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A Precise Calculus of Paired Lagrangian Distributions

by

Mark S. Joshi

Abstract

The topic of this thesis is the construction of a class of distributions associated to

a pair of Lagrangian submanifolds which intersect cleanly with codimension one.

These distributions are polyhomogeneous Lagrangian distributions away from the

intersection and retain the property of polyhomogeneity at the intersection. The

concept of a radial operator is introduced and used to give a direct characterization

of polyhomogeneous Lagrangian distributions and to give an intrinsic definition of

polyhomogeneous, paired Lagrangian distributions.

A symbol map is constructed which allows the construction of a distribution with

given homogeneous principal symbol on each Lagrangian submanifold subject to the

compatibility condition that the intrinsic Fourier transform at the intersection maps

the lead singularity of one symbol into the lead singularity of the other.

Pseudo-differential operators with singular symbols are shown to lie within the class

and a composition formula is established. An ellipticity condition is defined which

allows the inversion of such operators up to smooth terms. This gives a new version of

the construction of parametrices of operators of real principal type. Complex powers

of the wave operator are constructed and shown to lie within this class.
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1. INTRODUCTION

In [2], Duistermaat and Hormander constructed the parametrix of an operator of

real principal type using Fourier integral operators, although the parametrix itself

is not a Fourier integral operator. The wavefront set of its kernel lies on two La-

grangian submanifolds, intersecting cleanly in a submanifold of codimension one, the

conormal bundle to the diagonal A0 and the flow out A1 of the characteristic variety

intersected with A0 by the bicharacteristic flow. This led Melrose and Uhlmann to de-

velop a symbolic calculus for Lagrangian distributions associated to two Lagrangians

submanifolds intersecting cleanly in a submanifold of codimension one in [10], and

they give a symbolic construction for the parametrix of a principal type operator.

This was later extended, by Guillemin and Uhlmann in [4], to the case where the

intersection is of higher codimension and they allowed a wider class of distributions,

which includes the parametrices of integral powers of real principal type operators.

Such parametrices can be regarded as being pseudo-differential operators with singu-

lar symbols as they are associated with the conormal bundle to the diagonal and the

flow out of the characteristic variety. Antoniano and Uhlmann, in [1], showed that

this calculus of pseudo-differential operators with singular symbols is closed under

composition, and discussed microlocal complex powers and pseudo-differential powers

of principal type operators in this context.

Melrose adopts a new point of view in [9], where he introduces the concept of

a marked Lagrangian distribution. This is a distribution whose wavefront set is

contained in a Lagrangian submanifold and which is Lagrangian off a submanifold,

the marking, where the singularity is worse. He has shown that the paired Lagrangian

distributions of [4] can be decomposed into a sum of marked Lagrangian distributions,

associated to A0 and A1 marked by their intersection. We can therefore study paired

Lagrangian distributions in terms of this decomposition. The principal problem with

this approach is that the decomposition is not unique. One therefore has to cope with
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an isotropic distribution supported on the intersection which is independent of the

behaviour off the intersection. The idea behind my work is to use polyhomogeneity

to remove this uncertainty.

We define a class of paired Lagrangian distributions associated to a pair of La-

grangian submanifolds which intersect cleanly, with codimension one. We do this by

introducing the concept of a radial operator for a conic Lagrangian. This is a gener-

alization of the concept of the radial vector field for a submanifold. We show that the

polyhomogeneous Lagrangian distributions, Ihg(A), associated to a Lagrangian sub-

manifold A are precisely the distributions u such that for some fixed radial operator

R,

I R + m-j u E Im - N ( A ), for all N. (1.1)
j=O

We define the polyhomogeneous Lagrangian distributions analogously: they are the

distributions u such that

N-1 M-1
(Ro + - j) (R + m - k))u E Im-NP-M(Ao , A1), for all N,M(1.2)

j=O k=O

where we define ImP(A0, Al) using marked Lagrangian distributions and (Ro, R1) is

a pair of radial operators. We establish an equivalent representation in terms of

oscillatory integrals of singular symbols and use this to establish a symbol map. It

should be noted that this intrinsic definition does not require any constraints on the

dimension of the intersection.

Away from the intersection, our principal symbols are just the usual homogeneous

sections of the Maslov bundle tensored with the half-density bundle. These sections

may become singular as they approach the intersection. After placing conditions

on the nature of these singularities and the relationship between them, we define

a symbol map. This allows us to construct a distribution, with a given pair of

principal symbols, which is determined up to terms of one lower order everywhere
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and in particular of lower order on the intersection. It is this property which makes

our class an improvement on that given in [4].

A class of pseudo-differential operators with singular symbols lie within this cal-

culus and we show that this class is closed under composition. We define such an

operator to be elliptic if its principal symbol is non-zero away from the singularity and

its leading singularity has no zeroes. This is in particular allows us to regard many

non elliptic pseudo-differential operators as being elliptic in this class. We show that

ellipticity is equivalent to the existence of a parametrix which is a pseudo-differential

operator with a singular symbol.

Seeley showed in [12] that complex powers of elliptic pseudo-differential are pseudo-

differential operators. We look for complex powers of the wave operator in our calcu-

lus: Seeley's results are microlocal and suggest the symbol of a complex power of the

wave operator will be the complex power of the symbol which will become singular on

approach to the characteristic variety. The wave operator on the cartesian product of

a Riemannian manifold and R is an operator of real principal type and so its forward

fundamental solution is a polyhomogeneous, paired Lagrangian distribution. Riesz,

in [11], constructed a holomorphic family of kernels supported in the forward light

cone which obey the group law and form complex powers of the wave operator. We

give a new construction of such a family and show that they are also polyhomoge-

neous paired Lagrangian distributions and, using this, we calculate their symbols.

The construction uses the method of descent. Letting K be the kernel of the forward

fundamental solution of the wave equation in one extra variable, we define

IfK(t, x, x') = 2(7r)(X+(--)(r)K(t, x, x', r)). (1.3)

The product is well defined for Rs large negative and the pushforward is well defined

because K is supported in the forward light cone, which implies that the support of

K is proper for the projection. These kernels form a holomorphic family obeying the
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group law and such that K1 is the wave operator and K_1 is the forward fundamental

solution.

To simplify computations, the wave equation is reduced microlocally, by Fourier

integral operators, to the wave equation on Euclidean space and this has the effect

of mapping K, to the associated kernels in the flat case, up to smoothing. In the flat

case, we establish the alternative representation:

IK = (2r)+ 1 I e(+((r - iO)2 - i 2)'didr. (1.4)

This allows us to calculate the principal symbol on each of the Lagrangian submani-

folds and establish the polyhomogeneity of the kernels.

2. MODEL FORMS FOR LAGRANGIAN SUBMANIFOLDS

In this section, we review some theorems about the existence of models for cleanly

intersecting conic Lagrangian submanifolds of the cotangent bundle of some smooth

manifold X, of dimension greater than or equal to 2. This will enable us to define

distributions associated to such Lagrangian submanifolds by doing so for the model

and then using Fourier integral operators to reduce the general case to that for the

model.

We recall from [10]:

Definition 2.1. A pair (Ao, Al), where Ao C T*(X) - 0 is a conic Lagrangian sub-

manifold and Al C T*(X)- 0 is a conic Lagrangian submanifold with boundary, is

said to be an intersecting pair of Lagrangian submanifolds if Ao nl A1 = 0A1 and the

intersection is clean:

TA(Ao) n TA(A1 ) = TA(OA1) for all A E A1 (2.1)

Example 2.1. Ao = N{x = 0} C T*(R"n),A = {(x,~) E T*(R) : x" = 0, =

0, xl > 0} where x = (xl, x") are the standard coordinates on Rn.
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Definition 2.2. Two intersecting pairs (Ao, A1) and (A', A), A C T*X' - , with

given base points A E A1, A' E A1 are said to be locally equivalent if there is a conic

neighbourhood V of A in T*(X) - 0 and a homogeneous symplectic transformation

f: V -- T*X' -0 such that f(A) = A', f(A 0 n V) C A' and f(A n V) C Al.

Proposition 2.1. All pointed intersecting pairs of Lagrangian submanifolds in man-

ifolds of a fixed dimension are locally equivalent.

So, all intersecting pairs are locally equivalent to our example pair.

forth refer to this pair as the model pair.

We will also need a model form for a conic isotropic submanifold

grangian submanifold.

Example 2.2. Ao = N*{x = 0} C T*(Rn),Ko,k = {(0, ) E Ao:

I = (, - - - ()

We will hence-

of a conic La-

' = 0} where

We recall from [9]:

Proposition 2.2. If (A, K) is a conic Lagrangian submanifold of T*(X) together

with a conic submanifold of codimension k and p E K then there exists a homogeneous

symplectomorphism f from a conic neighbourhood V of p to a conic neighbourhood

in T*(Rn) such that f(A n V) C Ao and f(Kf n V) C Ko,k.

3. MARKED LAGRANGIAN DISTRIBUTIONS

In this section, we review some of the basic facts about marked Lagrangian distri-

butions (from [9]) and establish the equivalence of two new models which we will use

later. This will allow us in the next section to define paired Lagrangian distributions

as sums of marked Lagrangian distributions.
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A Lagrangian distribution is a distribution, associated to a fixed conic, closed, La-

grangian submanifold of the cotangent bundle, whose Sobolev order is stable under

the repeated application of first order pseudo-differential operators, which are char-

acteristic on the submanifold. To define a marked Lagrangian distribution, we need

a Lagrangian submanifold A and a marking of it. Our markings will be single conic

submanifolds of A. (Much more general markings are possible, see [9]). A marked La-

grangian distribution is a distribution of which the Sobolev order is stable under the

repeated application of first order pseudo-differential operators, which are character-

istic on A and whose bicharacteristic flows are tangent to the marking. Note that any

pseudo-differential operator which is characteristic on AoUA1 has bicharacteristic flow

tangent to A0 n A1, and we can therefore think of marked Lagrangian distributions

as paired Lagrangian distributions which are microsupported on A (more precisely,

in a parabolic neighbourhood of A0.) Now, as the marked spaces are clearly Fourier

integral operator invariant, a filtration can be defined in terms of a canonical model.

We recall from [9]:

Let < >(1)= (1 + 1'14 + 1112)1/4 where x = (x',x") is a splitting of the x

coordinates and (d', a") is the associated splitting of the dual coordinates on T*(Rn).

Definition 3.1.

Smp(Ao Ko) = {a E C°(R): IDeaI < Ca <( < C >-°" <1 }

Definition 3.2.

Im P(Ao, Ko) = ({ = u1 + U 2 :U 1 E C°'(R), U 2 E S'(gR), i 2 E S~'aP(Ao, Ko)}

We have thus defined the order of our distribution to be m off the marking and

m + p on the marking.

Proposition 3.1. SP(Ao,K o) is asymptotically complete: if aj E SP(Ao, Ko)

and mj -- -oo, mj + pj -- -oo then putting m = max{mj},p = max{mj + pj} -m,

14



there exists a E SmP(Ao, IK0 ) such that

a - aj E SN'PN(Ao, Ko) where mN = maxf{mj), N = max{mj + p} -- rfN
j<N j>N'' 3j>N

The statement of this proposition would be simplified if we replaced

as this would then give the absolute order on the marking as opposed to

one but it is more convenient in general to work with relative orders.

Theorem 3.1. If F is a properly supported Fourier integral operator of

sociated to a homogeneous symplectomorphism preserving (Ao, Ko) then

Im"P(Ao, Ko).

p by m+p

the relative

order 0, as-

F preserves

Putting all this together, it is now possible to define a filtration for any (A, K).

Definition 3.3. Let A be a conic embedded Lagrangian submanifold of T*(X) - 0

and let K be a conic embedded submanifold of A then Im 'P(A, I) C C-°0 (X) consists

of those distributions u with WF(u) contained in A and such that for each p E A

there is a properly supported FIO, F of order 0, elliptic at p, associated to a symplec-

tomorphism taking (A, K) to (A, K0) such that

Fu E Im'P(A0, Io).

The model (Ao, Ifo) is not always convenient so we introduce two alternative models

in T*(Rn). Our next model will be convenient for considering distributions associated

to the bicharacteristic flow out of the characteristic variety, of a differential operator,

intersected with the conormal bundle of the diagonal.

Splitting the x coordinates: x' = (xl,...,xl);x" = (xt+1,...,xk) and x"' =

(Xk+l, ... ,x), we put:

Al = N*=x"' 0},KI = (x, ) E Allx'= 0} (3.1)
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The model cases arise directly when considering parabolic separation of the fun-

damental solution of . Recall that Duistermaat and Hrmander constructed para-

metrices for operators of real principal type by reduction to '9 so we can expect

that the reduction will reduce the Lagrangian submanifolds involved to the model

ones. Here, the " coordinates play the role of type 0 parameters; that is the sym-

bol estimates will be uniform for x" in a compact set and taking z" derivatives will

preserve the symbol estimates. We will in fact only use the case where x' = x1 but

considering the more general case requires no more work. Now, x' = 0 will define the

marking and so the symbol will gain a half order on the marking when differentiated

with respect to x' = 0. The space of symbols is that obtained from SmfP(Ao, IKo) by

rehomogenization.

Definition 3.4.

mmP(AlI,) = {a E COO X SSn. la E C-(Rx x R ID D Dta(x',x

- C, <lli >rI'-ar "'I 'q I '< tl >1/2 -2p- la'Ia, ( 

Definition 3.5.

JmP(A1, K1) = {Jei< "''>a(x, x", '")d' a E Sm n/4+k/2 P(A, K )} + C°(R n)

We could now modify 3.3 to give a filtration of I(A, K) using (A1, I1) but we will

show instead that the two models are equivalent.

Theorem 3.2. The classes of distributions ImP(A1, K1 ) and J'P(A 1, K1) are equal.

Proof. Away from K1, there is nothing to prove as we are then considering ordinary

Lagrangian distributions and so the result follows directly from the calculus of FIOs.

Hence, we need only consider distributions supported in a small conic neighbourhood

of K 1.
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For most of the proof, the x' and x" behave identically so we group them together

as . As we already know that Im P(Ao, Ko) is FIO invariant, we need only consider

one symplectomorphism which maps (Al, K1) to (Ao, Ko)). The phase function

(y , ,,) =< , > + < y. > + q.I>+ < y'"

parametrises such a symplectomorphism away from r11"' = 0.

4,, = (X+77

The =(of is clear and

~y =(0.o"')

The non-degeneracy of p is clear and

-77 I,

+ ____1/ , , >

So putting, x = , " = -"', we have that A' is the graph of
77 V

f: (xO) -e+ kIx + < i, >
<~,Il 1

This is clearly a map from (Ao, Ifo) to (Al, K1 ) and its Jacobian is invertible, on K1:

0

0

0

0 1il 0

Id 0 0

0 0 Id

(3.2)

So, f is a homogeneous symplectomorphism in a neighbourhood of K 1.

Now, let P be a properly supported zeroth order FIO, with phase function 'h and

symbol b(y, ~, rl) elliptic near K1 and smoothing outside a small conic neighbourhood
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of K1 and let u E ImP(A 1, K1 ), then up to smooth terms we have

Pu J ei("'4"0) b(y, -, r) (J ei<"'"'>a(i, ."')d."') ddrdx (3.3)

where

b ES1 (Rn; MR xX n),

a ESma 2- '(A 1 ,K)

and we will take a to be compactly supported in x, as we are only interested in

behaviour near i = 0. Thus,

Pu = e<"'> [J> ei(<e+w) b(y, , )a(, "')dxd] dr7 (3.4)

e'<v"> [fe<Z> b(y, 1)a ( - ,,,I711 dd& d. (3.5)

Taking a Taylor expansion of b about 0 = 0, this becomes

-/ [~y~rl> 8. aOb(y, 0, ) 7 7& (
(3.6)

Je<> z I Da -]/ pr/"' jd +RN (3.7)

It is easily checked that c(7) = a(-7'/177"'1, -"177"'1,7"') E Sm+k/ 2-n/4,^ ( IKo)

and of course, iaOb(y, O, ,) E Sok /2- 1al and so we have

aqb(y, , )c(,7) E Sm'la 1l-"1 /4,p(o X RnI, Ko) (3.8)

This is the marked symbol space with respect to (Aio, K0 ) with an extra n type 0

parameters. We now want to show that our integral has an asymptotic expansion in

this symbol space. To do this, we need to show that the remainder terms, RN, are

harmless. Now,
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RN = Jei<Y ie�>Z | (& ()b6(y, (, -)1a x ,I7) d-d dr (3.9)
1Ii=N

where b E Sjok 2- 1& l. If we pick N = K + n + 1 + IpI we obtain,

|N E |e'i<z(>(b&(y,7 & ,)a < C < >-K * (3.10)

as a is compactly supported in . This is clearly symbolic of type (1/2,0). This

establishes our expansion.

So, we have that

Pu = Jei<Y'?1>d(y,r )d (3.11)

where d(y, 7l) E S.n/ 4 p(Ao x R, Io). Taking a Taylor expansion in y about y = 0

and integrating by parts we obtain an asymptotic expansion in Sm-n/4 'P(Ao, I(o) and

so Pu E ImP(Ao, Ko).

To complete the proof we now need to show that if Q is a zeroth order FIO

associated to f- 1 then it induces a map from Im'P(Ao, K0 ) to Im'P(A1, K1) and then

picking P and Q to be microlocal inverses in a small conic neighbourhood of K 1, our

result will follow.

The phase will be

0'(sg, ) -(< 0, 7 > + < ,. > +< >')+ < -y /i v >

Thus we get

Qu = Jei<""=" 7> ei<z+ft > b(x, , )t(i)dfdt d..' (3.12)
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k

with b E S,?. Now,

J -"fi<:i94>b(x, i, 7)u(i7)dd

= /| e<-i>b(, l , /Ir/"'l, / ")(l/"l, /"')ddlr"l. (3.13)

As I1q"' is elliptic on the support of b we have, where the integrand is supported,

- . ( . ^k EI /k/2~n x k^ R,, )-(, ,7, "') =b(x, , y'l, 77 ')1 I E ,0 x R~; R x -

C(,") =(0l7'"l,7") S 4 ,P(A, KI)

and thus our integral is equal to

e-i<D~'D>;(z, i,~,N)'"')C(7,'l '" ) J(=o~=&E Sm+}-a'P(A x R,Kl). (3.14)

We have an extra n - k type 0 parameters, but these can be removed as above by

taking a Taylor expansion in x"' and integrating by parts. 

Corollary 3.1. If F is a properly supported Fourier integral operator of order 0,

associated to a homogeneous symplectomorphism preserving (Al, 1 K) then F preserves

Im'P(Al, K1).

The same proof also establishes the equivalence of another model:

A2 = N*((xz,xI) = 0),K2 = {(x,) E A2 : = 0} (3.15)

and, putting < (i", c') >(1)=< " > + < ((' >2 we use the symbol space:

Sm 'P(A2,K 2) = {a E Coo(RlI X Rt,1 X Rk): Io D D, Dea(x',(", ( "')I Ca,K

< (e' ") >--" ( < >''") >- (< We, ) >(1)) 1,

x' E K, K compact }. (3.16)

We then conclude
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Proposition 3.2.

ImP(A , 2,) = {J ei< ",~">+i<'""'>a(xl', , ')dC"d"' a E Sm-I+ ,P(A2, K2 )}

+ CO(R )

This model will be convenient for studying marked pseudo-differential operators,

that is operators whose kernel is a marked Lagrangian distribution for which the La-

grangian is the conormal bundle of the diagonal. We have been studying Lagrangians

distributions with a marking which is an isotropic submanifold. In the case where

this submanifold is of codimension one, it decomposes the Lagrangian into two pieces

and since we allow a different order on the marking from the rest of the subman-

ifold, it is natural in this case to allow differing orders on each component of the

marking's complement. In particular, we will want to consider distributions micro-

supported on one side of the marking. We now take x = (x1, x"), Ao = N*{x = 0},

A = {(0, ) : ±+ > O}. We denote the spline function H(t)t by S(t).

Definition 3.6.

S.mP,,r(AO, A+ ,Ao) = {a E C°°(Rn)

D'a(t) < C < >-I"1 (S(¢1)+ < > < > :

Definition 3.7.

ImSPr(Ao0, A, A,) = ({ = ul + U2 :

C °°, E Cu 2 E S'(Rn), a2 E Sm-4 ,Pr(AO 0AA)}

So our distribution is of order m on the marking, order m + p on A+ and order

m. + r on Ai. As usual, we must check that the space is Fourier integral operator

invariant. We show:
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Theorem 3.3. The class Im'Pr'(Ao, A+, Ao) is invariant under application of properly

supported zeroth order Fourier integral operators associated to symplectomorphisms

which preserve (Ao, Ao+ , Ao ).

Proof. Most of this proof is already contained in the proof of the invariance of

Im P(Ao, IKo) from [9]. The difference here being that the weight function has an extra

factor whilst the metric is the same. Note that we can rewrite our weight function as

I 2p S(_+ < i 2(r-p)

m ( <>2)(St )+ < >2)

> + < >2) ()+ < >2)

It will be enough to prove Fourier integral operator invariance for p - r > 0 bySU1) 1 r 1 r ?+< t 2(p-r)
symmetry. In this case, we have an extra factor of ( ()+<>) . Invariance

under coordinate changes in which preserve the model is clear, so we need only

consider Fourier integral operators associated to symplectomorphisms which are equal

to the identity on the conormal bundle to the origin. Melrose shows in [9] that such

operators can be written as

Fu(r) = f eiY.b(y, ) (T(y, ))dr7 (3.18)

= eiDD"(b(y, )i(q1(y,7?)) evaluated at y = 0. (3.19)

where E is homogeneous of degree one, T (0, 77) = r7 and b is a zeroth order symbol

supported near y = 0.

We wish to apply Hfrmander's results on Gauss transforms (see [7]) to see that Fu

is in Sm"P'r(Ao, A+, Ao). Hormander has shown that the class of symbols associated

to a slowly varying metric g with g-continuous weight, m, is invariant under the

Gauss transform,

u(zprov) ei(D, ae -temperate.)

provided 9, m are a-temperate.
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Thus to show Fu is in the correct space (as in [9]) we show that b(y, 77)i(Ii(y, i)) is

in a wider symbol space defined by a slowly varying metric, G, and a G-continuous

weight function which when restricted to y = 0 yields Sm'(Ao, i+, A).

Let p denote a smooth, monotone function on R which is equal to the identity for

t < 2 and 1 for t > 1 and put2(

11711"qO)(Y,V):I-- (i -+P(ll;l>l' + I )
q(2)(Y,7) = + 1 + p(li 1y2?71 

Q(i)(y, 1) =(1 + 17711 + p(I1X)4 17714 + 171)4

(3.20)

(3.21)

(3.22)

then we have from

metric

[9], b(y, 77)i(TP(y, 7)) is in a symbol space with slowly varying

G= <(qlY,l))dy2+ q,

and when r = p with G-continuous weight

< M >m (Q=,i(,I))2r if r >0
M(y,7) = <(y,)2

< 17 > (IM , ) if r <0

We want to consider the quadratic form a = .1 where (, 7) are

to (y, -r). Our dual metric is then

G' = ql(y, q) 2dy2 + q2(y, 77)2 (dy")2 + <) d2.1 < 77 >I \U

(3.24)

the dual variables

(3.25)

We have from [9] that G, m are a-temperate.

For our class we have an additional weight factor

(3.26)1 + S (1 + p(lXl)- < 6 >)+ < > I(-)
<I>I

23
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so to complete our proof we need to check the G-continuity and a temperateness of

1 + S(1 + p(IxI).llI)+ < >2 .

We already know that < >' is G-continuous so there exists c such that

G,(y, ) < c implies < >8< A. < + 7 > .

So for G,e(y, 7) < c, we have

1+ S(I +FI + p(x+y) < +7 >)+ < + >2

> 1+ S(C +7n + Ap( + y) < >)+ A < >2. (3.27)

We also have

and

which imply that

1 +S(~1 +r1 +p(x+y) < + 1 >)+ < + 7 >2

> 1 + s ((1 - c(1 + A)~ + Ap(lxl) < > -c(l + A) < >2) + A < > . (3.28)

So picking c sufficiently small, and noting that S(x - y) > S(x) - yI we have for

some C,

1+ S( l +x + +y) < + >)+ < t + 7 >½>

(3.29)

The reverse equality can be proved similarly and thus we have proven G-continuity.

We use the fact that < > is -temperate to show that

1 + S({ +p() < >)+ < >2

24

jy < A (< >-' tlC1 < >-1 1)

c (1 + s ( + p(X) < >)+ < >> ) 
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is also. We argue

1 + S((6 + p(x) < >)+ < >2=< >2 (1 + S(6 < >2 +p(x) < >))
(3.30)

<C < > (1 + S(( - 71) < ( >- +p( - ) <( > )+

S(771 < > 2 +p(y) < 77 > ))(1 + GX,((x - y, - 7 ))N (3.31)

< C(< t/ >2 +S(771 + p(y) < >)(1 + - < >- +

p(z - y) < ~ >½)(l + G°(x - y, - 7))N (3.32)

< C(< v >½ +S('1 + P(Y) < V > )(1 + G° (x - y, - ))N (3.33)

Thus we have a-temperateness and the theorem follows. O

We can now define a new filtration for any Lagrangian submanifold which is de-

composed by a hypersurface into two pieces.

Definition 3.8. Let A be a conic embedded Lagrangian submanifold of T*(X)-O and

let K be a conic embedded hypersurface in A which decomposes A into A+, A- then

ImIP(A,A+,A-) C C-°°(X) consists of those distributions u with WF(u) contained

in A and such that for each p E A there is a properly supported FIO, F of order 0,

elliptic at p, associated to a symplectomorphism taking (A, A+, A - ) to (Ao, A+, Ao)

such that

Fu E Im P'r(AO A0 , Al ).

We will later want to consider marked Lagrangian distributions which are sup-

ported on a Lagrangian submanifold with boundary, with the boundary being the

marking, this new filtration gives a way to do this: pick an extension of the La-

grangian submanifold past the boundary and define the class to be those distribu-

tions which are of order -oo on the extended part. This class will be smaller than
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that of marked Lagrangian distributions which are microsupported off the extension.

To see this, consider the Fourier transform of a function which is supported within

a curve which is between a parabola and a cone. We need to check that the class of

one-sided distributions so obtained is independent of the choice of extension.

Proposition 3.3. The class of distributions IP-°°(A 0 , AO+, Ao) is invariant un-

der zeroth order Fourier integral operators associated to homogeneous symplectomor-

phisms which preserve (A+, aA0).

Proof. We decompose our symplectomorphism into three pieces. The first piece is a

change of ~ coordinates which will have no effect on the symbol classes as above. The

second will be a symplectomorphism which is equal to the identity on the conormal

bundle of the origin and so the results above establish invariance for it. The third

will move the model choice of extension to another choice. We can take it to have

phase function of the form b =< x - y, > +p(1)0i(x, y, ) where p is smooth and

zero on C1 > 0.

Now let g be a smooth function on R which is identically 1 for t < and identically

o for t > 1. We decompose u E Im'P-°°(0 , l , A-+ o) using g to define a one sided

parabolic cut off.

() = (1- g) (fL2) a) + g (f3. a- ) (a34)

The second piece u2 is now an isotropic distribution, associated to A + , of order

m and so after application of a zero order Fourier integral operator associated to a

symplectomorphism preserving 0A+ will lie in the same class. It is clear that the

isotropic distributions of order m are contained in Im-°°-°°(Ao, A+, A-) and so the

invariance of u2 follows.

We are left with the first piece, u E Ir'-°(A 0o, Ao+, Ao), this has the property
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that fil(~) is identically zero for 1i < 0. Thus

I et<x-c- ,>+P( )°(xY')a(x ,)ti ()d = J ei<X-Y'> a(x, ) ()d (3.35)

and we know invariance under pseudo-differential operators. 

This theorem means that the following definition makes sense.

Definition 3.9. Let Ae be a conic embedded Lagrangian submanifold of T*(X) - 0

with boundary OAe then Im'P(A, OA) = Im+P'-P-°°o(A, A, A-) where A is some conic

embedded Lagrangian submanifold of T*(X) - 0 without boundary containing A' and

A- is the complement of A".

An element of ImP(Ae, OA") will therefore be of order m off the marking and order

m + p on the marking. The following is implicit in invariance of the definition and

the proofs above.

Corollary 3.2. Let f be a homogeneous symplectomorphism taking (Ae, OA ) to

(A2, 0A2). f F is a proper Fourier integral operator, associated to f, of order k then

F induces a map

F: Im',(A', OA,) - Im+kP(Ae,OA ). (3.36)

Just as we needed more than one model for two sided marked Lagrangians, it is con-

venient to have another model for one sided ones. We obtain such a model by modify-

ing our second model (Definition 3.5). Let x" = (x2, ..,x 1), x"' = (xl+l,... ,xn) and

then put A, = N*(x ' = 0), A+ = {(x, ) E Al : xl > 0}, A- = {(x, ) E A : x < 0}).

Definition 3.10.

nSm~a l(A1,A+,A ) = {a(xl,?'') E CD(R , x RD : D ,D D a[

< Cca,K < " >m-I1 '+1 (1 + S(x1 ) < ~'" >½)2P )-(1 + S(-xi) < c'" >})2r )-}
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Proposition 3.4.

Imp(AX+ ) = {J ei<"'"'> a(xl, x, 1"')d"': a E Sma+P(A , A Ai) }

+ C o(Rn)

Proof. This is identical to the proof for 3.2. 

Thus writing A = At+ we have:

Corollary 3.3.

Im (A, ak) = ei<" "e"> a ( l,a " , ") d ": a E Sm+P -P'- A, A }l

+ Coo(Rn)

4. PAIRED LAGRANGIAN DISTRIBUTIONS

Having proven these things about marked Lagrangian distributions, we are able to

define some classes of paired Lagrangian distributions.

Definition 4.1. Let Ao and A1 be cleanly intersecting conic Lagrangian submanifolds

of T*(X)\O with intersection of codimension k then

p-m+4 M-p+

Im P(Ao, A1) = Im' 2 (Ao, Ao n Al) + IP 2 (A Ao n Al)

So, the class Imp consists of distributions which have wavefront sets contained in

AoUA1 and have order m on A0 -AOnAl, m+:+2 on AonAl and p on Al-AonlA 1. More,

generally we could define filtrations with the order on the intersection independent

of m and p but for the distributions we shall encounter this filtration is natural, as it

reflects the fact that nothing special happens at the intersection. The extra k reflects

the fact that in the model case we get the average of the symbolic orders as opposed

to the average of Harmander's Lagrangian orders. We denote by I(Ao, Al) the union
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of I rmp, over all m and p. The equivalence of this definition to that given by testing

by pseudo-differential operators is due to Melrose:

Theorem 4.1. The class I(Ao, A1) is equal to the class of distributions which have

stable local Sobolev order under repeated application of first order, classical, proper,

pseudo-differential operators which are characteristic on Ao U A1.

Proof. Let us denote the first order, classical, proper pseudo-differential operators

which are characteristic on Ao U A1 by M(Ao, Al) and let the class of distributions

which have stable, local, Sobolev order under repeated application of elements of

M(Ao, A1 ) be denoted by J(Ao, Al).

A pseudo-differential operator which is characteristic on Ao U A1 will necessarily

have bicharacteristic flow tangent to Ao and A1 and therefore to Ao n Al. Thus,

elements of I(Ao, Ao n A1 ) and I(Al1, Ao Al) are stable under repeated application

of such operators. Thus I(Ao, A1 ) C J(Ao, A1 ).

Now, the definitions of J(Ao, A1 ) and I(A 0 , A1) are FIO invariant so picking a

symplectomorphism f, which maps Ao to N*(x = 0) and A1 to N*(x" = 0) in R'

(see [4]) and applying a zeroth order elliptic FIO associated to f, we are reduced to

the model case Ao = Ao and Al = A1.

Now let u J(Ao, Al), then we want to decompose u into u + ul with u E

I(Ai, AonAl). We do this by taking a parabolic cut-off about AOnA1 . Let X E Co°(R)

be such that 0 ¢ supp(1 - X) and we put

do =(i - X) ( 1 //l11/2 (4.1)

tu^ =X(f )( u f.(4.2)

It is clear that u = uo + ul. We must show ui E I(Ai, Ao n Al). We do this by showing

that the Sobolev order of ui is stable under first order pseudo-differential operators in
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M(Ai, AO n A1) the operators which are characteristic on Ai and have bicharacteristic

flow tangent to Ao n A1.

Now, if P E M(Al, A1) then letting p be the total left symbol we have from Taylor's

theorem
n k k

p(X,) = Z xjqj(x,) + E E xjfjrjj(x,) (4.3)
j=k+1 j=l 1=1

which means that M(Ao, A1) is generated over ° (Rn) by operators with symbols

xjE j= k + 1,...,n = 1,...,n

zjx j = 1,...,k I = 1,...,k.

And so, i is in a fixed weighted L2 space under application of the vector fields

~~--~j = - k + l, ... n -1=,...,n (4.4)

(4.5)f jj = l,...,k l = 1,...,k. (4.5)

Whereas, M(Ao, A0 n 1) is generated by operators with symbols

xjC j = l,...,n l = l,...,k

xjxj,,, j,l = 1,...,k m = k + ,...,n

and so, it is enough show that uo is in a fixed weighted L2 space under repeated

application of

0- a j = l...,n = , k
0 0

im a j, l = 1,...,k m = k + 1,...,n

and this follows from stability under the vector fields

0cj
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Now, it is easily checked that (1 - x) (i ) E S (Ao, IK) and so, using Leibniz

rule, it is enough to show that the order of a is stable under these vector fields on

the support of (1 - X)(ii') that is where I1'I > Cl"''1/2. But this then follows

immediately from (4.4).

The case of tul is similar. The additional operators generating M(A1 , 0o nA l) have

symbols of the form

I i,j=1, .. k

but these are bounded on supp((i,-)) and so the result follows. El

However, the classes of distributions we will encounter are supported in half of one

of the Lagrangian submanifolds and we therefore define

Definition 4.2. Let (Ao, A") be an intersecting Lagrangian pair then

Im 'P(Ao, A) = Im 2 (Ao,8 A,) + IP- 2 (A", A). (4.6)

It remains to discuss the symbols of paired Lagrangian distributions. The difficul-

ties are that there is not a canonical decomposition of a paired Lagrangian distribution

into marked Lagrangian distributions and that the symbol of a marked Lagrangian

distribution is a complicated object because of the type behaviour on the marking.

Melrose (in [91) defines the symbol of a marked Lagrangian distribution by picking an

infinitesimal Lagrangian extension of the marking and the principal symbol is then

invariant under FIOs which fix the Lagrangian submanifold and the infinitesimal

extension.

In the case of the decomposition of a paired Lagrangian, there is always a natural

choice for the extension of the marking: the other Lagrangian. So, the principal

symbol can be defined to be a pair of sections of the Maslov bundle modulo the

equivalence relation given by choosing different decompositions. However, for the
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distributions we are interested in a different approach can be taken which avoids the

necessity for a choice of decomposition. We define a class of polyhomogeneous paired

Lagrangian distributions, associated to a pair of cleanly intersecting conic Lagrangian

submanifolds with codimension one intersection, such that the symbols' singularities

as they approach the intersection determine the behaviour of the distribution at the

intersection. To illustrate the ideas we first of all establish a new characterization of

polyhomogeneous Lagrangian distributions.

5. POLYHOMOGENEOUS LAGRANGIAN DISTRIBUTIONS

For notational convenience throughout this section, p will denote a complex number

which is the top order of homogeneity of the polyhomogeneous distributions being

studied. We will denote the real part of #L by m. The class of polyhomogeneous

Lagrangian distributions, Iphg (A) associated to the conic Lagrangian submanifold A

are Lagrangian distributions associated to A which can locally be written

e i (x ) a( x , )dO (5.1)

with b a homogeneous degree one non-degenerate phase function parameterizing A

and a a classical symbol, that is there exists a sequence of smooth functions on

RZ x (RN - {O}), a,_j, such that a,_j is homogeneous of degree P - j in 0, and

DIDO (aa(x, 0)- E a,-j(x, ) < C,.3,N < 0 >m-Ial for 101 > 1. (5.2)

We give an intrinsic characterization of these distributions by introducing the con-

cept of a radial operator for a conic Lagrangian submanifold.

Definition 5.1. A radial operator for a conic Lagrangian submanifold A C T*(M)

is a properly supported, first order, classical pseudo-differential operator such that for
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all y E C

P + : Ip'hg(A, fQ) Ig,'(A, Q).- (5.3)

We use the subprincipal symbol of a pseudo-differential operator to give a symbolic

characterization of radial operators. For a discussion of subprincipal symbols see

[2]. It is proven there that if the principal symbol of a pseudo-differential operator,

P, vanishes on a Lagrangian submanifold, A, then the principal symbol of Pu for

u E Im(A,fQ2) is

CHpm(U) + Osub() am(l). (5.4)

Theorem 5.1. Given a conic Lagrangian submanifold A there always exists a ra-

dial operator R. R is determined up to first order classical operators which map

Im(A, 02) I-1(A, ), for all m, and is characterized by

(1) the principal symbol of R vanishes on A,

(2) the subprincipal symbol of R equals n/4 on A,

(3) the bicharacteristic field of R, HR, on A is equal to the radial vector field

multiplied by i- 1.

Note that since the cotangent bundle has a natural homogeneous action by scalars

there is a natural radial vector field at every point.

Proof. Note that the difference of any two operators satisfying (1) - (3) has principal

symbol vanishing to second order on A and subprincipal symbol vanishing on A.

The vanishing of the principal symbol implies that (R1 - R2)u is in I(A, Qf) with

principal symbol

1t HR -R2am(U) + (aub(R1 - R2 ))am(u) (5.5)?
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but HR1-R 2 will be zero on A and so will ab(R1 - R2), thus (R 1 - R2)u is in

Im-l(A, Q2 ). Thus R 1 - R2 maps I(A, 2 ) to Im- (A, 2 ) and we have proven the

uniqueness part of the theorem.

That the principal symbol of Ru will have to vanish on A for any u E I 9h(A, I2)

is clear and this implies that the principal symbol of R vanishes on A.

The principal symbol of (R + p)u will now be

iCHRam(U) + (ub(R) + u)am(U) (5.6)
2

where £CHR denotes the Lie derivative acting on 1/2-densities. Thus we need (5.6) to

vanish for all m. Since this is true for any polyhomogeneous u, this tells us that if

am(u) vanishes along a ray so does HRoam(u) and hence that HR is tangent to rays

which means that it is a multiple of the radial vector field p.

Now we can pick local coordinates x on the manifold such that ( the dual coor-

dinates parametrise A and then dI12 is a non-vanishing 1/2-density on A. In these

coordinates the radial vector field is 8(. Writing HR = P we obtain, using Euler's

relation, that

10(1(P _n 1 n 1 04k
() )a-n)_ + O a . _(4 )aa a +j- + ,,_ asu(R)a,_ = 0

(5.7)

where a,- ( 2)dl is the principal symbol of u. From this, we deduce

-( + 1) () + n , + + 7iub(R) =0. (5.8)

This is true for all p, so b((i) = -i and asub(R) = n, which establishes the properties

of R and it is clear from the calculation that any operator with these properties will

be a radial operator. 

We can use the radial operator to characterize the polyhomogeneous distributions

associated to a Lagrangian submanifold.
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Theorem 5.2. An element u of Im(A, Q ) is polyhomogeneous of order p if and only

if for some (and hence any) radial operator R of A

(R + ( N,-N + 1)) .. (R + - 1)(R + )u E I-N(A, Q ) VN. (5.9)

We prove a lemma which allows us to reduce to a particular radial operator in the

model case.

Lemma 5.1. Let V = x and let Q be a classical pseudo-differential operator which

maps Im(A3o, Q½) to Im-k(Ao, f) then [V, Q]- kQ maps Im(Aio, f½) to

.m-k- (Ao f2 ).

Proof. If Q is of order I and has symbol q with asymptotic expansion E qlj then the

mapping property is equivalent to saying that ql-j vanishes to order l- j + k at x = 0

for - j > -k. Now we can write

ql-j = ql-j + rlj (5.10)

where qlj is a homogeneous polynomial of degree k + - j in x and rj vanishes to

order k + - j + 1 and then the total symbol of [V, Q] has expansion

,(xz- >- + ( ar - l (5.11)
The double homogeneity of the q;_j yields kqi_j and the r' terms have the correct

mapping properties and thus [V, Q]- kQ maps Im(Ao, ) to Im-k-(Ao,, ). El

Proof of Theorem 5.2. Both properties here are clearly classical Fourier integral op-

erator invariant so it is enough to consider the model case A = Ao.

In this case, the radial operators are x + _ + P where P is a first order, classical

pseudo-differential operator which induces a map from Im (A, f2) to Im-l(Ao, fQ ).

First of all we show that if it is true for any one P then it is true for P = 0. Let V

denote the operator given by P = 0.
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First of all, it is clear that (V + + P)u E Im-l (Ao, ) implies that (V + p)u is

also. So now suppose that

(V + ( - k + 1))... (V +- 1)(V + )u E Im-N(Ao, l2), k < N- 1 (5.12)

and our hypothesis says that

(V + ( - N) + P)...(V + - 1 + P)(V + + P)u E I-N (Ao, Q1).(5.13)

We commute the Ps through to the left to obtain something to which we can apply

the inductive hypothesis. Applying lemma 5.1 repeatedly we obtain

N N-k
' Tk rI (V + L - j)u E Im-N-(A, f) (5.14)
k=O j=O

where To = Id and Tk : Im(A 0, ) - Im-k(A 0o, ). Hence it follows from the
N

inductive hypothesis that I1 (V + A -j)u E Im-N-1(Ao0, f)
j=O

So we have reduced to the case where P = 0. Now taking the Fourier transform

we obtain

p - (p - j - )) a(() E S (Rt) (5.15)

where aldxl2 is the Fourier transform of ou, ?b - 1 near 0 and of compact support

and p = .

We need to show that a has an asymptotic expansion in terms of homogeneous

factors. That is we want to show there exist {a,, 4 _j } homogeneous of degree p - 4 -j

such that

N-1
a() - E a4 __j() E Sm--N(Re) for I > 1. (5.16)

j=o
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Let a,_4(E) = lim A-( -)a(A '-24). Why does this limit exist? Well,
A-oo

0- (~-('~-4)A4")) -(- )A-l(M-~(A+ x().+(A~)
(5.17)

and since ( - ))a c E Sm-2- this becomes

a- (-( -)a( ))4 A Lc(A) = O(A-2 ). (5.18)

So integrating out to infinity the limit exists. It follows immediately from the defini-

tion of a,_ . that it is homogeneous of degree - n. As 8 (A-(,- )a,_(A)) = 0,

applying the argument above shows that la(() - a,-(~)l = O(lm`-1). Changing

to polar coordinates (w, A) these arguments commute with application of D2 and A 

so we have that

a() - a,_n(~) E Sm-1-l(RR ') for ki > 1. (5.19)

To complete our proof by induction we need to show that

p - - - 1-j)) (a - a,_) E Sm- - N (R (5.20)

This follows from the fact that if b e Skl and (p - k-il)b e Sk2 then b e S - 2.

The point here is that p - k - il can only kill terms of order k. A similar computation

to above shows that

a (A-k-ilb(Aw)) = O(A-3) (5.21)

and integrating out to infinity as before establishes the result. 

Putting all this together, we have a direct way to define polyhomogeneous La-

grangian distributions. We could define radial operators in terms of the conclusions

of Theorem 5.1 and polyhomogeneous distributions in terms of the hypothesis of
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Theorem 5.2. Indeed, we could go much further and define for RA a radial operator

associated to A:

M(A) = {P E l a:(P)lA = 0} (5.22)

I(8)(A) = {u E HI'c(M): Pl...PkU E HL,,(M),Vk, Pi E M(A)}

(5.23)

Iphg(A) = {u: II (RA + -j)u e I(S-N)(A), VN, for some s (2
ij~~~~~=°O~~~~ ) (5.24)

We are using classical pseudo-differential operators here in our definition. We want

to identify their classicality in an intrinsic way. Pseudo-differential operators can

be viewed as distributions which are conormal to the diagonal. In the case of the

conormal bundle to a submanifold, M(A), is generated by the vector fields tangent

to the submanifold and the radial vector field is a radial operator. Thus we can make

the same definitions but using only vector fields. We thus can obtain a completely

intrinsic definition of classicality.

6. POLYHOMOGENEOUS PAIRED LAGRANGIAN DISTRIBUTIONS

We commence by defining the distributions as oscillatory integrals of singular sym-

bols for a model and then show that this is equivalent to a definition involving testing

by radial operators. Throughout this section we will denote the orders of homogeneity

of a distribution by a complex pair (, v) and their real parts by (m,p).

We wish to model distributions microsupported on one side of a Lagrangian so for

our model we take

Definition 6.1.

Ao = N*(x = 0), iA = N*(x = 0,xi > 0) where x = (x1,x).
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Our total symbols will be asymptotic sums of homogeneous functions which have

conormal singularities at Ao0 n A.

Definition 6.2. Tkr(Ao, Ao n Ae) equals the space of a E C°°(R - = 0}) such

that a is homogeneous of degree k and there exists a sequence of functions {bj} E

C°°(Rn- - 0) which are homogeneous of degree k - j - r such that

D (a() - -(-iO)r+Jbj(A" ) < Ca.IIk3 - lj (i) 1 # 0. (6.1)

Definition 6.3. S (Ao,o n A) is the collection of formal sums a,_ i where
Definition 6.3. ,in(A o,) 1 j=

j=0
a,-j E T'i'r-i (AO, AO n Al).

Away from the intersection, standard arguments show that one can find a classical

symbol with asymptotic expansion {a,_j }.

We use a similar definition on Ai. First of all, recall the definition of the X-

distribution (see [6])

oo

< X, f >= fxf(x)dx,R>- (6.2)<x+,f > r(a + 1) - (6.2)

and one can extend via analytic continuation to the whole plane by

< x, f >= (-_)k < X+k, f(k) >, R(a + k) > -1 (6.3)

and then X restricted to z > 0 is ~° which vanishes if a is a negative integer as

we have X+k = 6(k-1)

We require our symbol on A] to have an expansion in terms of the X+ distributions.

Definition 6.4. Tk (A, Ao n Ai) equals a E C°°(R,, x Rt'l, xl > 0) such that a is

homogeneous of degree k in a" and there exists a sequence of functions bj homogeneous
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of degree k such that

~; '(2,6")- II++()b6 " <_ C,~Nl~l(k)-."ll Xl~(r)+N-aj , > .D Dc1 (a(xi, X+ (Xi)bi((")) C (( > 0.
30j=O~~~~~~~~~ ~(6.4)

Note that in the case where r is a negative integer the fact that the restriction of

X+ to x1 > 0 is 0 means that Tk (A,, Ai n Ai ) = T k°(A, Ao n A;).

Definition 6.5. sC,,r (li, n -Ae) is the collection of formal sums E a,_j where
j=o

a,-j E T-Jr-' (A, A0 n AI).

The relationship between our two classes of symbols lies in the fact that the Fourier

transform of X ; is e-'(+)( - iO)- -'1 . Our distributions will be asymptotic sums

of products X+(xl)uj(x") at Ao n AC.

To quantize our symbols we take a parabolic cut off about ~1 = 0 to obtain marked

symbols, and then show that the singularities of the distribution obtained are inde-

pendent of the choice of cut off. By a cut off function we shall mean an even function

4 E CO(R) such & 1 near 0.

Lemma 6.1. Let be a cut off function then if a E Ts,,,rg(Ao, Ao n AC) we have

(1- - ) (I,/2)a() E Sm;-(r)/2(Ao, Ao n A;) (6.5)

Proof. We have that

1\ 3(r)-al
ID'a(e)l < Cljl` - (6-6)

Now on supp(1 - ) (Iay) we have that

I~lI-' << ~ >5l

so we obtain

1(1 - c) i, /)I mDa >((1)l < O >a- i < >m-ll
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and as (1 - ) (iI) S (A, Io0 ) our result follows. 

We need a corresponding result on the other side, since the Fourier transform of a

product is a convolution this is slightly more complicated.

Lemma 6.2. Let ) be a cut off function then if b E T~g(Al, Ao n Ae) we have that

00

b(y, ")l "ll/22((Xl-y 1 )l~"l2)dy 1 E Sm 2' (A 1,K 1 )
0

(6.7)

Proof. We have to interpret this convolution as a distribution for R(r) < -1. We can

always decompose our function into sum of products b,,j( ")X`(x1) plus an element

of Tsin'(A Ao n l) with (r') >-1.

For x1 > e > 0,

00

- yI) "l2 )dy - b(xi,c ") = (1 "1- °°)

0

(6.8)

Now, we can reduce to the case = 0 by premultiplying by 1"-" which will

not affect the convolution and for R(r') > -1, we compute using the fact that is

Schwarz,
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00

Jb(y, , )l ]1/24(( - yi)i"l 2)dyI

< CN |o IY1 -Xi(r I"(
.1
00

=c 7 (f1
It 11/2,l

= CI,,i-(r')/ 2

00

,i1 ~l"11/2

< C < " >-R(r')/2
O

tR(r') (
1

I1 + t + t/,11/2

Applying Cauchy-Schwartz we get

< C < ~C >-J(r')/2
1 . N

,1 + t + l¢1l/2xj

(J H1 / N 1/2
< C < ' >-R(r')/2 (1+ < C1 >1/2 1xl) -

1 2N

1+ < 1 >1/2 II R(r')

< C < >1/2 

picking N correctly. This establishes the top order estimate for R(r') > -1. To do

the general case observe that

< x+(yI), I''11/2((x, - yi)1111/2) >= I14lk/2 < X (), I,)" 1/2(k)((x, _ y-)1l'1/2)

(6.9)

and then the same arguments as above will work.

Similar arguments establish the estimates for the derivatives also.

O

42

1 + lyJII11'l/2)- Ndyi

dt

1
2

11-1/2(t _ i 11 1)Rr'( + t)-Nd

(t X11l1111/2)II'r')( + t)-N dt

00
f(tR(ri) )2

0



We can now transform our formal sums into asymptotic sums. Each element of

S,'r(Ao, Ao0 n A) is a formal sum { amj I and

(1 - ) a 2 (Ao, K0)

and so applying Proposition 3.1 the asymptotic sum exists and thus gives rise to an

element of Ima 4' (Ao, Ao0 Ar). This element is independent of the choice of +

up to a distribution which is isotropic with respect to A0 n A.

Similarly, each element of SMr(A, Ao n Ae) is a formal sum {E b,_j} and

I"I1/20(xll1" 1 / 2) b_j(x, ") E Sma-
2 (Ae,Ao n Ae)

and so applying the analogue of 3.1 the asymptotic sum exists and thus gives rise

to an element of Im 4 r ' (A, Ao n A). This element is also independent of the

choice of 0 up to a distribution which is isotropic with respect to Ao n Al.

To remove this uncertainty on the isotropic we define a compatibility condition

between the symbol on Ao and the one on A,.

Definition 6.6. A paired total symbol of order (l, v) is a pair of formal sums

(Z a,-j, E b_-j)

such that

a- E Si,.go (AoA A") "`e n ), E ,_j e .,

and such that the Fourier transform in xz induces a bijection between their respective

expansions at ~1 = 0 and xl = O. That is if
oo

aL,-j " (D6 - iO)A- - j+la, _jl( ")
1=0

and
oob_,k X-(--k+r( )bk,r(")

r=O
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then

(- O)#>~j~a " = x+- -l-l~i(xj)b_,,j(i"). (6.10)

Note that the top order term on each side determines the leading singularity of

the top order term on the other side and nothing else about the top order term. So,

given a homogeneous function on Ao and one on Al of which the leading singularities

are compatible we can complete to total symbols with these as top order terms.

Theorem 6.1. There is a quantization map from paired total symbols of order (p, v)

to Im-"/4P+ - n/4(Ao, A) determined up to smooth terms.

Proof. Picking a cut off function and applying the arguments above we obtain an

element of Im-n/4 P+-"/4(o 0, A,) which is independent of choice except at Ao n Al.

Now suppose we pick 1 and 2 distinct cut off functions and let Ii denote the

distribution obtained by using qi.

We want to show that Ii - 2 E C°°. It is enough to show that it is determined up

to an arbitrarily low order as a sum of marked Lagrangians. Since, our terms are in

Im-j- 4 - 2 -(., AC) and IP-k-/4+1/2"-,+1 (Ao, A") all but a finite number will

be below a given order.

So fixing some negative order K, we can write

h1- h = ( I2 e~ ~E (2 - 01) 1 a,-j(f)df

n-i M-1

k=0

with RK in I-K'-K(AO, A1 ).
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Taking the symbols' expansions about 0 = 0 and xl = 0 this becomes

N-1 N- l \2- +

N-1 N-1 n-1
XV-+-1-j+l(l)b-jl((t)+R~ ~j~o I~o (I.L) jl * '(x1 - b12)(X-, 1j(1") + R'K

(6.12)

but our definition of a paired total symbol tells us that these terms cancel and our

result follows. 0

We define Jp-/4'h+2 -/4(, A;) to be the image of this quantization map. In order

to reduce our general definition to this case, we must show that this space is invariant

under Fourier integral operators associated to model preserving symplectomorphisms.

We do this by showing the equivalence of a definition which is a priori invariant. A

similar approach using radial vector fields has previously been used by Melrose to

characterize classes of distributions on manifolds with corners. (see [8])

Definition 6.7. The pair of properly supported, first order, classical, pseudo differ-

ential operators (Ro, R1), acting on half densities, is a pair of radial operators for the

pair of cleanly intersecting conic Lagrangians (Ao, A1) if and only

(1) al(Rj) vanishes on A0 U A1

(2) ab(R) restricted to A is ?.

(3) HRj restricted to Aj is 1PAji

This definition is very similar to the alternative definition of the radial operators

for a single Lagrangian except that we require the principal symbol of each operator

to vanish on both Lagrangians. Note that the results from the previous section

show that if we conjugate by an elliptic Fourier integral operator associated to a

symplectomorphism f then we obtain a pair of radial operators for (f(Ao), f(Al)).

Example 6.1. For (A0, Al) we can take Ro = x + 3n and R = x", + 3 
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The radial operators in our definition are the operators which one can obtain from

these via conjugation by elliptic Fourier integral operators associated to symplecto-

morphisms mapping (o, A) to (A0, A).

Definition 6.8. Let (Ao, A') be an intersecting pair then u E I(Ao, A,AQ2) if and

only if for any pair of radial operators for (Ao, Al)

N-i M-1
(Ro + - j) I (R1 + - k) uE AIm-NP-M(Ao, A;, 2 ) for all M, N.

j=o k=O

We will show that it is enough to check for any one pair of radial operators. Note

that the class of distributions I(hgtAo, A", Q2) is a priori invariant under elliptic

Fourier integral operators associated to symplectomorphisms which preserve the La-

grangians. We need to show that this definition is equivalent to the already given

for the model (Ao, A). Our results for Lagrangian distributions show that this is

true away from Ao f A,. In this case multiplication by Idxl2 gives an identification

between half density bundles and functions so we work with functions.

Theorem 6.2. Ipg,(A ) = J(Ao, A

Our proof is similar to that of theorem 5.2 but the use of two Lagrangians makes

it more involved. The first thing we need is an analogue of lemma 5.1

Definition 6.9. If P is classical pseudo-differential operator of order r then P van-

ishes to order (a, ) on (Ao, A') if P has total symbol p with asymptotic expansion

p,j and pr-j vanishes to order r - j + c on Ao and r - j + / on A;.

Lemma 6.3. If P is of order r and vanishes to order a on A0 and to order /3 on A;

then

(1) [ 8, P] - (r - a)P vanishes to order ac + 1 on Ao and order / on A.

(2) [x,, P] - (r - )P vanishes to order a on Ao and order d + 1 on A.
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Proof. This is essentially the same as the proof of 5.1 

The following properties of vanishing are elementary:

Proposition 6.1. If P is of order r and P vanishes to order on (a,: ) on (Ao, Ai)

then

P. Im P(Ao, ) - Im+r-,p+r-(AO, Al). (6.13)

Proposition 6.2. If Pi is of order ri and Pi vanishes to order (ai,' i) on (Ao, A')

then P1P2 vanishes to order (a, + a2, /1 + p2) on (Ao, Al).

Lemma 6.4. Let u E I'P(Ao, Ae) and suppose that

N-i M-1

J (Ro +y -j) II (R1 + -k) uE Im-NP-M(A A) for all M, N (6.14)
j=O k=O

for some pair of radial operators (Ro, R1) then

E Im-N.p-M(A 0o A) for all M,N. (6.15)

Proof. We have that

O 3n
Ro =x- +3n + P, (6.16)

,3 3n 1
R1 =" + +P1 (6.17)

Ox" 4 2

where Po is first order and vanishes to order (2, 1) on (AO, Ae) and P vanishes to

order (1,2). The result is clearly true for MI = as it is then just lemma 5.2. So

we can prove by induction and analogous arguments to those used in the proof of

theorem 5.2 reduce us to showing that
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N-1 0 3n M-1 M-r-3n 1
(x T-J) Tr+ (x -- +v-k) u

j= O 4 r=o i<k k=O 4 2

E I-NpM( (Ao1 Ae) (6-18)

implies

N-i 0 3n M-1 9 3n 1
(In (z X + - -) II () + -- + -u E INp (Ao, A)

\j=O4 kO 4 2
(6.19)

where Ti,i,r+i is a classical pseudo-differential operator of order i which vanishes to

order i on Ao and to order r + i on A' and To,o,o = Id.

But applying lemma 6.3, we know that

a 3n & 3n( + T + - j)Ti,i,+i = Ti,i,r+i( + + - j) + Tii+,+i (6.20)

so commuting through we can conclude that

N-1 M-1 N-k-1 a1 3n 1

E l T,i+k,i+r i + + -j) ( ,, + -2+ v- k)u
k=O r=O i<k+r j=o -+ 1=0 4 2

E Im-N'-M((Aol ") (6.21)

where To0 ,0 = Id and Tii,+i is a classical pseudo-differential operator of order i

which vanishes to order i on A0 and to order r + i on Ai'. Thus applying our induction

hypothesis and the mapping properties of Ti,i,r+i the result follows. 

Theorem 6.3. The space of polyhomogeneous, paired, Lagrangian distributions with

respect to a fixed intersecting pair is independent of which radial operators one uses.

Proof. It is enough to prove this in the model case. Now, Lemma 6.4 reduces an

arbitrary pair to a model pair and the proof of 6.4 shows that for a general pair, we
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have

N-1 M-1
| (Ro+ yL - j) r (Ri + v - k) u
j=O k=0

N-i M-i N-k-i M 3n -r- 3n 1
= E T ,i+k,i+r II (-+-+ -j) I (I -+-- + v-k)u

k=0 r=O i<k+r j=o l= 4 2
(6.22)

where T',i+k,i+r is as above. So it follows that if the condition holds for the model

pair of radial operators then it holds for any pair. O

Lemma 6.5. Let (Ao, A1) be an intersecting pair then if u E Im'P(Ao, Ai), u = ul+u 2

with u E I(Ao, Ao n A1) and u2 E I(A1,Ao n A1 ) and ui E ImnP(Ao, Al) then u E
p-m++c m-p+ +f

Im, 2 (Ao, Ao n A) and U2 E IP'
2 (A,Ao n A1 ) for all e > . This is in

particular true for any parabolic decomposition of u.

Proof. It is enough to prove this for the model A0 = N*(x = 0), A1 = N*(x' = 0).

Now, we know that there is such a decomposition u = v1 + v2 by the definition of

ImP(Ao, Ai), with e = 0 and we have

ul -v 1 = v2 -u 2 E I(Ao, A0 n A1 ) n I(A, AoAl). (6.23)

So ul - vl is an isotropic distribution with respect to Ao n A1 and is contained in

Im'P(Ao, A1). Thus we have u 1 - v = wl + w 2 with wl E Im' 2 (Ao, Ao n A1) and

w2 E IP 2 (A1 , Ao n A1). Since, wl = u - - w 2, it is also isotropic. Letting a

be the Fourier transform of wl, we have for some k,

ID'a(¢) < C < >m+p i -11< (6.24)

ID'a(¢)I < C < >k+N-I"I< >.-2N-a (6.25)

Raising (6.24) to the power r and (6.25) to the power s = 1 - r, and taking their

product we obtain that

ID~a()l < C < >.(m++--)+s(k+N)-I""I< , >-2Ns-2p (6.26)j~~~~c'a(~~~~~~~~~)j 2 4 (6~~~~~~~~~~~.6
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Given e > 0 we can pick r such that r(m + P+ - -) + sk < m + P+ - + , and

then for any N' we can pick N such that -2pr - 2Ns < -2N'. Hence,

l 4 __ n -e-a (<>-2N

IDa(4) < C < > + -T+N'+-l"l< > >-N' (6.27)

that is that wl is an isotropic distribution of order m + P+- + e. A similar argument2

shows that w2 is isotropic of the same order. Thus ul E Im, 2 +(Ao, A0 n A1) and

a similar argument shows the corresponding result for u2.

Lemma 6.6. Let b E C°°(R, x (RV,7 - {0}), xl > 0) be homogeneous of degree 

in A" and suppose that there exist > 0 and q' such that

DD, ( 1 -(q+ ) b(x,," C.i"IIP-a"Xl' iq'N-a1 (6.28)

then there exists functions bj(C") E SP(R,7 1) which are homogeneous of degree in

." such that

D~ 'D' (b(xi, ")- Z xl+qbj (') < C,Nj"PA IX. q+N-. (6.29)

Proof. This proof is analogous to that of Theorem 5.2 but we consider x1 - 0+

instead of " - +oo. In fact, by taking polar coordinates and a radial inversion it

can be seen that the two results are very similar. We first of all prove the result when

q = R(q) and 6 = 1 and then show that the general case follows.

We can always premultiply by kI"[- without changing anything so it is enough to

consider the case where v = 0. Now,

ax (x-qb(x 1, C)) = q-lc(x,) (6.30)

where c = ( - q) b and cl < Ixllq'+'. Hence 3 -l b(xl, ")) is bounded as x 1

0+ which implies that xl7qb(xl, a") is convergent as x1 - 0 +. Let bq(C") be the limit.

As b is homogeneous bq will be also.
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As oa [(x -q)(xbq(,))] = 0 it follows that
&X 

[x-q(b(xl,~" ) - xbq(W"))l < Clxl] (6.31)

and hence we have

Ib(x, ") - xlbq (~")l < C1Xjq'+1 (6.32)

All these arguments will commute with applications of xlDX1 and jDk and so we

have

IDe, 'Dal (b - qbq)I < Cl 1Xq'+-l 1 I "-a"IXUI IC\ C

Da D1a
e

I I
'~'~

ax,-0X -(q+j))

(6.33)

(b(xl, ") - bq(xi, ")Xl) < CIul6P-Ia"llxJlq'+N - l.

(6.34)

To complete our proof by induction we need to show

(b(xl, ") - xqbq(c")) < J I lp-IaI llx q'+N-a .

(6.35)

To establish this it is enough to show that if lal < Cxl1l q'+l and

I(xi - q)al < C1 Xl2q'+N then lal < Cjlljq'+N. As above, we haveI~~ ~ I_ ~iq+ hnll~Cx 

0 (xlqa) < Cl} N - 1
'9 i 

but x-qa -- 0 as xl - O0+ so integrating we obtain

lx-qal < IxLN

which completes the proof when q' = (q) and 6 = 1.
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Now in the general case, once we have chosen an N then there exists M such that

q' + M < R(q) + N and so

N-1

j=O
Di D'l"D~,,~ X1

'9x

M-1

- (q+j) n
j=N

a
dxl - (q + )) b(x , )

< CJIP-'al} I 1]()+N-a,. (6.38)

This allows us to deduce the existence of an expansion for

a
Xi-

up to order N - 1 that is there exists bq,..., bq+N-1 such that

X1a- - (q + ))
'9xl

but we can rewrite this, for some non-zero constants yj, as

((j=N Xx- - (q + j)) (b(xl,
N-1

- E yjb+j ( ))XW+i)
j=O

< c: 1Ip-I1"I xl iRe(q)+N-ai . (6.40)

This is enough to establish the existence of the expansion up to N terms as

I(Xl a - k)bl < Cllx
jX-1

"' for r < k

implies that

Ibl < Clxilr.

To prove this, differentiate x-kb and integrate from 1 towards 0. 

We are now in a position to prove the equivalence of our two definitions.
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- E bq+j ( I)xI
j=0

< Cl('lIP-all IXlR(q)+N - ol (6.39)

bIxi, ·i)

Da' DVI

- (q + J) b(xi, �")

/ M-1

ri
[( j=N



Proof of Theorem 6.2. We commence by showing JL(Ao, Ae) C IpA(Ao, A l) and we

will use this fact in the second part of our proof. If u is a member of J,(Ao, A~),

we need to show

N-1 9 3n M-1 3n 1no(Xx + + - j ) (" + k+ u)
\1j=i 4 k=o 4 2

E Im-NP-M(Ao A) for all M,N (6.41)

The point here is that applying x + ( + Al - j) will kill the terms of homogeneity

_ 4 _j - on o and x" a+ (34 + - j) will kill the terms of homogeneity

v - 7 + 4 - j on A'. We need to be slightly more subtle at the intersection though.

For notational simplicity, we shall use~ to denote symbolic orders that is A = - a,

= m-4 = v - + and = - + 1. Fix Al and N. Given u E J"(Ao, A),
near the intersection, we can always decompose as

RU = E J es ea-j(0)(1 +, ( 2 ) dj=O 1o 2+ e e _f" X"b1. · (..i1'2xiXI/)

j,

where v E Im-N'P-M(Ao, Al), cj,1 is homogeneous of degree v - I and a_j(~),

bi(xl, ") vanish to high order at 1 = 0, xl = 0, respectively. We can assume

that bj(xl, ") is compactly supported in xl. The fourth term is already in the

correct space and will remain in it under application of the radial operators. The

third term will be killed by application of x + ( + I - ) or by application of

X2ta + (3n 2 __ j).

Applying x + (3 + -j) to the first term we obtain,

J ei·a()d (1 - )(1 ). (6.43)
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This is supported between two parabolae about E1 = 0 and if a_j vanishes to order

K this will be of order ri - j - 1/2. So provided K is sufficiently large this will be

in Im-NP-M(Ao, A"). This leaves the second term, after applying " - ( - ) the

integrand becomes,

f,, 0 (~(yikII/l2)kI/II/2) b_(xi - y, ")dy (6.44)

and this is equal to

J - (yl (yl�lll1/2)k7I1/2) b-, (x1 - yl, ")dy1, (6.45)

or integrating by parts

- J ((yli(yx '/2) I1/ 2) byl-,(x - y,¢")dyi. (6.46)

Now, if b vanishes to order K at 0 then b will be C-1 and taking a Taylor expansion

about xl to order K - 1, this is equal to

-1 1 (yIKr(l kIl/ 2)[I1l/ 2 ) b-l(xl, y, t)dyl (6.47)

with b-l continuous. The vanishing of the lower terms comes from applying the

Fourier Inversion formula and remembering that q = 1 near 0. Executing a change

of variables, z = yll"1'/2 the remaining term is of order l"lP--K/2+i and so, for K

sufficiently large, the partial Fourier transform of this will be in Im-NP-M(Ao0, A).
We have therefore shown u E I"'(Ao, A') as needed.

Given u E I (io0 , A), we establish that the symbol on A1 is an asymptotic sum

of homogeneous terms with the correct singularities as xl - 0 + . We then pick a

paired total symbol on (Ao, A-) with the same expansion on A' and quantize it to

get a distribution v such that u - v E I"(Ao, Ale) and such that u - v has symbol

with zero asymptotic expansion on Ae and we use this to show that

U - V E IpI°(Ao Ao n A) c J" t 5(A, Al)
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which will prove the result. A special argument will be required in the case where # -

v- is a negative integer as in this case we obtain ordinary Lagrangian distributions

with respect to A0.

Let denote the Fourier transform of u in the last n - 1 variables then letting 0

be a one-sided cut off function we have from Lemma 6.5 that

(1
N- )(") X1

- )(X~"[ ) I (-Xlx
j=O

_C< C < > (
<C (/ Am-P+1+N+e

< " > 2
1 + X < " >4

(1 - d
N-1 

- l) II (2xi
j=0 1

+ - j)i

< i I" > -j+2+N+e
+< " >2

' + IXI < " > I2

We are interested in limits as 1 "1 - oo and for Ixlll1"12 > C we have

< " > _ < C'
1 + l2xi < " > - lxI

1 + IxII < " >2
< I>2

< c"lxIl.

. (6.49)

(6.50)

(6.51)

So for 1"j1 > x2 we can rewrite these estimates asI ~~I ~llCIlCCC~11lC L

1 - )(5Xlll) I (- ax1
j=O L

C < P" > IlP - ri-1+N+e,

(6.52)

(1 - )(Xl11 "1 2)(" a,
N-1 

- ) (x-xi
j=0 Oxl

(6.53)
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Now let

bvn(, xi, )
N-1 

= 'X-C o (- x l -/ a + -- j)i(xl, A") (6.54)

then for A large we have

|X(bv,N) CA-2IxIP ~- ,h - 2+ (6.55)

Hence b,, converges as A - +oo to a function a,N which is homogeneous of degree

i in . Repeating these arguments for the derivatives and noting that any derivatives

applied to the cut off will disappear at infinity, we obtain

IDa1 ) De 'aNI < C < x >a~IAI IXP--1+N+- (6.56)

So putting a = a,O we have applying Euler's relation that

Dc DV"DX,,

(6.57)

We can now apply Lemma 6.6 to obtain a,j('") homogeneous of degree v such that

N-1

j=O
,, >p -" [X~iP-(-l+N+-.o

(6.58)

In order to apply an inductive argument, we now consider ( - a) for I1" >
Clxll- 2 . We certainly have for M > 1

a )(f -ao)

< C < " >-Af-Ia"l I I--+N-M+c (6.59)

Where as what we need is
(M-1

k=l
Dx D"2 (i - a)
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a�,(xj, �")

< C < c >--lI2 1Ti-1NI-a

+ ~ -- C ) /
0l"

a - P -
jv-

< C < > -ja~ IIIJIii-l+N-M (6.60)

N-1 19 1d+ F 1--I
ri i -+(+I- j

all 11) -"DV axi 

M-1 N-1 

k=O 0j=O 

ii j=O dzi32



Claim: If

I((1 - q)vi < C < C' >3(q)-k IlxII

and

IVI < C < " >R(q)-k+l 1xiIt with k > 2

then

IVI < C < C >R(q)-k iXl.

Proof of claim. Putting ~" = Aw and g = (" ,, - q)v we obtain

a(A-qV(Xl, AW)) = A-q-lg(xl ,Aw).

So we have that

from (A-whic( )) <we dCA-k-educe,
from which we deduce

(6.62)

(6.63)

(6.64)

which proves the claim. C

Hence by induction, we conclude the existence of a_k(zx1, ") homogeneous of degree

- k in C" with an expansion as x1 - 0+:

a-k ,. tatkj(e)x -k-l-4+jU., av-k,j )Xl

E a-k
k

in the sense that

DO1D' ((1D~-~ 
N-i- E aj
j=o

< C < c" > P-N-Ia"I
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(6.65)

(6.66)

1 I
< > 2

1 X 

T-p)+l+N+al

>2
(6.67)-

I·v·xI Aw) I CAI()-kIX1I

1 +

XI ICi/I I0) ( 2 f,



In the case where P - A - 1 - k + j is a negative integer, the coefficient a-k,j will

in fact vanish corresponding to the fact that X.--+i(xil) vanishes on xl > 0. We

will investigate this case further later on.

-In other cases, we can pick a paired total symbol with expansion ak(xl,{") on

A' and quantize it to get a distribution v with the same expansion on A. Thus u - v

will have zero expansion on A, that is that (1- k)(xiI~"'il/2)u-- v E S- ° °. It therefore

follows from lemma 6.5 that

N'' a +7+ m-N, u +c(A0 A n ) for all N.

(6.68)

We show that this implies that u-v is a classical Lagrangian distribution with respect

to AO which vanishes to infinite order at the intersection with Al. Putting a = u-v,

we have

2N-1 a )2+ (AO, AO n Al) 2cS1 2 () (6.69)

Provided K is large enough. Note that establishing an asymptotic expansion E a_j,

with ao_j homogeneous of degree p - j, is enough to prove the result. Taking polar

coordinates (w, A), putting p = A and factoring the left hand side, we obtain

N-1 M-1

(p - ( - )) I (p- ( -j)a(A,w) CIXIK-. (6.70)
j=0 j=N

So picking M sufficiently large, we have K - M < m - N and therefore applying the

arguments in the proof of Theorem 5.2, there exist homogeneous functions a,_j such

that

p - ( j) a- E an -j I < CIAklM (6.71)
j=N j=o

Using the homogeneity of a_)-j and Euler's relation we can rewrite this as

p - ( -j)) a - jar ) CA-'' •_ CAI. M. (6.72)
\5=N j=0
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We now wish to show

N-i
a- as,-j < CIAlk 2 CIA - M. (6.73)

j=O

and this will be enough to establish the asymptotic expansion.

Claim: I(P - k)bl < ClAlq implies bl < C(lAlk + AIXq)

If k > q then as in many previous arguments we can establish the existence of a

function bk homogeneous of degree k such that lb - bkl < ClAIl and the claim easily

follows.

If k < q then differentiating A-kq and integrating up proves the claim.

So we have an asymptotic expansion of homogeneous terms at the top order. Note

that the arguments above will commute with the application of spherical derivatives

so the homogeneous terms are smooth. It follows from Proposition 18.1.4 in [7] that

the expansion must in fact be valid in the symbol space Sm(Rn).

We are not yet done as we need to show that the homogeneous terms vanish to

infinite order at (1 = 0. We use our original hypothesis to establish an expansion in

terms of fractional powers of which the coefficients must all vanish as our terms are

smooth. Let

aM = (,, - (-j))a (6.74)

then we have

-\col < < -> M-) /lam(O) C < (6.75)

Hence it follows that

IAaM(AC) < c < > (l + i -M-f2 (6.76)
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Letting A - +oo this becomes

M-1 A \ I \ -P+M+f
k1 8W- ( - j) a(6) C( ) I(1I' (6.77)

and applying Euler's relation we obtain I- . (6.78)M-1 a -p+M+,albl (- v + j) a(() <C(1 )1 (6.78)

This implies the existence of an expansion at fj = 0 with terms of order A - P + j,

the coefficients of this expansion will vanish identically (unless A - f + j is a positive

integer, the case we have set aside) as a is smooth and so the result follows for the

top order term. A similar argument will apply for lower terms after subtracting the

higher ones.

It remains to do the case where P - i is a negative integer. We postpone this case

to the next section where we obtain it as a corollary to the invariance of a wider

calculus. O

Corollary 6.1. J",'(Ao, A') is invariant under proper, zeroth order, classical Fourier

integral operators associated to symplectomorphisms which preserve (Ao, Ae).

This gives us an alternative definition for Ip which is very similar to that of

Imp,'(Ao, Ko).

Theorem 6.4. Let (A0, A;) be an intersecting Lagrangian pair then Iphg(Ao, A;) con-

sists of those distributions u with WF(u) contained in A0 U A" and such that for each

p E Ao U A" there is a properly supported Fourier integral operator, F, of order 0,

elliptic at p, associated to a symplectomorphism taking (A0, A") to (A,o A') such that

Fu E J"(Ao, Af) (6.79)
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Corollary 6.2. Let u E I(Ao, A') and suppose there exists 6 > 0, r, s such that for

some pair of radial operarors (Ro, R1),

Ir-6 NS(Ao, A) VN

II (RI
k=O

+ v- k)) u E F,-IM(Ao,

(6.80)

A;) VN (6.81)

then u E Ip(AO, Ae).

Proof. It is enough to prove this in the model case, combining the two statements we

have

R1 + v-k) E
M-1_n

i)k=O

Now using lemma 6.5 for any parabolic decomposition of this distribution into ul + u2

we have

Jr 1-5N, 8r+6N+ r s-r-6M+ +C
u1 E I'-6N- +e(o , A n A) n ir 2 +'(Ao, Ao n A)

6N -r+(N-M)+ + (6.83)
C Jr- 2 +2(6.83)

and

U2 E 1-6,"-'+6M+ +C(A, a n )U2 IM 2 +(A A n ) n
r-s-6N+ + - _

IS, 2 +(AeAo n )

CM - + - (M- N )+ +

CI 2 2

Inspecting the proof of 6.2, this is enough to establish membership of J"'. and there-

fore Ipag(Ao, A'). 

Proposition 6.3. Let T be a proper, classical pseudo-differential operator of order

r then
TIVyt Ae ~Ig+r,v+r 

T: h,(Ao, A°) -+ phg (Ao, A)

61

and

(6.84)

N-1
II Ro +y 
j=O

(6-82)
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Proof. That the range is contained in Im+r'P+r(Ao, Ae) is clear from the mapping

properties of marked Lagrangian distributions under pseudo-differential operators

(see [9]). It is enough to prove the result in the model case.

We need to prove that if u E I"''(IAo, 1A') then

N-i M-1
1l V+r-j n W+r,kTU E Im+r- N,p+r-M(AO, A) (6.85)
j=O k=O

where V,_j = x + + -j and W-k = x" + 3, 1 + - k are the radial

operators. Now commuting T through the radial operators as in the proof of 6.4 we

obtain

M-1 N-1 s-1 t-1

E E P,t l 1I V-jVkU (6.86)
s=O t=O j=O k=O

where Ps,t is a pseudo-differential operator of order r which vanishes to order (s, t)

on (Ao, A) and the result is now immediate. 

Corollary 6.3. Let F be a proper, classical Fourier integral operator of order r as-

sociated to a symplectomorphism f mapping (Ao, A') to (A2, A) then

F: Ig "(AO, ) ' I+r v+r(A 2 Ae ) (6.87)1 'phg A2

Proof. Just decompose F into a zeroth order Fourier integral operator and a pseudo-

differential operator of order r. 

Proposition 6.4. Let uk E Iphk(A, ,A) for k = 0,1,2,... then there exists u E

Ig (A, A) such that

N-1
U - U E , Iph (AO, Ae). (6.88)

j=o

Proof. It is enough to do this for the model. We need only consider symbols on Ao.

The total symbol of uk, on AO will be an element of Si ---ng I (Ao, Ao Al).
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That is a formal sum a kk such that

1 1cik E T H i k k21 (Ao, A0n A;).

We put,

b n_ Z - a, -j-k (6.89)
j+k=l

Each sum is finite and we have b,_n__ l E T- -- '(-'-- l(Ao,A o ln At). So we

have an element of St.--'' (Ao, Ao n A) and picking a compatible symbol on

A" and quantizing the result follows. [

Proposition 6.5. Let k E I"-k(Ao, A) for k = 0,1,2,... then there exists u E

I,(Ao,A") such that

N-i
U- uk E Ig Ao, At). (6.90)

j=o

Proof. Essentially the same as above. 

Having defined a class of paired Lagrangian distributions, it remains to discuss

their relationship to ordinary Lagrangian distributions.

Proposition 6.6.
1

Iphg(A) C Ip (Ao, A)

Proof. Considering the model case, this follows from the fact that a smooth function

will always have a Taylor series expansion at ( = 0 and the first term will be 50. 

It is important to note that if the symbol vanishes at the intersection then an

element of I(Ao) will have lower order on the second Lagrangian. In particular,

once we have defined a concept of ellipticity, we will see that u E I(Ao) may not be
elliptic in IP~(Aho) or in J'-½C-A2(Ao, e A )Mk

elliptic in I(Ao, A~) but may be elliptic in (Ao A)'phg

We now prove a version of Egorov's theorem in this category.
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Proposition 6.7. Let f be a homogeneous symplectomorphism of T*(X) - 0 to

T*(Y) - O, let F be a properly supported elliptic Fourier integral operator associated

to the graph of f, with parametric G, and suppose (Ao, Ae) is an intersecting pair

of Lagrangian submanifolds which defines a class of operator kernels from Cc°(X)

to COO(X) and P E I(A, A1) then GPF E Iag((f x f)'Ao, (f x f)*A) and the

symbols are the pullbacks by f x f.

Proof. The operator condition on (Ao, A') means that there are no points in Ao U A'

of the form (, , y, O0) or (x, O, y, ).

Now, consider left composition with the Fourier integral operator F:

F o P(x,y) = F(x,z)P(z,y)dz (6.91)

= F(x, z)(y - w)P(, y)dzdw (6.92)

So left composition is equivalent to applying the operator with kernel F(x, z)6(y-w).

Unfortunately, this is not a Fourier integral operator as we gain additional wavefront,

from the points (x,z) such that (x,z) E supp(F), of the form (x,0, y, 0, w, , w,-)

but these are irrelevant as our assumptions on the wavefront of A0 U Ae mean that

these do not affect the singularities of the composition. The rest of the wavefront

set is rfxId and so our left composition is equivalent to applying an Fourier integral

operator associated to rfxId with the symbol lifted in the extra variables.

A similar argument shows that left composition with G is equivalent to applying a

Fourier integral operator associated to rid xf and so composing these two operators,

we are applying a Fourier integral operator associated to rf xX with principal symbol

1 and our result follows. 

Clearly, a microlocal version of this theorem also holds.
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7. A WIDER CLASS OF POLYHOMOGENEOUS DISTRIBUTIONS

In this section, we develop a wider class than that in the previous section and

show it has similar properties. We obtain the last steps in the proof of theorem 6.2

as a corollary. The essential difference between our two classes is that we allow the

expansion of the total symbol on xl > 0 to contain negative integral powers of xl. We

do this by replacing the x+k(x ) = 6(k1-)(x) distributions by the -k distributions.l YQ - + 1,+

(See [6] for a discussion of these distributions.) There are many different equivalent

ways to define xkI, we take

(-l-k 00 a k f(k-1)(O) k-i 1< +f (x) > (k- 1)! log(xl) (9a) (xI~)dxl + (k ()!) - (7.1)

An alternative way is to define it is as the finite part of x+ as s - k. For us, its

important properties are:

(1) ( + k) (X+kl) Ck6(k-')(xl), Ck 0

(2) (a +k)'(X) 0

(3) supp(x+,,) = {Xl > 0}

(4) x+k = xak on xl > 0

(5) x+-k() = C'k- l log(~l - i) + Ck k-l

The first two properties express the fact that x-k+ is polyhomogeneous but not ho-

mogeneous which will allow us to distinguish between elements of the new calculus

and the old. For s not a negative integer x is just equal P(s + 1)X so there is

little difference. It is the poles of the Gamma function that cause the differences at

negative integers.

We define our symbols similarly to those in in the previous section.
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Definition 7.1.

Tk' r if r is non-integral

Tkr(Ao, Ao n A) = Tk,r + log(E, - iO)Tk' r if r is a positive integer

Tkr + log(J1 - iO)Tk' ° if r is a negative integer

Definition 7.2. S ,(AOo AOn A) is the collection of formal sums a,_j where
j=0

a,._j E T-jr-i (Ao, Ao n Al).

Definition 7.3. Tkr(Al, A0 n A') equals the space of a C°(RX x 'l xl > O)

such that a is homogeneous of degree k in ," and there exists a sequence of functions

bi homogeneous of degree k for which

Da DA, a(xi~, ,) ) + C'N)) SkCA "+ /X1r - ° I (7.2)j~~~ ~~~~~- 00
Definition 7.4. Slng(~A,-Ao n Al) is the collection of formal sums E a,_; where

a,_j E T-Jr-J(Ae, A0 n A').

For r non-integral our classes are of course identical to those in the previous section.

If we cut them off we obtain similar estimates but gain an arbitrarily small order from

the log terms; we let e an arbitrarily small positive quantity.

Lemma 7.1. Let q be a cut off function then if a E T 9 g' (Ao, Ao n A), we have

(1-A ~(I) 4,/2)a() E Sm+'r/2(A0Ao, AA). (73)

Lemma 7.2. Let d, be a cut off function then if b E g(Ae A n )we have that

Jb(y., ") "ll/2 ((xi -yi)["I½)dyl E S+ '(a ,Ao n Ae). (7.4)
o
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The proofs are very similar to those in the previous case. As before we can now

transmute our formal sums into asymptotic sums and quantize, subject to a compat-

ibility condition.

Definition 7.5. A paired total symbol with log terms of order (, v) is a pair of

formal sums

(a a,-j, bj)

such that

EZ aO Sn A,;( , o, o b,_j E Ssk tt-1 (A n Al)

and such that the Fourier transform in x1 induces a bijection between their respective

expansions at gl = 0 and x1 = 0.

Theorem 7.1. There is a quantization map from paired total symbols with log terms

of order (, v) to Im-4+tP+ -+(Ao, Ae) determined up to smooth terms.

The proof is as before and we denote the range Jphg4 2 4 (AO,A

Definition 7.6. Let (Ao, A') be a Lagrangian pair then u E Iph+'+(Ao A, Q2 ) if and

only if for any pair of radial operators for (Ao, Ae)

N-i M-1
i (Ro + - j)2 JI (R1 + E - k) ImN+ +(AO, Al, Q2) for all M, N.

j=o k=O

Theorem 7.2. I'I+(Ao, A)= Jph'g +(Ao, A).

Proof. For J C I, we argue the same as in theorem 6.2 the point being that we

require two applications of the radial operator on Ao, to kill terms of the form X,-k

and one application of the radial operator will never kill such terms.

To prove I C J the proof is identical to that of theorem 6.2 except that there is

now no problem with the negative integral terms. 
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We can now complete the proof of theorem 6.2 for the case v - - is a neg-

ative integer. If u E I'~phg(Ao, A) then it is clearly in Iphg(A, A) which is equal to

Jp(hgA, A). So, all we need do is show that the coefficients of the x terms vanish

but as noted above, it will require two applications of the radial operator plus the

requisite constant to kill such terms so they are not in I'(Ao, Al) and we are done.

8. THE SYMBOL MAP

We have defined a class of polyhomogeneous, paired Lagrangian distributions asso-

ciated to any intersecting pair (A0 , A') and established their Fourier integral operator

invariance and mapping properties under application of Fourier integral operators as-

sociated to symplectomorphisms. It remains to define their symbols. Now away from

(Ao, Al) we have classical Lagrangian distributions so it is clear how to proceed there:

the symbols are just the ordinary principal symbols which are homogeneous sections

of the Maslov bundle tensored with the half-density bundle. Our construction allows

us to take this pair of symbols to be the principal symbol of our distribution provided

we define a compatibility condition and make sense of them correctly as distributions

as we approach the intersection. It is this property which makes our class an im-

provement on that given in [4]: we can construct a distribution with specified symbol

on both Lagrangians, given a compatibility condition, which is uniquely defined up

to distributions of one lower order everywhere.

In this section we shall regard A" as a subset of a Lagrangian submanifold without

boundary A1. This is true for our model and therefore can be done locally in general.

All we really need is the tangent space at the boundary. Now 1OA is A0 n A1; OA'

is an isotropic submanifold of the symplectic manifold T*(X) - 0 and the symplectic

form, w, therefore induces a non-degenerate pairing:

v: Tp x Tp(A') R. (8.1)
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Thus we have a canonical isomorphism between the conormal bundle of OAe in Ao

and the normal bundle of &Ae in A1.

L,: Np;(aA, Ao) p(0aA, Al) (8.2)

We will use this to identify symbols of distributions conormal to Ae, on A, with

the leading singularities of functions on A'.

Theorem 8.1. There is a canonical isomorphism between Lo, the Maslov bundle

over Ao, and L1, the Maslov bundle over A', along aA e. This isomorphism maps the

natural trivialization of Lo over A.o to the natural trivialization of L1 over A .

Proof. Melrose and Uhlmann establish this isornorphism, in [10], by considering a

path in the space of Lagrangian subspaces of Tp(T'(X)) transversal to the fibre from

Tp(Ao) to Tp(.Al) and picking a subspace which is transversal to the entire path

and the fibre. Now an element, a, of Lo,p is a map from the set of Lagrangian

subspaces, transversal to the fibre and to T*(Ao), to C which when specified on one

subspace is given on all the others by transition cycles and similarly for L 1. So defining

b(p1 ) = a(p) we have an element of Ll,p. Melrose and Uhlmann show that it is choice

independent.

We will use a slightly different map. The problem with the one just given is that

it does not map the natural trivialization of N*(x = 0) to the natural trivialization

of N*(x" = 0). These natural trivializations come from their nature as conormal

bundles; it is shown in [5] that the Maslov bundle has a natural trivialization over

a submanifold on which the dimension of the tangent space to the fibre intersecting

that of the Lagrangian submanifold is constant. For Lo the functions are, in fact,

constant so evaluation yields a constant. For L 1, after picking a subspace /, the

trivialization is,

eia(xA,A2;')f( P )
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where Al = Tp(Al), 2 = Tp(Ao), f is the map defining the element of the bundle

and a(Al, A2; #) is the cross ratio from [5]. This value is independent of it. Putting

' =< j }j> > + < { - } > we get

e-' b(,u')

and ' satisfies the hypotheses used by Melrose and Uhlmann to define the isomor-

phism. Thus we multiply their isomorphism by e-
4 to obtain an isomorphism which

matches the canonical trivializations in this case. El

The principal symbols of our distributions will be pull backs by symplectomor-

phisms of principal symbols in the model case so we need to examine the proper-

ties of the principal symbols in that case and recast their properties invariantly:

we have a(()ldg½ and b(xl,")ldx l ldl½- where a E T ` '-''(iA 0,,A, n A ) and

b E Tv+l---l(A',Ao n A). We want to define these spaces for a general inter-

secting pair. Our definitions are similar to those in [4].

Proposition 8.1. The space Tq,'(Ao, Ao n A1) is invariant under homogeneous dif-

feomorphisms which preserve (l = 0 and {1 > 0.

Proof. It is clear that a function that is homogeneous and smooth off 1 = 0 will

retain these properties under such diffeomorphisms so we need to check the effects

on the expansion at {1 = 0. We thus need only consider behaviour in a small conic

neighbourhood of l1 = 0.

Now, a(() is an element of TQl(Ao, Ao n Al) if and only if it is homogeneous of

degree q and near o = 0 has an expansion for each N of the form

N-1
a(g) = E (1 - iO)j+'bj (") + 0(gr+N). (8.3)

j=O

Homogeneous changes of coordinates in {" will have no affect so we can assume

that the set (1 = 0 is fixed. So writing = ((71), we have (0, r") = (0,d"). Now
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our hypothesis on preserving C1 > 0 means that 1 (0, ") > 0 on = O. So we

can write, 41(,Q) = 1ai(1") + 772rl(1), with 1(r/) homogeneous of degree zero and

positive. So, if we do the change of coordinates 1(7) = rh77(,),{" 7 = 7r", which will

just multiply the coefficients of our expansion, we are reduced to the case 1(7) =

71(1 + 7Ir 1 (77)), "(77) = T7" + rlr(7).

So our expansion takes on the form

N-i
a(7) = (71 - iO)J+(l + 77lrl( 7))J+rbj(ll" + 771r"'(7)) + O(7r+N) (8.4)

j=o

but (1 + 771r l (7)) j +r is smooth, near 771 = 0, so taking a Taylor expansion about

7 = 0 it will be subsumed by the higher order terms and we do the same for

bj(7 1" + 71r"(77)). -

Proposition 8.2. The space Tqr.(A, Ao0in A) is invariant under homogeneous dif-

feomorphisms which preserve xl = 0 and xl > 0.

Proof. This is essentially the same as proposition 8.1. 

Now, we know from Theorem 2.1 that there always exist homogeneous symplectic

coordinates, (,C), near a point such that A0 = {x = 0} and A = {x1 > O,x" =

0, 1 = O}. These put coordinates on A0 and (xl, ") on A1. The change of co-

ordinates obtained by differing symplectomorphisms will satisfy the hypotheses of

propositions 8.1,8.2.

Definition 8.1. Let (A0 , A") be an intersecting pair then Tqr(A0 , A') is the set of

smooth homogeneous functions, a, on A0 - A' such that in a conic neighbourhood of

any point, there exists homogeneous symplectic coordinates on T*M - 0 which reduce

(Ao, Al) to the model such that in the induced coordinates on Ao, a E Tqr(Ao, AOnA).

If L is a complex line bundle over Ao then we define Tq'r(Ao, A , L) to be the space of

71



smooth sections, s, of L over Ao- A such that for every homogeneous degree zero

section, s*, of the dual bundle, L*, < s(x), s*(x) >E Tq r(A0, A,).

Definition 8.2. Let (Ao, A") be an intersecting pair then Tqr(A', Ao) is the set of

smooth homogeneous functions, b, on A - Ao such that in a conic neighbourhood of

any point, there exist homogeneous symplectic coordinates on T*M - 0 which reduce

(Ao, A) to the model such that in the induced coordinates on A', a E T'r(o, AonAl).

If L is a complex line bundle over A; then we define Tq'r(Al,Ao, L) to be the space

of smooth sections, s, of L over A" - OA' such that for any homogeneous degree zero

section, s*, of the dual bundle, L*, < s(x), s*(x) >E Tq'r(A, Ao).

We therefore have if u E I"(Ao, A') that

ao = a(ulAo) E T+' -(o, A, Lo 2 ½), (8.5)

al = a(uIA,) E T`+ '-- (Al, Ao, L1 ®2 Q). (8.6)

We still need to express the compatibility condition between our leading symbols.

The conditions given on the space T'+ '>- (Ao, A1, Lo Q 2 ) mean that its elements

are distributions which are conormal to A1. This means that they have a well-defined

symbol on N*(OA, Ao). This symbol is a section of N*(0A , Ao ) of homogeneity

v-is- . We established above an isomorphism, L,, from N*(OA', Ao) to N(0A1, A;)

which means that we can regard our symbol as a section of N(OA , A;, 02). It is clear

from the nature of the singularity that the symbol will be wholly supported on the

part of N(OAi, A") pointing into Ae.

Now as in [4], we can define a space Wq r(A, Ae) to express the leading singular-

ities of al as it approaches the intersection.

Definition 8.3. Let L be a complex line bundle over N(aA e, A1)-0 then if r is not a

negative integer W"r(Al, A, L) is the set of smooth sections of (N(A', A11) - 0, L)

which are zero on the vectors pointing out of Ae, are homogeneous of degree q with
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respect to the radial action of OA and are homogeneous of degree r on the fibres of

N(OAC,A)- 0. If r is a negative integer we define Wq'r(A, OA,L) to be the zero

section of (N(0A, A1 ) - 0, L).

As in [4], there exists a short exact sequence

0 -- T+ (AOAe,½ ®Q2 L1) Tq'(Al, OA, 2 L1 )

ir,4 lwq(OA ,Al, 2 ® L1) - 0. (8.7)

Remember that if r is a negative integer then T 'r+l = Tq'r.

Definition 8.4. S (Ao, A;) is the set of pairs (ao, a) E T" "-- (A0, ALo®Qi) x

T"vV-- L(A1,Ao, L,® f2) such that L:, _,_ (al) = oaA;(ao) with respect to the

canonical identification of Maslov bundles.

Theorem 8.2. There are three short exact sequences

0 p ( 0, AA A , AI) A, (Ao,A) S+ ,V+4 (o A) 0, (8.8)pho 'phq\L'o,
aO

o I A ) phg ,(Ao,A) Ipg o(AA -) , (Ao, A",f22 0 Lo) -- 0

(8.9)

and

o - Ipg(A 0, A') " I(AO, A;) v , T + q (A,Ao, f L1) - 0.

(8.10)

Proof. We define r,, to be the pair of principal symbols as a Lagrangian distribu-

tion on (Ao - AM,Ae - 9A[). It is enough to discuss the model case. The only

property which is not then wholly obvious is that the kernel of a,,, is contained in

I'P-I" 1 (Ao, A). The reason this is true is that is if this is true is that is if the top order terms of a pairedIphg

total symbol are identically zero then this forces the leading singularities of the terms

of all orders to be zero. 
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Remark 1. If - v - is a positive integer then the space T"M"-- (Ao, A', Lo ® 021)

consists of sections that are smooth right up to the boundary and therefore have zero

symbols when regarded as conormal distributions. This is reflected in our definition

of Tv'-"-2 (A1, A0, L 1 ® Q2) which requires the leading singularities to be zero when

v - -2 is a negative integer.

Remark 2. In the case where IL - - is not integral, we could alternatively define

T"'---½ (Ao, A", L0o ® i) to be the space of sections of Lo ®0 f which are classical

conormal of order v - - + !- to 9A' and have wvavefront set contained in the

part of N(aA', A') pointing into A'.

9. PSEUDO-DIFFERENTIAL OPERATORS WITI-I SINGULAR SYMBOLS

The original reason why paired Lagrangian distributions were invented by Mel-

rose and Uhlmann in [10] was to allow a symbolic construction of parametrices for

operators of real principal type. These parametrices can be thought of as pseudo-

differential operators with singular symbols: the symbol of the parametrix on the

conormal bundle to the diagonal blows up on approach to the characteristic variety

of the original operator. The second Lagrangian in this case is the flow out of the

characteristic variety by the bicharacteristic flowv. Antoniano and Uhlmann showed

in [1] that the Guillemin-Uhlmann calculus of [4] is closed under composition in this

case and calculated the principal symbols. We showv that our calculus is also closed in

this case and calculate the principal symbols. We also define an ellipticity condition

which allows us to construct parametrices up to smooth terms. Later on, we shall

show that the complex powers of the wave operator also lie in this class.

We recall from [2]:

Definition 9.1. Let P E gmn(X) be a properly supported pseudo-differential operator.

We shall say that P is of real principal type in X if P has a real homogeneous principal
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part p of order m and no complete bicharacteristic of P stays over a compact set in

X.

Definition 9.2. If P is of real principal type in X, we shall say that X is pseudo-

convex with respect to P if for every compact set K C X there is another compact set

K' C X such that K' contains any interval in the bicharacteristic curve with respect

to P having both end points in K.

Definition 9.3. If p is a first order symbol of real principal type such that X is

pseudo-convex then the flow out, A, associated with p is the flow out of A n {p = O}

by the Hamiltonian flow of p in the first variable in positive time. In this case, we

shall call A a flow out Lagrangian.

As in [2], A will be a homogeneous canonical relation. Note that A is the flow out

associated to 

If A is a flow out, then in terms of canonical relations, we have that A o A = A =

A o A = A o A and so no new Lagrangians are generated when composing elements

of I(a, A).

As we are considering pseudo-differential operators, it is more convenient to use a

model in which one of the Lagrangians is the conormal bundle to the diagonal. So

we take

A = N*(x = y), A = N*(x" = y", x1 > y1) C T*(Rn x R n) - 0. (9.1)

The second Lagrangian is the one associated to fl. In this case our radial operators

can be taken to be the vector fields

a ( 1
R = ( - y)a + n, R = (x" - y")a + (n- 1) + (9.2)

Ox Ox" 2'

Pseudo-differential operators are much simpler objects than Lagrangian distribu-

tions when it comes to making invariant sense of the principal symbol. The symplectic
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form induces a natural half-density on the conormal bundle to the diagonal and the

structure of conormality to the diagonal induces a natural trivialization of the Maslov

bundle. Thus we can regard the symbol on the diagonal as being a simple function.

On the flow out, the special structure can also be used to simplify the half-density

and Maslov bundles but in a less direct fashion. The dimension of the intersection of

the tangent space to A and the tangent space of the fibre will always be n - 1. This

is true because the Hamiltonian vector field will not be tangent to the fibre, and the

dimension of the tangent space of the conormal bundle intersected with the fibre will

be n and p will define a hypersurface in the conormal bundle to the diagonal. Thus,

as the dimension of the intersection with the fibre is constant, there will be a natural

trivialization of the Maslov bundle along A n A; this can extended to the entire flow

out by transporting along the bicharacteristic flow. We will always use this trivi-

alization; for A this will agree with the natural trivialization from its conormality.

Another way to arrive at this trivialization is to consider the natural trivialization

on the diagonal and use the isomorphism of Maslov bundles to give a trivialization

above A. We have defined the isomorphism so that these will agree in the model case

and hence by functoriality will agree in general.

Suppose A is the flow out associated with p, then picking coordinates z on

A n {p = 0}, we can write

a(z,p)dz|ldp[ = IdxIdX (9.3)

where Idxlld l is the symplectic density and a is a positive real function. Now, we

can define coordinates (z, s) on A by

(z,s) - exp(sI )(z) (9.4)

and therefore can define a density

,P = a(z, O) Ids dzl. (9.5)
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This is not intrinsic as it depends upon the choice of p. It is easily checked to be

independent of the choice of z, however. We examine the dependence on p; suppose

f = /3p for some non zero function fi. Then,

a(z,O) IdzIjdsI 91

=(z,O)(z,s) (z,O)(z,s) (9.6)
The (z, 0) factor comes from the scaling of a on the diagonal and the P(z, s) factor

from the scaling of the Hamiltonian flow. This class of half-densities allows us to

define an intrinsic convolution along the bicharacteristics.

Proposition 9.1. There exists a natural convolution of half-densities on A defined

by

t

(aj4 * b4)(r,ro) = a(r, (s))b(Y(s),ro)ds4P (9.7)
o0

where is the bicharacteristic of p such that (t) = r1? and 7(0) = r0.

Proof. We need to check that this is independent of the choice of p. If we take p, as

above, instead then
1 i i _

a(ql, qo)#P = a(ql)) 2(qo) 2L

and similarly for b. Letting y be the relevant bicharacteristic of i we get for the

convolution with respect to p

t I

J a(ri, 'lj))b(y(s), ro)/(ri) (ro) 2 ((9))dp (9.8)
0

which upon executing the change of variables s = s(s) where s is the flow out variable

for p becomes the convolution with respect to p. 

This convolution will yield the value of the principal symbol of a composition on

the flow out. This also makes sense for singular symbols provided we interpret their

singularities as x.(s - t) distributions. Convolutions will always be well defined as

the singularities of the two factors will occur at opposite ends of the bicharacteristic.
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However we are still several steps away from calculating the principal symbol. We

cut our paired Lagrangians up in order to examine the composition:

Proposition 9.2. If K1 E IP1(A,A n A) and IK2 E Im2P2(A,A n A) and are

properly supported then (1 o K2 E Im'+m2,Pl+p2 (A,A n A).

Proof. Recalling theorem 3.2, we can represent K as

f eS< >aj (2 ( ) d +C (9.9)

where DcD6ai(x,~)I < C"I, < ~ >m-"lI (<>)2) >< >(' . Now this means that

Kj is a type (, 0) pseudo-differential operator of order Mj = max{mj, mj + pj}.

We can therefore apply H6rmander's Weyl calculus (see [7]) and conclude that

K o K2 is a type (, ,0) pseudo-differential operator of order A1l + M2 with total

symbol al#a 2 which has an asymptotic expansion in S,o0:

( a((zx,C)a2(y,71) evaluated at (x,~) = (y,r). (9.10)

Now the jth term here is in SM, + "
2
-' PI+ p

2 (A, A n A) and so it follows that al#a 2 E

S,,+m2P'l+, (A, (A n A); to get the derivative estimates we just take sufficiently large

number of terms in the expansion that the derivative estimates in Si,D of the remain-

der are of lower order than the requisite ones. O

Proposition 9.3. Let K E I""'(A, A n A) be properly supported and suppose L is in

IP,(A, A n A) then K o L,L o K E Im+'+Ps(A, A n A).

Proof. It is enough to prove this for K o L as, taking adjoints, it will then follow for

Lo K.

Recalling theorem 3.5, we can write

L(z, y) = Jei<z "="1=>b zl + Yl i - Y'y )d (9.11)
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where ID D ,'Di, b(s, t, y", <")I • Ck,,J", < 2" >P+ 1"1 (< ) l; we will
tl+<">

denote this space SP+2'(A, A n A). From theorem 3.2

K(x, z) = ei<X- z ' >a(x, )d (9.12)

with ID"D'a(x,~)l < C,, < >m-ll ( ) < > >m c . Putting these together

we obtain,

K o L = f ei< " -Y"">c(x, y, (9.13)

where

c(xy,") = Jei<X-zl>a(x,)b (zl +-Yl Y ly",)dz dl (9.14)

but we want our integral to be of the same form a.s that expressing L, so letting

c(x,y,,) = C( + ,- x. y"," ), we have

(s, t, X", y", ") = J ei<+t - zL ( > a(s + t, x", )

(Z + - t Z - + t y,U) d dz~. (9.15)
b s z2 ' 2 'ljdz. (9.15)

Letting il = zl - s, we have,

(s, t, x, y , ,) = J ei<t .(l>a(s + t,X",)b (' + 2s - t i + 2t 2 7 Y ,) deldz1.

(9.16)

So in the language of Gauss transforms,

= (a(s + tx",Y)b (i + 2s-t l + t ) )
2 2 f'=Ojot

We now want to apply Hormander's results on Gauss transforms to conclude that c

is in SP+m+r'+2(, Al n A) with some extra parameters. (For a discussion of Gauss

transforms see [7].) To do so, we must identify the symbol space in which our operand

lies in terms of a slowing varying metric, g, and a g-continuous weight function, m,
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and then show that this space restricts to yield SP+m+"+2s(A, An A) with the extra

parameters. We can take

g = ds2 + (dx")2 + (dy")2 + () 2 + I_1_ +

+ 2 +

(+ < >' ) dt2~ + + <( + t>' )2dz2, (9.18)
1+ < > , + t + +> + t

m =< ) 1+ ) (9.19)
< > ) 1+ < > 2{Zl + t (9.9)

Note that the restriction of these to zl = 0, t = 0 yields the requisite space. Since

the coefficients of dj2 are between < >-l and < >-2 and < >, < >(1)

are continuous with respect to the metrics < >-2 dc2, < >-1 d 2 they are also

g-continuous. Thus to check the slow variation of g and the g-continuity of m, it

is sufficient to show that 1 + t + zll < " >2 is g-continuous. This is equivalent to

showing that < " >-2 +It + zlj is 9-continuous. As < " >-2 is g-continuous, we

have that for ge,,,t( ,,t) < c

< + >- +zl + + t + tl > C < >-2 +lzl+ +t1 + t (9.20)

> < >- +l + tl - Ill - il
(9.21)

> C'(< 2 >-½ +1-l + tl). (9.22)

The same argument shows the estimate from above so we have proven g-continuity.

Our symmetric bilinear form on the dual space is

I II 1 1 i I I .2

A(zl'l', z',z, : (z 1 +z- z). l (9.23)1 
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and thus our dual metric is

gA = oo(ds2 + (dx")2 + (dy")2 + (d) 2 + dt2 )

+ (< >())1 + ( 1 + t d2. (9.24)

The g, A temperateness of < C >°, < g >(1) are clear so we need only check the g, A

temperateness of It + zI+ < ~ >2)+'. This follows easily from the fact that < >-2

is g,A temperate and 9gi(zl) >< 2 > 1z12.

Thus applying the Gauss transform we have an element of the correct space with

some extra z" parameters. These can be removed by taking a Taylor expansion about

z" = 0 and integrating by parts. 

Proposition 9.4. Let Ki E IPir'(A, OA) be of the form

IKi = / ei<X""," >a (Xl + y - Yi x", ") d" + C°

and with ai(s, t, x", ") 0 for t < O, be supported on xl > Y1 - K, Ix" -

some K then I o K(2 E IW+p2++max{rlr2,0}rl+r2--ax{rlr2,0}(, A)

The extra max{r 1, r2, 0} expresses the fact that the extra degree of si

the marking is smeared out along the Lagrangian.

Proof. Our support conditions imply that our compositions are well d,

carding smooth terms we can write,

K1 =1 ei<Z .1,, >al (xl + Yi1 2 - yx", ,") dc"

and

(9.25)

Y"I < K for

ingularity at

efined. Dis-

(9.26)

1(2 = J ei< "-Z " 41 >a2 (Y' + 1' Y2 1,-''z, ) dc " (9.27)

with ai(s,t,y",.,") in the space of symbols Sp'+'2 '(A,A n A) and zero for t < 0.

Note that from our hypothesis, we have a2 ( 2 + , y , .I) for K2 rather than

dependence on z" but we can easily go from one to the other via the standard process
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of going from a general quantization to a right quantization for pseudo-differential

operators i.e taking a Taylor expansion about z" = y" and integrating by parts. Thus

K o L = J ei <X"'"z' " ' >

[Ja(Xi +Y Xl - Yl X, ,)

2 '

b Y1 + Z1 l - Z

2 ' 2

Thus, we have

K o L = ei<'-Z"-"'4>c ( X + 1

I I?~~

where

c(s, t, x", z"l, ") = I a (s+t+y s+t-yl 2,, ~)
2

b(S + t - Y
- S +t

2
", ") dyl. (9.30)

Changing variables and invoking the support conditions in our hypothesis, this be-

comes

it
2 a(+ s,t - y1,x", ")b(y + s - t, z" )d
0

(9.31)

So c is zero for t < 0 and for t > 0 we have

ICI C < < " >P1+P2+1
t

0(1

= C < cl" >P1+P2+1

< ,, > 

+ It - Y I < "

t

0
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X dyl] d" (9.28)

2 Z X Z / <
9 (9.29)

2rli

I dyl

(9.32)

(< F" >-2 +Y1l) 2 dyl.

(9.33)

< ~" > 
1

1 + ly, < " > 2

(< " > + y)`2,'



We split the integral into two pieces, I + 12,

I (s, t, xI", z", C") < "11 >-(Pl+P2+1) I <
t/2 1 

o C +It - < >2 l+lYll0

+ 1 + It - I < " > <t/2

1/I >2 )2r2

I <a" > 
dyl. (9.34)

The first piece can be estimated

t/2

I <C(< "1 >-½ +tl) - 2r" (< ¢" >-2 +y)dy

<C((< 11 >-2 +t|)-2, t < g" >-2

(9.35)

(9.36)

Doing the same for I2, we obtain

ICI < C < " >Pl+P2+l (< g' >- +tl)-min{ 2r, 2r2}t < " > max{2rt,2r2 . (9.37)

When both rl and r2 are negative a better estimate can be obtained by maximizing

each of the components of the integrand:

ICI < C < " >P1+P2+1 (< C" >-I +ltl)- 2r- 2r2t. (9.38)

Putting all this together and noting t < (< " >-2 +ltl) we have

ICI < C < ~" >pl+p2+l+max{O,r,r2} (< g1" >-- +tl)-2(r+r -1-ma(O,rlr2 (9.39)

which is the result. 

Theorem 9.1. Let A E I(A, A), B E I(A, A) then A o B E I(A, A)

Proof. This follows from taking one sided parabolic cut offs to decompose A = A+A2

and B = B1 + B2 so that Al, B1 E I(A, A n A), A2 , B2 E I(A, A n A) and A2, B2

satisfy the hypotheses of proposition 9.4. 0
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The composition theorem for polyhomogeneous, paired Lagrangian distributions

now follows. Note that the orders are those expected from the Duistermaat-Guillemin

clean intersection calculus. ([3])

Theorem 9.2. Let K E Iphl (A, A), B E I (A, A) then

A oB E p(h9 + A).

Proof. We know from theorem 9.1 that the composition is a paired Lagrangian so we

need only check its polyhomogeneity and its order.

We use the definition which involves testing by the radial vector fields. Firstly,

we consider doing so on the diagonal: we show that applying the top order operator

yields a composition of elements of lowers orders.

- - n - - 2 (K o L)(x,z) =

-pU2KoL+(r'). (y-x)x-y -n K(x,y)L(yz)+('). (z-y)(y, -z)

(9.40)

The second term is the composition of something in I ' l]I (A, A)

P = + )I K, can rewrite the other two terms as

(y). ((z - y)P(x, y)L(y, z))- (7ry). (z - y) a (X, y)L(y, z)

The first term here is the composition of an element of Iph'l (A, A)

of Ivp'-'"(A, A) and we can rewrite the rest as

and L. Putting

- 2 K o L.

(9.41)

with an element

( (4 ((z"-y")IL)')-[ * ((z-M)AI)-n- 2(K o L).] (9.42)
\oy / L \ u / J

The second term here is the composition of an element of Irj 1 (, A) with an element

of I2-1 (A, A) and the first term is equal to zero.~phg
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Letting Ki denote an element of Iph'. (A, A) and L an element of I'hi (A, A)

we have

((z- ) - n- - 2} (KoL) =KoLo+fKooL. (9.43)

It follows by induction that

N-1 0)~ N

(j=o ( =0

We argue similarly for the flow out. We consider(Z- x")1,, - ( Vn + 1) + ) ( K o L)(x,z) =

(ry). (y"- X) a - (n - + + l)) K(x,y)L(y, z) +

() (Z (x,y)(Yz) - (1 + 2 + I)K o L(x, z). (9.45)

The first term here is the composition of an o element of Iph, -l (A, A) with an element

of I"2 ' (A, A). As above, P = aK + % E I""L (A, A) and we can rewrite the last

two terms as

(ay)* ((z" - y")P(x, y)L(y, z)) - (7ry). ((z - y) (Xy(yz) - (P2 + )K L.
(9.46)

The first term is the composition of an element of I'V - (A, A) with an element of

Ip2h (A, ) Using the product rule the rest becomes

(Ira)* ((z" - )K(x, y)L(y, z))

(',). K(x )y) (z' - y') y - L(y, z) . (9.47)

The first term disappears and the second term is the composition of an element

of Ip (A , A) with an element of I,-l(A, A). So, putting all this together and
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arguing inductively, we obtain

/M-1 N-

II (R + + 2- j ) (II RA + + 2 + 1 -k (KoL)
N M

: E Z Kj,k LM-j,N-k (9.48)
j=O k=O

with KI,k E I l- k(A,A) and Lj,k E Iphg (- A)

To simplify computations we check orders only for applications of the radial fields

on one Lagrangian submanifold at a time. This is sufficient by corollary 6.2. As in the

proof of theorem 9.1 we cut up Ifi, Li into sums of marked Lagrangian distributions.

It then follows from our results on their compositions that

(n R, + /l + j2 - j (KoL)E Iml+m2- N,p+p2( n )
j=o

+ I P2+ J2P 2 (A, A A)
il +J2 =N

+ 1 ~2-J2+P2+++c '--PI- ++'(, zn ++)
+ ~ IP 2

+ 2 nA
+ Pl+P2+ mx{m2-J2-p2,ml-pl-jl1}++' miln{m2-2 -p2,l-Pl-jl}+ -l(' n A)

ji+j=N
(9.49)

which means that

N-1

Il Ra + l + ,2 -j(K o L) E MI " +
2

-N pl+P ((A) 
j=O

+ Iml+m2-NP2+ 2 Pm2 ++ 5 i+e J ml+7n2 -N,pl+m I+P2++ (+ jmi"m2- ' N"++ *2 '(A, A) + (A, A)
+ Iml+m2-N+ ax{ml -PIm2-P2",P+P2+ M+XI{m -Plm2-P2+ (A, A) (9.50)

which is enough for the conormal bundle to the diagonal.

The argument for the flow out is essentially the same. The important point being
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that it is enough to find r, s such that

=on R + + P + 2-j (KI oL) E 2 A) (9.51)

The principal symbol on the diagonal is immediate from the calculus of pseudo-

differential operators. To obtain the principal symbol on the flow out we decompose

our operators into three pieces. The first piece will be a marked pseudo-differential

operator of low order at the marking, the second will be a flow out Fourier integral

operator marked at the diagonal and the third will be a sum of operators of the

form X+(x1 - yl)P(xi, yi, x', y") with P a pseudo-differential operator in x". How do

we do this? Well by construction in the model case, we can lower the order on the

marking by subtracting such products and then parabolically decompose. (This will

introduce additional singularities at " = 0 but they are irrelevant on the flow out.)

So after stripping away the product terms, we do a one-sided parabolic cut off

and obtain K = K, + 1(2 and L = L1 + L2 with K1 , L1 marked pseudo-differential

operators with sufficiently low order at the marking that they have no effect on the

principal symbol on the flow out (by Prop 9.3) where as K2, L2 will be of the form

K2 = ei<X"-Y"'(1 - )((x -y )1l2 )a(x1, yx, )d,

(9.52)

L2 = ei< "*"'e">(1 - )((Y1 - Zl)[1 2 )b(yl, Z1, Z",")d ". (9.53)

Composing K2 with L 2 we obtain

/ ei< "- '" c(Xl Y, X", ", ")d54)

and

C(x,z, XZ, I)= /(1 - )(x1 - l11l"2)a(x,y, ",E" )

(1 - b)(IYl - z1|ll"l)b(yl,zl,z", ")dyl. (9.55)
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To pass from this to principal symbols we need to consider

Cl+p2 = lim X- 1-h2 c(x, Z1, x, z",,").. (9.56)
A--oo

The corresponding limits of a and b will give their principal parts, a,, b 2 and these

can be taken to be zero to second order at the intersection provided the order of the

distribution is sufficiently low there. It then follows easily that

Cpl+2 = a b-2 (9.57)

which is the result. Of course, we still have to consider the product type terms and

their compositions with K2, L2 . A typical product type term will be

[ ei<X 1'> X (xi - yl)ap*(x1, y," x'" 6,)d," (9.58)

where a is homogeneous of degree P3i. If ERa > 0 then composing two such terms

will be convolution in y and pseudo-differential operator composition in the other

variables and so the principal symbol is the convolution of the principal symbols.

When Rca < 0, we need to interpret (9.58) distributionally and taking Taylor series

around x1 = yl, we need consider

/X (xi - yl)a'(xi,x", ")x (yi - zl)b'(z, z",i ")dy1 (9.59)

which is just

X++l(x - zi)a'(x1, x", c")b'(zl, z", i") (9.60)

and so this case follows.

It remains to discuss compositions between product type terms and K2, L 2. These

follow by a combination of the arguments in the two other cases. 

Corollary 9.1. If A is a flow out Lagrangian and Ki E Ip'P(A, A) and the projec-

tion from {(x, y,z) E supp(K(x,y)L(y,z))} to (x,z) is proper then

K 0K2 E A1+2"'1+2+ (A A). (9.61)K o K2, E ,Ihg
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The principal symbol on the diagonal is the product of the principal symbols and on

the flow out is the intrinsic convolution of the principal symbols with respect to the

natural trivialization.

Proof. Our support condition means that the composition is well-defined. Our method

of proof is to reduce to the model case. Let p be a homogeneous degree one func-

tion which induces the flow out, A. In a conic neighbourhood of a point where p is

non-zero, the operators are pseudo-differential and there is nothing to prove.

At a point q on the characteristic variety, we pick homogeneous symplectic coordi-

nates (x, ~) such that p = n, on a conic neighbourhood V C T*(X) - 0. (as in [2]) We

extend these coordinates so they include the entire bicharacteristic through q using

Hp. Let W = exp(tHp)V and define for r E TV,
t

(z, )(exp(tHp)(r)) = (x,()(r) + (0, e)t (9.62)

where e, = (0, 0,..., 0, 1). This is well-defined because the Hamiltonian flow of is

8 and is symplectic because exp(tHp) is a symplectomorphism.

Let f denote the coordinate map. Consider a point (r, q) on the bicharacteristic

through (q, q), by definition, r = exp(toHp)(q) for some to > 0. If we decompose each

of K 1, KI2 into two pieces such that the first piece, I' is microsupported in W and on

the part of A with t < to + 1 and the rest is not microsupported on a neighbourhood

of the bicharacteristic from q to r then the singularity at (r, q) is determined purely

by the composition KI o K. We pick a Fourier integral operator F associated to

rf which is elliptic on the bicharacteristic from (q, q) to (r, q) and conjugate. Using

Egorov's theorem (Prop. 6.7) for paired Lagrangian distributions, this reduces A to

A and the result follows. 

With a composition calculus defined, it is natural to examine invertibility of oper-

ators in Ig(A, A). We define an ellipticity condition weaker than that for pseudo-
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differential operators which leads to the existence of a parametrix modulo smooth-

ing. The obvious condition is to require that the principal symbol on the diagonal is

non-zero off the intersection. We make the additional requirement that the leading

singularity at the intersection is non-zero. For t - v - non-integral, this is equivalent

to requiring the principal symbol of the symbol at the intersection to have no zeroes

but for integer values this breaks down as the terms in our expansion are smooth.

We therefore make a definition analogous to definition 8.3.

Definition 9.4. Let Wp.q(Ao, A, Lo ) be the smooth sections, f, of (N(OAl,A 0) -

0, Lo) which are homogeneous of degree - q with respect to the conic action on A,

are homogeneous of degree q with respect to the conic action of N(aAe, Ao) and such

that f (p,-v) = e-i'wqf(p,v) where w(v, w) > 0 for w E Tp(Al) pointing into A,.

There exists a short exact sequence

0 -- T"q-(Ao, A,Lo ) -- ,, Tq(Ao, A, Lo) -- , 0. (9.63)

Definition 9.5. We shall say K e Iph(A, A) is elliptic if and only if o°(K) is non-

zero on A - OAe and oa, ,,_v X(K) has no zeroes.

Example 9.1. Let A be the flow out in T*(R "') - 0 induced by p = t then if
k

Pk = D 6(x -y) it has principal symbol symbol and is elliptic as an element of Ipg2 (A, A).

It is not elliptic as an element of Ip'- (A, A) for 0 < j < k.

Example 9.2. Let P be a polyhomogeneous operator of real principal type of order

m with principal symbol p then let be A the flow out associated with qp for any q

which is homogeneous of order 1 - m and non-zero on the characteristic variety of p

then P is elliptic as element of Ik,km-k-2 (, A). Note that A will vary according

to the sign of q on each component of the characteristic variety of p.

Theorem 9.3. Let P E I~P(A,A) then there exists a two sided parametrix up to

smoothing in Iph- (A-l( A) if and only if P is elliptic in I~pg(A, A).
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Proof. That the existence of such a parametrix implies ellipticity is clear from con-

sidering the principal symbol of a composition.

Initially, we solve just on the diagonal and use an argument similar to that used

for elliptic pseudo-differential operators. The symbol, a °
1 (P), is an element of

T--2(A, A). Off dOA1, the ellipticity condition means that the reciprocal is non

singular and homogeneous of degree -i. We have to check that it has the right form

of singularity at 0A'. Membership of T1 -- (A, A) is equivalent to requiring for

some coordinates, x, on the base

aA I (P) (l-iO)- '-aO(X, I") + Z(~, - iO)iaj(x, "))
3 ~~~~~~~~j.>0

as - 0+

(9.64)

with aj homogeneous of degree v+ 2 -j. The second part of the definition of ellipticity

means precisely that ao(") has no zeroes. This means that ao (P)-1 has an

expansion

°or° ,_()- " 1 l-ao (x," ) 1 + C(E1 - iO)jaj(x," ) )
(9.65)

Of course, we have to check that (1 + ( - i0)Jaj(z,(")) is invertible as an

asymptotic expansion. Suppose we have an inverse up to N terms so that(1 + (1 -iO)Jai(x, ")) 1 + (6 - iO)Jbj(x, " ) )
j>o j=o

= 1 + ( i - iO)NcN(x, ") + 0(6N+1) (9.66)

then

(1 + ( -iO)jaj(x, ) ") (1 + ( - iO)Jbj(x, ())
i>o j=o

(1 -( -iO)'cN(x,C")) = 1 + (6f+l) (9.67)

91



so expanding the product and proceeding by induction will yield an inverse to arbi-

trarily high order. Note that the coefficients of the first N terms do not change when

finding the term of order N + k, so taking the infinite asymptotic expansion given by

the limit of the partial expansions we obtain our inverse.

So, a, _L(P)- 1 E T-2,-,-(- - A)- (,A) and it is therefore by (8.9) the prin-

cipal symbol of Q1 E Iph hus PQ1 g A and (Q) = 1.
1 

Thus R = Id -PQ 1 E Iph ( , A).

So R E Ip- 2 (A, A) and we can use a Neumann series to find the diagonal part

of our parametrix . Let Q2 ~ Z Rk in I(ph(, A) using Proposition 6.4. We then
k>O

have

N-1 N-1
PQ1Q2 - Id = (Id -R) Rk + (Id -R)Q2 - R -Id (9.68)

k=o k=O

-N-
which shows that PQ 1Q2 - Id E ph 2 ( A, A) for all N. That is KQ 1Q 2 - Id E

-°'- (A A). We have that Q1Q2 E Iphg'(ug , ).

Now Ip'(A, A) is contained in Iph(A) and thus we have to solve the equation

(Id -A)(Id +B) - Id E C (9.69)

with A E I(A) for B E I(A). We can not take a Neumann series here as

Ak E Ig(A) so our terms do not gain regularity. Passing to principal symbols on

the flow out we have,

_l _(B)- ,1 (A) -ali(A)*ol (B) = 0. (9.70)
2 2 2 2

This is a Volterra equation as our symbols are supported in the positive flow out. We

can therefore solve for al, (B) and then picking B with such a symbol, we have

3

(Id -A)(Id+B) - Id E I(A). (9.71)\iu -~I\' TU I- LU~ Iph\:L!
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Now, if C E Ih 9(A) then Ck E Iphg 2(A) and so we can take a Neumann series

and we have constructed a right parametrix. The same argument constructs a left

parametrix and the result follows. l

10. COMPLEX POWERS OF THE CONSTANT COEFFICIENT WAVE OPERATOR

The constant coefficient wave operator on R n x R, D' - A, where AL is the Lapla-

cian, has principal symbol r 2 - 2 = (r - IJ)(r + I1I). Taking the flow out of the

characteristic variety, A, it is elliptic as an element of Iphg(LA' A) and therefore the

forward fundamental solution is an element of Iph J2 (A , A). Complex powers of el-

liptic pseudo-differential operators are pseudo-differential operators so, by analogy,

we look for complex powers of the wave operator in I(A, A).

Applying the constant coefficient wave operator is equivalent to multiplying the

Fourier transform by r2 - 2, so naively, we would like to define the sth complex

power to be multiplication of the Fourier transform by ( 2 - 2)S but the problem is

that the zeroes of r2 - C2 introduce singularities. We can surmount this problem by

regarding ( 2 - 2)s as the boundary value of a holomorphic function defined in an

open cone, as in [6].

As noted above, for the complex powers of the constant coefficient wave operator,

we therefore take the representation

I, = lim fei(x'+t )((r _ ie)2 _- 2 )'dfdr. (10.1)

Provided we can show this makes sense, it is clear that Kl = D - D o =

Id and K, o K, = I,+,, when we regard KI as a convolution operator.

Although, the defining integral is dependent upon , we can make it independent

of , by letting the exponent vary with e. And, indeed we can also vary the imaginary
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part of ~, provided we remain within an appropriate cone:

rc_ {(Tr,) E C-+1 I1 T < 0, JQIl < CIsrl} where c < 1. (10.2)

Of course, we must check that this complex power makes sense and that we have

a well defined boundary distribution.

Lemma 10.1. (r2 - ~2)s is well defined in r, and converges to a well defined distri-

bution as (r, ) --, 0 in rc.

Proof. To define ( 2 - 2)s in rc, it is enough to show that 2 - 2 does not take

values in a half-line and picking an appropriate branch of log, put

(r 2 _ 2)s = eog(r 2- 2 ) (10.3)

Now, if we put

r = a + i and = b+ iv

then we obtain

T2 _ 2 = (a2 _- b2 + 2 _ 2 ) + 2i(ea - vb) (10.4)

This will never be in lR+ as S(T2 - 2) = 0 will imply that al > IbI so that r 2 - 2 < 0.

Hence, we can pick the branch of log defined in a plane cut along the positive real

axis, with log(-1) = ir and this will define ( 2 - Q2)o in rc.

To define the boundary distribution (see [6], 3.1), we need to show that there exists

k such that

I(T2 _ - 2)I < CI(E, ,)I- k , for (, ~) E r. (10.5)

Now,

IT2 _ 212 = la 2 - b2 + v 2
- 2 12 + 41ea - vbl 2 .
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If lea - vbl < (1 - c)lllal then as e I > IvI we have IbI > lal which implies that

a2 - b2 + v 2 - E2 < (C2 - 1)E < -C'i ( E , V)12 some C' > 0.

or

la2 - b2 + vZ - 21 > C' (e, v)12 some C' > 0.

Otherwise, we have lea- vbl > (1 - c)lellal so lea- vbl > C"1(e, v)lIla. Pick K such

that c2 - (1 - K- 2) < 0 then if Irl > IEl/K we have

lea- vbl > C (e, v)

and if Irl < I E/K then

a2 - b2 + v2 - 2 < E2 / 2 _ b2 + 2 _ 2

< v 2 - (1 - 1/JK2)E2

< 2 (1 - 1/K2),2

< -C'[(e, )12.

So, putting all this together, we have that

IT2 _ 2 1 , C'l(E, )12 some C" > 0

which implies that, for Rs < 0,

I(T2 _- 2 )s1 < C (E, V)12 (s) for some C' > 0.

In the case, where Rs > 0, (2 - 2)s is continuous up to the boundary so there is

nothing to prove.

O
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Now, let u,,, be the inverse Fourier transform of ((r + ie)2 _- ( + iv)2 ) where

(, v) E r then, if E C (Rn+ l ) we have

Lemma 10.2. < u,,,, e-¢t-- > is independent of (e, v) E rP.

Proof. First of all, since b is compactly supported, multiplying it by an exponential

leaves us with a compactly supported function, which is therefore Schwartz. So,

the pairing makes sense. Now, by definition of the Fourier Transform on tempered

distributions, we have < uC,,, e-'tI ->=< ((Q + ic)2 - ( + iv)2) , ect- > and

we can rewrite this as

< ,, e- t- v'>= ((, + i) 2 -(~ + i:)2)(' + i, r + i)drd

and as ¢ is Schwartz the integral is absolutely convergent and is equal to

JJ ( - 2)( T)dd.

Since our integrand is holomorphic, we can now use Cauchy's theorem to change

contours. Suppose (e1, vi) and (62, V2) are such that Ic1 < 1E21. First of all, we move

the e contour, keeping v = vl fixed. We can always increase the size of e without

leaving r, so we take a rectangular contour with sides of length 2R horizontally and

going from iel to i 2 vertically, and let R go to infinity. This will establish equality,

provided the vertical integrals go to zero, but this follows immediately from the

Paley-Wiener-Schwartz theorem, since is a compactly supported smooth function.

The same process will also take care of changing v, provided we do the coordinates

which decrease in modulus first (in order to stay within r,.) C

With this proven, we can now establish the support properties of these complex

powers:

Theorem 10.1. K is supported within the forward light cone.
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Proof. This means precisely that if supp(qb) C {(x, t): IxI > t} then < I, >= 0.

Let (o, to) be such that Ixol > Itol we will show that if X is supported in a suf-

ficiently small neighbourhood of (xo, to) that this is true, which is sufficient. There

exists a small cone r in r, and a small open set U containing (xo, to) such that for

(x,t) E U and (e, v) E r, et + v.x > 0.

When to < 0 this is clear, and when to > 0 take

Co = Ixol/2(-1 - xol/ltol), vo = xo

and then

to + o > I°1t + Ixol2 = 0t

and this will persist nearby. Hence, we can take r and U such that for (, v) E r and

(t,X) E U

et + >. > Cl(e, )1.

This implies that the Schwartz norms of e- ' t- " " will be exponentially decreasing as

I(e, v)l go to infinity in r, if supp(o) C U. As the Fourier transform is a continuous

map of Schwartz space, the same will be true of 0e- et - . Now, the distributions u,,,

are within a bounded subset of the tempered distributions, so we have that

I < U,,,,e-'`- > I < C-Cl(C)l (10.6)

but the left hand side of 10.6 is independent of (, v) by our lemma and the right

hand side goes to 0 as I(e, v) - oo. 

The next thing to be done is to establish the parabolic decomposition of these

kernels and to calculate their symbols. In this case, the Lagrangians are the conormal

bundle to the origin, AO, and the closure of the conormal bundle of the light cone,

A". i.e. N*(Il = t, t > 0)
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Theorem 10.2. I, E Ip2"g 4 ' 4 2 (A0, A1). On A0 away from A1, the symbol of K,

is ((r - iO)2 _ 2)° and on A' away from Ao the symbol has the asymptotic expansion

-(.e s(s- 1)... (s-j + 1) )(±l)je"(+j) * j 1(21)3-t-s--lr(- s-i)
j=o 0

with respect to the phase functions x. ± tll.

Proof. We have defined K, to be the Fourier transform of ((7 - i0)2 - C2)o, so away

from r2 - 2 = 0 it is clear that we have an element of I,(A). The characteristic

variety has two components r = 1JI and r = -11 and thus the flow out will also. We

discuss = [1, as r = -1 will be the same with a few sign changes. We cut off

close to r = ~l, letting b(0, ) = q(1 - I[- IIr), where is a cut-off function, we

compute

IK =lei(+tt)b(, ')((r - i)2- 2)sdd (10.7)
=ei( +t')i(, r)(r - iO- I )'(" + I1)'ddr (10.8)

= J ei(.+t+te)(r - i)'( Il-'T)(T + 2II)'ddr. (10.9)

We want to write Ki< as a Fourier integral operator applied to a distribution associated

with the model so we can expand the last integral to be

fei(< - yt> + < t-r"'>+ tl l)a ( z , (, t, r)

I e(y"+r')(7 - i0)'(I7l- 1-y)(7 + 2n)ld)ddydrdrdy + C° (10.10)

where a is a symbol which is identically one in a conic neighbourhood of r = 0 and

zero outside a conic neighbourhood. Our distribution is in the form of a Fourier

integral operator applied to the Fourier transform of an element of T2 "'(,(Ao, A0 n A).

This establishes membership of Ihg4 '4 2 (A0 , A1). To find the symbol on the flow

out we just take the Fourier transform of the Taylor expansion term by term. 
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Later on we will want to consider conjugation by Fourier operators so we rephrase

the value of the symbol in a more invariant way. The forward light cone is generated

by the flow out of the characteristic variety at the origin by the Hamiltonians p± =

r + i1l. These therefore yield a natural coordinates on the flow out, (, t). We can

also think of these coordinates as the geodesic flow at time t with initial point x =

O, t = O, = ±Icl.

Corollary 10.1. The principal symbol on A' away from the intersection with A0 is

t-s-1
r(-s) (2JCl)3eiqIdtl IJl I

in the coordinates induced by the geodesic flow from (0, 0, , ±1 ~) with respect to the

trivialization of the Maslov bundle given by the canonical trivialization at the origin

transported by the geodesic flow.

Proof. We must check that the trivialization of the Maslov bundle given by the phase

4 = z.C±tlJl agrees with the natural trivialization on the flow out. Let Al = Tp(A), A2

be the tangent space to the fibre and let ik(z, t) be a generating function parametrizing

a Lagrangian, r = (x, t, 4'r,t), transversal to the fibre and to A. Letting p = Tp(F) we

have that the transition function is given by

ei ((AX ,X2;A)+S(4,0))

where a is the cross ratio as defined in [5] and S(O, ,) is the signature of the matrix

Xe [(x,t)

It will be enough to do all this at some fixed point. Take X = x.( + Cljt. We choose

a point, p = (0,0, , [Ig), at the intersection. We then have that Al is the span of

{¢j + X -1, 9 }o and A2 is the span of { , r} Thus we need giving pr 8 A CI rsi-r to th fb i e
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we have

r = (x t, , 1 + t)l

and y is the span of {f , a + }. Transversality is clear and our matrix is

0 Id ! ·

Id 0 0 . (10.11)

0 -1

Executing a change of variables, this will have the same signature as

Id ° 21 )
2 {j{

0 -Id - . (10.12)

2 If 2 I1 t

This has signature -1 as signature is a homotopy type invariant in the space of

invertible matrices and the off diagonal elements can be shrunk to zero.

We are left to compute a(Al, A2; p) this is defined to be equal to a(A', A2; #P) where

the superscript p denotes that the subspaces have been intersected by (Al n A2 )' and

reduced by A1 n A2 then A, A', P are all transversal one dimensional Lagrangian

subspaces (xIn2)~ Picking symplectic linear coordinates, (r, q), such that A1 = {r =

0)}, A2 = = 0)} and = { = Ax}, ca(A, A; ,P) is the signature of A. Of course,

A is a number here, so we just need to know its sign. It is easily calculated to be 1.

The argument is similar for X = x.( - t. 

11. COMPLEX POWERS OF TIHE WVAVE OPERATOR

In this section, we define the complex powers of the wave operator on the cartesian

product of a Riemannian manifold M and R, show that they form a holomorphic fam-

ily satisfying the group law and by reducing to the constant case establish that they

are polyhomogeneous paired Lagrangian distributions and calculate their symbols.
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The forward fundamental solution of the wave operator on M x R x R can be

written as K(x, x', t, r), since the wave operator is constant coefficient in t and r. We

define

Definition 11.1. For Rs << 0, L. = 2ei7r(+)(wrr)(X2(sl)(r)K (x, x', t, r))

The problem here, is that we are taking a product not permitted by the calculus

of wavefront sets but this is permissible provided one of the factors is sufficiently

smooth, which is why we take Rs << 0. There is no problem with the push forward,

because for (x,x',t) in a compact set, it is compactly supported in r. We will use

analytic continuation to extend to all s E C. The fact that K is supported in the

set t > O, d(x, x')2 + r2 < t2} immediately implies that L is supported in the set

(t > O, d(x, x')2 < t2} which is the forward light cone.

In the case, where -s is a positive integer, we have the alternative representation

L = eir(s+ l) (7r)*(r 2 (- - s)(x, x', t, r)) (11.1)
r(-2(s + 1)+ 1)

which follows from the fact that K is even in r. This definition will make sense

independent of the size of s since in this case r2 (- '-1 ) is smooth, we denote these

additional kernels L'. Now, let E CO(Rn+l') and then in the case of s = -1, we

have

< (D2 - LA)L,q > =< K, (Dt- _ )t7, >

=< K, (D2 -A --D2)t i7r >

=< 6(t, x - x', r), 7r >

=< 6(t,x- x'), > .

This means that (D 2 - A\)L = Id when the kernels are interpreted as operators.
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And for -s - 1 an integer greater than zero we have

<K, (D - A)tr2(-9-l)7 >
< (DT - A)L', > = ei1(s+1) K,( -)t2(-- ) > (11.2)

= eif(s+l)< IK, (D2 - A -A D2)tr2(--)7r* >

(11.3)

+ r (11.4)F((2(-s - 1) + 1)< <K, D~,'2(-s-l)lr;b >
< , (a)2r(--)7r- 1)+ 1 (11.5)

=< L+ 1 X > (11.6)

The first term in (11.4) vanishes because r2(-s-1)6(t, x - x', r) = 0.

'So using the equality of L-k and Lk, for k a large positive integer, we have that

(D2 _ A)kL_k = 6(x - x',t). Now, using a similar argument, we can show that

(D2 - A)kL = L,+k where both are defined. Putting, these two facts together and

regarding the L. as operators we have that Lk o L, = L+k for k a large positive

integer.

It remains to extend the composition law to all p E C with Rp << 0. We do this

(see [11]) by using

Theorem 11.1. Iff is a holomorphic function on a half plane, dominated by a non-

vanishing holomorphic function and vanishes on the integers then f is identically zero.

Now, K E (C°)' so if we let E CO(R n" + ) and choose b(r) E CO(R) so that

p - 1 on a sufficiently large set then as K is supported inside the light cone, we have

2

< L., > < it(-2_ 1)1K 11Collx 2 2"- (r)i(r)()(x, x', t)llo (11.7)

< - IC2s1 le-i(+l)I. (11.8)
-r(-2s - )1
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Thus, we have that

< L, > I C IC2(s+p)l leai(s+p+l) I (11.9)
Ir(-2(s + p)- 1)l I (11.9)

We need to establish a similar bound for < L o Lp, X > . Picking i(r) E CO(R)

identically 1 on a sufficiently large set we obtain

< L o LP,O >= 2eil(s+P) x (l,( r (-P-)(r)

K(x,x',t - t',r-r')IK(x',x",t',r')dr' dt'dx",'(r)o(x,x',t)dtdxdx" (11.10)

= 2ei(+p) X+ l)(r -r')X+2(- (r')b(',r - r')4(r)drdr'

where

b(r, s) =/... K(x, x', t - t', s)I(x', x", t', r)(x, x", t)dtdxdx'dt'dx".

(11.12)

The advantage of this representation is that b(r, s) is continuous which allow us

to remove it from the integral. Now, b(r, s) is defined by a pushforward of a paired

Lagrangian distribution but points near the flow out are wiped out by the pushforward

and we only retain points that are conormal to r = 0 or to s = 0. Now, since on the

diagonal K is a conormal distribution of order -2 we obtain

b(r,s) = J| ei(r+)c(r,s, y, r)ddT + C° (11.13)

where c is a product type symbol in (, r) of order (-2, -2). This means that b is

paired Lagrangian distribution associated to N*(s = 0), N*(t = 0) and N*(s = t = 0)

with symbolic order -2,-2,-4. This shows that b E H3(R2) and so by the Sobolev

embedding theorem b is continuous.
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Hence, we have

1< L o Lp, q > <sup(lbl) J (r)I J x(--1)(r - r)X2(-p-1)(r')drdr

(11.14)

= sup(bl) I k(r)lx.'-P-l-)(r)dr (11.15)

sup(lbI) jc2(P-1) iIr(2(-s - p - 1) + )lI
(11.16)

Thus, if we regard < LP o L. - L+, q > as a function of p, it satisfies the hypotheses

of 11.1 and so is identically zero, which proves the composition law.

We are now in a position to define L,, for all complex s, by analytic extension.

Definition 11.2. L = (D2 - A)kLo_k where R(s - k) << 0.

We must check that this is independent of the choice of k. But if k > I we have

(D2 _ A)kLoS_k = (D2 - A)'(D - /A)k-'Ls_k = (D2 - A)'L,_, (11.17)

so it is well defined.

Using analyticity, we can extend the previously proven relations to the whole com-

plex plane. Thus, we have

Theorem 11.2. L is an entire holomorphic family of kernels supported in the for-

ward light cone such that

Lp o L = Lp+s where s,p E C (11.18)

Lo = Id (11.19)

L1 = D2 _- (11.20)

L_ = the forward fundamental solution. (11.21)

Our next task is to calculate the symbols in the variable coefficient case. We

do this by reducing to the constant coefficient case using FIOs. Our proof mimics
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that of Duistermaat and Hormander to construct a parametrix for an operator of

real principal type. First of all, we must check that our two representations in the

constant coefficient case are equal.

Lemma 11.1. If M = R' then If, = L,.

Proof. As we have two holomorphic families it is enough to show equality for Rs << 0

and As > 0. Letting K be the forward fundamental solution of the wave equation,

we compute

La =e i °(s + 1)2(Xrr). (X t- l- °) (r)K) (11.22)

=ei(a+ ) 2 1 ei(<x>+tr) m eir7X(-1-(S) (r - )2 2 _ 2 drdl ddr

11.23)

=ie2(2s+j) (2 ei(<xi>+tT) [lim12 d] dd (11.24)

where ( - i6)2 _ C2) = a and we can take Qa6 < 0.

We want to evaluate the inner integral, this is equal to a contour integral along

the real axis with a small semi-circular detour below the axis at the origin, using

Cauchy's theorem. Taking s > 0 and considering a large semi-circular contour

below the axis, we conclude from Cauchy's Residue theorem that

( - i) 2 =-2i Res ( a- io+2 , a6) (11.25)
a - 772 2 - 2 

= ?e,-i'r( 2s+l)(a6 )2 (11.26)

And hence,

L,= ( e(<x'>+tr)((r - iO - (11.27)(21.27)

El
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Now, the principal symbol of the variable coefficient wave operator is
2 -_ giJ(x)~i j where g is the Riemann metric on ll whereas that of the constant

coefficient wave operator, D2 - AF, is 2 - 2.

Lemma 11.2. Let q E T*(X x R) - 0 be a point in the characteristic variety of the

wave operator then there exists a homogeneous symplectomorphism, f, from a conic

neighbourhood U in T*(Rn+l) - 0 to a conic neighbourhood V C T*(X x R) - 0

containing the bicharacteristic through q such that f*(7 2 - gii (x)ij) = 2 _ 2.

Proof. We prove that there exist homogeneous symplectic coordinates, (y, r), in a

conic neighbourhood of the bicharacteristic such that in these coordinates

T2 _ Egij(X)igj = 1712-

This will mean that we can in particular do so for the constant coefficient wave

operator and so the result follows.

We can write

2 _ () = - (fi ) (T () (1128)

So we define n =(a(-( I gt z)( 2 ), (11.29)

2 =r + (gij(x)ui) (11.30)

These functions are smooth in a conic neighbourhood of the characteristic variety

and are homogeneous of degree one. We also have

{11,.72} = 0 (11.31)

and we can therefore extend to a homogeneous, symplectic coordinate system, (y, 7),

in a small conic neighbourhood W. (see [7], Chap. 21)

106



At a point in the characteristic variety either l1 = 0 or r72 = 0. As the situation

is symmetrical, we suppose r7 = 0. We use the Hamiltonian flow to extend our

coordinates to a neighbourhood of the bicharacteristic through q. On T*(Rn) - 0, wli

induces the flow and on T*(M) - 0 it induces a multiple of the bicharacteristic

flow defined by the wave operator. Thus we can define for p E V = Uexp(tH,,)W
t

(y, )(exp(tH,, )(p) = (y, )(p) + (O, e)t (11.32)

where el = (1,0, 0,..., 0). This has the right properties as 7, r72 Poisson commute. 

Proposition 11.1. Given q E T*(X x R) - 0, there exist classical Fourier integral

operators A E I°(X x R x Rn x R,I r) and B E I(R n x R1 x X x R), r_,) such that

q q WF'(AB - I) and (q, f(q)) WF'((D - )A- A(D 2 - AF)). If q is in the

characteristic variety then the result holds for the entire bicharacteristic through q.

Proof. If q is characteristic, let f be the symplectomorphism from lemma 11.2. Oth-

erwise considering the square root of the modulus of r2 - E g'jiij as a symplectic

coordinate we see that such coordinates exist in a conic neighbourhood, V, of q. To

do the two cases at once, let W be the set {q}, if q is non-characteristic and the set

of points in the bicharacteristic through q, if q is characteristic.

Let Al be an element of I°(X x R x R" x RI, Fr) which is elliptic on (W, f(W))

and have a classical symbol and let B1 E I(Rn x x X x R), rF_-) satisfy W n

WF'(A 1B 1 - I) = 0 then from the calculus of FIOs, we have that the principal

symbol of Q = B 1(D - A)Al is r 2 _ ,2 and that

(W,f(W)) n WF'((D2 - A)A - A(D2 - AF)) = 0.

This reduces us to proving that if Q is a first order classical pseudo-differential

operator then there exists zeroth order classical pseudo-differential operator A 2, which
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is micro-elliptic on W, such that

(D2 _ AF + Q)A 2 - A2(D - F) E I-00 (11.33)

and putting A = A1A2 our result follows.

To solve (11.33), we rewrite it in the form

[D2 - AF, A2] + QA2 E Ir- ° . (11.34)

If we denote the principal symbol of Q by ql and of A2 by a then the vanishing of

the principal symbol requires,

(2rt - 2. a + qlao = O.

Dividing this through by 1r, (l gives us

(2,1 at 2 1l.' ao + I ,lo = o
The coefficients of this equation are homogeneous of degree zero and so if we specify

non-zero, degree 0 homogeneous initial data on a non-characteristic, conic hypersur-

face, we can solve to obtain a non-zero degree 0 homogeneous function. So, letting Ao

have principal symbol ao, we have solved our equation up to zeroth order. We now

use an iterative process to obtain lower order terms. We now choose A-l, A- 2, . . .

such that Aj is classical and has homogeneous principal symbol of degree j and such

that

[D2 - AF, A + A-1 +... + A-N] + q(A + A-1 + + A-N) E T- N - 1.

(11.35)

The condition on AN is therefore

[D2- AF, A-N] + qA-N = R-N E T-N (11.36)

or, in terms of principal symbols, we have

( 2r- - 2C-. aN + qia.. = rN. (11.37)at2 - X a -N +qa-N=r-N
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If we divide through as before and pick initial data of homogeneity -N - 1 this will

have a solution of homogeneity -N - 1.

And so having constructed {Aj} we pick A2 Z E Aj and we are done. 

Theorem 11.3. If A and B are as in proposition 11.1 then

(q, q) 4 WF'(AKF,,B - ,).

and if q is characteristic, the bicharacteristic through (q, q) in the first variable does

not meet WF'(AKF,B - If,).

Proof. We will first of all, assume that Rs << 0 and then use the microlocality of

the wave operator to deduce the general case.

In this proof, all our operators are constant coefficient in r and so we will regard

our kernels as functions of (x, x', t, t', 7r) and we let

WF'(L) = {(x, t, ,r, x, t, , r, r, (x) (x, t,g , r, x, t, -, -r,,) E WF(L)}.

-We denote by A and B, the operators with kernels A(x, t, x', t')6(r) and

B(x, t, x', t')6(r).

We can write

AKIF,.B - I, =A((7r,).(X (r)IF))B - (r).(X (r)K)

=(r,).(x+(r)(AKfB - KI)).

So,

(Xo, t o,o, 7o, Xl,tl, 1, 1 ) E X\VF'(AKF., B - is)

implies

3r (xo, to, , o, ,tl, l, ,,r r, 0O) E WF'( (r)(AKFB - K))
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which means that either

3r (xo, to,0, ro, , tl, ,l,ri,r,O) E \WF'(AKFB3- K)

or

37B (Xo, to,, ro, xl,tl,(l, rl,O, 1) E WF'(AKI B - K).

Thus, in order to show (q,q') q WF'(AKF,,B - K,), it is certainly sufficient to

show that there does not exist (r, 7) such that

(q, q', r, r/) E WF'(AKFB - IK). (11.38)

We prove this by using the microlocal uniqueness of the forward fundamental

solution of the wave equation, which we reprove using propagation of singularities.

For simplicity, we write 0 = D - A and OF = D - AF. We compute

(O - D2)(AKFB - K) = OAIFB - AD,'I3 - Id

= A(OF - D2)A'rB + (CA - AOF)KFB - Id

= (AB - Id) + (OA - AiOF)IKFB.

Now, our construction of A and B ensures that 11/n WF'(AB - I) = 0 and so we have

that (q', q, r, r) it WF'(AB - I) for all q' in W. The same holds for (CA - AOF)KFB

this is true because (OA - AOF) is smoothing at (q',p) for any p, (remember A is

associated to a canonical graph) and so the lifted version will be smooth at (q', p, r, r/).

Hence,

(q', q, r, r) V WF'((OA - AOF)KFB)

by the composition law for wavefront sets.

Now, any wavefront set of AKFj B- K with non-zero (, r, C', r') component must

be supported in the forward flow out as this is true of K and KF and any additional
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singularities introduced by A and B will have zero (, , ', r') component. Thus if

(q', q) E W, we have

(q', q, r, 7) WF'(AIIFfB)

since otherwise the entire backward bicharacteristic through (q', q, r, 7/) would be in

WF'(AKFB - K).

So, this establishes for Rs << 0 that

(q', q, r, 7) ~ WF'(AKIFB - K).

which implies the result, for Rs << 0.

Using the microlocality of 0, we have

(q', q, r, r) V WF'(O(AKI B - IKS))

and

O(AIFB - K) = A OF IKB - KS+ + (OA - AOF)KIFB.

The third term is smoothing at (q', q) and so this implies that

(q',q) 4 WF'(AK+.1 B - IAs+I)

and the general case now follows by induction. O

Letting, A0 denote the conormal bundle to the diagonal and A1 the flow-out of the

characteristic variety's intersection with the diagonal in positive time, we are now

ready to prove

Theorem 11.4. L E Il/2(AoA, ). The principal symbol on Ao off Al is

((r - io)2 _ i gi(X)giC)s

and on A1 off Ao, the principal symbol is

r(-S) (4 Eddxd dtjI
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at the point induced by the geodesic flow, in the first variable, at time t from the point

(x, , x, 0 , O, : iii(x)jjl) on the diagonal with respect to the trivialization of the
Maslov bundle given by transporting the natural trivialization at the diagonal by the

geodesic flow.

Note that the density Id~l2dxl2 is intrinsic here as it is the square root of the

symplectic density on T*(M) and t is of course the ordinary coordinate on R.

Proof. We already know this for KI in the constant coefficient case and using the

equality of K, and L, in that case, this is an immediate consequence of Egorov's

theorem (Prop 6.7). 
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