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Abstract

The topic of this thesis is the construction of a class of distributions associated to
a pair of Lagrangian submanifolds which intersect cleanly with codimension one.
These distributions are polyhomogeneous Lagrangian distributions away from the
intersection and retain the property of polyhomogeneity at the intersection. The
concept of a radial operator is introduced and used to give a direct characterization
of polyhomogeneous Lagrangian distributions and to give an intrinsic definition of

polyhomogeneous, paired Lagrangian distributions.

A symbol map is constructed which allows the construction of a distribution with
given homogeneous principal symbol on each Lagrangian submanifold subject to the
compatibility condition that the intrinsic Fourier transform at the intersection maps

the lead singularity of one symbol into the lead singularity of the other.

Pseudo-differential operators with singular symbols are shown to lie within the class
and a composition formula is established. An ellipticity condition is defined which
allows the inversion of such operators up to smooth terms. This gives a new version of
the construction of parametrices of operators of real principal type. Complex powers

of the wave operator are constructed and shown to lie within this class.
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1. INTRODUCTION

In [2], Duistermaat and Hormander constructed the parametrix of an operator of
real principal type using Fourier integral operators, although the parametrix itself
is not a Fourier integral operator. The wavefront set of its kernel lies on two La-
grangian submanifolds, intersecting cleanly in a submanifold of codimension one, the
conormal bundle to the diagonal Aq and the flow out A; of the characteristic variety
intersected with A by the bicharacteristic flow. This led Melrose and Uhlmann to de-
velop a symbolic calculus for Lagrangian distributions associated to two Lagrangians
submanifolds intersecting cleanly in a submanifold of codimension one in [10], and
they give a symbolic construction for the parametrix of a principal type operator.
This was later extended, by Guillemin and Uhlmann in [4], to the case where the
intersection is of higher codimension and they allowed a wider class of distributions,
which includes the parametrices of integral powers of real principal type operators.
Such parametrices can be regarded as being pseudo-differential operators with singu-
lar symbols as they are associated with the conormal bundle to the diagonal and the
flow out of the characteristic variety. Antoniano and Uhlmann, in [1], showed that
this calculus of pseudo-differential operators with singular symbols is closed under
composition, and discussed microlocal complex powers and pseudo-differential powers

of principal type operators in this context.

Melrose adopts a new point of view in [9], where he introduces the concept of
a marked Lagrangian distribution. This is a distribution whose wavefront set is
contained in a Lagrangian submanifold and which is Lagrangian off a submanifold,
the marking, where the singularity is worse. He has shown that the paired Lagrangian
distributions of [4] can be decomposed into a sum of marked Lagrangian distributions,
associated to Ag and A; marked by their intersection. We can therefore study paired
Lagrangian distributions in terms of this decomposition. The principal problem with

this approach is that the decomposition is not unique. One therefore has to cope with

9



an isotropic distribution supported on the intersection which is independent of the
behaviour off the intersection. The idea behind my work is to use polyhomogeneity

to remove this uncertainty.

We define a class of paired Lagrangian distributions associated to a pair of La-
grangian submanifolds which intersect cleanly, with codimension one. We do this by
introducing the concept of a radial operator for a conic Lagrangian. This is a gener-
alization of the concept of the radial vector field for a submanifold. We show that the
polyhomogeneous Lagrangian distributions, I} (A), associated to a Lagrangian sub-
manifold A are precisely the distributions u such that for some fixed radial operator

R,

N-1
(H R+m —]) u € I"N(A), for all N. (1.1)

i=0
We define the polyhomogeneous Lagrangian distributions analogously: they are the

distributions u such that

N-1 M-1
(H (Ro+m—3) [] (Ri+m- k)) u € Im-NP=M(Ay A,), for all N, M(1.2)
j=0 k=0

where we define I™P(Ao, A;) using marked Lagrangian distributions and (Ro, Ry) is
a pair of radial operators. We establish an equivalent representation in terms of
oscillatory integrals of singular symbols and use this to establish a symbol map. It
should be noted that this intrinsic definition does not require any constraints on the

dimension of the intersection.

Away from the intersection, our principal symbols are just the usual homogeneous
sections of the Maslov bundle tensored with the half-density bundle. These sections
may become singular as they approach the intersection. After placing conditions
on the nature of these singularities and the relationship between them, we define
a symbol map. This allows us to construct a distribution, with a given pair of

principal symbols, which is determined up to terms of one lower order everywhere

10



and in particular of lower order on the intersection. It is this property which makes

our class an improvement on that given in [4].

A class of pseudo-differential operators with singular symbols lie within this cal-
culus and we show that this class is closed under composition. We define such an
operator to be elliptic if its principal symbol is non-zero away from the singularity and
its leading singularity has no zeroes. This is in particular allows us to regard many
non elliptic pseudo-differential operators as being elliptic in this class. We show that
ellipticity is equivalent to the existence of a parametrix which is a pseudo-differential

operator with a singular symbol.

Seeley showed in [12] that complex powers of elliptic pseudo-differential are pseudo-
differential operators. We look for complex powers of the wave operator in our calcu-
lus: Seeley’s results are microlocal and suggest the symbol of a complex power of the
wave operator will be the complex power of the symbol which will become singular on
approach to the characteristic variety. The wave operator on the cartesian product of
a Riemannian manifold and R is an operator of real principal type and so its forward
fundamental solution is a polyhomogeneous, paired Lagrangian distribution. Riesz,
in [11], constructed a holomorphic family of kernels supported in the forward light
cone which obey the group law and form complex powers of the wave operator. We
give a new construction of such a family and show that they are also polyhomoge-
neous paired Lagrangian distributions and, using this, we calculate their symbols.
The construction uses the method of descent. Letting I be the kernel of the forward

fundamental solution of the wave equation in one extra variable, we define
K,(t,z,2") = 2(m.). 0T () K (¢, 2, 2, 7). (1.3)

The product is well defined for Rs large negative and the pushforward is well defined
because K is supported in the forward light cone, which implies that the support of

K is proper for the projection. These kernels form a holomorphic family obeying the
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group law and such that K is the wave operator and K_, is the forward fundamental

solution.

To simplify computations, the wave equation is reduced microlocally, by Fourier
integral operators, to the wave equation on Euclidean space and this has the effect
of mapping K|, to the associated kernels in the flat case, up to smoothing. In the flat
case, we establish the alternative representation:

1
(2m)n+1

This allows us to calculate the principal symbol on each of the Lagrangian submani-

K, = [ ((r - io)? - ey dgdr. (1.4)

folds and establish the polyhomogeneity of the kernels.

2. MODEL FORMS FOR LAGRANGIAN SUBMANIFOLDS

In this section, we review some theorems about the existence of models for cleanly
intersecting conic Lagrangian submanifolds of the cotangent bundle of some smooth
manifold X, of dimension greater than or equal to 2. This will enable us to define
distributions associated to such Lagrangian submanifolds by doing so for the model
and then using Fourier integral operators to reduce the general case to that for the

model.
We recall from [10]:

Definition 2.1. A pair (Ao, A,), where Ag C T*(X) — 0 is a conic Lagrangian sub-
manifold and Ay C T*(X) — 0 is a conic Lagrangian submanifold with boundary, is
said to be an intersecting pair of Lagrangian submanifolds if Ao N A; = 0A, and the

intersection is clean:
Txa(Ao) N Ta(A1) = Ta(0A1) for all X € OA, (2.1)

Example 2.1. Ay = N*{z = 0} C T*(R"),As = {(z,¢) € T*(R") : 2" = 0,6, =

0,z, > 0} where z = (z,,2") are the standard coordinates on R™.
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Definition 2.2. Two intersecting pairs (Ao, A1) and (Ah,A%), A; C T*X' =0, with
given base points A € Ay, A € A, are said to be locally equivalent if there is a conic

neighbourhood V of A in T*(X) — 0 and a homogeneous symplectic transformation

f:V = T*X"—0 such that f(A) =X, f(AoNV) CA{ and f(A;NV) C A;.

Proposition 2.1. All pointed intersecting pairs of Lagrangian submanifolds in man-

ifolds of a fized dimension are locally equivalent.

So, all intersecting pairs are locally equivalent to our example pair. We will hence-

forth refer to this pair as the model pair.

We will also need a model form for a conic isotropic submanifold of a conic La-

grangian submanifold.

Example 2.2. Ag = N*{z = 0} C T*(R"), Koz = {(0,€) € Ao : & = 0} where
¢ =(&,---, &)

We recall from [9]:

Proposition 2.2. If (A, K) is a conic Lagrangian submanifold of T*(X) together
with a conic submanifold of codimension k and p € K then there exists a homogeneous

symplectomorphism f from a conic neighbourhood V of p to a conic neighbourhood

in T*(R™) such that f(ANV) C Ao and f(K NV) C Ko .

3. MARKED LAGRANGIAN DISTRIBUTIONS

In this section, we review some of the basic facts about marked Lagrangian distri-
butions (from [9]) and establish the equivalence of two new models which we will use
later. This will allow us in the next section to define paired Lagrangian distributions

as sums of marked Lagrangian distributions.
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A Lagrangian distribution is a distribution, associated to a fixed conic, closed, La-
grangian submanifold of the cotangent bundle, whose Sobolev order is stable under
the repeated application of first order pseudo-differential operators, which are char-
acteristic on the submanifold. To define a marked Lagrangian distribution, we need
a Lagrangian submanifold A and a marking of it. Our markings will be single conic
submanifolds of A. (Much more general markings are possible, see [9]). A marked La-
grangian distribution is a distribution of which the Sobolev order is stable under the
repeated application of first order pseudo-differential operators, which are character-
istic on A and whose bicharacteristic flows are tangent to the marking. Note that any
pseudo-differential operator which is characteristic on AgUA; has bicharacteristic flow
tangent to Ag N Ay, and we can therefore think of marked Lagrangian distributions
as paired Lagrangian distributions which are microsupported on Ag (more precisely,
in a parabolic neighbourhood of Ag.) Now, as the marked spaces are clearly Fourier
integral operator invariant, a filtration can be defined in terms of a canonical model.

We recall from [9):

Let < & >q= (1 + |€'* + |¢">)"/* where z = (2/,2") is a splitting of the z

coordinates and (¢',£") is the associated splitting of the dual coordinates on T*(R™).

Definition 3.1.

2p
m.pl A —- oM Ny . o m-|a”| < f > =|e’|
sm#(Ro, Ko) = {a € C=(R") : |Dfa] < Ca < € > (< - >m) <&>5

Definition 3.2.

I™P(Ag, Ko) = {u = uy + uz : u; € C®°(R"™),uz € S'(R™), 1 € S:;:'p(Ao,Ko)}

We have thus defined the order of our distribution to be m off the marking and

m + p on the marking.
Proposition 3.1. S™?(Ag, Ko) is asymptotically complete: if a; € Sma™ (Ao, Ko)
and m; — —oo, m; + p; — —oo then putting m = max{m;},p = maz{m;+p;} —m,
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there exists a € SpP(Ao, Ko) such that
a— Y a; € S™NPN(Ag, Ko) where ay = max{m;}, pxy = max{m; + p;} — n
<N 2N 2N
The statement of this proposition would be simplified if we replaced p by m + p

as this would then give the absolute order on the marking as opposed to the relative

one but it is more convenient in general to work with relative orders.

Theorem 3.1. If F is a properly supported Fourier integral operator of order 0, as-

sociated to a homogeneous symplectomorphism preserving (Ao, Ko) then F preserves

I™? (Ao, Ko).

Putting all this together, it is now possible to define a filtration for any (A, K).

Definition 3.3. Let A be a conic embedded Lagrangian submanifold of T*(X) — 0
and let K be a conic embedded submanifold of A then I™?(A, K) C C~*°(X) consists
of those distributions u with WF(u) contained in A and such that for each p € A
there is a properly supported FIO, F of order 0, elliptic at p, associated to a symplec-

tomorphism taking (A, K) to (Ao, Ko) such that

Fu € I™P(Ao, Ko).

The model ( Ao, K,) is not always convenient so we introduce two alternative models
in T*(R"). Our next model will be convenient for considering distributions associated
to the bicharacteristic flow out of the characteristic variety, of a differential operator,

intersected with the conormal bundle of the diagonal.

Splitting the z coordinates: z' = (zy,...,x);2" = (zi41,...,2%) and " =
(xk+1a vos ,:’:n)'ﬂ we put:
Ay = N*{z" = 0}, K, = {(z,€) € Ay|z' = 0} (3.1)
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The model cases arise directly when considering parabolic separation of the fun-
damental solution of 8_21' Recall that Duistermaat and Hérmander constructed para-
metrices for operators of real principal type by reduction to 5—27 so we can expect
that the reduction will reduce the Lagrangian submanifolds involved to the model
ones. Here, the z” coordinates play the role of type 0 parameters; that is the sym-
bol estimates will be uniform for z” in a compact set and taking =" derivatives will
preserve the symbol estimates. We will in fact only use the case where ' = z; but
considering the more general case requires no more work. Now, 2’ = 0 will define the
marking and so the symbol will gain a half order on the marking when differentiated
with respect to 2’ = 0. The space of symbols is that obtained from S,,'Q‘a"(/io, Ky) by

rehomogenization.

Definition 3.4.

"

Smp(A,, Kq) = {a € C=(R%, .. x Ria¥) : | D% D& Dgw a(z’, 2", €"))|

1+ || < € >1/?
< sm >1/2

-2p-|o|
< Cax < €" Sm=lo| ( ) Va,(z',z2") € K, K compact }

Definition 3.5.

J™?(Ay, Ky) = {/ "< > q(a!, 2", €")dE" 1 a € S AHHI(A,, 1{1)} +C*(R")

We could now modify 3.3 to give a filtration of I(A, K) using (Aq, Ky) but we will

show instead that the two models are equivalent.

Theorem 3.2. The classes of distributions I™?(A,, K,) and J""”([\l, K,) are equal.

Proof. Away from Kj, there is nothing to prove as we are then considering ordinary
Lagrangian distributions and so the result follows directly from the calculus of FIOs.

Hence, we need only consider distributions supported in a small conic neighbourhood
of Kl.
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For most of the proof, the z’ and z” behave identically so we group them together
as £. As we already know that I m’”([\o, Kjy) is FIO invariant, we need only consider
one symplectomorphism which maps (A;, K;) to (Ag, Ko)). The phase function

<&4>

1/)(va’£,77,) =< i"é >+ < gyﬁ > +W—+ < ym - 1:”/977”, >

parametrises such a symplectomorphism away from |p"| = 0.
r | A ﬁ A é ' " N 77/”
¢éﬂl - (z + |,’7m|’y + Inml’y” —z"=<&n> In//IIB
'f); =(€1 —77/”)

¢"y =(7, 77"')

The non-degeneracy of ¢ is clear and

A

’ "77 m 2 " _6 "w S oA 77”,
¢'={(W,z ,6’_77 ’W,x —<f,77>“|;77,7|’§,—?7 .

So putting, £ = ;Tfi,f"’ = —n", we have that A}, is the graph of
— < &€> .
fi(z,8) — (E,—,rl,x"' + *‘W—ﬁ"',—x

This is clearly a map from (1~\0, Ky) to (/~\1, K,) and its Jacobian is invertible, on K;:

5”", 6’”) .

0 0 @q O

R RSN 0 Id 0 0
i,y i,0") _ (3.2)

0(17, :I:”’, 6’ 6///) _[é-ml 0 0 0

0 0 0 W

So, f is a homogeneous symplectomorphism in a neighbourhood of Kj.

Now, let P be a properly supported zeroth order FIO, with phase function % and

symbol b(y, £,n) elliptic near K and smoothing outside a small conic neighbourhood
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of K; and let u € I™P(A;, K,), then up to smooth terms we have
Pu= / Vw=Enp(y £ n) ( / i<a > o 3 y"')d,/") dédndz (3.3)
where |
bes;, 0’ (RY; R" x R}p),
aeSmHitr R Ky

and we will take a to be compactly supported in Z, as we are only interested in

behaviour near £ = 0. Thus,

L Cad [ )b, o, "] dy (3.4
=/e"<""'> [/ c£<’:"é>b(y,£,17)a (5: - F?%’nm) d:%dé] dn. (3.5)

Taking a Taylor expansion of b about f = 0, this becomes

aé‘b ,0, U Ay .2
_/ i<yn> [ M/ *<z€>(§) ( ﬁ”Tl’nm) d:i:d{] dn + Ry

a!l
|o:|<N -1 (36)
8 b(y,0,n) 5,
—/ ‘<”">| 2 1_&! Da ( | ’f,,l,n’ ) dn + Ry. (3.7)

It is easily checked that c(n) = a(~7'/|n"|, =n"/In"],n") € SmFk/2-n/4P(A, Ko)

and of course, 93b(y,0,7) € Sr&/2-18 and so we have
B%b(y,0,1)c(n) € Spa ¥1=4P(Ao x Ry, Ko). (3.8)

This is the marked symbol space with respect to (Ao, Ko) with an extra n type 0
parameters. We now want to show that our integral has an asymptotic expansion in
this symbol space. To do this, we need to show that the remainder terms, R, are

harmless. Now,
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Ry = [é<om> S [ &< (@)ing(y,é,n)a (x—l——,,,—l,n”’) didédy  (3.9)

|&|=N

where b; € S;ﬁ”""". If we pick N = K + n + 1 + |p| we obtain,

<C<n>%. (310

> [ @ u(y,én)a (m l—’l-ln) didé

|&j=N

as a is compactly supported in Z. This is clearly symbolic of type (1/2,0). This

establishes our expansion.

So, we have that

Pu= / &i<U1> gy n)dn (3.11)

where d(y,n) € Smo4P(Aq x R}, Ko). Taking a Taylor expansion in y about y =0
and integrating by parts we obtain an asymptotic expansion in S™ "/ 4"’([\0, Kp) and
so Pu € I™?(Ag, Ko).

To complete the proof we now need to show that if @ is a zeroth order FIO
associated to f~! then it induces a map from I™?(Ao, Ko) to I™P(A;, K;) and then
picking P and @ to be microlocal inverses in a small conic neighbourhood of Kj, our

result will follow.

The phase will be

2 .. L. <én>
'/”(x’ Y, fa 77) = —(< y,n>+< I,f > +_|%7,1,’r-)+ < " - y”” 77'” > .
Thus we get
Qu= [ei<e> | [ i<t é bz, €, n)i(n)déd| dn” (3.12)
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with b € Sfé. Now,
[ Yz, & yan)dédi
= [ <=y (a, &, fln"),n")ahln"|, ") dédiln" . (3.13)

As |n"| is elliptic on the support of b we have, where the integrand is supported,

b(z,&,5,0") =b(z, &,qln" |, n")n"|* € S;T(RE x Ry RE x Rra*

o(f,1") =i(fln"|,7") € S™¥*(Ay, Ki)

and thus our integral is equal to

e~ <PirPeb(2,,5,0" e ") lizoms€ STTETIM (AL x REKY).  (3.14)

We have an extra n — k type 0 parameters, but these can be removed as above by

ta.king a Taylor expansion in z” and integrating by parts. O

Corollary 3.1. If F is a properly supported Fourier integral operator of order 0,
associated to a homogeneous symplectomorphism preserving (A, K1) then F preserves

Im,p(Al, Kl)

The same proof also establishes the equivalence of another model:
Az = N*((z",2") = 0), K, = {(z,€) € K, : €" = 0} (3.15)

and, putting < (§”,£") >a)=< &’ > + < ¢” >% we use the symbol space:

"

S™P(Ay, K3) = {a € C®(RL, x RE x RE¥) : | D& Dg. D a(a’,€",€")| < Cax

< (6”’ 6/”) >
< (éll,é'lll) >(1)

"l

2p
) (< (¢",€") >y,

z' € K, K compact } (3.16)

< (f”,f’”) >m-|a"’| (

We then conclude
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Proposition 3.2.

I™?(Ky, K) = { / i< EISHIE RS g (! g EM)AEdE : a € S™TETR(K,, 1(2)}

+ C*(R")

This model will be convenient for studying marked pseudo-differential operators,
that is operators whose kernel is a marked Lagrangian distribution for which the La-
grangian is the conormal bundle of the diagonal. We have been studying Lagrangians
distributions with a marking which is an isotropic submanifold. In the case where
this submanifold is of codimension one, it decomposes the Lagrangian into two pieces
and since we allow a different order on the marking from the rest of the subman-
ifold, it is natural in this case to allow differing orders on each component of the
marking’s complement. In particular, we will want to consider distributions micro-
supported on one side of the marking. We now take z = (z;,z"), Ao = N*{z = 0},
AE = {(0,€) : ££, > 0}. We denote the spline function H(t)t by S(t).

Definition 3.6.
Smd"(Ro, A3,45) = {a € C=(R) -

1\ 2p 1\ 2r
prscrso <o (S () o

Definition 3.7.

I™Pr(Ag, A3, A7) = {u=1uy +uy :

u; € Cooau2 € SI(Rn)’,az € Sm—%,p,r(i\o, ;\3-’&6)}

So our distribution is of order m on the marking, order m + p on A} and order
m + r on A;. As usual, we must check that the space is Fourier integral operator

invariant. We show:
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Theorem 3.3. The class I™?" (Ao, AT, A7) is invariant under application of properly

supported zeroth order Fourier integral operators associated to symplectomorphisms

which preserve (Ao, AT, A7).

Proof. Most of this proof is already contained in the proof of the invariance of
I™?(Ao, Ko) from [9]. The difference here being that the weight function has an extra

factor whilst the metric is the same. Note that we can rewrite our weight function as

2 2(r—
n (1eal+ <€ >3 ” (S(=e)+ < €51
<{> T T
< € > <€ >
1\ 27 1\ 2(p-r)
<€> S >z
=< >™ (Ile- fl ’) ( (b1)+ <l£ 2) (3.17)
<€E>2 <€ >3
It will be enough to prove Fourier integral operator invariance foz‘ p)— r > 0 by
2(p—r
. i t for of (Strt<e>? . i
symmetry. In this case, we have an extra factor o (—Q—gs—;f——) Invariance

under coordinate changes in ¢ which preserve the model is clear, so we need only
consider Fourier integral operators associated to symplectomorphisms which are equal
to the identity on the conormal bundle to the origin. Melrose shows in [9] that such

operators can be written as

Fa(n) = [ *b(y,n)a(¥(y,m))dn (318)
= e'DvPn(b(y, n)a(¥(y,n)) evaluated at y = 0. (3.19)

where ¥ is homogeneous of degree one, ¥(0,7) = n and b is a zeroth order symbol

supported near y = 0.

We wish to apply Hormander’s results on Gauss transforms (see [7]) to see that Fu
is in Sﬁ;”"(]&o, At A5 ). Hérmander has shown that the class of symbols associated
to a slowly varying metric g with g—continuous weight, m, is invariant under the
Gauss transform,

u(2) — e7Ply(z)
provided g, m are o—temperate.
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Thus to show Fu is in the correct space (as in [9]) we show that b(y, 7)a(¥(y, 7)) is
in a wider symbol space defined by a slowly varying metric, G, and a G—continuous

weight function which when restricted to y = 0 yields S™P"(Aq, A, A7).

Let p denote a smooth, monotone function on R which is equal to the identity for

t<%a,nd1fort>1andput

_ I ; )
a1) = (14 Tt + 1 (3.20)
_ |n* )‘
)= 1+ i @21
Quy,n) =(1 + Im[* + p(lz])*In|* + ")) (3.22)

then we have from [9], &(y,n)4(¥(y,n)) is in a symbol space with slowly varying

metric

2 2 "
G—(<’7>)d2+ dg ", (&) (3.23)

~ \ai(y,n) a(y,n)  q(y,n)

and when r = p with G—continuous weight

<qp>m (Qi!:()_y;"_))zr ifr>0

M(y,n) = (3.24)

<n>’"(?%(>”’f—’)2r fr<0

We want to consider the quadratic form o = §.7 where (§,7) are the dual variables

to (y,n). Our dual metric is then

2
6" = atvnfad +atnla + (L2D) o @)

We have from [9] that G, m are o-temperate.

For our class we have an additional weight factor

(1 + S5 (& +o(lzl). <€>)+ <€ >%)2(p—r) (3.26)

<E>3
23



so to complete our proof we need to check the G—continuity and o temperateness of

1+ S(&+ p(le))- 1€+ < € >3

We already know that < ¢ >® is G—continuous so there exists ¢ such that

G:e(y,n) < cimplies <€ >°< A, <€é+7>°.
So for G,¢(y,n) < ¢, we have

1+S(E+m+pz+y) <E+n>)+<E+n>?

(M

214+SE+mtAp(z+y)<ES)+A<E>
We also have
Im| < A(< € >7 +]&)
and
yl<A(<e>7F +Hal<¢>7)
which imply that

1+S(E+m+pE+y) <E+n>)+<E+n>3
21+8(1-c(l+ A+ Ap(l2l) <€>—c(1+A4) <€>F) + A< € >

. (3.27)

. (3.28)

So picking c sufficiently small, and noting that S(z — y) > S(z) — |y| we have for

some C,

1+SE+m+plz+y)<é+n>)+<E+np>1>

C(1+S (& +p(z) <€>)+<E>F). (3.29)

The reverse equality can be proved similarly and thus we have proven G-continuity.

We use the fact that < ¢ >? is o-temperate to show that

1+ S(& +p(z) < € >)+ < £ >3
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is also. We argue

14+ S5(E 4 p(z) < E>)+ < E> =< €>73 (14 5(6 < €>7% +p(z) < £ >P))
(3.30)

<C <> (L+5((6—m) <€>7F +p(z—y) <€>%) +
S <1 >7% +p(y) <7 >75))(1+ Gz —y,E =) (3.31)

<O(<n > +8m +py) < >HA+ | —m| <€>77 +
plz—y) <E>)(1+Goe(z—y,E —n)" (3.32)

<C(<n > +8(m +p(y) <0 >H)(1+Gle(z —y,—n)Y  (3.33)

Thus we have o—temperateness and the theorem follows. [

We can now define a new filtration for any Lagrangian submanifold which is de-

composed by a hypersurface into two pieces.

Definition 3.8. Let A be a conic embedded Lagrangian submanifold of T*(X)—0 and
let K be a conic embedded hypersurface in A which decomposes A into A*, A~ then
I™?P(A,A*,A™) C C~(X) consists of those distributions u with WF(u) contained
in A and such that for each p € A there is a properly supported FIO, F of order 0,
elliptic at p, associated to a symplectomorphism taking (A, A*,A™) to (Ao, Ad, A7)
such that

Fu e I™P" (Ao, AT, A7).

We will later want to consider marked Lagrangian distributions which are sup-
ported on a Lagrangian submanifold with boundary, with the boundary being the
marking, this new filtration gives a way to do this: pick an extension of the La-
grangian submanifold past the boundary and define the class to be those distribu-

tions which are of order —oco on the extended part. This class will be smaller than
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that of marked Lagrangian distributions which are microsupported off the extension.
To see this, consider the Fourier transform of a function which is supported within
a curve which is between a parabola and a cone. We need to check that the class of

one-sided distributions so obtained is independent of the choice of extension.

Proposition 3.3. The class of distributions I™?~%°(Ao, AL, A7) is invariant un-
der zeroth order Fourier integral operators associated to homogeneous symplectomor-

phisms which preserve (AL, dAY).

Proof. We decompose our symplectomorphism into three pieces. The first piece is a
change of ¢ coordinates which will have no effect on the symbol classes as above. The
second will be a symplectomorphism which is equal to the identity on the conormal
bundle of the origin and so the results above establish invariance for it. The third
will move the model choice of extension to another choice. We can take it to have
phase function of the form ¢ =< z —y,€ > +p(é1)¥(z,y, &) where p is smooth and

zero on §; > 0.

Now let g be a smooth function on R which is identically 1 for t < } and identically
0 for t > 1. We decompose u € I™P~%(Ag,A$,Ay) using g to define a one sided

parabolic cut off.

a(€) = (1 — g) (€alel™72) (&) + g (Eale]™/2) (&) (3.34)

The second piece u; is now an isotropic distribution, associated to AAE, of order
m and so after application of a zero order Fourier integral operator associated to a
symplectomorphism preserving dAF will lie in the same class. It is clear that the
isotropic distributions of order m are contained in [ m,—co,—0(Ao AF, Ag) and so the

invariance of u, follows.

We are left with the first piece, u; € I™™~°(Aq, Af, A7), this has the property
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that @,(£) is identically zero for ¢ < 0. Thus

/ eI <T-UE>+(@)H=k)g (7, )ity (€)dE = / e' T U> (2, 6)iy (E)dE (3.35)

and we know invariance under pseudo-differential operators. O

This theorem means that the following definition makes sense.

Definition 3.9. Let A® be a conic embedded Lagrangian submanifold of T*(X) — 0
with boundary OA® then I™P(A®,0A°) = I™*+P~P=2(A, A%, A™) where A is some conic
embedded Lagrangian submanifold of T*(X) — 0 without boundary containing A® and
A~ is the complement of A°.

‘An element of I™P?(A®, 0A®) will therefore be of order m off the marking and order
m + p on the marking. The following is implicit in invariance of the definition and

the proofs above.

Corollary 38.2. Let f be a homogeneous symplectomorphism taking (A§, 0AS) to
(A2,0A2). If F is a proper Fourier integral operator, associated to f, of order k then

F induces a map

F: I™P(AS, 0AF) — I™5P(AS, OAS). (3.36)

Just as we needed more than one model for two sided marked Lagrangians, it is con-
venient to have another model for one sided ones. We obtain such a model by modify-
ing our second model (Definition 3.5). Let " = (z2,...,2;),2" = (Z141,...,Zs) and

then put A; = N*(z” = 0), A} = {(2,€) € Ay : 21 > 0}, AT = {(z,€) € Ay : 21 < 0}.

Definition 3.10.

Ssmer(Ay AF, AT = {a(zl,x”,f"') € C*(RE v x RE:¥) : | D2 D&/ D al
< Cax <€ >™ RS (14 8(@1) < ¢ >3 (14 S(—m) < £ >3y}
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Proposition 3.4.

~ o~ ~ it gt _nk ~ o~ ~
1men(Ro, &, A7) = { [ <€ > aon, 2", €Mdg" s a € S FE (R At A

+ C*(R"™)
Proof. This is identical to the proof for 3.2. O

Thus writing A = A} we have:
Corollary 3.3.

Im?(As,0A3) = {/ e<"8"> a(2y,2",€")dE" 1 a € Sma ”'§+§"”'°°(7\1,Ai',7\1')}

+C%(R")

4. PAIRED LAGRANGIAN DISTRIBUTIONS

Having proven these things about marked Lagrangian distributions, we are able to

define some classes of paired Lagrangian distributions.

Definition 4.1. Let Ag and Ay be cleanly intersecting conic Lagrangian submanifolds

of T*(X)\O with intersection of codimension k then

™A, Ay) = I™Z5 2 (Ag, Ao 1 Ay) + P52 (A, Ao N AY)

So, the class I™P consists of distributions which have wavefront sets contained in
AgUA, and have order m on Ag—AgNA;, '—"ﬂ;ii on AgNA; and pon A;—AeNA;. More,
generally we could define filtrations with the order on the intersection independent
of m and p but for the distributions we shall encounter this filtration is natural, as it
reflects the fact that nothing special happens at the intersection. The extra § reflects
the fact that in the model case we get the average of the symbolic orders as opposed

to the average of Hormander’s Lagrangian orders. We denote by I(Ag, A;) the union
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of I™? over all m and p. The equivalence of this definition to that given by testing

by pseudo-differential operators is due to Melrose:

Theorem 4.1. The class I(Ag, A1) is equal to the class of distributions which have
stable local Sobolev order under repeated application of first order, classical, proper,

pseudo-differential operators which are characteristic on Ag U A;.

Proof. Let us denote the first order, classical, proper pseudo-differential operators
which are characteristic on Ag U A; by M(Ag, A;) and let the class of distributions
which have stable, local, Sobolev order under repeated application of elements of

M(Ao, Ay) be denoted by J(Ao, Aq).

A pseudo-differential operator which is characteristic on Ag U A; will necessarily
have bicharacteristic flow tangent to A and A; and therefore to Ag N A;. Thus,
elements of I(Ag,A¢ N Ay) and I(Ay,Ag N A;) are stable under repeated application
of such operators. Thus I(Ag, A1) C J(Ag, A1).

Now, the definitions of J(Aq, A1) and I(Ag, A1) are FIO invariant so picking a
symplectomorphism f, which maps Ag to N*(z = 0) and A; to N*(z” = 0) in R"
(see [4]) and applying a zeroth order elliptic FIO associated to f, we are reduced to
the model case Ag = Ag and A; = A;.

Now let u € J([\o, ]\1), then we want to decompose u into up + u; with u; €
I(A;, AoNA;). We do this by taking a parabolic cut-off about AgNA;. Let x € C(R™)
be such that 0 & supp(l — x) and we put

uo =(1 — x) €] u (4.1)
0 X l£//i1/2 '
U =x (’—ﬁ—lﬁg—lil—ﬁ-)ﬂ (4.2)

It is clear that u = ug+ u;. We must show u; € I(/{,-, Ao /~\1). We do this by showing

that the Sobolev order of u; is stable under first order pseudo-differential operators in
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M(&.-, Aon [\1) the operators which are characteristic on A; and have bicharacteristic

flow tangent to Ao NA;.

Now, if P € M(Ao, A;) then letting p be the total left symbol we have from Taylor’s

theorem
n k k
p(z,€) = ; quj(w,€)+212-‘ﬂj&rﬂ(z,£) (4.3)
j=k+1 j=1li=1

which means that M(Ao, A;) is generated over ¥°(R™) by operators with symbols
g;&j=k+1,...,nl=1,...,n
zi&ij=1,...,kl=1,... k.

And so, i is in a fixed weighted L? space under application of the vector fields

9

&6&j=k+1""’nl=1"”’n (4.4)
€z%j=1a---,“=1v--’k- (4.5)

Whereas, M (Ao, AoNAy) is generated by operators with symbols
zgi&j=1,...,nl=1,...,k
z;xilm JyI=1,...,km=k+1,...,n

and so, it is enough show that i is in a fixed weighted L? space under repeated

application of

{:éi—jj=1,...,nl=1,...,k
§m5%6—¢9€;j,l=1,...,km=k+1,...,n
and this follows from stability under the vector fields
|£’|5%j= L.
|£”|1/’b% i=1,...,k
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Now, it is easily checked that (1 — x) (l?!,ilgﬁ) € S%9(Ag, Ky) and so, using Leibniz
rule, it is enough to show that the order of @ is stable under these vector fields on
the support of (1 — x) (Té—,l,fll,ly;) that is where |¢/| > C|€”]*/2. But this then follows

immediately from (4.4).

The case of 4; is similar. The additional operators generating M(A;, AgNA;) have

symbols of the form

&L
2N i i=1,...,k
el 7

but these are bounded on supp(x (TE—,I,%;)) and so the result follows. [J

However, the classes of distributions we will encounter are supported in half of one

of the Lagrangian submanifolds and we therefore define

Definition 4.2. Let (Ag,A$) be an intersecting Lagrangian pair then
—-m+ m-—p+

17 (ho, &) = 15 (g, 009) + 12" (a5, 019). (4:6)
It remains to discuss the symbols of paired Lagrangian distributions. The difficul-
ties are that there is not a canonical decomposition of a paired Lagrangian distribution
into marked Lagrangian distributions and that the symbol of a marked Lagrangian
distribution is a complicated object because of the type § behaviour on the marking.
Melrose (in [9]) defines the symbol of a marked Lagrangian distribution by picking an
infinitesimal Lagrangian extension of the marking and the principal symbol is then
invariant under FIOs which fix the Lagrangian submanifold and the infinitesimal

extension.

In the case of the decomposition of a paired Lagrangian, there is always a natural
choice for the extension of the marking: the other Lagrangian. So, the principal
symbol can be defined to be a pair of sections of the Maslov bundle modulo the

equivalence relation given by choosing different decompositions. However, for the
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distributions we are interested in a different approach can be taken which avoids the
necessity for a choice of decomposition. We define a class of polyhomogeneous paired
Lagrangian distributions, associated to a pair of cleanly intersecting conic Lagrangian
submanifolds with codimension one intersection, such that the symbols’ singularities
as they approach the intersection determine the behaviour of the distribution at the
intersection. To illustrate the ideas we first of all establish a new characterization of

polyhomogeneous Lagrangian distributions.

5. POLYHOMOGENEOUS LAGRANGIAN DISTRIBUTIONS

For notational convenience throughout this section, y will denote a complex number
which is the top order of homogeneity of the polyhomogeneous distributions being
studied. We will denote the real part of 4 by m. The class of polyhomogeneous
Lagrangian distributions, I:,;;%(A) associated to the conic Lagrangian submanifold A

are Lagrangian distributions associated to A which can locally be written
/e““”’”’a(m,ﬂ)dé? (5.1)

with ¢ a homogeneous degree one non-degenerate phase function parameterizing A
and a a classical symbol, that is there exists a sequence of smooth functions on

R” x (RY — {0}), a,-;, such that a,_; is homogeneous of degree  — j in 4, and
z [} [T} u=J

< Copn < O>m for |0 >1.  (5.2)

D:Dg (a(z,9) - IE au-j(x,e))

=0

We give an intrinsic characterization of these distributions by introducing the con-

cept of a radial operator for a conic Lagrangian submanifold.

Definition 5.1. A radial operator for a conic Lagrangian submanifold A C T*(M)

is a properly supported, first order, classical pseudo-differential operator such that for
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alpeC
Ptp: 14, (A,QF) o I4HA, Q). (5.3)

‘We use the subprincipal symbol of a pseudo-differential operator to give a symbolic
characterization of radial operators. For a discussion of subprincipal symbols see
[2]. It is proven there that if the principal symbol of a pseudo-differential operator,
P, vanishes on a Lagrangian submanifold, A, then the principal symbol of Pu for
u € I™(A, Q%) is

1
7L',Hpam(u) + 0gu(P)om(u). (5.4)
Theorem 5.1. Given a conic Lagrangian submanifold A there always erists a ra-

dial operator R. R is determined up to first order classical operators which map

I"'(A,Q%) — I™=1(A,Q%), for all m, and is characterized by

(1) the principal symbol of R vanishes on A,

(2) the subprincipal symbol of R equals n/4 on A,

(3) the bicharacteristic field of R, Hr, on A is equal to the radial vector field
multiplied by i~!.

Note that since the cotangent bundle has a natural homogeneous action by scalars

there is a natural radial vector field at every point.

Proof. Note that the difference of any two operators satisfying (1) - (3) has principal
symbol vanishing to second order on A and subprincipal symbol vanishing on A.
The vanishing of the principal symbol implies that (R; — R;)u is in I™(A, Q%) with
principal symbol

+Ltn,-5yom() + (T Br = Ry))om(u) (5.5)
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but Hp,_g, will be zero on A and so will o,u(R1 — R;), thus (Ry — Rp)u is in
I™1(A,Q%). Thus Ry — R, maps I™(A, Q%) to I™1(A, Q%) and we have proven the

uniqueness part of the theorem.

That the principal symbol of Ru will have to vanish on A for any u € I;’,‘,g(A,Q%)

is clear and this implies that the principal symbol of R vanishes on A.

The principal symbol of (R + u)u will now be

-::Eyaam(u) + (0sus(R) + p)om(u) (5.6)

where L, denotes the Lie derivative acting on 1/2-densities. Thus we need (5.6) to
vanish for all m. Since this is true for any polyhomogeneous u, this tells us that if
om(u) vanishes along a ray so does Ly,0m(u) and hence that Hp is tangent to rays

which means that it is a multiple of the radial vector field p.

Now we can pick local coordinates £ on the manifold such that £ the dual coor-
dinates parametrise A and then |d¢|? is a non-vanishing 1/2-density on A. In these
coordinates the radial vector field is £ a%' Writing Hr = ¢p we obtain, using Euler’s

relation, that
1 n 1 n 1 d¢
(;¢(£)(/‘ - Z)a#-% + 'i'¢(€)§au—% + % ija—ﬁj + pay-2 + o'sub(R)au-%) =0
(5.7)

where a,_2(£)|d¢ |% is the principal symbol of u. From this, we deduce

This is true for all g, so ¢(§) = —i and o,u(R) = 2, which establishes the properties
of R and it is clear from the calculation that any operator with these properties will

be a radial operator. [

We can use the radial operator to characterize the polyhomogeneous distributions

associated to a Lagrangian submanifold.
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Theorem 5.2. An element u ofI'"(A,Q%) is polyhomogeneous of order p if and only
if for some (and hence any) radial operator R of A

(R+(u~N+1))...(R+p—1)(R+p)ue I™N(A,QF) VN. (5.9)

We prove a lemma which allows us to reduce to a particular radial operator in the

model case.

Lemma 5.1. LetV = ma% and let Q) be a classical pseudo-differential operator which
maps I™(Ro, 02) to I™*(Ao,02) then [V, Q] — kQ maps I™(Ao, 2}) to
Imk=1(4,, Q7).

Proof. If Q is of order ! and has symbol ¢ with asymptotic expansion ¥ ¢;—; then the
mapping property is equivalent to saying that ¢;—; vanishes to order I—j+kat =0

for I — j > —k. Now we can write
Qi = q_j +Tis; (5.10)

where q;_j is a homogeneous polynomial of degree k+ [ — j in z and r—; vanishes to

order £+ ! — j 4+ 1 and then the total symbol of [V, Q] has expansion
0 a, . a a, .
2(1‘% - fa—f)fh_j + Z(-’C% - 58—6)7‘1_,-- (5.11)

The double homogeneity of the q;_j yields kgq,_ ; and the r' terms have the correct
mapping properties and thus [V, Q] — kQ maps I™(Ao, Q%) to I™¥-1(K,,Q%). O

Proof of Theorem 5.2. Both properties here are clearly classical Fourier integral op-

erator invariant so it is enough to consider the model case A = A,.

In this case, the radial operators are m% + 942 + P where P is a first order, classical
pseudo-differential operator which induces a map from I™(Ao, 27) to I™ (A, N3).
First of all we show that if it is true for any one P then it is true for P = 0. Let V
denote the operator given by P = 0.
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First of all, it is clear that (V + u + P)u € I"™!(Ao, Q%) implies that (V + p)u is

also. So now suppose that
V4p—k+1)...(V+p—1)(V+uuel™NAR,),k<N—-1 (512)
and our hypothesis says that

(V4+@u=N)+P)...(V+p—1+P)(V +p+ P)u e I"N"1(R,,0%).(5.13)

We commute the Ps through to the left to obtain something to which we can apply
the inductive hypothesis. Applying lemma 5.1 repeatedly we obtain

N N-k
YT [T (V + 5 = j)u € I™N=1(R,03) (5.14)
k=0 j=0

where Ty = Id and Ty : I™(Ro,Q3) — I™*(A,Q%). Hence it follows from the
N .

inductive hypothesis that [J(V + g — j)u € I™"N-1(A,, 03)
3=0

So we have reduced to the case where P = 0. Now taking the Fourier transform

we obtain

N-1 o .
IIr-(p-i-7)]al€) e S™H(Ry) (5.15)
j=0
where ald:w:l‘zl is the Fourier transform of ¥u, ¥ = 1 near 0 and of compact support
and p = §-3%,.

We need to show that a has an asymptotic expansion in terms of homogeneous

factors. That is we want to show there exist {a,-2_;} homogeneous of degree p—3—j

such that

N-1
a(€) = 3 au-z-;() € S™TETV(RY) for J¢] > 1. (5.16)

J=0
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Let a,-2(¢) = ,\ll.r{.lo A=(=Da(A*=7¢). Why does this limit exist? Well,

6 n n n n
75 (T Da(em2g)) = —(u - DA EDa(dg) + A-‘“-ﬂ-l(xs)-g—‘;(xc)
(5.17)
and since (§& — (1 —%))a=c€ S™=%-1 this becomes
8 . . .
oY (AU=BDa(a-1g)) = XT71c(AE) = O(X7?). (5.18)

So integrating out to infinity the limit exists. It follows immediately from the defini-
tion of a2 that it is homogeneous of degree p — 3. As & ()\‘(“‘%)a“-?(z\é)) =0,
applying the argument above shows that |a(§) — a,-2(€)| = O(|¢ |m-%-1). Changing
to polar coordinates (w, A) these arguments commute with application of DZ and 1\5’\;

so we have that
a(f) — au-2(€) € S™Y(RY) for €] > 1. (5.19)

To complete our proof by induction we need to show that

N-1 n . N
(Hr--3-1-0) @-apestvmp. oo
i=

This follows from the fact that if b € S*~! and (p — k — il)b € S¥~2? then b € §¥-2.

The point here is that p— k— il can only kill terms of order k. A similar computation

to above shows that
%(X‘k'“b(/\w)) =0(\7%) (5.21)

and integrating out to infinity as before establishes the result. 0O

Putting all this together, we have a direct way to define polyhomogeneous La-
grangian distributions. We could define radial operators in terms of the conclusions

of Theorem 5.1 and polyhomogeneous distributions in terms of the hypothesis of
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Theorem 5.2. Indeed, we could go much further and define for R, a radial operator

associated to A:

M(A) = {P € ¥} : 01(P) = 0} (5.22)
IA)={ue H (M): P,... Pouc H, (M),Vk, P, € M(A)}
(5.23)
I (A) = {u : ]ﬁl(RA + u—j)u € I*"N)(A),¥N, for some s}
=0 (5.24)

We are using classical pseudo-differential operators here in our definition. We want
to identify their classicality in an intrinsic way. Pseudo-differential operators can
be viewed as distributions which are conormal to the diagonal. In the case of the
conormal bundle to a submanifold, M(A), is generated by the vector fields tangent
to the submanifold and the radial vector field is a radial operator. Thus we can make
the same definitions but using only vector fields. We thus can obtain a completely

intrinsic definition of classicality.

6. POLYHOMOGENEOUS PAIRED LAGRANGIAN DISTRIBUTIONS

We commence by defining the distributions as oscillatory integrals of singular sym-
bols for a model and then show that this is equivalent to a definition involving testing
by radial operators. Throughout this section we will denote the orders of homogeneity

of a distribution by a complex pair (g, v) and their real parts by (m, p).

We wish to model distributions microsupported on one side of a Lagrangian so for

our model we take

Definition 6.1.

Ao = N*(z = 0),A = N*(¢" = 0,z, > 0) where z = (z1,2").
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Our total symbols will be asymptotic sums of homogeneous functions which have

conormal singularities at Ao /~\§.

Definition 6.2. T*"(Ao, Ao N AS) equals the space of a € C>(R? — {&1 = 0}) such
that a is homogeneous of degree k and there exists a sequence of functions {b;} €

C®(R""! — 0) which are homogeneous of degree k — j — r such that

Rr4+N-a3
< Cyl¢[Fr-lel (l'—g-‘—'l) 61 #0. (6.1)

N-1
D¢ (a(ﬁ) - Y (E—i0)* b,-(f”))

j=0

~ ~ ~ o0
Definition 6.3. S} (Ao, Ao N AS) is the collection of formal sums ¥ a,_; where
3=0
ay—j € TH37=3(Ag, Ao N AS).
Away from the intersection, standard arguments show that one can find a classical
symbol with asymptotic expansion {a,—;}.
We use a similar definition on AS. First of all, recall the definition of the X5

distribution (see [6])

a R
<xpf>= TatD) O/x f(z)dz,Ra > -1 (6.2)
and one can extend via analytic continuation to the whole plane by
o — (_1\k o otk p(k) _
<xH =1 <x**, fY >, Ra+ k) > -1 (6.3)

and then x§ restricted to z > 0 is 'I‘T::-Fﬁ which vanishes if « is a negative integer as

we have x;* = §(F-1),

We require our symbol on f\i to have an expansion in terms of the x4 distributions.

Definition 8.4. T*"(A$, Ao N A%) equals a € C®(R,, x R, 2, > 0) such that a is

homogeneous of degree k in £ and there exists a sequence of functions b; homogeneous
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of degree k such that

D3 D (a(:cl,w - E X ( $1)bj(§")>

Jj=0

< Con|E[FR) 10|y |RIVEN=en (5 > 0,
(6.4)

Note that in the case where r is a negative integer the fact that the restriction of
X% to 1 > 0 is 0 means that Thr(As, Ao N AS) = THO(AS, Ao N AS).

Definition 6.5. Sﬁ-’,’l‘g([\‘{,ﬂo N A2) is the collection of formal sums j%jo a,—;j where
a,—; € T*=m=3(Ag, Ao N AS).

The relationship between our two classes of symbols lies in the fact that the Fourier
transform of x? is e~*#(*1)(¢; — i0)~*~1. Our distributions will be asymptotic sums

of products x5 (z1)u;(z”) at Ao N Ac.

To quantize our symbols we take a parabolic cut off about £ = 0 to obtain marked
symbols, and then show that the singularities of the distribution obtained are inde-
pendent of the choice of cut off. By a cut off function we shall mean an even function

# € C°(R) such ¢ =1 near 0.

Lemma 6.1. Let ¢ be a cut off function then if a € T,’:Jg(Ao, Ao 0 1~\§) we have

(1= ) (fgi 6) € 527, Bon ) (65)
Proof. We have that
|Dza(e)] < Cleim ('fg,')%) ) (6.)
Now on supp(1 — ¢) (jzékrz) we have that
6™ << €>7)

so we obtain

<€>

-R(r)
I(1-¢) (|£u|1/2) D¢ a(§)| < Calé]™™* (‘Z'Z‘;('l—)) <E>Tmcg >
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and as (1 — ¢) (K—"gllm) € 5%9(Ao, Ko) our result follows. [

We need a corresponding result on the other side, since the Fourier transform of a

product is a convolution this is slightly more complicated.

Lemma 6.2. Let ¢ be a cut off function then if b € T (A%, Ag N AS) we have that

sing

oo . m'-M ’
/b(yl,é”)lf"l”’sﬁ((m —y1)|€")7)dys € Sma * (Ay, Ky) (6.7)
0

Proof. We have to interpret this convolution as a distribution for (r) < —1. We can

always decompose our function into sum of products b, ;(£”)x$(z1) plus an element
of T4r (Ag, Ao N AS) with R(+') > —1.

For z;, > €¢> 0,
[ b1, €13 ((21 — w)l€" )y, — bl €)= O(E"1™)  (6.8)
0

Now, we can reduce to the case ug = 0 by premultiplying by |£”|™* which will

not affect the convolution and for R(r') > —1, we compute using the fact that éis
Schwarz,
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[btas, ENE3((21 — )€1 F)ds|
(¢}

<Cn [ o = 2B L+ a2 dy,
1

o0

=C [ (12— aale" )R+ 1) Vet
lE"lllzzl
— CI{III—R(r')/Z / (t _ xllénll/z)ﬁ(r')(l + t)—th
«""llf”lllz

oo N
1 1 1
<O <t s—RE )/2/t53(") dt
<C<E > / 1+t+t|€”|1/2

Applying Cauchy-Schwartz we get

(>

N\ 3
' ' 1
< " -R(r')/2 / (R(r'))2
_C<§ > (0 ( ) 1+t+!£”|1/2x1

o 1 N\ 1/2
(/o (1+t+|£”|‘/2m1> )

<C< 'f" >—§2(r’)/2 (1+ < £II >1/2 lxlnl—'zN

<C 1+ < & S1/2 1] R(r')
- < €II >1/2

picking N correctly. This establishes the top order estimate for R(r') > —1. To do

the general case observe that

<), [T ((@1 = gl 17) >= 117 < ), 161260 (0 - w)lE"T?)
(6.9)
and then the same arguments as above will work.

Similar arguments establish the estimates for the derivatives also.

a
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We can now transform our formal sums into asymptotic sums. Each element of

S (Ao, Ao N &) is a formal sum {3 am-;} and

( ¢) (|£III1/2> Ap-j € S

and so applymg Proposxtlon 3.1 the asymptotic sum exists and thus gives rise to an

m— __(_2
’ (Ao, Ko)

element of Ims s (Ao, Ao N A%). This element is independent of the choice of ¢

up to a distribution which is isotropic with respect to Ag N ]\;.

Similarly, each element of $*"(A$, Ao N A%) is a formal sum {3 b,—;} and

- J:_z
6"/ ¢(21[€"1/%) % bumj(21,€") € Sma™ 7 (Af, Ao N A)
and so applying the analogue of 3.1 the asymptotic sum exists and thus gives rise
J—-R(r) .
to an element of Ima +h (Ag, Ao N A). This element is also independent of the

choice of ¢ up to a distribution which is isotropic with respect to Ag N i\{

To remove this uncertainty on the isotropic we define a compatibility condition

between the symbol on Ao and the one on 7\'{.

Definition 6.6. A paired total symbol of order (1, v) is a pair of formal sums

(Z Qu-j» Z by-;)

such that
Y ayu-j € Sting (Ko, Ao N AD), D" b € Sy~ (A%, A N AY)

and such that the Fourier transform in T, induces a bijection between their respective

ezxpansions at £&; =0 and z, = 0. That is if

0

y-j ~ D (€ —10) 7 Ha, (")

=0

and

(> o]
Bu—i ~ 3 X5 T (@) by (€7)

r=0
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then
(& — 0 Ha, i (€") = X7 (21)by-1,i(€"). (6.10)

Note that the top order term on each side determines the leading singularity of
the top order term on the other side and nothing else about the top order term. So,
given a homogeneous function on Ag and one on A¢ of which the leading singularities

are compatible we can complete to total symbols with these as top order terms.

Theorem 6.1. There is a quantization map from paired total symbols of order (u,v)

to I"‘"‘/‘"""%‘“/“(AO,Z\;) determined up to smooth terms.

Proof. Picking a cut off function ¢ and applying the arguments above we obtain an
element of Im="/4p+3-n/4(A, A¢) which is independent of choice except at Ag N AS.
Now suppose we pick ¢; and ¢, distinct cut off functions and let I; denote the

distribution obtained by using ¢;.

We want to show that I; — I, € C™. It is enough to show that it is determined up

to an arbitrarily low order as a sum of marked Lagrangians. Since, our terms are in
Jr-i-n/4 SR (R Rey and [P-k-n/4+1/2ABEREE (R Rey o]l but a finite number will

be below a given order.
So fixing some negative order K, we can write

h-h= (—2-1,;) [T - ¢1)(| o NG

]—0

+ (_1_) ) / e Z 6”13 &1 — Ga(e|€”17) * byor(z1,6")dE" + Rk (6.11)

2r k=0

with Rk in I-K~K(Aq, A,).
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Taking the symbols’ expansions about ¢ = 0 and z; = 0 this becomes

E%‘j( )n/eix'f(ﬁbz —¢1)( &

)(el O, () +

=0 =0 |§"|
N-1N-1 n-1 »
Zo IZ: ( ) / e |§”| (1 — ¢2)(11|f”| ) # x5EI M () b,—ii(€") + Ry
j=0 I=0

(6.12)

but our definition of a paired total symbol tells us that these terms cancel and our

result follows. [J

We define J:hg"/4'"+ —"/4(Ao, A$) to be the image of this quantization map. In order
to reduce our general definition to this case, we must show that this space is invariant
under Fourier integral operators associated to model preserving symplectomorphisms.
We do this by showing the equivalence of a definition which is a priori invariant. A
similar approach using radial vector fields has previously been used by Melrose to

characterize classes of distributions on manifolds with corners. (see [8])

Definition 6.7. The pair of properly supported, first order, classical, pseudo differ-
ential operators (Ro, R;), acting on half densities, is a pair of radial operators for the

pair of cleanly intersecting conic Lagrangians (Ao, A1) if and only

(1) o1(R;) vanishes on Ag U A,
(2) gsuws(R;) restricted to A; is 2.
(8) Hp, restricted to A; is }pa,.

This definition is very similar to the alternative definition of the radial operators
for a single Lagrangian except that we require the principal symbol of each operator
to vanish on both Lagrangians. Note that the results from the previous section
show that if we conjugate by an elliptic Fourier integral operator associated to a

symplectomorphism f then we obtain a pair of radial operators for (f(Ao), f(A1))-

Example 6.1. For ([\o, 1~\1) we can take Ry = :c;% + %’—‘ and R; = z”% + 37" - %
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The radial operators in our definition are the operators which one can obtain from
these via conjugation by elliptic Fourier integral operators associated to symplecto-

morphisms mapping (Ao, A;) to (Ag, A,).
Definition 6.8. Let (Ao, Af) be an intersecting pair then u € I*”(Ao, A, Q%) if and
only if for any pair of radial operators for (Ag, A)

N-1 M-1
(H (Ro+u—3) [T (Ri+v- k)) ue [mNe=Mp, ‘f,Q%) for all M, N.

j=0 k=0

We will show that it is enough to check for any one pair of radial operators. Note
that the class of distributions I:,;;(Ao,Af,Q%) is a priori invariant under elliptic
Fourier integral operators associated to symplectomorphisms which preserve the La-
grangians. We need to show that this definition is equivalent to the already given
for the model (Ag, Af). Our results for Lagrangian distributions show that this is
true away from Ao N AS. In this case multiplication by Id:vlé gives an identification

between half density bundles and functions so we work with functions.

Theorem 6.2. I%(Ko, A2) = J%* (Ao, A%)

A
phg phg

Our proof is similar to that of theorem 5.2 but the use of two Lagrangians makes

it more involved. The first thing we need is an analogue of lemma 5.1

Definition 6.9. If P is classical pseudo-differential operator of order r then P van-
ishes to order (a,f3) on ([\o, AS) if P has total symbol p with asymptotic ezpansion

Y pr—; and p,—; vanishes to orderr —j + o on Ag andr—j +f on As.

Lemma 6.3. If P is of order r and vanishes to order a on Aq and to order B on As
then

(1) [:vga;, P] — (r — @)P vanishes to order a + 1 on Ao and order B on Af.
(2) [33”8—2,7,P] — (r = B)P vanishes to order a on Ao and order 841 on AS.
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Proof. This is essentially the same as the proof of 5.1 O

The following properties of vanishing are elementary:

Proposition 8.1. If P is of order r and P vanishes to order on (a, ) on (Ao, A?)
then

P : I™P(Ag,AS) — [™H7-aptr=B(R, A%), (6.13)

Proposition 6.2. If P; is of order r; and P; vanishes to order (a;, ;) on (7\0, f\f)
then P, P, vanishes to order (o + a2, 51 + (2) on (Z\o, A‘{).

Lemma 6.4. Let u € I™?(Aq, A?) and suppose that

N-1 M- .

(H(Ro+,u -7) H Ri+v—k) ) u € I™NP=M(7Ao A%) for all M, N (6.14)
j=0 k=0

for some pair of radial operators (Ry, R1) then

N-1 M-=1 n ;
(e ens o2 teun).

j=0 k=0

€ I™-NP=M(Xq A¢) for all M,N. (6.15)

Proof. We have that

d 3n

Ro=a5-+—+ P, (6.16)
Ri=2 ,,aa +3—473—1+P1 (6.17)

where P, is first order and vanishes to order (2,1) on (Ao, AS) and P, vanishes to
order (1,2). The result is clearly true for M = 0 as it is then just lemma 5.2. So
we can prove by induction and analogous arguments to those used in the proof of

theorem 5.2 reduce us to showing that
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r=0 i<k k=

N-1 In -1 M-r-1 ) In 1
H(x"_"'—""ﬂ ] EZT‘H,WH H (x’a m "_"'§+V—k) u
e I™NP=M(7, A%) (6.18)

implies

3 M-1 " 3n 1 N M/3 ~
II($_+_+/"’ J)”( a”.}.--—----2-+1/--k) u € I™"NP-M(R Re)
—0 =
i= k=0 (6.19)

where T;;,4: is a classical pseudo-differential operator of order 7 which vanishes to

order i on Ag and to order r + i on 1~\; and Top0 = Id.

But applying lemma 6.3, we know that

0 3n . Jd 3n
(IC‘E; 4 —4' + L= J)T'z frdi — T,z 1‘+l( a + T +u- .7) + T.'+1,I‘+i (620)

so commuting through we can conclude that

N-1M-1 N-k-1 9 3. M=r-1 8 3n 1
ti+k,i+r ($_+—+l“_—]) (” ,+_——_+V'—k)u
el SRR -

€ ImNe=M(K, A?) (6.21)

where T000 = Id and T, is a classical pseudo-differential operator of order i

i,6,r4i
which vanishes to order i on Ag and to order 7+ on A¢. Thus applying our induction

hypothesis and the mapping properties of T; the result follows. O

1,1,741

Theorem 6.3. The space of polyhomogeneous, paired, Lagrangian distributions with

respect to a fized intersecting pair is independent of which radial operators one uses.

Proof. 1t is enough to prove this in the model case. Now, Lemma 6.4 reduces an

arbitrary pair to a model pair and the proof of 6.4 shows that for a general pair, we
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have

N-1 M-1
(H(Ro+ﬂ—j) H(R1+V—k))u

3=0 k=0

N-1M-1 N-k-1 P 3n M-r-1 a 3n 1
= ik, i4+r ($—+——+ﬂ—]) (” ,,+—__+V'—k)
Rl RN S =

(6.22)

where T}, . ;,, is as above. So it follows that if the condition holds for the model

pair of radial operators then it holds for any pair. O

Lemma 6.5. Let (Ao, A1) be an intersecting pair then if u € I™P(Ag, A1), u = uy+u,
with u; € I(Ao, Ao n A1) and Uz € I(AI,AQ N Al) and u; € Im’p(Ao,Al) then u; €
R A Ao AL and uy € P (AL Ao\ Ay) for all € > 0. This is in

particular true for any parabolic decomposition of u.

Proof. 1t is enough to prove this for the model Ag = N*(z = 0),A; = N*(z" = 0).
Now, we know that there is such a decomposition u = v; + v, by the definition of
I™?(Ag, A,), with € = 0 and we have

U — V] =V —Uy € I(Ao,AonAl)nI(Al,AoAl). (623)

So u; — v; is an isotropic distribution with respect to Ag N A1 and is contained in
I™?(Ag, A;). Thus we have u; — v; = w; + wy with w; € I'"’ (Ao, Ao N A;) and
we € I"’_z"i(Al,Ao N A,). Since, w; = u; — v; — wy, it is also isotropic. Letting a

be the Fourier transform of w;, we have for some k,

P n " —ﬂi_a
DZa()] < C < £ >mHEE -2l ¢ 575 (6.24)

|Dga(€)| < C < € SFN-le"lc g 50N (6.25)

Raising (6.24) to the power r and (6.25) to the power s = 1 — r, and taking their

product we obtain that
+ n " — s—2pr
|Dga(€)| <C < ¢ Srimt B -2 ra(kaN)-la” ¢ > aNemter (6.26)
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. . 1 1
Given € > 0 we can pick r such that r(m+£—+2—1—§)+sk<m+%11—’z‘+e, and

then for any N’ we can pick N such that —2pr — 2Ns < —2N'. Hence,

o m ﬁi_ﬂ "$e—=la? - '
|Dga(§)] < C < g>m+ z —aHNrenlelic g 50N (6.27)

1
that is that w, is an isotropic distribution of order m + p—;?u + €. A similar argument

shows that w, is isotropic of the same order. Thus u; € ’"'zqﬁ"”‘(Ao, AgNA,) and

a similar argument shows the corresponding result for u;. [

Lemma 6.8. Let b € C*(R,, x (R — {0}),2z1 > 0) be homogeneous of degree v
in £" and suppose that there exist 6 > 0 and ¢' such that
N-1

" a . "
Dg/ D3 (1‘[ T (q+J)) b(z1,€")

§=0

< Canl|€" P71z, [HVom - (6.28)

then there ezists functions bj(£") € SP(Ryr") which are homogeneous of degree v in

£" such that

< Ca,ngﬂlp_laﬂll.’L‘l|Q+N—al ) (629)

N-1
Dl D2 (b(zl,e”) > xi*"bj(ﬁ”))

=0

Proof. This proof is analogous to that of Theorem 5.2 but we consider z; — 0+
instead of ¢” — +o00. In fact, by taking polar coordinates and a radial inversion it
can be seen that the two results are very similar. We first of all prove the result when

¢’ = R(q) and § =1 and then show that the general case follows.

We can always premultiply by |¢”|~* without changing anything so it is enough to

consider the case where v = 0. Now,

(@ b(a1,£1) = 27" el ) (6.30)
) 61'1
where ¢ = (ﬁl— - q) b and |c| < |z1|9t!. Hence %(xf"b(:ﬁ,{”)) is bounded as z; —

0+ which implies that 79b(x,£") is convergent as z; — 0+. Let b,(£”) be the limit.

As b is homogeneous b, will be also.
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As = [(w{q)(x‘{bq(f"))] = 0 it follows that
|17 (b(21,€") — 216,(£"))| < Claa| (6.31)
and hence we have
|6(z1,€") — 21bg(€")] < Claa|7*. (6.32)

All these arguments will commute with applications of z,D,, and &;Dg, and so we

have

| D D3 (b= 2§by)| < Cla|" 17 P71, (6-33)

< C’E"|p-la"l|z1|q‘+N-—a1'

(6.34)

n N-1 a . " "
D?n D:ll H = — (q+]) (b($1,£ ) - bq(xl’f )‘rg)
j=0 9z,

To complete our proof by induction we need to show

< Iéﬂlp-la"llxl|q'+N-a1_

N-1 o
& D& (H 150~ (g +j)) (b(z1,€") — 2164(€"))

= (6.35)
To establish this it is enough to show that if |a| < C|z;|%*" and
|(:t:18%1 — ¢)a| < C|z4|7*V then |a| < C|z,|¥*N. As above, we have
9 -q N-1
+—(z1%a)| < Clay| (6.36)
6(171
but z7% — 0 as £; — 0+ so integrating we obtain
|z7%a] < |2V (6.37)

which completes the proof when ¢’ = R(q) and 6 = 1.
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Now in the general case, once we have chosen an N then there exists M such that

¢ +86M < R(q) + N and so

-1

D D (H xlgi—l— q+J)) (H wli— q+])) b(z1,¢")

7=0

< Clé'"lp—la"”xllm 9)+N-aq_ (6.38)

This allows us to deduce the existence of an expansion for

M-1 9
(H T e (Q+j)) b(x1,€")

j=N

up to order N — 1 that is there exists b,,...,b,4n—-1 such that

Dal M-1 a . u /I q+]
D{H jl}v 35153'; —(g+7) ] b(21,€ Z byt; (")

< e, PO (639

but we can rewrite this, for some non-zero constants v;, as

DOID{" ((IIIV:BI Q+J)) ( (z1,€ Z ;b q+J ” ({‘H))
j=

S Cvlg/l‘p—loi“llxllRe(Q)'l'N_al, (640)

This is enough to establish the existence of the expansion up to /V terms as
d :
I(xlé-;:_l —k)b| < Clzq|" forr < k
implies that
6] < Claal"
To prove this, differentiate z7*b and integrate from 1 towards 0. O

We are now in a position to prove the equivalence of our two definitions.
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Proof of Theorem 6.2. We commence by showing J**(Ag, A¢) C I:h;(Ao,;\f) and we
will use this fact in the second part of our proof. If u is a member of J“"’([\o, 1~\‘{),

we need to show

N1 9 3n M-1 n 1
(II“%J’T*”_’ ) 1L (e a~+T‘§+”“k))“
€ I NP=M(R, A%) for all M, N (6.41)

The point here is that applying :c—"’- + (2 + p — j) will kill the terms of homogeneity
p—2—jon A and x”a 7+ (2 4+ v — 3 —j) will kill the terms of homogeneity
V- % +1 3 —Jon A'{. We need to be shghtly more subtle at the intersection though.
For notational simplicity, we shall use”to denote symbolic orders that is i = pu — %,
m=m-%,i=v-24+landp=p—2+;. Fix M and N. Givenu € J#¥ (Ao, A9),
near the intersection, we can always decompose as

u —];o/ s 5(6)(1 - )(lf,,‘lé)de

R
F 3 [ b o, ) o, (€128l ) de”
1=0

+ 3 [ — 0 e (€)de + o (642)
Il

where v € I™"NP=M(}, A¢), ¢;,; is homogeneous of degree v — I and a;—;(£),
by—i(z1,£") vanish to high order at & = 0,z; = 0, respectively. We can assume
that b;_;(z1,£") is compactly supported in x,. The fourth term is already in the
correct space and will remain in it under application of the radial operators. The
third term will be killed by application of x% + (2 4 p — j) or by application of
o5k + (R +v—5-1)

Applying maz + (22 + p — j) to the first term we obtain,

- / e"'faﬂ-j(s)sa%(l )(I 5,‘] )ds (6.43)
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This is supported between two parabolae about ¢ = 0 and if a;-; vanishes to order
K this will be of order rir — j — K/2. So provided K is sufficiently large this will be
in I™=N2=M(A, A%). This leaves the second term, after applying £” 5% — (7 =1) the

integrand becomes,

[ €3 (Bl P T) bl = 1, €1 (6.44)

and this is equal to

1 a n " " " '
Efga(mﬂmklmmﬁP“)m4Wr—mi)@u (6.45)

or integrating by parts

1 N d
-3 (y1¢(?l1|§”|1/2)|§"|1/2) a—y;ba—t(ﬂh - y1,&")dy:. (6.46)
Now, if b vanishes to order K at 0 then 4 will be C*-! and taking a Taylor expansion
about z, to order K — 1, this is equal to
1 [/ ks S
5 | @ @le" I ) boos(ar, 0, €y (6.47)
with by_; continuous. The vanishing of the lower terms comes from applying the
Fourier Inversion formula and remembering that ¢ = 1 near 0. Executing a change
of variables, z; = y;|€”|'/? the remaining term is of order |¢”|P~*-%/2+1 and so, for K
sufficiently large, the partial Fourier transform of this will be in I™~N#=M(A, A¢),

We have therefore shown u € I*¥(Ag, A¢) as needed.

Given u € I“,‘,;;(Ao,]\‘l’), we establish that the symbol on A¢ is an asymptotic sum
of homogeneous terms with the correct singularities as z; — 0 + . We then pick a
paired total symbol on (7\0, [\f) with the same expansion on 1~\§ and quantize it to
get a distribution v such that u — v € I**(Ag, AS) and such that u — v has symbol

with zero asymptotic expansion on 11{ and we use this to show that

u—v€E ;‘,;;“(Ao, Ao NAS) C J**(Ag, A%)

54



which will prove the result. A special argument will be required in the case where u—
v --,:; is a negative integer as in this case we obtain ordinary Lagrangian distributions

with respect to Ao,.

Let @ denote the Fourier transform of u in the last n — 1 variables then letting ¢

be a one-sided cut off function we have from Lemma 6.5 that

(1~ $)(aale"lh) H( € + = )i
<€ >} m—p+1+N+e
<SC<E">? ( ,) , (6.48)
L+ |2 < € >2
1\ o O T,
< f” >% m—p+2+N+e
<C<¢' > ( ;) (6.49)
1+ |z < € >3
We are interested in limits as [¢”] = oo and for |z1]|¢"|3 > C we have
<>t ¢ (6.50)
14|z < & >F = ||’ '
"1
Lol <€>2 _omp (6.51)

< €ll >‘;'

So for |¢”| > z? we can rewrite these estimates as

< C < EH >p I.’L‘ |p—m—l+N+e
(6.52)

(1—¢)($ li’,l )H(a z1 - E aé‘u+ﬂ—-})

3=0

(1= @)= le")(€’ @—p) T 7o afmc i)

7=0

< C < g > gy [P-m-24N+e (6 53)
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Now let

u'n.(A $1>§I) - /\— H ( + lu —])u(xl’)‘é‘”) (654)

() g//

then for A large we have

';%(bm) < CA72 gy [P, (6.55)

Hence b3, converges as A — +o00 to a function a; x which is homogeneous of degree

v in €. Repeating these arguments for the derivatives and noting that any derivatives

applied to the cut off will disappear at infinity, we obtain
|D21 D as | < C < €SP g [Pt Neren, (6.56)

So putting a; = a; we have applying Euler’s relation that

N-1

a ~ ~ . "
D! D¢ (Howl'a—;; +(E+1-7v “J)) ap(x1,¢")
J=

< C < g >Pmo" g [Pl Ntean (6 57)

We can now apply Lemma 6.6 to obtain a; ;(£”) homogeneous of degree ¥ such that

N-1 _ .
D: D! ( (e, = Y x:""““aa,j(e"))

7=0

S C < 5// >;5—a" |x1|5—ﬁt—1+N+e—oq-

(6.58)

In order to apply an inductive argument, we now consider (¢ — a;) for || >

C|z1|2. We certainly have for M > 1

D1 et (ﬁ(e - (u—k))Nﬁl(aal —¢ a{,,w—y))(a—aa)

k=0 j=0

< C < EH >;5—-M—-|cx"| ‘xllﬁ—ﬁz—l+N-—M+c' (659)

Where as what we need is

o M-1 " o B N-1 d 5
D3 Dg H( 5@;‘(”“1‘7))1—]:(—;11"1 ¢ £,,'l',l—J (@ — as)

k=1 j=0

<C< 5// >;3—AI-—|a | |$1|’3—7h-1+N—M. (660)
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Claim: If

(€5 — 0] S C <€ >0 [y
and

lv] < C < € SRO-F+1 | | with k > 2
then

lv] £ C < & SFDF |z, |\,
Proof of claim. Putting ¢ = Aw and g = (f”g% — q)v we obtain
0z, M) = A gl ).

So we have that
%(/\"’v(:vl,)\w))l < CAF gy,
from which we deduce

[v(z1, Aw)] < C/\‘%(")'klscl I'

which proves the claim. [J

(6.61)

(6.62)

(6.63)

(6.64)

Hence by induction, we conclude the existence of a;—_i(z1,£"”) homogeneous of degree

v — k in £” with an expansion as z; — 0+:
Y o~k-1-j+j
Ap—f ™~ Zaa—k,j(f )zy
J
i~ S an
k
in the sense that

} R N-1
D2 Dg | (1 - ¢)(zal€"|2) [a— D aa-j))

i=0

<£u >%
1 + |.13]| < f” >%

< C < g >P-N-l"l (
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. (6.65)

(6.66)

(6.67)



In the case where 7 — i — 1 — k + j is a negative integer, the coefficient a;_¢,; will
in fact vanish corresponding to the fact that x% #~**/(z;) vanishes on z; > 0. We

will investigate this case further later on.

In other cases, we can pick a paired total symbol with expansion a;_k(z1,£”) on
A¢ and quantize it to get a distribution v with the same expansion on As. Thus u—v
will have zero expansion on A¢ that is that (1— @)(z,]6”|}/?)u — v € S=°. It therefore

follows from lemma 6.5 that

N-1 meN.P= m+N+§ te,x  x .
H(m§_+§_ +p-)u—v)eIm™ (Ao, Ao N Ay) for all N.
j=0

(6.68)

We show that this implies that u—wv is a classical Lagrangian distribution with respect
to Ag which vanishes to infinite order at the intersection with A;. Puttinga =u — v,

we have

N-1
IT (¢ ( (?aE (B - J)) a€ Sr’rr:;N +€(A01 AoNA;) C Sf_?(R") (6.69)
j=0

Provided K is large enough. Note that establishing an asymptotic expansion 3 a;-;,
with a;-; homogeneous of degree j — j, is enough to prove the result. Taking polar

coordinates (w, A), putting p = )\;% and factoring the left hand side, we obtain

H(p (- J))H — (i — ja(w)| < CINK-F. (6.70)

j=0 j=N

So picking M sufficiently large, we have K — % < 1 — N and therefore applying the
arguments in the proof of Theorem 5.2, there exist homogeneous functions a;-; such

that

< CIF-E. (6.71)

(Mﬁlp (i - J))a—zaw

=N

Using the homogeneity of a;—; and Euler’s relation we can rewrite this as

M-1 N-1
I(gvp—(ﬂ—j)) (a— Z%'rjaa-j)
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We now wish to show

N-1

a— 3 aj

j=0

< CPF-% <M. (6.73)

and this will be enough to establish the asymptotic expansion.
Claim: |(p — k)b| < C|A|9 implies [b] < C(|AF + |A]9)

If £ > ¢ then as in many previous arguments we can establish the existence of a
function b, homogeneous of degree k such that |b— b;| < C|A|? and the claim easily

follows.
If k < g then differentiating A~*q and integrating up proves the claim.

So we have an asymptotic expansion of homogeneous terms at the top order. Note
that the arguments above will commute with the application of spherical derivatives
so the homogeneous terms are smooth. It follows from Proposition 18.1.4 in [7] that

the expansion must in fact be valid in the symbol space S™(RZ).

We are not yet done as we need to show that the homogeneous terms vanish to
infinite order at £ = 0. We use our original hypothesis to establish an expansion in
terms of fractional powers of which the coefficients must all vanish as our terms are
smooth. Let

y M-1 g
av = (,,I=Io 5"@ — (7 - j)) a (6.74)

then we have

p—M—-m+te
(6| < c<€> (———< : >m) (6.75)
Hence it follows that
-1 p~M+r+e
A 2aM(xg)| <€ <€ >m ( €] + “'1 ) . (6.76)
&1 + [AI72]€"|2 + [A|?
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Letting A — +o00 this becomes

(M-l " a ~ . <C lfl MM " 677
T esm-6-0)a@<c(B) 671)

and applying Euler’s relation we obtain

M-t __a__ . . . ] ,—{1—' m—p+M+e -
(,E,Ela.fl (A ”+J)) au(é)' SC(,&) €™ (6.78)

This implies the existence of an expansion at {; = 0 with terms of order ji — 5 + 7,

the coefficients of this expansion will vanish identically (unless f — p + j is a positive
integer, the case we have set aside) as a; is smooth and so the result follows for the
top order term. A similar argument will apply for lower terms after subtracting the

higher ones.

It remains to do the case where 7 — ji is a negative integer. We postpone this case
to the next section where we obtain it as a corollary to the invariance of a wider

calculus. O

Corollary 6.1. J#*¥ Ko, A%) is invariant under proper, zeroth order, classical Fourier
Yy 1 prop

integral operators associated to symplectomorphisms which preserve (Ao, 7\{).

This gives us an alternative definition for /)7 which is very similar to that of
I::ap(Ao, Ko)

Theorem 6.4. Let (Ao, AS) be an intersecting Lagrangian pair then I} (Ao, AT) con-
sists of those distributions u with WF(u) contained in AgU A and such that for each
P € Ao U AS there is a properly supported Fourier integral operator, F, of order 0,
elliptic at p, associated to a symplectomorphism taking (Ao, AS) to (Ao, Af) such that

Fu € J**(Aq, AS). (6.79)
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Corollary 6.2. Let u € I(Ag,A§) and suppose there exists 6 > 0,7,s such that for

some pair of radial operarors (Ro, R,),

N-1
(H (Ro+ p “j)) u € I""*N*(Aq, AS) YN (6.80)
j=0
and
M-1
( I (Ri+v- k)) w € "M (Ao, A%) YN (6.81)
k=0

then u € I}y (Ao, AS).

Proof. 1t is enough to prove this in the model case, combining the two statements we
have
N-1 M-1 L oL
IIRo+p—j ( I[IR+v- k) u € I"N2(Ag, AS) N I ~M( Ay, AS).

j=0 k=0

(6.82)

Now using lemma 6.5 for any parabolic decomposition of this distribution into u; +us

we have

s—r+4S6N+ s=r=86M+
u € Iﬂ'-SN,—z-—i -—,‘,——%-+c

t (Ao, Ao NAS) NI (Ao, Ao N AZ)

c gttt e

and

r—s+5M4 ~ r—s=6N4
ug € I"sM'—zi“(Ai —2——}*+e

JAonASN I (A%, Ao N AY)

r—s+ %(M=N)+
o s e = PP

Inspecting the proof of 6.2, this is enough to establish membership of J** and there-
fore I (Ao, AS). O

P
Proposition 6.3. Let T be a proper, classical pseudo-differential operator of order
r then

T : INY (Ao, AS) — T4E*7 (Ao, AS).

P
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Proof. That the range is contained in I™t"?P*7(Ag, Af) is clear from the mapping
properties of marked Lagrangian distributions under pseudo-differential operators

(see [9]). It is enough to prove the result in the model case.

We need to prove that if u € I**(Ag, A?) then

N-1 M-1 ..
I Vasr-i T] Wosr-sTu € Im¥r=Netr=M(}, AS) (6.85)

3=0 k=0
where V;_; —a:—+ 8 4 ji—jand Wyg = 2" Bz'" + 3 — 2 4+ 7 — k are the radial
operators. Now commuting T' through the radial operators as in the proof of 6.4 we

obtain

M=1N-1  s-1t-1
E Z P,,t H H Vg_j W,;_ku (6.86)
s=0 t=0 Jj=0 k=0

where P, is a pseudo-differential operator of order r which vanishes to order (s,t)

on (Ao, AS) and the result is now immediate. [

Corollary 6.3. Let F be a proper, classical Fourier integral operator of order r as-

sociated to a symplectomorphism f mapping (Ao, AS) to (A2, A3) then

F o 150 (Ao, AS) = I+ (Mg, AS). 6.87
phg

Proof. Just decompose F into a zeroth order Fourier integral operator and a pseudo-

differential operator of order r. O

Proposition 6.4. Let u; € I "’(Ao,Ai) for k =0,1,2,... then there exists u €
v (Ao, AY) such that

u - Z U € phy Ao, A ) (6-88)

j=0

Proof. It is enough to do this for the model. We need only consider symbols on Ao.

The total symbol of u; on Ao will be an element of S:,,:; ~ykuckov-l (Ao, Ao N AS).
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That is a formal sum Y a* , , . . such that
R e

k —B_Liku—i—k—=1(% K A A
au—%-%—j—k € TH-e—37I~Fwmd v (Ao,AonAT)

We put,

bu-—%-—%—l= Z af‘_ﬂ_l_j_k. (689)

have an element of S:,,J ~humv (Ao, Ao N A¢) and picking a compatible symbol on

A¢ and quantizing the result follows. [

Proposition 6.5. Let ux € “’"‘k(Ao,A‘{) for k =0,1,2,... then there erists u €

phg
Iy (Ao, AY) such that

u— Z uk € 145N (Ao, AS). (6.90)
j=0

Proof. Essentially the same as above. [

Having defined a class of paired Lagrangian distributions, it remains to discuss

their relationship to ordinary Lagrangian distributions.

Proposition 6.6.
phg(Ao) :h; 2 (AOv A‘i)

Proof. Considering the model case, this follows from the fact that a smooth function

will always have a Taylor series expansion at £; = 0 and the first term will be £). O

It is important to note that if the symbol vanishes at the intersection then an
element of I#(Ao) will have lower order on the second Lagrangian. In particular,
once we have defined a concept of ellipticity, we will see that u € I*(Ag) may not be

-_k(AO, A:)

“l“—

elliptic in I#(Ao) or in I,

*(Ao, A%) but may be ellipticin I
‘We now prove a version of Egorov’s theorem in this category.
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Proposition 6.7. Let f be a homogeneous symplectomorphism of T*(X) — 0 to
T*(Y) -0, let F be a properly supported elliptic Fourier integral operator associated
to the graph of f, with parametriz G, and suppose (Ao, A§) is an intersecting pair
of Lagrangian submanifolds which defines a class of operator kernels from C®(X)
to C®(X) and P € Il} (Ao, A1) then GPF € LI; ((f x f)*Ao, (f x f)*Af) and the
symbols are the pullbacks by f x f.

Proof. The operator condition on (Ag, Af) means that there are no points in Ag U A§
of the form (z,¢,y,0) or (z,0,y,§).

Now, consider left composition with the Fourier integral operator F:

FoP(z,y) = / F(z,2)P(z,y)dz (6.91)
=/F(:c,z)6(y — w)P(z,y)dzdw (6.92)

So left composition is equivalent to applying the operator with kernel F(z, z)é(y —w).
Unfortunately, this is not a Fourier integral operator as we gain additional wavefront,
from the points (z, z) such that (z,2) € supp(F), of the form (z,0,y,0,w,§, w, ~§)
but these are irrelevant as our assumptions on the wavefront of Ag U A mean that
these do not affect the singularities of the composition. The rest of the wavefront
set is I"md and so our left composition is equivalent to applying an Fourier integral

operator associated to I's,;q with the symbol lifted in the extra variables.

A similar argument shows that left composition with G is equivalent to applying a
Fourier integral operator associated to Iy, s and so composing these two operators,
we are applying a Fourier integral operator associated to I'sxs with principal symbol

1 and our result follows. [

Clearly, a microlocal version of this theorem also holds.
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7. A WIDER CLASS OF POLYHOMOGENEOUS DISTRIBUTIONS

In this section, we develop a wider class than that in the previous section and
show it has similar properties. We obtain the last steps in the proof of theorem 6.2
as a corollary. The essential difference between our two classes is that we allow the
expansion of the total symbol on z; > 0 to contain negative integral powers of z;. We
do this by replacing the x3¥(z1) = 6 -!)(z;) distributions by the z7% distributions.
(See [6] for a discussion of these distributions.) There are many different equivalent

ways to define :ci‘,'_;, we take

(k=1)((\ k=1
<aih flen) >= gors /logxl( )f(m1>dx1+f——§—,)21 (7.1

(k i=0J

An alternative way is to define it is as the finite part of 2 | as s — —k. For us, its

important properties are :

(1) (& +F) (z35) = Ce6®(z1),Ci # 0
(2) (3—,; + k) (x+,1) =0

(3) supp(w;’i) = {x1 2 0}

(4) $+1—:v1 konz, >0

(5) 235(€) = Cik-log(€, — i0) + Cp e

The first two properties express the fact that z7% is polyhomogeneous but not ho-
mogeneous which will allow us to distinguish between elements of the new calculus
and the old. For s not a negative integer z3 , is just equal I'(s + 1)x3 so there is
little difference. It is the poles of the Gamma function that cause the differences at

negative integers.

We define our symbols similarly to those in in the previous section.
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Definition 7.1.

Tk if r is non-integral
T*" (Ao, Ao NAS) = { Tk 4 log(& —0)T*" ifr isa positive integer

T*" + log(€y —i0)T*° if r is a negative integer

Definition 7.2. “,’,:g(Ao,Ao N AS) is the collection of formal sums Z a,—; where

au_j € T#37=i(Ag, Ao N AS).

Definition 7.3. T*7(A{, Ao N AS) equals the space of a € C®(Rz, x R, 21 > 0)
such that a is homogeneous of degree k in £" and there exists a sequence of functions

b; homogeneous of degree k for which

< Co Nl rH=en (7.2)

D& Df,, ( (z1,€") — Z m”’r )

j=0

mg

a,_j € T*=#=3(As, Ao N AY).

Definition 7.4. $%7 (A, Ao N AS) is the collection of formal sums § a,-; where
=0

For r non-integral our classes are of course identical to those in the previous section.
If we cut them off we obtain similar estimates but gain an arbitrarily small order from

the log terms; we let € an arbitrarily small positive quantity.

Lemma 7.1. Let ¢ be a cut off function then if a € Ts’:'ng(Ao,f\o N A$), we have

(1-9¢) (IE"I‘ ,2) a(€) € ™2 (Aq, Ao N AS). (7.3)

Lemma 7.2. Let ¢ be a cut off function then if b € T,’:;,g(Ai, Ao N AS), we have that
oo
It 1 m €, —— e
[ ¥ €N (@ — )l B € SRETERG o). (79)
0
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The proofs are very similar to those in the previous case. As before we can now
transmute our formal sums into asymptotic sums and quantize, subject to a compat-

ibility condition.

Definition 7.5. A paired total symbol with log terms of order (u,v) is a pair of

formal sums

(Z Au—-j, Z b,-;)

such that
Y au-j € 844 (Ao, Ao N AS), Y b, € Shi (AL, Ao N AY)

and such that the Fourier transform in z, induces a bijection between their respective

ezpansions at ¢, = 0 and z, = 0.

Theorem 7.1. There is a quantization map from paired total symbols with log terms

of order (u,v) to I™=$+P+3=3+(Ag, AS) determined up to smooth terms.

The proof is as before and we denote the range J,,, ‘+ i1 (Ao, AS).

Definition 7.6. Let (Ao, A$) be a Lagrangian pair then u € I “+ "+(Ao, {,Q%) if and
only if for any pair of radial operators for (Ao, AS)
N-1
(H(Row TR+ - k)) u e ImN+o=M (Ao As Q) for all M, N.
j=0 k=0

Theorem 7.2. I4F*(Ao,A3) = Jit+* (Ao, AS).

p

Proof. For J C I, we argue the same as in theorem 6.2 the point being that we
require two applications of the radial operator on Ag, to kill terms of the form :z:l"’jL

and one application of the radial operator will never kill such terms.

To prove I C J the proof is identical to that of theorem 6.2 except that there is

now no problem with the negative integral terms. [
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We can now complete the proof of theorem 6.2 for the case v — y — § is a neg-

ative integer. If u € :,;;(7\0,7\‘{) then it is clearly in i;,‘,;;(/lg,i\f) which is equal to
j:,;;(lio, A$). So, all we need do is show that the coefficients of the z7% terms vanish
but as noted above, it will require two applications of the radial operator plus the

requisite constant to kill such terms so they are not in ;,‘,;';(lio, A¢) and we are done.

8. THE SYMBOL MAP

We have defined a class of polyhomogeneous, paired Lagrangian distributions asso-
ciated to any intersecting pair (Ao, A§) and established their Fourier integral operator
invariance and mapping properties under application of Fourier integral operators as-
sociated to symplectomorphisms. It remains to define their symbols. Now away from
(Ao, AS) we have classical Lagrangian distributions so it is clear how to proceed there:
the symbols are just the ordinary principal symbols which are homogeneous sections
of the Maslov bundle tensored with the half-density bundle. Our construction allows
us to take this pair of symbols to be the principal symbol of our distribution provided
we define a compatibility condition and make sense of them correctly as distributions
as we approach the intersection. It is this property which makes our class an im-
provement on that given in [4]: we can construct a distribution with specified symbol
on both Lagrangians, given a compatibility condition, which is uniquely defined up

to distributions of one lower order everywhere.

In this section we shall regard AS as a subset of a Lagrangian submanifold without
boundary A;. This is true for our model and therefore can be done locally in general.
All we really need is the tangent space at the boundary. Now JA{ is Ao N Ay; GA]
is an isotropic submanifold of the symplectic manifold 7*(X) — 0 and the symplectic
form, w, therefore induces a non-degenerate pairing:

o Dolho) | Tyh)
T,(9A5) ~ Tp(9A1)
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Thus we have a canonical isomorphism between the conormal bundle of JA§ in Ag

and the normal bundle of JA§ in A;.
L. : NJ(OAf, Ao) = Ny(0AS, Ay) (8.2)

We will use this to identify symbols of distributions conormal to dA§, on Ag, with

the leading singularities of functions on AfS.

Theorem 8.1. There is a canonical isomorphism between Lg, the Maslov bundle
over Ao, and Ly, the Maslov bundle over A¢, along OAS. This isomorphism maps the

natural trivialization of Lo over /~\0 to the natural trivialization of Ly, over /~\‘1’

Proof. Melrose and Uhlmann establish this isomorphism, in [10], by considering a
path in the space of Lagrangian subspaces of T,,(7(.X)) transversal to the fibre from
T»(Ao) to Tp(A$) and picking a subspace p which is transversal to the entire path
and the fibre. Now an element, a, of Lo, is a map from the set of Lagrangian
subspaces, transversal to the fibre and to T*(Ao), to C which when specified on one
subspace is given on all the others by transition cycles and similarly for L;. So defining
b(u) = a(u) we have an element of L; ,. Melrose and Uhlmann show that it is choice

independent.

We will use a slightly different map. The problem with the one just given is that
it does not map the natural trivialization of N*(z = 0) to the natural trivialization
of N*(¢" = 0). These natural trivializations come from their nature as conormal
bundles; it is shown in [5] that the Maslov bundle has a natural trivialization over
a submanifold on which the dimension of the tangent space to the fibre intersecting
that of the Lagrangian submanifold is constant. For Lo the functions are, in fact,
constant so evaluation yields a constant. For L, after picking a subspace 4, the
trivialization is,

e Ondaim) £ ()
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where Ay = T,(A$),A; = Tp(Ao), f is the map defining the element of the bundle
and o(Aq, Ag; p) is the cross ratio from [5]. This value is independent of u. Putting

p =< {a;l?}jx >+ < {3& — 5} > we get

dzy
e b(u')

and y' satisfies the hypotheses used by Melrose and Uhlmann to define the isomor-
phism. Thus we multiply their isomorphism by e™*% to obtain an isomorphism which

matches the canonical trivializations in this case. [J

The principal symbols of our distributions will be pull backs by symplectomor-
phisms of principal symbols in the model case so we need to examine the proper-
ties of the principal symbols in that case and recast their properties invariantly:
we have a(£)|d€|? and b(z,,£")|dz,|7]|dE|7 where a € T*=$+#=v=%(Ao, Ao N A) and
b e T*+3-1»=#=%(As, Ao N AS). We want to define these spaces for a general inter-

secting pair. Our definitions are similar to those in [4].

Proposition 8.1. The space T9" (Ao, Ag N A) is invariant under homogeneous dif-

feomorphisms which preserve £, =0 and & > 0.

Proof. 1t is clear that a function that is homogeneous and smooth off & = 0 will
retain these properties under such diffeomorphisms so we need to check the effects
on the expansion at §; = 0. We thus need only consider behaviour in a small conic

neighbourhood of ¢; = 0.

Now, a(¢) is an element of T97(Ag, Ap N A) if and only if it is homogeneous of

degree ¢ and near £, = 0 has an expansion for each N of the form
' N-1
a(§) = Y (& —10)7+7b;(€") + O(7+M). (8.3)
Jj=0
Homogeneous changes of coordinates in §” will have no affect so we can assume

that the set §; = 0 is fixed. So writing ¢ = £(n), we have £(0,7") = (0,7"). Now
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our hypothesis on preserving ¢ > 0 means that %%(0,5") > 0oné = 0. So we
can write, & (1) = méi(n") + n2ri(n), with & (7") homogeneous of degree zero and
positive. So, if we do the change of coordinates &;(7) = n:16,(n"), € = n”, which will
just multiply the coefficients of our expansion, we are reduced to the case & (n) =
(1 +mri(n)),€"(n) = 1" + mr"(n).

So our expansion takes on the form

N-1
a(n) = Y (m = 0Y* (L +mri(n)) 7 b(n" + mr"(n)) + O(I*N)  (8.4)

1=0
but (1 4+ mri(n))’*" is smooth, near 7, = 0, so taking a Taylor expansion about
m = 0 it will be subsumed by the higher order terms and we do the same for

bi(n" +mr"(n)). O

Proposition 8.2. The space T""(i\ﬁ,[\o N A¢) is invariant under homogeneous dif-

feomorphisms which preserve ; = 0 and z; > 0.
Proof. This is essentially the same as proposition 8.1. O

Now, we know from Theorem 2.1 that there always exist homogeneous symplectic
coordinates, (z,£), near a point such that Ag = {z = 0} and A = {2, > 0,2" =
0,¢; = 0}. These put coordinates é on Ap and (x;,£”) on AS. The change of co-
ordinates obtained by differing symplectomorphisms will satisfy the hypotheses of
propositions 8.1,8.2.

Definition 8.1. Let (Ao, A§) be an intersecting pair then T (Ao, A$) is the set of
smooth homogeneous functions, a, on Ag — AS such that in a conic neighbourhood of
any point, there ezists homogeneous symplectic coordinates on T*M — 0 which reduce
(Ao, AS) to the model such that in the induced coordinates on Ag, a € T% (Ao, AoNAS).
If L is a complez line bundle over Aq then we define T?"(Ag, AS, L) to be the space of
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smooth sections, s, of L over Aq — OA§ such that for every homogeneous degree zero

section, s*, of the dual bundle, L*, < s(z),s*(z) >€ T4 (Ao, A).

Definition 8.2. Let (Ao, A}) be an intersecting pair then T (A$, Ao) is the set of
smooth homogeneous functions, b, on AS — Ag such that in a conic neighbourhood of
any point, there exist homogeneous symplectic coordinates on T*M — 0 which reduce
(Ao, A%) to the model such that in the induced coordinates on A%, a € T" (Ao, AgNAS).
If L is a complez line bundle over A$ then we define T"(A§, Ao, L) to be the space
of smooth sections, s, of L over A — OAS such that for any homogeneous degree zero

section, s*, of the dual bundle, L*, < s(z),s*(z) >€ T¥"(A{, Ao).

We therefore have if u € I (Ao, Af) that

a0 = o(ujp,) € THH#773(Ag, A, Lo @ 03), (8.5)
a1 = o(ups) € THE#5(AS, Ao, L ® Q). (8.6)

We still need to express the compatibility condition between our leading symbols.
The conditions given on the space T*+%$#=*=% (A, A¢, Lo ®Q7) mean that its elements
are distributions which are conormal to dA§. This means that they have a well-defined
symbol on N*(9A$, Ag). This symbol is a section of N*(9AS, Ao, 13) of homogeneity
v—p— 1. We established above an isomorphism, L., from N*(9A{, Ao) to N(9Af, Af)
which means that we can regard our symbol as a section of N(9AS, A%, Q%). It is clear
from the nature of the singularity that the symbol will be wholly supported on the
part of N(9A§, A$) pointing into Af.

Now as in [4], we can define a space W?7(A$, 9A{) to express the leading singular-

ities of a; as it approaches the intersection.

Definition 8.3. Let L be a complez line bundle over N(0A§, A,)—0 then if r is not a
negative integer W7 (A, OAS, L) is the set of smooth sections of (N(OAS, A1) — 0, L)
which are zero on the vectors pointing out of AS, are homogeneous of degree q with
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respect to the radial action of A and are homogeneous of degree r on the fibres of
N(9A$, A1) = 0. If v is a negative integer we define W97 (A{,0AL, L) to be the zero
section of (N(9AS, A1) —0,L).

As in [4], there exists a short exact sequence
0 — T+ (AL, 9AS,QF @ Ly) — TO7(AS,0A5, 02 @ Ly)
Bar, war(9A2, A%, Q% @ L) — 0. (8.7)
Remember that if r is a negative integer then 7¢7%! = T,

Definition 8.4. §*¥(Aq, A§) is the set of pairs (ag,a,) € T“‘““’"%(Ao, A;,LO®Q%) X
Ty,u—p—%(Aels’Ao, [ ® Q%) such that L;ﬂy'y_u_%(al) = ogas(ao) with respect to the

canonical identification of Maslov bundles.
Theorem 8.2. There are three short exact sequences

0 — I“-I'V_I(Ao, A;) - I:;;;(Ao, A;) LN S;L+"':',U+%(A0, A;) — 0, (88)

phg

0 = T4 (Ao, AZ) — T4 (Ag, AZ) —222H, Tutuv=5 7y A2, Q3 @ Lo) — 0
(8.9)

and

01
0 — I}~ (Ao, AS) — I (Ao, AS) S T3 (A%, Ao, N @ Ly) — 0.
(8.10)

Proof. We define o,, to be the pair of principal symbols as a Lagrangian distribu-
tion on (Ag — 0A§,A] — OA§). It is enough to discuss the model case. The only
property which is not then wholly obvious is that the kernel of o, , is contained in
I:,;l’"'l(Ao, A$%). The reason this is true is that is if the top order terms of a paired
total symbol are identically zero then this forces the leading singularities of the terms

of all orders to be zero. [
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Remark 1. If p— v — 7 is a positive integer then the space T"’“‘”"%(Ao, A, Lo ® Q%)
consists of sections that are smooth right up to the boundary and therefore have zero
symbols when regarded as conormal distributions. This is reflected in our definition
of T"""‘“%(Af, Ao, ® ﬂ%) which requires the leading singularities to be zero when

v — p — 3 is a negative integer.

Remark 2. In the case where yu — v — } is not integral, we could alternatively define
T##==% (Ao, A%, Lo ® %) to be the space of sections of Lo ® Q% which are classical
conormal of order v — p — 1 + 25 to dA¢ and have wavefront set contained in the

part of N(0A{, AS) pointing into Af.

9. PSEUDO-DIFFERENTIAL OPERATORS WITH SINGULAR SYMBOLS

The original reason why paired Lagrangian distributions were invented by Mel-
rose and Uhlmann in {10] was to allow a symbolic construction of parametrices for
operators of real principal type. These parametrices can be thought of as pseudo-
differential operators with singular symbols: the symbol of the parametrix on the
conormal bundle to the diagonal blows up on approach to the characteristic variety
of the original operator. The second Lagrangian in this case is the flow out of the
characteristic variety by the bicharacteristic flow. Antoniano and Uhlmann showed
in [1] that the Guillemin-Uhlmann calculus of [4] is closed under composition in this
case and calculated the principal symbols. We show that our calculus is also closed in
this case and calculate the principal symbols. We also define an ellipticity condition
which allows us to construct parametrices up to smooth terms. Later on, we shall

show that the complex powers of the wave operator also lie in this class.

We recall from [2]:

Definition 9.1. Let P € Y™ (X) be a properly supported pseudo-differential operator.
We shall say that P is of real principal type in X if P has a real homogeneous principal
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part p of order m and no complete bicharacteristic of P stays over a compact set in

X.

Definition 9.2. If P is of real principal type in X, we shall say that X is pseudo-
convez with respect to P if for every compact set I\ C X there is another compact set
K' C X such that K' contains any interval in the bicharacteristic curve with respect

to P having both end points in K.

Definition 9.3. If p is a first order symbol of real principal type such that X is
pseudo-convez then the flow out, A, associated with p is the flow out of AN {p = 0}
by the Hamiltonian flow of p in the first variable in positive time. In this case, we

shall call A a flow out Lagrangian.

As in [2], A will be a homogeneous canonical relation. Note that A is the flow out

: )
associated to T

If A is a flow out, then in terms of canonical relations, we have that Ao A=A =

Ao A = AoA and so no new Lagrangians are generated when composing elements

of I(A,A).

As we are considering pseudo-differential operators, it is more convenient to use a
model in which one of the Lagrangians is the conormal bundle to the diagonal. So

we take
A=N(z=1y),A=N(="=y",2, > y)C T*R"x R") - 0. (9.1)

The second Lagrangian is the one associated to ¢;. In this case our radial operators

can be taken to be the vector fields

0 0
Ra=(2=y)g+m By = (2" =y )5 +(n—1)+3. (9.2)

oz"

Pseudo-differential operators are much simpler objects than Lagrangian distribu-

tions when it comes to making invariant sense of the principal symbol. The symplectic

75



form induces a natural half-density on the conormal bundle to the diagonal and the
structure of conormality to the diagonal induces a natural trivialization of the Maslov
bundle. Thus we can regard the symbol on the diagonal as being a simple function.
On the flow out, the special structure can also be used to simplify the half-density
and Maslov bundles but in a less direct fashion. The dimension of the intersection of
the tangent space to A and the tangent space of the fibre will always be n — 1. This
is true because the Hamiltonian vector field will not be tangent to the fibre, and the
dimension of the tangent space of the conormal bundle intersected with the fibre will
be n and p will define a hypersurface in the conormal bundle to the diagonal. Thus,
as the dimension of the intersection with the fibre is constant, there will be a natural
trivialization of the Maslov bundle along A N A; this can extended to the entire flow
out by transporting along the bicharacteristic flow. We will always use this trivi-
alization; for A this will agree with the natural trivialization from its conormality.
Another way to arrive at this trivialization is to consider the natural trivialization
on the diagonal and use the isomorphism of Maslov bundles to give a trivialization
above A. We have defined the isomorphism so that these will agree in the model case

and hence by functoriality will agree in general.

Suppose A is the flow out associated with p, then picking coordinates z on

AN {p =0}, we can write
a(z, p)|dz||dp| = |dx||d¢] (9-3)

where |dz||d¢] is the symplectic density and « is a positive real function. Now, we

can define coordinates (2,s) on A by
(z,8) — exp(sHp)(z) (9.4)
and therefore can define a density

tp = a(2,0)|ds]|dz]. (9.5)
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This is not intrinsic as it depends upon the choice of p. It is easily checked to be
independent of the choice of z, however. We examine the dependence on p; suppose
p = Bp for some non zero function 3. Then,

50 e L
k= B 08050 1 = BG0pG M

The B(z,0) factor comes from the scaling of a on the diagonal and the §(z, s) factor

(9.6)

from the scaling of the Hamiltonian flow. This class of half-densities allows us to

define an intrinsic convolution along the bicharacteristics.

Proposition 9.1. There ezists a natural convolution of half-densities on A defined

by
t

(anf *bf)(ri,ro) = [ alra,())b(r(s),ro)dsud (9.7)

0

where ~y is the bicharacteristic of p such that ¥(t) = r1 and v(0) = ro.

Proof. We need to check that this is independent of the choice of p. If we take p, as
above, instead then

alqu, q0)d = aBq1)} B(g0) 4
and similarly for b. Letting 4 be the relevant bicharacteristic of § we get for the

convolution with respect to p
t'

[ alra, 3B ro)B(r)} B(ra)t B(H3))duf 98)

0

which upon executing the change of variables § = 3(s) where s is the flow out variable

for p becomes the convolution with respect to p. [

This convolution will yield the value of the principal symbol of a composition on
the flow out. This also makes sense for singular symbols provided we interpret their
singularities as x$(s — t) distributions. Convolutions will always be well defined as

the singularities of the two factors will occur at opposite ends of the bicharacteristic.
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However we are still several steps away from calculating the principal symbol. We

cut our paired Lagrangians up in order to examine the composition:

Proposition 9.2. If K; € I"™"(A,ANA) and K; € I™7(A,ANA) and are
properly supported then K o K, € I™+m2mtrz(A AN A).

Proof. Recalling theorem 3.2, we can represent K; as

[ (SEL 6) dg + 0> (9.9)
where ID:Dfaj(x,€)| < Cup < & >™ 1 (<—§§(>1—)) ? < € >y - Now this means that

K; is a type (3,0) pseudo-differential operator of order M; = max{m;,m; + p;}.

We can therefore apply Hormander’s Weyl calculus (see [7]) and conclude that
Ky o K, is a type (1,0) pseudo-differential operator of order My + M, with total
symbol a;#a; which has an asymptotic expansion in S 10°

5

J

(i(DxD,,; D¢Dy))f) a1(z, E)az(y, 1) evaluated at (z,€) = (v,7). (9.10)

-4 .
Now the j*h term here is in Sma ' "m+m(A, ANA) and so it follows that a;#a; €

Smit+mapi+r2( A AN A); to get the derivative estimates we just take sufficiently large
number of terms in the expansion that the derivative estimates in S%,o of the remain-

der are of lower order than the requisite ones. [
Proposition 9.3. Let K € I™"(A,ANA) be properly supported and suppose L is in
I**(A,ANA) then Ko L,Lo K € I™"*Ps(A,ANA).

Proof. 1t is enough to prove this for I o L as, taking adjoints, it will then follow for
Lo K.

Recalling theorem 3.5, we can write

L(zy) = [eier'—"ey (220 D0 o g ger (9.11)
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25+

ki " ~p" +1_8" < II>% . .
where |D; D, Dg. D b,(s’t: y’:’fn)l < Chpongn < E" >PH3-18"l (m) + we will
denote this space SP*2*(A,AN A). From theorem 3.2

K(z,z) = / ei<E=2E> (2 €)dE (9.12)
. ~la” 2r - .
with ID:D?a(a:,E)I < Cop < € >mll (é—‘%;) < €>(]" . Putting these together
we obtain,
KoL= / i< V"> gy €M) dE" (9.13)
where

o(z,4,6") = [ennta(z, b (2T B2 o) dndgy (9.14)

but we want our integral to be of the same form as that expressing L, so letting

c(z,y,£") = E(ﬂ%u, Az gy, €"), we have

G(S,t,a:”, yll,fll) — /ei<a+t—z1 'E’>a(s +¢, :L‘", f)
-t =z — ¢
b (21 +23 , 1 .)3 + y", €H) déidzy. (9.15)

~

Letting Z; = z; — s, we have,

s Z1+2s—t 21+t
E(s,t,:c”,y”, 6”) = /et<t-—21.€1>a(s +t, :z:",{)b ( 1+ 93 , 21;- ,y”,{”) dfxdzx-
‘ (9.16)

So in the language of Gauss transforms,

. z 2s —1 2 t
E(S, t,xll, y",ﬁ") = e'DilD‘l (a(s +1, .’l}”, f)b ( 1+ 25 : 21:‘ : y", ‘5”))
-~ €1=0,f

=t

(9.17)
We now want to apply Hérmander’s results on Gauss transforms to conclude that é
is in SP+m++32(A, A N A) with some extra parameters. (For a discussion of Gauss
transforms see [7].) To do so, we must identify the symbol space in which our operand

lies in terms of a slowing varying metric, g, and a g—continuous weight function, m,
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and then show that this space restricts to yield SP*™*+"+2:5(A, AN A) with the extra

parameters. We can take

dgt

(d 11)2
1+ ¢ <€>8,
2

<E>3 <E>i ?
( T ) dt2+( ; ) dz3, (9.18)
1+ <€>7 |z + ¢ 1+ < €>7 |z + t]

g= dsz + (d:z:”)2 + (dy”)2 + + +

.

2s

g <£>)2r( <€>7 ) .
m=<e> (<£>u) 14+ <€>7 |5+t (9.19)

Note that the restriction of these to z; = 0,¢ = 0 yields the requisite space. Since
the coefficients of d¢? are between < £ >~! and < £ >7% and < £ >*,< £ >
are continuous with respect to the metrics < § >72 dé2,< £ >~ dé? they are also
g—continuous. Thus to check the slow variation of g and the g—continuity of m, it
is sufficient to show that 1 + |t + 21| < " >3 is g—continuous. This is equivalent to
showing that < £” >3 +|t + z;| is g—continuous. As < £” >=3 is g—continuous, we

have that for ge ., «(€,,1) < ¢

<E+E>TH|n+H+t+I>C<E >7F 4tz + 5 + ¢+ (9.20)
>C <E>77 +|z +t] - |a] - |

(9.21)

> C'(< € >7F |z + ). (9.22)

The same argument shows the estimate from above so we have proven g—continuity.

Our symmetric bilinear form on the dual space is

1 1" "1

Az, 6,20, &) = 5(2&0 + 216)- (9-23)
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and thus our dual metric is
gA = oo(d32 + (d:c”)2 + (dyu)2 + (df")z + dtz)

1 2
<E>* Fla “') de2. (9.24)
<€ >3

The g, A temperateness of < £ >°, < £ >(;) are clear so we need only check the g, A

+ (< €E>F))d= + (

temperateness of |t + 21|+ < £ >3)¥1. This follows easily from the fact that < ¢ >~3%
is g, A temperate and g?(zl) ><€>% |72

Thus applying the Gauss transform we have an element of the correct space with
some extra z” parameters. These can be removed by taking a Taylor expansion about

2" = 0 and integrating by parts. O
Proposition 9.4. Let K; € IPi"i(A,dAS) be of the form

I{,' = /ci<z'l_yu’£n>a (331 ';’ Y1 : Ty ; W ,;v”,f") df” + C® (925)

4

and with a;(s,t,z",£") =0 fort <0, be supported on z; > y; — K, |z" — y"| < K for

some K then Ki0 K, € Im+m+%+max{r1,rg,O}.r1+r2—l-max{r1,rz,O}(i\,aAi).

The extra max{ry,rs,0} expresses the fact that the extra degree of singularity at

the marking is smeared out along the Lagrangian.

Proof. Our support conditions imply that our compositions are well defined. Dis-

carding smooth terms we can write,

Ky= [ (B0 B0 ) ag” (9.26)
and
iy -2 gM y1+21 Y1 — =2
Ky = [ <=, (I A oo o) g (9.27)

with a;(s,t,3”,£") in the space of symbols $7*37(A,A N A) and zero for t < 0.
Note that from our hypothesis, we have a, (ﬂ%ﬂ, wzan oyt ,§”) for K, rather than

dependence on z” but we can easily go from one to the other via the standard process

81



of going from a general quantization to a right quantization for pseudo-differential

operators i.e taking a Taylor expansion about z” = y” and integrating by parts. Thus

K o L = /ei<xll_zll,€”>

(g e (g2 2500 a

Thus, we have

KoL= /e"<x""2"'5">c ($1 -: syt ; g o, ") d¢” (9.29)

where

t t—
c(S,t,IB”,Z”aE”)=/a(S+ 2+ ylys+ 9 yl,mll,a”)
b S+t—y pn—s+i
2 ’ 2

, 2", {") dy:. (9.30)

Changing variables and invoking the support conditions in our hypothesis, this be-

comes
1 t
3 / a(yr + s,t — y1, 2", €")b(y1 + 5 — t, 1, 2", €")dyr. (9.31)
0

So c is zero for ¢ < 0 and for ¢t > 0 we have

¢ n 1 n n i 2r2
|C| SC < 6” >p1+p2+l / ( <" >2 L) ( <{'>2 l) dyl
5 L+ |t—y| <€ >2 1+ || < " >3

| (9.32)
t
=2r -2r
= C < ¢" >l / (<& >3 +jt—ul) " (<€ >7F +ml) " dun.
0 (9.33)
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We split the integral into two pieces, I; + I,

IC(S,t,x", 2”,6") < 6” > —(P1+p2+1) I <

072< < €” >_;_ )2r1( < 'f” >% )2r2dy
0 1+t —yi| < € >3 1+ || < & >3 '

t/2
The first piece can be estimated

t/2

I <C(< € >4 4]t~ /(< & >=% 1)y
0

<C((< €' >~ +]t)) "t < ¢ >75 .
Doing the same for I, we obtain

|CI S C < EII >P1+P2+1 (< E” >—-;- +|tl)—min{2r1,2r2}t < 6” >E‘_"12_;1ﬁ2_l

+Cj ( < gn >% )21'1( < Eu >% )2r2dy
1+ [t —1| < & >3 1L+ || < & >3 v

(9.34)

(9.35)

(9.36)

. (9.37)

When both r; and r, are negative a better estimate can be obtained by maximizing

each of the components of the integrand:

|C| S C < 6” >P1+P2+1 (< f” >"% +|t|)_2r1_277t.

Putting all this together and noting ¢ < (< £ >~% +|t|) we have

(9.38)

|C| <C< EII >p1+p3+1+max{0.r1,rg} (< €II >—% _Htl)-—2(r;+r;—1—max{0,r1,rg}) (939)

which is the result. O

Theorem 9.1. Let A€ I(A,A), B € I(A,A) then Ao B € I(A,A)

Proof. This follows from taking one sided parabolic cut offs to decompose A = A;+ A4,
and B = B, + B; so that Ay, B; € I(A,ANA), Ay, B, € I(A,ANA) and Az, B,

satisfy the hypotheses of proposition 9.4. O
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The composition theorem for polyhomogeneous, paired Lagrangian distributions
now follows. Note that the orders are those expected from the Duistermaat-Guillemin

clean intersection calculus. ([3])

Theorem 9.2. Let K € I}, ”‘(A,[\), B e 17 (A, A) then

phg

AoBe Im+u2 V1+V2+2(A)A).

Proof. We know from theorem 9.1 that the composition is a paired Lagrangian so we

need only check its polyhomogeneity and its order.

We use the definition which involves testing by the radial vector fields. Firstly,
we consider doing so on the diagonal: we show that applying the top order operator

yields a composition of elements of lowers orders.
((z - .'1:)—-— —-n - [lg) (KoL)(z,z) =

—iaK oL+ (). ((y ~ )~ =) Kla )l 2) + () (- G5 10,))
(9.40)

The second term is the composition of something in 1)}~ “1(A,A) and L. Putting

P = (% + 58;) K, can rewrite the other two terms as

P g

(5)- ( =3Pl 9)E0 ) = () (o = G @) 00 2)) — K o L.

(9.41)

The first term here is the composition of an element of I}})" (A, A) with an element

of I (A, A) and we can rewrite the rest as

(7)) (a%((z" - y”)KL)) - [(r,,). ((z - y)‘;—];1<) —n— (K o L).] (9.42)

The second term here is the composition of an element of 1%:*(A, A) with an element

phg
of I271"2(A, A) and the first term is equal to zero.
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Letting K; denote an element of I*""*(A, A) and L; an element of i " (A, A)

we have

0
((z - w)% —n—p — ﬂz) (KoL)y=K;o0Lo+ Koo L. (9.43)

It follows by induction that

N-1
(H(z—w)a— Ll SRl +1) (KolL)= iKIOLN—I- (9.44)

j=0 1=0

We argue similarly for the flow out. We consider
1 1
((z" - a:”)aa” m=1)===(n+ve+= )) (Ko L)z,2) =
n II 6 1 ,
(). [(07 - #50 — (0= 1+ 3 4 0)) KoL) +
1
(ﬂ,y)* ((z// II)a ”( ) (y, z)> - (1/1 + vy + 5)1{ o] L(.’t, Z). (945)

The first term here is the composition of an element of **~!(A, A) with an element

phg
of I;,‘,';';"(A,A). As above, P = 3—57 + % € I (A, A) and we can rewrite the last
two terms as
" 1 " ” 81{ l
(my)e ((z" = y")P(z,y)L(y, 2)) — (7y)u | (2" = ¥") 99 70 & YL, 2) | = (P2 + ) K o L.

(9.46)

The first term is the composition of an element of I;‘,ig""l(A, A) with an element of

“2 w2

L (A, A). Using the product rule the rest becomes
(5 [ (& VWKL) -
(e [KG) ((# =)~ =1+ S 4)) 2t02)] . 000

The first term disappears and the second term is the composition of an element

of i (A, A) with an element of vk Y(A,A). So, putting all this together and
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arguing inductively, we obtain

M-1 N-1 1
(H (RA+#1+/12—J')) (H (RA+V1+V2+§—]C )(KoL)

j=0 k=0

M
=YY KijkoLy_jn-k (948)

N
] =0

bl

J=0

with K. € Ipi="17%(A, A) and Ljx € 14,7754, A).

P P

To simplify computations we check orders only for applications of the radial fields
on one Lagrangian submanifold at a time. This is sufficient by corollary 6.2. Asin the
proof of theorem 9.1 we cut up Kj;, L; into sums of marked Lagrangian distributions.

It then follows from our results on their compositions that
N-1 .
JI Ra+p1+p2—j) (KoL)e I™¥me-Notr(A ANA)

3=0
+ Z IP‘2+
J1+j2=N

+ Z ) (254

J1+i2=N

m1—.1'1+p1+£+< mz—p2—12+%+c ~ ~
2 ’ 2

(A, ANA)

ma—jptpptdte mi-p —n+dte . ~
2 1

T2 (R, ANR)

+ Z JPrpat} max{my—ja—p2m1—p1—i1 }+iz+_€’% min{mz-jz=p2,m1-P1=j1 }+i2+_¢—l(/~\’ AN A)
LN
i (9.49)

which means that

N-1 ~
(H Ra + p1 + p2 "j) (K o L) € I™tme-Naitrz(A Q)

3=0
+pa+h+
+ Im1+mg—N,pg+m2+”2+ te + 117‘u+1n';—N.m+ml pg <

(4,4) (4,4)

+ Im1+mz—N+% max{m1 —p1,m2-p2},P1+p2+3 max{mi—p1,my —m}+i;—’(A’ [\) (9.50)

which is enough for the conormal bundle to the diagonal.

The argument for the flow out is essentially the same. The important point being
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that it is enough to find r, s such that

N-1
| R rs—dX
(H RA+P1+P2+§—]) (KoL)eI™ I:(A,A). (9.51)
=0

The principal symbol on the diagonal is immediate from the calculus of pseudo-
differential operators. To obtain the principal symbol on the flow out we decompose
our operators into three pieces. The first piece will be a marked pseudo-differential
operator of low order at the marking, the second will be a flow out Fourier integral
operator marked at the diagonal and the third will be a sum of operators of the
form x5 (z1—y1)P(21,%1,2",y") with P a pseudo-differential operator in z”. How do
we do this? Well by construction in the model case, we can lower the order on the
marking by subtracting such products and then parabolically decompose. (This will

introduce additional singularities at §” = 0 but they are irrelevant on the flow out.)

So after stripping away the product terms, we do a one-sided parabolic cut off
and obtain K = K; + K; and L = L, + L, with Ky, L; marked pseudo-differential
operators with sufficiently low order at the marking that they have no effect on the

principal symbol on the flow out (by Prop 9.3) where as K5, L, will be of the form

Ky = [ &< E>(1 = )((21 = yo) €' Fhalor, s, ", €1)de",

(9.52)

Ly = [ &</ 8>(1 = )(ya — 2)|€")bws, 20, ", €. (9.59)
Composing K; with L, we obtain

[ <> (o, g1, 27, )" (9.54)

and

c(z1,21,2",2",€") = /(1 — 6)(lz1 — 0]l€"]?)alz1, 41, 2", €")
(1 = ¢)(ly1 — z1]1€")3)b(y1, 21, 2", €")dys.  (9.55)
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To pass from this to principal symbols we need to consider
Chrtis = ’\lim APrmPrg(gy 2y 2", 2" AEY). (9.56)
—00
The corresponding limits of a and b will give their principal parts, a3, bs, and these
can be taken to be zero to second order at the intersection provided the order of the
distribution is sufficiently low there. It then follows easily that
Cortia = Gy * b, (9.57)

which is the result. Of course, we still have to consider the product type terms and

their compositions with K3, L,. A typical product type term will be

/e"<"""”"'€">xi(ml - y1)ap (w1, 41, 2", €")dE” (9.58)

where a;, is homogeneous of degree §;. If Ra > 0 then composing two such terms
will be convolution in ¥, and pseudo-differential operator composition in the other
variables and so the principal symbol is the convolution of the principal symbols.
When Ra < 0, we need to interpret (9.58) distributionally and taking Taylor series

around z, = y;, we need consider
/ X5 (21 — y1)a (21, 2", €)X (1 — =) (21, 2", €")dyy (9.59)
which is just
xf’,’_"’ﬂ'l(ml - z1)d'(zy, 2", €M) (21, 2", €") (9.60)
and so this case follows.

It remains to discuss compositions between product type terms and K3, L. These

follow by a combination of the arguments in the two other cases. O

Corollary 9.1. If A is a flow out Lagrangian and K; € I7;'*(A, A) and the projec-

tion from {(z,y,z2) € supp(K(z,y)L(y,z))} to (z,z) is proper then
Ky 0 Ky € It (5 p), (9.61)
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The principal symbol on the diagonal is the product of the principal symbols and on
the flow out is the intrinsic convolution of the principal symbols with respect to the

natural trivialization.

Proof. Our support condition means that the composition is well-defined. Our method
of proof is to reduce to the model case. Let p be a homogeneous degree one func-
tion which induces the flow out, A. In a conic neighbourhood of a point where p is

non-zero, the operators are pseudo-differential and there is nothing to prove.

At a point ¢ on the characteristic variety, we pick homogeneous symplectic coordi-
nates (z,£) such that p = £, on a conic neighbourhood V C T*(X) —0. (as in [2]) We
extend these coordinates so they include the entire bicharacteristic through q using

H,. Let W = Uexp(tH,)V and define for r € WV,
t

(z,€)(exp(tHp)(r)) = (z,£)(r) + (0, en)t (9.62)
where e, = (0,0,...,0,1). This is well-defined because the Hamiltonian flow of &, is
52—“ and is symplectic because exp(tHp) is a symplectomorphism.

Let f denote the coordinate map. Consider a point (r,q) on the bicharacteristic
through (g, ), by definition, r = exp(toH,)(q) for some ty > 0. If we decompose each
of K1, K into two pieces such that the first piece, K; is microsupported in W and on
the part of A with ¢t < o+ 1 and the rest is not microsupported on a neighbourhood
of the bicharacteristic from ¢ to r then the singularity at (r, q) is determined purely
by the composition K, o K,. We pick a Fourier integral operator F' associated to
I'; which is elliptic on the bicharacteristic from (¢, ¢) to (r,¢) and conjugate. Using
Egorov’s theorem (Prop. 6.7) for paired Lagrangian distributions, this reduces A to

A and the result follows. [J

With a composition calculus defined, it is natural to examine invertibility of oper-

ators in I}/ (A, A). We define an ellipticity condition weaker than that for pseudo-
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differential operators which leads to the existence of a parametrix modulo smooth-
ing. The obvious condition is to require that the principal symbol on the diagonal is
non-zero off the intersection. We make the additional requirement that the leading
singularity at the intersection is non-zero. For yu— v — 3 non-integral, this is equivalent
to requiring the principal symbol of the symbol at the intersection to have no zeroes
but for integer values this breaks down as the terms in our expansion are smooth.

We therefore make a definition analogous to definition 8.3.

Definition 9.4. Let W*9(A, A, Lo) be the smooth sections, f, of (N(OA§,Ao) —
0, Lo) which are homogeneous of degree u — q with respect to the conic action on 9Af,
are homogeneous of degree q with respect to the conic action of N(OA$, Ag) and such

that f(p,—v) = "™ f(p,v) where w(v,w) > 0 for w € T,(A,) pointing into AS.
There exists a short exact sequence
0 — T*97Y (Ao, A%, Lo) — T*%(Ao, A, Lo) =25 W*?(Ao, Af, Lo) — 0. (9.63)

Definition 9.5. We shall say K € I%%(A, A) is elliptic if and only if 0)(K) is non-

zero on A —OAf and o, “_,,__(K) has no zeroes.

phy

Example 9.1. Let A be the flow out in T*(R") — 0 induced by p = {,, then if
P, = D% 6(z—y) it has principal symbol €* and is elliptic as an element of (A A).
It is not elliptic as an element of I ’J ’(A A)for0<j<k.

Example 9.2. Let P be a polyhomogeneous operator of real principal type of order
m with principal symbol p then let be A the flow out associated with gp for any ¢
which is homogeneous of order 1 — m and non-zero on the characteristic variety of p

km km—k-1

then PF is elliptic as element of I, 7(A,A). Note that A will vary according

to the sign of ¢ on each component of the characteristic variety of p.

Theorem 9.3. Let P € I};i(A,A) then there ezists a two sided parametriz up to
smoothing in I"“""" (A, A) if and only if P is elliptic in I} (A, A).

phg

90



Proof. That the existence of such a parametrix implies ellipticity is clear from con-

sidering the principal symbol of a composition.

Initially, we solve just on the diagonal and use an argument similar to that used
for elliptic pseudo-differential operators. The symbol, ag,u_u_,E (P), is an element of
T“"""'%(A,A). Off 0AS, the ellipticity condition means that the reciprocal is non
singular and homogeneous of degree —u. We have to check that it has the right form
of singularity at A. Membership of T“’“'”'%(A, A) is equivalent to requiring for

some coordinates, x, on the base

02,,,-.,-15(1’) ~ (& — iO)"—y_%ao(m,ﬁu) (1 + Z(El - io)jaj(xafll)) as & — 0+
770 (9.64)
with a; homogeneous of degree v+ — j. The second part of the definition of ellipticity

means precisely that ag(é”) has no zeroes. This means that 02 o (P)™! has an
' 2

expansion

-1
0%y (P) ~ (& = 007305 (2,6) (1 +3(6 - iO)ja,-(z,c")) :
>0 (9.65)

Of course, we have to check that (1 + ¥ (& —10)7a;(z,€") ] is invertible as an
>0

asymptotic expansion. Suppose we have an inverse up to N terms so that

N-1
(1 +d (- iO)fa,-(:c,e")) (1 + 3 (& = i0)b;(z, e"))

i>0 j=0

=1+ (& —i0)¥en(z,€") + O(E*) (9.66)

then

N-1
(1 +Y (6 - z'O)fa,-(x,f”)) (1 + ) (6 - iO)jb,-(x,.f"))
>0 j=0

(1- (6 —i0)Ven(2,€M) = 1+ O(E+) (967)
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so expanding the product and proceeding by induction will yield an inverse to arbi-
trarily high order. Note that the coefficients of the first NV terms do not change when
finding the term of order N + k, so taking the infinite asymptotic expansion given by

the limit of the partial expansions we obtain our inverse.

So, & ““ - l(P)‘ € T-#=#=(=v-1=3(A, A) and it is therefore by (8.9) the prin-
cipal symbol of @, € I;™*7(A,A). Thus PQ; € Jﬁh;'(A A) and 63o(PQy) = 1.

Thus B = 1d—PQ; € ;273 (4,A).

SoRFel 7,’;_’(A A) and we can use a Neumann series to find the diagonal part

of our parametrix . Let ), ~ Z RFin I hg’(A A) using Proposition 6.4. We then
have

N-1 N-1
PQ,Q; —1d = (Id —R) (Z Rk> + (Id-R) (Q2 - Z Rk) -I1d (9.68)

k=0 k=0

which shows that PQ1Q; — Id € I ?(A,A) for all N. That is KQ:Q; — Id €
;?v“a(A A). We have that Q1Q; € I,y Lv=LALA).

Now >~ §(A, A) is contained in Iphy(A) and thus we have to solve the equation
(Id~A)(Id +B) - Id € C= (9.69)

with A € I (A) for B € Ip_h%g(A). We can not take a Neumann series here as

phy
_1 . .
Ak € Iphg(A) so our terms do not gain regularity. Passing to principal symbols on

the flow out we have,

o l(B) -0 I(A) —al (A)*al(B)=0. (9.70)

W=

1
2

This is a Volterra equation as our symbols are supported in the positive flow out. We

can therefore solve for 0!, (B) and then picking B with such a symbol, we have
2

(Id—A)(1d+B) — 1d € [ (A). (9.71)
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-3 —k—-1
Now, if C € I,2(A) then C* € IphI; ?(A) and so we can take a Neumann series

and we have constructed a right parametrix. The same argument constructs a left

parametrix and the result follows. [

10. CoMPLEX POWERS OF THE CONSTANT COEFFICIENT WAVE OPERATOR

The constant coefficient wave operator on R" x R, D? — A, where A is the Lapla-
cian, has principal symbol 72 — ¢2 = (7 — |§[)(7 + |€|). Taking the flow out of the
characteristic variety, A, it is elliptic as an element of Iz,’l'?:(A,A) and therefore the
forward fundamental solution is an element of I,,-,;'—%(A, A). Complex powers of el-
liptic pseudo-differential operators are pseudo-differential operators so, by analogy,

we look for complex powers of the wave operator in (A, A).

Applying the constant coefficient wave operator is equivalent to multiplying the
Fourier transform by 72 — £2, so naively, we would like to define the s** complex
power to be multiplication of the Fourier transform by (72 — £2)® but the problem is
that the zeroes of 72 — ¢2 introduce singularities. We can surmount this problem by
regarding (72 — £2)* as the boundary value of a holomorphic function defined in an

open cone, as in [6].

As noted above, for the complex powers of the constant coefficient wave operator,

we therefore take the representation

1 n+1 '
= : i(z.§+t.7) —3e)2  £2ys . .
K, (21:') ck%r}i- e ((r —ie)® — £4)°dEdr (10.1)
Provided we can show this makes sense, it is clear that K} = D? — D%, K, =

Id and K, o K, = K,,,, when we regard K, as a convolution operator.

Although, the defining integral is dependent upon ¢, we can make it independent

of €, by letting the exponent vary with ¢. And, indeed we can also vary the imaginary

93



part of £, provided we remain within an appropriate cone:
T, = {(1,¢) €e C* |37 < 0,|S¢] < |37} where ¢ < 1. (10.2)
Of course, we must check that this complex power makes sense and that we have
a well defined boundary distribution.

Lemma 10.1. (72 — £2)* is well defined in . and converges to a well defined distri-

bution as I(7,€) — 0 in T..

Proof. To define (72 — £€2)* in [, it is enough to show that 72 — £2 does not take

values in a half-line and picking an appropriate branch of log, put

(T2 _ 52)3 - 63105(12—62) (103)

Now, if we put

T=a+teand E =b+iv

then we obtain
g = (a2 — b+ v? — €%) + 2i(ea — vb) (10.4)

This will never be in R as $(72—¢2) = 0 will imply that |a| > |b] so that 72 —£2 < 0.
Hence, we can pick the branch of log defined in a plane cut along the positive real

axis, with log(—1) = ir and this will define (7% — £?)® in ..

To define the boundary distribution (see [6], 3.1), we need to show that there exists
k such that

(2 = €2)°] < Cl(e, )™, for (r,€) € .. (10.5)

Now,
|72 = €22 = |a® — b% + v% — €*|* + 4|ea — vb|.
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If |ea — vb| < (1 — ¢)le||a| then as |e[ > |v| we have |b] > |a| which implies that

a® =4+ - < (?—1)e < =C'|(e,v)|* some C’' > 0.

or

la® — 8% + v — €| > C'|(e,v)|* some C' > 0.
Otherwise, we have |ea — vb| > (1 — ¢)|e||a] so |ea — vb| > C”|(¢, v)||a]. Pick K such
that ¢® — (1 — K~2) < 0 then if |7| > |¢|/ K we have
lea — vb| 2 C|(¢, v)]
and if |7| < |e|/ K then
A=+ 1<K b4 €
<vi-(1-1/K%é

< (- (1-1/K?)e.

IN

—C')(e,v) .

So, putting all this together, we have that

[ ~ € 2 C')(e,v)|? some €' > 0

which implies that, for s < 0,
[(72 = €2)°| < Cll(e, )" for some C' > 0.
In the case, where s > 0, (72 — £2)* is continuous up to the boundary so there is
nothing to prove.

a
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Now, let u., be the inverse Fourier transform of ((7 + i€)? — (£ + iv)?)* where

(e,v) € T; then, if ¢ € C(R™1) we have

Lemma 10.2. < uc,,#e~ """ > is independent of (¢,v) € ..

Proof. First of all, since ¢ is compactly supported, multiplying it by an exponential
leaves us with a compactly supported function, which is therefore Schwartz. So,
the pairing makes sense. Now, by definition of the Fourier Transform on tempered
distributions, we have < u,,,¢e™ "% >=< ((1 +1€)? — (£ + iV)Q)’,¢¢?:‘:;’-’ > and

we can rewrite this as

< U, pe VT >= //((T +1€)? — (€ + iu)z)’qg('lb + v, T + i€)drdf

and as @ is Schwartz the integral is absolutely convergent and is equal to

JI @ - eyde nande

Lé=v,Qr=¢

Since our integrand is holomorphic, we can now use Cauchy’s theorem to change
contours. Suppose (€1,71) and (€2, v7) are such that |e;| < |ez]. First of all, we move
the € contour, keeping v = 1, fixed. We can always increase the size of € without
leaving I'., so we take a rectangular contour with sides of length 2R horizontally and
going from ie¢; to i€, vertically, and let R go to infinity. This will establish equality,
provided the vertical integrals go to zero, but this follows immediately from the

Paley-Wiener-Schwartz theorem, since ¢ is a compactly supported smooth function.

The same process will also take care of changing v, provided we do the coordinates

which decrease in modulus first (in order to stay within I'..) O

With this proven, we can now establish the support properties of these complex

powers:

Theorem 10.1. K, is supported within the forward light cone.
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Proof. This means precisely that if supp(¢) C {(z,t) : |z| > t} then < K,,¢ >=0.

Let (zo,t0) be such that |zo| > |to| we will show that if ¢ is supported in a suf-
ficiently small neighbourhood of (¢, %) that this is true, which is sufficient. There
exists a small cone I" in I'; and a small open set U containing (zq, ¢9) such that for

(z,t) € U and (¢,v) € I',et + v.z > 0.

When ty < 0 this is clear, and when £, > 0 take

€0 = |zol/2(—1 — |zal/ltal), vo = 20

and then

—|$o|2

7 t+|.lolz=0

to+ € >

and this will persist nearby. Hence, we can take I' and U such that for (¢,v) € I' and
(t,z)eU

et + v.z > Cl(e,v)|.

This implies that the Schwartz norms of ¢e~¢~* will be exponentially decreasing as
|(¢,v)] go to infinity in T', if supp(¢) C U. As the Fourier transform is a continuous
map of Schwartz space, the same will be true of ge~<-*=. Now, the distributions u,

are within a bounded subset of the tempered distributions, so we have that
| < ey, ™77 > | < Cellen)) (10.6)

but the left hand side of 10.6 is independent of (¢,~) by our lemma and the right

hand side goes to 0 as |(e,v)] — c0. O

The next thing to be done is to establish the parabolic decomposition of these
kernels and to calculate their symbols. In this case, the Lagrangians are the conormal
bundle to the origin, Ag, and the closure of the conormal bundle of the light cone,

As. ie. N*(|z| =t,t>0)
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n

Theorem 10.2. K, € I:;;%"-T-%(Ao, Ay). On Ay away from A, the symbol of K,

is ((1 —10)2 — £2)* and on A§ away from Ag the symbol has the asymptotic ezpansion

S (yietorn A= oo =T 3 D glgppmims—iot (s - j)
i=0 '

with respect to the phase functions z.€ £ t|€|.

Proof. We have defined K, to be the Fourier transform of ((7 — 0)? — ¢?)*, so away
from 72 — £2 = 0 it is clear that we have an element of 1% (Ao). The characteristic
variety has two components 7 = |£| and 7 = —|¢| and thus the flow out will also. We
discuss 7 = |{|, as 7 = —|€| will be the same with a few sign changes. We cut off

close to 7 = ||, letting ¥(£,7) = #(1 — |€]7?|7]), where ¢ is a cut-off function, we

compute
K, = [eeerny(e,r)(r - i0)? - ¢y dedr (10.7)
= [eetny(e, r)(r - i0 - |6])*(r + |¢]) dedr (108)
= [ et He(r — 0 g(I€[ ) (7 + 2e]) dedr. (10.9)

We want to write K as a Fourier integral operator applied to a distribution associated

with the model so we can expand the last integral to be

/ ei(<z—v,£>+<t-r,f>+t|€|)a( z,6,t,7)

[ Ty = i0) g(lnl= )y + 2Anl)*dndvdydrdrdy + C= (10.10)

where a is a symbol which is identically one in a conic neighbourhood of 7 = 0 and

zero outside a conic neighbourhood. Our distribution is in the form of a Fourier

integral operator applied to the Fourier transform of an element of T?**(Ao, Ao N /~\§)
25—8 g-2_1

This establishes membership of I, * ®T472(Aq, Ay). To find the symbol on the flow

out we just take the Fourier transform of the Taylor expansion term by term. [
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Later on we will want to consider conjugation by Fourier operators so we rephrase
the value of the symbol in a more invariant way. The forward light cone is generated
by the flow out of the characteristic variety at the origin by the Hamiltonians py =
7 % |€|. These therefore yield a natural coordinates on the flow out, (£,t). We can

also think of these coordinates as the geodesic flow at time ¢t with initial point z =
0,t =0,7 = £|¢|.

Corollary 10.1. The principal symbol on A away from the intersection with Ag is

olely e e

[(=s)""
in the coordinates induced by the geodesic flow from (0,0,&, x|é|) with respect to the
trivialization of the Maslov bundle given by the canonical trivialization at the origin

transported by the geodesic flow.

Proof. We must check that the trivialization of the Maslov bundle given by the phase
¢ = z.£+1|{| agrees with the natural trivialization on the flow out. Let A, = Tp(A), A;
be the tangent space to the fibre and let 1(z, ¢) be a generating function parametrizing
a Lagrangian, T’ = (z,t,9,,), transversal to the fibre and to A. Letting y = T,(T) we

have that the transition function is given by

e'%(”(xltf\'l;“)‘}s(‘t’w))

where o is the cross ratio as defined in [5] and S(¢, ) is the signature of the matrix
Pee Pe(c) .
e enen ~ Yo
It will be enough to do all this at some fixed point. Take ¢ = z.£ + |¢|t. We choose
a point, p = (0,0,¢,]€|), at the intersection. We then have that A, is the span of
{&;&+ Ifla—%,; a%, - %38—7} and ), is the span of {%, £.}. Thus we need 9 giving
transversal to A;. (Transversality to the fibre is automatic.) Let ¢(z,t) = z.£+|¢ |t+%
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we have
I'={(z,t,&|¢| + 1)}

and p is the span of {327, g; + £ }. Transversality is clear and our matrix is

0 Id %
Id 0 o] (10.11)
,55-, 0 -1

Executing a change of variables, this will have the same signature as

14
Id 0 2 Tl
0 -1 -1&]. (10.12)
1é& 1€
Ha —ifg !

This has signature —1 as signature is a homotopy type invariant in the space of
invertible matrices and the off diagonal elements can be shrunk to zero.

1) A2; u*) where

We are left to compute o(\;, Az; 1) this is defined to be equal to o
the superscript p denotes that the subspaces have been intersected by (A; N Az)* and
reduced by A; N Ay then A, A5, u” are all transversal one dimensional Lagrangian
subspaces er%ei Picking symplectic linear coordinates, (r,7), such that A} = {r =

0} , A2 = {n =0} and pu = {¢ = Az}, o(\], A\}; #*) is the signature of A. Of course,

A is a number here, so we just need to know its sign. [t is easily calculated to be 1.

The argument is similar for ¢ = 2.6 — ¢t|¢|. O

11. CoMPLEX POWERS OF THE WAVE OPERATOR

In this section, we define the complex powers of the wave operator on the cartesian
product of a Riemannian manifold M and R, show that they form a holomorphic fam-
ily satisfying the group law and by reducing to the constant case establish that they

are polyhomogeneous paired Lagrangian distributions and calculate their symbols.
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The forward fundamental solution of the wave operator on M x R x R can be

written as K(z,z’,t,r), since the wave operator is constant coefficient in ¢t and r. We

define

Definition 11.1. For Rs << 0, L, = 2¢™+)(x,).(x2™* " (r)K (z, 7', t,7))

The problem here, is that we are taking a product not permitted by the calculus
of wavefront sets but this is permissible provided one of the factors is sufficiently
smooth, which is why we take Rs << 0. There is no problem with the push forward,
because for (z,z’,t) in a compact set, it is compactly supported in r. We will use
analytic continuation to extend to all s € C. The fact that K is supported in the
set {t > 0,d(z,z')? + r? < t?} immediately implies that L, is supported in the set
{t > 0,d(z,z')? < t*} which is the forward light cone.

In the case, where —s is a positive integer, we have the alternative representation

i1l’(3+1) (WT)“‘(T2(—1—S) I‘,(‘T» :L',a t9 T'))

Li=e [(—2(s +1)+1)

(11.1)

which follows from the fact that K is even in r. This definition will make sense

2=1-9) is smooth, we denote these

additional kernels L. Now, let ¢ € C°(R™!) and then in the case of s = —1, we

independent of the size of s since in this case r

have

<(D}-A)L,¢>=<K,(D} - A)nr¢ >
=< K,(D? — A — D?)'r*¢ >
=< §(t,z —2',r), 7 >

=< §(t,z —z'), 6 >.

This means that (D? — A)L] = Id when the kernels are interpreted as operators.
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And for —s — 1 an integer greater than zero we have

e,'ﬂ.(s_*_l) < [X’, (D? - A)trz(-"—l)ﬂ':¢ >

2 _ ! _
<(D; - A)L,, 6> Fos — )T D) (11.2)
_ gl <5 (D} — A — DY)ir3=e-Urrd >
- [(2(=s—1)+1)
(11.3)
< K,D?r¥=s"Nrxg >
T(2(—s—1)+ 1) (11.4)
8)2 2(~s-1) .*
_ e =56 &) i (11.5)
T(2(—s—1)+1)
=< Lls+1v¢ > (11.6)

The first term in (11.4) vanishes because r2(=*~1§(t,z — 2/, r) = 0.

So using the equality of L_, and L, for k a large positive integer, we have that
(D? - AY*L_; = §(z — 2',t). Now, using a similar argument, we can show that
(D? — AY*L, = L,,x where both are defined. Putting, these two facts together and
regarding the L, as operators we have that Ly o L; = L, for k a large positive

integer.
It remains to extend the composition law to all p € C with Rp << 0. We do this

(see [11]) by using

Theorem 11.1. If f is a holomorphic function on a half plane, dominated by a non-

vanishing holomorphic function and vanishes on the integers then f is identically zero.

Now, K € (C°) so if we let ¢ € C°(R™?) and choose y(r) € C§°(R) so that

¥ = 1 on a sufficiently large set then as K is supported inside the light cone, we have

| < L > | Sy MG )92 Oles (1LT)
c’ 231| ,mi(s+1)
<=y C el (118)
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Thus, we have that

Cl

l < Ls+p,¢ > I S lF(—?(S +P) _ l)ll

C2ote)||gmiltet)], (1L.9)

We need to establish a similar bound for < L; 0 L,,¢ > . Picking ¥(r) € C§g°(R)

identically 1 on a sufficiently large set we obtain

< Lyo L, ¢ >=2¢"0+P) / - / D () D) )

K(z,z',t —t',r =" )K(2',2",t',r')dr'dt'd2"yy(r)¢(z, 2’, t)dtdzdz” (11.10)

= 2¢'m(++7) // x?,.(-’-l)(r - r')xi(—p—l)(r')b(r', r—r)(r)drdr’  (11.11)

where

b(r, 3) = / o / K(z,2',t —t',8)K (<", 2", ', 7)d(z, ¢, t)dtdrde'dt'dz”.
(11.12)

The advantage of this representation is that b(r,s) is continuous which allow us
to remove it from the integral. Now, b(r, s) is defined by a pushforward of a paired
Lagrangian distribution but points near the flow out are wiped out by the pushforward
and we only retain points that are conormal to r = 0 or to s = 0. Now, since on the

diagonal K is a conormal distribution of order —2 we obtain

b(r,s) = // e e(r, 5,4, T)dydr + C (11.13)

where c is a product type symbol in (v, 7) of order (—2,—2). This means that b is
paired Lagrangian distribution associated to N*(s = 0), N*(t = 0) and N*(s =t = 0)
with symbolic order -2,-2,-4. This shows that b € H %(Rz) and so by the Sobolev

embedding theorem b is continuous.
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Hence, we have

| < Loo Ly, ¢ > | Ssup(io]) [ 16(r)] [ xa" 00 = 0 dr'dr

(11.14)
= sup([t]) [ ()N r)dr (11.15)
SUP(“’D —3—p-1 ir(s+p
Sl eermre Eyy LR et
(11.16)

Thus, if we regard < L,0 L, — Lp4,, ¢ > as a function of p, it satisfies the hypotheses

of 11.1 and so is identically zero, which proves the composition law.

We are now in a position to define L,, for all complex s, by analytic extension.

Definition 11.2. L, = (D? — A)*L,_; where (s — k) << 0.

We must check that this is independent of the choice of k. But if £ > [ we have
(D} = AYL,_y = (D} = A(D? = AL, = (D? = A)VL,.;, (11.17)
so it is well defined.

Using analyticity, we can extend the previously proven relations to the whole com-

plex plane. Thus, we have

Theorem 11.2. L, is an entire holomorphic family of kernels supported in the for-

ward light cone such that

L,oL,= L,4, where s,pe C (11.18)
Ly=1d (11.19)
Liy=D?-A (11.20)

L_, = the forward fundamental solution. (11.21)

Our next task is to calculate the symbols in the variable coefficient case. We

do this by reducing to the constant coefficient case using FIOs. Our proof mimics

104



that of Duistermaat and Hérmander to construct a parametrix for an operator of
real principal type. First of all, we must check that our two representations in the

constant coefficient case are equal.

Lemma 11.1. If M = R" then K, = L,.

Proof. As we have two holomorphic families it is enough to show equality for Rs << 0
and Js > 0. Letting K be the forward fundamental solution of the wave equation,

we compute

L, =¢"C2(r,), (521 (r) K) (11.22)
2 . , —1e 1

—eiTs+1) _2 / (<2, >+t7) | 13 / irn. 2(~1-3)
@3 ) © [sl.‘.‘& X T T s | K
11.23)

2 . ( 20 1428
_ipim(2s41) < i(<z,£>+t1) :

=te @) /e [61_1.%1/ pr— ————dn| dédr (11.24)

where (7 — 16)? — £2) = a? and we can take Sas < 0.

We want to evaluate the inner integral, this is equal to a contour integral along
the real axis with a small semi-circular detour below the axis at the origin, using
Cauchy’s theorem. Taking s > 0 and considering a large semi-circular contour

below the axis, we conclude from Cauchy’s Residue theorem that

(=n —i0)'+? o (=n — 10)1+2s
/ P R 272 Res prym , s (11.25)
= _iﬂ_e—in(23+1)(aa)2s (1126)
And hence,
1 i(<z,£>+t7) ‘N2 2\s
L= (21r)2/e ((r = i0)? — £2)°dédr (11.27)
O
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Now, the principal symbol of the variable coefficient wave operator is
72 — ¥ ¢'(z)&:i€; where g is the Riemann metric on M whereas that of the constant

coefficient wave operator, D? — Ap, is 72 — £2,

Lemma 11.2. Let ¢ € T*(X x R) — 0 be a point in the characteristic variety of the
wave operator then there exists a homogeneous symplectomorphism, f, from a conic
neighbourhood U in T*(R™*!) — 0 to a conic neighbourhood V. C T*(X x R) -0
containing the bicharacteristic through q such that f*(r? — ¥ ¢"(z)&:€;) = 12 — €2

Proof. We prove that there exist homogeneous symplectic coordinates, (y,7), in a

conic neighbourhood of the bicharacteristic such that in these coordinates

2 = g ()€ = mina.

This will mean that we can in particular do so for the constant coefficient wave

operator and so the result follows.

We can write

W

- Lol = (r - (To@ee)’) (r+ (Sov@ee)" ). (1129

So we define
m=(r- (To@es)*), (11.29)
m = (T + (T g(2)6t;) 3) . (11.30)

These functions are smooth in a conic neighbourhood of the characteristic variety

and are homogeneous of degree one. We also have

{m,m} =0 (11.31)

and we can therefore extend to a homogeneous, symplectic coordinate system, (y, %),

in a small conic neighbourhood W. (see [7], Chap. 21)
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At a point in the characteristic variety either 77; = 0 or 5, = 0. As the situation
is symmetrical, we suppose 7; = 0. We use the Hamiltonian flow to extend our
coordinates to a neighbourhood of the bicharacteristic through ¢. On T*(R") — 0, m,
induces the flow 3%1 and on T*(M) — 0 it induces a multiple of the bicharacteristic

flow defined by the wave operator. Thus we can define for p € V = Uexp(tHy, )W
¢

(y,n)(exp(tHy, )(p) = (y,1)(p) + (0, e1)t (11.32)

where e; = (1,0,0,...,0). This has the right properties as 7,72 Poisson commute. [

Proposition 11.1. Given ¢ € T*(X x R) = 0, there exist classical Fourier integral
operators A € I°(X x R x R x R,I'}) and B € I°(R" x R x X x R),[";~1) such that
q € WF'(AB — 1) and (q, f(q)) € WF'((D? — A)A — A(D? — AFr)). If q is in the

characteristic variety then the result holds for the entire bicharacteristic through q.

Proof. If ¢ is characteristic, let f be the symplectomorphism from lemma 11.2. Oth-
erwise considering the square root of the modulus of 72 — 3" ¢'£;€; as a symplectic
coordinate we see that such coordinates exist in a conic neighbourhood, V, of ¢. To
do the two cases at once, let W be the set {q}, if ¢ is non-characteristic and the set

of points in the bicharacteristic through ¢, if g is characteristic.

Let A, be an element of I°(X x R x R™ x R,T") which is elliptic on (W, f(W))
and have a classical symbol and let B; € I°(R* x R x X x R), ;) satisfy W N
WPF'(A1By — I) = 0 then from the calculus of FIOs, we have that the principal
symbol of @ = B,(D? — A)A, is 72 — €2 and that

(W, (W) NWF'((D} — A)A— A(D{ - Af)) = 0.

This reduces us to proving that if @ is a first order classical pseudo-differential

operator then there exists zeroth order classical pseudo-differential operator Az, which
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is micro-elliptic on W, such that
(D? - Ar+ Q)As — Ay(D? — Ap) € U™ (11.33)
and putting A = A; A; our result follows.

To solve (11.33), we rewrite it in the form
[D? — AF, Ay + QA; € U™, (11.34)

If we denote the principal symbol of @ by ¢; and of A; by a¢ then the vanishing of

the principal symbol requires,

7] 0
(QT:'?—t - 2{5;) ao + q1a0 = 0.

Dividing this through by |r,£| gives us

T 0 7]
(2|T,E|§ - 2&.5;) a0 + ITq,l?I% =0

The coefficients of this equation are homogeneous of degree zero and so if we specify
non-zero, degree 0 homogeneous initial data on a non-characteristic, conic hypersur-
face, we can solve to obtain a non-zero degree 0 homogeneous function. So, letting Ag
have principal symbol ag, we have solved our equation up to zeroth order. We now
use an iterative process to obtain lower order terms. We now choose A_;, A_,,...
such that A; is classical and has homogeneous principal symbol of degree j and such
that

[D? —Ap, Ao+ A+ + AN+ qAo+ Ay + -+ Ay) € TN

(11.35)
The condition on Ay is therefore
[D,2 - AF,A_N] +9gA.n=R_Ny € g-N (11.36)
or, in terms of principal symbols, we have
7] g
(27‘@ - 26—62") a_N + qa-Ny =r_n. (11.37)
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If we divide through as before and pick initial data of homogeneity —N — 1 this will

have a solution of homogeneity —N — 1.

And so having constructed {A;} we pick A2 ~ ¥ A; and we are done. O

Theorem 11.3. If A and B are as in proposition 11.1 then
(¢,9) ¢ WF'(AKp B — Kj).

and if q is characteristic, the bicharacteristic through (q,q) in the first variable does
not meet WF'(AKFr,B — K,).

Proof. We will first of all, assume that Rs << 0 and then use the microlocality of

the wave operator to deduce the general case.

In this proof, all our operators are constant coefficient in r and so we will regard

our kernels as functions of (z,2’,¢,t,r) and we let
WF’(L) = {(a:,t,f,‘r,a:,t,f,v',r, 77) : (xvt’E’Tvx*tv —év -7,T, 77) € WF(L)}'

‘We denote by A and B, the operators with kernels A(z,t,z’,t')6(r) and
B(z,t,z',t")é(r).

We can write
AKp\B — K, =A((7:).(x3(r)Kr)) B — (m:).(x3.(r) K)
=(m).(x}(r)(AKF B - K)).
So,
(zo,t0, &0, T0, T1, 11, €1, 1) € WF(ARNE,B — K,)
implies
3r (2o, to, &0, To) T1, t1, &1, 71, 7,0) € WF' (x5 (r)(AKFB — K))
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which means that either

3r (zo, to, é0, T0, 21, t1, €1, 71,7, 0) € WF(AKEB ~ K)
or

Iy (o, to, o, To, €1, t1, &1, 71,0,7) € WF(AKRB — K).

Thus, in order to show (q,q') ¢ WF(AKFg,B — K,), it is certainly sufficient to

show that there does not exist (r,7) such that

(¢,4',rn) € WF'(AKp B — K). (11.38)

We prove this by using the microlocal uniqueness of the forward fundamental
solution of the wave equation, which we reprove using propagation of singularities.

For simplicity, we write 0 = D? — A and Of = D? — Ap. We compute

(O - D¥(AKrB - K) = 0AKpB - AD?B — Id
= A(Qr — D?)RrB + (DA - AQOr)KrB-1d
= (AB - 1d) + (OA — AQOr)KFB.
Now, our construction of A and B ensures that IWNWF'(AB—1I) = 0 and so we have
that (¢’,q,m,17) € WF(AB—1I) for all ¢’ in W. The same holds for (0A— AOr)KrB
tlﬁs is true because (0A — AOF) is smoothing at (¢, p) for any p, (remember A is

associated to a canonical graph) and so the lifted version will be smooth at (¢’, p,r, 7).

Hence,
(¢,¢,mn) ¢ WF'((OA — AOF)KFB)
by the composition law for wavefront sets.

Now, any wavefront set of AKrB — K with non-zero (£, 7,£’,7') component must

be supported in the forward flow out as this is true of K and Kr and any additional
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singularities introduced by A and B will have zero (£,7,£,7') component. Thus if

(¢',q) € W, we have
(¢q,m,n) € WF'(AKpB)

since otherwise the entire backward bicharacteristic through (¢, ¢,7,7) would be in

WF'(AKrB — K).
So, this establishes for ®s << 0 that
(¢',q,7,7) € WF'(AKpB — K).
which implies the result, for s << 0.
‘Using the microlocality of [J, we have
(¢,q,r,n) ¢ WF'(O(AREB - K°))
and
O(AKyB - K*) = AOfp K3B — K**' + (0OA — AQOF)K:B.
The third term is smoothing at (¢’, ¢) and so this implies that
(¢',q) § WF'(AKF' B ~ k)
and the general case now follows by induction. O
Letting, Ao denote the conormal bundle to the diagonal and A, the flow-out of the

characteristic variety’s intersection with the diagonal in positive time, we are now

ready to prove
Theorem 11.4. L, € Iz" ’_1/2(A0,A1). The principal symbol on Ag off A, is
((r = i0)* = 3" g"(2)&i€;)°

and on Ay off Ao, the prz'ncipal symbol is

e

Ry 4 )72 e
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at the point induced by the geodesic flow, in the first variable, at time t from the point
(z,€,2,6,0,£|3 g% (x)f,-f,-lé) on the diagonal with respect to the trivialization of the

Maslov bundle given by transporting the natural trivialization at the diagonal by the

geodesic flow.

Note that the density |dé|%|dz|? is intrinsic here as it is the square root of the

symplectic density on T*(M) and ¢ is of course the ordinary coordinate on R.

Proof. We already know this for K, in the constant coefficient case and using the

equality of K, and L, in that case, this is an immediate consequence of Egorov’s

theorem (Prop 6.7). O
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