Nonarchimedean Differential Modules and

Ramification Theory MASSACHUSETTS INSTITUTE]
OF TECHNOLOGY
by JUN 2 3 2009
Liang Xiao
LIBRARIES

Bachelor of Science, Peking University (2005)

Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2009
(© Liang Xiao, MMIX. All rights reserved.

The author hereby grants to MIT permission to reproduce and to
distribute publicly paper and electronic copies of this thesis document
in whole or in part in any medium now or hereafter created.

ARCHIVES
Author ...............
~ Department of Mathematics
May 1, 2009
_ )
Certified by......... U | .
Kiran S. Kedlaya
Associate Professor of Mathematics
—~ Thesis Supervisor

Accepted by...... L
~ David Jerison
Chairman, Department Committee on Graduate Students






Nonarchimedean Differential Modules and Ramification
Theory
by
Liang Xiao

Submitted to the Department of Mathematics
on May 1, 2009, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract

In this thesis, I first systematically develop the theory of nonarchimedean differential
modules, deducing fundamental theorems about the variation of generic radii of con-
vergence for differential modules over polyannuli. The theorems assert that the log of
subsidiary radii of convergence are convex, continuous, and piecewise affine functions
of the log of the radii of the polyannuli.

Then I apply these results to the ramification theory and deduce the fundamental
result, Hasse-Arf theorem, for ramification filtrations defined by Abbes and Saito.
Also, we include a comparison theorem to differential conductors and Borger’s con-
ductors in the equal characteristic case.

Finally, I globalize this construction and give a new understanding of the rami-
fication theory for smooth varieties, which provides some new insight to the global
class field theory. We end the thesis with a series of conjectures as a starting point
of a long going project on understanding global ramification.
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Reader’s Guide

This is a guide to the project which applies the theory of nonarchimedean differential
modules to the ramification theory. We try to explain the structure of the project so

that people who are interested specific topics can take a fast-pass.

There are two main topics of this project: the nonarchimedean differential modules

and the ramification theory. Each of them has several levels.

The following diagram indicates the relation between the main components of two
topics. Topics in bold letters are covered by this thesis; topics in slanted letters are
partially solved in this thesis; others are mostly conjectural. Direct arrows indicate
prerequisites, dashed two-sided arrows refer to relations, and curly arrows are ex-
pectations or conjectures. Letters or numbers in the parentheses will be explained
later, where lowercases are on the differential module side, capital letters are on the

ramification theory side, and numbers are links for the corresponding two objects.

Diff. mod. Ram. theory

Radii (a)

Refined radii (b) Ram. fil. (A)

Fake HA

1-dim var. (¢) ——Diff. cond. (d) < @ > Equal char. (C)

l

Refined cond. (e) DG Refined cond. (D

o -7

Multi-dim (f) ‘—_____,//Higherloc. F (G

Reg. loc. ring (H)

§

Global ram.? (I) ~~~~~> Euler char. (J)

Mixed char. (E)
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(a) Radii of convergence: This consists of Subsections 1.1.2, 1.1.3, 1.1.4, and
1.1.6. We define the notion of radii of convergence in Definitions 1.1.2.6, 1.1.2.8, and
1.1.6.3. Also, derivation of rational type is a key concept, defined in Definition 1.1.4.1
(see also Situation 1.1.6.7.) Theorem 1.1.4.27 on decomposition by radii is the key
theorem on this topic. Remark 1.1.3.5 also provides some point of view.

(b) Refined radii: This is defined in Subsection 1.1.5 and the later part of
Subsection 1.1.6. The key results is Theorem 1.1.5.22. Also, Example 1.1.5.24 and
Lemma 1.1.5.26 are very interesting and are the motivation of Definition 1.1.5.20.

(c) 1-dimensional variation of subsidiary radii: This is discussed in Sub-
sections 1.2.2-1.2.7. The key results are Theorem 1.2.4.4 and theorems in Subsec-
tion 1.2.5, where the latter are all of the same flavor.

(d) Differential conductors: This basically consists of Subsections 1.2.7 and
1.2.8, where the former is just a repeat of the variation and decomposition results in
(c) (suggest to ignore). One need to read all of Subsection 1.2.8 to understand the
definition of differential conductors.

(e) Refined differential conductors: This is discussed in Subsection 1.2.6.
The key is Theorem 1.2.6.7, which relies on the very explicit Example 1.2.6.1.

(f) Multi-dimensional variation of intrinsic subsidiary radii: This is noth-
ing but Section 1.3. Subsection 1.3.2 mainly deals with a simple mathematical analysis
exercise, which is not of much interest if one does not care about the proof.

(A) Ramification filtration: We review the definition of Abbes-Saito’s rami-
fication filtrations in Subsection 2.2.2. Just before that, Proposition 2.2.1.7 is very
illustrative.

(B) Fake proof of Hasse-Arf theorem: A fake proof of Hasse-Arf Conjec-
ture 2.2.2.17 is presented in Section 2.3; along the way, we point out the remedy to
the gaps and will give the correct proof in Chapters 3 and 4. Two direct applications
of the Hasse-Arf theorem are comparison with Borger’s conductor and a Hasse-Arf
theorem for the ramification filtration on finite flat group schemes; they are discussed
in Section 2.4 and 2.5.

(C) Equal characteristic Hasse-Arf theorem: This is done in a way trying
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to link (d) and (C) directly and transfer all the results of (d) to the ramification
side. The only purpose of Section 3.1 is to verify Theorem 3.4.1.3. Subsection 3.2.1
is dedicated to the construction of differential modules. Subsection 3.2.2 meant to
prove Proposition 3.2.2.4, which enables us to apply results in Subsection 1.2.8 as
discussed in Subsection 3.2.3. Sections 3.3 and 3.4 basically follows the description
in Subsections 2.3.5 and 2.3.6. Slightly different from what is stated in Section 2.3,
we prove the Hasse-Arf theorem by comparison to differential conductors, which have
Hasse-Arf properties by the result in Subsection 1.2.8.

(D) Refined Swan conductors in the equal characteristic case: Saito [Sai07+] de-
fined refined Swan conductors in the equal characteristic case. We have a definition
of differential Swan conductors in Subsection 3.2.5. However, we do not know yet if
the two refined Swan conductors agree.

(E) Mixed characteristic Hasse-Arf theorem: This basically follows the line
drawn in Section 2.3. However, it is more technically involved. Theorem 4.2.1.7 is
the technical core of the proof.

(F) Refined Swan conductors in the mized characteristic case: We except a similar
theory as in (D); however, there are technical difficulties which we do not know how
to solve.

(G) Multi-indexed ramification filtration for higher local fields: This should follow
from the refined Swan conductors fairly easily (if we know how to define (F)).

(H) Ramification for regular local rings: In the equal characteristic case, this is
discussed in Section 5.2. We do not know how to deal with the mixed characteristic
case.

(I) Global ramification theory: Some expectation is discussed in Section 5.1.

(J) Euler characteristic: We only have Conjecture 5.1.3.6.

(1) relation between (e) and (f): This should be easy and straightforward but has
not been carried out yet.

(2) relation between (d) and (C): This is discussed in Sections 3.3 and 3.4;
it mainly consists of Theorems 3.3.4.6 and 3.4.2.2.

(3) relation between (e) and (D): This refers the comparison between Saito’s re-
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fined Swan conductors with differential refined Swan conductors. We do not know
this yet.
(4) relation between (G) and (H): This is expected to be easy and follows from

(1) immediately in the equal characteristic case. We do not know this in the mixed

characteristic case.
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Chapter 1

Nonarchimedean Differential

Modules

The study of p-adic differential modules is initiated by Dwork, in his groundbreaking
paper [Dwo60] on rationality of Weil’s zeta functions. After that, Christol, Dwork,
Matsuda, Mebkhout, Robba, and many other mathematicians have devoted to the
study of the behavior of solutions of p-adic differential modules. They discovered that
the differential modules have a nasty habit of failing to admit global solutions even
in the absence of singularities; for instance, the exponential series fails to be entire.
To measure this, Dwork and his collaborators introduced a very important notion of
the generic radius of convergence of a p-adic differential module over a 1-dimensional
space (for simplicity, we restrict attention here to discs and annuli). The modern def-
inition of this concept was given and studied in depth by Christol and Dwork [CD94].
A further refinement, the collection of subsidiary generic radii of convergence, was in-
troduced (under different terminology) by Young [You92]. Matsuda [Mat95] pointed
out the mysterious analogy between this notion and Malgrange’s irregularities [Mal74]
of differential modules over the complex number. Precisely speaking, when the dif-
ferential module comes from a Galois representation (will be discussed in Chapter 3),
the variation of the generic radius of convergence is related to the Swan conductor of
the representation. We will get back to this point in Chapter 3.

Given a differential module over a p-adic disc or annulus of the form o < |t| < g,

15



one obtains a generic radius of convergence and some subsidiary radii for each radius
p € [a, B], and one would like to be able to say something about how these quantities
vary with p. (In fact, one also obtains these data for each point of the Berkovich
analytic space; this is the point of view adopted in ongoing work of Baldassarri and
di Vizio, starting with [BdV08+].) Many partial results involving heavy computation
have been achieved by Christol, Dwork, and Robba, but no systematic and concep-
tual approach is available for a long time. By pulling together techniques from the
literature and adding one or two new ideas, Kedlaya gave fairly definitive statements
about the nature of this variation; this was done in a course given in fall 2007, whose
compiled notes constitute the volume [Ked**].

The course [Ked**] was deliberately restricted to the study of p-adic ordinary
differential equations. One could view the extension of the variational results to
higher-dimensional spaces as an implied exercise in [Ked**]. This chapter constitutes
a partial solution of this implied exercise, in which we obtain variational properties
for differential modules over certain higher-dimensional p-adic analytic spaces. Most

part of this chapter is taken from the joint paper [KX08+] of Kedlaya and the author.

Structure of the Chapter

In Section 1.1, we consider differential modules over a field. In particular, we in-
troduce the notion of derivations of rational type, which characterizes the nature of
“reasonable” differential operators. Also, we interpret Frobenius homomorphism as
a inclusion of subfield determined by derivation and a rational parameter. Another
new feature, refined intrinsic radii, is discussed in Subsections 1.1.5 and in the later
part of Subsection 1.1.6; this will be related to the refined Swan conductors discussed
in later Chapters.

In Section 1.2, we study the variation of subsidiary radii of convergence over a
1-dimensional disc or annulus. This is done in several steps. First, we consider the
variation properties and decompositions for each single derivations; this consists of
Subsections 1.2.2 and 1.2.3. In the multi-derivation case, we use a rotation technique

to reduce the problem to single derivation case; this is carried out in Subsections 1.2.4
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and 1.2.5. After that, we discuss the variation of refined intrinsic radii in Subsec-
tion 1.2.6. We also insert a short discussion in Subsection 1.2.8 of application to
Artin and Swan conductors, which requires Subsection 1.2.7 as a preparation. Fi-
nally, we discuss briefly in Subsection 1.2.9 the subharmonicity in the characteristic
Zero case.

In Section 1.3, we first do some simple mathematical analysis on piecewise linear
and convex functions (see Subsections 1.3.1 and 1.3.2). Then, we apply this result
to reduce the higher-dimensional variation problem to the 1-dimensional variation

problem.

1.1 Differential modules over a field

In this section, we assemble a comprehensive collection of definitions and basic results
concerning differential modules over a field. We adopt the point of view to build up

everything from differential operators.

1.1.1 Setup

The setup of this subsection applies throughout the thesis.

Notation 1.1.1.1. Let f* : Ry — R be a homomorphism of rings. For an R;-
module M;, we write f*M; to denote the extension of scalars M; ®g, s+ Re. For an
Ry-module M, we write f.M, to mean M, viewed as an R;-module via f* (i.e., the
restriction of scalars).

Notation 1.1.1.2. The lexicographic order on Z" is that for (1, ... ,4,), (8,...,%,) €
Z™, we have (iy,...,%,) = (21,...,1,) if there exists some j € {1,...,n} such that

., .y C
i1 =1,...,%-1 =1%;_; and ¢ = @.

Notation 1.1.1.3. By a multiset S, we mean a set where we allow elements to have

multiplicity. For s € S, the multiplicity of s in S is denoted by multi,(S).

Notation 1.1.1.4. For K a field, we use char k to denote its characteristic. We fix

an algebraic closure of K®¢ and let K*P denote the separable closure inside K?2&.
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Denote Gk = Gal(K®®/K). For a finite Galois extension L/K, we denote the Galois
group by G /x = Gal(L/K). For a finite extension L/K, denote the norm map by
NL/K :L—- K.

Notation 1.1.1.5. By a nonarchimedean field, we mean a field K equipped with a
nonarchimedean norm |- | = |- |g : K* — RX. A subring of K (with the induced
norm and topology) is called a nonarchimedean ring. If K is complete for the nonar-
chimedean norm and L/K is a finite extension, the norm | - |x extends uniquely to a
norm |- |z on L.

Let K be a nonarchimedean field. Denote the ring of integers and the maximal
ideal of K by O = {z € K||z| < 1} and mg = {z € K||z| < 1}, respectively;
the residue field of K is denoted by kx = Ok /mg. We reserve the letter p for the
characteristic of kx. If charkx = p > 0 and char K = 0, we normalize the norm on
K so that |p| = 1/p. For an element a € Ok, we denote its reduction in kx by @. In
case K is discretely valued, let mx denote a uniformizer of Ok and let vk(-) be the
corresponding valuation on K, normalized so that vk (7g) = 1.

More generally, for s € R, we set
md=fseK|ld<e}, mP ={sek|ll<e), Y =mP/mP*.

If s € —log|K*|, we have a non-canonical isomorphism Kx =~ nﬁ?. For a € K with

@
K

la| < e~*, we sometimes denote its image in ng? by @®). In particular, k)’ = ki and

a® =g if v(a) > 0.
Notation 1.1.1.6. Let K be a nonarchimedean field. We say K is of equal charac-
teristic, if char K = chark = p. We say K is of mized characteristic if char K = 0

and chark=p > 0.

Definition 1.1.1.7. Let K be a complete discretely valued field. For L a finite ex-
tension of K, the (naive) ramification degree of L/K, denoted by er/k is the index of
the value group of K in that of L. If L is the completion of an infinite algebraic exten-
sion of K, we define the ramification degree to be the supremum of the ramification

degrees of the finite subextensions.
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Convention 1.1.1.8. A finite separable extension L of a complete nonarchimedean
field K is unramified if L and K have the same value group, and the residue field
extension is separable of degree [L : K]. It is tamely ramified if p { er/x and the
residue field extension is separable of degree [L : K]/ep k. If charkx = p = 0 (and
hence K is of characteristic zero), any finite extension of K is tamely ramified, by a
theorem of Ostrowski (see [Rib99, Chapter 6]). For L the completion of an infinite
algebraic extension of K, we say that L is unramified or tamely ramified if the same

is true of each finite subextension of L over K.

Notation 1.1.1.9. Let J be a finite index set. We will write e; for a tuple (e;);eJ.
For another tuple u;, write u5 = [;;u;’. We also use Y7 _, to mean the sum over
e; € {0,1,...,n} for each j € J; for notational simplicity, we may suppress the range

of the summation when it is clear. Write |e;| =}, ; le;| and (es)! for [];.;(e;)!-

Convention 1.1.1.10. Throughout this paper, all derivations on topological modules
will be assumed to be continuous; in particular, Q} will denote the continuous differ-
entials. We may suppress the base ring from the module of continuous differentials
when it is I, Z or Z,.

Moreover, all derivations considered on nonarchimedean rings will be assumed to
be bounded (i.e., to have bounded operator norms). All connections considered will

be assumed to be integrable.

Definition 1.1.1.11. For £/« a (not necessarily finite) extension of fields of charac-
teristic p > 0, we say the extension is separable if ¢ is geometrically reduced over k,
that is £ ®, k' is reduced for any finite extension of k. A p-basis of £ over k is a set
{¢;}jes C £ such that the products ¢, where e; € {0,1,...,p — 1} for all j € J and
e; = 0 for all but finitely many j, form a basis of the vector space £ over k. By a
p-basis of £ we mean a p-basis of £ over . (For more details, see [Eis95, p. 565] or -
[EGAIV1, Ch.0, §21].)

For K a complete nonarchimedean field with residual characteristic p > 0, a lifted
p-basis of K will mean a set of elements by C OF whose images b; C xz form a

p-basis of kg.
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Remark 1.1.1.12. When K is of equal characteristic p, a lifted p-basis together with

a uniformizer g form a p-basis of K.

Remark 1.1.1.13. Let & be a field of characteristic p > 0. For a p-basis b; C &, dby
form a basis for the differentials 2} as an k-vector space.

Let K be a complete discretely valued field. If K is of mixed characteristic, then
for a lifted p-basis by € Ok, db; form a basis for the differentials Q. as a K-vector
space. If K is of equal characteristic p > 0, then for a lifted p-basis b; € Ok together
with a uniformizer 7y, dbs, drk from a basis for the differentials Qé)K as a free Og-

module.

Convention 1.1.1.14. For a matrix A = (A;;) with coefficients in a nonarchimedean

ring, we use |A| to denote the supremum norm over entries.

Hypothesis 1.1.1.15. For the rest of this subsection, we assume that K is a complete

nonarchimedean field.

Notation 1.1.1.16. Let I C [0,+00) be an interval and let n € N. Let
AX(D) ={(z1,...,7,) € K*8 | |z €[ fori=1,...,n}

denote the polyannulus of dimension n with radii in I. (We do not impose any
rationality condition on the endpoints of I, so this space should be viewed as an
analytic space in the sense of Berkovich [Berk90].) If I is written explicitly in terms

of its endpoints (e.g., [, 8]), we suppress the parentheses around I (e.g., A%[a, 5]).

Remark 1.1.1.17. Throughout this paper, we will implicit use Berkovich spaces, ex-
cept at only two places (See Remarks 3.1.2.13 and 3.4.1.4) where we have to shift back
to the classical rigid analytic setting to talk about (geometric) connected components

[BGR84, 9.1.4/8] by imposing some rationality on the radii of discs or annuli.

Notation 1.1.1.18. For 0 < a < 8 < 0o, we have the ring of analytic functions on
Al la, (], denoted by

K{a/t,t/8) = {Z ait' € K[t] : 1._laigrnm{laﬂ,ﬁi} = O,iginoo{|ai|ai} = O} .

i€z
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If @ = 0, we have the ring of analytic function on the disc A%/[0, 5], denoted b

K{t/B) = {Za,-ti € K[t] : lim{|a:|6} = 0} :

=0

Definition 1.1.1.19. We have the ring of series with bounded coefficients

Kt/B]o = {Zoo: ait' € K[t] : sgp{|a,-|ﬂi} < oo} :

i=0

these are the power series which converge and take bounded values on the open disc

|t|] < B. Note that for any é € (0, 8),
K(t/B) C K[t/B]o C K(t/é).
In particular, when 8 = 1, we have
K[t]o = Ok[t] ®o, K.

An analogue of this construction for an annulus is

K{a/t, t/B]o = {Z a;t' : a; € K,ilir_noo|a,-|ai = 0,sup{|a;| '} < oo} ;

i€Z

these are the Laurent series which converge and take bounded values on the half-open

annulus a < |¢| < B. For any 6 € [a, #), this ring satisfies
K(a/t,t/B) C K{a/t, t/Blo C K{a/t,t/d).

Definition 1.1.1.20. Define the ring

K{t/B}} = [ K(t/s)= {Zaiti re; € K, lim |ailp" =0 for all p € (0,,3)} ;
5€(0,8) i=0

these are the power series convergent on the open disc |¢| < 3, with no boundedness
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restriction. In particular, for any ¢ € (0, 8),

K[t/Blo C K{{t/B}} C K(t/6).

An analogue of the previous construction for an annulus is
K{{a/t,t/B}} = {Z a;it' s a; € K, lim |a;|n* =0 for all n € (a,ﬁ)} ;
i—+00
i€Z
these are the Laurent series convergent on the open annulus a < |t| < 5.

Definition 1.1.1.21. Put I = {1,...,n}. For (n;)icr € (0,+00)", the n;-Gauss norm

on K[t} is the norm | - |,, given by

§ : er
Qe tI
er

= max {lae,| - 7'} ;
n
this norm extends uniquely to K (¢r).
For n € [a,0] and n # 0, let £ = >, ,a;t* be an element of K({a/t, /),
K{a/t,t/B]o, or (if n # a,B) K{{a/t,t/B}}. We define the n-Gauss norm of z
to be

|zl = sup {|ai] - 7'} .
1€EZ
Notation 1.1.1.22. For a nonarchimedean ring R, we use R{ui,...,u,) to denote

11 In el
_____ iUy - uyr with

the Tate algebra, consisting of formal power series >, ; oz fi,

fir,..in € Rand |f;,

.....

il — 0as i+ +1i, — +oo. For ny,...,n, € (0,1], the ring

admits a (1, ..., n,)-Gauss norm given by
' Yo Fuiateuy = max {|fi,,..ial70" - 00 }-

Nyerrine i1yeensin
i1,0.in€Z >0

Convention 1.1.1.23. By a G-map, we will mean a morphism of affinoid (K-
analytic) spaces or (direct) limits of them with G-topology, which need not respect
the K-space structure. This amounts to a homomorphism between the corresponding

rings of global sections, which need not be K-linear. For example, the homomorphism
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foen defined in Lemma. 1.1.2.16 below gives rise to a G-map fgen : A[0, Ro(K)) —
Spm(K'), where Spm(K) denotes the rigid space associated to K.

Definition 1.1.1.24. A differential module or V-module over a ring R is a locally
free R-module equipped with an integrable connection, i.e. amap V: M — M ® O3,
subject to Leibniz rule (that is V(am) = aV(m) + m @ da for all a € R and m € M)
and V(V(m)) = 0 for all m € M. Any homomorphism Q} — R gives rise to a
derivation O on R by sending a € R to the image of da in R; it satisfies the Leibniz
rule (that is d(ab) = adb + bda for all a,b € R).

Remark 1.1.1.25. When O}, is a free R-module, we may read off the information
of differential modules over R by looking at the derivatives. This is the point of view
we will be taking for the rest of this chapter.

Be caution that it is not true that all the information in ) can be detected
using derivations. In particular, the torsion part of Q} usually does not admit a

homomorphism to R and hence may not be seen using derivations.

1.1.2 Differential fields and differential modules

Definition 1.1.2.1. Let K be a differential ring of order 1, i.e., a ring equipped with
a derivation 9. Let K{T} denote the (noncommutative) ring of twisted polynomials
over K [Ore33]; its elements are finite formal sums 3, a;T* with a; € K, multiplied

according to the rule Ta = aT + 9(a) for a € K.

Definition 1.1.2.2. A J-differential module over K is a finite projective K-module V
equipped with an action of 8 (subject to the Leibniz rule); any d-differential module
over K inherits a left action of K{T'} where T acts via 8. The rank of V is the rank
of V as a K-module. The module dual VV = Homg(V, K) of V may be viewed as a
O-differential module by setting (3f)(v) = 9(f(v)) — f(8(v)). We say V is free if V
as a module is free over K. We say V is trivial if it is free and there exists a K-basis
V1,...,Vq € V such that 9(v;) =0fori=1,...,d, where d = rank (V).

For V' a O-differential module free of rank d over K, we say v € V is a cyclic

vector if v,0v,...,0% v form a basis of V. A cyclic vector defines an isomorphism
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V ~ K{T}/K{T}P of 0-differential modules for some twisted polynomial P € K{T'}
of degree d, where the d-action on K{T'}/K{T}P is the left multiplication by T.

Definition 1.1.2.3. For a 0-differential module V over K, define
HJ(V) =Kerd, H(V) = Cokerd = V/3(V).

The latter computes Yoneda extensions; see, e.g., [Ked**, Lemma 5.3.3].

Lemma 1.1.2.4. If K is a differential field , every 0-differential module over K

contains a cyclic vector.
Proof. See, e.g., [DGS94, Theorem II1.4.2] or [Ked**, Theorem 5.4.2]. O

Hypothesis 1.1.2.5. For the rest of Subsection 1.1.2, we assume that K is a com-
plete nonarchimedean field of characteristic zero, equipped with a derivation 8 with

operator norm |8|x < oo, and that V' is a nonzero d-differential module over K.

Definition 1.1.2.6. The spectral norm of 0 on V is defined to be

— 1 1/
[Blsp,y = lim [9"[y"

for any fixed K-compatible norm |-|y on V. Any two such norms on V are equivalent

[Sch02, Proposition 4.13], so the spectral norm does not depend on the choice [Ked**,

Proposition 6.1.5]. One can show that |0|sp,v > |Olsp.x [Ked**, Lemma 6.2.4].
Explicitly, if one chooses a basis of V' and uses the matrix D,, to denote the action

of 0™ on this basis, then
— : 1/n
|0lsp,y = max{|Olep,x nh_{f)lo |Dn*"}.

Remark 1.1.2.7. If K — K’ is an isometric embedding of complete nonarchimd-
edean differential fields, then for a O-differential module V over K, V' =V Qx K' is

a O-differential module over K’, and |0|sp v = max {|0|sp,x*, [Olsp,v }-
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Definition 1.1.2.8. Let p denote the residual characteristic of K; we conventionally

write

1 p=20
w =

Y

Define the generic 8-radius of convergence (or for short, the generic 0-radius) of V
to be
Ro(V) = wl|0lg,v;

note that Rs(V) > 0. We will see later (Proposition 1.1.2.18) that this indeed com-
putes the radius of convergence of Taylor series on a “generic disc”. In some situa-
tions, it is more natural to consider the intrinsic generic 0-radius of convergence, or

for short the intrinsic d-radius, defined as

9ls
IRs(V) = Ilall -
sp,

note that this is a number in (0, 1] by [Ked**, Lemma 6.2.4].

Let Vi,...,V, be the Jordan-Holder constituents of V' as K{T'} modules. We
define the (extrinsic) subsidiary generic 0-radii of convergence, or for short the sub-
sidiary 0-radii, to be the multiset Ry(V') consisting of Rs(V;) with multiplicity dim V;
fori=1,...,d. Let Rp(V;1) < --- < Rs(V;dim V) denote the elements in Ry(V) in
increasing order. We similarly define intrinsic subsidiary (generic) 0-radii of conver-
gence JRy(V), or for short intrinsic subsidiary 0-radii, by aggregating the intrinsic
O-radii of V; for i = 1,...,d. Let IRy(V;1) < --- < IRyp(V;dim V') denote the

elements in JR,(V) in increasing order.

We say that V has pure (intrinsic) 0-radii if R(V') consists of d copies of Ry(V').
Lemma 1.1.2.9. Let V, Vi, V, be nonzero 0-differential modules over K.
(a) For0 - V4 =V — V5, — 0 ezact,

Ro(V) = min {Rs(V1), Ro(Va)}; IRp(V)=min{IRs(Vi), IRs(V2)}.
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More precisely,

Ra(V) = Ra(Vi) URy(V2);  TRa(V) = TR(V1) UTR,(V2).

(b) We have

Ro(VY) = Ry(V);  IRy(VY) = IRy(V);
Ro(VY) =Ra(V);  TRa(VY) =TRy(V);

(c) We have

Ro(Vi ® Vo) > min {Rp(V1), Ra(Va)}; IRa(Vi®V3) 2 min{IR5(V1), IR5(V2)}.
(1.1.2.10)
Moreover, if Ry(V1) # Ra(V2), or equivalently, if IRy(V1) # IRs(V2), we have equal-
ities in (1.1.2.10).
(d) If Vi and V; are irreducible and IRy(V1) # IRs(V2), then IRy(V1 @ V2) is just
dim V; - dim V5 copies of min{IRy(V1), IR5(V2)}.

Proof. As in [Ked**, Lemma 6.2.8] and [Ked**, Corollary 6.2.9]. 0O

Definition 1.1.2.11. Let R be a complete K-algebra. For v € V and T" € R, define
the 0-Taylor series to be

T(v;d,T) = Za—rf,"—):ﬁ" €eV®kR
n=0 '

in case this series converges.
We include some formal properties of Taylors series as follows.

Proposition 1.1.2.12. Keep the notation as above.
(a) If V = K, the 0-Taylor series x — T(x;0,T) for fired O and T € R gives a ring
homomorphism K — R if it converges; that is in particular saying that for x,,zs € K,

T(z129;0,T) = T(x1;0,T)T(x9;0,T). For general V, the d-Taylor series gives a
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homomorphism v — T(v;3,T) of modules V — V ®k R via the aforementioned ring

homomorphism, if it converges.

(b) IfveV,z € K, and T € R, we have
’IF(']T(V; 0,2);8,T) = T(v;9,T + T(z;9,T)), (1.1.2.13)

if the 0-Taylor series involved all converge.

Proof. Statement (a) follows from formal properties of Taylor series immediately.
Statement (b) also follows but less trivially. We include the deduction here.
We expand the left hand side of (1.1.2.13) to be

T(T(v;9,z);0,T) = i % g™ ( i mna"(v))

! —~ n!
N ™ m °° omi(gn )
-ERE()ET
= Z Z:{;‘a_ml;zln, L8 (v). (1.1.2.14)

m,n=0 i=0

Similarly, we expand the right hand side of (1.1.2.13) to be

T(v;0,T + T(z;0,T)) = i (u+T(:9, T)) 9*(v)

=0 o
= i Z'y—o TA’T(:E 6 T)a 7 P (V)
© & T 0,T) .,
R (Ci—v)!'r! L) by (o
- f: Y i Tro(an) L B%(v). (1.1.2.15)

a=0 y=0 B=0 (a - ,7) !’y'ﬁ!

One checks that (1.1.2.14) and (1.1.2.15) match if we set m =+, n = a — v, and
1="7. (]

Lemma 1.1.2.16. The Taylor series x +— T(z;0,T) uives a continuous homomor-

phism fr, : K — K[T/Rs(K)]o, which induces a G-map feen : Ak[0, Ro(K)) —

gen
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Spm(K). Moreover, for 1 € [0, Ry(K)], feen is isometric for the n-Gauss norm on
the target.

Proof. Tt is straightforward to check that fj,, is bounded for the 7-Gauss norm for any
n € [0, Ro(K)); that is, there exists ¢ > 0 such that for all z € K, |fgen(2)|y < c|z].
For any positive integer n, we can plug z" into the previous inequality to deduce
| fren(2)ln < c/m|z]. Consequently, |fyen(2)ly < || for any g € [0, Ry(K)), and by
continuity also for 7 = Ry(K). We also have |f;.,(T)|r,(x) = |z| because the first

term in T(z; 9, T) is z itself which contributes to the Gauss norm. O

Corollary 1.1.2.17. For each positive integer n, we have |0"/n!|x < Ra(K)™ =
w02, - In particular (by takingn = 1), |0|sp,x = w|0|k-

We have the following geometric interpretation of generic radii. This is slightly
different from, but essentially equivalent to, the treatments in [Ked07a, Section 2.2]
and [Ked**, Section 9.7].

Proposition 1.1.2.18. With notation as in Lemma 1.1.2.16, the pullback fgz.,V be-
comes a Or-differential module over A%[0, Ry(K)), where Or = £. Then for any
r € (0,Ra(K)], Ro(V) > r if and only if f,,V restricts to a trivial Or-differential

module over AL[0,r).

Proof. Since fZ,, is an isometry and |0r|kjr/ro(k)}o = Ra(K)™', we have Rp(V) =

gen

Ro,(f3nV ® FracK([T/Rs(K)]o). It then suffices to check that Ra(fgenV) 2 7 if

gen

and only if f},V restricts to a trivial dr-differential module over Aj[0,r); this is the

content of Dwork’s transfer theorem [Ked**, Theorem 9.6.1]. O

1.1.3 Newton polygons

In this subsection, we summarize some results in [Ked**, Chapter 5 and 6] and
[Ked07a, Section 1]. Throughout this subsection, let K be a complete nonarchimedean

differential field of characteristic zero.

Definition 1.1.3.1. For P(T) = Y ,a;T* € K[T| or K{T} a nonzero (twisted)

polynomial, define the Newton polygon of P as the lower convex hull of the set
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{(—4, —log|a;])} C R The Newton polygons for twisted polynomials obey the usual

additivity rules only for slopes less than —log|d|k.

Proposition 1.1.3.2 (Christol-Dwork). Suppose that V ~ K{T}/K{T}P, and let
s be the lesser of —log|d|x and the least slope of P. Then

max{|0|x, |Olsp,v} =€7°.

Proof. See [CD9%4, Théoréme 1.5 or [Ked**, Theorem 6.5.3]. O

Proposition 1.1.3.3 (Robba). Any monic twisted polynomial P € K{T} admits a
unique factorization

P=P.P,.--P,

such that for some s; < --- < s, < —log|0|k, each P; is monic with all slopes equal

to s;, and P, is monic with all slopes at least —log|0|.
Proof. See [Ked07a, Proposition 1.1.10] or [Ked08+a, Corollary 3.2.4). O

Proposition 1.1.3.4. Suppose that w - |8|3' = ro. Then there is a unique decompo-
sition

v=vV,ePW

r<ro
of 0-differential modules, such that V. has pure 0-radii v, and the subsidiary O-radii

of Vi are all at least ry.

Proof. Apply Lemma 1.1.2.4 to write V ~ K{T'}/K{T}P for P a twisted polynomial.
Then the statement may be deduced from Proposition 1.1.3.3, applied first to P in
K{T} and then to P in the opposite ring. For more details, one may consult [Ked**,
Theorem 6.6.1]. m]

Remark 1.1.3.5. If V ~ K{T'}/K{T}P for P a twisted polynomial, then Proposi-
tions 1.1.3.2 and 1.1.3.3 imply that the multiplicity of any s < —log|d|k as a slope of
the Newton polygon of P coincides with the multiplicity of we® in Ra(V).
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Notation 1.1.3.6. Keep the notation as in Proposition 1.1.3.4. We call € V, the

r<ro
visible part of V'; its subsidiary radii are called the visible radit and the corresponding
set of spectral norms is called the visible spectrum. If V, = 0, we say that V has

visible 0-radii.

1.1.4 Moving along Frobenius

As discovered originally by Christol-Dwork [CD94], and amplified by Kedlaya [Ked**],
in the situation of Definition 1.1.4.1, one can overcome the limitation on subsidiary
radii imposed by Proposition 1.1.3.2 by using the pushforward along the Frobenius.
In this subsection, we imitate the techniques in [Ked**, Chapter 10] and obtain

Theorems 1.1.4.25 and 1.1.4.27 as analogues of [Ked**, Theorems 10.5.1 and 10.6.2].

Definition 1.1.4.1. Let K be a complete nonarchimedean differential field of char-
acteristic zero and residual characteristic p. The derivation 0 on K is of rational type
if there exists u € K such that the following conditions hold. (If these hold, we call

u a rational parameter for 0.)

(a) We have d(u) = 1 and |9|x = |u|™L.

(b) For each positive integer n, |0"/n!|x < |0|%.
It is equivalent to formulate (b) as follows.

(b") We have |0|sp x < w|0|k-

(It is clear that (b) implies (b'); the reverse implication holds by Corollary 1.1.2.17.)
For p > 0, in the presence of (a), yet another equivalent formulation of (b) is as

follows.
(b") For each polynomial P € Q,[T] such that P(Z,) C Z,, |P(ud)|x < 1.

This relies on the fact that the Z,-module of such P is freely generated by the binomial

polynomials

(T) _T(T=1)-(T=n+1)

n n!
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Remark 1.1.4.2. Note that in Definition 1.1.4.1, the inequality in (b’) is forced to
be an equality by Corollary 1.1.2.17, while the inequality in (b) is forced to be an
equality if (a) holds because then (3"/n!)(u”) = 1. In particular, for any nonzero
O-differential module V, IR3(V) = |u|- R3(V'). Similarly, if (a) holds and p > 0, then
the inequality in (b”) becomes an equality whenever P(Z,) ¢ pZ,.

Remark 1.1.4.3. If v’ is a second rational parameter for 9, then u — v’ € ker(9)
and |’ — u| < |u|. The converse is also true; that is, if u is a rational parameter,
u—u € ker(d), and |v/ — u| < |u|, then o’ is also a rational parameter. The only
nonobvious part of this statement is the fact that these two conditions imply |u/| = |u].

This is because d(v') = 1 implies 1 < |0|x|v/| = |[v'|/|ul, so [u| > |ul.

Remark 1.1.4.4. The simplest case of Definition 1.1.4.1 is the derivation d/dt on
the completion of the rational function field Q,(t) for any Gauss norm if p > 0, or on
the ring of Laurent series C((¢)) if p = 0. For more cases, see Situation 1.1.6.7 and

the following remarks.

Remark 1.1.4.5. We will often run into the case when we need to enlarge the
valuation of K. We can achieve this via replacing K by K’ the completion of K(z)
with respect to 7-Gauss norm for some 7 € Ry and setting 9(z) = 0, where z is
some transcendental element over K. We have |9|x = |0|x» and |O|sp,x = |Olsp.x7»

and hence 0 will continue to be of rational type (with respect to u) over K’.

Lemma 1.1.4.6. Let K be a complete nonarchimedean field of characteristic zero,
equipped with a differential operator 8 of rational type with respect to u. Let L be a
complete tamely ramified extension of K. Then the unique extension of O to L is of

rational type (with u again as rational parameter).

Proof. We reduce immediately to the case of a finite tamely ramified extension. The
extension of 8 to L is obtained from the isomorphism Q] = L ®x Q. We need to
prove that for each positive integer n and each z € L, [u"d"(z)/n!| < |z|. We point

out a useful fact that, for x,y € L, to check the above property for zy, it is enough
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to check it for z and y separately; this is because

o"(zy) _ Z (n) O@) ()

! ; il (n—2d)
n! ~\i i! (n—1)!

We may consider the unramified extension and the totally tamely ramified extension
separately.

Suppose first that L/K is unramified. Since every element of L equals an element
of K times an element of OF, we need only check the inequality |u"0™(z)/n!| < |z| for
z € OF. We do this by induction on n. Let h(T) = T%+aq_1T% 1 +-- - +ao € Ok|[T)
be the minimal polynomial of z; thus h'(z) € Of. For the base case n = 1 of the

induction, applying ud to the equation h(z) = 0 gives

u0(ag—1)z? 1 + - - - + ud(ao)

ud(z) = — W)

€ 0r.

Assume the statement is proved for n—1. Applying u"9"/n! to the equation h(z) = 0

gives

Sy WOt B,
i=0 Ao+t hi=n 0 T i

where ag = 1 by convention. Each summand belongs to Oy, by the induction hy-
pothesis except for those in which A; = n for some j > 0; those terms add up to
R (z)u"d"(z)/n!. Therefore u0"(z)/n! € Or, completing the induction.

Now suppose that L/K is totally tamely ramified. We induct on [L : K], which
we may assume is greater than 1. (We need the induction because we did not assume
that K is discretely valued and hence the group L*/K* may not be cyclic.) Then
we can find d > 1 and zy € Of, such that |zi| ¢ |[K*| fori =1,...,d — 1. Choose
an element y € O with |y — z8| < |z8|. By Hensel’s lemma, y has a d-th root z in
L. Let K' be the completion of K(t) for the |y|*/?-Gauss norm, and extend 8 to K’
by setting (t) = 0. The residue field of K’ is kx(y/t%). Put L' = K’ @k K(z); then
L' = K'(z) = K'(z/t). Now z/t is a d-th root of the quantity y/t* € Ok, whose
image in the residue field has no i-th root for any ¢ > 1 dividing d. Hence L'/K’

is unramified, so by the previous paragraph, 0 extends to L' and is of rational type
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with respect to u. We may then read off the same conclusion for K(z); applying the

induction hypothesis to L/K(z) yields the claim. O

Corollary 1.1.4.7. Let K be a complete nonarchimedean field of characteristic zero,
equipped with a differential operator 8. Let L be a complete tamely ramified extension
of K. Then O extends to L and |0|. = |0|k.

Proof. 1t follows from the proof of Lemma 1.1.4.6 above. O

Hypothesis 1.1.4.8. For the rest of this subsection, we assume that K is a complete
nonarchimedean field of characteristic zero and residual characteristic p, equipped
with a differential operator 0 of rational type with respect to the rational parameter

u. We also assume p > 0 unless otherwise specified.

Construction 1.1.4.9. If K contains a primitive p-th root of unity (,, we may define

an action of the group Z/pZ on K using 0-Taylor series:
z® = T(z;0,(¢ — u), (i € Z/pZ,z € K);

in particular, u® = (fu. Indeed, it is a field homomorphism by Proposition 1.1.2.12(a),

and it gives an action because, by Proposition 1.1.2.12(b),
(2P = T(2;0, (¢ = Du+ (¢ = 1)uP) = T(z;0, (¢ — Du+ (¢ — 1)¢fu) = 20+,

Since |(¢} — 1)"u"d"/nl|x < [u"d"/nl|x < 1 for i € Z/pZ, we have |z?| = |z|,
in other words, the action of Z/pZ on K is isometric. Let K@ be the fixed subfield
of K under this action; in particular, v» € K. By simple Galois theory, K is the
Galois extension of K@ generated by u with Galois group Z/pZ. Moreover, K9 is
stable under the action of ud because (udz)® = ud(z®) for z € K. (If K does not
contain a primitive p-th root of unity, we may still define K@ using Galois descent.)

We call the inclusion ¢©@* : K < K the 8-Frobenius morphism. We view K®
as being equipped with the derivation &' = 9/ (puP~!); we will see below (Lemma, 1.1.4.14)
that & is of rational type with parameter w?. (w” € K because (v?)® = (Clu)P = uP

for i € Z/pZ.)
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It is worthwhile to point out that K(® depends on the choice of the rational
parameter u, not just the derivation 0.

Occasionally, we use ¢@™ : K@) <, K to denote the p™-th d-Frobenius obtained
by applying the above construction n times; if K contains a primitive p™-th root of
unity (pn, this is the same as the fixed field for the natural action of Z/p"Z on K
given by z) = T(z; 0, (¢} — 1)u) for i € Z/p"Z.

Example 1.1.4.10. Let K, be a complete nonarchimedean field of characteristic
zero. If K is the completion of Ko(u) with respect to the 7-Gauss norm and 8 = du,

then K@ is the completion of Ko(uP) with respect to the 7P-Gauss norm and ¢(

sends u? to uP.
Lemma 1.1.4.11. The residue field k) contains K;’}’{

Proof. We know that K is generated by u over K©. If |u| ¢ |K@*|, K would have
same residue field as K does. If |u| € |[K®%|, let z € K® be an element with
|z| = |u|. Then kx is generated over K@) by u/z, whose p-th power lies in Kx@).

The statement follows. O
Lemma 1.1.4.12. We have |&|xe = |u|™.

Proof. We may assume that K contains a primitive p-th root of unity ¢,. We need

only show that uPd preserves Oy . For any z € Og»), we have

o) (1) o (z) ) &
x——(w+w +ooo+ 2V = pZ —ut ) (G ="
n=0 ' i=0

Applying vPd’ = ud/p gives

u”a’(a:) — 2 Z <3n+1 x)un Z(Cz n 6 ((I)) u™ ! Z(Cz )

n=0 =0 i=0
6n+1 (1) —-1 ) )
=2 Z )U" D (G -1 (1.1.4.13)
n=0 =0

The sum E;&((;;——l)"(;; equalsOforn = 0,...,p—2; it equals pforn = p—1; and it is
a multiple of p? for any n > p (because the quantity belongs both to Z and to the ideal
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(¢, — 1)? in Z[(,]). Hence by (1.1.4.13) and the fact that u"*'0"*!(z)/(n + 1)! € Ok
from Definition 1.1.4.1, uPd(z) equals uPdP(x)/p! plus an element of Ok, yielding
uPd (x) € OKﬂK(a) = Ok@. O

Lemma 1.1.4.14. The differential operator & on K© is of rational type, with pa-

rameter uP.

Proof. Condition (a) in Definition 1.1.4.1 follows from Lemma 1.1.4.12 above and
the simple fact that & (uP) = 9(uP)/puP~' = 1. Now, we check Condition (b) in
Definition 1.1.4.1. Write

up:)'" (2) = (uPd')(uPd’ — 1) n' (wPd — (n—1)) ()
n! - p®

As a corollary of Lemma 1.1.4.12, for any element z € K@ and i € Z \ pZ, |(ud —
i)(z)| = |z|. Since ud maps K@ to itself, applying differential operators ud — % for
i € Z\pZ to the result will not change the norm, so

(ud)(ud —1)-- - (ud — (np — 1))

n! - pn

)| -

Definition 1.1.4.15. Given a &-differential module V' over K@ we may view

V' = V' @@ K as a O-differential module over K by setting
IV @z)=pPldV)Qz+vV ®0z) (V eV, zeK).
Lemma 1.1.4.16. Let V' be a & -differential module over K@ . Then

IRy(@*V") > min{IRy (V') /P, p IRy (V")}.
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Proof. This is essentially [Ked**, Lemma 10.3.2]. Consider the diagram

KO — T kO[T ],
@) l¢(a)*
fgen
K : K[T/u]o

where ¢@* is a K@-homomorphism extending p®* by ¢O*(T") = (u + T)P — uP.

The diagram commutes because formally

ooz (£ (%) (5))
zi(ua/p) (a)*(x))(( Z’_)P_l)n
(o (o5 ) o

(D))" o (T

zi(“"’)( @) (L) = (o v

For z € K@ all of the series in this formal equation converge, and we obtain correct

equalities.

For 7' € [0,1), set r = min{(r')*/P, pr'}, or equivalently, 7' = max{r?,p~!r}. By
Proposition 1.1.2.18,

Ry (V') 2 r'luf?

¢

foeV' is a trivial Op-differential module over A} [0, '|ul?)
= @O f V' = f* OV s a trivial r-differential module over AL [0, r|ul)

gen gen

& Ro(p V') > rlul,

where the second implication is a direct corollary of Lemma 1.1.4.17 below. The

statement follows. O
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Lemma 1.1.4.17. [Ked**, Lemma 10.2.2] Let K be a nonarchimedean field of resid-
ual characteristic p > 0. Foru,T € K and r € (0,1), if |[u — T| < r|u|, then

|uP = TP| < ma,x{r”lul”,p“lrlul”}.

Example 1.1.4.18. We give a rank 1 example to see the spectral norm change after
pulling back along p@. Let K be as above and let z € K be an element such
that 9z = 0 and |z| € (Ju|™?,p|u|™). Then the rank 1 O-differential module L
over K@ defined by &'v = zv has visible intrinsic &-radii IR5(L.) = wl|u|™/|z| €
(p~?/*-1), p~1/(>-1)), By Lemma 1.1.4.16, IRy(0@*L.) > w is expected to be not
visible.

The §-differential module ¢@*L" is generated by v and the derivation acts on it

via, v = puP~'v. Then

v = (0 'z)? + p(p — N *z)v,
&*v = ((pw*~'z)* +p*(2p — 2u™'a® + p(p — 1) (p — 2)w*~°z) v,

and so on. Since |z| < p|u|~?, we have |puP~'z| < |u|~!. The dominant term is the last
term (but not the first term) in the above equations. More generally, the dominant
term in the expansion of 9"Pv is (6P~} (puP~'z))"v = (p!)"z"v; it has norm |pz|"|v|.

Hence, IRy(p®*L.) = w|u| Y|pz|~'/P = IRy (L.)?; this justifies Lemma 1.1.4.16.

Definition 1.1.4.19. Keep Hypothesis 1.1.4.8. For a 0-differential module V over
K, define the 8-Frobenius descendant of V as the K@-module ¢{”V obtained from
V by restriction along ¢@* : K@ — K| viewed as a &'-differential module over K@

with differential 8’ = #8. Note that this operation commutes with duals.

Definition 1.1.4.20. Forn =0,...,p—1, let ,S"’) be the &-differential module over

K®) with one generator v, such that



From the Newton polynomial associated to v, we read off I Rar(W,ga)) = p~P/(>=1) for

n # 0. (One may view the generator v as a proxy for u™.)

Lemma 1.1.4.21. We have the following relations between 0-Frobenius pullbacks and

0-Frobenius descendants.

(a) ForV a O-differential module over K, there are canonical isomorphisms

i (@OVYQWD ~ OV (n=0,....p—1).

(b) ForV a 0-differential module over K, a submodule U of <p,(,a)V is itself the 0-
Frobenius descendant of a submodule of V if and only if 1,(U ® 7(,8)) =U for
n=0,...,p—1.

(c) ForV a O-differential module over K, there is a canonical isomorphism

PPV ~ VP,

(d) For V' a &'-differential module over K@, there is a canonical isomorphism
p—1

(pﬁa)go(a)*vl ~ @(V, ® Wéa))'

n=0

(e) For Vi, V, O-differential modules over K, there is a canonical isomorphism

p—1
POV © PV = P WP @ 0 (Vi @ V).

n=0

(f) ForV a 0-differential module over K, there are canonical bijections

Hy(V) = Hy(¢PV)  (i=0,1).

Proof. Straightforward. O
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Definition 1.1.4.22. Let V be a 0-differential module over K such that IRs(V) >
p~ Y@= A §-Frobenius antecedent of V is a &'-differential module V' over K@ such
that V ~ cp(a)*V' and IRy (V') > p“P/(P—l).

Proposition 1.1.4.23 (Christol-Dwork). Let V' be a 0-differential module over K
such that IR3(V) > p~V/®=D_ Then there exists a unique O-Frobenius antecedent V'
of V. Moreover, IRy (V') = IRs(V)P.

Proof. As in [Ked**, Theorem 10.4.2]. O

Remark 1.1.4.24. As in [Ked**, Theorem 10.4.4], one can form a version of Propo-

sition 1.1.4.23 for differential modules over discs and annuli.

Theorem 1.1.4.25. Let V' be a 0-differential module over K. Then

Jma (QO(,a)V) U {7 y P p/(p=1) (p -1 tz'mes)} T > —1/(p-1)
/ —_— p
7‘63%(V) {p 17 (p tlmeS)} T < p_l/(p 1)'

In particular, 1 Ral(cpia)V) = min{p I Ry(V), p~?/?-V}.
Proof. The proof is identical to that of [Ked**, Theorem 10.5.1]. O

Corollary 1.1.4.26. Let V' be a & -differential module over K©) such that IRy (V') #
p~P/®=1 . Then IRs(¢?*V") = min{IRs (V')V/?,pIRy(V")}.

Proof. In case IRy (V') > p~P/®=1) this holds by [Ked**, Corollary 10.4.3]. Other-
wise, by Lemma 1.1.4.21(d), 02 p@*V" 2 @?~L (V' @ W?) and IRy (V' @ W) =
IRy (V') since IRy (V') < IRy(W.?). Hence by Theorem 1.1.4.25,

IRBI (V/) — IRB’(@,(,(B)QO(B)*V/) — min{p‘llRa(gJ(a)*V’),p‘p/(""l)},

We get a contradiction if the right side equals p~?/?P~1) | so we must have IRy (V') =
p ' IRy(p@*V") < p~P/*=1) proving the claim. O

For the following theorem, we do not assume p > 0.
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Theorem 1.1.4.27. Let V be a 0-differential module over K. Then there exists a

decomposition

v= P v,

r€(0,1]
where every subquotient of V, has pure intrinsic 0-radii r. Moreover, if p = 0, then

rdimVe ¢ |KX|; if p > 0, then for any nonnegative integer h, we have
r<p P O) — pdimVe o (g@MYXPTR

Proof. The proof is similar to those of [Ked**, Theorem 10.6.2] and [Ked**, Theo-
rem 10.7.1]. O

Remark 1.1.4.28. In the case of Example 1.1.4.10, K@" is the completion of
’ Ko(u”") with respect to the n"h-Gauss norm. We deduce thus from Theorem 1.1.4.27

that r4m% € | KX [P " n2.

Remark 1.1.4.29. Let K’ be a complete extension of K equipped with an extension
of & which is again of rational type with parameter . Then the intrinsic 8-radii of a
d-differential module over K are the same as that of its base extension to K’: namely,
this is clear from Remark 1.1.3.5 for those d-radii less than w, but we can reduce to

this case using Theorem 1.1.4.25.

1.1.5 Refined radii

In this subsection, we discuss the refined radii, which is a secondary information
attached to a differential module. This will lead to the construction of refined Swan

conductors later in Subsection 3.2.5.

Hypothesis 1.1.5.1. Until Hypothesis 1.1.5.19, let K be a complete nonarchimedean
field of characteristic zero, equipped with a derivation 0. Let V be a 0-differential
module of rank d over K of pure d-radii Rs(V). Denote s = —log(wRs(V)™?) =
—log|O|sp,v-
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Definition 1.1.5.2. A norm |- |y on V is called good if it has an orthogonal basis
and |0}y < max{|0|k, |0|sp,v}; it is forced to have equality when |0|sp,y > |0|k. We

will see in Lemma 1.1.5.6 that such a good norm always exists.

Notation 1.1.5.3. Let P(T) = T + a;T% ! + --- + a4 be a (twisted) polynomial

with coefficients in K, whose Newton polygon has pure slope s (Definition 1.1.3.1).

(s)

katg- LI the characteristic

The reduced roots of P are the reductions of the roots in
polynomial P of a matrix A has pure slope s, we call the reduced roots of P the

reduced eigenvalues of A.

Definition 1.1.5.4. Assume that V has (pure) visible d-radii. Let |- |y be a good
norm on V. Enlarge the value group of K in the sense of Remark 1.1.4.5 so that V'
admits an orthonormal basis. Let N be the matrix of @ acting on the chosen basis.
Define the refined 8-radii of V', denoted by ©5(V,|-|) C ngﬂl‘ to be the multiset of
reduced eigenvalues of N. (In fact, we define the refined d-radii after we enlarged
K, but this will not matter as we will explain in Remark 1.1.5.5 below.) We will see
in Lemmas 1.1.5.7 and 1.1.5.8 that the refined J-radii are independent of the choices

of good norm and orthonormal basis of V. After these lemmas, we will abbreviate

©5(V) for ©5(V, | - |).

Remark 1.1.5.5. In the definition of refined 0-radii, we first enlarged K to K’ the
completion of K(uy,...,u,) for some (m,...,n,)-Gauss norm. However, the refined
O-radii ©5(V,| - |) is still a (multi)subset of nig,g. Indeed, since the construction is
canonical, for any 8 € ©4(V,| - |), g8 € ©5(V,]| - |) for any automorphism g of K’
fixing K. But ©5(V,| - |) is a finite set. So it can consist only of elements in nﬁ?,lg.
Alternatively, we can work out this more carefully in the computation of reduced

eigenvalues to cancel the new variables we introduced.
Lemma 1.1.5.6. For any V in Hypothesis 1.1.5.1, it has a good norm.

Proof. By Lemma 1.1.2.4, there exists a cyclic vector v € V. We use P to denote
the associated twisted polynomial. Let s be the lesser of —log|0|x and the least slope
of the Newton polygon of P. Then we can define a good norm on V by taking the
orthogonal basis to be v,dv,...,8% v and set |0'v|=e* fori=0,...,d—1. O
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Lemma 1.1.5.7. Assume that V has visible O-radii. Let |- | be a good norm on V.

Then the refined 8-radii ©5(V, |- |) are well-defined.

Proof. We may enlarge K as in Remark 1.1.4.5 so that we can find orthonormal
bases for |- |. Let {e;} and {e}} be two orthonormal bases for | - | and hence the
transition matrix A € GL4(Ok). Denote N for the matrix of @ acting on {e;} and
thus |[N| < |8]v. Since |det N| = [9|2, = |8]¢, the Newton and Hodge polygons
of V coincide and have pure slope —log|d|y. The same is true for A" NA since
A € GL4(Oxk). On the other hand, |A~'0A| < |8|x and hence all the singular values
are not larger than |0|x < |0sp,v. By [Ked**, Theorem 4.4.2], the reduced eigenvalues
of N coincide with those of A"!NA + A"10A. O

Lemma 1.1.5.8. Let V' be as above and let | - |, and | - |3 be two good norms on V.

Then, we have ©3(V, |- 1) = ©a(V, |- |2).

Proof. We may enlarge K as in Remark 1.1.4.5 so that |-|; and -|; both have orthonor-
mal bases {e;,...,e,} and {fi,...,f,}, respectively. Let A be the matrix for which
(e1,...,e4q)A = (f,...,f;). By Gaussian elimination, we can find P,Q € GL4(Ok)
such that PAQ is a diagonal matrix. By Lemma 1.1.5.7, we may change bases {e;}
and {f;} so that A is in fact a diagonal matrix Diag{ai, ..., a4}

Let N be the matrix of 9 acting on the basis {e;}, then the matrix of 8 acting on
the basis {f;} is given by A" NA+A~19(A) = A"} (N+0(A)A™1)A. It suffices to show
that N has the same reduced eigenvalues as N + 9(A)A~!. This is true by [Ked**,
Theorem 4.4.2] because |0(A)A™!| = |Diag(ai1'0(a11), .. ., az;0(aa))| < 10)- O

Corollary 1.1.5.9. Let V be as above. For any cyclic vector v € V, the reduced

roots of the twisted polynomial associated to v are ezactly the refined 8-radii of V.. In

(s)

particular, they are not zero in K u,.

We would like to obtain a decomposition by refined 9-radii as in Theorem 1.1.5.16

in the visible range and as in Theorem 1.1.5.22 when 0 is of rational type.
Lemma 1.1.5.10. Let V be as above. Then ©5(VVY) = —05(V) = {—0 |8 € ©5(V)}.
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Proof. Straightforward. a

Lemma 1.1.5.11. Let V and W be two O-differential modules over K of pure and
visible 8-radii R3(V) = Ry(W). The following two statements are equivalent.

(a) The refined 8-radii of V and W are distinct, i.e., ©3(V) N Oy(W) = 0.
(b) The tensor product V@ WV has pure 8-radii Ry(V).

Moreover, if either of the statements holds, we have ©5(V @ WV) = {0, — 6,6, €
©5(V),0; € ©5(W)} as multisets.

As a corollary, we have

(1) If©3(V)NOs(W) = 0, any homomorphism f : W — V of 0-differential modules

1S zero.

(2) If ©3(W) consists of only one element 6 € ng,g (with multiplicity), then 6 €
©5(V) if and only if VQ WV is not of pure 9-radis Ry(V).

Proof. By Lemma 1.1.5.10 above, ©5(WV) = —03(W). We may enlarge K as in
Remark 1.1.4.5 so that we have good norms on V and WV given by orthonormal
bases. Consider V ® WV with the norm given by the tensors of elements in the bases
from two modules. Let Ny, N; € Mat(mg,ls) be the corresponding matrices of @ on V'
and WV, respectively. Since Np has reduced eigenvalues ©5(V) and N; has reduced
eigenvalues —©y(W), the mamodultrix N = Ny ® 1 + 1 ® N, would have reduced
eigenvalues exactly the same as {6; — 620, € ©5(V), 0, € ©5(W)}.

If (a) holds, N has nonzero reduced eigenvalues and hence |[N"| = e~"* for all

(ns)+

ke (and when identifying £ with

n € N with full rank when working modulo m Kals

kxeis). Therefore, Rg(V @ WV) = Ry(V).

If (b) holds, we in fact have a good norm on V @ WV already and the reduced
eigenvalues of N should give the refined J-radii of V ® WV. By Corollary 1.1.5.9,
0 ¢ ©5(V @ WV). This implies (a).

Now, we prove (1). Since Rs(V @ WV) = Ry(V), HY(V ® WV) = 0, which
parametrizes all homomorphisms of J-differential modules from W to V.

(2) is just the inverse statement of (a) < (b). O
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Lemma 1.1.5.12. Let V and W be two 0-differential modules over K. Assume that
V' has pure and visible 8-radii and Rs(V) < Rs(W). Then Rs(V @ WV) = Ra(V)
and ©5(V @ WV) is just ©5(V) with the multiplicity of each element multiplied by
dimW.

Proof. By Proposition 1.1.3.4, we may assume that W has pure visible 0-radii or
non-visible radii. By Lemma 1.1.5.6, we may find a good norm on W. We proceed
as in Lemma 1.1.5.11. Now, if Np, N; € Mat(K?®¥) denote the matrices of 8 on V
and WV, respectively, then N; € Mat(mgﬁ)+) and Np has reduced eigenvalues O5(V).
Hence Ny ® 1+ 1 ® N; has the same reduced eigenvalues as Ny but with multiplicity
multiplied by dim W. The lemma follows. O

Lemma 1.1.5.13. Keep the notation as in Lemma 1.1.5.11(2) above. If, moreover,

©5(V) also consists only of 6 € 55,2,8 (with multiplicity), then Ry(V @ WV) > Ra(V).

Proof. We proceed similarly as in Lemma 1.1.5.11. Now Ny and N; have pure reduced
eigenvalues @ and —#@, respectively. Hence N = Ny ® 1 +1 ® N; reduced to a matrix
in nf,?,ls with zero eigenvalues (if we identify nf:,),s with Kgeg). It is then nilpotent,

i.e., N* € Mat(m%2F) for n >> 0. This implies that Ra(V ® W) > Ra(V). O

Remark 1.1.5.14. An alternative way to think about refined 0-radii is the following.
We call a J-differential module over K absolutely indecomposable if it is indecompos-
able over any finite tamely ramified extension K’ of K. Lemma 1.1.5.13 implies that
we can define an equivalence relation between all absolutely irreducible 9-differential
modules over finite tamely ramified extensions of K with same pure d-radii e™" as
follows: V ~ W if and only if Rs(V K" ®@WV) > e~ for some finite tamely ramified
extension K” on which V and W are both defined. Then the refined 9-radii give a

parameterization of this equivalence relation.

Lemma 1.1.5.15. Let 6 € fsglg {0}, where s < —log|d|k and s € —log|K*|Q. Then

we have the following.

(a) If p =0, then s € —log|(K")*| and 0 € nsf,) for some finite tamely ramified
extension K'/K. Let z € m&? be a lift of 8. Also, we set n = 0 in this case and

p" =1 by convention.
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b) Ifp > 0, there exists n € Zso such that 67" € k&, *) with p"s € —log|(K’)*| for
> K

some finite tamely ramified eztension K'/K. Let x € ml(’;s) be a lift of 67" .

Define L, (ny to be the 8-differential module over K' of rank p™ with basis {e1, . . ., epn},
on which 8 acts as 0e; = e;4y fori=1,...,p" — 1 and Oey;n = xe,. Then Ly () has

pure 0-radii we® and Oy(Ly (n)) consists of only 8 with multiplicity p™.

Proof. The existence of z is obvious. For the calculation of ©5(V'), we may replace
K by the completion of K(z) with respect to the e *-Gauss norm (and set 0z = 0).
Then e;,2 'ey,...,2~?" Ve, gives a good norm on L, (), for which the refined

O-radii can be easily computed to be as stated. O
Using L, (), we can obtain a decomposition by refined d-radii as follows.

Theorem 1.1.5.16. Let K be a complete nonarchimedean field of characteristic zero,
equipped with a derivation 0. Let V be a O-differential module over K with pure and
visible 0-radii Ry(V). Denote s = —log(wRs(V)™!). Then V admits a canonical

decomposition by refined 0-radii as follows.

V= P Ve, (1.1.5.17)

{o}cﬂgg,g

where the direct sum runs through all Galois conjugacy classes in nﬁjllg and the refined
O-radii of Vigy are ezactly the Galois conjugacy class {0} with same multiplicity on
each element.

After making a finite tamely ramified extension K' of K, one can obtain the
canonical decomposition (1.1.5.17) without taking the conjugacy classes. In particular,

05(V) C U, (2N P",

Proof. By making a finite tamely ramified extension K’ of K, we may assume that
©y(V) C Uy, (fe%ls))l/ ” (By Corollary 1.1.4.7, doing so will not change the visible
range.) For each 6 € ©5(V), we construct L, (5) as in Lemma 1.1.5.15, which is a 0-
differential module of pure d-radii R5(V') and pure refined radii §. By Lemma 1.1.5.11(2),

45



Ve [,;’7(") is not of pure radii R3(V'). By Proposition 1.1.3.4, we get a decomposition
V&L, =Wo® Wi, where Ro(Wo) > Ra(V) and W1 is of pure d-radii Rs(V).

Denote WO = Wo ® Lz,n) and ’Wvl = W1 ® L; (). Now consider the following
homomorphisms of d-differential modules

//i‘_* ~ o~ —
|%4 \Vv—ieiﬁ;:/,(n) ® E’%(") -— Wo ) Wl,
j

where i is the diagonal embedding and j is the projection so that ji = id. Let py and

p; be the projection from V ® LY ) ® Lz,(n) to the factors W, and Wl, respectively,

z,(n
viewed as submodules of the source. Hence p2 = po, p? = p1, and po +p; = 1. We

claim that jpoi and jp;i are projections on V which give the desired decomposition.
By Lemma 1.1.5.13, Ry(L} (,y ® Ly,(m)) > Ro(V). By Lemma 1.1.5.12, VR Ly, ®

L) and hence Wo and Wl have pure J-radii Ry(V). Also, by Lemma 1.1.5.12,
@a(Wo) consists of solely #, and by Lemma 1.1.5.11,

©p(W;) = {61 + 0 (with multiplicity p®) | 6, € ©5(W1)}.

In particular, 6 ¢ @a(Wl). Hence any homomorphism of 0-differential modules be-
tween W and W; has to be zero by Lemma 1.1.5.11(1). In particular, piijpo =
poijpr = 0. Thus, we have

(7p0t) (Jpot) = jPoij(1 — p1)i = jpoi(ji) — 5(poijp1)i = jpoi
(4p1%) (Fp11) = 3P13J (1 — po)i = jpi(43) — j(pPrijpo)i = jprd

Jpot + o1t = j(po + )i = ji = 1.

This proves that V = jpei(V) @ jp1i(V). Moreover, ©5(jpoi(V')) consists of only 6
since it is a quotient of W, and ©5(jmi(V)) does not contain  since it is a quotient
of W,. Applying this process to each of § € ©,(V) gives the desired decomposi-
tion (1.1.5.17).

The decomposition (over K’) is canonical because it is characterized by the way
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that 9 acts on direct summands. By Galois descent, we can easily get the decompo-

sition over K as stated in the theorem. O

Corollary 1.1.5.18. Let V and W be two 0-differential modules over K of pure and
visible 9-radii Ry(V) = Ry(W). If we use U to denote the mazimal 0-differential
submodule of V @ WY whose 0-radius is larger than Ry(V'), we have

dimU = Y multip(©(V)) - multig(Os(W)).

(s)
06/4,;&13

Proof. We may replace K by a finite tamely ramified extension. By Theorem 1.1.5.16,
we may assume that V and W both have pure refined J-radii. If V and W have the
same refined d-radii, the statement follows from Lemma 1.1.5.13; if they are different,

the statement follows from Lemma 1.1.5.11. [

We now extend the definition of refined 0-radii to the non-visible case when 9 is

a derivation of rational type.

Hypothesis 1.1.5.19. For the rest of this subsection, we abandon Hypothesis 1.1.5.1.
Let K be a complete nonarchimedean field of characteristic zero equipped with a
derivation 9 of rational type with respect to u. Let V be a J-differential module of

pure intrinsic d-radii IR5(V) < 1. Denote s = —log(wIRs(V)™1).

Definition 1.1.5.20. Let ¢(@ : K@ — K be the -Frobenius. We define the refined
intrinsic 0-radii, denoted by ZO4(V') as follows.

(a) f IR3(V) < w, define ZO4(V) = u - ©5(V).

(b) Ifp > 0and IRs(V) = w, ¢ (V) has pure &@-radii p?*~V). By Lemma 1.1.4.21(a)
and Lemma 1.1.5.11, the element in I@a/(cpﬁa)(V)) can be grouped into p-tuples
(9,0 + i, o0+ P;—l) (with some multiplicity), where 6 € nﬁ?j@gp ). Define
T0,(V) to be the multiset consisting of (pPdP — pd)'/P € Kyai for each p-tuple

in IOy (02 (V).
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(c) If p > 0 and IR3(V) > w, by Proposition 1.1.4.23, V = ¢®*W for some
&'-differential module W on K® such that IRy (W) = IRs(V)P. We define

I0,(V) = {(p0')"/? | ¢ € IO (W)} C K.

If IR5(V) is large, we need to iteratively apply (c) to seek for its higher 8-Frobenius

antecedents until we arrive at case (a) or (b), and then we solve all the way back to

define ZO3(V).

Remark 1.1.5.21. An alternative way to see the Frobenius antecedent in Defini-
tion 1.1.5.20 is to consider the decomposition of go,(,a)V given by Theorem 1.1.4.27.
The Frobenius antecedent is exactly the submodule in this decomposition which has

intrinsic d-radii I Ry(V)Y/?.

Theorem 1.1.5.22. Let K be a complete nonarchimedean field of characteristic zero
equipped with a derivation 0 of rational type. Let V be a 0-differential module over
K with pure intrinsic 8-radii IR3(V) < 1. Denote s = —log(wIRs(V)™'). Then V

admits a canonical decomposition by refined radii as follows.

V= @ Vi, (1.1.5.23)

(I

where the direct sum runs through all Galois conjugacy classes in mgf.)a,g and the refined
O-radii of Vigy are exactly the Galois conjugacy class {8} with same multiplicity on
each element.

After making o finite tamely ramified extension K' of K, one can obtain the
canonical decomposition (1.1.5.23) without taking the conjugacy classes. In particular,

©s(V) C Up (k& N7

Proof. If IR5(V) < w, this is just Theorem 1.1.5.16. If p > 0 and IRs(V) = w,
applying Theorem 1.1.5.16 to <p£a) V as a @'-differential module gives a decomposi-

tion (1.1.5.17). If we group the direct summands according the refined &-radii as in
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Definition 1.1.5.20(b), i.e., we write

V= @ Vi....o+25yp

{(0"'-!0+L;l)}c""xalg/]FP

where the refined radii of Vi, o +221)) are exactly the Galois conjugates of p-tuples
@,...,0+ %1) with same multiplicity on each element. By Lemma 1.1.5.11, the
decomposition is invariant under twisting by ,Sa) and hence it descends to a decom-
position of d-differential modules over K.

If p> 0and IRy3(V) > w, the decomposition (1.1.5.23) comes from the decompo-

sition of its 0-Frobenius antecedent. O

Example 1.1.5.24. Let p > 0. We extend the example in Lemma 1.1.5.15 to the
non-visible case as follows, giving examples with pure intrinsic refined 0-radii. Let
0 e 521,5\{0}, where s € [0, %logp) and s € —log|K*|Q. Similar to Lemma 1.1.5.15,
there exists n € N such that 67" € (& 9)P with p"'s € ~log|(K")*| for some
finite tamely ramified extension K'/K. Let z € mg:f,g be a lift of 67" ; we may find a
lift in K’® because of Lemma 1.1.4.11.

Let L, ) denote be the O-differential module over K’ of rank p" with basis
{e1,...,epn}, on which 8 acts as Oe; = e;4; fori = 1,...,p" — 1 and de,n = zu ey,
where the extra u™?" compare to Lemma. 1.1.5.15 reflects the different normalizations

of refined intrinsic @-radii and refined d-radii.

Remark 1.1.5.25. The restriction s e [0, p%logp) in Example 1.1.5.24 is linked with
the choice z € m¥,%; . In order to extend s to the radius [0, (33 — 5p=p)logp) we

p"s
need to be able take € m,,q

lifting 0P" for some n € N and some tamely ramified
K'/K. However, as r gets larger, n might need to take a bigger value accordingly to
guarantee the existence of the valid lift z. That is why we cannot essentially remove

this restriction.

Lemma 1.1.5.26. Keep the notation as in Example 1.1.5.24. Then L, ) has pure

non-visible intrinsic 0-radii IR5(Ly (n)) = we® and pure refined intrinsic 0-radii 6.
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Proof. We need to consider cpia)ﬂx,(n), which has a basis given by
{ute; |I=0,...,p~1; i=1,...,p"}.

The derivation u?d’ = %ua acts on this basis as follows.

uPd'uitle; = '—;iu’“”e,s + I%u‘*""leiH, [=0,....p—Li=1,...,p" -1,
n
uPO'uP Heyn = ”T"'lu”"”epn + %xu’“el, l=0,...,p—1.

We replace K by the completion of K(z) with respect to the e~*-Gauss norm and set
9(z) = 0. Then, with respect to the basis given by

-— e n
uey, 2 uley, ..., 277 T lu e,

- —mn n
u’e;, 2z Muley, ..., 27 P TP e,

- P Ny
uPe, 2 \uP ey, ..., 27 Pty TP le

the action of uP@ is given by a block diagonal matrix N, whose diagonal blocks are

141 1, —p*+1
(—‘;— 0 0 gz \\
z 2
> P 0 0
N=|o0
0 0 He-l 0
z I+p™
\0 O s )

where I = 0,...,p — 1. (Here, we used the crucial fact that € K"®.) Hence,
<p£3) Lymy = @"~s Vi, where Vi corresponds to the O-differential module on which 8

acts via NV;, for [ = 0,...,p — 1. It is easy to compute the characteristic polynomial
of the matrix N, as
" .
l
[[e--=Z (1.1.5.27)
i=1 p pP
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The Newton polygon for the product has slopes rlogp with multiplicity p"~""2(p — 1)
for r = —1,0,...,n — 2 and a slope (n — 1)logp with multiplicity 1. Since |z| €
(p~?"7" 1], |5l € (p*""'®=1,p*"] and hence the Newton polygon of (1.1.5.27) has
slope —logp with multiplicity p"~*(p — 1) (from the product) and slope

—log| 5| — " (p — 1)(—logp) _ s — p" llogp
pn—l pn—l

= ps — logp,

with multiplicity p"~! (from the new constant term p—:vr) The two kinds of slopes are
the same if (and only if) s = 0.

If s = 0, the refined @-radii of V; are exactly the reduced roots of (1.1.5.27), which
are 1 times the reduced roots of [J°,(T" — (I +1)) = z, that is, 5 1 times the roots of
Hz—O (T - = ¢°". By Definition 1.1.5.20(b), this says exactly the statement of
the lemma.

Now, we assume that s > 0. The condition on slopes of (1.1.5.27) implies that
the singular values of N; match the norms of the eigenvalues of N;. By [Ked**,
Theorem 4.3.11], we can find a matrix U € GLyn (Ogna)) such that U1 NU is block
diagonal triangular, with the top left block accounting for the singular values p and the
bottom right block accounting for the singular values pe™?°. Then applying [Ked**,
Lemma 6.7.1] to U"1N,U + U~'uPd (U) implies that we can find V € GLn(Oxna)
such that V-IN;V + V1P’ (V) is block lower triangular.

The key point here is that the leading term for the characteristic polynomial of
the lower block is T7"~" — E—,“.—”_q- because adding V~1uPd (V) € Matyn(Ogne)) does not
affect the leading term. Therefore, there is a unique submodule W, of rank p™~! of V] of
intrinsic &’-radii p~?/(P~DeP* and pure intrinsic &'-radii Oy (W;) = m(ps_logp) =

6 /p. Thus, by Definition 1.1.5.20(c), this implies the statement of the lemma. O

1.1.6 Multiple derivations

In this subsection, we introduce differential fields of higher order.

Notation 1.1.6.1. In this subsection, set J = {1,...,m} for notational convenience.
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Definition 1.1.6.2. Let K denote a differential ring of order m, i.e., a ring K
equipped with m commuting derivations 0i,...,0m. For j € J, a 0;-differential
module is a finite projective K-module V' equipped with the action of ;. In other
words, we view K as a differential ring of order 1 by forgetting the derivations other
than 8;. A (04,. .., On)-differential module (or 0;-differential module, or simply a dif-
ferential module) is a finite projective K-module V' equipped with commuting actions

of 0y, ...,0m,. We may apply the results above by singling out one of 8y, ..., 0.

Definition 1.1.6.3. Let K be a complete nonarchimedean differential field of order
m and characteristic zero, and let V be a nonzero (d,...,0n)-differential module
over K. Define the intrinsic generic radius of convergence, or for short the intrinsic

radius, of V' to be
IR(V) = min {IRo,(V)} = min {|9;lsp,xc/0ilep,v } -

For j € J, we say 0; is dominant for V if IR,, (V) = IR(V). We define the intrinsic
subsidiary radii IR(V) = {IR(V;1),...,IR(V;dim V)} by collecting and ordering
intrinsic radii from Jordan-Holder factors, as in Definition 1.1.2.8. We again say that
V has pure intrinsic radii if the elements of IR(V') are all equal to IR(V).

Similarly, we define the extrinsic generic radius of convergence (or extrinsic ra-
dius) R(V) to be the minimum of R, (V) and extrinsic subsidiary radii R(V) =
{R(V;1),...,R(V;dimV)} by collecting and ordering extrinsic radii from Jordan-
Holder factors. (This concept will not be used until Subsection 1.2.7).

Definition 1.1.6.4. Let K be a complete nonarchimedean differential field of order
m and characteristic zero. We say that K is of rational type with respect to a set of
parameters {u; : j € J} if each 0; is of rational type with respect to u;, and 8;(u;) =0
fori#jin J.

Remark 1.1.6.5. Recall that if p > 0, we have a 9;-Frobenius p(®)* : K@) < K for
j € J. Since the elements uy;; are killed by 8;, they are elements in K©®9). Hence
by Lemma 1.1.4.14, the differential operators 0,\(;; and & are of rational type over

K®) with respect to the parameters u ;) and u?.
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Theorem 1.1.6.6. Let K be a complete nonarchimedean differential field of order m
and characteristic zero, of rational type. Let V be a 0;-differential module over K.

Then there exists a decomposition

V= v

r€(0,1}

where every subquotient of V, has pure intrinsic radii r. Moreover, if p = 0, then

rdimVr ¢ |K*|; if p > 0, then
r< p—P"h/(P—l) = pdimV; o Ilel/ph-

Proof. Since the 0; commute with each other, the theorem follows by applying The-
orem 1.1.4.27 to each 0; and forming a common refinement of the resulting decom-

positions. O
One important instance of Definition 1.1.6.4 is the following.

Situation 1.1.6.7. Let F be a complete discretely valued field of characteristic zero
with residue field k of characteristic p > 0. Let K; be a complete extension of
F with the same value group and residue field k; separable over k. Assume that
Uty ..., Uy € Ok, lifts a set of p-basis of kg, over kr (Definition 1.1.1.11). Let F’
be an extension of F' complete for a (not necessarily discrete) nonarchimedean norm
| - |, with the same residue field k. Let K> be the completion of K; @7 F'. Let k be
a (possibly infinite) separable algebraic extension of k;, and let K be the completion
of the unramified extension of Ky with residue field %.

In this case, we call such K standard differential fields.

Lemma 1.1.6.8. In Situation 1.1.6.7, the natural projection Q}, -» K ® Q}(l /P

i1 K-du; gives derivations (8; = Ou;)jes of rational type with respect to uy, . .., Um.

Proof. Tt is enough to check for Kj: it is clear that the same conclusion then holds
for K,, and then Lemma, 1.1.4.6 implies the same conclusion for K. That is, we must

check that Ok, is stable under 7 /n! for all nonnegative integers n and all j € J. For
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each n € N, any element z € Ok, can be written (not uniquely) as

+o00 p"—1

I= Z Z nzeJ ina

=0 ey=0
where ap e, € Ok, U{0} and f; € Of. Then for any j, € J,

+oop"~1 n an—ﬂ

% (g) = ZZZ (o) Gy 49) f: € O

i=0 e;=0 6—0
The lemma follows. O

Remark 1.1.6.9. Situation 1.1.6.7 includes the two options in [Ked07a, Hypothe-
sis 2.1.3]. (Note that [Ked07a, Hypothesis 2.1.3(b)] should require that I/k be sepa-
rable.) We will see later (Theorem 1.2.8.2) that the results in [Ked07a] carry over to
differential fields of rational type.

Next, we continue the discussion in Subsection 1.1.5 to the case with multiple

derivations.

Definition 1.1.6.10. Let K be a complete nonarchimedean field of characteristic
zero, equipped with m commuting derivations d;. Let V be a 0;-differential module

of pure d;-radii for all j € J. A norm |- |y on V is good if it is good for each 0;.

Proposition 1.1.6.11. Let K and V be as above. If K is discretely valued and
max{|0;|x, |0;lsp,v} € |K*|Q for all j € J, then a good norm of V always eists.

Proof. Denote r; = max{|9;|k, |0;|sp,v} for j € J. There is no harm to replace K by
the completion of K(z;) with respect to the r;-Gauss norm, where we set 9;(z;) = 0
for j,j/ € J. (In particular, K is still discretely valued.) It suffices to show that given
any norm | - |y with orthonormal basis e, ..., eq, the submodule M of V generated
by

{25707 eilaj € Zxo for j € J;i € {1,...,d}}

over Ok is a finite Og-module; if so, M would give V' a norm, under which |9;| <

|z;] = r; verifies the condition of good norm in Definition 1.1.5.2. To prove that M
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is a finite sub-Ok-module, it suffices to prove that |270}|y is bounded for each j as
n — +oo. (Here, we used the fact that K is discretely valued, otherwise, boundness
may not imply finiteness.) It is enough to verify this boundness condition for any
norm on V. In particular, for each of 9;, we can choose a good norm by Lemma 1.1.5.6,

for which |z70}[y < 1. Thus, M is finite over Ok and the lemma follows. O
We now define the notion of refined radii for multi-dirivations.

Definition 1.1.6.12. Let K be a complete nonarchimedean field of characteristic
zero, equipped with derivations 9y of rational type with respect to parameters u;. Let
V be a 8,-differential module of pure intrinsic radii /R(V'). (This does not mean that
it is of pure O-radii for each j.) Denote s = —log(wIR(V)™!). By Theorem 1.1.5.22,
we may replace K by a finite tamely ramified extension such that V ® K admits a

direct sum decomposition V = @V}, such that, for each direct summand V;,,
(a) it has pure refined intrinsic 0;-radius 6; for any j such that IRy, (Vp,) = IR(Vy,),
(b) we set 8; = 0 for other j.

Define the refined intrinsic radii of V, denoted by ZO(V), tobe d = 3, ; Bj%i with

() du;

multiplicity dim Vp,; it is an element in @je K ag -

Remark 1.1.6.13. One may hope to find some analogue of Example 1.1.5.24 for
0;-differential modules. This, however, amounts to carefully choosing the z in Ex-
ample 1.1.5.24 for each single differential operator so that the action of 9; commutes.
This places some restriction on possible refined intrinsic radii. In other words, all
possible intrinsic refined radii form only a subset of ®;¢ Jﬁg)a]g%. Unfortunately, we

do not know how to identify this subset in general. The following proposition partly

answers this question.

Proposition 1.1.6.14. Keep the notation as above. Assume that K is discretely
valued and s < 0, i.e., V' has visible intrinsic radii. Assume moreover that p = 0 or
d =rank V = 1. Note that the action of u;0; on K induces a derivation on ﬂﬁlm. If

I=73 s Hj%i € IO(V), then fori,j € J, we have u;8ib; = u;0,0; in K\
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Proof. By possibly replacing K by a finite tamely ramified extension, we reduce to
the case when V is irreducible and has pure refined intrinsic radii 3¢, do—;‘;i. By
Proposition 1.1.6.11, we can find a good norm | - |y, for which u;0; acts as a matrix
N; € Matdxd(m%)). Since 0; and 0; commute with each other for any i,j € J, we
have

NiNj + ui{),-(Nj) = NjNi + Ujaj(Ni). (1.1.6.15)

Taking the trace of (1.1.6.15), we have d-u;0,0; = d-u;0;0;. The proposition follows.
O

Proposition 1.1.6.16. Let K be a complete discretely valued field of characteristic
zero, equipped with derivations 0; of rational type with respect to parameters u;. Let
V be a 0;-differential module of pure visible intrinsic radii IR(V). Denote s =
~log(wIR(V)™!). Assume that s € —log|K*|?. Assume moreover that & = o, 20, +

so+ ap *B 0y, for some oy, ..., 0, € Ok is another derivation on K of rational type

with respect to u, and V 1is of pure intrinsic 8-radii IR3(V) = IR(V'). Then, we have

d dum
I0s(V) = {101 + -+ + A | 9 = el—ﬂ+ 40,2 € 76(V)}.

Moreover, if V has pure refined intrinsic radii ¥ = 01%"11 44 gmd_:':;, IRy(V) =
IR(V) if and only if 161 + -+ - + ambp # 0 in ngls.

Proof. Let Jp be those j € J for which IRy, (V) = IR(V). We may assume that V
has pure intrinsic 9;-radii for any j € J. By Proposition 1.1.6.11 and by possibly
enlarging K, we may assume that V' admits a good norm given by some orthonormal
basis and V has pure refined intrinsic 9;-radii 8; for any j € Jo. For j € J, let N; be
the matrix of u;0; acting on this basis. Then N; has a unique reduced eigenvalue 0;
for j € Joand N; € Mat(m( 2) +) for j € J\Jy. The key point here is that 9; commutes
with 8; for i,j € Jo. Hence, (1.1.6.15) implies that N;N; = N;N; in Mat(k2).

Therefore, N;, can be uniformly diagonalized in Mat(x K,,,g) by a matrix in GL(nalg)
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Therefore, if N is the matrix for ud acting on this basis, then

N = Zaij = zaij

jeJ j€Jo

in Ma,t(ng;f)), which has all reduced eigenvalue equal to ) ._; a;0;. The proposition

j€Jo
is proved. O

1.2 Differential modules on 1-dimensional spaces

Having considered differential modules over fields, we next consider differential mod-
ules on a disc or annulus over a differential field. This parallels [Ked**, Chapters 11
and 12].

1.2.1 Setup

Hypothesis 1.2.1.1. Throughout this section, we assume that K is a complete (not
necessarily discretely valued) nonarchimedean differential field of order m, character-
istic zero, and residual characteristic p (not necessarily positive). We also assume K

is of rational type.

Notation 1.2.1.2. Let d,,...,0,, denote the derivations on K and let u;,...,un
denote a set of corresponding rational parameters. Let J = {1,...,m}. We reserve j

and J for indexing derivations.

Notation 1.2.1.3. For n > 0, let F, be the completion of K(t) under the 7-Gauss
norm | - |,. Put 8o = % on Fy; by Remark 1.1.4.5, F, is of rational type for the
derivations 9+, where J* = JU {0} = {0,...,m}.

Remark 1.2.1.4. For I C [0, +00) an interval and j € J*, we may refer to differential
modules or 9;-differential modules over Ak (I), meaning locally free coherent sheaves
with the appropriate derivations. For I = [a, (] closed, these are just modules with
appropriate derivations over the principal ideal domain K({a/t,t/8); in particular,

any 9;-differential module over a closed annulus is free by [Ked**, Proposition 9.1.2].
7

o7



Caution 1.2.1.5. When j € J, the category of 9;-differential modules over A} (I)
is not abelian. In fact, the quotient of two 0;-differential modules may not be locally
free. However, the category of d,-differential modules over A} (1) is free because the

existence of the derivation forces the modules to be free.

Remark 1.2.1.6. For I C [0,4+00) an interval, and M a nonzero 9;-differential
module over A (I), it is unambiguous to refer to the intrinsic d;-radius IRy, (M ® F;)

of M at |t| = .
The intrinsic radii are stable under tame base change.

Proposition 1.2.1.7. Let n be a (possibly negative) nonzero integer (coprime to p if
p>0), and let f; : F; — Fun be the map t — t". Then for any j € J*, and for
any 0;-differential module V over Fy, IRy, (V) = IRy, (f3V) and hence IRy, (V) =
IRa, (F2V)-

Proof. The proof for j = 0 is in [Ked**, Proposition 9.7.6], and the proof for j € J
is to apply Remark 1.1.2.7. O

Remark 1.2.1.8. One may also consider off-centered tame base change; see Subsec-

tion 4.2.2.

1.2.2 Variation of subsidiary radii

In this subsection, we prove slightly weakened analogues of some results in [Ked**,

Chapter 11]. We begin by studying the variation of slopes of Newton polygons.

Notation 1.2.2.1. Let P € K{a/t,t/B)[T] be a polynomial of degree d. For r €
[~logB, —logal, let NP, (P) denote the Newton polygon of P under | - |--.

Proposition 1.2.2.2. For r € [—log8, —logal, let fi(P,7),..., fa(P,T) be the slopes
of NP,(P) in increasing order. Fori=1,...,d, put F;(P,r) = fi(P,r)+---+fi(P, 7).

(a) (Linearity) Fori=1,...,d, the functions fi(P,r) and F;(P,r) are continuous

and piecewise affine in r.
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(b) (Integrality) If i = d or fi(ro) < fi+1(ro), then the slopes of Fi(P,r) in some
neighborhood of r = ry belong to Z. Consequently, the slopes of each f;(P,r)
and Fy(P,r) belong to 1ZU--- U IZ.

(c) (Monotonicity) Suppose that P is monic and « = 0. Fori=1,...,d, the slopes

of F;(P,r) are nonnegative.

(d) (Concavity) Suppose that P is monic. Fori=1,...,d, the function F;(P,r) is

concave.

(e) (Truncation) For any fized a € Ryo and b € R, the statements (a), (c), and (d)
are also true if we replace f;(P,r) by min{f;(P,r),ar+b} for alli € {1,...,d}.

Proof. See [Ked**, Theorem 11.2.1] and [Ked**, Remark 11.2.4]. O

Lemma 1.2.2.3 (Lattice lemma). Put R = K (t), Us<1K(a/t,t), orUa<1<gK(a/t,t/B),
or (if K is discrete) K[t]o or Uac1 K (a/t,t]o equipped with the norm |-|;. Let M be
a finite free R-module of rank n, and let | - |p be a norm on M compatible with R.

Assume that either:
(a) ¢> 1, and the value group of K is not discrete; or
(b) ¢> 1, and the value groups of K and M coincide and are discrete.

Then there exists a basis of M defining a supremum norm |- |}, for which c~tm|y <

|m|ys < clm|pr forme M.

Proof. Let F be the completion of FracR under | - |;. By [Ked**, Lemma 1.3.7], we
can construct a basis of M @ F' defining a supremum norm |- |}, for which ¢=|m|y <
|m|jyy < clm|y for m € M. If R = K(t), or K is discrete and R = KJt]o, then
[Ked**, Lemma 8.6.1] gives a basis over M defining the same supremum norm | - [},.
If R = Usc1K(aft,t) or Uac1<pK({(a/t,t/B), then [Ked**, Lemma 8.6.1] gives a
basis of K(1/t,t) defining | - |,,. However, we can approximate that basis arbitrarily
closely with a basis of M itself, because R is dense in K(1/¢,t) under |- |;, and any

element of R with an inverse in K(1/¢,t) also has an inverse in R. Any sufficiently
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good approximation will define the same supremum norm. If K is discrete and R =
Ua<1K (a/t,t]o, then R itself is a field, so we can approximate a basis of M ® F' with

a basis of M defining the same supremum norm. O

Notation 1.2.2.4. Fix j € J*. Let M be a 0;-differential module of rank d over
K{a/t,t/B). For r € [~logB, —loga] and i € {1,...,d}, define

(M, 7) = ~logRa,(M ® Fe-rii),  FO(M,r) = fFO(M,7) + -+ + £ (M,r).

Theorem 1.2.2.5. [Ked**, Theorem 11.3.2] Let M be a Op-differential module of
rank d over K{a/t,t/().

(a) (Linearity) Fori=1,...,d, the functions FOM,7) and FO(M,r) are contin-

uous and piecewise affine.

(b) (Integrality) If i = d or FOM, o) > fi(f)l(M, ro), then the slopes of F\O(M,r)
in some neighborhood of r¢ belong to Z. Consequently, the slopes of each
FO(M,7) and FO(M,r) belong to 1ZU---U 3Z.

(c) (Monotonicity) Suppose that a = 0. For any point o where fi(o) (M,ro) >
To, the slopes of E(O)(M ,T) are nonpositive in some neighborhood of ro. Also,

f,-(o)(M ,To) = To for 1o sufficiently large.
(d) (Convezity) Fori=1,...,d, the function FO(M,r) is convex.
We have a similar but slightly weaker result for 9;-differential modules when j € J.

Theorem 1.2.2.6. Fiz j € J. Let M be a 0;-differential module of rank d over
K{a/t,t/B).

(a) (Linearity) For i = 1,...,d, the functions FOM,7) and F9(M,r) are con-
tinuous. They are piecewise affine in the locus where fi(j)(M ,7) > —loglu;l; if

p = 0, they are in fact piecewise affine everywhere.

(b) (Weak integrality)
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(i) Suppose p = 0. Ifi = d or fi(j)(M,ro) > f,-(i)l(M, o), then the slopes
of Fi(j) (M,r) in some neighborhood of ro belong to Z. Consequently, the
slopes of each f,-(j)(M, r) and F}(j)(M, r) at r = 1g belong to ZU--- U iZ.

(ii) Supposep > 0. Ifi=4d or fiU)(M, ro) > f,-(_{)l(M, 79), and f,-(j)(M, To) >
mlogp — log|u;| for some n € Lo, then the slopes of FF(M,r) in
some neighborhood of vy belong to #Z. Consequently, if fim (M,ry) >
Wl_l)logp—loglujl for somen € Zxo, the slopes of f,-(j)(M, r) and F,-(j)(M ,T)

—_ 1 -
at r = ro belong to p,,ZU U p,,dZ.

(c) (Monotonicity) Suppose that a = 0. Fori =1,...,d, the slopes of Fi(j)(M ,T)

are nonpositive.
(d) (Convezity) Fori=1,...,d, the function Fi(j)(M, T) is convex.

Proof. We prove the theorem analogously to [Ked**, Theorem 11.3.2]. First of all,
as in Remark 1.1.4.5, we may replace K by the completion of K(z) with respect to
the |u;|-Gauss norm. We may then replace u; by u;/z and hence 0; by z0; to reduce
to the case |u;| = 1.

We first show that the statements are true for (M, r) = max{f% (M, r), ¢} with
€ > —logw and EU)(M, r)=fOM, )+ + fiU)(M,r). Let F = FracK(a/t,t/B).
Choose a cyclic vector for M ® F' to obtain an isomorphism M @ F = F{T}/F{T}P
for some monic twisted polynomial P over F. We may then apply Proposition 1.2.2.2
and Remark 1.1.3.5 to deduce (a) and (b), provided we omit the last assertion in (a)
(in case p = 0); for that, see below.

For (c) and (d), it suffices to work in a neighborhood of some 9. Again by
Remark 1.1.4.5, there is no harm in enlarging K so that e~™ € |K*|. We may reduce
to the case 7o = 0 by replacing ¢ by At for some A € K* with |[A| = e™™. We then
argue as in [Ked**, Lemma 11.5.1] and deduce (c) and (d) from Proposition 1.2.2.2,
as follows. We may further enlarge K to include )y,..., A; € Ker (9;) such that

—log| ;| = min {——logw - f,-(j)(M, O),O} (t=1,...,d).
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Let By be the basis of M ® F; given by
A kT (6=0,...,d-1).

Let Ny be the characteristic polynomial of the matrix of action of J; on By. Let
M1, - .., g be the eigenvalues of Ny, labeled so that |g;] > --- > |u4)- By [Ked**,
Proposition 4.3.10], we have max{|u;|,1} = max{wefi(j)(M'o), 1} fori = 1,...,d. By
Lemma 1.2.2.3, for each ¢ > 1, we may construct a basis B, of M such that the
supremum norms | - |o, | - | defined by By, B, satisfy ¢!|-|. <|-|o < ¢|-|.. Let N, be
the matrix of action of 9; on B. For ¢ > 1 sufficiently small, [Ked**, Theorem 6.7.4]
implies that for r close to 0, the visible spectrum of M ® F, -+ is the multiset of those
norms of eigenvalues of the characteristic polynomial of N, which exceed 1. We may

then deduce (c) and (d) from Proposition 1.2.2.2(c) and (d).

We next relax the truncation condition that we have imposed; we may assume
p > 0 as otherwise there is nothing to check. For each nonnegative integer n, we will
prove the claim for fi(j)(M, r) = max{f%(M,r),e} and I?’i(j)(M, r) = fOM,7) +
e f,-(j)(M ,7) with € € ( pn(;_l)logp, p"'lzp—l) logp] , by induction on n; the base case

n = 0 is proved already. As above, we may reduce to the case ro = 0.

Consider the 8;-Frobenius ¢@* : F%) < F, .. Put ¢¥)(r) = —logRs, (9™ M ®
(9). ; ~(J — ) .
F)77;4) and gf’)(r) = max{g”)(r),pe} for i = 1,...,pd. By Theorem 1.1.4.25, the
list {gP(r), ..., I(,f;,)('r)} consists of

d | {pf9(M,r), ylogp (p — 1 times)} O M,r) < ylogp

i=1 | {logp + F9(M,r) (p times)} f,-U)(M, r) > ;l—ilogp.

Thus, the list g§") (r),..., g,‘,{'} (r) consists of

O {pf9 (M, 7), 7o7logp (p — 1 times)} FM,7) < ﬁ;logp

=t | {logp + f (M, ) (p times)} FO(M, 1) = Flogp.
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We may thus deduce (a) and (b) directly from the induction hypothesis. We similarly
deduce (d) as in [Ked**, Lemma 11.6.1], except that we are considering gi(") (r) but
not §fj ) (pr); this explains the weakened integrality result. (See also Remark 1.1.4.28.)
Also, we can luckily deduce (c) directly, because (%)* does not introduce a singularity
on AL[0, B]; by contrast, in the proof of [Ked**, Theorem 11.3.2], one must switch to
an off-centered Frobenius to avoid a singularity at ¢ = 0.

We deduce that (a)-(d) hold for f';m (M,7) = max{f? (M, r), e} and EP(M,r) =
FO(M,r)+--- + fi(j)(M, r) with € > 0. The desired results hold by taking ¢ — 0%.

This completes the proof except that if p = 0, we must still prove piecewise
affinity everywhere. In this case, the integrality of (b) is not burdened with an extra
denominator of p”, so we may repeat the argument from [Ked**, Lemma 11.6.3}; see

Step 3 of Theorem 1.2.4.4 for essentially the same argument. O

Example 1.2.2.7. When j € J, we do not expect an integrality result as in the 7 =0
case; see Remark 1.1.4.28. One can easily generate an example in which the strong
integrality statement for 8; fails, as follows. Suppose p > 0, a € (p~/®=1,1), and
|u;| = 1. We take the rank one 9;-differential module M over K(a/t,t) generated by
v with 9;(v) = t~'v. Thus, FOM,r)=rforr €0, —loga]. By Corollary 1.1.4.26,
(0@ M,r) = <.

Remark 1.2.2.8. Besides the weakening of the integrality condition, there are some
other aspects in which Theorem 1.2.2.6 is weaker than its counterpart [Ked**, The-
orem 11.3.2] if p > 0. For one, the latter includes a subharmonicity assertion, which
refers to the algebraic closure of the residue field of K. It is awkward to add a sub-
harmonicity assertion here because the residue field of K is crucially imperfect, so
that it can admit a nontrivial p-basis. (By contrast, if p = 0, we can achieve a sub-
harmonicity result; see Theorem 1.2.9.6.) For another, Theorem 1.2.2.6(a) does not
apply in a neighborhood of a point 7o at which fio)(M ,70) = —loglu;|. The argument
in [Ked**, Lemma 11.6.3] does not extend to this case because the weak integrality
result does not give a lower bound on slopes. On the other hand, we do not have a

counterexample against the claim that f,.(j )(M ,7) is everywhere piecewise affine.
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1.2.3 Decomposition by subsidiary radii

In this subsection, we prove some decomposition theorems over annuli and discs, as
in [Ked**, Chapter 12]. We start by a technical lemma, copied from [Ked07+b,
Lemma 1.2.7).

Lemma 1.2.3.1. Let

|

N
S~—0

E—

be a commuting diagram of inclusions of integral domains, such that the intersection

S NT within U is equal to R. Let M be a finite locally free R-module. Then the
intersection of M ®r S and M Qg T within M g U 1is equal to M.

Proof. Choose e,...,e, € M which form a basis of M ®g (FracR); then there exists
f € R such that fM C Re; +---+ Re,. Given v € M ®g U which belongs to both
M ®r S and M ®r T, we can uniquely write fv = cje; + -+ - + cpe, with ¢; € U.
From the intersection property, we have ¢; € R for i = 1,...,n, whence fv € M.
Since M is locally free, as we vary the basis e, ...,e,, the values of f obtained

generate the unit ideal of R. We thus have v € M, as desired. O

Lemma 1.2.3.2. Retain notation as in Lemma 1.2.3.1. Then any direct sum decom-
positions of M ®r S and M @r T which agree on M ®gr U are induced by a unique

direct sum decomposition of M.

Proof. Apply Lemma 1.2.3.2 to the idempotents in MY ® M giving the projections

onto the factors in the decompositions. 0

Lemma 1.2.3.3. Given a < (8 and z € K{{a/t,t/8}} such that the function r —
log|x|.-- is affine for r € (—logB, —loga), then z is a unit in K{{a/t,t/G}}.

Proof. The condition is equivalent to saying that the Newton polygon of z does not

have any slopes in (—logQ, —loga). This immediately implies the claim. (]

Lemma 1.2.3.4. Let P =Y, T and Q = Y, Q:T" be polynomials over K{(a/t,t/B)

satisfying the following conditions.
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(a) We have |P —1|, < 1 for all vy € [a, B].

(b) For d = deg(Q), Q4 is a unit and |Q|, = |Qal, for all v € [, A].
Then P and Q generate the unit ideal in K{a/t,t/B)[T).

Proof. We may assume without loss of generality that Q4 = 1. The hypothesis that
|Qly = |Qadly for all vy € [, A] implies that if S is the remainder upon dividing R by
Q, then |S|, <|R|, for all v € [e, B8] (compare [Ked**, Lemma 2.3.1]). If we then let
S; denote the remainder upon dividing (1 — P)* by Q, the series Y o, S; converges
in K(a/t,t/B)[T] (since the degrees of the S; are bounded by d — 1) and its limit S
satisfies PS =1 (mod Q). a

Theorem 1.2.3.5. Fiz j € J*. Let M be a 9j-differential module of rank d on
Al (a, B). Suppose that the following conditions hold for somei € {1,...,d — 1}.

(a) The function F,-(j)(M, r) is affine for —logB < r < —loga.
(b) We have f,-(j)(M, r) > f,.(i)l(M ,7) for —logf < r < —loga.

Then M admits a unique direct sum decomposition separating the first i subsidiary

0j-radii of M ® F, for any n € (o, B).

Proof. When j = 0, this is [Ked**, Theorem 12.4.2]; we thus assume hereafter that
J € J. The proof is similar to those of [Ked**, Theorems 12.2.2 and 12.3.1]; for the
benefit of the reader, we fill in some of the key details.

By Lemma 1.2.3.2, we may enlarge K as needed; in particular, we may reduce
to the case |u;] = 1 as in the proof of Theorem 1.2.2.6. Since the decomposition is
unique if it exists, it is sufficient to exhibit it on an open cover of (@, 3) and then
glue. That is, it suffices to work in a neighborhood of any fixed v € (o, 8); again, we
may enlarge K to reduce to the case v = 1.

Suppose -ﬁrst that f,-(j)(M ,0) > —logw. Set notation as in the proof of The-
orem 1.2.2.6. For some sufficiently small ¢ > 1, we can choose v; € (a,1) and
¥2 € (1, 8) such that the coefficient of 7~ in the characteristic polynomial Q(T') of
N, computes Fiw(M ,r) for r € [—log7ys, —logm]; by (a), we may apply Lemma 1.2.3.3
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(after changing 71, 7 slightly) to deduce that this coeffficient is a unit in K (v /t,t/72).
By (b), we can apply [Ked**, Theorem 2.2.2] to factor @ = Q2Q; so that the roots of
@1 are the 7 largest roots of @ under |- |, for all v € [11,72]. (This is true for all v si-
multaneously because the construction is purely algebraic and [Ked**, Theorem 2.2.2]
takes care of convergence of the procedure.)

Use the basis B, to identify M with K(v;/t,t/;)%. Then we obtain a short exact
sequence

0 — Ker (Q1(N.)) — M — Coker (Q2(N,)) — 0

of free modules over K{7;/t,t/v2). (The quotient is free because by Lemma 1.2.3.4
applied after rescaling, @, and @, generate the unit ideal in K{v,/t,t/v2)[T].) Ap-
plying Lemma 1.2.2.3 to both factors (again for ¢ > 1 sufficiently small, and a choice

of 71,72 depending on c), we construct a basis of M on which 0; acts via a matrix

A. B,
C. D,

N, =

c

for which the following conditions hold.

(a) The matrix A, is invertible and |A; Y|, - max{|8;|y, |Bcly, |Cely, | De|y} < 1 for all

v € [m, 7l

(b) The Newton slopes of A, under |- |, account for the first ¢ subsidiary radii of
M ® F, for all vy € [y1, 7).

By [Ked**, Lemma 6.7.1], M admits a 0;-differential submodule accounting for
the last n — i subsidiary 9;-radii of M ® F, for all ¥ € [y1,72]. By repeating this
argument for MV, we obtain the desired splitting.

To deduce the theorem in the case p > 0 without assuming that f,-(j)(M ,0) >
5—1—110gp, we prove the theorem in the case when fz-(j)(M, 0) > ;,F}_T)logp by in-
duction on n, using d;-Frobenius pushforward. This is sufficient because (b) forces

F9(M,0) > 0, so there exists some n for which 9, 0) > pn(;_l)logp. a
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Caution 1.2.3.6. In Theorem 1.2.3.5, M is only a locally free coherent sheaf and
need not be free, because the annulus on which we are working is not closed. Even if
M is free, the summands need not be free unless K is spherically complete, in which

case any locally free coherent sheaf on Al (c, 8) is free.

Remark 1.2.3.7. In [Ked**, Chapter 12], the analogous development starts with
a full decomposition theorem over a closed annulus [Ked**, Theorem 12.2.2]. We
cannot do this here because we have not established an analogue of subharmonicity
[Ked**, Theorem 11.3.2(c)] for 0;-differential modules, except in the case p = 0 (see
Theorems 1.2.9.10 and 1.2.9.11). We can however recover partial decomposition theo-
rems over a closed disc or annulus, analogous to [Ked**, Theorems 12.5.1 and 12.5.2],

as follows.

Lemma 1.2.3.8. (a) For z € K[t]o nonzero, = is a unit if and only if |z|e-r is

constant in a neighborhood of r = 0.

(b) For x € Uyse(0,1)K{a/t,t]o nonzero, z is a unit if and only if the function r —

log|z|e-+ is affine in some neighborhood of 0.

Proof. This is [Ked**, Exercise 12.3]; for the benefit of the reader, we sketch the proof
here. We may assume that |z|; = 1. For (a), this means that z € Ok[t]. Hence,
T =) opait is a unit if and only if ag is a unit in Ok, which is equivalent to |z|.--
being constant in a neighborhood of r = 0. For (b), by [Ked**, Lemma 8.2.6(c)], z is
a unit if and only if its image modulo mg in kx((t)) is a unit or equivalently nonzero,
which is equivalent to the function r — log|z|.- being affine in some neighborhood

of 0. O

Theorem 1.2.3.9. Fiz j € J*. Let M be a 9;-differential module of rank d over
Al (a, B]. Suppose that the following conditions hold for some i € {1,...,d —1}.

(a) The function F,-(j)(M ,T) 18 affine for —logfB < r < —loga.

(b) We have fO(M,7) > fO(M,r) for —logB < r < —loga.
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Then M ® K{{a/t,t/B]o admits a direct sum decomposition separating the first i
subsidiary 0;-radii of M @ F,, for n € (a, B).

Proof. We first obtain a decomposition of M ® K(d/t,t/f]o for some uncontrolled
0 € (a, B), by arguing as in Theorem 1.2.3.5, but using Lemma 1.2.3.8(b) instead of
Lemma 1.2.3.3. (So far we have not used condition (a).) To get the desired result,
we use the fact that the decomposition of M over AL (a, 8) given by Theorem 1.2.3.5
is unique, so we may thus glue together the decomposition of M ® K{(8/t,t/B]e
with the decomposition from Theorem 1.2.3.5. More explicitly, this involves applying

Lemma 1.2.3.2 to the following situation: for any € € (4, 3), we have
K{{a/t,t/e) N K(6/t,t/Blo = K{{a/t,t/Blo

within K(8/¢,t/e). O

Theorem 1.2.3.10. Fiz j € J*. Let M be a 0;-differential module of rank d over
K(t/B). Suppose that the following conditions hold for somei € {1,...,d —1}.

(a) The function F,.(j) (M, ) is constant in a neighborhood of r = —logf.
(b) We have fO (M, —logB) > fE\ (M, —logB).

Then M Q Kt/B]o admits a direct sum decomposition separating the first i subsidiary
9j-radii of M ® F, for n € (0, 5).

Proof. Similar to Theorem 1.2.3.5, but using Lemma 1.2.3.8(a) instead of Lemma 1.2.3.3.
a

Remark 1.2.3.11. In Theorems 1.2.3.9 and 1.2.3.10, if K is discrete and 3 € |K*|Q,
we can begin with free differential modules over the rings K({a/t,t/B]o and K[t/B]o,
respectively. (The main reason for the restrictive hypotheses is to ensure that is that
the resulting rings are noetherian; among other reasons, this is needed to ensure that
we may freely pass between finite projective modules and finite locally free modules.)
Also, we can extend the results to ring of analytic elements, which does not require

the valuation on K to be discrete. Note that these statement require extending the
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definition of f(M,r) to r = —logf, using the completion of FracK[t/g]o for the
(-Gauss norm instead of F. (Compare [Ked**, Remark 12.5.3].)

1.2.4 Variation for multiple derivations

In this subsection, we study the variation of intrinsic generic radii of a differential
module over a disc or annulus. The results here more closely match those of [Ked**|
than in the case of a 0;-differential module with j € J.

We first introduce a rotation construction, in the manner of [Ked07a].

Notation 1.2.4.1. Fix 7, € R.o. Assume that |u;] = 1. Denote K to be the
completion of K(z;) with respect to the (n7!,...,n;')-Gauss norm; view K as a
differential field of order m with derivations 0,...,8,,. We may use Taylor series
(as in Lemma 1.1.2.16) to define, for any n_ € [0,74), an injective homomorphism
f* K{n_/t,t/n.}} — I?(n_/t, t/n+}} such that f*(uj) = u; + z,;t. More precisely,
for ke K

F*(k) def T(-- - (T(k; 81, 218); Oa, Tat) - - - ); Orny Tmt) = Z a(JeJ—J()k!)erJtleJl.

In particular, |f*(k)|, = |k| for any 7 € [n_, 7).
For n € [0,714), we use f',, to denote the completion of K (t) with respect to the 7-

Gauss norm. Then f* extends to an injective isometric homomorphism f* : F, < E,.
P n n

Lemma 1.2.4.2. For any subinterval I of [0,7,) and any 0;+-differential module M
on AL(I), f*M gives a 8o-differential module on A%L(I). Moreover, forn € I,

Ro,(f*M ® F)) = min {nIRa(M ® F,)); 1.IRo, (M ® F;) (j € J)}.

Proof. This follows from the fact that

Boleps = Bolm + Y _ 7:0j|u,
jeJ
after accounting for the different normalizations. a
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Notation 1.2.4.3. Let M be a J;+-differential module of rank d on K{a/t,t/(). For
r € [~logB, —loga] and i € {1,...,d}, denote

filM,r) = —logl R(M Q@ F,-r;i), Fi(M,r)= fi(M,r)+---+ fi(M,7).

Note that we have changed the normalization from Notation 1.2.2.4, as we are now

using intrinsic rather than extrinsic radii.
Theorem 1.2.4.4. Let M be a 9;+-differential module of rank d on Al[a, 0]

(a) (Linearity) Fori=1,...,d, the functions f;(M,r) and F;(M,r) are continuous

and piecewise affine.

(b) (Integrality) If i = d or fi(M,ro) > fir1(M, 7o), then the slopes of F;(M,r) in
some neighborhood of ro belong to Z. Consequently, the slopes of each fi(M,T)
and F,(M,r) belong to 1ZU---U3Z.

(c) (Monotonicity) Suppose that a = 0. Then the slopes of Fi(M, ) are nonpositive,
and each Fiy(M,r) is constant for r sufficiently large.

(d) (Convezity) Fori=1,...,d, the function F;(M,r) is convex.

Proof. Before proceeding, we reduce to the case |us| = 1 as in the proof of Theo-
rem 1.2.2.6. (Note that when enlarging K, we do not retain the derivations with
respect to any added parameters.)

Step 1: In this step, we prove that for i = 1,...,d, fi(M,r) and Fy(M,r) are
continuous at r = —logB. Moreover, if f;(M, —logB) > 0, we show that there exists
v € [a,B) such that (a) and (b) hold for r € [—logB, —logy]. As in the proof of
Theorem 1.2.2.6, we may reduce to the case § = 1.

Let R denote the completion of Ok ((t)) Qo K for the 1-Gauss norm; note that
this contains both F} and K (v/t,t]o for any v € [a, 1). We first apply Theorem 1.2.2.5
(if 7 = 0) or Theorem 1.2.2.6 (if j € J), and Theorem 1.2.3.9, to decompose

7

M K(y/t,th= P M

A=1
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for some vy € [@,1), in such a manner that the following conditions hold for j € J*

and A=1,...,d.

(i) The module M. ;:”1] ® R is the base extension to R of a differential submodule
M, of M ® F of pure intrinsic d;-radii.

(ii) For g = 1,...,rank M{"" the function f&(MI" r) tends to —logl Ra, (M)
as 7 — 0. If j = 0 or IRy,(M;) < 1, then also f,gj)(M)[:Y’l],r) is affine for
r € (0, —logy].

This alone suffices to imply continuity of f;(M,r) and F;(M,r) at r = 0.
Applying Theorem 1.2.3.5 after possibly making - closer to 1, we get a further
decomposition M. ;7’1] = @Z;l M ,{"”;}) over AL[v,1) such that the following conditions

hold for A=1,...,d".

(iii) For j € J*, u=1,...,dy, if IRy,(Mj}) < 1, then Mi‘:‘;l)@Fe—r has pure intrinsic
9;-radii for r € (0, —logy].

(iv) If IR(M;) < 1, then for j € J*, p=1,...,d,, 9; is dominant for M};’,"l) ® Fp--
for some r € (0, —logy] if and only if the same holds for all r € (0, —log~].

(v) I AN € {1,...,d} satisfy TR(M}) > IR(My,), then IR(M{" ® F.-r) >
IRMYD ® For) for all p € {1,...,dx}, & € {1,...,dx} and r € (0, —logn]-

The piecewise affinity from (a) in the case f;(M,0) > 0 now follows from Theo-
rems 1.2.2.5(a) and 1.2.2.6(a) applied to each MP“I)

To check (b), it suffices to verify integrality of slope times rank for each component
M ,{',7;41) for which TR(M}) < 1. If & is dominant for M ,{"”;‘1) ® F-- for some (hence
all) r € (0, —logy], (b) follows from Theorem 1.2.2.5(b). Otherwise, pick arbitrary
N- < N+ € (v,1) such that for n € (n_,ny),

n-/n4 > IRMD ® Fy) [IRay(MIP ® F).
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Define K as in Notation 1.2.4.1. By Lemma 1.2.4.2, for 7 € (5, 7,), we have

Rao(f* MUY @ F)) = min {nIRey(M{}) ® Fy); milRo (M) @ F,) (j € )}
= mIRM[ ®F,).

In particular, (f{*) (ML, ~logn) = f(M};, —logn) = (f1)_(MLL,0) for 7 €

(n—,n4). (Note that we showed in the proof of (a) that f;(M, ,[\',7;‘1), r) extends contin-
uously to 7 = 0, so its left derivative at 0 makes sense.) Thus, the statement (b)

follows by applying Theorem 1.2.2.5(b) to f*M ,[\'7”1)

Step 1’: As a corollary of step 1, we deduce that for any ro € [—log3, —logal],
fi(M,r) and F;(M,r) are continuous at 7o, and in case fi(M, 7o) > 0 one also has
(a) and (b) in a neighborhood of ry. (In particular, we will then have continuity of
fi(M,r) and F;(M,r) over all of [—logB, —loga].) To make this deduction, we first
replace B by v = e™™ in case 1o < —loga, to obtain all the desired assertions in
a right neighborhood of ry. By pulling back along ¢ — ¢! and then repeating the

argument, we obtain the desired assertions in a left neighborhood of 7.

Step 2: In this step, we prove that (d) holds in a neighborhood of each ry €
(—logB, —loga) for which f;(M,re) > 0. It suffices to check in the case f;(M,ro) >

fir1(M, 1), as the general case follows by interpolation.

At this point, we may reduce to the case 7o = 0. As in Step 1, for some 7_ €
(o, 1), we have a partial decomposition of M over K(n_/t,t]o as M = @§:=1 M ['L"”
satisfying (i) and (ii). For some 74 € (1,), we also have a partial decomposition
M = @‘tzl M )[t"‘“] obtained by pulling back the decomposition over K(ni'/t,t]o
along t — t~1; it satisfies appropriate analogues of (i) and (ii). By making n_ and
n4+ closer to 1, we may guarantee that for each index A_ (resp. A;) for which the
ratio IR(M,_)/IRa,(M,_) (resp. IR(M,,)/IRs,(M,,)) is less than 1, this ratio is

also less than 7_/7n,.

Use Notation 1.2.4.1; by Theorem 1.2.2.5, Fi(o)(f*M, r) is convex at r = 0. In
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particular, (F,.(O))'_ (f*M,0) < (Fi(o))f,_( f*M,0). It suffices to show that

(FOY, ("M, 0) - 6:(M,0) < (F})', (M, 0) (1.2.4.5)
(FOY_(f*M,0) - 6:(M,0) > (F;)"(M,0), (1.2.4.6)

where 6;(M,0) denotes the sum of the dimensions of the constituents N of M ® F,
for which &, is dominant and f;(N,0) > fi(M,0).

The proofs of (1.2.4.5) and (1.2.4.6) are similar, so we focus on (1.2.4.5). De-
compose M as in Step 1. For each A such that J; is dominant for M), we have by
Lemma 1.2.4.2 that in a punctured right neighborhood of r = 0,

FOFMEP,r) = FOMEP, ),

and so

(FOY(FMED,0) =1 = (FOY, (MTD,0) - 1 < (B, (M2, 0).

Ap 2

(The term —1 comes from the change of normalization from Notation 1.2.2.4 to No-
tation 1.2.4.3. The inequality can be strict if J; is also dominant for M) for some
J > 0.) For each X such that 9, is not dominant for M;, we have by Lemma 1.2.4.2
(and the choice of 7,,n._) that in a punctured right neighborhood of r = 0,

Ffo)(f*M£7;1),T) = Fl(j)(M)[;’;‘l), r) — logn,.

and so

(FY, (FME0,0) = (R, (M0, 0).

Summing over components yields (1.2.4.5).
Step 3: In this step, we prove (a), (b), (d) in general, by induction on i. Keep in

mind that we already have the continuity aspect of (a) in general (by Step 1), and all
of (a), (b), (d) in a neighborhood of any ry € [—log@, —loga] for which f;(M,r¢) >0
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(by Steps 1, 1/, 2).

We first check the piecewise affinity aspect of (a) in a right neighborhood of some
ro for which f;(M, 7o) = 0. By the induction hypothesis, we can pick r; > rp such
that F;_;(M,r) is affine on [ro,71]. Suppose that 7o € (rp,71) is a value for which
fi(M,r3) > 0. By continuity of f;, there exists an open neighborhood of 75 on which
fi(M,r) is everywhere positive. Let U be the union of all such neighborhoods in
[ro,71]; then U is an open interval (r3,74), and fi(M,73) = 0. Since (a) and (d) hold
in a neighborhood of each r € U, F;(M,r) and hence f;(M,r) are piecewise affine and
convex on U. In order for f;(M,r) to both be convex and to tend to 0 as r — 7,
fi(M,r) must have no nonpositive slopes; that is, f;(M,r) is strictly increasing on
U. However, we must also have f;(M,r4) = 0 unless r4 = r;. The former possibility
leads to a contradiction, so we must have 14 = ;.

To sum up the previous paragraph, we now know that if there exists 3 € (ro,71]
such that f;(M,r3) > 0, then f;(M,r) > 0 for all r € [rz,;]. Consequently, on some
right neighborhood of 7o, f;(M,7) is either everywhere zero or everywhere positive.

In the former case, fi(M,r) is clearly affine on a right neighborhood of ry. In the
latter case, pick 7o € (rp,71] for which f;(M,rs) > 0; then the slopes of f;(M,r) on
(ro, 73] are nondecreasing, bounded below by 0, and (by (b)) confined to a discrete
subset of R. Consequently, there must be a least slope achieved, occurring on a right
neighborhood of 5. We thus deduce (a) in a right neighborhood of 79. By symmetry,
the same argument applies to left neighborhoods; we may thus deduce (a) in general.

Since (a) is now known, f;(M, r) takes only finitely many slopes on all of [-log3, —loga].
Except possibly for the slope 0, each slope must occur at some 7 for which f;(M,r) >
0; consequently, the knowledge of (b) at such points now implies (b) in general.

Finally, we still need to check (d) in a neighborhood of a point ry at which
fi(M,r0) = 0. By (a), fi(M,r) is affine on a right neighborhood of 7o and on a
left neighborhood of ry; since f;(M,r) > 0 everywhere, the right slope of f;(M,r)
at ro must be greater than or equal to the left slope of f;(M,r) at 9. Since the
same is true of F;_;(M,r) by the induction hypothesis, the same must also be true

of F;(M,r). This yields (d).
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Step 4: In this step, we prove (c). By Dwork’s transfer theorem (see Proposi-
tion 1.1.2.18), for any n < Rs,(M ® Fp), M ® K(t/n) admits a basis in the kernel of
3o. In other words, M ® K (t/n) is isomorphic to the pullback of a (3;)-differential
module over K. Consequently, F;(M,r) is constant for 7 sufficiently large; by (d),
this implies that F;(M,r) has all slopes nonpositive. d

Remark 1.2.4.7. If p = 0, then the assertion that r4™% € |K*| in Theorem 1.1.6.6
implies that d!F;(M,r) € log|K*| + Zr. If p > 0, then we only deduce that for h a

nonnegative integer,

—h
1logp => d'F;(M,r) € p~"log| K*| + Zr.

‘iM, P
fM,r) > 2=

In either case, we may conclude that the values of r at which F;(M,r) changes slope

must belong to Q - log| K*|.

1.2.5 Decomposition for multiple variations

We now obtain decomposition theorems which allow for multiple derivations.

Theorem 1.2.5.1. Let M be a 8;+-differential module of rank d on A} (c, 8). Sup-
pose that the following conditions hold for some i € {1,...,d — 1}.

(a) The function F;(M,r) is affine for —logB < r < —loga.

(b) We have f;(M,r) > fir1(M,7r) for —logB < r < —loga.
Then M admits a unique direct sum decomposition separating the first i subsidiary
radii of M @ F,, for any n € (o, B).

Proof. Before proceeding, we reduce to the case |u;] = 1 as in the proof of The-
orem 1.2.3.5. It suffices to prove the decomposition in a neighborhood of each
ro € (—logB, —loga). Again, we may assume ro = 0.

We continue with Step 2 in the proof of Theorem 1.2.4.4. We may further impose
the auxiliary condition that

log(ny) < fi(M,0) — fit1(M, 0). (1.2.5.2)
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By (1.2.4.5) and the symmetric result, we have

(F)-(M,0) < (F)_(f*M,0)-6:(M, 0) < (F7),(f* M, 0)~6:(M,0) < (E:),(M, 0);

(1.2.5.3)
all the inequalities are forced to be equalities as F;(M, r) is affine in a neighborhood of
r = 0. In particular, F\”(f*M, r) is affine when r € (—logn, —logn_]. We would get
the decomposition by Theorem 1.2.3.5 if we knew that fi(o)( f*M,r) > f,-(z)l f*M,r)
for 7 in a neighborhood of r = 0. Indeed, by our auxiliary condition (1.2.5.2) and
Lemma 1.2.4.2,

FOF*M,0) > —log(ny) + £i(M,0) > fira(M,0) > F(F*M,0).

The theorem follows. O

Theorem 1.2.5.4. Let M be a 9;+-differential module of rank d on A%[0, B). Suppose
that the following conditions hold for somei € {1,...,d —1}.

(a) The function F;(M,r) is affine for r > —logB. (This implies F;(M,r) is con-
stant by Theorem 1.2.4.4(c).)

(b) We have fiy(M,r) > fix1(M,7) for all (some) r > —logQ.

Then M admits a unique direct sum decomposition separating the first i subsidiary

radii of M ® F, for any n € (0, §).

Proof. Before proceeding, we reduce to the case |uj| = 1 as in the proof of Theo-
rem 1.2.3.5. As noted in Step 4 of the proof of Theorem 1.2.4.4, there exists some
n € (0, B) such that M @ K (t/n) is isomorphic to the pullback of a 9;-differential mod-
ule M, over K. Consequently, we have the desired decomposition of M over A[0,7]
by pulling back the decomposition of My in the sense of Theorem 1.1.4.27. The
theorem follows by applying Theorem 1.2.5.1 to A}(7/, 8) for some ¥ € (0,n). O

Remark 1.2.5.5. Under condition (a), the condition (b) for some r > —logQ implies
that for all » > —logf. Indeed, the affinity of F;(M, r) and the convexity of F;_;(M,r)
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and F;;; (M, r) implies that f;(M,r) is concave and f;1(M, ) is convex. In particular,
fir1(M,7) — fi(M,r) is concave and nonnegative. Hence, if it is zero once, it is zero

identically.

Remark 1.2.5.6. We can sometimes verify the hypotheses of Theorem 1.2.5.4 using
monotonicity and convexity (Theorem 1.2.4.4(c) and (d)). For example, if F}(M,ro) =
0, then F;(M,r) is constant for r > ro. Moreover, if we also have f;(M,ry) >

fi+1(M,10), then condition (b) holds for r > r.

Remark 1.2.5.7. As in Remark 1.2.3.7, we cannot state a decomposition theorem
over a closed annulus without assuming p = 0 (in which case see Theorems 1.2.9.12
and 1.2.9.13). However, we do get partial decomposition theorems analogous to The-

orems 1.2.9.10 and 1.2.9.11, as follows.

Theorem 1.2.5.8. Let M be a 8;+-differential module of rank d on Ak (a, B]. Sup-
pose that the following conditions hold for somei € {1,...,d — 1}.

(a) The function Fi(M,r) is affine for —logf < r < —loga.
(b) We have fi(M,r) > fis1(M,7) for —logfB < r < —loga.

Then M ® K{{a/t,t/B]o admits a unique direct sum decomposition separating the
first i subsidiary radii of M ® F, for any n € (o, B).

Proof. The fact that this holds over M ® K(v/t,t/fB]o for some v € (a,B), even
without hypothesis (a), is a corollary of Step 1 of the proof of Theorem 1.2.4.4. The

desired conclusion follows by combining this assertion with Theorem 1.2.5.1. O

Theorem 1.2.5.9. Let M be a 8;+-differential module of rank d on AL [0, B8]. Suppose
that the following conditions hold for somei € {1,...,d — 1}.

(a) The function F;(M,r) is affine for r > —logf.
(b) We have fi(M,—logB) > fir1(M, —logf).

Then M @ K[t/B]o admits a unique direct sum decomposition separating the first i
subsidiary radii of M @ F,, for any n € (0, §).
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Proof. This follows by combining Theorems 1.2.5.4 and 1.2.5.8. O

Remark 1.2.5.10. As in Remark 1.2.3.11, if K is discretely valued and 8 € |K*|Q,
we can admit modules in Theorems 1.2.5.8 and 1.2.5.9 defined directly over the cor-

responding rings of bounded functions, namely K(a/t,t/8]o and K[t/B]o-

Proposition 1.2.5.11. Let M be an indecomposable 0;+-differential module over
Al (a, ), i.e., it is not the direct sum of two nonzero 8;+-differential submodules.

Assume that fi(M,r) is affine for r € (—logB, —loga). Then, for each j € J¥,

(a) either M ® F, has pure intrinsic 0;-radii the same as IR(M @ Fy) for alln €
(o, B), or

(b) IRy;(M ® F)) > IR(M ® Fy) for all n € (o, B).

Proof. Assume that we are not in case (b). Then IRy, (M®F,) = IR(M®F,) for some
n € (a, B). By Theorems 1.2.2.5(d) and 1.2.2.6(d), the convexity of flw (M, ) forces
IR, (M®F;) = IR(M®F,) for alln € (e, §). Now, if IRy, (M®F;;2) > IR(M®F,)
for all n € (e, B), the decomposition in Theorem 1.2.5.1 would imply that M is
decomposable, which contradicts what we assumed earlier. Therefore IRs, (M ®
F,;2) = IR(M ® F,) for some n € (o, 8). By Theorems 1.2.2.5(d) and 1.2.2.6(d)
again, we have the equality for all n € (a, #). Continue this argument will lead us to

case (a). O

1.2.6 Variation of refined intrinsic radii

In this subsection, we discuss the variation of refined intrinsic radii of a 8;+-differential
module M when fi(M,r) == famm(M,) is affine.

We continue to assume Hypothesis 1.2.1.1 and keep the notation as in previous
subsections.

Before proving general results, we first look at an example of pure refined radii.

It is a 1-dimensional analogue of Lemma 1.1.5.15.

78



Example 1.2.6.1. Let j € J* and let (a,3) € (0,00) be an open interval. Let

8 € &), for some b € —log|K*|Q and let a € Q. Assume that

Kalg

1 ifp=0

e ba®, e 5% >
p /P ifp>0.

Note that this is actually incorporate some non-visible radii. For the reason of this

restriction, see Remark 1.1.5.25.

Let d be the prime-to-p part of the denominator of a. Then we have the following.

(a) If p = 0, then b € —log|(K’)*| and 8 € nf,?, for some finite tamely ramified
extension K'/K. Let z € m_(,g), be a lift of §. We set n = 0 and p™ = 1 in this

case.

(b0) If p > 0 and j = O, there exists n € N such that " € ng’, Y with p"s €
—log|(K’)*| and p"da € pZ is a multiple of p, for some finite tamely ramified
extension K'/K. Let £ € m®,” be a lift of ",

(bl) If p > 0 and j € J, there exists n € N such that 7" € (n ' ))p and
p*da € Z with p"1s € —log|(K’)*| for some finite tamely ramified exten-
sion K'/K. Let z €m 1?'(2 be a lift of #7" in the fixed field of 9; this is possible
by Lemma 1.1.4.11.

Let Ak, (al/?,3'/4) be the open annulus with coordinate /4. Define LZ(’ ) O
be the J;-differential module over AL.(a'/?, 3'/%) of rank p* with basis {el, €},
on which 0 acts as Je; = e;4; for i = 1,...,p" — 1 and Jeyn = TtP %u e1, ifjed
and depn = xt?" * Ve, if j = 0. (The added u;” " and 77" is to balance the different

normalization on intrinsic d;-radii and 9;-radii.)

Lemma 1.2.6.2. Keep the notation as in Example 1.2.6.1. If we denote F,_, =
F,.(tY9), then for allr € (—logB, —loga), £Y ® F!_, has pure intrinsic 0;-radius

z,a,(n)
wes™+t and Op( [,g‘)z’(n) ® F!_,) consists of only 0t* with multiplicity p™.
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Proof. At the point r € (—logf, —loga) for which e ™% > 1, Cgl’(n)@)t—'z_, has visible
0j-radii and it follows from Lemma 1.1.5.15. If p > 0, at the point r € (—logg3, —loga)
for which e~ € (p~1/P(~1) 1], this follows from Lemma 1.1.5.26. O

Theorem 1.2.6.3. Fiz j € J*. Let M be a 0;-differential module over an open
annulus Ay (a, B) such that M ® F.- has pure intrinsic 8;-radii we®™*® < 1 for any
r € (—logf, —loga). (This is saying that fl(j)(M, r)=.-.= d(frlM(M,r) is an affine

function of slope —a.) Then there ezists a canonical decomposition

M= P Mgy, (1.2.6.4)

{O}Cnglxg

where the direct sum runs through all conjugacy classes of nf&g, such that Mg; ® F,

has refined intrinsic 0-radii {0t} with multiplicity rank Mgy /#{0} for all {8} C rc;?,,s
andn € 1.

Let d be the prime-to-p part of the denominator of a and let AL (a'/?, 31/9) be the
open annulus with coordinate tY/2. Then, by replacing K by a finite tamely ramified
extension, we may make the decomposition similar to (1.2.6.4) but over AL (a}/4, B1/4)
(b)
K

and with the sum over elements in Ky’ instead of conjugacy classes.

Proof. Since the decomposition if it exists is determined by the decomposition at
each radius e € (a,f), it is canonical. Thus, we may replace K by any finite
tamely ramified extension when we need (and then obtain the decomposition over K
by Galois descent). Also, it suffices to obtain the decomposition in a neighborhood
of each radius in (o, §).

Let r € (—logB, —loga) be a point. We first assume that IRy(M ® F,--) < 1
when p = 0 and IRy(M ® F,-+) < p~/2?~1) when p > 0. (Note that this restriction
still allows some non-visible radii.) Let 6* € Z03(M ® Fe-;) be an intrinsic refined
Oj-radius. Since M ® F,-- has pure intrinsic 9;-radii we®+b we have 0 € nf,?,lg.
Now, applying the construction in Example 1.2.6.1 gives a 0;-differential module
Egl’(n) over AL, (a/V/4, 3/4) of pure d;-radii w*** and pure intrinsic d-radii 6t° at

radius e~"/4, where (—log#’, —loga’) is a neighborhood of r in (—logB, ~loga) and
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the coordinate on the annulus is /4.

Denote N = M ® (Cgl,(n))v and F!_, = F,.(t"/%). Then IR3(N ® F!_,) <
wa® *® for v € (—log@,—loga). By Lemma 1.1.5.11(2), N ® F!_, is not of pure
intrinsic 8;-radii we®*®. By Theorem 1.2.2.6(d), if N ® F_,, were of pure intrinsic
0;-radii we® '+t for some 1’ € (—log#’, —loga’), the same has to be true for all ' €
(—logB', —loga’) because a convex function below a linear function is same as the
linear function if the two functions touch at some point; this would contradict to
what we just showed. Therefore, N ® Fé_,, does not have pure intrinsic 0;-radii
we +b for any ' € (—logf', —loge’). By Lemma 1.1.5.11(2), that is to say 6t* €
I605(NQ®F,_,). Moreover, using the exact argument as in Theorem 1.1.5.16, invoking
Theorem 1.2.9.10 in place of Proposition 1.1.3.4, we can obtain the decomposition
(1.2.6.4).

Now, it suffices to deal with the case when p > 0 and I Rs,(M®F,-) € [p~1/Pr-1) 1),
In this case, we have 9;-Frobenius antecedent of M in a neighborhood of r. The de-
composition follows from the decomposition of the d;-Frobenius antecedent or, more
generally, iterative 0;-Frobenius antecedent (until the intrinsic 9;-radii fall in the

range above.) O

Remark 1.2.6.5. The above theorem stays valid if we replace the rational type

condition by visible condition.

Remark 1.2.6.6. We do not know if we can extend this result to bounded rigid

analytic rings when K is discretely valued.

Theorem 1.2.6.7. Let M be a 0;+-differential module over an open annulus AL (a, 3)
such that M ® F,-- has pure intrinsic radii we®*® < 1. Let d denote the prime-to-p
part of the denominator of a. Then after a finite unramified extension K'/K, there

ezists a canonical decomposition

M =P M, (1.2.6.8)
9

over A}, (o}, I@l/d)’ where the direct sum runs through all ¥ € ®jc Jngllg%‘f@n%,g%@,
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such that My ® F;, has pure refined intrinsic radii t*9 for alln € I.

We may obtain the decomposition (1.2.6.8) over K if we group Galois conjugates

of 9’s.

Proof. Without loss of generality, we assume that M is indecomposable. By Proposi-
tion 1.2.5.11, we have the stated dichotomy there. We apply Theorem 1.2.6.7 to the
d; for which case (a) of Proposition 1.2.5.11 holds for M. The decompositions for

different 0;’s are compatible. This gives the desired decomposition. a

Notation 1.2.6.9. Keep the notation as in Theorem 1.2.6.7. We use ZO(M) to
denote the set of 9 in (1.2.6.8) with multiplicity rank M. |

1.2.7 Variation of extrinsic subsidiary radii

In this subsection, we will consider the variation and decomposition by extrinsic
subsidiary radii for multi-derivations (under some assumptions). This will be used
to study differential Artin conductors in the next subsection. The proofs in this
subsection are similar to the ones in Subsections 1.3.3 and 1.2.5, but much simpler.

We keep Hypothesis 1.2.1.1 as usual. We also assume the following.
Hypothesis 1.2.7.1. Assume |u;| =1 for j € J.

Notation 1.2.7.2. Let M be a 0,+-differential module of rank d over A (a, 3), with
0<a<pf<1 Forre (—logB, —loga) and i € {1,...,d}, denote

fi(M,r) = —logR(M & F.-r;i),  E(M,r)= fi(M,r) +---+ fi(M,7).

Notation 1.2.7.3. Denote K to be the completion of K(z;) with respect to the
(1,...,1)-Gauss norm; view K as a differential field of order m with derivations 8.
For 0 < a < B < 1, Taylor series (as in Lemma 1.1.2.16) gives rise to an injective
homomorphism f* : K{{a/t,t/8}} — K{{a/t,t/B8}} such that f*(u;) = u; + z;t.
For n € (a, 3), we use }7’,, to denote the completion of K (t) with respect to the 7-

Gauss norm. Then f * extends to an injective isometric homomorphism f 1 F— ﬁ,,.
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Lemma 1.2.7.4. For any 0 < a < f < 1 and any Oy+-differential module M on
Ak[a, B), f*M gives a Oy-differential module on Axla, B). Moreover, forn € (o, ),

Ray(M @ F,) = min {Ro,(M ® F)} = RIM ® F).
7

Proof. This follows from the fact that 0

o = Oolm + 2je s 305 m- O
Theorem 1.2.7.5. Let M be a 9;+-differential module of rank d on A} (a,B) with
0<a<pB<l.

(a) (Linearity) Fori=1,...,d, the functions f;(M,r) and F;(M,r) are continuous

and piecewise affine.

(b) (Integrality) If i = d or f,(M, To) > f¢+1(M, To), then the slopes of E(M ,T) in
some neighborhood of ro belong to Z. Consequently, the slopes of each ﬁ(M ,T)
and F(M,r) belong to 1ZU---U 1Z.

(c) (Monotonicity) Suppose that M is defined over AL[0,8). Then the slopes of

Ey(M,r) are nonpositive, and each F;(M,r) is constant for r sufficiently large.
(d) (Convezity) Fori=1,...,d, the function F;(M,r) is convex.

() Suppose for somei € {1,...,d—1}, the function F;(M,) is affine and f,(M, T) >
firi(M, r) for r € (—logB, —loga). Then M admits a unique direct sum de-
composition separating the first i subsidiary extrinsic radii of M ® F, for any
n € (o, ).

Proof. Consider f*M as a dy-differential module over K{{a/t,t/8}}. (For (c), we
view f*M as a module over K{{t/8}}.) By Lemma 1.2.7.4, we have FOFM,r) =
fi(M,r) for r € (—logB, —loga). (For (c), we have the equality for r € (—log8, +00).)
The theorem follows from Theorems 1.2.2.5 and 1.2.3.5. O

1.2.8 Differential conductors

As promised earlier (Remark 1.1.6.9), we can use the results of this subsection to

extend the results of [Ked07a] by relaxing [Ked07a, Hypothesis 2.1.3] to the hypothesis
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that K is of rational type. As this is straightforward to do, we merely summarize the
outcome by stating and deducing a result which includes [Ked07a, Theorems 2.7.2
and 2.8.2].

Definition 1.2.8.1. Let M be a 9;+-differential module of rank d on Al (7, 1) for
some 7 € (0,1). We say that M is solvable if IR(M ® F,)) - lasn— 1",

Theorem 1.2.8.2. Let M be a solvable 8;+-differential module of rank d over Al (no, 1)
for some my € (0,1). Then by making no closer to 1, there exist a decomposition

M = M, ®- - -®M, over Ak (no,1) and nonnegative distinct rational numbers by, . .., by

with b; - rank (M;) € Z, such that
IR(M; ® Fp;j)=n%  (i=1,...,r; j=1,...,tank (M;); 1 € (m0,1)).

Under the same hypothesis and by making no closer to 1, there exist a decomposi-
tion M =M, ®---® M, over A} (mo,1) and nonnegative rational numbers 131, ey by

with b; - rank (M;) € Z, such that
RIM;® Fyyj) =n%  (i=1,...,7"; j=1,...,rank (M); n € (m,1)).

Proof. The two statements can be proved using the same argument as follows. By
Theorems 1.2.4.4 and 1.2.7.5(a)(b)(d), for [ = 1,...,d, the functions d!F;(M,r) and
d'Fy(M,r) on (0,~logno) are continuous, convex, and piecewise affine with integer
slopes. By hypothesis, d!F;(M,r) — 0 and hence d\Fy(M,7) — 0 as 7 — 0% ; because
of this and the fact that d!F;(M,r) > 0 and d!ﬁ}(M,r) > 0 for all r, the slopes of
F;(M,r) and F;(M,r) are forced to be nonnegative. Hence there is a least such slope,
that is, d!F;(M,r) and d!F;(M,r) are linear in a right neighborhood of r = 0.

We can thus choose 7o — 1~ so that d!Fy(M,r) and d'F;(M,r) are linear on
(0, —logne) for i = 1,...,d. We obtain the desired decomposition by Theorems 1.2.5.4
and Theorems 1.2.7.5(e), respectively; the integrality of b;-rank (M;) and b; -rank (M;)
follows from the fact that Faim s, (M;, ) and Fy; Mi(Mi’ r) have integral slopes, again
by Theorems 1.2.4.4 and 1.2.7.5(b). O
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Definition 1.2.8.3. Let M be a solvable 0j+-differential module of rank d over
A} (o, 1) for some 79 € (0, 1). Define the differential log-breaks of M to be the multi-
set consisting of b; from Theorem 1.2.8.2 above with multiplicity rank (M;). We define
the differential Swan conductor of M to be the sum of the differential log-breaks, that
is Swan(M) = Y_I_, b; - rank (M;); it is an integer by Theorem 1.2.8.2 above. Sim-
ilarly, we define the differential (non-log)-breaks to be the multiset consisting of b;
from Theorem 1.2.8.2 above with multiplicity rank (M;). We define the differential
Artin conductor of M to be the sum of the differential non-log-breaks; it is also an

integer by Theorem 1.2.8.2 above.

1.2.9 Subharmonicity for residual characteristic zero

When m = 0, the functions F;(M, r) obey a certain subharmonicity property [Ked**,
Theorem 11.3.2]. When the residual characteristic p is equal to 0, one can obtain a
similar result even when K carries derivations. (See Remark 1.2.2.8 for discussion of
the case p > 0.)

We continue to assume Hypothesis 1.2.1.1 for this subsection. Moreover, we as-

sume the following.
Hypothesis 1.2.9.1. Throughout this subsection, we assume p = 0.

Definition 1.2.9.2. For i € (n‘}{lg)x, let & be a lift of &7 in some finite extension L
of K. Let E be a finite unramified extension of the completion of O |t];) ®e, L for

the 1-Gauss norm. For a < 1 < 3, define the substitution
T,: K(a/t,t/B8) — E, t—t+pu.

Definition 1.2.9.3. Fix j € J*. Let M be a 9;-differential module of rank d on
Alfa, B] for some a <1< 8. Fori=1,...,n, let sgo),(M) and sg,-(M) be the left
(if B # 1) and right (if a # 1) slopes of Fi(j)(M, r) at r = 0. For T € (k38)*, pick any
p € O lifting & in a finite unramified extension L of K, and let sg )(M) be the right
slope of F,.(j) (T;(M),r) at r = 0. Note that T,;(M) is still a 0;-differential module by
Lemma 1.1.4.6.

85



If M is a 8;+-differential module of rank d on A[a, 8] for some a < 1 < 3, for
i=1,...,nand 7 € nK , we similarly define sy ;(M) and sz;(M) as the slopes of
the corresponding functions Fi(M,r) or Fi(T;(M),r).

Theorem 1.2.9.4. Fiz j € J*. Let M be a 9;-differential module of rank d on
Al [a, B] for some a <1< 3. Choosei € {1,...,d} such that fi(j)(M, 0) > 0.

(a) The quantity sY )(M ) does not depend on the lift p and the unramified extension
L/K.

(b) We have s (M ) <0 for all w # 0, with equality for all but finitely many 1.

(c) We have
sei(M) < Y sim),

alg
BERE

with equality if either i = n and f$)(M,0) > 0, or i < n and F9(M,0) >
z+1(M 0)

Proof. When j = 0, this is [Ked**, Theorem 11.3.2(d)]. When j € J, the proof of
Theorem 1.2.2.6 reduces the problem to [Ked**, Theorem 11.2.1(c)]. Note that we

do not have to use the Frobenius pushforward. ' a

Remark 1.2.9.5. Let L be a complete extension of K such that 9; extends to L with
the same operator norm. Then M ® L becomes a 9;-differential module over Al[a, §].
For i ¢ nK , we always have s(’)(M ) = 0; this can be seen either by inspecting the
proof of Theorem 1.2.9.4, or by deducing the claim directly from (b). Namely, (b)
implies that the equality s (M ) = 0 holds with only finitely many exceptions; on the
other hand, if 7z were an exception not in x%2, then so would be each of its infinitely

) ] 1
many conjugates in K7 °.

Theorem 1.2.9.6. Let M be a 0;+-differential module of rank d on Ak[a, ] for
some a <1< 3. Choosei€{1,...,d} such that f;(M,0) > 0.

(a) The quantity sz (M) does not depend on the lift u and the unramified extension
L/K.
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(b) We have sgi(M) <0 for all i # 0, with equality for all but finitely many 7.

(c) We have
Soo,i(M) S 2 Sﬁ,i(M).

- alg
PERY,

Proof. Suppose first that dy is dominant for each irreducible component of M ® F
which contributes to F;(M,0). Then sy (M) is less than or equal to the left slope
of Fi(o)(M ,7) at 7 = 0, whereas sz ;(M) is greater than or equal to the right slope of
F® (T;(M),r) at r = 0. We may thus reduce to the case m = 0, which is [Ked**,
Theorem 11.3.2(c)].

It suffices to reduce to the case where Jp is dominant for each irreducible com-
ponent of M ® F; which contributes to F;(M,0). This proceeds as in Step 2 of the
proof of Theorem 1.2.4.4, except that we may end up working over an enlargement of
K. This causes no harm in (a) or (b), but in (c) the sum may end up running over
a larger field. However, the argument of Remark 1.2.9.5 shows that the extra terms
do not contribute: that is, we may use (b) to show that sz;(M) = 0 if T ¢ Kk%%, so
(c) holds as written. O

Remark 1.2.9.7. The proof given above does not achieve the equality in (c) for

m > 0, because the reduction in the last paragraph does not maintain equality.

As in [Ked**, Subsection 12.2], we can study decomposition theorems over closed

annuli or discs using subharmonicity.

Definition 1.2.9.8. Fix j € J*. Let M be a 0;-differential module over K {a/t,t/3)
with o < 1 < 8. Define the i-th 0;-discrepancy of M at r =0 as

disc? (M, 0)=~- > s¥m);
TE(R3E)*

it is nonnegative by Theorem 1.2.9.4. By Remark 1.2.9.5, this definition is invariant
under enlarging K. We may extend the definition to general r € [—log8, —loga] by
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pulling back M along
K(a/t,t/B) — K(c)"(ae"/t,t/Be"), t ct,

where c is transcendental over K and K(c)" is the completion with respect to the
e "-Gauss norm.

If M is a 0 +-differential module over K{a/t,t/8) with o < 1 < 3, we similarly
define the i-th discrepancy disc;(M,0) of M at r = 0 as the sum of —sz;(M) over
i € (k*'8)%. This quantity is again nonnegative, and is again invariant under enlarging
K (this time by the final remark in the proof of Theorem 1.2.9.6). This definition
can similarly be extended to r € [—logQ, —logal].

Remark 1.2.9.9. If r ¢ Q- log|K*|, then Remark 1.2.4.7 implies that F;(M,r) is
affine in a neighborhood of 7. By Theorem 1.2.9.6, it follows that disc;(M,r) = 0.

Theorem 1.2.9.10. Fiz j € J*. Let M be a 9;-differential module over K{a/t,t/p)
of rank d. Suppose that the following conditions hold for some i € {1,...,d —1}.

(a) We have f9(M,r) > fg_)l(M, r) for r € [-logQ, —logal].
(b) The function Fi(j)(M, r) is affine for r € [~logQ, —loga].
(c) We have disc?” (M, —loga) = disc? (M, —logB) = 0.

Then there is a direct sum decomposition of M inducing, for each n € [a, f], the

decomposition of M ® F, separating the first i subsidiary 0;-radii from the others.
Proof. Similar to Theorem 1.2.3.5 but invoking [Ked**, Lemma 12.1.3] instead. O

Theorem 1.2.9.11. Fiz j € J*. Let M be a 0;-differential module over K(t/B3) of
rank d. Suppose that the following conditions hold for some i € {1,...,d — 1}.

() We have f9(M,~logB) > £} (M, —logp).
(b) The function Fi(j )(M ,T) 18 constant for r in a neighborhood of —logf3.
(c) We have discgj)(M ,—logB) = 0.
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Then there is a direct sum decomposition of M inducing, for each n € (0,0], the

decomposition of M ® F;, separating the first i subsidiary O;-radii from the others.

Proof. One can prove this similarly to Theorem 1.2.3.5 by invoking [Ked**, Lemma 12.1.2]
instead. It is also an immediate corollary of Theorems 1.2.9.10 and 1.2.3.10; note that

Theorem 1.2.9.4 verifies the condition (c) in Theorem 1.2.9.10. O

Theorem 1.2.9.12. Let M be a 0;+-differential module over K{a/t,t/B) of rank d.
Suppose that the following conditions hold for some i € {1,...,d — 1}.

(a) We have f;(M,r) > fi1(M,r) for r € [-logQ, —loga].
(b) The function F;(M,r) is affine for r € [~logB, —loga].
(c) We have disc;(M, —loge) = disc;(M, —logB) = 0.

Then there is a direct sum decomposition of M inducing, for each n € [a, (], the

decomposition of M ® F, separating the first i subsidiary radii from the others.

Proof. Similar to Theorem 1.2.5.1 but invoking Theorem 1.2.9.10 instead on the

boundary. O

Theorem 1.2.9.13. Let M be a 0;+-differential module over K(t/B3) of rank d. Sup-
pose that the following conditions hold for some i € {1,...,d —1}.

(a) We have fi(M,—logB) > fiy1(M, —logpB).
(b) The function F;(M,r) is constant for r in a neighborhood of —logf.
(c) We have disc;(M, —logB) = 0.

Then there is a direct sum decomposition of M inducing, for each n € (0,0], the

decomposition of M ® F;, separating the first i subsidiary radii from the others.

Proof. It follows from Theorems 1.2.9.12 and 1.2.3.10; note also that Theorem 1.2.9.6

verifies the condition (c) in Theorem 1.2.9.12. O
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1.3 Differential modules on higher-dimensional spaces

We now study the variation of subsidiary radii of differential modules on some simple
higher-dimensional spaces. Rather than derive these directly, we deduce these from
the corresponding results on 1-dimensional spaces from the previous section, using
some properties of convex functions.

Throughout this section, we retain Hypothesis 1.2.1.1.

1.3.1 Convex functions

In this subsection, we set some terminology for convex functions, as in [Ked08+a,

Section 2).

Definition 1.3.1.1. For a subset C C R, we denote its interior by int(C). We say
it is convez if for all z,y € C and all t € [0,1], tx+ (1 —¢t)y € C. For C CR" convéx,
a function f : C — R is convez if for all z,y € C and all t € [0, 1],

tf(x) + (1 —t)f(y) > f(tz + (1 - t)y). (1.3.1.2)

Such a function is continuous on int(C).

Definition 1.3.1.3. An affine functional on R" is a map A : R® — R of the form
Mzy, ..., %) = @121 + - -+ + AnTy + b for some ay,...,a,,b € R. If ay,...,a, € Z,
we say A is transintegral (short for “integral after translation”); if also b € Z, we say
A is integral. For A : R®™ — R an affine functional, define the slope of A as the linear

functional A(z) = A(z) — A(0).

Definition 1.3.1.4. For f : C — R" convex, a domain of affinity of f is a subset
U of C with nonempty interior (in R™) on which f agrees with an affine functional
). The nonempty interior condition ensures that A is uniquely determined; we call it

the ambient functional on U.

Lemma 1.3.1.5. Let f : C — R" be a convex function, and let A : R® — R be an

affine functional which agrees with f on a subset of C with nonempty interior in R".
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(a) We have f(z) > A(z) for allxz € C.
(b) The set of x € C for which f(x) = A(z) is a convex subset of C.

(c) If X is another affine functional with the same slope as A, and X' occurs as the

ambient functional of some domain of affinity of f, then A= X.

Proof. For (a), choose y in the interior of a domain of affinity U of f with ambient
functional A. For € > 0 sufficiently small, the quantity z defined by ex+ (1 —€)z =y
will also belong to U. By convexity of f, ef(z) + (1 — €)A(z) > A(y), so

Ay) — (1= €)A(2)

€

flz) 2 = A@).

We may deduce (b) and (c) immediately from (a). O

Definition 1.3.1.6. A subset C C R" is polyhedral if there exist finitely many affine

functionals A, ..., A, such that

C={zeR": N(z)>0 (i=1,...,7)} (1.3.1.7)

(We do not require C to be bounded.) If the A; can all be taken to be (trans)integral,
we say that C is (trans)rational polyhedral. (We use RP and TRP as shorthand for
rational polyhedral and transrational polyhedral.) For C C R™ a convex subset of R,
a continuous convex function f : C — R™ is polyhedral if there exist finitely many

affine functionals A},..., A} such that

f(z) = max{\|(z),..., \;(z)} (zx € C). (1.3.1.8)

(In particular, such a function extends continuously to a convex function on the
closure of C, or even to all of R™.) Similarly, if C is (trans)rational polyhedral, we
say f is (trans)integral polyhedral if (1.3.1.8) holds for some (trans)integral affine

functionals Aj,..., AL
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Remark 1.3.1.9. If C is a convex subset of R™, then a continuous convex function
f : C — R" is polyhedral if and only if C is covered by finitely many domains of
affinity for f, by [Ked08+a, Lemma 2.2.6]. Moreover, if C is compact, then it suffices
to check that every point in C has a neighborhood covered by finitely many domains
of affinity for f, as then compactness will imply the existence of finitely many domains

of affinity which cover C.

1.3.2 Detecting polyhedral functions

In this subsection, we establish a theorem that can be used to detect polyhedrality
of certain convex functions based on integrality properties of certain values of the

functions. We start with a weaker result in the same spirit, from [Ked08+a, Section 2.

Notation 1.3.2.1. In this subsection, for a point = € Q", we write x,,...,z, for the

coordinates of z.

Theorem 1.3.2.2. Let C be a bounded RP subset of R", and let f : C — R be a

continuous convez function. Then f is integral polyhedral if and only if
f(2)€Z+Zx1+-- +Zz, (zeCnNQ™). (1.3.2.3)

Proof. See [Ked08+a, Theorem 2.4.2]. O

One cannot hope to similarly detect transintegral polyhedral functions by sam-
pling them at individual points, i.e., on zero-dimensional TRP subsets of R". The
best one can do is detect them by sampling on 1-dimensional TRP subsets of R”, as

follows.

Definition 1.3.2.4. Let C be a convex subset of R®. We say a function f : C — R is
convex transintegral polyhedral in dimension 1 if its restriction to the intersection of
C with any 1-dimensional TRP subset of R™ is continuous, convex, and transintegral
polyhedral. In other words, for any z € C,a € Q", if we put I, , ={t e R:z+ta €
C}, then the function g : I,, — R defined by g(t) = f(z + ta) is continuous, convex,
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piecewise affine with slopes in a;Z + - - - + a,Z, and has only finitely many slopes.
(The latter is automatic if I, , is closed and bounded, which always occurs if C is

compact.)

Theorem 1.3.2.5. Let C be a TRP subset of R*. Let f : C — R be a function
which is convez transintegral polyhedral in dimension 1. Then f itself is conver and

transintegral polyhedral (hence continuous).

The proof is somewhat complicated, and will occupy the rest of this subsection.

We first tackle the case where C is compact, for which we assemble several lemmas.

Definition 1.3.2.6. Let C be a TRP subset of R". For z € C, define the angle of C
at z, denoted Z,C, to be the set of z € R™ such that for some t, > 0, x +tz € C for
t € [0,%]. It is clear that Z,C is an RP subset of R" stable under multiplication by
R.o.

Lemma 1.3.2.7. Let C be a TRP subset of R", and let f : C — R be a function

which is convez transintegral polyhedral in dimension 1. Then f is convez.

Proof. We may assume dim(C) = n, by replacing R™ by a plane of the appropriate
dimension. It suffices to verify (1.3.1.2) for any z,y € C and any ¢ € [0,1]. By
applying a change of basis in GL,(Z), we may reduce to the case where the standard
basis vectors ey, ..., e, belong to Z,C.

We now choose zi,...,z,, > 0 in turn so that fori = 1,...,n, z; + z} — y; € Q,

z + zie; + --- + zie; € int(C), and

|f(z +zhe1 + -+ +zie) — flz +zher + -+ 2i_jei4)| <e/n

|f(t(x +zier +--- + zie;)) + (1 —t)y) — f(t(z + zier +--- + zi_jei-1) + (1 — t)y)| < ¢/n.

Namely, given i, ...,z;_;, the eligible choices of z] form a dense subset of an open
interval with left endpoint 0. (Here we are using the continuity of the restriction of

f to TRP sets of dimension 1.)
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Put ' = z + zie; + --- + z,e,. Since z’ — y € Q", the segment from z’ to y is
TRP. Hence
tf(z') + (1 =t)f(y) = ftz" + (1 - t)y),

and so

tf(z) + (1 —t)f(y) > fltz + (1 - t)y) — 2.
Since € was arbitrary, this implies (1.3.1.2), yielding convexity of f. a

Definition 1.3.2.8. Let C be a TRP subset of R". For f : C — R a convex function,
z € C, and z € £,C, define f'(z, z) to be the directional derivative of f at z in the

direction of z, i.e.,

fz +1t2) — f(z)
, :

Y 1
f(z,2) = lim
Note that this is a limit taken over a decreasing sequence; for it to exist in all cases,

we must allow it to take the value —oo.

Lemma 1.3.2.9. Let C be a TRP subset of R*, and let f : C — R be a convex
function. For any fized x € C, the function z — f'(z, z) is convez as a function from

£,C to RU{—o0} (in the sense of satisfying (1.3.1.2)).

Proof. Take any 2,22 € £,C. We assume first that f'(z, z1), f'(z, 22) > —o0. Pick

u € [0,1] and put 2z3 = uz; + (1 — u)ze. Given € > 0, choose ¢t > 0 for which

rttneC (i=1,23), floz)>iEXH =@ 9

t
Then
uf'(z,z1) + (1 —u)f'(z, 22) > uf(x T tz;) — f(=) +(1- u)f(:c + tz;) — fz) c
> flu(z +tz1) + (1 - u)(z +tz2)) — f(2) .

t
2 fl(xs 23) — €.

Since € was arbitrary, this proves the claim when both f’(z,z;) and f'(z, 23) are not

—00. If one of them is —oo, the same argument would imply that f'(z,z;3) = —oo;
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this completes the proof. O

Lemma 1.3.2.10. Assume that Theorem 1.3.2.5 holds for compact C with n replaced
by n — 1. Let C be a compact TRP subset of R®, and let f : C — R be a function
which is convex transintegral polyhedral in dimension 1. Then for any ¢ € C, the

function z — f'(x,z) on £,C is itself convex transintegral polyhedral in dimension 1.

Proof. By Lemma 1.3.2.7, f is convex. By Lemma 1.3.2.9, f’(z,z) is convex on
ZC, hence continuous on int(£,C). By hypothesis, for z € £,CNQ", f'(z,z2) €
Zz + - -+ + Zz,. By Theorem 1.3.2.2, f'(z, z) is integral polyhedral on any bounded
RP subset of int(Z£,C).

By subdividing C by hyperplanes, we may reduce to the case where Z,C admits
a bounded cross-section by a rational hyperplane. Pick any z € £,C and a € Q"
such that the set I, = {u € R: z + ua € £,C} is bounded. We must show that
the function g(u) = f'(z, 2 + ua) is continuous, convex, and transintegral polyhedral
on I,,. (This suffices because we can recover all values of f’(x,2) from the values
on a bounded cross-section by a rational hyperplane.) By what we know about f’,
we already know all of these on int(/,,). Consequently, it suffices to check that g is
affine in a neighborhood of an endpoint of I ,.

For this, we may assume that the endpoint in question is a left endpoint at u = 0.
Then z lies on the boundary of Z,C, so we can choose a codimension 1 facet D of C
containing x, such that the ray from z in the direction of z has nontrivial intersection
with D. By the hypothesis that Theorem 1.3.2.5 holds on compact TRP subsets
of dimension n — 1, the restriction of f to D must be transintegral polyhedral. In
particular, we can rescale z so that for ¢ € [0,1 + €] for some € > 0, z + tz € C and
flz+1tz) = f(z) + tf'(z, 2).

Consider the function h(t) = f'(x + tz,a) for t € [0,1 + ¢]. Since the difference
quotient (f(z + tz + ua) — f(z + tz))/u is convex in t (the term f(z + tz + ua) is
convex, the term —f(z + tz) is affine, and dividing by u has no effect), so is h(t).
However, h(t) € Zay + - - - + Za,, for all t. This means that for ¢t € (0,1 + ¢€), h(¢t) is

continuous but takes values in a discrete subset of R; this can only happen if A(t) is
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equal to a constant value ¢ on (0,1 + ¢).

Rescale a if necessary so that z+z+a € C and f(z+z+ua) = f(z)+ f'(z, 2) +uc
for u € [0,1]. We now claim that f(z+tz+ua) = f(z)+tf'(z,2)+ucfort € (0,1],u €
[0,¢]. Since equality holds at (¢,u) = (0,0),(1,0),(1,1), we have by convexity of f
that f(zx+tz+wua) < f(z)+tf'(z,2)+uc in the entire region. On the other hand, for
any t € [0,1], the function f(z+tz+ua) in u is convex, and equals f(z)+tf'(z, z)+uc
for u in a right neighborhood of 0. Consequently, f(z+tz+ua) > f(z)+tf'(z,z)+uc
for u € [0, ], yielding the desired equality.

We may rewrite the last claim as f(z + tz + tua) = f(z) + tf'(z, 2) + tuc for
t € [0,1],u € [0,1]. From this, we may deduce that g(u) = f'(z, 2+ua) = f'(z, z)+uc
for u € [0, 1]. This proves affinity of g near an endpoint, completing the argument. [

We now establish the compact case of Theorem 1.3.2.5.
Lemma 1.3.2.11. The conclusion of Theorem 1.3.2.5 holds if C is compact.

Proof. We may assume that C has nonempty interior, by replacing R™ by a plane
containing C of the appropriate dimension. With this extra hypothesis, we proceed
by induction on n, with trivial base case n = 1.

We have convexity of f by Lemma 1.3.2.7. It thus suffices to prove that f is
transintegral polyhedral (and hence continuous) in a neighborhood of any z € C.
By Lemma, 1.3.2.10, the restriction of f'(z, z) to any compact TRP subset of Z,C is
convex transintegral polyhedral in dimension 1. By applying the induction hypothesis
to the intersection of Z,C with a rational hyperplane, we may deduce that f'(z, z) is
continuous, convex, and transintegral polyhedral. By Theorem 1.3.2.2, f'(z, z) is in
fact integral polyhedral.

To prove that f is transintegral polyhedral in a neighborhood of z, it suffices to
do so after cutting C into finitely many pieces. We may thus reduce to the case
where f'(z, z) is affine on Z,C. Since Z,C is a rational polyhedral cone, we may pick
21,...,21 € £;C N Q" such that £,C is the convex hull of the rays from 0 through
21,.-.,21. We may then rescale zi,..., 2 so that f(z + tz) = f(z) + tf'(z, ) for
i=1,...,land t €[0,1].
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For any z in the convex hull of zi,...,2, we now deduce (using the affinity of
f'(z,2)) that f(z + z) < f(z) + f'(z,2). Since f(x + tz) is convex in ¢, this is only
possible if f(z + tz) = f(x) +tf'(z, 2) for t € [0,1]. We conclude that f agrees with
an integral affine functional on the convex hull of z, x4 2, ..., z+2. As noted above,

this completes the proof. a
We now allow C which are no longer necessarily bounded.

Definition 1.3.2.12. Let C be a TRP subset of R™. Define the small cone of C at
z, denoted Z,.C, to be the set of z € R™ such that x + ¢tz € C for all t > 0; this
is again a convex rational polyhedral cone in R™. Moreover, it does not depend on
z by the following reasoning. Write C = {z € R" : A\(z),..., An(z) > 0} for some
transintegral affine functionals Ay, ..., Ap. Write Ai(z) = Ajo(x) + ¢; with A; o linear.
Then z € Z,C if and only if z € C and \ijo(z) > 0 for ¢ = 1,...,m. In particular,
Z!C does not depend on the choice of z € C; we thus notate it also by Z'C.

Lemma 1.3.2.13. The conclusion of Theorem 1.8.2.5 holds.

Proof. We may again assume that C' has nonempty interior in R™; by slicing C with
hyperplanes, we may further assume that the small cone Z'C is strictly convex (i.e.,
Z'CN(=4£C) = {0}). We now induct on n, where we may assume n > 2 because
the case n = 1 is trivial. By the induction hypothesis, the restriction of f to each
boundary facet of C is convex transintegral polyhedral.

As in the proof of Lemma 1.3.2.10, for each boundary facet D of C, each i €
{1,...,n}, and each a € Q, the function z — f’(z,a) is constant on the interior of
each domain of affinity of the restriction of f to D. In particular, for x € D outside
of a set of measure zero, f'(x,a) takes only finitely many values.

By Lemma 1.3.2.11, f is polyhedral on any compact TRP subset of C. In par-
ticular, C' is covered by domains of affinity of f; to prove that f is polyhedral on all
of C, it suffices to show that C can be covered by finitely many domains of affinity
of f (see Remark 1.3.1.9). By Lemma 1.3.1.5, it suffices to check that the ambient

functionals on domains of affinity of f can have only finitely many slopes.
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Let U be a domain of affinity of f with ambient functional A. Choose a basis
ai,...,a, of Q" none of whose elements is contained in Z/CU(—£'C) (this is possible
because Z'C is strictly convex and n > 2). Forz € U and i € {1,...,n}, the function
f(z +ta;) on I, 4, is convex transintegral polyhedral, so has a limiting slope at each
endpoint of I, ,,. (Note that our hypothesis that a; ¢ £'C U (—Z£'C) ensures that
I, 4, is compact.) By the previous paragraph, for z away from a set of measure zero,
these limiting slopes are themselves confined to a finite set. Since f is convex, the
slope of f(z +ta;) at t = 0 is now also constrained to a finite set. This conclusion for

i =1,...,n constrains the slope of X to a finite set, proving the claim. O

1.3.3 Variation of subsidiary radii

In this subsection, we will extend Theorem 1.2.4.4 into a higher-dimensional gener-
alization (Theorem 1.3.3.9). We keep Hypothesis 1.2.1.1 and Notation 1.2.1.2. We
begin by introducing the setup of [Ked08+a, Section 4.1].

Notation 1.3.3.1. Throughout this subsection, we put I = {1,...,n} for notational

simplicity.
Notation 1.3.3.2. For X an n-tuple:

e for A an n x n matrix, write X for the n-tuple whose j-th entry is [[", z/*;

e for ¢ a number, put X¢ = (z§,...,z5).

Definition 1.3.3.3. For a subset C C R", let e~C denote the subset {e™™ : r; €
C} C (0,+00)™. A subset S of [0,+00)" is log-(T)RP if S is the closure of S=e=C
for some (T)RP subset C of R®. We say S is ind-log-(T)RP if it is a union of an
increasing sequence of log-(T)RP sets S,; we denote ,§= Uq §a. For instance, any

open subset of [0, +00)™ is covered by ind-log-RP subsets.

Caution 1.3.3.4. The subset (0,1} is an ind-log-TRP subset but not a log-TRP
subset. By contrast, [0,1] is a log-TRP subset.

98



Definition 1.3.3.5. Let C C R™ be a TRP subset defined by (1.3.1.7), where
As(zp) = asz1 + -+ + aspy + bs for a;; € Z and s = 1,...,r. Denote the clo-
sure of 7€ in [0,+00)" by S. Define Ax(S) to be the subspace of the (Berkovich)
analytic n-space with coordinates ¢,,. . ., t, satisfying the condition (|¢],. .., |t.|) € S.

Precisely,

T(Ag(S),0) = Klty, ..., t.] 7" Je™®, ... 7" Je7br)

={ Z O, 7

ef€zZn

lim |aq, |07’ =0, for all ny € S}.
er

For an ind-log-TRP subset S = U,S,, we define Ax(S) = NeAk(Sq).

Definition 1.3.3.6. Let S be an ind-log-TRP subset of [0, +00)™. A (91u,-) differential

module M over X = Ak(S) is a locally free coherent sheaf together with an integrable

connection
V:M—>M® (@Ox-dquB@Ox-dti) :
j=1 i=1
We label the derivations 0y, ..., On, as usual, and put Opt1 = 0Oy, - -+, Oman = O,

Notation 1.3.3.7. For n; = (n1,...,Mn) E,g', let F;,, be the completion of K(tr)
with respect to the n;-Gauss norm. Write fi(M,r;) = —loglR(M ® F,-+;1) and
FEM,r;)= filM,r;)+---+ fi(M,r;) for L =1,...,rank M.

Lemma 1.3.3.8. Given n; € (0,+00)" and A € GL,(Z), let M be a differential
module over Foa, and let hy : Fya — Fy, be given by t; — t#. Then IR(M) =
IR(RYM).

Proof. This follows from [Ked08+a, Proposition 4.2.7] (which is itself an immediate
consequence of [Ked08+a, Lemma 4.1.5]) applied to A and A™L. O

Theorem 1.3.3.9. Let S be an ind-log-TRP subset of [0,+00)", and let M a differ-

ential module of rank d over A (S).

(a) (Continuity) Forl=1,...,d, the functions fi(M,r) and F;(M,rr) are contin-

uous.
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(b) (Convezity) Forl=1,...,d, the function Fi(M,r) is convez.

(c) (Polyhedrality) For r1 € —log §, ifl = d or il M,r1) > fixi(M, 1), then
F(M,ry) is transintegral polyhedral in some neighborhood of r;. Moreover, on
any TRP subset of —log .§, d'Fi(M,ry) and F4(M,r;) are transintegral polyhe-

dral functions.

(d) (Monotonicity) Assume that S is log-TRP. Then for any r;,7; € —log §, if
r, <1 fori €I and (1 —t)r; +tr; € —log S for any t € [0,+00), then
Fy(M,r1) 2 Fi(M,r7) forl=1,...,d.

Proof. We first prove (a)-(c). We need only verify that, for [ = 1,...,d, d'Fi(M,r;)
and Fy(M,r;) satisfy the conditions of Theorem 1.3.2.5. Moreover, by translating
and enlarging K if necessary, it suffices to check the hypothesis of Theorem 1.3.2.5
for I, in the case z = 0.

It suffices to consider a = a; € Z" with gcd(a;) = 1. Let us describe fj(M, ast)
and Fi(M,ast) for Il = 1,...,d and t € Iy,,. Pick an n x n invertible integral
matrix A with (a;) as the first row. Equip Ax(S4") with the coordinates (s;),
and define the toroidal transform ¢ : Ag(SA™") — Ag(S) by ¢*(t;) = s#, where
SA7" = {X47'|X € S}. By Lemma 1.3.3.8, f{(M,ast) = fi(¢"M, (a;A~1)t). The
theorem follows from Theorem 1.2.4.4.

To prove (d), by continuity, we may assume that r; — r} are all rational numbers.
By an argument as in the previous paragraph, we may reduce to the 1-dimensional
case. In this case, we get a differential module over a disc, so the desired statement

follows from Theorem 1.2.4.4(c). 0

1.3.4 Decomposition by subsidiary radii

To conclude, we extend the theorems of §1.2.5 to higher-dimensional spaces.

Lemma 1.3.4.1. Supposer € {0,...,n}. PutC = {(z1)|z; > 0,2+ -+z, <1} C
R", and let C, be any TRP subset of R" containing C in its interior. Let S (resp.
S.) denote the closure of e=C (resp. €% ) in [0, +00)", which is a log-TRP subset.
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Let M be a differential module of rank d over Ak(S.). Suppose that the following
conditions hold for some l € {1,...,d — 1}.

(a) The function Fy(M,ry) is affine for (r;) € C..
(b) We have fi(M,r1) > fiy1(M,r1) for (1) € Ce.

Then M admits a unique direct sum decomposition over Ax(S) separating the first |

subsidiary radii of M ® F,~+ for any (r;) € C.

Proof. Note that ['(Ag(S), O) = K(tr,e/t; -+ -t,) may be embedded into the com-
pletion Fy_ ; of K(t1,...,t,) for the (1,...,1)-Gauss norm. For i = 1,...,n, let
Fl(z)1 be the completion of K(ty,...,t,...,t,) for the (1,...,1)-Gauss norm; then
the image of ['(Ak(S), O) also belongs to each of the subrings

Fl(,i.)..,l(e_l/thti) (Z =1,... ,7"); F1(1)1<tz) (2 =r+1,... ,n),

In fact, it is equal to the intersection of these subrings; this is true because C is the

convex hull of the union of the segments

{@1,...,20): 0<2; <1; ;=0 (j#14)} (t=1,...,7)
{(@1,...,20):0< zs; z; =0 (j#14)} (i=r+1,...,n).

Consequently, by Lemma 1.2.3.2, it suffices to prove the decomposition over the rings
Fl(f.)",l(e‘l/t,-,t,-) fori=1,...,r and Fl(’)l(t,) for i = r+1,...,n. The former case
follows by applying Theorem 1.2.5.1to M ® Fy__1{e"'17¢/t;,t;/ef) fori=1,...,r for
1(t; /€€y for

i=r+1,...,n for some € > 0. O

some € > 0; the latter case follows by applying Theorem 1.2.5.4 to F}

.....

Theorem 1.3.4.2. Let S be a ind-log-TRP subset of [0,4+00)", and let M a differ-
ential module of rank d over Ak (int(S)). Suppose that the following conditions hold
for somele{1,...,d—1}.

(a) The function Fy(M,ry) is affine for (r;) € int(—log §)
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(b) We have fi(M,r) > f1(M,r1) for (r;) € int(—log ).

Then M admits a unique direct sum decomposition over Ak (int(S)) separating the

first | subsidiary radii of M ® F,-r; for any (r1) € int(—log §)

Proof. We can cover int(S) by log-TRP subsets S, C int(S) such that for each point
of z € int(S), there exists a neighborhood of = contained in some S,. Moreover, we
can choose those S, to be simplicial, i.e., under a toroidal transform and rescaling,
each S, can be transformed into the form desired for Lemma 1.3.4.1. Since S, lies
in the interior of S, the decomposition follows from Lemma 1.3.4.1 by gluing the

decompositions obtained on each of the S,. O

Lemma 1.3.4.3. Supposer € {0,...,n}. Put C = {(zy)|z; > 0,z;+---+z, <1} C
R™, and let C, be any TRP subset of R" containing C in its interior. Let S denote
the closure of e~ in [0, +00)", which is a log-TRP subset. Let S be the set of points
(s1) € Sc such that sy <1 and s,---s, > e~t. Let R be the subring of T'(Ak(S.), O)
consisting of those f for which |f|s, is bounded over (s;) € S. Let M be a differential
module of rank d over Ak(Sc). Suppose that the following conditions hold for some
le{1,...,d—1}.

(a) The function F;(M, 1) is affine for (r1) € C..
(b) We have f[(M, 7']) > f1+1(M, 7‘1) fO’I‘ (’I"I) eC..

Then M ® R admits a unique direct sum decomposition separating the first | subsidiary
radii of M ® F,-r, for any (r;) € C.

.....

as in the proof of Lemma 1.3.4.1. Then inside F, R is the intersection of the rings

FO /et elo  (i=1,...,r;  FO (t) G=r+1,...,n).

.....

We may thus argue as in Lemma 1.3.4.1, but using Theorem 1.2.5.8 instead of The-
orems 1.2.5.1 and 1.2.5.4. O
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Theorem 1.3.4.4. Let S be a log-TRP subset of [0,+00)". Let R be the subring of
I'(Ak(int(S)), O) consisting of those f for which |f|s, is bounded over sy € int(S).
Let M be a differential module of rank d over Ak(S). Suppose that the following
conditions hold for somel € {1,...,d —1}.

(a) The function Fy(M,ry) is affine for (r;) € —log §

(b) We have fi(M,71) > fisa(M,r) for (r;) € ~log 3.
Then M® R admits a unique direct sum decomposition separating the first | subsidiary
radii of M @ F,-r; for any (rr) € int(—log ,§')
Proof. Analogous to Theorem 1.3.4.2, except using Lemma, 1.3.4.3 instead of Lemma 1.3.4.1.
O

Remark 1.3.4.5. It may be helpful to illustrate the argument needed to reduce
Theorem 1.3.4.4 to Lemma 1.3.4.3 with an explicit example. Take S = [0, 1]?, so that
R = Ok|z,y] ®o, K. We must partition int(—log §) = (0, +00)? into regions to

which Lemma 1.3.4.3 may be applied. One such partition consists of

{(z,y) eR*: 0 < 2,0 < y < min{z, 1}},
{(z,y) € R?:0 < 9,0 < z < min{y, 1}},
{(z,y) eR*:1< 1,1 <y}

Since the parts all contain (1,1), we can glue the three resulting decompositions

together by matching them on M ® F-1 1.

Remark 1.3.4.6. Note that Lemma 1.3.4.3 is not a special case of Theorem 1.3.4.4.
We will not discuss the formulation and proof of a common generalization because it

is just a somewhat awkward exercise.

Remark 1.3.4.7. By Remark 1.2.5.10, in Theorem 1.3.4.4, if log|K*| C Q and
—log § is RP, we may also take M to be defined over R. For example, if K carries

the trivial valuation (forcing p = 0) and

S ={(z,y) € (0, 1]2 czy=e7'},
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then R = K[z,y][z~',47!]. This example can be used in the study of good for-
mal structures for flat holomorphic connections; however, one needs to refine The-
orem 1.3.4.4 slightly in case p = 0, to remove the need for strict inequality on the

boundary of —log S. For this, please consult to [Ked08+b].
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Chapter 2

Ramification Theory for Local

Fields: Overview

2.1 Introduction

Let K be a complete discretely valued field and let Gk be the Galois group of a
separable closure K*P of K. When the residue field kg is perfect, one has a classical
ramification theory as well as Artin conductors and Swan conductors, which measure
the ramification of a representation of Gk of finite local monodromy (i.e., the image
of the inertia group being finite). Also, we have the Hasse-Arf theorem in this case,
which states that these conductors are integers. It is one of the fundamental and
amazing theorem in the classical ramification theory.

A goal of this thesis is to generalize the ramification theory to the case when the
residue field k is not perfect. The key result in this case is the analogue of Hasse-Arf

theorem proved in Theorem 2.2.2.19.

2.1.1 Why imperfect residue case?

Let X be a connected proper smooth curve over an algebraically closed field k of
characteristic p > 0, with geometric generic point 7. Let D be a finite set of

closed points. Let F be a lisse Qj-sheaf of rank d over U = X\D, where [ is a
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prime number different from char k. In other words, F is given by a representation
71(U,n) = GL4¢(Q,). From this, we can read off Swan conductors Swan,(F) asso-
ciated to the representation G(gracox)r= — m1(U,n) — GL4(Q;), where (FracOx )"
is the completion of the function field of X with respect to the norm at z. If we
use xe(F) = 32 ,(—1)*dim H(U, F) to denote the Euler characteristic of F, the
Grothendieck-Ogg-Shafarevich formula states that

X(F) = d - x(Q) — Z Swan,(F), (2.1.1.1)
z€D
where Q is the trivial sheaf on U. In other words, this formula says that the‘Euler
characteristic can be obtained from the global geometric information and the local
ramification information. Since x.(F) is an (alternating) sum of integers, it suggests
that each single conductor Swan,(F) should be an integer.

In order to generalize this formula to higher dimensional cases, we need to measure
the ramification along a divisor D with simple normal crossings on a smooth variety
X. It is natural to pass to (the completion of) the local ring at the generic point 7; of
one irreducible component D; of D, which is a (complete) discrete valuation ring Ok.
The residue field of Oy is exactly the function field of D;, which is typically imperfect
if dim X > 1. We still want to understand the ramification for the Galois group of
its fraction field Frac(Ok), a complete discretely valued field. However, some notable
technical difficulties arise then, for example, the poorly behaved nature of Herbrand

functions ¢ and %; non-monogeneration of ring of integers; and fierce ramification.

2.1.2 Some historical review

Motivated by the questions above, we need to understand the situation when the
residue field kg is not perfect. In [Kat89a], Kato made a pioneer attempt. He
defined arithmetic Swan conductors for one-dimensional representations. Even more,
he also introduced the refined Swan conductors, which give secondary information of
the ramification. Then, there have been fifteen years with no essential breakthrough

until Abbes and Saito [AS02, AS03] gave a general definition of arithmetic non-
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logarithmic ramification filtration and arithmetic logarithmic ramification filtration
on Gk by counting geometric connected components on certain rigid spaces AS} /K
over K. One can define arithmetic Artin conductors and Swan conductors using
the two filtrations. Later, Saito [Sai07+] gave a general definition of refined Swan

conductors in the equal characteristic case.

Abbes and Saito showed [AS06+] that their definition of Swan conductors coincide
with Kato’s definition for characters in the equal characteristic case. Moreover, they
proved some important properties of their filtrations. For example, the subquotients
of both log and non-log filtrations are p-abelian groups [AS03]. (See also [Sai07+],
where Saito proved that the subquotients of the log filtrations are annihilated by
p.) However, they were not able to establish a Hasse-Arf theorem of the filtrations.
This has become one of the central problem in ramification theory and arithmetic

geometry.

Another approach to the problem using p-adic differential modules emerged in
the mid 1990s. If the field K is of equal characteristic p > 0, the work of Christol,
Matsuda, Mebkhout, Kedlaya, and Tsuzuki [Mat95, Ked05a] gave an alternative way
to understand the classical Swan conductors. They first associated a p-adic differential
module over the Robba ring to any p-adic Galois representation with finite local
monodromy (that is to say the image of the inertia group is finite). Then they
gave an interpretation of the Swan conductors by measuring the spectral norms of
differential operators.

Partly inspired by Matsuda [Mat04], Kedlaya realized that this framework can
be generalized to the case when the residue field kx is not perfect. In [Ked07a], he
adopted the same construction and took into account of the effects of the differential
operators corresponding to a p-basis of kx. Vaguely speaking, he defined the differen-
tial Artin / Swan conductor to be the maximal number computed by the differential
operators under certain normalization. Kedlaya showed that the definition of Artin
and Swan conductors turned out to give filtrations on the Galois group [Ked07a, Def-
inition 3.5.12] (Theorem 3.2.3.5(4)). Also, he was able to prove a Hasse-Arf theorem
for differential conductors (Theorem 3.2.3.5(1)(4)).
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In [Ked07a], Kedlaya asked, as Matsuda suggested, whether the differential con-
ductors are the same as the arithmetic ones, in which case the Hasse-Arf theorem
for the arithmetic filtrations in the equal characteristic case would follow from that
for the differential ones. Chiarellotto and Pulita [CP07+] gave an affirmative answer
to this question when the representations are one-dimensional, using the setting of
Kato’s conductor [Kat89a]. We will give an affirmative answer to the general case
in Chapter 3. This proof is close to Matsuda’s approach [Mat04], however, we do
not know how to explicitly link two methods. We will also show in Chapter 4 that
a slightly modified proof may be applied to prove the Hasse-Arf theorem for K of
mixed characteristic!

Another method of understanding general ramification theory is due to Borger,
who introduced the notion of generic perfection [Bor04] of a complete discretely valued
field, which is universal for all perfections of the residue field. He defines the Artin
conductors to be the ones obtained by base changing to (the completion of) the
fraction field of the generic perfection. The Hasse-Arf theorem of these conductors
follows immediately from that of the classical ones. Kedlaya in [Ked07a, P.297] asked
if Borger’s definition also coincides with the two definitions above. We will show
in Proposition 3.2.4.8 that, in the equal characteristic case, the differential Artin
conductors are invariant under the operation of “adding a generic p®-th root” (see
Definition 2.3.2.7), and hence it is the same as Borger’s definition. However, in the
mixed characteristic case, we can only deduce that the Artin conductors are invariant
under the operation of “adding a generic p-th root” (see Definition 2.3.2.7), and we

do not know if Borger’s Artin conductors agree with the arithmetic Artin conductors.

2.1.3 Structure of this chapter

In Section 2.2, we give a brief review of the classical ramification theory, to motivate
Abbes and Saito’s definition. Then, we give Abbes and Saito’s definition of arithmetic
ramification filtrations, following [AS02].

In Section 2.3, we outline a fake proof of the Hasse-Arf theorem, leaving out some

fake-assumptions that we cannot meet. We hope that this would help the readers
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better understand the big picture first. In particular, we would like to point out that
the concept of generic rotation is actually used in previous chapters already, but with

more number theoretic picture involved here.

In Section 2.4, we first review Borger’s definition of generic perfection and Artin
conductors. Then we prove the comparison theorem between Borger’s Artin conduc-
tors with differential Artin conductors, provided that we know the invariance of the
arithmetic Artin conductors under the operation of “adding a generic p*-th root”.

We briefly discuss why the same argument fails for mixed characteristic case.

In Section 2.5, we first discuss an application of ramification filtration to finite
flat group schemes, given by Abbes and Mokrane [AM04]. Then we prove that the
Hasse-Arf theorem for non-logarithmic ramification filtrations implies a Hasse-Arf

type theorem for finite flat group schemes.

2.2 Ramification Filtrations

2.2.1 Classical ramification theory

We now discuss the classical ramification theory for a complete discretely valued field,

following [Ser79, Chapter IV].

Hypothesis 2.2.1.1. In this subsection, let K be a complete discretely valued field
whose residue field ki is perfect. Let L be a finite Galois extension of K with

ramification degree er/k.

Definition 2.2.1.2. The lower numbering filtration of Gk is defined as follows: for

1 > —1 an integer,

Gu/k: ¥ Ker (Gr/x — Aut(Op/mifh)).
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In particular,

Gr/k,—1 = Gr/k;
Gr/kpo = Ik, the inertia group;

Gr/k,1 = Pk, the wild inertia group.

For i > —1 real, we define G k; = Gr/k,i}- The lower numbering filtration behaves
nicely with respect to subgroups of G,k but not quotients; it thus cannot be defined

on the absolute Galois group Gg.

Definition 2.2.1.3. For ¢ > —1, the upper numbering filtration of G,k is defined

by the relation Gi%f (1) def Gr/k,i, Where

1

) p—t dt'
¢k (0) /o Gk : GL/k.]

Note that the indices where the filtration jumps are now rational numbers, but not
necessarily integers. In any case, Proposition 2.2.1.4 below implies that there is a
unique filtration G% on Gy which induces the upper numbering filtration on each

Gpr/k (that is, G /i 18 the image of G under the surjection Gx — G k).

Proposition 2.2.1.4 (Herbrand). Let L' be a Galois subextension of L/K, and
put H = Gal(L/L'), so that H is normal in Gk and Gyx/H = Grk. Then
Gy, i = ( . /i H)/H; that is, the upper numbering filtration is compatible with form-

ing quotients of Gk .
Proof. See [Ser79, § IV.8 Proposition 14]. O

Definition 2.2.1.5. We call b € R a (ramification) break of L/ K if Gf/}( 2 Uaso1GY -
From Definition 2.2.1.3, all breaks of L/K are rational numbers. Among all breaks
of L/K, the biggest one is called the highest (ramification) break of L/K, denoted
by b(L/K). (If L = K, we set b(L/K) = 0 by convention.) This quantity has a more

direct interpretation in terms of generators, stated in Proposition 2.2.1.6 below.
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We also define the highest log-break to be biog(L/K) = 0 if b(L/K) < 1 and
big(L/K) = b(L/K) — 1 otherwise; it measures the wild ramification of G-

Proposition 2.2.1.6. There exists © € Oy, that generates Oy, as an Ok-algebra. For

such an z,

W(L/K) = ( > wler-z)+ max 'uL(g:c—x)).

9€CGr/k

In particular, if L/ K is totally ramified, we may take = to be any uniformizer 7, of

L.

Proof. The existence of z is proved in [Ser79, § II1.6 Proposition 12]. The rest is just

plain calculation, which may be found in, for instance, [Col03+, Proposition 1.2]. [
A key observation, which Saito attributes to Kato, is the following.

Proposition 2.2.1.7. Let P be the minimal polynomial of = in the proposition above.
Then, the rigid analytic space X°® = {u|ju| < 1,|P(u)| < |7x|*} has [L : K] geometric
connected components ([BGR84, 9.1.4/8]) if and only if a > b(L/K).

Proof. A rigorous proof may be found in [Col03+, Lemme 2.4] or [AS02, Lemma 6.6].
We will, instead, give a rough idea of why this is true.

The picture here is that if a is very large, we confine u in very small neighborhoods
of the roots of P(u) = 0, or equivalently, the conjugates of z. The rigid space X*
should be geometrically disjoint union of very small discs centered at each conjugate
of z. When a becomes smaller, the discs grow larger and, at some point, some of them
crash into one disc, which decreases the number of geometric connected components;
the number b(L/K) records this moment.

The cut-off condition is obviously |u — z| < |gz — z| for any g € G k\{1}; in
other words, u is closer to = than any other conjugates of z. Note that P(u) =

ngcwx (u — gz). Hence, one has |u — gz| = |gz — z|. Thus,

|P(u)| = H lu — gz| = |u — z| H |z — gx| < |mp|HE/ 0.
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In fact, this gives the essential ingredient of a rigorous proof. O

2.2.2 Review of Abbes-Saito’s definition

We will sketch the definition of arithmetic ramification filtrations on the Galois group
of a complete discretely valued field K. For more details, one can consult [AS02,

AS03].

Hypothesis 2.2.2.1. In this subsection, let K be a complete discretely valued field
with possibly imperfect residue field Kx. Assume char kx = p > 0. Let L be a finite

Galois extension of K with (naive) ramification degree e = ey, /x (see Notation 1.1.1.7).

Notation 2.2.2.2. Denote 8 = |rx|. When K is of mixed characteristic, we denote
Bk = vk(p), the absolute ramification degree. We say K is absolutely unramified if

Bk = 1, equivalently, p is a uniformizer of K.

Definition 2.2.2.3. Take Z = (2;j)jes C Of to be a finite set of elements generating
Oy, over Ok, ie., Ok|(u;)jes]/Z = Or mapping u; to 2; for j € J = {1,...,m} and
for some appropriate ideal Z. Let (f;)i=1,..n be a finite set of generators of Z. For

a > 0, define the Abbes-Saito space to be
ASE e p = {(us) € AR[0, 1] | fius)| < 6° 1<i<n}. (2224

We denote the geometric connected components of AS7 ., by 75" (ASE/k 7)-
The highest ramification break b(L/K) of the extension L/K is defined to be the
minimal b such that Ya > b, #m5 - (ASf/x z) = [L : K].

Caution 2.2.2.5. Recall from Notation 1.1.1.22 that Ok (u;) denotes the Tate al-
gebra in m variables over Ok. S. Zerbes pointed out that a set of polynomial
generators of Ker (Ox{uy) — Op) may not generate Z over Ok[u;]. For exam-
ple, K = Fy(z,y)((mk)) with p > 2 and L is generated by z,w with relation
2P = 2P lywP i+, wP = 2P~ lwP 1k +y; these two equations generate the kernel of
Ok {us) — O but not the kernel of Og[us] — Of because Ok[u] is not mx-adically

complete.
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Remark 2.2.2.6. When the residue field k is perfect, we may choose the generator
in Definition 2.2.2.3 to be the one in Proposition 2.2.1.6. Then the rigid analytic
space X in Proposition 2.2.1.7 is the union Uar>aAS,‘f'/ k.- Hence, Abbes and Saito’s
definition is a natural generalization of the classical ramification breaks.

Similarly to the proof of Proposition 2.2.1.7, we give an intuitive way of under-
standing the above definitions following [AS02].

First, if a — 0%, the conditions on fi,..., f, in 2.2.2.4 are almost vacuous. So,
AS3 K,z 18 almost the whole polydisc. In particular, it is geometrically connected. In
contrast, if a — oo, the conditions on fi,..., f, in 2.2.2.4 basically restrain the pos-
sible u; to be very close to z; or other solutions to the equations f; =0,..., f, =0,
which are exactly Galois conjugates of z;. Thus, AS{ IK.Z has exactly [L : K] geomet-
ric connected components. From these two extreme cases, we know that, when we
increase a, the Abbes-Saito space shrinks from a whole polydisc to smaller polydiscs
and, at some a it breaks apart into different polydiscs. The highest ramification break
captures the last break.

Remark 2.2.2.7. It might be more natural to view AS7 ;. , together with a mor-
phism 7 : AS} (-, — A%[0,6°] mapping (us) to (fi(ws),.- ., fa(us)). The similar
view should also be taken for AS} ., ;p below. We will come back to this in

Subsection 2.3.3.

Definition 2.2.2.8. Keep the notation from Definition 2.2.2.3. Moreover, take a
subset P C Z and assume that P and hence Z contain 7. Let e; = vp(2;). Take
i € Okl[(u;)jes] as a lift of 25/, Vj € P, and take h;; € Ok|[(u;)jeJ] as a lift of
z;i" /2, Vi, j € P2. For a > 0, define the logarithmic Abbes-Saito space to be

|fi(us)| < 67, 1<i<n
AST kog,z,p = § (ws) € AR[0, 1] lus — 75ig;] < gotes VjeP
luft — uz? hyj| < goteealenx (i, 5) € P2
(2.2.2.9)

Similarly, the highest logarithmic ramification break bog(L/K) of the extension
L/K is defined to be the minimal b such that Va > b, #7§""(AS} k 10e 7 p) = [L : K].
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Remark 2.2.2.10. The additional structure on the special subset P is to give a log-
variant of Definition 2.2.2.3, where we equip Ok and Oj, the natural log-structures

given by 72 — O and 7% — O, respectively.
We reproduce several statements from [AS02, AS03].

Proposition 2.2.2.11. The Abbes-Saito spaces have the following properties.

(1) For a > 0, the Abbes-Saito spaces AS7 . , and AST o4 zp do not depend
on the choices of the generators (fi)i=1,.n of I and the lifts g; and h;; for i,j € P
[AS02, Section 3]. (This justifies the omission of f;, g;, hij from the notation.)

~ (1°) In the definition of both Abbes-Saito spaces, if we choose polynomials (f;)i=1,..n
as generators of Ker (Ok(uy) — Op) instead of T = Ker (Ok|uj] — OL), the spaces
do not change.

(2) If we use another pair of generating sets Z and P satisfying the same proper-
ties, then we have a canonical bijection on the sets of the geometric connected com-
ponents w5 (ASE k. z) and 75 (AST i 10g,2,p) for different generating sets, where
a > 0. In particular, both highest ramification breaks are well-defined [AS02, Sec-
tion 3].

(3) The highest ramification break (resp. highest logarithmic ramification break)
gives rise to a filtration on the Galois group Gk consisting of normal subgroups Fil*G
for (resp., Fil},,Gk) for a > 0 such that b(L/K) = inf{a|Fil*Gx C G} (resp.
biog(L/K) = inf{a|Fil,,Gkx € Gr}) [AS02, Theorems 3.3, 3.11]. Moreover, for L/K
a finite Galois extension, both highest ramification breaks are rational numbers [AS02,
Theorems 3.8, 3.16].

(4) Let K'/K be a (not necessarily finite) extension of complete discretely valued
fields. If K'/K is unramified, then Fil*Gg = Fil*Gk for a > 0 [AS02, Proposi-
tion 3.7]. If K'/K is tamely ramified with ramification index e < oo, then Fili|, Gy =
Fily .Gk for a > 0 [AS02, Proposition 3.15].

(4’) Let K'/K be a complete extension of discretely valued fields with the same

value group and linearly independent of a given finite extension L/K. Denote L' =

K'K. If Oy = Op ®0, Ok, then b(L/K) = b(L'/K") [AM04, Lemme 2.1.5].
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(5) For a > 0, define Fil*tGx = m&; and Fili’:g'GK = m.
Then, the subquotients Fil*Gx /Fil**Gk are abelian p-groups if a € Qs and are 0 if
a ¢ Q, except possibly when K is of mized characteristic and absolutely unramified
([AS02, Theorem 3.8] and [AS03, Theorem 1]). The subquotients Filf,,Gx /Filii Gx
are abelian p-groups if a € Q¢ and are 0 if a ¢ Q ([AS02, Theorem 3.16], [AS03,
Theorem 1]).

Moreover, if K is of equal characteristic p > 0; the subquotients Filj ,Gx / FilﬁjéG K
are abelian p-groups killed by p if a € Q5. [Sai07+, Corollary 1.3.6]

(6) For a > 0, Fil**'Gx C Fil}, .Gk C Fil°Gx [AS02, Theorem 3.15(1)].

(7) The inertia subgroup is Fil®Gg for a € (0,1] and the wild inertia subgroup is
Fil'* Gk = Filj Gk [AS02, Theorems 3.7 and 3.15).

(8) When the residue field ki is perfect, the arithmetic ramification filtrations
agree with the classical upper numbered filtration [Ser79)] in the following way: Fil®Gg =
Fil¢- Gk = G?{l for a > 1, where G% 1is the classical upper numbered filtration on

log

Gk [AS02, Section 6.1].

Proof. For the convenience of readers, we point out some ingredients of the proof.
For details, one can consult original papers.

(1) is straightforward by matching up points.

(1) is not in any literature. However, it can be proved verbatim as (1).

(2) One can show that if we add a new (dummy) generator in Z or P, the new
Abbes-Saito space admits a fibration over the original Abbes-Saito space whose fibers
are closed discs of radius 6°.

(3) The first statement is just abstract nonsense. The second one is essentially
because Abbes-Saito spaces are defined over K and the geometric connected compo-
nents can be detected over the algebraic closure K€, which has value group |K*|2.
However, realizing this principle needs formal models of rigid spaces. As we will re-
prove this result in the main theorem, we refer to the original paper for the formal
model proof.

(4) and (4’) When Ok ~ O, ®o, Ok, one can match up the non-logarithmic
Abbes-Saito space for LK’/K’ and the extension of scalar of the non-logarithmic
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Abbes-Saito space for L/K in a natural way. In the tamely ramified and the loga-
rithmic case, one can also identify two logarithmic Abbes-Saito spaces [AS02, Propo-
sition 9.8]; it is slightly more complicated.

(5) The proof uses the formal models of the Abbes-Saito spaces and their stable
reductions, which is in an orthogonal direction of the present thesis. One may consult
[AS03] and [Sai07+] for a complete treatment.

(6) and (7) are easy facts.

(8) follows from an explicit calculation in monogenic case, carried out in Proposi-

tions 2.2.1.6 and 2.2.1.7 and Remark 2.2.2.6. O

Remark 2.2.2.12. To avoid confusion, we point out that our approach to the Hasse-
Arf Conjecture 2.2.2.17 below does not use (5) and the second statement of (3) on the
rationality of the breaks in the proposition above. In fact, we will derive these prop-
erties from the properties by reducing to the classical case, or using the comparison

with differential conductors.

Definition 2.2.2.13. By a representation of Gk, we mean a continuous homomor-
phism p : Gk — GL(V,), where V,, is a finite dimensional vector space over a field F’
of characteristic zero. We allow F' to have a nonarchimdedean topology; hence the
image of Gx may not be finite. For o : H — Gk a continuous homomorphism, we
write p|g for poo.

We say that a representation p of Gk has finite local monodromy if the image of

the inertia subgroup of Gk is finite.

Definition 2.2.2.14. Let p : Gk — GL(V,) be a representation of finite local mon-

odromy. Define the arithmetic Artin and Swan conductors as

Art(p) ‘i—if Z a -dim (‘/"’Fil“-i-GK /‘/pFilaGK), (22215)
a€Qxo
se+ ile
Swan(p) & 3" a-dim (V, =% /v, R, (2.2.2.16)
aGon

They are actually finite sums.
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Conjecture 2.2.2.17. (Hasse-Arf Theorem) Let K be a complete discretely valued
field. For any representation p of Gk of finite local monodromy, the arithmetic con-
ductors are nonnegative integers, namely, Art,,(p) € Z>o and Swan,,(p) € Zxo.
Moreover, the subquotients of the filtration Fil®Gk /Fil*" Gk for a € Qs and
Fil

Gr/Fill Gk for a € Qs are abelian groups killed by p.

a
log log

Proposition 2.2.2.18. If the residue field Kk is perfect, Conjecture 2.2.2.17 holds.

Proof. By Proposition 2.2.2.11(8), we are reduced to the classical Hasse-Arf theorem
[Ser79, §VI.2 Theorem 1’ and §IV.2 Corollary 3]. Note that in this case, Swan(p) =
Art(p) — dim V,/V]x. 0O

We will prove Conjecture 2.2.2.17 in Chapters 3 and 4, except for some special
cases. The precise statement is as follows; it summaries the results from Corol-

lary 3.4.3.3 and Theorems 4.2.3.5, 4.3.1.14, and 4.3.3.3.

Theorem 2.2.2.19. Let K be a complete discretely valued field and let Gk be its

absolute Galois group.

(1) (Hasse-Arf Theorem) Let p : Gx — GL(V,) be a continuous representation of fi-
nite local monodromy. Then the Artin conductor Art(p) is a nonnegative integer
ezcept possibly when K is of mized characteristic and s absolutely unramified;
the Swan conductor Swan(p) is a nonnegative integer except possibly when K is

of mized characteristic and p = 2, in which case, we have Swan(p) € 3Zso.

(2) The subquotients Fil*Gk /Fil**Gx for a > 1 and Fil}, Gk /Filjy; Gk for a > 0

log
of the ramification filtrations are trivial if a ¢ Q and are abelian groups killed
by p if a € Q, except possibly in the mized characteristic, absolutely unramified

and non-logarithmic case.

Remark 2.2.2.20. The restriction on not being absolutely unramified also occurs
in [AS03]. It reflects the failure of deforming the uniformizer p (not even “slightly”).
Explicitly, we have a dichotomy (assuming that K has a finite set of lifted p-basis
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b, .. bm)

) @D, ki - db; K is absolutely unramified,
Qoy/z, ® kx =

ki - dnx © @)=, ki - db; otherwise.

Compare Remarks 2.3.4.14 and 4.1.1.9 for another interpretation of the restriction
from a more technical point of view. This does not affect the logarithmic ramification
filtration because it well-behavior under tame base change helps avoid the restriction
on (k.

The restriction on p # 2 is purely technical. Please see the proof of Theo-
rem 4.3.1.14 as well as Remark 4.3.1.15 for more detailed description.

We do not know any counterexample of Conjecture 2.2.2.17 in the case when either

of the two conditions fails.

For the rest of this chapter, we first give some idea of the proof of the above
theorem, and deduce some applications of it.
Before doing so, we point out a relevant conjecture on the arithmetic ramification

filtration, which we will prove in Corollary 3.4.3.5 for the equal characteristic case.

Conjecture 2.2.2.21. Let K be a complete discretely valued field. For a € Q>o, let
Fil,, Gk be the arithmetic logarithmic ramification filtration. Then for a € Qso, the

conjugation action of FilﬁféG k/Fill,Gx on Fili,,Gk/ Fil;‘:éG’ K s trivial.

Remark 2.2.2.22. By [Ser79, §IV.2 Proposition 10], the above Conjecture 2.2.2.21
is true if the residue field kx is perfect. We will prove it for the equal characteristic

case in Corollary 3.4.3.5.

2.3 A fake proof of Hasse-Arf conjecture

In this section, we give a fake proof of the Hasse-Arf Conjecture 2.2.2.17, which will

be the prototype of the real proofs in Chapters 3 and 4.

118



2.3.1 A brief sketch of the proof

This subsection is designed to give a vague overview of the proof. A slightly more

detailed argument is presented in later subsections of this section.

Some preliminary reductions may reduce the problem to studying the ramification
break of a finite totally ramified and wildly ramified Galois extension L/K. The
problem is that the residue field extension k1 /kx may not be separable. The idea
of the proof is that if we could add the p-th roots of some elements of K without
changing the ramification break b(L/K), then we would practically “perfectify” the
residue field of K and hence reduce to the separable residue field extension case, which

can easily reduce further to the perfect residue field case.

The reality is not as ideal as we hoped, but one expects that, if adding the p-
th roots of b;, an element in a p-basis of K, changes the ramification break, then
adding the p-th roots of b; + amg would not change the ramification break for all
a € Ok. In order to give a systematic approach, we introduce the operations of
adding generic p-th or p>-th roots of elements in a lifted p-basis, that is to replace K
by K = K(z)"N((b+zmg)/P) or K = K(2)"™(b+zmk)?"), namely, we first add
a dummy variable z and then adjoin a p-th or p*®-th root of an element involving x.
Fortunately, knowing that the ramification breaks are invariant under adding generic
p-th or p™-th roots is enough for proving Conjecture 2.2.2.17, because we can still

reduce to the separable residue field extension case (see Proposition 2.3.2.10).

Now, it suffices to show the invariance of ramification breaks under the operations
of adding generic p-th or p*®-th roots. For this, we need to link the ramification breaks
with the generic radii of convergence of some differential modules and apply the tool
of differential modules from Chapter 1. Assume for a moment that pulling back an
Abbes-Saito space AS? . , — A%[0,6°] along some map A%[0,0%] — A%[0, 6%] gives

an Abbes-Saito space for the extension KL / K , 1.e., we have the following Cartesian
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diagram.
ASZ/K,Z -~ AS}{L/f{z (2.3.1.1)

Az [0,6°) <L A%[0,6°]

The key here is that the morphism 7 is finite étale of degree [L : K] (for some
standard Abbes-Saito spaces which will discuss below). Thus, we can push forward
the structure sheaf along 7 to get a differential module £ over A%[0, 6%]. Using simple
Taylor expansion, we know that 75 (AS/x z) = [L : K] if and only if £ is trivial
over A%[0,6°] for b < a, which can be seen from the generic radii of £. (This is not
false when char K = p > 0; see Subsection 2.3.6 for the explanation.) When adding
a generic p-th or p™-th root, it is equivalent to considering an Abbes-Saito space for
K L/ K and considering the corresponding differential module. By the base change
property (2.3.1.1), we need to match up the generic radii of £ with those of f*€. This
is exactly where the tool of differential module from Chapter 1 comes into play.

Now, we discuss the base change diagram (2.3.1.1) above. In practice, we work
with a special type of Abbes-Saito spaces (Definition 2.3.3.7). They basically arise
from a good set of generators of Or/Ok, by choosing a lifted p-bases of k; and
a uniformizer ;. A more serious problem we encounter is that the definition of
Abbes-Saito space is not “functorial” with respect to the base field K and hence
the expected base change diagram (2.3.1.1) does not hold. The key point here is to
slightly change the morphism m : AS7 . , — A%[0,6°] to I : TS}, — A%[0,6°],
where we introduce a space T'S7 isomorphic to AS} ;. 7, which carries a “functorial”
morphism down to A%[0,60%). We call this AS = T'S theorem (Fake-theorem 2.3.5.2).
We will see in Subsection 2.3.5 that this needs to be more carefully studied in the

mixed characteristic case.

2.3.2 Generic p-th roots and generic p>*-th roots

The notion of generic p®-th roots was first (implicitly) introduced by Borger in

[Bor04]. Kedlaya [Ked0T7a] realized that in the equal characteristic case, adding

120



generic p-th roots into the field extension will not change the (differential) non-
logarithmic ramification filtration; hence, one can prove the non-logarithmic Hasse-

Arf theorem by reducing to the perfect residue field case.

Hypothesis 2.3.2.1. In this subsection unless otherwise specified, let K be a dis-
cretely valued field with separably closed and imperfect residue field. Let L be a
finite Galois extension of K. Assume that K admits a finite lifted p-basis (see Defi-
nition 1.1.1.11).

Remark 2.3.2.2. This is a mild hypothesis because the conductors behave well
under unramified base changes, and the tamely ramified case is well-studied (Propo-
sition 2.2.2.11(7)). Also, one can easily reduce to the finite p-basis case (see Propo-

sition 2.3.2.13).

Notation 2.3.2.3. Let J = {1,...,m} for notational convenience. For rest of the
thesis, we reserve the notation j and m for indexing p-basis. We also use J* to denote

J U {0}, where 0 refers to the uniformizer 7.

Notation 2.3.2.4. Let z be transcendental over K. Define K(z)” to be the comple-
tion of K(z) with respect to the 1-Gauss norm and define K’ to be the completion of

the maximal unramified extension of K(z)". Set L' = K'L.

Lemma 2.3.2.5. Let L(z)" be the completion of L(z) with respect to the 1-Gauss
norm. Then, L’ is the completion of the mazimal unramified extension of L(z)". In

particular, the residue field of L' is Kk = kg (x)%P - kL, which is separably closed.

Proof. First, L(z)" = LK(z)" because the latter is complete and is dense in the
former. So, it suffices to prove that L’ is complete and has separable residue field.
Since L'/ K’ is finite, L' is complete. Moreover, the residue field k. of L’ is separably

closed because it is a finite extension of a separably closed field kg (Z)%P. O

Proposition 2.3.2.6. The highest ramification breaks do not change if we make a
base change from K to K'. In other words, b(L/K) = b(L'/K') and bog(L/K) =
biog(L'/K").
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Proof. Since 7z, is a uniformizer of L’ and O, ®o, Ok surjects onto k1, by previous
lemma, we have Op = O, Qo Ok. The result follows from Proposition 2.2.2.11(4’).
O

Definition 2.3.2.7. Let b;, be an element in a lifted p-basis of K. We will often
need to make a base change K «— K = K'((bj, + z7x)"?";n € N)"(resp. K —
K=K ((bj, + z7k) P)), a process which we shall refer to as adding a generic p™-th
(resp. p-th) root (of b;,). If we start with a finite field extension L/K, adding a
generic p™®-th (resp. p-th) root will mean considering the extension L=LK / K. We
have G5 &= Gr/k as K is linearly independent from L over K. By convention, we
take 7z = 7k as K /K since unramified. If we add a generic p>-th root, we provide
K with a lifted p-basis {b o} T}, which has the same number of elements as the
original lifted p-basis. If we add a generic p-th root, we provide K with a lifted p-
basis {bs\(jo}, (bjo + Tmk)*/?, z}, which has one more element than the original lifted

p-basis.

Remark 2.3.2.8. The reason to introduce the distinction between the generic p-th
roots and the p™-th roots is that, on one hand, to prove the comparison to Borger’s
conductor, we need the invariance under adding generic p®™-th root operations; and
on the other hand, we can only prove the invariance under adding generic p-th root
operations in the mixed characteristic case, which is fortunately enough to deduce

the Hasse-Arf theorem. see also Remark 2.4.2.2.

Remark 2.3.2.9. If K is of mixed characteristic, adding a generic p*-th or p-th root
does not change the absolute ramification degree of K (Notation 2.2.2.2).

The purpose of adding generic p-th or p®-th roots is to reduce to the mono-
genic case. The proof of the following proposition is essentially the same as [Ked07a,
Lemma 3.5.4]. It is also implicitly contained in Borger’s construction of Artin con-

ductors (Section 2.4).

Proposition 2.3.2.10. Let L/K be a finite Galois extension of complete discretely
valued fields satisfying Hypothesis 2.3.2.1. Then after finitely many operations of
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adding generic p™-th or p-th roots, the field extension we start with has separable

residue field extension.

Moreover, if K is of mixed characteristic, then in this process, the absolute rami-

fication degree By does not change.

Proof. First, the tamely ramified part is always preserved under these operations. So,
we can assume that L/K is totally wildly ramified and hence the Galois group G,k
is a p-group. We can filter the extension L/K as K = Ky C --- C K, = L, where
K;/K;_; is a (wildly ramified) Z/pZ-Galois extension and K;/K is Galois for each

i=1,...,n. Each of these subextensions

(a) either has inseparable residue field extension (and hence has naive ramification

degree 1),

(b) or has separable residue field extension (and hence has naive ramification

degree p).

Moreover, Ok, /Ok,_, is generated by one element, a lift of the a generator of the

residue field in case (a), or a uniformizer of Ok, in case (b).

Let 7y be the maximal number such that K;/K;_; has separable residual extension
for:=1,...,75. Obviously adding a generic p>-th or p-th root does not decrease g
because after adding a generic p-th root, the naive ramification degree of I?io / K still
equals to the degree p®. Now, it suffices to show that after finitely many operations
of adding generic p*°-th or p-th roots, K;,.1/K;, has separable residue field extension

(if 2 < n). Suppose the contrary.
Let g € Gk, ,,/K;, = Z/PZ be a generator. We claim that
v=_min (v, (9(z) - z))

xEOKi0+1

decreases by at least 1 after adding generic p-th roots of each of the elements in the
p-basis. This would be enough to conclude the proposition because v is always a

nonnegative integer.
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Let z be a generator of Ok, ,, over Ok, . It satisfies an equation
P +a;22 1+ +a, =0, (2.3.2.11)

where ai,..., 8,1 € mg, and o, € Ok, with 8, € kg, \(rg, )P = wx\(kg)P- 1t is
easy to see that v = vk, ,,(9(2) — 2).

Adding generic p-th or p*-th roots of each of the element in a lifted p-basis gives
us a field K. Now, the field extension K Kig+1/ K K;, is also generated by z as above.
But we can write a, = of + 3 for @ € Oy, and § € mg, . Hence if we substitute
? = z+a into (2.3.2.11), we get 2P +a} 2?1+ .- +a, =0, with a},...,a} € Mz,
Hence, vgy, ., (2') > 0. By assumption that the extension K Kj;,11/K K, has naive
ramification degree 1, mg, is a uniformizer for K Ki,+1 and hence 2’ /71'K,.0 lies in

o R . Thus,

Kig+1

—_ : ~ _ ~ ! _
PY - meankl}:jo+l (UKK50+1 (g(x) x)) S ’UKK..'0+1 (g(z /7rK10) 2 /WKlo)

= UK,-0+1(9(Z) —2z)—1=7-1
This proves the claim and hence the proposition. O

Remark 2.3.2.12. It is worthwhile to point out that, if we only add generic p-th
roots, then after these operations, the number of elements in the lifted p-basis of the

resulting field will be more than that of the original field.
For the following proposition, we drop Hypothesis 2.3.2.1.

Proposition 2.3.2.13. Assume that the highest non-logarithmic ramification breaks

b(L/K) are invariant under the operation of adding a generic p®-th or p-th root if
(a) either K is of equal characteristic and L/ K verifies Hypothesis 2.3.2.1,

(b) or K is of mized characteristic with a fired absolute ramification degree Bx and

L/K wverifies Hypothesis 2.3.2.1.

Then, we have for all such K,
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(1) Art(p) is a nonnegative integer for any representation p : Gx — GL(V,) with
finite local monodromy;

(2) the subquotients Fil®Gk /Fil** Gk are trivial if a ¢ Q and are abelian groups
killed by p if a € Q.

Proof. (1) Since the conductor is additive and is invariant when base changing to
the completion of the maximal unramified extension of K (Proposition 2.2.2.11(4)),
we may assume that p is irreducible and exactly factors through the Galois group
of a totally ramified Galois extension L/K. We may also assume that the residue
field kg is imperfect and the extension is wildly ramified since the classical case
is well-known (Propositions 2.2.2.11(7) and 2.2.2.18). We need only to show that
Art(p) =b(L/K) - dimp € Z.

Now we reduce to the finite p-basis case. Choose a finite subset Jy C J such that
nK(l—);/ P) is linearly independent from &y, for any j € J\Jo. Pick lifts b; € Ox of b; for
each j € J\Jp. Define K} = K(b;/pn;j € J\Jo,n € N)A and L; = K L. It is easy to
see that L, : Ki] = [L : K|, er,/k, > er/k, and [kr, : kk,| > [kL : Kk], where kg,
and Kz, are the residue fields of K; and L;, respectively. Thus, all the inequalities
are forced to be equalities. This implies G, /k, = Gr/x and O, = O ®o, Ok,. By
Proposition 2.2.2.11(4%), b(L,/K;) = b(L/K). Therefore, we may reduce to the case
when Hypothesis 2.3.2.1 holds.

Now, we can apply Proposition 2.3.2.10 and the assumption we have to reduce
to the case when L/K has separable residue field extension. In this case, Proposi-
tion 2.2.2.11(4’) implies that replacing K by K(bjl-/pn;j € J,ne N)A does not change
the conductor, where b; is a lifted p-basis of K. Hence, we reduce to the classical
case; the statement follows from Proposition 2.2.2.18.

Now we prove (2), following the idea of [Ked07a, Theorem 3.5.13]. Let L be a finite
Galois extension of K with Galois group Gr/k; then we obtain an induced filtration
on Gr/k. It suffices to check that Fil®Gp/k/ Fil*t@ 1/k is abelian and killed by p;
moreover, we may quotient further to reduce to the case where Fil** G, /K is the trivial
group but FilGp/k is not. As above, we may reduce to the classical case because the

ramification break of any intermediate extension between L and K is also preserved
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under the operations above. The statement follows from Proposition 2.2.2.18. O

2.3.3 Standard Abbes-Saito spaces

In this subsection, we introduce the standard Abbes-Saito spaces by choosing a dis-
tinguished set of generators of Or/Ok. We continue to use Notation 2.3.2.3 and

assume the following.

Hypothesis 2.3.3.1. Let K be a discretely valued field with émperfect residue field
and let L be a finite Galois extension of K. Assume that K admits a finite lifted

p-basis b;.

Notation 2.3.3.2. We define a norm on the polynomial ring Ok[uy+]: for h =
Ee,+ ae,, Ui, where ae,, € Ok, we set |h| = max, , {|ae,, | - 6°0/¢}. For a € 1Z5,,

denote N*° to be the set of elements with norm < 0% it is in fact an ideal.

Construction 2.3.3.3. Choose lifted p-bases by C Ok and ¢y C O of K and L,
respectively. Let ko = kx with p-basis (b;);cs. By possibly rearranging the indexing
in by, we can filter the extension k1/kx by subextensions k; = kk(¢y,...,¢;) with
p-bases {c1,...,&,bj41,...,bm} for j € J. Moreover, if [k; : k;j_1] = p', then
E;-’rj € k;_;. We also choose uniformizers 7y and 77, of K and L.

Write A : Og(us+)/Zr/x = Or mapping u; to ¢; for j € J and up to 7, where
T1/k is some proper ideal. Let A be the composite of A with the reduction O, — 1.

Hence,
{uj’ﬂej €{0,...,p"" —1} forall j € J,and g € {0,...,e — 1}} (2.3.3.4)

form a basis of Ok (uj+)/Ir/k as a free Og-module. We choose a set of generators
py+ of Iy k by writing each u?rj (for 7 € J) or u§ (for j = 0) in terms of the basis
(2.3.3.4). We say that p; corresponds to c;. Obviously, ps+ generates I1/x. Moreover,

p; € 'u,?rj - b,-(ul, - ,uj_l) + Nl/e . OK[’U.J+], JE J,

Po € u§—0(Ur,..., Um)Tk + T NYE - Ogluss],
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where b;(uy, ..., uj-1) € Okluy, ..., uj-1] with powers on u; smaller than p™ for all

i=1,...,7—=1, and 3(uy, ..., un) € Oklui,...,un| such that A(?) € OF.

Remark 2.3.3.5. It is attractive to hope that one can find p-basis (b;);cs of Kk so
that k7, = ch(I—J;’—rj) for some 7; € Z3o. This however is false in general, as pointed
out to the author by S. Ohkubo. In fact, Sweedler [Swe68] studied this phenomenon
and called the above case modular. He also gave the following non-modular example
[Swe68, Example 1.1].

Let ko be a perfect field of characteristic p and let X,Y, Z be indeterminants.
Let k = ko(XP,Y?,2P") and £ = k(Z,XY + Z). Then [£ : £N K] = p? and

[€NKkP™" : k] = p. Hence, £/x cannot be modular.

Remark 2.3.3.6. It is also not true in general that one can take uniformizers 7,
and g of L and K so that 7§ /mx = 1 mod my, as notified to the author by Shun
Ohkubo. He gave the following counterexample.

Let K be a complete discretely valued field with imperfect residue field ;. Let
b € Ok be such that b € kx\x%. Choose a, 3 € K as follows: let a be a root of the
polynomial X?+7xX +b € K[X] and § a root of the polynomial Y? +7xY +7xa €
K(a)[Y]. Denote L = K(a,8). Then L/K is a separable extension of degree p? with
naive ramification degree p. The ring of integers of K(c) and K(a, 8) are Ok[a] and
Okla, B), respectively. We claim that we cannot choose uniformizers 7 and 7x so
that 77 /mx =1 mod my,.

It is clear that 8 is a uniformizer of L. For any uniformizer 7y of L,

(mod my,)

"’L’_ﬁ(“_L

Tk Tk B

)’ € (—a - B)(OF) (~e)w, C A,

In particular, 77 /mk is not congruent to 1 modulo my,.

We expect (though we do not know at the moment) a counterexample for which

L/K is Galois.

Definition 2.3.3.7. The (standard) Abbes-Saito spaces AS7,, and AS} ., for

a > 0 are defined by taking generators to be {cs,7r} and relations to be py+ (see
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Proposition 2.2.2.11(1’)). In particular, their rings of functions are

OZIS,L/K = K<UJ+) WI—(GVJ‘*')/(pO(uJ"‘) - %7 v )pm(u.]“") - Vm)a and

O%s.1/k10g = K (st 1™ Vo, 1 Vi) [ (Po(us+) — Vo, - . -, Pm(ug+) — Vim).

Remark 2.3.3.8. The additional 7' added on V; reflects the log-structure. (See
Remark 2.2.2.10.

2.3.4 Cohen rings and ¥ x-functions

We insert here a discussion of Cohen rings and their functoriality with respect to
the p-bases. For more detailed study, one may consult [Whi02]. We also give an
interpretation of the functoriality by differential module using Taylor series. Then,
we introduce the fake function ¥k : Ox — Ok[do/7 K, 0], which is a deformation of

the uniformizer mx and the lifted p-basis b;.

Definition 2.3.4.1. Let « be a field of characteristic p > 0. A Cohén ring Cy is
a absolutely unramified complete discrete valuation ring with residue field . If & is
perfect, Cy is exactly the ring of Witt vectors.

A based field of characteristic p > 0 is a field k¥ equipped with a distinguished
p-basis by, where J is an index set. We view based fields as forming a category whose
morphisms from (k, by) to («,b';,) are morphisms x — &' of fields carrying b, into b,
as a set.

For (k,by) a based field, a based Cohen ring for (k,b;) is a pair (Cy, Bs), where
C, is a Cohen ring for k and By is a subset of C,, which lifts b;.

Proposition 2.3.4.2. There is a functor from based fields to based Cohen rings which

is a quasi-inverse of the residue field functor.

Proof. This is implicit in Cohen’s original paper [Coh46]; an explicit proof is given
by [Whi02, Theorem 2.1]. An alternative proof may be found in [Ked07a, Proposi-
tion 3.1.4]. O
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The following proposition, proved in [Whi02, Theorem 2.1], is stronger than the

proposition above. For convenience of the reader, we include the proof.

Proposition 2.3.4.3. Keep the notation as above and let R be a complete noetherian
local ring with the mazimal ideal mpg containing p. Assume that we have a homomor-
phism ¥ : kK — R/mpg. Then, for any B}, C R lifting 9(bs), there exists a unique
continuous homomorphism 1 : C,, — R lifting ¢ and sending Bj to Bj forall j € J.

Proof. For any n € N, a level n expression of an element g € Cy is a (non-canonical)

way of writing g as

g=>_ pz_: p'AY,, BY (2.3.4.4)

i,i'>0 ;=0
for some A; ., € Cy and for a fixed 4, A; ., = 0 when ¢’ > 0 for all e;. Then we

set

=> Z p'AY,, By (2.3.4.5)

i,i'>0 e5=0
where A, s ., is some lift of (a;.,) in R with a; ., being the reduction of A; ., in
%. Different choices of lifts A; ;1 ., may change the definition of 1,(g) by an element in
m”; a different level n expression as in (2.3.4.4) may also vary ¥,(g) by some element

in m%. For a level n expression of g as in (2.3.4.4) with n > 1, we can rewrite it as

p—1 pn~1-1

=S 5 s, B Y,
i,i>0e/=0 e;=0
which is a level n — 1 expression for g. From this, we conclude that ,(9) =
Yn-1(g9) mod mp'. Taking n — oo, we get our map ¥(g) = lim,_.co ¥n(g). It is
not hard to check that 1 is actually a homomorphism; this is because for g, h € Ck,
the formal sum and product of level n expressions of g and h are level n expressions

of g + h and gh, respectively.

To prove the uniqueness, take another continuous homomorphism v’ : C, — R
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satisfying all the conditions. Then for a level n expression of g as in (2.3.4.4),

p"—1 p—1
’ iAP" ey _ i/ " ley
V(X Y r B ) = > Y P (e, B
i,#>0e;=0 1,i>0 ey=0

is exactly one possible definition for 1,. As we pointed out above, ¥/(g) = ¥n(g9) =
¥(g) mod m%,. Let n — oo and we have ¥ = 9. 0

Hypothesis 2.3.4.6. From now on, we assume that J = {1,...,m} is a finite set.

Corollary 2.3.4.7. Keep the notation as above. There exists a unique continuous
homomorphism 9 : Cx — Cy[b1,...,0m] such that for all j € J, ¥(B;) = B;+46; and
for any g € Cx, ¥(g) — g lies in the ideal generated by 61,...,0m. Moreover, if ko =
Nuk?" and Cy, is the ring of Witt vectors of the perfect field ko, the homomorphism

¥ above is a Cy,-homomorphism.

Proof. The first statement follows from the proof of previous proposition. By the
functoriality of Witt vectors, ¢ has to be identity when restricted to Cy, because g

is perfect. Hence, 9 is a Cy,-homomorphism. O

Corollary 2.3.4.8. Let K = kx((7k)) be a complete discretely valued field of char-
acteristic p > 0 with lifted p-basis b;. Fizx j € J and let b; € Ok be an element
such that b; = b; (mod mg). Then there ezists a (unique) continuous automorphism

g* : K — K such that g*(7x) = Tk, g*(b;) = b}, and g*(by;) = by;-

Proof. Applying Proposition 2.3.4.3 to ¥ = ki, R = kk[rk], and mg = (7k) gives
us a homomorphism g* : Cy,/(p) = &k — kk[nk] such that g*(b;) = b}, and
g*(bn;) = bnj. One can extend this to an automorphism g* : K — K by setting

g*(nx) = k. O

Proposition 2.3.4.9. The homomorphism v in Corollary 2.3.4.7 can be also con-
structed via Taylor series as follows. For x € C,
_v 9 es
vie) = 3 5@ -7,

eJ

130



where 0; = 0,; are differential operators as introduced in Situation 1.1.6.7.

Proof. By Lemma 1.1.6.8, Taylor series gives the desired homomorphism; Defini-
tion 1.1.4.1 (or in fact Corollary 1.1.2.17) verifies that we can divide the factorials.
By the uniqueness in Proposition 2.3.4.3, this gives the homomorphism we are looking

for. O

Corollary 2.3.4.10. Modulo p, the homomorphism v in Corollary 2.3.4.7 gives a
continuous homomorphism ¥ : k — k[0;]. Moreover, if for § € Kk, we can write
dj = §1dby + -+ + Gmdby, in Q,lc/nr,,: then ¥(g) = g + 57151 + ++ - + Gmdm modulo
(65)% - 6[ds]-

Proof. This follows from Proposition 2.3.4.9 above immediately. O

From now on, we assume Hypothesis 2.3.3.1 for the rest of the subsection; we fix

a finite p-basis (b;) and a uniformizer 7k of K.

Fake-assumption 2.3.4.11. Pretend that we have a continuous homomorphism
Yk : Ok — Ok[do/7K, 5] such that Pk (mk) = T + 0o and Pk (b;) = b; + 7wk for all
JjeJ.

Remark 2.3.4.12. The reason to use dy/7 instead of dy is for convenience of nota-

tion.

Caution 2.3.4.13. Such a homomorphism exists when K is of equal characteristic
p > 0 (Corollary 2.3.4.7). However, when K is of mixed characteristic, there is never
such a continuous homomorphism. In particular, we cannot make ¥k (p) = p and
Yi(mK) = Tk + 6o happen at the same time. This is because one cannot “deform”
the uniformizer in the mixed characteristic case.

Moreover, since K will not be absolutely unramified in applications, (lifted) p-basis
may not deform freely either. In other words, we may not be able to find a continuous
morphism 9% : Ox — Ok[é,] such that ¢’(b;) = b; + §; for all j € J. However, this
is true if K is absolutely unramified (Notation 2.2.2.2), as proved in Corollary 2.3.4.7.

More generally, this is true if K is the composite of an absolutely unramified field
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and a field which is a totally ramified extension of a complete discretely valued field

with perfect residue field. (See Situation 1.1.6.7 and the following discussions.)

Remark 2.3.4.14. This fake assumption will be fixed in Chapter 4, by taking ¥ :
Ok — Oxkl|do/7k, 0] to be just a function, without requiring to be a homomorphism
(Construction 4.1.1.2). It turns out that we may take ¥k to be an approximate
homomorphism modulo p(do/7k,ds) (Proposition 4.1.1.8).

This also explains the reason that Theorem 2.2.2.19 is only stated for the case Gx >
1; indeed when Bk = 1, we have no control over the approximate homomorphism k.

It is very interesting to compare this more technical interpretation of the restric-
tion Bx > 1 with the explanation in [AS03] recalled in Remark 2.2.2.20. Since the
differentials often meaéure the ability of deforming an object, the lack of the direct
summand drg in the absolutely unramified case is reflected here as the failure of

“deforming” the uniformizer, even infinitesimally.

Although 1k is just a fake function, but ¥k : kx — Kg[d] still satisfies the
conclusion of Corollary 2.3.4.10, by Lemma 4.1.1.11. Before moving on, we deduce a

technical lemma that is useful in the proof of AS = T'S theorem.

Lemma 2.3.4.15. Assume that P satisfies the conclusion of Corollary 2.3.4.10, the

determinant

det (8(1/_);‘ (P) —p "))M_GJ € (rxlus]/(Bs,u0))™ = K%,

a3,

8,;4+=0
where p; are reductions of py in kklus+]/(uo).

Proof. By the expression in Cosntruction 2.3.3.3.

(a(w(z;i;j— ) )., mod (5,) = (%(‘C%ﬂ)iw mod (6,)  (2.3.4.16)

Let @&;; € ki, denote the entries in the matrix on the right hand side of (2.3.4.16),
where we identify Ok (us+)/(ps+,u0) = &r. Under this identification, b; will become

&" for all i € J. It suffices to show that the i-th row is ry-linearly independent from
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the first ¢ — 1 rows for all 7. If we write

po-1 pli—1-1

—€i—-1
Z Z €1,-. 1et— e c‘i—l ?
e1=0 e;—1=0

where A, _e,_, € kik for which dXe, e, , = fley,...e;-1,18b1 + - - + fle,...;_;m0m, then
by Corollary 2.3.4.10,

pro—-1  pii-1-1

andby + -+ Gimbm = Y o0 Y S UPT (e, ey 1801+ + fley.... 4 1,mBm)
e1=0 e;—1=0

=d(@") mod (déy,...,d_1)

in Q,l‘i_l /v, it is in fact nontrivial because déi, ... ,d¢, form a basis of Q}n /Ey and
hence there should not be any auxiliary relation among dg,, ..., d¢; in Qll(j [F," But
we know that the sums @;1db; + - - - + @ymdby, for i’ < ¢ all lie in the submodule of
O /¥, generated by dé;, . .., d¢;_,. Hence the i-th row of the matrix in (2.3.4.16) is
(k;—1-)linearly independent from the first ¢ — 1 rows. The lemma follows. O

Remark 2.3.4.17. When k1 /kk is modular in the sense of [Swe68], we can choose
the p-basis of kx so that C-;?rj = Bj for all j € J; in that case, the above lemma is much
easier to prove because the matrix in (2.3.4.16) is the identity matrix. However, this

may not be the case in general; see also Remark 2.3.3.5.

2.3.5 Thickening spaces and AS =TS theorem

In this subsection, we introduce the thickening spaces for the extension L/K and
state the AS = T'S theorem. Since we have Fake-assumption 2.3.4.11, we will not
be able to give meaningful definition of the thickening spaces. For precise definition
in the equal and mixed characteristic case, please consult Section 3.3 and Defini-
tion 4.1.1.13, respectively. (The definition in Section 3.3 actually looks different from
the construction below. This is because we need to solve another problem first, which
is explained in Remark 2.3.6.4.)

We continue to assume Hypothesis 2.3.2.1.
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Fake-definition 2.3.5.1. Let a > 1. We define the (non-logarithmic) thickening
space (of level a), denoted by T'S¢ /x> to be the rigid space associated to the algebra

Ot(ll‘S,L/K = K(w,}“csﬁ) T

Similar, for a > 0, we defined the logarithmic thickening space (of level a), denoted
by T'S{ /K.log 10 be the rigid space associated to the algebra

O%S,L/K,log =K (WI?G—I‘SO’ ﬂl}a‘sJ > Oy, K L.

The thickening spaces are equipped with compatible projections II to the polydiscs,

which give rise to the following Cartesian diagram for a > 0.

TSZ-}-Il( ¢ TSE/K ,log( TSL/K
| I I
A0, o — AL[0, 0F1] x AR[0,6°]— AL[0,6) x A%[0,1)
where T'Sp/k = Uas0T'ST /i 1og-

Fake-theorem 2.3.5.2. We have an isomorphism of K-algebras:

O4sr/k = Orsrx if a>1,

a a .
Oasr/kiog = Orsi/kieg i a>0.

The correct version of this theorem is proved in Theorems 3.4.2.2 and 4.1.2.2,

respectively.

Remark 2.3.5.3. As discussed in Subsection 2.3.1, the real purpose of constructing
the thickening spaces isomorphic to standard Abbes-Saito spaces is to replace the
morphism 7 : AS7,, — AR[0, 6°] by the morphism IT : TS} o = AR[0, 6% xy; x L —
AR[0,60%). The thickening has the obvious advantage that it is functorial on K, as
can be easily seen from its Fake-Definition 2.3.5.1.

The idea of proving Theorem 2.3.5.2 is simply approximation. We may get some
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sense from the following.

Example 2.3.5.4. It is also good to see the difference between Abbes-Saito spaces
and thickening spaces in an example. Consider the extension of F,((z)) given by

y? — 2P~y = z. A standard Abbes-Saito space is given by
{(w,8)|Jul < 1,]6] < 6%, 4P — 2P~ u = z + 4},
whereas a thickening space is given by
{(u, O)||u| < 1,]6] < 8%, 4 — (z + 6P 'u =z + 8}

In other words, an Abbes-Saito space AS} /i consists of the points which are close
to the solutions to those equations; in contrast, a thickening space T'S} /K consists
of points which are solutions to some equations whose coefficients are close to the
original equations. So it should not be surprising that they consist of the same set
of points. This can be also justified by the non-vanishing of the Jacobian matrix in

Lemma 2.3.4.15.

2.3.6 Interpretation by differential modules

In this subsection, we interpret the ramification breaks using differential modules.
This naive approach actually fails in the equal characteristic case, we defer this failure
to later discussion. Also we give the ideal picture of realizing the ramification break
as the maximum of the breaks with respect to the uniformizer and each element in
the lifted p-basis.

As a reminder, we continue to assume Hypothesis 2.3.2.1.

Fake-construction 2.3.6.1. Consider the projection II : 'S¢, — A0, 6%; it
is finite and étale (under Fake-assumption 2.3.4.11). Then £ = [I,Org 1 x become a
differential module over A%"'[0, 6] with respect to 8/95; for j € J*; we call £ the
differential module associated to L/K.

135



Remark 2.3.6.2. In the equal characteristic case, the étaleness of thickening space
over the polydisc is stated in a slightly different way, as in Subsection 3.3.4. In the
mixed characteristic case, the étaleness of thickening space is in fact a nontrivial

result, proved in Subsection 4.1.3.

Fake-assumption 2.3.6.3. Assume that the theory of differential modules from
Chapter 1 applies to differential modules over AJ*1[0, 8%] (even if K is of characteristic

p > 0).

Remark 2.3.6.4. This is indeed a very problematic assumption. For example, d—‘f;
is zero on K|z] if K is of characteristic p > 0. So the theory of differential modules
does not work at all.

Our remedy carried out in the next chapter is to, roughly speaking, lift the whole
picture from over K to over an annulus A}[no, 1), where E = FracC, is the fraction
field of a Cohen ring of kg, and 7o is some real number in (0, 1) close enough to 1. It
turns out that taking the limit 79 — 1 as in Subsection 1.2.8 will give the ramification

information for K.

Fake-theorem 2.3.6.5. Let L/K be a finite Galois extension. For ¢ > 1, the

following statements are equivalent.
(a) The ramification break b(L/K) < a.

(b) The number of geometric connected components #wf‘,e"m(TSZ'/ x) = [L : K] for

any a’ > a.
(c) The differential module £ is trivial on A[0,6%] for any o’ > a.
(d) The generic radii of convergence of £ at AZ[6, 6] is 6% for any o’ > a.
(e) The generic radii of convergence of £ at AR[6°,6°% is 6°.

Proof. We will just give the idea of the proof since the notations here are not quite
well-defined. In the equal characteristic case, this fake theorem is realized by Theo-

rem 3.3.4.6; in the mixed characteristic case, we use a slight variant Theorem 4.1.4.4.

136



Now, we prove the theorem under Fake-assumption 2.3.6.3.

(a) <= (b) follows from Fake-theorem 2.3.5.2.

(b) = (c) is true because the generic radii of convergence is not sensitive to base
extension; we are just pushing forward geometrically [L : K] copies of A [0, 0“'].

(c) = (b) is less trivial. Note that for any o’ > a, the Taylor series induces a

ring isomorphism
Els,=0 Ok L — HY(AR[0,6%],€) ®k L C Ors /K Ox L. (2.3.6.6)

But we know the left hand of (2.3.6.6) is isomorphic to L ® L = [Iseq L- So the
idempotent elements on the left hand side of (2.3.6.6) map to idempotent elements
on the right hand side; this forces #WO(TSZI/ x Xk L)=[L:K].

(d) = (c) can be obtained by constructing horizontal sections using Taylor series.
Conversely, (¢) = (d) is trivial.

(d) <= (e) follows from Theorem 1.2.4.4(a) and (c). d

Remark 2.3.6.7. The differential module € is defined over AL[0,6) x AZ[0,1). We
know that the geometric connected components of T'Sf . = II™(AR*[0,6%]) deter-
mine the ramification break. The key observation is that it may happen that when
aj, < b(L/K) for some jo and a; > b(L/K) for j € J*\{jo}, II7!(A%[0,6%] x -+ x
Ak[0,6°]) still have [L : K| geometric connected components. This is because the

generic radii of E%‘ for a single jo can be bigger than §*(F/K),
0

Fake-assumption 2.3.6.8. Ideally, for each 7 € J*, there should be a ramification
break b;(L/K) associated to b; (j € J) or mg (j = 0), which is given by the log
of generic radii of a%j with € as base. By Theorem 2.3.6.5, the ramification break
b(L/K) = max;e;+{b;(L/K)}.
Remark 2.3.6.9. This fake assumption is again wrong in two different ways for equal
or mixed characteristic cases.

In the mixed characteristic case, aside from the problem in Fake-assumption 2.3.4.11,

Fake-assumption 2.3.6.8 is not valid because we cannot use a single number to mea-

sure the generic radii over a polydisc; when the radii of the polydisc vary, the generic
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radii will change. The same phenomenon, however, does not show up in the equal
characteristic case, because as we will show in Sections 3.2 and 3.3 that the differen-
tial module £ is a pull-back of a differential module over an annulus and the generic

radii of a—?s,'- does not change as the radii vary.

In the equal characteristic case, this is equivalent to fixing Fake-assumption 2.3.6.3.

See Subsection 3.2.4 for more details.

Definition 2.3.6.10. we say b; for j € J (resp. 7k) is dominant if b(L/K) is the
same as b;(L/K) (resp. bo(L/K)).

Remark 2.3.6.11. In the classical case, there is no p-basis and hence 7 is always
dominant. The inseparable residue field extension causes a possibility that 7x might

no longer be dominant but some b; dominates the ramification break of L/K.

2.3.7 Adding generic roots

We study the behavior of thickening spaces, differential modules, and ramification

breaks under the operation of adding generic p-th or p*°-th roots (Definition 2.3.2.7).

Fake-assumption 2.3.7.1. Pretend that the continuous homomorphism g in Fake-
assumption 2.3.4.11 is functorial in the following sense: If K is obtained by adding
a generic p®-th (resp. p-th) root of b, for an element in the lifted p-basis of K, we

have the following commutative diagram

Ox —2% > Ox[[bo/7x, 85 (resp. Ox —2% > Oklbo/7x,85] )
P Vi
Oi — Oglno/7x, 1\Gio}s Mm+1] Og — Ox[0o/7x, N1, 1]

where vz is constructed by Fake-assumption 2.3.4.11 for K , with respect to the
uniformizer 7 and lifted p-basis {bn (s}, z} (resp. {bngjop> (bjo + 7k)/P,z}), and
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where

;) = ny,  forje JN\{jo},
f*(6j0) = (T4 Mms1)(Tk +m0) — T7K
(resp. f*(650) = ((bjo + zmk)P +1jo)” = (Z + Mma1) (mx + M0) — bjo) -

The homomorphism f* induces a K-morphism of rigid spaces A'R"'(H) [0,6°] —

710, 60°] if we add a generic p*-th root (resp. p-th root).

Remark 2.3.7.2. When K is of mixed characteristic, we need to invent the notion of

approximate commutative diagram (Defintion 4.1.1.7) to save this Fake-assumption.

See Lemma 4.2.1.4.

Fake-proposition 2.3.7.3. The differential module associated to E/ K is exactly
f*€ with f defined as above.

Proof. This follows immediately from the following Cartesian diagram (under the

Fake-assumptions 2.3.4.11 and 2.3.7.1) for adding a generic p>®-th (resp. p-th) root.

TSt/ == AR[0,60°] Xy L5 AZOV[0,604 %, 2z L==T5 %
K

n n|

A[0, 7] L A7)0, 6]

Remark 2.3.7.4. In the mixed characteristic case, the above fake-proposition is the

core of the proof of the Hasse-Arf theorem. See Theorem 4.2.1.7.

Fake-proposition 2.3.7.5. The action of differential operations on f*£ are related

139



to the action of differential operators on £ as follows.

%a; = 5% for all j € J\{jo},

b 2 o
o = 96 T (z+ 77m+1)35j0,
9 _ o)
i = ) o,

.ag_m = p((bj, +zmx)/P + njo)p_la—g; (if adding a generic p-th root).

Proof. Tt follows immediately from the expression of f* in Fake-assumption 2.3.7.1.

O

Fake-proposition 2.3.7.6. Under the Fake-assumption 2.3.6.8, the ramification
breaks bj(L/K) for each j vary as follows under the operation of adding a generic
p™-th or p-th root of b;,(L/K).

bi(L/K) = b;(L/K) for all j € J\{jo},
bo(L/K) = max{bo(L/K), bs,(L/K)},
bms1(L/K) = bjo(L/K) — 1,
bjo (L/K) < b;,(L/K) (if adding a generic p-th root).

In particular,

b(L/K) = max 05 (LK)} = max{b;(L/K)} = b(L/K). (2.3.7.7)
Proof. It follows from previous proposition. |

Remark 2.3.7.8. If b;, is dominant, as a result of adding generic p*-th or p-th root,
7k becomes dominant. In the language of Remark 2.3.6.11, we return to a situation

closer to the the classical case.

Fake-theorem 2.3.7.9. Let K be a complete discretely valued field and let Gk be its
absolute Galois group. Assume that K is not absolutely unramified if K is of mixed

characteristic. Let p : Gk — GL(V,) be a continuous representation of finite local
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monodromy. Then the Artin conductor Art(p) € Zso. Moreover, the graded piece
Fil*Gg /Fil**Gg of the ramification filtration are trivial if @ ¢ Q and are abelian

groups killed by p if a € Qs;.

Proof. Tt follows from Proposition 2.3.2.13 and Fake-proposition 2.3.7.6, which are
subject to numerous fake-assumptions. The restriction of K not being absolutely
unramified and of mixed characteristic reflects the complete failure of rescuing Fake-

assumption 2.3.4.11. O

2.3.8 Integrality of Swan conductors

In this subsection, we introduce a dichotomy for the relation between non-log and log
ramification breaks. Then from this ideal situation, we deduce the fake proof of the

integrality of Swan conductors.

Fake-assumption 2.3.8.1. Continuing with Fake-assumption 2.3.6.8, we assume
that the logarithmic ramification break is computed by biog(L/K) = max{bo(L/K) —
1,b;(L/K);j € J}. We say b; for j € J (resp. mk) is log-dominant if bog(L/K) is
the same as b;(L/K) (resp. bo(L/K) —1).

Moreover, we assume the following behavior of the logarithmic breaks under tame
base change. Fix n € N prime to p and let K,, = K(w}{/") and L, = LK,. Let
Tk, = W;{/n be the uniformizer of K,, and we continue to take b; as the set of lifted p-
basis of K,. Then, we assume that bo(L,/K,) = nbo(L/K)—(n—1) and b;(L,/K,) =
nb;(L/K) for j € J.

Remark 2.3.8.2. The motivation of the fake assumption is that it is true (under
modification) in the equal characteristic case. See subsection 3.2.4. In the mixed
characteristic case, we actually use a slightly different strategy because we do not

have well-defined b;(L/K) as explained in Remark 2.3.6.9. See also Subsection 4.3.1

for the actual proof, which is a variant of the one proposed here.

Fake-theorem 2.3.8.3 (Dichotomy of Swan conductors). Let L/ K be a finite Galois
extension of complete discretely valued field, satisfying Hypothesis 2.3.2.1. There is a

dichotomy for the relation between the non-log and log ramification breaks as follows.
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(1) Either 7k is log-dominant, in which case b(L/K) = biog(L/K) + 1;

(2) or 7k is not log-dominant, in which case there exists N € N such that for any

integer n > N prime to p, b(Ln/Kp) = biog(Ln/Ky) = nbiog(L/K).

Proof. We deduce this theorem by combining Fake-assumptions 2.3.6.8 and 2.3.8.1.
Indeed, if 7x is log-dominant, dy(L/K) > b;(L/K) for all j € J. Hence, b(L/K) =
bo(L/K) = bog(L/K) + 1. If g is not log-dominant, b; is dominant for some j € J.
In other words, there exists some N € N such that b;(L/K) > by(L/K) — 1+ 1/N.

Then, for any integer n > N prime to p,
bo(Ln/Kn) = nbo(L/K)—(n—1) = n(b(L/K)—(n—1)/n) < nb;j(L/K) = b;(Ln/Kn).

Hence, 8(L,/Ky) = bj(Ln/Kn) = biog(Ln/Kn) = nbiog(L/K). O

Fake-theorem 2.3.8.4. Let K be a complete discretely valued field and let Gx be
its absolute Galois group. Let p : Gk — GL(V,) be a continuous representation of

finite local monodromy. Then the Swan conductor Swan(p) € Zxo.

Proof. Similarly to the reduction steps in Proposition 2.3.2.13, we may reduce to the
case when p is induced by a faithful irreducible representation of Gal(L/K) of a finite
Galois extension L/K satisfying Hypothesis 2.3.2.1. We first observe that to prove
Swan(p) € Z, it suffices to show that for two integers n;,n, € Z coprime and both
prime to p, Swan(plgy,, ), Swan(plcy,, ) are both integers, where K,,, = K (w;{"‘) is
a tamely ramified extension of K. Indeed, knowing Swan(p]GK“l) = nySwan(p) € Z

and Swan(p|gy,, ) = n2Swan(p) € Z would imply that Swan(p) € Z.

Therefore, we may assume that K is not absolutely unramified in the mixed
characteristic case. Now, we use the dichotomy Fake-theorem 2.3.8.3. If 7k is log-
dominant, bog(L/K) = b(L/K) — 1 and Swan(p) = Art(p) — dim(p). The theorem

follows from Fake-theorem 2.3.7.9. If 7k is not log-dominant, we take ny,ne € Zsn
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such that p { niny. By Fake-theorem 2.3.8.3,

mSwan(p) = Swan(plx, ) = Art(plx,,) € Z,

nzSwan(p) = Swan(p|x,,, ) = Art(plk,,) € Z.

This also implies that Swan(p) € Z. O

Remark 2.3.8.5. As we stated in Theorem 2.2.2.19 that when p = 2 and K is of
mixed characteristic, we have a little trouble in proving strong integrality for Swan

conductors. One can compare the above fake proof with the actual proof of Theo-

rem 4.3.1.14.

2.4 Borger’s conductors

In this section, we first review Borger’s definition of Artin conductors by generic
perfection, following [Bor04]. Then, we prove the comparison theorem linking this to

arithmetic and differential conductors.

2.4.1 Borger’s definition

In this subsection, we review the definition of Borger’s Artin conductors following
[Bor04].
Let K be a complete discretely valued field with residue field kx. Assume kg is

of characteristic p > 0. We do not impose Hypothesis 2.3.2.1 on K.

Definition 2.4.1.1. An Fp-algebra R is called perfect if F : £ + zP is an iso-
morphism. For a F,-algebra R, we use RPf = UnenRY?" to denote its perfection.
Let CRPg,. be the subcategory of the category of Ok-algebras consisting of flat Og-
algebras A, complete with respect to mg-adic topology and A/mgA is perfect.
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Proposition 2.4.1.2. [Bor04, Theorem 1.4] The category has an initial object O%,

the universal residual perfection of Ox. We have an equivalence of categories
CRPo, — PerfAlggr, A A/mgA,

where PerfAlggy is the category of perfect O% /myO%-algebras.

Definition 2.4.1.3. Let O% be the inverse image of Frac(O%/mgO¥%), called the
generic residual perfection of Ok. Denote K9 = Frac(O%). By Proposition 2.4.1.2,
O, is a complete discrete valuation ring with perfect residue field.

We have a homomorphism of Galois groups Gxs — Gk. Thus, given a represen-
tation p of Gk, we define the Borger’s Artin conductor Artg(p) to be Art(plgy,),
where the latter term is the classical definition [Ser79]. (See also Definition 2.2.2.14.)

Obviously, Borger’s Artin conductors have a Hasse-Arf property naturally inher-
ited from the one for K7, a complete discrete valuation field with perfect residue

field.

Proposition 2.4.1.4. [Bor04, Theorem A] Keep the notation as above, Artg(p) is
a nonnegative integer and it coincides with classical definition when the residue field
Kk is perfect.

[Bor04, Proposition 2.3] Furthermore, Artp(p) is unchanged after a (not neces-

sarily finite) unramified complete extension of K.

Moreover, Borger proved that his definition coincides with a variant of arithmetic
Artin conductor Artg for characters using the language of [Kat89a}. The author is

not sure if this variant fits into Abbes and Saito’s definition.

Proposition 2.4.1.5. [Bor04, Theorem B] If x is a class in H(Gk,Q/Z) and X' is
its image in H'(Gge,Q/Z), then Artg(x) = Artg(X’). In particular, for a rank one
representation p of Gx, Artk(p) = Artg(p).

Borger gives the following explicit descriptions of K* and K9.
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Proposition 2.4.1.6. Let b; be a set of lifted p-basis of K.

If K is of equal characteristic p > 0, K* = kg[vij;j € J,i € Zso]™((mxu)). The
homomorphism K — K* is determined by g +— Tgu and bj — bj + >, 0 VijTku-
K9 = Fra,c(nK[vi,j;j € Ji € Z>0]pf)((7l'}{g)) and the homomorphism K — K9 is
given by composing K — K™ with the natural morphism K" — K9, sending g« to
TKs-

If K is of mized characteristicc We have a Cohen ring Cy, with respect to the
lifted p-basis by. Let W be the Witt vectors of kx[vij;j € J,i € ZxolPt and W9
the Witt vectors of Frac(kklvij;j € J,i € Zxol’). We have K* = K ®c., W
and K¢ = K ®c,, W?. The homomorphisms K — K" — K9 is determined by

bj — [bilw + 3 isolvijlwmiw, where [lw denotes the Teichmiiller lift.

2.4.2 Comparison theorem

A key ingredient to prove the comparison between Borger’s Artin conductors and
arithmetic non-logarithmic conductors is to study how arithmetic non-logarithmic
conductors behave under the operations of adding generic p®°-th roots.

In this subsection, we do not impose any Hypothesis on K.

Proposition 2.4.2.1. Assume that the highest non-logarithmic ramification breaks

b(L/K) are invariant under the operation of adding a generic p™-th root if
(a) either K is of equal characteristic and L/ K verifies Hypothesis 2.3.2.1,

(b) or K is of mized characteristic with a fized absolute ramification degree Bk and

L/K wverifies Hypothesis 2.8.2.1.

Then, we have for all such K and all representation p of G of finite local monodromy,

Artp(p) = Art(p).

Proof. Let p be a representation of Gk of finite local monodromy. Without lost of
generality, we may assume that kg is separably closed because both conductors stay
the same under unramified complete extension (Propositions 2.2.2.11(4) and 2.4.1.4).

Thus, we may assume that p exactly factors through the Galois group Gk of a
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finite totally ramified Galois extension L/K. Moreover, we may assume that p is
irreducible. As K¢ has perfect residue field, Artg(plg,,) = Art(p|e,,) are all the
same as the classical definition (Propositions 2.2.2.11(8) and 2.4.1.4). We need only
to show that Art(p) = Art(plc,.)-

Similar to the proof of Theorem 2.3.2.13, one may add a p™®-root of some elements
of the lifted p-basis into K without changing the Abbes-Saito conductors and hence
reduce to the case of finite p-basis. In other words, there exists K — K; = K (bf - l7 €
J\Jo,n € N)" for some Jo C J and #Jo < +o0, such that Art(p) = Art(p|g,, ). We
easily see that there exists K; — K9 extending K — K9.

By Proposition 2.3.2.10, we can do finitely many operations of adding generic p*-
th roots and make sure that the result field extension K5L /K> has separable residue
field extension but Art(p|g,,) = Art(p|gy,)- We also have to show that we have a
homomorphism K; — K9 extending K; — K9, for which we go back to the proof of

Proposition 2.3.2.10 and construct the homomorphism step by step.

The r-th (1 < r < 1) step of adding generic p>-th roots is to construct
n . A
KD = (Kf""(ur,h)((ur_l,j +ur k)P j € Jon € N)) :
where ug; = b;, Vj € Jp and K §°) = K;. In equal characteristic case, we map

§ : r'—r . .
Uy j Ur jTga VJ € JOaT = 17 -5 705

r'>r

in mixed characteristic case, we map

§ : r—r .
Up,j [’vr’,j]Wﬂ'Kg y V] € J(),"' = 1, ...y T0-

r'>r

One checks easily that this map extends to a homomorphism Ky — K9.

Now, K;L/K, has naive ramification the same as the degree, so Ogsr, = Oks ®0k,

Ok,1- Hence, Art(plg,,) = Art(plc,,) via Proposition 2.2.2.11(4’). O

Remark 2.4.2.2. Be careful that the above proposition may not hold if we change
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generic p*™-th roots to generic p-th roots. This is because, in a sense, Borger’s Artin
conductors are not quite generic as they do not allow rotations like ((bj + umg )P +
v7rK) Y for a dummy variable v at the next step; it only allows the specialization to
v = 0. This is not a problem if Fake-assumption 2.3.6.8 were true, because, after the
first rotation, the direction corresponds to (b; + umk)*? is not dominant so we can
forget about this direction and obtain a comparison theorem. However, we can only
save Fake-assumption 2.3.4.11 in the equal characteristic case (see Remark 2.3.6.9). In
the mixed characteristic case, we do not know if we can obtain a comparison theorem
with Borger’s conductors. Nevertheless, we do not expect that specializing to v = 0

would mess up the conductors.

2.5 Hasse-Arftheorem for finite flat group schemes

2.5.1 Ramification filtration for finite flat group schemes

We first recall some definitions and basic properties from [AM04] and [Hat08]. Then,
we use a theorem by Raynaud [BBM82, Théorém 3.1.1] to reduce the integrality result
to the case of finite Galois extension of complete discretely valued fields.

Keep the notation as in previous sections. We do not assume any hypothesis on

K (and there will be no L in this subsection).
Convention 2.5.1.1. All finite flat groups schemes are commutative.

The construction of the canonical filtration on a generically étale finite flat group

scheme is similar to that of the arithmetic ramification filtration.

Definition 2.5.1.2. Let A be a finite flat Og-algebra. Write A = Ok|z1,...,z,]/T
with Z an ideal generated by fi,..., f.. For a € Qso, define the rigid analytic space
X ={(z1,...,%a) € AK[0,1] | |falz1, ..., 20)| < 0% = 1,...,r},
where 8 = |7k| as in Notation 2.2.2.2. The highest break b(A/Ok) is the smallest
number such that for all a > b(A/Ok), #n§ " (X?) = rank o, A. This is the same
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as Definition 2.2.2.3 if A = Op, except here we use the ring of integers instead of the

fields in the notation.

Lemma 2.5.1.3. [AM04, Lemme 2.1.5] Let K'/K be a (not necessarily finite) ez-
tension of complete discrete valuation fields of naive ramification degree e. Let A

be a finite flat Ok-algebra which is a complete intersection relative to Ok. Put

A' = AQo, Ok:; then b(A'/Ok') =e - b(A/Ok).

Notation 2.5.1.4. For a finite flat group scheme G = Spec A, it is generically étale
if G xo, K is étale over K; it is generically trivial if G xo, K is a disjoint union of

copies of Spec K.

Definition 2.5.1.5. For a geometrically étale finite flat group scheme G = Spec A,
we have a natural map of points G(K®€) — X%(K®¥); further composing with the

map for geometric connected components, we obtain a map
0® : G(K™#) — X°(K™8) — 7§ (X°).
Define G* to be the closure of Ker 0®. We use b(G/Ok) to denote the highest break

b(A/Ok); then for a > b(G/Ok), G* = Spec Ok.

Proposition 2.5.1.6. [AM04, Lemme 2.3.2] Let 0 — G' —» G — G" — 0 be an ezact
sequence of finite flat group schemes. Then fora>0,0—->G* - G* - G" — 0 is

ezxact.

2.5.2 Hasse-Arf theorem for finite flat group schemes

The following question is first raised in [Hat08]; and its proof is essentially due to
Hattori. The author would like to thank him for clarifying this and the permission

to include the proof here.

Theorem 2.5.2.1. Assume that Theorem 2.2.2.19 holds. Let Og be a complete
discrete valuation ring. For any generically trivial finite flat groups scheme G over

Ok, b(G/Ok) is a nonnegative integer.
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Proof. Since Theorem 2.2.2.19 requires that 8 > 1 when K is of mixed characteristic,
we need to get around this restriction first. Let n;,n; € N be two coprime numbers
such that p { nina. Let K, and K,, be two tamely ramified extensions of K with
ramification degree n; and n,, respectively. By Lemma 2.5.1.3, it suffices to prove
the theorem for G xo, Ok,,/Ok,, and G Xoy Ok,,/Ok,,, respectively. Thus, we
may assume that Bx > 2 when K is of mixed characteristic.

We may assume that G is connected by taking the connected component of the
identity. By a theorem of Raynaud [BBMS82, Théorém 3.1.1], we may realize G as
the kernel of an isogeny f : 8 — 2 of two abelian schemes over Spec Og. Let a and
B be generic points of the special fibers of & and 9B, respectively. Then by [AM04,
Lemme 2.1.6], b(Og 3/04 ) = b(G/Ok).

Since the generic fiber of G is a disjoint union of copies of Spec K, we know that
Og 5/ Oa o is a generically étale finite Galois extension of complete discrete valuation
rings, with Galois group G(K); in particular, all irreducible representations of this
Galois group over an algebraically closed field are one dimensional. By Hasse-Arf

Theorem 2.2.2.19, b(Og 5/04 ,) = b(G/Ok) is an integer. 0O
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Chapter 3

Ramification Theory for Local

Fields: Equal Characteristic Case

Plan of this chapter

The aim of this chapter is to prove the Hasse-Arf Conjecture 2.2.2.17 in the equal
characteristic. The idea is that we first define the differential conductors which do
have the desired properties and then we should that they are in fact the same.

In Section 3.1, we make a construction, which lifts a rigid space over K to a rigid
space over an annulus over K. In particular, we prove that the connected components
of the original rigid space are in one-to-one correspondence with the connected com-
ponents of the lifting space, when the annulus is “thin” enough. This construction
suggests strong connection to Berthelot’s construction of rigid cohomology.

In Section 3.2, we discuss how to associate a differential module £, to a represen-
tation p of Gk of finite local monodromy. Then we introduce differential Artin and
Swan conductors following [Ked07a] and discuss their properties in Subsection 3.2.3.
In Subsection 3.2.4, we introduce a calculation of breaks by p-basis. In Subsec-

tion 3.2.5, we discuss refined Swan conductors.

In Section 3.3, we introduce a thickening construction. In Subsection 3.3.1, as an
example, we first construct the thickening space when K can be realized geometrically.

Then in Subsection 3.3.2, we define the thickening spaces for general K and discuss
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spectral properties of the differential module obtained by pulling back £, to the
thickening spaces. In Subsections 3.3.3 and 3.3.4, we link the (highest) differential
breaks and spectral norms with the connected components of certain base change of
the thickening spaces.

In Section 3.4, we first define the lifts ;1732 sk of standard Abbes-Saito spaces
AS% k- Then we prove in Subsection 3.4.2 that the lifted Abbes-Saito spaces and
(the base change of) the thickening spaces are isomorphic (Theorem 3.4.2.2). From
this, in Subsection 3.4.3, we deduce our main Theorem 3.4.3.1: the differential con-
ductors coincide with the arithmetic conductors; the Hasse-Arf theorem for arithmetic

conductors follows.

3.1 Lifting rigid spaces

In this section, we introduce a construction, which lifts a rigid space over a field of
characteristic p > 0 to a rigid space over an annulus over a field of characteristic zero.
Most of the content in this section should be credited to Kedlaya. The author

would like to thank him for allowing to include the proofs.

3.1.1 A Grobner basis argument

In this subsection, we introduce a division algorithm using Grobner basis, which

enables us to find a representative in the quotient ring achieving the quotient norm.

Hypothesis 3.1.1.1. Let F' be a complete discretely valued field of mixed charac-
teristic (0, ), with ring of integers Of and residue field k. We fix a uniformizer 7z

of F.

Notation 3.1.1.2. Fix a positive integer n, and put

Rim = OF(U'l, S un)((S)),
R= Rint ®0p F’
R, = Rint Qop Kk = n[ul, e ,un]((S)) = H((S))(Uh- .- 7'U'n>-
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For n € (0,1], let | - |, (for short) denote the (1,...,1,n)-Gauss norm on R.

Definition 3.1.1.3. We equip R, with the lexicographic term ordering induced by

the correspondence uj! ---uirS? — (—j,i1,...,4,), i.e., we write auj ---uinrS7 >
A '~ . .. . - . . .
Bugt - um ST if (—j,%1, ... ,0n) = (=74, - .., %) under the lexicographic order (No-

tation 1.1.1.2), where &, 3 € k.

Using this ordering, we define the leading term lead(f) of a nonzero element
f € R, to be its largest term under the ordering. In particular, for f,g € R.\{0},
lead(fg) = lead(f)lead(3).

For an ideal I, of R, a Gréobner basis of I, is a finite subset {7,...,7n} C I
such that lead(7;) do not have exponents on S and the ideal consisting of the leading
terms of all elements of I is generated by lead(7;),...,lead(7,,). Such a basis exists

because R, is noetherian. By [Eis95, Lemma 15.5], 71, ..., 7m also generate I,.

Proposition 3.1.1.4. For any f € R,, there exists §i,...,Gm, f' € Ry such that
F=gr+  Gnim+F, (3.1.1.5)

where any term of f' is not divisible by any lead(71,), and lead(f) > lead(gn7s) for all
h.

Proof. Let j be the exponent of S in lead(f) and let S7 f(;) be the sum of terms in f
for which the exponents of S are j. Applying [Eis95, Proposition-Definition 15.6] to

fi), we can write
f(j) = _@1,(]-)1’_'1 R :q'm,(j)ﬁm + f(lj) (mod S - n['u,l, - ,um][[S’]]),

where g (jy € Klus, ..., un] and lead(Gn,;)Th) =< lead(f(]-)) for h=1,...,m and any
term in f(;) € Kfus, - .-, U] is not divisible by any lead ().

If we repeat the above argument for fi;) — S7(G1,)™1 + - - + Fm,(i)Tm + f(;)) €
ST K[ug,. .., um][S] in place of f, we will obtain f;,) and gn(y for h=1,...,m

and for some j' > j + 1. We can then iterate this process.
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Forh=1,...,m,put g, = Sjgh,(j)+5j+1gh,(j+1)+- -- and f’ = Sjﬂj)+5j+1f—'(’j+1)+

--+; the power series converge to elements in R, we are looking for. O

Definition 3.1.1.6. For f € R, write
f= Z Firyoin Ut - - uinS9, (3.1.1.7)
W

Of the monomials for which |f;,,..i. il = |f|1, there must be one which is lexicograph-
ically largest; we call the corresponding term f;, _; jui ---uirS’ the 1-leading term

of f, denoted by Lead(f).
Hypothesis 3.1.1.8. Let I'™™ be an ideal of R'™ such that R™ /™ is flat over Op.

Notation 3.1.1.9. Denote I = I'™ ®¢, F and I,, = I'™ ®¢,. «; the latter is an ideal
in R, by the flatness hypothesis above. Choose ry,...,r, € I'™ which project to
elements of a Grobner basis 71, .. ., 7m of L.

For f € R, let j; denote the minimal exponent of S in the expression (3.1.1.7) of

f. Denote j; = min{j,,; h =1,...,m}; it is a nonpositive integer.

Notation 3.1.1.10. In this subsection, fix 79 € (jrr|~2/,1). In particular, |7z|7! <
1.

Notation 3.1.1.11. Let Ry, be the Fréchet completion of R for |- |, for n € [no, 1).
Let R denote {f € Ry,||fl1 <1} and put R, = R Q¢,. F and I, = I ®r Ry,

Notation 3.1.1.12. For an element f € R,, written as in (3.1.1.7) and [ € Z, let
k. fay be the sum of all terms f;, ;. juil - - - uirS7 for which vp(f;,,. s,;) = [. Thus,

fuy € R we use fy) denote its reduction in R,.

Lemma 3.1.1.13. For h=1,...,m and n € [, 1],

Irhl"l = 1’ ‘rh,(l)‘n S lel, fOT { S Zzo.

Proof. The former inequality follows from the choice of 7y in Notation 3.1.1.10. The
latter follows from the definition of j; in Notation 3.1.1.9. O
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Construction 3.1.1.14. For f € R,, with |f|; = |rr|", the division algorithm is the
following procedure. Put fi, = f. Given f; for [ > [y, we apply Proposition 3.1.1.4 to
write

fuw = Giafr + - + GmPm + iy,
where gin € R, and lead(gisfn) <X lead(fiq)) for A = 1,...,m and any term of
f—,’, @ € By is not divisible by any lead (7). For each h, pick lifts g5 of g5 in R™ so

that gin = gi,n,(0), namely, we only lift nonzero terms. Put

fir1 = fi— W}((gl,l'rl +ee gl,mrm)-

Remark 3.1.1.15. Division algorithm depends on many choices but we will prove

in Proposition 3.1.1.19 that the outcome lim;_, . f; is uniquely determined by f.

Lemma 3.1.1.16. At each step of the division algorithm, for n € [no,1] and h =

1,...,m,

<fiwly U >1
lghln < | fi@lns |firray = franln § < | frln =1 . (3.1.1.17)
=0 I'<l

Proof. The former inequality holds because lead(g;n7n) = lead( ﬁ(l)). The latter
relation follows from the former one, using Lemma 3.1.1.13. O

Corollary 3.1.1.18. For h = 1,...,m, the series gn = T2gion + T2 grpp1p + -

converges under | - |, for n € [no,1). Consequently, gn € R, forh=1,...,m.

Proof. By Lemma 3.1.1.16,

Ineginly < ITpfiwln < Imrl max {07 | fiy,g-y) | | fir,0)ln }
< |mr|  max {n™¥| fi_au—2)lns P | fiz2,a-1) lns M | Fi=2,0=2) I | Fr-2,0 I } < -+

< Imel! max (=S} < max {(tme i)~ |mhfoo], )

this goes to zero as [ — +o00. O
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Proposition 3.1.1.19. Keep the notation as above. The quantity f—gi71—+ - - —gmTm

is the unique element of f+ I, for which none of its term is divisible by any Lead(ry).

Proof. 1t follows from the definition of gy, ..., g, that none of the term of f — g;7; —
-+ + — gmTm is divisible by any Lead(r}).

Assume that f € R, does not contain any term divisible by any of Lead(rs), then
we need to show that for any nonzero g € I, there is a term in f + g divisible by
some of Lead(rs). Assume the contrary. Let n = log,,|gl;- Then gu) € I, does
not contain any term which divides any of lead(74). This forces g,y = 0 because the
leading term of any nonzero element in I, is divisible by some lead (7). Contradiction.

The lemma follows. 0

Lemma 3.1.1.20. For n € [no,1], |f — o171 — - - — gmTmly equals the minimum. -
norm of any element of f + I,,,. Moreover, this continues to hold if we pass from Ry,

to its completion R" under | - |,

Proof. For n € [no, 1], by Lemma 3.1.1.16, | fi+1|, < |fi], and hence |f — g1y — -+ —
ImTmly < |fly- By Proposition 3.1.1.19, starting with any element in f + I, the
division algorithm will eventually lead to a unique element f — g171 — - - — gmTm;
hence the first statement follows.

The second statement follows from the fact that any element in f 4 I R} is a

limit of elements in f + I,,. O

Proposition 3.1.1.21. Let f be a rigid analytic function on the space
Koo = {(u1, ..., un, S) € AF'[0,1]|mo < |S| < 1;71,...,7m = 0}.

Then the following are equivalent.
(a) f is induced by an element of R .

(b) There ezists a functionr : [1o, 1) — R with lim,_,;- r(n) < 1, such that for each
n € [no,1), f lifts to an element of the | - |,-completion of R,, having n-norm

less than or equal to r(n).
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Proof. 1t is clear that (a) implies (b), so assume (b). We can write f as a Fréchet limit
of the projections of some sequence of elements fi, fo,... of R, under the quotient
norms associated to the | - |, for € [no, 1). Use the division algorithm to write f; =
giTi+ G mTm+h with g1, ..., gim, i € Ry,. Moreover, as f;— fi41 tends to zero
under the Fréchet topology, so is h; — hyy1 since it can be obtained from the division
algorithm of f; — fi4+1 and Lemma 3.1.1.16 ensures that |f; — fiyaly, > |hi — higaly-
Hence, the h; form a Féchet convergent sequence; denote the limit by h, which is a
lift of f. Note that for a fixed 7, |hi|, equals the n-quotient norm of f;, which in turn
equals the 7-quotient norm of f when [ is large enough. Thus, |h|, < 7(n) for all
1 € [no,1). Hence it lies in R, O

Notation 3.1.1.22. Define

Aint — Rint / Iint A — R / I
Ap =Ry /I, Ac= Aint ®op k X R./1;

we may view A, as an affinoid algebra over x((S)), whose corresponding rigid analytic

space is denoted by X.

3.1.2 Quotient norms versus spectral norms

In this subsection, we compare spectral norms with the quotient norms discussed in
previous section. As an application, we deduce that the connected components of
Xy, when 9 — 17 as a rigid space over F' are the same as the connected components
of X as a rigid space over ((S5)).

Keep the notation as above and assume the following.
Hypothesis 3.1.2.1. In this subsection, we assume that A, is reduced.

Notation 3.1.2.2. Let |- |, o denote the quotient norm on A, induced by the Gauss
norm on R,. Let |- |cep = limpioo]| " |,1</:t be the spectral norm; it is a norm
because A is reduced. By [BGR84, Theorem 6.2.4/1], there exists ¢ > 0 such that
| “lesp < |- lngt <1515l - |kspy Where | S|, is the norm of S in &((S)).
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Notation 3.1.2.3. In this subsection, fix np € (|lrp|"/3#79 1); in particular,
|mrlng < 75° and mo > p~V/Pe.

Notation 3.1.2.4. For n € [n, 1], let | - |, denote the quotient norm on A,, or
A induced by the 7-Gauss norm on R, or R. Similarly, we have the n-spectral

. . 1 . . e
(semi)norm |- |pep = limy_syoo | " |,,,/$; we will see in Lemma 3.1.2.6 that it is a norm.

Proposition 3.1.2.5. The quotient norm | - |, on A is the same as the spectral
(semi)norm | - |14p- As a consequence, the map A™ — A, induces an isomorphism

A°JA =2 A, where A° = {f € A||fl1sp <1} and A°° = {f € A||fl1p < 1}.

Proof. Since A™/mpA™ = A, is reduced, by [BGR84, 6.2.1/4(iii)], the quotient
norm on A is equal to the spectral seminorm, A° = A™, and A°® = mpA™. This

proves the claim. O

Lemma 3.1.2.6. Forn € [n, 1), we have | - |pep < |- lnat < 07P/CV| - |psp on Ay.
The same is true when extending both norm to the completion of A,, with respect to
|+ |nqt (which is the same as the completion with respect to the spectral norm). In

particular, this shows that | - |nsp is @ norm on A,,.

Proof. It suffices to show that for any f € Apy, |fPlpq > 7P°|f[7q; then it would
follow that |f7"|pq > n®"~VP/®=D|f[P" for all n € N by iteration, and hence the
statement follows by taking limit. '

Pick a representative f of f in R,, containing no terms divisible by any Lead(r})

(hence by Proposition 3.1.1.19, | fl; = | flnq)- Fix 7 € [no, 1), we will show that

| PPlyas = l Z(?r%fa))”' 2P = P (3.1.2.7)
l

79

First, we remark that, given the middle inequality, the former equality follows; this is
because fP — Sy (ke f(,))” consists of products of k. f(l) with an extra multiple p from
the multinomial coefficients and then |f? — 3, (7 fu)Plna < 12 — Sy(mhfy)Pln <

p Y f P < nP| f P, for » € [no,1). So it suffices to prove the middle inequality in
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(3.1.2.7). For any [, we have

)l 2 |F) ]y = oo = 1S | F0 2 o

7

Let ( f(,) P = giar1 + -+ - + GimTm + hu be the result of the first step of applying the
division algorithm to (f))P. Then log, |, (0)ly = logs),. I( f(l))"ln,qt and hence |y )|y >
™| fuy [p. Moreover, by Lemma 3.1.1.16, |h; — hy )]y < nj'|7rp|lf(l)l£’, < npclﬁpl‘pllflg;
this implies that |hy,)ln,qt = |hi,0)ln-

Now, we can write

Z("Ff(l)) —Z ht(o)+z (b — o)) (3.1.2.8)

in the quotient ring. The former term on the right hand side of (3.1.2.8) has (quotient)
norm at least 77| f [P because none of them is divisible by any Lead(rs). In contrast,
the latter term on the right hand side of (3.1.2.8) has norm strictly less than 7¢|f |P.
Thus, the inequality in (3.1.2.7) holds. O

Remark 3.1.2.9. It is attractive to think that | |pep < |- |ngt < 77| Insp When
n — 1~. However, the best we know is that for any ¢ > ¢, we have an € depending

on ¢, for which | - |yep < | - |pqt <77 |nep for all p € [¢,1).

Corollary 3.1.2.10. For a rigid analytic function f on X,,, the following are equiv-

alent.
(a) f is an element in AR*.

(b) There ezists a function 7 : [no, 1) — R with lim,,; r(n) < 1, such that for each
ne [770’ 1); 'fln,sp < ?”(TI)-

Proof. Tt follows from combining Lemma 3.1.2.6 with Proposition 3.1.1.21. O

Proposition 3.1.2.11. There are one-to-one correspondences among the following

four sets.
(a) the idempotent elements of Ay;
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(b) the idempotent elements of A,

(c) the idempotent elements of Ap,;
(d) the idempotent elements on X, .

Proof. By Corollary 3.1.2.10, the sets (b), (c), and (d) are the same because idem-
potent elements have spectral norms 1. It suffices to match up (a) and (b). We have
a map from the set of idempotent elements of Ai,'(‘f to the set of idempotent elements
of A« by reducing modulo 7r. We first show the injectivity. Let f,g € R},‘: be
idempotents whose reductions modulo 7z are the same, ie., f = § € A,. This
implies that fP~' + f~2g+ ...+ gP"! = 0 in A,. Since f—g = fP— g% =
(f = 9)(fP7 + fP%g +--- + g*7"), we have

If = ghae = |(F = )P+ P29+ + 87|,
<|f—gha 1P+ 294+ ¢ Mg S| — gl - 177l

This forces |f — g|1,q¢ = 0 and hence f = g.

To see the surjectivity, we start with an idempotent f € A, viewed as an element
in R, with none of its terms divisible by any of Lead(7); pick a lift fo € Rt of f
which only contains the terms that f has and let fo € A™ denote its image in A, If
we set ho be the result of applying the division algorithm to f2— f, and ho = f2— fo,
then |hols,qc = |holrer < |mr| and |holyq = |holyes < P72 < 1 for all € [, 1),
where the latter inequality holds because all terms in fo come from the terms in f
which have norms < |fleq < 1S15%flesp = S|z We apply a Hensel lemma type

iteration to fy as follows. For a > 0, we set fo+1 = fo + ha — 2ho f, and

ha+1 = f2+1 - fa+1 = (fa + ha - 2hafa)2 - (fa + ha - 2hafa) = 4h¢2!(ha - 1)-

2

2 o for all n € [no, 1]. Thus |hq|yq — 0 as @ — +00; hence fo

Hence, |ha+t1ln,at < |hol
converges to an element f € A which is idempotent. It is clear from the construction

that the reduction of f modulo 7 is the same as f. This proves the surjectivity. [
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Corollary 3.1.2.12. When ny € pQ, there is a one-to-one correspondence between

the connected components of X and the connected components of X,,.

Remark 3.1.2.13. This is the first place where we need the rationality of log,no to
ensure that we are in the classical rigid analytic space setting to talk about connected

components.

3.1.3 Lifting construction

In order to apply the results from previous two subsections later in the paper, we,
reversing the picture, start with a rigid analytic space X and try to construct X,
out from it.

Let k and F be as before.

Definition 3.1.3.1. Let X be a reduced affinoid rigid space over x((S)) with ring of
analytic functions A, = R./I, where R, = k((S)){ui,...,u,) and I is some ideal.
The lifting construction refers to the following.

(1) find an ideal I'™ in R™ = F(uy,...,u,)((S)) so that R™ /"™ is flat over Op
and I'™ ®¢, k = I,.

(2) Choose a Grobner basis of I, and lift them to ry,...,r, € I'™ as in Defini-
tion 3.1.1.6 and define 7, as in Notation 3.1.2.3.

(3) We call the rigid analytic space

Xpo = {(t1,- .., un, S) € AF0,1]| o < |S] < 171, .., Tm = 0}

the lifting space of X; it depends only on the choices of I'™ and 7, as well as the lifts

of ri,...,Tm in '™t

Remark 3.1.3.2. We do not know if such a lifting space always exists in general.
The only obstruction is to find an ideal I'™ lifting I, such that Ri™* /™™ is flat over
OF.

Question 3.1.3.3. It would be interesting to know if the above lifting construc-

tion can be globalized for arbitrary rigid spaces over «((S)). In particular, given
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a morphism between two rigid spaces over k((S)), can we lift the morphism (non-
canonically) to a morphism between (some strict neighborhood of) their lifting spaces?
Can we “glue” the lifting spaces up to homotopy? This situation is very similar to

Berthelot’s construction of rigid cohomology [Brt96+].
For an affinoid subdomain of a polydisc, we explicate this lifting process.

Example 3.1.3.4. Let py,...,pm € £[S][u1, - - -, us) be polynomials and ay, .. ., a, €
N. We consider the following affinoid subdomain of the unit polydisc

X = {(’U,l, e ,‘U,n) (S AZ((S))[()? 1” |p1| S |S|01,‘ ceny Ipml S IS‘am}.
The ring of analytic functions on X is
K((S)) (U1, -, Uny V1, - - -, Um) [ (1S™ = D1, - . ., UMS™™ — D).

For each i, let P, be a lift of pi in Op[S][uy, ..., u,] (here we allow P, to have new
terms other than the terms of p;). We claim that the ring

OF(’U,l, ceeyUn,V1y. .. ,'Um)((S))/(’UlSa] - P1, e ,vm.S’“"‘ - m) (3135)
is flat over Op. This is because the ring
Or((S)[u1s- -y Uny V1, -+, U] /(1 S® — Py, ..., UmS*™ — Pp) = Op((S))[u, - - -, un)

is flat and hence torsion free over OF, and so is its completion (3.1.3.5) with respect
to the topology induced by (p, S)" Or[S][u1, ..., Un,v1,...,vy) for r € N.
Therefore, by Definition 3.1.3.1,

Xno = {(un, ..., un, S) € AF[0, 1] mo < |S| < L; P} < |SI™, .., | Pl < |S|em}

is a lifting space for X, for some 19 € (0, 1).
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3.2 Differential conductors

In this section, we give the definition of differential Artin and Swan conductors fol-

lowing [Ked07a].

3.2.1 Construction of differential modules

In this subsection we review Tsuzuki’s construction [Tsu98a] of differential modules
over the Robba ring associated to p-adic Galois representations. For a systematic

treatment, one may consult, for example, [Ked07a, Section 3].

Notation 3.2.1.1. For the rest of this chapter, let K be a complete discretely valued _
field of equal characteristic p > 0. Fix a uniformizer 7x and a non-canonically
isomorphism

kic((mx)) = K. (3.2.1.2)

Let by C kx be a p-basis of kx, where J is an index set. Then the image b; of by
in K under the isomorphism (3.2.1.2) form a lifted p-basis of K. Hence, (db;);es and

drg form a basis of Q}) /Fp We set Ko = NpsoKP" = ﬂn>0n§’; ; it is a perfect field.

Notation 3.2.1.3. Let O denote the Cohen ring of kx with respect to b; and let
B; C Or be the canonical lifts of the p-basis. (For more about Cohen rings, see
[Ked07a, Section 3.1] or [Whi02].) Denote F' = FracOr. We use OF, to denote the
ring of Witt vectors W(kp), as a subring of Or. Denote Fy = FracOp,.

Definition 3.2.1.4. Let O denote the ring of integers in a finite extension of Q, and
let F, be its residue field, where ¢ = p* for A € N. Write Q, for the unique unramified
extension of Q, with residue field IF, and write Z, for its ring of integer.

By an O-representation of Gk, we mean a continuous homomorphism p : Gx —
GL(A,) with A, a finite free O-module. We say that p has finite local monodromy if
the image of the inertia subgroup of G is finite.

By a p-adic representation, we mean a continuous representation p : Gx — GL(V,)

with V, a finite vector space over Frac(O). Since Gk is compact, we can always find
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a (not necessarily unique) O-lattice A, C V,, stable under the action of Gx. Hence,

we can obtain an O-representation p : Gg — GL(A,).
Hypothesis 3.2.1.5. We always assume that F, C ko (see the Remark 3.2.3.7).

Notation 3.2.1.6. Denote Op = O ®z, O. Since Frac(0)/Q, is totally ramified,

OF is a complete discrete valuation ring; we denote its fraction field to be F”.

Notation 3.2.1.7. Let Cx be the Cohen ring of K with respect to the p-basis
{(bj)jes, 7k }. By functoriality of Cohen ring (Proposition 2.3.4.3) of the isomorphism
(3.2.1.2), OF sits naturally inside Cx. Moreover, B; are the canonical lift of b; in
Ck. We denote the canonical lift of 7x in Cx by S.

Put I' = Ck ®z, O; it is a complete discrete valuation ring since O is totally

ramified over Z,.

Definition 3.2.1.8. A (gth-power) Frobenius lift on I is a homomorphism ¢ : ' —» T'
which acts trivially on O and induces the gth-power Frobenius on K. The standard
Frobenius lift (with respect to By) is the Frobenius lift which sends B; to B;’ forjeJ
and S to SY it is unique by Proposition 2.3.4.3.

Remark 3.2.1.9. We will see below that the construction of differential module is
valid for any Frobenius lifts, but only the standard Frobenius lift gives rise to the

Frobenius antecedent for the differential modules.

Definition 3.2.1.10. Recall the definition of differential modules in Definition 1.1.1.24.
Let R be a ring equipped with an endomorphism ¢ : R — R. A (¢, V)-module over
R is a V-module over R equipped with an isomorphism ¢*M — M of V-modules.

Definition 3.2.1.11. For every O-representation p : Gk — GL(A,), define its asso-
ciated (¢, V)-module over I' by

D(p) = (A, Q0 f‘m)cx,

where T is the p-adic completion of the maximal unramified extension of T
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Proposition 3.2.1.12. For any Frobenius lift ¢ on T, the functor D from O-representations

of Gk to (¢, V)-modules over T' is an equivalence of categories.

Proof. For convenience of the reader, we briefly describe the functor here; for more
details, one may consult [Ked07a, Propositions 3.2.7 and 3.2.8]. It is well-known that
D establishes an equivalence between the category of representations and the category
of ¢-modules over I' (finite free I'-modules with semi-linear ¢-actions), with V(M) =
(M ®r @)qﬁ:l as the inverse. The non-trivial part is that every ¢-module over T
admits a unique structure of (¢, V)-module; this involves a standard approximation

argument. O

For an O-representation p of finite monodromy, one can refine the (¢, V)-module

associated to p as follows.

Construction 3.2.1.13. Since Ck has an Op-algebra structure, any element z € T’
can be uniquely written in the form of Y, , z;S* for z; € OF ®z, O = Op such that
the indices ¢ for which v(z;) < n are bounded below.

For r > 0, put [ = {z € T| HEIPw v(Tn) + ™ = 0o} and I'" = U,»o["; the latter
is commonly known as the integral Robba ring over F'. It is not hard to show that
any Frobenius lift ¢ preserves I'! and that Q1 jo = Djes I'‘dB; @ TtdS.

Since O — TI'f, we can identify O%* — (I'f)", where the superscript unr
means taking the maximal unramified extensions of discrete valuation rings. Put
Tt = 5}?‘ Qouws (I'T)™r C [ where we take the p-adic completion. For a p-adic

representation p with finite local monodromy, define
D'(p) = D(p) N (V, ®o T1) = (V, ®0 T1) °¥. (3.2.1.14)

Theorem 3.2.1.15. [Ked07a, Theorem 3.3.6] Let ¢ be a Frobenius lift on I’ acting
on I't. Then D' induces an equivalence between the category of O-representations

with finite local monodromy and the category of (¢, V)-modules over T,

Lemma 3.2.1.16. [Ked05a, Proposition 3.20] The integral Robba ring I't is an

henselian ring.
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Notation 3.2.1.17. For 7 € (0,1), we use Zz™ for short to denote AL[n, 1). Denote
the ring of analytic functions on it by RY. We define the Robba ring over F to be
RF = Unefno,1) R Also denote RE = R ®z, O and Rp = Rr @z, O. We will be

only interested in the behavior when 7 is close to 1.

Remark 3.2.1.18. We use K in the subscript of Zz™ because the space is functo-

rially in K but not in F, as we made a non-canonical choice in (3.2.1.2).
Now, we restrict the (¢, V)-module D*(p) to the Robba ring over F’ as follows.

Construction 3.2.1.19. Consider the natural injection I'' < Rz . Note that the
Frobenius ¢ extends by continuity to Rp.. Thus, from an O-representation p with
finite local monodromy, we obtain a differential module £, = D¥(p) ®+ R over R

Moreover, if we start with a p-adic representation p : Gk — GL(V,) of finite local
monodromy, we can choose an O-lattice A, of V, stable under the action of Gk as in
Defintion 3.2.1.4. Then we associate a differential module £, to the O-representation
given by A,. It is clear that £, does not depend on the choice of the lattice A,. We

call £, the differential module associated to p.

Proposition 3.2.1.20. [Ked07a, Proposition 3.5.1] The (¢, V)-module £, over R
is independent of the choice of the p-basis and the lifts to K (up to a canonical

isomorphism,).

Proposition 3.2.1.21. The differential module £, descends to a differential module

over R, for some no € (0,1).

Proof. Indeed, defining a differential module needs only finite data. So, we can realize

it on a certain annulus. See for instance [Ked07a, Remark 3.4.1]. O

Remark 3.2.1.22. The current construction of associating differential module to
a p-adic representation (Constructions 3.2.1.13 and 3.2.1.19) is not functorial with
respect to the base field Frac(O) of the representation. If (' is a finite extension
of O, for a p-adic representation p over Frac(Q) of finite local monodromy, one can

naturally obtain p’ = p ®0 O’ as a p-adic representation over Frac(()'). Assume that

166



Kk contains the residue field Fy of O’. Then the differential modules associated to
p and p' are the same if ('/O is unramified, and &, ®o O’ = &, if O'/O is totally
ramified.

There are two reasons of keeping this non-functoriality flaw. For one, the differ-
ential conductors we define later will be the same if we change p to p ®¢ O’'. For the
other, if we define I' in Notation 3.2.1.7 using the tensor over Z, instead of Z,, in
which case we do have the functoriality, we will get the direct sum of [F, : F] = A
copies of &, as differential modules. When proving the integrality of Swan conductors,

we have to come back to study £, because K ®z, O ~ F'® is not a field if ¢ > p.

3.2.2 Differential modules with Frobenius structure

In this subsection, we study further structures of the differential module £,. In
particular, we deduce that &, is solvable in the sense of Definition 1.2.8.1. This would
enable us to invoke Theorem 1.2.8.2 to define and deduce properties of differential
conductors.

In this subsection, we assume the following.

Hypothesis 3.2.2.1. Assume that K as a finite lifted p-basis by C Ok, where
J={1,...,m}. We also retrieve Notation 2.3.2.3.

Notation 3.2.2.2. Let 8y = 0/9S,0, = 0/9By, - . ., Oy, = 0/0B,, denote a dual basis
of Q(];)FHS] /Or, with respect to dS,dB;,...,dBy,; they give rise to a set of derivations
on RY, of rational type for all o € (0,1). For a (¢, V)-module £ over R}, these
differential operators act on £, commuting with each other and commuting with the
Frobenius action; this gives £ a structure of 0;+-differential modules in the sense of
Definition 1.1.6.2.

We also use Fy to denote the completion of F’(t) with respect to the 7-Gauss

norm.

Proposition 3.2.2.3. Let ¢ be the standard qth-power Frobenius lift on I'. Recall
the notation of Frobenius antecedent from Subsection 1.1.4. Then the pull back by

Frobenius ¢ : F,, — F, is the same as PPN 0. .. 00BN yhere q = p*.
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Proof. We may assume that F' contains {, a g-th root of unity. It suffices to show
that the image ¢(F},) is stable under the action of (Z/qZ)™*' in the sense of Con-
struction 1.1.4.9 (one Z/qZ from each 9;-Frobenius for j € J*) and that the degree
of F} over ¢(Fy,) is g™

For i = (io, - - - , im) € (Z/qZ)™*", we have S® = (¥ and (B;)® = (i B forj € J.
Hence, both the standard Frobenius lift ¢ and (-)® o ¢ are continuous homomorphism
from OF[S] to itself sending B; to B] and S to S?. By Proposition 2.3.4.3, they must
be the same. Hence the image of ¢ is stable under the (Z/qZ)™*!-action.

To see that F; has degree g™+ over ¢(F,), it suffices to show that the degree of
F has degree ¢™ over ¢(F), because the S part is obvious. Note that ¢ : O — Op
is a flat homomorphism because (the latter) Op is torsion free. Hence the degree of

¢ : F — F is the same as the degree of ¢ : kx — kg, which is g™. O

Proposition 3.2.2.4. Let ¢ be the standard gth-power Frobenius lift on T'. Let £ be
a (¢, V)-module over Al.[no,1) for some ng € (0,1). Then & is solvable.

Proof. By Corollary 1.1.4.26, we have

fi(¢*M,r) = max {p~ fi(M, qr),p* " (fi(M, qr) — logp), . .., fi(M, gr) — Alogp},

where A = log,q. Since ¢*M = M, we actually get an equality comparing subsidiary
radii of M at different radii. Taking the supremum limit 7 — 0% or equivalently

n — 17, gives a number g;(M) satisfying
9i(M) = max {p~*g;(M), p*"*(g:(M) — logp), ..., g:(M) — Nogp}.

This forces g;(M) to be zero. By continuity of f;(M,r), lim,_+ f;(M,r) = 0. Hence,
£ is solvable. O

Proposition 3.2.2.5. Let ¢ be the standard qth-power Frobenius lift and ¢’ be another
Frobenius lift on T. Assume that € is a (¢, V)-module over Al.[no,1) for some no €
(0,1). Then & is naturally equipped with a (¢', V)-module structure.
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Proof. Define the Frobenius structure for ¢’ by Taylor series as follows.

i '(S) — d(S))ee []. IBj — Bj €j €0 el €m
Jw)= 3 (¢/(5) — &(9))* [1;es (¢ (B;) — 4(B;)) (6 8 9 )

e+ 85 OB OBew (v)

eJ+=0

Since |¢'(S) — ¢(S)|1 < 1 and |¢'(B;) — ¢(Bj)|1 < 1for all j € J. This series

converges under | - |, for n € (0, 1) sufficiently close to 1 and also for | - |;. O

Remark 3.2.2.6. One may also approach the results of this subsection without using
the standard Frobenius first but using a generalized version of Corollary 1.1.4.26. This

point of view is taken in [Ked**, Chap. 17].

3.2.3 Differential conductors

Combining the result of Subsections 1.2.8 and 3.2.2, we can now define the differential
conductors associated to a p-adic representation p of finite local monodromy. This is
a slight improvement over Kedlaya’s original construction in [Ked07a, Section 3.5],
as the tool of differential modules in Section 1 was not available at the time.

We continue to assume Hypothesis 3.2.2.1 in this subsection.

Theorem 3.2.3.1. Let p be a p-adic representation of G of finite local monodromy.
Let &, be the (¢, V) module over Ak,[no,1) associated to p in Construction 3.2.1.19.
Then after making no sufficiently close to 1™, there exists a unique decomposition
of (¢, V)-modules & = @be@zl E (resp. € = @beQZO Eblog) Over Aki[no,1), where
each of & (resp. Evjog) has uniform break (resp. log-break) b. Moreover, each of &,
(resp. Eplog) corresponds to a p-adic subrepresentation py (resp. peiog) of Gk and

P = ObeQs,Pb (TESP- P = DbeQsoPblog)-

Proof. By Proposition 3.2.2.4, £, is solvable. Now, we can invoke Theorem 1.2.8.2 to
get the desired decomposition as V-modules. Since this decomposition is canonical
and the action of V commutes with the action of the Frobenius, we actually obtain
a decomposition of (¢, V)-modules.

Moreover, by the slope filtration [Ked07a, Theorem 3.4.6], the Frobenius action

on each direct summand of £ is of unit-root; the decomposition of the representation
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follows by the equivalence of category in Theorem 3.2.1.15. d

Definition 3.2.3.2. We define the differential ramification breaks of p to be the
differential non-log-breaks of £, (See Definition 1.2.8.3), where p'k denote the
subrepresentation of p fixed by the inertia group; the biggest break is denoted by
b(p). We also define the differential Artin conductor of p to be that of Epyplk -

Similarly, we define the differential ramification log-breaks of p to be the differential
log-breaks of &£, (See Definition 1.2.8.3); the biggest break is denoted by b, (p). We

also define the differential Swan conductor of p to be that of £,.

Remark 3.2.3.3. In the above definition of differential Artin conductors, we split
off the unramified part because the multiset of convergence radii can not distinguish
the unramified part from the tame part which contributes differently to the Artin

conductor. This does not matter for Swan conductors.

Remark 3.2.3.4. By [Ked07a, Proposition 2.6.6], the definition of the differential
conductors does not depend on the choice of the uniformizer S and the lifted p-basis
Bj. Moreover, we may also lift the Hypothesis 3.2.2.1 and define the differential

conductors for arbitrary complete discretely valued fields of equal characteristic p

[Ked07a, Corollary 3.5.7].

Theorem 3.2.3.5. Differential conductors satisfy the following properties:

(0) When the residue field ki 1is perfect, the differential Artin and Swan conductors
are the same as classical ones in [Ser79].

(1) For any representation p of finite local monodromy, Swangi(p) € Zs>o and
Artgie(p) € Zxo.

(2) Let K'/K be a tamely ramified extension of ramification degree e'. Let p be
a representation of G of finite local monodromy and let p' denote the restriction of
p to Ggr. Then Swangis(p') = € - Swangis(p). If ¢ = 1, i.e., K'/K is unramified,
Artair(p') = Artai(p)-

(3) Let p be a faithful p-adic representation of the Galois group of a Galois exten-
sion L/K. If L/K is tamely ramified and not unramified, b(p) = 1 and biog(p) = 0.
If L/K is unramified, b(p) = biog(p) = 0.
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(4) Put Fil%Gx = Gk and Fil%;Gx = Ix for a € (0,1]. Fora > 1, let R,
be the set of finite image representations p with differential ramification break less
than a. Define Fil§xGx = e, (Ix NKer (p)) and write FilgiGk for the closure
of UpsoFilly:Gk. This defines a differential filtration on Gk such that for any finite
image representation p, p(Filg;;Gr) is trivial if and only if p € R,.

Similarly, put Filgif,logG k = Gk. Fora > 0, let R,10¢ be the set of finite image
representations p with logarithmic differential ramification break less than a. De-
fine Filj0,Gx = npeRa,log (Ix NKer (p)) and write Fil§f, Gk for the closure of
Ub>aFilgif,logG k- This defines a differential logarithmic filtration on Gk such that for
any finite image representation p, p(Fildi ,,Gx) s trivial if and only if p € Roog-

Moreover,

0

for a > 0, Fil%, G /FilttGx ¢ Q
an abelian group killed by p a € Q
0 agQ

fO’I" a>1, Filgif,logG K / Fﬂg?f-,logG K ) ]
: an abelian group killed byp a € Q

Proof. For (0), see [Ked05a, Theorem 5.23).

To prove the rest of the statement, as in [Ked07a, Section 3.5], we may first reduce
to the case when Hypothesis 3.2.2.1 holds.

(1) This is Theorem 1.2.8.2.

(2) If L/K is unramified, we can use the same 7x as the uniformizer of L. The cor-
responding differential module £, of p’ is just a simple extension of scalar. Since the
calculation of spectral norms does not depend on the base field (Remark 1.1.2.7), we
compute the same result on spectral norms and hence have the same Artin conductor.
If L/K is tamely ramified with ramification degree e/, we may first make a further
unramified extension and assume that the L = K (W;{/el). Hence, the corresponding
differential module £, of p’ is just the tame pullback and the statement follows from

Proposition 1.2.1.7.

(3) is an immediate consequence of (2). But be caution that the differential
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ramification breaks can not distinguish unramified extensions from tamely ramified
extensions (see also Remark 3.2.3.3).

(4) The proof for Swan conductors is in [Ked07a, Theorem 3.5.13], which we
will not repeat. The proof for the non-logarithmic differential filtration is much
simpler than the logarithmic case because of the different normalization in the Sub-
section 1.2.8. Indeed, it suffices to show that we can do some rotation so that Jp

becomes dominant; this is exactly the content of Subsection 1.2.7. O

Remark 3.2.3.6. The converse of (3) is a well-known fact for experts. However,
we are unable to find good references to support a proof. As it will become an
easy consequence of the comparison Theorem 3.4.3.1 and properties of arithmetic

ramification conductors (Proposition 2.2.2.11(6)), we do not state it here.

Remark 3.2.3.7. Note that the invariance of the differential conductors under un-
ramified base changes enables us to assume that ko is algebraically closed. This

justifies the assumption we made in Hypothesis 3.2.1.5.

3.2.4 Breaks by p-basis

In this subsection, we try to fix Fake-assumption 2.3.6.8. Please consult Remark 2.3.6.7
for motivation.
We keep Hypothesis 3.2.2.1 for this subsection and we keep the notation from

previous subsections.

Proposition 3.2.4.1. For each j € J*, there is a ramification break b;(L/K) asso-
ciated to b; (j € J) or mk (j = 0), such that Ry, (€, ® F}) = 1% for allp — 17,

Hence,

b(p) = max{b;(p)},  biog(p) = max{bo(p) — 1;b;() for j € J}.

Proof. By applying the same argument as in the proof of Proposition 3.2.2.4, we know
IRy, (€, ® Fj,) = IR5,(E, ® Fy)? for n — 17. Therefore, by the convexity given by
Theorem 1.2.2.6(d), fl(j) (&p,7) is affine as r — 0. The proposition follows. O
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Definition 3.2.4.2. We call b;+(p) the breaks by p-basis of p with respect to the

lifted p-basis by and the uniformizer 7.

When doing operation on K, we want to understand the corresponding effect on

the bj ( p) .

Lemma 3.2.4.3. Fiz jo € J. Let b',,(p) be the breaks by p-basis of p with respect to
the lifted p-basis {bngjo}, bjo + Tk} and the uniformizer mx. Then b(p) = b;(p) for
j€J and

= max{bo(p), bjo(p)} if bo(p) # bio(0),

< bo(p) if bo(p) = bjo(p)-

Proof. Let &}, denote the derivation dual to the basis dBj\(j,},dS, d(Bj, + S) of
Qops] /Og,» 3 in Notation 3.2.2.2. Then &; = 8; and 8y = 8 + 9j,- The lemma

o(p)

follows immediately. O

Remark 3.2.4.4. This lemma is in fact much stronger than it looks. Applying the
same argument to b;, + amg for a € ko, we find out that for all but possibly one
a € Ko, bo(p) > bj(p). So, the direction for uniformizer is “generically dominant”.

This motivates the following lemma.

Lemma 3.2.4.5. Fiz jo € J. Let K' be the completion of K(x) with respect to the
1-Gauss norm, equipped with lifted p-basis {by (jo}, bj, + z7x, z} and the uniformizer
mi. Let o' be the representation Ggr — Gg 2 GL(V,). Let Y+ ugm13(0) denote the
breaks by p-basis with respect to the lifted p-basis and the uniformizer above, where
bf,\{jo}(p’ ) corresponds to by}, bl (0/) corresponds to bj, + zmk, by(p') corresponds
to mx, and b, ,,(p") corresponds to x. Then we have bj(p') = bj(p) for j € J,
ria(7) = bin(p) — 1, ti(e!) = mac{bo(p), b (p)}-

Proof. Let F' denote the completion of F'(X) with respect to the 1-Gauss norm,
where X is a lift of the . Let f : AL [m,1) — AL/[mo,1) be the natural morphism

and then f*£, is the differential module associated to p’. Let 0} } be the

+u{m+1

differential operators corresponding to the lifted basis as in the lemma. Then under
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the identification by f*, we have
69=6J, 6’m+1 =Saj0, 6=80+X8j0.

The lemma follows because X is transcendental over F”. O

Lemma 3.2.4.6. Fiz jo € J. Denote K' = K (bjl-({p ) equipped with lifted p-basis
{b J\{jo},b;({p }. Let V). (plg,.) be the breaks by p-basis of p|g,, with respect to the
p-basis above. Then b(s) = by(p) for j € J\{jo} and Yy (play) = bs(p)-

Proof. Replacing K by K’ is equivalent to use ¢(®%) to pullback the differential module
&,- The lemma follows from Corollary 1.1.4.26 applying to £ ® F; whenn — 1. O

Lemma 3.2.4.7. Fiz jo € J. Denote K’ the completion of K (b;({p "ne N) equipped
with lifted p-basis by\jo}- Let b'7.(pla,.) be the breaks by p-basis of pla,, with respect
to the p-basis above. Then b(p) = b;(p) for j € J*\{jo}.

Proof. Obvious. O

As promised earlier (Subsection 2.1.2 and Remark 2.4.2.2), we can also show that
the differential Artin conductor is invariant under the operations of adding generic
p®°th roots. This would establish the comparison with Borger’s conductor by Propo-

sition 2.4.2.1 (and by invoking the comparison Theorem 3.4.3.1).

Proposition 3.2.4.8. Fiz jo € J. Let K’ be the field obtained after adding a generic
p*°-th root of bj, and let p' be the representation Gx» — Gk LA GL(V,). Then

b(p) = b(p').

Proof. Let K; be the completion of K(z) with respect to the 1-Gauss norm and
let K> be the completion of the maximal unramified extension of K;. Let ps de-
note the representation G, — Gx = GL(V,). By Lemma 3.2.4.5, b(ps) = b(p)
and if b}, {m +1}(pz) denotes the breaks by p-basis with respect to the lifted p-basis
as in Lemma 3.2.4.5, then ¥} (p2) < by(pz). The proposition follows by applying
Lemma 3.2.4.7 to K, with respect to the bj, + z7g. O
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3.2.5 Refined Swan conductors

In this subsection, we define the refined Swan conductors. This provides secondary
information of the graded pieces of the differential ramification filtration. We keep

the notation as in previous subsections and continue to assume Hypothesis 3.2.2.1.
Notation 3.2.5.1. Fix a Dwork pi 7 = (—p)/®~1 for this subsection.

Construction 3.2.5.2. Let p be a p-adic representation of Gx of pure log-break
b = big(p). Let &, denote the (¢, V)-module associated to p. By Theorem 3.2.3.1,
there exists 79 € (0, 1) such that TR(E,® F}) = n” for € [no, 1). By Theorem 1.2.6.7,

after making a finite unramified extension of F”, £, admits a decomposition

&E= P & (3.2.5.3)
VEIO(E,)

over A};.,(ﬂ) (né/ d, 1) with d the prime-to-p part of the denominator of b, where €3 has
pure refined intrinsic radii 9. (Here we only need to make an unramified extension
of F' because w'IR(E, ® F;)/n* € |F'(mw)*| and an unramified extension of F" is
enough to have (1.2.6.8) with each of My with pure intrinsic radii.)

We define the set of refined Swan conductors of p to be

1
sw(p) = {;z%r,}b |9 € ZIO(E,)} C N (log) ® TR Kceis-

Lemma 3.2.5.4. Construction 3.2.5.2 of refined Swan conductor does not depend on

the choice of lifted p-basis of K or the uniformizer wy.

Proof. For another choice of lifted p-basis and uniformizer, we will end up considering
another set of differential operators 8; = d/dB; for j € J and 9 = d/dS’. We assume
that

- = Zaj’,j%Bi + Cvj',o—g- for ' € J,
7’ i J
j€
ds’ dB; dS .
5 = Zao,j—B-jl + ao,o? for j' € J,

jeJ
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where a; ; € Of[S] for 5,5 € J*.

Moreover, we may assume that £, has pure differential log-break and has pure
refined Swan conductors with respect to the lifted p-basis b; and uniformizer 7.
Furthermore, we may assume that £, (by gluing Frobenius antecedent) extends to
[0, 1) such that £, ® F; has visible intrinsic radii for some 7 € (o, 1), and hence has
pure refined intrinsic radii 90% + 01%211 +-- 4+ Om%:.

By applying Proposition 1.1.6.16, we have, for any j € J*,
I04(E,® Fy) = {aj000+ - - + 0tjmbm (rank (€,) times)} C nf&s

for some s, if IRa (£, ® Fy) = IR(€, ® F}); we use Jo denote those j for which this
is the case. By Proposition 1.1.6.16, we also have a;ofo + - - - + @jmbm = 0 in ngﬁl,s

for j € J\Jo. Note that, we have

as’ dB’
(Olo,oeo +-- 4+ ao,mﬂm) 5 =+ E (aj,oeo +- 4 a,-,mem) Té'l
jeJ -7
_, a8 dB dBn,

Hence, they compute the same refined intrinsic radii and the lemma is proved. O

Theorem 3.2.5.5. Let K be a complete discretely valued field of equal characteristic
p>0.

(a) Let p be a p-adic representation of Gk with finite local monodromy which has
pure (differential) log-break b = biog(p). Then there exists a finite tamely rami-
fied extension K'/K such that, we have a canonical decomposition of represen-

tations of Gg+ over a finite extension of Frac(O):

plew = B pa

dersw(p)

where py has pure refined Swan conductors 9 € N (log) ® T kkae. By Galois

descent, we have a decomposition of p = ©(g}crsw(o)P(s}, Where the direct sum
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runs through all Galois conjugacy classes in rsw(p) and rsw(pgs)) consists of

only the Galois conjugacy class {9} (with same multiplicity on each element).

(b) The refined Swan conductor gives rise to an injective homomorphism for b €

QZO;

rsw : Hom(Fills 10 G /FilSk 10gGk Fp) — Qi (log) @ m’kigeus.  (3.2.5.6)
Proof. (a) We first replace K and Frac(O) by an unramified extension of K and a
finite extension of Frac(Q), respectively, corresponding to the unramified extension of
F’ made for the decomposition (3.2.5.3) (so that Hypothesis 3.2.1.5 holds). Since the
decomposition is canonical, it is a decomposition for (¢, V)-modules. By the slope
filtration [Ked07a, Theorem 3.4.6], the Frobenius action on each direct summand of
€ is of unit-root; the decomposition of the representation follows by the equivalence
of categories in Theorem 3.2.1.15.

(b) We need to show the following.

(i) for any p-adic representations p of pure break b and any p-adic representations

p' of break smaller than b, rsw(p ® p) is just dim p’ copies of rsw(p);

(ii) for any p-adic representations p and p’ of pure break b and of pure refined Swan

conductor 9, then p ® p’V has smaller break.
They follows from Lemmas 1.1.5.12 and 1.1.5.12, respectively. O

Remark 3.2.5.7. It would be interesting to know if the homomorphism rsw defined
here coincides with the one defined in [Sai07+, Corollary 1.3.4]. The choice of the
Dwork pi here is expected to correspond to the choice of the Artin-Scheier sheaf in
[Sai07+].

We temporarily drop Hypothesis 3.2.2.1 for the following proposition. It is an
analogue of Conjecture 2.2.2.21 for differential ramification. We will see in Corol-
lary 3.4.3.5 that Proposition 3.2.5.8 implies Conjecture 2.2.2.21 for the equal charac-

teristic case.
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Proposition 3.2.5.8. Let K be a complete discretely valued field of equal charac-
teristic p > 0. Then for a € Qso, the conjugation action of Filg;;,og /Filgit 106G KON

Filgif,logGK/Fﬂg;;,logGK 1s trivial.

Proof. It suffices to show that for a p-adic representation p of Gx with finite local
monodromy which has pure (differential) log-break b, if it is absolutely irreducible

under any tamely ramified extension, then pIFilg“,]osGK /Rt Gy 18 @ direct sum of a

b+

10k — O. This is equivalent to showing that the

single character x : Fil}, Gk /Fil
action of Filﬁif’log on p®pV is trivial, and to showing that p® p" has smaller log-break.

Since only finitely many elements in a lifted p-basis can be dominant in £,, we may
assume Hypothesis 3.2.2.1. By Theorem 3.2.5.5(a), such condition implies that p must

have pure refined Swan conductor and hence p ® p¥ must have smaller log-break. [

3.3 Thickening technique

In this section, we introduce a thickening technique. Vaguely speaking, it is to con-
struct a reasonable object which can be thought of as a tubular neighborhood of the
“diagonal embedding of Ak[no, 1) into AL[no, 1) Xk, Ak[m0,1)”. Be caution that the
latter rigid space is not really well-defined.

We first start with a geometric interpretation of this construction and then move
on to the abstract definition of the thickening space.

We keep the Hypothesis 3.2.2.1 throughout this section.

3.3.1 Geometric thickening

In this subsection, we describe the thickening technique when the residue field kx
can be realized as the field of rational functions on a smooth kg¢-variety. We hope
this can provide some geometric intuition of the thickening construction in the next

subsection; the content in this subsection will not be used in the rest of the thesis.

Hypothesis 3.3.1.1. Only in this subsection, we assume that the field Kk is a finite

separable extension of xko(by, ... ,bm).
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Construction 3.3.1.2. Let X be a smooth variety over ko whose field of rational
functions is kx; such an X exists because we may realize it as an open subscheme of
an étale cover of Speckpo[by, . . .,bm] which induces the extension kx/ko(b1,- . .,bm).
We may further shrink X so that it is the special fiber of a smooth formal scheme
X over OF, of topological finite type, i.e. X Xspfor Specko = X. We may further
shrink X and X so that we have lifts By, ..., By, of by,...,b, on X and dB4,...,dB,
form a basis of the sheaf of differentials le/opo. We use X to denote the “generic
fiber” of X as a rigid space over Spm(Fp), in the sense of Raynaud.

Consider the following commutative diagram

X 3 —X

P =X xu AL, —> P =X Xsptoz, Ab, «~—P =X xg, AR [0, 1]

y

Spec ko SpfOF, Spm(Fp)

where the vertical arrows from the first row to the second row are all embedding of
zero sections and the coordinates of A}m and A:é)po are Tx and S, respectively.

The tube of X in P, denoted by |X[p, is isomorphic to X x A} [0,1). Let Ox be
the ring of rigid analytic functions on X; then F' is exactly the p-adic completion of
FracOx. If we base change the tube [ X[p from X over to F, we get AL[0,1). We are
interested in the annulus Al[no, 1) for some 7y € (0, 1), which can be obtained from

base changing X x AL, [no, 1) from X to F.
Now, we consider the thickening space of this annulus A} [no, 1).

Construction 3.3.1.3. Consider the following commutative diagram

7\ PP Py, PP Xop, P<—P xp, P
Spec kg SpfOp, <—— Spm(Fp)

where we denote pr; : P Xo, P — P the projection to the i-th factor, ¢ = 1,2. Then
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P Xop, P has a set of local parameter given by By = pri(Bi), ..., By = pri(Bn), S =
pri(S), By = pry(Bi),...,B,, = pr3(Bn), S’ = pry(S). By Berthelot’s Fibration
Theorem [Brt96+, THEOREME 1.3.2], we have an isomorphism

]Y[PX oFO’P:]y[P XFOAZ?—I[O’ 1)7

where the factor ]7[p respects the projection pr; and the coordinates for the open
polydisc on the right hand side are given by 6o = S — 5,6 = B; — By,...,0m =
B,, — B.,. The geometric thickening space is the subspace of ].—X—[pXOFop where |d| =

|S — 5’| < |S|, or more precisely,
X xg, {(S,0) € A[0,1)||d0] < |S|} xk, AR [0, 1).

Thus, the thickening space, denoted by T'S%, of AL[no,1) is the space obtained by

base changing
X Xpg, {(S, o) € A%O[O, I)HSI > no, |00| < ISI} X AR [0,1).

from X to F.
The projection pr, : P X, P — P gives a F-morphism of rigid spaces 7 : T'S§, —
Ax[no, 1); the projection pry : P xp P — P gives a Fy-morphism of rigid spaces

7 : TS% — AL[no,1). The morphism 7 does not respect the F-rigid space structure.

3.3.2 General thickening construction

In this subsection, we introduce the thickening spaces and study basic properties of

differential modules over them.

We keep Hypothesis 2.3.2.1 in this subsection. Note that Hypothesis 3.3.1.1 is no

longer in force from now on.

Definition 3.3.2.1. For n € (0,1), we write Z}, = A}[n,n]. For a € Qs; and
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no € (0,1), we define the thickening space (of Ak[no,1) and level a) to be
TS32™ = {(S, 00, .-, 0m) € AF*?[0,1)||S] > mo; 16;] < |S|° for j € JT}. (3.3.2.2)
For 7 € [ng, 1), we put
TSY" = ALy, 1] xp AR, 1)

Similarly, for a € Q-0 and 19 € (0,1), we define the log-thickening space (of
Al [no,1) and level a) to be

TSge = {(S,00, .- .,0m) € AF**[0,1)||S] > no; 160| < |S|°*; 18] < |S)* for j € J}.
(3.3.2.3)
For 1 € [no, 1), denote

TSKog = Ar[n,n] xr AF[0,n*"'] xp AR[0,7°].
As in Notation 3.2.1.17, we may drop the superscript > 7o for simplicity.

Caution 3.3.2.4. One may want to write TSH>™ = Unetmo.t) AFIM 1) x5 ARH[0,7°]
for simplicity as in the introduction. However, this will not define the same space as
in (3.3.2.2), because the union does not give an admissible cover of TSg>™. Similar
expression for log-thickening space is not valid either. Nevertheless, it might be helpful

to think the space and picture the geometry this way.

Remark 3.3.2.5. We need a € Q in Definition 3.3.2.1 to make sure that (3.3.2.2)
and (3.3.2.3) actually define (Berkovich) rigid analytic space. For individual T'SE"
and TS ., one may just take a € R.

Notation 3.3.2.6. Let |- |z denote the 7-Gauss norm on Zy. For a € Qsq, let

| - |rsan denote the Gauss norm on T'Sg”; for a > 0, let | - ITS?é'iog denote the Gauss

Ul

a
norm on T'Sgj,,.
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Notation 3.3.2.7. For a € Q5 (resp. a € Q) and no € (0,1), denote the natural
embedding of Zg™ into the locus where §; = 0 for j € J* by A : ZZ™ < TSR
(resp. A: ZZ™ < TSR3P). Also, we have the naive projection 7 : TSgE=" — ZZ™
(resp. 7 : TS?(”%O’Q’ — ZZ™) by projecting to the first factor. These morphisms are
compatible when changing a and 7, or replacing > 7y by 1 for some n € [no, 1).

To simplify notation, for a and 7o as above, we identify O, >y, as a subring of
K

a2 and O, ca,>n
TSK 0 TSK,]ogo

@) via 7*; same for 7 instead of > ny. It is worthwhile to point
out that 7* is an isometry; hence the identification will not change any calculation

on norms.

Proposition 3.3.2.8. We have a unique continuous Og,-homomorphism 7* : Op [S] —
OF[S, 65+] such that #*(S) = S + 8o and ©*(B;) = B; + 8; for all j € J. Moreover,
fOT’g € OF; 77(*(9) —4g € (617 L) 5m)(g)OF|I(51’ s aam]}

Proof. 1t follows from Corollary 2.3.4.7 immediately. d

Theorem 3.3.2.9. For a € Qs (resp. a € Qso) and no € (0,1), the homomorphism
#* induces a Fy-morphism 7 : TSp>™ — ZZ™ (resp. 7 : TS;‘(’EO:’;O — Z7™) such that
# o A =id; same if replacing > no by n for some n € [no, 1).

For any g € Ozn and fora>1 (resp. a > 0),

[7*(9) — glrsen < 0°7 - lglzg  (resp. |7°(9) — glrsen < n*-lglzp ). (3.3.2.10)

K,log —

In particular, |7*(g)|rsen = |7~T*(9)|Ts;‘g’;og = |glzy.. Moreover, we have the following

bound for TSg": if g € Ozn N OF[S], then

[7*(9) — glrsen <1 (3.3.2.11)

Proof. We need only to establish the bound on the norms. Let g = 3. ,a;5" €
F(n/S,S/n), we have

*(9)—9g = Z (7*(a:)(S+0o)' —a:S") = Z ((7*(as) = ;) (S+80) +a;((S+80)' = S7)).

(3.3.2.12)
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Since 7*(a;) — a; € (81, - - ,0m)(a:)OF[61, - . ., 0], We have
|[7(as) — ailrsen < lailn®,  |7(a:) — a,-|TS«;{,3°s < |ag|n®. (3.3.2.13)
Moreover, we have can bound (S + &) — S* by
|(S + o)’ — S"ITS;.{,,, <yl (S +6o) — SilTs;‘s,'{og < nH, (3.3.2.14)

Plugging the estimates (3.3.2.13) and (3.3.2.14) into (3.3.2.12), we obtain (3.3.2.10).
When g € Or[S], (3.3.2.14) always gives |(S + o)’ — SilTs,";" < n? for i > 0 (when
i = 0, we have zero); the equation (3.3.2.11) follows. O

Remark 3.3.2.15. For a > 0, one can factor the morphism # for non-log thickening
space as TS 2™ — T'Spw 2, ZZ™ where the second morphism is the # for the

log-thickening space.

Notation 3.3.2.16. For a V-module over Zz™, we call 7#*€ the thickened differential
module of £, denoted by F. We view F as a differential module over TSE>™ or
TS}’;%J’; with respect to the differential operators 8/90y, . ..,0/80m, i.c. we view F

as a differential module on TSg>"™ or TS;'{?O’;" relative to Zz™.

Proposition 3.3.2.17. Let 5 € [no,1). The radii of convergence of 0+ on &, over
Zy and the radii of convergence of 8/06;+ on Foy = F ®Frac(Orgen)® and Fyplog =

F® Frac((')Tsmos)’\ are related as follows.

Rojes;(Fa) = min{Rs, (&), 1%}, 5 € J;
IRB/BJj(fa,n,log) = min {IRaj (8,7)/770” ]_}’ .7 € J+.

Proof. Note that 7*(dB;) = dB; + dd; for j € J and #*(dS) = dS + ddy. The actions
of 8/86;, j € J (resp. j = 0), on F,py and Fyp10g are the same as the action of 0;
(resp. @) on &,. The statement follows from the facts that d; are transcendental

over Oy and the homomorphism 7* is isometric (via Theorem 3.3.2.9). a
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3.3.3 Thickened differential modules

When the p-adic representation factors through the Galois group of a finite totally
ramified and wildly ramified Galois extension L/ K, the thickened differential module
£ can be reconstructed from a finite Galois cover of the thickening space T'Sk.

We keep Hypothesis 2.3.2.1 for this subsection. Moreover, we impose the following.

Hypothesis 3.3.3.1. For the rest of this subsection, we assume that L/K is a finite
totally ramified and wildly ramified Galois extension.

Notation 3.3.3.2. Let L be as above. Given a uniformizer 7y, of L, we fix a non-
canonical isomorphism sz ((7r)) =~ L. For a p-basis ¢; of k1, we use c¢; to denote the
image of ¢; under this isomorphism; we may use the same index set J because k1 /kx
is a finite extension.

Let Of be the Cohen ring of kz with respect to ¢; and let C; be the canbnica.l
lifts of ¢;. Set F = FracOg.

Caution 3.3.3.3. The residue field extension k1 /kx is typically not separable and

hence cannot be embedded into the extension L = k((7.))/ K = kk((7k)).

Construction 3.3.3.4. We retrieve the notation from Construction 2.3.3.3. For each
j € J, fix an element in Og[T] lifting b; € Ok C k. [t] for j € J and fix an element
in T® + Tet10g[T] lifting 7k € Ok C ki [mL]. By Proposition 2.3.4.3, there exists a
continuous homomorphism f* : Cx — Cp sending B; and S to the elements chosen

above; it naturally restricts to f* : Op[S] — Og[T].

Lemma 3.3.3.5. Keep the notation as above.

(1) The homomorphism f* is finite and Ci,...,Cp and T generate Og[T] over
Or[S]. Hence, f* induces a surjective map Or[S](U, ..., Un) - Og[T] sending Us
to T and U; to C; for j € J. Moreover, one can choose generators Fy, ..., P, of the

kernel so that, modulo p, they are exactly p;+ in Construction 2.8.3.3. In particular,

Po (S Ug —Q(Ul,. . .,Um)S+ (p, UQS, Sz) . OFIISH<U0, .,Um),
P € UY —%B;+(pUs,S)- Op[SKUs,...,Un),
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where B; is a polynomial in Uy, ...,U;_1 with coefficients in Op and with degree
on Uy smaller than e and degree on Uy smaller than p'' for j' =1,...,5 -1, and
DUy, ..., Upn) € Op[lh,...,Uy). Moreover, {U;i*l() <e<e0<Le <pi,jeE J}
form a basis of Op[S](Uy, - - . ,Un)/(Ps+) over Or[S].

(2) The map f* estends to a map f} : F(n/S,S/n) — E(n'/¢/T,T/n"/¢) for
n € [0,1). Thus f* extends by continuity to a homomorphism f*: RF — R'gl’/e and
amap f : Aklno, 1) — Aklng’®,1) for mo € (0,1).

(3) Let I‘}, and I‘L be the integral Robba rings over F' and E, respectively, similarly
constructed as in Construction 3.2.1.13 but without tensoring with F. Let Rg be the
Robba ring over L as in Notation 3.2.1.17. Then I‘fE is a finite étale extension of F}.
with Galois group G k. Moreover, Rg =~ I"TE ®r} RrF.

(4) For some no € (0,1), AL[nY/®,1) is Galois étale over n € [no, 1) via f* with
Galois group Gr/x. Hence, ’R,'E’;‘l’/e becomes a regular G k-representation over R

via f*.

Proof. (1) is equivalent to its mod p version, which is exactly Construction 2.3.3.3.

(2) It suffices to prove that f* is continuous respecting the norms ||z on Cx and
I-Isz/e on Cy, for all 7 € [no, 1). Since f*(OF) € Og[T] and f*(S) € T*+T*'0g[T],
we have |g| 71 =| f*(g)lzzl/e for any g € Cx. Hence the map f* extends continuously
to fy : K(n/S,S/ny — L{n'/¢/T,T/n').

(3) The first statement follows from Lemma 3.2.1.16. The second statement is
true because 1"}3 ®rt RF is complete and dense in Rg.

(4) It follows from (2) and (3) since Rr (resp. Rg) is a limit of R (resp.
Rr%"). O

Remark 3.3.3.6. The morphism f does not respect the naive K-space structure on
A}g[n(l,/ ¢,1); this is precisely because of Caution 3.3.3.3. But it respects the K-space
structure on AL[nY/®, 1) induced by Or — Or[S] 5 Og[T].

Construction 3.3.3.7. Keep the notation as in Construction 3.2.1.19. Let p :

Gk — GL(V,) be a p-adic representation, where V, is a finite dimensional vec-
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tor space over Frac(Q). We have
£, = D'(p)®py Rr = (%®OFT)GK®P'FRF = (Vp®ZqFE)GL/K®P‘FRF = (V,®2,Re) /"

Hence, for some 7y € (0, 1), the differential module &, descents to

Gr/k
gp = (‘/p ®zq f,,O >nl/e) )
z;°
this is a differential module over R ®z, 0 = RY.. This construction respect tensor

products, i.e., given another p-adic representation p’ of G/ over Frac(O), we have
Eoer = &p ®R’}3 &y

Hypothesis 3.3.3.8. From now on, we always assume that 7o € (0, 1) is close enough
to 1 so that all statements in Lemma 3.3.3.5 hold and £, descents to R.

3.3.4 Spectral norms and connected components of thicken-

ing spaces

In this subsection, we relate the spectral norms of differential operators on £ to the

connected components of certain rigid spaces.

We keep Hypotheses 3.2.2.1, 3.3.3.1, and 3338 in this subsection.

Definition 3.3.4.1. Let a € Q-;. We define the spaces TSZ’/ZK"", TS}‘{’\ZL'”, and

TSZ/%?\‘\’ ;. by the following Cartesian diagrams.
1/e a,> f >

Zi—”o -~ TSL/K'IO -~ TSZ/};’(\)L (3342)

lf fx1

Z}%no T T S;l{’?‘m T S;l{,Zno

\L

T

210 f chl,/ ¢
Zy Z;
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We make similar constructions for the logarithmic version of all spaces if a € Q¢.

Remark 3.3.4.3. The naive base change f x 1 helps to realize geometric connected
components as connected components (see Theorem 3.3.4.6). The base change f

encodes the ramification information, which is what we are interested in.

1/e
Remark 3.3.4.4. It is natural to relate TS,“J’/ZK"QL to the thickening space of Z2-™ .

However, it is not clear how to compare the levels or radii of the two spaces. We do

not need this result in our paper.

Corollary 3.3.4.5. The space TSZ’/Z.,{"{L admits an action of Gp/k by pulling back
1/e ~
the action on ZZ™ over Zz™ wia % o (f x 1). Under this action, fiOpgazm is a
L/K\L
regular representation of G x over OTSa,/ZnO. For a p-adic representation p of Gr/x
L/K
over Frac(O), define

7 = (V, ®q, f. +Orpgezmo )GL/K;

L/K\L
this is a differential module over TSZ’/ZK”" Xq, Frac(O). Then F, =~ (f x 1)*7*E,.

The same statement also holds for log-space.

Proof. This is an easy consequence of flat base change for the two Cartesian squares

on the right in Diagram (3.3.4.2). O

Theorem 3.3.4.6. Let p: Grjx — GL(V,) be a faithful p-adic representation over
F with L/K satisfying the Hypotheses 3.2.2.1 and 8.3.3.1. Then, for b > 1, the
following conditions are equivalent:

(1) p has differential ramification break < b.

(2) For any rational number ¢ > b, when n9 — 1~, F is a trivial V-module over
TSP xq, Frac(0).

(3) For any rational number ¢ > b, when ng — 17, TSE’/ZK',"{ 1, has ezactly [L : K]
connected components.

>
TS%="  has

1/¢’
(4) For any rational number ¢ > b, when ny — 17, ZLZ,,"" X snlle IR o2

z ;
exactly L : K| connected components for some finite extension 2 /L, where € is the
naive ramification degree of L'/ K.

Also, the similar conditions for logarithmic spaces are equivalent provided b > 0.
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Proof. The idea of the proof is essentially presented in Theorem 2.3.6.5.

We will only prove the statement for the non-logarithmic spaces and the statement
for the logarithmic spaces can be proved completely in the same way (by using intrinsic
radii instead of extrinsic radii).

We make a general remark that the Proposition 3.3.2.17 is unchanged if we replace
F by F as the spectral norms are invariant under scalar extensions.

We first prove the equivalence between (1) and (2) If p has differential ramification
break < b, Proposition 3.3.2.17 and Remark 1.1.2.7 imply that for n € [no, 1) as before,
Rasas;(Foq) = n® and hence F has a basis of horizontal sections over T 2/212"’ XQ,
Frac(Q) for any rational number ¢ > b via Taylor series. This proves (2). Now,
assume (2), i.e., F is trivial over T.‘.S’Icl’/zfl,70 Xq, Frac(O) for any rational number ¢ > b
and some 79 € (0,1). It follows that Ra/as,(Fcn) = n°. By Proposition 3.3.2.17,
R5,(Ey) > n7¢, for any j € J*, n € [mo,1), and ¢ € Q55. This implies that the
differential ramification break < b, as rational numbers are dense in the real numbers.

Obviously, (3)=>(2). To see the converse, fix some rational number ¢ > b. If
F corresponds to a trivial V-module on TSZ’/ZI;’“ Xq, Frac(O), then for any n € N,
F®n is also a trivial V-module, which corresponds to V®" by functoriality (Construc-

tion 3.3.3.7). By Lemma 3.3.4.9 below from the theory of representations of finite
groups, the differential module

Gr/k

(Frac(O)[G] ®q, f. *OTS:,’/%?QL)

is a direct summand of a direct sum of some F®" and hence is a trivial V-module.

We claim that f,O,.c>n is @ trivial V-module for all rational numbers ¢ > c.
L/K\L

To see this, we look at the following isomorphism of differential modules

GrL/k

(R’ac((?) [G] ®q, f+ OTS‘I::/ZI:’K\)L)

ZgEGL/K fgRgv — f-v,

— Frac(0) ®q, fuOrgzm ; (3.3.4.7)

where f € Frac(O) and v € f,O s> . This map does not respect the Frac(O)[G]-
L/K\L
modules. From this, we know that the right hand side of (3.3.4.7), denoted by G,
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is a trivial differential module; in particular, for all j € J*, the radii of convergence
of 8/dé; on G are Rajas,(Gn) = n°, which equal the radii of convergence of 8/95; on
£:O 5% />"QL at radius 7. Using Taylor series, we can construct horizontal sections on
TSgﬁ{'m for any rational number ¢ > ¢. This proves the claim.

As a consequence, any section of f,O rsc;2m On V(bs+ = 0) >"° TS'Z’Z"0

L/K\L
1/e
can be uniquely extended to a horizontal section over T.S'g};{m relative to Z, 20 yig

7. In other words, we have an homomorphism

~ >no c/,>no
7:D(V(br =0 £ Orgsm ) & HY (TSI .Orym ) = T(TST/R0 Orgz, )
(3.3.4.8)

where HY denotes the sections killed by 8/8;+. Since the first map of (3.3.4.8) is
given by Taylor series, ¢ is in fact a ring homomorphism. The ring on the left hand

c1 . . >nal® i
side is isomorphic to the functions on Z7 275/ X z2m Z; ° because the restrictions of
K

# and 7 to V(6;+ = 0) are both the same as f. Moreover, since Z} 2/ is finite étale

1/e
Galois over Zz™ (Lemma 3.3.3.5), Z >"° X 7210 ZZ = Hsec, Z—"0 Via the

i/e
homomorphism o in (3.3.4.8), we can lift the idempotent elements on Z] 2T 2270
K

Z;"“ to idempotent elements in O_ o>y, . Therefore, (3) holds.
TS, \L

The equivalence between (2) and (4) can be proved similarly. We need base change
at least to Z] 2y in (3) so that we can split the fiber over V(8;+ = 0). O

Lemma 3.3.4.9. Let G be a finite group and Fp be a field of characteristic 0. Let
p: G — GL(V,) be a faithful representation over Fp. Then the regular representation

Fo[G] is a direct summand of a direct sum of some self-tensor products of V,,.

This is an easy exercise of finite group representations but we do not know a good

reference. The author would like to thank Xuhua He for providing the following proof.

Proof. Let x be the character of V, and let d be the dimension of V,. Since the
representation is injective, x(1) = d and x(g) # d for all g € G nontrivial. (This is
because all the eigenvalues of p(g) are roots of unity and cannot all be 1.)

Therefore, for each g # 1 there exists a polynomial P, in x with integer coefficients

such that P,(x(g)) = 0 but Fy(d) # 0. Let P = [],,,cc Py and then P(d) # 0 but
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P(x(g)) = 0 for all g # 1. Moreover, by multiplying a constant, we may assume that
#G divides P(d).

We know that the character of a tensor product is the product of the characters.
Therefore, if we take the terms in P which have positive coefficients, those terms
together will correspond to the desired direct sum of Vp®“, containing the regular

representation. O

3.4 Comparison theorem

3.4.1 Lifts of standard Abbes-Saito spaces

Recall the Standard Abbes-Saito spaces defined in Subsection 2.3.3. In this subsec-
tion, we define their lifts to a rigid analytic space over the annulus A}[n, 1) for some

1o, following Section 3.1.

In this subsection, we continue to assume Hypotheses 3.2.2.1 and 3.3.3.1.

Construction 3.4.1.1. Let P+ be the lifts of py+ as in Lemma 3.3.3.5. For a € Q¢
and 79 € (0,1), we define the lifted Abbes-Saito spaces to be

-~ a,>70

<8l <1
ASL/K = {(UJ+,S) € A?+2[O, 1] 770 - l | }

|Po(Uys, S)| < |SI°, - .., |Pn(Uss, S)| < |S]°
mo < |S| < 1, |Ro(Us+, S)| < |S]°*, .
|PL(Us+,8)| < |S]2, ..., |Pa(Uss, 8)| < |82 [

—~ a,>no

ASL/K,log = {(UJ+, S) € A?+2[O, 1]

. . e >
they are viewed as rigid spaces over Zg™.

Lemma 3.4.1.2. Let K'/K be a finite Galois extension of naive ramification degree
€. If we identify Cx as a subring of Ck+ as in Construction 3.3.8.4, we may view
Pj+ as polynomials in U+ with coefficients in Op:[S'], where F' is the fraction field

of the Cohen ring of ki and S’ is a lift of the uniformizer g in K'. Then, for
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no € (0,1) and a € Qs, we have

. i /¢ <18 <1
ZZ’?o Z‘"o ASL’/ZIZO o (UJ+ S’) € Am+2[0 1] | l ,
|Pol < |81, ..., |Pn| < |S']°
; —a n'® <18 <1, |R| < |SF@+D,
Z>no X 22 ASL’;:,"’IOgg (Uy+, S’)GA'"+2[0 1] 5’| ) | ol | |
1P < 181%, .., | Pl <1571

Proof. The only thing not obvious is that we replace |P;| < |S|**) by |Pj| <
|S’ |e"‘(+e'); this is because |S| = |’ le' as proved in Lemma 3.3.3.5(2). |

Theorem 3.4.1.3. For a € Q¢, there is a one-to-one correspondence between the
geometric connected components of AST, K (log) and the following limit of connected

components:

> a,>1o
i (5 ).

where €' is the naive ramification degree of K'/K and the second limit only takes
o € p2N(0,1).

Proof. By Lemma 3.4.1.2 and Example 3.1.3.4, when €’a € Z, Z,}7° X zzn0 ZS’;;Z? log)
is a lifting space of AS7 k¢ (1og)- The theorem then follows from Corollary 3.1.212. O
Remark 3.4.1.4. Here, we need 7o € p% N (0, 1) to invoke Corollary 3.1.2.12.

Remark 3.4.1.5. Introducing this ramified extension K’/K to make €'a € Z may

not be essential, but it eases the proof.

3.4.2 Comparison of rigid spaces

In this subsection, we will prove that the lifted Abbes-Saito spaces are isomorphic
to some thickening spaces we constructed in Subsection 3.3.4. In this subsection, we

continue to assume Hypotheses 3.2.2.1 and 3.3.3.1.

Lemma 3.4.2.1. Keep the notation as in Section 3.3.3. We have

€ (Or[SIUs+)/(P1+))” = (O&[T])*.

5J+ =0

o(7*(P) — P)
det ( 0é; ) i jEJ*
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In particular, the corresponding matriz is invertible.

Proof. Tt is enough to prove that the matrix is of full rank modulo (p, T'). First, mod-
ulo (p, T'), the first row will be all zero except the first element which is 9(cy,...,cm) €

k1. Hence, we need only to look at

(3(%*(}8)1.6),- — Pi))i’jej mod (p, T, 65+) = det (@j(—g%_—@l) s

8,4=0

This is invertible by Lemma 2.3.4.15. a

Theorem 3.4.2.2. There exists n € (0,1) such that for any a € Qs; and any

mo € (max{p~'/%, 7}, 1), there exists an isomorphism of rigid spaces over ZZ™:

—~ a,>no

ASp = TSEe. (3.4.2.3)

Similarly, There ezists n € (0,1) such that for any a € Qs and any 1o €

(max{p~'/*,m4}, 1), there exists an isomorphism of rigid spaces over zZzm
~ a,>no
ASL/K log — TS?{,%Fiog (3.4.2.4)

Proof. We will give the proof for the log-spaces and make changes for the non-log
spaces when necessary. The proofs in two cases will be almost the same except that
when constructing the morphism x,, we have slightly different approximations. We
will match up the ring of functions on the two rigid spaces in (3.4.2.4) (resp. (3.4.2.3)).
Fix an 7y € (p~Y/%,1) satisfying Hypothesis 3.3.3.8. (1, is given by the conditions in
Hypothesis 3.3.3.8.)

Recall that O rsaz = REP{S™ 169, 5%} (resp. Opgnzm = RR(S45+)). For
each j € J*, #*(P;) is the polynomial P; with coefficients replaced by their pull-

backs to O, Tsu3m (resp. OTS;?Z"O) via 7*. So the ring of functions on T'S% ’\-I?‘;Og (resp.
T i

Rl,log = Rﬂo(s—a—léo, S_aJJMUJ*)/(ﬁ'*(PJ"’))

(3.4.2.5)
(resp. Ry = RE(S™%6+)(Us+)/ (7*(Ps+)) ).
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By Lemma 3.3.3.5(1),

T*(P;) € UJ’-’rj — #*(B;) + (p, Uo, S, 0o) - Or[d+, SI[U+],
’ﬁ'*(Po) € Ug - ﬁ'*(.’D)S - 50 + (p, UQS, 52, Uoéo, S(So, 63) . Opﬂ6J+, S]”UJ+],

Thus, we can view Ry oz (resp. R1) as a finite free module over O .ce,>n, (resp.
K,log

OTs:;Z"O) with basis {U57*|0 < e < €;0 < e; < p",j € J}. For each € [no, 1),

we provide Ry oz (resp. R;) the following norm: for g = 37X, U;i+ with Ae,, €

0T5}'é,i'§° (resp. A, € OTS;}’?"")’ summed overep =0,...,e—lande; =0,...,p"—1

for j € J, we define

Iglnl,.og,n=Igla+x{l>~e,+lrs;;v;;og-n‘“”e} (resp. Iylm.n=rgla+-><{lf\eJ+ITs;n- eole} ).
J J

It is clear that Ry g (resp. Ri) is the Fréchet completion for the norms | - |z, ,,..n

(resp. | - |ry,5) for all n € [no, 1).

On the other hand, the ring of functions of AS“L'/ZI?SOg (resp. ASZ/ZI?°) is

Rajog = RE(S™ Vo, S°Vs) (UJ+>/(PJ+ - Vi+)
(resp. Rz = szo (S—aVJ+)(UJ+)/(PJ+ — VJ+) ),

which is clearly a finite free module over
Wieg = RE(Vo/n**1, Vi/n®)  (resp. W = RE(Vy+/n))

with basis {U;I*|0 < eo < ¢; 0 < ¢; < p4,j € J}. Similarly, for n € [mo, 1),
we provide R0z (resp. Rg) with the following norm: for g = Y- A, U;i+ with
Xe, € Wigg (resp. Ae,, € W) summed over eg=0,...,e—1and ¢;=0,...,p"% —1

for j € J, we define

Iglkz,log,fl = ?ix{'AeJ+lMog - 7780/8} (resp. lgl’Rz,fl = Iila_"'x{l)‘eﬁ- IW ) nede} )
J J
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It is clear that R jog (resp. R») is the Fréchet completion for the norms | - |z, .

(resp. | - |r,y) for all n € [no, 1).

We will identify U+ in different rings but the V;+ will not be same as d;+. Be
caution that the two norms will not be the same under the identification, but they

will give the same topology.

Now, we define a continuous K-homomorphism x; : Rajog — Riog (T€sp. Xxi :
Rz — Ry) so that x1(S) = S, x1(U;) = U;, x(V;) = Pj(Us+) for all j € J+. We need
only to check that for any 7 € [, 1),

X1 (V3)|R1 108m < { s (resp. xa(Vj)lryn <7, Vi€ JF).  (34.26)

" jed
Here we need separate arguments for logarithmic case and non-logarithmic case. In
the logarithmic case, Inequality (3.3.2.10) tells us |P; — @*(P})|ry 105m < 1°| PilRa105m
for j € J*, which exactly gives the bound in (3.4.2.6) because ||z, ,,.» < 7 and
|Pj|Ry10gm < 1for j € J by Lemma 3.3.3.5(1). In the non-logarithmic case, combining
Lemma 3.3.3.5(1) and inequality (3.3.2.11), one has |P; —7*(P})|r,,, < n* for j € J*;

Inequality (3.4.2.6) follows.

Conversely, we will define a continuous K-homomorphism X3 : Rijog — Rolog
(resp. x2 : R1 — R2) as the inverse to x;. Obviously, we need x2(S) = S, x2(U;) = U;
for all j € J*. The only thing not clear is x2(d;) for all j € J*.

By Lemma 3.4.2.1, let

A= (a(fr*(?g, - R))i,j€J+

€ GLynt1(O5[T]) 2 Lyt 1 (Op[SHU+)/(Pr+)).

0,4+=0
Let A~! denote the inverse matrix in GLmq1(OF[S](Us+)/(Ps+)), whose entries are
written as polynomials in Uj+ (using the basis in Lemma 3.3.3.5(1)). Thus,

A1 A1 € Matmi1((65+) - Or[SI(Us+)), (3.4.2.7)
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where I is the (m + 1) X (m + 1) identity matrix. Now, we write

8o 8o #*(By) — Py 8o P
—(I-A14) | : | -4 : —Al =] s ]
Om Om #*(Pm) — P Orm Pa

the last term is just —A~! - x;(V;+). We need to bound the first two terms.

By (3.4.2.7), I — A™'A has norm < 7*. Hence, in the non-logarithmic case, the
first term in (3.4.2.8) has norm < 7?*; in the logarithmic case the first term in (3.4.2.8)
has norm < 7?2, except for the first row, which has norm < 5?+!. By the definition
of A and Theorem 3.3.2.9, the second term in (3.4.2.8) has norm < 7?® in the non-
logarithmic case; it has norm < 7?® in the logarithmic case, except for the first row,
2a+1

which has norm < ¢

Since we want Y2 to be the inverse of x;, we define recursively by
x2| P =47 | +xe| P,

where A+ denotes the sum of the first two terms in (3.4.2.8). Since A+ have strictly
smaller norms than d;+ and A+ are in the ideal (6;+), one can plug the image
of x2(6s+) back into xo(As+) and iterate this substitution. This construction will
converge to a well-defined continuous homomorphism y, which is an inverse of x;.

Moreover, from the construction, one can see that

Ix2(8;)l=, < n°, for all j € J*,n € [no,1),

1X2(00)|R1 105 < 1°1" and |X2(6))Ry 10 < 1° for all § € J,n € [0, 1).

Therefore, we have two continuous homomorphisms y; and x», being inverse to

each other; this concludes the proof. O

Remark 3.4.2.9. The isomorphisms constructed in Theorem 3.4.2.2 are canonical in
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the sense that they match up U;+ on the both sides. However, slight perturbations of
the isomorphisms will continue to be isomorphic. This point will be important when

studying the mixed characteristic case.

3.4.3 Comparison theorems

In this subsection, we wrap up the argument and prove the comparison between the
arithmetic conductors and the differential conductors. As a reminder, we do not

impose Hypotheses 3.2.2.1 and 3.3.3.1 in this subsection.

Theorem 3.4.3.1. Let K be a complete discretely valued field of equal characteristic
p > 0 and let Gk be its absolute Galois group. For a p-adic representation p :
Gk — GL(V,) of finite local monodromy, the arithmetic Artin conductor Art(p)
of p coincides with the differential Artin conductor Artgi(p); the arithmetic Swan

conductor Swan(p) coincides with the differential Swan conductor Swangs(p).

Proof. It suffices to prove for irreducible representations, as all the conductors are
additive. Since all the conductors remain the same if we pass to the completion of
the unramified closure of K (Proposition 2.2.2.11(4), Theorem 3.2.3.5(2)), we may
assume that the residue field kg is separably closed; hence p factors through the Galois
group of a finite totally ramified extension L/K as p : Gk — Gal(L/K) — GL(V,)
with the second map injective. Moreover, we may assume that L/ K is wildly ramified
because the theorem is known when L/K is tamely ramified (Proposition 2.2.2.11(6)
and Theorem 3.2.3.5(3)). In other words, we may assume Hypothesis 3.3.3.1. In
particular, b(L/K) > 1 and bog(L/K) > 0.

Next, we want to reduce to the case when the p-basis of kx is finite. By Con-
struction 2.3.3.3, one can choose lifted p-basis of L so that all but finitely many of
them are actually in K. Let (¢;)icr be a subset of those elements in the lifted p-basis
which lie in K. Denote K = K(c:/p",i € I,n € N)* and L = LK. We claim that
O; = 0L ®o, Og. Indeed, after base change to K , the value groups do not change:
|K*| = |K*|. Thus, [|[L*|: |[K*[] = [IL¥| : |K*|). On the other hand, the residue

field extension of E/ K has degree at least the same as k1 /Kx because Cj; are not
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in the residue field of K. But we know that the degree of the extension does not in-
crease. Therefore, we have equality on both naive ramification degrees and degrees of
residue field extension. It is then clear that O = Or ®e, Of, as the right hand side
contains the uniformizer of the left hand side and both sides are isomorphic modulo
that uniformizer. Therefore, by Proposition 2.2.2.11(4), b(L/K) = b(L/K).

On the differential conductors side, [Ked07a, Lemma 3.5.4] (the non-log case fol-
lows by similar argument) shows that we can consider only finitely many elements in
the p-basis and the differential conductors are unchanged after making inseparable
field extension with respect to other elements in the p-basis.

To sum up, we can make an inseparable extension so that all conductors do not
change, and we are reduced to the case where Hypothesis 2.3.2.1 holds.

Now, we will prove the comparison theorem for the Swan conductors and the proof
for the Artin conductors follows verbatim, except replacing Swan by Art and a > 0
by a > 1 and dropping all the log’s in the subscripts.

Since p is irreducible, Swan(p) = bog(L/K) - dimV,. Recall that in Subsec-
tion 3.2.1, we can associate to p a differential module &, over R} ®z, O for some
o € (0,1). As the representation p is irreducible, £, has a unique ramification break
biog(€p). So the differential Swan conductor of p is Swangit(p) = big(E,) - dim V.
Therefore, to conclude, it suffices to show that biog(L/K) = biog(E,).

This follows from the following equivalence relations.

for any (or some) extension L'/L with naive ramification degree ¢/,

<=>
(Z>ﬂ° X o Salle TSa/K\L log) =[L: K] whenny — 1~
L

(Theorem 3.3.4.6)

<> 5" (ASE/k10g) = [L: K]  (Theorem 3.4.1.3)
<= a > bg(L/K),

where a is a rational number. 0

Remark 3.4.3.2. In an early version of this paper, Theorem 3.4.3.1 is stated for
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representations with finite image. Andrea Pulita pointed out that this could be

extended to the finite local monodromy case by a standard argument as in the proof.

Corollary 3.4.3.3. (1) (Hasse-Arf Theorem) Let K be a complete discretely valued
field of equal characteristic p > 0, let Gk be its absolute Galois group, and let p :
Gk — GL(V,) be a p-adic representation of finite local monodromy. Then the Artin
conductor Art(p) and the Swan conductor Swan(p) are integers.

(2) Let K be a complete discretely valued field of equal characteristic p > 0.
Then the subquotients Fil*Gk [Fil** Gk (resp. Fili,,Gx/Filiy)Gk) of the arithmetic
ramification filtrations are elementary p-abelian groups if a € Q51 (resp. a € Qo)

and are trivial if a ¢ Q.
Proof. 1t follows from Theorems 3.2.3.5 and 3.4.3.1. O

Corollary 3.4.3.4. Let K be a complete discretely valued field of equal characteristic
p > 0 and let p be a representation of Gk of finite local monodromy. Then Artg(p) =
Art(p).

Proof. We combine Theorem 3.4.3.1 and Proposition 3.2.4.8 to verify the condition
in Proposition 2.4.2.1. The corollary follows from that. O

Corollary 3.4.3.5. Conjecture 2.2.2.21 is true when K is of equal characteristic
p>0.

Proof. We use Theorem 3.4.3.1 to translate Proposition 3.2.5.8 into the language of

arithmetic ramification filtration. O
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Chapter 4

Ramification Theory for Local

Fields: Mixed Characteristic Case

Plan of this chapter

In this chapter, we will prove Hasse-Arf Conjecture 2.2.2.17 in the mixed characteristic
case, except for some special cases. The proof follows closely the strategy outlined in
Section 2.3.

In Section 4.1, we set up the framework for the proof. In Subsection 4.1.1, we
define the function 1, we mentioned earlier in Fake-assumption 2.3.4.11. In Subsec-
tion 4.1.2, we prove the AS = T'S theorem. In Subsection 4.1.3, we prove that the
map II in Construction 2.3.6.1 is étale. In Subsection 4.1.4, we translate the question
about the ramification breaks into a question about the intrinsic radii of convergence.
In Subsection 4.1.5, we discuss a variant of thickening spaces.

In Section 4.2, we prove the main Theorem 4.2.3.5. This is achieved by proving
that the ramification break is invariant under adding a generic p-th root of p-basis.
The core of the proof is Theorem 4.2.1.7.

In Section 4.3, we study the logarithmic part of the Hasse-Arf Theorem 2.2.2.19.
In Subsection 4.3.1, we deduce the integrality of Swan conductors from that of Artin
conductors by tame base change. In Subsections 4.3.2 and 4.3.3, we use a trick of

Kedlaya to prove that the subquotients of the logarithmic filtration (on the wild
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ramification group) are abelian groups killed by p.

4.1 Construction of spaces

In this section, we construct a series of spaces and study their relations; in partic-
ular, we prove that the Abbes-Saito spaces are the same as the thickening spaces,
and translate the question on ramification breaks to a question on generic radii of

differential modules.

4.1.1 The Yg-function and thickening spaces

In this subsection, we first define a function (not a homomorphism) ¥x : Ox —
Oxk[[0o/7 Kk, 0], which is an approximation to the deformation of the uniformizer mx
and a lifted p-basis as in Fake-assumption 2.3.4.11. Then, we introduce the thickening
spaces for the extension L/K (See Fake-definition 2.3.5.1 for motivation).

Hypothesis 4.1.1.1. Throughout this section, unless otherwise specified, we assume
that K is a complete discretely valued field of mixed characteristic (0, p), with sep-
arably closed and imperfect residue field. Let L be a finite Galois extension of K of
naive ramification degree e = ey /x. Assume that K admits a finite lifted p-basis b,

and fix a uniformizer 7y of K.

Construction 4.1.1.2. Let r € N and h € Of. An r-th p-basis decomposition of h

is to write h as
[e’s) )‘(T),e,;,ﬂ

pr-1
h= Z beJJ ( Z ( Z QI(J:),CJ,n,n’)ﬁIn{) (4113)

es=0 n=0  n'=0

for some ay) e, nn € OxU{0} and some A() ¢, n € Zxo. Such expressions always exist
but are not unique. For 7’ > r, we can express each of a(r)¢;nn in (4.1.1.3) using
an (r’' — r)-th p-basis decomposition and then rearrange the formal sum to obtain an
r'-th p-basis decomposition. For h € O, we say that an r'-th p-basis decomposition
is compatible with the 7-th p-basis decomposition in (4.1.1.3) if it can be obtained in

the above sense.
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We define the function ¥k : Ox — Ok[0,+] as follows: for h € O \{1}, we fix a

compatible system of r-th p-basis decomposition for all » € N, and define

(o] A(r),e,z,n

Y (h) = lim Z—(b,]-l-(s,])eJ(Z( > ) (T ). (4114)

r—+00
eg=0 n=0 n/=0

This expression converges by the compatibility of the p-basis decompositions. Define
¥ (1) = 1, which corresponds to the naive compatible system of p-basis decomposi-
tion of the element 1. For h € Ok\{0}, write h = 7% ho for s € N and hy € O%.
Define 9k (h) = (mx + 8)*¥) (o), where ¥} (ho) is the limit in (4.1.1.4) with respect
to a compatible system of p-basis decompositions of hy (which does not have to be
the same as the one that defines 1, (ho)). Finally, we define 9k (0) = 0.

Most of the time, it is more convenient to view 9k as a function on O which
takes value in the larger ring Ok [bo/7k, 4]

We naturally extend ¥x to polynomial rings or formal power series rings with

coefficients in Ok by applying ¥x termwise.
Notation 4.1.1.5. For the rest of the chapter, let Rx = Ok [do/7k, 8]

Caution 4.1.1.6. The map vk is not a homomorphism, nor is it canonically defined.
This is because one cannot “deform” the uniformizer in the mixed characteristic case.
Also, since K will not be absolutely unramified in application, lifted p-basis may not
deform freely either. (See also Fake-assumption 2.3.4.11 and the following discussion.)

However, Proposition 4.1.1.8 below says that 1 is approximately a homomorphism.

Definition 4.1.1.7. For two Ogk-algebras R; and R, and an ideal I of R, an
approrimate homomorphism modulo I is a function f : R; — R, such that for
hi € 7% Ry and hy € w2 Ry with a1, a2 € Zxo, Yx(h1ha) — Yr(h1)Yk(h2) € ﬂ.l;{l'f'azl
and Y (b1 + ha) — Yk (hy) — Yk (he) € mrloroly,

Moreover, if R} and R, are two Ok-algebras, a diagram of functions

fl
R -Lor

Pl

Ry — R,
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is called approzimately commutative modulo I if for h € n% R}, ¢'(f'(h)) — f(g(h)) €

a
wi 1.

Proposition 4.1.1.8. For h € Ok, we have Yx(h) — h € (0;+) - Ok[65+]- Modulo
Ix = p(do/7K,07)RKk, Yk (h) does not depend on the choice of the compatible system

of p-basis decompositions. Moreover, Yk is an approzimate homomorphism modulo

Ik.

Proof. First, $x(h) —h € (6;+) - Ox[05+] is obvious from the construction. Next, we
observe that when p" > fk, in any r-th p-basis decomposition for h € OF, the sum
Eiff__’g s a’(’;),el,n’n,w} for any ey and n in (4.1.1.3) is well-defined modulo p. So, the
ambiguity of defining vk lies in Ik.

For hy,hy € Ok, the formal sum or product of compatible systems of p-basis
decompositions of h; and hs are just some compatible systems of p-basis decompo-
sitions of hy + hg or hyhy. Thus, ¥k (h1) + Y (hs) and g (hi)Yk(hs) are the same
as Px(hy + hy) and Yx(hihe) modulo Ik, respectively. The statement for general

elements in Ok follows from this. O

Remark 4.1.1.9. From Proposition 4.1.1.8, we see that the ideal case is when Bx >
1. In contrast, when Bk = 1, Ix = (0o, ;). The above proposition does not give us
much information about tx. This is why we are not able to prove Conjecture 2.2.2.17

in the absolutely unramified and non-logarithmic case. Compare Remark 2.2.2.20.

Hypothesis 4.1.1.10. For the rest of the section, assume that K is not absolutely

unramified, i.e., Bx > 2.

The following is an analogue of Corollary 2.3.4.10, which will enable us to invoke

Lemma 2.3.4.15 in Lemma 4.1.2.1.

Lemma 4.1.1.11. Let h € Ok. Denote dh = hydng + hidby + -+ - + Rmdb, when
viewed as a differential in Qg /2, ®0x ki Then Yr(h) —h = hodo + -+ + hmbm
modulo (1x) + (6o/7k,07)% in Rik.
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Proof. For an r-th p-basis decomposition (r > 1) as in (4.1.1.3), we have, modulo the
ideal (ﬂ"K) + (6J+)(§0/7TK,6J),

p’ -1 oo A(1')?,‘)11

wK(h) - Z Z Z ((bJ + 6J)eJ (r) eyn,n’ (ﬂ.K + 60)n - bsla]():),e_],n,n'w?{)

ej=0n=0 n'=0

p'-1 oo )‘(r)CJn

— n60 61(51 [ 6
ZZ Z (r)eJnn'beJJTrK( bl +--t 1me)

ej=0n=0 n'=0

= hobo + * - - + AmOm.
Taking limit does not break the congruence relation. 0

Definition 4.1.1.12. Denote Sx = Rk (uy+). For w € éN N [1, Bk], we say a set of
elements (Ry+) C (0+) - Sk has error gauge > w if Ry € (N8, N“*1§;) - Sk and
R; € (N“~1§y, N¥6;) - Sk for all j € J. We say that (Ry+) is admissible if it has

error gauge > 1.

Definition 4.1.1.13. Let a > 1. We define the standard (non-logarithmic) thickening
space (of level a) TSy ) . Of L/K to be the rigid space associated to

O s xpr = K{mg s )ug+) [ (W (ps+))-

For (Rj+) C (65+) - Sk admissible, we define the (non-logarithmic) thickening space
(of level a) TS7 ) g, to be the rigid space associated to

Orsp/kr,. =K(T 20+ (ug+) [ (Wx(ps+) + Ry+).

Similarly, for a > 0, we define the standard logarithmic thickening space (of level

@) TSk 105,05 Of L/ K to be the rigid space associated to

O%Fs,1/k 10z = K (MK~ Y00, T*05) (us+ ) [ (Vr (s+))-

For (Rj+) C (6+)-Sk admissible, we define the logarithmic thickening space (of level
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a) TS} /Kog.R,+ 1O be the rigid space associated to

Ors.r/kiogr,. = K (m 80, 05} (ug+) [ (WK (Ps+) + Ry+).

Denote T'Sp/k,r;. = Ua>0TSE kg r,,- Then we have the following natural

Cartesian diagram for a > 0.

TSZ-/*-II(,RJ_;.L__—-_* TSZ/K,IOg,RJ.'.( TSL/K,RJ+

| o

AmH1[0, g2+ ]— AL [0, 6°+1] x A0, 80]— AL[0,6) x AR[0,1)

Remark 4.1.1.14. Error gauge is supposed to measure how “standard” a thickening
space is. Unfortunately, a standard thickening space itself depends on a very non-
canonical function ¥x. The upshot is that, by Proposition 4.1.1.8, the notion of
having error gauge > w does not depend on the choice of ¥ if w € [1, Bk]; note that

the terms in po are all divisible by 7k, except u§.

Remark 4.1.1.15. The reason of introducing non-standa,rd thickening spaces (or
rather thickening spaces which do not have error gauge > fk) is, as we will show later,
that adding a generic p-th root results in the error gauge of (R;+) dropping by one;
the comparison Theorem 4.1.2.2 guarantees that as long as (R +)’s are admissible,
the thickening spaces still compute the same ramification break. On the same issue,
if Bk = 1, we can not afford to drop the error gauge; this is why we are not able to
prove Conjecture 2.2.2.17 in the absolutely unramified and non-logarithmic case (see

also Remark 4.1.1.9).

Notation 4.1.1.16. Let (Rj+) C (6;+) - Sk be admissible. We extend A to mean

the composite
mod (do/7k ,0
Sic/ (Wr(ps+) + Rye) 2000, t450) [ (pye) ~2- O

We remark that i (ps+)—py++Ry+ are in fact contained in the ideal of Sx generated

by 6;+. We denote the composition of A and the reduction @1 — k1, by A.
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Lemma 4.1.1.17. Let (Rj+) C (d+) - Sk be admissible. Then
{uFFle; € {0,...,p"" — 1} for all j € J, and o € {0,...,e — 1}} (4.1.1.18)

form a basis of Sk /(¥x(ps+) + Ry+) over Ri. As a consequence, they form a ba-
sis of O%g1/kr,, over K(mgd;+) for a > 1 and a basis of Opg 1/ iogr,, OVET
K (mx* 100, m56,s) fora > 0. In particular, the morphismI1 : TSy k,r,, — Ak[0,0)x
AR[0,1) is finite and flat.

Proof. Given an element h € Sk / (Yx(ps+) + Rj+), we first take a representative
h € Sk in Sk. Then we can simplify it by iteratively replacing ug and u;’rj by
u§ — Yr(po) — Ro and u;’rj — Yk(p;) — R, for j € J, respectively. This procedure
converges and gives an element with the power of uy smaller than e and power of u;

smaller than p" for j € J. O

4.1.2 AS =TS theorem

As explained in Subsection 2.3.5, the essential step which links the arithmetic con-
ductors and the differential conductors is to establish Fake-theorem 2.3.5.2, which
asserts that the lifted Abbes-Saito spaces are isomorphic to the thickening spaces.

Remember that we continue to assume Hypotheses 4.1.1.1 and 4.1.1.10 here.
Lemma 4.1.2.1. Let (Ry+) C (85+) - Sk be admissible. We have

Yk (pi) — pi + R;))
00; ijeJ+

det (

€ (Ox(us+)/(ps+))" = OF.

5J+ =0

Proof. It is enough to prove that the matrix is of full rank modulo 7. By Lemma 4.1.1.11
and the admissibility of R+, modulo 7z, the first row will be all zero except the first
element which is 9(cy,...,¢n) € k] defined in Construction 2.3.3.3. Hence, we need

only to look at

(Hdpl=pdy

8,4=0

this is an element in £} by Lemma 2.3.4.15 (whose condition is verified by Lemma 4.1.1.11).
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Theorem 4.1.2.2. If (Rj+) C (64+) - Sk is admissible, we have isomorphisms of
K -algebras

O4sr/k = Orspkr,, o a>1,

a ~ (0 .
as,L/Kjog =2 OTs,1/K 08,R I+ if a>0.

Proof. The proof is similar to Theorem 3.4.2.2. We will match up u;+ in both rings.
First, {u31+|ej € {0,...,p — 1} forall j € J,and g € {0,...,e — 1}} forms a

basis of O%g 1k (resp. O%s 1k 10g) OVEr K(mx Vi) (resp. K(ng Vo, mx"Vy)) as a

finite free module. Given

!
_ €5+ e_]+ a a
h = E Qe e, VJ+ uy;e € OAS,L/K (resp. OAS,L/K,log)

’
€g+1€ 54

written in this basis, where a e, € K, we define

|h|AS,a. = ma.er,eIH {|aeJ+ ’ef,+| . 0“0+"'+08m+ea/e}

(resp. |h|ASa108,a =IMaXe, e, {|a6.1+,ef;+l ) 9(a+l)eo+ae1+---+aem+e6/e} )-

It is clear that O%g ; /j (resp. O%g 1/ 10g) is complete for this norm. The requirement
a > 1 in the non-logarithmic case guarantees that when substituting u§ by u§—po— Vb,

the norm does not increase.

e_,+

Similarly, by Lemma 4.1.1.17, {u}}"|e; € {0,...,p"" — 1} for all j € J, and o €
{0,...,e—1}} also forms abasis of Of.g 1/ p _, (r€8D. OFg /100 5, ) OVer K(mg*d+)

(resp. K (mx* 6, 56s)) as a finite free module. Given

!
_ es+, €+ a o
h= E 0, ,+,e'J+5J+ uy € Orgr/k,R I+ (resp. O7s,1/K jog, R ,+)
€ g€y
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written in this basis, where a. , o, € K, we define

[hlrsa = MaXe,+.e)4 {Iae_1+ ,ef;+| . §oeottaemtep/ e}

(resp. |hlrsioga = maxX,, ¢ , {|aeJ+ o nE fla+Deataest—taemtep/e} ).

It is clear that O%g;/xp . (1e8P. OfFg k1o, R,,) is complete for this norm. The
requirement a > 1 in the non-logarithmic case guarantees that when substituting u§

by u§ — ¥k (po) — Ro, the norm does not increase.

Define x; : Ofxs,L/K - O%S,L/K,R L+ (resp. x1 : Ofxs,L/K,log — Ofs1/K108,R ,+) by
sending u s+ to us+ and hence V; to p;(us+) = pj(us+) — Y (pj(us+)) — R; for all j €
J*. We need to verify the convergence condition for all V;. Indeed, Proposition 4.1.1.8

and the admissibility of R+ imply that

lpi — ¥k (Dj)|rse £ 0% |Rjlrse < 6°forall jeJt

a+1 j= 0 gatitl/e j=0

(resp. |pj — Yk (pj )ITS',log,a < ) |RJ'|TS,1og,a < )-
e jed gati/e jeJ

Now we define the inverse x2 of x;. Obviously, one should send uj+ back to uy+.

We need to define x2(d;+). By Lemma 4.1.2.1,

A= (Ay)ijerr = (3(¢K<§g+ R;)

€ GLy41(OL) = GLmt1(Ok (us+)/(ps+)).

)i,j€J+ 6 ;4=0

Let A~ denote the inverse matrix in GLpy1(Ok(uy+)/(ps+)), whose entries are

written as polynomials in u;+ (using the basis (4.1.1.18)). Thus,

A7l A—1T € Matpmqa ((05+) - O%S,L/K,Rﬁ) (resp. Matyyq ((85+) - Ofs,1/K log,R J+) ),
(4.1.2.3)
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where [ is the (m + 1) x (m + 1) identity matrix. Now, we write

do do Y (po) — po + Ro do Do
=(I-A"1A)| : |-A"! : Al ] |-A"

Om Om Yi(Pm) — Pm + Rm Om Pm

the last term is just —A™! - x;(V;+). We need to bound the first two terms.

By (4.1.2.3), I — A~'A has norm < 6°. Hence, in the non-logarithmic case, the
first term in (4.1.2.4) has norm < 6?%; in the logarithmic case the first term in (4.1.2.4)
has norm < 6?2, except for the first row, which has norm < §?**+!, By the definition
of A, the second term in (4.1.2.4) has entries in (§;+)(8o/7x,d;) - Ofst JKR, except
for the first row, which is in (8/7x, 0,)2 - O;S, L/IKR,+" Hence, in the non-logarithmic
case, the term has norm < #?~1; in the logarithmic case, the term has norm < 6%,

except for the first row, which has norm < §23+1,

Since we want x2 to be the inverse of x;, we define recursively by
xe| P =47 f+xe] P )

where A j+ denotes the sum of the first two terms in (4.1.2.4). Since A+ have strictly
smaller norms than é;+ and Aj+ are in the ideal (6;+), one can plug the image
of x2(d;+) back into x2(Ay+) and iterate this substitution. This construction will
converge to a continuous homomorphism x5, which is an inverse of x;. Moreover,

from the construction, one can see that

Ix2(9;)|ase < 6°, for all j € J*,

|X2(60)|AS,log,a S 9a+1 and lX2(5j)|AS,log,a < 6* for all .7 € J

Therefore, we have two continuous homomorphisms x; and x», being inverse to

each other; this concludes the proof. O
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Remark 4.1.2.5. An alternative way to understand this theorem is to think of
the thickening spaces as perturbations of the morphisms AS7 , — A7*1[0,6% and
AS} xiog — Ak[0,6°%1] x AR[0,6]. Abbes-Saito spaces will behave better under

base change using the new morphisms.

4.1.3 Ktaleness of thickening spaces

In this subsection, we will study a variant of [AS02, Theorem 7.2] and [AS03, Corol-
lary 4.12].
Remember that Hypotheses 4.1.1.1 and 4.1.1.10 are still in force.

Definition 4.1.3.1. Let (R;+) C (d;+) - Sk be an admissible subset. Let ETr/k g,
be the rigid analytic subspace of A}[0,7) x A%[0,1) over which the morphism II
defined in Definition 4.1.1.13 is étale. When there is no ambiguity of R+, we may

omit it from the notation by writing ETy/x instead.

Theorem 4.1.3.2. Let b(L/K) be the highest non-logarithmic ramification break of
L/K. There exists e € (0,b(L/K)—1) such that for any (Ry+) C (85+)-Sk admissible,
A’I?'H[O, eb(L/K)—e] C ETL /KR, s -

Proof. Recall from [AS02, Proposition 7.3] that
0o, /0, = Oi=10L/75 0L with o; < e(b(L/K) — ) (4.1.3.3)

for some € > 0 and r € N. It does not hurt to take ¢ < b(L/K) — 1. Let J =
(0(4x (pi) + Ri)/0u5), ;;+ De the Jacobian matrix of T'S}/y , . over AT, 6,
whose entries are elements in O = Ok (75 0+ )(us+)/ (Yx (i) + R;).
Let a > b(L/K) — € and P = (§;+) € Ak[0,0°] be any point. Suppose the
thickening space is not étale at P. Then the relative differential Q?, _, 4l
TSE k ,, /AR 06°)
have a constituent isomorphic to K(P) at P, where K(P) is the residue field at P.
This implies that Coker (O Z O) has a torsion-free constituent at P.

209



One the other hand, at P, |§;| < 6° for j € J*. Hence,

J mod 7% (0pi/0uj), ;¢ 5 mod T,

Coker (0 -Zs 0) @ O/n% = Coker (O @/ 0) ® O/,

which should not have a direct summand O /7% 0L, according to (4.1.3.3) because

a > a; for all i. Contradiction. We have the étaleness as stated. O

Remark 4.1.3.4. Theorem 4.1.3.2 (as well as Theorem 4.1.3.6 later) states that
the étale locus ETp/k,r,, is a bit larger than the locus where T'ST x p | (resp.

TST K 0g, RJ+) becomes a geometrically disjoint union of [L : K] discs.

The following lemma is an easy fact about logarithmic relative differentials. This
is not a good place to introduce the whole theory of logarithmic structure. For a
systematic account of logarithmic structures and log-schemes, one may consult [KS04,

Section 4] and [Kat89b].

Lemma 4.1.3.5. If we provide O, and Ok with the canonical log-structures ™Y —

O, and % — Ok, respectively, then the logarithmic relative differentials

d d d
b, /0, (log/log) = @OLduJ ® OLﬂ/(d( 7)) (Po) 7'-: dz for z € Ok).
jeJ
Theorem 4.1.3.6. Let bog(L/K) be the highest logarithmic ramification break of
L/K. Then there ezists € € (0,big(L/K)) such that, for any (R;+) C (0;+) - Sk
admissible, A} [0, QnosL/K)+1=¢] x AR[0, 9Pes(L/K)~¢| C BTy p , .

Proof. The proof is similar to Theorem 4.1.3.2 except that we need to invoke [AS03,
Proposition 4.11(2)] to give a bound on g, L/Ox (log/log); the explicit description of
QOL /0x (log/log) in Lemma 4.1.3.5 singles out &y and gives rise to the smaller radius

0a+1 . 0O
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4.1.4 Construction of differential modules

In this subsection, we set up the framework of interpreting ramification filtrations by
differential modules.

As a reminder, we keep Hypotheses 4.1.1.1 and 4.1.1.10.

Construction 4.1.4.1. Let (Rj+) C (d;+) - Sk be admissible. By Lemma 4.1.1.17,
II : I7Y(ETyx) — ETp/k is finite and étale. We call & = IL(Op-1(ery ) @
differential module associated to L/K; it is defined over ETy x and given by

V€Il (QII-I—I(ETL/K)/K ) ~€ ®OETL/K Qpr, Lk/K = £ ®OETL/K ( @ Opts/,cd0; ) )
jeJ+

.....

.....

.....

a; = - -+ = ay, = a, we further simplify the notation to be IR(£; ag, a). If furthermore,

ap = a, we will just simply write IR(E, a) for short.

We call some attention on the following result extracted from the theory of differ-

ential modules.

Proposition 4.1.4.3. Let a;+ C R be a tuple and let £ be a 0;+-differential module
on AL[0,0%] x --- x AL[0,6°"]. Then

(a) (Continuity) The function logaI R(E;s,+) is continuous for s; € [a;, +00) and
jeJt.

(b) (Monotonicity) Let s; > s; > a; for all j € J*. Then IR(E;85+) >
IR(E;s'}4)-

(c) (Zero Loci) The subset Z(E) = {s;+ € [ag, +00) X+« - X [am, +00)| [ R(E; 8+) =
1} is transrational polyhedral (see Definition 1.3.1.6).
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Proof. Statements (a) and (c) follow from Theorem 1.3.3.9. For (b), by drawing zig-
zag lines parallel to axes linking the two points s;+ and s, it suffices to consider the
case when s; = s} for j € J*\{jo} and sj, > s/ for some jo € J*. In this case, we
may base change to the completion of K(d;+\(jo}) With respect to the s;+\;,}-Gauss
norm. The result follows from Theorem 1.2.4.4. a

Theorem 4.1.4.4. The following statements are equivalent for a > 1 (resp. a > 0):
(1) The highest non-logarithmic (resp., logarithmic) ramification break satisfies
b(L/K) < a (resp. bog(L/K) < a);

(2) For any (some) admissible (R;+) C Sk and any rational number o' > a,
#rE(TSY )k r,,) = L : K] (resp. #m8°™(TSE kog,r,,) = L : K] ).

(3) For any (some) admissible (Ry+) C Sk, AR*'[0,6°] C ETy/kr,, (resp.
AL[0,6°7Y] x AR[0,6°] C ETy/k,r,,) and the intrinsic radius of £ over AR+'[0,6°]
(resp. Ax[0,60°t] x A[0,60]) is mazimal:

IR(E;0) =1 (resp. IR(E;a+1,a) =1).

Proof. The proof is similar to Theorem 3.3.4.6. It is the mixed characteristic version
of Fake-theorem 2.3.6.5.

(1) & (2) is immediate from Theorem 4.1.2.2.

(2) = (3): For any rational number a’ > a, (2) implies that for some finite
extension K’ of K, TS,‘f'/ kR, XKK " (resp. TS,‘f'/ Kog,R,s XKK Y has [L : K] connected
components and is hence force to be [L : K] copies of A%1[0,6%] (resp. Ak.[0,6%*]x
A,[0,6]) because II is finite and flat; in particular, II is étale there. Therefore, E®x
K' is a trivial differential module over A%1[0,6%] (resp. AL/[0,6%+1] x AR/[0,6%)).

As a consequence,
IR(;d) = IR(E®K';a) =1 (resp. IR(E;d'+1,d") =IR(EQk K';d'+1,d))=1).

Statement (3) follows from the continuity of intrinsic radii in Proposition 4.1.4.3(a).
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(3) = (2): (3) implies that, for any rational number a’ > a, £ is a trivial dif-
ferential module on AR[0,8%] (resp. Ak[0,6%*] x AZ[0,0%]). Indeed, we have a

bijection

H%(Arlré‘i—l[o’ Oa’]’g) e 8|5J+=0 (resp. H%(A}([O’ 0a’+1] x ATI?'[Q 9a’]’€) S 8|51+=0 )’

(4.1.4.5)
whose inverse is given by Taylor series. This is in fact a ring isomorphism by basic
properties of Taylor series. The left hand side of (4.1.4.5) is a subring of Ofs 1 /KR4
(resp. O%ls, L/Kog,R s ); the right hand side is just K(us+)/(ps+) =~ L. Thus, after the
extension of scalars from K to L, we can lift the idempotent elements in L ®p L ~
IT 906Gy x L4 to idempotent elements in ngs, LK R, ® i L (resp. 03‘:5, L/Kjog,R,+ OK L).
This proves (2). O
Corollary 4.1.4.6. Given the differential module £ over ETy i with respect to some

admissible subset (Rj+) C (65+) - Sk, we have

b(L/K) = min{s| ARYY0,6°) C ETy x and IR(E;s) = 1}, and
bog(L/K) = min{s| Ak[0,6°""] x AR[0,6°] C ETy/x and IR(;s+1,s) = 1}.

In other words, b(L/K) (resp. biog(L/K)) corresponds to the intersection of the
boundary of Z(E) with the line defined by so = -+ = Sy, (Tesp. So—1 =81 = -+ = ).

Proof. 1t is obvious from Theorem 4.1.4.4 and Proposition 4.1.4.3. O

4.1.5 Recursive thickening spaces

In this subsection, we introduce a generalization of thickening spaces. This will give
us some freedom when changing the base field.

In this subsection, we continue to assume Hypotheses 4.1.1.1 and 4.1.1.10.

Construction 4.1.5.1. This is a variant of Construction 2.3.3.3. First, filter the

(inseparable) extension ki /kx by elementary p-extensions

Kk =Ko & K1 G- G K =Ky,

<
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where for each A = 1,...,7, kx = ky—1(Cx) with & = by € ky_1. Denote A =
{1,...,7}. Pick lifts cp of €5 in Of. Let e = ey, ...,e, = 1 be a strictly decreasing
sequence of integers such that e; | e;; for 1 <4 <rg. Set I = {1,...,70}. For each
i € I, pick an element 7z ; in Op with valuation e;; in particular, we take mp ., = 7r.

It is easy to see that (ca, 7 ) generate O over Ok. So we have an isomorphism
A Og(uor,up)/T > O,

sending ug; + 7 ; for ¢ € I and uy — ¢, for A € A, where J is some proper ideal and

we use the same A as in Construction 2.3.3.3. Moreover,

e"_

e0; €{0,..., 22 ~1} forallie I and ¢, € {0,...,p— 1} foran,\eA}

(4.1.5.2)

€0,I..eA
{%1“1\
i

form a basis of Ox(ugr,ur)/J as a free Og-module, which we refer later as the

standard basis.

We provide Ox[uo,r, ua] with the following norm: for A = 3 g, nealtoq Uit

with o, ;.en € Ok, We set
] = (| - OO}

For a € 17, we use 91 to denote the set consisting of elements in Ok [ug 1, us] with
e = b3

norm < 6%; it is in fact an ideal.

el-—l/ €;

In Ok(uor,us)/J, we can write ug for 7 € I and u} in terms of the basis

(4.1.5.2). This gives a set of generators of J:

Po1 € uﬁ/l — 0k + MY ¢ - Oxkluo,1, ua],

Poi € uﬁ',:"e‘ — D1 + NEV/e . Oplug r,ua], 4 € I\{1},

pr € W} — bx + M€ - Okfug 1, ual,

where 0; are some elements in Ok[ug 1, us] whose images under A are invertible in

O, and for each A, by is some element in Ogu;,...,uy_;] whose image under A
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reduces to by € ky_; modulo 7y,

We say that p, corresponds to the extension ky/kx-1.

Definition 4.1.5.3. As in Definition 4.1.1.12, we define 6 = Rg{ugs,ur) =
Ok [do/7x, 05 {uo r,us). Forw € %Nﬂ[l, Bk], we say that a set of elements (Rq 7, Ra) C
(65+) - Gk has error gauge > w if Wo; € (MW1Fe/e5,, Mtes/es;) - G for i € I and
Ry € (N¥185,N¥6;)- Sk for A € A. The subset (Ro 1, Ra) C (65+)- Sk is admissible
if it has error gauge > 1.

Let (Ro,1,Ra) C (05+) - Sk be admissible. For a > 1, we define the (non-
logarithmic) recursive thickening space (of level a) TSy, | », to be the rigid space

associated to

OFs,1/K %015 = K (g 05+ ) {Uo,1, up) /(¥ (po.r) + Ro,r, Y (Pa) + Ra)-

For a > 0, we define the logarithmic recursive thickening space (of level a) T'S¢ /K log, T 1,98

to be the rigid space associated to

Ors,1/K 08,9 1,98 = K (2160, %05 (w01, un) / (Wi (Po.r) + Ro,1, Y (Pa) + Ra)-

We still use A to denote the natural homomorphism

mod (do/7k,07)
— s

Sk /(YK (Po,r) + Ro.1, Yx (Pa) + Ra) Ok (uo,1,ur)/(Po,1, PA) —=> OL;

we use A to denote the composition with the reduction @, — .

Lemma 4.1.5.4. Let (Ro 1, Rn) C (05+) - Sk be admissible. Then (4.1.5.2) forms a
basis of GK/(sz(poJ)-}-D%J, zﬁK(pA)+9‘{A) as a free Ry -module, which we refer later
as the standard basis. As a consequence, they form a basis of O%S’ LK P 1.8 (resp.

9.L/K Jog. T g0 ) @5 @ free module over K(m*8y+) (resp. K{(my® 180,75 6;)).
Proof. Same as Lemma 4.1.1.17. O

Example 4.1.5.5. The construction of the thickening spaces in Definition 4.1.1.13 is

a special case of the above construction. If we start with a uniformizer 7y, a p-basis
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¢y, and relations pj+ in Construction 2.3.3.3, the following dictionary translates the

information to fit in Construction 4.1.5.1.

. «— 7 (I={1}),

r1—1 rm—1
A clactl)w"aczll ,Cg,Cg,...,Cfn )

por,Pan > the ones determined by ¢, and 7 1,

mO,I — ROa

Ti—1
Ry «— R; when A corresponds to some c;’ * ", and 0 otherwise.

Moreover, this construction preserves the error gauge.
Conversely, we have the following.

Proposition 4.1.5.6. Let (Ro1,Ra) C (05+) - Sk be admissible with error gauge
> w € INN[1,Bk]. Then, for any choices of c; and 7y, as in Construction 2.3.3.5,

there exists an Ry -isomorphism

O : Sk /(¥r(s+) + Ry+) = Sk [ (Yx(Po1) + Ror, ¥x(pa) +Ra),  (415.7)

for some admissible R+ with error gauge > w, such that © mod (do/7k,d;) induces
the identity map if we identify both side with Or via A. This gives isomorphisms

between the recursive thickening spaces and thickening spaces.

TSE/K,%J,%[\ ~ TSE/K,RJ_‘_ (a > 1) and TSE/K,log,%,;,ERA ~ TSZ/K,]Og,RJ+ (a > 0)

Proof. For each j € J, express ¢; as a polynomial ¢; in up; and up with coefficients
in O via A™! : Op = O {uo,r,ur)/(Po,1,Pa), and set O(u;) = Y (¢;). We also set
O(up) = g, It is then obvious that for a € 1Z5, O(N? - Sk) C N - B.
We need to determine Rj+. For each fixed jo € J*, since A(pj,(us+)) = 0, we can
write
Dio(Mor 1) = D Boaboi + D baba,  in Ox(ugr, un)

iel A€A
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for some b, by € Ok (uor,up) for i € I and A € A. Moreover, when j, = 0, we can
require ho; € gi-ei-1/e. Ok (ug,r,up), and hy € M- Ok (ugr,up) fori € I and A € A.
Thus,

~O(R;,) = Yr(pj)(O(us+))
= ZTPK((JOJWK(PO,:') + Zd’K(bA)iﬁK(P,\) + €

i€l XeA
= 3 000 (~Fos) + O P (52)(—Ry) + €
iel €A

c (M8, MT165) - G o =0
(160, M985) - Gk jo€J

where & € (MPx Gy, NBx+5,).G if jo = 0 and € € (MPx—V 5y, NP ;)- G if jo € J;
they correspond to the error terms coming from vy failing to be a homomorphism

(See Proposition 4.1.1.8).

Thus, we can find polynomials g, . .., gm € Ok[us+] such that
NY-Sg  Jo=0 NYtL. Sk jo=0

qOe . Q1,---,Qme . )
Nw_lng Jjo € J Nv .Sk Jjo€ J

(60/TK, 0) (M0, M“H16;) - Gk o =0

O(R; — qolo — -+ — gm0m) € . . )
(00/TK, 65) (MU 100, M¥0y) - Sk Jo € J

Further, we can similarly clear up the coefficients for 4,0, for 7, ;' € J. Repeating
this approximation gives the expressions for R;+. They clearly have error gauge > w.
The surjectivity of © follows from the surjectivity modulo (dy/7x, d), which is the
identity via A. Moreover, a surjective morphism between two finite free modules of
the same rank over a Noetherian base is automatically an isomorphism. The theorem

is proved. O

Remark 4.1.5.8. The isomorphism © is not unique. Basically, ©(ug) mod (9“dy, N1 ,)-
Gk and O(u;) mod (M¥18y, N¥4;) - Gk for j € J are fixed; any lifts of them will

give a desired isomorphism (with different (R;+)).
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Lemma 4.1.5.9. Let (Ro1,Ra) C (0,+) - Gk be admissible. Then an element

h € Gk /(YK (o) + Ro1, Y (pa) + Ra)

is invertible if and only if A(h) € Of. In particular, u§, /7x is invertible.

Proof. The necessity is obvious. To see the sufficiency, we construct the inverse of
directly. Let -0 be a lift of A(h™1) € OF in Ox(ug s, us). We have A(1-A("Vh) =0
and hence 1 — A"Vh = g € (§;+) - 6. Thus,

1 AD
= =p-D.1 24...).
ST g (1+g+9*+--)
The series converges to the inverse of A. , a

4.2 Non-logarithmic Hasse-Arf theorems

4.2.1 Base change for generic p-th roots

In this subsection, we prove the key technical Theorem 4.2.1.7.
We continue to assume Hypotheses 4.1.1.1 and 4.1.1.10. When proving the main
theorem, we will assume a technical Hypothesis 4.2.1.6, which is satisfied by any

recursive thickening space coming from a thickening space by Example 4.1.5.5.

Notation 4.2.1.1. For this subsection, Fix jo € J and n € N coprime to p. As in
Definition 2.3.2.7, let K(z)" be the completion of K(z) with respect to the 1-Gauss
norm and let K’ be the completion of the maximal unramified extension of K(z)".
Let K = K'((bj, + xn})/?) and L = LK. Denote 8, = (b, + zn™%)!/? for simplicity.

We put in an extra n here to ease the deduction later.
Lemma 4.2.1.2. If I-)Jl.({p ¢ k1, the ramification break b(L/K) = b(L/K).

Proof. Since k3 = Kgkr, we have Of = O ®o, Or; the Lemma follows from

Proposition 2.2.2.11(4’). O
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So we need to deal with the non-trivial case when 5%” € KL.

Notation 4.2.1.3. Denote R = O [no/7k, ns, Mm+1]. Applying Construction 4.1.1.2
to K gives a function 9z : O — R, which is an approximate homomorphism mod-

ulo the ideal I = p(n0/7x, Nougm+1}) - R

Lemma 4.2.1.4. There exists a unique continuous QOg-homomorphism f* : Rg —
Ry such that f*(6;) = n; for j € J*\{jo} and f*(85) = (Bjo+njo)? — (& +Mm+1) (T +

no)" — bj,. It gives an approzimately commutative diagram modulo 5.

OK VK OKII50/7TK,5JII = RK (4.2.1.5)

|
w-
O}? —5 k[[nO/WK»T/JU{nHl}H = Rf{

For a > 1, f* gives a morphism f : A’I%”[O, °] — A0, 6°.
Proof. Tt follows immediately from Proposition 4.1.1.8. O

Hypothesis 4.2.1.6. For the next theorem, we assume that in Construction 4.1.5.1,
there exists A\ € A such that the field extension ky,/kx,—1 iS given by k), =

/4;,\0_1(5]1-({”) and ©y, = l—);({p.

Theorem 4.2.1.7. Assume Hypothesis 4.2.1.6 and keep the notation as above. More-
over, assume that B > n+1. Leta>1 andw > n+1. Let TSZ/K,% ., € a recur-
swe thickening space with error gauge > w. Then TSy, Ko, 1,5 X AT+ (0,09, 1 Ag+2 [0, 67]

is a recursive thickening space for L / K with error gauge > w —n.

The reader may skip this proof when reading this paper for the first time. Roughly
speaking, the argument presented here is a combination of the arguments in Propo-

sitions 4.1.5.6 and 4.3.1.4, but in a more complicated way.

Proof. Step 1: Find the generators of O3 /Op.
The difficulty comes from that 7y, ;, cs do not generate Oz over O (although they
do generate L over K ). We need to change the generator ¢, to an element which

either gives
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Case A: the inseparable extension kj/kr(Z)*P which happens when l::/ K has
naive ramification degree e; or

Case B: a ramified extension of naive ramification degree p which happens when
Z/ K has naive ramification degree ep.

Denote L' = LK’, which has residue field k- = k.(Z)*P. Then, we have Op =
Ox'®0, Or. Hence, Oz R0, O & Oz ®0,,Or € Of. We may extend the valuation
vp(+) to L by allowing rational valuations in Case B. Let Bjo — p for p € Ops be an
element achieving the maximal valuation under vy/(-) among S, + OL.

Claim: we have a = vp/(B;, — 1) < en/p and

in case A, the reduction of ¢y, = 7;%*(8j, — ) in K} generate K3 over k1 (we also
set d = 1 by convention);

in case B, vz(vrz[a](ﬂjo — w)) =d/p for some d € {1,...,p — 1}, in which case, we
fix a d-th root 7y . ., of wZ["} (Bj, — 1); it generates the extension Oz /Oy

Proof of the Claim: We have the norm Ny, (1 — Bj,) = p? — (bj, + z7%). Since
there is no p € Oy that can kill the zm% term (note fx > n+1), v (Ng, 1, (Bjo— 1)) <
en and the first statement of the claim follows. When o ¢ N, we are forced to fall
in Case B and the claim is obvious. Assume for contradiction that @« € N and
the reduction of €y, lies in k7. Then there exists ¢’ € Of such that p'/7f = ¢,
(mod mz). But then 8;, — u — ¢’ will have bigger valuation, which contradicts our

choice of . This proves the claim.

Step 2: Find the generating relations.

By previous step, we can write
OI? (ﬁo,[, 1:'IA\AO‘J B)/ (ﬁO,Is ﬁA\z\oa ﬁ) = OZ

by sending fio,r to €o,1, iA\A, tO €A\, aDd B t0 €y, in Case A and 7, ,, in Case B,
where the relations o 7, Pa\x,,  can be obtained using Construction 4.1.5.1. Now, we

link these relations to the relations pg 1, pa for Or/Ok. We first lift the isomorphism

x : K (fio 1, iane, 0)/ (Bo.r, Pavre, 8) = LK Q®o, OL~K (uo,r,un)/ (Po.1, Pa)
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to a homomorphism X : Op(lig,r, Tiayrg, 0) — O (uo, I,uA)[——l—] sending 1ig ; to ug s,
LA\, tO Uavy,, and u t) to the lift of x(uo,, b) using the standard basis defined
in Construction 4.1.5.1. Then u0 o ~1le] x(Po, ),u((),ro )lel x(Payn,) and ug[rlx(q) are con-
tained in the ideal (po s, Pa)Ox (Uo 1, un).

Step 3: Explicate the goal.
We are going to establish an R z-isomorphism X : A A, where

A= 6Bk [(Yx(por) + Ror, Y (pa) + Ra) Orye s+ Riz [%], (4.2.1.8)

A= 6 [1‘1;] [ (Wz(Bor) + Ror, vz (Bave) + Rave, ¥z (@) + 9~“tq) (4.2.1.9)

Here, G = Ry(lio1, lia\ny, 0) and we can define ‘JI‘I‘? for a € ele similarly to Con-
struction 4.1.5.1; the ring homomorphism x is given (and determined) by x(io ;) =
U1, X(Tavr,) = Ua\rg, and X(0) = ¥z (x(0)); the set 5%,1, 5‘{/\\)‘, 5%;, will be admissible

with error gauge > w — n so that X is an isomorphism.

Such an isomorphism X will be sufficient to prove the main theorem.

Step 4: Bound the error gauge. We first determine 5%,1,5‘{/\\,\0, 5‘{;,. We proceed
similarly to Proposition 4.1.5.6. To write this argument uniformly, we first divide

into the following four cases.
Case (a): Denote p = ulf~ 1)[a]p for some io € I and R = u®? VIR,
0,70 io 0,70 s
Case (b): Denote p = ul-"p, for A € A\{)\o} and R = u(” 1)[“]9%
0 \TO
Case (c): Denote p = uf)’[f q and R = uO[,,gqu, assuming we are in Case A;
Case (d): Denote p = uo[,,gq and R = uo[,]iﬁ~ assuming we are in Case B;
By Step 2,

X(B) = bosPos + D _ bapy,

i€l A€
for some bo i, ha € Oz (uo,r,up) fors € I, A € A. Moreover, in Case (a) for some 4y € I,

. ig—1—€i— vO 1
we can require b ; € ‘ﬁ}n(’ax{(e o-1-ei-1)/e }~Og(uo,1,u,\) and by € ‘ﬁe“ /e, Ox(uo.1, ua)
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for i € I, A € A; in Case (d), we can require by € ‘J’I%e -Og(uo,1,up) for A € A. Thus,

~X@R) = X(@Wz®) =D _ ¥r(bo:)vz(pos) + D ¥r(02)vg(pr) + €

iel A€A

= Z Y (Bo3) (—Ros) + Z Y (—R\) + €

iel AeA
(Mo—THeio-t/epy Mwteio-t/en, 0 11y) - Gk ®ry, R case (a),
€9 (Mo, Mnyuim+1}) - Ok Oryx R case (b) or (c),
(Do epy o /en 0 10y) - Ok Ory Ry case (d),

where the error term € coming from vk failing to be a homomorphism (See Propo-

sition 4.1.1.8) can be bounded as

(OPx o, MPEH I 10(me1}) - Ok Bry R case (a),
€€ (MPr—18,,0Pk45;) - Gk ®ry Rz case (b) or (c),
(NP, MK+ 0 (me1}) - Ok Ory R case (d).

Thus, we can find polynomials %o, . .., tmi1 € Oglilo 1, Ba\aes ﬁgf’loﬁ] —-» Oz ®0, O

such that
( - . ~ ~ . -
fl‘;yio eteig-1 Og[uo,z,uA\,\o,ug’,],ob] case (a),
T € 4§ Ufe,°- g[ﬁo,z,ﬁA\)‘o,uo o0 case (b) or (c),
\ gyt - ﬁ[ﬁo,z,ﬁA\,\o,uo 1 5] case (d);
( ~we+e,o_1
Uo,ro % [Uo,1, Uiayno, “o,rot’] case (a),
T,y Tmen € 4 digY, - g[uo,l,u,\\)‘o,uo ,00] case (b) or (c),
L ﬁ‘é’eﬂ Ol?[ﬁo,hﬁA\Ao,uo r00] case (d);
5('(‘5{t —Toflo — * +* = Em+17m+1)
(Mo/ Tk Nau{mry) (T~ Feio=1/eng Jpoteiomr/en; e 10y) - (Bk ®ry Rg)  case (a),
€9 (mo/Tx, Mugm+1y) (00, MNaum+1}) - (Ok Ork Rig) case (b) or (c),
(Mo/T k> Naugm+1y) (e, Mo myny) - (6k Ory Ri) case (d).
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Further, we can similarly clear up the coefficients of n;n; for 7,7 € JtU{m+1}.
Repeating this approximation gives the expression of R. From this and a < en/p,

we can obtain 5‘{071, D~%A\>‘0, %ﬁ € (ns+ugm+1y) - © such that

~we—ete;;_1—€en ~wete;,_1—en

Ro,io € (uo,m o, Yo,rg ﬁJu{m+1}) -6, i€l

Ry € (#8570, 155 nyuimeny) - O, A € A\g

S we—e—en S we—en .
R c (uo,r0 705 Yo,rq nJu{m+1}) -6 in Case A
q
~we—e—en+1 ~we—en+1 .
(g7 N0, Uogg ' Miufm+1}) - G in Case B

They have error gauge > w — n.

Step 5: Prove that x is an isomorphism.

To prove that x is an isomorphism, it suffices to show the surjectivity, as both
A’ and A are finite free modules over 'Rg[z—l)] of the same rank. Since (4.1.5.2) forms
a basis of A over ’R;{[:—)], we need only to show that ug; and u, are in the im-
age of x. This is obvious for up; and up\y,. For uy,, we first find an element in
Ogxlto,r, ﬁA\,\O,ﬁE,'floﬁ] —» O ®o, Or whose image under X is uy,. Then we use the
similar approximation in Step 4 to find an element in A’ whose image under ¥ is

exactly uy,. This finishes the proof. a

Remark 4.2.1.10. We expect that when w and hence Bg is “large” compared to
[L : K], Theorem 4.2.1.7 is also valid if we add a generic p®-th root (Defintion 2.3.2.7);
this amounts to control the discrepancy between O3 and Oz ®o, Or. Hence, in this
case, one can obtain a comparison theorem between the arithmetic Artin conductor

and Borger’s Artin conductor as in Subsection 2.4.2.

4.2.2 A digression on differential modules

We study some basic properties of intrinsic radii of convergence under certain base
changes, in particular, the off-centered tame base change and the off-centered Frobe-

nius pullback.

Construction 4.2.2.1. Let K be a nonarchimdedean field and let 71 € K be an
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element with |1x] = @ < 1. Denote X = Ak[0,6%. Fix n € N prime to p and fix
zo € K such that |zo| = 6° > 6° (b < a). In particular, the point §o = —zo is not in
the disc X. Denote K, = K(z./™), where we fix an n-th root zy'™ of zo.

Consider the K-homomorphism f : K{(nz%%) — K, (m2 =D/ | sending &

to

n—1
1/n n_ . _ n(n=1)/n ( n Mo i)
(1:0 + 770) To =Ty Mo Z (Z + 1) (x(l)/n) )

i=0
where the term in the bracket on the right has norm 1 and invertible because Ixtl,/ "l >
[no]. Hence f; extends continuously to a homomorphism F, — Fti—-b(n,—l) /n» Where

F}_yn—1)/n is the completion of K, (10) with respect to the §>~*"~1/"_Gauss norm.
Also, f* gives a morphism of rigid K-spaces f, : Z = A} _[0,6°7(-D/n] — X =

AL[0,0°). It is finite and étale because the branching locus is at dp = —xo, outside

the disc X. Thus, for a differential module £ on X, its pull back f;€ is a differential

module over Z via
138 Z5 £3(€ ®oy Oxddy) — f2€ @0, Ozdm,
where the last homomorphism is given by d&o — n(zs/™ + 70)"'dno.
Proposition 4.2.2.2. Keep the notation as aboye. We have
IRy, (f2€;a —b(n —1)/n) = IRg,(E; a).

Proof. The proof is essentially the same as [Ked05a, Lemma 5.11] or [Ked**, Propo-

sition 9.7.6]. Lemma 1.1.2.16 gives the following commutative diagram

Fa gen,0 Fa ﬂﬁ]}a TO]] 0

lf: lfii

i’ en,0 —a+b(n—1
obnt)/n > F_ iyl T

where f* extends f* by sending Tp to (za/™ +mo + " — (:cfl,/ "+ o)™
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We claim that for r € [0, 1], f,, induces an isomorphism between
a 1 —b(n—1)/n
F(:,—b(n—l)/n an F, (AF 0 7'9 ) A t,L b(n—l)/n[o’ rg® ( )/ )
Indeed, if |T}| < rgo~b=1D/" < g¥/7 then

ITo] = (26" +no+Tg)"— (25 " +10)"| = InTg (" +no)™ ™| < rg=*n=D/m (/") = rge.

Conversely, if |Tp| < 76, we define the inverse map by the binomial series

Ty = (" + o) - [—1+(1+_T°_))1/"] 22(1271)( . T

( o+ U/ i=1 + Mo )m“

The series converges to an element with norm < r§2=*®=0/n,

Therefore, Proposition 1.1.2.18 implies that for r € [0, 1],

IRy, (E;a0) > 7

& frono(€ ®oy F) is trivial over Ay, [0,76%)

& f: g*en,o(é' ®F,) = no(f*é’ ® F n1 ) is trivial over AF,_ T 0, ga_M)
& IR, (fr€;a—b(n—1)/n) > 7.
The proposition follows. -

Similarly, we can study a type of off-centered Frobenius.

Construction 4.2.2.3. Let b > 0 and 0 < a < min{—logyp+b,pb} and let 3 € K be
an element of norm 1. Let L be the completion of K (x) with respect to the *-Gauss

norm.

Let f: Z = AL[0,0°] — AL[0,6°] be the morphism given by f* : & — (8 +
no)P — BP + x. By our choices of a and b, the leading term of f*(d) is z, which is
transcendental over K. Hence f* extends continuously to a homomorphism F, — F},
where F} is the completion of L(ng) with respect to the 6*-Gauss norm. Moreover,

F*Q% = QL as the branching locus is at 19 = —/3, outside the disc. Thus f*€ becomes
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a differential module over Z = A} [0, 6] via
1€ L5 1 (€ ®0x Oxdés) — f*€ ®0, Ozdm,

where the second homomorphism is given by ddy — p(8 + 10)?~dno.

Proposition 4.2.2.4. Keep the notation as above. We have

IRa,(f*€;b) = IR, (€;0).

Proof. This proof is very similar to Lemma 1.1.4.16. We start with the following

commutative diagram from Lemma 1.1.2.16.

Fa ﬂ Fa l[ﬂ';(aTo]lo

)
123
gen,0

Fy 222 il Tilo

where f* extends f* by sending Ty to (8 + no + T3)? — (8 + no)P.

Forr € [0, 1], by Lemma 1.1.4.17, |T§| < 76* implies that |[Tp| < max{r?6?*,p~'rf} <

ré®.
Therefore, Proposition 1.1.2.18 implies that
IR3,(E;a) 2>
& frao(€ ®ox Fy) is trivial over Af, [0,76%)
= [ frnol€ ®ox Fu) = freno(F*€ ®0, Fy) is trivial over Ap(0,76°)
=4 IRa,m(f*g; b) >r.
The proposition follows. a
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4.2.3 Non-logarithmic Hasse-Arf theorem

In this subsection, we apply Theorem 4.2.1.7 to obtain the Hasse-Arf Theorem 4.2.3.5

for non-logarithmic ramification filtrations.

We assume Hypotheses 4.1.1.1 until stating the last theorem. As a reminder,

Hypothesis 4.2.1.6 is no longer assumed till the end of the paper.

Notation 4.2.3.1. Keep the notation as in Construction 2.3.3.3. Fix jo € J and
n € N. Let K = K'((bj, +27%)"/?) as in Notation 4.2.1.1. Denote ;, = (bj, +zn%)/?

for simplicity.

Lemma 4.2.3.2. Assume p{n and fx > n. Let aj+ C Rso and ap = aj; = Q41 >

max{%‘j—i-, 1}. Define a; = a; for j € J*\{jo} and @}, = aj, +n — 1. The morphism

f* defined in Lemma 4.2.1.4 restricts to a morphism
f AR[0%,6%] x -+ x AL[0°m+1,0%m+1] — A [f%,6%] x - -+ x Ak [6°,6%).
In other words, we change the jo-th radius from a;, to aj, +n — 1.

Proof. Tt suffices to verify that if |no| = |njo| = |Mm+1] = 0%, then |§;| = g%+
indeed

8io = ((Bjo + m5o)? — B%) — x((mK +10)" — 75) + Nmt1(Tx + T0)",

which has norm 620171 because the second term does and other terms have smaller

norms. O

Lemma 4.2.3.3. Keep the notation as in the previous lemma. Let £ be a differential

module over AL[0,8%] x --- x AL[0,6°m], then IR(f*E;a5+) = IR(E; @y ypmny)-

Proof. The morphism f* induces the homomorphism on the differentials: dd; — dn;
for j € J*\{Jo} and ddj, — p(Bjo +mjo )P~ dnjo + (Tx +10)"dNmt1 +1(T + Ny ) (Tx +
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7o) 1dno. Thus,

Oilpe = 0Ojle, 7€ JI\{jo},
Folpe = (Bio +Mjo) " Bjole,
Onilyre = (mx +m0)" - Ojole,
Blgre = Bole +n(x + Nhmt1)(mx +10)" " - Fjo e,

where 8] = 9/0dn; for j =0,...,m + 1. Thus,

IR;(f*E; a5+ufm+1}) IR; (‘_9 sah+) Vi€ J\{jo},

IR (f*E;a+uqmery) < IR;o(E;a4),
IRm1(f*E;ag+0(m+1}) 6" - IR;(E;al}+),

IRy(f*E;ar+upmery) = min {IRo(E,a:), IR;,(E;a)4)},

where the second inequality follows from Proposition 4.2.2.4 and the last equality
holds by Proposition 4.2.2.2 because z is transcendental over K. It follows that
IR(E;a}.) = IR(f*E; as+uim+1})- O

Theorem 4.2.3.4. Let L/ K be a finite Galois extension satisfying Hypotheses 4.1.1.1
and 4.1.1.10. The highest non-logarithmic ramification break of L/K 1is invariant

under the operation of adding a generic p-th root.

Proof. Adding a generic p-th root corresponds to setting n = 1 in the notation in
this subsection. Fix a choice of ¥, in Construction 4.1.1.2. Let TS; Kk be the
standard thickening space for L/K. By Example 4.1.5.5, we can turn this standard
thickening space into a recursive thickening space (with error gauge > fBx). By
Theorem 4.2.1.7, TS} /. . % ATH[0 60 f A%‘,”[O, 6°] is a recursive thickening space for
f,/ K with error gauge > Bx — 1, which is isomorphic to some thickening space for
Z/ K by Proposition 4.1.5.6.

Let £ be the differential module over A%*'[0,6° coming from 7'S¢ /K- Lhen
the differential module f*£ is associated to E/ K. Applying Lemma 4.2.3.3 (to the
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case n = 1) gives IR(f*€;s) = IR(E;s) for s > b(L/K) — € with € > 0 as in
Theorem 4.1.3.2. The theorem follows from Theorem 4.1.4.4. O

Combining Theorem 4.2.3.4 and Proposition 2.3.2.13, we have the following.

Theorem 4.2.3.5. Let K be a complete discretely valued field of mized characteristic
(0,p) which is not absolutely unramified. Let p : Gk — GL(V,) be a representation
with finite local monodromy. Then,

(1) Art(p) is a non-negative integer;

(2) the subquotients Fil°Gg /Fil** Gk are trivial if a ¢ Q and are abelian groups
killed by p if a € Q5.

4.3 Logarithmic Hasse-Arf theorem

4.3.1 Integrality for Swan conductors

In this subsection, we will deduce the integrality of Swan conductors from that of Artin
conductors (Theorem 4.2.3.5). We will use the fact that the logarithmic ramification
breaks behave well under tame base changes.

We will keep Hypothesis 3.2.2.1 until we state Theorem 4.3.1.14.

Notation 4.3.1.1. Let n € N such that n = 1( mod ep). Define K,, = K(ﬂ';{/")
and L, = LK,. Since K, and L are linearly independent over K, Gal(L,/K,) =
Gal(L/K). We take the uniformizer of K, and L, to be 7g, = w%" and 7y, =

(n—-1)/e
K,

mL/mg, ', Tespectively.

Notation 4.3.1.2. Denote Rk, = Ok, [m0/7k,,ns]- Applying Construction 4.1.1.2

to K, gives an approximate homomorphism ¢, : Ok, — Ok, [m/7k,,ns]-

Lemma 4.3.1.3. There exists a unique continuous Og-homomorphism f;; : Rg —

Rk, sending &y to (Tk, +10)" —7k and §; ton; for j € J. This gives an approzimately
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commutative diagram modulo I, = p(no/7k,,ns) - Rk, :

Ok —1/1" OKI[50/7TK, 5J]]

B

Ok, 25 O, [0/ Ky 1]

Proof. Follows from Proposition 4.1.1.8. O

Proposition 4.3.1.4. Fiza > 0. Let T'ST 1o, o, be the standard logarithmic thick-

ening space. Then the space
X =TSL/Klogyx X (4kl0.62+1]x AR[0.0%]).fn (AK,.[O 61" x A% [0,6°)

is a logarithmic thickening space for L,/K, with error gauge > nfx — (n — 1); in

particular, it is admissible.

Proof. First, we have

Sk ®0x Kn % O o/, A )/ (2 0ic(pi)-

Now we consider a construction of the logarithmic thickening space of L,/K,,
using the same c; as the ones for L/K and 7, in Notation 4.3.1.1. Therefore, the

ideal Z;,, /x,, is generated by p/,, and pj/ w}‘(zl, where the prime means to substitute

Uy with 7r(" —D/e ug.

Lemma 4.3.1.3 implies that

Yk, (Po/75) — Fa(Wx(00))/ (mxe, +ug)" " € m (WK " mo, pny) - Sk,» (4.3.1.5)

where Sk, = Ok, [0/ k.., n7](ug, us). Hence,

Sic @0 Ko 2 O o1, ol (e s} (F2 08, £ (#))

~ S, [},1/(f;<¢x<pa»/<m<,. o)™, F (W (@)))
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gives rise to logarithmic thickening spaces for L, /K, with error gauge > nfx—(n—1);
note that K,/K being tamely ramified of ramification degree n gives a different

normalization on error gauge. O

Proposition 4.3.1.6. There exists N € N and ap/k € [0, 1] such that, for all integers

n > N congruent to 1 modulo ep, we have
n- b[og(L/K) = b(Ln/Kn) - aL/K.

Proof. By Construction 4.2.2.1, f} gives a finite étale morphism f, : A [0, 61/m) x
A% [0,1) — AL[0,0) x AR[0,1) for a > 0. Let £ denote the differential module
associated to L/K coming from a standard logarithmic thickening space. By Propo-
sition 4.3.1.4, f:€ is a differential module associated to L,/K,. In particular,

ETy,/k, 2 ETy/k X ayjopyxagion.sn Ak,[0,6") x AR [0,1) =: fr(ETy/x)

The morphism f, is an off-centered tame base change, as discussed in Subsec-
tion 4.2.2. By Proposition 4.2.2.2, for s;+ C R such that AL[0,8%]x---x AL[0,6°~] C
ETyk, we have IR(f3€;s5+) = IR(E; 50 + 221, s5). Thus, by Corollary 4.1.4.6,

b(Ln/Ky) = n-min {s| AR'[0,6°] C ETy,/k, and IR(f;&;s) =1}
=n-min {s | AR[0,6°] C f7(ETy/x) and IR(f;€;s) = 1} (4.3.1.7)
,8) =1},

n—1
n

= n-min {s | Ak[0,6*+""D/"] x AR[0,6°] C ETy/x and IR(E;s +

where the second equality holds because we will see in a moment that the minimal of
s can be achieved inside ETy k.

Applying Proposition 4.1.4.3(c) to £, we know the locus Z(£) = {(s;+)|IR(E;84+) =
1} is transrational polyhedral in a neighborhood of [bieg(L/K), +00)™*+!, namely,
where £ is defined. Hence, in a neighborhood of s; = bog(L/K), the intersection of

the boundary of Z with the surface defined by s; = --- = s,, is of the form

so — o&'sy = biog(L/K) + 1 — &'biog(L/K),
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where ¢ is the slope; @’ € [0, 0] by the monotonicity Proposition 4.1.4.3(c). When
n > 0, it is clear that the line s — (s + ﬁ;—l,s, ..., 8) hits the boundary of Z at
8 = biog(L/K) + 1/(n(1 — «’)). This justifies the equality in (4.3.1.7). It follows that

b(Ln/Ky) =1 - biog(L/K) +1/(1 — &');

the different normalizations for ramification filtrations on G and Gk, give the extra

factor n. O

Remark 4.3.1.8. With more careful calculation, one may prove the above proposi-

tion and Proposition 4.3.1.11 below for any n sufficiently large and coprime to p.

Notation 4.3.1.9. Assume p > 2. Let (b;) be a p-basis of K;; it naturally gives
a p-basis of K,. Let K,(z;)" denote the completion of K,(z;) with respect to the
(1,...,1)-Gauss norm, and let K, denote the completion of the maximal unramified

extension of K,(z;)". Set
K, = K., ((bs + zyn% )?), L,=K,L.

Denote B; = (b;+z;mk )'/? for j € J. By Lemma 4.2.1.4, we have a continuous Ok, -

homomorphism f : Og, [7o/7x,, 1] — Og [&/7k,,€5,€}] such that f*(m) = &
and f*(n;) = (B; +&)° — (z; + &) (mk, + &)? — b; for j € J. For a > 1, it gives
rise to f : AZH0,6° — ART0,6°] — Ak, [0,6°) x AR [0,6°7Y/"], where the last

morphism is the natural inclusion of affinoid subdomain.

Proposition 4.3.1.10. Assume p > 2, fx > 222 gnda > 1. Let X be as in

- n

Proposition 4.3.1.4. Then the space
X X(A}fn[0’0°+1/"]XA?n[0,0°]),f A2I_£:+1[0, 00+1/n]

is a thickening space for Z,, / I?n with error gauge > nfx — 2m —n+ 1; in particular,

it 18 admissible.
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Proof. It immediately follows from Proposition 4.3.1.6 and applying Theorem 4.2.1.7

m times. O

Proposition 4.3.1.11. Assume p > 2 and Bx > 2. There exists N € N such that,

for all integers n > N congruent to 1 modulo ep, we have
n - biog(L/K) — 1= b(Ln/Ky) — 201/, (4.3.1.12)

where oy k is the same as in Proposition 4.3.1.6.

Proof. We continue with the notation from Proposition 4.3.1.6. Previous proposition
implies that f* fx€ is a differential module associated to L, / K, when n > m. By
applying Lemma 4.2.3.3 m times, we have IR(f*f*&;s) = IR(f,’{S;s,:s—i—_%). By
Proposition 4.2.2.2, it further equals IR(£; s+ 22, f__"_'_%_) By the same argument as

in Theorem 4.3.1.6, we deduce our result with the same oy k. O

Remark 4.3.1.13. When p = 2, we study K, = K., ((by + z;7% )'/?) instead; the

same argument above proves the proposition with (4.3.1.12) replaced by
n - biog(L/K) — 2 =0b(L,/K») — 3ar/k.

For the following theorem, we do not impose any hypothesis on K.

Theorem 4.3.1.14. Let K be a complete discretely valued field of mized characteristic
(0,p) and let p : Gk — GL(V,) be a representation with finite local monodromy. Then
Swan(p) is a non-negative integer if p # 2 and is in 1Z if p = 2.

Proof. First, as in the proof of Proposition 2.3.2.13, we may reduce to the case when
p is irreducible and factors through a finite Galois extension L/ K, for which Hypoth-
esis 4.1.1.1 hold. In this case, Swan(p) = biog(L/K) - dim p.

By Proposition 2.2.2.11(4), we have Swan(p|k,) = n - Swan(p) for any K, =
K (w%") with ged(n, ep) = 1. We need only to prove Swan(p|k, ) € Z for two coprime
n’s satisfying ged(n, ep) = 1, and the statement for Swan(p) will follow immediately.

In particular, we may assume that Sx > 2.
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When p > 2, we repeat the same argument again. There exist n,,n, satisfying
the condition of Propositions 4.3.1.6 and 4.3.1.11 and ged(n;, n2) = 1. Thus, by the
non-logarithmic Hasse-Arf Theorem 4.2.3.5,

niSwan(p) + ar/xdimp € Z, n,Swan(p) + 20/ dimp € Z;

naSwan(p) + ar/xdimp € Z,  nySwan(p) + 201k dimp € Z.

This implies immediately that az/x dim p € Z; hence, Swan(p) € Z.
When p = 2, a similar argument using Remark 4.3.1.13 gives Swan(p) € %Z. O

Remark 4.3.1.15. When p = 2, we expect the integrality of Swan conductors in the
case K is the composition of a discrete completely valued field with perfect residue
field and an absolutely unramified complete discrete valuation field. In this case,
we can factor ¥x as O — Ox[0o/7k] — Ox[do/7k,d;] with the second map a
homomorphism. This fact may allow us to show that ay x is either 0 or 1 depending
on whether 0y dominates.

We do not know if the integrality is true for p = 2 in general.

4.3.2 An example of wildly ramified base change

In this subsection, we explicitly calculate an example, which we will use in the next
subsection. This example was first introduced in [Ked07a, Proposition 2.7.11]. We
retain Hypotheses 4.1.1.1 and 4.1.1.10.

Lemma 4.3.2.1. Let K, be the finite extension of K generated by a root of
T? + TP = k. (4.3.2.2)

Then K, is Galois over K. Moreover the logarithmic ramification break biog(K./K) =
1.

Proof. Let h(T) = TP — 7xkTP! — 7 and @w a root of h. It is clear that @ is a
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uniformizer of K,.

h(w+T)=(w+TP +ag(w+ TP ! -7k
=T +p(@T?' +-- -+ @ 'T)
+ ’IrK(T”_1 +(p-1DwTP24... 4 (p— l)w”'zT),
h(w + ©°T) = w?TP + ng (w2p~2l1'vp—1 +(p—1)@® P2 4 ... 4 (p— l)w”T)
+p(@? TP + -+ @PHIT)
= 1% ((1 — wP )2 TP + w2 (1 — @ TP -+ (p— 1)(1 — wP1)T)

+prx(l —@® ) (@' TP + - + @ T).

We see that h(w + w?T) /7% is congruent to TP — T' modulo w. By Hensel’s lemma,
it splits completely in K,. Hence, K,/K is Galois. Moreover, the valuation of the
difference between two distinct roots is 2. This implies that bog(K./K) = 1. O

Notation 4.3.2.3. Denote the roots of h(T") = TP+nx TP~ —7x by w = @y, . .., wp.
For a > 0, the standard logarithmic thickening space T'Sg, /K Jogbx for K,/K is
given by

O'III:E',IK,/K,log,wK = K(ng" 00, 107, 2) [ (2% + (mk + 80) 2! — (wk + bp)).

Lemma 4.3.2.4. Assume a > 1. Then the standard logarithmic thickening space
TSk, k10gux %K K+ 15 isomorphic to the product of AR [0,0°] with the disjoint union
of p discs |z — w,| < 6*~®-D/P for y=1,...,p.
Proof. We can rewrite 2? + (mx + 8)2°~! — (7x + 0p) as
P
H (z — wy) = do(1 = 2P71). (4.3.2.5)

=1

Since |2| < 1, the right hand side of (4.3.2.5) has norm < #°*! < 2. On the left
hand side, for v # v € {1,...,p}, |wy — wy| = 6%P. This forces one of |z — w,,|
to be strictly smaller than the others, for some vy € {1,...,p}. Thus, |2 — @] =
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|60 /(02/1»)1:—1 = go—(-2/p 0O

Notation 4.3.2.6. Fory = 1,...,p, we define the K,-homomorphism £ : Ok [do/7x] —
Ok. [n0/w,] by sending &, to

[e¢]

(w'y + m0)? = p+n(p—1) p+n(p—-1)
T g = 2 (@ P D). 432)

n=0

Lemma 4.3.2.8. For a > 1, f} induces a K-morphism f, : A} [0,6°-¢=2/p]
Ak [0,6°%1], which is an isomorphism when we tensor the target with K, over K.
Moreover, if we use Foi1 and Fy_,_,) /, to denote the completion of K (6o) and K.(mo)
with respect to the 8°t1-Gauss norm and 0°t®=-2/P_Gauss norm, respectively, then Iy

extends to a homomorphism F,; — F*_(p_z) /p-

Proof. The statement follows from the fact that the leading term in (4.3.2.7) is (2p —
1)@3” _27’]0. D

Proposition 4.3.2.9. Assumea > 1. Let £ be a differential module over Ak [0, 6°+1].
For each v € {1,...,p}, this gives a differential module f3€ over A, [0,6°(P~2/?].
Then we have

IRy(f3€;a— (p— 2)/p) = IRo(E;0+ 1).

Proof. The proof is similar to Proposition 4.2.2.2. By Lemma 4.3.2.8, we have the

following commutative diagram

Jgen e
Fon g Fon[ng* ' Tolo

- B

f*en % — o
F, ;—(p—2)/p —F a—(p—2)/p|[w'v patp 2T6]|0

(@y+mo+Tg) (wy+m)?
1= (wy+mo+ TPt 11— (wy+mo)P Y
We claim that for r € [0, 1), f; induces an isomorphism between

where we extend f3 by f3(To) =

F*_(p—-2)/p X I3 Fat1 (A}.‘a+1 [0, 1"0‘1+1)) ~ A};‘;—(p_z)/p [0, ,rea—(p—2)/p).

a
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Indeed, if [Ty < 764~ P=2/P  then
T — (wy + 0 + T5)” _ (@ + m0)?
R R ) R A
= ((@y + M0+ Tof = (@y+m)") + (@i + 10 + T))™ ™" = (wy +m0)*7") + -
& (20— 1) (@ + 10)P 2T} + (@ + 10)P T, T) O, (P> 21o) [>Ty

Hence, |To| = §%~2/P . |T}| < ré°.

Conversely, if |To| < 6%, we rewrite the above equation as

1

T €
©= (2p — 1)(wy + mp)2P~2

To + (w4 Tp) - Ok, (w7 P 2no) [wP*+*~>Tg]. (4.3.2.10)

We substitute (4.3.2.10) back into itself recursively. The equation converges to a T,

which is an inverse.

Therefore, Proposition 1.1.2.18 implies that for r € [0, 1),

IRy(E;a+1) <
= ;en(g ® F,41) is trivial on A}"a+1 [0, ,roa+1)

& Frfin(E ® For1) = fin (€ ® F*_,_3) is trivial on Al .00 rgo= %)
© IRo(fy€;a—(p-2)/p) <.

The proposition follows. O

Construction 4.3.2.11. Fix a p-basis (bs) of K; it naturally gives a p-basis of K,.
Fix a choice of ¥k : Ox — Ok[éo/7k, 0] as in Construction 4.1.1.2. We will use
the method in Construction 4.1.1.2 to define 9, 4 for v = 1,...,p such that the

following diagram commutes.

Ox —2%> Ok [60/7x, 6] (4.3.2.12)

|
VK.,
Ok, —=> Ok, [no/ @+, 6,]
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For any element h € Ok,, first write h = Ef;; hiwfy where h; € Og. As in

Construction 4.1.1.2, write each of h; as h{w3 for e; = vk (h;) and h{ € Ok; chose a

compatible system of r-th p-basis decomposition of h{ as

pr—1 00 ’\i,(r),e,;.n
o __ eJ T n
hi = Z bj (Z( Z az(r),ej,n,n')"rK)
ey=0 n=0 n'=0

for some @ (r),e;nn € Ok U{0} and some X; ()¢, n € Zxo. We choose the system of

* r-th p-basis decomposition of h/zoy** ®) £ be

A

h 1 p—1 pr—-1 00 i,(r),e7.n

i e " -1 2p—1 4
VK, (h) = VK. (h) Z w:‘y Z bj’ ( Z ( Z az?v(r)ae.h"’n,) (wg +w7p +. h )n+e )
ey iy Wy * =0 ej=0 n=0 n/=0

and define ¥k, ,(h) to be the limit for 7 — +oc0 of

oo Ai,(f)m,).n

i(w’y + no)i 2_: (bJ + 6J)eJ (Z ( Z azr(r),e.z,n,n') ((W'Y + ?70)”'1 + .- )n+e'.)v.

i=0 ey=0 n=0 n'=0

This gives a 1k, , defined in the way of Construction 4.1.1.2; the diagram (4.3.2.12)

is commutative.

Hypothesis 4.3.2.13. For the rest of this subsection, let L/K, be a finite Galois
extension satisfying Hypotheses 4.1.1.1 and 4.1.1.10 and such that L/K is Galois.

Proposition 4.3.2.14. Let a > 1. Then there exists admissible (Rj+) C (65+) - Sk
such that the logarithmic thickening space for L/ K, after extension of scalars from K
to K., is isomorphic to a disjoint union of p (different) logarithmic thickening spaces

for L/K,:

p
o ~ pa—p+1
TSL/K,IOg,RJ+ X K K* - H TSK*/K,log,'([}K*n *
7=1

Proof. Write Ok, (uy+)/(ps+) = O using Construction 2.3.3.3. Since Ox(z)/(2* +
2P~ —7g) = Ok,, we may replace the coefficients in p;+ by elements in Ok (2) with

degree < p—1 in z, denoting the result polynomials by p/;,. Thus by Lemma 4.3.2.4
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and the commutativity of (4.3.2.12),

p
[T Kelw3r =20, @577 ns) (uge ) /(o o (p+))

r=1

> K (g 00, m6s) (ug+, 2) [ (Wk (D4 ), 22 + (T + 60)2P ™ — (7K + &o)),

where the latter one is a successive logarithmic thickening space for L/K, base
changed to K,. By Proposition 4.1.5.6, this successive logarithmic thickening space
is isomorphic to a logarithmic thickening space T'S} /K log, R .+ for L/K for some ad-

missible subset Rj+ C (d,+) - Sk- O

Corollary 4.3.2.15. Let &1/ be the differential module over A}[0,6°T] x A0, 6°]
coming from T'SE 1o, Ry. Fory e {1,...,p}, let E1/k, 4 be the differential module
over A, [0,6°~=2/P]x AR [0, 6*=®~V/?] coming from T'S75,F —H;gﬂl)x*,-,' Then Er/k @k
K.~ @) fulr/k. -

Proof. It follows from Lemma 4.3.2.4 and Proposition 4.3.2.14. O

4.3.3 Subquotients of logarithmic ramification filtration

In this subsection, we prove Theorem 4.3.3.3 that the subquotients Fily,, Gk / Fil{‘o‘gG K
of logarithmic ramification filtration are abelian groups killed by p if a € Qs and are
trivial if a ¢ Q. This uses the tricky base change discussed in previous subsection.

We assume Hypothesis 4.3.2.13 until we state the main Theorem 4.3.3.3.

Notation 4.3.3.1. Fix v € {1,...,p}. Let (bs) be a finite p-basis of K. It naturally
gives a p-basis of K,. Denote by K(z;)" the completion of K(z;) with respect to the

(1,...,1)-Gauss norm and by K’ the completion of the maximal unramified extension

of K(z;)". Write K, = K,K' and L' = K, L. Set

~

K, = K.((bs + wag—l)l/p)_

Denote 35 = (by + x wP 1)V/? for simplicity. Take the uniformizer and a set of lifted
v

p-basis of I?,y to be w, and {8, z;}, respectively.
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Situation 4.3.3.2. We have the following diagram of field extensions:

L I y
K,—K,—K,
K—K'

Note that (K,),—1,., are extensions of K/ conjugate over K’. The ramification
filtrations on G are stable under the conjugate action of Gal(K,/K’). Precisely,
for any b > 0 and g € Gal(K/K"), gFil{’ogG 1?.,9_1 = Fil{’ogG (&, and gFile}ag‘l =
Fil’G o(%,) inside Gx. In particular, since L' /K’ and hence L, /K, is Galois, b(L,/K.)

and b,og(Z.,/fg) do not depend on y=1,...,p.
For the following theorem, we do not impose any hypothesis on the field K.

Theorem 4.3.3.3. Let K be a complete discretely valued field of mized characteristic
(0,p). Let Gk be its Galois group. Then the subquotients Fili, Gk [Filit Gy of the

logarithmic ramification filtration are trivial if a ¢ Q and are abelian groups killed by

p if a € Qso.

Proof. We will proceed as in the proof of Theorem 4.2.3.5. Fix a > 0. Let L be a
finite Galois extension of K with Galois group Gr/x with an induced ramification
filtration. We may assume that Filﬁ;;GL /xk is the trivial group but Fili, G/ k is not.
We may also assume Hypothesis 4.1.1.1. Furthermore, by Proposition 2.2.2.11(4),
we are free to make a tame base change and assume that a = biog(L/K) > 1 and
pBk > m(p — 1) + 1. Finally, we may replace L by LK, since bog(K,/K) = 1 by
Lemma 4.3.2.1. We need to show that Filj,,G/k is an abelian group killed by p if
a € Qs; and is trivial if a ¢ Q.

We claim that each of the logarithmic ramification breaks & > 1 of L/K will
become a non-log ramification break bp—p+2 on L / K. In other words, Fil{’ogG Lk €

Fil”b"’“G’L ,iz, for any v € {1,...,p} and b > 1. (It does not matter which vy we
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choose as they give the same answer by Situation 4.3.3.2.) Then the theorem is a
direct consequence of the non-logarithmic Hasse-Arf theorem 4.2.3.5(2).

To prove the claim, it suffices to prove the highest ramification breaks as the
others will follow from the calculation of the other L’s.

For each y € {1,...,p}, there exists a unique continuous Ok, [10/w,]-homomorphism
f3 : Ok, [mo/w, 65] — Og [0/, 15, m;] such that Frb; = (Bj+n;)P—(z+7))(@y+
no)P~1 —b; for j € J. Fora > 1, f,;‘ gives a morphism ﬁ, : A%’:‘“[O, °] — ARto,6°).

Let TSk, ux, ., e the standard thickening space for L/K, and 9k, . We have

a Cartesian diagram

f 2m+1
TSt /kespicers ~—T5L /Ko X aptto6],fy Af{n: [0,6%)

— - |

AL [0,6°5%) x AR [0, 6] <" AR[0,6° 2 Ao, 6°)

By applying Theorem 4.2.1.7 m times, T'S} [Kabrary X AT 0090 F, A%':H[O, 6] is an
admissible recursive non-logarithmic thickening space (of error gauge > pfx —m(p —
1) > 1), which is isomorphic to an admissible non-logarithmic thickening space for
Il, / 1?7 by Proposition 4.1.5.6. Thus f,’;EL/K*,n, is a differential module associated to
L,/K,.

By Proposition 4.3.2.9 and Lemma 4.2.3.3, we have

- -2 2p — 2 -2
IR(fEL Ky 8) = IR(gL/K..,'y; 8,8+ I)T_) = IR((f'y)*gL/K.,'y; s+ pp , 8+ P » )

The claim follows by Corollaries 4.3.2.15 and 4.1.4.6. O
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Chapter 5

Towards Global Ramification

Theory

This chapter is dedicated to describe a project on understanding the global ramifica-
tion situation using the tool of nonarchimedean differential modules.

In Section 5.1, we lay out the big picture of the project. More precisely, Subsec-
tion 5.1.1 describes the analogy of three basic objects that we are studying. Subsec-
tion 5.1.2 explains different micro-local versions of the global objects. Subsection 5.1.3
includes all the conjectures and plans of attack.

In Section 5.2, we work out the toroidal case following [Ked07+b].

5.1 Description of a project

We outline the basic structure of the project studying ramification theory using nonar-
chimedean differential modules. This section will be of survey type. We will not

include the definition of all the terminology, rather we refer to other papers.

5.1.1 What objects are we talking about here?

We introduce the main objects of the ramification theory.

Let k be a field. Let X be a projective smooth variety over £ and let D = U?_; D;
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be a divisor on X with simple normal crossings, where D; are irreducible components.
Let U = X\D denote the complement.

Suppose that F is one of the following:

(a) alocally free coherent sheaf on U with an integrable connection, when chark =

0;
(b) an F-isocrystal on U overconvergent along D, when chark = p > 0;
(c) a lisse Q,-sheaf on U, where [ is a prime number different from char k.

Remark 5.1.1.1. The analogy among the three objects listed above is known for a

long time. One can further extend the analogy to the following table.

char k = 0 | vector bundles with flat connections holonomic algebraic D-modules
chark=p overconvergent F-isocrystals overholonomic arithmetic D-modules
chark #1 lisse Q;-sheaves constructible Q-sheaves

Remark 5.1.1.2. The case (c) is equivalent to the category of Q,-representations of
the fundamental group m;(U, ), where 7] is the geometric generic point of U. Also,
there is a fully-faithful functor from the category of @p representations of m; (U, 7)
with finite local monodromy into the category of all objects in (b) (See [Tsu02]. So,
in some sense, we are really studying representations of the fundamental groups of a

scheme.

Let m; be the generic point of an irreducible component D; of D. Use K, to
denote the completion of the fraction field FracOy with respect to the norm given by

n:. We have one of the following:

(a) Irregularity (will be defined in Definition 5.2.1.1), denoted temporarily by Swan(F, D;) =

Irr(F ® K,,) for notational convenience;

(b) the (differential) Swan conductor Swan(F, D;) = Swan(F ® Kp,), defined as in
Definition 1.2.8.3;
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(c) the Swan conductor Swan(F, D;) associated to the Galois representation Gal(K;:?/ Ky,) —
m(U,n) — GL(V¥), where the latter homomorphism is the representation as-

sociated to the lisse sheaf F.

Remark 5.1.1.3. We in fact have two more objects which are analogous to the
three cases above. One is representations of the fundamental group (X, 7x) of an
arithmetic scheme, i.e. a scheme over SpecZ. We use (d) to denote this case. The
other analogue is p-adic étale sheaves over a proper smooth semistable variety over
Spec Qp; we use may use Faltings’ almost étale theory to study the ramification. (See

[Col03+].) We use (e) to denote this case.

We are interested in the behavior of these conductors over the variety X and
the its relation to the Euler characteristic of x.(U, F), where the latter is defined as

follows.

(a) We have the de Rham cohomology of F: Hgr(X, 7« F) = H(X, j.(F ® %))
defined by the hypercohomology of the pushforward along j : U — X of the de

Rham complex
FRUW=F L>FROUW > - —= F @ OimX,

The Euler characteristic is defined as the alternating sum

2dim X
XU, F)E 3 (=1 dim Hin(X, juF).

=0

(b) We have the (compactly supported) rigid cohomology Hy, (U, F) defined as in
[Brt96+]. We take the Euler characteristic to be

2dim X
x(U,F)E S (-1) dim H (U, F).
i=0

(c) We have the compactly supported étale cohomology Hg, .(U,F). We take the

ét,c
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Euler characteristic to be

2dim X
xU,F)E S (~1)dim H}, (U, F).

=0

Question 5.1.1.4. How can we calculate Euler characteristic x.(U, ) from the ram-
ification information as in the Grothendieck-Ogg-Shavarevich formula (2.1.1.1) (de-
scribed in Subsection 2.1.1)?7 The formula also has a p-adic analogue for overconver-

gent F-isocrystals. See [Ked06b, Theorem 4.4.1]

Remark 5.1.1.5. The real difficulty of extending the Grothendieck-Ogg-Shavarevich
formula (2.1.1.1) to higher dimensional case is that merely the information of Swan(F, D;)
for irreducible components D;’s of D is not enough. In particular, if we blow up the
intersection D; N D; of two irreducible components. Then no ramification information
along the exceptional divisor is recorded in the data Swan(F, D;)’s. This leads to our
study of the subject of the next subsection. | |

5.1.2 Micro-local variation of Swan conductors

In this subsection, we describe different levels of micro-local variation of Swan con-

ductors.

Construction 5.1.2.1. It would be more helpful to keep in mind the Riemann-
Zariski construction for valuation space of a variety. Precisely, let X be an integral
scheme. Define the Riemann-Zariski space, denoted by RZ(X), to be the inverse
limit Lil_n( #.X) X' over all birational proper morphisms ¢’ : X’ — X. The topology
on RZ(X) is given by the inverse limit topology where each of X' is equipped with
the Zariski topology.

It is a well-known fact that RZ(X) parameterizes all (multi-indexed) valuations
of Frac(Ox) which are centered on X. For more details, please consult [Ked08].

A codimension one point z € RZ(X) is the inverse limit starting from the generic

point npr of an integral divisor D’ on some X’ for which Oy, , is a discrete valuation

v"’D’
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ring. (Note that the proper transform of 7p- under any further birational proper mor-
phism will continue to be a point with the prescribed property.) From the valuation
theory point of view, the codimension one points correspond to the case when the
valuations which take value in Z. We use RZ'(X) to denote all codimensional one

points in RZ(X); they form a dense subset of RZ(X).

Given one of the three situations from previous subsection, we may ask what
is the ramification situation at each codimension one point of the Riemann-Zariski
space, that is to base change to the completion of Frac(Ox) with respect to the
corresponding norm. We can also ask how the ramification globally varies on the
Riemann-Zariski space. The variation of Swan conductors should be “continuous” in
an appropriate sense, although the Swan conductors are not defined over all points

on the Riemann-Zariski space RZ(X).
The following is a list of variation questions we may ask.

(o) Complete discretely valued fields: The most local level is represented by codi-

mension one points RZ*(X). They in fact form the basic building blocks of the theory
since RZ'(X) is dense in RZ(X). This is just simply the ramification filtration on
a complete discretely valued field, which is the the main topic of Chapters 2-4. We
proved the Hasse-Arf theorem regarding the integrality of the Swan conductors.

(B) Higher dimensional local fields: This also corresponds to a point on the Riemann-

Zariski space which is typically a limit of codimensional one points. (For more details,
one may consult the symposium [FK00].) This captures the limit of Swan conductors

for points in RZ'(X).

() Over regular local rings: Given a point £ € X, we can consider a subset
RZ(X,z) C RZ(X) consists of valuations v such that v(f) > 0 for all f € Ox,.
The variation of Swan conductors on (a subset of) RZ(X, z) NRZ!(X) will be studied

in detail in Section 5.2.

(6) Global variation: We will discuss in detail what we expect in this case.
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5.1.3 What is expected to be true?

In this subsection, we make a series of conjectures on the variation of Swan conductors

as well as the Euler-characteristic formulas.

Conjecture 5.1.3.1. Let K be a higher dimensional local field (see [FK00, Section 1]
for definition). Then there exists @ multi-indezed ramification filtration Fili; "Gk
of normal subgroups on the Galois group indexed by (Z")>(0 .0) with lexicographic

order such that

(a) it degenerates to the arithmetic ramification filtration if we view K simply as
a complete discretely valued field and ignore the finer part as,...,a, of the

filtration.

(b) it is compatible with a filtration on the Milnor K -group via the higher class field
theory. (See [FKO0] for the terms.)

Remark 5.1.3.2. The multi-index is expected to depend on the choice of a system

of uniformizers of K, but the order of the subgroups does not.

Notation 5.1.3.3. Let X be a scheme and let U be an open subscheme of X. Let
Mxy denote the ordered monoid of all the Ox-subsheaves 7 of FracOx such that
Ox C Z and Z|y = Oy, where the monoid structure is given by fraction ideal multi-
plication and the ordering is given. by inclusion, i.e. T <XZ'ifZ C 7.

Let S‘i%U denote the proxy for Ry y[1/n;n € Z]; more precisely, it consists of pairs
(Z,n) with T € Rxy and n € N and two pairs (Z,n) and (Z’, n') are considered same
if Z7%'™ = T for some m € N. We usually use Z'/" to denote the pair (Z,n) € m?;,v.
The ordering on Rx y extends to ER?;’U by setting Z/7 < /" if 7™ C I™™ for

some m € N.

Conjecture 5.1.3.4. Let X be a scheme and let U be an open subscheme of X. Let
F be one of the three options in Subsection 5.1.1 or a representation of m1(U) which
is unramified on U. Then there exists an irregularity sheaf T C Rxy as an Ox-
subsheaf such that at each codimension one point n € X' for some birational proper

morphism X' — X, T ® Ox:, has valuation —Swan(F,n) in Frac(OY).
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Then irreqularities described above induce a canonical ramification descending fil-
tration FilIl/"m(U ) on the fundamental group of U, indexed by IV/™ € 9‘{2’,, for some
n, where descending means that if TV™ < T''/" then FilIll/nITrl(U ) C FilIl/"ﬂ'l(U ).

Furthermore, if we define FiI*'"*1,(U) to be the closure of Nyi/m <gumFil7 Y (U),
then for IY/™ = 0, Filzl/nwl(U ) /FilIl/n+7r1(U) is abelian and we have a refined Swan

conductor homomorphism
rsw : Hom(Fil? /" my (U)/FilF "+ (U), k%) — TV "% (logD) ®o, k.

Remark 5.1.3.5. The first part of this conjecture is in fact verified for case (a) in
[Ked09+].

Conjecture 5.1.3.6. Keep the notation as in Conjecture 5.1.38.4 and we assume that
we are in case (a)-(c) in Subsection 5.1.1. Then we have B,...,Bs € Rxy @z Q
which has valuation (after tensoring the valuation by Q) equals the subsidiary breaks
of F at each codimension one point of RZ'(X). Moreover, the Euler characteristic

Xe(U, F) can be computed by
d

XU, F) = #(c(O%(logD)) N (1 + (Bi/Ox))™) yuor
i=1

where ¢(O%(logD)) is the total Chern class of the logarithmic differential sheaf,
B;/Ox is viewed as an element in the rational Grothendieck group of coherent mod-
ules over Oy, the intersection is taken over the rational Chow ring, and we finally

take the dimension 0 part. (See [Ful98] for more details on intersection theory.)

5.2 Toroidal variation

In this subsection, we collect some results regarding the toroidal variation of refined

Swan conductor.
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5.2.1 Vector bundles with connections

Definition 5.2.1.1. Let K be a complete discretely valued field of residual charac-
teristic zero, equipped with differential operators 0, ..., d,, of rational type. Let V
be a J;-differential modules on K of rank d. The irregularity of V is defined to be
Irr(V) = 3¢, log, ZR(V;4)

i=1
For the rest of this subsection, we assume that k is a field of characteristic zero.

Notation 5.2.1.2. For n > m > 0 integers, put R, = k[z1,...,z.][z7%, ..., 25l

A V-module on R, , is a differential module with respect to 9; = dxi,-'

Denote S = {(r1,...,7a) € [0,+00)": 71 +---+ 7, =1}. For r € S, write F, for
the completion of FracR, » with respect to the (e™,...,e™)-Gauss norm. For M a
V-module of rank d over R, , and r € SNQ", define Irr(M, r) = Irr(M ® F,) /denom,

where denom is the least common multiplier of the denominators of r4,...,7,.

Theorem 5.2.1.3. Let M be a V-module of rank d over Ry, y,. ThenIrr(M,r) extends
by continuity to a function on S which can be written as max?_;{\;(r)} for some
integral affine functionals Aq,. .., Ay. In particular, Irr(M, 1) is continuous, convez,

and piecewise affine.

Proof. It follows from Theorem 1.3.3.9. O

5.2.2 Solvable overconvergent isocrystals

In this subsection, we state a theorem from [Ked07+b] regarding the variation of

Swan conductors in case (b) of Subsection 5.1.1.

Hypothesis 5.2.2.1. Let k be a perfect field of characteristic p. let X be a smooth
irreducible k-variety. Let Ds,..., D, be smooth irreducible divisors on X meeting
transversely at a closed point z. Choose a local coordinates ty,...,t, at = such that
t; vanishes along D;. Put D = D,U---UD,, and X = X\D. Let F be an F-isocrystal

of rank d on X overconvergent along D.
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Notation 5.2.2.2. Denote S = {(r1,...,7n)|r1+---+rn=1}. Forr = (rq,...,m) €
S N Q", we have a valuation v,(-) on Frac(Ox) given by the restriction from the
(e ™,...,e ™)-Gauss valuation on Frac(k[ty,...,ts]). It corresponds to a smooth
divisor D, on a proper variety X’ birational over X. We denote Swan(F,r) =
Swan(F, D,)/denom, where denom is the least common multiplier of the denomi-

nators of rq,...,7,.

Theorem 5.2.2.3. Keep the notation as above. Then Swan(F,r) extends by con-
tinuity to a function on S which can be written as max;;l{/\j(r)} for some integral
affine functionals Ay, ..., \s. In particular, Swan(F,r) is continuous, convez, and

piecewise affine.

Proof. We refer to [Ked07+b, Section 3.4] for the proof. But the main ingredient is
Theorem 1.3.3.9. (]

5.2.3 Lisse /-adic sheaves

In this subsection, we state a theorem from [Ked07+b] regarding the variation of

Swan conductors in case (b) of Subsection 5.1.1.

Hypothesis 5.2.3.1. Let k be a perfect field of characteristic p. let X be a smooth
irreducible k-variety. Let Dy, ..., D, be smooth irreducible divisors on X meeting
transversely at a closed point . Choose a local coordinates t,,...,t, at x such that
t; vanishes along D;. Put D = D ,U---UD, and X = X\D. Let F be a lisse Q;-sheaf

of rank d on U, which corresponds to an l-adic representation m; (U) — GL(V).

Notation 5.2.3.2. Denote S = {(r1,...,ma)|r1+---+7r, =1}. Forr = (ry,...,1,) €
S N Q", we have a valuation v.(-) on Frac(Ox) given by the restriction from the
(e™,...,e"™)-Gauss valuation on Frac(k[ti,...,t,]); denote the completion to be
F,,...r.- It corresponds to a smooth divisor D, on a proper variety X’ birational over
X. We denote Swan(F,r) = Swan(F, D,)/denom, where denom is the least common

multiplier of the denominators of ry,...,r,, and Swan(F, D,) is the Swan conductor
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for the representation
Gal(F3? ./ Fr,.ra) = m(U) — GL(V).

Theorem 5.2.3.3. Keep the notation as above. Then Swan(F,r) extends by con-
tinuity to a function on S which can be written as maxh_,{\;(r)} for some integral

affine functionals Ay, ...,\p. In particular, Swan(F,r) is continuous, conver, and

piecewise affine.

Proof. This is proved in [Ked07+b, Theorem 5.2.1]. O
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