demonstration is calculated based on the properties of MoTe

monolayers at a temperature of 1000 'C [29-41]. The blue curves stand for the pseudo-ZTs when

the scattering order (/) in the relaxation time function 7 =7, (E / kBT)j is 0. The red curves

stand for the case where the scattering order (;) is 1.5. We see that at different values of Fermi
level, when j increases, the zt, value decreases, and the z#; value increases. This is consistent with

the predictions we have in the general physical model discussed in Section 2.5.
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Figure 2.8: The demonstration of how the band gap increases both of the pseudo-Z7s. The
dashed lines are the calculated pseudo-ZTs for the metal dichalcogenide monolayer materials
with different values of band gap: zt. (violet) and zz; (light blue) [29-41]. We see that unlike the
changing of scattering order shown in Figure 2.7, choosing larger band gap within the same
class of materials is increasing both zf. and z#;. This leads to the increase of the overall Z7, which
is calculated and marked by the dots with different colors. This trend would not be clearly seen if
we calculate the traditional transport properties of the electrical conductivity, the Seebeck

coefficient and the thermal conductivity.

We see from Figure 2.7 that the change of scattering order j will change the two pseudo-
Z7Ts in different directions, which is consistent with the mathematical discussion in Section 2.5.

We also see from Figure 2.8 how pseudo-Z7s and Z7T'
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changes when we choose the metal dichalcogenides monolayer materials with different values
of band gap. Both zt. and z#; increase when the mononlayer material with larger value of band
gap is chosen, and therefore, larger values of ZT can be achieved. This is consistent with the

mathematical prediction we discussed in Section 2.7.
2.8.2 Demonstration in Traditional Semiconducting Alloy Materials Systems

Here we also demonstrate the use of the pseudo-Z7 framework in traditional semiconducting
alloys, including (Bii-ySby) 2(S1.xTex)3 film materials [42, 43], and In;.xGaxN bulk materials [44-
47]. Both of these materials systems are traditional studied, so the various parameters can be

extracted from the literatures, which is very helpful for our demonstration purpose.
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Chapter 3

New Scattering Inference and Seebeck

Coefficient Enhancement

In a materials system, the transport of energy, entropy and electricity are made through the
carriers, i.e. electrons and holes. The carriers are scattered by various scattering centers during
the transport process, as shown in Figure 3.1. The different carrier scattering mechanisms
ultimately determine the transport and thermoelectric performance. Therefore, it is very
important to have an inference tool to examine the specific scattering mechanism(s) within a

specific semiconducting system that we are interested in.

This Chapter is reprinted/adapted from the published work: * S. Tang and M. Dresselhaus,
“Anisotropic transport for parabolic, non-parabolic, and linear bands of different dimensions”,
Applied Physics Letters, 105, 033907 (2014). b S. Tang and M. Dresselhaus, “New Method to
Detect the Transport Scattering Mechanisms of Graphene Carriers”, arXiv, 1410.4907, (2014).
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decrease the system dimension, e.g. by introducing more charged impurity scattering centers and

utilizing nanostructures. However, if the value of Kf"lk /T is large, and the total ZT is
dominated by z7, , then we should try to decrease the scattering order and increase the system
dimension, e.g. by reducing the concentration of foreign impurities and keeping the materials in
the bulk form. If &% /T is moderate, we should anticipate that the strategies of changing

materials system dimension or scattering mechanism(s) will not significantly help in enhancing

the total ZT.

The influence of band asymmetry on the total ZT is also clearly shown under this new

framework of pseudo-Z7s. We have seen that increasing the band asymmetry will increase both
zt, and zt, . This explains why the traditional well-behaved thermoelectric materials are mostly
related to narrow-band-gap semiconductors, and Dirac cone or topological insulator related

materials. This is because such materials typically have light electrons and heavy holes which

results in a large band asymmetry ratio.

Further, the influence of the magnitude of the band gap to the total ZT is here investigated
from a birds-eye picture. In contrast to the traditional low expectation on wide-band-gap

materials, we found that a wide-band-gap is not necessarily harmful to enhancing Z7. In such

cases, increasing the band gap will increase both z#, and zf, , though the increase in zf, will be

smaller than the increase in zZ,, and few detailed studies of this case have yet been carried out.

In this way, new research opportunities have been identified and are likely to have some impact

on how thermoelectric materials are optimized in the future.

The use of the framework of pseudo-Z7 to see the new physics of enhancing ZT is
demonstrated in some specific materials systems, including the various metal dichalcogenide
monolayer materials, the (Bii.,Sby) 2(S1.xTex)s film alloy materials and the Ini.x<GaxN bulk alloy

materials.
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than the correlations between the electrical conductivity, the thermal conductivity and the
Seebeck coefficient, but the correlations is not totally avoid. For example, the geometrically
normalized lattice thermal conductivity C, as we defined in Equation (2.30), will be positively
correlated with the band-gap. This is due to the fact that wide gap materials usually have large
inter-atomic distances, which leads to small spring constants under the first order approximation.
The small inter-atomic spring constants will then lead to small values of sound velocity, and

result in large values of lattice thermal conductivities that will jeopardize the overall ZT.

2.10 Chapter Summary

In this chapter, I reformulated the expression for Z7 into Equation (2.27), so that we only need to
deal with two pseudo-Z7s, zt, and zt, , which are much less correlated with one another. This
was done in order to avoid tackling with the multiplication relation between the electrical
conductivity ( 0 ), the thermal conductivity ( x ) and the Seebeck coefficient (.S ) in the
expression of thermoelectric Z7 defined in Equation (1.4). The definition of ZT in Equation (1.4)

is a natural way to understand what Z7 is, but not an easy way to understand how to enhance Z7.

In contrary, the reformulation of Z7 in Equation (2.27) is not a natural way to understand what

ZT really means, but is a much easier way to understand how to enhance Z7, where zf, only

measures the electronic influence, and zf, only scales the lattice influence.

Under this new framework of pseudo-ZTs, we are able to answer the puzzle of why the
strategies of changing carrier scattering mechanism(s) and making materials into a nano-form do

not always work. It is because the changing of carrier scattering mechanism(s) and materials
system dimension will change the two pseudo-ZTs, zf, and Zzf, , in opposite directions.

Therefore, I developed a divide-and-conquer strategy. Before we start trying any approaches
regarding the change of scattering or dimension, we need to first look at the geometrically

normalized lattice thermal conductivity C defined in Equation (2.3), i.e. look at the bulk crystal
lattice conductivity K‘f “k" and the working temperature 7. If the value of K‘f"lk /T is small, the

total Z7 is dominated by zZ,. In this case, we should try to increase the scattering order and to
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Figure 2.10: The Z7T values of In;«GaxN bulk materials [44-47]. When the gallium composition
is changed from 0-0.1 to tune the band gap of the alloy materials, Z7 increases with band gap, as

predicted by the model we discussed in Section 2.7.

From Figures 2.9 (a) and (b), we see that when we increase the band gap of the (Bii-,Sby)
2(S1xTex)3 film materials, the electrical conductivity and electronic thermal conductivity
decreases, while the Seebeck coefficient increases, which is just the “balancing game” again.
This “balancing game” makes it difficult to see how the increase of band gap will benefit ZT.
However, if we look at Figure 2.9 (c), we will see that both of the pseudo-ZTs increases with the
band gap, which implies that the overall ZT will increase when we increase the band gap. Such a
trend of increasing Z7 is shown in Figure 2.9 (d). Therefore, Figure 2.9 has demonstrated that the
framework of pseudo-ZT’s can provide us with a more convenient way to discuss how to enhance
ZT. The similar results are shown in Figure 2.10 as well for the Ini<GaxN bulk materials, where
we see that the overall ZT increases with the band gap when the gallium composition is changed

slightly to tune the band gap.

2.9 Discussions

We have developed the framework of pseudo-ZTs for the purpose of selecting and improving
thermoelectric materials candidates more efficiently. Suppose we have a pool of materials
candidates for potential thermoelectric applications. Before this new framework, if we want to
know which materials candidates are the most promising ones for thermoelectric applications,
we have to calculate the electrical conductivities, the thermal conductivities and the Seebeck
coefficients for all these materials candidates, to obtain their Z7 values. However, using this new
tool, we can just focus on the ones with high band asymmetry ratio and large band-gap-to-
temperature ratio, based on the results in Section 2.6-2.8. Then we can use the divide-and-
conquer strategy we developed in Section 2.5 to select out the most promising ones. Then we can
focus on only study these most promising materials candidates. This will save us a lot of time on
calculations and experiments. However, there are still some limits of this pseudb -ZT framework,

too. As we discussed in Section 2.4, the correlation between the two pseudo-ZTs is much less
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Figure 3.1: The Scheme of how the carriers of charge, heat and entropy are scattered by various

scattering centers in a materials system. The scattering process is usually energy sensitive. The

carriers with higher energy tends to be less scattered. The less scattering the carriers encounter,

the more transport will occur. As the carriers carry electrical charge, heat and entropy, which

leads to the macroscopic transport phenomena of electrical conductivity, thermal conductivity,

and the Seebeck coefficient, respectively.

3.1 Introduction to Scattering Mechanism(s)

There are many different scattering mechanism(s) in different materials systems under different

temperature conditions. Generally, a specific scattering mechanism at a certain temperature can

be described by the carrier energy dependent scattering relaxation function [17, 25, 48],

J
(i] | _
k,T
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where 7 is the relaxation time that is deduced by inversing the ensemble scattering rate <Z'_]> .

Here 7, is the scattering time coefficient, and its inverse (TO_ l) denotes the scattering strength,
which varies with materials system and temperature. £ is the energy of carriers, where we have
calibrated the energy at each band edge to be 0. ;j is the scattering order, which determines how
sensitive the scattering time is to energy. In most cases, the carriers with higher energy E get
scattered less, and thus, are transported more. The scattering order j is determined by the

specific scattering mechanism(s), as discussed below.
3.1.1 Acoustic Phonon Scattering

When acoustic phonons are propagating in the lattice, the vibrations will cause the atoms to
deviate from their original balancing points, which then lead to local lattice potential
deformation. A lattice potential deformation is a deviation from the perfect periodicity for the
electrons, and will effectively scatter the Bloch electrons, which is called the acoustic phonon
scattering. We know that transverse phonons do not induce volume changes, so only longitudinal
branches of acoustic phonons will scatter electrons. Under the small perturbation assumption, it
is expected that the volume due to longitudinal acoustic change is proportional to the divergence

of the displacement of these phonons, i.e. [48]

AV,.=D,V-i, (3.2)

phonon, and D ,. is called the acoustic deformation potential. The scattering rate function under

a specific acoustic deformation potential D . can be written as,

| _#wDi kT
o(E)  pvh

D(E), (3.3)
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where o is the mass density of the lattice, v_ is the sound velocity, and D( E') is the density of
P s Yy y

electronic states as a function of the carrier energy E .
3.1.2 Non-Polar Optical Phonon Scattering

Besides the acoustic phonons, where each unit cell moves as a whole, optical phonons can also
scatter electrons, where each single atom in a unit cell can move at a given time in a different
phase. Therefore, under the perturbation theory, the volume change should be directly
proportional to the displacement of the phonon, rather than to the divergence of the displacement

of the phonon, i.e. [49]

AV,, =D,V i, (3.4)

where AV, is the volume change caused by the optical phonon, # is the displacement of the
phonon, and D, is called the optical deformation potential. Under high temperature conditions,

the scattering rate function for non-polar optical phonon scattering can be given by,

1 _7Z'3I'L kgl' [ E,
T(E) pa’

Jz D(E). (3.5)

ho,,

where a is the lattice constant and @,), is the optical phonon frequency under the Einstein

model.

3.1.3 Polar Optical Phonon Scattering

If the bonds between atoms within a unit cell are ionic, the longitudinal optical phonons will be
polarized. The carrier scattering induced by this type of phonon is called the polar optical phonon

scattering, which is the dominant scattering mechanism at high temperature in some ionic
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semiconductors, like GaAs and InSb. The scattering rate function for polar optical phonon

scattering is given by [49],

L _2%Te .
T(E)—_ 7

) (3.6)

where £ is the dielectric constant at frequency @, and V is the carrier velocity.

3.1.4 Charged Impurity Scattering

If the carriers are scattered by the charged impurities, the carrier scattering time function can be

given by [50],

1 i (4%262

2
_ N, D(E). 37

&

where k is the lattice momentum, Z is the number of charge units per impurity center, £ is the

static permeability and NV, is the concentration of charged impurities.

3.1.5 Piezoelectric Scattering

For piezoelectric scattering, the scattering rate function is given by [S1],

2
1 whk,T| e e
= D(E), 3.8
T(E) ,ovf)m (26'()} () (3.8)
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where v » is a directionally averaged sound velocity, e,, is the piezoelectric constant, € is the

elementary charge, and &, is the vacuum dielectric constant [51].

3.2 Previous Scattering Inference Methods

One scattering mechanism(s) inference method popularly used is the electrical conductivity
fitting method. The electrical conductivity ( ") and carrier concentration ( V') are measured, and

thereafter the average scattering time is estimated through [25]

*

mo
2
Ne

F— , (3.9)

where m’" is the effective mass of the major carrier. This method is widely used because it is
easy to understand and simple to carry out. However, this method only gives us an estimate of
the average value of scattering time 7 , but no information about the carrier energy dependence

of the scattering time is given. Further, this method assumes that there is only one kind of carrier

with an effective mass m that is contributing to the transport, which is not a typical case for

most thermoelectric materials systems.

Another popularly used scattering time measurement is photon-carrier scattering
measurement, for which we would shine laser beam onto a materials sample and we would
measure the scattering time of carriers scattered by photons [52]. This method is a direct
measurement of the scattering time, but it only measures the photon-carrier scattering time. Since
the scattering rate function and its energy dependence can differ from mechanism to mechanism

significantly. This method can therefore barely be used as a scattering mechanism inference tool.
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3.3 Relating the Seebeck Coefficient to

Scattering

[ have found that the scattering order j in Equation (3.1) forms a one-to-one correspondence

with the maximum value of the Seebeck coefficient for a specific electronic band structure. For
example, without loss of generality, let us now consider a three-dimensional system where the

effective mass of holes is, for example, 5 times larger than the effective mass of electrons. Let us

further assume that the band gap is £, =10k ;7" . The maximum values of the Seebeck

coefficient for both N-type and P-type doping with different scattering mechanisms (different

scattering orders) are shown in Figure 3.2 [53].
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Figure 3.2: How the maximum values of the Seebeck coefticient, for both P-type and N-type

materials, change in an almost linear manner with the scattering order j . Without loss of

generality, here we illustrate a three-dimensional two-band system where the effective mass of

holes is 5 times larger than the effective mass of electrons. The band gap is assumed to be
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E_ =10k,T . Other materials systems have the similar relation between the maximum Seebeck

coefficient and scattering order ;.

It is clearly seen that though the Seebeck coefficient is determined by many factors, the

maximum value of Seebeck coefficient is only a function of the scattering order j , which is

almost a linear relation, when the band structure is given.

To prove this mathematically, we can examine this using the Boltzmann Equation. From Eq.

(2.12) and (2.16) we know that the Seebeck coefficient for a single band valley is,

ol (-2 ae
S(Ef)=L fokBT Ok Je, ~E, (3.10)
el J'(i)l.ﬂj(_?ij dE
o ksT E,

OFE

In order to obtain the relation between the Seebeck coefficient .S and the scattering order j, we

first make a hypothesis that j for a specific band valley can be tuned artificially through certain

ways, so we can take the derivative as,

- " - -
5S(E ) J‘Ej+2.5 (_%) dEjEJ—OS [_%j dE
) (j+1)- 12 —— | G
6] eT (J.Ej+145 (_ _ai) dE)2
] 5 OF ), |

It is not difficult to see that at the maximum value of the Seebeck coefficient
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7 50 3.12
OE, (3.12)
and
J. J+2.5 (__al) dEIEj-O.S (_?,_]_ij dE
0 0 E 0 0 E
— . -1, (3.13)
(J'EJHS(_“L) dE)2
0 aE E
SO
S (E) 1 -

(3.15)

Therefore, we have proved both physically and mathematically that the maximum values of
Seebeck coefficient and the scattering order has a linear relation, and form a one-to-one

correspondence.

3.4 New Scattering Inference Method
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To infer a scattering mechanism based on Equation (3.1), there are two parameters that we need
to know: the scattering strength 1/7,, and the scattering order j. Since we discovered in Section
3.3 that the scattering order can be inferred from the maximum values of Seebeck coefficient,

and we also know that the scattering strength can be interpreted from the electrical conductivity

measurement, these will provide us with a new scattering mechanism inference method.

First, we measure the maximum values of the Seebeck coefficient along with the electrical
conductivity. Second, we use the measured data to extract the scattering strength 1/7, and
scattering order j, which we can then recover the scattering time function as in Equation (3.1).

Finally, since the scattering time function is determined by the specific scattering mechanism(s)
as discussed in Section 3.1, the scattering mechanism(s) can be revealed. The whole procedure

is shown in Figure 3.3 [53].

Scattering time function

B .
T =1,(—)
”kT)

B

Qeasure Maximum Seebeck Coefficient (Sm\)

o J

Measure Electrical Conductivity o /S > Mochani ()\
cattering Mechanism(s

—@—
A=

Figure 3.3: Scheme of the newly proposed method of scattering mechanism(s) inference.
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3.5 Application in Graphene

In reality, the band structures of typical thermoelectric materials are very complicated, so it is
reasonable to first test this new methodology on a materials system with a simple band structure,

which is also easy in carrying out the electrical conductivity and the Seebeck coefficient

measurements.

One suitable materials system for such an example is graphene. Graphene is a single layer of
carbon atoms as shown in Figure 3.4. Therefore, the electronic band structure of graphene is also
two-dimensional. Near the Fermi level, the bottom of the conduction band and the top of the
valence band touch each other at the K point and the K’ points in the first Brillouin zone. The

energy band form two isotropic linearly dispersed bands, i.e. Dirac cones, as shown in Figure
3.4[54, 55].

(a) ®),

»
»

Lattice Momentum (k)

Figure 3.4: Scheme of the atomic structure (left) and the electronic band structure (right) of

graphene, a single layer of carbon atoms.

The values of the maximum Seebeck coefficient at different temperatures for graphene have

been measured by Zuev ef al. [56] through a gated thermoelectric device by changing the Fermi

level, and these results are summarized in Table 3.1.
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Table 3.1: Measured Maximum Seebeck Coefficient for the Dirac Cone Carriers in Graphene

[56]
Temperature (K) 300 150 80 40
Experimental Maximum P- | 92.52 57.94 33.64 14.95
type Seebeck coefficient
(LV/K)
Experimental Maximum | -59.81 -39.25 -24.30 -10.28
N-type Seebeck coefficient
(LV/K)

Based on the data in Table 3.1, we are able to extract the scattering order j and the scattering

,.f 5 N
/7, at different

time asymmetry ratio between the electrons and the holes 7, fectron

temperatures, as shown in Figure 3.5 [53].
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Figure 3.5: The results of the scattering order j for graphene carriers, and the scattering time

. Elect Hol . .
asymmetry ratio 7, /T,  asa function of temperature. The experimental measurement has

been carried out by Zuev et al. [56] on a graphene sample sitting on a silicon dioxide substrate. It
can be seen that as the temperature increases from the cryogenic range to the room temperature
range, the scattering order (red curve) increases from ~ -1 to ~0, and the scattering time

asymmetry ratio (red curve) increases from ~1 to ~2.

We see that the scattering order j changes significantly with temperature, which implies that the
carrier scattering mechanism is very temperature sensitive. At the low temperature end,
j ——1, which implies that 7 ' o D(E). This means that in the cryogenic temperature range

the scattering due to acoustic phonons and the scattering due to the roughness of the surface are

the dominant scattering mechanisms for the carriers. When temperature increases, j —> 0,

which implies that the ripple scattering of the surface and the charged center scattering become

as important as the acoustic phonon scattering at room temperature. Another important trend we

lectron / THo/e
0

see from Figure 3.5 is that the asymmetry ratio of scattering strength T(f increases

with temperature, and the conduction band and the valence band are close to symmetric at a

cryogenic temperature as low as 40 K. These results are summarized in Table 3.2.

Table 3.2: Graphene Carrier Scattering Properties at Low and Room Temperature

T Scattering Asymmetry
low surface roughness, acoustic low
phonon, ...
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room

thermal ripples, charged

impurities become important

high

To further verify this model, I calculated the electrical conductivity and compared it with

experimental measured values, as shown in Figure 3.6 [53, 56].
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Figure 3.6: The calculated electrical conductivity (blue solid line) for graphene associated with

two isotropic Dirac cones at 300 K is compared with the experimental measured values (red

circles), which exhibit very good consistency. The associated electronic thermal conductivity is

also calculated (green dashed line), and is consistent with the empirical estimation [57].

63



The calculated electrical conductivity (blue solid line) based on this model and the
experimentally measured electrical conductivity (red circles) are compared for the room
temperature experimental conditions. The consistency of the calculated data and measured data
has been shown in Figure 3.6. Further, the electronic contribution to the thermal conductivity of

graphene (green dashed line) is also calculated.

3.6 Seebeck Coefficient Enhancement

From the results in Section 3.3 and 3.4, we can see that though the Seebeck coefficient is related
to the scattering strength, carrier concentration, and other conditions at a certain temperature, the
possible maximum values of the Seebeck coefficient for both N-type and P-type materials are
mainly decided by the scattering order, and hence the scattering mechanism(s), for a given
electronic band structure. This has adjusted our thoughts on how to enhance the power density of
a thermoelectric materials system by maximizing the Seebeck coefficient, i.e. by changing into
higher order scattering mechanism(s). For example, we expect to see an enhanced maximum
Seebeck coefficient by introducing more charged scattering centers to an acoustic phonon
scattering dominated system, or by reducing neutral impurity scattering centers to avoid such low

order scattering mechanism.

3.7 Demonstration in Other Materials

Systems

Besides the graphene system, the metal dichalcogenide monolayer materials system is another
class of materials that are interesting to researchers currently. The similar experiments carried
out on the graphene system can be carried in the metal dichalcogenide monolayer materials
systems as well, including the gate voltage [29], the surface functionalization [30], and the

adatoms absorption[31-41].
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From Figure 3.7 we see that the maximum values Seebeck coefficient still changes with
the scattering order j in the various metal dichalcoginide monolayer materials systems [29-41].
This is consistent with the mathematical predictions we made for a general electronic band in
Equations (3.11)-(3.14). This one-to-one correspondence relation between the maximum

Seebeck coefficient and the scattering order can be used as a diagnostic tool for carrier scattering

mechanism(s).
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Figure 3.7: How the maximum values of the Seebeck coefficient changes in an almost linear

manner with the scattering order j in the various metal dichalcoginide monolayer materials

systems [29-41].
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3.8 Chapter Summary

In this chapter, it is found that when the electronic band structure is given, the maximum
Seebeck coefficient for a materials system, both P-type and N-type, forms a one-to-one
correspondence with the scattering order, described by Equation (3.1). This result has provided
us with a scattering mechanism inference tool, as well as a Seebeck coefficient enhancement
strategy. This new method is tested and verified in graphene, which is a system with a simple
linearly dispersed band structure. The mathematically predicted results in Section 3.3-3.5 are
also demonstrated in the metal dichalcoginide monolayer materials systems as well. Therefore,
is significantly promising that this method will also work for more complicated thermoelectric

materials systems.

it
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Chapter 4

New Model for Nano-Narrow-Gap

Materials

Narrow-gap materials refer to semiconducting materials with a band gap £ ¢ that is comparable

to the range of its operation temperature 7, i.e. E, ~ k1. Most of the traditional good-

performance thermoelectric materials fall into this materials class, e.g. bismuth antimony alloys

(Bi,_,Sb ), lead telluride (PbTe), bismuth telluride ( Bi,Te, ), bismuth selenide ( Bi,Se;), and
lead selenide (PbSe) [17].

4.1 Introduction to Nano-Narrow-Gap

Materials

Besides the application in thermoelectric power generation and refrigeration, especially for low

temperature cooling, narrow-gap materials are also widely used for infrared photonic devices,

This Chapter is reprinted/adapted from the published work: * S. Tang and M. Dresselhaus,
“Phase diagrams of BiSb thin films with different growth orientations”, Physical Review B, 86,
075436 (2012). > S. Tang and M. Dresselhaus, “Electronic phases, band gaps, and band overlaps
of bismuth antimony nanowires”, Physical Review B, 89, 045424 (2014).
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terahertz electronics and photon absorbers [58-60]. By introducing nanoscience and
nanotechnology, we have more parameters available for controlling the electronic and photonic
properties in nanostructured narrow-gap materials, including thin films, nanowires, nanoedges,

and nano-composites.

The modeling of the electronic band structure for nano-narrow gap materials has been always
a challenge. On the one hand, in a narrow gap system, the conduction band and the valence band
are strongly coupled to each other; on the other hand, in a nanoscale confined system, the band
gap will be changed due to the quantum confinement effect, which is determined by the band gap
and the band shape near the band-edges. Thus, in such a nanoscale narrow-gap system, the band
gap, the dispersion, the carrier effective mass and the quantum confinement effect are
intertwined. Though the effective mass theorem and the k - p theory can give a simple
estimation of the band structure, the accuracy of the effective mass and band gap determination
is usually not sufficiently accurate. For accurate results, first principles calculations can be
carried out, which, however, require very large memory and computational power when it comes
to nanoscale alloy systems that need to contain hundreds or thousands of atoms within each unit
cell. Thus, a new approach that is more accurate than the effective mass theorem and more

efficient than the first principle calculations needs to be developed.

4.2 New Method to Model the Band Structure

In this thesis, I mainly studied the nanomaterials of bismuth antimony ( Bi,_ Sb ) alloys, which

is a very important materials system for low temperature thermoelectric applications. We will

illustrate here a new method to model the band structure of nano-narrow-gap materials in

nanostructured Bi,_ Sb  alloys.
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We recall that Bi,_ Sb  alloys have a rhombohedral lattice structure with two atoms in each
unit cell, where the trigonal axis with C; symmetry, the binary axis with C, symmetry, and the

bi-sectrix axis with C, symmetry that is perpendicular to the trigonal-binary plane, form a

natural Cartesian coordinate system. The bisectrix axis and the trigonal axis form a mirror plane

that bisects the whole rhombohedral lattice, as shown in Figure 4.1 (a) [58-61].

(a)

Trigonal

(b)

Bisectrix

Figure 4.1: Structure of Bi,_ Sb . (a) shows the rhombohedral lattice structure of bulk bismuth,
bulk antimony and their alloys Bi,_ Sb_. There are two atoms in each unit cell. The C,

symmetry trigonal axis, the C, symmetry binary axis and the C, symmetry bisectrix axis form a

Cartesian coordinate system in three-dimensional space. The trigonal-bisectrix plane forms a
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mirror symmetry plane. (b) shows different carrier-pockets in the first Brillouin zone of bulk

Bi_Sb._.

In the first Brillouin zone of bulk Bi,_ Sb _, there are one 7" point, three degenerate L points

(labeled as Lm, 1 =1,2,3) and six degenerate H points (labeled as HY , I'=1,2...6), as shown in
Figure 4.1(b). The bottom of the conduction band is located at the three L points. The top of the
valence band can be located at the 7" point, the three L points or the six / points, depending
on the antimony composition x. Figure 4.2 shows how the band-edges for different carrier-
pockets change with antimony composition x in bulk Bi,_ Sb _ alloys, which leads to different
phases: a semi-metal phase, an indirect-semiconductor phase and a direct-semiconductor phase.
In the cryogenic temperature range below 77 K, the electronic band structure does not change

notably with temperature.
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Figure 4.2: Band-edge energies at different carrier-pockets vs. antimony composition x for bulk

Bi,_r‘vax . The semi-metal (SM) phase regions, the indirect-semiconductor (ISC) phase regions
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and the direct semiconductor (DSC) phase region are labeled. The symbols for the various bands
are indicated by the colors and symbols in the bar below the plot [58-62].

In a nanosystem, e.g. a thin film system, there is an electron carrier-pocket as well as a hole

carrier-pocket at each of the sl points. The Y -point conduction band-edge and valence band-
edge energies are close to one another, and therefore these bands are strongly coupled to each

other, so that the dispersion relations are non-parabolic or perhaps even linear if Dirac cones are

formed. The normal-to-the-film components of the inverse-effective-mass tensor OCJLi Fitm) @nd the
L(i)-point band gap EgL[ Fim) depend on the film thickness, and aﬁ Fimy and EgL[ Fitm] &T€

mutually coupled terms, which are both unknown. To calculate the Y -point band-edge shift,
we start from the traditional k - p model [63, 64]

E(k)

p-o -p=E(K) 1+—~ 4.1)

g

where a” is the L -point inverse-effective-mass-tensor. Generally, the relation between o' and

E ; around an L point is described as [65, 66]
o' == VE®K)=—I+——p°, (4.2)

under the k - p regime, where I is the identity matrix and m, is the free electron mass. Further,

under first order perturbation, the relation between the inverse-effective mass tensor and the band

gap, has been shown to be [65-68]

gL[Bulk]( )

g[Flm](Bll be )

u[LFilm] (Bil—bex) =

1 1
( o (Bi) = 1j+—1, (4.3)
0

m m,
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both theoretically and experimentally in previous literature. Lastly, the band gap change due to

the quantum confinement is usually described by the square well model [25],

94:2. .1,
7 h || it

I

AE! (4.4)

We now iterate Equation (4.1)-(4.4) dynamically, and use the band gap and effective mass of

bulk bismuth as the initial conditions, to get the ultimate converged results for Bi,_ Sb _ films,

The detailed flow chart for this dynamical-iteration model is shown in Figure 4.3 [69-71].

Nano Confinement Effect

Band Adjustmept

Band Adjustment

Figure 4.3: Scheme of the flow chart of how the band structure of nano- Bi,_ Sb _ is calculated

through dynamically adjusting the band gap, band shape and quantum confinement. Here the

effective mass tensor M is the inverse of the aforementioned @”

4.3 BiixSbx Thin Films
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The electronic band structure properties of BiixSbx thin films are studied under the newly
developed model. Due to the anisotropy of BijxSbx thin films, the growth orientation has a
remarkably strong influence on the symmetry properties of the various carrier pockets that will
be created in these thin films and the electronic band structure, which will in turn affect the band
structure. The symmetry properties of the carrier pockets and their influence on the band

structure are illustrated in Figure 4.4, for three typical growth orientations [69, 71].
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Figure 4.4: Schemes of the symmetry properties of the 7-point (red), L-point (blue) and H-point
(green) carrier pocket projections onto the film plane for Bi;-.Sby thin films for the (a) trigonal,
(b) bisectrix and (c) binary growth orientations. How such symmetry properties affect the
relation of band-edge energy as a function of Sb composition is illustrated for 100 nm thick Bi.

xSbx thin films of (d) trigonal, (e) bisectrix and (f) binary growth orientations.

Figures 4.4 (a)-(c) show the carrier pockets of BiixSby thin films obtained by projecting the 7
point, the three L points and the six H points onto the film plane for different growth
orientations. These figures, as illustrated in Fig. 4.4 (d)—(f), also show the symmetry properties

of these projected carrier pockets, where the 100 nm thick films are chosen as examples.

The case of the thin films oriented along the trigonal axis is shown in Figures 4.4(a) and (d),
where the C; symmetry of the three L-point carrier-pocket projections is retained, and where the
Cs symmetry and the inversion symmetry of the six H-point carrier-pocket projections are also
retained. Thus, the bottom (top) of the conduction (valence) band is degenerate in energy at LV,
L?, and L, and so is the top of the valence band at HD, H®, H®, H® H, and H®.

The case of the thin films oriented along the bisectrix axis is shown in Figures 4.4 (b) and (¢).
The L®-, the H®-, and the H®)- point projections all have mirror symmetry with respect to the
LO)-, the H®-, and the H®- point projections, respectively. The inversion symmetry of the H
points is still retained in Figures 4.4 (b) and (e). Figure 4.4 (e) shows that the bottom (top) of the
conduction (valence) band at the L®-point and the L®-point projections are degenerate in
energy, but are higher (lower) in energy than the LV-point projection. The inversion symmetry
i+3)

ensures that the HY point is still degenerate in energy with respect to the H'
or 3).

points (i' =1, 2,

The case of the binary oriented thin film is shown in Figure 4.4 (c) and (f). The L®-point
projection and the L¥-point projection overlap, and are different from the LV-point projection.
The inversion symmetry of the H points is still retained. Meanwhile, the H®- (H“-) point

carrier-pocket projections and the H®- (H®)-) point carrier-pocket projections overlap with each
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other and are different from the H(V- (H®-) point carrier-pocket projections. The inversion

symmetry ensures that the /") point is degenerate in energy with the H'™*® point (i "= 1, 2, or 3).
The electronic phase diagram as a function of film thickness / and of antimony composition x

for the Bi1-«Sby thin-film system grown normal to the trigonal, bisectrix and binary axes are

shown in Figure 4.5 (a), (b) and (c), respectively.
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Figure 4.5: Phase diagrams for the Bi;-Sby thin-film systems grown normal to (a) the trigonal
axis, (b) the bisectrix axis, and (c) the binary axis, as a function of antimony composition x and
film thickness /. The band gap/overlap map shown in (d), (e), and (f), are corresponding to (a),
(b), and (c), respectively. A positive value stands for a band gap, a negative value stands for a

band overlap, and a zero value stands for a gapless state [69, 71].

Region 1 and Region 5 are the semimetal phases, Region 2 and Region 4 are the indirect-gap
semiconductor phases, and Region 3 is the direct-gap semiconductor phase. The top of the
valence band is located at the T point for Region 1 and for Region 2, at the H points for Region 4
and Region 5, and at the L points for Region 3. The overall band-gap (positive) or band overlap

(negative) as a function of film thickness and Sb composition is shown in Figure 4.5 (d)-(f).

These results for the maps of the electronic phases, and the band gap/overlap magnitudes have
provided the guidance for the synthesis of interesting Bii.«Sbyx thin films. The differences
between the model and the experiments are of urgent interest. Based on the progress of the
understanding of this class of materials, future research should be focused on how to engineer
BiixSbx thin films for specific functional applications. For cryogenic thermoelectrics, the
controllability of the mini-band-gap at the L point and of the quasi-Dirac cones can provide new
thoughts about how to increase the Seebeck coefficient, while maintaining the ultra-high
mobility of the Dirac carriers or quasi-Dirac carriers in the BijxSbx system, which could give a
remarkable increase to both the overall performance of thermoelectric generators and their super-
cooling in the cryogenic range. Furthermore, the thirteen carrier pockets can be arranged in much
more ways in thin films Bi;«Sby than in bulk Bij.xSby, so that the carrier concentration can be

engineered with more flexibility.

4.4 Bi1-xSbx Nanowires

The electronic band structure properties of Bij«Sbx nanowires are also studied under the newly

developed model [70, 71]. Figure 4.6 illustrates the electronic phase diagrams and band
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gap/overlap of Bij«Sbyx nanowires with =100 nm, as a function of growth orientation and
stoichiometry. The illustrations are made for the growth orientation within the binary plane, the
trigonal plane and the bisectrix plane, in Figure 4.6 (a), (b) and (c), respectively. The semimetal
(SM) phase regions, indirect semiconductor (ISC) phase regions and the direct semiconductor
(DSC) phase regions are marked for each orientation. The Sb composition x is denoted by the
radius of the circles in Figure 4.6. With a 100 nm wire width, it can be seen that the electronic
phase starts from a semimetal, where the top of the valence band edge is located at the 7 point, at
x=0. As the Sb composition increases, phase changes occur. Explicitly, the electronic phase
changes from a semimetal to an indirect semiconductor with the top of the valence band edge
located at the 7 point, too. At around x=0.15, the top of the valence band edge become located at
an L point, and the electronic phase becomes a direct semiconductor. For yet higher Sb
concentration x, the top of the valence band edge is shifted to an A point, and the band gap of the
semiconductor phase becomes indirect again. When x is further increased, the electronic phase
finally is changed back to a semimetal, only with the top of the valence band edge located at an

H point.

This is seen more clearly in the maps of the band gap/overlap as a function of growth
orientation and Sb composition, in the corresponding subfigures below, i.e. in Figure 4.6 (d), (¢)
and (f), for the binary plane, the trigonal plane and the bisectrix plane, respectively. A negative
value stands for a band overlap, while a positive value stands for a band gap. A zero value
denotes the gapless state. At Sb composition x=0, the band overlap exhibits a negative value
corresponding to the semimetal phase. As x is increased, the magnitude of the band overlap starts
to decrease, and then becomes zero, beyond which the band overlap disappears and the nanowire
exhibits a band gap with a positive value, and the band gap increases with increasing Sb
composition x. At around x=0.15, the band gap starts to decrease with increasing Sb composition
x, until the band gap reaches zero. At yet a higher Sb composition x, a band overlap with a
negative value appears again, indicating the onset of a semimetallic phase at the relatively Sb

rich side of the phase diagram.
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The anisotropic properties of bulk bismuth antimony phases are reflected in the symmetry
properties of the electronic phase diagrams and the band gap/overlap diagrams, when the growth
orientation lies in different crystallographic planes, or normal to different crystallographic
directions. The diagrams of Figure 4.6 (a), (b) and (c) have similar profiles, but are actually
different in their detailed shapes at each phase boundary, if they are examined more closely. The
binary crystalline plane has inversion symmetry but not mirror symmetry. The inversion
symmetry is reflected in Figure 4.6 (a) and (d). However, at this specific wire width (100 nm),
the contrast associated with the anisotropy is not strong, and the non-existence of mirror
symmetry is not obvious. We discuss below how quantum confinement helps to enhance the
contrast of the anisotropy in the electronic phase diagrams and the band gap/overlap diagrams,
and also how quantum confinement causes the mirror symmetry to disappear for the diagrams
associated with the binary crystalline plane. When all six A-point hole-pockets, all six L-point
half-hole-pockets and all six L-point half-electron-pockets are projected onto the trigoanl plane, a
six-fold symmetry is formed, which is a higher symmetry than the three-fold symmetry of the
trigonal axis in the bulk materials. This is reflected in the electronic phase diagram of Figure 4.6
(b), and in the band gap/overlap phase diagram of Figure 4.6 (¢). In Figure 4.6 (b), the shape of
each phase boundary is actually a mixture of a circle and hexagon. To see this, it requires a very
careful reading of the diagram, and it might be not obvious. However, this circle and hexagon are
much more clear in the band gap/overlap diagram in Figure 4.6 (¢), where the shapes of six-petal
flowers can best be seen at the edge of the inner yellow DSC (direct semiconductor phase)
region. The diagrams of the bisectrix crystalline plane have both mirror symmetry about the
binary axis, and mirror symmetry about the trigonal axis, which are accompanied by inversion
symmetry. These symmetry properties are seen in Figure 4.6 (c), and are more obviously seen in

Figure 4.6 (f).
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Figure 4.6: The electronic phase diagrams (a)-(c), and the band gap/overlap diagrams (d)-(f) of
Bii.xSbx nanowires of 100 nm wire width, as shown for various wire growth orientations and Sb
compositions x. The illustrations are made for the binary (a) and (d), trigonal (b) and (e), as well
as and bisectrix (c) and (f) crystalline planes. In each diagram, the direction stands for growth
orientation, and the length of radius for a point stands for the Sb composition x, which lines up
with the origin of each circularly shaped diagram, so that the binary direction in (a) for example
denotes the direction normal to the trigonal and bisectrix directions shown for the square sample
faces. At the origin, the value of x is 0, and at the outmost point, the value of x is 0.30, as scaled
in the legend. The regions with the semimetal phase (SM), indirect semiconductor phase (1SC)
and direct semiconductor phase (DSC) are marked out in (a)-(c) and in the legend. In the legend
of the phase regions, the top of the valence band edge is located at the 7 point for the upper
regions of the semimetal (Region 1) and indirect semiconductor phases (Region 2), and is
located at the H points for the lower regions of the indirect semiconductor phase (Region 4) and
semimetal phase (Region 5). Both the top of the valence band edge and the bottom of the

conduction band edge are located at the L points for the direct semiconductor phase (Region 3).
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In the diagrams of the band gap/overlap, a positive value stands for a band gap, while a negative

value stands for a band overlap. A zero value stands for a gapless state [70, 71].

Now we illustrate the electronic phase diagrams and band gap/overlap diagrams of Bi;-
«Sbx nanowires with a much stronger quantum confinement effect, occurring in nanowires with a
small width, explicitly for a nanowire with a width of 10 nm. The small width nanowires show
more clearly how the quantum confinement effect influences the symmetry properties and the
electronic phases of the nanowires comparatively. The electronic phase diagrams and band
gap/overlap of Bij.xSbx nanowires with ¢=10 nm, as a function of growth orientation and
stoichiometry, are illustrated in Figure 4.7. The changes in the electronic phase diagrams are
more obvious in Figure 4.7 than in Figure 4.6. First, the direct semiconductor phase regions have
disappeared in all of the three cases (a), (b) and (c¢). The semimetal phase region (dark blue),
where the top of the valence band edge is located at the 7 point, has significantly shrunk to a tiny
size in both Figure 4.7 (a) and (c), and has disappeared in Figure 4.7 (b). The semimetal phase
region where the top of the valence band edge is located at an /H point (light blue) has shrunk as
well, in all the three cases, but still is present. The dominant phase regions become the indirect
semiconductor phases, which have both expanded remarkably in Figure 4.7 (a), (b) and (c). Such
information is very important for the design of electronic devices using Bi1xSbx nanowires. The
much stronger quantum confinement effect in 10 nm wide nanowires makes the contrast for the
anisotropy of all the diagrams much more obvious. The existence of inversion symmetry and the
absence of mirror symmetry is shown clearly in Figure 4.7 (a) and (d). In Fig. 3 (b), it is clearer
that the shapes of the boundaries of the electronic phase regions are mixtures of a circle and a
hexagon, and is more hexagonal than in Figure 4.6 (b). The outlines of six-petal flowers in
Figure 4.7 (e) are also much easier to observe than in Figure 4.7 (¢). Furthermore, the mirror
symmetry about the binary axis, the mirror symmetry about the trigonal axis, and the associated
inversion symmetry of the orientation-stoichiometry phase diagram of the trigonal-binary

crystallographic plane normal to the bisectrix is further clarified in Figure 4.7 (c) and (f).

82



Trigonal Binary Trigonal

Bisectrix Bisectrix Binary

Overall Band Gap/Overlap (meV)
L

5
o0 (15 030 -40 20 0 20 40 60 B0

Figure 4.7: The electronic phase diagrams (a)-(c), and the band gap/overlap diagrams (d)-(f) of
Bii-xSbx nanowires of 10 nm wire width, as a function of wire growth orientation and Sb

composition x. All the notations and legends are the same as those defined in Figure 4.6.

The above discussions show that Bij.Sbx nanowires of larger wire width show a much
richer variation of electronic phases, but the contrast of anisotropy for different growth
orientation is less obvious, while for the BiixSbx nanowires of larger wire width, the richness of
the variation of electronic phases is reduced, but the contrast of the anisotropy for different
growth orientations is much enhanced. In order to show how the electronic and symmetry
properties change with wire width and growth orientation, I have calculated the band gap/overlap
diagrams as a function of wire width and growth orientation for both a small value of Sb

composition of (x=0.05) and medium value of Sb composition (x=0.13), as shown in Figure 4.8.
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The case of larger values of Sb compositions turn out to be similar with the case of small values,
only the location of the top of the valence band edges for the semimetal phases and for the
indirect semiconductor phases are at the H points for the median value of x=0.13, instead of at
the T point which applies to (x=0.05). In order to make the values of band gap/overlap
comparable in one plot, we choose to use a logarithm scale, and in order to avoid the divergent
values of the band shift when the wire width gets close to 0, we choose to ignore the cases where

the wire width is smaller than 10°°~3 nm.
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Figure 4.8: The band gap/overlap diagrams of BiixSbx nanowires of small Sb composition
(x=0.05) (a)-(c) and medium Sb composition (x=0.13) (d)-(f), as a function of wire growth
orientation and wire width. All the notations and legends are the same as those defined in Figure
4.6 (d)-(f), except that the length of the radius in Figure 4.8 stands for the wire width scaled

lograrithmically, which lines up with the origin of each circularly shaped diagram.
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Figure 4.9: The electronic phase diagrams of BijxSbx nanowires of small Sb composition
(x=0.05) (a)-(c) and medium Sb composition (x=0.13) (d)-(f), as a function of wire growth
orientation and wire width. All the notations and legends are the same with those defined in
Figure 4.6 (a)-(c), except for that the length of the radius in Figure 4.8 stands for the wire width

scaled lograrithmically.

For the small Sb composition (x=0.05) cases in Figure 4.8 (a), (b) and (c), we see that there
are mainly three regimes for each diagram: the inner semimetal regime when the wire width is
small, the semiconductor regime when wire width is medium, and the outer semimetal regime
when wire width is large. The outer semimetal regime is easy to understand, because the bulk
bismuth antimony material at this Sb composition is in the semimetal phase region, with the top
of the valence band edge located at the 7 point, as shown in Fig. 4.2. The quantum confinement
effect has induced an increase of the direct band gap region around the L points, and leads to a
semiconductor phase at the medium wire width regime. That is also why the band overlap

increases and saturates at a certain value with increasing wire width.
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However, the mechanism governing the inner semimetal regime is different. In our model,
the components of the inverse-effective-mass tensor and the direct band gap at an L point are
negatively correlated. When the width of a nanowire is large, the non-trivial quantum
confinement effect of an L point is shifting a band edge appears more quickly as the width
decreases than does the trivial quantum confinement effect near an H or a T point. However,
when the width of a nanowire is very small, the direct band gap at an L point is large enough to
induce a significant reduction of the inter-band coupling, which changes the non-parabolic
dispersions at the L point into parabolic dispersions with larger mass components. For this
situation, the valence band edges at the 7 point and at the A points may, in contrast, have a larger
quantum confinement effect. For the medium Sb composition (x=0.13) cases in Figure 4.8 (d),
(e) and (f), except for a small area near the center, where the wire width is very small, each band
gap/overlap diagram has a positive value, and increases and saturates to a certain value with
increasing wire width. This is also because the bulk bismuth-antimony material with this Sb
composition is in the indirect semiconductor phase region, as shown in Figure 4.2 (c). The
corresponding phase diagrams as a function of wire width and growth orientation, for the small
and medium Sb composition cases (x=0.05 and x=0.13) are shown in Figure 4.9, which further

solidifies the analysis above.

4.5 Comparison between Theory and

Experiments

We here compare the theoretically predicted band gap values with the experimental results by

Morelli et al [72] with molecular beam epitaxy BiixSbx thin films, as shown in Figure 4.10.
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Figure 4.10: The values of band gap of single crystal Bij«Sby thin films (with 1000 nm

thickness) are compared between the experimental data by Morelli et.al [ 72] and the theoretical

predictions in this thesis.

It is seen that for Bij-xSby thin films (1000 nm thickness) with different values of Sb
composition, the experimental results are consistent with the theoretical predictions with the
model developed in this chapter. As the band gap of single crystal Bij«Sby thin films are barely

measured, more experimental data might be needed to further verify the model.

4.6 Chapter Summary

This chapter has discussed the challenge in modeling the band structure of nanostructured
narrow-band-gap materials. A dynamic iterative method is developed, which is more accurate

than the use of effective mass theorem and the k - p theory, and is also more time efficient than
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the first principle calculations. The applications of this newly developed method are here

illustrated in bismuth antimony thin films and nanowires.
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Chapter 5

Construction of Various Dirac Cone

Materials

Dirac cone materials have recently attracted considerable attention. In an electronic band

structure, if the dispersion relation £ (k) can be described by a linear function as

E (k) = v-Jik, where V is the velocity, and K is the lattice momentum, the point where

E — 0 iscalled a Dirac point. A Dirac cone is a two-dimensional (2D) Dirac point. Dirac
cone materials are interesting in electronic device design, quantum electrodynamics and desktop

relativistic particle experiments. A single-, bi- or tri-Dirac cone system has one, two or three
different Dirac cones degenerate in £ (k) in the first Brillouin zone, e.g. graphene is a bi-Dirac-

cone system; the HgTe quantum well structure and the surface of topological insulator can be

single-Dirac-cone systems. In this present work, we have investigated the B1,_ Sb  thin film

system, and found that it could be a very promising candidate for synthesizing different kinds of

Dirac-cone materials.

5.1 Introduction to Dirac Cone Materials

This Chapter is reprinted/adapted from the published work: * S. Tang and M. Dresselhaus,
“Constructing Anisotropic Single-Dirac-Cones in BiSb Thin Films”, Nano Letters, 12, 2021
(2012). > S. Tang and M. Dresselhaus, “Constructing a large variety of Dirac-cone materials in
the BiSb thin film system”, Nanoscale, 4, 7786(2012). ¢ S. Tang and M. Dresselhaus,
“Electronic Properties of Nano-Structured Bismuth- Antimony Materials”, Journal of Materials
Chemistry C, 2, 4710 (2014).
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A few examples of single-Dirac-cones have been reported recently. Isotropic single-Dirac-cones
have been observed in the surface states of bulk topological insulators [73] and HgTe quantum
wells [74]. However, properties such as the anisotropy of these single-Dirac-cones are fixed and
difficult to vary. Since Dirac-cone materials are considered as promising materials for the next
generation of the electronic industry, constructing Dirac-cone-materials which are controllable in
both anisotropy and fermion group velocity is very important, especially when various Dirac-

cone materials can be constructed out of the same material. For this goal, we have investigated
the Bi,_ Sb  thin film system, and found that it could be a very promising candidate for

synthesizing different kinds of Dirac-cone materials.

In this chapter, we show how to obtain single-, bi- and tri-Dirac-cone Bi,_ Sb  thin films,
and how to construct Dirac cones with different degrees of anisotropy. We also point out the
possibility of constructing semi-Dirac cones in Bi,_Sb _ thin films, where the E (k) is

parabolically dispersed along one direction and linearly dispersed along the other direction.

5.2 Construction of Various Types of Dirac

Cone Materials

5.2.1 Construction of Dirac Cone Materials with Different Numbers of

Scattering Valleys

If there is (are) one, two, or three Dirac cone(s) in the first Brillouin zone, we call the system a

single-, bi-, or tri-Dirac cone material. We propose that single-, bi- and tri-Dirac-cone materials
can be constructed from Bi,_ Sb  thin films, by choosing proper synthesis conditions to control

the relative symmetries of the three L points, as shown in Figure 5.1 [75].
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Bij 9¢Sby ¢4 Thin Film, Thickness=100 nm
L(Z) L(l) L(J)

0.1

3 Single-Dirac-Cone:
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2
z Bi-Dirac-Cone:
=g Binary Oriented
= Tri-Dirac-Cone:
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e P P ———
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Figure 5.1: An illustration of (a) single-, (b) bi- and (c) tri-Dirac-cone B1,_ Sb  thin films
grown along the (a) bisectrix, (b) binary and (c) trigonal axes, respectively. For the cross-

sectional view of each cone, K | is chosen such that Vk1 i (k‘ ) has its minimum along that

direction of K . The illustration is based on the example of Bi,_ Sb _ thin films with / =100

nm, x = 0.04, P =1 atm and 7 < 77 K, under which the L points of bulk Bi,_ Sb have a zero-

gap. The scenario is similar for other conditions. In (a), a single-Dirac-cone is formed at the s

point, while the - and 1°)- point bandgaps are opened up. In (b), two degenerate quasi-

Dirac cones are formed at the 1? and 1) points, while the g -point band-gap is much larger,

which leads to a bi-quasi-Dirac-cone material. The band-gap at the ¥ and ¥ points can be

less than 1 meV if a sample of / =200 nm is chosen, which leads to exact Dirac cones. In (c), the
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L(l] - L(z) - and Lm -point band-gaps are all the same, and the three quasi-Dirac cones are

degenerate in energy.
5.2.2 Construction of Dirac Cone with Different Anisotropic Degree

To characterize the anisotropy of a single Dirac cone, we define an anisotropy coefficient
yo=—m (5.1

where v and v

max win are the maximum and minimum in-film carrier group velocities for a

Dirac cone that are defined as

v(k )= %‘V,‘EE(k. ). (5.2)

Dirac cone with different anisotropic degree can also be constructed in the Bi,_ Sb _ thin films

system by choosing proper synthesis conditions, as illustrated in Figure 5.2 [76].

y=2 y=11

VN S
0”?‘9 Kk, (nm')
Bij, 06Sby o4 Bisectrix Oriented Growth Big 46Sbg 4 [6061] Oriented Growth
Film Thickness = 300 nm Film Thickness = 300 nm
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Figure 5.2: Example of Dirac cones at the L point with different anisotropy degree when proper

synthesis conditions are chosen, respectively.

5.2.3 Control the Mini-Gap of Quasi-Dirac Cone

When a mini-band-gap is opened up in a Dirac cone for tuning the transport properties, it is

called a quasi-Dirac cone. Quasi-Dirac cones are very important for low-temperature

thermoelectrics. Quasi-Dirac cones can also be constructed based on the Bi,_ Sb  thin films

system, by controlling the synthesis conditions, as illustrated in Figure 5.3 [75].

5 10 15
L
Mini-Gap Eg (meV)

20
10
01
8 ' 400
c 005 200 o)
%’p 00 esslk“
o@(‘. "“-\c\k“

(y
100+ ?"\‘“

Bisectrix Oriented Thin Film
Mini-Gap vs. Alloy Composition & Film Thickness

Figure 5.3: The 15 -point mini-gap vs. film thickness / and Sb composition x for the
Bi

.Sb _ thin films grown along the bisectrix axis.
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5.2.4 Constructing Semi-Dirac Cones

If a Dirac cone is relativistically (linearly) dispersed along one direction and classically
(parabolically) dispersed along its perpendicular direction, this Dirac cone is called a semi-Dirac

cone. Inthe Bi_ Sb _ thin films system, if we carefully choose the film synthesis condition,

semi-Dirac cones can also be constructed as illustrated in Figure 5.4 [75].

8 R
Relativistic
5
L
E 7
-
go
L
)
Classical
6 PR

01 005 0 005 0.1
Lattice Momentum (nm')

BiyoSby; Thickness=100 nm, Oriented 40° to the trigonal

Figure 5.4: Example of a semi-Dirac cone in the B1,_ Sb  thin film system (x=0.10 and /=100

nm). It can be seen that around the g point, the fermions are linearly dispersed along the v

max

direction, and parabolically dispersed along the v . direction.

5.3 Chapter Summary

In this chapter, the construction of various kinds of Dirac cone materials were discussed based on
the Bi,_ Sb _ thin films materials system, including Dirac cone materials with different numbers
of scattering valleys, Dirac cones with different degrees of anisotropy, quasi-Dirac cones with

controllable mini-band-gaps and semi-Dirac cones.
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Chapter 6

Anisotropic Transport for Parabolic,
Non-Parabolic and Linear Bands of

Different Dimensions

Anisotropic thermoelectrics is a very interesting topic among recent researchers. The transport
distribution function plays the central role on modeling the anisotropic thermoelectrics. The
methodology of numerical integrations is used in previous literature on anisotropic transport,
which does not capture the sharp change of transport distribution function and density of states at
the band edges that we will show later in this chapter. However, the sharp change of transport
distribution function and density of states at band edges are very important in enhancing the
thermoelectric performance. Thus, an analytical methodology that is robust on modeling the
sharp change of transport distribution function and density of states at a band edges is needed. To
our best knowledge, there has not been a paper giving the systematic study on the analytical
models of anisotropic transport distribution function for different kinds of band valleys in
different dimensions under different assumptions. Therefore, the main focus of this chapter is to
develop such a robust analytical methodology on modeling the anisotropic transport distribution
function. So the main content in this chapter will be 1) a systematic method is developed to
model the anisotropic transport distribution function, for 3D, 2D and 1D systems, in parabolic,
non-parabolic and linear dispersion relations, under both the relaxation time approximation and

the mean free path approximation; 2) it is found that the Onsage's relation of transport can be

This Chapter is reprinted/adapted from the published work: * S. Tang and M. Dresselhaus,
“Anisotropic transport for parabolic, non-parabolic, and linear bands of different dimensions”,
Applied Physics Letters, 105, 033907 (2014).
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violated under certain conditions; 3) the newly developed methodology is compared with the

traditional used numerical methodology.

As a matter of fact, most good thermoelectric materials are electronically anisotropic, such as
Bi;Te; and Bij.xSbx. Even isotropic thermoelectric/electronic materials, such as Sij«Gex, PbTe,
PbS, also have anisotropic carrier-pockets. Thus, to calculate the electronic transport quantities
associated anisotropic carrier-pockets in a simple physical way is very important for the research
of optimizing thermoelectric/electronic performance. Good efforts have been made using
numerical integrations for specific materials systems. However, the thermoelectric/electronic
optimization problem requires closed-formed and physical expression of these transport
quantities, such that the materials-searching and the conditions-optimization can be carried out

among the huge number of material candidates and the various parameters, such as temperature

T and Fermi level E./‘.

6.1 Basics of Anisotropic Transport

We recall that under the relaxation time approximation of anisotropic Boltzmann equation,

6= ezl[,=o], (6.1)
S = ﬁ_lﬂ 6.2)
e I
K, =k,—TS'6S (6.3)
and
K, =T kL, (6.4)
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where

I, = j( aij'( )( jl (6.5)

and

E(E)=> 6(E-E)V®tv (6.6)
k

is the transport distribution tensor, and V, T and £, are the carrier group velocity, the relaxation

time tensor and the Fermi distribution, respectively. It is clear that the transport distribution

tensor Z( E) plays the central role in determining all these electronic transport quantities.

However, the complex calculations of inner- and outer-product between different ranks of
tensors have always been misunderstood and improperly assumed in literatures that make

numerical calculations of the transport distribution tensor for anisotropic systems.

Scheidenmatel et al. [77], Lee et al. [78], and Yavorsky et al. [79], have calculated the
anisotropic transport distribution tensor with numerical integrations based on first-principle
results for the specific material of intrinsic bulk Bi>Tes; without doping, by assuming that the
relaxation time is a constant, which has given important references for this bulk material of
intrinsic bulk Bi;Tes. However, these numerical methodologies take heavy computations, and is
not easy for implement in the materials-searching and the conditions-optimization problems of
thermoelectric/electronics. Teramoto et al. [80, 81] have numerically calculated the anisotropic
transport tensor in bulk Bi and bulk Bi;xSbx. However, a strong assumption is assumed that
v @71V =1V ®V, without further validation. Bies et al. [82] have made a remarkable progress

on giving a relatively simpler expression for 3D and 2D parabolic bands with the dispersion in
the form of E(k) = (h*/ 2)kTM'lk , assuming that T(K) = 7,[E(K)]# , where 7, is a scalar

function of £, and & is a dimensionless constant matrix. However, cases for the non-parabolic

bands that happens at the L points of Bi, Bii«Sbx, PbTe, PbSe, and PbS, and at the bottom of
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conduction band of Be>Tes, and Sii.xGex, and cases for linear bands that happens at the K point
of graphene, the L point of certain Bij«Sbx, are not discussed. All these previous achievement
are suitable for study the electronic transport of a certain material, but not suitable for the

materials-searching and the conditions-optimization problems of thermoelectric/electronics.

In this chapter, I have derived the analytical form of anisotropic transport distribution tensor

for a parabolic band in a three-dimensional materials system under the condition that the
relaxation time tensor is only a function of energy at a certain temperature, i.e. T(K)=7,(£)T,

where T is a constant tensor. [ have found that the transport distribution tensor can be
asymmetrical, i.e. exhibiting a deviation from the Onsager relation, which is usually not
considered in previous literatures on modeling electronic transport. I have then developed the

analytical form of anisotropic transport distribution tensor for a linear band, as well as a non-

parabolic band of a more general form beyond the Lax model £+ E*/E . = (R /2)k"M'k

[83], where E 2 is the direct band gap. Then, | have generalized the results to two- and one-

dimensional materials systems. Furthermore, I have derived the anisotropic distribution tensor
under the condition that the relaxation time tensor is a function of not only energy, but also
carrier velocity. Finally, [ have done a comparison between the numerical method used in

previous literatures and our analytical results reported in this chapter.

6.2 Anisotropic Transport for Three-

Dimensional Parabolic Bands

For clarification of the problem, we will discuss the transport distribution tensor in the Cartesian

coordinates system that coincide with the principal axes of the effective-mass tensor, e.g. for a
parabolic band E(k)=(h*/2)k"M 'K, where k is the lattice momentum measured from the

bottom/top of the conduction/valence band, and M has no off-diagonal components. Z(£)
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expressed in other coordinates systems can be easily obtained by rotation matrixes. For an

isotropic parabolic band, the dispersion reduces to E(k) = (#*/2m)k?, where

k’= k}z + k22 + k32 . By symmetry, we know that Z( E) can only take the form of

E(E)=2,(E)Z, where = (E) is a scalar function of £, and Z is the unitary matrix.

Hence, we know

%
E(E)=) 0(E - E)7,(E) v . (6.7)
k V§
By symmetry, we have
_ _ ] , 2FE
Z(E)=Z,(E)= 5Z(S(E —E )t (EWV = %D(E)TO(E), (6.8)
k

where V* = V12 + v§ + v32 ,i=1,20r 3, and D(E)= Z5(E — E, )is the density of states, which
K

is (1/47*)2m/1*Y 25" fora 3D isotropic parabolic band. Thus, we have
Z(E)=2" /370 )m' *E* 1, (E). (6.9)

For a general anisotropic parabolic dispersion expressed in the principal-axes coordinates,

E&)=(h*/2)k*/m +k, | m,+k;/m,), the transport distribution tensor is

E(E)= Z5(E — E )v ® v, which is generally not equal to Zﬁ(E —E)tv®v,ie
k k
viZTﬂvl #V, Zrﬂvl for i # j in an anisotropic case. Thus, to get the transport distribution
! !

which we define as @iqu

(E), where

tensor, we need to calculate each 25 (E-E)vv7T,, .
k
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wehave B (F) = Z®i1jl (E).©,,,(E) can then be treated as the mean value of vV, at
/

the constant energy surface of £, multiplied by the density of states at E, i.e.

®,,,(E)=1, <vl.vj>E D(E). According to v, =h~'0E / 0k, = hk, / m,, we have

ipg

(vv,) =@ Imm)(kk,) =35,2E/3m, Thus, ©,, (E)=8,2t, D(E)E/3m, and

iipq

=,(E)=(2E/3m)D(E)7,.

Hence, we have found that if the relaxation time tensor T does not diagonalize in the same

coordinates as the dispersion relation £(K) does, the off-diagonal components of the transport
distribution tensor Z(£) will not be cancelled out, i.e. 5,;(E)=(2E/3m,)D(E)7 ; , which is

an advanced explanation for the assumptions used in Ref. [82]. We also see that even if the
relaxation time tensor T is a symmetric tensor, the transport distribution tensor Z is not
necessarily symmetric, if T does not diagonalizes in the same coordinates system as E(K), i.e.
E,(E)=(2E/3m,)D(E)7 ; is generally not equal to & ,(E) =(2E/3m,)D(E)7,; (i j).
This possible deviation from the Onsager relation has not been considered in previous literatures
on anisotropic electronic transport, which simply assumed that if T is symmetrical, Z is

naturally symmetrical. Our finding of possible deviation from Onsager's relation here is

consistent with the work done by Truesdell [84] and Bies [82] through different approaches.

6.3 Anisotropic Transport for Low-

Dimensional Parabolic Bands

For low-dimensional system, the transport distribution tensor can be derived in the similar way.

For a 2D isotropic parabolic band, the transport distribution can be obtained by the same
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symmetry argument we did above for 3D case, except that z O(E— Ek[w] )or D](E)vé D]

K201

should be divided by 2 instead of 3. Thus, we have

- _ 1
Eopo)(E) = Eppy(E) == D 8(E—Ey | Vo005 (EWhpy = (E/m)Dy 5y (E)Ty155)(E)-

Ki2p)
(6.10)
For a 2D anisotropic parabolic band, we have &, . . (E) = ZG[ZD]JIJI (E), where
]
®[ZD],iqu (E) = Z 5(E_ Ek[w] )v[ZD],iv[ZD],jT[2D],pq . (6.11)

K2p)

O3 pypg (E) can also then be treated as the mean value of Vi, ) Viapy i %2)pe 2t the constant

energy circle of £, multiplied by the density of states at £, in the 2D system, i.e.

Qa1 (E) = T2y 5o (v[zwv[m ; )EDUD] (E). Then we have

<v[2D]’,.v[2D]’j>E =(K’ /mimj)<k[2D],ik[2D],j >E =0,E/m,. (6.12)

Thus, Oz g (E) = 871201, pgDiao)(EVE /1, and Sy ) (E) = (E/ 1) Dy (ENTp3p -

For the 1D parabolic band, we simply have,

Zpip)(E) =(2E ! m)Dy p) (E)To 1 p (£) - (6.13)
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6.4 Anisotropic Transport for Non-Parabolic

Bands

To describe a non-parabolic band, the Lax model, i.e. E + E* /Eg =(h? /2)kT1\I'lk [63], is

often used, e.g. the L-point band edges of bismuth and bismuth antimony. Instead of talking
about this specific form of non-parabolic band, we discuss a general form of non-parabolic band

defined as,

E=Yc,E" =(h*/2)k'M'k, (6.14)
N=0
where ¢, are constants. In the principal-axes coordinates of E(k) , we have
E="cyEY =(012) (k] Im + Kk I my+ k. Im,). (6.15)
N=0

The transport distribution tensor can still be calculated as

E(E)=)7,(vv), D(E),

except that

- dI
(vv), DEY=(v)) D(E)d—E (6.16)

and
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L _LOE_10E di_hk dE
‘" hok hok dE m dE

Thus, we have

and

dE 2F '
E,(E)= Zr 5, mD(E)/—— r, 3—,—D(E)/—E

l

For a 2D non-parabolic band, where
~1 » 2
E= ZC[ZD],NEN = (’L’fz /2)(/‘[221)],1 /'my + k[zo],z /m,),
N=0

we have

E
<v[2D]qu[2D],j> (E) 5 [2D](E)/

and

— L:;
={20]U(E) T2, - [2D](E)/

l

For a 1D non-parabolic band, where E= ZC[ID],NEN =(h? /2)(klle] /m), we have

N=0

6.17)

(6.18)

(6.19)

(6.20)

(6.21)
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= 2K o dE
Epm(£) :_HTD[ID](E)T[IDJ(E)/EE_' (6.22)

3

The linear band case, e.g. the possible Dirac point in bismuth antimony, is included in our

defined general form of non-parabolic dispersion, if we take ¢, = 0252’ N> L€

E=(Ii/\2¢,)\Jk2 [ my + K. my + K [ m, (6.23)
and
— 1 sz 2
E,(E)=—7F3 L, (6.24)

213
67 h” vy,

where v, =1/,f2¢c,m, and m; is a parameter defined in Equation (6.15), which does not mean

mass anymore in the linear dispersion.

For 2D Dirac cones, we have

E=(hi{2cp, Wk m + k2 /m, (6.25)

and

2

Vo
= — [2D].i
=[2DL (E)= z'[20],/1'E > (6.26)

2
4rh VizpnY2p12

where v, . =1/, ,20[2 p12M; - The dispersion relation reduces to £'= Tk /, /2’”0[2 pp2 iN

isotropic Dirac cones, €. g. in graphene and topological insulators, where the carrier group

velocity is v=1/, /ch[2 py» and the transport distribution tensor is
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S (E)=(E/ 47[/:,2)1712 p) - Following the similar argument, we can obtain the transport

distribution for a 1D system as

E[1D](E) =Vup1t1p) /mh. (6.27)

6.5 Anisotropic Transport under Mean Free

Path Regime

All the above discussions are valid for cases where T is only a function of energy E, and not a
function of velocity v. For some systems where semi-empirical constant mean free path
approximation is preferred, especially in low-dimensional systems with ballistic scatterings [18,
20, 85, 86]. Thus, we will start from the low-dimensional systems. For an 1D system, the

transport distribution is

E;(E)= . 8(E =By, Wiipy @ Mupy (E) Vi [ Ve (6.28)

kiip)

where we assumed that the mean free path l[l py is only a function of £ at a specific temperature.

Everything reduces to scalar in a 1D system, i.e.

E(E) =Y 8(E-E)MAE) = MEW2E/mD,, (E). (6.29)

For a 2D system, the 2D transport distribution tensor is

o (E)= Y. 8(E—E, W ® oy (Vi |Via)) - (6.30)

ki2p)
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Thus, we want to calculate each Z O(F - o )V[w] Mooy (Aanipg /\/ Viop 2D] ,)

kapy

By calculation, we have found that

ﬂIZD],
25(E Ek,D])v[2D]1V[2D]t pq2
\/[20]1

ki2p) [2D]2

’ (6.31)
) m - EE(
[2D](E)

m, - EK(
A\2E

_A[2D]pq \/_

and

/1121)], ..
2. S(E- oo WenVon, =0 (%)), (6.32)
K2p) \/ Viep T Van)2

where EK and EE are the first type and second type elliptical integrations. Thus, we have

)mEE(

m, - EK(
()= o WIE

[.

[2D](E) (6.33)

[2D] i

For 3D system, we have Z(£) = 25(E -E)v® l(v/'vl) , this is used for systems
k

such as Bi2Te3; and ShoTes [79]. We need to calculate,

A A
E&w—&wM £ =@q——4L—— D(E). (6.34)
Kk ‘\/v,2+v22+v32 vlz+v:f+v32
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By calculations, we have,

< Vivj > :51” \/2E ’;2 (635)
\/v2 2 " m
E

where we defined

N sin’ @cos’ ¢
m= 2 2 =2 -2 2
sin” @cos @ sin fsin ¢, cos (o
m, m, m, . , (6.36)
. - 2 2
27 e sin” @ cos .
=J- .[ 2 2 2 - 2 2 sin#d0dp
7=0°9=0 Isin® @ cos ¢ , sin"fsin’p cos’O
m m, m;

which turns out to have non-elementary functions in the analytical form. Putting Equation (6.35)

into Equation (6.34) we have

Z&(E E) ‘/Z_E\/_ D(E), (6.37)

2 U Pq
\/V1 +v2 +v3
which gives
E,(E)=4, —‘ZE\/_ mD(E). (6.38)

i

6.6 Applications to Different Materials
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Up to now we have considered most of the situations for anisotropic transport distribution tensor,
including parabolic, non-parabolic and linear dispersions, including three-, two- and one-
dimensional systems, and also including relaxation time approximation and mean free path
approximation in the present work. We now compare the numerical method used in previous

literature and the analytical method we have developed here in this chapter in some specific

materials. The numerical method basically uses a normalized quasi-delta function & 'S(E /o)

to mimic the delta function in Equation (6.6) [87-89]. o6 (E/0) is a smeared convolution of
O(E)and o is the smearing, i.e. fo O'_lg(E/O')dE =1 and lin(%O'_lS(E/O') =0(L).

Usually, the Gaussian smearing function 6 '3(E /o) =(1/\2xc)exp(=E*/267) is
chosen for its simplicity and special integral properties, and the smearing is set to be equal to the

thermal smearing of o = k,7". A grid of points in the k-space are sampled. Thus, the density of

states and the transport distribution tensor can be approximated as [87-89],

D(E)= Y. o S[(E-E,)/ 0] (6.39)
ke{Sampled Grnid}
and
EE)= > o lE-E)/clv®tv (6.40)
ke{Sampled Grid}

We consider the situation under relaxation time approximation. For the case of a 3D anisotropic
parabolic band valley, we illustrate the 7-point valence band valley of bulk bismuth [90], as

shown in Figure 6.1.
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Figure 6.1: Comparison between the density of states (black), principal components of transport
distribution tensor (blue and red), calculated from the analytical method developed in this
chapter (solid lines) and the numerical method used in previous literatures (dots). The valence
band valley at the T point of bulk bismuth is illustrated as an example. The principal effective
masses used for calculations are mi1=m2=0.059m. and m3=0.634m. [90], where me. is the free
electron mass. The components of transport distribution tensor are normalized by corresponding

components of the relaxation time tensor for generality. In the numerical integration, the
Gaussian form of 07'8(E /)= (1/\27x0)exp(—E*/207)[87-89] is used to be the quasi-
delta function, and the smearing is set to be kg7, where 7=100 K. The sampled k-space grid is

evenly distributed in the k-space, and set to have a density of (2.5x 10°) /m”.

We see that for both density of states and the components of transport distribution tensor, the
results from our analytical method are consistent with the results from numerical methods used
by previous literatures. Furthermore, the numerical method become less trustable when it is close
to a band-edge, because the density of states and the transport distribution are broadened by the

smeared quasi-delta function, which can barely capture the sudden change of density of states or
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transport distribution at the band edge. However, the discontinuity of density of states and
transport distribution at band edges is very essential for thermoelectrics and electronics [21].
Thus, we propose that we should use the analytical method as much as possible to increase the
accuracy of thermoelectric modeling. For the case of a 3D anisotropic non-parabolic band valley
and linear band valley, we illustrate the L-point electron valley of bulk PbTe [91] and the Dirac

point of bulk BioosSbo.o4 [76], respectively, as shown in Figure 6.2 (a) and (b).
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Figure 6.2: Density of states and principal components of transport distribution tensor of (a) the
non-parabolic conduction band valley at the L point of bulk PbTe, and (b) the Dirac point in bulk

Bio.o6Sbo.os. (a) The principal effective masses used for calculations are mi=m2=0.06m. and

m3=0.505me [91], and the non-parabolic form E + E° /E, = E is used, where E¢~189.7 meV

[91]. (b) The principal group velocities used for calculations are vi=1.63x10°m/s, vo=

1.18x10° m/s and vs= 1.09x10° m/s [76].

For 2D materials, we illustrate the 2D parabolic conduction band valley at the K point of
MoS: [92], as shown in Figure 6.3 (a). Researchers have studied anisotropic Dirac cones in
graphene superlattice and in Bij«Sby thin films. We illustrate the anisotropic Dirac cone in
graphene supperlattice studied in Ref. [93, 94], and the anisotropic Dirac cone in bisectrix
oriented Biog6Sbo o4 thin film studied in Ref. [75, 76], as shown in Figure 6.3 (b) and (c),

respectively.
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Figure 6.3: Density of states and principal components of transport distribution tensor for two-
dimensional systems. (a) The parabolic conduction band valley at the K point of MoS2 [92]. (b)
The anisotropic Dirac cone in graphene supperlattice [93, 94]. (¢) The anisotropic Dirac cone in

bisectrix oriented Bi9sSbo.o4 thin films [75, 76].
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Lastly, we illustrate the single valley in carbon nanoribbon for 1D systems. For a
semiconducting carbon nanoribbon, the band edge is parabolic with an effective mass. We

illustrate the metallic armchar carbon nanoribbon with a width of 6.02 nm and Dirac fermion

group velocity of 8 x10° m/s [95, 96], as shown in Figure 6.4 (a), where the 1D density of states
and the 1D transport distribution function remains a constant when the carrier energy is greater
than zero. For a semiconducting carbon nanoribbon, there might form a 1D linear dispersion
relation at the band edge, e.g. a metallic armchair nanoribbon with a width of 21 nm, a band gap
of 0.65 eV and an effective mass of 0.05me [95, 97], as show in Figure 6.4(b). We noticed that
for the semiconducting carbon nanoribbon, though the density of states diverges at the band
edge, the transport distribution converges to 0, which is why the electrical conductivity is still

finite.
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Figure 6.4: Density of states and principal components of transport distribution tensor for one-

dimensional systems. (a) Metallic armchair carbon nanoribbon with a width of 6.02 nm and

Dirac fermion group velocity of 8 x10° m/s [95, 96]. (b) Semiconducting armchair nanoribbon

with a width of 21 nm, a band gap of 0.65 eV and an effective mass of 0.05m. [95, 97].

6.7 Chapter Summary

In conclusion, we have derived the analytical forms of anisotropic transport distribution tensor
for parabolic, non-parabolic, and linear valleys, in 3D, 2D and 1D materials systems, under both
the relaxation time approximation and the mean free path approximation. We have found that
the Onsager relation for electronic transport can be deviated, if the relaxation time tensor does
not diagonalize in the same coordinates frame which diagonalizes the effective mass tensor. We
then calculated the transport distribution function for some band valleys of several interesting
materials systems, including the T-point hole valley of bulk bismuth, the L-point electron valley

of bulk PbTe, the anisotropic Dirac point in bulk Bio.osSbo.os, the K point electron valley of
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MoS$;, the anisotropic Dirac cones in graphene superlattice and Bii..Sby thin films, and also the

single valley in semiconducting and metallic carbon nanoribbons [28].
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Chapter 7

Suggestions for Future Directions

There are several directions opened for future research interests based on the work described in

this thesis.

For high temperature waste heat recovery applications, this thesis has discussed the new
direction of thermoelectrical power generation. Traditional thoughts have been concentrated on
pursuing high thermoelectric Z7 in narrow-gap materials, while here we see that wide-gap
materials can also be promising. First, through the pseudo-ZT framework of thermoelectrics
proposed here, we can see cases where the band gap will increase the maximum zz. and
maximum z¢; at the same time. Second, in wide-gap materials the Seebeck coefficient is usually
larger than that for narrow-gap materials, because the positive entropy carried by the holes and
the negative entropy carried by the electrons do not cancel each other in a notable way. This is
especially important for high temperature waste heat recovery, because the power density is a
very crucial parameter in engineering practice for thermoelectricity generating devices to be
compatible with industrial thermal processes. The challenge of thermoelectrics of wide gap
materials lies in: 1) how to change the Fermi level through doping and 2) how to reduce the
lattice thermal conductivity. The proposed approaches will be using nanostructures, amorphous
structures and polycrystals to build up a network of amorphous grain boundaries, which can

scatter the phonons effectively without jeopardizing the electronic transport notably.

For low temperature thermoelectric cooling, this thesis has suggested the approach of
trying to find materials with higher asymmetry for carrier scatterings between electrons and
holes. Meanwhile, a divide-and-conquer strategy is proposed to change the scattering
mechanism(s) and the materials dimensions based on the magnitude of the geometrically

normalized lattice thermal conductivity. This thesis has also provided a tool to infer the specific
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scattering mechanism(s) within a certain materials system, as well as a method on how to
increase the possible maximum Seebeck coefficient by changing the carrier scattering order. The
most relatively efficient thermoelectric cooling materials that have been found so far are narrow-
gap materials. Based on the new model for nanostructured narrow-gap materials provided by this
thesis, the materials search and design task will be accelerated. In future research, detailed first
principle calculations can be carried out to study the band structures and the carrier scattering

mechanism(s), in order to search for high performance thermoelectric cooling materials.

With the miniaturization trend of electronic devices, conventional research based on
classical physics is no longer suitable and advanced quantum mechanics must be employed.
Along this line, relativistic-effect devices provide feasible approach to largely advance a wide
range of applications in information technology and energy fields, aiming ultra-high running
speed and frequency, and ultra-low energy consumption. Such devices can be based on
materials where the carriers' energy-momentum relation is not classic, but relativistic. This
materials class includes graphene, topological insulators, and certain BijxSbx, which exhibit
linear energy-momentum relations (Dirac cones) and lead to massless carriers. This materials

class also includes phosphorene, MoS2, and WS, where the carriers have non-zero masses.

An interesting future direction will be the study of novel transport phenomena based on
such relativistic-effect materials for the next IT revolution. This thesis provided both the
systematic method of constructing various conventional and unconventional anisotropic Dirac
cones, and the method of detecting Dirac carrier scattering mechanisms by the maximum values
of the Seebeck coefficient. It will be interesting to study the quantum transport of massive
relativistic particles using MoS2, WS; and phosphorene, and massless relativistic particles using
graphene, topological insulators and BiixSbx. Such novel quantum transport studies of energy,
entropy and charge may pave the way for the next-generation energetic, electronic and photonic
devices. Further, the traditional study of relativistic particles is mainly limited to isotropic Dirac
cones. The work on anisotropic Dirac cones, anisotropic transport and quantum effect in this
thesis enables the future study of highly anisotropic novel transport to potentially attract
significant attention. In addition, the transition of charge, energy, mass and entropy from the

photon-like to the golf-ball-like regime is attractive for developing novel devices.
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