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Abstract

In this thesis we study wave and Klein-Gordon equations on Kerr exterior
spacetimes. For the wave equation, we give a quantitative refinement and
simple proofs of mode stability type statements on Kerr backgrounds in the
full sub-extremal range (Ja|] < M). As an application, we are able to quan-
titatively control the energy flux along the horizon for solutions to the wave
equation in any bounded-frequency regime. This estimate plays a crucial role
in the author’s recent proof, joint with Mihalis Dafermos and Igor Rodnianski,
of boundedness and decay for the solutions to the wave equation on the full
range of sub-extremal Kerr spacetimes. For the Klein-Gordon equation, we
show that given any Kerr exterior spacetime with non-zero angular momen-
tum, we may find an open family of non-zero Klein-Gordon masses for which
there exist smooth, finite energy, and exponentially growing solutions to the
corresponding Klein-Gordon equation. If desired, for any non-zero integer m,

an exponentially growing solution can be found with mass arbitrarily close to
lam|/2MT,.
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Chapter 1

Introduction

In the previous decade there has been a tremendous amount of work on the

problem of boundedness and decay for solutions to the wave equation
O, =0 (1.1)

on Kerr black hole exterior spacetimes (M, g, ar). Here M denotes the mass
of the spacetime, and a denotes the specific angular momentum. We will be
interested in sub-extremal Kerr spacetimes which satisfy |a| < M. The study of
the wave equation (1.1) is of direct mathematical and physical interest, how-
ever, an important motivation is the perceived connection between possessing
sufficiently robust proofs of decay for solutions to (1.1) and the problem of
black hole stability (cf. the role of the work [15] in the proof of the stability of
Minkowski space [14]).

In a joint work [21], along with Mihalis Dafermos and Igor Rodnianski,
we established boundedness and decay for the wave equations on the full sub-
extremal range of Kerr spacetimes. Let us quote the following informal state-

ment of the main result of [21].
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Theorem 1. 1. General solutions ¥ of (1.1) on the exterior of a Kerr black

hole background (M, g, ar) in the full subextremal range |a| < M, arising from

bounded initial energy on a suitable Cauchy surface ¥y, have bounded energy
fluz through a global foliation ¥, of the exterior, bounded energy flur through
the event horizon H* and null infinity I+, and satisfy a suitable version of

“local integrated energy decay”.

2. Similar statements hold for higher order energies involving time-translation
invariant derivatives. This implies immediately uniform pointwise bounds on
Y and all translation-invariant derivatives to arbitrary order, up to and in-

cluding H*, in terms of a sufficiently high order initial energy.

Combining Theorem 1 with the “rP-estimates” of [16] immediately implies
pointwise decay statements for solutions to (1.1) arising from localized initial
data. These decays rates are sufficiently strong so as to, in principle, be ap-
plicable to small data global existence problems for nonlinear wave equations,
see e.g. [34], [45], and [46].

A full discussion of the context for and history behind Theorem 1 would
lead us too far afield; we direct the interested reader to the discussion in [21]
and to the lecture notes [20]. Here we will content ourselves by recalling that
the work [21] was preceded by various results concerning the “very slowly ro-
tating case” where |a| <« M. In this case many important difficulties can be
treated pertubatively around the case a = 0. Under the |a] « M assump-
tion, boundedness for solutions to (1.1) was first shown in the work [17] and,
subsequently, decay was shown in the independent works [20] and [19], [2],
and [41].

There are many ingredients which go into the proof of Theorem 1. In this

thesis we will focus on what is perhaps the most exotic of these, at least for
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the reader who is most familiar with the wave equation on product spacetimes
(R x NV, =dt? + h), with (M,h) Riemannian. This is the problem of mode
stability. Mode solutions to the wave equation will be reviewed in Section 1.3;
for now, we simply recall that a solution v to the wave equation Oy = 0 is

called a mode solution if
W(t,r,0,0) = e ™ S(O)R(r) with w e C and me Z,

where (t,7,0,¢) are Boyer-Lindquist coordinates (defined in Section 1.1) and
S and R must satisfy appropriate ordinary differential equations and bound-
ary conditions (given in Section 1.3) so that, among other things, 1 has finite
energy along suitable spacelike hypersurfaces.! Ruling out the exponentially
growing mode solutions corresponding to Im(w) > 0 is the content of “mode
stability.” This was established by Whiting in the ground-breaking [44] (of
course, mode stability is a trivial corollary of Theorem 1). In the first main
result of this thesis we will extend Whiting’s techniques and establish a quanti-
tative understanding of the lack of mode solutions with real w.? As a byproduct
of our methods, we will also be able to simplify the proof of Whiting’s orig-
inal mode stability result.® Next, we will show that this “quantitative mode
stability on the real axis” can be used to control the “microlocal energy flux”
along the event horizon in any “bounded frequency regime.” It is this final

estimate which is crucially appealed to in [21] during the proof of Theorem 1.

When Im (w) > 0 one should take asymptotically flat hypersurfaces connecting the
future event horizon and spacelike infinity. When Im (w) < 0 one should instead consider
hyperboloidal hypersurfaces connecting the future event horizon and future null infinity. See
the discussion in Section 2.2.3.

2See also [27] and [28] which concern solutions to the Cauchy problem of the form
e™P4ho(t,r,0) and discuss mode solutions with real w.

3We should note that Whiting’s result [44] held for a wide class of equations; our simpli-
fication only holds for the case of the wave equation.
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We note that a version of these results has appeared already in the work [40].

The second main result of this thesis will complement this stability result

for the wave equation with an instability result for the Klein-Gordon equation,

Og¢ - N2¢ =0. (1.2)
The key theorem is the following.

Theorem 2. Fiz a Kerr spacetime (M, gqn) with M > 0 and 0 < |a] < M.
Then there exists an open family of masses p with €, > 0 and a non-zero,
smooth, and finite energy mode solution v to the corresponding Klein-Gordon
equation

(Og-#*)v=0

such that for every (t,r,0,¢) e R x (M +VM? - a?,00) x S?
e+ 0%(0,7,0, )| Sa |0°¢(t,7,0,0)| for all multi-indices a. (1.3)

These statements should be understood with respect to Boyer-Lindquist coor-

dinates. For every non-zero integer m, p can be chosen arbitrarily close to

JXZL In particular, p can be made arbitrarily small as a — 0.

Remark 1.0.1. For convenience, we have stated our theorem in Boyer-Lindquist
coordinates; however, these coordinates break down on the future event hori-
zon H* (see Section 1.1). Nevertheless, it will be easy to see that along H* the
solutions constructed are also exponentially growing with respect to the regular

t* coordinate; see the discussion again in Section 1.1.

This theorem suggests that these Kerr spacetimes are non-linearly unstable
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as a solution to the Einstein-Klein-Gordon system.?Also, Theorem 2 serves to
the emphasize the subtle effects superradiance (see Section 1.2 below) can have
on the linear stability problem and helps to “explain” why even establishing
the boundedness part of Theorem 1 is so difficult. In particular, since the
Klein-Gordon equation decays faster than the wave equation on Minkowski
space, one may have expected that the Klein-Gordan equation would be easier
to control. However, as |a| - 0 (where superradiance is weaker and one expects
the problem to get easier) we have produced exponentially growing and finite
energy solutions with arbitrarily small mass. Thus, any argument used for the
wave equation must break down for Klein-Gordon equations with arbitrarily
small mass. On a more conceptual level, we see that as one passes into the
relativistic world, new obstructions to boundedness, not just decay, arise in the
superradiant bounded-frequency regime. We note that a version of this result
on the Klein-Gordon equation has appeared already in the work [39].

Finally, we observe that the sub-extremal Kerr spacetime is far from the
only background on which to study the wave or Klein-Gordon equations; in
fact, it is quite interesting to explore how changing the black hole geometry
alters the subtle interplay between trapping, superradiance, and the redshift,
and leads to various instabilities. In the sequence of works [30], [31], and [32],
Holzegel and Holzegel-Smulevici established a logarithmic upper and lower
bound on the decay rate for the wave and Klein-Gordon equations on non-

superradiant Schwarzschild/Kerr-AdS spacetimes.® The slow decay rate is

4The Einstein-Klein-Gordon system for a spacetime (M, g) and massive scalar field 1 is
) 1
Ricag(9) - SR(9)9ap = 8mTap (9,9),
(Og-w?)w=0.

Here R(g) is the scalar curvature, and Tap is the energy-momentum tensor (1.5).
SHere non-superradiant means that there exists a global timelike Killing vector field. In
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directly traceable to a stable trapping phenomenon. In a series of papers
[3], [4], [5], [6], and [7] Aretakis has studied the wave equation on various
extreme black holes,® where there is a loss of the redshift due to the vanishing
surface gravity of the horizon. One of the most striking results obtained is
that even within the context of azisymmetric solutions to the wave equation
on extremal Kerr, for which there is no superradiance, second derivatives of
the solution blow up along the horizon.” Taken together with Theorem 1,
these various “instabilities” serve to emphasize the miraculous properties of

the wave equation on sub-extremal Kerr.

1.1 The Spacetime

Before proceeding further with the introduction, we give a precise definition
of the Kerr exterior and introduce the relevant notation. Our treatment here
will be brief; for a true introduction to the Kerr spacetime we recommend [42]
and [36].

Fix a pair of parameters (a, M) with |a|] < M, and define
re=M+VM?-ad?

Define the underlying manifold M to be covered by a global® “Boyer-Lindquist”
coordinate chart

(t,T,9,¢) e R x (7‘.,., 00) XS2.

particular, it is possible to immediately rule out solutions of the type constructed in this
paper.

6The extreme Kerr spacetime occurs when |a] = M.

"Interestingly, it was also shown that the solutions itself decays in time.

84Global” is be understood with respect to the usual degeneracy of polar coordinates.
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The Kerr metric then takes the form

.92 2
o = — (1 - 2%7") dt? - ‘W";%edm + %daﬂ (1.4)
+pd6? + sin® H%ddﬁ,

re=MxVM?-a?,

Az=r?-2Mr+a®=(r-r,)(r-r.),

2 2 29
)

pzér + a“ cos

1= (r? + a®)% - a®sin® HA.

It is convenient to define an r*(7) : (ry,00) = (—00,00) coordinate up to a

constant by
dr* _ r?+a?

dr A

We will often drop the parameters and refer to g, as as g.

It turns out that the manifold M can be extended to a manifold M such
that OM is a null hypersurface called the “horizon.” Since Boyer-Lindquist
coordinates would break down at the horizon, one needs a new coordinate

system. The standard choice is “Kerr-star” coordinates (t*,r, ¢*,6):

ﬁ;r2+a2

dr~ A
. a
dr ~ A’

t*(t,r) =t +t(r),

¢*(¢,7) = ¢+ (r).

17



In these coordinates the metric becomes

a2
g=- (1 - 21;?) (dt*)? - ﬁML;flE—th*dqs* + 2dt*dr+

p%d#? + sin? t9-'[1)12(dg25’*)2 — 2asin’ Odrdg*.

Note that we can now extend the metric to the manifold
M= {(t*,r,6,¢") e Rx (0, 00) x S?}.

The (future) event horizon #* is defined to be the null hypersurface {r =
r.}. Lastly, we note that in their common domain, 8, in Boyer-Lindquist
coordinates is equal to O« in Kerr-star coordinates. A similar statement applies

to 8¢ and 8(,5*.

1.2 Energy Currents, the Ergoregion, and Su-

perradiance

In this section we will briefly review the energy-momentum tensor formalism
(see [1] for a proper introduction) and discuss the presence of the ergoregion

and superradiance.

Let (M, g) denote an arbitrary Lorentzian manifold and V denote covariant
differentiation. For any smooth function ¢ : M - C we define the energy-

momentum tensor

Tas = Re (Ve T59) - 5005 (901 + 4710F). (15)

18



For any vector field X we define a corresponding 1-form, called a “current,”
by
JX =T, 5XP. (1.6)

The key identity is
veJX =Re ((V"‘V,ﬂ/} - up) m) + %Taﬂvr“ﬁ. (1.7)
Here 7 denotes the deformation tensor of X:
78 2 ye XP + yPXe,

This vanishes if and only if X is Killing. In particular, if % solves the Klein-
Gordon equation and X is Killing, we find that JX is divergence free. In this
case, for any two homologous hypersurfaces {2; and {2,, the divergence theorem

gives a conservation law:

IXpe =f IXne 1.8
91 anﬂl 92 anﬂg ( )

Here ng, denotes the (future oriented) normal to the hypersurface €;, and the
integrals are with respect to the natural volume forms (the ones that make the
divergence theorem true). For the identity (1.8) to be useful, we need some

positivity of JX ng.. This leads to the following very useful lemma.
Lemma 1.2.1. Let (L, L, E1, E;) be a null frame, i.e.

g(L,L)=g(L,L)=9g(L,E1)=9g(L,E2) =g(L,E1) = g(L, Es) = g(E1, E3) =0,

g (L,L) = _2’

19



g(E, Er) =g(Es, Ep) = 1.

Then, for all constants ¢y, ¢z, c3, and ¢y >0, we have
J31L+C2L (CgL + C4L)a =Ci1C3 lL'(,/)lz + CaCy IL|2 + (CQCg + 0104) [|E1¢‘2 + |E2’¢J|2] .

Proof. This is a simple computation using the algebraic properties of the

energy-momentum tensor (see [1]). O

Remark 1.2.1. Observe that an easy Linear Algebra exercise implies that
for any two timelike vectors X and Y satisfying g(X,Y) < 0, one may find
positive constants ¢, ¢, c3, and cg and two null vectors L and L satisfying
g(L,L) =-2 such that

X=cL+clL,

Y = C3L + C4L.
This leads to

Definition 1.2.1. Let X be a future oriented timelike (non-spacelike) vector
field and ¥ be a hypersurface with future oriented timelike (non-spacelike) nor-
mal ng. We define the non-degenerate (degenerate) energy of v with respect

to X along ¥ by
Xng 1.9
LJa ny ( )

where the integral is with respect to the induced volume form. We will often

Liour

use the schematic notation

to denote (1.9).
We thus have the following version of the celebrated Noether’s Theorem:

20



Theorem 1.2.1. (Noether’s Theorem) Every Killing vector field X on a space-
time (M, g) implies the existence of a conservation law for the Klein-Gordon
equation. The conservation law is coercive if and only if it is evaluated on a hy-
persurface with a non-spacelike future directed normal and X is non-spacelike
and future directed. The conservation law is positive-definite in the derivatives

of ¥ if and only if it is evaluated on a hypersurface with a timelike future

directed normal and X is timelike and future directed.
The calculations in the following two lemmas will be convenient later.

Lemma 1.2.2. Let X and Y be two linearly independent future oriented time-
like vectors normalized to have g(X,X) = g(Y,Y) = -1. Set v = —g(X,Y).
Note that v > 1 by the reverse Cauchy-Schwarz inequality. Define

Wé—l—(XJrY),

V2(r+1)

Zﬁ-—l—(X—Y)7

V2(y-1)
L=W+2,
L=W-2Z.

Let Ey and Ey be an orthonormal basis in the 2-dimensional subspace orthog-

onal to the span of X and Y. Then,

1
XY = 2 (ILul + 1Lef) + 3 (1Bl + | Eayl).
Proof. Observe that
9(L,L)=g(L,L) =0,
g (L7L) =-2,

21



X =4 ((V2Or+D)+V2(r-1) L+ (V2(r+1) - V2(v- D) L),
Y =(/4)((V2Or+ D -v2(r-1) L+ (V2O D) +V2(7- D) L).

The result then follows from Lemma 1.2.1. O

It is also possible to find a convenient expression for JX X2,

Lemma 1.2.3. Let X be a timelike vector normalized to have g (X, X) = -1.

Let R be any spacelike vector orthogonal to X, normalized to have size 1.
Define
L=X+R,

L=X-R.

Let Ey and E be an orthonormal basis for the subspace orthogonal to the span

of X and R. Then
TEX = Ly + | Lyl + Byl + [ Byl
Proof. The result then follows from Lemma 1.2.1 with the null frame (L, L, E1, E5).

a

By examining the formula (1.4) for the metric, one easily sees that on the
Kerr spacetime the only Killing vector field which is timelike for large 7 is the
time translation vector field 9, (recall that d; = 0;+). Unfortunately, when

a # 0, then 0, is spacelike on the non-empty set
S={A-d?*sin?0<0}. (1.10)

The set S is referred to as the ergoregion. In particular, 8;« is spacelike at

every point on the horizon where J,- does not vanish. In fact, noting that the
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null generator of the horizon H* may be taken to be
L= 8t* + w+(9¢*

where w, = 53— is the “angular velocity” of the black hole, a straightforward
computation shows that the energy density along the horizon for a solution 1

to the Klein-Gordon equation is

JIL* =Re(T¢Ly) = Re (w(w + 21\2 <1>¢)) . (1.11)

When the black hole possesses non-zero angular momentum (a # 0) it is clearly
possible for this quantity to be negative, and thus, in principle, energy can

radiate out of the black hole.

If energy is extracted through the existence of a negative JT flux along the
horizon, then we say that the solution v exhibits superradiant amplification.
Theorem 2 shows that for certain Klein-Gordon masses and Kerr spacetimes
(M, gan), superradiant amplification occurs and leads to an exponential in-
stability. Conversely, Theorem 1 shows that for the wave equation (1.1), the
total amount of superradiant amplification is uniformly bounded. Next, we
note that one corollary of the scattering theory developed in our very recent
work [22], is an explicit construction of solutions 9 to (1.1) which experience
superradiant amplification. Thus, even though the level of superradiant am-

plification is uniformly bounded for solutions to (1.1), it does in fact occur.
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1.3 Separating the Wave and Klein-Gordon

Equations: Mode Solutions

When a = 0, in addition to possessing the Killing vector field 0,, the met-
ric (1.4) is spherically symmetric. Thus, it is immediately clear that the Klein-
Gordon equation (Dgo’ o u2) ¥ =0 is separable. When a # 0 the only Killing
vector fields are O;+ and Oy«. Nevertheless, as first discovered by Carter [12],
the Klein-Gordon equation (O, — #2) ¢ = 0 remains separable (in an appropri-

ate coordinate system). Indeed, letting (w,m) € C \ {0} x Z, we have

pPeivtemime (Dg _ ,uZ) ( emiwteimb (7, 9)) =

2L 42Y2,,2 _ 2,002
Oy (AD:) Yo + ((7‘ + et llAMamrw+a m —a2w2—r2,u2) o+ (1.12)
1 O (si m? 20,2 2 2¢
m g(Slneao)'(,bo— sin29 -Qa (w - K )COS Q,D().

In fact, the separability of the Klein-Gordon equation follows from the presence

on Kerr of a Killing tensor [43].

It is convenient to introduce the following definition.

K =a?(w? - p?). (1.13)
We call
1 d(. . dS m? :
)= - = 1.
ey, (sm0d0) (sin29 K COS €)S+)\S 0 (1.14)

the “angular ODE.” One can show that when w € R, then (1.14) along with

the boundary condition

€"™?S(0) extends smoothly to S? (1.15)
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defines a Sturm-Liouville problem with a corresponding collection of eigen-
functions {S,gml};’:lm| and real eigenvalues {Anml};m'. These {Sgmi} are an
orthonormal basis of L?(sinfdf) and are called “oblate spheroidal harmon-
ics.” When k = 0 these are simply spherical harmonics, and we label them in
the standard way so that Agm = {(I +1). The following lemma shows that A
depends smoothly on k € R and that for any fixed k¢ € R, A, can be extended

to a holomorphic function of k € C as long as « is sufficiently close to .

Lemma 1.3.1. Suppose that for some fized kg € R we have an eigenvalue X.
Then, for k € C sufficiently close to ko, we can uniquely find a holomorphic

curve A(k) of eigenvalues for the angular ODE with parameter k such that

)\0 = /\(Iﬁo).

Proof. Let’s change variables to x = cosf. Then the angular ODE becomes

2
% ((1—352)@) —( = —nm2)5+)\5=0 with z e (-1,1).

dz 1-22

A standard asymptotic analysis (see [35]) at z = 1 shows that any solution to
the angular ODE must be asymptotic to a linear combination of (1 ¥ x)‘ml/ 2

and (1¥z) ™/ as £ > £1. I S is an cigenfunction we clearly must have
S~ (1Fx)™/? as g — +1.
For any x and A we can uniquely define a solution S(6, , \) by requiring that
S(6,k,))(1 + )™ is smooth around z = -1, (1.16)

(SC, s, A)(L+)Tm2) (2= -1) = 1.
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We then have holomorphic functions F(k,)) and G(k,A) such that
S(8,k,A) ~ F(r,\)(1 = z) ™2 + Gk, \)(1 - z)™/? as z - 1.

Since \g is an eigenvalue, we have F(ko,Ag) = 0. We will be able to uniquely
define our curve A(k) for k near ky via an application of the implicit function

theorem if we can verify that
oF
— (Ko, X0) # 0.
ax (fos o)

For the sake of contradiction, assume that

oF
_67 (KO)/\O) = 0.

Set
_ 08

S on

By differentiating (1.16) and using that F' and 3 % vanish at (kg, Ag), one may
easily check that S, still satisfies the boundary condltlons of an eigenfunction.
It will also satisfy

ds 2
£ (0-92) ()i

Multiplying both sides of this equation by S, integrating over (0, 7), and then
integrating by parts will imply that

f |52 5in.6d6 = 0.
0
This is clearly a contradiction. a
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In particular, it follows from Lemma 1.3.1 that for x # 0, we can uniquely
determine the labeling of Sk and Aqm by enforcing continuity in k.

Now we are ready for the main definition of the section.

Definition 1.3.1. Let (M, g) be a sub-extremal Kerr spacetime with param-
eters (a, M). A smooth solution ¢ to the Klein-Gordon equation

(Dg_ﬂ2)7/) =0 (1.17)

is called a “mode solution” if there exist “parameters” (w,m,l) € C~ {0} xZ x

ZLsy, such that
Y(t,r,0,0) = e ™S, (0)R(r,w,m,1), (1.18)
where we recall that k = a®(w? — p?), and we require
1. If p#0, then w? < p2.

2. Skmu satisfies the boundary condition (1.15) and is an eigenfunction with

eigenvalue Agm for the angular ODE (1.14).

3. R is a solution to

2 + 2Y2,,,2 _ AM + 2,12
5, (ABT)R+((T a))’w O 2 D —a2w2)R=0
(1.19)
4.
i(am-2Mriw)
R~(r-ry)” =~  atr=r.0 (1.20)
9This notation means that R(r)(r - r+)w is smooth at 7 =r,.
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5. If u=0, then
eiwr"

R~

at r = 00.10 (1.21)
If u#0 (and hence w? < u?) then

e [uZ—w2r*

R ~ —ljm'_u—z atr = 00.11 (122)

r 12-02

We will often suppress some of the arguments of S.,,; and R and refer to

them as Semi(0) and R(r).

During the proof of our instability results, we will often write R’s equation
as

d (. dR
Az (AE) “W,R=0, (1.23)

W, = —(r? + a®)2w? + dMamrw - a®m? + A (Mg + a®w? + p7?).

During the proof of our stability results for the wave equation, instead of

considering R(r), it will often be more convenient to work with the function
u(r*) = (r* + a®)?R(r).

Then, letting primes denote r*-derivatives, equation (1.19) with p? = 0 is
equivalent to

v+ (w-V)u=0, (1.24)

10This notation means that there exists constants {C;};., such that for every N-> 1,

R(r*) =% (Zfio %+0 ((r)-N—l)) for large r.

-
"This notation means that there exists constants {C;};o, such that for every N > 1,

R(r*) = Ve (Zﬁo %4+0 ((r)_N_l)) for large .

1_M 2w!— 2 rt
r :;u2_.w2
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Ve AMramw - a®m? + A Aem + a2w?)
- (12 + a2)?

(a*A+2Mr(r? - a?)).

A

+ ——
(r2 +a2)!

Let’s check that the boundary conditions at r = r, exactly guarantee that

out mode solutions extend smoothly to the horizon.

Lemma 1.3.2. Suppose that ¥ is a mode solution. Then ¢ extends smoothly

to the event horizon H*.

Proof. Since Boyer-Lindquist coordinates break down at r = r,, in order to
investigate the smoothness of ¥ there, we will change to Kerr-star coordinates

(t*,7,6,¢*). In these coordinates we get
Y(t*,7,0,¢") = e HD)m($ 5M) g1 (9)R(r).
Hence, 1 extends smoothly to r = r, if and only if
R(r) = e7(«Hn-mé() p(r)

where h extends smoothly to r,. However, this is precisely what the boundary

condition (1.20) guarantees. a

As we will see in Section 2.2.3, for the wave equation, when Im (w) > 0,
the boundary conditions given for R and Sk ((1.20), (1.21), and (1.15)) are
uniquely determined by requiring that 1, given by (1.18), extends smoothly
to the horizon and has finite energy along asymptotically flat hypersurfaces.
The boundary conditions when Im (w) = 0 follow from the requirement that

the mode solution has finite energy along hyperboloidal hypersurfaces (see
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Section 2.2.3). Furthermore, in Section 2.5.4 we will see these boundary con-
ditions directly arise during the proof of integrated local energy decay for the
wave equation. In the case when w? < p?, the boundary conditions guaran-
tee that our mode solution is exponentially decaying along asymptotically flat
hypersurfaces and extends smoothly to the horizon (see Lemma 1.3.2 above
and Appendix 3.2.2). Though they will only concern us tangentially here, it
is worth mentioning that there is a large literature devoted to locating mode
solutions with Im (w) < 0 (see the review [33]). These are called quasi-normal
modes and are expected to provide refined information about the decay of

scalar fields. We direct the interested reader to the thesis [25].

1.4 Mode Stability Type Statements for the

Wave Equation

In this subsection we only consider the case when p? = 0. Ruling out the
exponentially growing mode solutions corresponding to Im (w) > 0 is the con-
tent of “mode stability (in the upper half plane).” This was established by
Whiting for the wave equation in 1989 [44]. However, this turns out not to be
the full story. Indeed, the existence of mode solutions with w € R\ {0} is a
serious obstruction both to boundedness and “integrated local energy decay”
for the wave equation. We will call the ruling out of these mode solutions
“mode stability on the real axis.” In Section 2.5 we will show how one can
upgrade mode stability on the real axis to a bound for the “microlocal energy”
along the horizon for the wave equation in any “bounded-frequency regime.”

In order for the constant in this estimate to be explicit, however, we will be

interested in a quantitative version of mode stability of the real axis.
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We turn now to an explanation of “quantitative mode stability.” A stan-
dard asymptotic analysis of (1.24) (see [35]) allows one to make the following

definitions:

Definition 1.4.1. Let the parameters |a| < M be fized and set u = 0. Then

define upor(r*,w,m,l) to be the unique function satisfying

1w+ (w?=V)uper =0.

i(am—-2Mriw)

2. Upor~(r—7y)" - mear r* = —co.

—i(am-2Mryw) 2

3. |(trr) = r) ) (-o0)

Definition 1.4.2. Let the parameters |a| < M be fized and set p = 0. Then

define Uoui(r*,w,m,l) to be the unique function satisfying
1wl + (W2 = V)up =0
2. Upy ~ €M near r* = oco.
3. (e ugut) (oo)l2 = 1.
Remark 1.4.1. The “~” has the following explicit meaning:
—i(am-2Mryw)

1. (r(r*)=ry)~ " upor 1S a smooth function of r.

2. There exists constants {C;}.oy such that for every N > 1,

wr)=er (S 2o (),

i=0

for large r.
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When there is no risk of confusion, we shall drop some or all of u,,’s and

Uoys 'S arguments. Next, recall that the Wronskian
Ut (T Ytbor (7)) = Upor (77 Uout (77)
is independent of r*. Hence, we can define
W(w, m, 1) = ug e () unor (%) = ufo, (7 )ous (7). (1.25)

This will vanish if and only if uey and e, are linearly dependent, i.e. there
exists a non-trivial solution (with the correct boundary conditions) to (1.24)
< W =0« |IW1|=o00. “Quantitative mode stability” consists of producing

an upper bound for |W-1| with an explicit dependence on a, M, w, m, and .

1.5 Precise Statement of Stability Results

In this section we will give the precise version of our stability results. Fix a
Kerr spacetime (M, g) with parameters (a, M) satisfying |a| < M, and recall
the definition of mode solutions (Definition 1.3.1) and the Wronskian (1.25)

given in the previous section.

Our main result about mode solutions is

Theorem 1.5.1. (Quantitative Mode Stability on the Real Azis) Let

A c {(w,m,l) e RXZ x Lpjn|}
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be a set of frequency parameters with

Cw= sup (Jw|+ lw[™ +|m| + lI]) < oo.
(wym,l)esd

Then

sup |W| <G(Cu,a,M)
(w,m,l)ess

where the function G can, in principle, be given explicitly.
Along the way we will give simple!? proofs of

Theorem 1.5.2. (Mode Stability)(Whiting [44]) There exist no non-trivial

mode solutions for the wave equation corresponding to Im(w) > 0.

Theorem 1.5.3. (Mode Stability on the Real Azis) There exist no non-trivial

mode solutions for the wave equation corresponding to w € R ~ {0}.
Before discussing our main application, we need a definition.

Definition 1.5.1. We will say that a C* (./\;l) function ¥ (t,r,0,¢) is admis-
sible if for every compact K € (r,,00) x §? and multi-inder o with |a| > 0, we

have

fom [(|aw¢|2 sin@ dt dr df dg < oo,

where all of these derivatives are Boyer-Lindquist derivatives.

Next, we note that the afguments of Section 5.3 of [21] imply the following

lemma.

12Using Whiting’s integral transformations [44] but avoiding differential transformations
or a physical space argument with a new metric.
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Lemma 1.5.1. Let ¢ be an admissible function on Kerr that is also a solution

to the wave equation Oy = 0. For every (w,m,l) € Rx Z x Ly, set

L1 °° iwt —ime .
R(r,w,m,l)_ﬁfw fsze eSS (0,k)Ysing dw dO dg.

Then R satisfies the boundary conditions so that e~“tetm¢S, . R is a mode

solution in the sense of Definition 1.3.1.

Next, let Xy denote the hypersurface {¢t* = 0}, and £; denote {t* = 1}.

Define a cutoff x which is 0 in the past of ¥y and identically 1 in the future
of 21.

Our application of Theorem 1.5.1 will be

Theorem 1.5.4. (Boundedness of the Microlocal Energy Fluz to the Horizon
in the Bounded-Frequency Regime) Let ¢ be an admissible function on Kerr

that is also a solution to the wave equation Oy = 0 with compactly supported

A s

- A1 T2 [a)
initial data. Se

Yoo = XY
Let ZcR and € c {(m,l) €eZxZ:1>|m|} be such that
Cg = sup (|w| +|w|™) < 0o
weB

Cie = sup (jm] + 1) < oo,

m,le

and set

L1 °° iwt_—imé .
R(r,w,m,l)_——m[w [Sze em3S. 1 (0,k) Ysing dw db de.
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Then,

sup  |R(r,)[ < B(ro,m1,Ca,Cq,a, M)[ |6y|? . (1.26)
(w,m,l)eBxE o

where |31/J|2 denotes a term proportional to a non-degenerate energy fluz of a
globally timelike vector field (see Section 1.5). The function B (ro,71,Cg,Ces,a, M)

can, in principle, be given explicitly.

Remark 1.5.1. This estimate is crucially used in [21] during the proof of
Theorem 1. For this application, it is very important that the right hand side

is at the level of energy and does not posses additional weights in r.

1.6 Precise Statement of Instability Results

In this section we will give the precise statements of our instability results.
As we have already mentioned in the introduction, we will rigorously con-

struct finite energy solutions to the Klein-Gordon equation
2Y )y
(Dg K ) Pp=0

on sub-extremal Kerr which grow exponentially. These growing solutions will

be mode solutions:
Y(t,r,0,0) = e ™S, 1 (0)R(r) (1.27)

where w € C, m € Z, | € Zyjy, Im (w) >0, and & = a? (w? - pu?). The modes we
construct will be such that the boundary conditions for the functions S,,,; and

R (see Sections 1.3 and 2.2.3) imply that 1 extends smoothly to the horizon
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(where Boyer-Lindquist coordinates break down) and decays exponentially in
r along asymptotically flat Cauchy hypersurfaces. Such solutions are called
“unstable modes.” We say that these modes “lie in the upper half-plane.” We
will also consider mode solutions with w € R which will be called “real modes.”
We say that these modes “lie on the real axis.” It will be convenient to refer
to the tuple (w,m,l, 1) as the “parameters” of the mode. Lastly, we observe

that (1.11) implies that a mode solution exhibits superradiance if and only if
amRe (w) - 2Mr, |w|* > 0. (1.28)

We can now state our main result:

Theorem 1.6.1. Fiz a sub-extremal Kerr spacetime with mass M and angular
momentum aM. Let m € Z and wgr(0) € R satisfy am — 2Mr,wr(0) = 0 and
am # 0. Then, for each l € Zsy)y, and sufficiently small 6 > 0, there exists
p(0) > |wgr(0)|, real analytic wr(e), and real analytic p(e) such that for every
- < €< 9, there exists a mode solution with parameters (wgr(€) +1e,m, 1, u(e€)).

Asl — oo, u(0) will converge to w

lam| - 2Mr\/wh(e) + €2 >0 (1.29)

and lose mass as they become unstable

be superradiant'3

op
'6—6(0) <0.

Here is a picture of the values {w(e)} € C traced out by the various 1-

parameter families of modes associated to a fixed I:

2
>

130ne may easily check that (1.29) is stronger than (1.28) via the inequality z?+y

[]
V2 + 2.
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—3a _—a_ -a a a 3a
2Mr, Mry 2Mry ’ 2M7’+‘\ Mry \ 2M’r‘+\

The reader should keep in mind that we have not produced any estimates for
the lengths of these curves.
For each choice of m € Z \ {0}, there is a countable family of intervals of

masses p associated to growing solutions (indexed by ). These intervals will

have an accumulation point at J'Xl—mrt The following picture may be useful for
visualization:
| OO OO = = OmmO = = = = = = = == =~ OeO= = —mmmmmmmm———————— o0
T

Lest the reader be misled, we emphasize that we do not have any estimates

for how large these intervals are, and (despite the picture) we have not proven

that we can find € > 0 such that the interval (JXZL, QIXZL + e) is entirely made
up of unstable masses. However, in light of the arguments in Section 3.4.5 we
would certainly conjecture that this last statement is true.

The construction of the exponentially growing modes is achieved by per-
turbing modes corresponding to real w. Thus, before proving Theorem 1.6.1,
we will undertake an analysis of modes corresponding to real w. For these
modes we have two main results. The first is an existence result (already

contained in Theorem 1.6.1). The second shows that the assumptions on the

frequency parameters from Theorem 1.6.1 are necessary.

Theorem 1.6.2. Suppose there exists a mode solution with parameters (w,m,l, 1)

such that w e R and u? > w?. Then the following statements are true.

1. We have am - 2Mr,w =0.
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2. We have am % 0.

3. There exists a function C(w,m,l) such that w? < p? < W?+C(w,m,l) and

llim C(w,m,l)=0.

We will close the section with two remarks. First, we note that we can
rephrase the condition am - 2Mr,w = 0 more geometrically. Let L =T + w,®

be the null generator of the horizon. Then
am —2Mr,w =0<> L) =0 < No energy flux along the horizon

Thus, our real mode solutions are simply solutions to the Klein-Gordon equa-
tion with exactly vanishing energy flux along the horizon.

Second, by modifying the arguments behind the proof of Theorem 1.5.1
one can establish an appropriately modified version of Theorem 1.6.2 in the

case w? > u?, however we will not pursue this here.

1.7 Previous Work on Mode Solutions

By far the most important previous work on mode solutions is Whiting’s mode

stabilty result from 1989.

Theorem 1.7.1. (Mode Stability)(Whiting [44]) There exist no non-trivial

mode solutions for the wave equation corresponding to Im(w) > 0.

Mode stability on the real axis was first explored numerically in [38]. In

addition, [38] presented a heuristic argument (rigorously established in [29])
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indicating that mode stability on the real axis would imply mode stability in
the upper half plane.

Turning now to the Klein-Gordon equation, to the best of the author’s
knowledge, there are no previous rigorous constructions of growing solutions.

However, in [8] Beyer showed that no unstable modes can exist if

However, if we leave the realm of rigorous mathematics, then there exists
a rich heuristic physics literature discussing unstable Klein-Gordon modes:
Soon after the discovery of superradiant wave scattering [47], the authors
of [37] speculated about placing a mirror around a black hole which would
reflect superradiant frequencies. They argued that this would create a posi-
tive feedback loop and result in a “black-hole bomb.” Naturally, one is led
to wonder if this superradiant instability can arise in a more physically nat-
ural fashion. A key breakthrough came in 1976 when Damour, Deruelle, and
Ruffini observed that a good candidate is the Klein-Gordon equation with
non-zero mass [23]. A few years later, Zouros and Eardley [48] and Detweiler
[24] developed more involved heuristics, all leading to the same conclusion.
In particular, in [48] a connection was drawn between unstable modes for the
Klein-Gordon equation and the existence of bound Keplerian orbits outside
the ergoregion. Furthermore, they gave some approximations for the instabil-
ity rates. Various extensions/refinements, numerical and otherwise, of these
results continue to appear in the physics literature, see the very recent survey

article [9] and the references therein.

We remark that many of the studies of unstable modes in the physics

literature rely on the WKB approximation ([24] is an exception). Even if these
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WKB arguments were made rigorous, they would only become accurate as [ -
oo. Since our techniques are variational, no large parameter is necessary, and
we produce a much more complete picture. We also remark that it is expected

that “small” Kerr-AdS black holes will exhibit superradiant instabilities [10,
11].
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Chapter 2

Mode Stability for the Wave

Equation

The main goal of this chapter is to prove Theorems 1.5.2, 1.5.3, 1.5.1, and 1.5.4.
The chapter opens with Section 2.1 where we prove a useful ODE “unique
continuation from infinity” result. Next, we review the basic aspects of mode
solutions in Section 2.2. Then, in Section 2.3, the technical heart of the chap-
ter, we introduce our refinement of Whiting’s transformation and explore its
important properties. We switch gears in Section 2.4 where we establish a
useful estimate for solutions to the inhomogeneous radial ODE. Finally, in
Section 2.5 we put everything together and prove Theorems 1.5.2, 1.5.3, 1.5.1,
and 1.5.4.

2.1 A Unique Continuation Lemma
The following “unique continuation lemma” will be useful in what follows.

Lemma 2.1.1. Suppose that we have a solution u(r*) : (~o0,00) - C to an
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ODE
u' +(1*-P)u=0

such that

1. veR~ {0},

2. uelL>* and (lu’|2 + |u|2) (00) =0,

3. Pisreal, Pe L*, P=0(r') asr - oo, and P' = O (r2) asr — co.
Then u is identically 0.

Proof. Define
y(r*) = exp (—B /:o C(r)dr)

where B is a large positive constant to be chosen later and ( is a fized positive
function which is identically 1 near r = —oco0 and is equal to 7~2 near r = 00. In
particular, we have y/|(_e,c0) > 0, y(—00) =0, and y(o0) = 1.

Next, set

/ 12 /9 ~\ 1ot

@) =yl +y(v* - P)luf.

Observe that the hypothesis of the lemma imply that QU (£o0) = 0. A simple

computation gives
(@) =y W[ +yv? [uf - (yP) |uf’.
Thus, the fundamental theorem of calculus implies

[ @y P - uPY W) dr =0, (2.)

Let R € (1,00) be a large constant to be chosen later. Then set x(r*) to be a
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function identically 1 on (-oo, R] and 0 on [R+ 1,00). We then define
P 1= XP ’

Py=(1-x)P.

Of course we have P = P, + P;.

We have the following estimate:

[ Pt ar 22)

=2 ‘/w yPRe (u'w) dr*
=) %) 2P2
< e[ y |u'fP dr* + € f y’z/z( Y - )|u|2 dr* (2.3)
~0 -0 (y') v
< 6[ Y |u'f dr* + Ce w2 B 2R? f Y2 |ul? dr*.

(2.4)
Here C is a constant which only depends on ¢ and P.
Next we estimate
[T wry Wl ar|=| [~ P yPp uft ar (25)
< C[: (R + B Ww2)y"v? juf dr*. (2.6)

Taking € small, R large, and then B sufficiently large and combining (2.1),
(2.4), and (2.6) implies that

1 )
5 f (y’ |u’|2 + 92 |u|2) dr* =0.
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2.2 Basic Properties of Mode Solutions to the

Wave Equation

In this section we will review various basic properties of mode solutions for the
wave equation. In particular, we first discuss how the boundary conditions for
a mode imply finite energy along suitable hypersurfaces, and then review the
situations where mode solutions can be ruled out with easy arguments based

on energy conservation.

2.2.1 The Hypersurfaces

For purposes of exposition we will restrict attention to spacelike hypersurfaces

Y s which, for sufficiently large R, satisfy
Lin{r>R}={(t,r*,0,¢):r>Rand t- f(r*)=0}.

In addition to the requirement that ¥; be spacelike, we also ask that X

intersects the future event horizon and
f20asr* - oo.

This last requirement implies that ¥; connects the event horizon H* to either

spacelike infinity or future null infinity.

Definition 2.2.1. We will say that £; is asymptotically flat if f ~1 as r* -

0.1

!More generally, one could consider any hypersurface which terminates at spacelike in-
finity, but this extra generality is not particularly useful for the study of mode solutions.
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These hypersurfaces converge to spacelike infinity as r* - oco. The pro-
totypical example of an asymptotically flat hypersurface is one where f is

identically constant for large r. The relevant Penrose diagram is

Definition 2.2.2. We will say that Ly is hyperboloidal if (f’)2 -1= —-T% +

O (r=3) as r* > oo for some sufficiently large positive constant C (C > M will

work).?

These hypersurfaces converge to future null infinity as r* - co. The key

examples to keep in mind are hyperbolas in Minkowski space (where f =

V' C +12). The relevant Penrose diagram is

H+ T+

Mg

2In more general contexts one usually says a spacelike hypersurface is hyperboloidal if
the induced metric asymptotically approaches a constant negative curvature metric. One
could work with this more general definition here; but, since there is not much advantage
for the study of mode solutions, we shall spare ourselves the extra work.
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2.2.2 Some Useful Calculations

We start by noting that

w _ a%sin®0A - (r? + a2)?
g = p2A ’

gp _ D-a?sin®f
sin? A
t6 __4Mar
g - pzA .

g

Then we have

Lemma 2.2.1. Let p = 0, X5 be an asymptotically flat hypersurface, N be
a future oriented timelike vector field which equals 8; for large v, and ¥ be a
smooth function. Then, for sufficiently large R, the energy of v with respect
to N along ¢ n {r > R} is proportional to

fr n fs (1Bl + 10, 41% + 72 (Bpw)* +sin ™20 (839)%)) (f(r*), 7,0, )
r?siné dr df do.

Proof. First, observe that

(r?+a?)?2-a?sin’f . 4Mar
o)
pPA Ot ~an %

-Vt = -g"0, - ¢*¢04 =

—(r?+a?)? + a?sin? A

g9(Vvt,vt) = A

In particular, Vt is timelike. Next, we calculate

g(V(E-f(r),v(t-f(r))) =
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N2 (r2+a?)? a2sin?f
((f) "1) PN P2

We conclude that the normal to X satisfies

—--1asr— oo.

ng, = (1 +0 (r'l)) (-vt)+0O (r‘l) O as 1T — 0o.
Now, Lemma 1.2.2 implies
Jang, = 10up[” + 183" + 772 ((Dg)” +sin~2 80 (9s1))®) as r — oco.
The volume form on Kerr satisfies
Ap?

dVol = msin@ dt Adr* Andf A d¢

Thus, the induced volume on ¥ is given by
(1+O0(r™))r?sind dr* Addndg+ (1+O(r™))rsind dt A do A dg+

(1 + O(r‘l))rsinﬁ dt Adr* Adf as r — oo.

The lemma follows by writing out the integral (1.9) in the parametrization

(r,6,8) = (f(r*),*,0,9).

The analogous lemma in the hyperboloidal case is more subtle since we need

to understand precisely how the energy degenerates due to the hypersurface

becoming “approximately null.”

Lemma 2.2.2. Let u =0, Xf be a hyperboloidal hypersurface, N be a future

oriented timelike vector field which equals 0; for large r, and ¢ be a smooth

function. Then, for sufficiently large R, the energy of ¥ with respect to N
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along Xy n {r > R} is proportional to

frm [s ("‘Z'Wt-&*)wl% |8+ 0 ) 9l +

r2 ((8e)” +5sin20 (943)?) )r2 sinf dr d d¢

where the integrand is evaluated at (f(r*),r*,0, ).

Proof. Let’s set

As; =\/=g(V (t= f(r)),V (¢ = f(r*)))

2 2 in2
=¢ (1"(f')2) (’l‘p-;-ZQ) _a2g;;1 0

=0(r™) as 7> 0.
The normal ny ; thus satisfies

_ (r? +a?)?
ng, = AE]} (‘Vt‘i' f’Waﬂ) .

The key difference with the asymptotically flat case is that Agﬁc =r+0(1) as

T — 00.

Let’s apply Lemma 1.2.2 to the vectors X = (-g) /?8, and Y = ng,. We

have

7=-9(X,Y)= (—gtt)_l/2 Ai;lf =r+0(1) as r > oo.
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Next, we compute

W=;(X+Y)

V2(y+1)

=0 (r'%) 8, + (r'? + O (r?)) (-Vt +8,+) as T — oo,

Z-—1 __(x-v)

V2(y-1)

=0 (r‘1/2) 0, - (7,1/2 +0 (r‘l/z)) (-Vt+0,+) asr — oo,

L=W+7

= O (7‘_1/2) (at + (—Vt + 67,*)) as r — oo,

L=W-2Z
= O (r‘3/2)at + 2(7.1/2 +O(r—1/2)) (_vt+ar*) as T — 0o,

Finally, as r - oo, the induced volume form satisfies

2 2\2 2
( i1fw+o(r—3))( Ap )sin0 dr* A df A dg

p2A r2 + a2

2

+0 (1) sinf dt Adr* A db

Ap
r? +

1 (T2a®)?\ ( Ap? N
_(A;ff oA )(T2+a2)sm6dt/\d€/\d¢.

a2

The lemma now follows by carefully writing out the integral (1.9) in the
parametrization (r*,6,¢) ~ (f(r*),r*,0,¢), using (f’)2 -1= —;Cg + 0 (r3),
and appealing to Lemma 1.2.2. O

49



2.2.3 Finite Energy Hypersurfaces for Mode Solutions

Lemma 2.2.3. Let u =0, Xy be an asymptotically flat hypersurface, N be a

future oriented timelike vector field which equals 0, for large r, and
Y(t,r,0,0) = e ™S, 1 (0)R(r)

be a mode solution. If Im(w) > 0 then ¥ has finite energy with respect to N
along Xy. If Im(w) <0, then ¢ has infinite energy with respect to N along Xy.

Proof. In Kerr-star coordinates, it is easy to see that the volume form remains
bounded in a compact region of r (including the event horizon). Thus, in order
for 9 to have finite energy along Xy n{r < R} it is sufficient for ¢ to be smooth
(and hence bounded). Furthermore, v is manifestly smooth if r > r,. Since
Boyer-Lindquist coordinates break down at r = r,, in order to investigate the
smoothness of 1 there, we will change to Kerr-star coordinates (t*,r,6,¢*).

In these coordinates we get
W(t*,1,0,9") = et ED)im(9-6) g (9)R(r).
Hence, 9 extends smoothly to r = r, if and only if
R(r) = e7(<1()-m8M) b (1)

where h extends smoothly to r.. However, this is precisely what the boundary

condition (1.20) guarantees.

For R sufficiently large, Lemma 2.2.1 imply that the energy along X;n{r >
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R} is proportional to

[ - fs (18 + 18,0 + 772 ((Bpp)? + sin™2 6 (8y)?)) (F(r*),7, 8, )

r2sind dr df d¢.

Now, if Im (w) > 0, then the boundary condition (1.21) implies that all of
these terms are decaying exponentially as r - oo, and hence, the integral is
finite. If Im (w) = 0, then the first two terms in the integral as proportional to
r=2, and hence the integral is infinite. If Im (w) < 0, then all of the terms are

exponentially growing in r, and hence the integral is infinite. O

Lemma 2.2.4. Let p =0, Xf be a hyperboloidal hypersurface, N be a future

oriented timelike vector field which equals 0; for large r, and
Y(t,r,0,0) = e“e™S, . (0)R(r)

be a mode solution with Im(w) < 0. Then ¢ has finite energy with respect to

N along X5.

Proof. The analysis of ¥ for any compact region of r is exactly the same as
in the proof of Lemma 2.2.3. In Lemma 2.2.2 we saw that the energy along

¥ n{r > R} is proportional to
—92 — 2 . 2
f]( @s= 8 )l + 18+ B )yl +
r2 ((391/))2 +sin™?4 (8¢7,/))2) )7'2 sinf dr df d¢

where the integrand is evaluated at (f(r*),r*,0,¢).
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When Im (w) = 0, then the boundary condition (1.21) exactly implies that
(0t + Or») 9 = O (r~2). Combining this with the fact that ¢ and it’s derivatives
are all O (r~1) shows that the integral is finite.

Now consider the case when Im(w) < 0. Using the boundary condi-

tion (1.21), we get

Y (f(r),r",0,9) = exp (~iwf (r*)) €™ Sumi (6) R(r)
= O (r'exp (—iwr*) exp (iw (r* - 2Mlogr))) asr - oo

=0 (r ) asr - .
Similarly,
Otp (f(r*),r*,0,¢) =0 (r™) asr — oo,
Optp (f(r*),r*,8,6) = O (1) as oo,
0ot (f(r*),7",0,9) = O (r") asr - oo,
Oy (f(r*),r*,0,9) =O(r™!) asr - oo,
(8 + 0 ) (F(r*),r%,8,0) = O (r7?) asr — oo.

Thus, the integral is finite.

2.2.4 Modes on Schwarzschild

It is instructive to observe that the counterpart to mode stability in the Rie-
mannian setting® is the “automatic” fact that the Laplace-Beltrami operator

has no spectrum in the upper half plane. A better way to see the trivial-

3This is the case of a product metric (R x N,-dt? + gn) with (N, gn) complete and
Riemannian.
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ity of Riemannian mode stability is to note that the existence of a uniformly
timelike vector field 9, immediately implies the uniform boundedness of a non-
degenerate energy (see Section 1.2).

Recall that the Schwarzschild spacetime is the Kerr spacetime with vanish-
ing angular momentum (a = 0). This is not a product metric; nevertheless, T'
is a timelike Killing vector field for all r > r,, the associated conserved energy
is coercive, and mode stability is immediately established in a similar fashion
to the previous paragraph.*

Mode stability on the real axis for Schwarzschild is more subtle since, as we
have seen in the previous section, real mode solutions for the wave equation
have infinite energy along asymptotically flat hypersurfaces. However, this

does not preclude physical space methods; one simply observes

1. Lemma 2.2.4 implies that real mode solutions for the wave equation have

finite energy along any hyperboloidal hypersurface 3.

2. A straightforward computation shows that the energy flux for such real

modes along the portion of null infinity in the future of & must be infinite.

3. The energy identity associated to T (see Section 1.2) implies that the
energy flux along the portion of null infinity in the future of ¥ must be

less than or equal to the energy flux along 3.

This is a clear contradiction to the existence of real modes.
For later purposes it will be convenient to revisit these arguments from a

“microlocal” point of view. In phase space, the analogue of the energy flux is

4Of course, T becomes null on the horizon, and thus the conserved energy degenerates
as r - r,. However, a moment’s thought shows that this does not affect the argument.
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the microlocal energy current:
Qr(r*) = Im (v'wm).

Let us show how the microlocal energy can be used to give a short proof of
mode stability. Suppose we have a mode solution to the wave equation with
corresponding u(r*) and w = wg + iw; for some wy > 0. First, we observe that
the boundary conditions (1.20) and (1.21) imply that Q7(+o0) = 0. Next, we

compute

~(Qr) =wruf + T ((w? - V) @)
o (Iu'|2 . (le2 L (r=2M) (ri(+ 1) + 2M) ) Iulz) .

ré

Since the coefficients of |u/|* and |uf* are positive, the fundamental theorem
of calculus implies that u is identically 0. Algebraically, we are exploiting the

fact that the potential V' does not depend on w and is positive.

Now consider a real mode solution to the wave equation with corresponding

u(r*) and w € R\ {0}. This time we have “conservation of energy,”

(QT), =0.
Integrating gives
Qr(00) = Qr(-0) =0 =
w? [u(o0)|? + 2Mr.w? ju(-o0)|* = 0.

We have used the boundary conditions (1.20) and (1.21) to evaluate the mi-

crolocal energy current at +oo. Applying the unique continuation lemma from

54



Section 2.1 immediately implies that u vanishes identically.

2.2.5 Modes on Kerr

On the Kerr spacetime all of these arguments break down.

We have already observed that when a # 0 there is a region S, the er-
goregion, where the Killing vector field T is spacelike. Hence, the associated

conserved quantity is no longer coercive and is useless by itself.

At the level of the ODE, we may again define a microlocal energy current:
Qr = Im (v'wu) .

However,

In ((w? - V) @) =

2 a2m2 A
wy (lwl - )2 + o) (azA +2Mr(r? - ag)))+

A

E7~2+—a?)l’lm (()‘kzml + a2w2) w)

is no longer always positive. In fact, for w; >0

2,2
Im ((w? - V) @) (-00) = w; (|w|2 - 4(;\;213) <0<

lam| - 2Mr, |w| > 0.

This troublesome frequency regime also arises if w € R\ {0}. For such w we

still have “conservation of energy,”

(Qr)'=0.

95



Integrating and evaluating with the boundary conditions (1.20) and (1.21)

gives
Proposition 2.2.1. (The Microlocal Energy Estimate)
w? [u(e0)* - w (am - 2Mr.w) ju(-o0))* = 0.

If w (am - 2Mr,w) < 0, then this gives a successful estimate of the bound-

ary terms |u(-o0)|* and |u(o0)|>. However, if
w(am-2Mr,w) >0, (2.7)

then Proposition 2.2.1 fails to give an estimate for [u(~o0)|* and |u(o0)*>. In
the case of (2.7) we say that our frequency parameters are superradiant. The
existence of superradiant frequencies is the phase space manifestation of the
fact that the physical space energy flux associated to 7' may be negative along
the horizon, i.e. energy can be extracted from a spinning black hole.

Despite these difficulties, in [44] Whiting was able to give a relatively short
proof of mode stability for a wide class of equations on sub-extremal Kerr,
including the wave equation O, = 0, i.e. Theorem 1.5.2. By closely examining
the structure of u’s and Si,’s equations, Whiting found (appropriately non-
degenerate) integral and differential transformations taking u to @ and Sem

to S'Mml such that
B(E7,0,6) = (17 4 a%) e e, (0)i(r (1)

satisfied a wave equation O g'(/; = () associated to a new metric g for which there

was no ergoregion. After this miracle, the proof concluded with a physical
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space energy argument as in our discussion of Schwarzschild in Section 2.2.4.

2.3 The Whiting Transformation

In this section, which is the technical heart of the proof of our stability results,
we will introduce our extension of Whiting’s transformation and establish its
important properties. We emphasize that throughout this section we will

always take p = 0.

It turns out to be useful to work with the inhomogeneous version of R’s

and u’s equations:

AL

( dR
dr

A-d7) “VR=A(2+a?)F(r) = AF, 2.8)

V2 —(r? + a®)%w? + AMamrw - a*m? + A (Aot + a®w?) .
Here F' will be assumed to be a C* function compactly supported in (r,, c0).

Recalling that u(r*) = (r2 + a2)/2R(r), we have

u” + (wQ—V)u=H, (2.9)

L AMramw - a?m? + A( A + a%w?)

1%
(r? +a?)?
A 2 2 _ 2
+m(a A+2MT’(7‘ —Q )),
H(r*)= = F(r). (2.10)

(r2 + a?)1/2
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Our starting point is Whiting’s integral transformation:

a(xx—) = (zZ + 02)1/2(1? _,'.+)—2iMwe—iwa:x (211)

f er-fi(:‘— (x_r_)(r—r-)(,r _ ,,,_)17(7- - r+)§e—inR(7‘)d7'-
T+

Here n and £ are given by

. —i(am -2Mr_w)
n= re—1T_ )

(2.12)

. i(am-2Mr,w)
B T+ -T_ '

¢ (2.13)

In [44] Whiting used the above transformation only on modes satisfying the
homogeneous equation with Im(w) > 0, and the integral was thus absolutely
convergent. Since we shall also allow w € R\ {0}, at first, & only makes sense

as an L? function. Nevertheless, we will establish

Proposition 2.3.1. Let p =0, Im(w) 20, w# 0, R solve the inhomogeneous
radial ODE (2.8), and R satisfy the boundary conditions from Definition 1.8.1.
Define u via Whiting’s integral transformation (2.11). Then u(z) is C* on

(r4,00) and, letting primes denote x*-derivatives, satisfies

where

Ay =& E;;i(;;j-) G(z), (2.14)
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G(z) = (22 +a®)V?(z -7, ) BMweivny

f erie (z'r‘)(r_r‘)(r —r ) (r —r,)ée” ™ F(r)dr,
T+

we @-r)®(2) & 5
O(z*) = W - ®,(x),
®,(z) 2w (x-r)}(z-7.) - (4M¢u2 + 4w(aT+__2ih+w)) (z-r-)(z-r4)

+HAM2 W (z - r_) + (2amw = Agmt - @*w?) (z - 1),

(z-r)(z-7_
(22 +a?)4

dy(z) = ) (a*(z-r.)(z-7.) + 2Mz(2? - a?)).

Of course, it is important to understand the boundary conditions for .

When Im (w) > 0, the following quite crude analysis of 4 is sufficient.
Proposition 2.3.2. If Im(w) >0, then

1. a4=0 ((:c - r+)2MIm(“’)) as T —>ry.

2. 4=0 ((CL‘ - r+)2MJm(w)) as T —>Ty.

3. 4 =0 (e mw)izgl+2MImw)) g5 x — oo.

4. @ =0 (e ImMWlzgl+2MIn(w)) g5 1 — co.

When w € R~ {0} we need to be a little more precise.
Proposition 2.3.3. If w e R\ {0}, then

1. @ is uniformly bounded.

- 2 +—7r_)2|T(2 2 2
2. [ii(oo)[* = LTl fu(—o0) .

3. U is uniformly bounded.

5For mode stability on the real axis, it is only important that ® is real.
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4. W —iwl=0(z1) at z* = oo.
5. &’+@&=O(x—r+) at T* = —o0.

Here
F(z)ﬁfow e 't dt

is the Gamma function. Recall the well known fact that the (extended)
Gamma function is meromorphic, never vanishes, and only has poles at 0,
-1, =2, -

We now turn to the proof of Propositions 2.3.1, 2.3.2, and 2.3.3. For clarity
of exposition we will restrict ourselves to w € R \ {0}; indeed, for Im (w) > 0
the proofs are much easier and follow from the same sort of reasoning as the
real w case. Furthermore, due to the symmetries of the radial ODE, we may
restrict ourselves to w > 0.

It will be convenient to adopt the notation

25w

A= .
T'+—7'_

It will also be useful to consider the following functions
g(r) = (r—r.)*(r—r_) """ R(r),

g(z) = f eA(z—r_)('r—r_) (’f’ _ T._)21](,,,. _ ,r.+)2§e—2'iw7'g(,r)d,r
T+

= /00 eAGTIT) (g _ Y11 — 1, ) e R(r)dr. (2.15)

T+

Here z = z + iy with y > 0. Recall that n and £ are defined by (2.12) and (2.13)

respectively.

We close this introductory section with a brief outline of the arguments. If
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y > 0 then the integrals and their derivatives are all absolutely convergent; we
immediately conclude that g is holomorphic for z in the upper half plane. How-
ever, when y = 0, then g(z) is, a priori, only an L? function. In Section 2.3.1 we
will show that nevertheless §(z) is in fact a C! function on [r,,00). Then, in
Section 2.3.2 we will verify §’s equation and show that § is smooth on (r,, c0).
Finally, in Section 2.3.3 we will carry out an asymptotic analysis of §(z) as
x — oo; in particular, we will identify lim, o [£§(z)|. Finally, in Section 2.3.4
we will put everything together and conclude the proofs Propositions 2.3.1,

2.3.2, and 2.3.3.

2.3.1 Defining g on the Real Axis

For any y > 0 and € > 0, we shall rewrite ¢ in the following way:

Lemma 2.3.1.

rete .
g(z) = f eAGTI=) (e Y1 (p — 1, )™ R(r)dr

__( (A(Z _ 7'_))_1 eA(z—r_)(1'.,.—7'_+e)(r+ —r_ 4+ 6)7)

x eXe W+ ) € R(p, + e))

+( (A(Z _ 7‘_))_2 eA(z—r-)(re-r—+e)

A (C-rrCr e RO) )
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+(A(z-1))7? " (eA(z‘“)(T"‘-)

di:f ((r=r2)"(r - rs)fe ™" R(r)) )dr

Proof. This follows by integrating by parts twice the expression (2.15) in a

straightforward manner. O

Lemma 2.3.2. The function §(z) is continuous on [ry, ) and O(z71) as

T — 00.

Proof. Recall that the boundary conditions for R, (1.20) and (1.21), imply
1. (r-ry)"¢R(r) is smooth at r,.
2. % (e7rR(r)) = O (r*1) as r > oo.

In particular, the integral in the last line of the formula from (2.3.1) is abso-
lutely convergent even when y = 0. Thus, even when y = 0, we may conclude
that the right hand side of the formula is continuous in z.

n order to see the decay in x, set € = 1. By direct inspection one finds
that each term is O(z~!). Since the right hand side of the formula converges
in L? as y | 0, by uniqueness of L? limits we conclude that §(z) is equal to

the formula. The lemma then follows. O
Now we turn to ag ‘We have

Lemma 2.3.3. For any y >0 and € >0 we have

99

o -A(ry-r)g=

—(z-71.)" [ eAlzr-)(r-r-) d ((r r ) (r-r.) e R(r)) dr+
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(A—l(z _ T,_)—26A(z—7'_)(r+—r_+e)

d +1 _—iwr
x = ((r=r)(r=r)S e R()) (r + €))

_(A—2(z _ T._)—36A(z—r_)(r+—r_+e)

d2 +1 _—iwr
x =5 ((r=r)"(r =) R(r)) (1, +€))

_A2(z-r) f°° A=) (r=r_)
Ty+e

x :—; ((r=ro)"(r —r.) e  R(r)) dr.

Proof. This follows from a straightforward series of integration by parts on the

expression
93
—-A(r,-r_)g=
a .’L' (T"' )g

A /w eACTIT) (p e Y11 — 7, )6 e R(T)dr.

Next, we have

Lemma 2.3.4. %(m) erists and is continuous on [r,,o0). Furthermore

%—A(n—r_)g:O(m-?) as T — oo.

Proof. This follows by setting € = 2! in Lemma 2.3.3 and then reasoning as

in Lemma 2.3.2. O
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2.3.2 Verifying the New Equation

In this section we will compute §’s new equation.

We say that a function h satisfies a Confluent Heun Equation (CHE) if

there are complex parameters 7, §, p, @, and ¢ and a function G such that
) d?h dh
Th= (r—r+)(r—r_)ﬁ+(fy(r —r)+0(r-r)+p(r-ry)(r-r)) P (2.16)

(ap(r-r-)y+o)h=G.

A straightforward calculation shows that g satisfies such a CHE with

y=2n+1=,

6=2€+15(50,

p=—2iwép07
a=1=q,

2

0 = 2amw — 2WT_i — Aemi — G2W* = 0,

G=(r-r)¢(r-r.)"e“ F = Gy.

We need an integration by parts lemma whose straightforward proof is omitted.

Lemma 2.3.5. Let T denote a Confluent Heun operator as defined in (2.16).
Then

B2
/6 (Tf) (r=7r.)(r-r_)" tePhdr

B2
= (r-r)fr-ryer (Ln- 42

B
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B2
+ /B (Th) (r —r,) Y (r —r_)"e? fdr.
1
Next we will compute g’s equation for y > 0.
Lemma 2.3.6. Ify >0 we have

(z-r)(z- r_)%+

0
((z-r)+(1-4iMw)(z-71_) = 2iw(z = r_)(z - 714)) .g_i+
(-2iw(2n + 1) (2 - r_) + 2amw — 2wWT—i = Ay — a*w?) g = G

where

G2 [T eARETIT g (- )R Gy (r)dr.

Proof. Since the coefficients of the CHE are all holomorphic, we may take the
derivatives in the CHE to be complex derivatives. Let L, denote a Confluent
Heun Operator in the r variable with parameters (o, 6o, Do, 0, 00) and right
hand side Go. Let L, denote a Confluent Heun operator in the z (= z + iy)
variable with, to be determined, tilded parameters.

We wish to determine if
f eA(z—r-)(r—'r_) (T‘ _ T_)Z’n(,r _ ,r.+)2§e—22'wrg(7.)d,’.

is a solution to a CHE with tilded parameters. When y > 0 the exponential
damping in the integral allows differentiation under the integral sign, and we
see from Lemma 2.3.5 that the following two conditions will suffice:

(i]z _ Lr) 6A(z:—r_)(r-r._) =0,
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o0

(r- r+)‘5° (r—r_)% gpor gA(z-r-)(r=r-) (A(z -r.)g- QQ)

dr =0

T+

Vz such that y > 0.

We have
e~ A(z=r-)(r-r-) (Ez _ Lr) eAlz—r-)(r-r-) _

A(A(re -r)+D) (r—r)(z =12 - A(A(ry =) +po) (r = r_)2(2 - 7_)
~A(yo+ 60 +po(rs —72) =7 - 6—p(r. -r))(z=r)(r-r)
+(Ay(re —r-) +ap) (2 —7-) = (AY(rs — ) + agpo) (r = 7-) + (6 — 00) .

From this it is clear that we must have

A=-p(ry-r_)"t=2iw(r, -r)7",

P=p= _2iw1

&=707

We still need to check that the boundary conditions are satisfied. Since g
and % both decay for large r, the exponential decay from eA(=-r-)(r-r-) clearly

implies that

(r—r,)00(r —r_)weporeAzTr)r-r) [ A(z —r_)g - dg (r=00)=0
dr
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for all z with y > 0.

Since &y = 2£ + 1, with £ purely imaginary, and |g| extends continuously to r,,

we see that

((r —1,)%(r — r_)0eporeAlzr-)(rr-) (A(z -r_)g - @)) (r=r,)=0<

dr

dg
dr*

(ry)=0.
If we r* differentiate the expression defining g, we get

dR_€(r.-r)
dr* 2Mr,

P
dr*

(ry) = R (r+) =0.

We conclude that g satisfies L,§ = 0. Lastly, since § is holomorphic in the

upper half plane, % = g—g.

O

Finally, using the analysis from Section 2.3.1 we can upgrade this lemma

to
Lemma 2.3.7. When y=0, g is smooth in (r.,) and we have
0%g
(z-r)(z- r_)-5;2—+
, : 93
(z-r)+ (1 -4iMw)(z-7.) - 2iw(z-r_)(z-T1:)) 3a"

(—2iw(2n + 1) (z - _) + 2amw — 2wr_i — Agmt — a’w?) §= G

where

é = f erfi-ur’— (a:—r_)(r—r—)(r - T'_)Qn(’r - r+)2§e—2iw7‘G0(,’.)dr.
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Proof. One consequence of the analysis in Section 2.3.1 is that § (z + 4y) con-
verges to § in H! as y - 0. In particular, we may take y — 0 in the weak
formulation of the equation from Lemma 2.3.6 to conclude that g(z) is a weak
H! solution of (2.17). Since G is smooth,5 we may then conclude the proof by

an appeal to elliptic regularity. O

2.3.3 Asymptotic Analysis of g

Recall that in Section 2.3.1 we saw that § = O (z7!) as £ - co. In this section

we will carry out the somewhat subtle task of identifying
Jim [29(2)].
We start with

Lemma 2.3.8. Let h be a smooth function on [r.,o) which vanishes on

[r. +2,00), and recall that £ is defined by (2.18). For 7 >0 and v >0, define
Z (v, 1) = f e (r =1y +ir) % h(r)dr.
T+

Then we have

1Z (v,7)| s v

where the implied constant does not depend on T.

6Recall that

G(z) = / emi (@=r)(r=r) (p _p Y1(r =7, )ee ™" Fdr
T+
where F' is smooth and compactly supported in (7, o).

68



Proof. Integrating by parts twice produces the following expression for Z (v, 7):

7‘++1/_1 ,
Z(v,7) = f e (r—r, +i1)% h(r)dr (2.18)
- (i) e (™) (v'+ 2'7')26 h(r.+v?) (2.19)
+ (iv)? ei”(r++V_1)aCiT (( —r,+ir)% h()) (re+v71) (2.20)
2 \—2 « ir d2 . \2€
s@)? [ g ((r=r. +ir)*h(r))dr. (2.21)
The lemma follows by direct inspection of each term. O

The following lemma is the technical core of our argument. The proof

consists of minor adaptions of techniques discussed in the books [13] and [26].

Lemma 2.3.9. Let h be a smooth function on [r.,00) which vanishes in [r, +
2,00), and recall that € is defined by (2.13).
For v >0, define

Z(v) = Zv,0) = f Z e (r — )% h(r)dr.
Then we have
Z(v) = exp (% (1+ 25)) T (2 + 1) h(r,)e™ ™% + 0 (1?) as v > oo

where

I'(2) évfowe'ttz'ldt

is the Gamma function.

Proof. The key trick is to come up with a clever form of the anti-derivative of

e (r —r,)%. In order to do this, we extend e (r — r,)* to s e Cx{(~o0,7,]}
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where we are taking the principal branch of (s —7,)%. One may easily check

that (s -7,)% = exp (2¢log (s - r.)) is uniformly bounded in the region

{s:Re(s)e[r,,ry +2)}.

Thus, keeping in the mind the exponential decay from e#* as Im (s) - oo

and Cauchy’s Theorem, we may unambiguously define

I(r,v) = —fm e (s—r,) % ds

whenever r € (7,7, +2). This will satisfy

_a_l = e’iur (’f‘ _ ,r.+)2§ .

or

Now, integrating along the curve t ~ r + it implies
) oo .
l(r,v) = —z'e“”‘j eVt (r—r, +it)“ dt. (2.22)
0
Now, keeping in mind that 2% = exp (2¢log z), we have

lim [ (r,v) = —i1*%eivr+ f e 't dt (2.23)
0

T4

= —1* %y 1K (26 4+ 1) . (2.24)

More generally, changing variables in 2.22 implies

) o0 2
L(r,v) = —ie" v f et (r -7+ zi) dt. (2.25)
0 v
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Now we are ready for an estimate:

Z(v,7) = f T e (r— )% h(r)dr (2.26)
% I

= £+ Em (r,v) h(r)dr (2.27)

=R (26 + 1) h(r, )e ™y 1% (2.28)

- f T, v) K (r)dr (2.29)

= iR (2 + 1) h(r, )e? 7% (2.30)

+iv7t [ e‘t(f ewr (r—m +z£) h’(r)dr) dt. (2.31)
0 T+ 14

We have used (2.25) and Fubini in the last equality.

To conclude the proof we just need to show that

/(;oo et ([:o er (r -7, + ié)26 h’(r)dr) dt=0(v1). (2.32)

However, this follows by an application of Lemma 2.3.8 to the inner integral.

O
Let’s apply this analysis to g.

Lemma 2.3.10. As £ - oo we have

i(z) = (eXp (%r (1+ 25)) [(26 +1) (ry — 1) e Alremrdr-grivore (9.33)

x (20 (re 1)) (=) REO) () (2:34)

x gAT(re=r-)g=1-% ) +0 (z72). (2.35)

Proof. Let x(r) be a positive smooth function which is identically 1 on [r,,r, +
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1] and identically 0 on [r, +2,00). We may write

§(z) = f +°° A@T)r) (p _p Y1(5 — 7, e T R(r)x (r)dr (2.36)

" / AT (1 Y1~ Yo R(r) (1 - x(r)) dr. (2.37)

+

The second integral satisfies

foo eA@ T (p —p (e~ )T R(r) (1 - x (7)) dr

T+

= (A(z-7.))" f“eA(z-r_)(r-r_)
(= ) R (L= x(r))) dr
=0(z?).

We have used the boundary condition (1.21).

Now we conclude the proof by applying Lemma 2.3.9 (with v = Az) to the

first integral. a

2.3.4 Putting Everything Together

Now we will prove Propositions 2.3.1 and 2.3.3.

Proof. (Proposition 2.3.1)
Recall the definition of u:

a(z*) = (22 + a?) Y2 (z - r, ) HMweiwzy (2.38)
f ererm @) (1 Yn(p _ g, YT R(r)dr (2.39)
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In terms of g we have
i (:E*) - (:C2 + a2)1/2($ _ 'I‘+)_2iMwe—iw$§(a7).

In particular 4 is smooth on (r,, 00) and Proposition 2.3.1 follows from Lemma 2.17

and a straightforward (if tedious) calculation. O
Proof. (Proposition 2.3.3)
Keeping in mind that

Y @-r)(e=r) 0
- 22 + a2 oz’

the lemma follows immediately from
d(w*) - (:L‘z + a2)1/2(x _ r+)—2iMwe—iwmg(x),
the fact that §is C! at r, (see Section 2.3.1), and Lemma 2.3.10. O

Recall that we are omitting the proof of Proposition 2.3.2 since it is much
easier and follows from the same sort of reasoning as the proofs of Proposi-

tions 2.3.1 and 2.3.3.

2.4 An Estimate for the Wave Equation Ra-
dial ODE

The goal of this section is to prove the following proposition which will be

useful later in Section 2.5.
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Proposition 2.4.1. Let
& c {(w,m,l) eRxZ x Z2|m|}
be a set of frequency parameters with

Cor= sup (fl+fol™ + pl+ ) < co.
(w,m,l)es/

Consider (w,m,l) € & and suppose that u(r*) = (r? + a2)*/® R(r) is smooth,

R satisfies the mode solution boundary conditions

iwr*

R~ as r — oo,
T
i(am-2Mriw)
R~(r—ry)” ™  asr-ry,

and u solves (2.9) with a smooth, compactly supported right hand side H(r*) =

(T—2+3_2)1TF(7')' Then we have the estimate

A +°° IR dr < B (Ca) [lu(-o0)" + u(oo) + [ +°° [F () rédr].

It will sometimes be useful to switch our “perspective” with regards to —oo

and oo and write u’s equation as
v+ (wi-Vo)u=H

where
am
2Mr,’

Wy =w-—
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Vo=V +wk-wk

For the following estimates the relevant properties of V and Vj are
1. V is uniformly bounded.
2. V=0(r2) at oo.
3. Vo=0(r-ry).

4. For fixed non-zero a, m, and M > 0 there exists a constant ¢ > 0 such

that am — 2Mr,w > —c (Agm + a?w?) = %(n) > 0.

The last statement is the only non-obvious one, and the relevant computations

can be found in [21]. It will also be useful to note that
At + @%w? 2 Im| (Im| + 1) . (2.40)

This follows from the observation that when a2w? = 0, the e™%S,,,;(0) are
simply spherical harmonics with corresponding eigenvalues all larger than
[m|(lm| +1) (see [21}).

Note that the eigenvalue estimate above in particular implies that there

exists a constant b(Cy) depending on Cy so that
W2 <B(Cy) = %‘?(n) 5 0. (2.41)

In the following sections we will introduce the “currents” and then system-
atically explore various estimates and their realm of applicability. At the end

we will show how they can be combined to establish Proposition 2.4.1.
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2.4.1 The Currents

Our ODE estimates will be based on the “microlocal viral” and “microlocal

redshift” currents. These were first introduced in [18].

Definition 2.4.1. Let y(r*) be a continuous and piecewise C' function and
u(r*) be a smooth function. Then the corresponding microlocal virial current
8

QU[u] =yl PP+ y (w? - V) [ul.

Definition 2.4.2. Let z(r*) be a continuous and piecewise C! function and
u(r*) be a smooth function. Then the corresponding microlocal redshift current
18

z

zaul =z + z'(.uou|2 - 2Vplul?.

We will often suppress the [u] in both Q¥[u] and Q7 ,[u].

The following lemma is a straightforward calculation.

Lemma 2.4.1. Suppose that u(r*) is a smooth function satisfying the radial
ODE
v +(w?-V)u=H.

Then
Q") =yl +y'wul - (yV)'|ul + 2yRe (HT'). (2.42)

(Q%a) = 2 |u' + dwoul® — (2Vp)' |uf? + 22 Re ((u' + iwou) H). (2.43)

2.4.2 Virial Estimate I

The estimate we give in this section will hold for all frequencies (w,m,l) € &

but will degenerate as r* - —oo (r - r,).
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Lemma 2.4.2. Let (w,m,l) € &, u=(r?+a?)2R solve the radial ODE with
right hand side H = (rsz)T/—z-F(r), and suppose that R satisfies the boundary

conditions of a arising from a mode solution. Then, for every ro > r,, we have

[ [IRI2 :

ill’,
dr

2] dr < B(ro,Cd)[|u(oo)|2+ [: |F(r)[? r# dr].

Proof. Integrating (2.42) gives
[Pyl - V) fuf?) dr =

Q(00) = @¥(-00) = [ " 2yRe (wH) du".

We want to choose y so that the left hand side controls |u|?+ |u/|? (with weights
which degenerate as r* - +o00) and so that the boundary terms are controllable.
Let ¢{(r*) be a non-negative function which is identically 1 near r* = —co and

equals 72 near r* = co. We set

y(r*) =exp (—C’ /:o Cdr*) .

Here C is a large parameter to be chosen later. We have y(r,) =0, y(o0) =1,

and y’' = C'Cy > 0. We will show that the term

- [ @V upar

which threatens to destroy the coercivity of our estimate can in fact be ab-

sorbed into the other two terms. After an integration by parts and the in-
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equality |ab| < €e|a| + (4€)71|b], we find

[ vy upar| <

2[ y'|u'|2dr* +2/ y'w?) 2( ,‘)2|u|2dr +| (VP [7 -

Note that |V is uniformly bounded, decays like 72, and that y/y’ < C-1r2.
Also, the boundary terms clearly vanish. Thus, for sufficiently large C (de-
pending on w), we get

(o) 1 (e
[T vyt <5 [ (e yirue)dr

Lastly, the boundary conditions for R imply that
Q(00) < B (Car) lu(e0)[*,

Q¥(-00) =0.

Thus, we end up with

/:: (y'[u’|2 + y'w2|u]2) dr*B(Cy) [|u(oo)|2 _ [°° yRe (u’ﬁ) dr*] .

The usual Cauchy-Schwarz argument then gives

[ WP yitup)dr < B(Ca) (o) + [ yHPrdr |, (249
The proof concludes by a straightforward change of variables from r* tor. O
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2.4.3 Virial Estimate I1

The estimate we give in this will not degenerate at r* = —oo. However, it will

require that wp is bounded away from 0, and thus it does not cover all triples

(w,m,l) eof.

Lemma 2.4.3. Let (w,m,l) € & such that w? = (w— S )2 >0, let u =

(r? + a®)'2R solve the radial ODE with right hand side H = —S—5F (1),

(r2+a2)1/2

and suppose that R satisfies the boundary conditions of a arising from a mode

solution. Then, for every ri >r,, we have

T+

Il "RP dr < B(r,w?, Cur) [[u(—oo)|2+ / +°° (P () rd dr].
The constant B (r1,w?, Cyr) blows up as wi - 0.
Proof. We rewrite the virial current as
QY= ylu'* +y (wf - Vo) Juf’.
Let {(r) be a positive function equal to A near r = r,, and equal to 1 near

y(r*) = exp (—0 f m Cdr*).

Integrating the virial current gives

r = 0o. Then define

[y - yedlal + Vo) ) dr” -

—-QY(0) + QY(—o00) + f 2yRe (v'H) dz".
We may deal with the (yV;)' exactly as in the previous section, but the nec-
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essary largeness of C' now depends on how small w? is. We also have
Q¥(w0) =0

1Q¥(~00)| < B (Cur) [Ju(=00)* + ' (=00) [*].

We end up with

[y - yediul) dr <

B(Cy) []u(—oo)|2 + |/ (—o0)? + f : yRe (vH) dr*] .

As in the previous section, the standard Cauchy-Schwarz argument yields
f (—y’lu'l2 - y’w§|u\2) dr* < (2.45)
B (Curyi) [ful=00) ' (-eo)* + [~ 1FPar].

The lemma then follows from a straightforward changing of variables from r*

to r. O

2.4.4 The Red-Shift Estimate

The estimate in this section will not degenerate at r* - —oo and will cover the

regime when w2 is small.

The following Poincaré type inequality will be useful.

Lemma 2.4.4. Suppose h has support in [ry,r, + €] and has

(C=r)IF () (i) =0.
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Then
f T hPdr < C(1+ &) [ R + iwohl dr.

Proof. Keeping in mind that

dh_(r=r)(r=r) dh

dr* 72 4+ g2 dr’

we have

/rwlhpdr:fr —(’" ro) |hl*dr = - f (r- r+)(dhh+hj—h)d -
- [ ( 7;2_’Lr‘1_2) (Wh+ hB) dr =

D) s o (7 s

From here the lemma follows by the usual argument. O

Now we are ready for the estimate.

Lemma 2.4.5. Let (w,m,l) € & such that w is sufficiently small, let u =
(r? + a?)2R solve the radial ODE with right hand side H = (r2+a2)1,2 F(r),
and suppose that R satisfies the boundary conditions of a arising from a mode

solution. Then, there exists € >0 such that

rit+ef2
f \RP dr <
2¢ =)
BC| [, (e NP e )P ar + [~ F(r)Par].
Proof. We begin by noting that the boundary conditions for R imply that

(v’ +iwou)(r*) = O(r —r.) near r* = —co. Hence, if we consider a Q2 , current

and take z to be a function which blows up at —co (at an appropriate rate),
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the boundary terms will still be finite. With this in mind, let {(r) be a bump
function identically 1 on [r,, 7, + €] and vanishing on [r, + 2¢,00). Here € is
a free parameter that we will later take sufficiently small late. Now consider

Q%4 with the function z defined by

)2 L)
1%

0

z(r*
Note that 2z’ >0 near —oo since £V(-00) >0 by (2.41). We also have
(QFea) |7 = —Tu(=00) P,
which has a good sign. For 7 € [r,,r, +¢€], (2.43) gives
(Q%y) = 2'|u +iwoul?* + 22Re ((u’ + fwou) _I-T) )

Note that we have z’ ~ (r-7,)~! in this region.” For r € [r, +¢€,7, + 2¢] we will

treat everything as an error:
[(Q74)] € B(Cw) (|u'|2 + |u|2) + IzRe ((u' + fwott) ﬁ)l

Of course for r > 7, +2¢ we have (Qfed)’ = (. Thus, putting everything together

will produce an estimate for

fr++€(r 1) 2 (r* (1)) + dwou(r*(r))|*dr.

T+

For € sufficiently small, an application of Lemma 2.4.4 will show that this

"Keep in mind that
J_mr)r-r)ds
B 72 + a2 dr’
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controls
Ty+e/2
[ e )P
T+
at the expense of introducing error terms

\/r;: ([ (r* ()P + [u(r*(r))?) dr

We end up with

[+T++E(T — ) 2’ (r* (7)) + dwou(r* (r)) Pdr + /'“*5/2 [u(r*(r))*dr < B(Cu)

T+

—//ze (|u|2 + [u/|2) dr* + /°° IzRe ((u' + iwo) ?{—)ldr*' (2.46)

As usual, Cauchy-Schwarz implies

fmme(r —1.) 2 (r* (1)) + dwou(r* () [dr + f’"++e/2 [u(r* (r))|* dr <

T+

B [ / Z (™ (MIP + W ()P dr* + [ IR ()P dr] . (247)

a

2.4.5 Proof of Proposition 2.4.1

Now we are ready to prove Proposition 2.4.1.

Proof. Let by € (1, 00) be sufficiently close to 7, and by = $b;. First we apply

Lemma 2.4.2 and conclude

fJ (mt5

)dr<B(b0,Cﬂ)[|u(oo)| . f:’ |F|2r4dr]. (2.48)
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Now, depending on whether wy is small or large, we either appeal to Lemma 2.4.3
or Lemma 2.4.5, take b; sufficiently small and fix its value, and combine

with (2.48) to get

f“th dr < B(Cy) [lu(_oo)|2+|u(°°)|2+/°°|F(T)|2T4dT],

T+ T4

2.5 Proof of the Mode Stability Results and

the Microlocal Horizon Energy Flux Bound

In this section we will use our extension of Whiting’s integral transformations
and Proposition 2.4.1 from the previous section to prove Theorems 1.5.2,1.5.3,1.5.1,

and 1.5.4.

2.5.1 DMode Stability in the Upper Half Plane

We start with the proof of Theorem 1.5.2.

Proof. (Mode Stability, Theorem 1.5.2) Suppose we have a mode solution with
corresponding (u, Sgmi, Awmi) and w = wg + iwy with wy > 0. Let 4 be defined

by (2.11), and consider the microlocal energy current associated to :
QT =Im (’&’m) .

Proposition 2.3.2 implies that Qr (£o0) = 0. We proceed as in our discussion
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of Schwarzschild from Section 2.2.4 with 4 replacing u:
0=-Qr|"_ =- f (Qr) dr* = [ (wrlit" + Tm () [af?) dr*.

Hence, if we can show that Im (@) > 0, we may conclude that @ vanishes.

An easy computation using the formula from Proposition 2.3.1 gives

Im((w)zw( @=r) o . (w—n)(m—r_)q,l)_

(2 +a2)? ° (22 +a?)?
(z-r)(z-712) _
2+ a?)? Im (Agrmi@) ,

SM?(z-r_)

+ -

o = |wf* (2 -r.) (2 -r-) + le2[ ‘12] (@ =r.) +4M* ]’ (z - 1),
U, 2 a?(z-r,)(z—71.) +2Mz(2? - a?).

All of these terms are clearly positive except for —Im (A¢@). For this term

we need to return to Si,,’s equation (1.14):

1 d(. ,dS m2
T (sm0 d';ml) - (sin2 i a*w? cos? 9) Swmi + AkmiSwmi = 0.
Now multiply the equation by wS,;sinf, integrate by parts, and take the
imaginary part. There are no boundary terms due to Sy,,’s boundary condi-

tions,® and we find

o [

as, Kkml
do

2 2
+ ( T+ a?|w]? cos? 0) |S,§ml|2) sin 0d6 =

sin% 9

8Recall that the boundary conditions (1.15) required that ™S, (8) extend smoothly
to S2. More explicitly, let = = cos8; then an asymptotic analysis of the angular ODE shows
that the boundary condition (1.15) is equivalent to Swmi ~ (z £ 1)I™V/2 as 2 — #1.
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- [0 " 1m (Aeri) | S| sin 046 =
~ Tm (Aema@) 2 0. (2.49)

We conclude that Im (®@) is positive, and hence that & must vanish.

In terms of R, this implies that

R(z) = [oo gremr (@r)(r=r) (r—r)"(r-r.)e " R(r)dr

vanishes for all z € (r,,00). To see that this implies that R vanishes, we first
extend R by 0 to all of R and note that the Fourier transform of (r —r_)7(r -

r,)te"™r R(r) is, up to a change of variables,
R(z) = f 2 =) (1 Y1 — 1, )&= R(r)dr-

In view of the support of R, R extends to a holomorphic function on the
upper half plane. The vanishing of R for = € (7., co) implies that R vanishes
along the line {£ : y € (1,00)}. Analyticity implies that R and hence R itself

vanishes. O

Note that the above proof occurs completely at the level of @ and S.m.
In particular, we neither need Whiting’s differential transformations of Sy

(see Section IV of [44]) nor a physical space argument with a new metric (see

Section VI of [44]).

2.5.2 Mode Stability on the Real Axis

Now we prove Theorem 1.5.3.

Proof. (Mode Stability on the Real Axis, Theorem 1.5.3) Suppose we have a
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mode solution with corresponding (¢, Scmi, Axmi) and w € R\ {0}. Let @ be

defined by (2.11), and consider the microlocal energy current associated to :
QT = Im ('&IE) .

Then, noting that ® from Proposition 2.3.1 is real, a straightforward compu-

tation shows that we have conservation of energy:
~ N\
(Qr) =0=

Qr(o0) = Qr(-00) = 0.

Now the boundary conditions from Proposition 2.3.3 imply that we get a useful
estimate out of this:
Qr(o0) ~ Qr(-00) =
1

3 (P(e0) + (o) 4

T+_T_

(o) + il (~e0)?).

The unique continuation lemma from Section 2.1 implies that % must vanish.

In terms of R, we see that
R(y) = f eXr=) (p — (1 -, Yee ™ R(r)dr

vanishes for y € (1, 00), where we have extended R by 0 so that it is defined on
all of R. However, it is well known that the Fourier transform of a non-trivial

function supported in (0, 00) cannot vanish on an open set.?

As an alternative to this argument, one may instead use the fact from

9This follows from holomorphically extending to the upper half plane and the Schwarz
reflection principle.
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Proposition 2.3.3 that

~r 2|0 (26 + 1)

~ 2 _ (’I‘+
[io0)l" = 8Mw?r,

fu(-c0)*

to conclude that u(-o0) must vanish. Proposition 2.2.1 then implies that
u(o0) and hence u vanishes (again using the unique continuation lemma from

Section 2.1). O

Note that this proof is even simpler than the proof of mode stability in the

upper half plane since we only need to refer to .

2.5.3 Quantitative Mode Stability

To produce quantitative estimates for the Wronskian we shall need to work a
little harder than we did for the qualitative statements.

The following proposition and lemma will be useful for the proof of Theo-

rem 1.5.1.

Proposition 2.5.1. Let (w,m,l) € &, let u = (r? + a®)Y/2R solve the radial
ODE with right hand side H = WF (), and suppose that R satisfies the
boundary conditions of a arising from a mode solution. Then

u(-00) < B(Ca) [ IF(r)rtar. (2.50)

T+

Proof. Let @ be defined by (2.11), and consider the microlocal energy current

associated to u:

Qr = Im (¥wi) .
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A straightforward computation (and the fact that ® is real) yields

(QT)’ = wIm( ~§) =
Qr(00) = Qp(-00) = w [: Im (I?I&:) dz*. (2.51)

As in the proof of Theorem 1.5.3, the boundary conditions from Proposi-

tion 2.3.3 imply that we get a useful estimate:

QT(OO) - C~2T(‘°°) =

T+"'I"_

3 (a0l + (o) 4 :

: A(-o0) + (i (-e0) ). (252

Next, note that for any € > 0, changing variables and applying Plancherel

implies

|/ ooIm(fIﬁ)dr*sB[(%)‘l f: \F(r)Eridr + € f:’ |R(r)|2dr]. (2.53)

Thus, combining (2.51), (2.52), and (2.53) implies

Iﬁ(oo)|2SB(C£¢)[(4e)‘l [ +°° \F(r)ridr + e f +°° |R(r)|2dr]. (2.54)

Now, recall that Proposition 2.3.3 gives

(ro -7 )20 (26 + 1)
SMw?r,

[a(co)[* = fu(—c0) .

Thus, we obtain

lu(=00)* < B(Cy) [(46)-1 [ +°° \F(r) [ ridr + ¢ f +°° |R(r)|2dr]. (2.55)
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Next, we consider the microlocal energy current Q7 for u:
Qr =wlm (v'w).

This satisfies
(QT)' =wlm (Hu).

Integrating and using R’s boundary conditions yields

w? |u(o0)? - w (am - 2Mr,w) [u(~o0)[* <

B(Cd)[(éle)‘l [ +°° [F(r)2ridr + € f +°° |R(r)|2dr].

Combining this with (2.55) yields

[u(=00) 2 + fu(oo)? < B(Cu) [(46)-1 [TIRpe)Ertare [ °°|R(r)42dr].
" " (2.56)
Finally, taking e sufficiently small, and combining (2.56) with Proposition 2.4.1
easily establishes (2.50) and finishes the proof. O

Next, we switch gears a little and directly construct solutions to the inho-

mogeneous radial ODE via the following lemma.

Lemma 2.5.1. Let H(z*) be compactly supported. For any (w,m,l) € o,
define

u(r*) = W‘l(uout(r*)[: Unor(z*)H (2" )dz*
+ Upor(T™) fr:c uout(m*)H(m*)dac*).
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Then
v +(w?-V)u=H,

and R = (r? + a?)"'2u satisfies the boundary conditions of a mode solution

(1.20) and (1.21).
Proof. This is a simple computation. O
Finally, we can prove Theorem 1.5.1.

Proof. Define @ via Lemma 2.5.1. Then we have

2

fu(c0)|* = W[

f Uous (7)) H (z*)dz*
Combining this with Proposition 2.4.1 gives

J21(r2 + a2) 2 AL H rtdr

W[ < B=— -
|f_<><> Uowe (z* ) H (z*)dz*

Of course, W is independent of H, so it remains to pick any particular com-
pactly supported H we want so that the right hand side is finite. Since for
sufficiently large z, Iuout - ei‘*’w*l < % for an explicit constant C (see, for exam-
ple, [35]), it is certainly possible to find such an H. Thus, we have produced
a quantitative bound for W-1. O

2.5.4 The Microlocal Horizon Energy Flux Bound

We start by reviewing the notation introduced for the statement of Theo-
rem 1.5.4 and then introduce some more notation. Let ¥ be a solution to the
wave equation Og1) = 0 arising from compactly supported initial data along 3,

such that i is “admissible” in the sense of Definition 1.5.1. Let x be a cutoff
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function such that x is 0 in the past of ¥y and identically 1 in the future of

i
We then define
Yo = sza

E = ((Ogx) ¥+ 2VExV ).

Next, we let F' be the projection onto the oblate spheroidal harmonics of

the Fourier transform of (r2 + a?)"1p2FE, i.e.

m 2T %) ) )
Fi£ /(: f (rz+0'2)_1p2Eewt6_zm¢S,imzSine dt d¢ do.

Then let u(r*) similarly be the projection onto the oblate spheroidal harmonics

of the Fourier transform of (r? + a?)/2%, and

A

H(’f'*) = WF

We get
u” + (wQ—V)u=H,

. AMramw — a?m? + A(Ag i + a?w)
V=
(r2 +a?)?

(a*A +2Mr(r* - a?)).

B
(r2 +a2)d

Finally, let ZcR and € c {(m,l) €e ZxZ:1>|m|} be such that
Cag = sup (|w| + lwl‘l) < 00
weA
Ce = sup (jm] +|l]) < co.

m,le
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The define & = B x € c R x Z x Zy|y,;. We will have

Coz sup (Jw]+|w[™ +m| +i]) < oo.
(wym,l)edd

Next, we observe that the arguments of Section 5.3 of [21] imply the fol-

lowing lemma.

Lemma 2.5.2. Let ¢ be an admissible function on Kerr that is also a solution
to the wave equation Ogp = 0 with compactly supported initial along Xy. For

every (w,m,l) € R x Z x Lyjy, set

1 oo ) )
R(r,w,m,l i—f / ewtemmé S 1 (0,k)Ysing dw db de.
( ) e e Jso 1(60,8) Y ¢
Then R satisfies the boundary conditions so that e~“te™®S, R is a mode

solution in the sense of Definition 1.3.1.

Now we check that we can control the L'(r*) norm of H and that H is

smooth in 7*.

Lemma 2.5.3. We have

sup [ |H| dr* < oo,
(w,m,l)eCyy 7 —°

H is smooth as a function of r*, " H dr* is a smooth function of r, and

—0Q

frf’(r) H dr* vanishes for large r.

Proof. The standard L* - L! inequality for the Fourier transform (and chang-

ing variables from r* to r appropriately) imply

sup |H| dr* < B [rF| dVol.

(wym,)eCyr J —00 supp(Vx)
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Since 1 has compact support, it is easy to see that the right hand side of this
inequality is finite.

An analogous argument shows that H is smooth as a function of r* and
that f_r;(r) H dr* is a smooth function of 7. The final statement of the lemma

follows from 1/’s compact support. 0

The following representation formula is a useful starting point.

Lemma 2.5.4. We have
u(r*) =W‘1(uout(r*) f " (@) H (z*)da* (2.58)
+ ’U,hor('r*) f:’o Uout(.’L’*)H(fB*)d;L‘*),

Proof. Standard ODE theory (see [35]) implies that wnor, [, Uout, and u. all
have a finite L, .« norm. Thus, since H € L'(r*) and Theorem 1.5.3
implies that W # 0, the right hand side of (2.58) is absolutely convergent.
Define 4(r*) by the right hand side of (2.58). Now, since H is a smooth
function of r*, we can apply the fundamental theorem of calculus and easily

check that « is a solution to

Next, using Lemma 2.5.3, one sees that R = (r2+a2?)-1/24 satisfies the boundary
conditions associated to a mode solution. Thus, e-*eim®S, (R~ R) is a real

mode solution. Theorem 1.5.3 then implies that R = R and thus thatu=4. O

We are finally ready to prove Theorem 1.5.4.
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Proof. Lemma 2.5.4 immediately yields

[%, > Ju(-00) dw < f > w? f °°uhor(r*)H(r*)dr*2 duw.

(m,l)e¥ Z (m,l)e€

Theorem 1.5.1 then yields

Lox wr

(ml)e¥
B(Cx) /
(m l)e?

2
dw <

[: Unor (T ) H (1™ )dr*

2
dw.

f Unor (7Y H (r* ) dr*

Thus the theorem is reduced to proving

Lx

(m,l)e¥

f Unor (T ) H (r*)dr*

" dw<B f Erd (2.59)

The first thing we observe, is that unfortunately, passing the ||2 into the
integral with a naive Cauchy-Schwarz inequality will produce too many powers
of 7 to establish (2.59) (keep in mind that H(r*)dr* = (r2 + a?)Y2F(r)dr).
However, if we introduce a cut-off function ¥(r) which is identically 0 for
r€[ry,ry +10M] and 1 on [r, + 20M, 00), then using the L* — L! inequality
to control the L* norm of H in (w,m,l) € &/, we easily obtain via a Cauchy-

Schwarz inequality in r

’[@ (m,l)e¥

f (1 = X) upor(r*)H(r*)dr*

" dw<B f [0 + |0w] dVol
pp(Vx)

(2.60)
<B |6y|> dVol

supp(Vx)

ngzo|a¢|2.
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In the second line we appealed to a standard Hardy inequality, which says that

for all f which vanish for large r, we have
[ IfI? dr<B f “r206. 1 dr, (2.61)
1 1

and in the third line we have used a finite in time energy estimate.

Thus, we have reduced the theorem to establishing

_[93 (m;)e%

2
2
dw< B [2 lou. (2.62)

f " Sttnor (r ) H (r)dr*

Next, standard ODE theory implies that Iuhor - e"“””*l < B(—f"’—). Note when-
ever we gain a power of r, then the argument of (2.60) becomes applicable.

We conclude that the theorem will follow from the estimate

'[@ (m,lz)e%

2
2
dw< B [Z 0w (2.63)

f Xei‘"*H(r*)dr*

In order to control this term, we will exploit the oscillation in w via a
suitable application of Plancherel. However, we first need to fully account for
the w dependence of H. Writing out everything explicitly in Boyer-Lindquist

coordinates, and applying the easy Cauchy-Schwarz argument from above to
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any terms which pick up additional decay in r, yields

[@ (m,l)e?

B

[ xe“r H(r* )dr dw <

2
dw+

L 7 et X (0up) € S (8w sin bt dr df d

‘/Sz [: ‘/;ooxez'wteiwr*xuwe—imqssw

2 (m, l)e%"

‘[g (m,l)e¥

B [ jouf
i3[1+11+f20|a¢|2].

dw+

We begin with an analysis of the first term I. We have

=% oo 2
[@ 3 fs 2 f f RE“TEHT 3! (Bah) €98, (8, w)rsin Odt dr d6 dg| du
(mD)e® —oo Jry

s f )
B JS?

i o Ja| )y, X (O0)r dr ") dw dt sinf db dg
e ” 22,12 .
SB/:M [m ./SZ fn 0" r°(x')? dt dr sinf df do
2
< [ touf.

In the first line we used the orthonormality of the e ¢S, in the second

dw sinf df d¢

/ f Feiteior ’(c’?tw)rdtdr

T+

line we use that support of x’ is compact in the t-direction, in the third line
we used Plancherel in w, and in the final line we used a finite in time energy

estimate.
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For the term I1, proceeding exactly as we did for term I yields

‘/‘% (m%e‘f

ST

-/S; f 0o / o0 Feit i 3 Mapgmims Somi(8,w)rsin 8dt dr df de¢

f xe“ yr dr

2
dw

2
(xX")? dw dt sinf df dg.

However, now write e = (iw)™1(1+ 0 (r1)) £ (¢*") and integrate by

parts in r. We obtain

S Je Sa
<57 [ Jo Ja
B [ S o
o [ S

[ e Yr dr
T+

2
(X")? dw dt sind df d¢

) 2
[ %€ dr dr| (x")? dw dt sin6 dO do

+

[T @xyeerir ar

2
(x")? dw dt sinf df d¢o

00 2
f ze“r oy dr| (x")? dw dt sin6 dO do.

+

For the first term on the right hand side of this inequality we can now proceed

as we did with term I. For the other two terms, we can also proceed as we did

before, we just have to append the Hardy inequality (2.61) at the very end.

Adding everything together finishes the proof. O
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Chapter 3

Mode Instability for the

Klein-Gordon Equation

The goal of this chapter is to prove Theorems 1.6.1 and 1.6.2. We start in
Section 3.1 with a review of linear ODE’s with regular singularities. Then, in
Section 3.2 we apply the analysis of Section 3.1 to the radial ODE. Finally, in

Section 3.3 we prove Theorem 1.6.2, and in Section 3.4 we prove Theorem 1.6.1.

3.1 Linear ODE’s with Regular Singularities
Let’s recall some facts about linear ODEs in the complex plane.

Lemma 3.1.1. Consider the complex ODE

d’H dH
—d;—+f(z,>\)jz-+g(z,/\)ﬂ—0. (31)

We will assume that there exists {f;(A)}, {g;(A)}, 7, and open U c C such
that for z € B.(zy) and every compact K c U there exists {Fj(K)} and {G§K)}
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such that
150 < X and |g;(V)] < G when A ¢ K,

> G§-K) (z-20) and ). Fj(K) (2 - 2)? converge absolutely,
=0 =0

{£f;(A)} and {g;(X)} are holomorphic in A€ U,
(=) (2, 0) = 2 )z and (2= 2)°9(2) = 3 0,(N)(z = 20

If these hypotheses hold we say that zy is a regular singularity. Set
Q(a,A) =a(a-1)+ fo(A)a+ go(N).

The indicial equation is

Q(a,A) =0.

We suppose that a holomorphic a(\) has been chosen such that
Q(a(N),A) =0 and IJIGI%I}IQ(Q()\) +7,A)|=A\) > 0.
Then there exists a unique solution to (3.1) for z near zy of the form
h(z,A) = (2= 20)*Vp(2,A)

such that p(z9,A) = 1. Furthermore, p is holomorphic for z € B,,(20) and
A € K where rg is sufficiently small and K c U is sufficiently small.

Proof. One can extract a proof of this from the discussion of regular singu-
larities in [35]. For the sake of completeness we will give the needed slight

extension here. Without loss of generality we may set zy = 0. We begin by
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looking for a formal solution of the form
h(z,A) = 22 Y pi(X) 2
7=0
where we set pp()\) = 1. Formally plugging this into (3.1) we find (see [35])

Q ((«(X), 1)) =0,

Q@) + 50 50) = 5 ((A0) + 1) f-1(3) 41400 () for 2 1.
Since Q(a(A), A) = 0 by hypothesis, the first equation is satisfied. Furthermore,
by assumption Q(a(A) + j,A) # 0 for any j. Hence, the second equation
determines p;(\) recursively. This establishes the uniqueness of p. It remains
to check that the series converges appropriately. We will do this by majorizing
the series. Let us pick an arbitrary compact set K c U sufficiently small and

ro < r sufficiently small. After applying Cauchy’s estimate to the holomorphic

functions ¥ ; Fj(K)zJ' and ¥, G§K)zﬂ', we may find a constant Ck so that
If;(V)] € Cxry? and |g;(\)] < Crry’ for A e K.

Let B()\) be the other root of Q(+,A), and set n(A) = |a(X) - B(A)|. Since
Q(a(X)+k,\) = k(k+a(X)-B(A)), our hypotheses imply that a(A)-B(N) ¢ Zeo.
Next, define b;(\) by

b0 = los (V] for j <n,

33 = la(A) = BB (A) = CK;(Ia(A)I +k+1)be(N)rg ™ for j > n.

It is easy to check by induction that |p;(A)| < b;(X) for all j. For sufficiently
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large j, one finds that
r0j (5 — la(A) = BB (A) - (G- 1) (7 - 1 - |(A) - B(A)Db;-1(A) =

Cx (Ja(A)] +5)bj-1(A).

Now the ratio test implies that the series Y33, b;(A)2? converges in the ball
of radius ro. Hence, by the comparison test, ¥72p;(A)2? converges in the
same ball. Since ro was arbitrary, we find that for every A € K, ¥72; p;(A)2?
converges and is holomorphic in z € B.(0). Next we may freeze z € B,(0) and
consider p(z,A) = 720 p;(A)27 as a function of X. For every compact K c U,
our proof has shown that p(z,-) is a uniform limit of holomorphic functions.

Hence, p(z, ) is holomorphic for A e U. a

3.2 Local Theory for the Radial ODE

3.2.1 The Horizon

Let’s apply the theory from Section 3.1 to the radial ODE. Recall that we

earlier set
_i(am-2Mr,w)

T+_T_

§

First we consider the case where am - 2Mr,w # 0. In this case the indicial
equation has two distinct roots which do not differ by an integer. Hence a

local basis of solutions to the radial ODE around r, will be given by

{(r=r)epu(r), (r=r.)pa(r)}
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where each p;(r) is holomorphic near r, and is normalized to have p;(r,) = 1.
Our boundary conditions require that R must be of the form A(r —r,)¢p;(r)
for some A € C. Hence, for every w and p so that A is defined (see (1.14) and

Lemma 1.3.1), we consider the unique solution to the radial ODE of the form

(r-r.)%p(r,w, 1) (3.2)

where p(7,w, i) is analytic in r, holomorphic in w, analytic in p, and p(r,,w, u) =
1. Let us remark that if a mode solution with real w and am - 2Mr,w # 0

vanishes at r,, it must vanish identically.

Now let’s consider what happens if am-2Mr,w = 0. In this case the indicial
equation has a double root at & = 0 and lemma 3.1.1 only produces one solution
near r,. One must then consider solutions which have a logarithmic singularity
at r,. The standard theory (see [35]) then implies that a local basis of solutions
is given by

{01(r), log(r =, )ipa(r) + 3(r)}
where the ; are all holomorphic near r,, p1(r,) =1, p2(r,) = 1, and @3(r,) =

0. It will be important to note that lemma 3.1.1 implies that ¢; is embedded

in the family of local solutions (3.2).

Lastly, it will be useful for the bound state analysis to note that everything

said in this section so far applies verbatim to the equation

d ( dR
dr dr

A A—)—W#R—VAR=O for v e R.
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3.2.2 Infinity

The local existence theorems quoted in this section can be found in chapter 7

of [35]. Let us note that the radial ODE can be written as

dR2 9,AdR W,

T A o Aeft0=

dR? (2

dR 2M (2uw? -
ar” s -2y e&t 2 _ 2y, cMlaw” —p7)
5 + - +O(r )) o +((w o)+ "

2
i) +0(r-2))R= 0.
Let’s write w = wg + tw;. We will need to construct a local basis at infinity
that depends holomorphically on w and analytically on u.

Lemma 3.2.1. For all w and p with p? - w? ¢ (-00,0] there is a unique
p2(r,w, w) which solves the radial ODE and satisfies

_M(2w?-u?)

32, 1 A M)
pa(r,w,p) = eVt et o eVt T et |

Furthermore, ps depends holomorphically on w and pu. The square Toot is

defined by making a branch cut along the negative real numbers.

Proof. One can more or less extract a proof of this from the discussion of irreg-
ular singularities in Chapter 7 section 2 of [35]. For the sake of completeness
we will give the needed slight extension. We let C' denote a sufficiently large
constant which can be taken holomorphic in ¢ and w. One may find a formal

solution to the radial ODE of the form

_1_M(2<~’2—#2) 00 a.(w )
s a2 - H
L(r,w,p) =e Vit Vit Z : zj,

7=0
where ap = 1 and the a; are holomorphic in w and u. See Chapter 7 section 1
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of [35] for the computations behind this. Let’s set

_ _M(2w2—;42) n—-1 .
Ln(r) w, /-1‘) = e—\/u2—w2r,r Vi2-w? Z —ag (w., “) .
o Z

Then

27, AdL, W, 1Mot
d Or e VHWir Vi B (pw, )

-—tL, =

a2 A dr A2

where B, (r,w,n) < Cr~™ 1. Let’s look for a solution g, of the form

ﬁQ(Tawa :u') = Ln(r’wuu) + 6(7‘,&), .u)

‘We must have

2_,2
2 W _1_M(2w —u“)
d € arAﬁ _ _/1,6 - —6_\/#2—‘027'7' \/;ﬂ—zﬂ Bn -

a2 A dr A?

d%e
5t (w?-p?)e=
-MED) g Nde (W,
—e VMW T Vet B TA d_: ¥ (Ig +(w?- “2)) «

Let’s set

eVuZ-wE(r=t) _ o=/ p2-w2(r-t)

K(r,t) = :
2\/ p? - w?
Variation of parameters gives
e(r,w,p) =
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[MK(T,t)x

_ _M(2w2-#2)
(e_ i Bn(t)_(wu(t)WQ_uQ)e(t) BA(2) de (t)) i

A2(t) At) d

We may solve this by iterating in the usual fashion. Set ho(r,w, ) =0 and

hj+1 (ra W, M) =

fr “K(r,t)x

_M@w?-p?) 2
(e—mtt \/m B, - (2/2((;)) +w? _#2) hj(t) 0tAA(S) th( ))

It is easy to see that

dh
lhl('ra w, l'l')l + d_Tl

1 M(2w2—p,3)

Ce-Vr-wirp Vu2-w? { M(2w2 2) \

- nt —
T \ ‘//J —w2

Then, with induction one can show that

dhia
hgon = sl ) + |22 28] 10,11
, __ 1 M@w??) y
Cig-Vuw-wirp — u2-u? . M(2w? - p?)
rn n ’u,2 —w?

For w and p in a sufficiently small compact set and sufficiently large n, the

h;(r,w, u) will converge uniformly in r, w, and p. ]
It is of course easy to pick a second holomorphic family of solutions g, (r,w, i)
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that is linearly independent of g;. One can show (Chapter 7 of [35]) that we

must then have ) o
—l—M 2w -u“)
A - 2_,,,2
palr, 0, 5) VI VT

1 M(2w2-u.22
pr(r,w, p) ~ eVH iy TVaE

Lastly, we note that a similar discussion can be carried out for the equation

d (. dR
Az (A%) “W,R+vAR=0.

3.2.3 Reflection and Transmission Coefficients

Let’s fix some set of frequency parameters with u? - w? ¢ (-o0,0]. Above we
constructed p(r,w, u) holomorphic in w and p so that (r—r,)¢p(r,w, u) gives a
solution to the radial ODE with the correct boundary condition at .. We can

then introduce reflection and transmission coefficients A(w, 1) and B(w, u):

R(T$ W, /-L) = (T' - r+)5p(r, w, N) = A(wa ,u)ﬁl(r,w,,u) + B(w7 N)ﬁQ(Tawv N)

Let W (-,-) denote the Wronskian. Then

_ W(R) ﬁ2)

A= —,
W(plap2)

Thus A is holomorphic in w and analytic p. Similarly, B is holomorphic in w

and analytic in p.

107



3.3 Proof of Theorem 1.6.2: Restrictions on

Mode Solutions Corresponding to Real w

We will start with the proof of Theorem 1.6.2 since it is simpler than and

motivates the hypotheses of Theorem 1.6.1.

3.3.1 Part 1

Let R be a solution to the radial ODE with parameters (w,m, [, 1) such that
w e RN {0}, u? > w?, and R satisfies the boundary conditions associated with

a mode solution. We wish to show that
am-2Mr.w=0.

Let’s define the energy current,

A dR=)\
7=Im ( A—R
Q1 \ dr }
An easy calculation yields A
dQr
— =0.
dr

Since R must decay exponentially at infinity, we have QT(oo) = 0. Hence,

using the horizon boundary condition (1.20), we get
dR —_— 2
0= Qr(c0) = Qr(rs) = (2Mr,)Im (%(m}z(m)) = (am - 2Mr.w)|R(r)[.

Thus, either am - 2Mr,w =0 or R(r.) = 0. However, R(r,) = 0 implies that
R is identically 0 (see Section 3.2). We conclude that am - 2Mr,w = 0.
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3.3.2 Part 2

Again we let R be a solution to the radial ODE with parameters (w,m,l, )
such that w € R\ {0}, p? > w?, and R satisfies the boundary conditions asso-
ciated to a mode solution. From the previous section we know that we must
have

am—2Mr,w=0.

We now wish to show that

am # 0.
Using am - 2Mr.w =0, we may write
W, = —(r*+a®)2w? + AM2W?r, (2r - 7,.) + A (Anml +a%w? + rzuz) ) (3.3)
We now argue by contradiction. If 2Mr,w = am =0, then
Wy =AXom +72p%) = A(L(1+1) +r?p?) 2 0.
Now consider the function
f(r) =Re (AET—R

dR—) '

Since our mode solution must be exponentially decreasing at infinity, we see

that f(o0) = 0. The boundary conditions at the horizon imply that f(r,) =0.

o= [ [ (8l

This contradicts the non-triviality of R.

Hence,

2
+ % |R|2) dr.
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3.3.3 Part 3

We still let R be a solution to the radial ODE with parameters (w,m, ;)
such that w € R\ {0}, u? > w?, and R satisfies the boundary conditions of a

mode. From the previous two sections we know that
am - 2Mr,w =0,

am # 0.

We wish to show that there exists a function C(w, m,[) such that

w? < p? < w?+ C(w,m,1).

Starting from (3.3), using w? = %, and (2.40), one finds

dw,

— (ry) = —4r, (r2 +a?) w? + 8M*Wr, + (r, —1_) (Akmt + a?w? + 72 2)

=8Mr,w? (M =7,) + (ry =) (A + a?w? + 12 p?)

a’m?
Mr,

=(ry-r.) (—

+ Aoy + APW? + ri/f)

> (e =r-) (Il 1) - £

+

+T.2+M2) > 0.

In the third equality we used that 2(M -r,) = - (r, —7_), and in the last line
we used that a < M < r,. Away from r,, increasing u strictly increases W,
and as long as p? > w? the potential converge to oo as r — oo; hence, we may

conclude that there exists C(w,m,[) such that

p? > w?+ C(w,m,l) =W, >0.
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Now the proof concludes exactly as in Section 3.3.2.

In order to establish that
llim C(w,m,l) =0,

it suffices to know that
8Amnl

Op

>0,
lhm /\,gm[ = 00.
This second fact follows from standard Sturm-Liouville theory.

Thus, the proof is finished with the following lemma.

Lemma 3.3.1. When w is real, we have

oA
@ > 0.
Proof. Let
.08
S, = o
We have

2
——1———1 (sin@ﬁ’i) - (s$26 -a?(w? - u?) COS29) S, +AS, =

(2a2,u cos? f - 8—)‘) S.
op

One may easily check using the theory from Section 3.2 that S, still satisfies

the boundary conditions of an eigenfunction. Thus, multiplying the equation
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by S, integrating by parts, and taking the real part gives

[W (Zaz,u cos? @ - Q) |S|? sin 6d6 = 0.
0 ou

3.4 Proof of Theorem 1.6.1: Construction of
Mode Solutions

Now we will prove Theorem 1.6.1.

3.4.1 Outline of Proof

Before beginning the proof we will give a brief outline. As mentioned in the
introduction, we start by constructing real mode solutions. The key technical

insight is a variational interpretation of real mode solutions. The variational

1t this will turn out to beam

1 1
11141 Aiad

problem will posses a degeneracy, but
problem. Next, we will perturb our real mode solution into the upper complex
half-plane by slightly varying w and p. This argument relies on observing
that mode solutions are in a one to one correspondence with zeros of a certain
holomorphic function of w and u. Given this, an appropriate application of
the implicit function will conclude the argument. Lastly, we analyze how a
mode in the upper half-plane can cross the real axis. The upshot will be that
as long as we are in a bound state regime (u? > w?), a mode must become
superradiant (Proposition 3.4.3) and lose mass (Proposition 3.4.5) as it enters

the upper half-plane. Putting everything together will conclude the proof of
Theorem 1.6.1.
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3.4.2 Existence of Real Mode Solutions

We begin with construction of modes corresponding to real w. In light of
Theorem 1.6.2 we shall fix a choice of w, m, and [ such that am - 2Mr w =0

and w # 0. In the rest of this section all constants may depend on w, m, and [.

A Variational Interpretation of Real Mode Solutions

First, we shall need to review the local theory for the radial ODE. As recalled
in Section 3.2, when am — 2Mr,w = 0, a local basis around r, of solutions to

the radial ODE is given by

{e1,log(r =74 )2 + @3}

where the ; are all analytic near 7., p1(r:) = 1, po(ry) = 1, and p3(r,) = 0.
Our to be constructed solution R should be a non-zero multiple of ¢;. It will
be useful to further observe that the analysis of Section 3.2 implies that if a
solution of the radial ODE does not satisfy the correct boundary condition,
then it is exponentially increasing.

Next, we explore the graph of EAE. Using the formula (3.3) and the as-
sumption w? = W’ one may derive

W, a*m?

2(y —
— = (A+4M +M

r—r_

A 4M27.2 ) + Axrmt + a*w? + 7'2#2. (34)

In particular, combining this with (2.40) and the inequality a < M < r, gives

a’*m?
”( +)-— +)\,§ml+a2w2+rfu22
a2m2 a2
- + +1)+ > 1- +72u% > 0.
T () 1)+ 2 > mi? (1= )+ o2
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Furthermore, it is easy to see that

m=r2(u2—w2)+0(r) as T — 0o,

A

Thus, there exists 7, < r4(u?) < rp(p?) < oo such that W, can only be
non-positive on (r4,rg).! Furthermore, we can take r4 increasing in p2? and
rp decreasing in u?. Below, in Lemma 3.4.1 we will see that for u? sufficiently
close to w?, W, does in fact get very negative in (r4,rp). This suggests that

we could look for bound states of the radial ODE by minimizing the functional

- (ol

over functions of unit L? norm. Note that any solution f of the radial ODE

2
+%|f|2)dr

with £,(f) < oo will automatically satisfy the correct boundary conditions (at
r =1, and r = 00). This is the crucial way that the am-2Mr,w = 0 assumption
enters the construction. The degeneration of the radial ODE at r, poses some
difficulties for a direct variational analysis of £,. Nevertheless, we will be able
to overcome this by working with regularized versions of £,. In Section 3.4.2

we will prove the following two propositions.

Proposition 3.4.1. For every u sufficiently close to but larger than w, there
exists a non-zero f,, satisfying the boundary conditions of a mode solution and

a constant v, <0 such that

d (. df
Az (AE;") W, fu+ VA S, =0.

Furthermore, v, can be taken to be increasing in p?.

INote that this structure is absent in a study of the wave equation (u = 0).
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Proposition 3.4.2. There exists pg and correépondz’ng fuo such that v, = 0.

The f,, is the solution we seek.
We will close the section with a preparatory lemma. Recall that we have
fixed w, m, and [ which are assumed to satisfy am—-2Mr,w = 0 and w € R~ {0}.

Define
& ={p>0:p?>w? and 3f € CF° with L,(f) <0}.

Lemma 3.4.1. Let p be sufficiently close to but larger than w. Then we will
have

e .

Proof. For every fixed f, £,(f) is continuous in p. Thus, it is sufficient to

find a smooth f with compact support such that

L.(f) <0.

First, we note that near infinity
V.,
A= -2Mw?r + O(1).

Hence, for f supported in (A, c0) with A large, we write

df |*

Lo(f) = f (r+0(r) 2

- (2Mw?r + 0(1)) |f|2)dr

Since w # 0, if we set f to be equal to 734 on a sufficiently large compact set
K and 0 outside a slight enlargement of K, it is clear that we can make £, (f)

as negative as we please. U

We remark that this lemma is the only place where we shall use the w # 0

hypothesis.
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Analysis of the Variational Problem

It will be useful to consider the following regularization of £,:

0+ 18

Lemma 3.4.2. If py? > w?, then there exists fl(f) € Hi(r, + €,00) with unit

2
+%|f|2)dr.

L2(r, + €,00) norm such that L achieves its infimum over Hi(r, +€,00)

functions of unit L?(r, +¢€,00) norm on ,Ee).

Proof. If omitted, all integration ranges are over (r, + €¢,00). Recall that in
Section 3.4.2 we showed that —Vgﬁ is increasing in w2, is non-negative near r.,

and goes to infinity as r - co. More specifically, we established

_VIA/ﬁ(r'f) 2 /1'2’

W,

A =7 (p? - w?)+O(r) as T > 0.

Hence, we can find r, < By < By, Cy > 0, and Cy > 0 only depending? on an

lower bound for u? such that

S (ofF

From this it is clear that

2 B
+ Cor®1(sy,8,) (1* - w?) |f|2) dr <Cy fB |fIPdr+ L (£). (3.5)
0

v 2 inf {LEO(f): f e C and ||fllpa =1} > —o.

Let { ,Sf&}nd be a sequence of smooth functions, compactly supported in

2Remember that we have fixed w, m, and ! and that all constants in this section may
depend on these.
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(rs + €, 00), with “f(e) =1, such that

49 (742)

The bound (3.5) implies that ” frp ©

o is uniformly bounded. We now apply
Rellich compactness to produce a f,S ) € H} such that a re-labeled subsequence
of { } converges to f weakly in H! and strongly in L? on compact subsets
of (74, 00).

We claim that no mass is lost in the limit, i.e. ||f{?||;2 = 1. Suppose not.
Then, for any compact set K, there will exist infinitely many of the fy (e )’s such

that

()
n

>a>0.

L2([r4,00)\K)

It is easy to see from (3.5) that this will give a contradiction if K is sufficiently
large.
Using the boundedness of weak limits and the strong L? convergence, we

then get
) < E(e) (f )) < hmmfﬁ(e) ( ,(fu) = l/,(f).

This implies that ,C,(f) achieves its minimum on f; ©, O
Now we are ready to prove Proposition 3.4.1.

Proof. First we observe that { (e )} is bounded and decreasing in €. Set

>0
= hme_,o . Lemma 3.4.1 implies that y € & which in turn implies that

v, < 0. For any interval K = (r, + 1,n) with n large, (3.5) implies that

sup
>0

£

Hl(K)
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55

inf
€0 L2(K)

After an application of Rellich compactness and passing to a subsequence, we

may find a non-zero f, € H' that is a weak H'! and strong L2 _ limit of f,f).

Using the Euler-Lagrange equations associated to Eff), we find

d (. df
A%( d—:)—W,,f#+VﬂAf“=0.

On any compact subset K of (r,, o), boundedness of weak limits and the L2

loc
convergence of the fﬁ(f) imply that

JAC
J7al

Near r, the local theory from Section 3.2 implies that

dfu
dr

2w
+ Xp |fu|2) SV

Hence,
2

dr < oo. (3.6)

fu= Ap1 + B (log(r - 7"+)<P2 + 803)

for some constants A and B and non-zero analytic functions ;. However, if

B # 0, then
df,

[+ Adr

Hence, B = 0. Near infinity the local theory from Section 3.2 implies that that

2
dr = oo.

f,. is asymptotic to a linear combination of an exponentially growing solution
and an exponentially decaying solution. The bound (3.6) clearly implies that
fu is in fact exponentially decaying. Thus, f, satisfies the boundary conditions

of a mode solution. O
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Finally, we can prove Proposition 3.4.2.

Proof. First we will show that v, is continuous for p € &/. Let us normalize

each £ so that ” f(e) =1. We have

©]?

u | dr>

U2 = 252 (50) - 2 ;sf>)+f;l%

V;(fz) |/i1 2| [ (e)

Reversing the roles of p; and us gives

|u?—u%|f”f2( 9|
=l (¢ 7 r g (|15

C'|u? - |

1

i -2 <

|f(€)

Jirs
Jer)s

(6)

| (6)

In these inequalities we have used (3.5) 2= 1, and the fact that the 1/,(;)
are negative. Since the constant C’ is independent of €, we may take € to 0.

By Lemma 3.4.1 &/ + @. Hence, we may set
Mo =sup &

It is clear that for any p € &7, we cannot have W), strictly positive on (7, c0).
Thus po < co0. Since v, is increasing in pu, we may extend v, continuously so
that v, exists. We will of course have v,,, < 0. Suppose that v,, < 0. Then, one
may easily show that pg € o/, and hence we can run the existence argument
above to construct a corresponding f,, . Next, by continuity we could slightly

increase o to € &/, run the existence argument again, and conclude that

119



vy, < 0. This of course contradicts the definition of yo. We conclude that
Vyo = 0.

It remains to show that there exists a corresponding f,,. From the local
theory in Section 3.2, for every p and v, we have a unique solution R(r, y,v)

to

A

d ( dR
dr

- A———) -W,R+vAR=0

which satisfies R(7.,u,v) = 1. At infinity there will be a local basis of solutions
spanned by p;(r, u,v) and po(r, 1, v) where g; is exponentially increasing, g is
exponentially decreasing, and both depend analytically on r, u, and v. Lastly,

we have analytic reflection and transmission coefficients A(u,v) and B (u,v)

defined by

R(Tnu’: V) = A(M’ 1/),51(7',/1,, V) + B(:M’V)ﬁZ(T’ K, V)'

As p 1 po we have A(p, v,) = 0. Tt follows that A(ug,0) =0. We may then set

3.4.3 Construction of the Exponentially Growing Modes

In this section our goal is to perturb the real modes into the complex upper
half-plane with an appropriate application of the implicit function theorem.
Using the previous section we may start with a solution R to the radial ODE
satisfying the boundary conditions of a mode and with frequency parameters

(wr(0),m, 1, u(0)) such that wr(0) € R and p2(0) > w%(0). For any w = wr+iwy
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and p sufficiently close to wgr(0) and p(0) respectively, the local theory from
Section 3.2 will give us two linearly independent solutions to the radial ODE
p1(r,w, u) and po(r,w, n) such that p; is exponentially increasing at infinity,
P2 is exponentially decreasing at infinity, and both depend holomorphically on
w and analytically on p. Furthermore, the local theory around r, tells us that,
up to normalizing properly, for each w = wg +iw; and g we have a unique local
solution R(r,w,u) around r, satisfying the correct boundary condition. We

have

R(T,w,ﬂ) = A(W,N)ﬁl(r,waﬂ) + B(wa ,u)f)g(r,w,,u). (37)

As shown in Section 3.2, A and B are holomorphic in w and y. Finding a mode
solution is equivalent to finding a zero of A. We have picked our parameters
so that A (wgr(0),u(0))) =0. Let’s write A= Ar +iA;. Next, we note that an
application of the implicit function theorem will produce our unstable modes

if we can establish

0Ap 9Ag
Owr ou

det| 20 ) (wn(0), 4(0)) #0,
3wR Bp

In order to do this, we shall return to the energy current

Qr=Im (Aﬁﬁ) .
dr

Recall that in Section 3.3 we saw

Qr(ry) =am-2Mr,wg.
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We have used the normalization |R(r,)* = 1 in the second statement. Next,

let’s write Qr in terms of §; and pa.

= |AP AIm(%O?lﬁl)+AIm( dppr )+

dAz P2
i (B275) « 3 tm (27
m| B~ |B|” Alm 5 P2
Before examining this at infinity, let us note the precise asymptotics of the p;

as recalled in Section 3.2.

14 M(2w?-42)

1 M(2wR—p )

p2~e Vehre ek

Furthermore, it’s easy to see from the construction of the p; that they are both
real valued. Now let’s compute Q7(o0). Since the p; are real, the first and
last terms clearly vanish. The exponential powers cancel in the middle terms,

and we find

Qr(00) = \/p? - wiIm (AB) - \/ p? - wiIm (BA) = 21/ p? - wiIm (AB).

We conclude that

am - 2Mr,wp = 2\/p? - wilm (AB). (3.8)

Since A(wgr(0),1(0)) =0, taking derivatives of (3.8) implies that
-2Mr. = 23/(0) - A(O)Tm (o (wr(0),4(0) B (wr(0), ).
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0= 2,/42(0) - w3(0)Im (Z—j (@r(0),1(0)) B (wr(0), 1(0)))

Since B (wg(0), £(0)) # 0, these two equations imply that the vectors (@—3 %)

Owg ' Owr

and (33—*2‘", 8—5‘;{—) are linearly independent at (wgr(0), £(0)) if and only if

‘Z—ﬁ- (wr(0), 4(0)) %0,

DA
Owgr 3u

8Ag aA
det ( Owr ) (wr(0),(0)) £0 @ — (wR(O) 1(0)) # 0.

It remains to establish

Lemma 3.4.3.

0A
a—uio.

Proof. For the sake of contradiction, suppose that %’3 (wr(0),1(0)) = 0. Dif-
ferentiating (3.7) gives

%%(r, wr(0), 1(0)) = Z—f(wa), 1(0))pa(r, 0 (0), 1(0))+

B(wR<0>,u(0)>%—f(r,wR<0),u(o».

t(’)R

This implies tha is exponentially decreasing at infinity. The analysis from

tBR

appendices 3.1 and 3.2 implies tha is smooth at r,.3 Differentiating the

radial ODE with respect to pu, multiplying by R, and integrating gives

o0 3 62R WuaR — 5 a’\nml)
fn (87" (A(’?ra,u) A au)Rd"'fu (2“T 5 R dr.  (3.9)

Integrating by parts twice on the left hand side will produce no boundary terms

3Recall that, as discussed in Section 3.2, R is smooth at r, when am - 2Mr, =0.
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since both R and %’E are exponentially decreasing at infinity and A (r,) = 0.
(0 9’R W,0R\ =
(A - __”__) dr =
/; (ar( arau) A Ou Fdr

“dR( 8 [ OR\ W.z\ .,

We have used that R is a solution of the radial ODE in the last equality.

Thus we have

Plugging this into (3.9) then gives

/:o (2,ur2 + ag—';”l) |RI* dr = 0.

Since Lemma 3.3.1 gives us

8Afcml
Op

>0,

we conclude that R vanishes, a contradiction. a0

3.4.4 Modes Crossing the Real Axis

In this section we shall investigate how a mode can “cross” the real axis. Let’s
introduce a little more notation. From the analysis of the previous section we
have a family of solutions R(r,€) to the radial ODE satisfying the boundary
conditions of a mode with parameters (w(e),m,l, u(e)) where w(e) = wgr(€)+ie.
Implicitly we have also been using the existence of a family A, of eigenvalues
to the angular ODE (see Lemma 1.3.1). These functions are all defined for
le| < 1. In what follows we will often omit the €’s and we shall assume 0 <
wr(€) < u(e). Using the symmetry of the equations under (w,m) = (-w,-m)
one may check that this assumption implies no loss of generality. The function

R will satisfy

d ( ORY W,
b?(A?a?)_“KR‘O’
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ilam-2Mriw)
R~(r-ry)” ™  atr,,

— - _MQ@w-u?)
R~ e_T\/p’ Wi Vi2-w? atr = 00,

W, = =(r? + a)%w? + AMamrw - a®m? + A (X + a’w? + p?r?).

We also have

1 0 88 m2
sin @ 89 (sm 60) (sin2 9 @ (w 12 )COS S +
where S(-,€) : 8 € (0,7) - C is given boundary conditions so that e"¢S,
extends smoothly to S2. Note that we have suppressed the x, m, and [ indices

from S and Agmi.

From Theorem 1.6.2 we know that

am
2Mr,’

wr(0) = (3.10)

We wish to investigate the signs of 3—3’5(0) and %’f(O). The condition (3.10)
corresponds to our mode solution being exactly on the threshold of superra-
diance. This makes sense because when € = 0 the solution neither grows nor
decays with time. For € > 0 the mode solution will grow with time. Hence, we
expect the mode to become superradiant (1.28).

This leads us to

Proposition 3.4.3. If € > 0 we must have

2
am
w%(6)+62<(2MT ) :
+

In particular
BwR
—(0) <0.
5 (0)
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Proof. We now introduce a variant of the microlocal energy current Qr:
< OR—
Q7 =Im (A—wR) .
or

For € > 0 we have

Qr(e0) = Qr(rs) =0

0Qr _ OR|? W\, 2
S eA‘E +Im( a )|R| -
=( |8R? W\, o),

[+ (eA—GT —Im( A )|R|)dr—0.

We have

Im (-W,@) = € ((r? + a?)? |w|” - a?m? + Ar?p?) - Alm (A + a?0?) @)
= e( wl? [A% + (4M7 - a®) A+ 4M*r?)

- a*m? + AT’2/.L2) - Alm (\w).

Appealing to the statement (2.49) (that statement was proved under the as-

sumption u =0, but the same proof works if u # 0) now gives
~-Im (\@) > 0.
Furthermore, Im (-W,@) is increasing in r. Thus, R # 0 implies that

Im (-W,&) (r+) <0 <

2
am
wi(e) + €2 < (2M7" ) :
+
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Proposition 3.4.4.
oA
(0)>O=>Re( )(0)>0

Proof. Let’s set

At € =0 we have

1 a : aSe m2
59 (055 )~ (g =" () cost ) S 1S

Owgr 8#) 8)\)
9,2 nnc2
(2a cos O(wR( 5 +z) 86 e S.

Using Section 3.1 one may check that S, is regular at 6 = 0, 7. Multiplying by
S and integrating by parts implies

™ Owg . ou\ O 2 .
2 2 _ o4 =
/(; (2a cos H(wR( e +z) #86)4- 36)|S| sin@df = 0.

Using Proposition 3.4.3 we conclude that

”(0)>0$Re(a )(O)>O

. . 8
Finally, we examine Z=(0).

Proposition 3.4.5.

op
Proof. Let’s set
. OR
Re = E
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We have

d (\ORN\ W, 9 (W,
E(A 31") 'A_Rf‘ae(A)R‘ (3.11)

Now we want to multiply by R and integrate by parts. However, we have to
be careful with regards to R(s boundary conditions. At infinity R, may easily
be seen to be exponentially decreasing, but at r, the proper condition is more

subtle. By construction

(r=r) R0 £ GO )

is analytic in r and € near (r,,0). At € =0 we have

—i!am-?M'r.;.w!
(r—ry)” = R

—ilem-2Mryw) aG

2M7'+ ,awR 2 _
-y (1 L )(r—m) - log(r-r.)R= 5 =
R.(r,0) = -y (1 s )Iog(r—n)R(r,O) + 5?(7",0).

Now we multiply (3.11) by R, take the real part, and integrate by parts. We
end up with

~2Mr, |R(r,)* = /:o Re (% (%)) |R” dr =

foo Al (QwR% (-A%+ (a® - 4Mr)A ~ AM?r(r - 7’+))) |RI® dr+

had oA 9 a,u) 2
fn (Re(86)+27"u8€ B[ dr.

Now Proposition 3.4.4 finishes the proof. O
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3.4.5 Following the Unstable Modes in the Upper Half

Plane

Following our construction of unstable modes near the real axis, it is natural
to ask if one can continue to decrease p and produce more unstable modes.
We will not explore this in detail in this paper, but we will briefly describe
the expected behavior. One believes that one can vary u and produce a 1-
parameter (at least continuous) family of modes with frequency parameters
(w(p),p,m,1).* As long as these modes are in the upper half plane, Propo-
sition 3.4.3 shows that they will remain superradiant. Hence, if and when
they cross the real axis, they will satisfy |w| < %‘: Now, note that Proposi-
tion 3.4.5 implies that in the bound state regime (u? > w?), an unstable mode
can cross the real axis only by increasing the mass. Hence, as long as we
decrease p and maintain gy > 5'%!:, the curve of modes cannot cross the real

axis, and, by continuity, we conclude that these modes would have to remain

unstable.

A potential approach is to more directly exploit the underlying analyticity, see [29] for
ideas along these lines.
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