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Abstract

We propose and study two new computational models for quantum computation, and in-
fer new insights about the circumstances that give quantum computers an advantage over
classical ones.

The bomb query complexity model is a variation on the query complexity model, inspired
by the Elitzur-Vaidman bomb tester. In this model after each query to the black box the
result is measured, and the algorithm fails if the measurement gives a 1. We show that the
bomb query complexity is asymptotically the square of the usual quantum query complexity.
We then show a general method of converting certain classical algorithms to bomb query
algorithms, which then give improved quantum algorithms. We apply this general method
to graph problems, giving improved quantum query algorithms for single-source shortest
paths and maximum bipartite matching.

Normalizer circuits are a class of restricted quantum circuits defined on Hilbert spaces
associated with Abelian groups. These circuits generalize the Clifford group, and are com-
posed of gates implementing quantum Fourier transforms, automorphisms, and quadratic
phases. We show that these circuits can be simulated efficiently on a classical computer even
on infinite Abelian groups (the finite case is known [1, 21), as long as the group is decomposed
into primitve subgroups. This result gives a generalization of the Gottesman-Knill theorem
to infinite groups. However, if the underlying group is not decomposed (the group is a black
box group) then normalizer circuits include many well known quantum algorithms, includ-
ing Shor's factoring algorithm. There is therefore a large difference in computational power
between normalizer circuits over explicitly decomposed versus black box groups. In fact, we
show that a version of the problem of decomposing Abelian groups is complete for the com-
plexity class associated with normalizer circuits over black box groups: any such normalizer
circuit can be simulated classically given the ability to decompose Abelian groups.

Thesis Supervisor: Edward H. Farhi
Title: Professor of Physics; Director, Center for Theoretical Physics
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Chapter 1

Introduction

This thesis concerns the fields of quantum algorithms and quantum computational complex-
ity. An algorithm, roughly speaking, is a set of instructions to be performed to solve some
computational problem. Computational complexity theory studies the time, memory, and
other resource requirements needed to solve some computational problem. By quantum we
mean that the computers we use are quantum computers, i.e. these computers are allowed
to use quantum effects, such as interference and entanglement.

We will be studying two alternative computational models in the quantum setting. In
Chapter 2 we will be studying the bomb query complexity model, a generalization of the
Elitzur-Vaidman bomb tester (see Section 2.2) to the study of complexity. This model will
yield a method for converting certain classical algorithms to good quantum algorithms. In
Chapters 3, 4, and 5 we will study the model of normalizer circuits; this restricted model of
quantum circuits will allow us to better understand the quantum speedup in Shor's factoring
algorithm, and perhaps give guidance on the design of future algorithms.

In this chapter we will introduce the concepts of quantum computing that we will need
in this thesis; a knowledge of quantum mechanics is assumed. We will start by introducing
classical computation in Section 1.1, proceed to quantum computation in Section 1.2, and
describe the two most important known quantum algorithms: Shor's algorithm for factoring
in Section 1.3, and Grover's search algorithm in Section 1.4. We end this chapter by outlining
the rest of the thesis in Section 1.5.

Most of the material of this chapter is covered in more detail in [3, 4].

1.1 Classical Computation

The classical theory of computation is interested, broadly, in the following type of question:
given a set amount of resources, what computational problems can we solve? At first sight
it is not even clear that these types of questions are meaningful at all, since presumably
the answer would depend on the specific machine we are using. Nevertheless we will see
that models of computation can be introduced that capture the essence of all computers we
know.

1.1.1 Turing and the theory of computability

In 1937, Alan Turing introduced the model of Turing machines [5]. In summary, a Turing
machine consists of an semi-infinite tape along with a finite-sized program and memory used

11



to manipulate the contents of the tape. The input to the Turing machine is the original
contents of the tape, and the output is the contents of the tape after the Turing machine
has finished executing. We will not go into very many details, but Turing made three very
important observations:

1. There exists a universal Turing machine that is capable of simulating an arbitrary
Turing machine on arbitrary input. The universal machine reads the description of a
specific Turing machine T and input I to be simulated from its own input (tape), and
gives the same output that one would have gotten if T were executed with input I.
This property of universality was radical at the time: given a computational task one
wanted to perform, one would have used a machine specifically built to perform that
task. Turing's work showed that instead of building a computer for every single task,
one could instead build a general-purpose computer and change the software on it to
perform any computation.

2. Given enough time, Turing machines appear to be able to calculate any function com-
putable by a real-world process (e.g. done by pen-and-paper, employing a machine,
measuring an observable of a physical system, etc.). This observation was made inde-
pendently by Turing and his Ph. D. advisor, Alonzo Church1 :

Church-Turing thesis: Any real-world computational process can be sim-
ulated with a Turing machine.

The Church-Turing thesis is, in the opinion of the author, somewhat like a natural
law: it cannot be proven mathematically, but can be disproved by a counterexample.
No such counterexamples are known; the computers that we use nowadays can be
simulated by Turing machines. Turing machines can therefore be viewed as a rigorous
mathematical formalization of algorithms.

3. There are functions that cannot be computed by Turing machines. An example is the
Halting Problem: given a description of a Turing machine and input, decide whether
the Turing machine halts or runs forever. Turing showed that there is no algorithm
(Turing machine) that solves the halting problem. This was a profound statement
that came as a surprise to many, especially to David Hilbert. Hilbert had posed the
challenge of finding an algorithm that could, in principle (and enough time), solve all
the problems of mathematics [7]; Turing's work showed that this was impossible.

We now know many other such problems that are unsolvable even in principle; two
recent examples in physics are deciding whether a quantum many-body Hamiltonian
is gapped or gapless [8, 9], and deciding whether a sequence of Stern-Gerlach-type
measurements have outcomes that never occur [101.

We stress that while it is believed that Turing machines can simulate any natural com-
putational process, we have not said anything about the resources required for such a sim-
ulation.

Finally, it will be convenient to consider a variant of the Turing machine where random-
ness is allowed. Such a probabilistic Turing machine would be able to flip a coin during the
execution of the machine, and execute different instructions depending on the result of the
coin flip. A deterministic Turing machine would still be able to simulate a probabilistic one,

'Church had earlier propsed the equivalent, but much less intuitive, computational model of A-calculus
[6].
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by simply checking the results of the computation on all possible coin tosses, in accordance
with the Church-Turing thesis. However such a simulation would of course take far more
steps to execute.

1.1.2 Complexity theory

The discussion in the preceding section on Turing machines centered mainly on computability

theory, i.e. studying which functions were in principle computable by an algorithm, and

which functions were not. In practice, however, this is of course not all we care about, since

even if a function is possible to compute in principle, in practice there may be no algorithm

that does so within a reasonable time and memory. Computational complexity theory studies

the resource requirements of computational tasks.

In computational complexity we are often interested in the asymptotic scaling of the time

and space requirements of an algorithm as a function of the problem size or input size, and
not in the precise values of the requirements itself. We will often use the following 'big-O'
notation:

Definition 1. Let f and g be two nonnegative-valued functions defined on the positive
integers. Then:

" Suppose there is an integer N and a constant C such that f(n) < Cg(n) for all n > N.
Then we say that f(n) = 0(g(n)).

" Suppose there is an integer N and a constant C such that f(n) > Cg(n) for all n > N.
Then we say that f(n) = Q(g(n)).

" If f(n) = 0(g(n)) and f(n) = Q(g(n)), then we say that f(n) = e(g(n)).

When we analyze the amount of resources needed for an algorithm to run, we will usually

only give a big-0 upper bound for it. The actual runtime of an algorithm may very well

depend on the power of the computer it is run on, which we cannot directly analyze; what

we can look at is how well the algorithm scales (e.g. whether the runtime is a polynomial
or exponential in the size of the problem). For example, for a 9(2")-time algorithm, adding

a single bit to the problem size doubles the runtime, and the algorithm is therefore unlikely

to be useable beyond say n = 40. On the other hand, algorithms with polynomial time

complexity are widely used in practice.

A general rule of thumb used by computer scientists is that an algorithm runs efficiently
in practice if its resource requirements (usually time) scale only as a polynomial of the

size of the input. This is of course not a hard and fast rule, as an algorithm with run-
time 0(n100 ) can hardly be called efficient while one with runtime O(20-00001") will likely

work well in practice. Nevertheless, distinguishing between polynomial and superpolynomial

times does a sufficiently good job of distinguishing between fast and slow algorithms, and is

mathematically convenient. We thus make the following definition:

Definition 2. An algorithm is efficient if and only if its resource requirements (usually the

number of operations used) scale as a polynomial of the length of the input.

For the rest of this thesis, this is the only meaning of the word 'efficient' that we will

use.
Of course, the complexity of a problem depends on the given computational model.

However, in the 1960s and 1970s (at the beginning of the study of complexity theory)

researchers observed and proposed the following:
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Extended Church-Turing thesis: Any real-world computational process can be
simulated, with at most a polynomial increase in the number of steps required, by
a probabilistic Turing machine.

For decades it was thought that the extended Church-Turing thesis was true. This would
make probabilistic Turing machines an ideal computational model to study, since any effi-
cient real-world algorithm would be simulable efficiently by a probabilistic Turing machine.
We shall see however, in Section 1.2 (as well as Shor's algorithm in Section 1.3), that we now
have good reason to think that the extended Church-Turing thesis is false, because of the
classical difficulty of simulating quantum mechanics. Nevertheless probabilistic and deter-
ministic Turing machines are worthy objects of study, since the class of problems efficiently
solvable are quite robust with respect to the computational model chosen: for example, our
current computers can still be modeled with probabilistic or deterministic Turing machines.

We will introduce the following complexity classes, classes of computational problems
related by some common resource requirement. In the following, a decision problem is a
yes-or-no question: given an input, decide whether or not it satisfies some property. If it
does, we refer to the input string as a YES-instance; otherwise it is a NO-instance.

Definition 3. P is the complexity class of decision problems that can be solved with poly-
nomial time on a deterministic Turing machine, i.e. can be solved efficiently with a classical
deterministic algorithm.

Definition 4. BPP 2 is the complexity class of decision problems that can be solved with
polynomial time with a classical randomized, bounded error, algorithm. To be more precise,
a decision problem L is in BPP if there is a randomized algorithm A that always outputs
0 or 1, and always runs in polynomial time, such that the following holds:

" If a string s is a YES-instance of L, then A given input s outputs 1 with probability
at least 2/3.

* If a string s is a NO-instance of L, then A given input s outputs 0 with probability at
least 2/3.

Note that the time complexity are worst-case bounds; the algorithms referred to above
must run in polynomial time for all inputs. In addition, the precise constants 2/3 used in
the definition of BPP do not matter, as long as it is strictly greater than 1/2; this is because
running a BPP algorithm multiple times and outputting the majority answer can amplify
the success probability to any constant strictly less than 1.

P contains many natural problems, including checking whether all numbers in a list
are positive, checking whether two points are connected in a graph, determining whether a
system of linear equations has a solution, and so on. A natural problem that appeared to
be in BPP but was not known to be in P is the problem of determining whether an integer
was prime; that problem was however recently determined to be in P [11]. Many computer
scientists now believe the conjecture that in fact BPP = P, and classical randomized
algorithms are just as powerful as deterministic ones. In some sense, the complexity classes
P and BPP capture the set of problems that are easy to compute on a classical computer.

Of course, not all problems are easy to compute. A simple example, that we will come
back to multiple times in this thesis, is that of factoring a number. We can cast it as a

2BPP stands for bounded-error probabilistic polynomial time.
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decision problem as follows: given a positive integer n and a number f < n, does n has a
nontrivial factor no greater than ? This problem does not seem easy to solve; the brute
force method of trying all integers less than n is not efficient, since it takes time polynomial
in n, which is exponential in the size of the input, the lengths of the descriptions of n and
f, which is O(log n). In fact, there is no known efficient classical algorithm for the factoring
problem.

However, the problem of factoring has the property that if n does have a factor k < f,
then it is easy to verify this fact as long as the witness k is given: we simply check that k
divides n. As such, the factoring problem seems difficult to solve, but is easy to verify once
a witness is given. This motivates the definition of the following complexity class:

Definition 5. NP 3 is the complexity class of decision problems whose YES-instances can be
checked efficiently with a classical deterministic algorithm, given access to a witness string.
More formally, a decision problem L is in NP if there is a classical deterministic algorithm
A that always outputs 0 or 1, and always runs in polynomial time, such that following holds:

" If a string s is a YES-instance of L, then there is some witness string w such that A,
given input s and w, outputs 1.

* If a string s is a NO-instance of L, then for all witness string candidates w, A given
inputs s and w outputs 0.

In English, this says that if s is a YES-instance, then there is a short proof w of this fact
that can be efficiently verified. Conversely, if s is a NO-instance, then no purported proof
w can possibly work. The factoring problem thus belongs to NP.

It is clear that P is a subset of NP. Most computer scientists believe that P = NP,
i.e. that there are problems that are hard to solve but are easy to verify, given the solution.
There is no proof of this, however, and proving (or disproving) that P = NP is one of the
seven Millenium Prize Problems selected by the Clay Institute, which carries a million-dollar
prize.

1.2 Quantum Computation

Earlier in 1982, Richard Feynman had noticed the computational difficulties of simulating
quantum mechanical systems on classical computers: given a system of just 30 qubits
(two-dimensional quantum systems), the size of the Hilbert space is already 230 ~ 109,
and general Hamiltonians acting on such a small system are already difficult to simulate
because of the exponential dimension of the Hilbert space. To Feynman, it made sense to
instead use a quantum computer, a computer built out of quantum mechanical components
and interactions, to simulate such systems, and Feynman outlined a rudimentary design
of such a computer [121. In 1985, David Deutsch formalized the concept of a quantum
computing with his introduction of quantum Turing machines [13], a generalization of the
Turing machine that incorporates quantum mechanical interactions. 4

These insights, that a quantum computer could possibly perform some computational
tasks exponentially faster than a classical one, brought the extended Church-Turing thesis
into question. This was made even more dramatic by Peter Shor's 1994 discovery [14] of

3 Short for nondeterministic polynomial time.
4 We will not pay much attention on quantum Turing machines, because quantum circuits are more

common and easier to deal with, but represent an equivalent computational model.
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an efficient quantum algorithm for factoring an integer, perhaps a more intuitive problem
that was also difficult to solve on a classical computer. Through factoring an integer, a
quantum computer could also break the widely-used RSA cryptosystem [15]; this observation
generated much interest in the field of quantum computing. Shor's algorithm remains a basis
for many important algorithms and results in quantum computing, including Chapter 5 of
this thesis; we will look at a description of this algorithm in Section 1.3.

In this section, we will concentrate instead on giving an introduction to the basic concepts
of quantum computation. We will not pay any attention to quantum Turing machines;
instead we look at the equivalent, but more common and easier to deal with, quantum
circuit model. For a more detailed introduction to quantum circuits, see [3, Chapter 41 or
[4, Chapter 41

A quantum circuit can be summarized as follows:

1. A quantum circuit has a quantum state that usually (but not always 5 ) consists of a
number of qubits, or spin-1/2 systems. The state of a single qubit can be written in
the form aI0) +311) with Ja1 2 +1312 = 1; for a system of n qubits the general quantum
state is

css), 1c.| 2 = 1 (1.2.1)

sE{0,1}l S

where {0, 1}" denotes the set of all length-n boolean (0 or 1) strings.

Initially all qubits are set to 0, except for possibly a portion of the qubits serving as
an input to the circuit.

2. The circuit will apply a sequence of quantum gates to the state, each gate acting only
on one or two qubits. 6 A quantum gate U is a unitary operation on the Hilbert space:
it satisfies UtU = UUt = I, and so preserves the norm of the quantum state.

3. At the end of the circuit some or all of the qubits are measured in the computational
basis (the Pauli-Z basis). The classical results of the measurement serve as the out-
put of the circuit. It will sometimes be convenient (but never necessary) to allow
measurements being made in the middle of a quantum circuit as well.

Some examples of quantum gates are the Pauli gates:

0 1 0 -i 1 0
X ,Y= Z= (1.2.2)

1 0 i 0 0 -1

Other important gates are the Hadamard gate H, the phase gate S = vZ, and the 7r/8 gate
T:

1 1 1 0 ei/8 0

H-0 - 0 e-i-]/8

5We will also use d-dimensional quantum systems, or qudits, in our circuits.
6 This sequence of gates needs to be generated by a Turing machine, to prevent the sequence of gates

encoding some undecidable problem.
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An example of a two-qubit gate is the CNOT gate:

1 0 0 0

CNOT = 0100 (1.2.4)
0 0 0 1

0 0 1 0

CNOT stands for Controlled-NOT: it is a two qubit gate that applies the NOT (or Pauli-X)
operation to the second register, controlled on whether the first register is in the 1i) state:

CNOT0)I0) = 10)10), CNOTIO)I1) = 10)11) (1.2.5)
CNOT1)0) = I1)I1), CNOT1)I1) = 11)10) (1.2.6)

We refer to the first register as the control register, and the second as the target register.
In the depicition of circuits, the CNOT is denoted with the following symbol:

(1.2.7)

The black dot refers to the control register, while the ( symbol refers to the target. More
generally, if U is a quantum gate then

(1.2.8)

is the controlled-U gate, where U is applied on the second register controlled on whether
the first register is 1.

It turns out that the set of all one- and two-qubit gates are universal: they can implement
any general n-qubit gate, for arbitrary n. There are also finite sets of quantum gates that
are approximately universal, i.e. it is possible to implement arbitrary gates from them. An
example set of approximately universal gates are {H, S, T, CNOT}. However, if we omit
the T gate, then any quantum circuits composed of only H, S, and CNOT gates can be
simulated efficiently on a classical computer; this is known as the Gottesman-Knill theorem
[16, 171, and is important in the theory of quantum error correction. We will look at a
generalization of this theorem in Chapter 4.

Finally, we define the following complexity class:

Definition 6. BQP 7 is the complexity class of decision problems that can be solved with
polynomial time with a quantum, bounded error, algorithm. To be more precise, a decision
problem L is in BQP if there is an quantum algorithm A that always outputs 0 or 1, and
always runs in polynomial time, such that the following holds:

" If a string s is a YES-instance of L, then A given input s outputs 1 with probability
at least 2/3.

" If a string s is a NO-instance of L, then A given input s outputs 0 with probability at
least 2/3.

7BQP stands for bounded-error quantum polynomial time.
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Since quantum algorithms are inherently probabilistic (the output is generated by a
measurement), we are mainly interested in bounded-error quantum algorithms, i.e. the
algorithms are allowed to have some small chance of failure. Once again the constant 2/3
does not matter, as long as it is greater than 1/2; this probability can be boosted to any value
strictly less than 1 by running multiple rounds of the algorithm and taking the majority
answer.

For a list of current quantum algorithms, see the online Quantum Algorithm Zoo [181.
We will cover in the following sections Shor's factoring algorithm [14] and Grover's search
algorithm [19], probably the two most important quantum algorithms to date.

1.3 Shor's Algorithm for Factoring

In this section we will describe Shor's algorithm for factoring [14]. The main building blocks
for this algorithm - the quantum Fourier transform and phase estimation - find numerous
applications in quantum algorithms. We will use quantum Fourier transforms extensively
in our discussion of normalizer circuits in Chapters 3-5; moreover, we will study Shor's
algorithm itself in a different light in Chapter 5.

Our description of Shor's algorithm will not follow the more "modern" approach using
phase estimation as given by Kitaev [201, and will instead stay closer to Shor's original
approach. The purpose of this is to make it fit more manifestly into the normalizer framework
in Chapter 5.

1.3.1 The Quantum Fourier Transform

We will first describe the quantum Fourier transform (QFT). On an M-dimensional Hilbert
space with basis states 10), 1),-. ,Im - 1), the quantum Fourier transform is the following
unitary transformation:

N-1

Ui) E jZ e2nijk/mIk). (1.3.1)
k=O

This unitary gates is named after its strong resemblance to the discrete Fourier transform.
Indeed, the QFT performs a Fourier transform of the coefficients of the quantum state in
the standard basis: it performs the map

M-1 1M-
xji) ykIk), (1.3.2)

j=0 k=O

where
M-1

YA = : j- enik (1.3.3)

is the discrete Fourier transform of {xj}.
The quantum Fourier transform can be approximately implemented very efficiently, for

any m:

Theorem 7. For any m, the quantum Fourier transform can be implemented with error e
with gate complexity

o (log - (log log - + log!)). (1.3.4)
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We will not prove this theorem; see [211 for a review (and references). We will instead
show a weaker construction that implements the QFT exactly for m = 2', using O(n2 )
gates.

Theorem 8. For m = 2' with integer n, the quantum Fourier transform can be implemented
exactly with gate complexity O(n2).

Proof. This proof follows [3, Chapter 51. For shorthand, we will express numbers in binary
floating point format, i.e. if j = j, 2 '-1 + j 2 2e-2 + - - - + jt20 + je+12-1 + - -- + jn2e-" then
we will write j = jij2 ... ji+1 ... in. We proceed to analyze Eq. 1.3.1 in this notation:

2"-1

-+ e2 7rijk/ 2 l 1k)
k=O

1 e2,ijZEIkt2e|kik 2- .- k')
2n/2 Z kk=,

k1=0Ok 2 =0 k, =0

2n/2 k 1 =O k2 =0 k=O t=1

e 2Tijk,2-' kt)
f=1 jkt=

(S .; i) + e2ni2e i
2n2t=1

2ijke2-e |ke)

- / (10) + e 27T10.n 11)) (10) + e2
T.iOinjn 11)) ... (10) + e 2

T1iO1j2-..-1in- i)).

Thus the QFT maps Ij) to a product state on n qubits. Defining

1 [H
11]

1 0
Re 0 e 2ni/

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)

(1.3.9)

(1.3.10)

(1.3.11)

the following circuit implements the QFT:

(1.3.12)

jj2) n--- H R 2 R 1

i.-i1) '--T I-- -Fi.. -7HIIR2
lIjn) I H

The outputs are (ignoring normalization) |0) + e2
iOj10j2jn1--n 11) on the topmost qubit,

10) +e 2 .iOj2-.3..2 -11) on the second to top, 10) +e276
0. -Ij.1) on the second to bottom, and

10) + e 2nioj- 1) on the bottomost qubit. Thus the order of the qubits need to be reversed to
complete the QFT.
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1.3.2 Shor's Algorithm for Order Finding and Factoring

Let us consider the following problem:

Problem 9 (Order Finding). Given coprime integers a, N > 1, gcd(a, N) = 1, find the
least positive integer r such that a' = 1 mod N. We call this r the order of a modulo N.

It is not difficult to see that such an r must exist: considering the sequence al, a2,...
modulo N, eventually it must repeat itself: say a' = a- mod N, i < j, and this gives
a-i -= 1 mod N. What we are interested here is the smallest such integer r.

It turns out that the problem of factoring integers can be reduced to the problem of
order finding. We will sketch here Shor's algorithm for order finding; this algorithm can
therefore be used (with classical pre- and postprocessing) to factor integers.

In this algorithm we will need the modulo exponentiation operation: given numbers
a, b, and N, it is possible to compute ab mod N using O(log b) multiplications. To see
this, note that we can compute the numbers a, a2 , a, -... , 2LlogbJ mod N using O(log b)
multiplications (each item in the list is the square of the previous one); ab is then just the
product of some subset of these numbers. We can therefore implement the controlled modulo
exponentiation gate:

Ib)Ic) -+ 1b) cab (mod N)). (1.3.13)

We now present Shor's algorithm. We will not give a complete proof of the correctness
of the algorithm, and only give a sketch.

Algorithm 10 (Shor's algorithm for order finding [14]).
We will use two registers for this algorithm. The first register is L-dimensional for some

L > N2 , while the second register is N-dimensional. We will omit all normalization of
quantum states.

1. Initialization: Start in the state 10)11).

2. Apply the QFT to the first register, obtaining the equal superposition: ij- Ii) ).

3. Apply the controlled modulo exponentiation gate to obtain Z:'J 1j)jai mod N).

4. Measure the second register8 . The measurement result is a value ab mod N almost
uniformly chosen from b = 0, - , r - 1. The first register becomes the state

kb

L kr + b) (1.3.14)
k=O

where kb is the largest integer such that kbr + b < L. The coefficients of this state are
almost periodic, but not quite because of the wraparound (unless r divides L).

5. Apply the QFT to this register. If r divides L we would obtain (recall the discrete
Fourier transform of periodic functions; see e.g. [22])

e27rijb/r L) (1.3.15)
j=0

8This step is not necessary, but is kept to simplify the analysis.
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6. Measure the register to obtain j/r, for j nearly uniformly sampled from j = 0, -- - , r-1.
(Even if r does not divide L we would still obtain an approximation of j/r, from which
we can extract the exact fraction j/r using the continued fractions algorithm; see e.g.
[23, Chapter X1.)

After running this algorithm for multiple times we obtain multiple samples of fractions
j/r, from which we can obtain r with high probability (by taking the least common multiples
of the denominators of the reduced fractions). This algorithm is efficient, in the sense that
the number of operations required is poly(log N).

Finally, we sketch how we could factor a composite integer N given an algorithm for
order finding. Assume N is odd; if not, 2 is a factor of N. Pick a uniformly random integer
a from the set {1, . . . , N - 1}. We can find the greatest common divisor of N and a using
Euclid's algorithm; if it is greater than 1, we have found a nontrivial factor of N. Otherwise
a and N are coprime, and we can use the order finding algorithm to find the minimum r > 1
such that a' 1 mod N. If r is even, ar - I = (ar/2 - 1)(ar/ 2 + 1) mod N. It can be
shown that r is even and a'/2 = 1 mod N with probability at least 1/2, and so in this case
gcd(ar/ 2 - 1, N) is a nontrivial factor of N that can be computed with Euclid's algorithm.
Repeating this procedure multiple times allows for an arbitrarily high probability of success.

1.3.3 Hidden Subgroup Problem

Shor's algorithm solves an instance of the hidden subgroup problem, generally phrased as
follows:

Problem 11 (Hidden Subgroup Problem (HSP)). Let G be a finitely generated group and
X a finite set. f : G -+ X is a function that is constant on cosets of some unknown subgroup
H of G, and distinct on different cosets: f(gi) = f(9 2 ) if and only if giH = 92 H. Assume
that we have access to a black box implementing the unitary operation Of : Ig) x) -+

Ig)Ix e f(g)). Find a generating set of H.

Here we assume that any algorithm for the HSP has access to the black box Of, but
otherwise it uses no information about f. We will have more to say about black boxes in
Section 1.4.

As an example, in the case of order finding we have G = Z, X ={0,.. , N - 1} mod N,
and H {0, r, 2r, -- -}. The function f is implemented as f(x) = ax mod N, which is
constant on cosets of H and distinct on different cosets.

There is an efficient quantum algorithm for the HSP for Abelian G (apparently the algo-
rithm is folklore), but for non-Abelian G an efficient algorithm exists only for special cases.
See [21, 241 for reviews. Many, if not most, quantum algorithms that achieve superpolyno-
mial speedup over classical algorithms are for the HSP or related variants.

We will sketch the algorithm for the HSP when G is finite Abelian. Note that this does
not include the case of order finding, where G = Z, but the similarities should be manifest.

Algorithm 12 (Algorithm for the Abelian HSP). We will use two registers for this algo-
rithm. The first register encodes elements of G, and the second encodes elements of X. We
will also need to use the quantum Fourier transform over G, defined analogously using the
discrete Fourier transform over G; see Section 3.6 for the precise definition. We will omit
all normalization of quantum states.

1. Initialization: Start in the state 10)10).
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2. Create a superposition over all elements of G: ZgEG 100).

3. Apply the black box Of to obtain EgcG 1g) If )

4. Measure the second register, obtaining the value f(g) for some value of g and leaving
the first register in the state

Z gh). (1.3.16)
hEH

5. Apply the QFT over G to this register, to obtain the state

Z g(h')Ih') (1.3.17)
h' eH-'-

where HL is the orthogonal subgroup of H, and , is the character corresponding to

9.

6. Measure the register to a sample from the orthogonal subgroup H'.

Repeating this procedure 0(log HI) times yields enough samples of H' to determine H,
with high probability. Classical processing of these samples gives a generating set of H.

We will study this algorithm again in Chapter 5.

1.4 Query Complexity and Grover's Algorithm

We will introduce Grover's search algorithm [191 in this section; its key concept, amplitude
amplification, forms the core of many quantum algorithms. Grover's algorithm essentially
allows us to find a marked item in an unordered quantum database of N items, using only
0(vK) operations. Unlike Shor's algorithm, the speedup here is only quadratic and not
exponential; this is typical of most quantum algorithms for search problems.

We will also take the opportunity to introduce the query complexity model, for Grover's
algorithm is most naturally presented in this model. We will make use of this model exten-
sively in Chapter 2.

1.4.1 Black Boxes and Grover's Problem

Grover's algorithm is usually considered in the following setup. Assume that N = 2 ', and
suppose that we have a hidden boolean function x :{,- , N - 1} -+ {0, 1}, accessible
only through a black box Ox in the following manner:

Ox i)Ir) = ji)Ir G x(i)) (1.4.1)

where i has length n (so the register containing x has dimension N = 2 n), r has length 1,
and 9 indicates addition modulo 2. This is the most straightforward way of implementing
x(i) as a quantum gate, since any quantum gate is unitary and hence reversible. By saying
that Ox is a black box we mean that there is no way of looking at the "inner wirings" of Ox
and determining its properties that way; the only way of learning information about Ox is
to apply it in a circuit.

In the set of numbers S = {0,- , N - 1}, we will say an element i is either marked
or unmarked: x(i) = 1 if i is marked, and x(i) = 0 otherwise. We only have access to the
function f through the black box Ox, and we want to find a marked item, if it exists.
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Problem 13 (Grover's problem). Given access to x through a black box Ox, find an i such
that x(i) = 1, or report that no such i exists.

Grover's algorithm will show that this task can be done with O(VW) accesses to O and
O(V/Nlog N) additional quantum gates.9 Classically O(N) accesses to the black box are
required, so there is a quadratic speedup with a quantum computer for this problem.

Although Grover's algorithm is often referred to as a "database search algorithm", it
can be misleading to think of there actually being N items in the physical world. A more
intuitive visualization is to think of the elements x as being potential solutions to some
combinatorial or mathematical problem, where it is easy to recognize a solution (i.e. to
compute the function f), but difficult to find a solution x itself.

As an example, conside- the problem of trying to factor a number k (and forget about
Shor's algorithm for the moment). A brute force classical algorithm would be to check if
each number 1, - - - , [kj is a factor of k, using O(/i) operations. Quantumly, we could
implement the black box 0, where x(i) = 1 if and only if i divides k, i E {1, - -- , [/]},
and perform Grover's algorithm to find a factor of k in O(k1 / 4 ) operations, a quadratic
speedup over the classical brute force approach. Although there are better algorithms for
both the classical and quantum cases for this problem, this is not the case for many other
problems of interest, and often a quadratic speedup can be obtained by applying Grover's
algorithm to a classical search problem when the function x(i) can be easily implemented.

Finally, we note that if we keep the second register Ir) in the state (10) - 1l))/x/2, one
can check that

OXji) = (-1)(i)i) 10) -11) (1.4.2)

This means that using one call to Ox, we can implement one call to the phase oracle Ux,
where

UX i) = (-1)X(ii) (1.4.3)

We will use the phase oracle U, for Grover's algorithm in the next section.

1.4.2 Grover's algorithm

We will only demonstrate Grover's algorithm for the simplified case where either there is a
unique i* such that x(i*) = 1, or no such i* exists. In other words, there is at most one
marked element. For the case where the number of marked elements is greater than one and
possibly unknown, see [31 for a presentation (and references therein).

Assume that i* exists. Intuitively, the algorithm will first create the state

IS) = (10) +1) + - - -+IN - 1))/vi, (1.4.4)

the equal superposition over all elements of S = {0, - - - , N - 1}. Note that IS) is in the
two-dimensional subspace spanned by the orthogonal states Ii*) and

s = ! E 1i), (1.4.5)
iES-{i*}

9 Grover's algorithm is often said to require O(VN ) operations, but it appears to the author that this
confusingly refers to the depth of the circuit, i.e. this counting allows quantum gates to be applied in parallel.
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the equal superposition of all elements of S except for the marked element i*. More precisely,

IS) = cos0 1 s- + sin oli*), (1.4.6)

where
N -i 1

cos 0= sin (1.4.7)

In Grover's algorithm the quantum state will never leave this two-dimensional subspace. In
fact, the algorithm will rotate the state towards the desired state ji*), with each iteration
being a rotation of angle 20. The algorithm thus needs a total number of 0(1/0) = O(VrN)
of iterations.

More precisely, note that

Ux S') = S UxIi*) = Ii*) (1.4.8)

and so in the two-dimensional subspace spanned by Ii*) and S 1 ), Ux is the reflection about
ISI). Moreover, consider the following operation:

G = H*n(210) (01 - I)H*". (1.4.9)

This can be implemented efficiently: the operation 210)(01 - I gives a -1 phase shift unless
the quantum state is 0. Since H*"I0) = 1b) we have that

G = 210)(V51 - I (1.4.10)

This says that G is the reflection about the state I?/). Since the states IV)) and Ii') are

an angle 0 = arcsin(1/vWN) apart, the unitary operation GU, (reflection first about IS),

then 4')) is a rotation towards Ii*) of angle 20. Grover's algorithm is simply to apply this
rotation multiple times until we get close to Ii*):

Algorithm 14 (Grover's Algorithm). We will use a single register of dimension N = 2" (or
n qubits) for the algorithm.

1. Initialization: Prepare the state IV) = H*"I0).

2. Apply the operation GU T times to obtain the state cos((2T + 1)0) 1S) + sin((2T +
1)0) Ii*), where (2T + 1)0 i 7r/2, or remain in the state 4') if there is no marked state.

3. Measure in the computational basis, to obtain with high probability the marked state
i*, if it exists. (We can easily check whether the measurement result is the marked
state by using the oracle 0..)

This algorithm uses 0(1/0) = O(vHN) applications of GUI, and thus O(VN1) accesses
to U. Since each application of G requires log N gates, an additional 0(VN log N) gates
are required. Amplitude amplification refers to this idea of amplifying the overlap between
our initial state 14) and the desired state Ii*).

1.4.3 Query Complexity

Grover's algorithm serves as a good backdrop to introduce the notion of query complexity,
an important concept in the study of quantum algorithms. As in the case with Grover's
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problem, assume that we are given access to a boolean function x: {0, - , N - 1} {, 1},
implemented as a black box 0:

Ox1i)Ir) = 1i)Ir E x(i)) (1.4.11)

Instead of thinking of x as a function, it will also often be convenient to treat it as a string of
length N, by simply concatenating its function values: x = xox ... XN-1, where xi = x(i).

Given access to Ox, we wish to compute some function f(x). In the query complexity
model, we are interested only in the number of calls to Ox required, and not in the number
of additional gates:

Definition 15 (Query Complexity). Given access to 0,, the query complexity of a function
f (x) is the number of calls required for an algorithm to compute Ox. This varies depending
on what kind of computational resources are allowed:

* For quantum algorithms, we have the quantum query complexity, Q6(f), where J is
the error allowed.

" For randomized classical algorithms, we have the randomized query complexity, Rj (f),
where 6 is the error allowed.

" For deterministic classical algorithms, we have the deterministic query complexity,
D(f).

We will also often just write Q(f) = Qo.oi(f) and R(f) Ro.oi(f); the number 0.01 doesn't
matter if it is replaced by any number less than 1/2.

A quantum algorithm with access to a black box Ox looks like the following, where the
Ut's are unitaries independent of x:

::I OJ 
(1.4.12)

U0 U1 U2 U3

For example, consider the OR function: OR(x) = 0 if x is the all-zero string (x =

000 .. 000), and OR(x) = 1 otherwise. Classically there is no better way to evaluate the
OR function other than checking each input one-by-one, and hence R(OR), D(OR) = O(N).
In the quantum case, however, Grover's algorithm (when generalized for an arbitrary number
of marked items) means that Q(OR) = O(v/N).

Another example is that of Shor's algorithm for order finding, since it solves the following
problem: given a function x(i) 10, - -- , N 2 - 1} -* {0, . . _ , N - 1} satisfying x(i) = x(i + r)
for some r < N, find the smallest such r (which we will call ORDER(x)). In this case x
can still be viewed as a string by concatenating all the outputs x(i) together. The query
complexity of this problem is only poly(log N), unlike Grover's algorithm. The function
ORDER(x) is a partial function, since ORDER(x) is defined only for strings x satisfying
certain conditions (x(i) = x(i + r) for some i). In contrast, OR is a total function, since it
is defined for all strings x without preconditions on x.
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Obviously query complexity is not the only thing that one should worry about when
designing an algorithm, since in addition to the calls to the black box, other quantum gates
are also needed to construct a quantum circuit. A query efficient algorithm is not necessarily
computationally efficient; the most notorious example is perhaps the non-Abelian hidden
subgroup problem, where there is an algorithm using a polynomial number of queries but
exponential number of gates [25]. However, query complexity turns out to be much easier
to work with: often in the design of quantum algorithms, a query efficient algorithm is
first proposed, and then later made computationally efficient. In fact, recent tools have
been developed to construct query efficient (but not time efficient) algorithms, such as the
quantum walk formalism [26, 27, 28, 29], learning graphs [30], and bomb query complexity
(Chapter 2 of this thesis).

Another reason why query complexity is important is that there are many tools for
proving lower bounds for query complexity. For example, Bennett et al. showed in 1997 [31]
that Q(OR) = Q(VW): the quantum query complexity for the OR function is lower bounded
by Q(VW). Note the significance of this result: this says that any algorithms solving Grover's
algorithm requires at least Q(VIN) operations (since it requires at least i(VH) black box
calls). Therefore Grover's algorithm is optimal in terms of query complexity, and nearly
optimal in time complexity up to a logarithmic factor.

Since Bennett et al.'s breakthrough result, there have been two main methods of proving
query complexity lower bounds: the polynomial method [32], and the adversary method
[331. These methods have been applied to a wide range of problems; see the online Quantum
Algorithm Zoo [18] for many results. In particular, the general adversary lower bound [341
has been shown to tightly characterize quantum query complexity [35, 36, 37], but calculating
such a tight bound seems difficult in general. In constrast, to the knowledge of the author
there is no general method of proving time complexity lower bounds, other than proving a
query complexity lower bound. We will make use of the adversary method in Chapter 2.

Finally, we close this section with the following theorem, proved using the polynomial
method:

Theorem 16 ([32]). For total functions f, the query complexities Q(f), D(f), and R(f)
are polynomially related:

R(f) <; D(f) = O(Q(f) 6 ). (1.4.13)

This theorem says that to look for superpolynomial improvements in query complexity,
we need to look for partial functions. Shor's algorithm is such an example of a superpoly-
nomial speedup. However, there is a long-standing conjecture that this theorem is far from
optimal, and actually D(f) = O(Q(f) 2 ) for total functions; this separation is achieved by
the OR function and Grover's algorithm.

1.5 Organization of this thesis

We now describe the contents of the rest of this thesis.
Chapter 2 introduces the bomb query model, a variation of the quantum query model in

which after each query we immediately measure the query result, and end the computation
if the result is 1. Although it may appear that nothing useful can be done in this model, we
show that in fact any function computable in the quantum query model can be computed in
the bomb query model, but with a quadratic increase in the number of queries. This exact
characterization is shown using ideas from the Elitzur-Vaidman bomb tester, and the adver-
sary method for query complexity. We then construct a general method to convert certain
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classical algorithms to bomb query algorithms, and thus improved quantum algorithms; this
method yields the first nontrival quantum query algorithm for maximum bipartite matching.
Finally, we introduce a related model called the projective query model, and speculate how
it may help resolve the conjecture that R(f) = O(Q(f) 2 ) for total functions.

Chapter 3 defines the normalizer circuit model over Abelian groups. A normalizer
circuit is a restricted quantum circuit, defined over Hilbert spaces associated with Abelian
groups, in which only three types of quantum operations are allowed: quantum Fourier
transforms, gates that implement group automorphisms, and gates that impart quadratic
phases. This chapter focuses on only giving basic defintions and properties of such circuits;
in the process we also describe the necessary group theory setting. In the case that the
underlying group is infinite, it is infeasible to list all outputs of automorphisms and quadratic
phase functions; we therefore develop normal form characterizations of automorphisms and
quadratic phase functions to describe such gates succintly.

Chapter 4 gives the first of our two complexity results regarding normalizer circuits:
if the underlying Abelian group is decomposed into primitive subgroups, then normalizer
circuits can be simulated efficiently using a classical computer. (The finite case is known
[1, 2]) We show this by generalizing Pauli gates to the Hilbert space associated with Abelian
groups, and show that normalizer gates normalize the generalized Pauli group. Thus normal-
izer circuits are generalized Clifford circuits, and we show that an extended Gottesman-Knill
theorem holds. The main new technical challenges we overcome are to efficiently represent
stabilizer groups in terms of linear maps (since the stabilizer groups are infinitely generated,
listing a set of generators no longer works); to compute the support of a stabilizer state; and
to develop c-net techniques to sample the support.

Chapter 5 gives the second of the complexity results regarding normalizer circuits: if
the underlying Abelian group is not decomposed (we say such a group is a black box group),
then normalizer circuits contain many algorithms for solving the Abelian hidden subgroup
problem, including Shor's algorithm for factoring. We then define an extended variant of
the problem of decomposing finite Abelian groups into cyclic subgroups, and show that this
problem is complete for the compelxity class associated with these normalizer circuits. In
other words, decomposing Abelian groups can be done with normalizer circuits over black
box groups, and normalizer circuits over black box groups can be classically simulated given
a black box to decompose Abelian groups. This yields a no-go theorem for finding new
quantum algorithms based on normalizer circuits.
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Chapter 2

Upper Bounds for Quantum Query
Complexity Based on the
Elitzur-Vaidman Bomb Tester

In this chapter we introduce and study the bomb query model, an alternative oracle model of
query complexity. The bomb query model can be obtained from the usual quantum query
model by adding restrictions on how the black box oracle can be applied. We show that
the bomb query complexity is closely related to the usual quantum query complexity; this
result will in turn inspire a general method for obtaining quantum query algorithms from
classical ones.

The work presented in this chapter is joint work with Han-Hsuan Lin, and is mostly
excerpted from [38].

2.1 Introduction

Our main result (Theorem 17) is that the bomb query complexity, B(f), is characterized by
the square of the quantum query complexity Q(f):

Theorem 17.
B(f) = E(Q(f) 2 ). (2.1.1)

We prove the upper bound, B(f) = O(Q(f) 2 ) (Theorem 19), by adapting Kwiat et
al.'s solution of the Elitzur-Vaidman bomb testing problem (Section 2.2, [39]) to our model.
We prove the lower bound, B(f) = Q(Q(f) 2 ) (Theorem 20), by demonstrating that B(f)
is lower bounded by the square of the general adversary bound [34], (Adv (f))2. The
aforementioned result that the general adversary bound tightly characterizes the quantum
query complexity [35, 36, 37], Q(f) = e(Advt(f)), allows us to draw our conclusion.

This characterization of Theorem 17 allows us to give nonconstructive upper bounds
to the quantum query complexity for some problems. For some functions f a bomb query
algorithm is easily designed by adapting a classical algorithm: specifically, we show that
(stated informally):

Theorem 24 (informal). Suppose there is a classical algorithm that computes f(x) in T
queries, and the algorithm guesses the result of each query (0 or 1), making no more than
an expected G mistakes for all x. Then we can design a bomb query algorithm that uses
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O(TG) queries, and hence B(f) = O(TG). By our characterization of Theorem 17, Q(f) =

O(v'TU).

This result inspired us to look for an explicit quantum algorithm that reproduces the
query complexity O(vTG). We were able to do so:

Theorem 25. Under the assumptions of Theorem 24, there is an explicit algorithm (Algo-
rithm 27) for f with query complexity O(v TU).

Using Algorithm 27, we were able to give an 0(n3/ 2 ) algorithm for the single-source
shortest paths (SSSP) problem in an unweighted graph with n vertices, beating the best-
known 0(n3/ 2Viogn) algorithm [40]. A more striking application is our 0(n7/4) algorithm
for maximum bipartite matching; in this case the best-known upper bound was the trivial
0(n2 ), although the time complexity of this problem had been studied in [41] (and similar
problems in [42]).

Finally, in Section 2.7 we briefly discuss a related query complexity model, which we
call the projective query complexity P(f), in which each quantum query to x is imme-
diately followed by a classical measurement of the query result. This model seems in-
teresting to us because its power lies between classical and quantum: we observe that
P(f) < B(f) = E(Q(f) 2 ) and Q(f) P(f) < R(f), where R(f) is the classical randomized
query complexity. We note that Regev and Schiff [43] showed that P(OR) = 9(N).

Past and related work

Mitchison and Jozsa have proposed a different computational model called counterfactual
computation [44], also based on interaction-free measurement. In counterfactual computa-
tion the result of a computation may be learnt without ever running the computer. There
has been some discussion on what constitutes counterfactual computation; see for example
[45, 46, 47, 48, 49, 50, 51].

There have also been other applications of interaction-free measurement to quantum
cryptography. For example, Noh has proposed counterfactual quantum cryptography [52],
where a secret key is distributed between parties, even though a particle carrying secret
information is not actually transmitted. More recently, Brodutch et al. proposed an adaptive
attack [53] on Wiesner's quantum money scheme [54]; this attack is directly based off Kwiat
et al.'s solution of the Elitzur-Vaidman bomb testing problem [39].

Our Algorithm 27 is very similar to Kothari's algorithm for the oracle identification
problem [55], and we refer to his analysis of the query complexity in our work.

The projective query model we detail in Section 2.7 was, to our knowledge, first consid-
ered by Aaronson in unpublished work in 2002 [56].

Discussion and outlook

Our work raises a number of open questions. The most obvious ones are those pertaining to
the application of our recipe for turning classical algorithms into bomb algorithms, Theorem
24:

9 Can we generalize our method to handle non-boolean input and output? If so, we
might be able to find better upper bounds for the adjacency-list model, or to study
graph problems with weighted edges.
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" Can our explicit (through Theorem 25) algorithm for maximum bipartite matching be
made more time efficient? The best known quantum algorithm for this task has time

complexity 0(n2 log n) in the adjacency matrix model [41].

" Finally, can we find more upper bounds using Theorem 24? For example, could the

query complexity of the maximum matching problem on general nonbipartite graphs

be improved with Theorem 24, by analyzing the classical algorithm of Micali and

Vazirani [57]?

Perhaps more fundamental, however, is the possibility that the bomb query complexity

model will help us understand the relationship between the classical randomized query com-

plexity, R(f), and the quantum query complexity Q(f). It is known [32] that for all total

functions f, R(f) = O(Q(f) 6 ); however, there is a long-standing conjecture that actually

R(f) = O(Q(f)2 ). In light of our results, this conjecture is equivalent to the conjecture that

R(f) = O(B(f)). Some more open questions, then, are the following:

" Can we say something about the relationship between R(f) and B(f) for specific
classes of functions? For example, is R(f) = O(B(f)2 ) for total functions?

" Referring to the notation of Theorem 24, we have B(f) = O(TG). Is the quantity G
related to other measures used in the study of classical decision-tree complexity, for

example the certificate complexity, sensitivity [58], block sensitivity [59], or (exact or

approximate) polynomial degree? (For a review, see [60].)

" What about other query complexity models that might help us understand the rela-

tionship between R(f) and Q(f)? One possibility is the projective query complexity,
P(f), considered in Section 2.7. Regev and Schiff [431 have shown (as a special case

of their results) that even with such an oracle, P(OR) = O(N) queries are needed to

evaluate the OR function.

We hope that further study on the relationship between bomb and classical randomized

complexity will shed light on the power and limitations of quantum computation.

2.2 The Elitzur-Vaidman bomb testing problem

The Elitzur-Vaidman bomb testing problem [611 is a well-known thought experiment to

demonstrate how quantum mechanics differs drastically from our classical perceptions. This

problem demonstrates dramatically the possibility of interaction free measurements, the

possibility of a measurement on a property of a system without disturbing the system.

The bomb-testing problem is as follows: assume we have a bomb that is either a dud

or a live bomb. The only way to interact with the bomb is to probe it with a photon: if

the bomb is a dud, then the photon passes through unimpeded; if the bomb is live, then

the bomb explodes. We would like to determine whether the bomb is live or not without

exploding it. If we pass the photon through a beamsplitter before probing the bomb, we

can implement the controlled probe, pictured below:

Ic) Ic) (2.2.1)

10) I or X -74, explodes if 1
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In circuit 2.2.1, the controlled gate is I if the bomb is a dud, and X if it is live. The
first (control) register represents whether the photon probes the bomb or not: if the control
is 1) the photon probes the bomb, and if the control is 10) the photon does not. Thus the
bomb explodes only if the control is found to be in the state 11) and the bomb is live.

It was shown in [391 how to determine whether a bomb was live with arbitrarily low
probability of explosion by making use of the quantum Zeno effect 1621. Specifically, writing
R(0) = exp(iOX) (the unitary operator rotating 10) to 11) in 7r/(20) steps), the following
circuit determines whether the bomb is live with failure probability 0(0):

--------------------------------- I
10) R(0) R(0) (2.2.2)

10) I or X 1 10) I or X i
L ------------------------------ J

ir/(20) times in total

If the bomb is a dud, then the controlled probes do nothing, and repeated application
of R(0) rotates the control bit from 10) to 11). If the bomb is live, the bomb explodes with
0(02) probability in each application of the probe, projecting the control bit back to 10).
After 0(1/0) iterations the control bit stays in 10), with only a 0(0) probability of explosion.
Using 0(1/0) operations, we can thus tell a dud bomb apart from a live one with only 0(0)
probability of explosion.

2.3 Bomb query complexity

In this section we introduce a new query complexity model, which we call the bomb query
complexity. A circuit in the bomb query model is a restricted quantum query circuit, with
the following restrictions on the usage of the quantum oracle:

1. We have an extra control register 1c) used to control whether Ox is applied (we call
the controlled version COx):

COx1c, r, i) = 1c, r G (c -xi), i). (2.3.1)

where - indicates boolean AND.

2. The record register, Jr) in the definition of COx above, must contain 10) before COx
is applied.

3. After CO is applied, the record register is immediately measured in the computational
basis (giving the answer c - xi), and the algorithm terminates immediately if a 1 is
measured (if c -xi = 1). We refer to this as the bomb blowing up or the bomb exploding.

Ic) 1c) (2.3.2)

|0) - bomb explodes if c -xi = 1

i) - ii)
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Throughout this chapter we assume f has boolean input, i.e. the domain is D C {0, 1}N.
We define the bomb query complexity Be,(f) to be the minimum number of times the above
circuit needs to be applied in an algorithm such that the following hold for all input x:

" The algorithm reaches the end without the bomb exploding with probability at least
1-e. We refer to the probability that the bomb explodes as the probability of explosion.

" The total probability that the bomb either explodes or fails to output f(x) correctly
is no more than J > E.

The above implies that the algorithm outputs the correct answer with probability at least
1-6.

The effect of the above circuit is equivalent to applying the following projector on Ic, i):

N

M = CPso =Z 0, i)(0, il + 1, i)(1, il (2.3.3)
i=1 Xi=O

=.I - E 1, i) (1, il. (2.3.4)
Xi=1

CP,o (which we will just call Mx in our proofs later on) is the controlled version of PX,o,
the projector that projects onto the indices i on which xi = 0:

PXo = E li)(ii. (2.3.5)
Xi=O

Thus Circuit 2.3.2 is equivalent to the following circuit

Ic) Ic) (2.3.6)

1i) P2,0  (1 - c- xi)Ii)

In this notation, the square of the norm of a state is the probability that the state has
survived to this stage, i.e. the algorithm has not terminated. The norm of (1 - c -xi) xi) is
1 if c - xi = 0 (the state survives this stage), and 0 otherwise (the bomb blows up).

A general circuit in this model looks like the following:

-- P:,l PX, 0 PX, 0-

UO U1 U2 U3

It is not at all clear that gap amplification can be done efficiently in the bomb query
model to improve the error 6; after all, repeating the circuit multiple times increases the
chance that the bomb blows up. However, it turns out that the complexity BE,(f) is closely
related to Qg(f), and therefore the choice of J affects B,(f) by at most a log 2 (1/j) factor
as long as 6 > E (see Lemma 18). We therefore often omit 6 by setting 6 = 0.01, and write
BE,o.o1(f) as BE(f). Sometimes we even omit the e.
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Finally, note that the definition of the bomb query complexity B(f) is inherently asym-
metric with respect to 0 and 1 in the input: querying 1 causes the bomb to blow up, while
querying 0 is safe. In Section 2.5.1, we define a symmetric bomb query model and its
corresponding query complexity, B,,(f). We prove that this generalized symmetric model
is asymptotically equivalent to the original asymmetric model, BEs(f) = E(BE,j(f)), in
Lemma 21. This symmetric version of the bomb query complexity will turn out to be useful
in designing bomb query algorithms.

2.4 Main result

Our main result is the following:

Theorem 17. For all functions f with boolean input alphabet, and numbers e satisfying
0 < e < 0.01,

BE,o.o(f) = E (Qo.1(f) ) . (2.4.1)

Here 0.01 can be replaced by any constant no more than 1/10.

Proof. The upper bound B,,(f) = O(Q6(f) 2/e) is proved in Theorem 19. The lower bound
BE,s(f) = Q(Q0.01(f) 2 /E) is proved in Theorem 20. 0

Lemma 18. For all functions f with boolean input alphabet, and numbers e, 6 satisfying
0 < e < 6 < 1/10,

BE,o.1 (f) = O(BEs(f)), BE,6(f) = O(Be,o.1(f) log2 (1/6)). (2.4.2)

In particular, if 6 is constant,

BE,6(f) = 9(BE,o.(f)). (2.4.3)

Proof. This follows from Theorem 19 and the fact that Qo.1(f) = O(Qb(f)) and Q6(f) =

O(Qo.1(f) log(1/6)). l

Because of this result, we will often omit the 0.01 in B,,0.01 and write simply BE.

2.4.1 Upper bound

Theorem 19. For all functions f with boolean input alphabet, and numbers e, 6 satisfying
0 < e J 6 < 1/10,

BE,6(f) = O(Q6(f) 2/e). (2.4.4)

The proof follows the solution of Elitzur-Vaidman bomb-testing problem ([391, or Section
2.2). By taking advantage of the Quantum Zeno effect [62], using O(9Q~f) calls to Me, we
can simulate one call to O with probability of explosion O( QU). Replacing all O queries
with this construction results in a bounded error algorithm with probability of explosion

O( Q(f)) = 0(e).
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Proof. Let 0 = ir/(2L) for some large positive integer L (chosen later), and let R(9) be the

rotation

cos 0 - sin 0
I (2.4.5)

sin0 cos0

We claim that with 2L calls to the bomb oracle M = CPx,o, we can simulate O by the

following circuit with probability of explosion less than 7r
2 /(2L) and error O(1/L).

Ir) Ir D xi)

10) R(O) R(-) |0) (discard)

i)0 PX,o P, 0  i)
L------ _J L---------

repeat L times repeat L times (2.4.6)

In words, we simulate Ox acting on Jr, i) by the following steps:

1. Append an ancilla qubit 10), changing the state into Ir, 0, i).

2. Repeat the following L times:

(a) apply R(9) on the second register

(b) apply Mx on the third register controlled by the second register.

At this point, if the bomb hasn't blown up, the second register should contain 1 - xi.

3. Apply CNOT on the first register controlled by the second register; this copies 1 - xi
to the first register.

4. Apply a NOT gate to the first register.

5. Repeat the following L times to uncompute the second (ancilla) register

(a) apply R(-O) on the second register

(b) apply Mt on the third register controlled by second register

6. Discard the second (ancilla) register.

We now calculate explicitly the action of the circuit on an arbitrary state to confirm our

claims above. Consider how the circuit acts on the basis state Ir, 0, i) (the second register

being the appended ancilla). We break into cases:

" If xi = 0, then Px,O i) = i), so the controlled projections do nothing. Thus in Step 2

the rotation R(9)L = R(7r/2) is applied to the ancilla qubit, rotating it from 0 to 1.

After Step 2 then, the state is Ir, 1, i). Step 3 and 4 together do not change the state,
while Step 5 rotates the ancilla back to 0, resulting in the final state jr, 0, i).

" If xi = 1, then Px,01i) = 0, and

Mx10, i) = 10, i), MvI 1, i) = 0 (for xi = 1) (2.4.7)
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Therefore in Step 2 and Step 5, after each rotation R(+9), the projection CPs,O
projects the ancilla back to 0:

A'IR(0)I0,i) = Ms(cos 010) +sinOll))Ii) = cosOIO,i) (for x; = 1) (2.4.8)

Each application of MxR(0) thus has no change on the state other than to shrink its
amplitude by cos 6. The CNOT in Step 3 has no effect (since the ancilla stays in 0),
and Step 4 maps Ir) to Ir E 1). Since there are 2L applications of this shrinkage (in
Step 2 and 5), the final state is cos2 LOr D 1,0, i).

We can now combine the two cases: by linearity, the application of the circuit on a
general state E,'i ar,i Ir, i) (removing the ancilla) is

ar,ilr, i) - ar,r, i) + : ar,i cos 2 L(0)1r 1, i) (2.4.9)
rE{0,1},Xi=O rE{0,1},xi=1

= ar,i cos 2Lxi ( i, i) = ) (2.4.10)
r,i

Thus the effect of this construction simulates the usual quantum oracle Ir, i) -+ Ir D xi, i)
with probability of explosion no more than

1 -Cs4L ( '7 : ( 1_7 2 \)2L : r2(..1
2L -L 2Ls4

Moreover, the difference between the output of our circuit, I4'), and the output on the
quantum oracle, IV) = ar,ilr D xi, i), is

11IV) - 1) 1 E ai(1 - cos2L (0))Ir @ 1, i) (2.4.12)
rE{O,1},Xi=1

2

< 1-Cos" 2L 7r< .r (2.4.13)2L - 4L

Given this construction, we can now prove our theorem. Suppose we are given a quantum
algorithm that finds f(x) with Q6' (f) queries, making at most 6' = 6- c error. We construct
an algorithm using bomb oracles instead by replacing each of the applications of the quantum
oracle Ox by our circuit construction (2.4.6), where we choose

L= ' (2.4.14)

Then the probability of explosion is no more than

2L

and the difference between the final states, 10f) and , is at most

II'7r- ['P)H '(2 (2.4.16)
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Therefore

(IfIPlo'f) - (4!Pfl f) I P(O'fpI4') - (4'fjPlq'p) I+ 1K(01 P|pkf) - (NAP4f)I
(2.4.17)

_P ( ) - 10M)| + lip (IV 4)' f) II
(2.4.18)

< c/2 +,e/2 = E (2.4.19)

for any projector P (in particular, the projector that projects onto the classical answer at the
end of the algorithm). The algorithm accumulates at most c extra error at the end, giving a

total error of no more than '+ = 6. This algorithm makes 2LQ3,(f) < 2Q2,(f) +2Q,(f)
queries to the bomb oracle, and therefore

BE,s(f) <_-Q (f)2 + 2Q5-6E(f) (2.4.20)

= 0(Q6_(f) 2 ) (2.4.21)

From this we can derive that B,s(f) = O(Q6(f) 2/c):

B.Es(f) < B.E 2 ,(f) (2.4.22)

- (by 2.4.21 (2.4.23)

= _ _Since < 6 - . (2.4.24)

2.4.2 Lower bound

Theorem 20. For all functions f with boolean input alphabet, and numbers E, 6 satisfying
0 < < K 6 < 1/10,

BE, 6(f) = Q(Qo.oi(f) 2/E). (2.4.25)

The proof of this result uses the generalized adversary bound Adv (f) [341: we show
that Be(f) = f2(Adv (f)2 /e), and then use the known result that Q(f) = O(Adv'(f)) [37].
The complete proof is given in Appendix A.1.

2.5 Generalizations and Applications

We now discuss applications of the result BE(f) = E(Q(f) 2 /E) that could be useful.

37



2.5.1 Generalizing the bomb query model

We consider modifying the bomb query model as follows. We require that the input string
x can only be accessed by the following circuit:

|c) |c) (2.5.1)

|0) Ox . bomb explodes if 1

1i) i)
1a)

Compare with Circuit 2.3.2; the difference is that there is now an extra register 1a), and
the bomb explodes only if both xi = a and the control bit is 1. In other words, the bomb
explodes if c - (xi D a) = 1. The three registers c, i, and a are allowed to be entangled,
however. If we discard the second register afterwards, the effect of this circuit, written as a
projector, is

JXI= 10,i,a)(O,i,a|+ E I1,i,a)(1,i,al. (2.5.2)
iE[N],aE{O,1} i,a:xi=a

Let B,(f) be the required number of queries to this modified bomb oracle Mx to calculate
f (x) with error no more than 6, with a probability of explosion no more than e. Using
Theorem 17, we show that B and B are equivalent up to a constant:

Lemma 21. If f : D -+ E, where D C {0, I}N, and 6 < 1/10 is a constant, then
BE, 6(f) =

Proof. It should be immediately obvious that BE,(f) ;> BE,J(f), since a query in the B
model can be simulated by a query in the B model by simply setting a = 0. In the following
we show that B, 6(f) = 0(Be,6(f)).

For each string x E {0, 1}N, define the string i C {0, 1}2N by concatenating two copies
of x and flipping every bit of the second copy. In other words,

(Xi if <N
I = .if iN (2.5.3)

LetDb= {z :xED}. Givenafunctionf : D -+>{0, 1}, definef: -{0, 1} by
f(;) = f(x).

We claim that a B query to x can be simulated by a B query to z. This can be seen by
comparing Mx:

'xJ= J0,i,a)(0,i,aJ + 11, i, a)(1, i, a|. (2.5.4)
iE[N],a iE[N],a:xi=a

and AMN:

Ml1= Z, ),i- + ii)(iij. (2.5.5)
1E [2N] zE [2N]:.;i=O

Recalling the definition of z in 2.5.3, we see that these two projectors are exactly equal if
we encode i as (i, a), where i =i mod N and a = [i/NJ.
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Since f(z) f(x), we thus have B6,6(f) = B,(f). Our result then readily follows; it
can easily be checked that Q(f) = Q(f), and therefore by Theorem 17,

Be, 6(f) = B,(f) = ()

= (Q(2.5.6)

There are some advantages to allowing the projector MIx instead of MA. First of all, the
inputs 0 and 1 in x are finally manifestly symmetric, unlike that in MA (the bomb originally
blew up if xi = 1, but not if xi = 0). Moreover, we now allow the algorithm to guess an
answer to the query (this answer may be entangled with the index register i), and the bomb
blows up only if the guess is wrong, controlled on c. This flexibility may allow more leeway
in designing algorithms for the bomb query model, as we soon utilize.

2.5.2 Using classical algorithms to design bomb query algorithms

We now demonstrate the possibility that we can prove nonconstructive upper bounds on
Q(f) for some functions f, by creating bomb query algorithms and using that Q(f) =

6(feB,(f)). Consider for example the following classical algorithm for the OR function:

Algorithm 22 (Classical algorithm for OR). Pick some arbitrary ordering of the N bits,
and query them one by one, terminating as soon as a 1 is seen. Return 1 if a 1 was queried;
otherwise return 0.

We can convert this immediately to a bomb query algorithm for OR, by using the
construction in the proof of Theorem 19. That construction allows us to implement the
operation 0, in O(e- 1) queries, with O(e) error and probability of explosion if x = 1 (but
no error if xi = 0). Thus we have the following:

Algorithm 23 (Bomb algorithm for OR). Query the N bits one-by-one, and apply the
construction of Theorem 19 one bit at a time, using 0(1/E) operations each time. Terminate
as soon as a 1 is seen, and return 1; otherwise return 0 if all bits are 0.

Since the algorithm ends as soon as a 1 is found, the algorithm only accumulates E error
in total. Thus this shows BE(OR) = O(N/E).

Note, however, that we have already shown that Q(f) = 9(VcBE(f)) for boolean f.
An O(N/e) bomb query algorithm for OR therefore implies that Q(OR) = O(1N). We
have showed the existence of an O(VKI) quantum algorithm for the OR function, without
actually constructing one!

We formalize the intuition in the above argument by the following theorem:

Theorem 24. Let f : D -+ E, where D C {0, I}N. Suppose there is a classical randomized
query algorithm A, that makes at most T queries, and evaluates f with bounded error. Let
the query results of A on random seed SA be xp1, x 2 ,... I X - , T(x) <; T, where x is the
hidden query string.

Suppose there is another (not necessarily time-efficient) randomized algorithm g, with
random seed sg, which takes as input xp,- - - , x, and SA, and outputs a guess for the next
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query result xp, of A. Assume that g makes no more than an expected total of G mistakes

(for all inputs x). In other words,

t(x)

EsA, Sg E 9(Xp, , xp,_ 1, sA, sg) - xp <; G Vx. (2.5.7)
1t=1

Note that G is given the random seed sA of A, so it can predict the next query index of A.

Then B,(f) = O(TG/E), and thus (by Theorem 17) Q(f) = O(ViTf ).

As an example, in our simple classical example for OR we have T = N (the algorithm

takes at most N steps) and G = 1 (the guessing algorithm always guesses the next query to

be 0; since the algorithm terminates on a 1, it makes at most one mistake).

Proof of theorem 24. We generalize the argument in the OR case. We take the classical

algorithm and replace each classical query by the construction of Theorem 19, using O(G/E)

bomb queries each time. On each query, the bomb has a 0(e/G) chance of exploding when

the guess is wrong, and no chance of exploding when the guess is correct. Therefore the

total probability of explosion is 0(e/G) -G = 0(e). The total number of bomb queries used

is O(TG/e).
For the full technical proof, see Appendix A.2. 0

2.5.3 Explicit quantum algorithm for Theorem 24

In this section we give an explicit quantum algorithm, in the setting of Theorem 24, that

reproduces the given query complexity. This algorithm is very similar to the one given by

R. Kothari for the oracle identification problem [551.

Theorem 25. Under the assumptions of Theorem 24, there is an explicit quantum algorithm

for f with query complexity 0(v'TYG).

Proof. We will construct this algorithm (Algorithm 27) shortly. We need the following

quantum search algorithm as a subroutine:

Theorem 26 (Finding the first marked element in a list). Suppose there is an ordered list of

N elements, and each element is either marked or unmarked. Then there is a bounded-error

quantum algorithm for finding the first marked element in the list (or determines that no

marked elements exist), such that:

" If the first marked element is the d-th element of the list, then the algorithm uses an

expected 0(v) time and queries.

" If there are no marked elements, then the algorithm uses O(VI) time and queries, but

always determines correctly that no marked elements exist.

This algorithm is straightforward to derive given the result in [631, and was already

used in Kothari's algorithm [55]. We give the algorithm (Algorithm 97) and its analysis in

Appendix A.3.
We now give our explicit quantum algorithm.
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Algorithm 27 (Simulating a classical query algorithm by a quantum one).

Input. Classical randomized algorithm A that computes f with bounded error. Classical
randomized algorithm 9 that guesses queries of A. Oracle Ox for the hidden string x.

Output. f(x) with bounded error.

The quantum algorithm proceeds by attempting to produce the list of queries and results
that A would have made. More precisely, given a randomly chosen random seed sA, the
algorithm outputs (with constant error) a list of pairs (p1(x), x 1 (X)),'.' ,(Pt(X)(x), xpe)(x))-
This list is such that on random seed sA, the i-th query algorithm of A is made at the
position pi(x), and the query result is xp (x). The quantum algorithm then determines the
output of A using this list.

The main idea for the algorithm is this: we first assume that the guesses made by 9 are
correct. By repeatedly feeding the output of 9 back into A and 9, we can obtain a list of
query values for A without any queries to the actual black box. We then search for the first
deviation of the string x from the predictions of g; assuming the first deviation is the di-th
query, by Theorem 26 the search takes O(/dV1) queries (ignoring error for now). We then
know that all the guesses made by 9 are correct up to the (di - 1)-th query, and incorrect
for the di-th query.

With the corrected result of the first d, queries, we now continue by assuming again
the guesses made by g are correct starting from the (di + 1)-th query, and search for the
location of the next deviation, d2 . This takes O(/d 2 - di) queries; we then know that all
the guesses made by 9 are correct from the (di + 1)-th to (d2 - 1)-th query, and incorrect
for the d2 -th one. Continuing in this manner, we eventually determine all query results of
A after an expected G iterations.

We proceed to spell out our algorithm. For the time being, we assume that algorithm
for Theorem 26 has no error and thus requires no error reduction.

1. Initialize random seeds SA and sg for A and 9. We will simulate the behavior of A
and g on these random seeds. Initialize d = 0. d is such that we have determined the
values of all query results of A up to the d-th query. Also initialize an empty list L of
query pairs.

2. Repeat until either all query results of A are determined, or 100G iterations of this
loop have been executed:

(a) Assuming that 9 always guesses correctly starting from the (d + 1)-th query,
compute from A and 9 a list of query positions Pd+1, Pd+2, - - and corresponding
results ad+1, ad+2, - - . This requires no queries to the black box.

(b) Using our algorithm for finding the first marked element (Theorem 26, Algorithm
97), find the first index d* > d such that the actual query result of A differs from
the guess by 9, i.e. xpd # ad; or return that no such d* exists. This takes
O(/d* - d) time in the former case, and O( /T - d) time in the latter.

(c) We break into cases:

i. If an index d* was found in Step 2b, the algorithm decides the next mistake
made by g is at position d*. It thus adds the query pairs (Pd+1, ad+1),

(pd*-1 ,1 d*-1), and the pair (pd*, 1 - ad.), to the list L. Also set d = d*.
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ii. If no index d* was found in Step 2b, the algorithm decides that all remaining
guesses by G are correct. Thus the query pairs (Pd+1, ad+1), - , (Pt(x), &f(x))

are added to E, where T(x) T is the number of queries made by A.

3. If the algorithm found all query results of A in at most 100G iterations of step 2, use
L to calculate the output of A; otherwise the algorithm fails.

We now count the total number of queries. Suppose g 100G is the number of iterations
of Step 2; if all query results have been determined, g is the number of wrong guesses by 9.
Say the list of d's found is do = 0, dl, -- - , d.. Let d+ 1 = T. Step 2 is executed for g + 1
times, and the total number of queries is

0 V d-i -- di_-1 = 0 /,0 =- 0 (V TG (2.5.8)
i=1

by the Cauchy-Schwarz inequality.
We now analyze the error in our algorithm. The first source of error is cutting off the loop

in Step 2: by Markov's inequality, for at least 99% of random seeds sg, sg, G makes no more
than 100G wrong guesses. For these random seeds all query results of A are determined.
Cutting off the loop thus gives at most 0.01 error.

The other source of error is the error of Algorithm 97 used in Step 2b: we had assumed
that it could be treated as zero-error, but we now remove this assumption. Assuming each
iteration gives error 6', the total error accrued could be up to O(g6'). It seems as if we
would need to set 6' = 0(1/G) for the total error to be constant, and thus gain an extra
logarithmic factor in the query complexity.

However, in his paper for oracle identification [55], Kothari showed that multiple calls to
Algorithm 97 can be composed to obtain a bounded-error algorithm based on span programs
without an extra logarithmic factor in the query complexity; refer to [55, Section 3] for
details. Therefore we can replace the iterations of Step 2 with Kothari's span program
construction and get a bounded error algorithm with complexity O(VTG).

Note that while Algorithm 27 has query complexity 0(V/TG), the time complexity may
be much higher. After all, Algorithm 27 proceeds by simulating A query-by-query, although
the number of actual queries to the oracle is smaller. Whether or not we can get a algorithm
faster than A using this approach may depend on the problem at hand.

2.6 Improved upper bounds on quantum query complexity

We now use Theorem 25 to improve the quantum query complexity of certain graph prob-
lems.

2.6.1 Single source shortest paths for unweighted graphs

Problem 28 (Single source shortest paths (SSSP) for unweighted graphs). The adjacency
matrix of a directed graph n-vertex graph G is provided as a black box; a query on the pair

(V, w) returns 1 if there is an edge from v to w, and 0 otherwise. We are given a fixed vertex
Vstart. Call the length of a shortest path from Vstart to another vertex w the distance dw of
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w from vstart; if no path exists, define d, = oo. Our task is to find dw for all vertices w in
G.

In this section we shall show the following:

Theorem 29. The quantum query complexity of single-source shortest paths in an un-
weighted graph is E(n3/2 ) in the adjacency matrix model.

Proof. The lower bound of Q(n 3/2 ) is known 1641. We show the upper bound by applying
Theorem 25 to a classical algorithm. The following well-known classical algorithm (com-
monly known as breadth first search, BFS) solves this problem:

Algorithm 30 (Classical algorithm for unweighted SSSP).

1. Initialize dw := oo for all vertices w # Vstart, dvotart := 0, and C := (Vstart). C is the
ordered list of vertices for which we have determined the distances, but whose outgoing
edges we have not queried.

2. Repeat until L is empty:

* Let v be the first (in order of time added to L) vertex in L. For all vertices w
such that d. = oo:

- Query (v, w).

- If (v, w) is an edge, set d. := dv + 1 and add w to the end of L.

" Remove v from L.

We omit the proof of correctness of this algorithm (see for example [651). This algorithm
uses up to T = 0(n2 ) queries. If the guessing algorithm always guesses that (v, w) is not
an edge, then it makes at most G = n - 1 mistakes; hence Q(f) = 0(,/vW ) = 0(n3/ 2 ) .1

The previous best known quantum algorithm for unweighted SSSP, to our best knowl-
edge, was given by Furrow [401; that algorithm has query complexity O(n3/ 2 logn).

We now consider the quantum query complexity of unweighted k-source shortest paths
(finding k shortest-path trees rooted from k beginning vertices). If we apply Algorithm 30
on k different starting vertices, then the expected number of wrong guesses is no more than
G = k(n - 1); however, the total number of edges we query need not exceed T = 0(n2 ),
since an edge never needs to be queried more than once. Therefore

Corollary 31. The quantum query complexity of unweighted k-source shortest paths in the
adjacency matrix model is 0(k 1/ 2n 3/ 2 ), where n is the number of vertices.

We use this idea - that T need not exceed 0(n2 ) when dealing with graph problems -
again in the following section.

'It seems difficult to use our method to give a corresponding result for the adjacency list model; after all,
the result of a query is much harder to guess when the input alphabet is non-boolean.
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2.6.2 Maximum bipartite matching

Problem 32 (Maximum bipartite matching). We are given as black box the adjacency
matrix of an n-vertex bipartite graph G = (V = X U Y, E), where the undirected set of
edges E only run between the bipartite components X and Y. A matching of G is a list of
edges of G that do not share vertices. Our task is to find a maximum matching of G, i.e. a
matching that contains the largest possible number of edges.

In this section we show that

Theorem 33. The quantum query complexity of maximum bipartite matching is 0(n7 / 4 ) in
the adjacency matrix model, where n is the number of vertices.

Proof. Once again we apply Theorem 25 to a classical algorithm. Classically, this problem is
solved in 0(n5 / 2 ) time by the Hopcroft-Karp [661 algorithm (here n = IVi). We summarize
the algorithm as follows (this summary roughly follows that of [41]):

Algorithm 34 (Hopcroft-Karp algorithm for maximum bipartite matching [66]).

1. Initialize an empty matching M. M is a matching that will be updated until it is
maximum.

2. Repeat the following steps until M is a maximum matching:

(a) Define the directed graph H = (V', E') as follows:

V' = X U Y U {s, t}

E' = {(s,x) I x E X, (x,y) 0 M for ally E Y}
U {(x,y) x E X,y E Y, (x,y) cE, (x,y) g M}

U {(y,x) xE X,y C Y,(x,y) E E,(x,y) E M}

U{(y,t)IyEY,(x,y)0M forallxcX} (2.6.1)

where s and t are extra auxilliary vertices. Note if (s, x 1 , Y1, x 2 , Y2, -. , Xe, ye, t)
is a path in H from s to t, then xi E X and yi E Y for all i. Additionally, the
edges (aside from the first and last) alternate from being in M and not being in
M: (xi, yi) 0 M, (yi, xi+1) E M. Such a path is called an augmenting path in
the literature.

We note that a query to the adjacency matrix of E' can be simulated by a query
to the adjacency matrix of E.

(b) Using the breadth-first search algorithm (Algorithm 30), in the graph H, find the
length of the shortest path, or distance, of all vertices from s. Let the distance
from s to t be 2f + 1.

(c) Find a maximal set S of vertex-disjoint shortest paths from s to t in the graph
H. In other words, S should be a list of paths from s to t such that each path has
length 2f + 1, and no pair of paths share vertices except for s and t. Moreover,
all other shortest paths from s to t share at least one vertex (except for s and t)
with a path in S. We describe how to find such a maximal set in Algorithm 35.

(d) If S is empty, the matching M is a maximum matching, and we terminate. Oth-
erwise continue:
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(e) Let (s, x 1 , y1, X2, Y2, ... ,, ye, t) be a path in S. Remove the e- 1 edges (xi+1 , yi)
from M, and insert the f edges (xi, yi) into M. This increases IMI by 1. Repeat
for all paths in S; there are no conflicts since the paths in S are vertex-disjoint.

Once again, we omit the proof of correctness of this algorithm; the correctness is guar-
anteed by Berge's Lemma [671, which states that a matching is maximum if there are no
more augmenting paths for the matching. Moreover, O(V/i) iterations of Step 2 suffice [66].

We now describe how to find a maximal set of shortest-length augmenting paths in Step
2(c). This algorithm is essentially a modified version of depth-first search:

Algorithm 35 (Finding a maximal set of vertex-disjoint shortest-length augmenting paths).

Input. The directed graph H defined in Algorithm 34, as well as the distances d, of all
vertices v from s (calculated in Step 2(b) of Algorithm 34).

1. Initialize a set of paths S := 0, set of vertices R := {s}, and a stack2 of vertices
L := (s). L contains the ordered list of vertices that we have begun, but not yet
finished, processing. R is the set of vertices that we have processed. S is the set of
vertex-disjoint shortest-length augmenting paths that we have found.

2. Repeat until L is empty:

(a) If the vertex in the front of L is t, we have found a new vertex-disjoint path from
s to t:

" Trace the path from t back to s by removing elements from the front of L
until s is at the front. Add the corresponding path to S.

* Start again from the beginning of Step 2.

(b) Let v be the vertex in the front of L (i.e. the vertex last added to, and still in,
L). Recall the distance from s to v is d,.

(c) Find w such that w V R, de, = d, + 1, and (v, w) (as an edge in H) has not been
queried in this algorithm. If no such vertex w exists, remove v from L and start
from the beginning of Step 2.

(d) Query (v, w) on the graph H.

(e) If (v, w) is an edge, add w to the front of L. If w 4 t, add w to R.

3. Output S, the maximal set of vertex-disjoint shortest-length augmenting paths.

We now return to Algorithm 34 and count T and G. There is obviously no need to query
the same edge more than once, so T = 0(n2 ). If the algorithm always guesses, on a query

(v, w), that there is no edge between (v, w), then it makes at most G = 0(n3 / 2) mistakes: in
Step 2(b) there are at most 0(n) mistakes (see Algorithm 30), while in Step 2(c)/Algorithm
35 there is at most one queried edge leading to each vertex aside from t, and edges leading to
t can be computed without queries to the adjacency matrix of H. Since Step 2 is executed

O(v/n) times, our counting follows.
Thus there is a quantum query algorithm with complexity Q = O(VT-G) = 0(n7 / 4).

2 A stack is a data structure such that elements that are first inserted into the stack are removed last.
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To our knowledge, this is the first known nontrivial upper bound on the query complexity
of maximum bipartite matching. 3 The time complexity of this problem was studied by
Ambainis and Spalek in [41]; they gave an upper bound of O(n2 log n) time in the adjacency
matrix model. A lower bound of Q(n3 / 2 ) for the query complexity of this problem was given
in [68, 69].

For readers familiar with network flow, the arguments in this section also apply to Dinic's
algorithm for maximum flow [70] on graphs with unit capacity, i.e. where the capacity of
each edge is 0 or 1. On graphs with unit capacity, Dinic's algorithm is essentially the
same as Hopcroft-Karp's, except that augmenting paths are over a general, nonbipartite
flow network. (The set S in Step 2(c) of Algorithm 34 is generally referred to as a blocking
flow in this context.) It can be shown that only 0(min{m1 / 2 , n2/ 3 }) iterations of Step 2
are required [71, 72], where m is the number of edges of the graph. Thus T = O(n2 ),
G = 0(min{ml/ 2 , n2/ 3 }n), and therefore

Theorem 36. The quantum query complexity of the maximum flow problem in graphs with
unit capacity is O(min{n3/ 2m1 /4, n1 1/ 6 }), where n and m are the number of vertices and
edges in the graph, respectively.

It is an open question whether a similar result for maximum matching in a general
nonbipartite graph can be proven, perhaps by applying Theorem 25 to the classical algorithm
of Micali and Vazirani [57].

2.7 Projective query complexity

We end this paper with a brief discussion on another query complexity model, which we
will call the projective query complexity. This model is similar to the bomb query model
in that the only way of accessing xi is through a classical measurement; however, in the
projective query model the algorithm does not terminate if a 1 is measured. Our motivation
for considering the projective query model is that its power is intermediate between the
classical and quantum query models. To the best of our knowledge, this model was first
considered in 2002 in unpublished results by S. Aaronson [56].

A circuit in the projective query complexity model is a restricted quantum query circuit,
with the following restrictions on the use of the quantum oracle:

1. We have an extra control register 1c) used to control whether OX is applied (we call
the controlled version CO-):

COXIc, r, i) = 1c, r E (c -xi), i). (2.7.1)

where - indicates boolean AND.

2. The record register, Ir) in the definition of CO above, must contain 10) before COX
is applied.

3. After COX is applied, the record register is immediately measured in the computational
basis, giving the answer c - xi. The result, a classical bit, can then be used to control
further quantum unitaries (although only controlling the next unitary is enough, since
the classical bit can be stored).

3 The trivial upper bound is 0(n 2), where all pairs of vertices are queried.
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Ic) Ic) (2.7.2)

Ii) - x I)

We wish to evaluate a function f(x) with as few calls to this projective oracle as possible.
Let the number of oracle calls required to evaluate f(x), with at most 6 error, be P6 (f). By
gap amplification, the choice of 6 only affects P6(f) by a factor of log(1/6), and thus we will
often omit 6.

We can compare the definition in this section with the definition of the bomb query
complexity in Section 2.3: the only difference is that if c -xi = 1, the algorithm terminates
in the bomb model, while the algorithm can continue in the projective model. Therefore the
following is evident:

Observation 37. Pb(f) < Bs(f), and therefore P(f) = O(Q(f) 2 ).

Moreover, it is clear that the projective query model has power intermediate between
classical and quantum (a controlled query in the usual quantum query model can be sim-
ulated by appending a 0 to the input string), and therefore letting Rj(f) be the classical
randomized query complexity,

Observation 38. Q6(f) P6 (f) < Rj(f).

For explicit bounds on P, Regev and Schiff [431 have shown that for computing the OR
function, the projective query complexity loses the Grover speedup:

Theorem 39 ([431). P(OR) = Q(N).

Note that this result says nothing about P(AND), since the definition of P(f) is asym-
metric with respect to 0 and 1 in the input.4

We observe that there could be a separation in both parts of the inequality Q < P < B:

Q(OR) = 0(vN), P(OR) = 0(N), B(OR) = 0(N) (2.7.3)

Q(PARITY) = (N), P(PARITY) = 0(N), B(PARITY) = (N2 ) (2.7.4)

In the latter equation we used the fact that Q(PARITY) = O(N) [32]. It therefore seems
difficult to adapt our lower bound method in Section 2.4.2 to P(f).

It would be interesting to find a general lower bound for P(f), or to establish more
clearly the relationship between Q(f), P(f), and R(f).

4 We could have defined a symmetric version of P, say P, by allowing an extra guess on the measurement

result, similar to our construction of B in Section 2.5.1. Unfortunately, Regev and Schiff's result, Theorem

39, do not apply to this case, and we see no obvious equivalence between P and P.
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Chapter 3

Normalizer circuits over
infinite-dimensional systems: an
introduction

In this chapter we will study the model of normalizer circuits over infinite-dimensional sys-
tems. Normalizer circuits were defined in [1, 2] as a generalization of Clifford circuits to
Hilbert spaces associated with (explicitly decomposed) finite Abelian groups, and it was
shown that such circuits could be simulated efficiently with a classical computer. The clas-
sical simulation comes despite normalizer circuits allowing for quantum Fourier transforms,
a crucial element of Shor's algorithm. We will generalize normalizer circuits to infinite-
dimensional systems associated with infinite Abelian groups, and show the following:

" If the underlying Abelian group is explicitly decomposed into a product of primitive
subgroups, then normalizer circuits over this group are efficiently simulable by a clas-
sical computer. This generalizes the Gottesman-Knill theorem to infinite dimensions.

" If the underlying Abelian group is not explicitly decomposed, however, normalizer cir-
cuits can implement many important quantum algorithms, including Shor's algorithm
for factoring (and many algorithms for hidden subgroup problems). Thus these circuits
have much more computational power than the first case.

The only difference between the two cases is whether or not the underlying Abelian group
is explicitly decomposed; it appears therefore that the ppwer of Shor's algorithm comes
from the classical difficulty of decomposing Abelian groups (which is easy for a quantum
computer; see Section 5.2.5, or [73]). We will look at the first assertion in Chapter 4, and the
second assertion in Chapter 5; in this chapter we will introduce and give basic definitions
for normalizer circuits.

The results of Chapters 3-5 are joint work with Juan Bermejo-Vega and Martin Van den
Nest. This chapter is mostly excerpted from [74, 75].

3.1 Introduction

Normalizer circuits [1, 2] are a family of quantum circuits that generalize the so-called
Clifford circuits [17, 16, 76, 77] to Hilbert spaces associated with finite Abelian groups. A
normalizer circuit is a quantum circuit on a Hilbert space indexed by the elements of a finite
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Abelian group G = Zdj x ... x Zd,, i.e. the Hilbert space is spanned by states of the form
jg), g E G. Moreover, the gates in a normalizer circuit can only be of the following three
types of gates, which we refer to as normalizer gates:

1. Quantum Fourier transforms (QFTs), over the whole group G or subgroups of G.

2. Automorphism gates, gates that compute automorphisms over G.

3. Quadratic phase gates, gates that compute quadratic functions of G.

These three types of gates can be viewed as a generalization of the Clifford gates: the
quantum Fourier transform generalizes the Hadamard gate, automorphism gates generalize
the CNOT gate, and quadratic phase gates generalize the -VZ gate. [1, 2] show that a gen-
eralization of the Gottesman-Knill theorem holds for normalizer circuits: every normalizer
circuit over finite Abelian groups can be efficiently classically simulated.

Infinite-dimensional normalizer circuits

In this chapter we further generalize the normalizer circuit framework, by introducing nor-
malizer circuits where the associated Abelian group G is infinite. We focus on groups of the
form G = F x Za, where F is a finite Abelian group, and where Z denotes the infinite additive
group of integers. The motivation for adding Z is that several number theoretical problems
are naturally connected to problems over the integers. For example, it is well known that
the factoring problem is related to the hidden subgroup problem over Z [78, 79, 80, 81].
Normalizer circuits over an infinite group G are composed of normalizer gates, gates of the
three types listed above.

Our main motivation for allowing the integer group Z in the groups we study is to make
a connection with the role of Z in many quantum algorithms for solving number theoretic
problems. For example, Shor's factoring algorithm [14] can be seen as a hidden subgroup
problem over Z (see [21, 241 or Section 5.2 for other examples). Such quantum algorithms
typically make use of the quantum Fourier transform, and thus QFTs are often seen as the
source of quantumness in these algorithms.

In Chapter 4, we show that if the finite portion of the Abelian group G is explicitly
decomposed, i.e. the decomposition G = Z x Zad, X ... X Zd, is given, then normalizer cir-
cuits over G can be efficiently simulated by a classical computer (Theorem 59). This result
generalizes the finite Abelian case of [1, 21. Our result casts some doubt on the view that
QFTs are the source of quantum speedups, since normalizer ciruits are a large class of quan-
tum circuits containing QFTs that can still be classically simulated. Our result also gives a
natural framework to study continuous-variable error correcting codes for superconducting
qubit systems; see the discussion in Section 4.1.

Black box normalizer circuits

We will also consider (mainly in Chapter 5) black box normalizer circuits over Abelian
groups G = Z' x F that are not given to us in a factorized form G = Z' x Zd X ... X Zd,;
we refer to such groups G as black box groups. Even though such a factorized form always
exists, finiding such a decomposition is as hard as factoring [82, 83]. This seemingly trivial
difference in our setting turns out to be tremendous: many quantum algorithms for Abelian
hidden subgroup problems turn out to be black box normalizer circuits, and thus there is a
large difference in computational power between the two cases.

50



In Chapter 5 we will study some well-known quantum algorithms that can be imple-
mented as black box normalizer circuits. In particular, the Cheung-Mosca algorithm for
decomposing a finite Abelian group [84, 73] can be solved with black box normalizer circuits.
We show that this problem of decomposing an Abelian group is complete for the complex-
ity class associated with black box normalizer circuits (Theorem 87): given an oracle to
compute the decomposition of a group, any black box normalizer circuit can be efficiently
classicaly simulated. An equivalent view is the following no-go theorem for the design of
quantum algorithms: no further quantum superpolynomial speedups can be found within
our normalizer circuit framework that are not already achieved by the group decomposition
algorithm (Theorem 89). Section 5.1 lists a more complete summary results.

Contents of this chapter

This chapter will merely introduce and define the normalizer circuit framework; our main
results are given in Chapters 4 and 5. We now discuss the contributiosn of this chapter.

In extending normalizer circuits to infinite groups G, several issues arise that are not
present in the finite group setting. First of all, the quantum Fourier transform (QFT) can no
longer be considered as a usual quantum gate, and instead must be interpreted as a change
of basis. Roughly speaking, the QFT over a group G is a transformation which relates two
bases of the Hilbert space: namely, the standard basis {jg)} and the Fourier basis. The
Fourier basis vectors are related to the character group of G. If G were finite Abelian, it
would be isomorphic to its own character group. This feature is however no longer true for
infinite groups such as Z: the character group of Z is (isomorphic to) a different group, the
circle group T = [0, 1) with addition modulo 1. This group represents the addition of angles
in a circle, up to a constant rescaling of 27r. We must therefore view the QFT as a change of
basis, taking a state expressed in the Z basis to the T basis, and vice versa. As we will see
below, this phenomenon has important consequences for the treatment of normalizer gates
over G. In particular, in order to construct a closed normalizer formalism, we must consider
groups of the more general form Z' X Tb x F and their associated normalizer circuits. Note
that T is a continuous group, whereas Z is discrete (finitely generated).

Since G is infinite, it is also not immediately clear how quadratic functions and ho-
momorphisms over G can be concisely specified. An important technical ingredient in our
simulation is a proof that both quadratic functions and homomorphisms on G have certain
concise normal forms. This is a purely group-theoretic result that, aside from its imi-
portance in proving our simulation result in Chapter 4, may find interesting applications
elsewhere in quantum information. For instance, our normal form can be applied to de-
scribe the relative phases of stabilizer states, since it was shown in [2] that such phases are
quadratic 1 ; as a result, one may use it to generalize part of Gross's discrete Hudson theorem
[85] to our setting2.

'The result in 121 is for finite dimensional systems. However, adopting the definitions in Section 4.4, it is
easy to check that the proof extends step-by-step to the infinite dimensional case.

2 Gross's theorem provides a normal form for odd-dimensional-qudit stabilizer states in terms of quadratic
functions. In addition, it states that a pure state is an odd-dim qudit stabilizer state iff it has non-negative
Wigner function 185]. The second statement cannot hold in our setup, due to the presence of non-local
effects (cf. next section).
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3.2 Outline of this chapter

Section 3.3 contains a non-technical summary of concepts and several examples of nor-
malizer gates. We then review the Abelian groups we will use in Section 3.4, define Hilbert
spaces associated with Abelian groups in Section 3.5, and finally introduce normalizer cir-
cuits in full detail in Sections 3.6, 3.7.

In Section 3.8 we survey some necessary notions of group and character theory. Finally,
in Section 3.9 we develop a theory of matrix representations of group homomorphisms, and
in Section 3.10 we develop normal forms for quadratic functions.

3.3 Summary of concepts

In this section we give a rough intuitive definition of our circuit model and provide examples
of normalizer gates to illustrate their operational meaning. Our model is presented in full
detail in Section 3.6, after reviewing some necessary notions of group-theory in section 3.5.
The readers interested in understanding the proofs of our main results should consult these
sections.

3.3.1 The setting

Normalizer gates are quantum gates that act on a Hilbert space 'WC which has an orthonor-
mal standard basis {I9)}9EG labeled by the elements of an Abelian group G. The latter can
be finite or infinite, but it must have a well-defined integration (or summation) rule3 so that
the group has a well defined Fourier transform. We define a normalizer circuits over G to
be any quantum circuits built of the following normalizer gates:

1. Quantum Fourier transforms implement the (classical) Fourier transform of the
group O(x) -+ $(p) as a quantum operation f b(x)Ix) -- f (p)p). Here, 4' is a

complex function acting on the group and 4 is its Fourier transform.

2. Group automorphism gates implement group automorphisms a : G -+ G as a
quantum gate: 1g) -+ ja(g)). Here, g and a(g) denote elements of G.

3. Quadratic phase gates are diagonal gates that multiply standard basis states with
quadratic phases: Ig) -- (g) g). This means that g -÷ (g) is a quadratic ("almost
multiplicative") function with the property (g + h) = (g) (h)B(g, h), where B(g, h)
is a bi-multiplicative correcting term.

3.3.2 Examples

In order to illustrate these definitions, we give examples of normalizer gates for finite groups
and infinite groups of the form Za (integer lattices) and Tb (hypertori).

Normalizer circuits over finite groups

First we give a few examples of normalizer circuits over finite Abelian groups. (We also refer
the reader to [1, 2J, where these circuits have been extensively studied.)

3 All groups we study have a well-defined Haar measure.
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First consider G = Z. The Hilbert space in this case is W = 70, corresponding to
a system of m qudits. The following generalizations of the CNOT and Phase gates are
automorphism and quadratic phase gates, respectively [1]:

SUMd,a = Ix,x+ay)(x,yI, Sd= [ exp ( jx(x + d))Ix)(xI
X,YEZd XEZd

where a E Zd is arbitrary. The quantum Fourier transform can also be expressed similarly
as a gate:

Fd = exp d )Ix)(Y
x,YEZd

For the qubit case, d = 2, we recover the definitions of CNOT, phase gate S = diag(1, i) and
Hadamard gate, and our main result (Theorem 59) yields the (non-adaptive) Gottesman-
Knill theorem [17, 161.

Another normalizer gate for qudits is the multiplication gate Md,a = EXEZd lax) (xl,
where a is coprime to d, which is an automorphism gate. This single-qudit gate acts non-
trivially only for d > 3.

As an interesting subcase, we can choose the group to be of the form G = Z2n with
exponentially large d. Normalizer gates in this example are M2.,a, S2n, and T2., as defined
above. The quantum Fourier transform in this case, T2., corresponds to the standard
discrete QFT used in Shor's algorithm for factoring [14].

The infinite case G = Z

Let us now move to an infinite case, choosing the group G = Z' to be an integer lattice.
Examples of automorphism gates and quadratic phase gates are, respectively,

SUMz,a = E lx, x + ay)(xIy|, SP = Sexp (nip 2)Ix)(x|
x,yEZ XEZ

where a is an arbitrary integer and p is an arbitrary real number. The fact that these gates
are indeed normalizer gates follows from general normal forms for matrix representations
group homomorphisms (Theorem 51) and quadratic functions (Theorem 57) that we later
develop.

The case of quantum Fourier transforms is more involved in this case, since the QFT
over Z can no longer be regarded as a quantum logic gate, i.e., a unitary rotation [3]. This
happens because the QFT now performs a non-canonical change of the standard integer
basis {z}zz of the space, into a new basis {t}~tE labeled by the elements of the circle group
T = [0, 1). The latter property is due to the fact that the QFT over Z is nothing but the
quantum version of the discrete-time Fourier transform [22] (the inverse of the well-known
Fourier series) which sends functions over Z to periodic functions over the reals. In this
chapter, we will understand the QFT over Z as change of basis between two orthonormal
bases of the Hilbert space 'Hz. We discuss these technicalities in detail in Section 3.6.

The QFT over Z acts on quantum states as in the following examples (cf. Section 3.6):
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State before QFT over ZS

IX) jT dpe2xip 1p)

e-2xTip IX)

lr:) k/r)

XEZ kEZ:
k/rET

These transformations can be found in standard signal processing textbooks [221.

The infinite case: G = Tm

Finally, we choose the group G = T' be an m-dimensional torus. Two examples of auto-
morphism gates are the sum and sign-flip gates:

SUMTb = Z 1p, q + bp)(p, qj, MT,8 = Z sp)(p1
p,qET pET

where b is an arbitrary integer and s = 1 (again, these formulas come from Theorem 51).
Unlike the previous examples we have considered, any quadratic phase gate over G is

purely multiplicative (i.e., the bi-multiplicative function B(g, h) is always trivial4 ). In the
case m = 1, this is equivalent to saying that any such gate is of the form

Eexp (27ribp) 1p) (pl
pET

with b an arbitrary integer.

Lastly, we take a look at the effect of the quantum Fourier transform over T in some
examples. Similarly to the QFT over Z, this gate performs a non-canonical change of the
standard basis (now {t}tET changes to {z}Ez) and should be understood as a change of
basis that does not correspond to a gate. The QFT over T is the quantum version of the
Fourier series [22].

State before QFT over T State after QFT over T

1p) Y es2Td px )

jdp e2 tipx 1p) I-x)

Y S Ik/r) Irx) = S I-rx)

rkEZ: xEZ xEZ
k/rET

Comparing the effect of the QFT on -z and the QFT on WT, we see that the former is
the "inverse" of the latter up to a change of sign of the group elements labeling the basis;
concatenating the two of them yields the transformation Ix) to I - x). This is a general

4 This fact can be understood in the light of a later result, Theorem 57 and it is related to nonexistence
of nontrivial group homomorphisms from T' to Z', the latter being the character group of T' up to
isomorphism.
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phenomenon, which we shall observe again in the proof of some results (namely, Theorem
61).

3.4 Abelian groups

The most general groups we will consider in this thesis are Abelian groups of the form

G = Z' x Tb X ZNI X ... X ZNc x B, (3.4.1)

where a, b, N1, - , N, are arbitary integers and B is a finite Abelian black box group, which
we will define in this section. (Sometimes for convenience we will also include the additive
group of real numbers, R, in the set of allowable groups.)

We will discuss each of the constitutent groups in turn.

3.4.1 Z: the group of integers

Z simply refers to the group of integers under addition; it is infinite, but finitely generated
(by the element 1).

3.4.2 T: the circle group

T, the circle group, refers to the group of real numbers in the interval [0, 1) under addition
modulo 1. 5 Unlike all the other components we will consider, it is both infinite and not
finitely generated. The introduction of T is necessary to allow the use of quantum Fourier
transforms over Z, as we see in the next section.

3.4.3 Finite Abelian groups

Let us start by stating a very important theorem we will use for our results:

Theorem 40 (Fundamental Theorem of Finite Abelian Groups [87]). Any finite
Abelian group F has a decomposition into a direct product of cyclic groups, i.e.

F 2 Z X X Zd2 X X Zd (3.4.2)

for some positive integers d 1, - , dk.

Here Zd is the group of integers modulo d under addition.
Actually finding such a decomposition for a group F may be difficult in practice. For

example, consider the set of integers modulo N that are also relatively prime to N; this
set forms a group under multiplication. (This group is known as the multiplicative group
of integers modulo N, or ZV.) It is not known classically how to decompose Z' into its
cyclic subgroups. For example, if N = pq for p, q prime then Z ' p-_ x Zg_1, and hence
decomposing Zxg is at least as hard as factoring pq or, equivalently, breaking RSA [15]. More
generally, decomposing Zx is known to be polynomial time equivalent to factoring [88]. In
the quantum case, however, Cheung and Mosca gave an algorithm [84, 73] to decompose
any finite Abelian group.

5 Since the group T" is nothing but an n-dimensional torus, T is sometimes referred as "the torus group"

1861. T should not be confused with T2 the usual (two-dimensional) torus.
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In equation (3.4.1), the factors ZNi X - - -x ZN, represent an arbitrary finite Abelian
group for which the group decomposition is known. The case where the decomposition is
unknown will be covered by the black box group B.

3.4.4 Black box groups

In this thesis, we define a black-box group B [831 to be a finite group whose elements are
uniquely encoded by binary strings of a certain size n, which is the length of the encoding.
The elements of the black-box group can be multiplied and inverted at unit cost by querying
a black-box, or group oracle, which computes these operations for us. The order of a black-
box group with encoding length n is bounded above by 2": the precise order IBI may not be
given to us, but it is assumed that the group oracle can identify which strings in the group
encoding correspond to elements of the group. When we say that a particular black-box
group (or subgroup) is given (as the input to some algorithm), it is meant that a list of
generators of the group or subgroup is explicitly provided.

From now on, all black-box groups in this thesis will be assumed to be Abelian. Although
we only consider finite Abelian black-box groups, we stress now, that there is a subtle but
crucial difference between these groups and the explicitly decomposed finite Abelian groups
in [1, 2]: although, mathematically, all Abelian black-box groups have a decomposition
(3.4.2), it is computationally hard to find one and we assume no knowledge of it. In fact,
our motivation to introduce black-box groups in our setting is precisely to model those
Abelian groups that cannot be efficiently decomposed with known classical algorithms that
have, nevertheless, efficiently classically computable group operations. With some abuse of
notation, we shall call all such groups also "black-box groups", even if no oracle is needed to
define them; in such cases, oracle calls will be replaced by poly(n)-size classical circuits for
computing group multiplications and inversions.

As an example, let us consider again the group Z. This group can be naturally modeled
as a black-box group in the above sense: on one hand, for any x, y E Z', xy and x-1 can be
efficiently computed using Euclid's algorithm [891; on the other hand, decomposing Z' is as
hard as factoring [88]. Note, in addition, that a generating set of Z' can found by taking a
linear number of samples 6 of Z.

3.5 The Hilbert space of a group

In this section we introduce Hilbert spaces associated with Abelian groups of the form

G = Z' X ZN, X ... X ZN x B (3.5.1)

where ZN is the additive group of integers modulo N and Z is the additive group of integers.

3.5.1 Finite Abelian groups

First we consider ZN. With this group, we associate an N-dimensional Hilbert space RN
having a basis {lx) : X C ZN}, henceforth called the standard basis of RN. A state in RN

6 Sampling Z' can be done by sampling {0, , N - 1} uniformly and then rejecting samples that are
not relatively prime to N; this takes O(log log N) trials to succeed with high probability. A similar approach
works, in general, for sampling generating-sets of uniquely-encoded finite Abelian groups [90].
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is (as usual) a unit vector IV)) = EZ (x)x) with E 1,0(x)I 2 = 1, where O(x) C C and where

the sum is over all x C ZN-
For a black box group B, we associate a |B|-dimensional Hilbert space NB with standard

basis states jb), b E B.

3.5.2 The integers Z

An analogous construction is made for the group Z, although an important distinction with
the former case is that Z is infinite. We consider the infinite-dimensional Hilbert space

Wz = f2(Z) with standard basis states Iz) where z C Z. A state in Hz has the form

) V (X)IX) (3.5.2)
XEZ

with E [4(x)12 = 1, where the (infinite) sum is over all x E Z. More generally, any normaliz-

able sequence {x : x E Z} with E Ix12 < oo can be associated with a quantum state in Rz
via normalization. Sequences whose sums are not finite can give rise to non-normalizable
states. These states do not belong to Wz and are hence unphysical; however it is often
convenient to consider such states nonetheless. Some examples are the plane-wave states,

Ip) := E e2 lizPIz) p E [0, 1). (3.5.3)
zeZ

Even though the Ip) themselves do not belong to Rz, every state (3.5.2) in this Hilbert space
can be re-expressed as

4') = dp #(p)p) (3.5.4)

for some complex function # : T -+ C, where dp denotes the Haar measure on T, the circle
group (real numbers with addition modulo 1). Thus the states Ip) form an alternate basis7

of 'z which is both infinite and continuous; we call this the Fourier basis. The Fourier basis
is orthonormal in the sense that

(pIp') = 6(p - p'), (3.5.5)

where 6(-) is the Dirac delta function.
In the following, when dealing with the Hilbert space Wz, we will use both the standard

and Fourier basis. This is different from the finite space WN where we only use the standard
basis. The motivation for this is the following: note that, similarly to Wz, the space WN

has a Fourier basis, given by the vectors

p) := S e2" Ix) for every y E ZN. (3.5.6)
xezN

Since both the Fourier basis and the standard basis have equal cardinality, there exists
a unitary operation mapping jy) -+ j). This operation is precisely the quantum Fourier
transform over ZN (see Section 3.6). Thus, instead of working with both the standard

7Although we use this terminology, the 1p) do not form a "basis" in the usual sense since these states
are unnormalizable and lie outside the Hilbert space '-z. Rigorously, the 1p) kets should be understood as
Dirac-delta measures, or as Schwartz-Bruhat tempered distributions [91, 921. The theory of rigged Hilbert
spaces [93, 94, 95, 961 (often used to study observables with continuous spectrum) establishes that the 1p)
kets can be used as a basis for all practical purposes that concern us.
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and Fourier basis, we may equivalently use the standard basis alone plus the possibility of
applying this unitary rotation (which is the standard approach). In contrast, the standard
and Fourier basis in the infinite-dimensional space 9-z have different cardinality, since the
former is indexed by the discrete group Z and the latter is indexed by the continuous group
T. Thus there does not exist a unitary operation which maps one basis to the other. For
this reason, we will work with both bases.

3.5.3 Total Hilbert space

In general we will consider consider groups of the form (3.5.1). The associated Hilbert space
has the tensor product form

=(3.5.7)

In this thesis, we treat W as the underlying Hilbert space of a quantum computation with
m := a + c + 1 computational registers. The first a registers 9 z are infinite dimensional.
The latter c + 1 registers are finite dimensional, and the last one, WB, is associated with
some Abelian black box group B.

For each finite-dimensional space 7
(N (and )B) we consider its standard basis as above.

For each Rz we may consider either its standard basis or its Fourier basis. The total Hilbert
space has thus a total 21 possible choices that are labeled by different groups: we call
these bases the group-element bases of WG. For example, choosing the standard basis
everywhere yields the basis states

Ix(1)) 0 -. -D jx(a)) 0 jy(l)) 0 .. 0 y(c)) 0 1b) x(i) E Z; y(j) E ZNJ; b E B, (3.5.8)

which is labeled by the elements of the group Za X ZN X ... X ZNc. By choosing the Fourier
basis in the a-th space we obtain in turn

lx(1))- .- -ojx(a-1))0jp)o0y(1))0-.. 0y(c-1))01b) x(i) E Z; y(j) E ZNj; p C T; b E B,
(3.5.9)

which is labeled by the elements of Za- 1 X T X ZN1 X ... X ZNa-
More generally, each of the 2 b tensor product bases of (3.5.7) is constructed as follows.

Consider any Abelian group of the form

G' = G, X - -X G X ZNi ... ZNc X B Gi E {Z, T}. (3.5.10)

The associated group-element basis of BG' of l-G is

BG' g) := jg(1)) 0 ... g(a + c + 1)); g = (g(1), . . .,g(a + c + 1)) C G'}. (3.5.11)

The notation Gi = T indicates that jg(i)) is a Fourier state of Z (3.5.3). The states 1g) are
product-states with respect to the tensor-product decomposition of (3.5.7). There are 21
possible choices of groups in (3.5.10) (all of them related via Pontryagin duality 8 ) and 2'

sFrom a mathematical point of view, all groups (3.5.10) form a family (in fact, a category) which is
generated by replacing the factors Gi of the group Z' x ZNi x ... x ZN, x B with their character groups G!,
and identifying isomorphic groups. Pontryagin duality 197, 98, 86, 99, 100, 101, 1021 then tells us that there
are 2b different groups and bases. Note that this multiplicity is a purely infinite-dimensional feature, since
all finite groups are isomorphic to their character groups; consequently, this feature does not play a role in
the study of finite-dimensional normalizer circuits (or Clifford circuits) [1, 2].
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inequivalent group-element basis of the Hilbert space.
Finally, we note that, relative to any basis BG, every quantum state (normalizable or

not) can be expressed as

10) = I dg V ()Ig), (3.5.12)

where the O(g) are complex coefficients and where X is a subset of X (if X is a discrete set,
the integral should be replaced by a sum over all elements in X).

3.6 Normalizer circuits (without black boxes)

In this section we generalize the normalizer circuits [1, 21 to general infinite-dimensional
Hilbert spaces of the form

W = WZ' 0 RNi 0 . & ' Nc- (3.6.1)

Normalizer circuits over black box groups will be considered in the next section.
In previous works [1, 2], a finite Abelian group G determines both the standard basis of

?-G and the allowed types of gates, called normalizer gates. A technical complication that
arises when one tries to define normalizer gates over infinite dimensional groups of the form
Z and T is that there are several group-element basis that can be associated with the Hilbert
space WG (see previous section). As a result, there is not a natural choice of standard basis
in a normalizer circuit over an infinite Abelian group. To deal with this aspect of the Hilbert
space, we allow the "standard" basis of the computation to be time-dependent: at every time
step t in a normalizer circuit there is a designated "standard" basis BG,, which must be a
group-element basis, and is subject to change along the computation.

Designated basis BG. Let G' be a member of the family of 2 b groups defined in (3.5.10)-
note that G thus generally contains factors ZN,, Z and T. We consider the corresponding
group-element basis BG' = {1g) : g c G'} as defined in (3.5.11). When we set BG' to be
the designated basis of the computation, it is meant that the group G that labels BG' will
determine the allowed normalizer gates (read below), and that BG' will be the basis in which
measurements are performed.

3.6.1 Normalizer gates

We now define the allowed gates of the computation, called normalizer gates. These can
be of three types, namely automorphism gates, quadratic phase gates and quantum Fourier
transforms. To define these gates, we assume that the designated basis of the computation

is BG for some G of the form (3.5.10).

Automorphism gates. Consider a continuous group automorphism a : G -> G, i.e. a is
an invertible map satisfying a(g + h) = a(g) + a(h) for every g, h E G. Define a unitary
gate Uc. by its action on the basis 8G, as follows: Ua : Ih) -+ la(h)). Any such gate is called
an automorphism gate. Note that Ua acts as a permutation on the basis BG and is hence a
unitary operation.

Quadratic phase gates. A function X : G -+ U(1) (from the group G into the complex
numbers of unit modulus) is called a character if X(g + h) = x(g)x(h) for every g, h E G and
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X is continuous. A function B : G x G -+ U(1) is said to be a bicharacter if it is continuous
and if it is a character in both arguments. A function G : -> U(1) is called quadratic if it
is continuous and if

(g + h) = (g)(h)B(g, h), for every g, h E G (3.6.2)

for some bicharacter B(g, h). A quadratic phase gate is any diagonal unitary operation
acting on BG as D : Ih) -* (h)Ih), where is a quadratic function of G.

Quantum Fourier transform. In contrast to both automorphism gates and quadratic
phase gates, which leave the designated basis unchanged, the quantum Fourier transform
(QFT) is a basis-changing operation: its action is precisely to change the designated basis B3
(at a given time) into another group-element basis BG', according to certain rules described
next.

Roughly speaking, the QFT realizes the unitary change of basis between standard and
Fourier basis (Section 3.5). More precisely, there are different types of Fourier transforms,
which act on the individual spaces 7N and Rz.

" QFT over ZN. In the case of WN, both bases have the same cardinality (since the

WN is finite-dimensional) and such a change of basis can be actively performed by
means of a unitary rotation; the QFT over ZN (which we denote TN) is defined to be
precisely this unitary operation. In the standard basis Ix) with x E ZN, the action of
this gate on a state E) = I Z x) is

YN 10) = (y)Iy) with 4(y) 1 e27rixyV(x). (3.6.3)
YeZN xEZN

" Infinite-dimensional QFTs. Quantum Fourier transforms acting on spaces Nz have
more exotic features than their finite dimensional counterparts. In the first place, these
QFTs are not gates in the strict sense: since the standard basis { x) : x C Z} and
Fourier basis { p) : p E T} have different cardinality, they cannot be rotated into each
other (Section 3.5.2). Thus, the QFT is a change of basis between two orthonormal
bases, but not a unitary rotation. In addition, due to this asymmetry, there are two
distinct types of QFTs, defined as follows.

QFT over Z. If the standard basis (Z basis) is the designated basis of Rz, states are
represented as

1') = (ix). (3.6.4)
xEZ

Gates are defined according to this (integer) basis, which is also our measurement basis.
When we say that the QFT over Z is applied to Ik), we mean that the designated basis
is changed from the standard basis to the Fourier basis. The state does not physically
change9 , but normalizer gates applied after the QFT will be related to the circle group
T (and not Z); if we would measure the state right after the QFT, we would also do

9This somewhat metaphoric notation is chosen to be consistent with previously existing terminology
11,21.
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it in the T basis. As a result, the relevant amplitude-expansion of 4') is

|) j dp 4(p)jp) with 4'(p) := e2,px)(x). (3.6.5)
XEZ

Some readers may notice, at this point, that the QFT over Z is nothing but the inverse
Fourier series, also commonly known as the discrete-time Fourier transform [221.

QFT over T. On the other hand, if the designated basis of -z is the Fourier basis,
states are represented as

4') = dp 4(p)Ip) (3.6.6)
JT

When we say that the QFT over 7 is applied to IV)), we mean that the designated basis
is changed from the Fourier basis to the standard basis, and therefore we re-express
the state [V)) as

[I) = Z (x)x) with (x) := jdp e27ipx V(p). (3.6.7)
XEZ

Note that the coefficients 4(x) in (3.6.7) are the Fourier coefficients appearing in the
Fourier series [221. Due to this fact, one can always regard 0(p) as a periodic function
over the real numbers (with period 1), and identify the QFT over T as the quantum
version of the Fourier series [22].

Lastly, note that the QFT over Z may only be applied (as an operation in a quantum
computation) if the designated basis is the standard basis. Conversely, the QFT over
T may only be applied if the designated basis is the Fourier basis.

We now consider the total Hilbert space NG with designated basis 5G, where G = G1 x
... x Gm with each Gi being a group of the form ZN, Z or T. The total QFT over G is
obtained by applying the QFT over Gi, as defined above, to all individual spaces in the
tensor product decomposition of RG. In particular, application of the QFT over G implies
that the designated basis is changed from BG to BG', where G' = G' x ... G' is defined as
follows: if Gi has the form ZN then G' = Gj: if Gi = Z then G' := T and, vice versa, if
Gi = Z then G':= T.

Similarly, one may perform a partial QFT by applying the QFT over Gi for a subset of the
Gi, and leaving the other systems unchanged. The designated basis is changed accordingly
on all subsystems where a QFT is applied.

3.6.2 Normalizer circuits

Roughly speaking, a normalizer circuit of size T is a quantum circuit C = UT ... U1 composed
of T normalizer gates Uj. More precisely, the definition is as follows.

A normalizer circuit over G = Za+b X ZN, x ... x ZN acts on a Hilbert space of the
form

7iG = j i 7N, - -. - hNer

with arbitrary parameters a, b, c, Ni. At time t = 0 (before gates are applied), the designated
basis of the computation is the group-element basis BG(0) where G(0) is a group from the

family (3.5.10); without loss of generality, we set G(0) = Z' x Tb x ZN1 x .- - xN. The
input, output, and gates of the circuit are constrained as follows:
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" Input states. The input states are elements of the designated group basis BG(o), i.e.

Ig) with g E G(O). The registers10 N' and H b are initialized to be in standard-basis
In), n E Z and Fourier-basis states Ip), p E T, respectively"1 . It is assumed that
Fourier basis inputs can be prepared within any finite (yet arbitrarily high) level of
precision (cf. Section 4.2).

* Gates. At time t = 1, the gate U1 is applied, which is either an automorphism gate,
quadratic phase gate or a partial QFT over G(0). The designated basis is changed
from BG(0) to BG(1), for some group G(1) in the family (3.5.10), according to the rules
for changing the designated basis as described in Section 3.6.1.

At time t = 2, the gate U1 is applied, which is either an automorphism gate, quadratic
phase gate or a partial QFT over G(1). The designated basis is changed from BG(1)
to BG(2), for some group G(2).

The gates U3,..., Ut are considered similarly. We denote by BG(t) the designated basis
after application of Ut (for some group G(t) in the family (3.5.10)), for all t = 3,. . . , T.
Thus, after all gates have been applied, the designated basis is BG(T)-

* Measurement. After the circuit, a measurement in the final designated basis BG(T)
is performed.

For finite Abelian groups and their associated Hilbert spaces (i.e. the Hilbert space has
the form HN1 0' 'Na), the above definitions of normalizer circuits and normalizer gates
specialize to the previously defined notion of normalizer circuits over finite Abelian groups,
as done in [1, 2].

3.6.3 Classical encodings of normalizer gates

We now show how to give classical descriptions of normalizer gates and circuits. In the
finite Abelian case this was straightforward [1, 2]: a description of a normalizer gate simply
consisted of a list of its effects when applied to certain computational basis states. In the
infinite dimensional case this approach does not work, because the Hilbert space is not
finitely generated. Instead we will show that there exist efficient standard encodings of
normalizer gates.

First, by saying that our encodings are efficient, we mean that the number of bits needed
to store a description of a normalizer gate scales as O(poly m, polylog Ni), where m is the
total number of registers of the Hilbert space (3.6.1) and Ni are the local dimensions of
the finite dimensional registers (the memory size of each normalizer gate in these encodings
is given in table 3.1). This polynomial (as opposed to exponential) scaling in m is crucial
in our setting, since normalizer gates may act nontrivially on all m registers of the Hilbert
space (3.6.1)-this is an important difference between our computational model (based on
normalizer gates) and the standard quantum circuit model 13], where a quantum circuit is
always given as a sequence of one- and two-qubit gates.

Our standard encodings are as follows:

(i) A partial quantum Fourier transform Fj over Gi (the ith factor of G) is described by
the index i indicating the register where the gate acts non-trivially.

0 1n a quantum computation we call each physical subsystem in (3.6.1) a "register".
"The results in this thesis can be easily generalized to input states that are stabilizer states (Section 4.4),

given that we know the stabilizer group of the state.
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(ii) An automorphism gate U, is described by what we call a matrix representation A
of the automorphism a (Definition 48): an m x m real matrix A that specifies the
action of the map a. Such a matrix representation can be given in a normal form; see
Theorem 51.

(iii) A quadratic phase gate D is described by an m x m real matrix M and an m-dim real
vector v. The pair (M, v) specifies the action of the quadratic function associated to
DC. Here we exploit a normal form for quadratic functions given later in Theorem 57.

A normalizer circuit is specified as a list of normalizer gates given to us in their standard
encodings.

In our work, we assume that all maps a and can be represented exactly by rational
matrices and vectors A, M, v, which are explicitly given to us12

The efficiency of our standard encodings relies strongly on results presented in sections
3.9 and 3.10. In Section 3.9, we develop a (classical) theory of matrix representations
of group homomorphisms, proving their existence (Lemma 50) and providing a normal form
that characterizes the structure of these matrices (Theorem 51). In Section 3.10, we develop
analytic normal forms for bicharacter functions (Lemmas 52, 53) and quadratic functions
(Theorem 57). These results are also main contributions of our work.

We would like to highlight, in particular, that our normal form for quadratic func-
tions (Theorem 57) should be of interest to a quantum audience. It was recently shown
in [2J that quadratic functions over an Abelian group describe the quantum wave-functions
of the so-called stabilizer states. Hence, our normal form can be used to characterize the

13
complex amplitudes of such states

Lastly, we mention that we allow the matrices A, M and the vector v in (i-iii) to contain
arbitrarily large and arbitrarily small coefficients. This degree of generality is necessary in
the setting we consider, since we allow all normalizer gates to be valid components of a
normalizer circuit. However, the presence of infinite groups in (3.5.10) implies that that
there exists an infinite number of normalizer gates (namely, of automorphism and quadratic
gates, which follows from the our analysis in sections 3.9 and 3.10). This is in contrast
with the settings considered in [1, 21, where both the group (3.5.1) and the associated set
of normalizer gates are finite. As a result, the arithmetic precision needed to store the
coefficients of A, M, v in our standard encodings becomes a variable of the model (just like
in the standard problem of multiplying two integer matrices).

3.7 Normalizer circuits over black box groups

In this section we define normalizer circuits over black box groups: these circuits will act
over Hilbert spaces of the form in 3.5.7:

1 2Some automorphisms and quadratic functions can only be represented by matrices with irrational entries
(cf. the normal forms in sections 3.9,3.10). Restricting ourselves to study the rational ones allows us to

develop exact simulation algorithms. We believe irrational matrices (even with transcendental entries) could

also be handled by taking into account floating-point errors. We highlight that our stabilizer formalism and

all of our normal forms are developed analytically, and hold even if transcendental numbers appear in the
matrix representations of a and . (It is an good question to explore whether an exact simulation results
may hold for matrices with algebraic coefficients.)

1 3As mentioned in the introduction, the result in 121 is for stabilizer states over finite dimensional Hilbert

spaces but it can be easily generalized.
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Input element Description needs to specify... Bits needed

Input state W Element g(i) of infinite group Z, T variable

Element g(j) of finite group ZN, log N

Quantum Fourier transform Fi log m

Normalizer circuit C Automorphism gate Ua m 2 jAilb

Quadratic phase gate D m2IIMl1b + ml|vIjb

Table 3.1: The encoding size of a normalizer circuit. j|X lb denotes the number of bits used
to store one single coefficient of X, which is always assumed to a rational matrix/vector.
Formulas in column 3 are written in Big Theta notation and do not include constant factors
(which are anyway small).

-H = 7oa b l 0 7jNj .. 0 WUNc 0 71B. (3.7.1)

where B is a finite Abelian black box group. The only additional ingredient compared with
the previous section is the addition of the black box group B, and it is on this that we will
focus on. Let m = a + b + c.

We will only consider settings where quantum Fourier transforms never act on the black
box portion HB of the total system. This is a natural restriction; in particular, (to our
knowledge) in all existing quantum algorithms that do use QFTs, these QFTs act on systems
of the form 7

N 1 0 ... 0 7
Nc. Thus the only gates that act on the black box register WB

are automorphism gates and quadratic phase gates.
Since the decomposition of B is unknown, we cannot hope for automorphism gates and

quadratic phase gates to be specified as per the normal forms of Theorems 51 and 57.
Therefore we assume that automorphism gates and quadratic phase gates are specified as
efficiently computable rational functions. This limits the class of classical functions that we
consider.

1. Rational.1 4 An automorphism (or an arbitrary function) a : G -+ G is rational if it
returns rational outputs for all rational inputs. A quadratic function is rational if it
can be written in the form (g) = exp (2ni q(g)) where q is a rational function from G
into R modulo 2Z.

2. Efficiently computable. a and q can be computed by polynomial-time uniform
family of classical circuits {ai}, {qi}. All ai, qi are poly(m, i) size classical circuits
that query the black-box group oracle at most poly(m, i) times: their inputs are strings
of rational numbers whose numerators and denominators are represented by i classical
bits (their size is 0(2i)). For any rational element g E G that can be represented with
so many bits (if G contains factors of the form T these are approximated by fractions),
it holds that ai(g) = a(g) and qi(g) = q(g).

14We expect this assumption not to be essential, but it simplifies our proofs by allowing us to use exact
arithmetic operations. Our stabilizer formalism can still be applied if the functions a, are not rational,
and we expect some version of the simulation result (Theorem 87) to hold even when trascendental numbers
are involved (taking carefully into account precision errors). It is an good question to explore whether an
exact simulation result may hold for algebraic numbers 11031.
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In certain cases (see Section 5.2) we will consider groups like Z' which, strictly speak-
ing, are not black-box groups (because polynomial time algorithms for group multi-
plication for them are available and there is no need to introduce oracles). In those
cases, the queries to the black-box group oracle (in the above model) are substituted
by some efficient subroutine.

We add a third restriction to the above.

3. Precision bound. For any q or a that acts on an infinite group a bound nout is
given so that for every i, the number of bits needed to specify the numerators and
denominators in the output of qj or a exactly is at most i + fout. The bound n0 ut
is independent of i and indicates how much the input of each function may grow or
shrink along the computation of the output 15 . This bound is used to correctly store
the output of maps a : Z' -- Z', a' : Za - T' and to detect whether the output of a

function a" : Tb -+ Tb might get truncated modulo 1.

The allowed automorphism gates U0 and quadratic phase gates D are those associated
with efficiently computable rational functions a, . We ask these unitaries to be effi-
ciently implementable as well 16 , by poly(M, i, nout)-size quantum circuits comprising at most
poly(m, i, nout) quantum queries of the group oracle. The variable i denotes the bit size used
to store the labels g of the inputs 1g) and bounds the precision level d of the normalizer
computation, which we set to fulfill log d C O(i + noUt). The complexity of a normalizer
gate is measured by the number of gates and (quantum) oracle queries needed to implement
them.

In Section 5.2, we will see particular examples of efficiently computable normalizer gates.
We will repeatedly make use of automorphism gates of the form

Ujki,_ . . . , x) -+ki, ..,kmn, bi brox

where ki are integers and bj, x are elements of some black-box group B. These gates are
allowed in our model, since there exist well-known efficient classical circuits for modular
exponentiation given access to a group multiplication oracle [89]. In this case, a precision
bound can be easily computed: since the infinite elements ki do not change in size and all the
elements of B are specified with strings of the same size, the output of a can be represented
with as many bits as the input and we can simply take nout = 0 (no extra bits are needed).

Many examples of efficiently computable normalizer gates were given in [1, 2], for de-
composed finite group ZNI X - X Z~c. It was also shown in [1] that all normalizer gates
over such groups can be efficiently implemented.

Finally, a normalizer circuit over G is simply a circuit composed of normalizer gates over
the black box group G, defined analogously to Section 3.6.2: the input state is a basis state,
normalizer circuits are applied at each step of the circuit (changing the designated basis of
the underlying group if the applied gate is a QFT), and at the end of the computation a
measurement is made in the current designated basis.

'5 For infinite groups there is no fundamental limit to how much the output of a or q may grow/shrink
with respect to the input (this follows from the normal forms in Theorems 51 and 57.). The number nfout
parametrizes the precision needed to compute the function. Similarly to 2., this assumption might me
weakened if a treatment for precision errors is incorporated in the model.

16Recall that, in finite dimensions, the gate cost of implementing a classical function a as a quantum
gate is at most the classical cost 13] and that computing q efficiently is enough to implement using phase
kick-back tricks [1041. We expect these results to extend to infinite dimensional systems of the form '-z.
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Precision requirements

In the model of quantum circuits above, input states and final measurements in the Fourier-
basis { p), p E T} of W7 z can never be implemented with perfect accuracy, a limitation that
stems from the fact that the 1p) states are unphysical. This can be quickly seen in two
ways: first, in the Z basis, these states are infinitely-spread plane-waves Ip) = E e2

nizp z);
second, in the T basis, they are infinitely-localized Dirac-delta pulses. Physically, preparing
Fourier-basis states or measuring in this basis perfectly would require infinite energy and
lead to infinite precision issues in our computational model.

In the algorithms we study in this thesis (namely, the order-finding algorithm in Theorem
76), Fourier states over Z can be substituted with realistic physical approximations.
The degree of precision used in the process of Fourier state preparation is treated as a
computational resource. We model the precision used in a computation as follows.

Since our goal is to use the Fourier basis 1p), p E T, to represent information in a
computation, we require the ability to store and retrieve information in this continuous-
variable basis. Our assumption is that for any set X with cardinality d = IXI, we can divide
the continuous circle-group T spectrum into d equally sized sectors of length 1/d and use
them to represent the elements of X. More precisely, to each element of X we assign a
number in Zd. The element xi E X with index i E Zd is then represented by any state of
the subspace Vi,d = span{I + A) with IAl < 1}. We call the latter states d-approximate
Fourier states and refer to d as the precision level of the computation. We assume that
these states can be prepared and distinguished to any desired precision d in the following
way:

1. State preparation assumption. Inputs 1I) with at least i fidelity to some element
of Vi,d can be prepared for any i E Zd.

2. Distinguishability assumption. The subspaces Vi,d can be reliably distinguished.

Note that d determines how much information is stored in the Fourier basis.

Definition 41 (Efficient use of precision 17). A quantum algorithm that uses d-approx.
Fourier states to solve a computational problem with input size n is said to use an efficient
amount of precision if and only log d is upper bounded by some polynomial of n. Analogously,
an algorithm that stores information in the standard basis {Im), m E Z} is said to be efficient
if the states with m larger than some threshold log (mmax) E O(poly n) do not play a role
in the computation.

3.8 Group and Character Theory

3.8.1 Elementary Abelian groups

A group of the form
G = Z"'X Rb X ZN1 X ... X ZN X Td (3.8.1)

1
7 Note that this definition is not necessary to define normalizer circuits but to discuss the physicality of

the model. We point out that there might be better ways to model precision than ours (which may, e.g., lead
to tighter bounds or more efficient algorithms), but our simple model is enough to derive our main results.
We advance that, even if these precision requirements turned out to be high in practice, there exist efficient
discretized qubit implementations of all the infinite-dimensional quantum algorithms that we study later in
the thesis (cf. theorem 79).
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will be called an elementary Abelian group. We will often use the shorthand notation F =

ZN, x -.. x ZNc for the finite subgroup in the above decomposition. Note that the Hilbert

space formalism introduced in Section 3.5 does not refer to groups of the form Rb (i.e.
direct products of the group of real numbers). However for some of our calculations in later
sections, it will be convenient to include these types of groups in the analysis.

An elementary Abelian group of the form Z, R, T or ZN is said to be primitive. Thus
every elementary Abelian group can be written as G = G, x ... x Gm with each Gi primitive;
we will often use this notation. We will also use the notation Gz, GR, GF, GT to denote
elementary Abelian groups that are, respectively, integer lattices Za, real lattices Rb, finite
groups F and tori Td. We will also assume that the factors Gi of G are arranged so that
G = Gz x GR x GF x GT.

Next we introduce the notion of group characteristic char(G) for primitive groups:

char(Z) := 0, char(R) := 0, char(ZN) := N, char(T) := 1. (3.8.2)

Alternatively, we can also define the characteristic as follows: char(G) is the number that
coincides with (a) the order of 1 in G if 1 has finite order (which is the case for ZN and T);
(b) zero, if 1 has infinite order in G (which is the case for Z and R).

Consider an elementary Abelian group G = G1 x ... x G, where ci is the characteristic of
Gi. Each element g E G can be represented as an m-tuple g = (gi,. . . , g,) of real numbers.
If x = (x1 , ... , xm.) is an arbitrary m-tuple of real numbers, we say that x is congruent to

g, denoted by x = g (mod G), if

i 9i (mod ci) for every i = 1 . m. (3.8.3)

For example, every string of the form x = (Aci,... , Amcm) with Ai E Z is congruent to
0 c G.

3.8.2 Characters

Definition 42 (Character [97, 105]). Let G be an elementary Abelian group. A character
of G is a continuous homomorphism x from G into the group U(1) of complex numbers with
modulus one. Thus X(g + h) = X(g)x(h) for every g, h E G.

If G is an elementary Abelian group, the set of all of its characters is again an elementary
Abelian group, called the dual group of G, denoted by C. Moreover, C is isomorphic to
another elementary Abelian group, according to the following rule:

G = R' x T6 x ZC x F - Gl RxZ x T' x F. (3.8.4)

Thus, in particular, R is isomorphic to R itself and similarly F is isomorphic to F itself;
these groups are called autodual. On the other hand, Z is isomorphic to T and, conversely, T
is isomorphic to Z. We also note from the rule (3.8.4) that the dual group of C is isomorphic
to G itself. This is a manifestation of the Pontryagin-Van Kampen duality [97, 98, 861.

We now give explicit formulas for the characters of any primitive Abelian group.

o The characters of R are

Xx(y) := exp (21rixy), for every x, y c R. (3.8.5)
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Thus each character is labeled by a real number. Note that XxXx' = Xx+x' for all
x, x' E R. The miap x -+ Xx is an isomorphism from R to R, so that R is autodual.

* The characters of ZN are

27ri
xx(y) := exp ( xy, for every x, y E ZN- (3.8.6)

Thus each character is labeled by an element of ZN. As above, we have XxXx, = Xx+x'
for all x, x' C ZN. The map x -+ Xx is an isomorphism from ZN to ZN, so that ZN is
autodual.

* The characters of Z are

Xp(m) := exp (27ripm), for every p C T, m c Z, (3.8.7)

Each character is labeled by an element of T. Again we have XpXp,' = Xpp' for all

p, p' T and the map p + X is an isomorphism from T to Z.

* The characters of T are

Xm(p) exp (27ripm), for every p E T, m E Z; (3.8.8)

Each character is labeled by an element of Z. Again we have XmXm' = Xm+m' for all
m, ' E Z and the map 77m 4 Xm is an isomorphism from Z to t.

If G is a general elementary Abelian group, its characters are obtained by taking products
of the characters described above. More precisely, if A and B are two elementary Abelian
groups, the character group of A x B consists of all products XAXB with XA E A and XB E B,
and where XAXB(a, b) := XA(a)XB(b) for every (a, b) c A x B. To obtain all characters of
a group G having the form (3.8.4), we denote

G*:= Ra X ZO x 7' x F. (3.8.9)

Considering an arbitrary element

I = (ri,..., raz,..., zb, ti,..., tc, f,..., fd) E G*, (3.8.10)

the associated character is given by the product

x := Xr1 - .. Xr. Xz 1 . .. Xz Xt1 ... Xt Xf1 . .. Xfd (3.8.11)

where the individual characters xrj, Xzj, xt,, Xf, ... of R, Z, T and ZN, are defined above.
The character group of G is given by

G = {xj,: p c G*}. (3.8.12)

The rule (3.8.4) immediately implies that (G*)* = G. This implies that the character group
of G* is {xg : g E G}, where Xg is defined in full analogy with (3.8.11). Two elementary but
important features are the following:
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Lemma 43. For every g E G and p E G* we have

X 1(g) = Xg(p). (3.8.13)

Lemma 44. For every p, v c G* and every g C G it follows that

XA+v(g) = X1(g)Xu(g) (3.8.14)

Both Lemmas 43 and 44 follow from inspection of the characters of R, Z, T and ZN

defined in (3.8.5)-(3.8.8). The lemmas also reflect the strong duality between G and G*.
Finally, the definition of every character function Xa(b) as given in (3.8.5)-(3.8.8), which

is in principle defined for a in R, ZN, Z, T and b in R, ZN, T, Z, respectively, can be readily
extended to the entire domain of real numbers, yielding functions Xx(y) with x, y E R.
Consequently, the character functions (3.8.11) of general elementary Abelian groups G =
G, x ... x Gm can also be extended to a larger domain, giving rise to functions Xx(y) where
X, y E R'. With this extended notion, we have the following basic property:

Lemma 45. Let g E G and p E G*. For every x,y E R' such that x = g (mod G) and
y = p (mod G*), we have

Xy(X) = X, 1(g). (3.8.15)

The proof is easily given for primitive groups, and then extended to general elementary
Abelian groups.

3.8.3 Simplifying characters via the bullet group

Let G = G1 x ... x G., be an elementary Abelian group where each Gi is of primitive type.

Recall that in Section 3.8.2 we have introduced the definition of the elementary Abelian
group G*, which is isomorphic to the character group of G. Here we define another group
G* (which is Abelian but not elementary), called the bullet group of G. The bullet group
is isomorphic to G* (and hence also to the character group of G) and is mainly introduced
for notational convenience, as working with G* will turn out to simplify calculations. The
bullet group is defined to be G* = G* x ... x G,, where

N 1 2 N modZ' O'N' N''' N md1,

R* :=R* = R; := Z* =T; T*:= T* = Z. (3.8.16)

Thus the only difference between the groups G* and G is in the ZNj components. The
groups G* and G* are isomorphic via the "bullet map"

p E G* - p* := (p*, ... , pl*) E G*, (3.8.17)

where py := pj/N if pi E ZN and p = pi if pi belongs to either R, Z or T. The bullet map
is easily seen to be an isomorphism.

One of the main purposes for introducing the bullet group is to simplify calculations
with characters. In particular, for every g E G and p E G* we have

X =(g) = exp 2Ti > ,gi). (3.8.18)
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3.8.4 Annihilators

Let G be an elementary Abelian group. Let X be any subset of G. The annihilator XI is
the subset

X' := {p c G* : x,(x) = 1 for every x E X}. (3.8.19)

We can define the annihilator Y' of a subset Y C G* analogously as

Y { := {x E G: x,(x) = 1 for every p E Y}. (3.8.20)

By combining the two definitions it is possible to define double annihilator sets XX :=
(X')1, which is a subset of the initial group G, for every set X C G. Similarly, Y-L C G*

for every Y C G*. The following lemma states that X and XL are, in fact, identical sets
if X is closed as a set, and related to each other in full generality:

Lemma 46 ([98]). Let X be an arbitrary subset of an elementary Abelian group G. Then
the following assertions hold:

(a) The annihilator X' is a closed subgroup of G* (and XL is a closed subgroup of G).

(b) X-11 is the smallest closed subgroup of G containing X.

(c) If Y is a subset of G such that X C Y then X- ; Y' and XL C YA.

We mention that in the quantum computation literature (see e.g. [78, 21, 1, 21) the
annihilator H' of a subgroup H is more commonly known as the orthogonal subgroup of H.

Let a : G -+ H be a continuous group homomorphism between two elementary Abelian
groups G and H. Then [97, proposition 30] there exists a unique continuous group homo-
morphism a* : H* a G*, which we call the dual homomorphism of a, defined via the
equation

Xg.)(g) = X,(a(g)). (3.8.21)

Note that a** = a by duality.

3.9 Homomorphisms and matrix representations

3.9.1 Homomorphisms

Let G = G1 x ... x Gm and H = H, x ... x H, be two elementary finite Abelian groups,
where Gi, Hj are primitive subgroups. As discussed in Section 3.8.1, we assume that the Gi
and H are ordered so that G = Gz x GR x GF x GT and H = Hz x HR x HF x HT.

Consider a continuous group homomorphism a : G -* H. Let azz : Gz -+ Gz be the
map obtained by restricting the input and output of a to Hz. More precsiely, for g E Gz
consider the map

(g, 0, 0, 0) E G -+ a(g, 0, 0, 0) E H (3.9.1)

and define azz(g) to be the Gz-component of a(g, 0,0,0). The resulting map azz is a con-
tinuous homomorphism from Z to Z. Analogously, we define the continuous group homomor-
phisms axy : Gy -+ Hx with X, Y = Z, R, T, F. It follows that, for any g = (z, r, f, t) E G,
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we have

aZZ(z) + aZR(r) + aZF(f) + aZT(t) (aZZ aZR C7ZF &ZT Z

CRZ(z) + aRR(r) + aRF(f) + aRT(t) aRZ aRR aRF aRT r

aFZ(Z) + aFR(r) + aFF(f +aFT(t) aFZ aFR aFF aFT f

aTZ(z) + aTR(r) + aTF(f) + aTT(t) / aTZ aTR aTF aTT/ \t/
(3.9.2)

a is therefore naturally identified with the the 4 x 4 "matrix of maps" given in the r.h.s

of (3.9.2).
The following lemma (see e.g. [106] for a proof) shows that homomorphisms between

elementary Abelian groups must have a particular block structure.

Lemma 47. Let a : G -+ H be a continuous group homomorphism. Then a has the

following block structure

(aZZ 0 0 0

a ++ aRZ aIRR 0 0 (3.9.3)
aFZ 0 aFF 0

a-TZ aTR aTF aCTT

where 0 denotes the trivial group homomorphism.

The lemma shows, in particular, that there are no non-trivial continuous group homomor-

phisms between certain pairs of primitive groups: for instance, continuous groups cannot be

mapped into discrete ones, nor can finite groups be mapped into zero-characteristic groups.

3.9.2 Matrix representations

Definition 48 (Matrix representation). Consider elementary Abelian groups G = G1 x
... x Gm and H = H, x ... x H. and a group homomorphism a : G -+ H. A matrix

representation of a is an n x m real matrix A satisfying the following property:

a(g) = Ax (mod H) for every g E G and x E Rm satisfying x = g (mod G) (3.9.4)

Conversely, a real n x m matrix A is said to define a group homomorphism if there exists a

group homomorphism a satisfying (3.9.4).

It is important to highlight that in the definition of matrix representation we impose

that the identity a(g) = Ax (mod H) holds in a very general sense: the output of the map

must be equal for inputs x, x' that are different as strings of real numbers but correspond

to the same group element g in the group G. In particular, all strings that are congruent to

zero in G must be mapped to strings congruent to zero in H. Though these requirements

are (of course) irrelevant when we only consider groups of zero characteristic (like Z or R),
they are crucial when quotient groups are involved (such as ZN or 7).

As a simple example of a matrix representation, we consider the bullet map 18 , which is

an isomorphism from G* to G* . Define the diagonal m x m matrix T with diagonal entries

18Strictly speaking, definition 48 cannot be applied to the bullet map, since G* is not an elementary
Abelian group. However the definition is straightforwardly extended to remedy this.
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defined as

.~i . 11Nj if Gi =- ZNj for some Ni,(395
1 1  otherwise.

It is easily verified that T satisfies the following property: for every A E G* and x E Rm

satisfying x = p (mod G*), we have

t* - Tx (mod G'). (3.9.6)

Note that, with the definition of T, equation (3.8.18) implies

XA(g) = exp 2i p*(i)g(i) = exp (2ni iTg). (3.9.7)

Looking at equation (3.9.6) coefficient-wise, we obtain a relationship p (i) x( (mod 1)
for each factor Gi of the form ZNi; other factors are left unaffected by the bullet map. From
this expression it is easy to derive that T- is a matrix representation of the inverse of the
bullet mapi", i.e. the group isomorphism /* -+ p (mod G*).

The next lemma (see Appendix B.1 for a proof) summarizes some useful properties of
matrix representations.

Lemma 49 (Properties of matrix representations). Let G, H, J be elementary Abelian
groups, and a : G -* H and /3: H -+ J be group homomorphisms with matrix representations
A, B, respectively. Then it holds that

(a) BA is a matrix representation of the composed homomorphism / o a;
(b) The matrix A* := TG" A T TH is a matrix representation of the dual homomorphism

a*, where Tx denotes the matrix representation of the bullet map X* -+ X.

As before, let G = G, x - x G, be an elementary Abelian group with each Gi of
primitive type. Let

ej = (0,...,0,1,0,...,0) (3.9.8)

denote the i-th canonical basis vector of R'. If we regard g E G as an element of R"', we
may write g = E g(i)ej. Note however that ej may not belong to G itself. In particular, if
Gi = T then ej V T (since 1 V T in the representation we use, i.e. T = [0, 1)).

Lemma 50 (Existence of matrix representations). Every group homomorphism a
G -+ H has a matrix representation A. As a direct consequence, we have a(g) _ Ej g(i)Aei

(mod H), for every g = Ej g(i)ej E G.

The last property of Lemma 50 is remarkable, since the coefficients g(i) are real numbers
when Gi is of the types R and T. We give a proof of the lemma in Appendix B.1.

We finish this section by giving a normal form for matrix representations and char-
acterizing which types of matrices constitute valid matrix representations as in definition
48.

1 9 We ought to highlight that the latter is by no means a general property of matrix representations. In
fact, in many cases, the matrix-inverse A - (if it exists) of a matrix representation A of a group isomorphism
is not a valid matrix representation of a group homomorphism. (This happens, for instance, for all group
automorphisms of the group ZN that are different from the identity.) In Theorem 51 we characterize which
matrices are valid matrix representations. Also, in Section 4.5.2 we discuss the problem of computing matrix
representations of group automorphisms.
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Theorem 51 (Normal form of a matrix representation). Let G = G, x ..- x Gm

and H = H1 x .-- x Hn be elementary Abelian groups. Let cj, c, di and d* denote the
characteristic of Gj, G, Hi and Hi, respectively. Define Rep to be the subgroup of all n x m
real matrices that have integer coefficients in those rows i for which Hi has the form Z or

Zdj. A real n x m matrix A is a valid matrix representation of some group homomorphism
a : G -+ H iff A is an element of Rep fulfilling two (dual) sets of consistency conditions:

c4A(i,j)= 0 mod di, d*A*(i,j) = 0 mod c, (3.9.9)

for every i = 1,... , n, j = 1,... ,m, and being A* the m x n matrix defined in Lemma 49(b).
Equivalently, A must be of the form

Azz 0 0 0

A:= ARz ARR 0 0 (3.9.10)
AFZ 0 AFF 0

\ATZ ATR ATF AT.J

with the following restrictions:

1. Azz and ATT are arbitrary integer matrices.

2. ARz, ARR are arbitrary real matrices.

3. AFZ, AFF are integer matrices: the first can be arbitrary; the coefficients of the second
must be of the form

A(i, j) = ig , (3.9.11)
gcd (di, cj)

20where aij can be arbitrary integers

4. ATZ, ATR and ATF are real matrices: the first two are arbitrary; the coefficients of the
21third are of the form A(i, j) = asig/cj where aij can be arbitrary integers

The result is proven in Appendix B.1. For the normalizer circuits we consider, we will
not need to use the results regarding R.

3.10 Quadratic functions

In this section we study the properties of quadratic functions over arbitrary elementary
groups of the form G = R' x T' x Zb x ZN1 X - X ZNc. Most importantly, we give

normal forms for quadratic functions and bicharacters. We list results without proof, since
all techniques used throughout the section are classical. Yet, we highlight that the normal
form in Theorem 59 should be of quantum interest, since it can be used to give a normal
form for stabilizer states over elementary groups.

All results in this section are proven in Appendix B.2.

20 Since AFZ, AFF multiply integer tuples and output integer tuples modulo F = ZNI X ... X ZNc, for some

Nis, the coefficients of their ith rows can be chosen w.l.o.g. to lie in the range [0, Nj) (by taking remainders).
2 1Due to the periodicity of the torus, the coefficients of A z, ATF can be chosen to lie in the range [0, 1).
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3.10.1 Definitions

Let G be an elementary Abelian group. Recall from Section 3.6 that a bicharacter of G is
a continuous complex function B : G x G -+ U(1) such that the restriction of B to either
one of its arguments is a character of G. Recall that a quadratic function G : -+ U(1) is a
continuous function for which there exists a bicharacter B such that

I(g + h) = (g) (h)B(g, h) for all g, h E G. (3.10.1)

We say that is a B-representation.
A bicharacter B is said to be symmetric if B(g, h) = B(h, g) for all g, h E G. Symmetric

bicharacters are natural objects to consider in the context of quadratic functions: if is a
B-representation then B is symmetric since

B(g, h) = (g + h) (g) (h) = (h + g) (h) (g) = B(h, g). (3.10.2)

3.10.2 Normal form of bicharacters

The next lemmas characterize bicharacter functions.

Lemma 52 (Normal form of a bicharacter). Given an elementary Abelian group G,
then a function B : G x G -+ U(1) is a bi-character iff it can be written in the normal form

B(g, h) = X, (g)(h) (3.10.3)

where / is some group homomorphism from G into G*.

This result generalizes Lemma 5(a) in [1]. The next lemma gives a explicit characteri-
zation of symmetric bicharacter functions.

Lemma 53 (Normal form of a symmetric bicharacter). Let B be a symmetric bichar-
acter of G in the form (3.10.3) and let A be a matrix representation of the homomorphism
,3. Let T denote the default matrix representation of the bullet map G* -+ G* as in (3.9.5),
and M = TA. Then

(a) B(g, h) = exp (2ni g T Mh) for all g, h E G.

(b) M is a matrix representation of the homomorphism G 4 G* + G*.
(c) If x, y C R' and g, h E G are such that x = g (mod G) and y = h (mod G), then

B(g, h) = exp (2Ti X TMy). (3.10.4)

(d) The matrix M is symmetric modulo integer factors, i.e. M - MT mod Z.
(e) The matrix M can be efficiently symmetrized: i.e. one can compute in classical poly-

nomial time a symmetric matrix M' = M'T that also fulfills (a)-(b)-(c).

3.10.3 Normal form of quadratic functions

Our final goal is to characterize all quadratic functions. This is achieved in Theorem 57. To
show this result a few lemmas are needed.
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Lemma 54. Two quadratic functions '1,2 that are B-representations of the same bichar-

acter B must be equal up to multiplication by a character of G, i.e. there exists p E G* such
that

b1(g) = xp(g) 2(g), for every g E G. (3.10.5)

We highlight that a much more general version of Lemma 54 was proven in [107j, using
projective representation theory22

Our approach now will be to find a method to construct a quadratic function that is a
B-representation for any given bicharacter B. Given one B-representation, Lemma 54 tells
us how all other B-representation look like. We can exploit this to characterize all possible
quadratic functions, since we know how symmetric bicharacters look (Lemma 53).

The next lemma shows how to construct B-representations canonically.

Lemma 55. Let be a bicharacter B of G. Consider a symmetric real matrix M such that
B(g, h) = exp (2TidgTMh). Then the following function is quadratic and a B-representation:

Q(g) : = ei (g TMg+c Tg) (3.10.6)

where C is an integer vector dependent on M, defined component-wise as C(i) = M(i, i)ci,
where ci denotes the characteristic of the group Gi.

Finally, we arrive at the following important result:

Theorem 56 (Normal form of a quadratic function, short). Let G be an elementary

Abelian group. Then a function : G -+ U(1) is quadratic if and only if

(g) = eni (gTMg + CTg + 2vTg) (3.10.7)

where C, v, M are, respectively, two vectors and a matrix that satisfy the following:

" v is an element of the bullet group G*;

" M is the matrix representation of a group homomorphism from G to G*; and

" C is an integer vector dependent on M, defined component-wise as 0(i) = M(i, i)ci,

where ci is the characteristic of the group Gi.

Combined with Theorem 51 and Lemma 53, this gives the following normal form theorem:

Theorem 57 (Normal form of a quadratic function, extended).

Let G = Za x N1 X ' X ZNc X Tb be an elementary Abelian group. Recall Z =
{0, 11N,--- ,(N - 1)/N} to be a group under addition modulo 1, and G* = T a x Z.N X

X x Zb. Then a function : G -s U(1) is quadratic if and only if

(g) = eni(gTMg+CTg+2vTg) (3.10.8)

where C, v, M are, respectively, two vectors and a matrix that satisfy the following:

2 2 Precisely, the authors show (see 1107, Theorem 1]) that if D 1 , D 2 are finite-dimensional irreducible
unitary projective representations of a locally compact Abelian group G, possessing the same factor system
w, then there exists a unitary transformation U and a character Xh such that U'D1(g)U = xh(g)D2(g).
In our setup quadratic functions are one-dimensional projective irreps of G and bicharacters are particular
examples of factor systems.
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* v is an element of the bullet group G*;

" M is the matrix representation of a group homomorphism from G to G*, which neces-
sarily has the form

(MTz MTF MTT

M := MF*Z MF.F 0 (3.10.9)

M7ZZ 0 0

with the following restrictions:

- Mzz and Mr are arbitrary integer matrices.

- MF.Z and MTF are rational matrices, the former with the form M(i, j) = Cij A
and the latter with the form M(ij) = ai,j/Nj, where aij, are arbitrary integers,
and Ni is the order of the i-th cyclic subgroup ZN,.

- MF.F is a rational matrix with coefficients of the form

M(i, j) = ' (3.10.10)
gcd (Ni, Nj)

where ajj are arbitrary integers, and Ni is the order of the i-th cyclic subgroup

ZN. -

- MTZ is an arbitrary real matrix.

The entries of MF~z, MTF, MF*F, and MTZ can be assumed to lie in the interval
[0, 1). Moreover, M can be assumed to be symmetric, i.e. MZz = M/, MAF2 z = MITF,

MF*F = MF*F, and AITZ = MTz.

" C is an integer vector dependent on M, defined component-wise as C(i) = M(i, i)ci,
where ci is the characteristic of the group Gi. (Recall that char(Z) = 0, char(T ) = 1,
and char(ZN) = N.)

As discussed in the introduction, Theorem 57 may be used to extend part of the so-called
"discrete Hudson theorem" of Gross [85], which states that the phases of odd-qudit stabilizer
states are quadratic.

The normal form in Theorem 57 can be very useful to perform certain calculations within
the space of quadratic functions, as illustrated by the following lemma.

Lemma 58. Let m,, be the quadratic function (3.10.7) over G. Let A be the matrix rep-
resentation of a continuous group homomorphism a : G -* G. Then the composed function

o a is also quadratic and can be written in the normal form (3.10.7) as (M',"' with

M' := AT MA, v' := A v + VA,M, vA,M:= ATCM - CATMA, (3.10.11)

where CM is the vector C associated with M in (3.10.7).

This lemma will be used to prove the main simulation result, Theorem 59 (in the proof
of Lemma 70.)
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Chapter 4

Classical simulation of normalizer
circuits for infinite-dimensional
systems

In this chapter we study normalizer circuits over explicitly decomposed infinite Abelian
groups, as defined in Chapter 3. We show that such normalizer circuits can be efficiently
simulated on a classical computer.

The results of this chapter is joint work with Juan Bermejo-Vega and Martin Van den
Nest. This chapter is mostly excerpted from [74].

4.1 Introduction

In the preceding chapter we have introduced and defined the model of normalizer circuits
over infinite Abelian groups. We now proceed to prove the first of our two main complexity
theoretic results: normalizer circuits over explicitly decomposed groups can be efficiently
simulated classically.

To achieve an efficient classical simulation of normalizer circuits over Z' x Tb x F
(Theorem 59), we develop new stabilizer formalism techniques which extend the sta-
bilizer formalism for finite Abelian groups developed in [1, 2] (which was in turn a general-
ization of the well-known stabilizer formalism for qubit/qudit systems [17, 16, 76, 108, 109,
110, 111]) . The stabilizer formalism is a paradigm where a quantum state may be described
by means of a group of unitary (Pauli) operators (the Pauli stabilizer group) which leave
the state invariant. An appealing feature of the stabilizer formalism for finite-dimensional
systems is that each stabilizer group is finite and fully determined by specifying a small
list of group generators. This list of generators thus forms a concise representation of the
corresponding quantum state. Furthermore, if a Clifford gate is applied to the state, the list
of generators transforms in a transparent way which can be efficiently updated. Performing
such updates throughout the computation yields a stabilizer description of the output state.
Finally, one can show that the statistics arising from a final measurement can be efficiently
reproduced classically by suitably manipulating the stabilizer generators of the final state.

One major complication arises from the fact that the underlying Abelian group is not
finitely generated: when we define Pauli stabilizer groups later in this chapter, we will see
that the stabilizer groups are no longer finite nor even finitely generated. This means that
the paradigm of representing the group in terms of a small list of generators no longer
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applies, and a different method needs to be used. We will show how stabilizer groups can
be efficiently represented in terms of certain linear maps; these maps have concise matrix
representations, which will form efficient classical descriptions of the associated stabilizer
group.

A crucial ingredient in the last step of our simulation is a polynomial-time classical
algorithm that computes the support of a stabilizer state, given a stabilizer group that
describes it. This algorithm exploits a classical reduction of this problem to solving systems
of mixed real-integer linear equations [112], which can be efficiently solved classically.
To find this reduction, we make crucial use of the aforementioned normal forms and our
infinite-group stabilizer formalism (Section 4.6).

Lastly, we mention a technical issue that arises in the simulation of the final measurement
of a normalizer computation: the basis in which the measurement is performed may be
continuous (stemming again from the fact that G contains factors of T). As a result,
precision issues need to be taken into account in the simulation. For this purpose, we
develop e-net techniques to sample the support of stabilizer states.

Relationship to previous work

In the particular case when G is finite, our results completely generalize the results in [1]
and some of the results in [2]. Our normal forms for quadratic functions/stabilizer states
improve those in [2]. However, the simulations in [2] are stronger in the finite group case,
allowing non-adaptive Pauli measurements in the middle of a normalizer computation. It
should be possible to extend the techniques in [2] to our regime, which we leave for future
investigation. Normal forms for qudit stabilizer states based on quadratic functions were
also given in [1091.

Prior to our work, an infinite-dimensional stabilizer formalism best known as "the con-
tinuous variable (CV) stabilizer formalism" was developed for systems that can be described
in terms of harmonic oscillators [113, 114, 115, 116, 117, 118], which can be used as "con-
tinuous variable" carriers of quantum information. The CV stabilizer formalism is used in
the field of continuous-variable quantum information processing [113, 114, 115, 116, 117,
118, 119, 120, 1211, being a key ingredient in current schemes for CV quantum error correc-
tion [115, 122] and CV measurement-based quantum computation with CV cluster states
[123, 124, 125, 122]. A CV version of the Gottesman-Knill theorem [116, 117] for simulations
of Gaussian unitaries (acting on Gaussian states) has been derived in this framework.

We stress that, although our infinite-group stabilizer formalism and the CV stabilizer
formalism share some similarities, they are physically and mathematically inequivalent and
should not be confused with each other. Ours is applied to describe Hilbert spaces of the
form H11aOWbhNJO . OW'-N, with a basis 1g) labeled by the elements of Ta x Zb XZN, X
- x ZNc: the last c registers correspond to finite-dimensional "discrete variable" systems; the
first a+ b registers can be thought of infinite-dimensional "rotating-variable" systems that
are best described in terms of quantum rotors'. In the CV formalism [116], in contrast,
the Hilbert space is 7l' with a standard basis labeled by Rm (explicitly constructed as
a product basis of position and momentum eigenstates of m harmonic oscillators). Due
to these differences, the available families of normalizer gates and Pauli operators in each

'The quantum states of a quantum fixed-axis rigid rotor (a quantum particle that can move in a
circular orbit around a fixed axis) live in a Hilbert space with position and momentum bases labeled by T
and Z: the position is given by a continuous angular coordinate and the angular momentum is quantized in

1 units (the sign indicates the direction in which the particle rotates 11261).

78



framework (see sections 3.6, 4.3 and [116]) are simply inequivalent.

Furthermore, dealing with continuous-variable stabilizer groups as in [115, 116, 1181 is
sometimes simpler, from the simulation point of view, because the group R"' is also a finite-
dimensional vector space with a finite basis. In our setting, in turn, G is no longer a
vector space but a group that may well be uncountable yet having neither a basis nor a
finite generating set; on top of that, our groups contain zero divisors and are not compact.
These differences require new techniques to track stabilizer groups as they inherit all these
rich properties. For further reading on these issues we refer to the discussion in [2], where
the differences between prime-qudit stabilizer codes [17, 16, 77] (which can described in
terms of fields and vector spaces) and stabilizer codes over arbitrary spaces Nd, 0 0.. -- td
(which are associated to a finite Abelian group) are explained in detail.

Finally, we mention some related work on the classical simulability of Clifford circuits
based on different techniques other than stabilizer groups: see [127] for simulations of qubit
non-adaptive Clifford circuits in the Schr6dinger picture based on the stabilizer-state normal
form of [1081; see [128, 129] for phase-space simulations of odd-dimensional qudit Clifford
operation exploiting a local hidden variable theory based on the discrete Wigner function of
[130, 85, 131]; lastly, see [1321 for phase-space simulations of qubit CSS-preserving Clifford
operations based on a Wigner function for rebits.

It should be insightful at this point to discuss briefly whether the latter results may
extend to our setup. In this regard, it seems plausible to us that efficient simulation schemes
for normalizer circuits analog to those.in [1271 might exist and may even benefit from the
techniques developed in the present work (specifically, our normal forms, as well as those
given in [2]). Within certain limitations, it might also be possible to extend the results
in [128, 129] and [132] to our setting. We are aware that local hidden variable models
for the full-fledged normalizer formalism studied here cannot exist due to the existence of
stabilizer-type Bell inequalities [133, 134, 135], which can be violated already within the
qubit stabilizer formalism (the G = Z' normalizer formalism). Consequently, in order to
find a hypothetical non-negative quasi-probability representation of normalizer circuits with
properties analogous to those of the standard discrete Wigner function of [85, 131], one would
necessarily need to specialize to restricted normalizer-circuit models 2 with, e.g., fewer types
of gates, input states or measurements; this is part of the approach followed in [132], where
the positive Wigner representation for qubit CSS-preserving Clifford elements is given.

Currently, there are no good candidate Wigner functions for extending the results of
[128, 129] or [1321 to systems of the form 71*': the proposed ones (see [136, 137, 138]
and references therein) associate negative Wigner values to Fourier basis states (which are
allowed inputs in our formalism and also in [128, 129, 132]) that we introduce in Section 3.5;
for one qubit, these are the usual I+), I-) states. The existence of a non-negative Wigner
representation for this individual case has not yet been ruled out by Bell inequalities, to the
best of our knowledge.

2 Note that this might not be true for all quasi-probability representations. The locality of the hidden
variable models given in [130, 131, 128, 1321 comes both from the positivity of the Wigner function and an
additional factorizability property (cf. 11311 and [132, p.5, Property 41): in principle, classical simulation
approaches that sample non-negative quasi-probability distributions without the factorizability property are
well-defined and could also work, even if they do not lead to local hidden variable models.

79



Discussion and outlook

Finally, we discuss some open questions suggested by our work as well as a few potential
avenues for future research.

Due to the presence of Hilbert spaces of the form 71z, our stabilizer formalism over infinite
groups yields a natural framework to study continuous-variable error correcting codes for
quantum computing architectures based on superconducting qubits. Consider, for instance,
the so-called 0-r qubits [139, 140]. These are encoded qubits that, in our formalism, can
be written as eigenspaces of groups of (commuting) generalized Pauli operators associated
to Z and T (cf. sections 4.3-4.4 and also the definitions in [139, 140]). Hence, we can
interpret them as instances of generalized stabilizer codes3 over the groups Z and T. We
believe that it should be possible to apply the simulation techniques in this chapter (e.g.,
our generalized Gottesman-Knill theorem) to the study of fault-tolerant quantum-computing
schemes that employ this form of generalized stabilizer codes: we remind the reader that
the standard Gottesman-Knill theorem [17, 16] is often applied in fault-tolerant schemes for
quantum computing with traditional qubits, in order to delay recovery operations and track
the evolution of Pauli errors (see, for instance, [141, 142, 143, 144]).

Also in relation with quantum error correction, it would interesting to improve our
stabilizer formalism in order to describe adaptive Pauli measurements; this would extend
the results in [2] for finite Abelian groups.

In connection with previous works, it would be interesting to study normalizer circuits
over the group R', to understand how they compare to the Gaussian formalism and to
analyze in a greater level of detail the full hybrid scenario Roa 0 W 0 Wc 0 -N 1 0
-D 0 - t Nd- We have left this question to future investigation. However, we highlight that
the formalism of normalizer circuits we present can be extended transparently to study
this case, by considering additional Hilbert spaces of the form WOm with associated groups
Rm; the stabilizer formalism over groups that we develop, our normal forms and simulation
techniques can be applied to study that context with little (or zero) modifications.

Another question that remains open after our work is whether normalizer circuits over
finite Abelian groups constitute all possible Clifford operations (see a related conjecture in
[2], for finite dimensional systems).

Lastly, we mention that an important ingredient underlying the consistency of our nor-
malizer/stabilizer formalism is the fact that the groups associated to the Hilbert space fulfill
the so-called Pontryagin-Van Kampen duality [97, 98, 86, 99, 100, 101, 102]. From a
purely mathematical point of view, it is possible to associate a family of normalizer gates
with every group in such class, which accounts for all possible Abelian groups that are locally
compact Hausdorff (often called LCA groups). Some LCA groups are notoriously complex
objects and remain unclassified to date. Hilbert spaces associated to them can exhibit exotic
properties, such as non-separability, and may not always be in correspondence with natural
quantum mechanical systems. In order to construct a physically relevant model of quantum
circuits, we have restricted ourselves to groups of the form Za x T x ZN 1 X ... x ZN, can

be naturally associated to known quantum mechanical systems. We believe that our results
can be easily extended to all groups of the form Za x T x ZN1 X ... X ZN x R d, which we
call "elementary", and form a well-studied class of groups known as "compactly generated
Abelian Lie groups" [98]. Some examples of LCA groups that are not elementary are the
p-adic numbers Q, and the adele ring AF of an algebraic number field F [86].

3 A generalized notion of stabilizer code over an Abelian group was introduced in [2].
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Outline of this chapter

In Section 4.2 we state the main result (Theorem 59). The remaining sections we develop
the techniques we use to prove the main result.

In Section 4.3 we study the properties of Pauli operators over Abelian groups. In Section
4.4 we present stabilizer group techniques based on these operators. Section 4.5 is a brief
digression for the study systems of linear equations over groups (including systems of mixed
real-integer linear equations) and algorithms to solve these. Finally, in 4.6, we combine the
techniques we have developed to prove our main result.

4.2 Main result

In our main result (Theorem 59 below) we show that any polynomial-size normalizer circuit
(cf. Section 3.6.2 for definitions) associated to any group of the form (3.5.10) can be simulated
efficiently classically. Before stating the result, we will rigorously state what it is meant in
our work by an efficient classical simulation of a normalizer circuit, in terms of computational
complexity.

In short, the computational problem we consider is the following: given a classical
description of a normalizer quantum circuit, its input quantum state and the measurement
performed at the end of the computation (see Section 3.6.2 for details on our computational
model), our task is to sample the probability distribution of final measurement outcomes
with a classical algorithm. Any classical algorithm to solve this problem in polynomial time
(in the bit-size of the input) is said to be efficient.

Theorem 59 (Main result). Let C be any normalizer circuit over any group G = Za X Zx X
ZN 1 x ... x 7ZN as defined in Section 3.6.2. Let C act on a input state |g) in the designated
standard basis at time zero, and be followed by a final measurement in the designated basis at
time T. Then the output probability distribution can be sampled classically efficiently using
epsilon-net methods.

We remind the reader that, in Theorem 59, both standard and Fourier basis states of
7-z are allowed inputs (cf. Section 3.6.2).

In Theorem 59, the state 1g) is described by the group element g, which is encoded as
a tuple of m rational4 numbers of varying size (see Table 3.1, row 1). The memory needed
to store the normalizer gates comprising C is summarized in table ??, row 2. By "classically
efficiently" it is meant that there exists a classical algorithm (Theorem 73) to perform the
given task whose worst-time running time scales polynomially in the input-size (namely, in
the number of subsystems m, the number of normalizer gates of C) and of all other variables
listed in the "bits needed" column of table 3.1), and polylogarithmically in the parameters

A that specify the number of points in a (A,)-net (read below) and their geometrical
arrangement.

Sampling techniques

We finish this section by saying a few words about the (A, E)-net methods used in the proof
of Theorem 59. These techniques are fully developed in sections 4.6 and 4.6.3.

We shall show later (Lemma 63) that the final quantum state IV) generated by a nor-
malizer circuit is always a uniform quantum superposition in any of the computational basis

"In this thesis we do not use floating point arithmetic.
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we consider (3.5.11): if G is the group associated to our designated basis, and if X is the
set of x E G such that 0 (x) $ 0, then 1/0(x)I = I1,(y)I for all x, y E X. As a result the final

distribution of measurement outcomes is always a flat distribution over some set X.
Moreover, we show in Section 4.6.3 that X is always isomorphic to a group of the form

K x Zr where K is compact, and that such isomorphism can be efficiently computed: as a
result, we see that, although X is not compact, the non-compact component of X has an
Euclidean geometry. Our sampling algorithms are based on this fact: to sample X in an
approximate sense, we construct a subset VA,e C X of the form

Af,= N- e PA, (4.2.1)

where AF, is an c-net (definition 71) of the compact component K of X and PA is a r-
dimensional parallelotope contained in the Euclidean component Zr, centered at 0, with
edges of length 2A 1 ,...,2Ar. We call KA,e a (A, e)-net (definition 72). The algorithm in
Theorem 59 can efficiently construct and sample such sets for any E and A := A1 ,..., Ar
of our choice: its worse running-time is O(polylog , polylog As), as a function of these
parameters. We refer the reader to Section 4.6 and Theorem 73 for more details.

Treatment of finite-squeezing errors

It follows from the facts that we have just dicussed that when G is not a compact group
(i.e. G contains Z primitive factors) the support X of the quantum state 41) can be an
unbounded set. In such case, it follows from the fact that 14) is a uniform superposition that
the quantum state is unphysical and that the physical preparation of such a state requires
infinite energy; in the continuous-variable quantum information community, states like [/)

are often called infinitely squeezed states [145]. In a physical implementation, these states
can be replaced by physical finitely-squeezed states, whose amplitudes will decay towards
the infinite ends5 of the support set X. This leads to finite-squeezing errors, compared to
the ideal scenario.

In this thesis, we consider normalizer circuits to work perfectly in the ideal infinite-
squeezing scenario. Our simulation algorithm in Theorem 59 samples the ideal distribu-
tion that one would obtain in the infinite precision limit, neglecting the presence of finite-
squeezing errors. This is achieved with the (A, e)-net methods described above, which we
use to discretize and sample the manifold X that supports the ideal output state 1,0); the
output of this procedure reveals the information encoded in the wavefunction of the state.

4.3 Pauli operators over Abelian groups

In this section we introduce Pauli operators over groups of the form G = Za x T x F

(note that we no longer include factors of Rd because these groups are not related to the
Hilbert spaces that we study), discuss some of their basic properties and finally show that
normalizer gates map any Pauli operator to another Pauli operator. The latter property is
a generalization of a well known property for qubit systems, namely that Clifford operations
map the Pauli group to itself.

Note on terminology. Throughout the rest of this thesis, sometimes we use the symbol
7-f as a second name for the Hilbert space 7Wz. Whenever this notation is used, we make

5 The particular form of the damping depends on the implementation. These effects vanish in the limit
of infinite squeezing.
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implicit that we are working on the Fourier basis of Rz, which is labeled by the circle group
T. Sometimes, this basis will be called the T standard basis or just T basis.

4.3.1 Definition and basic properties

Consider an Abelian group of the form G = Z' x Tb x F and the associated Hilbert space

WG with the associated group-element basis { g) : g E G} as defined in Section 3.5 . We
define two types of unitary gates acting on RG, which we call the Pauli operators of G. The
first type of Pauli operators are the X-type operators XG(g) (often called shift operators in
generalized harmonic analysis):

XG(g)V (h) := O(h - g), for every g, h E G, (4.3.1)

where the 0(h) are the coefficients of some quantum state kb) in tG. These operators can
also be written via their action on the standard basis, which yields a more familiar definition:

XG(g)jh) =Ig +h), for every g,h E G. (4.3.2)

In representation theory, the map g -> XG(g) is called the regular representation of the
group G. The second type of Pauli operators are the Z-type operators ZG(I):

ZG(p)|g) := x,(g)lg), for every g E G, p E G (4.3.3)

We define a generalized Pauli operator of G to be any unitary operator of the form

-:= yZG(A)XG(g) (4.3.4)

where y is a complex number with unit modulus. We will call the duple (p, g) and the
complex number ^y, respectively, the label and the phase of the Pauli operator o-. Further-
more we will regard the label (p, g) as an element of the Abelian group G* x G. The above
definition of Pauli operators is a generalization of the notion of Pauli operators over finite
Abelian groups as considered in [1, 2], which was in turn a generalization of the standard
notion of Pauli operators for qubit systems. An important distinction between Pauli op-
erators for finite Abelian groups and the current setting is that the ZG(II) are labeled by
[i E G*. For finite Abelian groups, we have G* = G and consequently the Z-type operators
are also labeled by elements of G.

Using the definition of Pauli operators, it is straightforward to verify the following com-
mutation relations, which hold for all g E G and p E G*:

XG(g)XG(h) = XG(g + h) = XG(h)XG(g)

ZG([I)ZG(V) = ZG( + v) = ZG(V)ZG(p) (4.3.5)

ZG(P)XG(g) = Xp(g)XG(g)ZG(I)

It follows that the set of generalized Pauli operators of G form a group, which we shall call
the Pauli group of G.

4.3.2 Evolution of Pauli operators

The connection between normalizer gates and the Pauli group is that the former "preserve"
the latter under conjugation, as we will show in this section. This property will be a
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generalization of the well known fact that the Pauli group for n qubits is mapped to itself
under the conjugation map a -+ Uo-U, where U is either a Hadamard gate, CNOT gate or
(7r/2)-phase gate[17, 16]-these gates being normalizer gates for the group G = Z 2 x ... Z2

[1, 2]. More generally, it was shown in [11 that normalizer gates over any finite Abelian group
G map the corresponding Pauli group over G to itself under conjugation. In generalizing
the latter result to Abelian groups of the form G = Z x Tb x F, we will however note an
important distinction. Namely, normalizer gates over G will map Pauli operators over G
to Pauli operators over a group G' which is, in general, different from the initial group G.
This feature is a consequence of the fact that the groups Z' and Tb are no longer autodual
(whereas all finite Abelian groups are). Consequently, as we have seen in Section 3.6.1, the
QFT over G (or any partial QFT) will change the group that labels the designated basis of
W from G to G'. We will therefore find that the QFT maps Pauli operators over G to Pauli
operators over G'. In contrast, such a situation does not occur for automorphism gates and
quadratic phase gates, which do not change the group G that labels the designated basis.

Before describing the action of normalizer gates on Pauli operators (Theorem 61), we
provide two properties of QFTs.

Lemma 60 (Fourier transforms diagonalize shift operators). Consider a group of the
form G = Za x Tb x F. Then the X-type Pauli operators of G and the Z-type operator of G*
are related via the quantum Fourier transform FG over G:

ZG* (9) = TGXG(9)-FGt* (4.3.6)

Proof. We show this by direct evaluation of the operator XG(h) on the Fourier basis states
(Section 3.5 definition). Using the definitions introduced in Section 3.8.2 we can write the
vectors in the Fourier basis of G in terms of character functions (definition 42): letting 1p)
be the state

Itp) = dhx,,(h)ih) = dhx_,(h)h), (4.3.7)
SG JG

then the Fourier basis of G is just the set {Ip), p E G*}. Now it is easy to derive

XG(g)Ii) = XG(g) (Jdh1,(h)Ih) ) = f dhXp(h)Ig + h) = IGdhx(h' - g)|h)

= X -(-g) (J dh'X(h')Ih') = Xg(p)|p) = ZG*(9)1[p). (4.3-8)

In the derivation we use lemmas 43, 44 and equation (4.3.3) applied to the group G*. L

The next theorem shows that normalizer gates are generalized Clifford operations, i.e.
they transform Pauli operators into Pauli operators under conjugation and, therefore, they
normalize the group of all Pauli operators within the group of all unitary gates6.

Theorem 61 (Normalizer gates are Clifford). Consider a group of the form G =
Za x Tb x F. Let U be a normalizer gate of the group G. Then U corresponds to an
isometry from -G to WG' for some suitable group G', as discussed in section 3.6. Then the
conjugation map o - Uo-Ut sends Pauli operators of G to Pauli operators of G'. We say
that U is a Clifford operator.

6 It is usual in quantum information theory to call the normalizer group of the n-qubit Pauli group "the
Clifford group" because of a "tenuous relationship" [146, Gottesman] to Clifford algebras.
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Proof. We provide an explicit proof for Pauli operators of type XG(g) and ZG(I). This is
enough to prove the lemma due to (4.3.5). As before, G = G 1 x - x Gm where the Gi are
groups of primitive type.

We break the proof into three cases.

* If U is an automorphism gate Ua : Ih) -+ Ia(h)) then

UaXG(g)Ul Ih) = ja(a-'(h) + g)) = |h + a(g)) = XG(a(g)) h), (4.3.9)

UaZG(P)UIh) = x1 (a-(h))Ih) = X k-1( )(h)Ih) = ZG (a *l/)) Ih). (4.3.10)

" If U is a quadratic phase gate D associated with a quadratic function ( then

D XG(g)D jh) = (g + h) (h)Ig + h) = (g)B(g, h)Ig + h)

= (g)XO(g)(h)jg + h) = (g)X(g)Z(#(g))Ih), (4.3.11)

where, in the second line, we use Lemma 52. Moreover DCZG(ji)D = ZG(p) since

diagonal gates commute.

" If U is the Fourier transform FG on the 7WG then

FGXG(g)Ft = ZG*(g), FGZG(p)Ft = XG*(-M). (4-3-12)

The first identity is the content of Lemma 60. The second is proved in a similar way:

ZG () IV) = ZG ( j dhX-v(h)Ih) = dhx-v(h)X/,(h)Ih) = dhX-(V-9)(h)|h)

= IV -A) = XG* (--)IV), (4-3-13)

where we apply (4.3.7), Lemma 44 and (4.3.2,4.3.3). These formula also apply to
partial Fourier transforms FGi, since Pauli operators decompose as tensor products.

4.4 Stabilizer states

In this section we develop a stabilizer framework to simulate normalizer circuits over infinite
Abelian groups of the form G = Z' x Tb X ZN, X - X ZNc. As explained in Sections 3.1
and 4.1, our techniques generalize methods given in 11, 21 (which apply to groups of the

form F = ZN, X ... X ZN) and is closely related to the (more general) monomial stabilizer
formalism [147].

4.4.1 Definition and basic properties

A stabilizer group S over G is any group of commuting Pauli operators of G with a nontrivial

+1 common eigenspace. Here we are interested in stabilizer groups where the +1 common

eigenspace is one-dimensional, i.e. there exists a state [b) such that aI-i) = 10) for all

0- E S, and moreover IV) is the unique state (up to normalization) with this property. Such
states are called stabilizer states (over G). This terminology is an extension of the already

established stabilizer formalism for finite-dimensional systems [17, 16, 76, 77, 1, 21.
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We stress here that stabilizer states 10l) are allowed to be unnormalizable states; in other
words, we do not require I)) to belong to the physical Hilbert space HG. In a more precise
language, stabilizer states may be tempered distributions in the Schwartz-Bruhat space S'
[91, 92]. This issue arises only when considering infinite groups, i.e. groups containing Z or
T. An example of a non-physical stabilizer state is the Fourier basis state Ip) (3.5.3) (we
argue below that this is indeed a stabilizer state). Note that not all stabilizer states for
G = T must be unphysical; an example of a physical stabilizer state within 'G is

J dpp). 
(4.4.1)

The stabilizer group of this state is {XT(p) : p E T}, which can be alternatively written as
{ZZ(p) : p E T} (Lemma 60). Similar examples of stabilizer states within and outside 'G

can be given for G = Z. Note, however, that in this case the standard basis states Ix) with
x E Z (which are again stabilizer states) do belong to 'z.

Next we show that all standard basis states are stabilizer states.

Lemma 62. Consider G = Z' x b x F with associated Hilbert space 'G and standard basis
states { g) : g c G}. Then every standard basis state |g) is a stabilizer state. Its stabilizer
group is

{~Xp-(g)ZG(1) :p E G*}. (4.4.2)

The lemma implies that the Fourier basis states and, in general, any of the allowed
group-element basis states (11) are stabilizer states.

Proof. Let us first prove the theorem for g = 0, and show that 10) is the unique state that
is stabilized by S = {ZG(p) : p C G*}. It is easy to check that a standard-basis state
Ih) with h E G is a common +1-eigenstate of S if and only if x,(h) = 1 for all p E G*
or, equivalently, iff h belongs to G', the annihilator of G. It is known that G' coincides
with the trivial subgroup {0} of G* [98, corollary 20.22], and therefore 10) is the unique
standard-basis state that is also a common +1 eigenstate of S. Since all unitary operators
of S are diagonal in the standard basis, 10) is the unique common +1 eigenstate of S.

For arbitrary Ig) = XG(g)10), the stabilizer group of jg) is XG(g)SXG(g)t, which equals
{-3(g)ZG(p) : p E G*} (see equation (4.3.5)).

Let 10b) be a stabilizer state with stabilizer group S. We define the following sets, all of
which are easily verified to be Abelian groups:

L := {(p,g) E G* x G : S contains a Pauli operator of the form yZ(p)X(g)};

H := {g e c : S contains a Pauli operator of the form -yZ(p)X(g)};

D := {p E G* : S contains a Pauli operator of the form -yZ(p)} (4.4.3)

The groups L, D and H contain information about the labels of the operators in S. We
highlight that, although D and H are subsets of very different groups (namely G and G*,
respectively), they are actually closely related to each other by the relation

H 1 ID' (or, equivalently, ID C H3), (4.4.4)

which follows from the commutativity of the elements in S and the definition of orthogonal
complement (recall Section 4.3.1).
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Finally, let D be the subgroup of all diagonal Pauli operators of S. It is easy to see that,
by definition, V and D are isomorphic to each other.

4.4.2 Support of a stabilizer state

We show that the support of a stabilizer state 4') (the manifold of points where the wave-
function 0 (x) is not zero) can be fully characterized in terms of the label groups H, D.

Our next result characterizes the the structure of this wavefunction.

Lemma 63. Every stabilizer state \4') over G is a uniform quantum superposition over some
subset of the form s + H, where H is a subgroup of G. Equivalently, any stabilizer state 4')
can be writen in the the form

140) JdhV)(h)ls + h) (4.4.5)

where all amplitudes have equal absolute value I(h)| = 1. We call the s + H the support of
the state.

This lemma generalizes Corollary 1 in [1].

Proof. Let 4') be an arbitrary quantum state 4') = fx dg 4(g)Ig). The action of an arbitrary
Pauli operator U = -ZG([t)XG(h) E S on the state is

U) =- J dg x,(g + h)o(g)|g + h) = dg(g)g) = 14). (4.4.6)

Recall the definition of H in (4.4.3). Comparing the two integrals in (4.4.6), and knowing
that lxI,(x)I = 1 for every x E G, we find that the absolute value of 4 cannot change if we
shift this function by an element of H; in other words,

for every g E X it holds \4'(g)| = I'(g + h)| for every h E H. (4.4.7)

Now let Y C X denote the subset of points y E X for which 4'(y) # 0. Eq. (4.4.7) implies
that Y is a disjoint union of cosets of H, i.e.

Y= Us,+H, (4.4.8)
CI

where I is a (potentially uncountable) index set, and that 4') is of the form

|0) = fdy b(y) ly) = fdt a(t) 10,), (4.4.9)
JY JI

where the states |0,) are non-zero linearly-independent uniform superpositions over the
cosets x, + H:

101) = dh O/(h)Ist + h) (4.4.10)

and lo(h)I = 1 for every h. Putting together (4.4.9) and (4.4.10) we conclude that, for any
U E S, the condition UI0) = 14) is fulfilled if and only if U1L) = I4,) for every l0,): this
holds because U leaves invariant the mutually-orthogonal vector spaces V1 := span{|s, + h) :
h E H}. Consequently, every state 10,) is a (non-zero) common +1 eigenstate of all operators
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in S. Finally, since we know that Jib) is the unique +1 common eigenstate of S, it follows
from (4.4.9, 4.4.10) that I has exactly one element and Y = s + H; as a result, 14') is a
uniform superposition of the form (4.4.10). This proves the lemma. L

Lemma 64. An element x C G belongs to the support s + H of a stabilizer state 14') if and
only if

Dix) = lx) for all D E D. (4.4.11)

Equivalently, using that every D is of the form D = 1,ZG* (jp) for some p E D and that 3,
is determined given M,

supp(14')) = {x E G : x,(x) = T, for all p C D}. (4.4.12)

Lemma 64 was proven for finite groups in [1], partially exploiting the monomial stabilizer
formalism (MSF) developed in [147]. Since the MSF framework has not been generalized
to finite dimensional Hilbert spaces, the techniques in [147, 1] can no longer be applied in
our setting7 . Our proof works in infinite dimensions and even in the case when the Pauli
operators (4.3.1,4.3.3) have unnormalizable eigenstates.

Proof. Write 1,0) as in (4.4.5) integrating over X := s + H. Then, the "if" condition follows
easily by evaluating the action of an arbitrary diagonal stabilizer operator D = fj1ZG* (P)

on a the stabilizer state [0): indeed, the condition

D1,0) = [0) + dx (-yXp(x))V'(x)lx) = Jdx'(x)x), (4.4.13)

holds only if 7,xp(x) = 1, which is equivalent to Dix) =x) (here, we use implicitly that
O(x) , 0 for all integration points).

Now we prove the reverse implication. Take x E G such that Dix) = ix) for all D E D.
We want to show that |x) belongs to the set s + H. We argue by contradiction, showing
that x s + H implies that there exists a nonzero common +1 eigenstate l4) of all S that
is not proportional to 1), which cannot happen.

We now show how to construct such a 1)
Let Y := {(p, g)ZG*(p)XG(g)} be a system of representatives of the factor group

S/D. For every h E H, we use the notation Vh to denote a Pauli operator of the form
S(vh, h)ZG* (vh)XG(h). It is easy to see that the set of all such Vh forms an equivalence class
in S/D, so that there is a one-to-one correspondence between H and S/D. Therefore, if to
every h E H we associate a Uh E Y (in a unique way), written as Uh := ((vh, h)ZG,(vh)X(h),
then we have that:

(a) any Pauli operator V E S can be written as V = UxD for some U, E Y and D C D;

(b) UgUh = Ug+hDg,h for every Ug, Uh C Y and some Dg,h C D.

With this conventions, we take # to be the state

1) := f(dU U ) = (jdhUh) lx) = jdh (v, h)xvh(x + h)lx + h)dh. (4.4.14)

7 We believe that the MSF formalism in [1471 should be easy to extend to infinite dimensional systems
if one looks at monomial stabilizer groups with normalizable eigenstates. However, dealing with monomial
operators with unnormalizable eigenstates-which can be the case for (4.3.1,4.3.3)-seems to be notoriously
harder.
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The last equality in (4.4.14) shows that 14) is a uniform superposition over x+H. As a result,
10) is non-zero. Moreover, 10) linearly independent from 1i) if we assume x < supp(b), since

this implies that supp(4) = x + H and supp(b) = s + H are disjoint. Lastly, we prove that

1#) is stabilized by all Pauli operators in S. First, for any diagonal stabilizer D we get

DJq) = D (JdU U) Ix) = (JdU U) Dix) = (jdU U) x), (4.4.15)

due to commutativity and the promise that Dlx) = Ix). Also, any stabilizer of the form Ux

from the set of representatives Y fulfills

UX1#) = Um dh Uh) Ix) = (jdh UxUh) X)= dh U+h) Dx,hlx) (4.4.16)

( dh' U,) Jx) = 1#) (4.4.17)

Hence, using property (a) above, it follows that any arbitrary stabilizer V stabilizes |#) as

well. 0

Corollary 1. The sets H and supp(#)) = s + H are closed.

Proof. It follows from (4.4.12) that supp(Vb)) is of the form xo + D-'. Putting this together

with (4.4.5) in Lemma 63 it follows that H = D 1 . Since any annihilator is closed (Lemma

46), H is closed. Since the group operation of G is a continuous map 8 , s + H is closed

too.

4.5 Systems of linear equations over Abelian groups

We take a brief digression from the theory of stabilizers over Abelian groups, and consider

certain systems of linear equations. These systems will be important to us when we try to

sample from the support of a stabilizer state.

Let a : G - H be a continuous group homomorphism between elementary Abelian

groups G, H and let A be a rational matrix representation of a. We consider systems of

equations of the form

a(x) = Ax = b (mod H), where x c G, (4.5.1)

which we dub systems of linear equations over (elementary) Abelian groups. In this section

we develop algorithms to find solutions of such systems.

Systems of linear equations over Abelian groups form a large class of problems, contain-

ing, as particular instances, standard systems of linear equations over real vectors spaces,

Ax = b, A E nRnXr, x E Rm , b c R", (4.5.2)

as well as systems of linear equations over other types of vector spaces, such as Z', e.g.

By = c, B E ZX, y EZcEZ. (4.5.3)

8 This is a fundamental property of topological groups. Consult e.g. 198, 86] for details.

89



In (4.5.2) the matrix A defines a linear map from R"' to R", i.e. a map that fulfills A(ax +
by) = A(ax) + A(by), for every a, b C R, x, y E R' and is, hence, compatible with the
vector space operations; analogously, B in (4.5.3) is a linear map between Z2 vector spaces.

We dub systems (4.5.1) "linear" to highlight this resemblance. Yet the reader must beware
that, in general, the groups G and H in problem (4.5.1) are not vector spaces (primitive
factors of the form Z or Zd, with non-prime d, are rings yet not fields; the circle T is not
even a ring, as it lacks a well-defined multiplication operation 9), and that the map A is a
group homomorphism between groups, but not a linear map between vector spaces.

Indeed, there are interesting classes of problems that fit in the class (4.5.1) and that are
not systems of linear equations over vectors spaces. An example are the systems of linear
equations over finite Abelian groups studied in 121. Another example are systems of mixed
real-integer linear equations [112, 148], that we introduce later in this section (equation
4.5.5).

Input of the problem We only consider systems of the form (4.5.1) where the matrix A
is rational. In other words, we always assume that the group homomorphism a has a rational
matrix representation A; the latter is given to us in the input of our problem. Exact integer
arithmetic will be used to store the rational coefficients of A; floating point arithmetic will
never be needed in our work.

Of course, not all group homomorphisms have rational matrix representations (cf. The-
orem 51). However, for the applications we are interested in it is enough to study this
subclass.

General solutions of system (4.5.5) Since A is a homomorphism, it follows that the
set GS01 of all solutions of (4.5.1) is either empty or a coset of the kernel of A:

Gsol = xo + ker A (4.5.4)

The main purpose of this section is to devise efficient algorithms to solve system (4.5.1)
when A, b are given as input, in the following sense: we say that we have solved system
(4.5.1) if we manage to find a general solution of (4.5.1) as defined next.

Definition 65 (General solution of system (4.5.1)). A general solution of a system of
equations Ax = b (mod H) as in (4.5.1) is a tuple (xo, E) where xo is a particular solution of
the system and F is a continuous group homomorphism (given as a matrix representation)
from an auxiliary group X := Ra X Zo into G, whose image im E is the kernel of A.

Although it is not straightforward to prove, general solutions of systems of the form
(4.5.1) always exist. This is shown in Appendix C.1.

4.5.1 Algorithm for finding a general solution of (4.5.1)

Observe that if we know a general-solution (xo, S) of system (4.5.1) then we can conveniently
write the set of all solutions simply as G,01 = 0+ im E. This expression suggests us a simple
heuristic to sample random elements in Gs. 1- which will be an important step in our proof
of our main classical simulation result-based on the following approach:

9Recall that T is a quotient group of R and that the addition in T is well-defined group operation between
equivalence classes. It is, however, not possible to define a multiplication ab for a, b E T operation between
equivalence classes: different choices of class representatives yield different results.
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(1) Choose a random element v E X using some efficient classical procedure. This step
should be feasible since this group has a simple structure: it is just the product of a
conventional real Euclidean space R' and an integer lattice Zb.

(2) Apply the map v -+ xo + E(v), yielding a probability distribution on G.

A main contribution of our work is a deterministic classical algorithm that finds a general
solution of any system of the form (4.5.1) in polynomial time. This is the content of the
next theorem, which is one of our main technical results.

Theorem 66 (General solution of system (4.5.1)). Let A, b define a system of linear
equations (over elementary Abelian groups) of form (4.5.1), with the group G as solution
space and image group H. Let m and n denote the number of direct-product factors of G
and H respectively and let ci, dj denote the characteristics of Gi and dj. Then there exist
efficient, deterministic, exact classical algorithms to solve the following tasks in worst-case
time complexity O(poly(m, n, log IlAlib, log liblb, log ci, log dj):

1. Decide whether system (4.5.1) admits a solution.

2. Find a general solution (xo, E) of (4.5.1).

A rigorous proof of this theorem is given in Appendix C.2. The main ideas behind it are
discussed next.

In short, we show that the problem of finding a general solution of a system of the form
(4.5.1) reduces in polynomial time to the problem of finding a general solution of a so-called
system of mixed real-integer linear equations [112].

A'x' + B'y' = c, where x' E CZ E .b (4.5.5)

where A' and B' are rational matrices and c is a rational vector. Denoting by Rb' the given

space in which c lives, we see that, in our notation, (A B) w = c, where w Ez Z' x Rb is a

particular instance of a system of linear equations over elementary locally compact Abelian
groups that are products of Z and R. Systems (4.5.5) play an important role within the
class of problems (4.5.1), since any efficient algorithm to solve the former can be adapted to
solve the latter in polynomial time.

The second main idea in the proof of Theorem 66 is to apply an existing (deterministic)
algorithm by Bowman and Burdet [1121 that computes a general solution to a system of the
form (4.5.5). Although Bowman and Burdet did not prove the efficiency of their algorithm in
[112], we show in Appendix C.3 that it can be implemented in polynomial-time, completing
the proof of the theorem.

4.5.2 Computing inverses of group automorphisms

In Section 3.9.2 we discussed that computing a matrix representation of the inverse a- 1 of a
group automorphism a cannot be done by simply inverting a (given) matrix representation
A of a. However, the algorithm given in Theorem 66 can be adapted to applied to solve
this problem.

Lemma 67. Let a : G G G be a continuous group automorphism. Given any matrix
representation A of a, there exists efficient classical algorithms that compute a matrix rep-
resentation X of the inverse group automorphism a-1 .

A proof (and an algorithm) is given in Appendix C.4.
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4.6 Proof of Theorem 59

In this section we prove our main result (Theorem 59). As anticipated, we divide the proof
in three parts. In Section 4.6.1, we show that the evolution of the quantum state during
a normalizer computation can be tracked efficiently using stabilizer groups (which we
introduced in the previous section). In Section 4.6.2 we show how to compute the support
of the final quantum state by reducing the problem to solving systems of linear equations
over an Abelian group, which can be reduced to systems of mixed real-integer linear
equations [112] and solved with the classical algorithms presented in Section 4.5. Finally, in
Section 4.6.3, we show how to simulate the final measurement of a normalizer computation
by developing net techniques (based, again, on the algorithms of Section 4.5) to sample
the support of the final state.

4.6.1 Tracking normalizer evolutions with stabilizer groups

As in the celebrated Gottesman-Knill theorem [17, 16] and its existing generalizations [77,
109, 111, 1, 2], our approach will be to track the evolution of the system in a stabilizer
picture. Since we know that the initial state 10) is a stabilizer state (Lemma 62) and that
normalizer gates are Clifford operations (Lemma 68), it follows that the quantum state at
every time step of a normalizer computation is a stabilizer state. It is thus tempting to use
stabilizer groups of Abelian-group Pauli operators to classically describe the evolution of
the system during the computation; this approach was used in [1, 21 to simulate normalizer
circuits over finite Abelian groups. (We remind the reader at this point that qubit and qudit
Clifford circuits are particular instances of normalizer circuits over finite Abelian groups [2].)

However, complications arise compared to all previous cases where normalizer circuits
are associated to a finite group G. We discuss these issues next.

Stabilizer groups are infinitely generated. A common ingredient in all previously
known methods to simulate Clifford circuits and normalizer circuits over finite Abelian
groups can no longer be used in our setting: traditionally 0 , simulation algorithms based
on stabilizer groups keep track of a list of (polynomially many) generators of a stabilizer
group, which can be updated to reflect the action of Clifford/normalizer gates. In our set-up,
this is a futile approach because stabilizer groups over infinite Abelian groups can have an
infinite number of generators. Consider for example the state 10) with G = Z, which has a
continuous stabilizer group {ZG(p)lp E T} (Lemma 62); the group that describes the labels
of the Pauli operators is the circle group T, which cannot be generated by a finite number
of elements (since it is uncountable).

Fourier transforms change the group G. In previous works [1, 2], the group G asso-
ciated to a normalizer circuits is a parameter that does not change during the computation.
In Section 4.3.2 we discussed that our setting is different, as Fourier transforms can change
the group that labels the designated basis (Theorem 61, Eq. 4.3.12; this reflects that groups
(3.4.1,3.5.10) are not autodual.

'0 As discussed in section "Relationship to previous work", there are a few simulation methods [127, 128, 1291
for Clifford circuits that are not based on stabilizer-groups, but they are more limited than stabilizer-group
methods: the Schridinger-picture simulation in [1271 is for non-adaptive qubit Clifford circuits; the Wigner-
function simulation in [128, 1291 is for odd-dimensional qudit Clifford circuits (cf. also Section 4.1).
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In this section we will develop new methods to track the evolution of stabilizer groups,
that deal with the issues mentioned above.

From now on, unless stated otherwise, we consider a normalizer circuit C comprising T
gates. The input is the 10) state of a group G, which we denote by G(0) to indicate that
this group occurs at time t = 0. The stabilizer group of 10) is {ZG(p) : Y E G(O)*}. The
quantum state at any time t during the computation will have the form 1,0(t)) = Ct 0) where
Ct is the normalizer circuit containing the first t gates of C. This state is a stabilizer state
over a group G(t). The stabilizer group of j4'(t)) is S(t) := {CtZG*(y)C7, p E G(O)*}.

Throughout this section, we always assume that normalizer gates are given in the stan-
dard encodings defined in Section 4.2.

Tracking the change of group G

First, we show how to keep track of how the group G that labels the designated basis changes
along the computation. Let G = G1 x ... x Gm with each Gi of primitive type. Define now
the larger group F := G* x G. Note that the labels (p, g) of a Pauli operator -yZG(p)XG(g)
can be regarded as an element of F, so that the transformations of these labels in Theorem 61
can be understood as transformations of this group. We show next that the transformations
induces on this group by normalizer gates are continuous group isomorphisms, that can be
stored in terms of matrix representations. This will give us a method to keep track of G
and G* at the same time. Studying the transformation of F as a whole (instead of just G)
will be useful in the next section, where we consider the evolution of Pauli operators.

First, note that both automorphism gates and quadratic phase gates leave G (and thus F)
unchanged (Theorem 61). We can keep track of this effect by storing the 2n x 2m identiy
matrix I2m (the matrix clearly defines a group automorphism of F). Moreover, (4.3.12)
shows that Fourier transforms just induce a signed-swap operation on the factors of F. We
can associate a 2m x 2m matrix Si to this operation, defined as follows: Si acts non-trivially

(under multiplication) only on the factors G* and Gi; in the subgroup G x Gi formed by
these factors Si acts as

(yp(i), g(i)) E G x Gi -+ (g(i), -p(i)) E Gi x G*. (4.6.1)

By construction, F' = SiF. Manifestly, Si defines a group isomorphism Si : F -> F'.
Lastly, let G(t) denote the underlying group at time step t of the computation. Define

F(t) := G*(t) x G(t) and let V1, . . ., Vt be the matrices associated to the first t gates describing

the transformations of F. Then, we have F(t) = VV_- ... VIF(0), so that it is enough to
store the matrix VtV_1 ... V to keep track of the group F(t).

Tracking Pauli operators

We deal next with the fact that we can no longer store the "generators" of a stabilizer group.
We will exploit a crucial mathematical property of our stabilizer groups: for any stabilizer
group S arising along the course of a normalizer circuit, we will show that there always exists
a classical description for S consisting of a triple (A, M, v) where A and M are real matrices
and v is a real vector. If we have G = T' X Zb x ZN1 x - - - x ZN with - a +b c, then all
elements of the triple (A, M, v) will have O(poly m) entries. As a result, we can use these
triples to describe the stabilizer state [i) associated to S efficiently classically. Moreover,
we shall show (lemmas 68, 70) that the description (A, Al, v) can be efficiently transformed
to track the evolution of [V)) under the action of a normalizer circuit.
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Let F(t) be the group G*(t) x G(t). Recalling the definition of the group L in (4.4.3),
we denote by L(t) ; 1(t) this group at time t. We want to keep track of this group in a way
that does not involve storing an infinite number of generators. As a first step, we consider
the initial standard basis state 10), where

L(0) = {(p,0) : p E G(0)*}. (4.6.2)

A key observation is that this group can be written as the image of a continuous group
homomorphism

Ao : (I, g) E r(0) -+ (/, 0) E r(0); (4.6.3)

it is easy to verify L(0) = im A 0 . Therefore, in order to keep track of the (potentially
uncountable) set L(0) it is enough to store a 2m x 2m matrix representation of AO (which
we denote by the same symbol):

I 0
AO = (4.6.4)

(0 0)

Motivated by this property, we will track the evolution of the group L(t) of Pauli-operator
labels by means of a matrix representation of a group homomorphism: At : r(0) -+ 1(t)
whose image is precisely L(t). The following lemma states that this approach works.

Lemma 68 (Evolution of Pauli labels). There exists a group homomorphism At from
1(0) to 1(t) satisfying

L(t) = im At. (4.6.5)

Moreover, a matrix representation of At can be computed in classical polynomial time, using
O(poly(m, t)) basic arithmetic operations.

Proof. We show this by induction. As discussed above, at t = 0 we choose AO as in (4.6.4).
Now, given the homomorphism At at time t, we show how to compute At+1 for every type of
normalizer gate. The proof relies heavily on the identities in the proof of Theorem 61. We
also note that the equations below are for groups of commuting Pauli operators but they
can be readily applied to any single Pauli operator just by considering the stabilizer group
it generates.

" Automorphism gate Ua: Let A be a matrix representation of a; then equations (4.3.9)-
(4.3.10) imply

A*0
At+,= At. (4.6.6)

0 A)

The matrix A*' can be computed efficiently due to lemmas 67 and 49.(b).

" Quadratic phase gate D : suppose that is a B-representation for some bicharacter
B (recall Section 3.10). Let M be a matrix representation of the homomorphism /3
that appears in Lemma 52. Then (4.3.11) implies

I M
At+, At. (4.6.7)

0 I

94



* Partial Fourier transform FGi: recalling (4.3.12), we simply have

A(t + 1) = SjA(t), (4.6.8)

with

1 0

0 1

1 0
Si = (4.6.9)

-1 0

0 1

where the ( subblock in Si corresponds to the i-th entries of G* and G. EL
(-1 0)

We now show how the phases of the Pauli operators in S(t) can be tracked.
Suppose that there exists (p, g) E L and complex phases y and 3 such that both

- := -yZ(p)X(g) and -r := OZ(p)X(g) (4.6.10)

belong to S. Then outr must also belong to S, where UT = 7/1 with I the identity operator.
But this implies that 7/|$) = 1,0), so that -y = /3. This shows that the phase of o- is uniquely
determined by the couple (p, g) E L. We may thus define a function ' :L -+ U(1) such that

S = {-(p,g)Z(p)X(g) : (I,g) E L}. (4.6.11)

Lemma 69. The function -y is a quadratic function on L.

Proof. By comparing the phases of two stabilizer operators o-1 = 't(pi, g)ZG(p1)XG(gi)

and 0-2 = -y(/2, 92)ZG(A2)XG(g2) to the phase -y((gi, hi) + (g2, h2)) of their product operator

0-26-1 , we obtain
Y((1,1gi) + (/2,92)) = -Y(p1,91)7Y(P2,g2)XA 2(g1), (4.6.12)

which implies that -y is quadratic. 0

Although it does not follow from Lemma 69, in our setting, the quadratic function -Y
will always be continuous. As a result, we can apply the normal form given in Theorem 57
to describe the phases of the Pauli operators of a stabilizer group. Intuitively, y must be
continuous in our setting, since this is the case for the allowed family of input states (Lemma
62) and normalizer gates continuously transform Pauli operators under conjugation; this is
rigorously shown using induction in the proof of Theorem 70.

We will use that these phases of Pauli operators are described by quadratic functions
on L(t) (recall Lemma 69). In particular, Theorem 57 shows that every quadratic function
can be described by means of an m x m matrix M and a m-dimensional vector v. For the
initial state 10), we simply set both M, v to be zero. The next lemma shows that M, v can
be efficiently updated during any normalizer computation.
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Lemma 70 (Evolution of Pauli phases). At every time step t of a normalizer circuit,
there exists a 2m x 2m rational matrix Mt and a m-dimensional rational vector vt such that
the quadratic function describing the phases of the Pauli operators in S(t) is m,,,, (as in
Theorem 57). Moreover, Mt and vt can be efficiently computed classically with O(poly(m, n))
basic arithmetic operations.

Proof. The proof is similar to the proof of Lemma 68. We act by induction. At t = 0
we just take Mo to be the zero matrix and vo to be the zero vector. Then, given Mt and
vt at time t, we show how to compute Mt+1, Vt+1. In the following, we denote by A the
matrix that fulfills At+1 = AAt in each case of Lemma 68 and write ([t', g') = A(p, g) for
every (p, g) E Ft. Finally, let t and t+i denote the quadratic phase functions for S(t) and
S(t + 1), respectively.

* Automorphism gate Ua. Let A, A*- be matrix representations of a, a*-. Using
(4.3.9, 4.3.10) we have

6t(P,g)ZG(p)XG(9) N 6t(,g)ZG(')XG(9') (4.6.13)

with (p', g') = A(p, g) and A = ( 0. The matrix A*-' can be computed using
0 A

lemmas 67 and 49.(b). The phase t(p, g) of the Pauli operator can be written now as
a function t+1 of (i', g') defined as

t+i(f', g') : = t(A-'(y', g')) =t(p, g). (4.6.14)

The function is manifestly quadratic. By applying Lemma 58 we obtain

Mt+1 = A-T AtA-1, vt+1 = A- TVt + VA-1,M,, (4.6.15)

where VA-1,M, is defined as VA,M in Lemma 58.

* Partial Fourier transform .FG,. The proof is analogous using that A = Si. Since
the Fourier transform at the register ith exchanges the order of the X and Z Pauli
operators acting on the subsystem 7 Gi (4.3.12), we locally exchange the operators
locally using (4.3.5), gaining an extra phase. Assume for simplicity that i = 1 and
re-write G = G1 x ... x G, as G = A x B; let g = (a, b) and = (a,3). Then FG1
acts trivially on JG- and we get

T,+reorder

t (, g)ZG1 (a))XG 1 (a) 0 U r (t (p, g)xao) (a, 0)) ZG- (a)XG- (-a) 0 U.

In general, for arbitrary i, we gain a phase factor X(O,...,1L(i),.,0)((O,... ,g(i),...)).
Using the change of variables (It',g') = A(p,g) = Si(p,g), we define t+i to be
function that carries on the accumulated phase of the operator. For arbitrary i we
obtain

t+1(, g') := t0, g) X(o,...,.(i),...,o)((0, ... , g(i), ... , 0)). (4.6.16)

The character X(o,.-.9(i),..,O)((0, ... 1g(i),... , 0)) can be written as a quadratic function
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/

0
0

TG(i, i)

0 1 0

TG(i, 0

0

0

where TG(i,
obtain

i) is the ith diagonal element of TG (3.8.18). Applying Lemma 58 we

= A T (Mt + MF) A- 1 , vt+1 = ATvt + VA-1,Mt+MF - (4.6.18)

* Quadratic phase gate D . Let = MQ,vQ be the quadratic function implemented
by the gate and M be the matrix representation of 3 as in (52). We know from
Lemma 53 that MQ = TGMB. Using (4.3.11) and reordering Pauli gates (similarly to
the previous case) we get

t(t(ft, g)ZG(Ai)XG(g) D (p, g) NMQ,VQ (g)xl(9 )(g)) ZG( + /(g))XG(9)

The accumulated phase can be written as a quadratic function 'm,,,, with

Using Lemma 58 and A = ( I0

V' := v+ (o
V V

IV 3 ) (from the proof of Lemma 68)

(4.6.19)

we arrive at:

Mt+1 = A~TM'A-1, V' = A- v 1 + Vi-1,M,

Combining lemmas 68 and 70, we find that the triple (At, Ale, vt), which constitutes
a classical description of the stabilizer state I(t)), can be efficiently computed for all t.
This yields a poly-time algorithm to compute the description (AT, AlT, VT) of the output
state IV'T) of the circuit. Henceforth we continue to work with this final state and drop the
reference to T throughout. That is, the final state is denoted by I), which is a stabilizer
state over G with stabilizer is S. The latter is described by the triple (A, M, v), the map
from I'(0) to F is described by A, etc.
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AIF := (4.6.17)

/

M ( 0 0 0 0 )

(0 M1Q 0 2AI

(4.6.20)

0
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4.6.2 Computing the support of the final state

Given the triple (A, M, v) describing the final state 1,0) of the computation, we now consider
the problem of determining the support of [i0). Recall that the latter has the form x + H
where the label group H was defined in (4.4.3) and x E G is any element satisfying conditions
(4.4.11). Since L = AF(0) and A is given, a description of H is readily obtained: the m x 2m
matrix P = (0 I) is a matrix representation of the homomorphism (A, g) E F -+ g E G.
It easily follows that H = PAF(O). Thus the matrix PA yields an efficient description for
H. To compute an x in the support of [J), we need to solve the equations (4.4.11). In
the case of finite groups G, treated in previous works [1, 2], the approach consisted of first
computing a (finite) set of generators {D1, ... , D.} of D. Note that x E G satisfies (4.4.11)
if and only if DiIx) = Ix) for all i. This gives rise to a finite number of equations. In [1, 2] it
was subsequently showed how such equations can be solved efficiently. In contrast with such
a finite group setting, here the group G, and hence also the group D, can be continuous,
so that D can in general not be described by a finite list of generators. Consequently, the
approach followed for finite groups does no longer work. Next we provide an alternative
approach to compute an x in the support of Jb) in polynomial time.

Computing D

We want to solve the system of equations (4.4.12). Our approach will be to reduce this
problem to a system of linear equations over a group of the form (4.5.1) and apply the
algorithm in Theorem 66 to solve it. To compute D it is enough to find a compact way to
represent D, since we can compute the phases of the diagonal operators using the classical
description (A, M, v) of the stabilizer group. To compute D we argue as follows. An arbitrary
element of L has the form Au with u C F(0). Write A in a block form

A = A (4.6.21)
A2)

so that Au = (Aiu, A 2u) with Alu E G* and A 2u E G. Then

D = {Aiu : u satisfies A 2 u 0 mod G.}

The equation A2 u = 0 mod G is of the form (4.5.1). This means we can compute in poly-
nomial time a description for D of the form

D = {&Ew: w E R' x Zb}, (4.6.22)

where ED is a group homomorphism ED : R' x Zb - G* whose image is precisely D.

Computing the support xo + H

Recalling the support equations (4.4.12) and the fact that [i0) is described by the triple
(A, M, v), we find that x 0 belongs to the support of 1,) if and only if

m,v(p, 0)Xy(x) = 1, for all p E D. (4.6.23)
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We will now write the elements [t E D in the form ft = Sw where w is an arbitrary element

in R' x Zb. We further denote E := . We now realize that
0

" M,, (EDw, 0), as a function of w only, is a quadratic function of R' x Zb, since M,v is
quadratic and ED is a homomorphism. Furthermore

Mv (DW, 0) = M',V'(w) with M' := E ME, ' := STv. (4.6.24)

* XEDW (xo), as a function of w only, is a character function of R' x Zb which can be

written as x, with z :=ED*(xo).

It follows that xo satisfies (4.6.23) if and only if the quadratic function M',v' is a character

and coincides with x,. Using Lemma 53 and Theorem 57, we can write these two conditions

equivalently as:

wi'M'w2 = 0 (mod Z), for all wi, W2 e R' X Zb (4.6.25)

E;(xo) = ETv (mod R' x Tb). (4.6.26)

The first equation does not depend on x 0 and it must hold by promise: we are guaranteed

that the support is not empty, so that the above equations must admit a solution. The

second equation is a system of linear equations over groups of the form given in Section 4.5,
and it can be solved with the techniques given in that section.

4.6.3 Sampling the support of a state

Back in Section 4.5 we formulated a fairly simple heuristic to sample the solution space

of a linear system of equations over elementary Abelian groups (4.5.1,4.5.4) that exploited

our ability to compute general solutions of such systems (Theorem 66). Unfortunately, this

straightforward method does not yield an efficient algorithm to sample such solution spaces,
which would allow us to efficiently simulate classically quantum normalizer circuits. In the

first place, the heuristic neglects two delicate mathematical properties of the groups under

consideration, namely, that they are continuous and unbounded. Moreover, the second step

of the heuristic involves the transformation of a given probability distribution on a space X

by the application of a non-injective map E : X -+ G; this step is prone to create a wild

number of collisions, about which the heuristic gives no information.

In this section we will present an efficient classical algorithm to sample solution space

of systems of linear equations over groups. Our algorithm applies appropriate techniques to

tackle the previously mentioned issues. The algorithm relies on a subroutine to construct

and sample from a certain type of epsilon net that allows the collision-free sampling from

a subgroup of an elementary group, where the subgroup is given as the image of a homo-

morphism. This algorithm is sufficient for our purposes, since the solution-space (4.5.4) of

(4.5.1) is exactly xo + im E for some homomorphism and group element xo.

Input of the problem and assumptions

Again let G be of the form

G = T' X Z X ZN X ... X ZNc (4.6.27)
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with m = a + b + c. We are given a matrix representation 6 of a group homomorphism from
R' x ZO to G such that H is the image of E. The matrix S and the numbers a, 3 provide
a description of the subgroup H.

Throughout the entire section, H is assumed to be closed (in the topological sense).
The word "subgroup" will be used as a synonym of "closed subgroup". This is enough for
our purposes, since the subgroup H that defines the support of a stabilizer state (and we
aim to sample) is always closed (corollary 1).

Norms

There exists a natural notion of 2-norm for every group of the form G := Z' x Rb X ZNi X
... x ZNc x Td analogous to the standard 2-norm |- 112 of a real Euclidean space (we denote
the group 2-norm simply by || -G): given g = (gz, 9R, 9F, 9T) E G,

11911G : Z, gR,9Fg)2 (4.6.28)

where go (resp. g0) stands for any integer tuple x E Z' (resp. real tuple y E Rd) that is
congruent to 9F (resp. 9T) and has minimal two norm 11 -112. The reader should note that,
although go, g may not be uniquely defined, the value of 119IG is always unique.

The following relationship between norms will later be useful:

if 119112 < 1 then 11911G = 119112 < ; (46.29)

or, in other words, if an element g E G has small 11 - 112 norm as a tuple of real numbers,
then its norm 1191IG as a group element of G is also small and equal to 119112.

Net techniques

Groups of the form (4.6.27) contain subgroups that are continuous and/or unbounded as
sets. These properties must be taken into account in the design of algorithms to sample
subgroups.

We briefly discuss the technical issues-absent from the case of finite G as in [1, 2] -that
arise, and present net techniques to tackle them.

The first issue to confront, related to continuity, is the presence of discretization er-
rors due to finite precision limitations, for no realistic algorithm can sample a continuous
subgroup H exactly. Instead, we will sample some distinguished discrete subset Ke of H
that, informally, "discretizes" H and that can be efficiently represented in a computer. More
precisely, we choose X, to be a certain type of e-net:

Definition 71 (e-net"). An E-net Ar of a subgroup H is a finitely generated subgroup of
H such that for every h c H there exists n E A with |1h - nlIG <e-

The second issue in our setting is the unboundedness of certain subgroups of G by itself.
We must carefully define a notion of sampling for such sets that suits our needs, dealing with
the fact that uniform distributions over unbounded sets (like R or Z) cannot be interpreted
as well-defined probability distributions; as a consequence, one cannot simply "sample" A or
H uniformly. However, in order to simulate the distribution of measurement outcomes of a
physical normalizer quantum computation (where the initial states 1g) can only be prepared

"Our definition of e-net is based on the ones used in t149, 150, 151, 1521. We adopt an additional
non-standard convention, that N must be a subgroup, because it is convenient for our purposes.
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approximately) it is enough to sample uniformly some bounded compact region of H with

finite volume V. We can approach the infinite-precision limit by choosing V to be larger and

larger, and in the V -+ oo limit we will approach an exact quantum normalizer computation.

We will slightly modify the definition of E-net so that we can sample H in the sense

described above. For this, we need to review some structural properties of the subgroups of

groups of the form (4.6.27)

It is known that any arbitrary closed subgroup H of an elementary group G of the form

(4.6.27) is isomorphic to an elementary group also of the form (4.6.27) (see [98] theorem

21.19 and proposition 21.13). As a result, any subgroup H is of the form H = Hcomp @ Hfree

where Hcomp is a compact Abelian subgroup of H and Hfre is either the trivial subgroup or

an unbounded subgroup that does not contain non-zero finite-order elements (it is torsion-

free, in group theoretical jargon). By the same argument, any E-net .K of H decomposes in

the same way

Ar. NE,comp ( Xe,free. (4.6.30)

where .Ae,comp is a finite subgroup of Hcomp and Ar,free is a finitely generated torsion-free

subgroup of Hfree. The fundamental theorem of finitely generated Abelian groups tells us

that Ar,,free is isomorphic to a group of the form Zr (a lattice of rank r) and, therefore, it has

a Z-basis [153]: i.e. a set {6i,..., &4} of elements such that every n E V,free can be written

in one and only one way as a linear combination of basis elements with integer coefficients:

Ne,free =n nibi, for some ni E Z. (4.6.31)

In view of equation (4.6.27) we introduce a more general notion of nets that is adequate

for sampling this type of set.

Definition 72. Let Ar, be an 5-net of H and let {b, ... , } be a prescribed basis of NAe,free.
Then, we call a (A, E)-net any finite subset JA,, of X, of the form

KAe = ANE,comp e 'PA, (4.6.32)

where PA denotes the parallelotope contained in AV',free with vertices A1
6 , ... , I Ar 6r,

PA := n= Z nibi, where r4 C 0 ,1, 2, ... , i} . (4.6.33)
i=1

The index of PA is a tuple of positive integers A := (1..., Ar) that specifies the lengths

of the edges of PA.

Notice that NA,e -+ JN in the limit where the edges Ai of PA become infinitely long and

that the volume covered by VA,, increases monotonically as a function of the edge-lengths.

Hence, any algorithm to construct and sample (A, e)-nets of H can be used to sample H in

the sense we want. Moreover, the next theorem (a main contribution of our work) states that

there exist classical algorithms to sample the subgroup H through (A, E)-nets efficiently.

Theorem 73. Let H be an arbitrary closed subgroup of an elementary group G = Ta X Zb X

ZN1 x '.. x ZN. Assume we are given a matrix-representation 9 of a group homomorphism

E : R' X Z G such that H is the image of S. Then, there exist classical algorithms to
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sample H through (A, e)-nets using O(poly(m, a, #, log Ni, log ii&H|, log , log A)) time and
bits of memory.

Again, log 11b denotes the maximal number of bits needed to store a coefficient of S as
a fraction. The proof is the content of the next section, where we devise a classical algorithm
with the advertised properties.

Proof of Theorem 73: an algorithm to sample subgroups

We denote by ERp the block of & with image contained in T' and with domain R0 . Define a
new set L := (e1Z)0 x Vo, which is a subgroup of R' x Zb, and let K := E(L) be the image
of L under the action of the homomorphism E.

In first place, we show that by setting el to be smaller than 2e/(aIl|), we can ensure
that K is an E-net of H for any E of our choice. We will use that C is, by definition, a
( vr)-net of R" x V'. (This follows from the fact that, for every x E R' there exists
x' E (E1Z) 0 such that Ix(i) - x'(i)I ei/2, so that liX - x'112 EiV' /2). Of course, we
must have that K must be an e-net of H for some value of E. To bound this e we will use
the following bound for the operator norm of the matrix rTR:

||ETR 11p aaIER 12 < aal&j2 . (4.6.34)

The first inequality in (4.6.34) follows from Schur's bound on the maximal singular value of
a real matrix. This bound implies that, if two elements : (x, z) c X and x' (x', z) E L
are El Va/2-close to each other, then

IIEt - E'{112 |ISTRIIopIIX - X112 < !a- IElei (4.6.35)

(In the first inequality, we apply the normal form in Theorem 51.) Finally, by imposing
/7 Elei e < -, we get that 11E(x - x') Il I e due to property (4.6.29); it follows that K

is an E-net if el 2e/(a ,/aIE) for every E < .
Assuming that El is chosen so that K is an E-net, our next step will be to devise an

algorithm to construct and sample an (A,)-net .A( c Ar. The key step of our algorithm
will be a subroutine that computes a nicely-behaved classical representation of the quotient
group Q = L/ ker S and a matrix representation of the group isomorphism Sis : Q --+ K (we
know that these groups are isomorphic due to the first isomorphism theorem). We will use
the computed representation of Q to construct a (A, )-net QA c Q and sample elements
form it; then, by applying the map Si., to the sampled elements, we will effectively sample
a (A, E)-net A c K; and, moreover, in a clean collision free fashion.

To simplify conceptually certain calculations to come, we will change some notation.
Note that C is isomorphic to the group C' :=- Z'+/3 and that ell 1, is a matrix represen-
tation of this isomorphism. We will work with the group C' instead of L; accordingly, we
will substitute E with the map S' := E(e1I0 G 10) and Q with Q' := L'/ ker S'.

Our subroutine to compute a representation of Q' begins by applying algorithm in Theo-
rem 66 to obtain a (a +3) x y matrix representation A of a group homomorphism A : Z7 -- L'
such that im A = ker E' (where y = a + # + m). (Theorem 51 ensures that real factors do
not appear in the domain of A because there are no non-trivial continuous group homo-
morphisms from products of R into products of Z.) We can represent these maps in a
diagram:

Zy A > Za+6 V, K (4.6.36)
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The worst-case time complexity needed to compute A with the algorithm in theorem 66 is
polynomial in the variables m, a, /, log Ni, log I|Elb, and logl.

Next, we compute two integer unimodular matrices U, V such that A = USV and S is
in Smith normal form (SNF). This can be done, again, in poly (m, a, 0, log Ni, size(E), log 1)
time with existing algorithms to compute the SNF of an integer matrix (see e.g. [154} for a
review). Each matrix V, S, U is the matrix of representation of some new group homomor-
phism, as illustrated in the following diagram.

V U (4.6.37)

Since V, U are invertible integer matrices the maps V : Z' -+ Z' and U : Z&+i 4
Za+,6 are continuous group isomorphisms and, hence, have trivial kernels. As a result,
imS = imU-'AV- 1 = imU 1 A =- U- 1 (imA) = U 1 (kerE'), which shows that kerE'
is isomorphic to im S via the isomorphism U 1 . These facts together with Lemma 49.(a)
show that Eio := 'U is a matrix representation of a group isomorphism from the group

QI := L'/im S into M.
Finally, we show that Q' can be written explicitly as a direct product of primitive groups

of type Z and Zd, thereby computing a finite set of generators of Q' that we can immediately
use to construct (A, E)-nets NJ. We make crucial use of the fact that S is Smith normal
form, i.e.

\a

S11

S , (4.6.38)

\8(a+/3) /b

where the coefficients ui are strictly positive. It follows readily that im S =Za x 1Z x
... -bZ X {}C, and therefore

Q' = Z,+b/iM S= {0} x Ze x ... x Zeb x Zc. (4.6.39)

As Q' and K are isomorphic the columns of the matrix Ei., = E'U form a generating set of
M. Moreover, since Ei., acts isomorphically on (4.6.39), the subgroup K must be a direct
sum of cyclic subgroups generated by the columns of Es.

A' = (fi) G .- . (D (fb) D (1) (D - -- ( c), 1(4.6.40)

where fi, bj stand for the (a + i)th and the (b + j)th column of Ei9. Equation (4.6.39)
also tells us that the fs must generate the compact subgroup Kcomp and that the b. form a
Z-basis of Kfree.

The last two observations yield an efficient straightforward method to construct and
sample (A, e)-nets within K. First, set {Jf} (resp. {6}) to be the default generating-set

(resp. default basis) of /conp and Krree; then, select a parallelotope PA of the form (4.6.33)
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with some desired A = (A 1 ,..., A). This procedures specifies a net KA = .Mzomp G PA
that can be efficiently represented with O(poly(m, a, ,, log Ni, log IIE Ib, log log Al)) bits
of memory (by keeping track of the generating-sets of Ar and the numbers Ai). Moreover,
we can efficiently sample KAr uniformly and collision-freely by generating random strings of
the form

b C

fi + y b,, (4.6.41)

where i E Z and yj E {o, 1, ... , Aj}.
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Chapter 5

The computational power of
normalizer circuits over black-box
groups

In this chapter we study normalizer circuits over black box Abelian groups, as defined in
Chapter 3. We show that such normalizer circuits contain many important quantum algo-
rithms, including Shor's factoring. Moreover, we show that the extended group decompo-
sition problem is complete for the associated complexity class, meaning that all normalizer
circuits over black box Abelian groups can be classically simulated given an oracle to solve
the decomposition problem.

The results of this chapter is joint work with Juan Bermejo-Vega and Martin Van den
Nest. This chapter is mostly excerpted from [75].

5.1 Introduction

We will study normalizer circuits over black box Abelian groups in this chapter. The dif-
ference between this setting and that of the preceding chapter is that the underlying group
need not be explicitly decomposed into primitive subgroups. This is a subtle yet tremen-
dously important difference: although such a decomposition always exists for any finite
Abelian group [87], finding just one is regarded as a hard computational problem; indeed, it
is provably at least as hard as factoring'. Our motivation to adopt the notion of black-box
group is to study Abelian groups for which the group multiplication can be performed in
classical polynomial-time while no efficient classical algorithm to decompose them is known.
A key example is Z', the multiplicative group of integers modulofootnote 1, which plays an
important role in Shor's factoring algorithm [14]. With some abuse of notation, we call any
such group also a "black-box group"2

'Knowing B Zd1 x ... x Zdm implies that the order of the group GI = d 1 d2 ... dm. Hardness results for
computing orders 183, 821 imply that the problem is provably hard for classical computers in the black-box
setting. For groups Zx, computing p(N) := jZN| (the Euler totient function) is equivalent to factoring [88].

2
1t will always be clear from context whether the group multiplication is performed by an oracle at unit

cost or by some well-known polynomial-time classical algorithm. Most results will be stated in the black-box
setting though.
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Statement of results

This chapter focuses on understanding the potential uses and limitations of black-box nor-
malizer circuits. Our results (listed below) give a precise characterization of their computa-
tional power. On one hand, we show that several famous quantum algorithms, including
shor's celebrated factoring algorithm, can be implemented with black-box normalizer cir-
cuits. On the other hand, we apply our former simulation results in Chapter 4 to set upper
limits to the class of problems that these circuits can solve, as well as to draw practical
implications for quantum algorithm design.

Our main results are now summarized:

1. Quantum algorithms. We show that many of the best known quantum algorithms
are particular instances of normalizer circuits over black-box groups, including Shor's
celebrated factoring and discrete-log algorithms; it follows that black-box normalizer
circuits can achieve exponential quantum speed-ups. Namely, the following algo-
rithms are examples of black-box normalizer circuits.

" Discrete logarithm. Shor's discrete-log quantum algorithm [141 is a normalizer
circuit over Z_ x Zx (Theorem 74, Section 5.2.1).

" Factoring. We show that a hybrid infinite-finite dimensional version of Shor's
factoring algorithm [14] can be implemented with normalizer circuit over Z x Z.
We prove that there is a close relationship between Shor's original algorithm and
our version: Shor's can be understood as a discretized qubit implementation of
ours (theorems 76, 79). We also discuss that the infinite group Z plays a key role
in our "infinite Shor's algorithm", by showing that it is impossible to implement
Shor's modular-exponentiation gate efficiently, even approximately, with finite-
dimensional normalizer circuits (Theorem 80). Last, we further conjecture that
only normalizer circuits over infinite groups can factorize (Conjecture 81).

" Elliptic curves. The generalized Shor's algorithm for computing discrete loga-
rithms over an elliptic curve [155, 104, 156] can be implemented with black-box
normalizer circuits (Section 5.2.3); in this case, the black-box group is the group
of integral points E of the elliptic curve instead of Z'<.

" Group decomposition. Cheung-Mosca's algorithm for decomposing black-box
finite Abelian groups [84, 73] is a combination of several types of black-box nor-
malizer circuits. In fact, we discuss a new extended Cheung-Mosca's algorithm
that finds even more information about the structure of the group and it is also
based on normalizer circuits (Section 5.2.5).

" Hidden subgroup problem. Deutsch's [157], Simon's [158] and, in fact, all
quantum algorithms that solve Abelian hidden subgroup problems [159, 160, 20,
161, 78, 79, 80, 81], are normalizer circuits over groups of the form G x 0, where
G is the group that contains the hidden subgroup H and 0 is a group isomorphic
to G/H (Section 5.2.4). The group 0, however, is not a black-box group due to a
small technical difference between our oracle model we use and the oracle setting
in the HSP.

" Hidden kernel problem. The group 0 ' G/H in the previous section becomes
a black-box group if the oracle function in the HSP is a homomorphism between
black-box groups: we call this subcase the hidden kernel problem (HKP). The
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difference does not seem to be very significant, and can be eliminated by choosing
different oracle models (Section 5.2.4). However, we will never refer to Simon's
or to general Abelian HSP algorithms as "black-box normalizer circuits", in order
to be consistent with our and pre-existing terminology.

Note that it follows from the above that black-box normalizer circuits can render
insecure widespread public-key cryptosystems, namely Diffie-Hellman key-exchange
[1621, RSA [151 and elliptic curve cryptography [163, 1641.

2. Group decomposition is as hard as simulating normalizer circuits. Another
main contribution of this chapter is to show that the group decomposition problem

(suitably formalized) is, in fact, complete for the complexity class Black-Box Nor-
malizer, of problems efficiently solvable by probabilistic classical computers with orac-
ular access to black-box normalizer circuits. Since normalizer circuits over decomposed
groups are efficiently classically simulable ([1, 2], and Chapter 4 of this thesis), this
result suggests that the computational power of normalizer circuits originate precisely
in the classical hardness of learning the structure of a black-box group.

We obtain this last result by proving a significantly stronger theorem (Theorem 87),
which states that any black-box normalizer circuit can be efficiently simulated step by
step by a classical computer if an efficient subroutine for decomposing finite Abelian
groups is provided.

3. A no-go theorem for new quantum algorithms. In this chapter, we provide
a negative answer to the question "can new quantum algorithms based on normalizer
circuits be found?": by applying the latter simulation result, we conclude that any new
algorithm not in our list can be efficiently simulated step-by-step using the extended
Cheung-Mosca algorithm and classical post-processing. This implies (Theorem 89)
that new exponential speed-ups cannot be found without changing our setting (we
discuss how the setting might be changed in the discussion 5.1). This result says
nothing about polynomial speed-ups.

4. Universality of short normalizer circuits. A practical consequence of our no-go
theorem is that all problems in the class Black Box Normalizer can be solved using
short normalizer circuits with a constant number of normalizer gates. (We may still
need polynomially many runs of such circuits, along with classical processing in be-
tween, but each individual normalizer circuit is short.) We find this observation inter-
esting, in that it explains a very curious feature present in all the quantum algorithms
that we study [14, 155, 104, 156, 84, 73, 157, 158, 159, 160, 20, 161, 78, 79, 80, 811 (Sec-
tion 5.2): they all contain at most a constant number of quantum Fourier transforms

(actually at most two).

5. Other complete problems. As our last contribution in this series, we identify
another two complete problems for the class Black Box Normalizer (Section 5.5):
these are the (aforementioned) Abelian hidden kernel problem, and the problem of
finding a general-solution to a system of linear equations over black-box groups (the
latter are related to the systems of linear equations over groups studied in Section 4.5.
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A link between Clifford circuits and Shor's algorithm

The results in this chapter together with those previously obtained in [1, 2] and Chapter
4 of this thesis demonstrate the existence of a precise connection between Clifford circuits
and Shor's factoring algorithm. At first glance, it might be hard to digest that two types of
quantum circuits that seem to be so far away from each other might be related at all. Indeed,
classically simulating Shor's algorithm is widely believed to be an intractable problem (at
least as hard as factoring), while a zoo of classical techniques and efficient classical algorithms
exist for simulating and computing properties of Clifford circuits [17, 16, 76, 77, 108, 110,
109, 165, 127, 111, 166]. However, we will see that these circuits are just different types of
normalizer circuits. In other words, they are both members of a common family of quantum
operations.

Remarkably, this correspondence between Clifford and Shor, rather than being just a
mere mathematical curiosity, also has some sensible consequences for the theory of quantum
computing. One that follows from Theorem 87, our simulation result, is that all algorithms
studied in this chapter (Shor's factoring and discrete-log algorithms, Cheung-Mosca's, etc.)
have a rich hidden structure which enables simulating them classically with a stabilizer
picture approach "A la Gottesman-Knill" [17, 161. This structure lets us track the evolution
of the quantum state of the computation step by step with a very special algorithm, which,
despite being inefficient, exploits completely different algorithmic principles than the naive
brute-force approach: i.e., writing down the coefficients of the initial quantum state and
tracking their quantum mechanical evolution through the gates of the circuit 3 . Although
the stabilizer-picture simulation is inefficient when black-box groups are present (i.e., it does
not yield an efficient classical algorithm for simulating Shor's algorithm), the mere existence
of such an algorithm reveals how much mathematical structure these quantum algorithms
have in common with Clifford and normalizer circuits.

In retrospect, and from an applied point of view, it is also rather satisfactory that one
can gracefully exploit the above connection to draw practical implications for quantum
algorithm design: in our work, we have actively used our knowledge of the hidden "Clifford-
ish" mathematical features of the Abelian hidden subgroup problem algorithms in deriving
results 2, 3, 4 and 5 (in the list given in the previous section).

Finally, we regard it a memorable curiosity that replacing decomposed groups with black-
box groups not only renders the simulation methods in Chapter 4 inefficient (this is, in fact,
something to be expected, due to the existence of hard computational problems related to
black-box groups), but also suddenly bridges the gap between Clifford/normalizer circuits
and important quantum algorithms such as Shor's and Simon's algorithms.

3 Note that throughout this manuscript we always work at a high level of abstraction (algorithmically
speaking), and that the "steps" in a normalizer-based quantum algorithm are always counted at the logic
level of normalizer gates, disregarding smaller gates needed to implement them. In spite of this, we find
the above simulability property of black-box normalizer circuits to be truly fascinating. To get a better
grasp of its significance, we may perform the following thought experiment. Imagine, we would repeatedly
concatenate black-box normalizer circuits in some intentionally complex geometric arrangement, in order
to form a gargantuan, intricate "Shor's algorithm" of monstrous size. Even in this case, our simulation
result states that if we can decompose Abelian groups (say, with an oracle), then we can efficiently simulate
the evolution of the circuit, normalizer-gate after normalizer-gate, independently of the number of Fourier
transforms, automorphism and quadratic-phase gates involved in the computation (the overhead of the
classical simulation is always at most polynomial in the input-size).
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Relationship to previous work

Up to our best knowledge, neither normalizer circuits over black-box groups, nor their
relationship with Shor's algorithm or the Abelian hidden subgroup problem, have been
previously investigated. Normalizer circuits over explicitly-decomposed finite groups ZN X
... X ZN. were studied in [1, 21, while an extension of the formalism to infinite groups of the
form Z' x Tb X ZNi x - - - x ZN, is given in Chapter 4.

Clifford circuits over qubits and qudits (which can be understood as normalizer circuits
over groups of the form Z' and Z') have been extensively investigated in the literature
[17, 16, 76, 77, 108, 110, 109, 111, 127, 166]. Certain generalizations of Clifford circuits that
are not normalizer circuits have also been studied: [110, 167, 168, 127, 1661 consider Clifford
circuits supplemented with some non-Clifford ingredients; a different form of Clifford circuits
based on projective normalizers of unitary groups were investigated in [1691.

The hidden subgroup problem (HSP) has played a central role in the history of quantum
algorithms and has been extensively studied before our work. The Abelian HSP (see Section
1.3.3), which is also a central subject of this chapter, is related to most of the best known
quantum algorithms that were found in the early days of the field [157, 158, 159, 160, 20,
161, 78, 79, 80, 81]. Its best-known generalization, the non-Abelian HSP, has also been
heavily investigated due to its relationship to the graph isomorphism problem and certain
shortest-vector-lattice problems [25, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180,
181, 182, 183, 184, 185, 186, 187] (see also the reviews [21, 188, 189] and references therein).

The notion of black-box group, which is a key concept in our setting, was first considered
by Babai and Szm6redi in [83] and have since been extensively studied in classical complexity
theory [190, 191, 192, 193, 82]. In general, black-box groups may not be Abelian and do
not need to have uniquely represented elements [83]; in the present work, we only consider
Abelian uniquely-encoded black-box groups.

In quantum computing, black-box groups were previously investigated in the context of
quantum algorithms, both in the Abelian [84, 73, 194] and the non-Abelian group setting
[195, 175, 183, 196, 197, 182, 198, 199]. Except for a few exceptions (cf. [195, 194]) most
quantum results have been obtained for uniquely-encoded black-box groups.

Aside from generalizations of Clifford circuits [1, 2, 17, 16, 76, 77, 108, 110, 109, 165,
127, 111, 166] (which includes normalizer circuits), many other classes of restricted quantum
circuits have been studied in the literature. Some examples (by no means meant to be an
exhaustive list) are nearest-neighbor matchgate circuits [200, 201, 202, 168, 203, 204, 205,
206, 207], the one-clean qubit model [208, 209, 210, 211, 212, 213, 214, 215], circuit models
based on Gaussian or linear-optical operations [119, 116, 117, 216, 128, 129, 217], commuting
circuits [218, 219, 220, 151], low-entangling4 circuits [222, 223] , low-depth circuits [224, 225],
tree-like circuits [225, 226, 227, 228, 229], low-interference circuits [230, 231] and a few others
[232, 233].

Discussion and outlook

We finish our introduction by discussing a few potential avenues for finding new quantum
algorithms as well as some open questions suggested by our work.

In this chapter, we provide a strict no-go theorem for finding new quantum algorithms
with black-box normalizer circuits, as we define them. There are, however, a few possible

4 Here entanglement is measured with respect to the Schmidt-rank measure ( low-entangling circuits with
respect to continuous entanglement measures are universal for quantum computation [2211).
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ways to modify our setting leading to scenarios where one could bypass these results and,
indeed, find new interesting quantum algorithms. We now discuss some.

One enticing possibility would be to study possible extensions of the normalizer circuit
framework to non-Abelian groups, in connection with non-Abelian hidden subgroup prob-
lems [25, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186,
1871. We have not addressed this question in the present work. In this direction, the classical
simulability of non-Abelian quantum Fourier transforms was studied in [234].

A second possibility would be to consider more general types of normalizer circuits
than ours, by extending the class of Abelian groups they can be associated with.
However, looking at more general decomposed groups does not look particularly promising:
we believe that the methods of this thesis can be extended, e.g., to simulate normalizer
circuits over groups of the form Ra x Zb x T' x ZN1 x ... X ZNd x B, with additional
R factors (cf. our discussion in Section 3.9). On the other hand, allowing more general
types of groups to act as black-boxes looks rather promising to us: one may, for instance,
attempt to extend the notion of normalizer circuits to act on Hilbert spaces associated
with multi-dimensional infrastructures [235, 2361, which may, informally, be understood
as "infinite black-box groups"5 We expect, in fact, that known quantum algorithms for
finding hidden periods and hidden lattices within real vector spaces [237, 238, 239, 240]
and/or or infrastructures [235, 2361 (e.g., Hallgren's algorithm for solving Pell's equation
[237, 238]) could be at least partially interpreted as generalized normalizer circuits in this
sense. Addressing this question would require a careful treatment of precision errors that
appear in such algorithms due to the presence of transcendental numbers, which play no
role in the present work6 . Some open questions in this quantum algorithm subfield have
been discussed in [236].

A third possible direction to investigate would be whether different models of normalizer
circuits could be constructed over algebraic structures that are not groups. One could,
for instance, consider sets with less algebraic structure, like semi-groups. In this regard, we
highlight that a quantum algorithm for finding discrete logarithms over finite semigroups
was recently given in [241]. Alternatively, one could study also sets with more structure than
groups, such as fields, whose study is relevant to Van Dam-Seroussi's quantum algorithm
for estimating Gauss sums [242].

Lastly, we mention some open questions suggested by our work.
In this thesis, we have not investigated the computational complexity of black-box nor-

malizer circuits without classical post-processing. There are two facts which suggest that
power of black-box normalizer circuits alone might, in fact, be significantly smaller. The
first is the fact that the complexity class of problems solvable by Clifford circuits alone is (EL
[110], believed to be a strict subclass of P. The second is that normalizer circuits seem to be
incapable of implementing most classical functions coherently even with constant accuracy
(this has been rigorously shown in finite dimensions [1, 2]).

Finally, one may study whether considering more general types of inputs, measurements

5 An n-dimensional infrastructure I provides a classical presentation for an n-dimensional hypertorus
group R"/A T', where A is an (unknown) period lattice A. The elements of this continuous group are
represented with some classical structures known as f-representations, which are endowed with an operation
that allows us to compute within the torus. Although one must deal carefully with non-trivial technical
aspects of infinite groups in order to properly define and compute with f-representations (cf. [235, 236] and
references therein), one may intuitively understand infrastructures as "generalized black-box hypertoruses".
We stress, though, that it is not standard terminology to call "black-box group" to an infinite group.

6 No such treatment is needed in this chapter, since we study quantum algorithms for finding hidden
structures in discrete groups.
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or adaptive operations might change the power of black-box normalizer circuits. Allowing,
for instance, input product states has potential to increase the power of these circuits, since
this already occurs for standard Clifford circuits [167, 166]. Concerning measurements, we
believe that allowing, e.g. adaptive Pauli operator measurements (in the sense of [2]) is
unlikely to give any additional computational power to black-box normalizer circuits: in
the best scenario, this could only happen in infinite dimensions, since adaptive normalizer
circuits over finite Abelian groups are also efficiently classically simulable with stabilizer
techniques [2]. With more general types of measurements, it should be possible to recover
full quantum universality, given that qubit cluster-states (which can be generated by Clifford
circuits) are a universal resource for measurement-based quantum computation [243, 244].
The possibility of obtaining intermediate hardness results if non-adaptive yet also non-Pauli
measurements are allowed (in the lines of [2161 or [166, theorem 71) remains also open.

5.2 Quantum algorithms

5.2.1 The discrete logarithm problem over Z'

In this section we consider the discrete-logarithm problem studied by Shor [141. For any
prime number p, let Z' be the multiplicative group of non-zero integers modulo p. An
instance of the discrete-log problem over Z' is determined by two elements a, b E Z'<, such
that a generates the group Z'. Our task is to find the smallest non-negative integer s that
is a solution to the equation as = b mod p; the number is called the discrete logarithm
s = loga b.

We now review Shor's algorithm [14, 24] for this problem and prove our first result.

Theorem 74 (Discrete logarithm). Shor's quantum algorithm for the discrete logarithm
problem over Z' is a black-box normalizer circuit over the group Z2_x Z.

Theorem 74 shows that black box normalizer circuits over finite Abelian groups can
efficiently solve a problem for which no efficient classical algorithm is known. In addition,
it tells us that black-box normalizer circuits can render widespread public-key cryptosys-
tems vulnerable: namely, they break the Diffie-Helman key-exchange protocol [162], whose
security relies in the assumed classical intractability of the discrete-log problem.

Proof. Let us first recall the main steps in Shor's discrete log algorithm.

Algorithm 75 (Shor's algorithm for the discrete logarithm).

Input. Positive integers a, b, where Z' = (a).

Output. The least nonnegative integer s such that as = b (mod p).

We will use three registers indexed by integers, the first two modulo p - 1 and the last
modulo p. The first two registers will correspond to the additive group Z_1 , while the third
register will correspond to the multiplicative group Z . Two important ingredients of the
algorithm will be the unitary gates Ua : Is) -+ |sa) and Ub : |s) - Isb).

1. Initialization: Start in the state 10)10)M1).

2. Create the superposition state 1 E U 0 Ix) Iy) 11), by applying the standard quantum
Fourier transform on the first two registers.
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3. Apply the unitary U defined by Ulx)ty)Iz) = tx)xy)IzaxbY), to obtain the state

1 P-1

P-1 E Ix)Iy)Iaxby)
x,y=O

This is equivalent to applying the controlled-Ua gate between the first and third reg-
isters, and the controlled-Uby between the second and third registers.

4. Measure and discard the third register. This step generates a so-called coset state

p-1

E 1TY + ks, -k),

where y is some uniformly random element of Zp_1 and s is the discrete logarithm.

5. Apply the quantum Fourier transform over Zp_1 to the first two registers, to obtain

P-1

e1P k', k's),
k'=O

6. Measure the system in the standard basis to obtain a pair of the form (k', k's) mod p
uniformly at random.

7. Classical post-processing. By repeating the above process n times, one can extract
the discrete logarithm s from these pairs with exponentially high probability (at least
1 - 2-n), in classical polynomial time.

Note that the Hilbert space of the third register precisely corresponds to 7-B if we choose
the black-box group to be B = ZX. It is now easy to realize that Shor's algorithm for discrete
log is a normalizer circuit over Z_1 x Zp_1 x Zx: steps 2 and 4 correspond to applying
partial QFTs over Zp_ 1 , and the gate U applied in state 3 is a group automorphism over
Zp-1 X Zp-1 X Zg. 

We stress that, in the proof above, there is no known efficient classical algorithm for
solving the group decomposition problem for the group Zx (as we define it in Section 5.2.5):
although, by assumption, we know that Zx = (a) Zp_ 1 , this information does not allow
us to convert elements from one representation to the other, since this requires solving the
discrete-logarithm problem itself. In other words, we are unable to compute classically the
group isomorphism Zx 2 Zp_1. In our version of the group decomposition problem, we
require the ability to compute this group isomorphism. For this reason, we treat the group

Zg as a black-box group.

5.2.2 Shor's factoring algorithm

In this section we will show that normalizer circuits can efficiently compute the order of
elements of (suitably encoded) Abelian groups. Specifically, we show how to efficiently solve
the order finding problem for every (finite) Abelian black-box group B [831 with normalizer
circuits. Due to the well-known classical reduction of the factoring problem to the problem of
computing orders of elements of the group Z', our result implies that black-box normalizer

112



circuits can efficiently factorize large composite numbers, and thus break the widely used
RSA public-key cryptosystem [15].

We briefly introduce the order finding problem over a black-box group B, that we
always assume to be finite and Abelian. In addition, we assume that the elements of the
black-box group can be uniquely encoded with n-bit strings, for some known n. The task
we consider is the following: given an element a of B, we want to compute the order lal of
a (the smallest positive integer r with the property7 a' = 1). Our next theorem states that
this version of the order finding problem can be efficiently solved by a quantum computer
based on normalizer circuits.

Theorem 76 (Order finding over B). Let B be a finite Abelian black-box group with
an n-qubit encoding and WB be the Hilbert space associated with this group. Let Va be the
unitary that performs the group multiplication operation on WB: Vajx) = lax). We denote
by c -Va the unitary that performs Va on NB controlled on the value of an ancillary register

Im, X) C-U" i m, a"Mx), for any m in Z.

Assume that we can query an oracle that implements c -Va in one time step for any a E B.

Then, there exists a hybrid version of Shor's order-finding algorithm, which can compute

the order |at of any a E B efficiently, using normalizer circuits over the group Z x B and

classical post-processing. The algorithm runs in polynomial-time, uses an efficient amount

of precision and succeeds with high probability.

In Theorem 76, by "efficient amount of precision" we mean that instead of preparing

Fourier basis states of RZ or measuring on this (unphysical) basis, it is enough to use

realistic physical approximations of these states (cf. Section 3.7).

Proof. For simplicity, we assume that a generating set of B with 0(n) elements is given

(otherwise we could generate one efficiently probabilistically by sampling elements of B).

We divide the proof into two steps. In the first part, we give an infinite-precision quantum

algorithm to randomly sample elements from the set Outa = { k : k C Z} that usesIaI
normalizer circuits over the group Z x B in polynomially many steps. In this first algorithm,
we assume that Fourier basis states of Rz can be prepared perfectly and that there are no

physical limits in measurement precision; the outcomes k/lal will be stored with floating

point arithmetic and with finite precision. The algorithm allows one to extract the period

|a| efficiently by sampling fractions k/la| (quantumly) and then using a continued fraction

expansion (classically).

In the second part of the proof, we will remove the infinite precision assumption.

Our first algorithm is essentially a variation of Shor's algorithm for order finding [14]

with one key modification: whereas Shor's algorithm uses a large n-qubit register 70 to

estimate the eigenvalues of the unitary Va, we will replace this multiqubit register with a

single infinite dimensional Hilbert space Rz. The algorithm is hybrid in the sense that it

involves both continuous- and discrete-variable registers. The key feature of this algorithm

is that, at every time step, the implemented gates are normalizer gates, associated with the

groups Z x Zx and T x Zx (which are, themselves, related via the partial Fourier transforms

Yz and _FT). The algorithm succeeds with constant probability.

Algorithm 77 (Hybrid order finding with infinite precision).

7 Since B is finite, the order jal is a well-defined number.
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Input. A black box (finite abelian) group B, and an element a E B.

Output. The order s of a in B, i.e. the least positive integer s such that a' = 1.

We will use multiplicative notation for the black box group B, and additive notation for
all other subgroups.

1. Initialization: Initialize 7 z on the Fourier basis state 10) with 0 E T, and NB on the
state 11), with 1 E B. In our formalism, we will regard 10, 1) as a standard-basis state
of the basis labeled by T x B.

2. Apply the Fourier transform FT to the register Wz. This changes the designated basis
of this register to be the one labeled by the group Z. The state 10) in the new basis is
an infinitely-spread comb of the form EmEZ tm).

3. Let the oracle Va act jointly on 71Z X lB; then the state is mapped in the following
manner:

Z lm)I1) C -V Z |m, am). (5.2.1)
mEZ mEZ

Note that, in our formalism, the oracle C-Va can be regarded as an automorphism
gate Ua. Indeed, the gate implements a classical invertible function on the group
a(m, x) = (m, amx). The function is, in addition, a continuous 8 group automorphism,
since

a ((m, x)(n, y)) = a(m + n, xy) = (m + n, (a"'-+)(xy))

= (m + n, (a"'x)(a'y))= (m, a'x)(n, any) (5.2.2)

= a(m, x)a(n, y).

4. Measure and discard the register 7HB. Say we obtain a' as the measurement outcome.
Note that the function a' is periodic with period r = jal, the order of the element.
Due to periodicity, the state after measuring a' will be of the form

( E s+jr) las). (5.2.3)
iEZ

After dicarding NB we end up in a periodic state E Is + jr) which encodes r = lal.
5. Apply the Fourier transform Fz to the register l-z. We work again in the Fourier

basis of Rz, which is labelled by the circle group T. The periodic state E Is + jr) in
the dual T basis reads [22]

r-1

e2 ni sk (5.2.4)
k=0

6. Measure Wz in the Fourier basis (the basis labeled by T). Since we that the initial
state of the computation is as close to 10) as we wish, the wavefunction of the final
state (5.2.4) is sharply peaked around values p c T of the form k/r. As a result, a high
resolution measurement will let us sample these numbers (within some floating-point
precision window A) nearly uniformly at random.

8 This is vacuously true: since the group G := Z x B is discrete, any functtion f : G -+ G is continuous.
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7. Classical postprocessing: Repeat Steps 1-7 a few times to obtain randomly sam-
pled multiples {ki/r}. Afterwards by using a (classical) continued-fraction expansion
algorithm [3, 4], the order r can be extracted. This can be done, for instance, with
an algorithm from [2451 that obtains r with constant probability after sampling two
numbers ', k2 if the measurement resolution is high enough: A < 1/2r2 is enough
for our purposes.

There is a strong manifest similarity between Algorithm 77 and Shor's factoring algo-
rithm: the quantum Fourier transforms YT in our algorithm Yz play the role of the discrete
Fourier transorm T 2n, and c-V acts as the modular exponentation gate [14]. In fact, one can
regard Algorithm 77 as a "hybrid" version of Shor's algorithm combining both continuous
and discrete variable registers. The remarkable feature of this version of Shor's algorithm is
that the quantum part of the algorithm 1-6 is a normalizer computation.

Algorithm 77 is efficient if we just look at the number of gates it uses. However, the
algorithm is inefficient in that it uses infinitely-spread Fourier states 1p) = EmEZ e 2ipm 17)

(which are unphysical and cannot be prepared with finite computational resources) and

arbitrarily precise measurements. We finish the proof of Theorem 76 by giving an improved

algorithm that does not rely on unphysical requirements.

Algorithm 78 (Hybrid order finding with finite precision).

1-2 Initialization: Initialize WB to 11). The register 7z will begin in an approximate

Fourier basis state 10) = 2 1  17n), i.e. a square pulse of length 2M + 1 in the

integer basis, centered at 0. This step simulates steps 1-2 in Algorithm 77.

3-4 Repeat steps 3-4 of Algorithm 77. The state after obtaining the measurement outcome

aS is now different due to the finite "length" of the comb E = m); we obtain

Lb

7) = Is + r), (5.2.5)
-La

where L = La+Lb+1 and s is obtained nearly uniformly at random from {0, ... ,r-1}.
The values La, Lb are positive integers of of the form [MI/r] - E with -2 < e < 0 (the

particular value of e depends on s, but it is irrelevant in our analysis). Consequently,
we have L = 2[M/rj - (fa + Cb).

5 Apply the Fourier transform Fz to the register Wz . The wavefunction of the final

state b is the Fourier transform of the wavefunction 4' of (5.2.5). We compute 4 using

formula (3.6.5):

p 2 ip x - 1 Lb e2Tiip(s~jr) 
2,ip ) e2 lpr(Lb+1) __ -21iprL.

p OWip 2Vi/sjr 2xipse 2nipr _e
xEZ La

e2ip (S+ Lb-La sin (L+) _ e (S+ Lb La)

VIE in 7rpr vz DL,r(P) (5.2.6)(dr sin (7rpr)

(to derive the equation, we apply the summation formula of the geometric series and
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re-express the result in terms of the Dirichlet kernel [99]

DL,, (P) = si -7~r (5.2.7)sin (-xpr)

6 Measure 7-z in the Fourier basis. We show now that, if the resolution is high
enough, then the probability distribution of measurement outcomes will be "polyno-
mially close" to the one obtained in the infinite precision case (5.2.4). Intuitively, this
is a consequence of the fact that in the limit M -+ oo (when the initial state becomes
an infinitely-spread comb), we have also L -+ oo and that the function DL, r(p) con-
verges to a train - k/r(P) of Dirac measures [991. In addition, for a high finite
value of M, we find that the probability of obtaining some outcome p within a A = 1
window of a fraction is also high.

Pr(p - - < -) _I Si (ijp) sin= d 2  > - (5.2.8)r - 2 L sin 2 (7rpr) -~ > Lsin2() - 2r

where we use the mean value theorem and the bound sin(x) 2 < X 2 . It follows that
with constant probability (larger than 4/r 2 ~ 0.41) the measurement will output some
outcome $-close to a number of the form k/r. (A tighter lower bound of 2/3 for the
success probability can be obtained by evaluating the integral numerically.)

Lastly, note that although the derivation of (5.2.8) implicitly assumes that the finial
measurement is infinitely precise, it is enough to implement measurements with resolu-
tion close to A. Due to the peaked shape of the final distribution (5.2.8), it follows that
Theta(I) resolution is enough if our task is to sample A-estimates of these fractionsM 2

nearly uniformly at random; this scaling is efficient as a function of M (cf. Section
3.7).

7 Classical postprocessing: We now set M (the length of the initial comb state) to
be large enough so that A = 1 < 1 ; taking log M = O(poly n) is enough for our2 2Lr -=2

purposes. With such an M, the measurement step 6 will output a number p that is
- close to a k with high probability, which can be increased to be arbitrarily close
to 1 with a few repetitions. We then proceed as in step 7 of Algorithm 77 to compute
the order r.

Shor's algorithm as a normalizer circuit

Our discussion in the previous section reveals strong a resemblance between our hybrid
normalizer quantum algorithm for order finding and Shor's original quantum algorithm for
this problem [14]: indeed, both quantum algorithms employ remarkably similar circuitry. In
this section we show that this resemblance is actually more than a mere fortuitous analogy,
and that, in fact, one can understand Shor's original order-finding algorithm as a discretized
version of our finite-precision hybrid algorithm for order finding 77.

Theorem 79 (Shor's algorithm as a normalizer circuit). Shor's order-finding algo-
rithm [14] provides an efficient discretized implementation of our hybrid normalizer Algo-
rithm 78.
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Note that the theorem does not imply that all possible quantum algorithms for order
finding are normalizer circuits (or discretized versions of some normalizer circuit). What it
shows is that the one first found by Shor in [14] does exhibit such a structure.

Proof. Our approach will be to show explicitly that the evolution of the initial quantum state
in Shor's algorithm is analogous to that of the initial state in Algorithm 78 if we discretize
the computation. Recall that Shor's algorithm implements a quantum phase estimation [201
for the unitary Va. Let D be the dimension of the Hilbert space used to record such phase.
We assume D to be odd9 and write D = 2M + 1. Then Shor's algorithm can be written as
follows:

1. Initialize the state 10,1) on the Hilbert space 'HD X WZx.
N

2. Apply the discrete Fourier transform TZD on RD to obtain

D-1 M

Z Im)I1) = E m)I1). (5.2.9)
m==0 -M

So far, we have simulated step 1 in Algorithm 78 by constructing the same periodic
state. These first two steps are also clearly analogous to steps 1-2 in Algorithm 77.

3-4 Apply the modular exponentiation gate Ume, which is the following unitary [141

Umelm, x) = Im, am x), (5.2.10)

to the state. Measure the register 7zx in the standard basis. We obtain, again, a
N

quantum state of the form (5.2.5), with L < D.

6 We apply the discrete Fourier transform TZD to the register ?i ZD again. We claim
now that the output state will be a discretized version of (5.2.6) due to a remark-
able mathematical correspondence between Fourier transforms. Note that any
quantum state 10) of the infinite-dimensional Hilbert space NZ can be regarded as a
quantum state of WD given that the support of 4') is limited to the standard basis
states 10), +1),...,J+M). Let us denote the latter state 10D) to distinguish both.
Then, we observe a correspondence between letting Nz act on 4V) and letting NzD act
on ID)-

x=+M x=+M .kx
0(p) = e2 x4,(x) OW /D (k) = 23 OD (x) (5.2.11)

x=-M x=-M

The correspondence (equation 5.2.11) tells us that, since we have V)(x) = V'D(X), it
follows that the Fourier transformed function 4D(k) is precisely the function 4(p)
evaluated at points of the form p = -. The final state can be written as

D-1

E (A-) 1k). (5.2.12)
k=0

which is, indeed, a discretized version of (5.2.6).

9This choice is not essential, neither in Shor's algorithm nor in Algorithm 78, but it simplifies the proof.
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7-8 The last steps of Shor's algorithm are identical to 7-8 in Algorithm 78, with the only
difference being that the wavefunction (5.2.12) is now a discretization of (5.2.6). The
probability of measuring a number k such that $ is close to a multiple of the form -
will again be high, due to the properties of the Dirichlet kernel (5.2.7). Indeed, one
can show (see, e.g. [24]) with an argument similar to (5.2.8) that, by setting D - N2 ,
the algorithm outputs with constant probability and almost uniformly a fraction k

among the two closest fraction to some value of the form k/r (see e.g. [14] for details).
The period r can be recovered, again, with a continued fraction expansion. L

Normalizer gates over oo groups are necessary to factorize

At this point, it is a natural question to ask whether it is necessary at all to replace the
Hilbert space 70 with an infinite-dimensional space Nz with an integer basis in order to be
able to factorize with normalizer circuits. We discuss in this section that, in our view, this
is a key indispensable ingredient of our proof.

We begin our discussion by showing rigorously, in the black-box set-up, that no quantum
algorithm for factoring based on modular exponentation gates (controlled V rotations) can
be efficiently implemented with normalizer circuits over finite Abelian groups, in a strong
sense.

Theorem 80. Let W-M be the Hilbert space with basis {|0),..., IM - 1)} and dimension
M. Let B be an Abelian black-box group with associated Hilbert space NB. Consider the
composite Hilbert space W = RM X NB and define Ume to be the unitary gate on N defined
as Umem,x) = Im,amx), where ax E B and m G ZM. Then, unless M is a multiple of
the order of a, there does not exist any normalizer circuit over N (even of exponential size)
satisfying j1C - Umellop < 1 - 2-1/2

We prove the theorem in Appendix D.1. We highlight that a similar result was proven
in [1, theorem 2]: that normalizer circuits over groups of the form Z2 n X ZN also fail to
approximate the modular exponentiation. Also, we point out that it is easy to see that the
converse of Theorem 80 is also true: if Ia divides M, then an argument similar to (D.1.1)
shows that (in, x) -+ (in, amx) is a group automorphism of ZA x B, and the gate Um1.f
automatically becomes a normalizer automorphism gate.

The main implication of Theorem 80 is that finite-group normalizer circuits cannot im-
plement nor approximate the quantum modular exponentiation gate between NB, playing
the role of the target system, and some ancillary control system, unless a multiple M = Alal
of the order of a is known in advance. Yet the problem of finding multiples of orders is at least
as hard as factoring and order-finding: for B = Z', a subroutine to find multiples of orders
can be used to efficiently compute classically a multiple of the order of the group p(N),
where o is the Euler totient function, and it is known that factoring is polynomial-time
reducible to the problem of finding a single multiple of the form Ap(N) [88}.

We arrive to the conclusion that, unless we are in the trivial case where we know how to
factorize in advanced, a factoring algorithm based on finite-group normalizer gates cannot
comprise controlled-V rotations. We further conjecture that any other approach based on
finite-group normalizer gates cannot work either.

Conjecture 81. Unless factoring is contained in BPP, there is no efficient quantum algo-
rithm to solve the factoring problem using only normalizer circuits over finite Abelian groups

(even when these are allowed to be black-box groups) and classical pre- and post-processing.
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We back up our conjecture with two facts. On one hand, Shor's algorithm for factoring
[14] (to our knowledge, the only quantum algorithm for factoring thus far) uses a modular
exponentiation gate to estimate the phases of the unitary Va, and these gates are hard to
implement with finite-group normalizer circuits due to Theorem 80. On the other hand, the
reason why this does works for the group Z seems to be, in our view, intimately related to
the fact that the order-finding problem can be naturally casted as an instance of the Abelian
hidden subgroup problem over Z (see also Section 5.2.4). Note that, although one can
always cast the order-finding problem as an HSP over any finite group ZAp(N) for an integer
A, this formulation of the problem is unnatural in our setting, as it requires (again) the prior
knowledge of a multiple of yp(N), which we could use to factorize and find orders classically
without the need of a quantum computer [881.

5.2.3 Elliptic curves

In the previous sections we have seen that black-box normalizer circuits can compute discrete
logarithm in ZX and break the Diffie-Hellman key exchange protocol. In the proof, we showed
that Shor's algorithm for this problem decomposes naturally in terms of normalizer gates
over Z', treated as a black-box group.

It is known that Shor's algorithm can be adapted in order to compute discrete logarithms
over arbitrary black-box groups. In particular, this can be done for the group of solutions
E of an elliptic curve [155, 104, 156], thereby rendering elliptic curve cryptography (ECC)
vulnerable. Efficient unique encodings and fast multiplication algorithms for these groups
are known, so that they can be formally treated as black-box groups. In this section, we show
that a quantum algorithm given by Proos and Zalka [155] to compute discrete logarithms
over elliptic curves can be implemented with black-box normalizer circuits.

Basic notions

To begin, we review some rudiments of the theory of elliptic curves. For simplicity, our
survey focuses only on the particular types of elliptic curves that were studied in [155], over
fields with characteristic different than 2 and 3. Our discussion applies equally to the (more
general) cases considered in [104, 1561, although the definition of the elliptic curve group
operation becomes more cumbersome in such settings' 0 . For more details on the subject, in
general, we refer the reader to [24, 246].

Let p > 3 be prime and let K be the field defined by endowing the set Zp with the
addition and multiplication operations modulo p. An elliptic curve E over the field K s a
finite Abelian group formed by the solutions (x, y) E K x K to an equation

C: y 2 =X3 + ax +3 (5.2.13)

together with a special element 0 called the "point at infinity"; the coefficients a, # in this
equation live in the field K. The discriminant A := -16(4a 3 + 27,32) is nonzero, ensuring
that the curve is non-singular. The elements of E are endowed with a commutative group
operation. If P E E then P+ 0 = 0+ P = P. The inverse element -P of P is obtained by
the reflection of P about the x axis. Given two elements P = (xp, yp) and Q = (xQ, yQ) E E,

10 Correspondingly, the complexity of performing group multiplications in 1104, 1561 is greater.
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the element P + Q is defined via the following rule:

P + Q 10 if P = (xP, yp) = (xQ, -y) = -Q, (5.2.14)
-R otherwise (read below).

In the case P z Q, the point R is computed as follows:

xR=2 _ XP-XQ QYP if P # Q

yR=yP--XP--XR) if P = Q and yp 5 0

R can also be defined, geometrically, to be the "intersection between the elliptic curve and
the line through P and Q" (with a minus sign) [241.

It is not hard to check form the definitions above that the elliptic-curve group E is finite
and Abelian; from a computational point of view, the elements of E can be stored with
n c O(log IK1) bits and the group operation can be computed in O(poly n) time. Therefore,
the group E can be treated as a black box group.

Finally, the discrete logarithm problem (DLP) over an elliptic curve is defined in a
way analogous to the Z1 case, although now we use additive notation: given a, b E E such
that xa = b for some integer x; our task is to find the least nonnegative integer s with that
property. The elliptic-curve DLP is believed to be intractable for classical computers and
can be used to define cryptosystems analog to Diffe-Hellman's [24].

Finding discrete logarithms over elliptic curves with normalizer circuits

In this section we review Proos-Zalka's quantum approach to solve the DLP problem over
an elliptic curve [155]; their quantum algorithm is, essentially, a modification of Shor's
algorithm to solve the DLP over Z , which we covered in detail in Section 5.2.1.

Our main contribution in this section is that Proos-Zalka's algorithm can be imple-
mented with normalizer circuits over the group Z x Z x E. The proof reduces to combining
ideas from sections 5.2.1 and 5.2.2 and will be sketched in less detail.

Algorithm 82 (Proos-Zalka's 11551).

Input. An elliptic curve with associated group E (the group operation is defined as per
(5.2.14)), and two points a, b E E. It is promised that sa = b for some nonnegative integer
S.

Output. Find the least nonnegative integer s such that sa = b.

1. We use a register WE, where E is the group associated with the elliptic curve (5.2.13),
and two ancillary registers W of dimension N = 2', associated with the group A =
ZN X ZN. The computation begins in the state 10,0, O), where (0,0) c A and 0 E E.

2. Apply Fourier transforms to the ancillas to create the superposition E(xy)eA X, y 0).

3. Apply the following unitary transfomation:

E Ix, y, 0) C-( >X, y, xa + yb). (5.2.15)
(X,y)E A (x,y)E A
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4. Apply Fourier transforms to the ancillas again, and then measure the register 7 E,
obtaining an outcome of the form (x', y'). These outcomes contain enough information
to extract the number s, with similar post-processing techniques to those used in Shor's
DLP algorithm.

Algorithm 82 is not a normalizer circuit over ZN x ZN x E. Similarly to the factoring
case, the algorithm would become a normalizer circuit if the classical transformation in step
3 was an automorphisin gate; however, for this to occur, N needs to be a common multiple
of the orders of a and b (the validity of these claims follows with similar arguments to those
in Section 5.2.2). In view of our results in sections 5.2.1 and 5.2.2, one can easily come up
with two approaches to implement Algorithm 75 using normalizer gates.

(a) The first approach would be to use our normalizer version of Shor's algorithm (Theorem
76) to find the orders of the elements a and b: normalizer gates over Z x E would be
used in this step. Then, the number N in Algorithm 82 can be set so that all the gates
involved become normalizer gates over ZN X ZN x E.

(b) Alternatively, one can choose not to compute the orders by making the ancillas infinite
dimensional, just as we did in Algorithm 77. The algorithm becomes a normalizer
circuit over Z x Z x E: as in Algorithm 77, the ancillas are initialized to the zero Fourier
basis state, and the discrete Fourier transforms are replaced by QFTs over T (in step
2) and Z (in step 4). A finite precision version of the algorithm can be obtained in
the same fashion as we derived Algorithm 77. Proos-Zalka's original algorithm could,
again, be interpreted as a discretization of the resulting normalizer circuit.

5.2.4 The hidden subgroup problem

All problems we have considered this fax-finding discrete logarithms and orders of Abelian
group elements-fit inside a general class of problems known as hidden subgroup problems
over Abelian groups [78, 79, 80, 811. Most quantum algorithms discovered in the early days
of quantum computation solve problems that can be recasted as Abelian HSPs, including
Deutsch's problem [157], Simon's [158], order finding and discrete logarithms [14], finding
hidden linear functions [159], testing shift-equivalence of polynomials [1601, and Kitaev's
Abelian stabilizer problem [20, 161].

In view of our previous results, it is natural to ask how many of these problems can
be solved within the normalizer framework. In this section we show that a well-known
quantum algorithm that solves the Abelian HSPs (in full generality) can be modeled as a
normalizer circuit over an Abelian group 0. Unlike previous cases, the group involved in
this computation cannot be regarded as a black-box group, as it will not be clear how to
perform group multiplications of its elements. This fact reflects the presence of oracular
functions with unknown structure axe present in the algorithm, to which the group 0 is
associated; thus, we call 0 an oracular group. We will discuss, however, that this latter
difference does not seem to be very substantial, and that the Abelian HSP algorithm can be
naturally regarded as a normalizer computation.
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The quantum algorithm for the Abelian HSP

In the A belian hidden subgroup problem we are given a function f : G -- X from an Abelian
finitell group G to a finite set X. The function f is constant on cosets of the form g + H,
where H is a subgroup "hidden" by the function; moreover, f is different between different
cosets. Given f as a black-box, our task is to find such a subgroup H.

The Abelian HSP is a hard problem for classical computers, which need to query the
oracle f a superpolynomial amount of times in order to identify H [241. In contrast, a
quantum computer can determine H in polynomial time O(polylog G), and using the same
amount of queries to the oracle. We describe next a celebrated quantum algorithm for this
task [78, 79, 84]. The algorithm is efficient given that the group G is explicitly given 12 in
the form G =Zd, X - - - X Zd,, [84, 73, 81].

Algorithm 83 (Abelian HSP).

Input. An explicitly decomposed finite abelian group G = Zd, X ... X Zdm, and oracular
access to a function f : G -+ X for some set X. f satisfies the promise that f(91) = f(g2)
iff gi = 92 + h for some h E H, where H C G is some fixed but unknown subgroup of G.

Output. A generating set for H.

1. Apply the QFT over the group G to an initial state 10) in order to obtain a uniform
superposition over the elements of the group EgEG 1g)*

2. Query the oracle f in an ancilla register, creating the state

1 S Ig, f(g)) (5.2.16)
IGI gEG

3. The QFT over G is applied to the first register, which is then measured.

4. After repeating 1-3 polynomially many times, the obtained outcomes can be postpro-
cessed classically to obtain a generating set of H with exponentially high probability

(we refer the reader to [21] for details on this classical part).

We now claim that the quantum part of Algorithm 83 is a normalizer circuit, of a slightly
more general kind than the ones we have already studied. The normalizer structure of the
HSP-solving quantum circuit is, however, remarkably well-hidden compared to the other
quantum algorithms that we have already studied. It is indeed a surprising fact that there
is any normalizer structure in the circuit, due to the presence of an oracular function, whose
inner structure appears to be completely unknown to us!

Theorem 84 (The Abelian HSP algorithm is a normalizer circuit.). In any Abelian
hidden subgroup problem, the subgroup-hiding property of the oracle function f induces a
group structure 0 in the set X. With respect to this hidden "linear structure", the function f
becomes a group homomorphism, and the HSP-solving quantum circuit becomes a normalizer
circuit over G x 0.

The proof is the content of the next two sections.

"In this section we assume G to be finite for simplicity. For a case where G is infinite, we refer the reader
back to Section 5.2.2, where we studied the order finding problem (which is a HSP over Z).

2 1f the group G is not given in a factorized form, the Abelian HSP may still be solved by applying
Cheung-Mosca's algorithm to decompose G (see next section).
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Unweaving the hidden-subgroup oracle

The key ingredient in the proof of the theorem (which is the content of the next section)
is to realize that the oracle f cannot fulfill the subgroup-hiding property without having a
hidden homomorphism structure, which is also present in the quantum algorithm.

First, we show that f induces a group structure on X. Without loss of generality,
we assume that the function f is surjective, so that imf = X. (If this is not true, we can
redefine X to be the image of f.) Thus, for every element x E X, the preimage f-1(x) is
contained in G, and is a coset of the form f-(x) = gx + H, where H is the hidden subgroup
and f(gx) = x. With these observations in mind, we can define a group operation in X as
follows:

x - y = (f~(W + f1 (y)). (5.2.17)

In (5.2.17) we denote by f the function f(x+ H) = f(x) that sends cosets x+ H to elements
of X. The subgroup-hiding property guarantees that this function is well-defined; moreover,
f and f are related via f(x) = f(x+ H). The addition operation on cosets f -1 (x) = gx + H
and f -1(y) = gy + H is just the usual group operation of the quotient group G/H [87]:

f -(x) + f -1 (y) = (gx + H) + (gy + H) = (g + gy) + H. (5.2.18)

By combining the two expressions, we get an explicit formula for the group multiplication in
terms of coset representatives: x -y = f(gx + gy). It is routine to check that this operation
is associative and invertible, turning X into a group, which we denote by 0. The neutral
element of the group is the string e in X such that e = f(0) = f(H), which we show
explicitly:

x - e = e -x = (f -(x) + f"(e)) f(f-1 (x) + H) = x (5.2.19)

The group 0 is manifestly finite and Abelian-the latter property is due to the fact that
the addition (5.2.18) is commutative.

Lastly, it is straightforward to check that the oracle f is a group homomorphism
from G to 0: for any g, h C G let x := f(g) and y := f(h), we have

f(g + h) =f (g + + H) = f ((g + H) + (h + H))= f (f-' (x) + f-1 (y)) (5.2.20)

= x - y = f(g) - f(h). (5.2.21)

It follows from the first isomorphism theorem in group theory [87] that 0 is isomorphic to
the quotient group G/H via the map f.

The HSP quantum algorithm is a normalizer circuit

We will now analyze the role of the different quantum gates used in Algorithm 83 and see
that they are examples of normalizer gates over the group G x 0, where 0 is the oracular
group that we have just introduced.

The Hilbert space underlying the computation can be written as RG 0 WO with the
standard basis {|g, x) : g c G, x C 0}. associated with this group. We will initialize the
ancillary registers to the state le), where e = f(0) is the neutral element of the group; the
total state at step 1 will be 10, e). The Fourier transforms in steps 1 and 3 are just partial
QFTs over the group G, which are normalizer gates. The quantum state at the end of step
1 is Y_ |g, e).
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Next, we look now at step 2 of the computation:

Ig, e) 1 (g)). (5.2.22)

This step can be implemented by a normalizer automorphism gate defined as follows. Let
a : G x 0 -+ G x 0 be the function a(g, x) = (g, f(g) -x). Using the fact that f : G - 0
is a group homomorphism (5.2.20), it is easy to check that a is a group automorphism of
G x 0. Then the evolution at step 2 corresponds to the action of the automorphism gate
Ua:

Ua 1: Ig, e) = l a(g, e)) = jIg, f(g) . e) = I Ig, f(g)). (5.2.23)
9 9 9 9

Of course, our choice to begin the computation in the state 10, e) and to apply Ua in step 3
is only one possible way to implement the first three steps of the algorithm. We could have
alternatively initialized the computation on some 10,0) state and used a slightly different
gate UaJd = E Ig, x + f(g)) (g, xI in step 3. The latter sequence of gates can however be
regarded as an exact gate-by-gate simulation of the former, so that it is perfectly licit to call
the algorithm a normalizer computation-at least up to steps 3 and 4.

Finally, note that in the last step of the algorithm we measure the 7RG in the standard
basis like a normalizer computation. Therefore, every step in the quantum Algorithm 83
corresponds to one of the allowed operations in a normalizer circuit over G x 0. This finishes
the proof of Theorem 84.

The oracular group 0 is not a black-box group (but almost)

We ought to stress, at this point, that although Theorem 84 shows that the Abelian HSP
quantum algorithm is a normalizer computation over an Abelian group G x 0, the oracular
group 0 is not a black-box group (as defined in Section 3.4.4), since it is not clear how
to compute the group operation (5.2.17), due to our lack of knowledge about the oracular
function which defines the multiplication rule. Yet, even in the absence of an efficiently com-
putable group operation, we regard it natural to call the Abelian HSP quantum algorithm
a normalizer circuit over G x 0. Our reasons are multi-fold.

First, there is a manifest strong similarity between the quantum circuit in Algorithm
83 and the other normalizer circuits that we have studied in previous sections, which sug-
gests that normalizer operations naturally capture the logic of the Abelian HSP quantum
algorithm.

Second, it is in fact possible to argue that, although 0 is not a black-box group, it
behaves effectively as a black-box group in the quantum algorithm. Observe that, although
it is true that one cannot generally compute x -y for arbitrary x, y E 0, it is indeed always
possible to multiply any element x by the neutral element e, since the computation is trivial
in this case: x - e = e - x = x. Similarly, in the previous section, it is not clear at all how to
implement the unitary transformation U, Ig, x) = Ig, f(g) - x) for arbitrary inputs. However,
for the restricted set of inputs that we need in the quantum algorithm (which is just the state
le)), it is trivial to implement the unitary, for in this case Ua g, e) = 1g, f(g)); since quantum
queries to the oracle function are allowed (as in step 2 of the algorithm), the unitary can be
simulated by such process, regardless of how it is implemented. Consequently, the circuit
effectively behaves as a normalizer circuit over a black-box group.

Third, although the oracular model in the black-box normalizer circuit setting is slightly
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different from the one used in the Abelian HSP they are still remarkably close to each other.
To see this, let xi be the elements of X defined as xi := f(ei) where ej is the bit string
containing a 1 in the ith position and zeroes elsewhere. Since the eis form a generating set
of G, the xis generate the group 0. Moreover, the value of the function f evaluated on an
element g = Z g(i)ej is f(g) = x(1 (2) m), since f is a group homomorphism. It
follows from this expression that the group homomorphism is implicitly multiplying elements
of the group 0. We cannot use this property to multiply elements of 0 ourselves, since
everything happens at the hidden level. However, this observation shows that the assuming
that f is computable is tightly related to the assumption that we can multiply in 0, although
slightly weaker. (See also the next section.)

Finally, we mention that this very last feature can be exploited to extend several of our
main results, which we derive in the black-box setting, to the more-general "HSP oracular
group setting" (although proofs become more technical). For details, we refer the reader to
sections 5.3-5.5 and appendix D.3.

A connection to a result by Mosca and Ekert

Prior to our work, it was observed by Mosca and Ekert [80, 841 that f must have a hidden
homomorphism structure, i.e. that f can be decomposed as E o a where a is a group
homomorphism between G and another Abelian group Q 2 G/H, and 8 is a one-to-one
hiding function from Q to the set X. In this decomposition, 8 hides the homomorphism
structure of the oracle.

Our result differs from Mosca-Ekert's in that we show that X itself can always be viewed
as a group, with a group operation that is induced by the oracle, with no need to know the
decomposition E o a.

It is possible to relate both results as follows. Since both Q and 0 are isomorphic to
G/H, they are also mutually isomorphic. Explicitly, if / is an isomorphism from Q to G/H
(this map depends on the particular decomposition f = 8o a), then Q and 0 are isomorphic
via the map f o 3.

5.2.5 Decomposing finite Abelian groups

As mentioned earlier, there is a quantum algorithm for decomposing Abelian groups, due
to Cheung and Mosca [84, 731. In this section, we will introduce this problem, and present
a quantum algorithm that solves it, which uses only black-box normalizer circuits supple-
mented with classical computation. The algorithm we give is based on Cheung-Mosca's, but
it reveals some additional information about the structure of the black-box group. We will
refer to it as the extended Cheung-Mosca's algorithm.

The group decomposition problem

In this section, we define the group decomposition problem as follows. The input of the
problem is a list of generators a = (ai, . - - , ak) of some Abelian black-box group B. Our
task is to return a group-decomposition table for B. A group-decomposition table is a tuple

(a, 0, A, B, c) consisting of the original string a and four additional elements:

(a) A new generating set 3 = #1, . .. , f with the property B = ( ) .. (#e). We will
say that these new generators are linearly independent.

(b) An integer vector c containing the orders of the linearly independent generators 0j.
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(c) Two integer matrices A, B that relate the old and new generators as follows:

(0, ... 3e) = (a,....ak) A, (al,... ak) = (01, ... ,3) B. (5.2.24)

This last equation should be read in multiplicative notation (as in e.g. [247]), where
"vectors" of group elements are right-multiplied by matrices as follows: given the ith
column ai of A (for the left hand case), we have Oi = (ai, ... , a)ai = a 1 (1) ... ai(k)

Our definition of the group decomposition is more general than the one given in [84, 73]. In
Cheung and Mosca's formulation, the task is to find just # and c. The algorithm they give
also computes the matrix A in order to find the generators /i (cf. the next section). What
is completely new in our formulation is that we ask in addition for the matrix B.

Note that a group-decomposition table (a, 0, A, B, c) contains a lot of information
about the group structure of B. First of all, the tuple elements (a-b) tell us that B is
isomorphic to a decomposed group G = Ze x ... x Z,,. In addition, the matrices A and B

provide us with an efficient method to re-write linear combinations of the original generators
ai as linear combinations of the new generators i (and vice-versa). Indeed, equation (5.2.24)
implies

ai . a k = a, ... oa) x = (f1,... ,) (Bx), for any x E Zk,

#1 . - # = (#1, ... , f) y = (ai... ak) (Ay), for any y c Z'.

It follows that, for any given x, the integer string y = Bx (which can be efficiently computed
classically) fulfills the condition of ' - - a1 -- o' - - - # '. (A symmetric argument proves the

opposite direction.)
As we discussed earlier in the introduction, the group decomposition problem is provably

hard for classical computers within the black-box setting, and it is at least as hard as
Factoring (or Order Finding) for matrix groups of the form Z' (the latter being polynomial-
time reducible to group decomposition). It can be also shown that group decomposition is
also at least as hard as computing discrete logarithms, a fact that we will use in the proof
of theorems 87, 89:

Lemma 85 (Multivariate discrete logarithms). Let #1,...,. 3f be generators of some
Abelian black-box group B with the property B = (/1) D ... G (#3). Then, the following
generalized version of the discrete-logarithm problem is polynomial time reducible to group
decomposition: for a given # E B, find an integer string x such that Of3' - --3,x' = #.

Proof. Define a new set of generators for B by adding the element Oe+, = # to the given set
{ i}. The array a' := (#, .. ., Oe + 1) defines an instance of Group Decomposition. Assume
that a group decomposition table (a', (#',... .,#'), A', B', c') for this instance of the problem
is given to us. We can now use the columns b' of the matrix B' to re-write the previous
generators #i in terms of the new ones:

#i = (1, , of+1)ei = ( of,..., ) (B'ej) = (1,..., ) b' = . . #- ( . (5.2.25)

Here, ei denotes the integer vector with e(i) = 1 and e(j) = 0 elsewhere. Conditions (a-b)
imply that the columns b' can be treated as elements of the group G = Zc. x ... x Z;Jm. Using

this identification, the original discrete logarithm problem reduces to finding an integer string
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x c G such that b'+, = (b',..., b')x = Ex(i)b' (now in additive notation). The existence
of such an x can be easily proven using that the elements 31,..., e generate B: the latter
guarantees the existence of an x such that

3+1 = (31,...,..e)x= ( ., )(b'i, b'e)x= p . p (5.2.26)

which implies (b ,..., b')x = (,a,...,# b't+1 mod (c'i,. . . , c'm). By finding such an x,

we can solve the multivariate discrete problem, since 0' .. .6f1 = O' i+1  ... +(m)

e+= 3, due to (5.2.25). Finally, note that we can find x efficiently with existing deter-
ministic classical algorithms for Group Membership in finite Abelian groups (cf. lemma 3 in
[2]). E

We highlight that, in order for the latter result to hold, it seems critical to use our
formulation of group decomposition instead of Cheung-Mosca's. Consider again the discrete-
log problem over the group Zg (recall Section 5.2.1). This group Z' is cyclic of order
p - 1 and a generating element a is given to us as part of the input of the discrete-log
problem. Although it is not known how to solve this problem efficiently, Cheung-Mosca's
group decomposition problem (find some linearly independent generators and their orders)
can be solved effortlessly in this case, by simply returning a and p-1, since (a) = Z ' Z-p
The crucial difference is that Cheung-Mosca's algorithm returns a factorization Zej x ... x Z,
of B, but it cannot be used to convert elements between the two representations efficiently

(one direction is easy; the other requires computing discrete logarithms). In our formulation,
the matrices A, B provide such a method.

Quantum algorithm for group decomposition

We now present a quantum algorithm that solves the group decomposition problem.

Algorithm 86 (Extended Cheung-Mosca's algorithm).

Input. A list of generators a = (ai, . .. , a) of an Abelian black-box group B13 .

Output. A group decomposition table (a, /, A, B, c).

1. Use the order finding algorithm (comprising normalizer circuits over Z x B and clas-
sical postprocessing) to obtain the orders di of the generators aj. Then, compute
(classically) and store their least common multiplier d = lcm(di,..., d).

2. Define the function f : Zk -+ B as f(x) = ax(l) ... x(k) which is a group homomor-d I ak , hc sagophmmr
phism and hides the subgroup ker f (its own kernel). Apply the Abelian HSP algorithm
to compute a set of generators hi, . .. , h. of ker f. This round uses normalizer circuits
over Z~ x B and classical post-processing (cf. Section 5.2.4).

3. Given the generators hi of ker f one can classically compute a k x f matrix A (for
some f) such that (A1 ... , /e) = (a1, . .. , ak)A is a system of linearly independent

1
3 Cheung and Mosca's original presentation first used Shor's algorithm to decompose B into Sylow p-

subgroups, and then performed the group decomposition on these subgroups. As they commented, that
step was not strictly necessary, although it would reduce the computational resources required. Also, their
algorithm does not receive a list of generators as an input, but this is not a big difference since such a list

can always be computed in probabilistic classical polynomial-time for a uniquely encoded black-box group.
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generators [73, theorem 7]. 3, A and the orders ci of the Ois (computed again via an
order-finding subroutine) will form part of the output.

4. Finally, we show how to classically compute a valid relationship matrix B. (This step
is not part of Cheung-Mosca's original algorithm.) The problem reduces to finding a
k x f integer matrix X with two properties:

(a) X is a solution to the equation (a,.... , ak)X = (ai,.. ., ak). Equivalently, every
column xi of X is equal (modulo d) to some element of the coset ej + ker f c Z.

(b) Every column xi is an element of the image of the matrix A.

It is easy to see that a matrix X fulfilling (a-b) always exists, since for any ai, there
exists some yj such that ai = (i61, . . ., /e)yi (because the A3s generate the group). It
follows that ai = (al,..., ak)(Ayi). Then, the matrix with columns xi = Ayi has the
desired properties.

Our existence proof for X is constructive, and tells us that X can be computed
in quantum polynomial time by solving a multivariate discrete logarithm problem
(Lemma 85). However, X can be more straightforwardly obtained classically, by re-
ducing the problem to a system of linear equations over Abelian groups (Section
4.5). Let H be a matrix formed column-wise by the generators hi of ker f. By con-
struction, the image of the map H : Z -+ Zk fulfills imH = ker f. Properties (a-b)
imply that the ith column xi of X must be a particular solution to the equations
xi = Ayj with yi E Ze and xi = ej + Hzi mod d, with zi E Z'. These equations can
be equivalently written as a system of linear equations over Z' x Z:

A -H) ( =ei mod d, (yi, zi) E ZM X Z1, (5.2.27)

This system of equations can be solved in classical polynomial time using the mtehods
of Section 4.5. The matrix X can then be constructed column wise taking xi = Ayi.

Finally, given such an X, it is easy to find a valid B by computing a Hurt-Waid
integral pseudo-inverse A# of A [148, 1121:

a = aX = a(AA#)X = (aA)(A#X) = (1, ... , f)(A#X). (5.2.28)

In the third step, we used that A# acts as the inverse of A on inputs x E Zk that
live in the image of A [148]. Since integral pseudo-inverses can be computed efficiently
using the Smith normal form (see Appendix C.3), we finally set B := A#X.

5.3 Simulation of black-box normalizer circuits

Our results so far show that the computational power of normalizer circuits over black-box
groups (supplemented with classical pre- and post- processing) is strikingly high: they can
solve several problems believed to be classically intractable and render the RSA, Diffie-
Hellman, and elliptic curve public-key cryptosystems vulnerable. In contrast, standard
normalizer circuits, which are associated with Abelian groups that are explicitly decomposed,
can be efficiently simulated classically, as we've seen in Chapter 4 (see Theorem 59).
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It is natural to wonder at this point where the computational power of black-box nor-
malizer circuits originates. In this section, we will argue that the hardness of simulating
black-box normalizer circuits resides precisely in the hardness of decomposing black-box
Abelian groups. An equivalence is suggested by the fact that we can use these circuits
to solve the group decomposition problem and, in turn, when the group is decomposed,
the techniques of Chapter 4 render these circuits classically simulable. In this sense, then,
the quantum speedup of such circuits appears to be completely encapsulated in the group
decomposition algorithm. This intuition can be made precise and be stated as a theorem.

Theorem 87 (Simulation of black-box normalizer circuits). Black-box normalizer
circuits can be efficiently simulated classically using the stabilizer formalism over Abelian
groups if a subroutine for solving the group-decomposition problem is provided as an oracle.

The proof of this theorem is the subject of Section D.2 in the appendix.
Since normalizer circuits can solve the group decomposition problem (Section 5.2.5), we

obtain that this problem is complete for the associated normalizer-circuit complexity class,
which we now define.

Definition 88 (Black-Box Normalizer). The complexity class Black-Box Normalizer
is the set of oracle problems that can be solved with bounded error by at most polyno-
mially many rounds of efficient black-box normalizer circuits (as defined in Section 3.7),
with polynomial-sized classical computation interspersed between. In other words, if N is
an oracle that given an efficient (poly-sized) black-box normalizer circuit as input, samples
from its output distribution, then

Black-Box Normalizer = BPPN. (5.3.1)

Corollary 2 (Completeness of group decomposition). Group decomposition is a com-
plete problem for the complexity class Black-Box Normalizer under classical polynomial-
time Turing reductions.

We stress that Theorem 87 tells us even more than the completeness of group decompo-
sition. As we discussed in the introduction, an oracle for group decomposition gives us an
efficient classical algorithm to simulate Shor's factoring and discrete-log algorithm (and all
the others) step-by-step with a stabilizer-picture approach "A la Gottesman-Knill".

We also highlight that Theorem 87 can be restated as a no-go theorem for finding new
quantum algorithms based on black-box normalizer circuits.

Theorem 89 (No-go theorem for new quantum algorithms). It is not possible to find
"fundamentally new" quantum algorithms within the class of black-box normalizer circuits
studied in this chapter, in the sense that any new algorithm would be efficiently simulable
using the extended Cheung-Mosca algorithm and classical post-processing.

This theorem tells us that black-box normalizer circuits cannot give exponential speedups
over classical circuits that are not already covered by the extended Cheung-Mosca algorithm;
the theorem may thus have applications to algorithm design.

Note, however, that this no-go theorem says nothing about other possible polynomial
speed-ups for black-box normalizer circuits; there may well be other normalizer circuits that
are polynonially faster, conceptually simpler, or easier to implement than the extended
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Cheung-Mosca algorithm. Our theorem neither denies that investigating black-box normal-
izer could be of pedagogical or practical value if, e.g., this led to new interesting complete
problems for the class Black-Box Normalizer.

Finally, we note that Theorem 87 can be extended to the general Abelian hidden sub-
group problem to show that the quantum algorithm for the Abelian HSP becomes efficiently
classically simulable if an algorithm for decomposing the oracular group 0 is given to us (cf.
Section 5.2.4 and refer to Appendix D.3 for a proof). We discuss some implications of this
fact in the next sections.

5.4 Universality of short quantum circuits

Since all problems in Black-Box Normalizer are solvable by the extended Cheung-Mosca
quantum algorithm (supplemented with classical processing), the structure of said quantum
algorithm allows us to state the following:

Theorem 90 (Universality of short normalizer circuits). Any problem in the class
Black-Box Normalizer can be solved by a quantum algorithm composed of polynomially-
many rounds of short normalizer circuits, each with at most a constant number of normal-
izer gates, and additional classical computation. More precisely, in every round, normalizer
circuits containing two quantum Fourier transforms and one automorphism gate (and no
quadratic phase gate) are already sufficient.

Proof. This result follows immediately form the fact that group decomposition is complete
for this class (Theorem 2) and from the structure of the extended Cheung-Mosca quantum
algorithm with this problem, which has precisely this structure. El

Similarly to Theorem 87, Theorem 90 can be extended to the general Abelian HSP
setting. For details, we refer the reader to Appendix D.3.

We find the latter result is insightful, in that it actually explains a somewhat intriguing
feature present in Deutsch's, Simon's, Shor's and virtually all known quantum algorithms for
solving Abelian hidden subgroup problems: they all contain at most two quantum Fourier
transforms! Clearly, it follows from this theorem than no more than two are enough.

Also, Theorem 90 tells us that it is actually pretty useless to use logarithmically or poly-
nomially long sequences of quantum Fourier transforms for solving Abelian hidden subgroup
problems, since just two of them suffice14 . In this sense, the Abelian HSP quantum algo-
rithm uses an asymptotically optimal number of quantum Fourier transforms. Furthermore,
the normalizer-gate depth of this algorithm is optimal in general.

5.5 Other Complete problems

We end this chapter by giving two other complete problems for the complexity class Black
Box Normalizer.

Theorem 91 (Hidden kernel problem is complete). Let the Abelian hidden kernel
problem (Abelian HKP) be the subcase of the hidden subgroup problem where the oracle
function f is a group homomorphism from a group of the form G = Za X ZN1 X ... X ZN,

14 This last comment does not imply that building up sequences of Fourier transforms is useless in general.
On the contrary, this can be actually be useful, e.g., in QMA amplification [2481.
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into a black-box group B. This problem is complete for Black Box Normalizer under
polynomial-time Turing reductions.

Proof. Clearly group decomposition reduces to this problem, since the quantum steps of
the extended Cheung-Mosca algorithm algorithm (steps 1 and 3) are solving instances of
the Abelian kernel problem. Therefore, the Abelian HKP problem is hard for Black Box
Normalizer.

Moreover, Abelian HKP can be solved with the general Abelian HSP quantum algorithm,
which manifestly becomes a black-box normalizer circuit for oracle functions f that are group
homomorphisms onto black-box groups. This implies that Abelian HKP is inside Black Box
Normalizer, and therefore, it is complete.

Note. Although we originally stated the Abelian HSP for finite groups, one can first
apply the order-finding algorithm to compute a multiple d of the orders of the elements
f (es), where ei are the canonical generators of G. This can be used to reduce the original
HKP problem to a simplified HKP over the group Zi x ZN x -.. X ZN,

The latter result can be extended to the HSP setting to show that the Abelian hidden
subgroup problem is polynomial-time equivalent to decomposing groups of the form 0 (cf.
Appendix D.3).

Theorem 92 (System of linear equations over groups). Let a be a group homomor-
phism from a group G = Za X ZN1 X .- - X ZNb onto a black-box group B. An instance of a
linear system of equations over G and B is given by a and an element b E B. Our task is
to find a general (xo, K) solution to the equation

a(x) = b, x E G,

where x 0 is any particular solution and K is a generating set of the kernel of a. This problem
is complete for Black Box Normalizer under polynomial-time Turing reductions.

Proof. Clearly, this problem is hard for our complexity class, since the Abelian hidden kernel
problem reduces to finding K.

Moreover, this problem can be solved with black-box normalizer circuits and classical
computation, proving its completeness. First, we find a decomposition B = (3) 2 H =
zei X -.. X Z, with black-box normalizer circuits. Second, we recycle the de-black-boxing
idea from the proof of Theorem 87 to compute a matrix representation of a, and solve the

multivariate discrete logarithm problem b = 1 b().. # b C H, either with black-box

normalizer circuits or classically (recall Section 5.2.5). The original system of equations can
now be equivalently written as Ax = b (mod H). A general solution of this system can be
computed with classical algorithms given in Section 4.5. E
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Appendix A

Proofs of results in Chapter 2

A.1 Proof of the adversary lower bound for B(f) (Theorem
20)

Before we give the proof of the general result that B(f) = p(Q(f) 2 ) (Theorem 20)), we will
illustrate the proof by means of an example, the special case where f is the AND function.

Theorem 93. For J < 1/10, BE,(AND) = Q(N).

Proof. Let |,0) be the unnormalized state of the algorithm with x = 1', and IfV)) be the
unnormalized state with x =1 . 101 - 1, Xk = 0, right before the (t + 1)-th call to Mx.
Then

lox 1) = Ut+1MA2xlf) (A. 1.1)

for some unitary Ut+l. For ease of notation, we'll write Mo -- Min and Mk = 1...101...1,
where the k-th bit is 0 in the latter case. When acting on the control and index bits,

N

MO = 10, i)(0, ii
i=1
N

10, =Oi)(0, il + 1, k)(1, kJ. (A.1.2)

Since the Mi's are projectors, M2 = Mi. Define

E' = (*' (I - Mi) Io), i = 0, 1, --- ,N. (A. 1.3)

Note that (t+11| V+1) = (V'r1A|fI2 ') = I AliI o) = (of o'!) - c', for all i 0, N
(including 0!), and hence

E = (oi - (100 I'o ) <. (A.1.4)
t=o

We now define the progress function. Let

Wtk = (V)OIVPk) (A.1.5)
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and let the progress function be a sum over Wk's:

N N

Wt= Wk = Z(VI@p). (A.1.6)
k=1 k=1

We can lower bound the total change in the progress function by (see [33] for a proof;
their proof equally applies to unnormalized states)

WO - WT (1 - 2/6(1 - J))N. (A.1.7)

We now proceed to upper bound WO - WT. Note that

Wf -- + = (I)) - (IAoMk I)

= (Oj(' - MO)Mk + ( M(I - Mk) + (Oto(I - Mo)(I - M
(A.1.8)

and since M(I - Mk) = 0, (I - Mo)Mk = 1, k)(1, k, we have

Wt - Wi (0011, k)(1, kI) + 1(I - Mo) (I - Mk) )

t |t1 |f | (A. 1.9)

where we used A.1.3. Summing over k and t, we obtain

T-1 N

Wo - WT < [11(1, kI?)1 +
t=O k=1 k

T--1 N T--1 N 0 k
< v'T E (0011, k)(1, kIV)) +EE et+f

t=O k=1 t=O k=1 2

T-1

< VITN ( b I|(I - Mo) I 5)+N4E
t=O

T-1

< TN E +NE
t=o

< ETN + NE (A.1.1o)

where in the second line we used Cauchy-Schwarz and the AM-GM inequality. Combined
with W - WT > (1 - 2 6(1 - J))N (Eq. A.1.7), this immediately gives us

T > (1 - 2 3(1 -6) - ) 2 N (A.1.11)

We now proceed to prove the general result. This proof follows the presentation given
in A. Childs's online lecture notes [2491, which we found quite illuminating.
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Theorem 20. For all functions f with boolean input alphabet, and numbers e, 6 satisfying
0 < e < 6 < 1/10,

Bc,j(f) = Q(Qo.O1 (f)2/e). (A.1. 12)

Proof. We will show that Be,(f) is lower bounded by Q(Adv (f)2 /e), where Advt(f) is
the generalized (i.e. allowing negative weights) adversary bound [34J for f. We can then
derive our theorem from the result [37] that Q(f) = O(Adv:(f)).

We generalize the bound on the f = AND case to an adversary bound for BE,s on
arbitrary f. Define the projectors

N

HO = 10, i)(0, il
i=1

It is clear that

N

Ho + i = I. (A.1.14)
i= 1

Note that M' = CP,o is

MX = Ho + E r. (A.1.15)
i:xj=O

Define t!') as the state of the algorithm right before the (t + 1)-th query with input x;
then

+1) = Ut+1'MXI'i) (A.1.16)

for some unitary Ut+1. Now if we let

Ext = (@T 1 (I - M"X) I @f) (A. 1. 17)

then it follows that (4'[ !|'t) - (V41'| +1) = e, and thus

ei = (V'I4) -(O/ IO) e. (A.1. 18)
t=O

We proceed to define the progress function. Let S be the set of allowable input strings
x. Let F be an adversary matrix, i.e. an S x S matrix such that

1. Fxy = Fyx Vx, y E S; and

2. Fxy = 0 if f(x) = f (y).

Let a be the normalized eigenvector of r with eigenvalue II7I, where |1171 is the largest
(by absolute value) eigenvalue of F. Define the progress function

Wt = 5 Foga*ay(V4IO"). (A.1.19)
xT,YES
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For E < 6 < 1/10 we have that' (see [34] for a proof; their proof applies equally well to
unnormalized states)

(A.1.20)

We now proceed to upper bound |WO - WTj Et IWt - Wt_1. Note that

Wt - Wt1= rxY X Y ((@Io'y@) - (041|104))
x,yES

S yaay ((ekIV) - (Vb|IM I Obr))
x,yES

= 5 ya*ay ((@f(I - MX)MYIi/) + (Of4IM (I - MY)I'14'))

+ E rxya*ay('f I (I -MX)(I - My)I?")
x,yES

We bound the three terms separately. For the first two terms, use

(I - MxA)My =
ix= l,Yi==O

=(I - M) E Ii,
i:xi $y1

Define the S x S matrix Fi as

i= {xy
0

if xi =y

if xi = j
(A.1.23)

The first term of A.1.21 is

S S Fxya*ay (Vx(I - Mx)HiiiI ) =
x,yES i:xj4 yO

N

(Fi),y a*ay ( /4(I - Mx)i/4)
x,yES i=1
N

= 5tr(QFid$)
i=1

Qi = E ax Hi Of)(X I
xES

j = 5 axlHi(I - Mx) Ix) (l.
XES

(A.1.24)

(A.1.25)

(A. 1.26)

both Qi and QI depend on t, we suppress the t dependence in the notation.
the second term of A.1.21 is equal to EN tr(QiFrQ$). We can also rewrite the

'As described in 1341, the 26 term can be removed if the output is boolean (0 or 1).
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(A.1.21)

(A.1.22)

where

Although
Similarly,

IWo - WTI :; (1 - 2V/6-(- J) - 26)||Fr|



third term of A.1.21 as

S xya*av (Vx|(I - Afx)(I - AMy)|IV") = tr(Q'TQ't)
x,yES

where

Q' = E ax(I - Mx) JiI)(I.
xES

Therefore, adding absolute values,

N

IWt - Wti+1 15 tr(QiFiQ,1) -+ tr(QiriQt)) ] + tr(Q'FQ't)

To continue, we need the following lemma:

(A. 1.27)

(A. 1.28)

(A. 1.29)

Lemma 94. For any m, n > 0 and matrices X e C"', Y C Cxn f, Z e Cnxrn, we have

Itr(XYZ)l IIXIIFIIYI IIZIIF- Here | -|1 and 11 .||F denote the spectral norm and Frobenius
norm, respectively.

This lemma can be proved by using that |tr(XYZ)| _< IYII|ZXlt, and IIZX||t, <

IIXIIFIIZIIF, which follows from [250, Exercise IV.2.12 and Corollary IV.2.6]. A more acces-

sible proof is found online at [249].

Then by Lemma 94,

N N

itr(QiriQ) I |EIi||||QiIF F

N

IQ,1||
i=F

(A.1.30)

N

Slax| 2 2IH Ii/4) 112
i=1 xES

N

xE S i=1

, ax
xES

= 1 (A.1.31)
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i=1

N

2lax (
i=1 XES

N

-MX) HIi,lax2 (
XES

12 x 2( (I -Mx) IV)
xES

- axi I
xaES

we have, by Cauchy-Schwarz,

N

IIQiIIFIIQiIIF ax 2 tx

Therefore by A.1.30 and A.1.33,

S ax 6 max i
x i S

Similartly for tr(Q'FQ't), we have

FQ'N = S ax2 11(1 - M) ) 112

c S

= S I ax(I |(I - M )x)
xES

= eaxi ft
xes

and using Lemma 94,

tr(Q'rQ't) :5 IIQ'1ll|r||

= S ax|I2 lIFI
x E S

Thus continuing from A.1.29, we have that

IWt - W+1 2 X a6Stx max Fi|

Finally, if we sum the above over t we obtain

T-1

IWo - WTI 2 max ll 1 E 5 ax 6 +
iE=N] t=

+ 5axlj2 lFl|P
xES

T-1

ax 12j llr||
t=O xes
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and

(I - Mx)IOf)

(A.1.32)

(A.1.33)

(A.1.34)

(A.1.35)

(A.1.36)

(A.1.37)

(A.1.38)

(A. 1.39)

tr(Qiriyi )I



The first term can be bounded using Cauchy-Schwarz:

T-1 
-

Iax|2 I
t=O xES

T-1

T Z |ax|2EX
t=O XES

V '6T (A. 1.40)

where we used EZ <i E 6 and Ex lax 12 = 1. The second term can be summed easily:

X? S 2
6~j xli :Z 2El~Fl

t=O x ES x ES

= Eli iI.-

IWo - WTI 2v max K|ill + e|II7I.
iE[N]

(A.1.41)

(A.1.42)

Combined with our lower bound IWo - WTI > (1 - 2 6(1 - 6) - 26)IlFII, this immediately
gives

'IF"
2

Recalling that [34]

we obtain2

4e maxiE[N] Will"

Adv+(f) = max ll ,
r MaxiE[N] 1Iil

T > (1 2V6(1- 6) - 26 -,E)2.Adv (f)2 .
4c

We now use the tight characterization of the quantum query complexity by the general
weight adversary bound:

Theorem 95 ([37, Theorem 1.1]). Let f : D -+ E, where D C {0, 1}N. Then Qo.oi(f)

o (Adv w( ))n

Combined with our result above, we obtain

BE,(f) = Q0 ) 2 (A.1.46)

F1

2 For boolean output (0 or 1) the 25 term can be dropped, as we previously noted (Footnote 1).
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(A. 1.43)

(A.1.44)

(A.1.45)

(1 - 2V16(1 - 6) - 26 -,E)2



A.2 Proof of Theorem 24

We restate and prove Theorem 24:

Theorem 24. Let f : D -+ E, where D _ {0, 1}N. Suppose there is a classical randomized
query algorithm A, that makes at most T queries, and evaluates f with bounded error. Let
the query results of A on random seed SA be x,, xP2 ,... , xpt, T(x) < T, where x is the
hidden query string.

Suppose there is another (not necessarily time-efficient) randomized algorithm G, with
random seed sg, which takes as input xp, , -*. , , and sA, and outputs a guess for the next
query result x, of A. Assume that G makes no more than an expected total of G mistakes
(for all inputs x). In other words,

(x)

EsA~s 7S E I(xp,, -t-1 SA_, S9s) -xpt| I G Vx. (A. 2. 1)
t=1

Note that G is given the random seed SA of A, so it can predict the next query index of A.
Then BE(f) = O(TG/e), and thus (by Theorem 17) Q(f) = O(vfT).

Proof. For the purposes of this proof, we use the characterization of B by the modified bomb
construction given in Section 2.5.1. This proof is substantially similar to that of theorem
19.

The following circuit finds xi with zero probability of explosion if xi = a, and with an
O(1/L) probability of explosion if xi / a (in both cases the value of xi found by the circuit
is always correct):

|0)~ ~ -- -(0 - - - -(0 - - f |-10) R(O) R() xi)
i)I MX . IIi) AI -Ii)

Ia) Ia)
L _ ----------------- -

L times in total (A.2.2)

where 0 = 7r/(2L) for some large number L to be picked later, and

cos 0 - sin 0
R(0) = (A.2.3)

sin0 cos 0

The boxed part of the circuit is then simply [_A1x(R(O) ®J®J)]L, applied to the state 10, i, a).
We can analyze this circuit by breaking into cases:

" If xi = a, then MSxiI')li, a) = [i)Ii, a) for any state 1,0) in the control register. Thus
the M's act as identities, and the circuit simply applies the rotation R(O)L = R(7r/2)
to the control register, rotating it from 0 to 1. We thus obtain the state 1, i, a); the
final CNOT and X gates add a D 1 = xi D 1 to the first register, giving Ixi, i, a).

" If xi = a, then

MxIO, i, a) = 10, i, a), Mx1,i,a) =0 (for xj # a) (A.2.4)
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Therefore after each rotation R(O), the projection M projects the control qubit back
to 0:

Mx(R(O) 0 10 I)O, i, a) = Mx(cosOL0) + sinOll))li, a) = cos 0|0, i, a) (for xi 7 a)
(A.2.5)

In this case the effect of M1(R(O) 0 I I) is to shrink the amplitude by cos(O); L
applications results in the state cosL (0) 0, i, a). The final CNOT and X gates add
a E 1 = xi to the first register, giving jxi, i, a).

The probability of explosion is 0 if xi = a. If xi $ a, the probability of explosion is

1 - Cos (A.2.6)2L 4L

Pick

L =- . (A.2.7)
4EI

Then the probability of explosion is 0 if xi = a, and no more than e/G if xi # a. If the
bomb does not explode, then the circuit always finds the correct value of xi.

We now construct the bomb query algorithm based on A and 9. The bomb query
algorithm follows A, with each classical query replaced by the above construction. There
are no more than TL ~ r2 TG/(4E) bomb queries. At each classical query, we pick the guess
a to be the guess provided by 9. The bomb only has a chance of exploding if the guess is
incorrect; hence for all x, the total probability of explosion is no more than

EsAsg 3g(xp,, xpt_ 1 ,s, sg) - xpt I E (A.2.8)

Thus replacing the classical queries of A with our construction gives a bomb query algorithm
with probability of explosion no more than e; aside from the probability of explosion, this
bomb algorithm makes no extra error over the classical algorithm A. The number of queries
this algorithm uses is

B6,j+f) < --c T, (A.2.9)

where 6 is the error rate of the classical algorithm. Therefore by Lemma 21 and Lemma 18,

BE(f) = O(Be,s+c(f)) = O(B3, 6 E+(f)) = 0 (TG/E) (A.2.10)

A.3 Proof of Theorem 26

We restate and prove Theorem 26:

Theorem 26 (Finding the first marked element in a list). Suppose there is an ordered list of
N elements, and each element is either marked or unmarked. Then there is a bounded-error
quantum algorithm for finding the first marked element in the list, or determines that no
marked elements exist, such that:
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" If the first marked element is the d-th element of the list, then the algorithm uses an
expected O(Vdi) time and queries.

" If there are no marked elements, then the algorithm uses 0(-VN/) time and queries.

Proof. We give an algorithm that has the stated properties. We first recall a quantum
algorithm for finding the minimum in a list of items:

Theorem 96 ([631). Given a function g on a domain of N elements, there is a quantum
algorithm that finds the minimum of g with expected 0(vK) time and evaluations of g,
making 5 < 1/10 error.

We now give our algorithm for finding the first marked element in a list. For simplicity,
assume that N is a power of 2 (i.e. log2 N is an integer).

Algorithm 97.

1. For = 20, 21,22,... ,21092 N = N:

* Find the first marked element within the first f elements, or determine no marked
element exists. This can be done by defining

g oo if i is unmarked
9(i) = . . (A.-3.1)

i if i is marked,

and using Theorem 96 to find the minimum of g. This takes O(V/7) = 0(vd)
queries and makes S < 1/10 error for each f. If a marked element i* is found, the
algorithm outputs i* and stops.

2. If no marked element was found in Step 1, the algorithm decides that no marked
element exists.

We now claim that Algorithm 97 has the desired properties. Let us break into cases:

* If no marked items exist, then no marked item can possibly be found in Step 1, so the
algorithm correctly determines that no marked items exist in Step 2. The number of
queries used is

log 2 N

E 2= 0 (V1K) (A.3.2)
i=O

as desired.

" Suppose the first marked item is the d-th item in the list. Then in Step 1(a), if f > d,
there is at least a 1 - 6 probability that the algorithm will detect that a marked item
exists in the first f elements and stop the loop. Letting a = Flog 2 d], the total expected
number of queries is thus

a- log2 N 2a/2 - 1
> iV + X 6i-'c + Q(jd) < 2( - /2+ xV/) (A.3.3)

i=O i=a vT - 1 1 - v(

= O(VF) + 0(vd) (A.3.4)

= O(Vd). (A.3.5)
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The probability of not finding the marked item at the first > d is at most 6 , and
thus the total error of the algorithm is bounded by 6.
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Appendix B

Supplementary material for Chapter
3

B.1 Supplementary material for Section 3.9

Proof of Lemma 49

First we prove (a). Note that it follows from the assumptions that a(g + h) = A(g + h) =

Ag + Ah (mod H), 3(x + y) = B(x + y) = Bx + By (mod J), for every g, h E G, x, y E H.
Hence, 3 o a(g + h) = /(Ag + Ah + zeroH ) = BAg + BAh + zeroj (mod J), where zerox
denotes some string congruent to the neutral element 0 of the group X. As in the last
equation zeroj vanishes modulo J, BA is a matrix representation of 3 o a.

We prove (b). From the definitions of character, bullet group and bullet map it follows
that

X,(a(g))= exp 2ni p'(i)A(i,j)g(j) = cxp (2i(ATy*) -g) for every g E G. (B.1.1)

Let f be the function f(g) := exp (2ni(A T j') - g). Then it follows from (B.1.1) that f
is continuous and that f(g + h) = f(g)f(h), since the function X" o a has these properties.
As a result, f is a continuous character f = Xv, where v E G* satisfies v* = TGV = A p'

(mod G*). Moreover, since f = X, o a = X,.(,) it follows that a*(p) = v (mod G*) and,
consequently,

a*(p) = TG1 (A TyI) (mod G*) = TGlA TTH u (mod G*). (B.1.2)

Finally, since X,(a(g)) = x.(a(g)) for any x E R' congruent to y', we get that a*(-) =

TGlATTHx (mod G*) for any such x, which proves the second part of the lemma. 0
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Proof of Lemma 50

We will show that each of the homomorphisms axy as considered in Lemma 47 has a matrix
representation, say Axy. Then it will follow from (3.9.3) in Lemma 47 that

Azz 0 0 0

A._ ARz ARJ 0 0 (B.1.3)
AFZ 0 AFF 0

ATz ATR ATF ATT-

as in (3.9.10), is a matrix representation of a.
First, note that if the group Y is finitely generated, then the tuples ei form a generating

set of Y. It is then easy to find a matrix representation Axy of axy: just choose the
jth column of Axy to be the element a(ej) of X. Expanding g = Eig(i)ei (where the
coefficients g(i) are integral), it easily follows that Axy satisfies the requirements for being
a proper matrix representation as given in definition 48. Thus, all homomorphisms axy
with Y of the types Za or F have matrix representations; by duality and Lemma 49(b), all
homomorphisms axy with X of type T' or F have matrix representations too.

The only non-trivial axy left to consider is am. Recall that the latter is a continuous
map from R' to R' satisfying am (x + y) = amR(X) + am (y) for all x, y E R. We claim
that every such map must be linear, i.e. in addition we have

ama(rx) = ramg(x) (B.1.4)

for all r E R. To see this, first note that daRR(kx/d) = kapR(x), where k/d is any fraction
(k, d are integers). Thus (B.1.4) holds for all rational numbers r = k/d. Using that am is
continuous and that the rationals are dense in the reals then implies that (B.1.4) holds for
all r E R. This shows that amj is a linear map; the existence of a matrix representation
readily follows.

Proof of Theorem 51

It suffices to show (a), that any matrix representation A of a must be an element of Rep
and fulfill the consistency conditions (3.9.9); (b), that these consistency conditions imply
that A is of the form (3.9.10) and fulfills propositions 1-4; and (c), that every such matrix
defines a group homomorphism.

We will first prove (a). Let Hi is of the form Z or Zdi. Then, for every j = 1, ... , m, the
definition of matrix representation 48 requires that (Aej)(i) = A(i, j) (mod Hi) must be an
element of Hi. This shows that the ith row of A must be integral and, thus, A belongs to
Rep. Moreover, since x := cjej = 0 (mod G) and y := diei = 0 (mod H*), (due to the
definition of characteristic) it follows that Ax = 0 (mod H) and Ay = 0 (mod G*), leading
to the consistency conditions (3.9.9).

Next, we will now prove (b).

First, the block form (3.9.10) almost follows from (3.9.3) in Lemma 47: we only have
to show, in addition, that the zero matrix is the only valid matrix representation for any
trivial group homomorphism axy = 0 in (3.9.3). It is, however, easy to check case-by-case
that, if Axy is a matrix representation of axy with Axy 5 0, then axy cannot be trivial.

146



Secondly, we prove Propositions 1-4. In Proposition 1, Azz must have integer entries
since Azze (i) c Z (where, with abuse of notation, i, j index the rows and columns of Azz).
By duality the same holds for Ari (it can be shown using Lemma 49(b)). In Proposition 2
the consistency conditions (including dual ones) are vacuously fulfilled and tell us nothing
about ARZ, ARR. In Proposition 3, both matrices have to be integral to fulfill that Axy(ei)

(mod Y) is an element of X, which is of type Z or F; moreover, for Y = F, the consistency
conditions directly impose that the coefficients must be of the form (3.9.11). (The derivation
is similar to that of lemma 11 in [2]. Lastly, in Proposition 4, all consistency conditions
associated to ATZ and ATR are, again, vacuous and tell us nothing about the matrix; however,
the first consistency condition tells us that ATF must be fractional with coefficients of the
form ai,j/cj.

Finally we will show (c). First, it is manifest that if A fulfills 1-4 then A E Rep. Second,
to show that A is a matrix representation of a group homomorphism it is enough to prove
that every Axy fulfilling 1-4 is the matrix representation of a group homomorphism from Y
to X. This can be checked straightforwardly for the cases Azz, ARz, AR, AFZ, ATZ, ATR

applying properties 1-4 of A and using that, in all cases, there are no non-zero real vectors
congruent to the zero element of Y. Obviously, for the cases where Axy must be zero the
proof is trivial. It remains to consider the cases AFF, ATF, AT. In all of this cases, it holds
due to properties 1,3,4 that the first consistency condition in (3.9.9) is fulfilled. Then, for
the case AFF, Lemma 2 in [2] can be applied to show that AFF is a group homomorphism;
moreover, for any g E F and x congruent to g, the first consistency condition implies that
Ax = Ag (mod G), which is what we wanted to show. For the cases ATF, ATT, Lemma 2
in [2] can still be generalized (the proof given in [2] for the second statement of Lemma 2
can be directly adapted) and the same argument applies. 0

B.2 Supplementary material for Section 3.10

Proof of Lemma 52

The lemma is a particular case of proposition 1.1 in 1251]. We reproduce a shortened proof
of the result in [251] (modified to suit our notation) here.

If f is an continuous homomorphism from G into G* then B(g, h) = X6() (h) is contin-
uous, since composition preserves continuity. Also, it follows using the linearity of this map
and of the character functions that B(g, h) is bilinear, and hence a bicharacter. Conversely,
consider an arbitrary bicharacter B. The condition that B is a character on the second
argument says that for every g the function fg : h -* B(g, h) is a character. Consequently
fg(h) = B(g, h) = X1,,(h) for all h E G and some pg c G* that is determined by g. We
denote by # be the map which sends g to pg. Using that g -* B(g, h) is also a character
it follows that X0( 9+9')(h) = Xf(g)(h)X0(g')(h) for all h E G, so that # : G -* G* is a group
homomorphism. It remains to show that 3 is continuous; for this we refer to the proof in
[251], where the author analyzes how neighborhoods are transformed under this map.

Proof of Lemma 53

We obtain (a) by combining (3.9.7) with the normal form (3.10.3): the matrix M is of the
form TX where X is a matrix representation of 3; (b) follows from this construction. (c)
follows from the normal form in Lemma 52, property (a) and Lemma 45.
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To prove (d) we bring together (a) and the relationship B(h, g) = B(g, h), and derive

gT'Mh = g TMI'h mod Z, for every g, h E G. (B.2.1)

Write G = G1 x - x Gm with Gi of primitive type. If Gi is either finite or equal to
Z or R then the canonical basis vector ej belongs to G. If Gi = T then tei C G for all
t E [0, 1). If neither Gi nor Gj is equal to T, taking g = ej, h = ej in equation (B.2.1) yields
M(i, j) = M(j, i) mod Z. If Gi and G are equal to T, setting g = tei and h = sej yields
stM(i, j) = stM(j, i) mod Z for all s, t C [0, 1), which implies that

st(M(i, j) - M(j,i)) E Z (B.2.2)

for all s, t C [0, 1). This can only happen if M(i, j) = M(j, i). The other cases are treated
similarly. In conclusion, we find that M is symmetric modulo Z. This proves (d).

Lastly, we prove (e). Note that we have just shown that M(i, j) = M(j, i) if Gi = Gj =

T; the same argument can be repeated (with minor modifications) to show M(i, j) = M(j, i)
if either one of Gi or G is of the form R or T. Hence, M(i, j) = M(j, i) can only happen
if Gi, Gj are of the form Z or Zd. In this case, we denote by Aij the number such that
M(j, i) = M(i,j)+Ajj. (d) tells us that Aij is an integer. Moreover, by choosing g = g(i)ej,
h = h(j)ej in (B.2.1) it follows that

M(j,i)g(i)h(j) = M(i,j)g(i)h(j) + Ai,jg(i)h(j) mod Z, (B.2.3)

As g(i) and h(j) are integers the factor Aijg(i)h(j) gets cancelled modulo Z and produces
no effect. Finally, we define a new symmetric matrix M' as M'(i, j) = M(i, j) if i > j, and
M'(i, j) = M(j, i) if i < j. It follows from our discussion that g TM'h = g TMh mod Z for
every g, h E G, so that M' manifestly fulfills (a).

It remains to show that M' fulfills (b)-(c). Keep in mind that h -* Mh (mod G*)
defines a group homomorphism into G*. From our last equations, it follows that either
M(i, j)h(j) = M'(i, j)h(j) or M(i, j))h(j) = M'(i, j)h(j) mod Z if both Gi and Gj are
discrete groups. From the definition of bullet group (3.8.16), it is now easy to derive that
Mh = M'h (mod G*) for every h, and to extend this equation to all tuples x congruent
to h (this reduces to analyzing all possible combinations of primitive factors). As a result,
M' is a matrix representation that defines the same map as M, which implies (b). The fact
that M' satisfies (c) follows using the same argument we used for M.

Proof of Lemma 54

We prove that the function f(g) := ()/ 2(g) is a character, implying that there exists
p E G* such that x, = f:

f(g + h) := 'j g) (h) B(g, h) = f(g)f(h). (B.2.4)
(2() 62(h) B (g, h)

Proof of Lemma 55

Define the function q : G -+ R as

q(g) := gTMg + CT g. (B.2.5)

148



We prove that q(g) is a quadratic form modulo 2Z with associated bilinear form bq(g, h)
2gTMh; or, in other words, that the following equality holds for every g, h E G:

q(g + h) = q(g) + q(h) + 2g T'Mh (mod 2Z). (B.2.6)

Assuming that (B.2.6) is correct, it follows readily that the function Q(g) exp (Riq(g)) is
quadratic and also a B-representation, which is what we wanted:

Q(g + h) = Q(g)Q(h) exp (2ni gT'Mh) (B.2.7)

We prove (B.2.6) by direct evaluation of the statement. First we define qM(g) := gTMg and
qc(g) := CTg, so that q(g) = qM(g) + qc(g). We will also (temporarily, i.e. only within
the scope of this proof) use the notation g G h to denote the group operation in G and
reserve g + h for the case when we sum over the reals. Also, denoting G = G1 x ... Gm

with Gi primitive, we define c := (cl,... , cm) to be a tuple containing all the characteristics
c := char(Gi). With these conventions we have g G h = g + h + A o c, where A is a vector of
integers and o denotes the entrywise product: A o c = (Acl,... , Amcm). Note that A o c is
the most general form of any string of real numbers that is congruent to 0 E G (the neutral
element of the group). We then have (using that M = MT):

qm(g ( h) = qM(g) + qM(h) + 2 gTIMh

+ 2g TM(A o c) + 2hT M(A o c) + (A o c) T M(A o c), (B.2.8)

qc(g G h) = qc(g) + qc(h) + M(i, i)A(i)cl. (B.2.9)

Consider an x E R' for which there exists g c G such that x = g mod G. Then XTM(A o c)
with x E G must be an integer. Indeed, we have

1 = B(g, 0) = exp (2tix T M(A o c)), (B.2.10)

where in the second identity we used Lemma 53 together with the property A o c = 0 mod
G. This shows that XTM(A o c) is an integer. It follows that the fourth and fifth terms on
the right hand side of eq. (B.2.8) must be equal to an even integer and thus cancel modulo
2Z. Combining results we end up with the expression

q(g D h) = q(g) + q(h) + 2g T Mh + A (mod 2Z), (B.2.11)

where
A := (A c)T M(A o c) + M(i, i)A(i)i. (B.2.12)

We finish our proof by showing that A is an even integer too, which proves (B.2.6).

First, we note that, due to the symmetry of M, we can expand (A o c) TM(A o c) as

(Aoc)T M(Aoc) = 2M(i,j)A(i)A(j)cicj +Z M(i,i)A(i)2ci. (B.2.13)
i,j: i<j

Revisiting (B.2.10) and choosing x = ej and A = ej for all different values of i, j, we obtain
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the following consistency equation for M

cjAM(i,j) = ciM(i,j) = 0 (mod Z) (B.2.14)

It follows that all terms of the form 2M(i,j)A(i)A(j)cjcj are even integers. We can thus
remove these terms from (B.2.13) by taking modulo 2Z, yielding

A = M(i, i)A(i) 2ci + E M(i, i)A(i)c2 (mod 2Z) (B.2.15)

= M(i,i)cA(i)(A(i) + 1) = 0 (mod 2Z), (B.2.16)
i

where in the last equality we used the fact that A(i)(A(i) + 1) is necessarily even.

Proof of Lemma 58

The fact that 6M,, o a is quadratic follows immediately from the fact that M,V is quadratic
and that a is a homomorphism. Composed continuous functions lead to continuous func-
tions. As a result, Theorem 57 applies and we know oM',v' = a for some choice of M',
V.

Let BM(g, h) = exp (27tig TMh) be the bicharacter associated with 6M,v. One can show by
direct evaluation (and using Lemma 49(a) and lemma 53) that BM, with M' := A TMA is the
bicharacter associated to Mv o a. Let QM,(g) := exp(Ti (gTM'g + C[',g)), be the quadratic
function in Lemma 54. By construction, both 6M,v o a and QM' are BM'-representations
of the bicharacter BM'. As a result, Lemma 54 tells us that the function f(g) := M,v 0
a(g)/QM,(g) is a character of G, so that there exists v' c G* such that X,,(g) = f(g). We
can compute v' by direct evaluation of this expression:

X,(g) = exp (Ti (A TCM - CATMA) g) exp (2Ti (A v) -g). (B.2.17)

It can be checked that the function exp (2Ti (A TV) g) is a character, using that it is the
composition of a character exp(27wv Tg) (Theorem 57) and a continuous group homomorphism
a. Since xv, is also a character, the function exp (-ni (A TCM - CATMA) g) is a character too

(as characters are a group under multiplication), and it follows that VA,M = (A TCM -
CATMA)/ 2 is congruent to some element of G* 1; we obtain that v' = A TV + VA,M is
an element of G'. Finally, we obtain that M,,v, is a normal form of 6M,, o a, using the
relationship M,, c a(g) = QM,(g)f(g) = QM,(g)xV (g) = 6M',V,().

This statement can also be proven (more laboriously) by explicit evaluation, using arguments similar to
those in the proof of Lemma 55.
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Appendix C

Proofs of results in Chapter 4

C.1 Existence of general solutions of systems given by (4.5.1)

In this section we show that general-solutions of systems of linear equations over elementary
Abelian groups always exist (given that the systems admit at least one solution).

We start by recalling an important property of elementary Abelian groups.

Lemma 98 (See theorem 21.19 in [981 or section 7.3.3 in [86]). The class of elementary
Abelian groups1 is closed with respect to forming closed subgroups, quotients by these, and
finite products.2

In our setting, the kernel of a continuous group homomorphism A : G -+ H as in (4.5.1)
is always closed: this follows from the fact that the singleton {0} C H is closed (because
elementary Abelian groups are Hausdorff [98]), which implies that ker A - A-1({}) is
closed (due to continuity of A). Hence, it follows from Lemma 98 that ker A is topologically
isomorphic to some elementary Abelian group H' := Ra x Tb x ZC x ZN X ... X ZNc;
consequently, there exists a continuous group isomorphism o from H' to H.

Next, we write the group H' as a quotient group X/K of the group X := Ra+b X zc+d
by the subgroup K generated by the elements of the form char(Xi)ei. The quotient group
X/K is the image of the quotient map q : X -> X/K and the latter is a continuous group
homomorphism [98]. By composing p and q we obtain a continuous group homomorphism
E := W o q from X onto H. The map E together with any particular solution xO of (4.5.1)
constitutes a general solution of (4.5.1), proving the statement.

C.2 Proof of Theorem 66

In this section we show that systems of linear equations over groups (4.5.1) can be reduced
to systems of mixed real-integer linear equations (4.5.5).

Start with two elementary groups of general form G, H. First, notice that we can write
G and H as G = G, x - x Gm, H = H1 x . x H,, where each factor G, Hj is of the form
Gi = Xj/cjZ, Hj = Yj/djZ with Xj, Yj E {Z, R}; the numbers ci, dj are the characteristics
of the primitive factors. We assume w.l.o.g. that the primitive factors of G, H are ordered

'Beware that in [981 the class of elementary groups is referred as "the category CGAL", which stands for
Compactly Generated Abelian Lie groups.

2 In fact, as mentioned in 1981, corollary 21.20 elementary LCA groups constitute the smallest subclass of
LCA containing R and fulfilling all these properties.
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such that both groups are of the form Z' x F x Tb: in other words, the finitely generated
factors come first.

We now define a new group X : X x ... x Xm (recall that with the ordering adopted X
is of the form Z, X Rb) which will play the role of an enlarged solution space, in the following
sense. Let V be the subgroup of X generated by the elements cel, ... , cmem. Observe that
the group G-the solution space in system (4.5.1)-is precisely the quotient group X/V,
and thus can be embedded inside the larger group X via the quotient group homomorphism
q: X - G = X/V:

q(x) := (x(1) mod ci,.. ., x(m) mod cm) = x (mod G); (C.2.1)

remember also that ker q = V. Now let a : X -+ H be the group homomorphism defined
as a := A o q. Then it follows from the definition that a(x) = Ax (mod H), and A is
a matrix representation of a. (This is also a consequence of the composition property of
matrix representations (Lemma 49.(a), since the m x m identity matrix Im is a matrix
representation of q.) We now consider the relaxed 3 system of equations

a(x) = b (mod H), where x E X = Za x Rb. (C.2.2)

Note that the problem of solving (4.5.1) reduces to solving (C.2.2), which looks closer to a
system of mixed real-integer linear equations. Indeed, let XS01 denote the set of all solutions
of system (C.2.2); then4

Gso, = q(Xsoi) ==> Gsoi = q(xo) + q(ker a) = x0 + ker a (mod G), (C.2.3)

Hence, our original system (4.5.1) admits solutions iff (C.2.2) also does, and the former can
be obtained from the latter via the homomorphism q. We further show next that (C.2.2)
is equivalent to a system of form (4.5.5). First, note that the matrix A has a block form

A = (Az AR) where Az, AR act, respectively, in integer and real variables. Since the

constraint (mod H) is equivalent to the modular constraints mod d1 ,..., mod d", it follows

that x = (xz XR) E Xso1 if and only if

Azxz + ARXR + Dy = c, where D = diag(d1 , ... , d,,), y E Z'. (C.2.4)

Clearly, if we rename A' := (Az D), x' := (xz y), B = AR and y' := xR, system (C.2.4)

is a system of mixed-integer linear equations as in (4.5.5). Also, system (4.5.5) can be seen
as a system of linear equations over Abelian groups: note that in the last step the solution
space X is increased by introducing new extra integer variables y E Z'. If we let G denote
the group X x Z" that describes this new space of solutions, then (C.2.4) can be rewritten
as

Ag := (A D) g = c, where g E G (C.2.5)

and c represents an element of Y.
Mind that (C.2.4) (or equivalently (C.2.5)) admits solutions if and only if both of (C.2.2)

and (4.5.1) admit solutions. Indeed, the solutions of (C.2.4) and (C.2.2) are-again-related

3 Notice that the new system is less constrained, as we look for solutions in a larger space than beforehand.
4
1t is easy to prove G..1 = q(X80 i) by showing G.0 i D q(X 0 i) and the reversed containment for the

preimage q-1 (Goi) C Xs0 I; then surjectivity of q implies Gsi = q(q-'(G,0 i)) C q(X. 0 i).
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via a surjective group homomorphism r : X x Zj -+ X : (x, y) -+ x. It follows from the
derivation of (C.2.4) that 7r(Gs0 1 ) = XsOi and, consequently, q o (Gsol) = Gso1 ; these rela-

tionships show that either all systems admit solutions or none of them do.

Finally, we use existing algorithms to find a general solution (go, P) of system (C.2.5)

and show how to use this information to compute a general solution of our original problem

(4.5.1).

First, we recall that algorithms presented in [1121 can be used to: (a) check whether a

system of the form (4.5.5,C.2.5) admits a solution5 ; (b) find a particular solution go (if there

is any) and a matrix P that defines a group endomorphism of G = X x Zn whose image

im P is precisely the kernel6 of A = (A D) (for details see theorem 1 in [112]).

Assume now that (C.2.4) admits solutions and that we have already found a general

solution (go = (xo, yo), P). We show next how a general solution (xo, P) of (4.5.1) can be

computed by making use of the map q o 7r. We also discuss the overall worst-time running

time we need to compute (xo, P), as a function of the sizes of the matrix A and the tuple b

given as an input in our original problem (4.5.1) (the bit-size or simply size of an array of

real numbers-tuple, vector or matrix-is defined as the minimum number of bits needed

to store it with infinite precision), size(G) and size(H):

" First, note that (go = (xo, yo), P) can be computed in polynomial-time in size(A),
size(b), size(G) and size(H), since there is only a polynomial number of additional

variables and constrains in (C.2.4) and the worst-time scaling of the algorithms in

[1121 is also polynomial in the mentioned variables. (We discussed the complexity of

these methods in Section 4.5.)

* Second, a particular solution xo of (4.5.1) can be easily computed just by taking

xo := q o 7((xo, yo)) = r(xo) (mod G): this computation is clearly efficient in size(xo)

and size(G).

* Third, note that the composed map P := q o ir o P defines a group homomorphism

P : G -+ G whose image is precisely the subgroup ker A; a matrix representation of P

(that we denote with the same symbol) can be efficiently computed, since

if P ) then P := (Pyx Pxz) (C.2.6)
Pzx PZZ

is a matrix representation of q o w o P that we can take without further effort.

The combination of all steps above yields a deterministic polynomial-time algorithm to com-

pute a general solution (xo, P; G) of system (4.5.1), with worst-time scaling as a polynomial

in the variables m, n, log IAIIb, log IIbIIb, logc , log dj. This proves Theorem 66.

5 Mind that this step is actually not essential for our purposes, since in the applications we are interested

on all such systems admits solutions by promise.
6 In fact, the matrix P is also idempotent and defines a projection map on G and ker A is the image of a

projection map: subgroups satisfying this property are called retracts. Though the authors never mention

the fact that P is a projection, this follows immediately from their equations (10a,10b).
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C.3 Efficiency of Bowman-Burdet's algorithm

In this appendix we briefly discuss the time performance of Bowman-Burdet's algorithm [112]
and argue that, using current algorithms to compute certain matrix normal forms (namely,
Smith normal forms) as subroutines), their algorithm can be implemented in worst-time
polynomial time.

An instance of the problem Ax + By = C, of the form (4.5.5), is specified by the rational
matrices A, B and the rational vector C. Let A, B, C have c x a, c x b and c entries.
Bowman-Burdet's algorithm (explained in [112, Section 3]) involves different types of steps,
of which the most time consuming are (see [112, Equations 8-10]):

1. The calculation of a constant number of certain types of generalized inverses introduced
by Hurt and Waid [1481;

2. A constant number of matrix multiplications.

A Hurt-Waid generalized inverse M# of a rational matrix M can be computed with an
algorithm given in [148], equations 2.3-2.4. The worst-running time of this procedure is
dominated by the computation of a Smith Normal form S = UMV of M with pre- and
post- multipliers U, V. This subroutine becomes the bottleneck of the entire algorithm, since
existing algorithms for this problem are slightly slower than those for multiplying matrices
(cf. [154] for a slightly outdated review). Furthermore, S, U and V can be computed in
polynomial time (we refer the reader to [154] again).

The analysis above shows that Bowman-Burdet's algorithm runs in worst-time polyno-
mial in the variables log IlA lb, log liB|lb, log 1iC10b, a, b, c, which is enough for our purposes.

C.4 Proof of Lemma 67

As a preliminary, recall that group homomorphism form an Abelian group with the point-
wise addition operation. Clearly, matrix representations inherit this group operation and
form a group too. This follows from the following formula,

(a + 0)(g) = ce(g) + 0(g) = Ag + Bg = (A + B)g (mod G), (C.4.1)

which also states that the sum (A + B) of the matrix representations A, B of two homomor-
phisms a, # is a matrix representation of the homomorphism a + 3. The group structure
of the matrices is, in turn, inherited by their columns, a fact that will be exploited in the
rest of the proof; we will denote by Xj the'Abelian group formed by the jth columns of all
matrix representations with addition rule inherited from the matrix addition operation.

A consequence of Theorem 51 is that the group Xj is always an elementary Abelian
group, namely

G= Z Rightarrow Xi= G = Z' bXZN1 X' N c X d.

G= R Rightarrow X= {o}a x R x {O}' x Rd;

G = ZNj Rightarrow Xj= {O} x {0 }b x (r71,jZ x . X - x Z) x

G = T Rightarrow X = {}Mz X {O}' X {0} m f X Z""; (C.4.2)

where qi,j := Ni/ gcd (Ni, Nj).
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We will now prove the statement of the lemma.
First, we reduce the problem of computing a valid matrix representation X of a- to

that of solving the equation a o # = id (a) is now the given automorphism) where # stands
for any continuous group homomorphism 3 : G -+ G. It is easy to show that this equation
admits 3 = a- 1 as unique solution, since

a o,3 = id -= 0 = (a 1 o a) o = a1 o (a o3) = a- 1. (C.4.3)

Hence, our task will be to find a matrix X such that g -+ Xg (mod G) is a continuous group
homomorphism and such that AX is a matrix representation of the identity automorphism.
The latter condition reads AXg = g (mod G) for every g E G and is equivalent to

AX (Zg(j)e) = g(j)Axj = g(j)ej (mod G), for every g C G, (C.4.4)

where xj denotes the jth column of X. Since (C.4.4) holds, in particular, when all but one
number g(j) are zero, it can be re-expressed as an equivalent system of equations:

g(j)Axj = g(j)ej (mod G), for any g(j) E G, for j = 1,..., m. (C.4.5)

Finally, we will reduce each individual equation in (C.4.5) to a linear system of equations
of the form (4.5.1). This will let us apply the algorithm in Theorem 66 to compute every
individual column xj of X.

We begin by finding some simpler equivalent form for (C.4.5) for the different types of
primitive factors:

(a) If G =Z or Gj = ZNj the coefficient g(j) is integral and can take the value 1. Hence,
equation (C.4.5) holds iff Axj = ej (mod G).

(b) If G = R or Gj = T we show that (C.4.5) is equivalent to Axj = ej (mod Xj).
Clearly, (C.4.5) implies g(j)Axj = g(j)ej + zero where zero = 0 (mod G) and where
we fix a value of g(j) E Gj. Since Gj is divisible, g(j)' = g(j)/d is also an element of

G for any positive integer d. For this value we get (Axj = j ej + zero'. These
two equations combined show that zero = d zero' must hold for every positive integer
d E Z. Since both zero and zero' are integral, it follows that the entries of zero are
divisible by all positive integers; this can only happen if zero = 0 and, consequently,
(C.4.5) is equivalent to Axj = ej. Since both Axj and ej are jth columns of matrix
representations, the latter equation can be written as Axj = ej (mod Xj) with Xj as
in (C.4.2).

Finally, we argue that the final systems (a) Axj = ej (mod G) and (b) Axj = ej (mod Xj)
are linear systems of the form (4.5.1). First notice that for any two homomorphisms 3, /'
with matrix representations X, Y, it follows from (C.4.1) and Lemma 49.(a) that A(X+Y) =

AX + AY is a matrix representation of the homomorphism a o (0 + 3') = a o 3 + a o /'.
Consequently,

A(X + Y)g = (AX + AY)g (mod G), for every g c G. (C.4.6)

The argument we used to reduce AXg = g (mod G) to the cases (a) and (b) can be applied
again to find a simpler form for (C.4.6). Applying the same procedure step-by-step (the
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derivation is omitted), we obtain that, if G = Z or GJ = ZN, then (C.4.6) is equivalent to
A(xj + y) = Ax. + Ay. (mod G); if Gj = R and Gj = T, we get A(xj + yj) = Axj + Ayj

(mod Xj) instead. It follows that the map xj -* Axj is a group homomorphism from Xj to
G in case (a) and from Xj to Xj in case (b). This shows that systems (a) and (b) are of the
form (4.5.1).
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Appendix D

Supplementary material for Chapter
5

D.1 Proof of Theorem 80

To prove the result we can assume that we know a group isomorphism p : Z' G that
decomposes the black-box group as a product of cyclic factors G = ZN1 x ... x ZN. Let

U l, : B -+ RG be the unitary that implements the isomorphism U.1b) = YW(b)) for any

b E Z). It is easy to check that C is a normalizer circuit over ZM x G if and only if
(I 0 Uw)C(I 0 U,)f is a normalizer circuit over ZM x Zx: automorphism (resp. quadratic
phase) gates get mapped to automorphism (resp. quadratic phase) gates and vice-versa;
isomorphic groups have isomorphic character groups [971, and therefore Fourier transforms
get mapped to Fourier transforms.

As a result, it is enough to prove the result in the basis labeled by elements of Zx x G.
The advantage now is that we can use results from [1, 2]. In fact, the rest of the proof will
be similar to the proof of theorem 2 in [1].

We define a := p(a). The action of Ume in the G-basis reads Umelm, g) = im, ma + g),
in additive notation. Define a fuction F(m, g) = (in, ma + g). We now assume that M
is not divisible by lal and that there exists a normalizer circuit C such that 11C - Umel| <
6 with 6 = 1 - 1//2 and try to arrive to a contradiction. This property implies that

IICIm, g) - Ume lm, g)|1 < 6 for any standard basis state, and consequently

|(F(m, g)ICIm, g)I > 1 - = 1 (D.1.1)

It was shown in [11 that Clm, g) is a uniform superposition over some subset x+H of G, being
H a subgroup. If H has more than two elements, then CIm, g) is a uniform superposition
over more than two computational basis states. It follows that (n, hlClm, g) 5 1 for any

basis state in, h) in contradiction with D.1.1, so that we can assume H = {0} and that
Cjm, g) is a standard basis state. Then (D.1.1) implies that IF(m, g)) and Clm, g) must
coincide for every (m, g) E ZM x G, so that C must perfectly realize the transformation

I (n, g)) -÷ IF(m, g)); however, the only classical functions that can be implemented by
normalizer circuits of this form are affine maps [1], meaning that F(m, g) = f(m, g) + b for
some group automorphism f : ZM x G -+ ZM x G and some b E ZM x G.

Finally, we arrive to a contradiction showing that F(m, g) is not affine unless M is a
multiple of |ai. First, by evaluating F(m, g) = f(m, g)+ b = (m, ma +g) at (0, 0),(1, 0) and
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elements of the form (0, g), we can compute b and a matrix representation A of the automor-

phism f [1]: we obtain b = 0, so that F(m, y) must be an automorphism, and A = ( o)

However, for the matrix A to be a matrix representation of a group automorphism, the first
column a1 needs to fulfill the equation: Mal (mod ZM x G) [2, lemma 21. Expanding this
equation, we finally get that Ma = 0 (mod G), which means that M needs to be a multiple
of the order of a.

D.2 Proof of Theorem 87

In this section we will prove Theorem 87, which we restate here for convenience:

Theorem 87 (Simulation of black-box normalizer circuits). Black-box normalizer
circuits can be efficiently simulated classically using the stabilizer formalism over Abelian
groups if a subroutine for solving the group-decomposition problem is provided as an oracle.

The proof uses results of Section 5.2.5; the reader may wish to review that section before
proceeding with this proof.

Given a black-box normalizer circuit acting on a black-box group G = Za X T' x ZN1 X
- x ZNc x B, there are two things we need to do to de-blackbox it, so that the circuit can
be classically simulated:

1. Decompose the black-box portion of G, B, into cyclic subgroups: B = ZN+x ... x

ZNC+d -

2. Calculate normal forms (Sections 3.9, 3.10) for each of the normalizer gates in the
computation.

Assuming we have access to an oracle for Group Decomposition, Task 1 can already be
done. In this proof we will concentrate on tackling task 2, for group automorphisms and
quadratic phase gates (a quantum Fourier transform is easily specified by the subgroup it
acts on).

D.2.1 Group automorphisms

Suppose we have an abelian group G = Zo x ZN, x . x ZNe x Tb; recall that we can represent
each element g E G as an a + b + c-tuple of real numbers g = (g,. -, gm), where each of the
gj's are only defined modulo the characteristic char(Gi) of the group Gi, multiplied by some
integer. (We have char(Z) = 0, char(T) = 1, and char(ZN) = N.) Let us first remember
the normal form for group automorphisms:

Theorem 51 (Normal form of a matrix representation). Let G = G, x ... x Gm be
an elementary Abelian group. A real n x m matrix A is a valid matrix representation of
some group automorphism a : G -+ G iff A is of the form

Azz 0 0

A:= AFz AFF 0 (D.2.1)

ATz ATF ATT
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with the following restrictions:

1. Azz and ATT are arbitrary integer matrices.

2. AFZ, AFF are integer matrices: the first can be arbitrary, while the coefficients of the
second must be of the form

A(i, j) = asj g N (D.2.2)
gcd (Ni, Nj)

where aij can be arbitrary integers, and Ni is the order of the i-th cyclic subgroup of
F, ZN . The coefficients of the i-th rows of these matrices can be chosen w.l.o.g. to
lie in the range [0, Nj) (by taking remainders).

3. ATZ and ATF are real matrices: the former is arbitrary, while the coefficients of the
latter are of the form A(ij) = a,j/N1 , where ajj can be arbitrary integers, and Ni
is the order of the i-th cyclic subgroup of F, ZNj. (Due to the periodicity of the torus,
the coefficients of ATZ, ATF can be chosen to lie in the range [0, 1).)

Recall the underlying group is G = Z' X T/ X ZN X -. -x ZNx x B with B = ZNC+I X

- X ZNC+d. Assume we are given black box access to a group automorphism a : G -+ G
implemented as a classical function (a uniformly generated circuit family, say). We wish to
find a matrix representation for A for f. We will assume (for the efficiency of this algorithm)
that the size and precision of the coefficients are upper bounded by some known constant D,
i.e. each element of M can be written as Ai, = aeij /#ij for integers ai,, f#i,j with absolute
value no more than D.1

We will show how to find the matrix representation A in two steps:

1. Given access to a, we show how to switch the input and output of a from the black-
box encoding (where the group action is implemented as a black-box circuit) to the
decomposed group encoding (where elements of the group are given as a list of numbers,
and the group action is simply addition of vectors), and vice versa.

2. Once we have achieved this, we can implement classically a rational function f
Qt+rm+k , Q +m+k that implements a in decomposed form. We will show how to

obtain the matrix representation A from this f.

Switching from black-box encoding to decomposed group encoding.

We need to be able to convert elements back and forth from the black-box encoding and
the decomposed group encoding. We assume our black box group B has already been
decomposed, i.e. we have found linearly independent generators bi, - - - , bk' of B such that
B = (#1) G ... D (03); moreover, we know the order N = N+i of /i. Define the explicitly
decomposed group ZB = ZN1 x -.. X ZNd; then we need to be able to perform the following
tasks:

'Note that D can be inferred from the precision bound (see Section 3.7) of the automorphism gate. If the
automorphism gate increases the input size by at most n bits, then it follows that the size of the denominator

or numerator of every matrix element can increase by at most D = 2'. A similar argument will hold for

quadratic phase gates.
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(a) Our first task is to map an element from the decomposed group ZB to the black
box group B. In otherwords, we need to be able to compute the following group
homomorphism cp:

W: ZB - B, (p(g) = bg -.-.. bg(d), for any g E ZB.

(b) Our second task is to convert elements from the original black-box group encoding to
the new encoding defined by ZB. In other words, given an arbitrary b E B, we need
to be able to compute o- 1 (b).

Note that it is always possible to compute o(g) = b((1) .. b( for any g E ZB, since this can

be done using a polynomial number of queries to the black-box group oracle (using repeated
squaring if necessary for the exponentiation). Task (a) is therefore immediate.

As for Task (b), we note that computing W-1(b) for an element b E B is equivalent to

finding a list of integers (g(1),... g(d)) such that b' -- - - b. This is a special case1 d
of the multivariate discrete logarithm problem, defined in Lemma 85; from Lemma 85 we
see that Task (b) can be solved efficiently with a polynomial number of calls to the Group
Decomposition oracle.

Finding the matrix representation A

Now by converting the input and output of a to the decomposed group representation, we
may assume that we instead have a classical rational function f : Qa+b+c+d a Qa+b+c+d

such that f can be treated as a group automorphism on G:

f(x) = f(x') mod G if x _ x' mod G. (D.2.3)

(Here we say two vectors are equal modulo G if each pair of corresponding entries are equal
modulo char(Gi).) We wish to find a matrix representation A for f. For most entries of A
this is trivial: note that we have

Aij f(ej)i mod ci (D.2.4)

where ci = char(Gi). Hence by evaluating f on the unit vectors ej, we can determine Aij
modulo ci. Thus we can evalute ATF exactly, the coefficients of the i-th rows of AFZ and
AFF modulo ZNj, and the coefficients of ATz and ATF modulo 1. This is sufficient for the
cases listed above; the only case we still need to treat is AT, whose entries are arbitrary
integers (and ci = char(T) = 1 in this case). We can instead evaluate f(ej/a) for some large
integer a:

Ai,f/a f (ej/a)i mod ci (D.2.5)

which allows us to determine Aij modulo aci for our choice of a. Choosing a > 2D then
allows us to determine Aij exactly for the case of ATT.

D.2.2 Quadratic phase functions

We will continue to use the matrix representation referenced in the last section. Recall the
following theorem:
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Theorem 57 (Normal form of a quadratic function, extended). Let G = Z x ZN, x
- x ZNe x rb be an elementary Abelian group. Define Z*, = {0, 1/N, - , (N - 1)/N} to be

a group under addition modulo 1, and let G* = Ta X . ... x Z. X b. Then a function
: G - U(1) is quadratic if and only if

S(g) = eni (9TMg + CTg + 2vTg) (D.2.6)

where C, v, M are, respectively, two vectors and a matrix that satisfy the following:

" v is an element of G*;

" M is the matrix representation of a group homomorphism from G to G*, which neces-
sarily has the form

MTZ MITF AITT

M:= IF-Z MF.F 0 (D.2.7)

Mzz 0 0

with the following restrictions:

- Mzz and Mn are arbitrary integer matrices.

- MF.z and AITF are rational matrices, the former with the form M(i, j) = ajj1Nj
and the latter with the form M(i, j) = aij/Nj, where aij are arbitrary integers,
and Ni is the order of the i-th cyclic subgroup ZNj.

- MF*.F is a rational matrix with coefficients of the form

M(i, j) = "' (D.2.8)
ged (Ni, Nj)

where aij are arbitrary integers, and Ni is the order of the i-th cyclic subgroup

ZNj -

- MTz is an arbitrary real matrix.

The entries of MF.Z, M TF, MF*F, and A/ITz can be assumed to lie in the interval
[0, 1). Moreover, M can be assumed to be symmetric, i.e. AfZZ = Aln, AILZ = MT F,
M*F.F = MF*F, and ATTZ = MlTz.

" C is an integer vector dependent on M, defined component-wise as C(i) = M(i, i)ci,
where ci is the characteristic of the group G. (Recall that chax(Z) = 0, char(T) = 1,
and char(ZN) = N.)

Recall the underlying group is G = Z' x Tb x ZNI x .. x ZNc x B with B ZN,+1 x ... x

ZNc+d. Assume we are given a quadratic phase gate , implemented as a classical circuit
family q : G * Q such that

(g) = e 2niq(g) Vg E G. (D.2.9)

Since we can switch between the black-box group and decomposed group encodings (see
Section D.2.1), we can assume the elements of G are treated as a vector in Qa+b C+d.

We wish to write the quadratic function (g) in the normal form given by Theorem 57,
i.e. find M, c, v as in Theorem 57 such that

(g) = e i (gT Mg +cTg + 2vTg). (D.2.10)
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q, and hence M, c, and v, are rational by assumption. We will furthermore assume, as
before, that the size and precision of the coefficients are upper bounded by some known
constant D, i.e. each element of M can be written as AM, 1 = ai,j/#i,j for integers aig ,i,
with absolute value no more than D.

To do this, let us first determine the entries of M. This can be done in the following
manner: it should be straightforward to verify that

(x + y) = (x) (y)e2tix TMy (D.2.11)

for any x, y E G, and therefore

x TMy & + y) - q(x) - q(y) mod Z. (D.2.12)

We can use this method to determine nearly all the entries of M exactly, by taking x
and y to be unit vectors ei and ej; this would determine Mij up to an integer, i.e.

Mij = e[Mej = q(ei + ej) - q(ej) - q(ej) mod Z. (D.2.13)

This determines all entries of M except for those in Mzz and AIrr (the other entries can
be assumed to lie in [0, 1)). To deal with Mzz we take x = a-lei, and y = ej, such that the
coefficient M(i, j) is in the submatrix Mzz and 1/a is an element of the circle group with
a < 2D, where D is the precision bound. We obtain an analogous equation

( Me = ' = q(a-lei + ej) - q(a-'ej) - q(ej) mod Z, (D.2.14)
a a

which allows us to determine Mij: since the number Mij/a is smaller than 1/2 in absolute
value, the coefficient is not truncated modulo 1. One can apply the same argument to obtain
the coefficients of MTT, choosing x = ei, and y = a-lej.

Once we determine all the entries of M in this manner, we get immediately the vector C
as well (since C(i) = ciM(i, i)). It is then straightforward to calculate the vector i'. Thus we
can efficiently find the normal form of (g) through polynomially many uses of the classical
function q.

D.3 Extending Theorem 87 to the Abelian HSP setting

In this appendix, we briefly discuss that Theorem 87 (and some of the results that follow
from this theorem) can be re-proven in the general hidden subgroup problem oracular setting
that we studied in Section 5.2.4. This fact supports our view (discussed in the main text)
that the oracle models in the HSP and in the black-box setting are very close to each other.

Recall that the main result in this section (Theorem 84) states that the quantum algo-
rithm Abelian HSP is a normalizer circuits over a group of the form Zd, X ... x Zdm x 0,
where 0 is a group associated with the Abelian HSP oracle f via the formula (5.2.17). The
group 0 is not a black-box group, because no oracle to multiply in 0 was provided. How-
ever, we discussed at the end of Section 5.2.4 that one can use the hidden subgroup problem
oracle to perform certain multiplications implicitly.

We show next that Theorem 87 can be re-casted in the HSP setting as "the ability to
decompose the oracular group 0 renders normalizer circuits over Zd, X ... xZd. x 0 efficiently
classically simulable". To see this, assume a group decomposition table (a,/3, A, B, c) is
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given. Then we know 0 2 Z,, x ... x Zm. Let us now view the function a(g) = (g, f(g))
used in the HSP quantum algorithm as a group automorphism of G x Zc x ... x ZCn, where

1 0
we decompose 0. Then, it is easy to check that is a matrix representation of this

(B 1)
map. It follows that the group decomposition table can be used to de-black-box the HSP
oracle, and this fact allows us to adapt the proof of Theorem 87 step-by-step to this case.

We point out further that the extended Cheung-Mosca algorithm can be adapted to the

HSP setting, showing that normalizer circuits over G x 0 can be used to decompose 0.
This follows from the fact that the function f that we need to query to decompose B using

the extended Cheung-Mosca algorithm (algorithm 86) has precisely the same form as the

HSP oracle. Using the HSP oracle as a subroutine in algorithm 86 (which we can query by

promise), the algorithm computes a group decomposition tuple for 0.

Finally, we can combine these last observations with Theorem 91 and conclude that the

problem of decomposing groups of the form 0 is classically polynomial-time equivalent to

the Abelian hidden subgroup problem. The proof is analogous to that of Theorem 91.
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