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Abstract

In this thesis properties of probe particle traveling through quark gluon plasma as
created in heavy ion collisions are investigated. In the first part, probability distri-
bution P(k1 ) is calculated for an energetic parton that propagates for a distance L
through a weakly coupled medium without radiating to pick up transverse momentum
kI. Results for P(k1 ) in weakly coupled quark gluon plasma are compared to expec-
tations from holographic calculations that assume a plasma that is strongly coupled
at all length scales. It is found that the shape of P(kI) at modest k1 may not be
very different in weakly coupled and strongly coupled plasmas, but P(k1 ) must be
parametrically larger in a weakly coupled plasma than in a strongly coupled plasma
- at large enough kI.

In the second part of the thesis the drag force acting on a heavy quark propagating
through the matter which is far from or close to equilibrium in a strongly coupled
gauge theory that can be analyzed holographically is computed and studied. It is
found that fluid velocity and temperature gradients affect the drag force but does
not substantially modify it as long as fluid is close to equilibrium. When quark is
away from equilibrium, the modification of drag force manifests in terms of the delay
time with respect to equilibrium expectations. These aspects are illustrated for the
example of two colliding shockwaves where fluid is far from equilibrium at early times
as well as for any fluid close to equilibrium in which case drag force expressions are
obtained analytically.

Thesis Supervisor: Krishna Rajagopal
Title: Professor of Physics

Thesis Supervisor: Hong Liu
Title: Associate Professor of Physics
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5-6 Illustration of how the drag force depends on the initial string shape.

The four curves show the drag force on a quark whose string initially

has the shape of the string trailing behind a heavy quark that is be-

ing dragged through an equilibrium plasma with temperatures ranging

from zero to four times the actual temperature Tbackground of the low

temperature plasma present before the collision. The solid red curve is

the same as the solid red curve in Fig. 5-4. The other three curves show

that by the time the collision occurs the drag force felt by the heavy

quark is quite insensitive to the choice of initial conditions. Note that

the initial drag force felt by the heavy quark varies between zero and

sixteen times that for the red curve; the perturbations to the initial

shape of the string illustrated here are not small, but their residual

effects during and after the collision are. In all cases, the heavy quark

is dragged with velocity /a 0.5 and =. . . . . . . . . . . . . . 124
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direction as in Figs. 5-4 and 5-5. We see that the largest /-dependence
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(5.31) we see that, once we have rescaled by /3 , the dashed curve is

/-independent. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
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5-8 The time delay Atp between the time at which the drag force on a

heavy quark moving with velocity 0 at zero rapidity peaks, i.e. the

peak in the solid curve in Fig. 5-7, and the time at which the dashed

curve in Fig. 5-7 peaks. We plot Atp vs. - for velocities ranging from

3 = 0.05 to / = 0.973. The increase in Atp clearly has a component

that is linear in 7, but the dependence is not completely linear. The

value of At, at ' - 1, i.e. at # - 0, is similar to the delay between

the peaks in the purple and blue dashed curves in Figs. 5-4 and 5-5,

w hich is 0.53/p. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5-9 The red arrows show the trajectories in the (z, t)-plane of two quarks

with nonzero rapidity, with #3 = 0.2 and Oz = 0.4. The trajectories are

superimposed on the plot of the rescaled energy density S as in Fig. 5-

3. We shall consider cases in which the quark has zero or nonzero

transverse velocity 0,,. In all cases that we shall consider, the quark is

pulled with constant velocity # through the energy density produced

by the colliding sheets. . . . . . . . . . . . . . . . . . . . . . . . . . 129

5-10 The 'drag' force (solid red curve) acting on a quark moving through the

matter produced in the collision along a trajectory with 3, = 0.4 and

#, = 0. The force is shown in the lab frame. The dashed curves show

what the force would be if in the local fluid rest frame it were given

by the drag force that the quark would experience in an equilibrium

plasma with the same instantaneous energy density, parallel pressure

or perpendicular pressure as that in the local fluid rest frame at the

location of the quark. The dashed curves are described further in the

text. .......... .................................... 130

5-11 The fluid velocity /flhid, defined in the text, at the location of a quark

moving along the trajectory in Fig. 5-9 with 32 = 0.4. If the hydrody-

namic fluid at late times were boost invariant, /#u"i would be given by

/, = 0.4. Note that at late times 3fluid > 0.4, meaning that the fluid

is moving faster than the quark. . . . . . . . . . . . . . . . . . . . . 130
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5-12 Forces as in Fig. 5-10, plotted here in the local fluid rest frame and

focusing on times tRF > 1.5/t to better illustrate the behavior after

hydrodynamization. After tRF= 2.8/p, the quark is moving to the left

in the local fluid rest frame (in the lab frame, the fluid is moving faster

than the quark) and the dashed curves accordingly lead us to expect

that the force needed to drag the quark leftward in the local fluid rest

frame should be a force acting toward the left. Instead, we see that

between tRF= 2.8/p and tRF = 5.0/p, the 'drag' force that must be

exerted to maintain the leftward motion acts toward the right! . . . 135

5-13 Component of the gradient of the fluid velocity in the direction of

motion of the quark at the location of the quark in the lab frame (upper

panel) and in the local fluid rest frame (lower panel). The differences

between the two panels arises because 3 z,RF < 0,. In all curves in both

panels, the trajectory of the quark has f3, 0.4. The different curves

are for trajectories with varying values of /3. At tRF= 2-8/p, the sign

of 4Z,RF flips, which is to say that in the lab frame the velocity of the

fluid exceeds the velocity of the quark. We see in the lower panel that

adding a 0., that is quite small compared to f, in the lab frame, but

is comparable to /z,RF, significantly reduces (VUz)RF - ,RF . . . . . . 136

5-14 The force (solid red line) in the lab frame that must be exerted in the

direction of motion of the quark (in the lab frame) in order to drag

it with a velocity , =3 0.2 and /, = 0.4, a trajectory with nonzero

transverse momentum and rapidity. The dashed curves, computed as

described in the previous section, show what this force would be if

in the local fluid rest frame the quark were being dragged through

a plasma with the same instantaneous energy density, perpendicular

pressure or parallel pressure as that at the location of the quark. . . 137
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5-15 Forces as in Fig. 5-14 plotted here in the local fluid rest frame and

focusing on times tRF' > 1.5/p, to better illustrate the behavior after

hydrodynamization. We saw in Fig. 5-12 that when , = 0.4 and

#, = 0 the dashed curves that show what the drag force in the local

fluid rest frame would be in a spatially homogeneous plasma with the

same instantaneous energy density or transverse pressure or parallel

pressure failed to describe the actual force on the quark, because they

neglected the effects of gradients in the fluid velocity on the force.

Here, with #, = 0.2, we see that after hydrodynamization the actual

force on the quark falls within the range of expectations spanned by

the dashed curves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5-16 Upper panel: as in Fig. 5-14, but here we plot the force that must

be exerted perpendicular to the direction of motion of the quark, in

the lab frame. Note the scale on the vertical axis: this component of

the force is significantly smaller than the component of the force in

Fig. 5-14. Lower panel: the force that must be exerted perpendicular

to the direction of motion of the quark in the local fluid rest frame.

If, in this frame, the quark were moving through a homogeneous fluid

(e.g. the equilibrium plasma with the same instantaneous energy den-

sity or pressure as that at the location of the quark) the force in this

frame could only act parallel to the direction of the quark. The dashed

curves therefore all vanish in the lower panel. The actual force does

not vanish and is in fact quite substantial at its peak: even in the

local fluid rest frame, the force needed to drag the quark includes a

component perpendicular to its direction of motion. . . . . . . . . . 140

5-17 Drag force parallel to (upper panel) and perpendicular to (lower panel)

the direction of motion of the quark in the lab frame, as in Fig. 5-14

and the upper panel of Fig. 5-16, but here for a quark with 3, = 0.7

and #z = 0.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5-18 As in Fig. 5-17, but here in the local fluid rest frame. . . . . . . . . 143
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6-1 Actual drag force (red curves) from Ref. [3] on a heavy quark being

dragged with f2 0 and #3 0.5 (left panel) or f3 = 0.95 (right panel)

through the debris produced in the collision of two sheets of energy.

We compare the actual drag force to the zeroth order calculation (blue

dot-dashed curve) which neglects the effects of fluid gradients and our

calculation in which the effects of fluid gradients are included up to

first order (black dashed curves). At late times, when the fluid has

hydrodynamized, the gradient corrections included in the black dashed

curves yield a much better description of the full result. . . . . . . . 175

6-2 Comparison of the profile of the string trailing "down" into the bulk

from the heavy quark moving with / (0.5, 0, 0). The vertical axes

show the radial, or holographic, coordinate u = 1/r, meaning that

the AdS boundary at r = oc is at u = 0, at the top of the figures.

The horizontal axes show x; the quark and hence its string is mov-

ing to the right. The curves show the shape of the string at a fixed

Eddington-Finkelstein time t. The left panel shows the string at three

times, ty = -3, 3 and 6. The right panel zooms in at ty = 6. In all

cases, the solid curve shows the string profile obtained from the full

gravitational calculation in Ref. [3], the blue dot-dashed curve shows

the string profile (6.18) as it would be at that instant in time t if gra-

dients in the fluid were neglected, and the black dashed curve shows

the string profile (6.28) including the effects of fluid gradients to first

ord er. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
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6-3 As in Fig. 6-1, except that here the quark has zero velocity in the

direction perpendicular to the motion of the fluid and is moving only

in the z-direction. In the left panel, /32 = 0.2 and in the right panel

3, = 0.4. We have shown the left panel in the laboratory frame while

in the right panel at each time t we have boosted to the frame in which

the fluid is at rest at the location of the quark. As in Fig. 6-1, we show

the exact results for the drag force obtained in Ref. [3] as well as the

zeroth-order approximation (i.e. the drag force in a static homogeneous

fluid with the same instantaneous energy density) and the result that

we have obtained upon including the effects of fluid gradients to first

ord er. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

6-4 Comparison of the profile of the string trailing "down" into the bulk

from the heavy quark moving with 3 = (0, 0, 0.2). The axes are as in

Fig. 6-2. The solid curves show the shape of the string obtained from

the full gravitational calculation of Ref. [3] at three fixed Eddington-

Finkelstein times t, namely tp = -3, 2.5 and 6. As in Fig. 6-2, the blue

dot-dashed curves show the string profile as if there were no gradients

in the fluid and the black dashed curves show the results of this paper,

with the effects of fluid gradients taken into account to first order. The

lower panels zoom in on the string profiles at tp = 2.5 and 6. We have

chosen ty = 2.5 as one of the times at which we illustrate the string

profile because it is just before the time tp = 2.63 at which the blue

dot-dashed curve in the left panel of Fig. 6-3 crosses zero, which is to

say it is just before the time at which the relative velocity of the quark

and the fluid changes sign, meaning that the zeroth-order estimate of

the drag force changes sign. . . . . . . . . . . . . . . . . . . . . . . . 181
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6-5 As in Fig. 6-1, but the case when quark is moving with velocity /3

(0.7, 0, 0.4), meaning f, = 0.7 perpendicular to the collision direction

and 0, = 0.4 along the collision axis. The upper two panels show

the x- and z-components (top-left and top-right panels, respectively)

of the drag force as seen in the "laboratory frame", which is to say

the center-of-mass frame for the collision. In the lower two panels,

we boost to the frame in which the fluid at the location of the heavy

quark is at rest. And, instead of showing the x- and z-components

of the drag force in this frame, we show the components of the force

in the directions parallel to (bottom-left panel) and perpendicular to

(bottom-right panel) the direction of motion of the quark in the local

fluid rest frame. In all the panels, the drag force with fluid gradient

corrections included to first order (black dashed curve) gives a better

description of the full drag force (red curve) than does the zeroth-order

drag force with fluid gradients neglected. . . . . . . . . . . . . . . . 182

A-1 Schwinger-Keldysh contour for - = E. . . . . . . . . . . . . . . . . . . 190

F-1 The solid curves in the top panel show the L-resummed PAGZ(k 1 ) for

(top to bottom) i = 0.1, 1.5, 2.7, 3, 3.3, 4 and 6. The dashed curve

shows PAGZ(k 1 ); this curve is /--independent because we have divided

by K. We see the k1 -+ 0 behavior of PAGZ(k 1 ) changing as K increases.

In the middle and lower panels, both PAGz(k 1 ) (solid curves) and our

full results for P(ki) from the middle and lower panels of Fig. 3.2

(dashed curves) are plotted, multiplied by kI and kI. We see that, as

expected, the L-resummed AGZ distribution agrees with our full result

in the IR, but not in the UV. All plots are for g = 0.1. . . . . . . . . 207
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I-1 Drag force, scaled by #', for a heavy quark with velocity 13 moving

through a spatially homogeneous plasma with a time dependent tem-

perature T(t) that increases from TT = p at early times to -FT = 2p at

late times and is described by (1.4). The different solid curves show the

scaled drag force on quarks with different velocities. The dashed curve

is the equilibrium expectation (5.31). Because T, = TL = T1 = T(t)

there is only a single dashed curve. . . . . . . . . . . . . . . . . . . . 221

1-2 The delay time At, defined from results as in Fig. I-1 as described in

the text, as a function of -' for two values of the parameter k that

controls the rapidity with which the temperature increases. . . . . . 222
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Preamble

Over the years of PhD studies I had opportunity to work on multiple projects which

are described in this thesis in great detail. All topics have a conmon purpose: to

provide better description of quark gluon plasma created in the heavy ion collisions by

analyzing how energetic probe partons (quarks or gluons) interact with the medium

at finite temperature.

In a fraction of heavy ion collision events, a hard interaction takes place and a

pair of energetic partons is created with each parton outgoing in opposite directions.

If the hard interaction takes place at the periphery of the nuclei, one particle escapes

the collision forming a jet as if in a proton-proton collision while the second particle

travels through the created medium and typically undergoes multiple interactions. If

the original particle has enough energy and does not thernalize after interactions, the

particle forms a jet with energy smaller than the jet which just escaped the medium.

There are multiple effects on which the properties of the modified jet depends (e.g., in

umedium fragmentation functions) but physically the imost important is the interaction

of the particle with the nedium before the jet is formed. Comparing the properties

of these two jets we can indirectly learn about the ini-iedium scattering and energy

loss which encodes the information about the quark gluon plasma.

The interaction strength governing the scattering of the probe particle depends

on the temperature T that can be assigned to the imedium. Most of the kicks that

a particle receives are of order of T, but there are rare scattering events with trans-

verse nmomentum much higher than T. Because of the asymptotic freedom of QCD,

kicks with large enough transverse momentum are expected to be governed by weak

coupling. Depending on the value of T, the dominant scatterings might be at weak
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coupling as well, but at current heavy ion collisions the temperature of original fire-

ball might not be high enough to guarantee weak coupling. Therefore, it is important

to understand probe particle interactions with medium at both weak and strong cou-

pling.

In the first part of the thesis, the weak coupling is assumed and transverse mo-

mentum broadening P(kI) is evaluated. Previously in the literature, low and high k1

limits were investigated using various theories, but in this work calculation is done

from first principles using thermal field theory techniques in all transverse momen-

tum k1 region. In the end of part I, new calculations at weak coupling are compared

to previously obtained P(k1 ) in strongly coupled V = 4 SYM theory. It is found

that at large k1 scattering probabilities at weak and strong coupling are substantially

different -- large k1 scattering at weak coupling are much more likely than at strong

coupling. This observation suggests that once clear experimental measurements be-

come feasible to identify events with large k1 scatterings (with respect to the original

hard parton), it will be possible to confirm or disconfirm weak coupling nature of

these scattering events. The discussion in the first part of the thesis is largely based

on the paper [1] and on the conference proceedings [2].

In the second part of the thesis, quark energy loss far from equilibrium and close

to equilibrium at strong coupling is considered. Since it is currently not possible to

evaluate the quark energy loss rate in strongly coupled QCD, conformal M = 4 SYM

theory is used with the help of holographic principle. In short, holographic principle

(also known as AdS/CFT correspondence) says that conformal field theory at strong

coupling in 4 dimensions and with large number of colors N, is described by dynamics

of the classical string theory in 5 dimensional anti de Sitter space-time. In this work,

pre-equilibrium quark energy loss at strong coupling is calculated for the first time

for dynamical medium modeling the collision of two heavy ions. It is found that pre-

equilibrium energy loss rate is not substantially different from the equilibrium energy

loss rate. It is also found that fluid velocity gradients play substantial role for heavy

quark energy loss when quark is traveling close to the ion collision axis. Motivated

by this observation, the effect of fluid gradients is investigated for general fluid that
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is locally close to equilibrium. When results are applied to the case of colliding sheets

of energy, it is found that equilibrium together with gradient energy loss components

describe the actual energy loss rate well. It is also observed that there is energy loss

delay time that is proportional to 1/T and is described by first order gradients when

fluid is close to equilibrium. The work presented in the second part of the thesis is

largely based on the papers [3, 4] and conference proceedings [5].
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Part I

Transverse momentum broadening

in weakly coupled quark-gluon

plasma
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Chapter 1

Introduction to part I

In this part brief introduction to the QCD phase diagram and phase of quark gluon

plasma is given. We discuss the motivation for studying quark gluon plasma and how

experimental programis at heavy ion colliders help to answer questions of interest.

We then discuss the probes that are used to describe the interactions and why they

turn out to be of interest. We will particularly concentrate on transverse momentum

broadening probability and transport coefficient associated with the secondI moment

of the distribution jet quenching parameter. We then describe how effective theory

(SCET) can be used to take into account large number of very soft interactions

by associating transverse monmentun broadening with the Wilson loop in thermal

medium. Finally, we give a brief introduction to the thermal field theory approach

to calculate the Wilson loop and discuss the consequences.

1.1 Quark gluon plasma, phase diagram of QCD

and heavy ion collisions

One of the important forces of nature is the strong force, also known as Quantum

Chromodynamnics (QCD). QCD is an SU(3) non abelian gauge theory which describes

the interactions between particles which have color charge associated with it (quarks)

and is transmitted with massless gauge boson fields - gluons. QCD has total number
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of charges Nc = 3 and total number of six quark types (plus antiquarks), which

correspond to Nf = 3 number of flavors. A unique property of QCD, as opposed

to other forces of nature, is asymptotic freedom - at high energies the theory is

interacting weakly, a, < 1, while at low energies, at around A, ~ 200 MeV, the

theory becomes strongly coupled and confined.

Interesting property of QCD is that in the limit of zero quark masses, the the-

ory has chiral symmetry. Chiral symmetry says that left-handed and right-handed

particles should be the same. Nevertheless, quark masses are non-zero and chiral

symmetry of QCD is spontaneously broken. The associated Goldstone bosons are

lightest hadrons of the theory - pions and kaons, with masses much smaller than

the rest of the hadrons observed. Therefore, at zero temperature we do not observe

chiral symmetry directly, but it turns out that because of asymptotic freedom at high

temperature chiral symmetry is restored - quarks and gluons do not form hadrons.

The critical temperature above which the symmetry is restored is estimated to be

Tcr 170 MeV at zero baryon chemical potential. The phase diagram of QCD is

outlined in Figure 1-1.

Our universe fractions of seconds after the big band was hot enough so that quarks

and gluons were in the phase of quark gluon plasma. Since the baryon-antibaryon

asymmetry was violated only slightly in the beginning of the universe, baryon chemical

potential was very small and therefore it is expected that phase transition happened

at temperature Tc, - 170 MeV. Unfortunately, this phase of the universe evolution

is not observable directly via astrophysical observations because the universe became

transparent only much later when hydrogen atoms were formed corresponding to

temperature Ti 14 eV.

One way how thermodynamic properties of QCD can be investigated is via lattice

calculations. Using imaginary time formalism QCD partition function is calculated in

Euclidean space-time with periodic time direction of length 1/T. Any thermodynamic

quantity can then be obtained by differentiating the partition function. This gives

a very powerful tool which can be used at strong coupling and nicely supplements

the perturbative approach at weak coupling. Lattice calculations indicate a sharp
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Figure 1-1: Cartoon of phase diagram of QCD with baryon chemical potential on the
x-axis, and temperature on the y-axis.

transition at temperature T, [6, 7] as can be seen in the Figure 1-2. It can also be

seen that the energy density deviates substantially from the Stefan-Boltzmann result

for a free gas of noninteracting gluons and massless quarks (indicated by arrow in

the plot). The associated critical energy density at T, is ~1 GeV/fm3 , which is the

energy density of one nucleon in a cube of 1 fin size. On the other hand, lattice QCD

can only be used for zero baryon chemical potential because of sign problem. Also,

calculations are restricted by computational power and only static quantities can be

calculated on the lattice.

The only physical way to recreate the phase of quark gluon plasma for short period
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Figure 1-2: Energy density of the QCD as a function of temperature T and normalized
with T 4 [6].

of time is using relativistic heavy ion collisions. In experiments at RHIC and LHC,

heavy ions are accelerated and collided at the center of mass energy per pair of nu-

cleon ,SNN (at RHIC maximum energy is sNN = 200 GeV and ,sNN = 2.76 TeV

at LHC). After the collision, a dense fireball is created at high temperature which im-

mediately starts expanding. During the expansion, the fireball cools down and when

it reaches temperatures approximately equal to 155 - 180 MeV (at RHIC), chemical

freeze-out happens and hadronic matter becomes dilute enough not to change the

abundance ratios. Formed particles are then observed in the detectors and trans-

verse momentum (with respect to collision plane) is measured. The measurements

can be used to infer the information about quark gluon plasma and one of the key

measurement is jet quenching or hard probe energy loss.

1.2 Hard probes

The droplets of quark gluon plasma (QGP) produced in heavy-ion collisions can be

studied via analyzing the "shape" (in various senses including almost literally) of

the explosion of hadrons it decays into and via analyzing their effects on various

internally generated "probes". High energy partons, produced in hard parton-parton
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scattering events occurring at the earliest moments within a heavy ion collision, are

particularly useful probes. After their production they will propagate through as

much as 5 - 10 fin of the hot and dense medium produced in the collision. In proton-

proton collisions, the production rates and decay products (jets) of such high energy

partons are well measured and well understood, meaning that in heavy ion collisions

they constitute well calibrated probes of the plasma. The suite of observables that

indicate the ways in which high energy partons interact with the plasma, for example

losing energy to it, are collectively known as "jet quenching". The suppression of the

production rates for high-pT hadrons in heavy ion collisions at RHIC with respect to

expectations based on scaling with the number of binary nucleon-nucleon collisions

was the earliest manifestation of jet quenching to be discovered [8]. Jet quenching

manifests itself in many observables, which contain clues about how the fragmentation

of a high energy parton is affected by the presence of the plasma and how the medium

responds to the energy and momentum that a fragmenting parton transfers to it. Jet

quenching has by now been seen in many ways, both at RHIC and at the LHC. At

the LHC, jet energies are high enough that the jets can be detected calorimetrically

event-by-event, and the phenomenon of jet quenching is manifest in single events

with, say, a jet with an energy greater than 200 GeV back-to-back with a jet with an

energy less than 100 GeV [9, 10, 11, 12, 13, 14, 15, 16]. The first measurements of

heavy ion collisions at the LHC in which a hard parton (manifest in the final state

as a jet) was produced back-to-back with a single hard photon have recently been

reported [14, 17], and early results on energetic hadrons back-to-back with a single

hard photon in heavy ion collisions at RHIC have also been reported [18]. Since the

photon tells us the initial transverse momentum and direction of the parton that

produced the jet, analyzing sufficiently large data sets of such events can tell us how

the plasma produced in heavy ion collisions affects the energy, fragmentation, and

direction of hard partons plowing through it.

Theoretical analyses of how the energy and momenta of hard partons are modified

by passage through weakly coupled quark-gluon plasma have been developed by many

authors [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] and are reviewed in Refs. [31, 32,
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33, 34, 35, 36, 37, 38]. In the limit of high parton energy, parton energy loss occurs

dominantly via the radiation of nearly collinear gluons, an effect that is distinct from

the changes in the direction of the momentum of the hard parton via (repeated, soft)

elastic collisions. The latter effect is often called "transverse momentum broadening",

where the word "transverse" here and throughout the remainder of this thesis means

perpendicular to the original direction of the energetic parton, not perpendicular to

the beam direction. Transverse momentum broadening describes the accumulation

of changes to the direction of the momentum of the hard parton as it propagates

through a medium. Transverse momentum broadening plays a central role in all the

calculations of radiative energy loss, since the incoming and outgoing partons and the

radiated gluons are all continually being jostled by the medium in which they find

themselves.

1.3 Effective theory approach

Analysis of an energetic parton propagating through a medium immediately involves

(at least) two well-separated energy scales, Q > T, where Q is the energy of the

hard parton and T refers to any of the soft scales that characterize the medium

itself. In the case of weakly coupled quark-gluon plasma, "T" could refer to the

temperature T itself or to even softer scales like gT or g2T, with g the QCD coupling.

This separation of scales suggests the use of Effective Field Theory (EFT), which

takes advantage of a separation of energy scales to simplify calculations and enhance

predictive power by identifying relevant degrees of freedom, simplifications, or new

symmetries that appear in the limit of large scale separation. The hierarchy Q > T

makes Soft Collinear Effective Theory (SCET) [39], the natural EFT with which to

describe hard partons in a medium. (SCET was introduced in other contexts in

which both energetic (collinear) partons and soft degrees of freedom are relevant.)

The work of Ref. [40], which builds upon the earlier analysis of transverse momentum

broadening in Ref. [30], was the first use of SCET to analyze partons in medium.

These authors looked at the transverse momentum broadening of partons produced
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in deep inelastic scattering on large nuclei. In particular, they discovered that the

transverse momentum broadening of an energetic parton is induced by its interactions

with the gluons from the medium in a particular kinematic regime, known as "Glauber

gluons", that were not present in the original formulation of SCET. Upon choosing

coordinate axes such that the three-momentum of the energetic parton is initially

along the negative z-axis, meaning that its initial four-momentum is

go - (q+, q, qo_) (0,QO) . (1.1)

(in light-cone coordinates defined by q- = (q0 ± q3 )) Glauber gluons are gluons

whose momenta are parametrically of order [41]

T T .T(1.2)

After absorbing or emitting any number of Glauber gluons, the momentum of the

energetic parton is paranetrically of order (T 2 /Q, Q, T), meaning that it is off-shell

only by of order T2 and so does not radiate either collinear or soft gluons [41]. And

yet, repeated absorption and emission of Glauber gluons continually kicks the hard

parton and can result in significant transverse momentum broadening. In Ref. [41]

SCET formulation for the calculation of transverse momentum broadening in any

medium was developed which accounts for arbitrarily many interactions between the

energetic parton and the Glauber modes from the medium. SCET has also been used

to study momentum broadening and collinear gluon radiation to first order in opacity

in Ref. [42]. In this thesis, the general result of [41] is evaluated for the specific case

of a weakly coupled quark-gluon plasma, in QCD, in thermal equilibrium.

1.4 Transverse momentum broadening

Transverse momentuni broadening is described by P(k1 ), the probability density

that after propagating through the medium for a distance L without radiating, the

energetic parton has acquired momentum transverse to its initial direction given by
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kI. The probability distribution is normalized as

J dkP(ki) = 1. (1.3)
(27)2

P(k1 ) depends on the medium length L, but we will keep this dependence implicit in

our notation. P(k1 ) is obtained by summing over infinitely many Feynman diagrams,

accounting for the interactions between the energetic parton with any number of

Glauber gluons from the medium. In Ref. [41] this calculation was performed by

treating the Glauber gluons as background fields, analyzing the propagation of the

energetic parton in the presence of any background field configuration, and then

averaging the result over all possible background field configurations.

The final result for the differential probability distribution reads [41]

P(k1 ) = d2xie-ikII V (x) , (1.4)

where 7Z is the SU(N) representation to which the energetic particle belongs and

VWR(xI) is the expectation value of two light-like Wilson lines with spatial extent L

(and therefore length L- = V/2L along the light cone) in representation R separated

from each other in the transverse plane by the vector xI.' The explicit definition of

WR(xI) is given at the beginning of Section 2.1. The expression (1.4) was obtained

previously using different methods in Refs. [35, 43]. The nature of the medium - for

example whether it is weakly coupled or strongly coupled - does not enter in the

analysis of the propagation in any one background field configuration, and therefore

does not affect the expression (1.4) [41]. This distinction, or indeed any property of

the medium, only becomes relevant when one averages over all possible background

field configurations, which is to say when one evaluates the expectation value WiZ(xi).

'The expression (1.4) is gauge invariant only after the ends of the lightlike Wilson lines are closed
with transverse segments, completing a Wilson loop. However, in the limit L > 1/T the contribution
of these transverse segments is subleading in any covariant gauge, meaning that the gauge invariant
result can be obtained by evaluating (1.4), which includes only the two long lightlike Wilson lines, in
any covariant gauge [41]. In lightcone gauge, the expectation value of the lightlike lines vanishes and
the same result is obtained entirely from the transverse segments [41, 47]. In the thesis, covariant
gauge is used to obtain the gauge invariant result directly from (1.4).
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If the medium of interest is in thermal equilibrium, the expectation value WIV'i(xi)

is a thermal average that can be evaluated in equilibrium thermal field theory. If

the medium of interest is not in equilibrium, the expectation value VR(xI) is much

harder to evaluate but the expression (1.4) remains correct. If the medium of interest

is cold nuclear matter, for example in approaches to understanding the Cronin effect in

proton-nucleus collisions via transverse momentum broadening of the incident parton

from the proton before its hard scattering [44, 45, 46], then the relevant P(k1 ) is also

given by (1.4). In all these contexts, the result (1.4) is valid only in the high energy

limit for the propagating parton. Specifically, it requires that Q > kL, as this is

the criterion that ensures that the trajectory of the hard parton in position space

remains well-approximated as a straight line, even as the parton picks up transverse

momentum kL. In this limit, P(k1 ) is given by (1.4) and is therefore independent

of the energy of the hard probe, depending only on the properties of the medium

through the thermal expectation value WVR(x 1 ). Transverse momentum broadening

without radiation thus "measures" a field-theoretically well-defined property of the

medium.

In Ref. [41], an explicit evaluation of the thermal average WVz(x-) and hence P(k1 )

was provided only for the plasma of g = 4 supersymmetric Yang-Mills (SYM) theory

in the large number of colors (Nc) and strong coupling limit, in which this strongly

coupled plasma has a holographic description, allowing the calculation to be done via

gauge/gravity duality.2 In this plasma (and, quite likely in any plasma in the strong

coupling limit) P(kI) is Gaussian in kI and transverse momentum broadening can

be understood as diffusion in k1 -space due to repeated, even continuous, interactions

between the hard parton and the strongly coupled medium.

In this thesis QCD plasma in equilibrium at high enough temperatures is consid-

ered so that physics at scales ~ T is weakly coupled. We shall evaluate the thermal

average WVa(xr) perturbatively, using standard methods from thermal field theory.

From this we then obtain P(k1 ) and hence momentum broadening in a weakly cou-

2 The result so obtained [41] confirms one obtained first in Ref. [48], and eliminates certain
subtleties in the earlier derivation.
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pled quark-gluon plasma by applying (1.4). We shall present this calculation over the

course of Sections 2.1, 2.2 and 2.3. We set up the general formalism and identify the

leading order contribution in the gauge coupling g (assumed < 1) to the expression

in (1.4). In doing so, we resum an infinite class of diagrams which are enhanced by

the medium length L. For a thick medium, the resummation alters P(ki) at small

kI, as we will show explicitly. Once we have set up the formalism and identified the

expression that we need to evaluate, we find that P(k1 ) depends on the retarded

gluon propagator. In Section 2.2, we show how this propagator can be expressed in

terms of self-energies, which we compute. We compute the self-energies first using

ordinary perturbation theory, for any value of the external momentum. Since our

goal is to compute the probability distribution in (1.4), which manifestly depends on

a gluon correlator in coordinate space, we need the gluon propagator for any value

of the external momentum. Famously, perturbation theory for non-Abelian gauge

theories at finite temperature breaks down in the infrared [49, 50]. In the case of the

gluon propagator this happens when the external momentum is of order g2T, and we

recover this pathology from our expression. We take care of the infrared problem by

using the hard thermal loop (HTL) effective theory [51], which is valid for momenta

of order gT and below and which restores a consistent perturbative expansion. We

work in the weak-coupling regime, where the hierarchy g2T.< gT guarantees that the

infrared problem does not show up in our calculation. In Section 2.3 we discuss this

in detail, and we explain how we use full or HTL retarded self-energies in the appro-

priate regimes, as well as how we match them at an intermediate scale. The reader

only interested in our results, not in their derivation, can jump directly to Section

3. There we present our results, compare them to results at strong coupling [48, 41],

and compare them to other weak-coupling results in the literature for P(k1 ) and its

second moment, which is called the jet quenching parameter q [30, 52, 53, 54, 55].

The most important qualitative feature of our result is that P(k1 ) Oc 1/kI in the

large k1 regime. Since this is parametrically larger than a Gaussian at large k1 this

means that at sufficiently large k1 P(k1 ) is greater in a weakly coupled plasma than

in a strongly coupled one. We close Section 3 by exploring this comparison, semi-
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quantitatively. In Section 3.5 we conclude and look ahead. We do not expect that

our result for weakly coupled quark-gluon plasma describes P(kr) for quark-gluon

plasma produced in heavy ion collisions correctly at all kL. Heavy ion collisions do

not reach the asymptotically high temperatures at which g < 1 at scales of order

the temperature. Instead, there are many indications that the plasma produced in

heavy ion collisions at both RHIC and LHC is a strongly coupled liquid, with no well-

defined quasiparticles (i.e. no quasiparticles with mean free paths long compared to

1/T). At small k1 , we therefore expect that its P(kI) is more similar to that in

the strongly coupled V = 4 SYM plasma [48, 41] than to that we calculate in this

paper. However, QCD is asymptotically free meaning that at short enough distance

scales the strongly coupled liquid must be described by weakly interacting quark

and gluon quasiparticles. We do not incorporate the running of g with k1 in our

calculation. Nevertheless we expect that, because g does run, P(k1 ) for the strongly

coupled liquid produced in heavy ion collisions is well described at large enough k1

by the result of our weakly coupled calculation of P(k1 ). This means that if P(k1 )

can be measured over a sufficiently wide range of k1 it could yield insights into how

quark-gluon plasma with liquid-like properties at length scales of order 1/T emerges

from a weakly coupled gauge theory at short distances.
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Chapter 2

Tools and calculation of transverse

momentum broadening

2.1 Setting up the formalism

In this section, we derive an expression valid to leading order in the QCD coupling

constant, and hence in a weakly coupled QCD plasma, relating the general result

for P(k1 ), derived in Ref. [41] and given in (1.4), to the retarded gluon propagator.

We see in (1.4) that the probability distribution P(k1 ) that describes momentum

broadening is the Fourier transform of V(x-i), the expectation value of two light-

like Wilson lines in representation R separated from each other by a distance x1 in

the transverse plane. We begin by defining WR(xI) explicitly:

Wla~(X-) = I (R)Tr [Wt [0, Xi W[0 0] (2.1)

where each Wilson line along the light-cone is in turn defined by

WR [y+, yA] P exp iI d- A(y+ -yi) } (2.2)
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X-L

Figure 2-1: Diagrams contributing to the expectation value of the Wilson loop,
WR(xI). The length of each of the long light-like sides of the loop is L- = V2L. The

light-like Wilson lines are separated in the transverse direction by a distance x1 .

Next, we Taylor expand (2.1), and in doing so we define

Wa~zI +E WO() =I+W + W + ...3 ,+23 (23
j=2

where Wj denotes the contribution in which j gluon fields are evaluated at points on

the light-like Wilson lines or, equivalently, the contribution from those diagrams (see

Fig. 2-1) in which gluon propagators end at j vertices on the light-like Wilson lines.

We have dropped the explicit denotation of the x1 -dependence on the right-hand side

of (2.3), and will do so at many points below. Each term on the right-hand side of

(2.3) is itself a series,

-U W~~jk (2.4)
k=O

where the contribution from a diagram with k gluon vertices on the light-like line at

the perpendicular position x1 and j - k gluon vertices on the light-like line at the

origin of the perpendicular plane is given by

(k,j-k) (^ )k i-k J L-
W= dy ... dy3d(R) k! (j -k)! JO

(Tr [P { A'(y-, x-L) ... A+ (y-, x-L)A'(y- , 0) . z(31 .. A+~; 1)] (2.5)

Here, g is the SU(Nc) gauge coupling constant, P stands for path ordering of the

gluon fields and the trace is taken over SU(Nc) color indices. We need not specify
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Figure 2-2: Diagrams contributing to W(2). Here, the blue blobs stand for full inter-
acting gluon two-point Green functions.

the y+ coordinates at which the gluon fields in (2.5) are evaluated because they are

evaluated on the light-cone described by varying y- at fixed y+, and we can use the

translational invariance of the medium to set all of the y+ coordinates to 0. The gluon

fields in (2.5) can each be written as the product of an operator and a group matrix:

A+ = Aa+to. Note, finally, that since the expectation value of a single gluon field

vanishes, there is no j = 1 contribution in the expansion (2.3). We have now specified

the W- of (2.1) fully explicitly. The probability distribution P(k1 ) that describes

momentum broadening is then given by the Fourier transform of Wjz, as in (1.4).

Both the gluon operators Aa+ and the group matrices ta, within WIZ are ordered

along the path as indicated by arrows in Fig. 2-1, in contrast with the time ordered

operators in a conventional Wilson loop [41]. Hence, the expectation value )W\k should

be described by a Schwinger-Keldysh contour with one light-like Wilson line on the

Im t 0 segment of the contour and the other one on the mi t = -iE segment. The

infinitesimal displacement in imaginary time ensures that the operators from the two

lines are ordered such that all operators from one line come before any operators from

the other. The Schwinger-Keldysh formalism relevant to our calculation is reviewed

in Appendix A. A typical diagram contributing to WVR(xI) is shown in Fig. 2-1.

We are looking for the leading order contribution to W)X, leading in the g < 1

limit. The first non-trivial and non-vanishing contribution appears for j 2, and is

given by the diagrams in Fig. 2-2. Upon writing each gluon field as A+ Aa+ ta,

the propagator that arises in iV reads

Tr [A (y-- y)An (y-, Y21)]) = Tr [ta o ] (Aa+ (y-- yaio)A l o t, r2h)) ,(2.6)

where yj_ and Y21 can each be either 0_1 or xL. The expectation value oil the right-

43



hand side of (2.6) is diagonal in the color indices, making it convenient to define

(Aa+(yT-, y)Ab+(y2,y 2 I) (1 _L A ' + ( y 2 Y 2 1( 2 .7 )
6ab D>(yi - Y2 , y - Y21)

where the Wightman propagator D> has no color indices.' We can now write

KTr [A+ (y-, yj)A+(y-,y 2 )]) (2.R 1 R2 )1)(2.8)
Y2 , Y11 - Y21)

where we have identified the quadratic Casimir factor CR for the SU(Nc) represen-

tation R via the relation

6ab ta tb = c. I, (2.9)

where I1 is the identity matrix for the representation R. With all these definitions

in place, V(2 now reads

W2~ = - g2 CjI 7 z -
L -

dyl-
0

dyj x
(2.10)

[D>(yi - y2 , O-) - D'(yi - y2, x)]

where L- = v/2L. Finally, we perform a change of variables for the integrations over

the y- coordinates, defining

Y1 + Y.
2 y Y1 Y2 (2.11)

The integration over the "center of mass" coordinate Y- is straightforward, and we

find

I dy- [D>(y-, O) - D>(y (2.12)

In order to determine the leading gauge coupling dependence of W (2 , we need to

'It would be more precise to call the propagator D> ++, since we only have the + component
of the gluon fields. We omit the ++ for notational simplicity. However, we keep the symbol > to
remind ourselves that this is the Wightman propagator. We shall later relate D> to the retarded
propagator.
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determine how the gluon propagator depends on g. The tree level term in the gluon

propagator is proportional to the metric tensor gy", and since g++ = 0 this vanishes.

The first non-vanishing contribution is found at next order in perturbation theory,

when we evaluate the one-loop propagator - i.e. replacing the blue blobs in Fig. 2-2

by single loops. It is straightforward to count the powers of g when the external

momentum in the propagator (i.e. momentum in the gluon lines shown explicitly in

Fig. 2-2) are greater than the scale gT. In this case, conventional perturbation theory

is under control, the one-loop propagator is 0(g2) and the full expression in (2.12) is

0(g4 ). For external momentum in the propagator of the order gT and lower, we shall

see below that HTL resumnmnation is necessary. We shall complete the discussion of

the g-dependence of our results in Section 3.

Before we move on, we need to check that the WV for j > 2 are suppressed

relative to W2 . Each gluon field from the Wilson lines brings a factor of g with it,

meaning that V{< comes with a factor of gi from attaching j gluons to the Wilson

lines. This, together with the fact that WN must include a three-gluon vertex that

comes with another g, suggests that all the W)/X4 for j > 2 are suppressed relative

to W/V by a factor of at least . The only way to avoid this conclusion would be

if the tree-level contribution to W( or W/ were nonzero, since we saw that (2 )

vanishes at tree-level. However, because the three-point gluon vertex has the form

g/"pP, where pP is one of the incoming gluon momenta, and because g'+ = 0, the

tree-level contribution to W% vanishes. It is also straightforward to check that the

tree-level contribution to (4) vanishes. We conclude that the contribution to the

series in (2.3) that is leading order in powers of g is given by W2, which is related

to the gluon propagator D> according to (2.12).

The formalism from Ref. [41] within which (1.4) was derived requires LT > 1. If

we were to require in addition that g2 CRL T < 1, which is satisfied at weak enough

coupling for any given L, we would have achieved our goal for this section having

derived the relationship (2.12). However, we would prefer to have a result that is valid

at large L for any given weak value of the coupling g. For this purpose the leading

order contribution to WV- given by (2.12) does not suffice because it is proportional to
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the length of the medium L, meaning that if we evaluate P(k1 ) by taking the Fourier

transform of (2.12) as prescribed in (1.4), we obtain a probability distribution that

is proportional to L. This cannot be the correct result at large enough L for any

fixed g. In particular, we find that when g2CzL T ~ 1 or greater, the perturbative

expansion is not under control. In Appendix B we complete the discussion of a "thin

medium", in which g2CRL T < 1, showing how in this circumstance (2.12) yields a

correctly normalized probability distribution P(kI). Here, we shall do better.

In order to find a perturbative expansion that is valid for any value of L (and

which of course reduces to what we have already derived if g2CzL T is < 1) we need

to consider the L-dependence of each diagram contributing in (2.3). In a translation-

invariant medium, each contribution to the series (2.3) is, at minimum, proportional

to L. This can easily be seen by starting from the definition in (2.3) and changing the

y- coordinates to a new set including the center-of-mass coordinate Y-, in analogy

to what we have done for w2 in (2.11). The gluon correlator cannot depend on the

center of mass position, and therefore the integration along Y- is straightforward,

giving just a factor of L. If this were the complete story, we would (incorrectly)

conclude that power counting in g and L results in

WO Oc g L, r;j , (2.13)

and would further conclude that the previous perturbative expansion needs no mod-

ification. In fact, the L power counting in (2.13) is incorrect because its "derivation"

assumed that the diagram in Fig. 2-1 is connected. If this were the case, there would

be only one global translational invariance, and therefore one single center of mass

integration. Disconnected diagrams, however, always have additional translational

invariances (corresponding to the freedom to translate disconnected pieces of the

diagram independently) that yield additional integrations over center-of-mass coor-

dinates that in turn result in the contribution of the diagram being enhanced by

additional powers of L. Thus when g2 CRL T - 1 or greater we will need to resum a

suitable set of disconnected diagrams, namely those whose contributions are the most
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"length-enhanced". Disconnected diagrams can always be drawn for j > 4, and the

greatest number of translational invariances is reached in diagrams with the greatest

number of disconnected pieces.

From the cluster decomposition principle, we expect that when we include all

disconnected diagrams, WVR(x I) can be written in the exponentiated form

VR = exp connected diagrams) . (2.14)

We emphasize that here connected diagrams include diagrams which could be dis-

connected were the gauge group Abelian. For example, consider the diagrams in

Figs. 2-3 and 2-4. The first is clearly disconnected. Naively, the cross diagram within

Fig. 2-4 also appears disconnected in coordinate space. However, the contractions in

color space restrict the coordinate space integrations, and the cross diagram should

in fact be considered connected. Since all connected diagrams come with precisely

one factor of L, our earlier power counting of g goes through, but now when applied

to the exponent in (2.14). So, to leading order in weak coupling we now have

P(k-L) = d2 _ e-tkL~_L eop .2) (2.15)

The proof of (2.14) is almost analogous to the textbook proof of the relation be-

tween the connected and disconnected diagrams in, say, AOp4 theory. There are some

additional complications involving path ordering and group contractions. We illus-

trate how these are resolved in Appendix C, by giving as an example a proof of the

exponentiation of /V2, namely (2.15).

We conclude that whereas for a thin medium in which g2CIL T < 1 the leading

contribution to P(k1 ) at weak coupling is given by (1.4) with WR replaced by just

W2, if g2CL T is not snall we must resurn all disconnected diagrams involving only

(2 as in Fig. 2-3, obtaining

exp [W(2)= 1 i+ (w4V2))n (2.16)
n=1
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Fl
Figure 2-3: A contraction of n = j/2 gluons, here with n = 8, giving a contribution
proportional to Ln. This is an example of a diagram whose contribution is length-
enhanced.

ru~ 13YL

Figure 2-4: A different contraction of k = j/2 = 8 gluons giving a contribution which
is proportional only to L', making it less "length-enhanced" than that of Fig. 2-3. If
we neglect powers of g coming from within the propagators, the cross diagram in this
figure gives a factor of g4L which should be compared with the g4 L2 factor coming
from two disconnected lines. This diagram and that of Fig. 2-3 give contributions
proportional to the same power of g but, among all such contributions, that from
Fig. 2-3 is one of those that comes with the highest possible power of L while that
from this diagram is not. So, the diagram in Fig. 2-3 is one of the length-enhanced
diagrams that we resum while this diagram is not.

where (wyz contains a "length enhancement" factor L'. By keeping only the

leading order term in the exponent in (2.14) we are resumming those diagrams that

have the highest possible power of L for a given power of g. This is illustrated in

Figs. 2-3 and 2-4. The diagram in Fig. 2-3 is included in our resummation (2.15);

it contributes to the n = 8 term in the expansion (2.16). The diagram in Fig. 2-4

arises in (2.14) from a cross-term involving 6 powers of W(2 ) and one power of W2.

It therefore does not arise in (2.16) or (2.15). It is not included in our resummation

because, for its power of g, it is less length-enhanced than the diagram in Fig. 2-3.

The physical interpretation of resumming length enhanced diagrams is that by

doing so we are taking into account the possibility that the energetic parton scatters

many times over the course of propagating for a distance L through the medium. In
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Appendix D we show explicitly that the resummation we have performed is equivalent

to considering multiple scattering by deriving and solving a Boltzmann equation for

momentum broadening. The rederivation of our results in Appendix D is also helpful

in making contact between our results and those in previous literature. To that

end, in Appendix D we analyze the Boltzmann equation with a collision kernel that

includes only one gluon exchange. The solution to this Boltzmann equation is identical

to Eq. (2.15), which we obtained by describing processes with one gluon exchange

(via V42), obtained by evaluating the Wilson line diagrams in Fig. 2-2) and then

exponrentiating in order to resum length-enhanced diagrams as we have just discussed.

From our approach, we know that Eq. (2.15) could be extended to higher orders in

the coupling by including further disconnected diagrams in (2.14). Analogously, the

calculation in Appendix D can immediately be generalized to analyze a Boltzmann

equation with more terms in its collision kernel, and to show that if the collision

kernel includes all terms to arbitrarily high orders in the coupling the result of the

Boltzmann equation approach would indeed agree with our more general expression

(2.14).

The expression for /V(2 is given in (2.12) as a function of the gluon propagator

in coordinate space. Together with (2.12), the result (2.15) provides an expression

for the probability distribution that describes transverse momentum broadening in a

weakly coupled plasma of any length L, thick or thin. In Appendix B we complete

the analysis of a thin medium, where g2 CRL T < 1, disconnected diagrams are not

length-enhanced, and only the diagrams in Fig. 2-2 contribute.

We end this Section by rewriting the expression (2.12) for INW 2, which appears in

the final result (2.15), in Fourier space. We first introduce the Wightman propagator

in momentum space through

D>(X) = (Q C-" D>(Q) . (2.17)

Here and below, we denote Lorentz four-vectors by an uppercase character, e.g. Q,
and the modulus of the three-vector by lowercase character, e.g. q. Integrating over
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y- in (2.12) (taking L -± oc) yields a delta function 6(q+). Keeping in mind that

the coordinate-space gluon fields are evaluated on the negative light-cone y+ = 0, we

then find that

W-R(x_) -9 2 CfL f d 2 ) 1- eiI] D>(q, q1 ). (2.18)

Finally, the propagator D> can be written as [56]

D>(Q) = [1 + f(q)] 2 Re DR(Q) , (2.19)

where f(q0 ) is the Bose-Einstein distribution function and DR(Q) is the retarded

propagator. We see that in a weakly coupled plasma P(k_) depends only on the

retarded gluon propagator. Our goal in the next Section will be to derive an explicit

expression for the retarded propagator DR(Q), from which D>(Q) can be obtained

using (2.19), W.(2 ) can then be obtained using (2.18), and the probability distribution

describing momentum broadening in a weakly coupled QCD plasma then follows using

(2.15).

2.2 Retarded gluon propagator

In this section, we evaluate the real time expression for the retarded gluon propa-

gator using the Schwinger-Keldysh formalism, with the two long light-like segments

of the contour separated infinitesimally in the imaginary time direction. We give a

brief review of the real-time field theory framework that we use in Appendix A. The

retarded gluon propagator DRp, is obtained by solving the Dyson equation

D-free(Q) = (D*(Q))- + ' HR R,(Q) , (2.20)
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where Dlee is the free retarded propagator and HIR,, is the retarded self-energy. In

a generic covariant gauge, the former reads

( e [(Q))- (I Q2 I) (2.21)

where is the gauge fixing parameter. In this Section, we compute the one-loop ex-

pression for the retarded self-energy. With the self-energy in hand we can solve (2.20)

and extract the ++ component of the retarded propagator, which is what we need

in order to determine the probability distribution P(kL) using the formalism that we

set up in the previous Section.

Unlike at zero temperature, the medium breaks Lorentz invariance and the self-

energy tensor therefore has four independent components, in principle. We work in

Feynman gauge ( = 1), where the one-loop self-energy is transverse [57, 58, 59, 60],

Qc2s'R11v(Q) = 0. In this case we only have two independent components:

HRu(Q) = H(Q) P/71 + f1 (Q) Pv (- 1), (2.22)

where the projectors P,7 and P4,L are defined in Appendix E. After we substitute the

expressions (2.21) and (2.22) into (2.20), we can invert the Dyson equation, obtaining

i PT iPL iK
DRIv(Q) = 2l(, + ," " (2.23)

- f1l(Q IL(Q) Q2

where the projector K,, is also given in Appendix E.

In what follows, we explicitly evaluate the full retarded gluon self-energy tensor

H1 v,(Q) at one-loop, and then extract the components HFJ(Q) and H (Q). We use

the Schwinger-Keldysh formalism presented in Appendix A, with the identification in

(A.11) between the retarded self-energy and the components of the self-energy matrix

in the Schwinger-Keldysh formalism. There are two main contributions to HRQ),

the Yang-Mills sector and the quarks, so we write

R = UYM + 1 ,quarks '
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Figure 2-5: Diagrams contributing to FJ1'"aym, the contribution to the retarded self-
energy from the Yang-Mills sector. The red numbers denote entries of the Schwinger-
Keldysh matrix propagator.

In the Yang-Mills sector we have three contributions

URyM --:R,a + Rb + Hfec (2.25)

corresponding to the different diagrams shown in Fig. 2-5: a) gluon loop with the

three-point vertex; b) gluon loop with the four-point vertex; c) ghost loop. We start

from the diagrams for 11" in Fig. 2-5 and use the standard Feynman rules for the

three-gluon vertex to obtain the expression

Raj g92NRa49
f d4K

d (2Kr)" [DR(K)Ds(K - Q) + Ds(K)DA(K - Q)] x

[-gv (5Q 2 + 2K 2 - 2K -Q) + 2Q[LQV (2.26)

+5QPKv + 5KuQV - 10KuKvI .

The explicit expressions for the retarded, advanced and symmetric propagators DR,
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Figure 2-6: Diagrams contributing to 11"Vquarks. Notation as in Fig. 2-5.

DA and Ds are given in Appendix A. We can combine the first two terms on the

right-hand side of (2.26) by changing the loop integration variable K -+ Q - K in one

of them. The vertex factor is left unchanged, whereas for the propagators we have

DR(K)Ds(K - Q) -+ Ds(K)DA(K - Q) . (2.27)

The two contributions are then identical, and we obtain

URa = 92N 1 Ds(K)DA(K - Q)

[-gt (5Q 2 + 2K 2 - 2K - Q) + 2QQv (2.28)

+5QPKv + 5KQV - 1OKPKf] .

Next we consider the contribution H"'j?. In this case we have only one diagram, since

interaction vertices cannot connect fields on different segments of the Schwinger-

Keldysh contour, and it reads

11 Pb = g NC (21) 6(K2) nB(ko) (- 3 g") (2.29)

Finally, since we are working in the Feynman gauge, there is also a contribution

H" from ghosts in the loop. Its calculation is very similar to the one for the first

contribution -"na, and in particular the two sub-diagrams in Fig. 2-6 are combined

together by the same shift (2.27). After some algebra, the only difference with respect

to the previous case is the interaction vertex, and we have

rip = i g2 N () Ds(K)DA(K - Q) [K['Kv - QVKP] . (2.30)
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Upon summing (2.28), (2.29) and (2.30), we find that the full gauge contribution to

the retarded gluon self-energy is given by

RYMly =92Nc
d4 K
( 3 6(K 2 )
(27r)3

1
nB(ko) (Q - K) 2 - s -

(Q -K) -z sgn(ko - qO) c

[gUv (2Q 2 + 4Q - K - K2 ) - 2QPQ" - 6QK" -- 2K"Q" + 8K Kv] .

(2.31)

We assume that there are Nf quarks in the theory. The fermion loop contribution

is shown in Fig. 2-6, and its calculation proceeds analogously to that for the gauge

contribution. We find

, quarks- 4g 2N J
d K_6(K 2) nF(ko
(2 7r) 3 (Q-K)2 - isgn(ko - q) c

[gv (Q - K - K 2 ) - Q'K" - KIIQ" + 2KK"]

(2.32)

The full retarded self-energy defined in (2.24) is given by the sum of the two

results (2.31) and (2.32). We use the transverse and longitudinal projectors defined

in Appendix E to extract its components 1J(Q) and H (Q), defined by (2.22), in

order to evaluate the expression for the retarded gluon propagator in (2.23).

longitudinal component is projected out as follows

IUL = p fltV -Q2 2
R'Lv''R N2 R q2 R'

The

(2.33)

and we get

2Q 2 + 4Q -K - 2q2 - 8qoko + 8k2
2B(ko) (Q - K) 2 -isgn(ko - o) E

dK6(K K
(27) 3

(2.34)
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Likewise, the transverse component reads

W 1 1 [-,+I'
2 2  (2.35)

HR YgIl7I'R

where the factor of 1/2 arises because the projector PT defined in Appendix E has

trace -2. In the second equality, we have defined the trace of the retarded self-energy

HR and we have also identified the longitudinal self-energy just found above. Thus,

once we know the longitudinal component, in order to get the transverse component

we need only compute the trace of the self-energy and can then use (2.35). We find

that the two contributions to the trace are given by

Sd4K 2  6Q2 + 8Q- K + 4K 2

(27) 3  (Q - K)2 - isgi(ko - qo) C
2 fd 4 KK 2  8Q-K-2K 2

11R, quarks = YNJ. 6(K2) IF (ko)
q (2 -F)3  (Q - K) 2 - i sgn(ko - qo) E

for the pure gauge and quark contributions, respectively.

In order to obtain an explicit expression for the retarded gluon propagator of

Eq. (2.23), we need the longitudinal self-energy given in (2.33), and the transverse

component obtained by combining (2.35) and (2.36). The expressions we have ob-

tained so far are valid for any value of the gluon external momentum Q. However,

as we have shown in (2.18), we only need the retarded gluon propagator evaluated

on the negative light-cone, namely for q+ = 0. For nonzero transverse momentum q1

this corresponds to space-like external momentum Q2 = -q2 < 0, in which case the

self-energy has a non-vanishing imaginary part. This is crucial to our analysis, since

what enters the calculation of P(k1 ) is the real part of the retarded propagator, as

shown in Eqs. (2.12), (2.15) and (2.19). The retarded propagator in (2.23) has a real

part if and only if the self-energy has an imaginary part. Without this imaginary part,

the probability distribution P(k1 ) in (2.15) would just be a delta function centered

at kI = 0, and thus we would not have any momentum broadening.

In what follows, we sketch the extraction of the longitudinal component of the
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self-energy arising from loops involving gauge bosons and ghosts, and just state the

final result for the transverse component. Starting from the explicit expression (2.34),

we first integrate over ko, imposing the on-shell condition for the loop momentum via

the delta function. We get two different contributions, for ko = k and ko = -k. The

integration over the spatial components of the loop momentum is performed in polar

coordinates, with the polar axis defined by the direction of the spatial component q

of the external momentum. The integration over the azimuthal angle < is straight-

forward, giving just a 2- factor. The polar angle 0 satisfies cos 0 = q. k, and after we

integrate over it we find

~RYM g2 NeT 2 q 2Neq q dk
riL 9u = 2 + NCqL0 dk nB(k)6 q2 + 8q2 q3 r k

2 q 2i + 2k(qo - q) + ic sgn(k - qO) qO q -O(2q - (2k - qo) 2 ) logq +
q 2 + 2k(qo + q) + i sgn(k - qO) 6 _4 _6

(2.37)

where we have used f 0 dk k nB(k) = T. The logarithms appearing in the ex-
fo, 6

pression (2.37) develop an imaginary part for (qj 2 2kqo) 2 < (2kq) 2. We expand the

logarithms in the e - 0 limit, obtaining a logarithm of the absolute value and a Heav-

iside step function for the real and imaginary part, respectively. We then identify the

real and imaginary part of the longitudinal self-energy, obtaining

2N2T 2 2 0 0

eR,YM 2  8 2  dkB(k)6 q 82 qa 0
22 q)

(2q2 (2k - qo) 2 ) log + 2k(qo -qO)(q2 + 2k(qo + q) (2.38)

IM IL(12 Neq2 "0ImH = Ne q- 0 dk n(k) (2q 2 - (2k - qo) 2) - (qO _ OR M-87r q3 P

The only integrations which are left are over the magnitude of the loop three-momentum.

The integral for the real part can only be evaluated numerically, whereas the one for

the imaginary part can be expressed in terms of the polylogarithmic functions Li,(z).

The expressions for the real and imaginary part of the longitudinal self-energy com-
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ing from quark loop are evaluated analogously, with the main difference being the

appearance of the Fermi-Dirac distribution thermal distribution function instead of

the Bose-Einstein. After combining the Yang-Mills piece and the contribution from

Nf quarks we obtain

NJ 2T 2 2 0 log q2 + 2k(qo - q)
Ren =I Ne + -I+ dk _log x

2 6 q2 81r q3 , q_ + 2k(qo + q)

[NenB(k)q2 - (Nf'r1,(k) + NenB (k))(4k 2 - 4kqo - qi)] + (qo -+ -qo)]

lIi HL g2NC~ [5q + 8qOT 2 + 6qoq±]
R 24w q3

9 T K (T Li2 (-) + 2 Li (

- Nc( log (i - e ) - 2TLi2  + 2T Li3 (e ) - (q -+o qo)

(2.39)

By similar means, we calculate the trace of self-energy tensor (2.36) which we then

combine with the longitudinal components in (2.39) to obtain the transverse self-

energy according to Eq. (2.35). We find

T_ ) g2T 2 2 q± 'oo q2 + 2k(qo - q)Re IT -- c + 1 + + dk log Ix
2 1 q2 ( 16 2 q 3 q 0 gq + 2k(qo + q)

[2NeIB(k)q2 + (NenB (k) + Nfnp(k))(q 2 + (2k - qo ) 2)] + (qo -qo)

Im11=7 2 N (]q [10q - 8qoT 2w 2 + 9qoq] +
Rmn J 487 q3  +

4Tq3 2 [ q2 log I + C2T) + 2qTLi 2 (-E q) + 4T 2 Li3  - +

Nc, (q2log I - C 2T - qTLi 2 (e 2 ) - 2T 2 Lia ( - (q -).

(2.40)

Thus, we have obtained the components of the gluon self-energy in (2.39) and (2.40)

by direct calculation in real-time field theory. In the imaginary time formalism, the

gluon self-energies were first computed in Refs. [57, 61].

We end this section by performing a check of our calculation, a check whose results
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we shall use in Section 2.3. We recover the HTL self-energies [51], which are valid for

external momenta of order gT or below. In this regime, the main contribution to the

loop integral comes from hard loop momenta k ~ T, so the procedure corresponds

to expanding the integrand in powers of q/k. Both the real and imaginary parts of

the gluon self-energy that we have obtained above can be computed analytically to

leading order in this expansion, resulting in

m2q qO q -- q
Re I 2 1 1+ -log,~RTL q2 2q q+q 0 ))

I RU HTL D2q3

M - mD R HTL
RHTL 2

where m2 is the Debye mass squared

m2 =2T2( N + . (2.42)MD-3 ( 2

As we will show explicitly in Section 2.3, perturbation theory breaks down in the

region where the external momentum in a gluon propagator is of order g2 T. We

will fix this problem by using the HTL self-energies given in Eq. (2.41), which are

well-behaved in the region where ordinary perturbation theory becomes problematic.

2.3 Breakdown of perturbation theory and self-

energy matching

The purpose of this work is to evaluate the probability distribution P(k1 ) in (2.15). In

order to do that we have to evaluate the gluon propagator for q+ = 0, and integrate

it over dq-d 2q1 , as in Eq. (2.18). In particular, we have to integrate the gluon

propagator over the region in momentum space where both q- and qi are of order

g2T or smaller. We shall begin this Section with an explicit demonstration of the

breakdown of perturbation theory at the scale g 2T in our self-energy results (2.39)
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and (2.40), and then describe how we shall evade this difficulty. This problem in

finite temperature non-abelian gauge theory has been known for many years, since

the early work of Refs. [49, 50]. Here, we focus on the pure Yang-Mills contribution

to the self-energy (setting Nf = 0), since the matter fermions are not responsible for

the breakdown of perturbation theory in the infrared. We only consider the real part

of the self-energies, since that is where the problem arises.

We can find the infrared breakdown of perturbation theory that occurs where

both q and qj are of order g2T by focussing on the slice through this region where

qo = 0 and 0 < q < g2 T. No problems arise in the longitudinal self-energy: it is

gauge independent [50] and, upon taking the appropriate limit in (2.39), we find

Re IL yAJ (qo = 0, qi -+ 0) -_ m, = 12NcT2 (2.43)

This longitudinal self-energy is responsible for screening the electric modes, giving

them a screening mass m g2 NcT 2 /3. It does not cause any problems for pertur-

bation theory. The problems arise in the transverse self-energy (2.40). In order to

extract the infrared limit, we divide the loop integral dk in (2.40) into hard and soft

regions. When qO 0, q1 < g2 T, and the loop integration variable is hard (k > T

and therefore k > g2T) we find that the integrand in the expression (2.40) for YN YAI

vanishes. We return to this point below but, first, we push ahead into trouble by

attempting to evaluate the contribution to HRYM from the region of the dk inte-

gral in (2.40) where k < T. Here we are allowed to use the "soft approximation"
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(nB(k) - T/k) in (2.40). We find 2

ReHI f(qo =0,q -+ 0) -

3 klog q - 2k 3 2 TNcq (2.44)

872 0 k qi + 2k 16

We immediately notice that for external momentum qj - g2T, the real part of the

transverse self-energy Re I, YI is comparable to q2. This introduces an unphysical

pole at a space-like momentum of order g2T in the propagator (2.23). It also invali-

dates the perturbative expansion of the propagator (2.23), in which HR is supposed

to be subleading compared to Q2. Clearly, perturbation theory cannot be trusted

anymore at and below the scale g2 T, and neither can the result (2.44).

It is expected that a magnetic mass of order g2T arises from nonperturbative

effects. Even if this happens, though, perturbation theory still breaks down at the g6

order, as shown in Ref. [491 by an explicit example. (In contrast, neither perturbative

nor non-perturbative effects generate a magnetic mass in an abelian gauge theory [62].

The leading term for the transverse self-energy goes as g2 qi, as can be checked from

our fermion loop result, and for this reason perturbation theory does not break down

in the infrared limit.)

To take care of this problem, we use the HTL self-energy (2.41) in the problem-

atic region. In this approximation, the transverse component of the gluon self-energy

is gauge independent [63] and does not give rise to any additional pole at q # 0,

so we do not run into any infrared problems. Along the qo = 0 slice that we ana-

lyzed above, the HTL self-energy is so well-behaved that it in fact vanishes, as we

already saw above. Using the HTL self-energy in the g2T momentum region avoids

all infrared problems and gives us a well-behaved result at the leading order to which

we are working, but of course it does not incorporate the effects of the magnetic
2 Our result is obtained in Feynman gauge ( = 1). For a general covariant gauge the infrared

behavior of the self-energy was first analyzed in [50] using the imaginary time formalism, finding

Re 11T, y X, (qo = 0, q_L -+ 0) -4-(1+ 64 2 2TNc, q_,

consistent with our result in the Feynman gauge. This contribution is gauge dependent, but it
cannot be set to zero by any gauge choice.
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Figure 2-7: Self-energy matching illustration. In the momentum region shaded in
grey, where Jq-1 < Jq; and qi < q*, we use HTL self-energies in the integration
in (2.18), whereas we use full self-energies elsewhere, in the white regions. The darker
grey region, where momenta are O(g 2T) is the dangerous region where we must use
HTL self-energies. We do not want to do the matching from grey to white anywhere
near this darker region. The HTL self-energies are not valid once momenta are O(T),
so the grey region must not extend this far. We have checked explicitly that for g < 1
the numerical result for (2.18) is insensitive to where we match from grey to white,
as long as gT < |q; < T and gT < k* < T.

mass of order g 2T, which is generated only nonperturbatively and so is absent in the

HTL self-energy (2.41). In the high-temperature limit of QCD, the nonperturbative

physics at momenta of order g2 T is described by matching to a dimensionally reduced

long-wavelength effective theory which turns out to be just Euclidean 3-dimensional

SU(N) gauge theory with the dimensionful coupling constant gE given by g2 = g2T.

Following up on a suggestion by Caron-Huot [54], Laine has very recently shown that

the nonperturbative contributions to P(kI) can be related to the static potential in

this effective theory and he and others [47, 64] have used this elegant observation to

show that the nonperturbative contribution to P(k1 ) is suppressed parametrically,

contributing to q (the second moment of P(k1 )) only at order g6 T 3 , and is further

suppressed by a numerically small prefactor [64]. This result justifies the neglect of

these nonperturbative effects that is inherent in our use of the HTL self-energy at

momenta of order g2T.

Although using the HTL self-energy nicely eliminates the infrared problems in
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perturbation theory, we cannot simply use the HTL self-energy throughout our cal-

culation because it is not valid for hard external momenta, which in our case corre-

sponds to qo - T (and therefore q - T) and qi - T in (2.18). The correct procedure

is then to use the full or HTL self-energies in the regimes where each is valid, and to

match in a region where both are valid. The strategy is illustrated in Fig. 2-7. The

darkest shading illustrates the momentum scales of order g2T where we must use the

HTL self energies because perturbation theory runs into troubles if we do not do so.

In the regions where momenta are of order T, the HTL self energies are no longer

valid and we have to use the full self energies. We must match from HTL to full self

energies in a region in which both are valid. As illustrated in Fig. 2-7, we perform the

matching at q; and q*- such that gT < q; < T and gT < q* <T. We find that the

matching is smooth at weak coupling g < 1, with the exact location of the matching

scales q; and q* not affecting our final results as long as the matching is performed

in the appropriate region.

Before presenting our results in the next Section, we close this Section by com-

paring our approach to perturbation theory, illustrated in the Fig. 2-7, to that in

some previous field-theoretical analyses of momentum broadening in weakly coupled

quark-gluon plasma [52, 53, 54, 55]. In the soft region (kI < T), these authors use the

HTL approximation in their calculations of the probability for momentum broaden-

ing. In the notation of our Eq. (2.18), using the HTL approximation is well justified

when qj < T only over the regime of the dq- integration in which Jq- < T, but

not over the entire range of the dq- integration. We have checked, however, that

if we were to use the HTL self energies for qj < T over the entire dq- integration

the error introduced is quite small. Our results therefore agree with theirs in this

momentum regime, for a thin medium. But, only for a thin medium because once

the medium becomes thick one must resum L-enhanced diagrams, as we have done.

In the hard region (k1 > T) Arnold and Dogan correctly use the unscreened gluon

propagator [52]. In this regime, resumming L-enhanced diagrams does not modify

our results significantly (because it is more likely to pick up a very large k1 from a

single improbable hard kick than from several less hard but still improbable kicks)
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and our results therefore agree with those of Ref. [52] for k1 > T. We have been

quite careful about how we match from the hard region, including that at q-- > T

at small qI, as we have described in Fig. 2-7. This care is unnecessary when k1 > T,

and when kI < T it turns out that doing the matching carefully as we do modifies

our results less than the resummation of L-enhanced diagrams does. So, we shall

see in the next section that our calculation correctly reproduces the results derived

with other techniques where it should. However, when the medium is thick enough

that the effects of the resummation that we have done become important, we find

disagreements with previous results in the soft perpendicular momentum region.
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Chapter 3

Results and discussion for part I

In Sections 2. 1, 2.2 and 2.3 we have presented a careful derivation of our expression

for P(k1 ) in a weakly coupled plasmna and a complete description of how we shall

evaluate it. The derivation has turned out to be both subtle and technical at various

points, and we therefore promised in Introductions that a reader not interested in

subtleties or technical details could skip from the end of Introduction to here. For

the benefit of such a reader, we begin here by restating the most salient points from

the previous Sections. After expanding the probability distribution for transverse

nonentum broadening (1.4) in the weak-coupling limit and after resumming an infi-

nite class of "length-enhanced" diagrams that are important if L is large enough that

g2 CRL T is not < 1, we found that transverse momentum broadening is described by

P(kd) / dX C-ik " exp [ j . (2.15)

The physical interpretation of resumming length enhanced diagrams is that doing

includes the effect of multiple scattering; we show in Appendix D that the same result

(2.15) can equally well be derived by solving a Boltzmann equation for nonentun

broadening via multiple elastic collisions. In (2.15), the properties of the medium

enter through

2) = -g2CL dqd 2q 1 [- eiqLx] D>(q-, qi) (2.18)
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The Wightman gluon propagator D> is directly related to the retarded gluon propa-

gator by

D'(Q) = [1 + f(q)] 2 Re DR(Q) , (2.19)

where f(q0 ) is the Bose-Einstein distribution function and DR(Q) is given in (2.23)

in terms of the self-energies that we have then computed explicitly in Section 2.2.

In Section 2.3 we explain where and why we use the full self energies or the HTL

self energies in our evaluation of (2.23). The full and HTL self energies are given

explicitly in Eqs. (2.39,2.40,2.41).

3.1 Results for a thin medium, and comparison to

previous results

Let us introduce the dimensionless variable

S C ,LT (3.1)
27

proportional to the thickness of the medium L, which determines how important it

is to resum L-enhanced diagrams. We begin by presenting our results for the case

where K < 1, meaning that there is no need to resum the L-enhanced diagrams at

all. In this thin-medium regime, it is convenient to define the function

Pthin(k-L) =_ 2v2_F d- D >(q-,7 k-) ,(3.2)
T f27r

because the resummed probability distribution (2.15) reduces to

P(k1 ) = Pthin(kI) for k1 = 0 . (3.3)

This is shown explicitly in Appendix B, where we also explain how to handle subtleties

at kI = 0 correctly, so as to obtain a normalized probability distribution P(k1 ).

The correct IR and UV behavior of the probability distribution Pthin(kI) have
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each been obtained previously:

" In the IR region, Aurenche, Gelis and Zaraket showed by explicit calculation

that (in our notation) [65]

Pthin tkL pAZ
PththlikI PG(k) for k1 < T (3.4)

where

PAGZ 27 D(3.
~thin'(kL) =h kr, k +- nD (3.5)

with the Debye mass squared as given in (2.42).

" In the UV region, k1 > T, the calculation of Arnold and Dogan shows that

(again in our notation) [52]

Pth 1 (i)nt (k1 ) for k> (3.6)

where

Pel (k-) = K (4Nc + 3Nf) - 3 )T (3.7)
7rk{ 37

with ((3) ~ 1.202 the Rieniann zeta function.

These expressions can each be obtained from our PIi,, (kI), defined in Eq. (3.2), by

taking the IR or UV limits. To obtain the IR expression, we use the HTL self-

energy everywhere, make the additional soft approximation, e.g. 1n13(qo) ~ T/qo, and

recover (3.5). To take the UV limit, we use the full self-energy rather than the HTL

self-energy and keep only the first order solution to the Dyson equation (2.20), and

recover (3.7). In Fig. 3-1 we plot Pt1111(k 1) multiplied by factors of k3 and k4 , and

show the agreement in the IR with the AGZ result and in the UV with the AD

result. We see that at both g = 0.1 and g = 0.3, the agreement with the AGZ result

is excellent, and extends to values of kI/rMD that are not small at all. In fact, for

g - 0.01 (which we have not plotted) this agreement extends beyond k = 10nD. We

also see that although at g = 0.3 the matching described in Section 2.3, see Fig. 2-7,

is smooth, at g =1 and g = 2 it introduces a kink at k1 = q* . This highlights the
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fact that a weak-coupling analysis is not quantitatively reliable at these larger values

of g. There is a good reason for this: once g > 1, the separation of the scales g2 T,

gT and T that we discussed in Section 2.3 and used as depicted in Fig. 2-7 breaks

down. In order to apply our calculation at g = 1 and g = 2, we need a prescription

for how to do the matching described in Fig. 2-7, even when the scales depicted are

not separated. What we have done is to choose the matching scale on the horizontal

axis of Fig. 2-7 as q; = T, thinking it would be unreasonable to choose a larger q;

even if it is the case that gT > T. Then we have chosen the matching scale q* so as to

make the probability distribution Pthin(k 1 ) continuous at k1 = q*, with a kink there

but no discontinuity. Clearly we could instead have chosen a matching prescription

at g > 1 involving interpolation over a window in k1 , but this would have been no

less arbitrary, given that there is a physical reason why the calculation is not under

quantitative control at these large values of g.

For g < 1, as discussed in Section 2.3 the matching can be done anywhere in the

range gT < q*, q; < T, because the HTL and full self-energies are in good agreement

throughout this region. For g = 0.1, the matching was done at q; = 0.28T and

q* = 0.3T while for g = 0.3 it was done at q; = 0.42T and q* = 0.9T. We have

checked that if we vary the locations at which the matching is done within the range

between gT and T, the correction to Pthin(kI) plotted in Fig. 3-1 is less than the

thickness of the curves in the Figure.

A leading order expression for Pthin(kI) for all k1 was obtained in Ref. [53] by

interpolating between the small and large k1 regimes. A next-to-leading-order result

was derived in Ref. [54], but within the HTL approximation. The HTL result of

Ref. [54] was then extended to the k1 > T region by making the soft approximation

discussed above. Another calculation of Pthin valid in the IR can be found in Ref. [55],

where the momentum broadening distribution was obtained via a Langevin equation.

The solution obtained there using the HTL self-energy reproduces the AGZ result.
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Figure 3-1: The continuous brown, light blue, red and green curves are the probability
distribution Pthin (kI) for g = 0.1, 0.3, 1 and 2 (bottom to top at low kI, top to
bottom at high k1 ), multiplied by kI and k. In the IR, Pthin(kI) agrees with
PAG7 (k1 ) (shown as the dashed dark blue curves) and in the UV, Pthin (k 1) agrees
with P th(k 1 ) (shown as the dashed purple curves). The only L-dependence in Pthin
arises from it being proportional to K meaning that, because we have plotted the
probability distributions divided by K, the quantities plotted are L-independent. We
have scaled both axes by the appropriate power of the Debye mass MD to make
the quantities plotted dimensionless. Scaling the plots in this way also ensures that
pth z(k1 ) and tki), shown as the dashed curves, are independent of g.The
kinks in the curves for g =1 and g = 2 are located at the k= q* where we do the
matching described in Fig. 2-7.

3.2 Complete results for the probability distribu-

tion P(ki)

The probability distribution P(k1 ) in (1.4) is obtained by Fourier transforming the

function exp W2)(Xi) with W,(2) given by (2.18). We see therefore that, if the

medium being probed is a weakly-coupled plasma, w2 (x 1 ) is the only "soft function"

through which properties of the medium enter into the probability distribution for

momentum broadening. W 2 (x 1L) is proportional to K and depends on the gauge

coupling constant g, with most of the latter dependence coming via its dependence

on the Debye mass mD given in (2.42). We illustrate this in Fig. 3.2, where we plot

wR(XI)/K versus xImD for several values of g. We have described in detail how we
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Figure 3-2: W2(x1 )/K for gauge coupling constants g = 0.1, 1 and 2. (zi)/s
is independent of , and, when plotted versus xI in units of the inverse Debye mass,
is almost independent of g.

evaluate . (x 1 ) in Sections 2.2 and 2.3.

In the top panel of Fig. 3-3, we present our numerical results for the fully re-

summed probability distribution P(k1 ) that describes momentum broadening in a

weakly coupled plasma with gauge coupling constant g = 0.1. We show our results

for three different values of the thickness of the medium L, meaning three differ-

ent values of rz. We have also plotted Pthin (kI), and we see that when K = 0.1

the medium is so thin that P(k1 ) ~ Pthin(kj), meaning that there is no need to

resum L-enhanced diagrams. Although Pthin(kI) oC ,, meaning that Pthin(kI)/K in

the Fig. 3-3 is r,-independent, our full result P(k1 ) has nontrivial -dependence at

small kI. This K-dependence is better seen in the middle panel of the Fig. 3-3, where

we plot kIP(kI). Note that the mean value of kI, which is proportional to the jet

quenching parameter q that we shall discuss in Section 3.3, is given by the area under

the curves in this middle panel. We see from the Figure that increasing K steadily

shifts probability density away from small k1 , pushing it out to larger and larger k1 .

This makes sense: as you make the medium thicker, the hard parton spends more

time travelling through the medium, getting kicked, and so can pick up more and

more transverse momentum. Finally, in the third panel of Fig. 3-3 we highlight the
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Figure 3-3: In the top left panel, we plot our full result for the probability distribution
P(ki), after resumming the contributions of L-enhanced diagrams. We show our
results at three different values of K (K increases from top to bottom at low k1 ),
and confirm that at K =0.1 our result agrees with Pti,,(k 1). In the top right and
lower panels, we multiply P(k1 ) by kI and kI in order to highlight the behavior at
intermediate and large k1 , as well as at a larger value of K, namely K= 20. The
gauge coupling constant is g = 0.1 throughout. All the probability distributions are
normalized as in (1.3).

behavior of P(k1 ) at large kI. We see that for any value of K at large enough k1

the probability distribution P(ki) approaches Pth1 1(kI), meaning that resummation

of L-enhanced diagrams is unnecessary. This is reasonable on physical grounds: for

any value of /- there will be some k1 that is so large that the most probable way of

picking up this improbably large k_ is via a single scattering, which is described by

Pthin(kI).

We expect from Fig. 3.2, and confirm in Fig. 3-4, that once we plot P(k1 ) relative

to k1 /nMD, there is little remaining g-dependence. We see from Fig. 3-4 that the

g-dependence is at most about 10% at K= 0.1, and even much smaller than that
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Figure 3-4: Probability distribution P(ki) at three different values of K, multiplied

by k3 and plotted as in the middle panel of Fig. 3-3, but for two different values of g.

at K = 20. Note that what Fig. 3-4 demonstrates is that, when plotted in this way,

our results are insensitive to increasing g at fixed K. Increasing g while holding K

fix requires reducing L. If, instead, we increase g at fixed L, this corresponds to

increasing K - which (we see in Figs. 3-3 and 3-4 and below) has a marked effect on

our results.

The K-dependence of P(k1 ) at small k1 manifest in Fig. 3-3 is interesting. For

very small K, P(k1 ) ~ Pthin(kI), which diverges proportional to 1/kI at small k1 , as

in (3.5). Plotting our results at many more values of K than we have shown in Fig. 3-3

indicates that P(k1 ) diverges as kI -± 0 if K < 2 and is finite at k1 = 0 for K. > 2, and

indicates that P(k1 ) is linear in k1 at small k1 if K = 3 (as illustrated in Fig. 3-3) and

is quadratic in k1 at small kI if K > 4. All these features of the behavior of P(k1 )

in the kI -± 0 limit can be demonstrated analytically, via approximating Pthin(kI)

by PA Z(kI) as is valid for k1 -+ 0, and then resumming L-enhanced diagrams. We

present this analysis in Appendix F. We expect that the L-resummed pAGZ(k 1 ) will

agree with the full P(k-) at small k1 because P iZ(k-) agrees with Pthin(kI) in this

regime. The physical argument behind this expectation follows. For any value of k1 ,

resumming the L-enhanced diagrams means taking into account the possibility that

the hard parton could pick up this k1 via multiple scatterings, summing over the

infinite number of ways of adding up individual kicks that yield k1 in total. If we
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consider some k1 that is small enough that Pmi(ki) ~PGZ(k), then getting this k

via multiple kicks that each transfer momenta much larger than k_ is improbable. The

L-resummation is therefore dominated by terms in which each of the multiple kicks

transfers momenta that are comparable to or smaller than kI, meaning that all the

multiple kicks being resummed are small enough that AGZ is a good approximation.

We therefore expect that, after resummation, P(k1 ) ~ PAGZ(k-). We confirm this

by explicit calculation in Appendix F. From the analysis in Appendix F we then learn

that as k1 - 0, the probability distribution P(k1 ) includes a term proportional to

k as well as a (possibly nonanalytic) term proportional to k K-, which dominates at

small enough kI if r < 4. This term explains the qualitative features that we have

described above.

We have seen that for K > 4, the leading small-kI behavior of P(kI) is a constant

minus a term quadratic in kI. This immediately makes one think of a Gaussian.

And, indeed, there is every reason to expect that at large K we should find a Gaussian

probability distribution at small enough k1 : large K means a thick medium, meaning

that the hard parton picks up its transverse momentum via the sum of many kicks.

This means that in the large-K regime we expect that momentum broadening can be

thought of as diffusion in transverse momentum space, with a Gaussian probability

distribution P(k1 ) arising via the central limit theorem. In Fig. 3-5, we illustrate

P(k1 ) for three large values of K, showing that at small enough ki we do indeed find

a Gaussian probability distribtion. For each K, we fit a Gaussian of the form

Pfit (kL) -= A exp (-a k ) (3.8)

to P(kI) at low kL. We determine A by requiring that Prt(0) = P(0) and then

determine the width parameter a by fitting the quadratic dependence of log P(k1 )

around k1 = 0, i.e. by fitting the brown dashed parabolas to the results shown as

the solid blue curves in the right panels of Fig. 3-5. (Although P(k1 ) is a normalized

probability distribution, Pat is not normalized since as we can see in Fig. 3-5 it has

less weight in its high-k1 tail.) In order to gauge the range of k1 out to which
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Figure 3-5: The solid blue curves show the probability distribution P(k1 ) describing
momentum broadening in a weakly coupled plasma with g = 0.1 at three different
large values of t plotted on linear (left panels) and log (right panels) scales. For
each K, with the brown dashed curves we show a Gaussian fit of the form Pfit(kI) =
Aexp(-a k) to P(k1 ) at low kL. We find a m2 = 0.0345, 0.00410 and 0.000792 for
K = 20, 100 and 400. We see from the figures that at larger K the Gaussian fit is a
good approximation to P(ki) out to larger kI/mD, out to larger ki , and down to
lower probabilities. This is the central limit theorem in action.

the probability distribution P(k1 ) is well approximated by the Gaussian Pft(k1 ), we

define k' as the value of k1 where the Gaussian fit function starts to deviate from

the actual result by 2%: P(k G) - Pnt(kG) = 0.02 P(k G). We see from Fig. 3-5 that

the larger K is, the larger is the kG, both in units of mD and in units of 1/ji. More

and more of the integrated probability is found in the regime in which the probability

distribution is Gaussian at larger and larger K. This is the central limit theorem in

action.

We can confirm the reliability of the Gaussian fit that we have done by comparing

our results for the Gaussian width parameter a to the value of a for the resummed
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AGZ distribution PAGz(ki) that we obtain in App. F. As we have already emphasized,

the resummed AGZ distribution is an excellent approximation to the full probability

distribution at small k1 , which is also where we find Gaussian behavior. Resuruning

the AGZ distribution should therefore describe the physics well in the region where we

perform the fit, with the additional benefit of making it possible to do the calculation

alnost completely analytically. As described in detail in App. F, we fit the Gaussian

(3.8) to PAGZ(kI) and find an expression for the width parameter a:

2 AGZ, 2 - fo .dx x 3 (e3[K(x
4 10 dx x'- exp [-K Ko(x)] '

with Ko the modified Bessel function of the second kind. The values of a that we

obtain from this expression with K set to 20, 100 and 400, namely aAGZ M2 0.0362

0.00410 and 0.000763, are all within a few percent of those that we have obtained by

fitting to our full results in Fig. 3-5. Naive application of the central limit theorem

would suggest that the width of the Gaussian, oc 1/a, should increase like VL and

hence at fixed g it should increase with increasing K like F. Instead we find both

from our full results and from (3.9) that 1/a grows slightly faster than linearly with

K, apparently including a K log K term as well as a term proportional to K.

We have also investigated the g-dependence of a by repeating the analysis shown

in Fig. 3-5 at g = 1, instead of g = 0.1 as in the Figure. In so doing we find that a

decreases by factors of 27000, 19000 and 16700 if we hold L fixed, increasing K from

the 20, 100 and 400 in the Figure to 2000, 10000 and 40000. If instead we hold K

fixed and increase g, we find that to a good approximation 1/a increases like g2, as in

(3.9). Our results for the width parameter a can therefore be summarized by writing

1/a = 2 f(K) for small values of g, with f(K) a function that grows slightly faster

than linearly with K at large K. This means that 1/a grows slightly faster than like

94 with increasing g at fixed L.

To this point we have focussed on the Gaussian behavior illustrated in Fig. 3-5

but it is just as important to see in these plots that for any K, no matter how large,

at large enough k1 you see the P(k1 ) oc 1/k4 behavior (3.7), which is the correct
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form for P(ki) in the asymptotic ultraviolet k1 -+ oc limit. This apparent failure of

the central limit theorem arises because the underlying probability distribution for a

thin medium Pthin(kI) has a "fat tail": its power-law fall-off at large k1 ensures that

no matter how many scatterings are added up by resumming L-enhanced diagrams,

i.e. no matter how thick the medium is, the behavior of P(k1 ) at large kI does not

become Gaussian, it remains power-law. The physics behind this is that no matter

how thick the medium there is a k1 that is so large that the most probable way of

picking up this much transverse momentum is via a single hard scattering. The "fat

tail" of the Pthin(kI) distribution ensures that, for large enough ki, although such

single hard scatterings are rare they are more probable than picking up such a large

k1 from multiple scatterings.

There are many previous analyses of momentum broadening via multiple scatter-

ing in a weakly coupled plasma in the literature in which approximations are made

that result in a Gaussian form for P(k1 ). (See Refs. [66, 67, 30, 43, 42], for example,

and see Appendix D for further discussion.) It is important to realize that altehough

at large r' this is the correct form for "most of the probability", i.e. for a region in k1

that contributes the lion's share of the normalization (1.3) of the probability density

P(k1 ), at large enough k 1 the probability density is not Gaussian but rather a power

law. And, in the Q -± oc limit (high jet-energy limit) in which the calculational

framework within which we are working is controlled it is the large-k 1 power-law re-

gion of P(k1 ) that controls the jet quenching parameter 4 oc kI), as we shall discuss

in the next subsection. We shall see there that there is nevertheless a sense in which

1/(aL) can be thought of as a sort of "soft jet quenching parameter". More generally,

it is interesting to ask how the width of the Gaussian component of P(k1 ) manifests

itself in aspects of the phenomenology of jet quenching other than momentum broad-

ening, even in the Q -± oc limit. However, 1/(aL) is not the jet quenching parameter.

And, in fact, we shall see that in the Q - oc limit any dependence of 4 on a is both

subleading and implicit.
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3.3 Jet quenching parameter

In this subsection we shall discuss the implications of our results for the jet quenching

parameter 4, defined as

(k ) 1 d2k 1 2I - k2~i .(.0
L Li (27r) 2

Recall that in the large k1 limit, the resumination discussed in Section 2.1 becomes

unnecessary, and we recover the limiting behavior of Pthin(kI) given in (3.7). We

immediately see that the "fat tail" of the probability distribution, P(k) o 1/kI at

large k1 , makes q defined in (3.10) logarithmically divergent in the ultraviolet. Hence,

the jet quenching parameter 4 is not well-defined in a weakly coupled plasma. This UV

divergence has been noted by many authors before us, for example in Refs. [20, 21, 53,

52, 54, 55]. Nevertheless, the quantity 4 enters in many calculations of parton energy

loss, even though its definition is based entirely upon momentum broadening, and

we therefore want to compare our results for this quantity to those in the literature.

To that end, we shall follow standard practice in much of the literature and regulate

the integral in (3.10) with an ultraviolet cutoff Auv, which is usually thought of as

being a kinematic cutoff of order Auv ~ (QT) /2 , with Q the energy of the hard

parton. The thinking behind this conventional choice is that Atv should be of order

the maximum k1 that the hard parton of energy Q can pick up via a single scattering

from a gluon in the medium with momentum of order T. More sophisticated, perhaps

process-dependent, approaches are also possible [52, 68, 54, 69]. In the Q -+ cC limit

in which the calculational framework within which we are working is controlled, Auv

is much greater than the k G below which P(k-) is Gaussian and it must be in the

regime in which P(k±) oc 1/ki. We shall take this as given initially, but we shall

later consider the possibility that Auv may not always be so large for experimentally

realizable values of Q.

Although our purpose in this subsection is to compare our results for to those in

the literature, we note here that for many purposes ( may not be the most relevant

parameter with which to characterize P(k1 ) in a weakly coupled plasma. Because q
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is ultraviolet-divergent in a weakly coupled plasma, in this setting it is determined

by P(ki) at asymptotically large k1 , in a regime that contributes almost negligibly

to the integrated probability. We have seen in Fig. 3-5 that although P(k1 ) has a

"fat tail" that controls 4, most of the probability comes instead from the Gaussian

region at lower kI. So, in the case of a weakly coupled plasma the jet quenching

parameter 4 describes only the tail, not the dog itself. In marked contrast, we shall

see in the next subsection that in a plasma that is strongly coupled at all length

scales, P(kI) is Gaussian at all momentum scales, and the jet quenching parameter

4 is finite, well-defined, and is the only parameter needed in order to characterize the

entire probability distribution P(k1 ) [48, 41].

We turn now to the calculation of 4, with its ultraviolet divergence regulated in

the conventional way. In Appendix G we show that for a probability distribution of

the form (2.15) the jet quenching parameter 4 takes the form

L 4 ) = (3.11)

where V 2 is the Laplace operator in the transverse plane. Before proceeding to apply

(3.11), we can make a very general point. If we were able to push our calculation

through to all orders in perturbation theory, W(2) in (2.15) would be replaced by the

sum of connected diagrams in the exponent in (2.14), which we can denote W4(. The

calculation in Appendix G then still goes through, meaning that (3.11) becomes

I V2)/V . (3.12)
L R LJ=0

As we have discussed in Section 2.1, the contribution of each connected diagram to

Wc) is proportional to L. We then see that (3.12) constitutes a proof that 4 is

independent of L and, equivalently, of r to all orders in perturbation theory. So, 4

can only depend on g and T as well as on Auv.
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We now apply (3.11) to our weak-coupling result (2.18) for WV and find

4 ~ - = 2 iPt,,jk), (3.13
L (2 -F)2(.3

which is divergent, as we expect. Even before we regulate the divergence, we notice

the interesting result that is the same as it would be if the probability distribution

for momentum broadening were just Pthin(k), instead of P(kI). We have seen in the

previous subsection that the resummation of length-enhanced diagrams completely

changes the shape of P(k1 ), but we now see that in a weakly coupled plasma this

resummnation has no effect on c. This makes sense since in a weakly coupled plasma

(k2) is controlled by the ultraviolet power-law behavior of P(k1 ) which is unaffected

by the resurnmnation. In order to actually use the expression (3.13), we regulate it

by introducing an ultraviolet cutoff Auv, as discussed above. (As long as AUV is

large enough, introducing the ultraviolet cutoff already in (3.10) would have been

equivalent.)

Because we are assuming Auv > k', we can present our results in a semi-

analytical form. First we divide the integral over the magnitude of ki in the ex-

pression (3.13) for 4 into two parts, one from 0 to kI and the other from k to AUv,

with k arbitrary except that it must satisfy k < Atv, k' > k' and k > T. We

denote the two contributions to 4 by

q = 61 + chv . (3.14)

Next, we observe that in the ultraviolet tail of Pthin(kI) the retarded propagator

in Eq. (2.23) is well approximated by the first order solution to the Dyson equa-

tion (2.20). This means that the Wightman propagator D>, expressed in terms of

the retarded propagator as in (2.19), takes the form

Im (fiL_
D> (qO, k-L) = (I + f (go)) . (3.15)

ki 2k + q 2)
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We then define the dimensionless coefficient

(1 + f(qo))
dqo 2 2T3

Im (riL - M~)
(k2 + q2) 2

Given the behavior of the imaginary part of the self-energy in the UV limit, the

constant b does not depend on either kI or g. We have defined b so as to allow us

to write a very compact expression for the probability distribution Pthin(kI) that is

valid only in the ultraviolet limit,

LT 3
Pin(k1 ) =2b gCR ,A (3.17)

and from this we determine that the UV contribution to the jet quenching parameter

is given by

quv = bg 4 CR T 3 I Ak f

dk = b g4C T 3 log A
(3.18)

The arbitrary scale k' must be large enough that we can safely apply all the UV

approximations just discussed. From its definition in Eq. (3.16), we can calculate the

value of b explicitly. We find

b = 0.2035 . (3.19)

To check our results against those in the literature, we identify the factor correspond-

ing to b in the result (3.7) from Ref. [52], finding

b D 1 7((3)bAD - (() = 0.2035
2ir 4 (2)

(3.20)

Our expression for 4uv is therefore in excellent agreement with that obtained by

Arnold and Dogan.

Turning now to the IR, we have

1
qIR = 2L JI0

dkki Pthin (k,) (3.21)

Since we chose kI to be well into the UV region, the integral in (3.21) must depend
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Figure 3-6: The function c(g, k') as a function of k', with the gauge coupling set to
g = 0.1. For large enough k', c(g, k'I) becomes constant.

logarithmically on k. To isolate this known logarithmic behavior, we define the

function c(g, k'i) via the expression

qLR =g 4 CRT 3 ck') + b log , (3.22)
1 T

in which IR is to be evaluated using (3.21) and which therefore serves to define c. The

function c(g, k) is plotted in Fig. 3-6 as a function of k for g = 0.1. We see that for

large enough k, the function c(g, k) becomes independent of kL. And, we anyway

needed to choose k'L > T in order to control the behavior of quv. Upon making this

choice, c(g, k'i) ~ c(g). The only way that properties of the probability distribution

Pthin (kI) in the IR, and indeed in any region of k 1 except the UV, enter into the

calculation of 4 is through the function c(g). In some implicit way, c(g) is related

to the properties of the P(kI) distribution that we discussed in Section 3.2, like for

examplc the width 1/jaY of its Gaussian component at large r,. Notice, however, that

c(g) appears only in a subleading contribution to 4; the dominant contribution comes

from the logarithmic UV divergence. We have computed c(g) for several different g
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values, obtaining

1.0363 for g = 0.01

C~g) = 0.5023 for g = 0.1 (3.23)
0.0368 for g = 1

-0.0795 for g = 2

Finally, we combine the two contributions quv in Eq. (3.18) and qiR in Eq. (3.22).

Summing them, we find

g4 CriT 3 blog Auv + c(g) , (3.24)

where the dependence on the arbitrarily chosen kI has dropped out, as it must. Thus,

at the end of the day we find that the jet quenching parameter is specified by the

constant b and the function of the coupling constant c(g), as well as T, Auv and g

itself. Our results for b and c(g) are given in (3.19) and (3.23), respectively. As a

comparison, the AGZ distribution in (3.5) gives

AGZ g4 CRfT 3  log A , (3.25)
47r mD

from which we can read off the coefficients

3G 3 (3 '3NfbAGZ _ AGZ(g) - log I . (3.26)
47 47 2

The coefficients b and bAGZ differ by ~ 15%. This is the discrepancy between the

ultraviolet tails of Pthin(kI) and PiA (k1 ) (recall that PtA Z(k 1 ) is not valid in the

ultraviolet) that we have already seen in Fig. 3-1. The values of c(g) and cAGZ(g) are

in good agreement for small values of g, and differ more for larger values of g, where

Pthin(kI) starts to differ from PtZ(ki).

We can even plug in explicit values for the parameters in a range that is reasonable

for jets produced in heavy ion collisions at the LHC. We pick the benchmark values

T = 300 MeV and L = 5 fm for the plasma temperature and thickness, respectively.
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We choose the UV cutoff to be Auv = 17 GeV. (This can be thought of as the

kinematic limit for a 300 GeV parton scattering off a 1 GeV parton from the medium.)

We consider the momentum broadening of a hard gluon, meaning that we set CR = 3,

and find

0.411 g4(0.822 + c(g)) GeV 2 fu-' . (3.27)

If we then choose g = 2, corresponding to ('QCD = 0.32, this would correspond to a jet

quenching parameter 4 ~ 4.9 GeV 2fn-1. With these choices of parameters, K _ 14.5,

large enough that the resummnation of length-enhanced diagrams is certainly necessary

in order to obtain P(k1 ). With K ~ 14.5, extrapolating from Fig. 3-5 we estimate

ki ~ 4 mflD, meaning that with the parameters we have chosen it is around 3 GeV.

So, our assumption that Atjv > kG is reasoniable, as is our calculation in which c is

dominated by the tail of the probability distribution P(k1 ).

Although the calculation breaks down if we do so, it is also interesting to speculate

as to how its results differ if we attempt to use parameters more appropriate for the

momentum broadening of hard partons produced in heavy ion collisions at RHIC.

In the RHIC context, Auv must be much smaller, first because the hard partons

only have Q ~ 30 - 40 GeV and second because the temperature is somewhat lower.

Likely, AUv cannot be much more than 5 GeV. Also, the relevant values of g must

be somewhat larger at RHIC than at the LHC. With K increasing like g2 , according

to Fig. 3-5 this will result in a larger kG. This means that the assumption that

Auv > k G has broken down, as has our calculation of (3.27). Of course, the whole

calculational framework is breaking down too, for two independent reasons: g is

becoming uncomfortably large and we can no longer trust the Q -* oc limit as a

guide.

Motivated both by jet quenching at RHIC and by the analysis of the strongly

coupled plasma that we shall discuss in the next subsection, it is worth asking what

happens if Auv < k G even though as we have just described our weakly coupled

calculation is not at all under control in this regime. If we nevertheless apply our

results, when Auv lies within the regime in which P(kI) is well fit by a Gaussian of
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the form (3.8) then the power-law tail of the probability distribution is irrelevant in

the calculation of the jet quenching parameter, since the integral in (3.13) is cutoff

before the power-law tail makes its appearance. 4 is determined entirely from the

Gaussian region, and is given in terms of the width 1/ a of the Gaussian (3.8) by

1
qsoft - (3.28)aL

where we have introduced the subscript "soft" to remind ourselves that this result

is only valid if Auv < kG and in particular is not valid in the Q -> 0C limit where

the full calculation is controlled. Even though 4soft is not the actual jet quenching

parameter 4 (which is defined in the Q - oc limit and is given by (3.24)) since 4soft

is determined by the width of the Gaussian that describes the lion's share of the

probability in P(ki) rather than by the power-law tail it could certainly turn out

that 4soft is more relevant to the phenomenology of jet quenching than 6 itself. Our

attempt to plug numbers into our results suggests that this circumstance is more

likely to arise for jets produced in heavy ion collisions at RHIC and is less likely to

arise in the case of the highest energy jets produced in heavy ion collisions at the

LHC.

3.4 From weak to strong coupling

We have calculated the probability distribution P(k1 ) for momentum broadening in

a weakly coupled quark-gluon plasma in QCD. We anticipate that our calculation is

only quantitatively reliable for g < 1. For example, we argued in Section 3.2 based

upon evidence visible in Fig. 3-1 that the matching that we describe in Section 2.3

is not quantitatively reliable at g = 1 and g = 2, although it is gratifying that the

small kinks in the g = 1 and g = 2 curves in Fig. 3-1 have no visible effects in

Fig. 3.2, and therefore no visible effects on our results, as plotted in Figs. 3-3, 3-4

and 3-5. Although it is important on theoretical grounds that we have control of the

calculation for g < 1, this is of little phenomenological interest. The smallest values
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of g that are typically used in comparisons to data from heavy ion collisions at RHIC

and the LHC are around g ~ 2. (Note that g = 2 corresponds to ('QCD ~ 0.32, in

many other contexts a weak coupling.) There are other good reasons beyond the large

value of g not to trust a weakly coupled description of the plasma produced in heavy

ion collisions at RHIC and the LHC, chief among them being the suite of evidence

that this plasma is a strongly coupled liquid with a shear viscosity that is so small

that no description in terms of weakly interacting quark and gluon quasiparticles can

be self-consistent. That said, it is nevertheless natural to ask, at least at a qualitative

level, what our results suggest for P(k1 ) at g ~ 2 and beyond. At a qualitative

level, the answer is provided by Fig. 3-5. By far the most important consequence of

increasing g at fixed L is the increase in K, and we see from Fig. 3-5 that increasing

K makes the probability distribution P(k1 ) for momentum broadening "more and

more Gaussian." That is, P(k1 ) is well-approximated as Gaussian out to larger and

larger k1 and for a larger and larger fraction of the total probability, pushing the

appearance of the power-law behavior that must be present at asymptotic k1 out to

larger and larger k .

The qualitative expectations for the behavior of P(k1 ) at strong coupling that

we have gleaned by looking at how our results behave at large / are nicely borne

out in the strongly coupled plasma of K = 4 supersymmetric Yang-Mills (SYM)

theory. Taking advantage of the fact that this theory, at both zero and nonzero

temperature, has a dual gravitational description [70, 85, 71, 72, 73, 74, 75, 76],

holographic calculations of many aspects of its plasma phase have been used to gain

varied insights into the physics of strongly coupled plasma more generally [77]. Of

interest to us, the expectation value of the Wilson loop in Eq. (2.3), and from it the

probability distribution for momentum broadening, have been calculated for K = 4

SYM theory in the strong coupling and large-Nc limit [48, 41]. For a propagating

gluon in the adjoint representation, the result reads

PSYM - = T 3  exp 2 k1 1  (3.29)
7Fr T3L F2 AL
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where A = g2Nc is the 't Hooft coupling, assumed large, and where

d _= v/ FF(5/4)/F(3/4) ~ 1.311. (3.30)

We see immediately that in this theory, whose plasma is strongly coupled at all scales,

P(kI) is Gaussian out to arbitrarily large kI, which is consistent at a qualitative level

with the expectations derived from extending our calculation for a weakly coupled

plasma to larger values of g and hence K, as we have described above. At a quali-

tative level, the lesson from (3.29) is that in a strongly coupled plasma momentum

broadening should be thought of as diffusion in transverse momentum space, even

though in the calculation behind (3.29) there is no thin-medium regime, no analogue

of starting with some Pthin and resumming length-enhanced diagrams, and hence no

picture of multiple scattering off quasiparticles building up a Gaussian P(k1 ) via the

central limit theorem. In a strongly coupled plasma, P(kI) is always Gaussian at any

kI, for any L. At a qualitative level, such a regime can be approached starting from

a weakly coupled plasma either by increasing the coupling or by increasing L, either

of which corresponds to increasing K.

Although the qualitative picture that we have just sketched is pleasing, it is im-

portant to note that at a quantitative level the Gaussian probability distribution

(3.29) is quite different from the Gaussian that we obtained by fitting to our results

for a weakly coupled plasma at large K in Fig. 3-5. In particular, the width of the

Gaussian in (3.29) increases with increasing g only like A'/ 4 ~ g/-J while we found in

Section 3.2 that the width 1/ a of the Gaussians in Fig. 3-5 increase with increasing

g somewhat faster than g 2 .

The result quoted in Eq. (3.29) was derived in the A -+ oc limit. For large but

finite 't Hooft coupling A, we cannot conclude that P(k1 ) will be Gaussian at all

scales. It is reasonable to expect that in this case like at weak coupling P(k1 ) will be

Gaussian only for kI less than some k G, with k G -+ oc as A -+ oc and consequently

r - o. The form of P(k1 ) for k1 > k', where the Gaussian description breaks down,

is not known. However, since there are no quasiparticles off which hard scattering
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Figure 3-7: Probability distributions for momentum broadening P(ki) for weakly
coupled QCD plasma with g = 1 (continuous blue curve) and g = 2 (continuous
green) and PsYM(k 1 ) for strongly coupled K = 4 SYM plasma with N, = 3 and
g = 1 (blue dashed) and g = 2 (green dashed). The curves are for propagation of
a hard gluon through a region of plasma with thickness L = 5 fin, and temperature
T = 300 MeV.

can occur in the K = 4 SYM theory plasma with large but finite A, we anticipate

that even where P(k1 ) is not Gaussian it will continue to fall off more rapidly than

any power of k1 at large kI.

We illustrate both the qualitative and the quantitative comparisons that we have

just made between P(k1 ) in weakly coupled QCD plasma and Psym(k1 ) in strongly

coupled = 4 SYM plasma in Fig. 3-7 by plotting both for g 1 and g = 2. In

QCD, g 1 and 2 correspond to aQCD = 0.08 and 0.32 while in = 4 SYM theory

with N= 3, these couplings correspond to A = 3 and 12. It is interesting to note

that g = 2 is in a regime in which aQCD = 0.32 is considered a weak coupling in some
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contexts and A = 12 is considered a strong coupling in some contexts. We perform the

comparison for a plasma with temperature T 300 MeV that is L = 5 fm thick. With

these choices, g = 1 and 2 correspond to = 3.6 and r = 14.5. We see in Fig. 3-7

that upon increasing g from 1 to 2, the width of P(k1 ) for the weakly coupled QCD

plasma increases much more rapidly than the width of the Gaussian (3.29) for the

strongly coupled plasma does, as we have described above. Perhaps the most striking

aspect of Fig. 3-7 is just how similar P(k1 ) with g = 2 and PSYM(k 1 ) with g = 2 and

hence A = 12 are, in particular when plotted as in the top and middle panels. This

is an indication that at this value of the coupling the strongly coupled and weakly

coupled perspectives yield comparable descriptions of momentum broadening for low

and moderate values of kj/T. We see in the bottom panel of Fig. 3-7, however,

that the physics of the two descriptions is completely different at large-k1 , where we

see that the probability distribution P(k1 ) has a power-law tail only for the weakly

coupled plasma.

We further illustrate the sharp distinction between the behavior of P(ki) at large

k1 in weakly and strongly coupled plasma in Fig. 3-8. Because the probability dis-

tribution for the plasma that is strongly coupled at all scales is Gaussian whereas

that for the weakly coupled plasma is proportional to 1/kI at large k1 , no matter

how large the coupling is there is always a k1 beyond which P(k1 ) is greater in the

weakly coupled plasma than in the strongly coupled plasma. This behavior, which

at first hearing may sound counterintuitive, reflects the presence of point-like quasi-

particles in the weakly coupled plasma. This means that, as Rutherford could have

understood, although the probability for large-angle, large-k1 , scattering is always

low it is much larger in a plasma containing point-like scatterers than it would be in

a liquid plasma with no quasiparticles at any length-scale like the strongly coupled

plasma of V = 4 SYM theory. In Fig. 3-8 we plot the integrated probability that a

hard parton propagating through L = 5 fm of either the weakly coupled QCD plasma

or the strongly coupled A = 4 SYM plasma with temperature T = 300 MeV picks

up a transverse momentum kick ki > kTm". As we can see, in the strongly coupled

plasma with its Gaussian PSYM(k 1 ), this integrated probability is completely negli-
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Figure 3-8: Probability that a hard gluon receives a transverse momentum greater
than km" after propagating a distance L through a weakly coupled QCD plasma or
a strongly coupledV = 4 SYM plasma with temperature T and coupling constant g.
Values of g, T and L as well as color conventions for the curves are all as in Fig. 3-7.

gible for k"i"n > 40 T. In stark contrast, if we assume a weakly coupled QCD plasma

and then set g = 2, this integrated probability is still more than half a percent for

kn"" = 80 T. So, although the two probability distributions are quite similar in the

regime of ki which is probable - indicating that momentum broadening for most

partons would be comparable in these two cases - rare hard, large-angle, scatter-

ings will be very much more common if the weakly coupled QCD analysis yields a

reasonable approximation.

If we evaluate our results for the momentum broadening of a hard quark rather

than a hard gluon, the conclusions of the above paragraph become even stronger. The

widths of the Gaussian probability distributions PSYM(k) describing the momentum
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broadening of a hard quark in the strongly coupled K = 4 SYM plasma are half as

wide as those in Fig. 3-7 [48], meaning that the dashed curves plotted in Fig. 3-8

are pushed down so much that they are indistinguishable from the horizontal axis

across the whole range of k1 in Fig. 3-8. At weak coupling, in the ultraviolet P(k1 ) is

proportional to C?, meaning that the solid curves in Fig. 3-8 get multiplied by a factor

of 4/9 if one treats a hard quark instead of a hard gluon. So, in a weakly coupled

QCD plasma with g = 2 and L and T as in Fig. 3-8 the integrated probability that

a hard quark picks up k 1 " = 30 T (60 T) or more in transverse momentum is more

than two percent (about half a percent), while either of those integrated probabilities

is completely negligible in the strongly coupled plasma with its Gaussian PSYM(k).

Because QCD is asymptotically free, its strongly coupled liquid quark-gluon plasma

must emerge from weakly coupled quarks and gluons that can be resolved at short

enough length scales. We therefore expect that for large enough k1 our weakly coupled

QCD analysis yields a reasonable approximation to P(k1 ), meaning that we expect

that although large-angle scattering is rare it will be very much more common than

it would be if the quark-gluon plasma were a strongly coupled liquid at all length

scales.

3.5 Outlook

We have calculated the probability distribution P(k1 ) for an energetic parton that

propagates for a distance L without radiating through weakly coupled quark-gluon

plasma with temperature T to pick up transverse momentum kI. Our calculation

is built upon Soft Collinear Effective Theory (SCET), but to date we have not used

much of the power of SCET, which could in future be brought to bear on the question

of calculating corrections (for example in the ratio of T to the parton energy) to

leading order results like ours. Before doing this, however, the most pressing next

steps beyond our calculation are to include the radiation of collinear and soft gluons.

To date, SCET has been used to relate P(k1 ) in any medium to IVV(xI), the

expectation value in that medium of a Wilson loop with two long light-like sides sep-
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arated inl the transverse direction by a distance x1 . What we have done here is to use

standard methods from real time thermal field theory, including Hard Thermal Loop

resummation where needed (see Section 2.3 for an explanation of where it is needed),

to calculate the expectation value WR(xI) and from it the probability for momentum

broadening P(kI), for the case in which the medium is weakly coupled quark-gluon

plasma in thermal equilibrium at temperature T, as in QCD at temperatures that

are sufficiently high that the QCD coupling constant g is less than one.

We first obtained Pt11j 1(k 1) for a "thin medium", in which K (proportional to g2 LT

and defined in (3.1)) is much less than one. We have checked that our results in this

regime agree with previous deteruinations, both at large and small kL. Although it

is a stretch to apply a calculation that requires g < 1 to plasma at temperatures such

that g ~ 2 we do so anyway, since the lowest estimates of the coupling constant in

the plasma produced in heavy ion collisions at RHIC and the LHC are in this range.

Doing this requires consideration of values of K that are significantly greater than

one. (A reasonable choice like L ~ 5 fm and T ~ 300 MeV corresponds to K ~ 14

if g ~ 2.) Handling K > 1 required us to resum an infinite class of length-enhanced

planar diagrams in order to obtain the leading behavior of P(k1 ). After resumming

the L-enhanced diagrams we obtain results valid for any value of K including K > 1.

We find that in a weakly coupled plasma the properties of the plasma enter the

calculation of P(k1 ) only through the retarded gluon propagator. We computed the

self-energy therein using real time thermal field theory, including Hard Thermal Loop

resummation in the infrared. We find that the form of P(k1 ) changes qualitatively

between K < 2, where it diverges at small kI, and K > 4 where it looks Gaussian at

small k1 . Our entire discussion is only valid to leading order in the coupling constant

y. It will be interesting in the future to quantify the effects of length-enhancement at

large K for existing next-to-leading order calculations [54].

At large K, we find that P(kI) takes the form of a Gaussian at small k1 with a

power-law tail, proportional to 1/kI, at large kL. As K increases, more and mnore of the

integrated probability resides in the Gaussian, with the power-law tail contributing

less and less. Since K -+ oc can equally well be thought of as the strong coupling limit
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as the large-L limit, at a qualitative level our large-' results are pleasingly consistent

with the known behavior of P(k1 ) in the plasma of large-Nc e = 4 SYM theory in

the strong coupling limit. In this theory, P(k1 ) is precisely Gaussian, with no power-

law tail at all. Although the widths of the Gaussian in the strongly coupled K = 4

SYM plasma and of the Gaussian that characterizes P(k1 ) in the weakly coupled

QCD plasma for all but improbably large values of k1 do not agree quantitatively,

and in particular have different g-dependence, it is interesting to note that they are

remarkably similar for g = 2, a value of the coupling that can reasonably be thought

of as weak since g2 /(47r) is small and that can reasonably be thought of as strong

since g 2N, is large for Nc = 3.

The most noteworthy difference between momentum broadening in the weakly

coupled QCD plasma and in the strongly coupled K = 4 SYM plasma is at large

k1 . Because it has P(k1 ) cx 1/k4 at large kI, no matter how small K, or g is there

will always be a k1 for which the weakly coupled plasma has a larger P(k1 ) than

that in any strongly coupled plasma. In a weakly coupled plasma, the physics of

momentum broadening is different at small k1 than at large kL. At small k1 and

large i, momentum broadening in a weakly coupled plasma can be thought of as

diffusion in kI-space, as is the case at all , and all k1 in a plasma that is strongly

coupled at all length scales. At large enough k1 , however, momentum broadening

in a weakly coupled plasma is dominated by single, rare, hard, large-angle scattering

off point-like quasiparticles. In the large-k1 regime, the power-law tail of P(k1 ) is

unaffected by resumming L-enhanced diagrams precisely because for any given L it

arises only at values of k1 that are so large that P(k1 ) describes rare single hard

scattering. Although rare, these scatterings are more common than in a plasma that

is a strongly coupled liquid at all scales, like that in strongly coupled K = 4 SYM

theory, because in such a plasma there are no weakly coupled point-like constituents

at any length-scale.

Although there are many reasons not to attempt a quantitative comparison be-

tween our calculation and any results from experiment (for example, we applied a

leading order calculation valid for g < 1 at g ~ 2; for example, we have not yet
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included effects of gluon radiation) at a qualitative level it is easy to see what our

calculation predicts for P(ki) in the QCD plasma at experimentally relevant ten-

peratures: as long as observables that bias toward short L are not used, we should

expect P(kI) to be Gaussian at low k1 and to have a power-law tail at large kL.

Even if the QCD plasma can be best understood as a strongly coupled fluid without

quasiparticles at its natural length scales of order 1/T, since QCD is asymptotically

free we know that at short distances the strongly coupled quark-gluon plasma is made

of weakly coupled quarks and gluons and this means that at high enough k1 a power-

law tail must rise above the Gaussian in P(k1 ), as in our calculations in which the

plasma is assumed to be weakly coupled at all length scales.

What about the jet quenching parameter j1 (k 2)/L? Our calculation shows

that its role is very different in a plasma that is weakly coupled at short distances

than in one that is strongly coupled on all length scales. In the latter case, if P(k1 )

is Gaussian, as in the strongly coupled M = 4 SYM plasma, then is simply a

measure of the width of the Gaussian probability distribution. In some other plasma

that is strongly coupled on all length scales, the same would be true even if P(k1 )

were not precisely Gaussian. On the other hand, if P(k1 ) oc 1/k4 at large k1 , as in

any plasma that contains weakly coupled constituents at short enough length scales,

then 4 is ultraviolet divergent and so is determined almost completely by the power-

law tail of the probability distribution P(k1 ). In this circumstance, 4 knows almost

nothing about the (Gaussian) behavior of P(k1 ) in the regime where almost all of

the probability resides. In this circumstance, therefore, tells us almost nothing

about the momentum broadening of almost all hard partons. In this circumstance, q

is almost entirely determined by the improbably small fraction of hard partons that

scatter at large angles.

We close with three observations. First, the jet quenching parameter by itself

is not sufficient as a characterization of P(k1 ). Depending on the circumstances, it

could be a characterization of the "bulk" of the probability distribution for momen-

tun broadening or it could be telling us only about the power-law "fat tail" of this

distribution, in other words only about the physics of those few hard partons that
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pick up improbably large kL. Knowing how to interpret what a value of q means

requires knowing more than q; it requires further characterization of the shape of

P(ki). Second, if at some future time it is possible to use data from heavy ion colli-

sion experiments to characterize the shape of P(k1 ) over the range of k1 where most

of the probability lies, it will take quantitative knowledge of this shape to learn about

the properties of the plasma - since we have seen an example in which a very similar

shape arises if the plasma is assumed weakly coupled or if the plasma is assumed to be

infinitely strongly coupled. Third, the place to look in order to distinguish between

these cases qualitatively is large kI. Just as Rutherford discovered point-like nuclei

within what he thought were liquid-like atoms, we can find evidence for the weakly

coupled quarks and gluons that we know to be the short length-scale constituents of

the strongly coupled plasma produced in heavy ion collision experiments.

It remains to be seen which experimental observables provide access to P(k1 ) at

large kL. The most direct approach that we are aware of is to analyze events in

which an initial hard scattering produces an energetic photon back-to-back with an

energetic quark. The photon tells us the initial energy and direction of the quark,

and we can then hope to determine the k1 relative to this initial direction that the

quark has picked up as it propagates through the plasma. Fig. 3-8 suggests it would

be very interesting to determine whether the quark picks up k1 - 20 GeV or more

a fraction of a percent of the time, even a small fraction of a percent of the time,

versus not at all. Seeing rare, but large, momentum kicks would confirm that (as

we know) at short enough distance scales quark-gluon plasma is made of quark and

gluon quasiparticles. It would then become very interesting to study the intermediate

k1 -range in detail, to start to understand how a strongly coupled liquid emerges from

an asymptotically free gauge theory.
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Part II

Heavy quark energy loss at strong

coupling
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Chapter 4

Introduction to part II

In part I, we considered the case when interactions of probe particle with medium

are weak - we expanded and evaluated Wilson loop for weakly coupled QCD at finite

temperature. In the end, we discussed the case if the medium was strongly coupled

and compared transverse momentum broadening in these two cases. In part II, we

consider the case when all interactions are strong and study the question of quark

energy loss directly.

The analysis of how a heavy quark moving through the strongly coupled liquid

quark-gluon plasma produced in ultrarelativistic heavy ion collisions loses energy and,

subsequently, diffuses in the flowing plasma is of considerable theoretical interest

because experimentalists are developing the detectors and techniques needed to use

heavy quarks as 'tracers' or 'probes' of the strongly coupled liquid. If one assumes that

the interactions between the heavy quark and the quark-gluon plasma are weak then

perturbative techniques originally formulated for energetic light quarks [19, 20, 21, 22]

can be employed to analyze heavy quark energy loss [134].

The discovery that the plasma produced in heavy ion collisions is a strongly cou-

pled liquid has prompted much interest in the real-time dynamics of strongly coupled

non-Abelian plasmas and in the dynamics of heavy quarks therein. Although it re-

mains to be seen to what degree treating all aspects of the dynamics of heavy quarks

as strongly coupled is a good approximation, this approach is certainly of value as

a benchmark: thorough understanding of the physics in this tractable setting can
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provide valuable qualitative insights. What makes these calculations tractable is

holographic duality, which maps questions of interest onto calculations done via a

dual gravitational description of the strongly coupled plasma and the heavy quark

probe. The simplest theory in which these holographic calculations can be done

is strongly coupled K = 4 supersymmetric Yang-Mills (SYM) theory in the large

number of colors (large N.) limit, whose plasma with temperature T is dual to clas-

sical gravity in a 4+1-dimensional spacetime that contains a 3 + 1-dimensional hori-

zon with Hawking temperature T and that is asymptotically anti-deSitter (AdS)

spacetime, with the heavy quark represented by a string moving through this space-

time [82, 83, 84, 85, 86, 87]. The earliest work on heavy quark dynamics in the

equilibrium plasma of strongly coupled N = 4 SYM theory [82, 83, 84] yielded deter-

minations of the drag force felt by a heavy quark moving through the static plasma

and the diffusion constant that governs the subsequent diffusion of the heavy quark

once its initial motion relative to the static fluid has been lost due to drag. The

basic picture of heavy quark dynamics that emerges, with all but the initially most

energetic heavy quarks being rapidly slowed by drag and then becoming tracers dif-

fusing within the (moving) fluid, is qualitatively consistent with early experimental

investigations [135]. For a review, see Ref. [77]. Subsequently, the holographic calcu-

lational techniques were generalized to any static plasmas whose gravitational dual

has a 4+1-dimensional metric that depends only on the holographic (i.e. 'radial')

coordinate in Ref. [105] and heavy quark energy loss and diffusion has by now been

investigated in the equilibrium plasmas of many gauge theories with gravitational

duals [136, 124, 137, 126, 138, 139, 140, 127, 125, 141, 142, 113, 112, 114].

We want a toy model in which we can reliably calculate how the energy loss rate

of a heavy quark moving through the far-from-equilibrium matter present just after a

collision compares to that in strongly coupled plasma close to equilibrium. We start

by studying the energy loss of a heavy quark moving through the debris produced by

the collision of planar sheets of energy in strongly coupled SYM theory introduced

in Ref. [88] and analyzed there and in Refs. [89, 143]. The incident sheets of energy

move at the speed of light in the +z and -z directions and collide at z = 0 at time
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t = 0. They each have a Gaussian profile in the z direction and are translationally

invariant in the two directions 1 = X, y orthogonal to z. Their energy density per

unit transverse area is p 3 (N /27r 2 ), with p an arbitrary scale with respect to which

all dimensionful quantities in the conformal theory that we are working in can be

measured. The width w of the Gaussian energy-density profile of each sheet is chosen

to be w = 1/(2p). We shall describe this setup, and its holographic description,

in Section 5.1.1. Although there is no single right way to compare the widths of

these translationally invariant sheets of energy with Gaussian profiles to the widths

of a nucleus that has been Lorentz-contracted by a factor of 107 (RHIC) or 1470

(LHC), reasonable estimates suggest that our choice of wp corresponds to sheets

with a thickness somewhere between the thickness of the incident nuclei at RHIC

and the LHC [88]. The recent investigations of Refs. [89, 143] suggest that it would

be interesting to repeat our analyses for varying values of wp, but we leave this for

future work since here we shall only be seeking to draw qualitative lessons.

The principal lesson that has been learned to date from analyses of the collisions

of strongly coupled sheets of energy as in Refs. [88, 89, 143] and from many other

analyses of how strongly coupled plasma forms from a large number of widely varied

far-from-equilibrium strongly coupled initial collisions (for example, see Refs. [90, 91,

92, 93, 94, 95, 96, 97]) is that the fluid hydrodynamizes, i.e. comnes to be described

well by viscous hydrodynamics, after a time thydro that is at most around (0.7 -

1)/Thydro, where Thydro is the effective temperature (for example, defined from the

fourth root of the energy density) at the hydrodynamization time thydro. At thydro,

the fluid can still have sufficiently large velocity gradients and pressure anisotropies

that the dissipative effects of viscosity are significant. In the context of hydrodynamic

modeling of heavy ion collisions at RHIC (for a recent example see Ref. [98]) thydro ~

0.7/Tyiro corresponds to a time ~ 0.3 fm/c when T ~ 500 MeV. This is about a

factor of two earlier in tinme than the upper bounds on the hydrodynamnization times

inferred fromn hydrodynamic modeling of RHIC collisions [99, 100, 98]. Because QCD

is asymptotically free, the dominant dynamics at the earliest moments of a sufficiently

energetic heavy ion collision are expected to be weakly coupled, with the relevant

99



(weak) coupling being O'QCD evaluated at the (short) distance scale corresponding to

the mean spacing between gluons in the transverse plane at the moment when the two

highly Lorentz-contracted nuclei collide. So, it would be inappropriate to take the

estimates obtained in a context in which the colliding sheets of matter are strongly

coupled from beginning to end as estimates for the hydrodynamization times of heavy

ion collisions per se. The impact of these estimates is that they teach us that the

~ 10 year old result [99, 100] that the matter produced in RHIC collisions takes at

most 0.6-1 fm/c to hydrodynamize should not be seen as 'rapid thermalization' since

this timescale is comfortably longer than what we now know to expect if the physics

of heavy ion collisions were strongly coupled from the start. After we have calculated

the drag force on a heavy quark that finds itself in the midst of the colliding sheets

of energy density, we shall seek similarly qualitative lessons to those that have been

drawn from the analyses of the collisions themselves.

We compute heavy quark energy loss by inserting a heavy quark moving at con-

stant velocity 3 between the colliding sheets before the collision and calculating the

force needed to keep its velocity constant throughout the collision. Via holography,

the colliding planar sheets of energy in SYM theory map into colliding planar gravi-

tational waves in asymptotically AdS5 spacetime [88]. The addition of a heavy quark

moving at constant velocity 13 amounts to including a classical string attached to the

boundary of the geometry [87] and dragging the string endpoint at constant velocity

/, pulling the string through the colliding gravitational wave geometry. We show how

to compute the profile of the string in this dynamical background in Section 5.1.2.

The force needed to maintain the velocity of the string endpoint, which we compute

in Section 5.1.3, yields the energy loss rate of the heavy quark [82, 83].

We describe our results for heavy quark moving through the colliding sheets of

energy in Section 5.2, beginning in Section 5.2.1 with the case in which the heavy

quark is moving with 3 perpendicular to the z-direction, meaning that it has zero

rapidity. We compare the drag force that we calculate to what it would be in a

homogeneous plasma in thermal equilibrium that has the same energy density or

transverse pressure or longitudinal pressure as the matter that the quark finds itself
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in at a given instant in time. We find that the peak value of the drag force, which

occurs at a time when the matter produced in the collision is still far from equilibrium,

is comparable to the peak value of the drag force in a static plasma with the same

instantaneous energy density or pressure. However, we find that both the initial

rise in the drag force and its peak are delayed in time relative to what they would

be in a static plasma with the same instantaneous energy density or pressure. In

Appendix B we provide some evidence that this time delay is of order 1/7Thy(jro at

low 3 and increases slowly as -- 1/ /1 - 32 increases. All these results are robust,

in particular in the sense that we see them again when we consider a heavy quark

moving with some nonzero rapidity in Sections 5.2.2 and 5.2.3.

The message from our results at early times is that there is no sign of any enhance-

mient in the energy loss experienced by a heavy quark by virtue of the matter that

it finds itself moving through being far from equilibrium. In broad terms, the energy

loss is comparable to what it would be in an equilibrium plasma with the same energy

density; when looked at in more detail, it can be significantly less by virtue of the ini-

tial delay in its rise. This is quite different than at weak coupling, where instabilities

in the far-from-equilibrium matter can arise and can result in substantially enhanced

rates of heavy-quark energy loss [101]. There are, however, no signs of any instabili-

ties in the debris produced in the collisions of the sheets of strongly coupled matter

that we analyze [88, 89] or, for that matter, in any analyses of far-from-equilibriuni

strongly coupled matter to date.

When we look at the drag force at late times, after the strongly coupled fluid has

hydrodynamnized, we find different results depending on whether the heavy quark has

small or large rapidity. At small rapidity, the drag force that we calculate is described

semiquantitatively by assuming a homogeneous plasma in equilibrium with an appro-

priate tinme-dependent temperature. At large rapidity, however, this approximation

misses qualitative effects that, we show in Sections 5.2.2 and 5.2.3, can be attributed

to the presence of gradients in the fluid velocity. We find that a velocity gradient

in the fluid has the greatest effect on the energy loss of the heavy quark when the

direction of motion of the heavy quark is most closely aligned with the velocity gra-

101



dient. As a consequence, effects of velocity gradients are larger at larger rapidity. We

find generically that the force that must be exerted on the quark in order to move

it along its trajectory includes a component perpendicular to the direction of motion

of the quark, a component that can be substantial in magnitude. In certain cases we

also find that, as a consequence of gradients in the fluid velocity, the z-component of

the force that is required to move the quark in the positive-z direction points toward

negative z!

After considering drag force experienced on heavy quark moving through the col-

liding sheet debris, we investigate the case of quark moving through the 'general'

uncharged strongly coupled fluid with only requirement that fluid velocity gradients

are small enough so that constituent equations of first order hydrodynamics hold.

We begin by computing the drag force on a heavy quark moving through a fluid

whose own motion is only in one direction, which we shall take to be the z-direction.

If we denote the fluid 4-velocity by u" then at this stage the only gradients that

we are considering are Ozuz and &tuz as well as O2T and &tT. In chapter 6, we re-

strict to the case of first order in gradients in the fluid temperature and velocity.

The gravitational dual for a slowly changing fluid, including the effects of first order

derivatives but neglecting higher derivatives, was first obtained in Ref. [122], where

Einstein's equations in the 4+1-dimensional gravitational theory were solved to first

order in gradients in the boundary coordinates and exactly in the radial direction.

In Section 6.1.1 we describe this metric, for the case where the fluid motion is only

in one direction, and then in Section 6.1.2 we introduce a heavy quark, described in

the gravitational theory by a string. The endpoint lives at the boundary of the AdS

space, where it follows the trajectory of the heavy quark of interest. We shall assume

that it is being dragged at some constant velocity j, which may or may not be parallel

to the direction of motion of the fluid.' In Section 6.1.2, with the gravitational metric

describing the fluid in hand, we formulate and solve the string equations of motion,

1 We shall work throughout in the heavy quark mass, i.e., M -+ cX, limit and we shall assume
throughout that the quark is being pulled at constant velocity 13 by some external force. We leave
to future work the consideration of the case where there is no external force meaning that a quark
with finite Al would decelerate under the influence of the force exerted on it by the fluid.
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which is to say that we calculate the shape of the string attached to the heavy quark,

including effects of fluid gradients up to first order. In Section 6.2.1 we use the string

profile to calculate the flux of momuentuni down the string, which determines the drag

force on the heavy quark. We first do the calculation in the fluid rest frame and then

boost the result to any frame in Section 6.2.2. In Section 6.2.3 we generalize to the

case in which the fluid has an arbitrary velocity and in which any of the gradients

OdaU can be nonzero.

By analyzing the case in which the quark is moving with an ultrarelativistic ve-

locity relative to the fluid we find indications that our results may not be valid in the

limit in which the Lorentz factor ' of the quark velocity is large, even if the quark

mass M -+ 3c limit has been taken first and even if fluid gradients are small. We

find that in the -t -a oc limit the "correction" to the drag force that is first order in

fluid gradients is larger than the leading (i.e. zeroth order) term by a factor that is

O(-y1/2). This suggests that the gradient expansion may not be valid in this regime.

That is, even if higher order gradients are small enough that they are not impor-

tant in describing the fluid motion itself their effects on the drag force may become

important at large enough -y.

In Section 6.3, we consider three consequences of our general result for the first

order effects of fluid gradients on the drag force exerted by the fluid on the heavy

quark. First, we point out that even if the quark has no velocity relative to the fluid

the drag force on it is nonzero as long as the time derivative of the fluid velocity

is nonvainshing. Next, we consider two explicit examples of a fluid whose motion

is only in one direction. First, we analyze the drag force on a heavy quark moving

through a fluid that is undergoing boost-invariant expansion in the z-direction, a la

Bjorken. We show that even though there are gradients in this fluid, a quark that is

moving along with the fluid feels no drag force. A quark whose velocity includes a

component perpendicular to the direction of motion of the fluid feels a drag force that

is affected by the fluid gradients. And, last of all, we return to the colliding sheets of

energy density that motivated our investigation, showing that our general expression

for the effects of fluid gradients on the drag force to first order does a good job of
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explaining the explicit results obtained in Chapter 5, in many cases quantitatively and

qualitatively in all cases, even those where the results for colliding sheets of energy

appear counter-intuitive. In Section 7 we conclude and look ahead to new directions

whose investigation is motivated by our results.
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Chapter 5

Heavy quark energy loss far from

equilibrium in a strongly coupled

collision

5.1 Holographic description

In a strongly coupled conformal gauge theory with a dual gravitational description, a

heavy quark moving through out-of-equilibrium matter that is on its way to becoming

strongly coupled plasma consists of a string moving in some non-equilibrium, but

asymptotically AdS5 , black brane spacetime. For an infinitely massive quark, the

endpoint of the string is attached to the four-dimensional boundary of the geometry.

The geometry of the boundary is that of Minkowski space and the trajectory of the

string endpoint on the boundary coincides with the trajectory of the quark.

We shall focus oi the case in which the gauge theory is A = 4 SYM theory with N,

colors, although our results can immediately be generalized to any conformal gauge

theory with a gravity dual upon making a suitable modification to the relationship

between the 't Hooft coupling A -- g2Nc of the gauge theory with g the gauge coupling

constant. and corresponding quantities in the gravity dual. In the limit of large N,

and large A, the evolution of the black brane geometry is governed by Einstein's
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Figure 5-1: A plot of the boundary energy density as a function of time t and
position along the 'beam' direction z for the colliding sheets of energy. Before t = 0,
the energy density is that of two sheets with Gaussian profiles moving toward each
other at the speed of light. The sheets collide around time t = 0 and leave debris
in the forward light-cone that subsequently hydrodynamizes as it expands, becoming
strongly coupled, liquid, plasma.

equations

RMN - {GMN (R - 2A) = 0, (5.1)

with cosmological constant A = -6. In this limit, the back reaction of the string

on the geometry is negligible meaning that we can solve Einstein's equations first,

independently of the string equations, and then subsequently determine the shape of

the string in a background given by the solution to Einstein's equations.
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5.1.1 Gravitational description of colliding sheets of energy

The geometry we choose to study is that of the colliding gravitational shockwaves

studied in Ref. [88]. In the dual gauge theory living on the boundary this geome-

try corresponds to colliding planar sheets of energy density. In Fefferman-Graham

coordinates the pre-collision metric is given by [102]

2  -dx+dx + d:1 + u4 [h+xi4 + hcdx2 ] + dU2

ds2 -12 , (5.2)

where x± = t + z and hi± = h(x±) for some function h(x±) that specifies the profile of

the incident gravitational shockwaves and hence the incident sheets of energy in the

boundary theory. The boundary of the geometry is located at AdS radial coordinate

u = 0. The gravitational shockwaves move in the tz direction at the speed of light.

If h(x±) has compact support then h(x+) and h(x_) do not overlap in the distant

past and the metric (5.2) is an exact pre-collision solution to Einstein's equations.

Following Ref. [88], we choose Gaussian profiles

h(x±) = p3(27rw2-1/2 - / 2 , (5.3)

where y defines the energy scale, meaning that we shall measure all other dimensionful

quantities in units of y.

For a given solution to Einstein's equations, the near-boundary behavior of the

metric encodes the boundary stress tensor TP' [103, 104]. In the boundary gauge the-

ory the energy density of each shock is proportional h(x±) [102]. The metric that we

have described therefore corresponds in the boundary theory to two sheets of energy

density (infinite in extent, and translation-invariant, in the transverse dimensions)

that are moving towards each other in the tz directions at the speed of light. The

energy density profiles of the sheets are Gaussians with widths w, and the incident

sheets each have an energy per unit area that is given by NIp3/(2w7 2 ) [88]. We choose

the width of each shock to be w = 0.5/y, meaning that we shall be probing the

collision of sheets of energy that are thinner by a factor of 2/3 than those in Ref. [88].
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Near the collision time, when the functions h(x±) begin to overlap, the metric

(5.2) ceases to be a solution to Einstein's equations. Using (5.2) as initial data in

the distant past, one must therefore compute the future evolution of the geometry

numerically. Our numerical scheme for solving Einstein's equations can be found

in Refs. [88, 143]. In what follows we simply state some of the salient features. A

useful choice of coordinates for the numerical evolution is that of infalling Eddington-

Finkelstein coordinates where the metric takes the form

-Adt 2 + Z 2 [B 2 + C 2Bd 2 ] + 2dt (Fdz - du) (4)ds2 = .4

where A, B, E and F are functions of t, z and u. Lines of constant time t (and spatial

coordinates Yj and z) are infalling null geodesics.'

An important practical matter when solving Einstein's equations is fixing the

computational domain in u. The geometry we study in this paper contains a black

brane with planar topology. Moreover, the event horizon exists in the infinite past,

even before the collision takes place on the boundary [91, 88]. Therefore, a natural

choice is to excise the geometry inside the horizon, as this region is causally discon-

nected from the outside geometry. To perform the excision we identify the location of

an apparent horizon (which always lies inside the event horizon) and choose to stop

integrating Einstein's equations any further into the black brane at its location. Our

choice of coordinates makes this procedure particularly simple. The metric ansatz

(5.4) is invariant under the residual diffeomorphism

- 1 + 0(t 4) (5.5)
U 'U

where does not depend on the radial coordinate u but is an arbitrary function of

the boundary spacetime coordinates t and z. One may fix by demanding that the

location of the apparent horizon be at u = 1. With this choice of coordinates, the

1 To the best of our knowledge there does not exist a closed form coordinate transformation
taking the pre-collision metric (5.2) onto the metric (5.4) used for numerical evolution. Therefore,
for initial data we compute the coordinate transformation required to put the initial metric (5.2) in
the form of (5.4) numerically. For details see Refs. [88, 143].
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boundaries of the computational domain are static: 0 < u < 1. The numerical proce-

dure for determining and solving Einstein's equations is described in Refs. [88, 143]

and we shall not review it here. Following this procedure yields as well as the bulk

metric functions A, B, E and F, whose asymptotic near-boundary behavior deter-

mines the stress-energy tensor TP" of the colliding sheets of energy in the boundary

gauge theory, as described in Ref. [88].

In the distant past the apparent horizon lies very deep in the bulk. This presents a

computational problem for solving Einstein's equations numerically as the coefficient

functions in the metric (5.2) diverge deep in the bulk. As described in Ref. [88], to

regulate this problem we choose to study study shocks which propagate and collide

in a low temperature background plasma of temperature Tbackground. In the distant

past the effect of the background temperature is to push the apparent horizon up

towards the boundary and thereby control the size of the metric coefficient functions

deep in the bulk. Our choice of background temperature is Tbackground= 0.085 1u which

corresponds to an initial background energy density 213 times smaller than the energy

density at the center of the sheets of energy and 450 times smaller than the energy

density at t = z = 0, during the collision.

Fig. 5-1 shows a plot of the rescaled energy density

27r
2 2 Too (5.6)
N(.

for our colliding sheets as a function of position and time. Before t = 0, the energy

density is that of two sheets of energy with Gaussian profiles moving toward each

other at the speed of light. The sheets collide around time t = 0 and leave debris

in the forward light-cone. We shall calculate the rate of energy loss of (i.e. the 'drag

force' acting on) a heavy quark moving through the far-from-equilibrium matter right

near t = z = 0, during the collision when the energy density is largest. We shall then

follow the quark forward in time and see how it loses energy in the expanding, cooling,

fluid that forms in the forward lightcone. In gravitational terms, we wish to study

the dynamics of a string moving in the black brane geometry during and after the
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collision.

After the collision, the fluid in the forward lightcone is expanding meaning that at

z # 0 it has a velocity that points in the direction of increasing JzJ. The fluid velocity

is defined to be the future-directed time-like eigenvector of T, normalized such that

Ulup =-1:
2

Tt" = N C E UP, (5.7)

with -E the eigenvalue, E being the proper energy density rescaled as in (5.6). At any

spacetime point, we can find the local fluid rest frame by first using (5.7) to determine

Uab frame and then boosting to a frame in which, at this spacetime point, up is given

by urest frame = (1, 0, 0, 0). In this local fluid rest frame, the stress-energy tensor at

the spacetime point of interest is diagonal and can be written as

fr m N 2
Tres 2 g diag(E,Pi,Pi,Pll) . (5.8)

Note that at z = 0 the velocity of the fluid vanishes by symmetry, meaning that

at z = 0 in (5.7) we have simply upb frame -rest frame= (1, 0, 0, 0) and E = E

T 00 (2wr2)/N2.

Before we turn to describing the dynamics of the string and then to calculating

the rate at which the heavy quark loses energy, we should justify referring to the

matter that is formed in the forward light-cone as a fluid. In Fig. 5-2 we compare

the pressures in the 'beam' direction and perpendicular to it at z = 0 to what those

pressures would be if the matter were a fluid described by the equations of viscous

hydrodynamics for the A = 4 SYM plasma, to first order in a derivative expansion.

In particular, the hydrodynamic constitutive relations allow us to determine P 1 and

P, from the proper energy density E and the fluid velocity up, determined via (5.7).

(Because we are making this comparison at z = 0, where the fluid is at rest in

the lab frame, in this instance (5.7) is trivial as described above.) We plot the

pressures determined by applying the first order hydrodynamic constitutive relations

to E and up as dashed curves in Fig. 5-2. We see that from a time that is clearly

before 2/p onwards the flow of the fluid is described very well by hydrodynamics.
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Figure 5-2: Pressure, both parallel to the direction of motion of the colliding sheets
(P11) and in the transverse directions (Ps), as a function of time at z = 0 during the
collision of the sheets of energy illustrated in Fig. 5-1. We compare the pressures in the
collision, shown as solid colored curves, to what they would be if the hydrodynamic
constitutive relations were satisfied, shown as dashed curves. We see that the strongly
coupled fluid produced in the collision hydrodynamizes to a reasonable degree before
t = 2/p, although with the more strict operational criterion defined in the text, the
hydrodynamization time is thydro= 2.8/p.

We can use the same operational definition of the hydrodynamization time thydro

as in Ref. [88], namely the time after which the actual pressures within the matter

produced in the initially far-from-equilibrium collision are both within 15% of the

values derived from the hydrodynamic constitutive relations. With this definition, in

Fig. 5-2 hydrodynamization occurs at t= thydro= 2.8/p. It is clear from the Figure

that one could choose a reasonable but less strict criterion for hydrodynamization

with respect to which hydrodynamization occurs well before 2 /p. The reason that

with the strict criterion thydro is a little later is that P11 is so small that a 15% relative

deviation corresponds to a very small absolute deviation.

We shall calculate the drag force on the heavy quark as it plows through the

matter produced in the collision both before the hydrodynamization time thydro, when

the matter is far from equilibrium, and after thydro when we have an expanding,

cooling, hydrodynamic liquid. As in Ref. [88], we see from Fig. 5-2 that at the

hydrodynamization time thydro the parallel and transverse pressures are very different.
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The fluid is very anisotropic at the time that it hydrodynamizes and becomes locally

isotropic only at a much later time, beyond that shown in the Figure. We shall

therefore be studying the drag force on a heavy quark when it is first in the far-from-

equilibrium matter at t ~ 0, well before hydrodynamization, and then later in an

expanding cooling hydrodynamic fluid that is far from isotropic.

5.1.2 String dynamics

For a given solution to Einstein's equations, for example the one above that describes

the dynamics of a black brane in the bulk and the collision, hydrodynamization, and

hydrodynamic flow of the strongly coupled matter in the boundary theory, we can

add an infinitely heavy quark moving through the boundary theory matter by adding

a string in the bulk geometry whose endpoint follows the trajectory of the quark along

the boundary. The dynamics of the string are governed by the Polyakov action

S -§ d 2, -,abGMNOaXMObXN (5.9)

where or =-T is a temporal worldsheet coordinate, U2  u o is a spatial worldsheet

coordinate, XAI(T, O) = (t(T, O), X(T, O), u(T, a)) are the string embedding functions

that describe where the string is located within the spacetime metric that we are

interested in probing, Tiab is the worldsheet metric and To = A is the string tension.27r

We choose worldsheet coordinates such that the worldsheet metric takes the form

rqab -07 a) = (5.10)
-1 0)

with a(r, or) being an arbitrary function. Just as we did in the spacetime metric

(5.4), we have chosen worldsheet coordinates that are infalling Eddington-Finkelstein

coordinates. Lines of constant T are infalling null worldsheet geodesics. As we describe

further below, we fix the function a(T, o) by demanding a = u.

Varying the Polyakov action with respect to the embedding functions XM yields

dynamical equations of motion. Likewise, varying the Polyakov action with respect
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to the worldsheet metric yields a system of constraint equations. With our choice

of infalling Eddington-Finkelstein bulk and worldsheet coordinates, the dynamical

equations of motion take the simple form

N + FABrAX = 0 (5.11)

where ,NB are Christoffel symbols associated with the metric (5.4) for the bulk space-

time and

i . N1OTX - 2"X'A" I (5.12a)
2

X'AI = ,XAI . (5.12b)

The constraint equations are even simpler:

X'2 0, (5.13a)

x2 = 0. (5.13b)

The constraint equation (5.13a) is a temporal constraint. If (5.13a) is satisfied every

where in space at one time, the dynamical equations (5.11) imply that it will be

satisfied at all subsequent times. The constraint equation (5.13b) is a boundary

constraint. If (5.13b) is satisfied at all times at one value of T the dynamical equations

(5.11) imply it will be satisfied at all a.

Given XM for all T at some value of T, the equations of motion (5.11) constitute a

linear system of ordinary differential equations for X". To solve these equations, in

addition to specifying the initial conditions for X" one must specify five boundary

conditions at all T at the AdS boundary, where the string endpoint is located. Three

boundary conditions are simply that the string endpoint moves on a given trajectory

XQ (t )

inm (, u) = Yo(t). (5.14)
0-W
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We choose the trajectory

O t, (5.15)

for some constant velocity 3. These boundary conditions correspond to choosing

to study a heavy quark, whose location after all coincides with the location of the

endpoint of the string, that is moving with constant velocity 3 and that finds itself

at z = 0 at time t = 0, meaning that this heavy quark finds itself right in the center

of the collision that we wish to probe. We shall present results for several different

values of /.

Two more boundary conditions are required. For convenience, we choose

lim t(T, O) = T, (5.16)

so that the worldsheet time T corresponds to the coordinate time t at the boundary.

The remaining boundary condition comes from demanding that the boundary con-

straint (5.13b) is satisfied at o = 0. The boundary conditions (5.15) and (5.16) and

the boundary constraint (5.13b) are satisfied at o = 0 provided that 2

.it~ 1 1 1
lim = +1+ lim = -, lim - (5.17)
o-+o 2 L _[oyJ 2 oO 2y(

where -y 1/ 1 - j2 as usual.

We can now see how to evolve the string forward in T, given an initial string

profile specified by XAM at some initial T. The algorithm has two steps. First we

need to obtain ZA = (i, , i) at the initial T. We do this by observing that if we

think of XA" as the dynamical variables, the equations of motion (5.11) are first order

differential equations for X" with the independent variable being o. We can solve

these equations for k" as functions of c- at the initial T as long as we know X/M _

which we do since we have been given XAI for all a at the initial T - and as long

2 To see that this is true one can solve the string equations of motion (5.11) and the constraint
equations (5.13) with a power series expansion in o- near - = 0. In doing so one can directly
incorporate the boundary conditions (5.15) and (5.16) into the series expansions. With the expansion
known to order u-, one can easily see that the boundary limit of X^I takes the form (5.17).
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as we have boundary conditions for XkA at o- = 0 - which we have in (5.17). So,

we solve (5.11) starting from o- = 0 and obtain XM at all o- at the initial T. In the

second step of the algorithm, we use (5.12a), rewritten as aTX^M = xM + -laXlAI,2

to compute the field velocities OTX^. To do this we need the function (V. With the

gauge choice o- = u, it is given simply by i = - 2 t. With OTX^ known, we can then

determine X^ at the new T, thus completing the evolution of the system from the

initial T to a T one time-step later. We then repeat.

All that we still need to specify is our choice of initial conditions for XM at an

initial time t that we shall typically take to be -3/p, when the centers of the incident

sheets of energy are 6/p = 12w apart. In the distant past, well before the sheets of

energy collide, the near-boundary geometry between the sheets of energy, which is

where the heavy quark is located, is that of an equilibrium black brane with a small

temperature Tbackground. This is so provided that we do not choose l so large that at

our initial time the heavy quark is within one of the incident sheets. We shall make

sure not to do this, which is to say that we shall make sure that at our initial time

the heavy quark has not yet felt the sheets of energy that are soon going to hit it

to any significant degree. We therefore choose initial conditions such that the string

profile coincides with the trailing string solution of Refs. [82, 83] moving at velocity ,

given in Appendix H. Such initial conditions satisfy the temporal constraint equation

(5.13a) near the AdS boundary.3

Constructing initial string profiles that are equilibrium solutions to the pre-collision

geometry ensures that the future non-trivial evolution of the string is entirely due to

the change in the bulk geometry associated with the collision event, not due to tran-

3 Our choice of initial conditions is slightly complicated by our choice of infalling Eddington-
Finkelstein coordinates. In infalling Eddington-Finkelstein coordinates the bulk is the causal future
of the boundary. At any given Eddington-Finkelstein time t, even in the distant past before the
sheets of energy collide on the boundary, the gravitational shocks are colliding somewhere deep in
the bulk. As a consequence of this, choosing the trailing string of Refs. [82, 83] will lead to a small
violation of the temporal constraint equation (5.13a) deep in the bulk. However, as time progresses
the violation of the constraint decreases in magnitude and then as time progress further towards
t = 0 when the sheets collide on the boundary, the portion of the string that violates the temporal
constraint equation is rapidly enveloped by the event horizon of the black brane. Because of this,
the initial violation of the temporal constraint equation is causally disconnected from physics near
the boundary and hence is of no concern. We discuss this further in Appendix H.
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sients that would come along as artifacts of any other choice of initial conditions.

However, as we shall describe below, although perturbing the initial string profile

does result in an early-time transient before the collision happens, the change that

results in the rate of energy loss of the heavy quark during and after the collision

event is negligible. Because in an actual heavy ion collision a heavy quark is produced

during the collision, we are not particularly interested in any aspect of the motion

of our heavy quark before the collision of our sheets of energy. This, together with

the insensitivity of the results during and after the collision that we are interested

in to initial conditions and associated transients, means that our study could be re-

peated with other choices of initial conditions for the string without changes to our

conclusions.

We discretize the o- coordinate using pseudo-spectral methods. Specifically, we

decompose the a dependence of all functions in terms of the first 20-35 Chebyshev

polynomials. We then time evolve the string profile, typically from t = -3/p to

t = +6/p, according to the algorithm that we have described above using a fourth

order Runge-Kutta ordinary differential equation solver.

5.1.3 Extracting the drag force acting on the quark from the

string profile

Because the quark is a point-like source which is being pushed through the surround-

ing medium at a constant speed by some external agent, it must be transferring energy

and momentum to the surrounding medium meaning that the boundary stress tensor

is not conserved:

,,Tl"(x) = F"(x) = -f6 3 ( - [), (5.18)

where f" is the four momentum lost by the quark per unit time. Note that, as always

for a force, f"' does not transform as a four-vector under Lorentz transformations. It

is conventional to write
dp"
dt = f (5.19)dt
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with p"' the four momentum of the quark, even though in the setup we are analyzing

the four monentun of the quark does not actually change. The external agent does

work in order to move the quark at constant speed and, in so doing, transfers energy

and momentum to the medium surrounding the quark; the quark does not slow down.

If the external agent dragging the quark is a classical background electric field, the

total stress tensor

tot = TIMv + TE"" , (5.20)

is conserved

0/ Tt"" = 0 . (5.21)

Via the quark, energy and momentum flow from the electric field into the surrounding

medium. The quantity f" is thus given by

fV(t) IdO UT""(x) Jd3x 0,T'(x) . (5.22)

Just as the near-boundary behavior of the metric encodes the expectation value

of the boundary stress tensor, the near boundary behavior of the string profile en-

codes f". Specifically, f" can be identified as the flux of four momentum down the

string [105]. The flux down the string can be extracted by noting that the total action

for the holographic system,

Stot = SP + SEM, (5.23)

must be diffeomnorphism invariant. The electromagnetic action SEM only has support

at the boundary and couples the string endpoint to the classical background electric

field used to drag the quark (which is to say the string endpoint) at constant velocity.

Under an infinitesimal diffeomorphismn XM -- X" + X" the variation in the

Polyakov action (5.9) only has support at the boundary and reads

hSp = im d 4x nN Xd4  M/-G TN1 , (5.24)

where DAI is the covariant derivative with respect to the bulk spacetime metric (5.4),
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rN is the normal to the boundary at u = 0, and

-- T/-
T MN(Y) To j2 ?]Tab OaXM &OXN5 (y _ X), (5.25)

is the string stress tensor. Likewise, the variation in the electromagnetic action is

6 SEM J d4x"X& " lvT EM -Jd4 xX"F,, (5.26)

where in the last line we used 0,T,EM = -F, with F, defined in (5.18). Upon

demanding that the variation in the action vanish for all Xt, we conclude that

F, = limnN / GT , (5.27)
U- o

from which the drag f0 can easily be extracted via (5.18).

Setting the normal to the boundary ni = 6 '15, one might naively conclude4 that

F, = limu,o -GT. However, this cannot be correct. Near the boundary some

components of the string stress tensor diverge like 1/u 2 . As a consequence of this

divergence lim 1 o v T -GT transforms nontrivially under the radial diffeomorphism

(5.5). Simply put, the expression limu1 o s/-GT5 depends on one's choice of the

gauge parameter used in solving Einstein's equations.

The unique remedy to the above problem is to set nw= -- 5 + U 2 0,VA. This

choice is simply the near-boundary limit of 65N, transformed by (5.5). In other

words, nm =415 would have been correct if we had used ( 0 but is not correct

once we make the transformation (5.5) that we needed to make in order to solve

Einstein's equations. With the correct choice of nA, F, in (5.27) is invariant under

all infinitesimal diffeomorphisms, including those arising from Eq. (5.5). We therefore

conclude that

F, = lim 5 T,+ugg(2 23))]. (5.28)

4As we did, in a preliminary version of this study [5]. The drag forces calculated in Ref. [5] are
not correct but, comparing the figures from that preliminary report to those in Section 5.2 where
we present our results, the differences are not large.
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We note that fP can also be expressed in terms of the canonical worldsheet fluxes

,aI =(&X = -T= yr GMNTab obXN. (5.29)

A straightforward exercise using the string stress (5.25) and (6.34) shows that

lim [7r, + U2ri U2 - 7a ,0& OaX"] . (5.30)

We see that for the choice = 0 the usual identification of force in terms of the

canonical fluxes [82, 83] is reproduced.

5.2 Results

In this section we present and discuss the results that we have obtained for the drag

force on a heavy quark being dragged through the colliding sheets of Fig. 5-1. We shall

initially choose the quark to be moving with a velocity f3 in the plane perpendicular

to the direction of motion of the colliding sheets. Later we shall consider the more

general case where the velocity of the quark has components both parallel to and

perpendicular to the 'beam' direction. We shall compare our results to expectations

based upon comparing the drag force that we calculated to what it would have been in

a static homogeneous plasma with the same instantaneous energy density or parallel

pressure or transverse pressure as that at the position of the quark. To further explore

the effect of a time-dependent background on the drag force, in Appendix I we consider

a toy example in which the temperature increases with time but the plasna remains

homogeneous and isotropic and does not undergo any expansion.

5.2.1 Heavy quark with zero rapidity

We begin with the case where the heavy quark is moving perpendicular to the 'beam'

direction, which is to say perpendicular to the z-direction along which the sheets

of energy collide. Although our heavy quark was present before the collision, from
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Figure 5-3: The path in the (z, t)-plane of a quark moving in the z 0 direction,
i.e. with zero rapidity, is shown as the red line superimposed on a color-plot of the
rescaled energy density S, see Eq. (5.6), in units of Pu4. Thinking of the x-axis as
perpendicular to the page, the quark is moving out of the page with velocity Ox.

a phenomenological perspective this calculation may inform how we think about a

heavy quark that is produced at t = 0 in a heavy ion collision with zero rapidity

moving with some perpendicular velocity 13. The z = 0 path along which the heavy

quark is moving is illustrated in Fig. 5-3, as is the energy density through which it

moves. The parallel and perpendicular pressures of the material in which it finds itself

are those that we plotted in Fig. 5-2. The case of a quark moving at zero rapidity

is simpler than the more general case that we will turn to next for two reasons: (i)

a quark moving along the z = 0 plane is always moving through fluid at rest, with

ua = (1, 0, 0, 0), meaning that in this case the local fluid rest frame is the same as

the lab frame; (ii) the drag force acting on the quark with zero rapidity is directed

antiparallel to the velocity vector, with no component of the force perpendicular to

the direction of motion of the quark. We have calculated the drag force as described

in Section 5.1. Our results for quarks moving at zero rapidity with speed Ox = 0.5

and 3x = 0.95 are shown as the solid red curves in Figs. 5-4 and 5-5, respectively.

We are interested in comparing our results to expectations based upon the classic
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Figure 5-4: Drag force in units of p v-A(27r) on a quark being pulled through the
collision in the x-direction at z = 0, i.e. at zero rapidity, with velocity Ox = 0.5. The
dashed curves show the drag force that the quark would experience in an equilibrium

plasma with the same instantaneous energy density, parallel pressure or perpendicular
pressure as that at the location of the quark. The dashed curves are described further
in the text.
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Figure 5-5: Same as Fig. 5-4 but for a quark moving at zero rapidity with a velocity

Ox = 0.95.
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result for the drag force required to move a heavy quark with constant velocity 3

through the equilibrium plasma in strongly coupled SYM theory, namely [82, 83]

- = - (7T) 2 (5.31)
dt 27r Q -p

where T is the temperature of the equilibrium plasma. Out of equilibrium, the matter

does not have a well-defined temperature. We can nevertheless use (5.31) to frame

expectations for dfj/dt at any point in spacetime, as follows. At z = 0 the fluid is at

rest, meaning that the lab frame in which we are working is the local fluid rest frame

and the stress tensor for the fluid takes the form (5.8) which we now rewrite as

7 2N 2

Test frame = 8 C diag(3T,', TI, TI, TJ). (5.32)

If the fluid were at rest in equilibrium, we would have Te TL = T1 = T. In

the nonequilibrium setting of interest, through (5.32) we have defined three different

"effective temperatures", no one of which is a true temperature since none can be

defined. We can then use each of these three "temperatures" in the equilibrium

expression (5.31), obtaining the three dashed curves in Figs. 5-4 and 5-5. Because

the stress tensor is traceless, any one of the dashed curves can be obtained from the

other two; only two are independent. This also explains why wherever two of the

dashed curves cross the third must cross also. Note that none of the three dashed

curves should be seen as a "prediction" for the actual drag force experienced by

the heavy quark in the far-from-equilibrium conditions created by the collision of the

sheets of energy. Rather, the three dashed curves tell us what the drag force would be

in a static plasma with the same instantaneous energy density or transverse pressure

or parallel pressure as that present in the far-from-equilibrium conditions at time t

and position z = 0. The dashed curves are devices through which we use what we

know about the drag force in an equilibrium plasma to frame expectations for the

nonequilibrium case. 5

5 Some support for this strategy is provided by analyses [106, 107, 108] of the drag force on a
heavy quark moving through a fluid that is undergoing boost invariant expansion in one dimension
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Comparing the drag force on the heavy quark, the solid red curves in Figs. 5-4 and

5-5, to the three dashed curves yields many observations. Reading the figures from

left to right, we first see that at very early times where T = TL = T1 = Tackground

the drag force is indeed given by the equilibrium result (5.31) for a static plasma with

temperature Tbackground. Next, we see that the increase in the drag force due to the

dramatic change in the stress tensor of the fluid corresponding to the collision of the

sheets of energy is delayed. And, the delay in the increase of the drag force seems to

increase with increasing heavy quark velocity. We shall return to this below. Third,

we see that the peak value of the drag force is comparable to the expectations provided

by the dashed curves, meaning that the peak value of the drag force in the far-from-

equilibrium matter produced in the collision is not dramatically smaller or larger

than what it would be in a static plasma with the same instantaneous energy density.

These second and third observations suggest that a reasonable first-cut approach to

modelling the drag on a heavy quark in a heavy ion collision would be to turn the

drag force on roughly one "sheet thickness" in time after the collision and from then

on use the equilibrium expression (5.31) with an effective temperature determined by

the instantaneous energy density. Fourth, at late times when the expansion of the

fluid is described well by viscous hydrodynamics we see in Figs. 5-4 and 5-5 that the

drag force is best approximated by the value that it would have in a static plasma

with the same instantaneous transverse pressure. To some degree this agreement

is coincidental as we see that for f 0.5 our result is a little below (5.31) with the

effective temperature TL while for = 0.95 our result is a little above this benchmark.

What seems robust is the fact that at late times the actual force required to drag

the quark through the expanding, cooling, anisotropic hydrodynamic fluid lies within

the band of expectations spanned by the drag force in a static plasma with the same

instantaneous energy density or parallel pressure or transverse pressure. For a heavy

and is translation invariant in the other two dimensions. In this setting, the gradient expansion
of hydrodynamics becomes an expansion in powers of 1/T 2 / 3, with T the proper tine. (See, for
example, Refs. [90, 92].) At leading order, which is to say at late times, the fluid can be treated as
ideal meaning that T= Ti T(T) with T(T) o 1/T'/ 3 [109]. In this approxination, the drag
force on the heavy quark is indeed given by (5.31) with T replaced by T(T) [106, 107]. Ref. [108]
includes an investigation of the next order corrections.
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Figure 5-6: Illustration of how the drag force depends on the initial string shape. The
four curves show the drag force on a quark whose string initially has the shape of the
string trailing behind a heavy quark that is being dragged through an equilibrium
plasma with temperatures ranging from zero to four times the actual temperature
Tbackground of the low temperature plasma present before the collision. The solid red
curve is the same as the solid red curve in Fig. 5-4. The other three curves show
that by the time the collision occurs the drag force felt by the heavy quark is quite
insensitive to the choice of initial conditions. Note that the initial drag force felt by
the heavy quark varies between zero and sixteen times that for the red curve; the
perturbations to the initial shape of the string illustrated here are not small, but
their residual effects during and after the collision are. In all cases, the heavy quark
is dragged with velocity #3 0.5 and {3 0.

quark with zero rapidity, we see no qualitative deviation relative to these expectations,

meaning that we see no qualitative consequences of the presence of gradients of the

fluid velocity.

We are using initial conditions that correspond to a heavy quark which has been

dragged through an equilibrium plasma with the low temperature Tackground for a long

time before the collision. This, of course, is not reminiscent at all of what actually

happens in a heavy ion collision, where the heavy quark is created during the collision.

It is therefore important to check how sensitive our results for the drag force on the

heavy quark during and after the collision are to the choices we are making for the

initial shape of the string well before the collision. If our results during and after the
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collision were sensitive to our choice of initial conditions this would be problematic,

since there can be no right answer to the question of what the initial conditions

for a heavy quark before the collision should be since in actual heavy ion collisions

there are no heavy quarks present then. Fortunately, as we illustrate in Fig. 5-6 we

have found that our results of interest, naniely our results for the drag force on the

heavy quark during and after the collision, are quite insensitive to the choice of initial

conditions. The solid red curve in Fig. 5-6 is the same as that in Fig. 5-4, while the

blue, purple and green dashed curves correspond to initial string profiles chosen such

that the initial drag force is zero, four or sixteen times that for the red curve. 6 These

perturbations to the initial shape of the string, which are in no way small, do have

transient effects at early times but their effects on the drag force felt by the heavy

quark during and after the collision are negligible.

Let us now return to the question of how the drag force changes with quark

velocity 0. Looking at Figs. 5-4 and 5-5, the biggest effect of increasing 3 is certainly

the increase in the overall magnitude of the drag force. Since we have seen that our

results are not dramatically different from the equilibrium expectations provided by

the dashed curves in these figures, it is natural to look at the equilibrium formula

(5.31) and ask to what degree the 3-dependence in our results is described by assuming

that the drag force scales with 3-y. Fig. 5-7 provides the answer. Almost all of the

change in the overall magnitude of the drag force, e.g. the change in the height at

which it peaks seen by comparing Figs. 5-4 and 5-5, cali be understood as scaling with

7-y. The interesting 3-dependent effect that remains inl Fig. 5-7 is the timne delay in

the onset and peaking of the drag force. This time delay increases with increasing 3.

We investigate the 7-dependence of the tinie delay in Fig. 5-8. From this figure we

see that a reasonable characterization of our results for the time at which the drag

force peaks is that at low velocity it peaks about one sheet thickness after the time

when (around the same time as) the drag force in an equilibrium plasma with the

same with the same instantaneous energy density (transverse pressure) would peak

6In obtaining these results, we have determined t(T, o-) by solving the temporal constraint equation
(5.13a) numerically; see Appendix H for a discussion.
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Figure 5-7: Rescaled drag force for four different quark velocities /, all in the x-
direction as in Figs. 5-4 and 5-5. We see that the largest /-dependence of our results
in Figs. 5-4 and 5-5 can be understood by assuming that the drag force scales roughly
with /3#-. The remaining /-dependence seen here illustrates the fact that the delay in
the onset of, and subsequent peak in, the drag force increases with /. The dashed
curve shows the rescaled drag force that the quark would experience in an equilibrium
plasma with the same instantaneous energy density. From (5.31) we see that, once
we have rescaled by 0-y, the dashed curve is /-independent.

while at higher velocities its peak is delayed by a time that increases approximately

linearly with -y. In Appendix I we investigate this time delay further by watching

how the drag force responds in a background in which the temperature of the plasma

is homogeneous in space but over some narrow range of time increases from a low

value to a high value. This investigation indicates that the fact that the time delay

increases roughly linearly with increasing '} may be generic while the fact that (for the

colliding sheets of energy above) we find that at low velocity the drag force peaks close

to when the transverse pressure peaks is likely a coincidence. It also indicates that at

low velocity the drag force may generically peak at a time that is about 1/(7rThydro)

later than the time when the energy density peaks, where Thydro is the temperature

defined from the fourth root of the energy density of the fluid at the time when the

fluid hydrodynamizes. For the collision we are analyzing, this corresponds to a time

126



1.3

1.2

1.1 *

1

0.9

.0.8

0.7

0.6-

0.5 .

0.4 -__
1 1.5 2 2.5 3 3.5 4 4.5

-Y

Figure 5-8: The time delay Atp between the time at which the drag force on a heavy
quark moving with velocity 3 at zero rapidity peaks, i.e. the peak in the solid curve
in Fig. 5-7, and the time at which the dashed curve in Fig. 5-7 peaks. We plot Atp
vs. -y for velocities ranging from # = 0.05 to 0 = 0.973. The increase in Atp clearly
has a component that is linear in -y, but the dependence is not completely linear. The
value of Atp at -' -* 1, i.e. at 0 -+ 0, is similar to the delay between the peaks in the
purple and blue dashed curves in Figs. 5-4 and 5-5, which is 0.53/p.

delay of around one sheet thickness.

The analysis in Appendix B supports a gravitationally intuitive picture in which

a time delay of order 1/(-rThydro) corresponds to the time it takes information from

deep inside the bulk, near the black hole horizon, to propagate to the boundary. The

information that the geometry near the horizon has changed cannot propagate in the

bulk faster than the speed of light, meaning that the time it takes for such a change

to affect the string near the boundary - which is what determines the drag force on

the heavy quark is at least ~1/(rThydro). Furthermore, for a quark that is moving

with a large -y the length of the string that stretches from the quark at the boundary

down to the near-horizon region is proportional to -', suggesting that the time delay

for a fast quark should include a contribution that is proportional to -Y/(7rThydro)-

These considerations are somewhat heuristic, however, since the changes in the bulk

geometry to which the string dragging behind the heavy quark responds do not occur

only in the near-horizon region.

A time delay between a change in the stress tensor of the plasma and the resulting

127



change in the drag force that is proportional to -y can be understood qualitatively in

terms of the boundary gauge theory as follows. Clearly, the drag force depends not

only on the instantaneous stress tensor of the plasma in which the quark finds itself

and the velocity of the quark but also on the history of the quark. In particular, our

results suggest that the drag force takes on its "correct" value - i.e. the value it would

have in an equilibrium plasma whose stress tensor is similar to the instantaneous

stress tensor of the fluid around it only if the fields that dress the moving quark

are configured appropriately. Perhaps as the energy density of the plasma increases

the longer wavelength fields that dress the moving quark must be stripped off leaving

only those on length scales of order 1/T, and smaller. Perhaps when the energy

density decreases those longer wavelength fields need to grow back. Whether or not

such speculations are correct in detail, our results indicate that the drag force on the

quark responds to changes in the conditions around the quark only after the fields

carried along with the moving quark rearrange themselves in a way that takes some

time. If the time this takes were constant in the rest frame of the quark, the time

delay that we evaluate would be proportional to 7.7

5.2.2 Heavy quark with zero transverse momentum

In this section and the next we shall consider more general cases in which the quark

has some nonzero velocity /2 in the 'beam' direction parallel to the direction of

motion of the colliding sheets, which is to say that we shall allow the quark to have

nonzero rapidity. As illustrated in Fig. 5-9, we shall only consider trajectories in

which the velocity 4 of the quark is constant and in which the initial position of

the quark has been chosen such that at t = 0 the quark is at z = 0, meaning that

the quark passes through the spacetime point at which the sheets of energy collide.

Although in our setup the quark has existed for all time, we are of course interested

in gaining qualitative insights into circumstances in which a heavy quark is produced

7A time delay between some change in the environment in which a heavy quark finds itself and

the resulting change in the drag force on the heavy quark has been seen in other contexts, see for

example Refs. [110, 111], in which it has also been attributed to the time it takes for the gluon fields

around the moving quark to rearrange.
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Figure 5-9: The red arrows show the trajectories in the (z, t)-plane of two quarks
with nonzero rapidity, with f3 = 0.2 and 3, = 0.4. The trajectories are superimposed
on the plot of the rescaled energy density E as in Fig. 5-3. We shall consider cases
in which the quark has zero or nonzero transverse velocity #2. In all cases that we
shall consider, the quark is pulled with constant velocity 0 through the energy density
produced by the colliding sheets.

at z = t = 0 with some velocity 3 We shall not consider values of Oz that are greater

than 0.4 because we want to ensure that at the time t = -3/p at which we choose

our initial conditions the quark has not yet felt the sheet of energy that is about to

catch up with it in any significant way.

In order to obtain the greatest contrast with the case in which the quark has zero

rapidity, analyzed above, in this section we shall consider the case in which the quark

has a nonzero Oz but has no transverse velocity, /3# = 0. We shall allow both 3, and

Oz to be nonzero in the next section.

The solid red curve in Fig. 5-10 shows the force on a quark with 2 0.4 and

0. To interpret the force shown in Fig. 5-10, we first need to ask what the

velocity of the fluid is at the location of the quark as a function of time, since the

drag on the quark should depend on its velocity relative to that of the moving fluid.

The fluid velocity is always in the z-direction and its magnitude is given by

g luid (5.33)

129



13,- =0, Oz=0.4
1 ,-exact

-- eq. with T,

0.8 --- eq. with T 1
--- eq. with T11

0.6-

Cl c'i 0.4-

x
0.2

0 - -

-0.2 - "

-2 0 2 4 6
t p

Figure 5-10: The 'drag' force (solid red curve) acting on a quark moving through the
matter produced in the collision along a trajectory with 02 = 0.4 and /, = 0. The
force is shown in the lab frame. The dashed curves show what the force would be
if in the local fluid rest frame it were given by the drag force that the quark would
experience in an equilibrium plasma with the same instantaneous energy density,
parallel pressure or perpendicular pressure as that in the local fluid rest frame at the
location of the quark. The dashed curves are described further in the text.
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Figure 5-11: The fluid velocity 4 fluid, defined in the text, at the location of a quark
moving along the trajectory in Fig. 5-9 with /, = 0.4. If the hydrodynamic fluid at
late times were boost invariant, #fluid would be given by /, = 0.4. Note that at late
times Ofluid > 0.4, meaning that the fluid is moving faster than the quark.
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where u" is the fluid velocity four-vector obtained from the stress tensor in the lab

frame as described by Eq. (5.7). We show ,Bfluid in Fig. 5-11. Reading this figure

from left to right while referring to Fig. 5-9: (i) We see that at the time t = -3/p at

which we choose our initial conditions the quark is already feeling some effects of the

fast-approaching sheet of energy. The quark is initially immersed in the background

plasma, which is at rest, meaning that the fact that Oflu"id - 0 can be attributed to the

Gaussian tail of the sheet of energy which is approaching with velocity 1. (ii) Then,

the sheet of energy incident from the left catches up to the quark and as the energy

of the sheet overwhelms that of the background plasma Ofluid rises toward the speed

of light. Note that the quantity /fluid can be computed as we have described even

when the matter is far from equilibrium, as long as its energy density is positive [89].

At these early times fdf"ii should not really be thought of as the velocity of a fluid,

although for convenience we shall refer to it as such. (iii) Next, the left-moving

sheet of energy slams into the right-moving sheet and, briefly, jfluid is near zero. By

symmetry, 3fluid = 0 at all times at z = 0, meaning that )fluid = 0 at the location of

the quark at t 0. (iv) Finally, at late times after the fluid has hydrodynamnized,

f3fluid is close to #3= 0.4. Note that if the hydrodynamic expansion at late times were

boost invariant, the velocity of the fluid at late times on a trajectory with constant

rapidity like the one that the quark is following would be given by the velocity of the

quark itself. In other words, if the expanding fluid at late times were boost invariant,

the curve in Fig. 5-11 would have ffluid = 0.4 at late times.

With an understanding of the velocity of the matter through which the heavy

quark is moving now in hand, we can return to Fig. 5-10 and compare the drag force

there with expectations based upon the force (5.31) on a heavy quark that is being

dragged through plasma in equilibrium, as we did in Fig. 5-4. The expression (5.31)

describes the force on a quark moving through matter at rest, so to use it at any given

time t we must first boost to a frame in which the matter through which the quark

in Fig. 5-10 is moving is at rest at that time. That is, we boost by a velocity Ofluid(t),

plotted in Fig. 5-11, to the local fluid rest frame. In the local fluid rest frame, the
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quark is moving in the z-direction with a velocity

1 - fF fluid (5.34)

that can be positive or negative depending on whether /3uid is smaller or larger than

the velocity Oz of the quark in the lab frame. Next, we compute the stress tensor in

the local fluid rest frame, where it takes the form (5.32), and use the temperatures Te,

TL and T so obtained as well as the velocity /z,RF from (5.34) in the expression (5.31).

This gives us the drag force that the quark would experience if, in the local fluid rest

frame, it were moving with velocity /z,RF through an equilibrium plasma with the

same instantaneous energy density, perpendicular pressure or parallel pressure as that

of the matter at its location. Finally, we boost the three forces computed in this way

back to the lab frame, using the appropriate Lorentz transformation for forces, given

in the present context by 8

feq,RF + Uzfeq,RF

f4 = egR (5.35)feq, lab frame _ _1 + (z,RF 5Jeq,RF

\tOfeq,RF + Uzfeq,RF

with uP the fluid four-velocity from Eq. (5.7). We plot the three lab-frame forces

computed as we have just described as the three dashed curves in Fig. 5-10. If we

apply this algorithm in the more general case in which in the lab frame the quark is

moving with both Oz and Ox nonzero, the result is

eq, lab fram e 2 ( 5 .3z
fX(w)2 y( 0/7- Z3/)(5.36)

fZ la fram (7wT) 2 _y (U0/3z + Uz(/3x) 2 
_ U,)

eq, lbfae-2w

8As it is shown in Appendix J, one can do consistency check of the formalism for extracting the
drag force from the bulk gravitational quantities that we have set out in Section 5.1.3 to confirm
that upon boosting the bulk black brane metric and the trailing string profile by a velocity fluid

and evaluating (5.30) one obtains (5.35).
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which can be written as

fe$i lab frame - 2/r (-T)FT ( uu + V U ) , (5.37)

where we have defined / -(1, ') and have allowed for a generic choice of coordinate

axes. The T used in the expressions (5.36) or (5.37) can be either the T or the TL

or the T obtained from the stress tensor in the local fluid rest frame.

We can now compare the actual drag force on a quark moving in the z-direction,

the solid red curve in Fig. 5-10, to the expectations for an equilibrium plasma moving

with velocity fl"" with the same instantaneous energy density or pressure, shown

as the dashed curves. In many respects, this comparison is as we found in Fig. 5-4

for a quark moving in the x-direction. As in Fig. 5-4, we see in Fig. 5-10 that the

mraximumn value of the drag force in the far-from-equilibrium matter produced during

the collision is within the expectations for the maximum drag force spanned by the

three dashed curves. And, as in Fig. 5-4, we see a time delay in the rise in the

magnitude of the drag force. Here, though, the drag force first goes negative as the

heavy quark is hit from the left by the sheet of energy going in the same direction

and only then goes positive as the second sheet of energy slams into the first.

The most interesting differences between Figs. 5-10 and 5-4 arise at late times.

First, we see that the magnitude of the drag force at late times is much smaller in

Fig. 5-10 than in Fig. 5-4. This reflects the fact that at late times the quark and the

fluid are moving at comparable velocities, see Fig. 5-11, meaning that their relative

velocity is small. In fact, at t ~ 2.8/p the fluid velocity and the quark velocity

are equal - the (lashed curves in Fig. 5-10 therefore cross zero there. Interestingly,

we see that the solid curve stays positive for quite a long time afterwards until t =

5.0/p ineaning that there is an extended period of time when: (i) The fluid has

hydrodynamized. (ii) The fluid is moving faster than the quark, which would suggest

that the 'drag' force on the quark needed to keep it moving at constant Oz should

be a force pulling backward on it, toward negative z, pulling against the push from

the fluid that is moving faster than the quark. That is, we expect that dp/dt should
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be negative, as is indeed the case for the dashed curves in Fig. 5-10. (iii) Instead,

the quark is still being dragged forward, toward positive z, with dp/dt positive. This

means that in the local fluid rest frame the force that the external agent must exert in

order to move the quark towards the left acts toward the right. The quark is moving

towards the left in this frame but the force exerted on it by the liquid through which

it is moving is also acting toward the left, pushing it in the direction of its motion

rather than dragging it in the opposite direction! We illustrate this in Fig. 5-12 by

plotting the force exerted on the quark in the local fluid rest frame. The reason

that a result as surprising as this is possible is that in formulating our expectations,

as shown via the dashed curves, we are completely neglecting the effects of spatial

gradients in the fluid velocity.9 Unlike in Fig. 5-4, in Fig. 5-10 these gradients are

aligned parallel to the direction in which the quark is moving; the lesson we learn

is that in this circumstance the gradients in the fluid velocity can have qualitative

effects on the 'drag' force that must be exerted on the quark. Qualitative effects of

the gradient in the fluid velocity arise in Figs. 5-10 and 5-12 but not in Fig. 5-4 both

because the effects of the gradient on the 'drag' force are larger in absolute magnitude

when the gradient is aligned with the motion of the quark and because in this case the

drag force in the absence of gradients would be very small since the relative velocity

of the quark and the fluid is so small.

The red curves in Fig. 5-13 show the gradient of the fluid velocity in the lab frame

and in the local fluid rest frame, in each case projected onto the quark velocity in

that frame, namely

(VUZ) -UZ Z (5.38)
Oz #

and

(VUZ)RF RF uz z,RF (5.39)
R z RF /RF

for the trajectory with 3z = 0.4 and 0, = 0. For trajectories with Oz = 0 and 0, > 0,

'We have also neglected spatial gradients in the energy density of the fluid. In the following, we
will show that after hydrodynamization the effects of spatial gradients on the drag force that we

compute correlate well with the behavior of the gradients of the fluid velocity. We have checked that

the spatial gradients of the energy density are small at these late times, as are their effects on the

force that we compute.
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Figure 5-12: Forces as in Fig. 5-10, plotted here in the local fluid rest frame and
focusing on times tRF > 1.5/p to better illustrate the behavior after hydrodynamiza-
tion. After tRF = 2. 8 /p, the quark is moving to the left in the local fluid rest frame
(in the lab frame, the fluid is moving faster than the quark) and the dashed curves
accordingly lead us to expect that the force needed to drag the quark leftward in
the local fluid rest frame should be a force acting toward the left. Instead, we see
that between tRF = 2 .8//t and tRF = 5. 0 /p, the 'drag' force that must be exerted to
maintain the leftward motion acts toward the right!

both quantities vanish identically. Fig. 5-13 shows that if we start with f2 0.4 and

add a nonzero 0, that is small compared to 32 in the lab frame but that is large

compared to I#2,RF , for example /, = 0.2, the quantity (VUz)RF - RF is substantially

reduced while in the lab frame (Vuz) . is not much changed. This suggests that

if we analyze the drag force on a quark that follows a trajectory with Oz = 0.4 and

f, = 0.2, we should find results that in the local fluid rest frame are more similar

to those in Fig. 5-4 but in the lab frame are more similar to those in Fig. 5-10. We

shall confirm this expectation in the next section, but in so doing we shall discover a

second surprise.

5.2.3 Heavy quark with nonzero rapidity and transverse mo-

mentum

In this section we analyze the force that must be exerted in order to move a heavy

quark through the colliding sheets of energy along a trajectory with nonzero /3 and
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Figure 5-13: Component of the gradient of the fluid velocity in the direction of motion
of the quark at the location of the quark in the lab frame (upper panel) and in the
local fluid rest frame (lower panel). The differences between the two panels arises
because !z,RF < 0z. In all curves in both panels, the trajectory of the quark has
Oz = 0.4. The different curves are for trajectories with varying values of Ox. At
tRF = 2.8/p, the sign of !z,RF flips, which is to say that in the lab frame the velocity
of the fluid exceeds the velocity of the quark. We see in the lower panel that adding
a ox that is quite small compared to /3z in the lab frame, but is comparable to /z,RF,
significantly reduces (VUz)RF - RF-

136



=0.2, = .4

-exact
--- eq. with T,

1 --- eq. with T
- - -eq. with TI

0.8

0.6-£ *

x 0.4 - *

0.2-

0

-0.2

-2 0 2 4 6
tp/

Figure 5-14: The force (solid red line) in the lab frame that must be exerted in

the direction of motion of the quark (in the lab frame) in order to drag it with a

velocity /3 = 0.2 and /, = 0.4, a trajectory with nonzero transverse momentum and

rapidity. The dashed curves, computed as described in the previous section, show

what this force would be if in the local fluid rest frame the quark were being dragged

through a plasma with the same instantaneous energy density, perpendicular pressure

or parallel pressure as that at the location of the quark.

OZ, which is to say with both transverse momentum and rapidity nonzero. We start

by considering a trajectory with Oz = 0.4 as in Figs. 5-10 and 5-11 but now with

0, = 0.2. Because the velocity of the quark now has a component perpendicular to

the velocity of the fluid at the location of the quark (this was not the case in both

previous sections) we now expect and find that the force that must be exerted in

order to move the quark along this trajectory has a component perpendicular to the

direction of motion of the quark.

Let us first look at the drag force parallel to the direction of motion the quark in

the lab frame,

dpI_ f -
d - f(5.40)
dt

which is shown as the solid red curve in Fig. 5-14. (Note that dpl/dt and, below,

dpI/dt refer to the force parallel and perpendicular to the direction of motion of

the quark; in contrast, T and TL are defined via the pressures in the fluid that

137



0, =0.2, O =0.4. Fluid rest frame

-exact
0.25 --- eq. with Te-

--- eq. with T1
--- eq. with TI,

0.2

x0.15-

0.05

0
2 3 4 5

tRF/

Figure 5-15: Forces as in Fig. 5-14 plotted here in the local fluid rest frame and focus-
ing on times tRF > 1.5/p to better illustrate the behavior after hydrodynamization.
We saw in Fig. 5-12 that when f, = 0.4 and 0, = 0 the dashed curves that show
what the drag force in the local fluid rest frame would be in a spatially homogeneous
plasma with the same instantaneous energy density or transverse pressure or parallel
pressure failed to describe the actual force on the quark, because they neglected the
effects of gradients in the fluid velocity on the force. Here, with 03, = 0.2, we see
that after hydrodynamization the actual force on the quark falls within the range of
expectations spanned by the dashed curves.
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act in the directions parallel to and perpendicular to the direction of motion of the

colliding sheets and hence of the fluid, i.e. the z-direction.) We see that, as in both

Sections 5.2.1 and 5.2.2, the dashed curves provide a reasonable guide to the peak

value of the drag force but the actual force peaks later than the dashed curves do, a

time delay that is by now familiar.

At late times, after the fluid has hydrodynamized, we see behavior that is more

similar to that in Section 5.2.2 in the sense that the drag force in the direction

of motion of the quark is affected by the gradients in the fluid velocity to such a

degree that it is well outside the expectations spanned by the three dashed curves.

Unlike when 0, was zero, though, with 0, = 0.2 at least the sign of the force is the

same for the solid and dashed curves. The dashed curves nevertheless fail to give a

qualitative description of the actual drag force after the fluid has hydrodynamized.

This is consistent with the upper panel of Fig. 5-13 which shows that, when 3, = 0.4,

turning on , = 0.2 does not substantially reduce the magnitude of the component

of the gradient of the fluid velocity in the direction of motion of the quark - in the

lab frame. In Fig. 5-15 we see that the story is different in the local fluid rest frame.

With /3 = 0.2, we find that the drag force in this frame does lie within the range of

expectations spanned by the three dashed curves. This is consistent with the lower

panel of Fig. 5-13, where we saw that, because j02,RFj < f3, when we turn on 0, = 0.2

we do substantially reduce the component of the gradient of the fluid velocity in the

direction of motion of the quark - in the local fluid rest frame.

Turning now to the force acting perpendicular to the direction of motion of the

quark, we fix our sign conventions by defining this as

dp1  z3 Ox fx_3

- = f - . (5.41)dt #

It is plotted as the solid red curve in the upper panel of Fig. 5-16. The dashed curves

show what the force perpendicular to the direction of motion of the quark would

be in the lab framie if, in the local fluid rest frame, the quark were moving through

am equilibrium plasma with the same instantaneous energy density, perpendicular
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Figure 5-16: Upper panel: as in Fig. 5-14, but here we plot the force that must
be exerted perpendicular to the direction of motion of the quark, in the lab frame.
Note the scale on the vertical axis: this component of the force is significantly smaller
than the component of the force in Fig. 5-14. Lower panel: the force that must be
exerted perpendicular to the direction of motion of the quark in the local fluid rest
frame. If, in this frame, the quark were moving through a homogeneous fluid (e.g. the
equilibrium plasma with the same instantaneous energy density or pressure as that
at the location of the quark) the force in this frame could only act parallel to the
direction of the quark. The dashed curves therefore all vanish in the lower panel.
The actual force does not vanish and is in fact quite substantial at its peak: even in
the local fluid rest frame, the force needed to drag the quark includes a component
perpendicular to its direction of motion.
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pressure, or parallel pressure as that at the location of the quarks.

The force perpendicular to the direction of motion of the quark is a new develop-

ment, present only when both #, and , are nonzero. In the lab frame, the existence

of a perpendicular force is no surprise since in this frame of reference the quark is

moving through a fluid whose velocity includes a component perpendicular to its own.

For this reason, in the upper panel of Fig. 5-16 the dashed curves show that even if

there were no velocity gradients in the fluid the force would include a component

perpendicular to the direction of motion of the quark in the lab frame. This poses an

obvious question: boost to the local fluid rest frame and ask whether in that frame

the drag force is parallel to the direction of motion of the quark. We show in the

lower panel of Fig. 5-16 that the answer is no: even in a reference frane in which at

each point in time we have boosted to a frame in which the quark is moving through

a fluid at rest, the force required to drag the quark along its trajectory through this

fluid includes a component perpendicular to the direction of motion of the quark! In

this frame, in the absence of gradients in the fluid there could be no conponent of

the force perpendicular to the motion of the quark. The lower panel of Fig. 5-16 thus

represents a stark consequence of the presence of spatial gradients in the matter pro-

duced in the collision. The effect is largest at early times, when the matter is far from

equilibrium. At these early times, the effect is large indeed: the peak value of the

force perpendicular to the motion of the quark is about half as large as the peak value

of the drag force that acts parallel to the velocity of the quark. The effect is also non-

vanishing at late times, after the expanding fluid has hydrodynanized. We find this

result to be generic, arising for any trajectory in which both '. and Oz are nonzero.

A drag force that includes a component perpendicular to the direction of motion of

the quark through a medium arises in other contexts in which some anisotropy in the

medium has been introduced [112, 113, 114]. Here we see this phenomenon arising as

a robust consequence of gradients in the fluid velocity - a form of anisotropy that

must be present in heavy ion collisions.

To get a sense of how generic our results are, we close this section by illustrating

them for the case where the heavy quark is dragged along a trajectory with 3, = 0.7
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and 0, = 0.4. In Fig. 5-17 we first show our results in the lab frame, finding results

that are similar in most respects to those at smaller /2 that we saw in Figs. 5-14 and

5-16. The important distinction is that in Fig. 5-17 we see that at late times, after

hydrodynamization, the drag force that we calculate is well described by the dashed

curves meaning that, unlike in Fig. 5-14, here there are no qualitative effects of the

gradients in the fluid velocity apparent. We can understand this by noting from the

upper panel of Fig. 5-13 that by increasing 0, from 0.2 to 0.7 we have substantially

reduced the component of the gradient of the fluid velocity in the direction of motion

of the quark in the lab frame.

In Fig. 5-18, we show our results for the case with f3 0.7 and f3 0.4 after

boosting to the local fluid rest frame. Again, we find that even in a frame in which

the quark is moving through a fluid that is instantaneously at rest the force required

to drag the quark along its trajectory includes a component perpendicular to the

trajectory. We see that this effect of gradients in the fluid velocity is somewhat

smaller in absolute terms, and much smaller relative to the drag force in the direction

of motion of the quark, here where 0, = 0.7 than it was in the lower panel of Fig. 5-16,

where 0, = 0.2. This reflects the fact that as /, increases at fixed 0,2 the component

of the gradient of the fluid velocity in the direction of motion of the quark decreases.
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Chapter 6

Effects of fluid velocity gradients

on heavy quark energy loss

6.1 Hydrodynamic fluid and a heavy quark mov-

ing through it

6.1.1 Gravitational description of a moving fluid

We begin with a brief description of the dual gravitational description of the stress-

energy tensor for the conformal fluid of strongly coupled " = 4 SYM theory at

nonzero temperature, undulating in some generic way according to the laws of hydro-

dynamics. We shall work only to first order in fluid gradients. In order to keep our

expressions tractable on a first pass through the calculation, we shall then specialize

to the case of a fluid that fills 3-dimensional space but that moves only along a single

axis, flowing in some generic way along the z-direction. (Toward the end of Section

6.2 we shall lift this restriction, returning there to the case of generic hydrodynamic

motion in 3+1 dimensions, still working only to first order in gradients which is to say

still assuming that the spatial and temporal variation of the thermodynamic variables

and the fluid velocity occur only on length and time scales that are much longer than

1/T, with T the fluid temperature.)
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The stress-energy tensor for the conformal fluid of A = 4 SYM theory flowing

hydrodynamically in 3 + 1-dimensions with a temperature T and 4-velocity u" that

vary as functions of space and time is given to first order in gradients by

8w2  1 2
T (-1 l" + 4uu") - 2o4" (6.1)

where b = 1/(wrT) is the inverse temperature, f"' = diag(-1, 1, 1, 1) is the Minkowski

metric, and
1 1

0-1" PP"V(OaUO + QUa) - OU (6.2)
2 3

is the symmetric tensor encoding the first order contributions of fluid gradients, with

the projectors transverse to uP defined by P"'=_ if"' + uI". With our metric

conventions, ut' is normalized such that "u, = -1. The stress-energy tensor (6.1)

describes a fluid whose equation of state is P E/3, where P and E are its pressure

and energy density respectively, and whose shear and bulk viscosities are given by

1 = s/(47r) and ( = 0, where s is the entropy density of the fluid. P = E/3 and

( = 0 follow just from conformal invariance. 4r/s = 1 for the fluid in any non-

Abelian gauge theory with a dual gravitational description, in the strong coupling

and large-Nc limit [144, 145, 146, 147]. Note that the stress-energy tensor depends on

symmetric combinations of the fluid gradients Ou,3 and is independent of the fluid

vorticity

CD -6 e"UDOn , (6.3)
2

because the underlying microscopic theory does not violate time-reversal or parity

symmetry. The vorticity will nevertheless play a role in our considerations later.

Hydrodynamics is the statement that the fluid variables satisfy energy and momentum

conservation,

-T" = 0 . (6.4)

It is easy to see that, to first order in gradients, the hydrodynamic equations (6.4)

determine the spatial and temporal variation of the temperature, or the inverse tem-
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perature b, uniquely in terms of the spatially and temporally varying fluid velocities:

Qb =b(u"vOu, - U1 CU) (6.5)

We shall use this relation below.

The dual gravitational description of the fluid with stress-energy tensor (6.1) was

obtained in Ref. [122]. (These authors worked to second order in gradients. We shall

quote their results only to first order.) Upon introducing a bookkeeping parameter

c that we shall use to count powers of gradients and that we shall in the end set to

C = 1, the 4 + 1-dimensional metric in the dual gravitational description of the fluid

takes the form

ds 2  G(N + c G1N) dXA'dXN (6.6)

where XA I (X", r). The first term in (6.6) is given by

G(0) dXAdXN __-2u dr _ r 2f (br)uvudxdx + r2 P,vdxIdxv (6.7)

where f(x) =-1 I- 1x4. If we set ut" = (1, 0, 0, 0) everywhere, the metric (6.7)

describes a static AdS black brane with an event horizon at i = 1/b and with the

AdS boundary located at ' = oc. This is the gravitational dual of the static g = 4

SYM plasma in equilibrium with a uniform and constant temperature T = 1/(7b).

The coordinates X"' that we are using to describe the spacetime, chosen in such a way

that the metric has no dr 2 term and has no singularities at ' = 1/b, are referred to

as in-falling Eddington-Finkelstein coordinates. With a generic choice of u", varying

as a function of x", at any given x" the metric (6.7) is obtained by boosting the

AdS black brane metric by the boost that takes you from the instantaneous fluid rest

frame, where u" = (1, 0, 0, 0), to the frame in which u/' takes on the value of interest.

The metric (6.7) is therefore often said to describe a boosted black brane, but it is

important to remember that b and u/ are in fact varying. It describes a black brane

whose horizon is undulating, as is its entire metric. Note that although r = 1/b is

the horizon of the static black brane, once 1/b is undulating the global event horizon
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of the metric (6.6) need no longer be located at r = 1/b. Gradient corrections to the

position of the event horizon have been computed in Ref. [148]. The metric (6.7) is

the zeroth approximation to the gravitational dual of the moving fluid; it would be

a complete description if gradients made no contribution to the fluid stress-energy

tensor, which is to say if the fluid were an ideal fluid with zero shear viscosity.

The second term in the metric (6.6) is the dual gravitational description of the

contribution of first order gradients in u" and b to the fluid stress-energy tensor. It

is given by [122]

G(1)NdXMdXN 2T2 b F(br)oudx"dx' + 2r u yVaXu dx'dx" - r u Ox(u u,)dx~dx"

(6.8)

where
[lo ((I + X)2 (I + X2)

F(x)- -[log (±X4 2 arctan x + 7r . (6.9)

We are working in a gauge in which G('. = 0. The metric (6.8) is a good approxima-

tion to the gravitational dual of the hydrodynamics of the flowing conformal fluid as

long as the length scale L over which b and ua" vary satisfies L > b.

In the next subsection, we will compute the profile of the string that hangs "down"

into the bulk metric GAIN from the heavy quark. To determine the profile of the string

at the time t at which the heavy quark is located at a particular position Y, it will

prove convenient to do the calculation in the frame in which the fluid is at rest at Y

at the instant of time t, which is to say the frame in which u"(', t) = (1, 0, 0, 0). In

making this choice we do not lose any generality since we can of course later boost

the result of our calculation to any frame that we like. In order to do the calculation

in the instantaneous fluid rest-frame it will be helpful to have the metric GMN in

this frame, which we obtain by setting u = (1, 0, 0, 0) in (6.7) and (6.8), keeping

derivatives of u. At the same time, since we will calculate the drag force on a heavy

quark located at x" = 0 we expand b(x") and ut(xV) around x" = 0 in (6.7), keeping

only terms that are first order in their gradients. Combining (6.7) and (6.8), the

148



metric then takes the form

GAINdX"dXN 2dtdr -2 f(br)d 2 + r 2dxidxi

+(- 2x"0 'Uidrdx' - 2o,, U'f'2 (1 - f (br))dtdx1 - 4 b5r2d2(6.10)

2~r
+2br2F(br- dxdx 2+-Oudt2 + 2rOtuidtdx2)

3

which is the form that we shall need.

We shall begin by doing the calculation for a fluid that is only moving in one

direction, that we shall choose to be the z-direction. In this case, when we boost

to the instantaneous rest-frame in which uP (x, t) (1, 0, 0, 0) the only non-vanishing

gradients are

Ot b(t, z) = 0, Ozb(t, z) / 0, Otu:'(t, z) / 0, 42((t, z) ! 0, (6.11)

with

0,UL = - " = 0ib = 0. (6.12)

This fluid configuration will not be sufficient for us to determine the drag force in the

most general configuration, in particular because in this configuration the fluid has

zero vorticity. However, we shall see by the end of Section 6.2 that it suffices to get

us most of the way. Uponi making this simplifying assumption, conservation of the

stress-energy tensor (6.5) takes on the particularly simple form

30tb(t, z) = b(t, z)O2n3(t, Z),
(6.13)

O2b(t, z) = b(t, z)Otu3(t, Z).

We will return to the consideration of a general fluid configuration only in See-

tion 6.2.3.
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6.1.2 Gravitational description of a moving heavy quark

The dual gravitational string of a quark with mass M at the spacetime point x" = 0

and moving with velocity / is, in the M -± oc limit, a string whose endpoint is at

x" = 0 moving with velocity 3 along the AdS boundary, namely at r -± oc. As noted

in section 5.1.2, the dynamics of the string is generally described by Polyakov action,

eq. (5.9). Nevertheless, in this section we will be using simple string parametriza-

tion and it suffices to use special instance of Polyakov action - Nambu-Goto action.

Nambu-Goto action is given by

SNG = 2  f drdor -g(T, (7) (6-14)

where the string tension is where A =g 2 N, is the 't Hooft coupling, and where2727

g(T, Or)= det gab(T, x) with gab(T, Or) the induced metric on the world-sheet, namely

gab(T, o) = GINOaX" (T, U)ObXN (T, 9). (6.15)

We shall parametrize the string world-sheet in such a way that

t(T, 0) T, (6.16)

r (T, cx) Or.

We shall assume that the string is being dragged along with a constant velocity 13.

Because we are treating the case where the fluid motion is only in the z-direction,

without loss of generality we can choose /= (03, 0, 0z). We can think of the motion

of the quark as being due to a force exerted on it by some electric field, with respect

to which the quark is charged. Our task is to determine the force required to drag

the quark, working to leading order in the fluid gradients. The first step in the

calculation, which we shall carry out in this section, is the determination of the string

profile, again to leading order in fluid gradients.
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We denote the string profile to first order in gradients by

'(T, (7) = ' (T, O-) + 6 Yj1(T, Or) (6.17)

where 7 o(T, O) is the string profile in the case of an equilibrium fluid with a constant

temperature that is moving with some uniform velocity, which is to say in the absence

of any gradients in the fluid velocity or b. In the instantaneous fluid rest-frame in

which we are working this means that u" = (1, 0, 0, 0) and all gradients vanish. This

"'trailing string" solution was first obtained in Refs. [82, 83] and is given by

X0(T, () = T - b tan-'(bu) - , (6.18)
2)

where we note that at o -> oc the endpoint of the string follows the trajectory of the

heavy quark. We will need to differentiate Yo, and to that end we need to keep track

of how it depends on u", namely

:o(, T) = BT - b U - ) (tan-1(bo) - -. (6.19)- ) 2

The function xi (r, 7) in (6.17) encodes the corrections to the zeroth order profile

'o(T, o) due to fluid gradients, up to first order in those gradients. It must vanish in

the 7 -+ oc limit. Our task in the remainder of this section is to calculate x, (T, 7).

The equations of motion for the string are obtained by extremizing the Nanbu-

Goto action with respect to the function i(T, u-). To zeroth order we obtain Yo(T, O-).

The function (T, u-) is determined from

T 0_ +6L (_-___. (6.20)
T ( " ) 6(07Z) J '

Since the terms that are linear in gradients in (6.10) arose either directly from (6.8)

or via expanding (6.7) to first order about x t ' = 0, the terms in (6.20) that are first

order in gradients can depend on time at most linearly, meaning that x, (T, (-) takes
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the form

(T, Or)= b (or ) + b -(a) ,(6.21)

with h(cx) and '(o) being dimensionless functions that we must determine, that both

have only x- and z-components, and that both vanish at o -± 00.

The terms in the Euler-Lagrange equation (6.20) that are proportional to T de-

pend only on h(a), not on 4(u). It is in fact possible to guess the form of h(T).

However, determining it by explicit solution is instructive, so we shall follow that

route. Integrating the Euler-Lagrange equations for h(a) once yields

Chx y2 (b2 r2 + 1)2 - 2/xDtb(- 2 + 2b 20 2 + 1)
( 2 - b2 u2 )(b 2u 2 + 1)2

1
h' (T) = x (6.22)

(b 4 or - 2)

b (b4u4 + 2b 2 ( 2 _ y2 + 2) Dtu3  20z (2b 2( 2 + 72 + 1) Dtb 2

(b2 .2 + 1) + (b21 2 + 1)2

where by ' we mean d/du and where

Dt = at +0 1 = Ot + OZOZ (6.23)

is the convective derivative along the path of the quark, with the second equality valid

here because the only nonzero gradients are in the z-direction, where y = (1 - /2 1/2

is the Lorentz factor for the heavy quark, and where Chx and Chz are integration

constants that we must now fix. The expressions for J'(o-) have a first order pole at

the radial position

-=(6.24)
b

which in the case of the static fluid is identified as the location of the worldsheet

horizon o-ws - Ty/b that arises in the calculation of ±'o(7, a) in a static fluid [82, 83].

We have found that the position on the worldsheet where the integration constants

are fixed, o- = ly/b, is the same as it would be in a static homogeneous fluid with

the same instantaneous temperature. This means that our results disagree with those

of Refs. [108, 149]: those authors assumed that the influence of fluid gradients on the
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drag force could be described via a dependence of this radial position on the fluid

gradients. We now see by explicit calculation that, at least to first order, there is no

such dependence. And, indeed our results for the drag force that we shall present in

Section 6.2 do differ from those in Refs. [108, 149].

As in the static fluid calculation of Refs. [82, 83], in order to obtain a regular

string profile across the world-sheet horizon we must choose the integration constants

in (6.22) in such a way that the numerators on the right-hand sides of (6.22) vanish

at the same a at which the denominators vanish, i.e. at the world-sheet horizon. This

requirement uniquely determines the integration constants to be

23 D.Db bDu 3 + /z3Dtb
Chx 2, Chz 2 (6.25)

The expressions (6.22) can then be integrated again, with the new integration con-

stants being fixed via the requirement that h(u) vanishes at a -+ 0o. Doing so yields

hx(o) = ( - tan- (ba) - b 02 + I D b ( .6
3) +1,1 (6. 26)

hz(a) = b (- - tan-(ba) - 272 Dtb - ( - tan-(ba) Dtui

which we can denote more simply by

b h(a) = Dt2o (TI ) (6.27)

a result that we now see could have been guessed. So. we have shown that

'(T, a) = ' (T, o-) + crD1 :o(Ta) +_ b (a) (6.28)

to the order at which we are working, and our task now is to find '(a).

Upon using the solution for h(a), the Euler-Lagrange equations become differen-

tial equations for J(a). As in the determination of /(a), we integrate the differential

equations for '(a) once, obtaining expressions for .'(a). Again as before, these ex-

pressions have poles at a = aTs and the requirement that the string profile must be
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regular there can be used to fix the integration constants in the expressions for -'(o-).

Upon so doing, we find

X, b2 32 ((-7r/2 + tan 1 (b-)) (b2 u2 + 3) + b-) 3 b2o 3

(b2 &.2 + 1)2 3

ci (-b 2u2 ) - c1(-7) 1 - tan- 1 (br)
((72(302±+1)±+1)_2)

y2 -b4C 1 4  (y + bc-)(y + b2 o.2 ) I + b2T2

b2 r2 (p2 - 1) + 332 _ I
(o-) = b2  z 2 tan-(bo-)

(b2u.2 + 1)2

-1 ( -bo- 2 2(7 - bo-) 7r(1 -3) 1

2 7(V2.2 + y) (b2 1.2 + 1)2 b2 .2 + 1 -y(b- + - )
b2!3 (5 (bo- + -y) (b2 0.2 + _Y) ( - tan-' (bo-)) - (b2 U2 + 1)) 3

3 (b2 .2 + 1) (bo- + 'y) (b2 072 + Y)

(6.29)

where we have defined the function

ci() -/2 - tan'( -x) - F( -in)

- A ( tan-( 1 - log ((1 2)(1 + X2)2

4 ( /2X

(6.30)

(The way we have chosen the signs in this definition will prove convenient later.) We

can see explicitly in (6.29) that Tm, O-) is regular at - = o-ws. It is then possible

to integrate the expressions (6.29) analytically, fixing the integration constants by

the requirement that g(T, O-)= 0 at or -+ oc. The resulting expressions for g1 (o-)

and gz(o-) are unwieldy and we shall not quote them here. In Section 6.3 we shall,

however, plot the string profile for several choices of fluid flow and 3. In addition to

being unwieldy, the expressions for gx(o-) and gz(o-) are not of direct utility because,

as we shall see in Section 6.2, it is only -'(o-) that enters into the calculation of the

canonical momentum fluxes along the string and hence of the drag force.
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6.2 Computing the drag force on the heavy quark

In this Section we calculate the drag force acting on the heavy quark moving through

the strongly coupled fluid. If the fluid were static, as in the original calculations [82,

83], the drag force would be a function of the temperature and the velocity , of the

heavy quark. In the case that we are analyzing, where the fluid is moving but we

work in the instantaneous fluid rest-frame, the drag force again depends on b and #

but, we shall show, it also depends upon the spatial gradients and time derivatives

of b and the fluid 4-velocity 0[. After computing the drag force in the instantaneous

fluid rest frame in Section 6.2.1 for the case in which the fluid motion is only along

the z-direction, in Section 6.2.2 we boost the result to a frame in which the fluid at

the location of the heavy quark has some nonzero velocity in the z-direction, 'u1 3 0.

Then, in Section 6.2.3 we generalize our result to the case in which the notion of

the fluid is not restricted to the z-direction and, in particular, may feature nonzero

vorticity.

When the heavy quark is dragged through the fluid, in the dual gravitational

description momnentun and energy flow "down*" the string that '"hangs down" from

the heavy quark at r = oc, trailing into the bulk metric. In order to conserve energy

and monmentuni, an external force must be exerted upon the heavy quark to keep

it moving at constant velocity and (in the dual picture) to replace the energy and

momentum flowing down the string. Consequently,

OVT" f"(T) 6 3 ( _ -T) (6.31)

where f1(T) is the drag force acting on the heavy quark, i. c., on the endpoint of the

string at the r = 00 boundary. The drag force at the boundary is given by [82, 83

f'(T) = im nAI I d TVu1 (6.32)

where T"N is the stress-energy tensor of the string obtained by varying the Nambu-

Goto action (6.14) with respect to the GAIN, and n.A. is the unit-vector norminal to
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the boundary at r -+ oc. Because we are using the simple parametrization (6.16) of

the world-sheet, the normal is simply nM -65 and the relevant component of the

string stress-energy tensor is

1
T5' (T, ,,O-) = q" 7' (T, 0-) 6' (Y' - X') ,(6.33)

where the canonical energy/momentum fluxes along the string are obtained by varying

SNG with respect to daXt:

0 SNG VA 1
p" = -- GyN 6g0'7'X)N -NX- . (6.34)

Combining (6.32) and (6.33), the force acting on the quark at the boundary is given

by

- dpi'
f() = () = - lim ,'"w(r, O-), (6.35)dt V-o

evaluated at the location of the heavy quark, 5 = OT. Because we have used the

world-sheet parameterization (6.16) we have obtained the same expression obtained

in Refs. [82, 83]; the calculation of Ref. [3] was done with a different world-sheet

parametrization, one for which (6.32) yields an expression that differs from (6.35).

Note also that we are using a sign convention opposite to that in Ref. [3]. In the

present paper, fl' is the force exerted on the heavy quark by some external agency

(eg. an electric field) in order to keep the quark moving with constant velocity. In

the classic case of a quark moving with f, > 0 through a static plasma, fZ > 0 and

dpz/dt < 0. Note that dp"/dt refers to the energy/momentum lost by the quark (lost

by the quark and gained by the plasma; in the dual description, lost by the quark

and flowing down the string).

As is the case for any force, f"(r) is not a Lorentz 4-vector. This is most easily

seen via the expression f/' = -dp"/dt, in which p" is a 4-vector but t is not boost-

invariant. We see immediately that we can define a so-called proper force F"(T) that

is a 4-vector via

FI(T) .f'(r)- ct - -dpl (6.36)
dTp dTp
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where T is the (boost-invariant) proper time of the quark. Because the heavy quark

is moving with a constant velocity. dt = yd, with 7 ' 1/ 1 -W 2 the Lorentz

factor for the heavy quark. Then the actual drag force f" and the proper drag force

F" are simply related by
1

f"(() F"(T). (6.37)

The distinction between actual and proper forces will play an important role in See-

tions 6.2.2 and 6.2.3.

Just as we did in the calculation of the string profile, we expand the drag force in

powers of the fluid gradients, writing it as

f"(T) = f " (T) + efe (), (6.38)

where the first component f(')(T) is the drag force when fluid gradients are neglected,

first obtained in Refs. [82, 83], and the second component f)(r) is proportional to

fluid gradients and is the term that we will calculate in the remainder of this Section.

In the instantaneous fluid rest frame, in which ua' (1, 0, 0, 0), the spatial components

of the force are given by [82, 83]

f(O),RF (T) = 2 / (6.39)

which shows that this contribution to the force is proportional to -YO, which is to say

proportional to j/AIf. It is because the force is proportional to the momentum that

it is referred to as a drag force. We can then boost this result to any other frame, in

which the fluid at the location of the heavy quark has an instantaneous three-velocity

v and a Lorentz factor 7% - 1/ /1 - 14 2 and, hence,

u = i7 (1 r) . (6.40)

It is also convenient to define the 4-velocity of the heavy quark

1V" = (1, j) . (6.41)
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Upon boosting (6.39) to a frame in which V' 5 0, the zeroth contribution to the drag

force (i.e. the drag force obtained upon neglecting the effects of gradients) takes the

form

f) (T) = VA 2 (s w" + ") (6.42)
( 27r - (

where the scalar factor s is defined by

s - u"w . (6.43)

If the only nonzero component of V' is v2, we find s = -yyv(l - vj32). We shall

calculate f[ in the instantaneous fluid rest frame in Section 6.2.1, and in a more

general frame in Section 6.2.2.

Before turning to our calculation, one further general remark will prove useful.

Starting from (6.35) and (6.34), it is possible to show by explicit calculation that

wf"(T) = 0. Written explicitly, this takes the form

dE -dg
S= 0 (6.44)

dt dt

relating the rate of energy loss to the rate of momentum loss. Since 3 = f/E this

implies that E2 = jV + M 2 for some constant M, which is to say that if the quark

starts out on-shell it stays on-shell.

6.2.1 Drag force in the instantaneous fluid rest frame

We now calculate the canonical momentum flux along the string to first order in

gradients, 7( 1) (T, o-), and use it to obtain the corresponding drag force f) (T) exerted

on the heavy quark at the boundary. We calculate the drag force in the instantaneous

fluid rest frame using the string profile given in Eqs. (6.26) and (6.29). We need to

evaluate (6.34) to linear order in E after expanding the metric GpN, the induced

metric gab, and derivatives of the string profile &aXN in powers of c. Just as for the
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decomposition of the string profile in Eq. (6.28), we find that

7 (T, () + (r DT) ,Dto(r) (6.45)

The leading term is independent of the radial coordinate o- and, in the instantaneous

fluid rest-frame, is given by

7JI(() = 27r 7b2 (I"w +I , (6.46)

from which we obtain the result for the drag force absent any effects of the fluid

gradients that we already quoted in Eq. (6.42). The terim proportional to time T in

(6.45) is given by

D /r,(r ) (T) _

Al ( - 6)Dj b + (w"w t + 6t )Dtuzl
27 7b2 X 0

where Dt was defined in (6.23). We can neglect this term since it appears in (6.45)

multiplied by T and we are evaluating the drag force on the heavy quark at T = 0.

The nontrivial part of the colmi)utation is the determination of 7r (').

collecting terms proportional to c at T = 0. we find that

After

cT(\ VA
- 2b'f

bcr
(b2T2 + + 2 tan-I(b) - '7)

or) - Ci (_- )( 2(1
( box _3)

2,2+1 + (1 + 3I ) - ta11-1(b

3

7- (1)(T) 27b K b2 F2 + 1 + (2 i0 +1) (7r2 - tan-1(b) )

U +t 3

302) + 1))

'y (1 - /3) 0LO3+

/3( + (1 - 3I3) (j - tan-'(bu)) - - ci (-7) (72 (1 - 3)

3

5)) j

(6.48)

where c1 (--i) was definied in (6.30) and the conservation of the stress-energy tensor

(6.13) has been used to eliminate Otb and 02 b in favor of Otu: and 0U3. We now

determine the contributions of these canonical momentum fluxes to the drag force oi
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the heavy quark at the boundary, which is to say we take the o - 00 limit. The

terms ba1 and - tan-1 (bo-) vanish in this limit, and the contribution to the drag

force that is first order in gradients is given by

f VA~ +/ cY (-Y) (_2 (1 - 3/J) + 1)
fi 27 " b /_ 0 t + 3 OZU 3

2wb/~ + 3 (6.49)
v/-A,+ _i(7) (72 (1 - 302) - 5) 3o3

27rb 3 + 3

with the t component of the force given by f>j = !xf( 1 ) + zf (zl, ensuring that

the quark stays on shell. The complete expression for the drag force is obtained by

combining the contributions from (6.46) and (6.49).

Before turning to generalizations of this result, we end this subsection by remark-

ing that both the terms proportional to Otu 3 and the terms proportional to Obu3 in

(6.49) are proportional to _y3/2 for large -. This is apparent for the terms proportional

to tut
3 . To see this for the terms proportional to &zU 3, note that in the large--y limit

1 (i
+ 0(1 . (6.50)3-3/2 + 2

This means that for large enough -y, the contributions to the drag force that are first

order in fluid gradients, namely (6.49), dominate over the zeroth order expression

(6.39) for the drag force in the absence of fluid gradients. Comparing (6.39) and

(6.49) we see that the first order contributions to the drag force are smaller than the

zeroth order contributions when

1 9 1
S< and < 9 (6.51)b |8gtU31 5 b l ozU31

or, using (6.13), when

1 3 1
< and V/y < 3 1(6.52)|0z b| 5 |0tb|

with -y and the gradients on the right-hand sides of all these expressions evaluated in

the frame of reference in which the fluid is instantaneously at rest at the location of
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the moving heavy quark. This result suggests that at larger values of -i the expansion

of the drag force in powers of the fluid gradients may break down, although to be sure

of this it would be useful to extend our calculation to higher order in gradients. At

a qualitative level, what seems to be happening is that at large enough '/ the heavy

quark sees a gradient in the fluid as sudden, and the gradient expansion of the drag

force ceases to be valid. Note that the criterion for the validity of the hydrodynamic

description of the fluid itself is 10zbI < 1 and d0,bl < 1, meaning that as long as the

motion of the fluid is described well by hydrodynamics the limitation (6.52) on the

values of -y at which the gradient expansion can be used to describe the drag force on

the heavy quark sets in at some y > 1. As hydrodynamics itself' breaks down, the

range of validity of the gradient expansion in the calculation of the heavy quark drag

force becomes smaller and smaller.

Note that for quarks with finite 3/f the description of the drag force in terms of a

single trailing string is only valid for [150, 151, 77]

< < , (6.53)
TvA

since the external force required to move a quark with mass M at a larger - would

result in copious pair-production of quark-antiquark pairs. However, we are working

in the Al - Cc limit throughout this paper, meaning that the criterion (6.53) by

itself would allow us to consider arbitrarily large -. Instead, even in the MI -+ OC

limit the magnitude of the fluid gradients imposes new, lower, limits (6.52) on how

large , can be, at least if one wishes to use a gradient expansion to calculate the drag

force. These considerations motivate future extensions of our calculations, both to

higher order in fluid gradients and to finite quark iiass M. An analysis in which one

takes the -y - oc limit first., with finite mass quarks, and only later takes MA - O0

would necessarily look very different from the analysis in this paper.
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6.2.2 Generalizing to a frame in which the fluid is moving

In Section 6.2.1 we have calculated the drag force exerted on a heavy quark moving

through the fluid, in the instantaneous fluid rest frame and in a fluid that is moving

only along the z-direction, obtaining the result (6.49). We can now boost this result to

a frame in which the fluid at the location of the heavy quark has velocity 7 = (0, 0, v2),

instead of being at rest. We do this by first constructing the proper force F" from

f", according to (6.37), then applying a Lorentz transformation to the 4-vector F",

bringing it to the desired frame, then working out the value of 7y in the desired frame,

and finally using (6.37) again to obtain f" in the new frame. The calculation, which is

tedious but straightforward, yields the following expression for the drag force exerted

on a heavy quark moving with velocity / through a fluid that is moving only along

the z-direction and that has velocity T= (0, 0, v2) at the location of the heavy quark:

27 3b

[atVz [ci(s) (S2 + 1) 7yv2 + 3c 1 (s)s(s-yv + -y),A2 + y(3A3 + vz)]

+&v2 [c1(s) (S2 + 1) -yv + 3ci(s)s(s'v2 + 7yf2)A!3 + -s-y (3v2A2 + 1)]],

(6.54)

f - w - az (c1(s)7Y, [_ (S2 (v2 - 3) + v ) + s- ((s2 + 1) O2vz - 3)]

+3ci(s)s-yA/ [s/z(s>, + 7) - 7%vz] + -yv s [s'}/(3A2 + vz) + 7V (v - 3)])

+ZvZ(3c(s)s}/2zAz [(82 - 1) _7v2 + S_/32] + C1(S)Y, [s 3o2s - 7V2

+sy(3v - 50z) + 7Yv2z] + -syv [s-yf2(3v2A/32 + 1) - 2yvvz]).

(6.55)

Here, Aj# denotes the (relativistic) difference between the velocities of the quark and

the fluid in the z-direction

AO3 = f3 - VZ - 7'7 (v2 - OZ). (6.56)

162



Recall that our notation is such that t' is the velocity of the fluid, here in the z-

direction, = 1//1 -- v is the fluid velocity Lorentz factor, and u'" = (i, ).

Furthermore, 3 is the velocity of the heavy quark, 13 1/ 1 - 32, 'n = (1, j), and

the scalar factor s is given by

S -- U11  = -7/(1 - v213) . (6.57)

(Note that in the instantaneous fluid rest frame s = -. We chose the signs in our

definition (6.30) of the function ci such that henceforth what will appear in many

equations is c1 (s).) In the next subsection, we shall find a much more compact way

of writing the result (6.55) after first generalizing our calculation of the drag force to

the case in which the fluid can move in any direction.

6.2.3 General fluid motion

Although in the explicit applications of our results that we shall present in Section

6.3 we shall only need the results we have already obtained in Sections 6.2.1 and

6.2.2, before proceeding we now wish to generalize our analysis beyond the case in

which the motion of the fluid is only along a single axis to consider any possible three-

dimensional motion of the fluid satisfying the hydrodynamic equations of motion (6.4).

It will turn out that generalizing our analysis in this way will yield a more compact

forim of our result that is more user-friendly than (6.54) and (6.55), in addition to being

niore general. We will continue to work only to first order in fluid gradients, but we

will no longer restrict to the case (6.12). That is, we will allow all the velocity gradients

and time derivatives OcaUd to be nonzero, but will continue to assume that they are

small enough in magnitude that second and higher derivatives can be neglected. The

time derivative and gradients of the temperature are then determined from Ou3 via

the hydrodynamic equations in the form (6.5). We will start by writing down the

imost general possible Lorentz covariant proper drag force F', related to f" by (6.37),

to first order in O u., and will then use the calculations that we have done already

(plus a little bit more) to fix all the coefficients in the general expression. In this
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way we will obtain the drag force f 0 up to first order in 0 ,,u for a general fluid

configuration.

To zeroth order in gradients, we already have the general result for f(g) in (6.42),

in explicit form. We now write a general, but formal, expression for the contribution

to the drag force f) that is first order in the fluid gradients Out by writing the most

general possible Lorentz covariant vector F"j) and, from (6.37), dividing by -y:

S = (a1q"w" + u[ (a27ao + aw'w 3 + a4 Uw'3 )27r b'y

+w'(a 5ry"a + a6wa w1 + a 7u'U) + Ir(asua + agwa) (6.58)

+E A"ao (a1jor'uV + allu"wAUv + a12 w"wxuU + a137A wv)] 0aU'3

where the coefficients a, ... a 1 3 are (at present arbitrary) functions of the only possible

Lorentz scalar that is zeroth order in derivatives, namely the now familiar s = uow,.

Our task now is to determine a, ... a 13 . The terms multiplied by a, ... a9 in (6.58)

are all the possible terms that can be written without introducing CA", . This can

be seen by noting that the index 1- can be placed on the gradient direction 0/1 (the

a, term), on the fluid velocity 4-vector uP (the a2 ... a 4 terms), on the heavy quark

velocity 4-vector w ' (the a 5 ... a 7 terms), or on the fluid velocity 4-vector that is

acted upon by the derivative (the as and a9 terms). (We have used u0'u0 = 0,

a consequence of uou/3 = -1, to eliminate other terms.) The terms multiplied by

ao.. .. a 13 are the only allowed terms that can be constructed by contracting with the

totally antisymmetric tensor c'v",. For example a1 o multiplies the fluid vorticity C',

defined in (6.3). Note, however, that there is a sense in which effects of vorticity are

hiding among the a, ... a9 terms because since

EP1o' WO~U = Tp3~ - IpaW)- (Vo- TjOS Uc] 0,, (6.59)

there is one linear combination of the a1 , a 4 , a8 and ag terms that vanishes if ' = 0,

a fact that will be relevant.

There is one completely general constraint on f" that we have not yet imposed,
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0. Using (6.58), this constraint takes the form

[L;'(s a2 - a5) + uwO(s a4 + a8 - a7)

a0 + ag) + cAvaw3 wAu) (aio + s a1 1 0 (6.60)

and since the relation has to be satisfied for the arbitrary vectors a" and w' indepen-

dently, four out of the 13 coefficients a, ... ai. can be eliminated, e.g.,

a = a6 - ag - sa 3 , s a 2 = a5 , s a,4 = - a7 a, a12 = a1 o +,s all. (6.61)

In this way we can replace (6.58) by

VA 1
27 b [c1 () w 'w i s rTj) + C2 (S)r('('a" + B w") + c3(s)w!(w~w" + r/"I)

+ c4 (s)Uw'O(U" + B w") + cs(S)a (u"w' - B 1 T) S + C6(s)(S) tI/ p - 1110)

+ CAva (c 7 (S) (rj"A +w "w7A)U, + Cs(S) (U" + BW") wAU + C9(s)f/"AWV)] 0,aU3

(6.62)

with a new set of nine unknown coefficients c1 ... cg that are each still unknown

functions of s that are related to the a, ... a13 by

c, = a3 ,

8 C4 = a 7 ,

-'7= 
2 aio + s al,

B C2 = a5 ,

B C5 = -a 8 ,

C8 =(110 + (1 + 2 )all,

with a,, a,, a4 and a 12 related to the c's through (6.61). Note that the combination

of terms (6.59) that vanishes if the vorticity vanishes is now a linear combination of

the terms multiplied by c5 and c(.

We can now attempt to use the results of our previous calculation, namely (6.49),

to fix the coefficients c, . .. cg in (6.62). We start by writing (6.62) in the instantaneous

fluid rest frame, in which ula = (1,0,0,0) and s -y. We then restrict to the fluid
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C3 = a,

c -i a9 ,

co (a6,3

namely wfg P

+w(vwo (a, + s a3 a12] 0-,,U

(6.63)



motion that we analyzed in Sections 6.1.2 and 6.2.1, which is to say that we set the

partial derivatives (6.12) to zero, keeping only those in (6.11). We then compare the

expressions for f ') and f(l) so obtained with the expressions in (6.49), term by term.

By "term by term" we mean that we compare those terms in f(i) (or f(2)) from (6.62)

and (6.49) that are proportional to 0,fu (or dOu') and that are proportional to 00 or

Oz or 0' or /3. In this sense, we make 16 comparisons between (6.62) and (6.49),

resulting in 16 expressions that specify various of the c's. What we find when we do

this exercise is that we only obtain 5 independent constraints on the c's, and that

these constraints can be used to fix the values of cI ... c4 and c5 + c6 . However, we

cannot determine c5 - c6 or c7 ... c9 . This is not unexpected, since by setting the

partial derivatives (6.12) to zero we have set the vorticity to zero and have ensured

that the terms multiplied by c7 ... c9 in (6.62) all vanish as does (6.59).

From the above exercise we conclude that in order to complete the determination

of all the ci . . . c9 we need to analyze a fluid configuration with nonzero vorticity. We

have repeated the analysis of Sections 6.1.2 and 6.2.1 for a fluid in which &tul 7 0,

0U1 # 0, 0,u3 7 0 and Ozul f 0, in addition to the nonzero partial derivatives in

(6.11). We also allowed / to have nonzero components in all three directions. As

a check, we first considered the case where du 3 = izul # 0, which is to say we

did a much more complicated calculation than in Sections 6.1.2 and 6.2.1 but still

with vanishing vorticity. We then repeated the exercise described in the preceding

paragraph and once again found only 5 independent constraints on the c's that served

to fix cI ... c4 and c5 +c 6 . So, we obtained no new information at all. We then redid all

the calculations with 0,u' 5 0,u. In this case, we found 9 independent constraints
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on the c's that, finally, served to fix them all. We find:

ci(s) = 7r/2 - tan-1(v -s) - F(v -s),

C2 (8) = I (V -S + (1 + 82) C1I(S)),

c3(s) = -scI(s), (6.64)

1
c4 (s) = -c 5 (s) - sc(s),

c7(s) = cs(s) = c9 (s) = 0,

where c1 (s) is the same function as defined in (6.30) previously. As a nontrivial check

of the calculation, we note that we obtained the same results for ci . . . c4 and c5 + C6

when we fixed them via our calculations for configurations with or without vorticity.

As another nontrivial check, we have used (6.62) with (6.64) to reproduce our results

(6.54) and (6.55) from Section 6.2.2.

Although we included c7 ... cO for completeness, we could have argued from the

beginning that they must vanish. If any of these coefficients were nonzero, there

would be a contribution to the drag force that was proportional to the vorticity, or

to one of the other expressions involving an explicit c"13. This would violate time-

reversal and parity symmetry. It might be interesting to repeat our analysis for a

(chiral) fluid in which these symnetries are in fact violated at a microscopic level.

We expect that in such a fluid these coefficients could be nonzero. Note, however,

that c5 f c6 in our calculation. This imeans that the presence of nonzero vorticity in

the M = 4 SYM fluid that we have analyzed does affect the drag force that the fluid

exerts on a heavy quark moving through it, via a contribution to the drag force that

is proportional to (6.59).

The most general result of this paper is the expression (6.62) which, with (6.64),

gives the contribution to the drag force on a heavy quark moving through the strongly

coupled fluid in arbitrary hydrodynamic motion that is first order in fluid gradients.
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By rearranging terms we have found a more compact version of this expression:

27 b-y

[c1(s) (O~wOs - sol's - s(su? + w")daU") + c2 (s)U"O'au - / sua0 Ut1

(6.65)

where Ul _ uP + sO" denotes the component of fluid 4-velocity u" that is perpen-

dicular to the heavy quark 4-velocity wl. This (deceptively) compact expression for

the drag force arising due to fluid gradients at first order is the main result of this

paper. The explicit results given in earlier subsections that we shall employ in Section

6.3 are all special cases of (6.65).

6.3 Applications

In this Section we shall apply our result (6.49) and its generalization (6.65) to ana-

lyze the effects of fluid gradients on the drag force on a heavy quark in three settings.,

ordered by increasing complexity. We will first consider a quark at rest in the instan-

taneous fluid rest frame, and show that even in this case the fluid can exert a "drag"

force on the heavy quark. We will then consider two applications of our result to

models of interest in the context of heavy ion collisions. In Section 6.3.2 we consider

boost-invariant expansion of the fluid, 'a la Bjorken. In Section 6.3.3 we return to the

colliding sheets of energy whose analysis in Ref. [3] provided the initial motivation

for the present study, as we have described in Section 4.

6.3.1 A quark at rest in a fluid that is, instantaneously, at

rest

As a very simple example with which to illustrate how fluid gradients can have non-

trivial consequences for the "drag" force exerted by the fluid on a heavy quark, let

us consider a heavy quark that is at rest in a fluid that is instantaneously at rest at

the location of the heavy quark. However, the fluid is not static and is not spatially

168



uniform. If we neglect the effects of gradients, there would be no force on the quark:

the quark is not moving, the fluid is not moving, so there can be no drag force. For

simplicity let us consider the case where the fluid motion is only in the z-direction,

as in Section 6.2.1. In this case, from (6.49) we see that as a consequence of the tinme

variation of the fluid velocity there is a force acting on the quark. pushing it in the

z-direction, namely

'1 = V A , (6.66)27b

even though = 0. This shows that the force exerted by the fluid on the heavy quark

cannot always be thought of as a drag force, a point that was already mnade in Ref. [3].

Note, however, that the sign of the force (6.66) is consistent with an interpretation in

terms of drag with a time delay. If Otu > 0, then a short time ago u3 was negative.

That means that if we think in terms of drag we would expect that a short time ago

the fluid was pushing the quark toward negative z, which in turn means that a short

time ago the external agency holding the quark at constant 3= 0 would have been

exerting a force f > 0. So, we can interpret (6.66) in terms of a time delay in the

response of the drag force to chianging fluid conditions. Comparing (6.66) to (6.42),

we can estimate that the time delay is of order b for a quark at rest. The results of

Ref. [3] indicate that a time delay like this is generic.

6.3.2 Bjorken flow

In 1982 Bjorken discovered a simple solution to the zeroth order (ideal) hydrodynamic

equations of motion [109] that has since then often been used as a toy model for

the longitudinal expansion of the fluid produced in heavy ion collisions. In Bjorken's

solution, the fluid expands in the z-direction only and its expansion is boost invariant.

The fluid 4-velocity is given by

U t z
a" =0 ,- (6.67)
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where = O /2 - z2 is the proper time, which is to say

) = (0, 0, . (6.68)

The solution is only defined in the forward light-cone, z > ItI. The temperature of the

fluid, and hence its energy density and pressure, depend only on T. We shall refer

to this solution to hydrodynamics as Bjorken flow. If the fluid were ideal, with no

viscosity and hence no contribution to the fluid stress-energy tensor from gradients,

then b(Tp) oc r/ [109]. This dependence is modified when nonzero viscosity and

hence effects of gradients are taken into account, as for example in Refs. [121, 92].

The gravitational dual of Bjorken flow was first constructed in Ref. [90]. For us,

though, the calculation of the drag force on a heavy quark in a fluid expanding in a

Bjorken flow is simply a special case of the calculation we have presented in Section

6.2.2. We just need to apply the result (6.55) or, in its more general form, the

result (6.65), to the velocity profile (6.67). The temperature could be obtained from

(6.67) but we will not need to do so, as we will leave our result written in terms of

b(t, z) -= b(rp).

Let us consider the case where the quark starts at (t, z) = 0 and is dragged with

constant velocity ,, ( , , [3), meaning in particular that the quark follows a

trajectory whose z-component is z = 0t. Along the trajectory of the quark, the

fluid velocity is given by v, = z/t, which is to say vz = Oz, meaning that in the

instantaneous fluid rest frame at all times the quark is not moving in the z-direction.

The quark is moving with the fluid in the z-direction. In the laboratory frame, the

fluid velocity gradients are given by

JtUt _OzUO 3z 2O

2 (6.69)
&# _2 t r I

where 7,_ (1 - z3)-1/2 is the relativistic gamma factor associated with the fluid

velocity V'. We note that since the quark is in the local fluid rest frame at all times,
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the convective derivative of u along the path of the quark vanishes: Dju= D +u3 +

Z a1u3 = 0.

By substituting (6.67) and (6.69) into (6.65), simplifying the resulting expression

for 1(), and combining it with the zeroth order drag force (6.42) we find that the

drag force needed to pull the heavy quark at velocity j through the Bjorken flow is

given by

fBFT) = .(O),BF(T,) + f(1),BtF b() + c2 )

27r - 2~) / 2

(6.70)

where I -- #+f2 and where c2 (-+/%0) is defined in (6.64), noting that for Bjorken

Flow s = -- y/7. It is easiest to obtain (6.70) from (6.65), upon noting that since u

does not depend on x or y we have 00 u3 = yDtu3 = 0 and waL)( 3 = -yDtu = 0.

It can also be shown that 2s = 0, meaning that the only nonvanishing tern in (6.65)

is the term proportional to c2 (s). At large Tp, b(Tr) ~r/ and the first order term ii

(6.70) is smaller than the zeroth order term by a factor ~ p- 2/3, which is the standard

power-counting for the derivative expansion in Bjorken flow.

When the quark is moving solely along the z-direction (3i = 0), the drag force

(6.70) vanishes identically at both zeroth and first order in gradients. This is because

in this case the quark is at rest in the instantaneous fluid rest frame at all times and,

in the frame in which both the quark and the fluid around it are at rest, there is 1io

time derivative of the fluid velocity meaning that according to (6.66) there is no drag

force. So, in this case the existence of fluid gradients does not modify the intuitive,

zeroth order, result. The result that we have obtained for the case in which 1 / 0

and #, / 0 looks less intuitive. However, note that it can be shown that if we boost

the force (6.70) to the fluid rest frame, it has f' = 0 which means that in the fluid
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rest frame f 11 3. If we choose #3 $ 0 and 0(,= 0, then in the fluid rest frame we find

fJF,RF - 1 1 + 2 (-) (6.71)27r b(Tr) /

So, when #3 # 0 we find that the fluid gradients do correct the result for the drag

force at first order.

The drag force on a heavy quark moving through a fluid expanding in a Bjorken

flow has been discussed previously in the literature. The leading term, namely f(O) to

zeroth order in gradients, was obtained in Refs. [106, 107]. The authors of Ref. [108]

attempted the calculation of the correction to the force to first order in fluid gradients

for a heavy quark moving through the Bjorken flow along a path with 'z = 0 but, as

we noted previously, this calculation was based upon the assumption that the effects

of fluid gradients could be attributed to their effects on the position of the world-sheet

horizon in the dual gravitational description, and we have now seen that the position

of the world-sheet horizon is unaffected by fluid gradients, at least to first order.

There are not many solutions to relativistic viscous hydrodynamics that are known

analytically. Recently, Gubser has discovered two new such solutions, each in a differ-

ent sense a deformation of Bjorken flow. In the solution of Ref. [152], the fluid expands

in both the transverse and longitudinal directions, with the longitudinal expansion

boost invariant as in Bjorken flow. The other solution, in Ref. [153], describes a lon-

gitudinal expansion that is not boost invariant but that can be obtained via suitable

deformation of Bjorken flow. It would be interesting to apply our results to obtain

expressions for the drag force on a heavy quark moving through a fluid expanding

according to these hydrodynamic solutions. We leave this to future work.

6.3.3 Colliding sheets of energy

We now return to the example that prompted our study [3], namely the drag force

needed to pull a heavy quark through the matter produced in the collision of two

planar sheets of energy in strongly coupled SYM theory, introduced in Ref. [88] and

analyzed there and in Refs. [89, 143]. The incident sheets of energy move at the
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speed of light in the z and -z directions and collide at z = 0 at time t = 0. They

each have a Gaussian profile in the z direction and are translationally invariant in

the two directions :-L = x, y orthogonal to z. Because this setup is translationally

invariant in :2 throughout the collision, the motion of the fluid produced in the

collision is entirely along the z direction at all times. The energy density per unit

transverse area of the incident sheets is p 3N'/(27) with p an arbitrary scale with

respect to which all dimensionful quantities in the conformal theory can be measured.

As in Ref. [3], we shall choose the width w of the Gaussian energy density profile of

each sheet to be w = 1/(2p). Although there is no single right way to compare the

widths of these translationally invariant sheets of energy with Gaussian profiles to the

widths of a nucleus that has been Lorentz-contracted by a factor of 107 (RHIC) or

1470 (LHC), reasonable estimates suggest that our choice of wp corresponds to sheets

with a thickness somewhere between the thickness of the incident nuclei at RHIC and

LHC [88]. The matter produced in these collisions is initially far from equilibrium

but it then rapidly hydrodynamizes: after a time thydro its subsequent expansion

and cooling is well described by viscous hydrodynamics, with thydro/b(thydro) at most

2-3 [88].

In Ref. [3] we and a coauthor inserted a heavy quark moving with velocity 3 be-

tween the colliding sheets before the collision, choosing a trajectory such that the

heavy quark is at z = 0 at t = 0, meaning that it finds itself in the center of the

collision, and calculated the drag force needed to keep the velocity of the heavy quark

constant throughout the collision. Our focus throughout much of Ref. [3] was the

drag force at the earliest moments of the collision when the matter was far from equi-

librium. We also calculated the drag force during the later epoch when the fluid has

hydrodynamized and is expanding according to first order viscous hydrodynamics.

We compared our results throughout to expectations for what the drag force would

have been in a spatially homogeneous equilibrium fluid with the same instantaneous

energy density, transverse pressure or longitudinal pressure. The first of these cor-

responds to the zeroth order drag force (6.42). To see this, note that what we did

in Ref. [3] was to first boost to the instantaneous fluid rest frame, then compute the
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energy density FRF in that frame, and from that define a temperature Te as if the fluid

were spatially homogeneous and in equilibrium, which is to say via ERF = 37 2 N2Tc/8,

and then use this Te in the expression for the drag force on a heavy quark moving

through an equilibrium fluid with no gradients. From (6.1) and (6.2) we see that

in the instantaneous fluid rest frame o00 vanishes, meaning that in this frame the

fluid gradients do not contribute to Too = IRF. Thus, the Te we defined in Ref. [3]

is related to b precisely by b = 1/(7T,). So, the dashed curves in Ref. [3] that were

drawn using T, correspond precisely to expectations for the drag force upon work-

ing to zeroth order in fluid gradients, namely (6.42). The results of Ref. [3] can be

summarized as follows. First, (6.42) has roughly the right magnitude even just after

the collision when the matter is far-from-equilibrium, although the time dependence

of the actual force lags behind that obtained via (6.42) by a time delay that grows

linearly with increasing -y. And, second, it was noted in Ref. [3] that even after the

fluid has hydrodynamized the actual drag force calculated there does not agree with

(6.42), an effect that was attributed to the effects of gradients in the fluid. Here we

shall confirm this attribution.

We shall compare the drag force calculated in the full calculation of Ref. [3] to the

zeroth order expectation (6.42), which neglects the effects of fluid gradients, and to

that plus the contribution due to fluid gradients to first order which we now have at

our disposal in the form (6.55) or the form (6.65). We shall do the comparison for two

cases in which 32 = 0 and 0., # 0, meaning that the quark is moving perpendicular

to the fluid motion, two cases in which 0, = 0 and 0,2 # 0, with the quark moving in

the same direction as the fluid, and one case in which both 3, and Oz are nonzero.

In Fig. 6-1 we plot the drag force on a quark moving in the x-direction, per-

pendicular to the "beam" direction and therefore perpendicular to the direction of

motion of the fluid, with Ox = 0.5 and #x = 0.95. The red curves show the drag

force obtained from the full gravitational calculation of Ref. [3], without any expan-

sion in gradients. The blue dot-dashed curves, which were also obtained in Ref. [3],

so what the drag force would be at each instant in time in a static homogeneous

fluid in thermal equilibrium with the same energy density as the actual fluid has at
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Figure 6-1: Actual drag force (red curves) from Ref. [3] on a heavy quark being
dragged with f, = 0 and f2 = 0.5 (left panel) or f, = 0.95 (right panel) through
the debris produced in the collision of two sheets of energy. We compare the actual
drag force to the zeroth order calculation (blue dot-dashed curve) which neglects the
effects of fluid gradients and our calculation in which the effects of fluid gradients are
included up to first order (black dashed curves). At late times, when the fluid has
hydrodynamized, the gradient corrections included in the black dashed curves yield
a much better description of the full result.

that instant in time at the location of the quark. An equivalent description of these

curves, which are obtained from our expression (6.42) that is zeroth order in fluid

gradients, is that they show what the drag force would be if we neglect all effects of

the spatial gradients and variation in time of the fluid at the location of the quark.

The black dashed curves show how the drag force changes when we start with the

blue dot-dashed curves and add the results of our calculation (6.65) of the first-order

effects of fluid gradients on the drag force. Using the operational definition of the

hydrodynamization time thydro introduced in Ref. [88], namely taking it to be the

time after which the transverse and longitudinal pressure agree with those obtained

via the hydrodynamic constitutive relations from the energy density and the fluid

velocity, in Fig. 6-1 hydrodynamization time thydroP = 2.8. We see that after thydro

the black dashed curves are much closer to the full results shown by the red curves

than the blue dot-dashed curves are, meaning that adding effects of fluid gradients

to first order has resolved most of the discrepancy between the full results and the

zeroth order blue dot-dashed curves. This confirms that this discrepancy was due to
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Figure 6-2: Comparison of the profile of the string trailing "down" into the bulk
from the heavy quark moving with 3 (0.5, 0, 0). The vertical axes show the radial,
or holographic, coordinate = 1/r, meaning that the AdS boundary at r = 00 is
at u = 0, at the top of the figures. The horizontal axes show x; the quark and
hence its string is moving to the right. The curves show the shape of the string at
a fixed Eddington-Finkelstein time t. The left panel shows the string at three times,
ty = -3, 3 and 6. The right panel zooms in at ty = 6. In all cases, the solid curve
shows the string profile obtained from the full gravitational calculation in Ref. [3], the
blue dot-dashed curve shows the string profile (6.18) as it would be at that instant
in time t if gradients in the fluid were neglected, and the black dashed curve shows
the string profile (6.28) including the effects of fluid gradients to first order.

the effects of the fluid gradients. It is reasonable to guess that if one were to push

our calculation to second order in gradients, the agreement would get even better.

We leave this to future work.

We have also checked that the criteria (6.52) are well satisfied, by more than a

factor of two in fact, at all times after thydro even for Ox = 0.95, namely for -y 3.2.

Throughout, we will only show results for cases in which these criteria are satisfied

by a large margin.

To get further intuition, in Fig. 6-2 we investigate the shapes of the string hanging

"down" into the gravitational spacetime from the heavy quark in the calculation of

the drag force shown in the left panel of Fig. 6-1. Each string profile is plotted at fixed

Eddington-Finkelstein time tp as a function of the inverse radial coordinate u = 1/r.

The solid curves are the exact string profiles at three times, obtained numerically in
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Figure 6-3: As in Fig. 6-1, except that here the quark has zero velocity in the direction
perpendicular to the motion of the fluid and is moving only in the z-direction. In the
left panel, Oz = 0.2 and in the right panel f, = 0.4. We have shown the left panel in
the laboratory frame while in the right panel at each time t we have boosted to the
frame in which the fluid is at rest at the location of the quark. As in Fig. 6-1, we
show the exact results for the drag force obtained in Ref. [3] as well as the zeroth-
order approximation (i.e. the drag force in a static homogeneous fluid with the same
instantaneous energy density) and the result that we have obtained upon including
the effects of fluid gradients to first order.

the gravitational calculation of Ref. [3].1 The blue dot-dashed curves are zeroth order

in fluid gradients: they show the shape (6.18) that the string would have in a static,

spatially homogeneous, equilibrium fluid with the same energy density as that at the

location of the heavy quark. The black dashed curves are obtained by integrating &

in the fluid rest frame, i.e., Eqs. (6.29). In a case like those we shall turn to below,

where the lab frame is not the same as the fluid rest frame, we would then boost the

string profile from the fluid rest frame back to the lab frame. We see from Fig. 6-2

that including the effects of fluid gradients on the string profile to first order yields a

much better description of the actual string profile, just as for the drag force itself.

In Fig. 6-3 we investigate two cases when the quark is moving with nonzero rapid-

1 The drag force is independent of one's choice of coordinates for the 4+1-dimensional gravita-
tional metric, but when we plot the shape of the string u(x) at one value of the time coordinate t this
shape does of course depend on one's definition of the coordinates u and t. The calculation in Ref. [3]
was done using a metric in which Gtr = 1 and GAr vanishes for M f t. In our calculation of (6.29)
we have instead used the metric given in Eqs. (6.6, 6.7, 6.8) in which Gr = 0 and G,. = -u,,. In
order to make the comparison in Fig. 6-2, we have transformed the exact results for the string profile
obtained in Ref. [3] from the metric used there to the metric we are using here. This coordinate
transformation can be determined order-by-order in the fluid gradients, as described in Ref. [143].
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ity, (, / 0. Here we choose to set , = 0; below we will consider a case when both

0., and /3, are nonvanishing. In Fig. 6-3 we have chosen /, = 0.2 and /3, = 0.4. In

both cases, and as in Fig. 6-1, including the first order effects of fluid gradients on the

drag force improves the agreement with the exact calculation of the drag force from

Ref. [3]. In Fig. 6-3 the agreement between the black dashed curves and the solid red

curves is worse than in Fig. 6-1, in fractional terms, but the more striking difference

between the two Figures is that the overall magnitude of the forces plotted in Fig. 6-3

is more than an order of magnitude smaller than the forces in Fig. 6-1. This can

be understood by recalling our results for Bjorken flow, from Section 6.3.2. If the

longitudinal expansion of the fluid produced in the collision that we are analyzing

here were boost invariant, our results from Section 6.3.2 tell us that when we choose

f3 # 0 and 0, = 0 we would find no drag force at all, at zeroth and first order in

fluid gradients. The fact that we see a nonzero drag force in Fig. 6-3 reflects the fact

that the expansion of the fluid produced in the collision is not boost invariant. Since

at late times the expansion is close to boost invariant [143], all the forces in Fig. 6-3

are small in magnitude. Upon realizing this, we also note that the absolute difference

between the black dashed and solid curves in Fig. 6-3 is in fact quite similar to their

absolute difference in Fig. 6-1, meaning that the larger fractional deviation in Fig. 6-3

is simply an artifact of the smallness of the magnitude of the drag force which is a

consequence of the expansion being almost boost invariant.

In Fig. 6-4 we investigate the shapes of the string attached to the heavy quark

moving with f2 = 0.2 whose drag force is shown in the left panel of Fig. 6-3 at the

three Eddington-Finkelstein times tp = -3, 2.5, and 6. As in Fig. 6-2, we see that

including the effects of fluid gradients on the string profile to first order improves the

description of the exact string profile obtained in Ref. [3]. Just as when we compared

Figs. 6-1 and 6-3, when we compare the zoomed-in panels of Fig. 6-4 to the zoomed-

in panel of Fig. 6-2 we see that the absolute differences between the analytic results

to first order in fluid gradients (black dashed curves) and the full results obtained

numerically (solid curves) are comparable, although the fractional deviations look

greater in Fig. 6-4.
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We have chosen tp = 2.5 as one of the times at which we illustrate the string profile

in Fig. 6-4 because it is close to the time tt = 2.63 at which the velocity of the fluid

at the location of the quark, v2 , goes from below 0.2 to above 0.2, meaning that the

relative velocity of the quark and the fluid changes sign at that time. At ty = 2.63,

the zeroth-order approximation to the drag force therefore changes sign, as seen in

the blue dot-dashed curve in the left panel of Fig. 6-3. We see that this change is also

reflected in the string profile: at tp = 2.63, the string would be hanging straight down

from the quark at the boundary; earlier, it angles to tile right; later, it angles to the

left. We see that at tp = 2.5 the orientation of the string has already changed deeper

within the bulk and the change in orientation is about to reach the boundary. Note

that the orientation of the string at the boundary suffices to determine the sign of the

drag force only to zeroth order. Once the effects of fluid gradients are included, the

drag force at time t depends on how the string is moving as well as on the orientation

of the string [3]. We see in the left panel of Fig. 6-3 that the drag force including

effects of fluid gradients to first order (black dashed curve) and the full drag force

(red curve) change sign only considerably later than t1 = 2.63. Starting at ty = 2.63,

when the relative direction of the fluid flow and the quark changes, we have a period

of time when the drag force exerted by the fluid on the quark points in the same

direction as the velocity of the quark, an effect that was highlighted in Ref. [3]. We

now see from the black dashed curve that this effect can be accounted for qualitatively

by the effects of fluid gradients to first order.

The tp = 2.5 panel of Fig. 6-4 is also interesting insofar as it shows an example

where although the difference between the zeroth order string profile and the full

string profile is small in magnitude these two profiles have qualitatively different

shapes, and we see the first order effects of gradients doing the job of turning the blue

dot-dashed curve into a black dashed curve that looks much more like the red solid

curve.

Finally, in Fig. 6-5 we show the results of our calculation of tile effects of fluid

gradients to first order on the drag force needed to move a heavy quark along a

trajectory with both , # 0 and #, = 0. The message from the upper two panels
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is much the same as what we have already learned from Fig. 6-1. In the lower two

panels, at each time we boost to a frame in which the fluid at the location of the

heavy quark is instantaneously at rest. In this frame, the heavy quark is of course

still moving, with a substantial velocity in the x-direction and some velocity in the

z-direction. We have chosen to plot the components of the drag force in this frame in

the directions parallel to and perpendicular to the direction of motion of the quark in

this frame. The bottom-left plot is, again, similar to other plots that we have seen.

The bottom-right plot is, however, of particular interest because the blue dot-dashed

curve in this plot vanishes: in the local fluid rest frame to zeroth order in gradients

the drag force must be parallel to the direction of motion of the heavy quark; without

the effects of fluid gradients, there can be no perpendicular component. We have

also seen in Section 6.3.2 that if the expansion were boost invariant then in the local

fluid rest frame the drag force on the heavy quark would still act parallel to the

direction of motion of the heavy quark even when the effects of fluid gradients are

taken into account to first order. Therefore, the fact that the black dashed curve in

the bottom-right panel of Fig. 6-5 is nonzero is a direct manifestation of the effects of

fluid gradients and of the fact that the expanding fluid produced in the collision of the

two sheets of energy is not boost invariant. The magnitude of the force described by

this curve is small, since the expansion is close to boost invariant, but it is nonzero.

We also see that the first order effects of fluid gradients push the black dashed curve

toward the full result, shown as usual by the red curve.

We conclude from the investigations that we have reported in this section that

the discrepancies observed in Ref. [3], and presented in Chapter 5, between the actual

drag force on a heavy quark being pulled through the matter produced in the collision

of sheets of energy and the drag force that would have been obtained in an static,

homogeneous, plasma with the same energy density is indeed due to the effects of

spatial gradients in, and time derivatives of, the fluid on the drag force. Evaluating

these effects to first order in the fluid gradients explain all the qualitative aspects of

the discrepancies found in Ref. [3] and do a reasonable job even at the quantitative

level.
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Figure 6-4: Comparison of the profile of the string trailing "down" into the bulk from
the heavy quark moving with 7 (0, 0, 0.2). The axes are as in Fig. 6-2. The solid
curves show the shape of the string obtained from the full gravitational calculation
of Ref. [3] at three fixed Eddington-Finkelstein times t, namely ty = -3, 2.5 and 6.
As in Fig. 6-2, the blue dot-dashed curves show the string profile as if there were
no gradients in the fluid and the black dashed curves show the results of this paper,
with the effects of fluid gradients taken into account to first order. The lower panels
zoom in on the string profiles at tj = 2.5 and 6. We have chosen ty = 2.5 as one of
the times at which we illustrate the string profile because it is just before the time
ty = 2.63 at which the blue dot-dashed curve in the left panel of Fig. 6-3 crosses zero,
which is to say it is just before the time at which the relative velocity of the quark
and the fluid changes sign, meaning that the zeroth-order estimate of the drag force
changes sign.
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Figure 6-5: As in Fig. 6-1, but the case when quark is moving with velocity /3 =
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and top-right panels, respectively) of the drag force as seen in the "laboratory frame",
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boost to the frame in which the fluid at the location of the heavy quark is at rest.
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local fluid rest frame. In all the panels, the drag force with fluid gradient corrections
included to first order (black dashed curve) gives a better description of the full drag
force (red curve) than does the zeroth-order drag force with fluid gradients neglected.
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Chapter 7

Conclusions and future directions

for part II

In part II we calculated energy loss of a heavy quark moving through the colliding

sheets of energy as well as derived the general drag force expression in case when

fluid is close to equilibrium. The straightforward approach to modeling the rate of

energy loss of heavy quarks produced in a heavy ion collision proceeds as follows: (i)

Use the equilibrium equation of state to turn the proper energy density as a function

of space and time in the collision (for example described via viscous hydrodynamics)

into an effective temperature as a function of space and time; (ii) Use perturbative

QCD to calculate the distribution of the initial positions and momenta of heavy

quarks produced via hard scattering at the earliest moments of the heavy ion col-

lision; (iii) Use the effective temperature from (i) in the expression (5.31) for the

drag force in a homogeneous plasma in thermal equilibrium, perhaps with the overall

prefactor in (5.31) turned into a parameter to be fit to data; (iv) Use the resulting

spacetine-dependent drag force, and consequent energy loss rate, in a Langevin equa-

tion employed to model the dynamics of heavy quarks in heavy ion collisions, as for

example in Refs. [115, 116, 117, 118, 119, 120].

Our results indicate that a straightforward approach along the lines above can

reasonably be applied even at very early times, before hydrodynamics applies. In

particular, even though the peak value of the energy loss in the matter produced
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in the collision of the two sheets of energy that we have analyzed occurs before

hydrodynamization, at a time when the matter produced in the collision is still far

from equilibrium, this peak value is nevertheless reasonably well reproduced by the

straightforward approach. Certainly there is no sign of any significant "extra" energy

loss arising by virtue of being far from equilibrium. The message of our calculation

seems to be that if we want to use (5.31) to learn about heavy quark energy loss in

heavy ion collisions, it is reasonable to apply it throughout the collision, even before

equilibration, defining the T that appears in it through the energy density. The error

that one would make by treating the far-from-equilibrium energy loss in this way is

likely to be smaller than other uncertainties. We anticipate that this is the most

robust lesson for heavy ion physics that we can draw from our results for the colliding

sheets of energy.

It also seems to be a generic feature of our results that there is some time delay

after the collision before the rate of energy loss of the heavy quark rises to its peak

value, even though it is during this very earliest time that the matter in which the

quark is immersed has the very highest energy density. Although we have not char-

acterized the delay time in the case of the collision of sheets of energy quantitatively,

our analysis of this delay in a simpler setting suggests that it is of order 1/(FThydro)

(where Thydro is the temperature of the fluid when it hydrodynamizes) for a heavy

quark whose velocity 3 through the matter is not relativistic, and increases slowly as

1//1 - /32 increases. This would correspond to a delay of something like 0.1-0.2 fm/c

in a heavy ion collision at RHIC. This delay suggests that it takes a little time af-

ter the heavy quark is enveloped by matter with a high energy density before the

gluon fields around the heavy quark respond to the presence of the matter, with the

drag and energy loss rising only after this response. Although our strongly coupled

calculation cannot provide a complete characterization of the very earliest moments

of a heavy ion collision, it is possible that this qualitative lesson may carry over. It

would be interesting to use a model of heavy quark dynamics in heavy ion collisions

to investigate whether a time delay along these lines has observable consequences.

The straightforward approach to modelling the drag force on a heavy quark in a
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heavy ion collision is built upon the result (5.31) for a homogeneous fluid and therefore

neglects all effects of gradients in the fluid velocity. A third qualitative lesson that we

can infer from our results is that this neglect works reasonably well for heavy quarks

with small rapidity, whose velocities are close to perpendicular to the gradient in the

fluid velocity.

We have found qualitative consequences for the drag force on heavy quarks with

larger rapidity, moving closer to parallel to the gradient in the fluid velocity, arising

from the presence of a velocity gradient, which is to say qualitative phenomena that

are not present at all in the straightforward approach that we have sketched above.

For example, we have found that because of the gradients in the fluid the force

exerted by the fluid on a heavy quark that has a small velocity relative to the fluid at

its location can sometimes point in the same direction as the velocity of the quark,

rather than dragging on it. And, generically, we find that the force exerted by the

fluid on a heavy quark will have a component perpendicular to the velocity of the

quark, even as seen in the local fluid rest frame. This perpendicular force can be large;

we found instances where at early times, before hydrodynamization, its peak value in

the local fluid rest frame was about half as large as the maximum drag force acting

parallel to the velocity of the quark. The perpendicular force is nonzero at late times

too, when the quark is propagating through a liquid that is described well by viscous

hydrodynamics. This perpendicular force can also be attributed to the presence of

gradients in the fluid velocity. Here too, it would be interesting to use a model of

heavy quark dynamics in heavy ion collisions to investigate the consequences of these

effects. That being for the future, at present the fourth lesson from our results is

that the straightforward approach to modelling heavy quark dynamics in heavy ion

collisions should be used with caution for heavy quarks at high rapidity.

Motivated by observations from colliding sheets of energy, in chapter 6 we in-

vestigated the effects of gradients in any conformal zero charge fluid on the heavy

quark energy loss. In (6.65) we have derived a general expression for the drag force

needed to pull a heavy quark through a dynamic fluid, flowing in some arbitrary fash-

ion described by hydrodynamics, to first order in the gradients and time derivatives
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of the fluid velocity. We have applied this result to heavy quarks moving through

a fluid that is expanding according to Bjorken flow and to heavy quarks moving

through the expanding and cooling liquid produced in a collision of sheets of energy

in strongly coupled A= 4 SYM theory. Future directions include applying (6.65) to

heavy quarks moving through strongly coupled plasma whose dynamics is described

by other hydrodynamic solutions, for example including transverse expansion. It

would also be interesting, and challenging, to extend (6.65) to second order in fluid

gradients. Doing so could clarify how the drag force behaves in the large -y limit in

the case where, as we have done, one assumes that the quark mass M -± oc limit has

been taken first. We have seen that in this regime when (6.52) is not satisfied the

first order contributions of the fluid gradients dominate over the zeroth order drag

force, which motivates an evaluation of the magnitude of the second order contri-

butions. Considering the effects of fluid gradients on a finite-mass quark at a large

enough -y that (6.53) is not satisfied would, however, require a different calculation

entirely. The right starting point for this would be an analysis of the rate of energy

loss and transverse momentum broadening of a light quark in a dynamic strongly

coupled fluid, including the effects of fluid gradients. In [154] it was shown that light

quark radiation rate is not substantially modified after quark passes through constant

temperature finite thickness slab as compared to vacuum radiation. It would be in-

teresting to see if there are new effects of light quark radiation due to present fluid

and temperature gradients in the slab.

Other interesting directions would include investigating how gradients in the fluid

affect the emission of photons and dileptons or the screening of the attraction between

a heavy quark and antiquark, and hence how they affect the binding or dissociation

of quarkonia. We leave the holographic calculation of the effects of fluid gradients on

these and other probes of the strongly coupled fluid to future work.
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Appendix A

Schwinger-Keldysh formalism

In this Appendix, we briefly review the real-time field theory tools that we use in set-

ting up the formalisn in Section II and calculating the self-energy in Section III. (The

Schwinger-Keldysh formalism that we are using is standard. One of its advantages is

that by formally doubling the number of degrees of freedom, pinch singularities that

otherwise plague real-time quantum field theory are avoided. For a more complete

review, see e.g. Ref. [78].) We present the discussion for a scalar field theory to avoid

excess notation. The discussion for gauge bosons is analogous.

We allow the tinie coordinate ?o to be complex, and we define thermal Green

functions

Gc(xi, X2, . . . , X1) =Tc {()#(x 2 ) ... O(.)}) , (A.1)

where the ordering is taken along a path C in the complex plane. For the path C we

choose the Schwinger-Keldysh contour in Fig. A-1. In the tj -+ -oc and tf -± oc limit

the vertical pieces of C are irrelevant for the calculation of Green functions. Thus it

is convenient to label the field Oj(x), where i = 1 or i = 2 depending on where the

field is evaluated on C:

01(x = #(X 0 1X) , 2 #(X) = #2 (X0 - iE, x) .(A. 2)
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t i - 1f13

Figure A-1: Schwinger-Keldysh contour for o- = c.

Propagators then become matrices:

Dij (X - y) =

(T {(xo, x>5(y 0 , y)})

(#(x 0 - iE, X)(yo y))

My, - ic, y)C5 0,x))

Kt f {(X) 0(yoY)I)

where T and i stand for time ordering and anti-time ordering,

generating functional for the free theory can be written as

respectively. The

Zee =, exp - J dd j d' K(x, x')

K(x, x') - Ji (x)D ree - j') J(X')

(A.4)

where the normalization factor P1 takes into account the multiplicative constant given

by the two vertical pieces in C. In order to get the thermal Green functions we have

to differentiate the above expression with respect to Ji(x). For E -4 0, the Fourier

space free propagator matrix reads

Dfr"(Q) = + n(qo) 27 (Q2)
11 (Q) Q2 + i1E

D 2(q) = [(-qo) + n(qo)] 27r 6(Q 2)

Dlee(Q) = [0(qo) + n(qo)] 27 (Q2)

D re(q) = 2 + n(qo) 27 6(Q2

(A.5)
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The #2 (x) field induces a modification of the naive Feyniman rules. The propagator

has off-diagonal elements, meaning that it mixes the two fields 1 and 2, whereas the

vertices have only one type of field, and they do not induce any mixing. In addition

we have a minus sign for any vertex connecting fields of type 2.

The four components of the propagator matrix in (A.3) are not independent, since

D1I(Q) + D22 (Q) = D12(Q) + D21(Q) , (A.6)

and it is therefore more convenient to use a different basis including only three inde-

pendent propagators. We introduce the Keldysh representation

Retarded

Advanced

Symnietric

D1 (Q) D11(Q) - D 12(Q),

DA(Q) DII(Q) - D21(Q)

Ds(Q) D I(Q) + D22(Q)-

From the definitions we can lderive the Fourier space expressions for the three free

propagators in this new basis.

Retarded

Advanced:

Symnnetric

DfR((Q) Q 2 +isgn(qO)(

Dfree(Q) = -tSgII(qOT

Dree(Q) = [1 + 2 f (qo)] 27 6(Q2)

We notice that only the synnetric propagator contains the thermal distribution n(qo)

(either the Bose-Einstein (listribution 'nB(qo) or the Fermi-Dirac distribution np(qo)

as appropriate) simplifying the identification of thermal contributions to diagrams.

We can now introduce the quantity that we calculate in Section III, the self-energy

matrix H ij which is the building block for the propagator Dij(Q), as described by the

Dyson equation

Di ( Q) )Di( + Dt;M (Q)(-iH mn ((Q)) Dj (Q) (A.9)
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In order to use the Keldysh representation also for the self-energy we define

D,(Q) = Dfee(Q) + Dfee(Q) (-iQ(Q)) Da(Q) (A.10)

where a = R, A, S. The self-energies Ha(Q) introduced above are linear combinations

of the self-energies Hij. This is shown by plugging the propagators Dij(Q) into the

definition (A.10), and identifying

Retarded:

Advanced

Symmetric

HR(Q) - 411(Q) + f 12 (Q)

HA(Q) = 1 1(Q) + 121(Q),

Hs(Q) = 1u (Q) + 1422(Q) .
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Appendix B

Transverse momentum broadening

in a thin medium limit

In this Appendix we analyze our results in the case of a "thin inediuni", by which

we mean L short enough such that K = g 2 CL T/(2wr) < 1. In this regime, the

resunination of length-enhanced contributions performed in Sec. 2.1 is not necessary

ineaning that in this regime the full expression (2.15) reduces to

P(k) ~ i (B.1)

We rewrite this expression in Fourier space, exactly as we did at the end of Sec. 2.1,

and we find

P(k1 ) = (27r) 262 (k1 ) I - I d 2 cPthi (qi) + Pt(ki) (B.2)

where Ptl}i,, (kI) is the function defined in Eq. (3.2), a definition that we reproduce

here for convenience:

2v 2 7r KPt (k) 2v277T I - D> (q-, k-)
27

(B.3)

The probability distribution in Eq. (B.2) consists of two parts. First, we see a delta

function centered at k1 0 whose coefficient has two ternis, corresponding to no
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scattering and scattering with no transverse momentum exchange. Second, we see

the contribution describing scattering with nonzero final transverse momentum, given

just by Pthin(kI). We see that for a thin medium, and for k1 / 0, we have P(k1 )

Pthin(k 1).

Looking at the probability distribution (B.2), we immediately notice that the

coefficient of the delta function is not finite. As we have seen in Section V.A, Pthin(qI)

precisely matches the AGZ distribution (3.5) in the infrared, meaning that it is oc q1 2

for q_ < T. The integral in the delta function coefficient thus blows up. We shall

show that, despite this divergence, the probability distribution in Eq. (B.2) is well

defined. In order to do that we need to introduce the "plus distribution" [...]+ for a

generic function g(x), defined as [79]

d
lim [O(x - $)G(x)], with
g-+o dx

G(x) = dx'g(x')

satisfying the boundary condition ' dx{O(x)g(x)]+ 0. Here, £0 $ 0 when g()=

oc. Since P(k1 ) depends only on the absolute value of transverse momentum, it is

convenient to use the one-dimensional probability distributions P(k1 ) 27kP(k_)

and Pthin(kI) 27klPthin(kI). Then (B.2) becomes

P(k1 ) = (2w)26(k 1 ) + Pthin(kI) - 6(k 1 ) dqI Pthin(qI) , (B.4)

where the normalization now reads fj dk 1 P(k) = (27) 2.

We can apply the plus distribution prescription to extract the divergent term from

Pthin(kI), obtaining

[0(kI)Athin(kI) + (

lim [(k 1 - i) J dqLPthin(q±) + O(k 1 - #)Pthin (ki] -

After we take the / -+ 0 limit, and noting that ki is always positive, the above result

194



takes the form

[Pthin (kI) ± thin(k 1 ) - 6(k 1 ) J dq_1Pti1 1(q). (B.6)

This in turns implies the following facts:

* fo dk1 [Phinr(kI) = 0

[ [thin (kI) ± Pthii (kI) for k1 > 0

Combining (B.6) and (B.4), we obtain

P(k1 ) = 6(k1 ) ((27)2 - J dqthin + thi

where kLO is a free parameter in the range 0 < k 1 o < O.

If we switch back to the two dimensional distributions, drop the tildes, and keep

ini mind that the plus distribution [P(k±)]+ is formally the one dimensional plus

distribution divided by 27kI, we find

P(k±) = 6(k)g(kjo) + [thin Lkw)> , (B.7)

where the factor g(k-o) reads

g(k 1 o) = (27) 2 - 27J dqiq1 Pthii(q1 ) . (B.8)

For k 10 > 0, the coefficient of the delta function in Eq. (B.7) is finite and positive,

and the last term in Eq. (B.7) is the probability distribution with its value at k1 = 0

having been subtracted. Even though both terms depend on k1 o, the kjO dependence

cancels when we sumi the two terms. In conclusion, the probability distribution P(k1 )

in the thin medium limit g2 C-LT < 1 is well defined, and the probability for no

scattering plus that for scattering with no transverse momentum exchange is finite

and positive, as it must be.
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Appendix C

Exponentiation of W(

In this Appendix, we show that by sumning over all disconnected diagrams which

involve only W2, we obtain precisely the exponential (2.16) that we have used in

(2.15). To get the lowest power in g for a given power of L, there is no need to include

any connected diagrams other than (2) in the sum. As discussed in the main text,

if we ignore any factors of g that come from within the gluon propagators /V4 is of

order g2 L, while any other connected diagrans give rise to g"L with T1 > 2 and thus

are of higher order. For example, W2 is of order g3 L, while the cross diagram in

Fig. 2-4 will give a factor g 4 L.

To obtain the n-th order term in (2.16), we consider the expansion of WR at

order j = 2n. For illustration here we demonstrate explicitly the exponentiation of

D>(y-, x1 ) in (2.12) which comes from contractions of gluons with ends on different

Wilson lines. The story for D>(y-, O-) (gluois with both ends on the sane Wilson

line) and the cross terms between D>(y-, O-) and D>(y-, x 1 ) are similar and we

leave it to the reader that they also exponentiate. In the notation of Eq. (2.4), we

need only consider the terii Wn") in W2"), which can be written as

W = dx- ... dx- dz- ... dz-
i(x) X < x2 <-..X z <z2 <. z

(Tr [Aw(e-, h ) .t.h .Ac(x-, o)Ae (z;-, 0f) ... Also 01)]) (C. 1)

where we have denoted the coordinates on the two different Wilson lines by ,v, and
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zi respectively and made the path ordering explicit. There are many different con-

tractions in (C.1). The one which is relevant for our purposes here is the one in which

the gluon at xi is contracted with the gluon at z , for each of i 1, 2,--- n. Other

contractions will either give rise to cross terms between D>(y-, x1) and D>(y, O1)

or create cross diagrams like that in Fig. 2-4 which are of higher order. We then find

that

pn

Wh'"Z ( g2CjZ)" dx-- . .. dxn- dzi- . .. d z,- D' (xi - _L x) (C. 2)
J 1 <X2 <-..z XnZi <Z2 < ...z _n

Sg2CL-- dy~ D'(y-, xI) . (C.3)

In the last step we have changed the integration over each pair of integration variables

(X-, z-) to an integration over Y- = x2 and y = x - z-. The integrations over

yi are unconstrained, while the integrations over Y-, which satisfy the ordering

Y-- < Y < ... Y, give (L-)"/n!. We have proved (2.15). The generalization of

the proof of the exponentiation of W(2) that we have presented here to a proof of the

exponentiation of the sum of all connected diagrams is straightforward.
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Appendix D

Boltzmann equation approach to

transverse momentum broadening

In this Appendix, we provide an explicit alternative derivation of the expression (2.15)

for the probability distribution P(k1 ) by deriving and solving an appropriate Boltz-

mann equation for nomnentuin broadening. The argument can easily be generalized

to obtain the more general result (2.14) that goes beyond leading order in weak cou-

pling. In this Appendix, it is useful to imake the L-dependence of the probability

distribution explicit by denoting it as P(kiI, L).

Let us consider the hard parton after it has propagated for a distance L in the hot

and dense nedium. P(k1 , L) is the probability distribution for its transverse moien-

tuni k1 . We want to relate P(k1 , L) to P(k, L + AL), the probability distribution

after the parton has traveled a further distance AL. In the AL < L limit, modifi-

cations to P(k1 , L) are only caused by a single scattering event. We then introduce

the differential collision kernel C(qI), defined as the differential rate for inmomientum

broadening due to elastic collisions

C(q 1) -- d F (D.1)
dqn

in termis of which thne relation betweemn the probality distributions at L and L -I--AL
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can be written as

P(k1 , L + AL) = P(k1 , L) I - AL Cf d2 L(q) +
1 (27)2 (D.2)

A L J d C(qi) P(ki - qi, L).

The first line describes the probability that between L and L + AL there is no further

momentum transfer, and the probability distribution is not affected. The second line

takes into account the possibility that the transverse momentum k1 at L + AL arises

after the hard parton picks up an additional transverse momentum q_ in a scattering

event that occurs between L and L + AL. The Boltzmann equation for transverse

momentum broadening is obtained by taking the AL -± 0 limit in Eq. D.2, yielding

d P( k 1 , L) _ d2 q1d-L d2Iq_2 C(qi) [P(k 1 - qj, L) - P(k1 , L)] . (D.3)
dL 1(27)2

Solving the Boltzmann equation (D.3) is simpler in coordinate space, where it

reads
d P(x1 , L)

dL -v (xe) P(xi, L) (D.4)

with

V (X1 ) 1 (2w)- [1 - eiqxL] C(qi) , (D.5)

a quantity often referred to as the dipole cross-section in the literature. The solution of

Eq. (D.4) is just an exponential function, and upon performing the Fourier transform

back to momentum space we find

P(k1 ,) L Jd2ieikIx-v( dt . (D.6)

This connection between multiple scattering and the dipole cross section was recog-

nized in Refs. [20, 21, 22, 23]. In many calculations, however, the dipole cross-section

was approximated as v (x 1 ) ~ Cx' , resulting in a probability distribution that is

Gaussian in kI. As illustrated in Fig. 3-5, we find that this is a good approximation

at small k1 but not at large kI.
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Next, we present the explicit relationship between the analysis of this Appendix

in terms of a Boltzmann equation and the analysis we follow throughout all other

sections of this paper. The building block for deriving the Boltzmann equation was

the differential elastic collision kernel C(k 1 ) defined in Eq. (D.1). With a view to-

ward making contact with results obtained in previous literature via the Boltzmann

equation approach, we begin by including only elastic collisions in which one gluon

exchanged. In the framework of the rest of this paper, this is obtained from the

Wilson line diagrams in Fig. 2-1 with only one gluon propagator, as in Fig. 2-2. We

have denoted this contribution by Pt1j 1 (k 1 , L), defined in Eq. (3.2). The connection

between Pt11j 1(k 1 , L) and C(k 1 ) reads

Ptfil(ki, L) = C(k 1 ) L . (D.7)

With this identification in mind, we revisit the expression for WI found in Eq. (2.18),

and we recognize

W2(x 1) =- J - e" ] PJ27(2I, L) = -v (x1 ) L . (D.8)

The solution to the Boltzmann equation found in Eq. (D.6), with v (,-) connected

to W( as in Eq. (D.8), is therefore identical to the expression in Eq. (2.15) obtained

ly resumniing length-enhanced diagrams.

The manipulations in this Appendix are completely general in the sense that they

do not rely on any specific form for the collision kernel C(k1 ) in Eq. (D.1). If we

were to include contributions to C(k 1 ) that are higher order in the coupling, solving

the Boltzmann equation would resum these higher order effects as needed when L is

not small. If we were to include all contributions to C(k1 ) to arbitrarily high order

in the coupling, we would recover our general result (2.14).

It has long been understood (in the QCD context, since Refs. [21, 66, 67]; in the

context of electrons propagating through ordinary matter, at least since Refs. [80])

that if L is long enough that multiple scattering is important, the dipole cross section
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can to a degree be approximated as v(x 1 ) (X 42, corresponding to a probability

distribution for transverse momentum broadening (D.6) that is Gaussian in kL. It

was also understood by all these authors that, at large enough k1 , P(ki) must have a

power-law tail corresponding to Rutherford scattering off a single point-like scatterer.

In the QCD context, this was demonstrated in a model context by Wiedemann and

Gyulassy in Appendix A of Ref. [66], where they showed that in the Gyulassy-Wang

model [19] (in which the medium consists of static scattering centers which the hard

parton sees as Debye-screened Yukawa potentials) the dipole cross section takes the

form v(xj) 0c x log (R 2 /xI) at small IxII for some constant R. (This form was

known earlier in a different context [81].) Evaluating (D.6), we see that this form for

v(x 1 ) corresponds to P(k±) oc 1/kI at large kI.

In the calculation we have presented in this paper, we need make no model as-

sumptions about the nature of the medium. It is a weakly coupled quantum field

theoretical plasma, as in QCD in thermal equilbrium at asymptotically high temper-

atures. And, as illustrated in Fig. 3-5, when L is large enough that multiple scattering

is important we find by direct calculation both the Gaussian behavior at small k1

and the 1/kI behavior at large k1 .
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Appendix E

A tensor basis for the self-energy

In this Appendix we define the projectors used to expand the retarded self-energy

in tensor components in Section III and describe their properties. The presence of

the thermal bath breaks Lorentz invariance by specifying a preferred frame in which

the medium is at rest. We shall work in the medium rest frame, in which its four-

velocity UP is UP = (1, 0), but in this Appendix we keep U" unspecified, defining

these projectors for any frame. It is convenient to introduce another four-vector

N" by projecting the four-velocity UP onto the direction orthogonal to the external

monmenturm Q":

NP -- PP2U, = Ui - Q 

FPV = g11 - Q ,
Q(2

(E.1)

Q - N = 0.

The self-energy

combination of

is a symmetric rank-2 tensor. It can therefore be expressed as a linear

the following tensors:

p -p QQV N,, N,
[,g'+ Q2 + N 2

'"i }-2N2Q 2

pL NN
[LIV N 2

Q2

(E.2)
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It is useful to build a multiplication table for the tensor basis, keeping in mind that

the tensors in (E.2) are symmetric in their Lorentz indices. We find

PT. PT - -PT I

j.-j= j{pL-K),

pT. pL 0

pT -K = 0,

Tr (PF . J) 0

PL. pL _ _pL

pT. j

PL -K 0

Tr (J - K) 0
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Appendix F

Resumming AGZ

As we noted in Section V.A, some years ago Aurenche, Gelis and Zaraket derived an

analytic expression (3.5) for Pt11j,(k) that is valid in the IR region, k1 < T, but

not in the UV. In this Appendix we pursue the exercise of assuming that Ptiin1(ki)

piGZ (k-) at all k 1, not just in the IR, and then resumming L-enhanced diagrams

to obtain an expression for P(k-) that we shall denote by PAGz(k 1 ). Even though

Ptj(k 1i) is not in fact correct beyond the IR, there are two reasons to pursue this

exercise. First, we anticipate that the PAGz(k 1 ) we obtain by resumming the AGZ

expression will agree with our complete result at small enough k1 . This makes sense

on physical grounds, as we have argued in Section 3.2. Here we confirm this expecta-

tion by explicit calculation. And, second, starting with the AGZ expression for Ptii,,

allows us to do almost all of the calculation analytically. This makes it of value as

a benchmark, even though the result is not valid beyond the IR. And, because the

calculation is valid in the IR it will allow us to gain an analytic understanding of the

K-dependence of the low-kI behavior of P(kI).

In order to resum L-enhanced diagrans upon assuming that Ptli,(k 1 ) (k 1 )

we proceed as follows. We first note from (2.19) and (3.2) that

r di) n (tr s whe Pthin , givn (F.1)

regardless of the formn of Pth~in. In the case where Pthin zil given in (3.5), the
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integral in (F.1) can be done analytically, yielding

W,() =W2),AGZ(I) --K + log ( ) Ko(x)] , (F.2)

where we have defined x xIMD and where Ko(x) is the modified Bessel function of

the second kind and -y ~ 0.577 is the Euler gamma constant. Note that V42(x) -* 0

as x -> 0 since Ko(x) -+ -y - log(x/2) as x -- 0. The dipole cross-section v(xi)

corresponding to (F.2) (see Appendix D and in particular (D.8)) is very similar to

that found in Eq. (All) of Ref. [66] for the case of the Gyulassy-Wang model where

the medium consists of static Debye-screened scattering centers. This similarity is

not surprising: when Fourier transformed, the screened Yukawa potentials in the

Gyulassy-Wang model are similar to Pt^ z(k1 ) of Eq. (3.5), and in particular they

agree at large k1 where multiple scattering is not important. We therefore find that

(F.2) and (A11) of Ref. [66] agree at small xI.

Next, we must substitute (F.2) into (2.15) in order to obtain pAGZ(k 1 ). The an-

gular integral in (2.15) can be performed analytically, yielding the full, L-resummed,

probability distribution

P(k1 ) = P(AGZ ix 2 D J
2 j d mD

exp [-r, (-y + log (x/2) + Ko(x))] , (F.3)

in which only a single integral remains to be evaluated numerically.

In Fig. F-1, we plot the result (F.3) for the L-resummed AGZ distribution for

various values of u. In the middle and lower panels, which are analogous to the

middle and lower panels of Fig. 3-3, we show explicitly that the L-resummed AGZ

distribution agrees with our full result in the IR, as anticipated. This confirms for

us that when we inspect the K-dependence of PAGZ(k
1 ) as we do in the top panel,

we can trust that at small k1 these results agree quantitatively with our full results.

The first thing that we see in the top panel is that at , = 0.1 the L-resummed result

agrees with that for a thin medium, namely PthZn(k 1 ), since when the medium is thin
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Figure F-1: The solid curves in the top panel show the L-resuinned pAGZ(k 1 ) for
(top to bottom) , 0.1, 1.5, 2.7, 3, 3.3, 4 and 6. The dashed curve shows Pt Z(ki);
this curve is K-independent because we have divided by K. We see the kI -+ 0
behavior of PAGZ(k 1 ) changing as , increases. In the middle and lower panels, both
pAGZ(ki) (solid curves) and our full results for P(kI) from the middle and lower
panels of Fig. 3.2 (dashed curves) are plotted, multiplied by k{ and kI. We see that,
as expected, the L-resummed AGZ distribution agrees with our full result in the IR,
but not in the UV. All plots are for g = 0.1.

there is no need to resum L-enhanced diagrams. Next, by plotting (F.3) for varying K

as in this panel we discover that for K < 2, the resummed result pAGZ(k 1 ) diverges as

K -+ 0 while for K > 2, the resumined result is finite in this limit. Careful inspection

of the curves with K> 2 shows that for K = 3 the probability pAGZ(k 1 ) is linear in

ki ask, -+ 0, for 2 < K < 3 it grows faster than linear in this limit, for 3 < K < 4

it grows slower than linear in this limit, and for all K > 4 the curve is quadratic in

k1 at small kI. We find the same nontrivial K-dependence of our full results at small

k1 . The advantage of reproducing these results in the L-resummed AGZ distribution

(F.3) is that in this simpler setting we can understand them all analytically, as we

now explain.
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The first step to understanding the t-dependence of (F.3) at small k1 is to divide

the x-integration in (F.3) into an integral from x = 0 to some x = xO with xo

chosen to be very much greater than 1, and an integral from x = xo to x = oo.

The integral over 0 < x < xO yields a result that is analytic as k1 - 0, whose

leading small-k 1 dependence includes a constant term and a term quadratic in kL.

The only place where divergent, or other nonanalytic, behavior can arise as k1 - 0

is from the integral over xO < x < oc. In the k 1 - 0 limit, this integral can

be evaluated analytically in terms of generalized hypergeometric functions, whose

asymptotic behavior determines that as k1 -+ 0 the probability distribution PAGZ(k 1 )

must include a term with the form

2wr
wt (2e-)K f (K) k 2  (F.4)

D

with

Fx E 2l (F .5)2K f (K)
for K # 2,4,6,... and

4 (-1)K/2 (
f (-) 4K/2 K(g) 2  K+ ( ,(F.6)

for K= 4, 6, 8,..., where F(n) and r(n) are gamma and digamma functions respec-

tively. The k 1 -dependence of this analytic result explains the k1 -± 0 behavior of

all the curves in the top panel of Fig. F-1. For K > 4, the term (F.4) is subleading

relative to the regular k2-dependent term at small k1 and so, for K > 4, PAGZ(k_)

is quadratic at small kL. For K < 4, (F.4) dominates as kI -± 0. And, it is linear

in k1 for K = 3, grows nonanalytically and slower (faster) than linear for 3 < K < 4

(2 < K < 3) and diverges for K < 2. So, we have a complete analytic understanding

of the nontrivial K-dependence of PAGz(k 1 ) as k- ± 0, and consequently of the same

nontrivial K-dependence of P(kI) that we described in Section 3.2.

We saw in Section 3.2, in particular in Fig. 3-5, that for large enough K the

probability distribution P(k1 ) is well-approximated as a Gaussian at values of ki
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that are not too large. Given how similar PAGZ(k 1 ) and P(k1 ) are at small k1 , see

Fig. F-1, we can conclude that PAGZ(k 1 ) is also well-approximated as a Gaussian at

small values of kI. Because we have an (almost) analytic understanding of pAGZ in

the form (F.3) we can now obtain an (almost) analytic expression for the width of

the Gaussians in Fig. 3-5 that describe P(k1 ) at not too large kL.

In order to find the Gaussian approximation PAGZ(k 1 ) ~ AAGZ exp(-aAGz kI)

to PAGZ(k 1 ) at low k1 , we Taylor expand the logarithm of PAGZ(k 1 ). Recall that

PAGZ(k 1 ) is given by (F.3), which we obtained upon resununing length-enhanced

diagrams as is necessary at large K. We write the expansion as

log PAGZ(ki) log AAGZ - aAGZ ki +... (F.7)

and find

AAGZ = dx bAGZ(X)
JO.c (F.8)

41 G 4AGZ biaD J)

where we have defined

bAGZ(x) -2 xtexp [-K (y + log (x/2) + Ko(x))] . (F.9)
TiD

The expression for aAGZ in (F.8) can be rewritten as

1 f dx x 2 bAGZ (X)
aAGZ 2d ) (F.10)

4,rr,2 J'c dx bAGZ (X)

from which we notice that any i-independent overall factor in bAGZ(x) does not affect

the final result for aAGZ, i.e. for the width of the Gaussian. We can therefore simplify

the expression for aAGZ further, obtaining

1 "z> 0 dx x3 - exp [-KKo(x)]
aAeZ Mp[ -- -- ,)] (F.11)

4 J"' dx x1--6 exp [-K Ko (x) ]
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which is Eq. (3.9).
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Appendix G

Simple formula to compute q

In this Appendix, we derive the simple expression (3.11) for the jet quenching paraim-

eter , valid for any probability distribution of the form (2.15).

definition of 6 in Eq. (3.10) which, with (2.15), reads

k 2

We start from the

] d2Xe, -ik-LxeW C (G.1)

By performing the integration over d 2kI, we obtain the two dimensional Laplace

operator V 2 in the transverse plane, acting on a delta function:

q -- - 1 d21 (G.2)

We can then integrate the above equation by parts, drop the vanishing boundary

terms in our notation, and express ( as

/ d%1 52 (x1 ) V2,wg)_LVC V
I V 2 V (2

- L R Xj

We can further simplify this expression. By explicit calculation, the Laplace operator

acting on the exponential reads

V (2 )
[( 2W

C IV, (2 + (t ± + (2))2 (G.4)
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- =I

[v262(- (21) X-L)
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where we have written the vector in the perpendicular plane as x1 = (x, y). The last

two terms vanish once they are evaluated at xi = 0, since the medium is isotropic in

the transverse plane, and we therefore find

q4 1 V2w ) (G.5)
L R L =O

which is the result (3.11) that we used in Sec. 3.

As an example of its use, the result (G.5) can be applied in a straightforward

fashion in any case where the physics of momentum broadening can be understood

as diffusion in k1 -space, as for example in the strong-coupling regime that we have

discussed in Section V.D. In any such context,

W/ 2)= -DX 2i (G.6)

for some diffusion constant D, and applying (G.5) yields

I4D
4= (G.7)

L

immediately. This is of course what we also find by applying the definition of 4 in

Eq. (G.1).

Applying the result (G.5) to the case of a weakly-coupled plasma, as we analyze in

this paper, must come with a further subtlety since, as we have discussed in Section

V.C, in this case the jet quenching parameter 4 is not well defined! The result of

the integration in Eq. (G.1) is logarithmically divergent, meaning that it must be

regulated in some way. Similarly, if we simply apply (G.5) to our weak-coupling

result (2.18) for W(2 ) we find a divergent result. To regulate this divergence, we write

the result (G.5) in Fourier space, and regulate the momentum integral by imposing a

UV cutoff Auv, as discussed in Section V.C. Upon doing so with W(2 given by (2.18),

we obtain
I jAUv d 2 kL1 jL (2d 2 k IPthin(kI) , (G.8)

(27)2
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which is the expression (3.13) that we used to evaluate the jet quenching parameter

( in Section V.C.
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Appendix H

Trailing string solution in an

equilibrium background

The trailing string solution that describes an infinitely heavy quark being dragged

in the Y-direction with velocity 5 through an equilibrium plasma with temperature

Tbackground is [82, 83]

X= (t + ul, tan- U- (H. 1)

where we have not yet made the transformation (5.5) meaning that the event horizon

of the black brane in the bulk is located at uh= 1/(7rTbackground). With this choice of

string profile, when we choose worldsheet coordinates of the form (5.10) the temporal

constraint (5.13a) becomes a differential equation for t as a function of T and u

that, in the case of a tine-independent metric corresponding to a static plasma with

temperature Tbackgroundi, has the solution

t + u, tan- = T + U'tI ' tan 1  (H.2)

where y 1/ 1 -32. After we make the transformation (5.5), the trailing string

profile (H.1) is given by

= (t + ultan- (H.-3)
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and for the case of a static plasma the solution to the temporal constraint equation

is now

t + utan-1 - = r + Uh tan-. (H.4)
(t + U )Uh (1 + U(H.4

As we have described in Section 5.1.2, upon making the transformation (5.5) we

choose worldsheet coordinates in which u = a. This together with the expressions

(H.3) and (H.4) give us our initial conditions for XM, which is to say u, t and Y, as

functions of T and o.

If all we were interested in doing was dragging a heavy quark through static

plasma, there would be nothing to add. The background of interest to us, however, is

one where the heavy quark is initially in a region of spacetime filled with static plasma

but in which in the future the quark will be slammed by two sheets of energy, incident

upon it from the +z and -z directions. As we mentioned in Sec. 5.1.2, at any given

early Eddington-Finkelstein time t, even well before the sheets of energy collide on

the boundary, the gravitational shocks are already colliding somewhere deep in the

bulk. Eddington-Finkelstein coordinates on the worldsheet are advantageous from

the point of view of making it possible to solve the evolution equations but from the

point of view of specifying the initial conditions this feature is a complication. There

are two possible ways to proceed. The route that we have followed in obtaining all

the results that we show is to use (H.3) and (H.4) as our initial conditions at all a,

even deep in the bulk, even though deep in the bulk where the gravitational shocks

are already colliding at the early t at which we are initializing the string profile the

choice (H.4) does not satisfy the temporal constraint equations. The other option is to

use (H.3) and then to solve the temporal constraint differential equation numerically,

replacing (H.4) by a numerically determined t(T, a). Because we are initializing at

a time t when the quark at the boundary is in a region of static plasma, these two

options yield identical results close to the boundary, where (H.4) itself solves the

temporal constraint equation. They are inequivalent deep in the bulk, and indeed

there is no one "right answer" for how to initialize the string profile deep in the

bulk in Eddington-Finkelstein coordinates. We have checked, however, that these
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two options yield identical results for the drag force on the heavy quark, meaning

that for our purposes they are equivalent. The reason that the distinction between

them is irrelevant is that it arises only deep enough within the bulk that well before

the sheets collide at the boundary the region of the string that is affected by these

considerations has been enveloped by the event horizon of the black brane. Because

of this, the initial violation of the temporal constraint equation (assuming we pursue

the first option) and the initial arbitrariness associated with choosing the profile (H.3)

where there is no reason to do so (in either the first or second option) are causally

disconnected from the boundary. Since the drag force on the heavy quark is computed

from the near-boundary asymptotics of the string profile, nothing in this paragraph

affects it.
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Appendix I

Varying temperature model

We discovered in Section 5.2.1 that when the energy density and pressures of the

matter through which the heavy quark is moving change there seems to be a tie

delay in the response of the drag force experienced by the heavy quark, relative to

the way in which the drag force would change if it were given by its value in a static

plasma with the sane instantaneous energy density or pressure. In this Appendix we

shall quantify this time delay inl a time-dependent background that is much simpler

than the colliding sheets of energy that are our focus throughout the rest of this

paper. We shall consider a background that, at all times, is a spatially homogeneous

plasnia whose properties are exactly as if it is in thermal equilibrium at temperature

T, and in particular which always has zero fluid velocity throughout, but by hand

we shall make T(t) change with time. This of course violates energy conservation in

the boundary theory. It is therefore no surprise that the bulk metric that provides

the dual gravitational description of this ad hoc setup is not a solution to Einstein's

equations. The setup in this Appendix is therefore not a model for anything; it is

simply a device with which to evaluate the time delay in the response of the drag

force on a heavy quark to a change in the conditions in which the heavy quark finds

itself. Note that in this setup there are no spatial gradients of the fluid velocity since

U? = (1, 0, 0, 0) at all tines. Also, Te = TL = T = T(t) at all times.

The metric that describes a spatially homogeneous plasma with a time-dependent
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temperature is given in Eddington-Finkelstein coordinates by (5.4) with

A = - + (t)2 f (u, t) - 2 ,

1
E = -+(t ), B = F = 0,

U

with

fL(u, v) 1- ) (1.2)
(I + U (t))Uh(t)

where Uh(t) = 1/(7r T(t)) and where (t) describes the residual diffeomorphism in-

troduced in (5.5). As we discussed there, we fix by demanding that the apparent

horizon be at u = 1. In this simplified setup, in coordinates in which = 0 the

apparent horizon is at U = Uh(t) whereas ensuring that it is at u = 1 corresponds to

choosing
1

M(t) = - 1 , (1.3)

which ensures that f(u = 1, t) = 0.

We shall choose a time-dependent temperature that starts at wrT = p at early

times and ends at wrT = 2p at late times, rising smoothly during a window in time

that is ~ 1/(kp) wide, with k a parameter. We choose

1
Uh(t) = 1 - - (1 + erf(k t I)) . (1.4)

4

For large values of k, Uh(t) (and therefore T(t)) becomes a step function at t = 0. In

Fig. I-1, we choose k = 3. We have plotted the drag force rescaled in such a way that

the dashed curve, which is obtained by substituting T(t) into (5.31) and shows what

the drag force would be in an equilibrium plasma with the instantaneous temperature

T(t), is independent of the quark velocity 0 and is a plot of (wrT(t)/1 P)2 . We see that

the actual drag force, shown as the solid curves, is /3-dependent even when rescaled

as in the Figure and shows a significant, and somewhat /-dependent, time delay. The

temperature of the plasma has risen quite significantly before the drag force begins to

rise; once the temperature reaches its final plateau the drag force is only about half
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Figure I-1: Drag force, scaled by 0-, for a heavy quark with velocity # moving
through a spatially homogeneous plasma with a time dependent temperature T(t)
that increases from 7rT = p at early times to TT = 2 p at late times and is described
by (1.4). The different solid curves show the scaled drag force on quarks with different
velocities. The dashed curve is the equilibrium expectation (5.31). Because T = T =
T1 = T(t) there is only a single dashed curve.

way up its rise; and, finally, the drag force over-shoots before approaching its new

equilibrium value from above.

There are various ways in which we could choose an operational definition of the

time delay from the results in Fig. I-1. We shall define the time delay At as the delay

between the times when the dashed and solid curves cross the midpoint between the

initial drag force and the final drag force, i.e. in Fig. I-1 when they cross 2.5. In

Fig. 1-2 we show how At depends on the quark velocity for two different values of k,

the parameter that controls the rapidity with which T(t) changes. For both values of

k we see that at low velocities there is a time delay of around 0.5, which we note is

around 1/(7Tfinai) where Tfinal is the final temperature. And, for both values of k we

see that the time delay increases with increasing # in a way that is close to, but not

exactly, linear with 'y.
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Figure 1-2: The delay time At, defined from results as in Fig. I-1 as described in the
text, as a function of f for two values of the parameter k that controls the rapidity
with which the temperature increases.

From a gravitational perspective, the fact that there is a time delay can be de-

scribed in qualitative terms as if when the horizon at u = Uh moves the drag force

only learns of this at a time that is delayed by of order the light-travel-time for in-

formation from the horizon travelling through the bulk to reach the near-boundary

region, where the drag on the heavy quark is encoded. If taken literally, this inter-

pretation would suggest that in the setup of this Appendix the time delay should

start out around 1/(7rTinitiai) and then drop to around 1/(7rTfnal). This interpretation

should not be taken too literally, however, because making Uh time dependent makes

the entire bulk metric at all u time dependent, not just the metric near the horizon.
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Appendix J

Boosted black brane and drag force

Let's consider Lorentz boost transformations on the inetric and string solution eii-

bedded in the two dimensional world-sheet parametrized by coordinates o-" = (T, o-).

The boosts are parametrized by 4-velocity u" so that when the coordinates transform

XAI - AAJVXN (J.1)

the metric transforms as

GAIN-- A AABGAB (J.2)

with the boost tensors given by

-U0  Ux UY UZ 0

U 1+ U" ""'" *U*qz 0I-U) 1--UO 1-O
A u U2 UtlZ 0A~fy = y V-u I + 1'u 0  0 (J.3)N Y I1-'a( 1 -UO 1-UO

tt, Is a2 1+ "~ 0

0 0 0 0 1

leaving the the radial coordinate r unmodified, and here u. = r),,1 u".

Under the boost, the canonical momentum fluxes T' do not just transform as

4-vectors because it is necessary to take into account the change of time coordinate.

This is related to the fact, that the force which is associated with the fluxes is not a
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4-vector. More specifically, under both Lorentz transformation and the world-sheet

re-parametrization o a a-' the canonical momentum densities and fluxes transform

as
1 aa N0 b

M det(0'/&00)I Oob M N

In the new boosted reference frame, the T world sheet variable is associated with the

new time coordinate t which implies that when keeping o unchanged (for simplicity

considering the boost in z-direction only, Vx = u = 0),

= m0 + UZ/O,3
Og

and = I
ago

(J.5)

where we used the fact that for the trailing string solution in the original frame is

dragged with velocity fo,z at the boundary. Combining Lorentz boost transforma-

tion in the z-direction together with world sheet re-parametrization so that time is

associated with T at the boundary, we obtain

7Fy T A N 7

A N_ _ (J.6)
Thr r M feNAl U + UZ~O,2

Therefore the force associated with the canonical momentum flux -F' transforms as

f M -+ A m fN
UO + UZ~O,2

(J -7)

After relating the drag velocities 3 and /o in the two frames, which for the boost only

in the z-direction are simply related

0 +_____ ,0_0 U/O+ ,± UZ

U0 + UZNz3' Z U0 + IIz/OO,Z
(J.8)

the string profile in the boosted frame as well as force is obtained, which for the static

metric are given in eqs. (6.18) and (6.42).
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