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Abstract

In this thesis, we study randomized and quantum algorithms in the query complexity model.
We investigate when and by how much quantum algorithms provide a speedup over the best
possible classical algorithm in the query complexity setting.

We introduce a total Boolean function that exhibits a power 2.5 quantum speedup com-
pared to the best possible randomized algorithm. In the process, we introduce the "cheat
sheet" method for turning partial Boolean functions into total Boolean functions, and ex-
amine some of its other applications.

We also study lower bound techniques for randomized algorithms. We introduce a mea-
sure called randomized sabotage complexity which lower bounds randomized query complex-
ity and behaves well under compositions. This tool for controlling the randomized query
complexity of composed functions combines nicely with the cheat sheet technique, which
often features composed functions in its applications. In addition, we study the quantum
analogue of this tool, and use it to show a new power 5 relationship between zero-error and
bounded-error quantum query complexity.

Finally, we characterize the total Boolean functions that exhibit exponential quantum
speedups when their domain is restricted to an arbitrarily chosen set. We show that such
a "sculpting" of a quantum speedup is possible if and only if the original total function has
many inputs with large certificate complexity. Along the way, we also show that functions
defined on very small domains or that are very unbalanced can display at most a quadratic
quantum speedup.

Thesis Supervisor: Scott J. Aaronson
Title: Visiting Associate Professor
Department of Electrical Engineering and Computer Science
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Chapter 1

Introduction

One of the central goals of complexity theory is to understand the power of various computa-
tional resources. When do resources such as nondeterminism or randomness help? What can
be done in the presence of advice or of an untrusted prover that cannot be done otherwise?
Which intractable problems turn tractable with the aid of a quantum computer?

Many of the most famous conjectures in all of computer science, such as the P vs. NP
problem or the P vs. BPP problem, arise as manifestations of these questions as they apply
to Turing machines. In particular, the P vs. NP problem asks whether polynomial-time
Turing machines benefit from non-determinism, while the P vs. BPP problem asks if they
benefit from access to randomness.

One of the most exciting questions in this direction is the question of BPP versus BQP:
can quantum computers solve problems that ordinary computers cannot? This question is
of immediate interest because of the possibility that quantum computers will be built in the
next few decades. Is building such computers a worthwhile endeavor, or can they be simu-
lated efficiently by computers we have today? The fact that we already know some highly
nontrivial quantum algorithms (such as for factoring [781) only increases the importance of
this question: if it turns out that BQP = BPP, this would mean that a polynomial-time clas-
sical algorithm for factoring integers exists, letting us break many cryptographic protocols
currently in use today.

Unfortunately, proving the non-existence of polynomial time algorithms for various prob-
lems has turned out to be an enormously difficult task. Showing that P 4 NP, as conjectured
by most researchers, is beyond our current abilities. Settling the P vs. BPP vs. BQP problem
hits similar barriers [491. The inability to answer even the most basic complexity questions
in the Turing machine model limits our ability to conduct more fine-tuned analysis into
when and by how much such resources help.

Query complexity attempts to circumvent this difficulty by switching the model: instead
of studying the questions for Turing machines whose computational cost is the number of
operations used, in the query complexity setting the machine has access to a blackbox, and
its only cost is the number of queries made to the blackbox; the number of operations is no
longer restricted. In this new setting, a "fast algorithm" means an algorithm that makes few
queries to the blackbox, whether or not it takes a lot of post-processing time to return the
answer.

Analogues of the classes P, N P, BPP, and BQ P can be formalized in the query complexity
setting, and settling the pairwise equality questions becomes relatively easy; this opens the
door to asking more fine-tuned questions such as exactly by how much and in what contexts

11



we should expect randomness, non-determinism, or quantum computation to help.
In this thesis, we focus our study primarily on randomized and quantum computation

in the query complexity setting. Quantum query complexity is a particularly appealing
model to study because quantum query algorithms have a close correspondence to quantum
algorithms in the Turing machine model: famous algorithms such as Shor's algorithm and
Grover's algorithm can be formalized and studied in the query world, and in some sense this
is their natural setting.

1.1 Query Complexity

We now go over the basics of query complexity. More detailed query complexity background
can be found in Chapter 2. Alternatively, the reader is encouraged to check out the survey
by Buhrman and de Wolf [2611.

In query complexity, there is a known Boolean function f : {0, 1}" -* {0, 1}, and an
unknown string x E {o, 1}. The goal is to compute f(x) by looking at as few of the bits of
x as possible. That is, we're allowed to make adaptive queries to the bits of x, and the goal
is to minimize the number of queries made before the value of f(x) is determined.

The worst-case number of such queries required by the best possible algorithm is called
the deterministic query complexity of f, denoted D(f). We can also let the algorithm to
make randomized queries, and allow it to err with some constant (small) probability; the
number of queries required in this randomized model is denoted R(f).

Finally, we can also consider quantum query algorithms. Like randomized algorithms,
we allow quantum algorithms to err with some small probability. The difference is that
instead of simply making randomized queries to the bits of f, we now allow the algorithm
to query in superposition: the algorithm can "query" the superposition Ek aklik) Ibk), where

ik E {1, 2, . . , n} and bk E {0, 1}, and the query will return the state Ek aklik)Ibk G ik).
Interestingly, these measures are all polynomially related to each other for functions

f : {0, 1}n -* {0, 1}: it was shown in 117] that Q(f) R(f) D(f) O(Q(f) 6 ). The best
separations between the measures remain open.

In contrast, if we consider functions defined on a subset of {0, 1} (and only require the
query algorithm to succeed on the subset), we can get exponential separations between these
measures. There is a query function f with R(f) = 0(1) and D(f) = Q(n), and another
query function with Q(f) = 0(1) and R(f) = (f/r). Achieving the maximum 1 vs. n
separation for R(f) vs. Q(f) is impossible [21, and achieving a log n vs. n gap is open.

Some of the problems studied in query complexity include finding the largest possible
separations for total and partial functions, examining the query complexities of various
natural problems, and exploring how the query complexity changes when the function f is
modified in various ways.

Examples

Some examples of Boolean functions and their query complexities might be helpful. A simple
example is the parity function, PARITY : {o, 1}" -+ {0, 1}, which maps a string of length
n to 0 if its Hamming weight is even and to 1 otherwise. Since one must read all bits of a
string to determine its parity, we have D(PARITY) = n. It turns out that R(PARITY) and
Q(PARITY) are also O(n).

'In this reference, the term 'decision tree complexity' is used to refer to query complexity.
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An easier Boolean function is the index function, IND : {0, 11k+2k -+ {0, 1}, which uses
the first k bits of a string to index a position of the remaining 2 k bits of the string, and
outputs this bit. The index function can be computed using only k +1 deterministic queries,
which is logarithmic in the input size n = k + 2 k.

The previous two functions were total functions, defined on all Boolean strings of the
right length. We can also analyze the query complexity of partial functions; for instance,
let f be the function satisfying f(x) = 0 if the Hamming weight of x is at most n/3, and
f(x) = 1 if the Hamming weight of x is at least 2n/3. If the Hamming weight of x lies
between n/3 and 2n/3, we leave f undefined; we simply promise that the input will never
have this form. Then f is a partial function, and it is not hard to see that D(f) = Q(n) and
R(f) = 0(1).

1.2 Overview of Results

We briefly describe the organization of this thesis.
In Chapter 2, we give detailed background on query complexity; we rigorously define

query complexity measures such as R(f) and Q(f), discuss some common lower bound
techniques, and prove some of the fundamental results, such as the polynomial relationship
between query measures of total functions. This chapter is readable on its own as an
introduction to the subject.

In Chapter 3, we study the question of the largest possible quantum speedup over classical

(randomized) algorithms for total functions. We introduce the cheat sheet method for
turning partial function query separations into total function separations, and use it to
provide a power 2.5 separation between R(f) and Q(f) for a family of total functions. This
chapter is based on work that appeared in [19] and [41, the latter of which is joint work with
Scott Aaronson and Robin Kothari.

In Chapter 4, we introduce a technique for lower bounding the randomized query com-
plexity. This technique is captured by a measure we call the randomized sabotage complexity,
RS(f). We show how this measure can be used to study the behavior of randomized query
complexity of composed functions. We also give an application to communication complex-
ity, showing a lifting theorem reduction. This chapter is based on work that appeared in
[20], which is joint work with Robin Kothari.

In Chapter 5, we introduce the quantum version of sabotage complexity. We examine
its relationship to the non-negative quantum adversary bound and to the complexity class
QSZK, and we use it to show a new power 5 relationship between zero-error and bounded-
error quantum algorithms. This chapter is based on unpublished work with Robin Kothari.

In Chapter 6, we study the question of the type of structure necessary for an exponential
quantum speedup to be possible. More precisely, we study the total functions f : {0, 1} -,
{0, 1} for which there exists some promise P C {0, 1}" such that fIp has an exponential
quantum speedup over randomized algorithms. We show that such "sculptable" functions
are characterized by having a large number of inputs with large certificate complexity, and
we define an h-index measure which captures sculptability. We also obtain some interesting
side results, including a nearly-quadratic relationship between Q(f) and D(f) for partial
functions whose domain is small. This chapter is based on work that appeared in [3], which
is joint work with Scott Aaronson.

13



14



Chapter 2

Query Complexity Preliminaries

In this chapter, we give an introduction to query complexity and a summary of the current
state of knowledge. This chapter is meant to be readable on its own, independently of the
other chapters, so that it can be used as an introductory reference for the field. For a
published survey of query complexity (which is also known as decision tree complexity), see
Buhrman and de Wolf [26].

2.1 The Basics

The primary objects of study in query complexity are Boolean functions and algorithms
for computing them. A Boolean function is a function f : {0, 1}" -+ {0, 1}, where n is a
positive integer; we are often also interested in partial Boolean functions, which are defined
on a subset of {0, 1}". That is, partial Boolean functions are functions f : P -+ {0, 1} where
P C {0, 1}. We use Dom(f) to refer to P, the domain of f.

We say that an algorithm A computes a (possibly partial) Boolean function f if it takes
as input a string x E Dom(f) and returns f(x). The defining feature of query complexity is
that we care not about how much time A takes to do this computation, but about how many
bits of the input x A looks at. In other words, we are interested in algorithms that output
f (x) without even reading the entire input, and indeed we wish to minimize the amount of
the input that is read.

One common way to think about query complexity is to imagine that the input string x
is actually a blackbox function (not to be confused with the function f, which is assumed
to be fixed and known in advance). In other words, we can think of x as the function
x : [n] -+ {0, 1} defined by x(i) := xi for all i E [n] (here [n] denotes the set {1, 2,... , n}).
In this framework, the algorithm A receives the blackbox function x as input, and calls it
some number of times before returning the output f (x). We wish to minimize the number
of calls A makes to the blackbox, but we do not care how much time A takes to return the
answer.

We now formalize exactly what we mean by "algorithm". Importantly, we will not need
to make any reference to Turing machines in order to do so, demonstrating the relative
tractability of the query complexity setting.

2.1.1 Deterministic Query Complexity and Decision Trees

We start with deterministic algorithms. Recall that there is a known (possibly partial)
function f : {0, 1}' -÷ {0, 1} and an unknown input x c Dom(f), and our goal is to

15



compute f(x) using adaptive queries to the bits of x.
To represent such an algorithm, we only need to keep track of the sequence of queries it

makes to the input. That is, the first query is just a number i in [n]; for the second query,
there are two possibilities: one for the case where the first queried bit xi was 0, and one for
the case where xi was 1. The entire algorithm can therefore be represented as a binary tree
whose internal nodes are labeled by [n] and whose edges are labeled by {0, 1}. The output
of the algorithm will be stored in the leaves, which are also labeled by {0, 1}.

Definition 2.1. Fix a positive integer n. A deterministic query algorithm or decision tree
on n bits is either

e A leaf, which is an element of {0, 1}, or

* A triple (i, Do, D1) where i E [n] is the label of the root, Do and D1 are decision trees
on n bits, and neither Do nor D1 have any nodes labeled by i.

In this definition, Do and D1 represent the algorithms to be executed in the case the
first query xi returns 0 or 1, respectively. They are forbidden from including i as a label of
an internal node in order to prevent the algorithm from making the same query twice, and
also in order to ensure the above definition allows finite trees only. We can now define the
evaluation of a deterministic algorithm D on an input x E {0, 1}", as well as the number of
queries D makes on x (which we refer to as the height of x in D).

Definition 2.2. Let D be a decision tree on n bits, and let x E {0, 1}". The value of D
when run on x, denoted by D(x), is

e D itself if D E {0, 1} is a leaf, or

* recursively, the value D.1 (x) if D = (i, Do, D1 ).

The height of x in D, denoted h(D, x), is the number of times the recursion step above is
applied in the evaluation of D on x. The height of the decision tree D, denoted h(D), is the
maximum value of h(D, x) over all x E {0, 1}.

Next, we define what it means for an algorithm D to compute a function f.

Definition 2.3. Let D be a decision tree on n bits, and let f be a (possibly partial) Boolean
function on n bits. We say D computes f if D(x) = f(x) for all x E Dom(f).

Finally, we define the deterministic query complexity of a Boolean function, which is the
minimum number of queries required (in the worst case over input x) by the best possible
algorithm computing f.

Definition 2.4. Let f be a (possibly partial) Boolean function on n bits. The deterministic
query complexity of f, denoted D(f), is the minimum value of h(D) over all decision trees
D that compute f.

We observe that for all Boolean functions f on n bits, D(f) is an integer between 0 and
n, and it is 0 if and only if f is constant. In the literature, functions with D(f) = n are
sometimes called evasive.
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Examples

Some common examples of total Boolean functions include PARITY, and OR,,. It's clear
that to determine the parity of n bits, one must look at all n of the bits; this means that
D(PARITYn) = n. For OR on n bits, we only need to examine the bits until a 1 is found.
However, when the input string is x = 0", there is no way to be sure what ORn(x) is without
reading all the bits of x; for this reason, D(ORn) = n. Hence ORn and PARITYn are both
evasive.

What are some functions for which D(f) is smaller than n? One simple example is the
dictator function defined by f(x) = x1; for this function, D(f) = 1. A less trivial example
is the index function: it is defined on n = k + 2 k bits, and f(x) is the bit Xe+k+1, where f
is the number whose binary representation is the string x 1x 2 ... Xk. That is, the function
uses the first k bits to index a position in the remaining 2 k bits, and outputs the bit in that
position. It is clear that we have D(f) = k + 1 = e(logn) for the index function.

2.1.2 Randomized Query Complexity

In a similar manner to the deterministic query complexity defined above, we can define the
notion of randomized query complexity, in which we allow randomized algorithms for com-
puting f. For this, we need a formalization of a randomized query algorithm, or randomized
decision tree. One way to do this is to add to the decision tree a "probabilistic layer" be-
fore each ordinary layer of nodes. In other words, there will be two types of nodes: one
type specifies the index of the input to query, and the other type represents a probability
distribution over which node to go to next. The edges coming out of the probability nodes
will be labeled by non-negative real numbers that sum up to 1, and these edges will all lead
to query nodes. The edges coming out of the query nodes will be the usual pair of edges
labeled by 0 and 1, and they will lead to probability nodes.

While the above formulation of randomized decision trees is natural - it gives the decision
tree the ability to make random decisions after each query - it is a little complicated.
Luckily, it can be simplified: instead of considering such a randomized decision tree, we can
consider a probability distribution over deterministic decision trees. It is not hard to see that
there is a close correspondence between the two concepts: a probability distribution over
deterministic decision trees simply corresponds to making the randomized internal choices
"in advance". For this reason, we will simply define a randomized decision tree to be a
probability distribution over deterministic decision trees.

Definition 2.5. Fix a positive integer n. A randomized decision tree or randomized query
algorithm on n bits is a probability distribution over deterministic decision trees on n bits.

For deterministic query algorithms, we introduced the height of the decision tree, which
corresponded to the worst-case number of queries the algorithm could make. For a random-
ized algorithm R, there are two natural notions of worst-case number of queries, or "height"
of the randomized decision tree. The first is the overall worst case, corresponding to the
maximum over both the input x and the choice of randomness; that is, getting the worst
possible input and also getting extremely unlucky. The second is the expected worst-case,
corresponding to the maximum over inputs x of the expected running time of R on x; that
is, getting the worst possible input but averaging out the number of queries on that input
for different choices of randomness. We denote the former by h(R) and the latter by h(R).
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Definition 2.6. Let R be a randomized decision tree on n bits, and let x G {0, 1}'. The
worst-case height of R on x, denoted h(R, x), is the maximum value of h(D, x) over all
decision trees D in the support of R. The expected height of R on x, denoted h(R, x), is
the expected value of h(D, x) when D is sampled from R. We also define the worst-case and
expected height of R, denoted h(R) and h(R), as the maximum over x E {0, 1}' of h(R, x)
and h(R, x), respectively.

Next, we need to define what it means for a randomized decision tree to compute a
Boolean function f. We start by defining the evaluation of a randomized decision tree R on
an input x, as follows.

Definition 2.7. Let R be a randomized decision tree on n bits, and let x C {0, 1}'. Then
the value of R when run on x, denoted R(x), is the random variable D(x) when D is sampled
from R.

Note that R(x) is a random variable with support {0, 1}; that is, running the algorithm R
on x gives a probability distribution over {0, 1} answers. Therefore, the notion of computing
f will depend on the tolerated level of error.

Definition 2.8. Let R be a randomized decision tree on n bits, and let f be a (possibly
partial) Boolean function on n bits. For e E [0, 1/2), We say that R computes f with error
e if Pr[R(x) = f(x)] 1 - e for all x E Dom(f).

Note that the randomized decision tree which is a uniform distribution over {0, 1} com-
putes every function with error 1/2, so taking e > 1/2 is meaningless. We can now define
the randomized query complexity of f with error e.

Definition 2.9. Let f be a (possibly partial) Boolean function on n bits, and let e E (0, 1/2).
The randomized query complexity of f with error e, denoted RE(f), is the minimum value
of h(fR) over all randomized decision trees R computing f with error e. When e = 1/3, we
denote this by R(f) and refer to the measure as simply the randomized query complexity of

f.

We note that the randomized query complexity of f is sometimes referred to as two-sided
randomized query complexity and denoted R2(f) in the literature. We also note that Ro(f)
means something different from the above definition with e = 0.

In the following section, we clean up a few loose ends regarding this definition, such as
the arbitrariness of the value 1/3 and the use of h(R) rather than h(R) as the cost of a
randomized query algorithm.

Examples

The function PARITY, has maximal randomized query complexity, R(PARITYn) = n. On
the other hand, for the function ORn one can save a constant factor by using the fact that
the randomized algorithm is allowed to err: we have R(ORn) <; [2n/31, though R(ORn) =

Q(n).
We can construct functions that separate randomized query complexity from determin-

istic query complexity. This is easiest for partial functions: consider the function f defined
only strings of Hamming weight n/3 or 2n/3, which returns 0 if the Hamming weight is
n/3 and 1 otherwise (this function is the majority function with the promise that the input
has a certain Hamming weight). A randomized query algorithm for f can just pick a bit at
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random and output it, so R(f) = 1. On the other hand, a deterministic query algorithm
must, in the worst case, query n/3 + 1 bits before knowing the value of f(x) with certainty;
thus D(f) = 0(n).

Separating randomized and deterministic query complexities for total functions is harder,
and we leave it for later.

2.1.3 House Cleaning for Randomized Algorithms

There are a few seemingly arbitrary choices in the definition of R(f), which we now clarify.
First of all, why choose e = 1/3? The following theorem shows that the value of e doesn't
matter, so long as it is bounded between 0 and 1/2 as so long as we don't care about constant
factors.

Lemma 2.10 (Amplification). If f is a Boolean function and R is a randomized algorithm
for f with error e < 1/2, repeating R several times and taking the majority vote of the
outcomes decreases the error. To reach error e' > 0, it suffices to repeat the algorithm
2 ln(l/E) times. In particular, if 0 < e' < e < 1/2, we have

<21ln(1/e')
RE(f) Re,(f) 2 (1-2) RE(f).

(1 -- 2,

This lemma implies that R,(f) = E(RE,(f)) for all e and e' that are constants in (0, 1/2);
the choice of 1/3 is therefore just a convention and doesn't matter except up to constant
factors. When e > 1/2, the query complexity of every function becomes 0. Finally, when e =
0, every deterministic decision tree in the domain of a randomized decision tree computing
f also computes f, so the randomized query complexity equals D(f).

Next, what happens if we define the cost of a randomized algorithm by h(R) instead of
h( R)?

Definition 2.11. Let f be a Boolean function, and let e E [0, 1/2). The expected random-
ized query complexity of f with error e, denoted RE(f), is the infimum of h(R) over all
randomized decision trees R that compute f with error e. When e = 1/3, we omit it and
write R(f).

Observe that while h(R) is always an integer, h(R) need only be a real number, explaining
the use of infimum instead of minimum. However, note that the set of all randomized
decision trees on n bits is simply the set of probability distributions over a finite domain (the
deterministic decision trees on n bits), which is compact. Note also that h is a continuous
function in the probabilities inside R. Since continuous functions attain their minimum
over compact sets, the infimum in the definition of RE(f) is always attained by a single
randomized decision tree.

Lemma 2.10 tells us that RE (f) = e(RE,(f)) for all e, c' E (0, 1/2). How does R(f) relate

to R(f)? Since h(R) h(R) for all randomized decision trees R, we have R(f) R(f). For
the other direction, we use the following lemma.

Lemma 2.12 (Markov's Inequality). Let R be a randomized decision tree on n bits, and let
J E (0,1). On any input x E {0, 1}, the probability that h(D,x) [h(R,x)/J] when D is
sampled from R is at least 1 - J.

This lemma lets us switch from an expected cost algorithm to a worst case algorithm
while losing an additive constant in the error and a multiplicative constant in the query
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complexity: all we need to do is to "cut off" the deterministic decision trees in the support
of R that are too tall, replacing the paths that are too long with a random guess. Doing
this and combining with amplification yields the following result.

Lemma 2.13. If f is a (possibly partial) Boolean function, then for all e E (0, 1), we have

RE(f) 14  2Q REf). When e = -, we can improve this to R(f) 10R(f).

In other words, all definitions of randomized query complexity we've seen so far are
equivalent up to constant factors.

What happens when we set e = 0 for RE(f)? In this case, we actually get a new measure,
and not simply D(f) like before.

Definition 2.14. Let f be a (possibly partial) Boolean function. The zero-error randomized
query complexity of f, denoted Ro(f), is defined to be Ro(f).

The zero-error randomized query complexity of f is larger than or equal to RE(f) for all
e E (0, 1/2) and all f, but smaller than or equal to D(f). We also have R(f) 5 (3/2) Ro(f),
which follows from applying Lemma 2.12 by cutting off the zero-error algorithm after 3/2
times the expected number of steps and guessing randomly afterwards.

We can also define one-sided randomized query complexity.

Definition 2.15. Let f be a (possibly partial) Boolean function on n bits, and let R be a
randomized decision tree on n bits. Let e E (0,1). We say that R computes f with one-sided
error e on the 1 side if Pr[R(x) = f(x)] = 1 for all x E f-1(1) and Pr[R(x) = f(x)] > 1 - E
for all x E f-1(0). We say R computes f with one-sided error on the 0 side if these
probabilities are flipped.

We define Rif ( f) to be the minimum of h(R) over randomized decision trees R that

compute f with one-sided error on the 0 side, and we define R,( f) similarly for the 1 side.
We define R1,,(f) as 'the minimum of these two measures. Finally, if e = 1/2, we omit it

from these measures, so that R1(f) = R1,1/2(f)

An amplification theorem similar to Lemma 2.10 can be shown for one-sided randomized
algorithms, demonstrating that e does not matter up to constant factors when it is inside
(0, 1). When e = 0, one-sided error randomized query complexity simply becomes D(f), and
when e = 1 it is always zero. The expectation version R1(f) can be defined in the natural
way, and it will equal R 1 (f) up to constant factors for all e E (0, 1). In addition, Rl,E(f)
equals Ro(f) when e = 0.

It is not hard to observe that R(f) R1 (f), since we can turn a one-sided error algorithm
with error 1/2 on one side and 0 on the other into a two-sided error algorithm with error
1/3 on both sides by simply flipping the output with probability 1/3 on one of the outputs.
Using Lemma 2.12, it is not hard to show that R1 (f) 2 Ro(f). We also have R1 (f) D(f).

Finally, we note that max{R') (f), R() (f)} equals Ro (f) up to constant factors. The

direction max{Rj (f), Rl )(f)} 2 Ro(f) follows from Markov's inequality. For the other
direction, note that if we have a one-sided error algorithm RO that never errs when it outputs
0 and a one-sided error algorithm R1 that never errs when it outputs 1, we can simply run
both, and repeat until one of the two outputs the guaranteed-correct output. If e = 1/2, we
only need to repeat these algorithms twice each on expectation, as we show in Appendix A.

Thus Ro(f) 4 max{RO) (f), Ri1 (f)}.
In sum, we defined three notions of randomized query complexity that are not equivalent

up to constant factors: R2(f), R1(f), and Ro(f). They correspond to BPP algorithms,
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RP U coRP algorithms, and ZPP algorithms, respectively. They satisfy the relations R 2 (f)
R1(f) D(f), and Ro(f) lies between R 1(f) and D(f) up to constant factors. The measure
R 2(f) is more commonly denoted R(f), and is the default definition of randomized query
complexity.

2.1.4 Quantum Query Complexity

Next, we define the notion of quantum query complexity, attempting to model quantum
algorithms that have query access to the bits of an input string x. Quantum query complexity
no longer looks like a decision tree. To motivate the definition, we will start by redefining
deterministic and randomized query complexities in a different way.

We can view a deterministic query algorithm as a tape of memory that is manipulated
by two players: the algorithm and the oracle. The tape will be split into four registers:
the first will be called the general memory register (of arbitrary size), the second will be
the query index register (which stores a number in [n]), the third will be the query answer
register (which stores a bit in {0, 1}), and the fourth will be the final output register (which
also stores a bit in {0, 1}). The two players alternate turns, with the algorithm player going
first. In his turn, the algorithm player can manipulate all registers in any way (though the
manipulation cannot depend on the input x). On the oracle's turn, she manipulates the
tape in a very specific way: by reading i E [n] from the query index register, and writing xi
to the query answer register.

After T alterations between the players, the algorithm player takes one final turn, after
which the final output of the algorithm is defined to be the contents of the output register
(that is, the algorithm player should write his final answer for f(x) in that designated
register). This defines a T-query deterministic algorithm.

It is not hard to see that this definition is equivalent to the decision tree definition of
algorithms, in that both allow the same types of computation for the same cost. Indeed,
a decision tree can be simulated in this model by storing the whole tree plus the current
position inside the tree in the general memory register, and then moving in the tree (and
changing the query register to match the label of the current node) in each step.

Similarly, a randomized algorithm can be defined in this register model by allowing the
algorithm player to make randomized transformations on the four registers. That way, the
state of the tape in each step will be a probability distribution over deterministic tape
contents.

We're now ready to define a quantum query algorithm. The idea is to simply take
the register definition of query complexity, and allow unitary transformation to be applied
to the tape. That is, each possible deterministic content of the tape will constitute a
basis vector in a Hilbert space; the contents of the tape at each point of time will be
represented by a unit vector in that Hilbert space (that is, a quantum superposition over
deterministic tape contents); and the manipulations the players make to the tape will be
unitary transformations.

One catch is that a unitary transformation is always reversible, so we must be careful
to make sure the action of the oracle player is defined appropriately. Concretely, we assume
deterministic contents of the tape always have the form |A)Ii)Ib)Io), where A (the general
memory register) is arbitrarily large, i is an index in [n], and b and o are bits in {0, 1}.
We define the oracle unitary UX (which depends on the input x) as the map IA) i)jb)lo) -+
IA) i)lb D xi)|o) extended linearly. In particular, when b = 0, this transformation simply
writes xi in the query answer register, where i is specified by the query index register.
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A T-query quantum algorithm will then be a sequence of T + 1 unitary matrices,
Uo, U1 ,... , UT, defining the action of the algorithm player. The output of the algorithm
will be the result of measuring output register after applying

UTUxUT-iU ... UxU1Ux UoIAo)I1)10) 0),

where AO is an arbitrary fixed state (independent of x). Note that the starting state
|Ao)I1)|0)|0) can be replaced with any other fixed state independent of x; the choice doesn't
matter, because UO can map it to another state anyway. The size of the Hilbert space for
the first register can be arbitrarily large.

Recall that measurement outcomes are probabilistic, with the probability of an outcome
determined the square of the absolute value of its amplitude. In other words, if the final
state of the algorithm has the form

E akIAk)Iik)|b)0) + 3 ak|Aklik)|bk)|1),
kEKO keK1

the probability that the algorithm outputs 0 is Eke IakI2 and the probability that the
algorithm outputs 1 is EkeK 1ak 2 (note that since the final state is a unit vector, these
probabilities sum to 1). If Q is a quantum query algorithm on n bits and x E {0, 1}n, we
let Q(x) denote the random variable for the outcome of the algorithm when run on x; this
is a random variable with support {0, 1}. We can also define h(Q) to be T, the number of
queries made by the quantum algorithm, though this notation is rarely used.

Definition 2.16. Let Q be a T-query quantum algorithm on n bits, as defined above. Let
f be a (possibly partial) Boolean function on n bits, and let e C (0, 1/2). We say that Q
computes f with error e if Pr[Q(x) = f(x)] ;> 1 - e for all x E Dom(f).

We define the quantum query complexity of f with error e, denoted Q,(f), as the min-
imum integer T such that there exists a T-query quantum algorithm that computes f with
error e. When e = 1/3, we omit it and write Q(f).

We note that this definition effectively measures the worst-case running time of the
quantum algorithm, not the expected running time; in other words, Q,(f) is the quantum
analogue of RE(f), not of RE(f). This means that when we set e = 0 in this definition, we
get an analogue of D(f); we denote this measure by QE(f) in order to reserve QO(f) for
something more analogous to RO(f).

Definition 2.17. Let f be a (possibly partial) Boolean function. The exact quantum query
complexity of f, denoted QE(f), is defined as in Definition 2.16 with e set to 0.

To argue that the choice of e = 1/3 does not matter, we need to discuss amplification for
quantum algorithms. Lemma 2.10 tells us that we can reduce the error of any algorithm by
repeating it and taking a majority vote; it remains to argue that if Q is a quantum query
algorithm, there is another quantum query algorithm Q' that repeats the first algorithm k
times and outputs the majority vote of the runs. This is not hard to see: Q' can use a larger
general memory register than Q, and following each run of Q it can store the final state of
the algorithm. Q' will then only need to compute the majority function on the k stored
copies of the output register, and store this majority in the real output register. That way,
when the real output register is measured, the result will be equivalent to measuring the k
stored output registers and taking the majority of them.
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The way we defined things, it is easy to see that quantum algorithms can simulate
deterministic ones, so that Q(f) QE(f) D(f). It is also true that quantum algorithms
can simulate randomized algorithms, so we have Q,(f) R,(f) for all E. The measures

QE(f) and R(f) are in general incomparable.
We can define Q1 (f) analogously to R1 (f), and observe that amplification for it works

the same way as amplification for one-sided randomized algorithms. One possible definition
of Q0 (f) will then simply be max{Q(0 (f),Q(l)(f)}, since we saw that the randomized

analogue of this measure is within a constant factor of Ro(f).
Another possible way of defining Q0(f) is by changing the definition of a quantum

algorithm to allow a "not yet done" output symbol, which we denote *. We say that such a
quantum algorithm Q computes f with zero error and success probability 6 E (0, 1) if for all
x E Dom(f), we have Pr[Q(x) = 1 - f(x)] = 0 and Pr[Q(x) = *] < 1 - 6. In other words,
we require Q to never err, but allow it to say "I don't know" with some fixed probability.
When 6 = 1, this measure becomes QE(f); when 6 = 0, this measure is 0; but for all values
of 6 in between, we get a new measure Q0,5(f), and we can amplify 6. It is not hard to
show that for the randomized analogue of this measure, we have Ro, 6(f) = e(Ro(f)). We
therefore define Qo(f) to be Qo,1/ 2 (f)-

In conclusion, we defined the quantum measures

Q(f) Q1(f) QO(f) QE(f)

without making reference to any "expected" number of queries made by a quantum algorithm.
These measures are all smaller than the corresponding randomized measures, except for

Qo(f), which is smaller than 2Ro(f) rather than Ro(f) due to the difference in definitions.

2.1.5 Further Remarks

So far, we introduced eight query complexity measures, which satisfy

0 < R(f) 5 Ri(f) ,< Ro(f) D(f) n,

0 < Q(f) Q 1(f) QO(f) 5 QE(f) n,

with the quantum measures all smaller than the corresponding classical measures. We note
that comparisons involving Ro(f) are often off by a constant factor, since we defined it using
the expected height of a randomized decision tree1 .

Eight measures are a lot to keep track of, and in the next section we'll introduce a lot
more. In fact, most of the "complexity zoo" can arguably be defined in query complexity,
and the zoo currently has hundreds of defined complexity classes; there are too many to
keep track of. In the spirit of simplicity, we note that the main truly important measures
defined so far are D(f), R(f), Ro(f), and Q(f); the other four are considered somewhat
more esoteric.

We make one final remark, which is that all measures defined so far easily generalize to
non-Boolean functions. In particular, the domain of f can be a subset of E' instead of {0, 1}'
for some alphabet E of constant size, and the codomain can similarly be a finite alphabet E'

'It might be tempting to switch to a different definition to avoid the constant factors, such as one that
is analogous to Q 0 (f). However, we stick with our current definition, because it behaves better with respect
to compositions and direct sum results. One might even argue that it's the other measures that should be
changed by a constant factor, and that Ro(f) is "correct".
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instead of {0, 1}; the definitions of decision trees and of quantum query algorithms generalize
readily to capture this setting. The only thing to remember is that amplification of two-
sided error algorithms always requires e < 1/2, despite the fact that for functions with
non-Boolean outputs, larger error probabilities still make sense to talk about 2 .

2.2 Relationships for Total Functions

One important direction for query complexity is the study of relationships between the
measures for total functions. It turns out that all the measures we have defined so far
are polynomially related for such functions: we have D(f) = O(Q(f) 6) for all total f. In
this section, we introduce the tools necessary to prove such relationships. We also discuss
the known separations. For most pairs of measures, the known relationships and known
separations do not match, so that the largest gap between the measures remains open.

2.2.1 Notation

We start by introducing some useful notation. First, for a bit b E {0, 1}, we use b to denote
1 - b. We now define a few standard terms.

Definition 2.18 (Block). Fix n E N. A block is a subset of [n]. If B C [n] is a block and
x E {0, }", we use xB to denote the string x with the bits in B flipped, that is, (xB), _
for i V B and (xB), = ~y- for i G B. We also use XB to denote the string in {0, 1}1BI

consisting of the bits xi : i E B.

A block is simply a set of positions in the input string, and the notation xB allows for
easy manipulations of a Boolean string. We can generalize blocks to non-Boolean alphabets
(where the input string is in En), though it is a little more complicated: we need to specify
not only a set of indices of the input string, but also how they are to be transformed. We
define a block B to be a subset A of [n] together with ISI permutations o-1 , -2, - - -, eS E Sr.

Then xB will be defined by (xB) = x if i A and o(xi) if i is the jth element of A.

Definition 2.19 (Partial Assignment). Let n C N. A partial assignment is an element of

{0, 1, *}. We identify each partial assignment p with the set {(i, pi) : pi = *}, allowing us
to use notation like |pJ and p C q for partial assignments p and q. Two partial assignments
p and q are consistent if they agree on their non-* entries. The support supp(p) of a partial
assignment p is the block {i E [n] : pi #*}.

A partial assignment represents partial knowledge of a Boolean string x E {o, 1}'. Recall
that an unknown input string x can be thought of as a blackbox function mapping i to xi
for i E [n]; from this perspective, a partial assignment is simply a partial blackbox function,
and its support is simply its domain.

We can also generalize partial assignments to non-Boolean inputs: when the input is in
E' for some finite alphabet E, a partial assignment is an element of E U {*}.

Next, we define various notions of a restriction of a Boolean function.

Definition 2.20 (Restriction). Let f be a (possibly partial) Boolean function on n bits.

2 One can even generalize query complexity to relations, which have multiple valid outputs. In this setting,
a query algorithm is said to compute a relation f if for any given input, the output of the algorithm is one
of the valid outputs of the function with probability at least 1 - e. However, one should no longer assume
amplification works in this setting unless further justified.
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" If P C Dom(f), the restriction of f to P, denoted by f1p, is the function f with
restricted domain.

" If B C [n] is a block, the restriction of f to B, denoted fB, is the function on BI bits
mapping XB to f(x) for all x E Dom(f). This is only well-defined for blocks B such
that XB determines the value of f(x) for all x E Dom(f ).

" If p g {0, 1, *} is a partial assignment, the restriction of f to p, denoted fp, is the
function on n- IpI bits that is induced by revealing the non-* bits of p in the input string;
that is, this is (f p)B where P = {x E Dom(f) : p 9 x} and B = {i E [n] : pi = *}.

The first type of restriction represents adding an additional promise on the input string,
reducing the number of options for it. It makes the function easier to compute. The second
type of restriction represents reducing the number of questions we can ask the oracle. This
makes the function harder to compute. Finally, the third type of restriction represents being
given some queries for free. This makes the function easier to compute.

To summarize, all of the query complexity measures M introduced so far satisfy the
following properties:

" (Range) If f is constant, M(f) = 0. If f is not constant and defined on n bits,
M(f) E [1, n].

" (Restriction to a promise) If P C Dom(f), we have M(flp) < M(f).

" (Restriction of queries) If B C [n] and fB is well-defined, we have M(fB) ;> M(f).

" (Restriction to partial assignment) If p E {0, 1, *} is a partial assignment, we have

MUfP) < MY).

" (Input alphabet change) If B C [n] is a block and f' is the function defined by f'(xB)
f(x) for all x E Dom(f), we have M(f') = M(f).

" (Bit duplication) If f() is the partial function on n + 1 bits where the bn+1 bit
is promised to equal the bi bit, and f() (x) evaluates to f on the first n bits, then

M(fu ) = M(f).

" (Padding) If f' is the partial function on n + 1 bits where the last bit is promised to
be constant (either always 0 or always 1), and f'(x) evaluates to f on the first n bits,
then M(f') = M(f).

Another property that many measures satisfy is M(f) = M(f), where f denotes the
negation of the function, so f(x) = f(x). Query complexity properties that satisfy this
property are called two-sided measures.

2.2.2 Certificates

One of the most important tool in the study of query complexity is the notion of certificates.

Definition 2.21 (Certificate). Fix a (possibly partial) Boolean function f. We say a partial
assignment p is a certificate (with respect to f) if f (x) is the same for all strings x E Dom(f )
satisfying p g x. If f(x) = 0 for such strings, we say p is a 0-certificate; otherwise, we say
p is a 1-certificate.
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This definition easily extends to functions with non-Boolean inputs or outputs.
This defines certificates with respect to a function f, but we can also talk about certifi-

cates for a particular input x to f. We say p is a certificate for the string x if p is both (1) a
certificate (with respect to f), and (2) consistent with x. Note that x is always a certificate
for x. We can define a measure of query complexity based on the cost of certifying.

Definition 2.22 (Certificate Complexity). Let f be a (possibly partial) Boolean function,
and let x c Dom(f). Let Cx(f) denote the size of the smallest certificate for x with respect
to f. The certificate complexity of f is C(f) := maxXEDom(f) Cx(f). We also define the

one-sided measures C( 0)(f) := max.ef-1(o) Cx(f) and C()(f) := maxxEf-i(l) C(f).

C(f) measures the worst-case cost of certifying the value of the input. This is the same
as the worst-case cost of non-deterministically computing the function; in fact, CM (f) can
be thought of as a query analogue of NP.

A deterministic or even zero-error randomized algorithm must find a certificate for the
input it is given, as we now show.

Lemma 2.23. Let f be a (possibly partial) Boolean function. Then any zero-error ran-
domized algorithm computing f can be made to output a certificate for its input, and in

particular, Ro(f) > C(f). Similarly, Ri0)(f) C( 0)(f) and R(')(f) C(l)(f).

Proof. Let R be the zero-error randomized algorithm whose worst-case expected running
time is Ro(f). Then R is a distribution over randomized decision trees, all of which compute
f. On the input x E Dom(f), the algorithm will sample a deterministic decision tree D and
apply it; let p be the partial assignment resulting from running D on x.

We claim that p is a certificate for x with respect to f. Indeed, suppose not. Then
there would be some input y E Dom(f) such that p 9 y and f(y) # f(x). If we now run D
on y, it will follow the same path down the decision tree, since y agrees with x on all the
relevant queries. This means y reaches the same leaf of D that x reached, so D(y) = D(x).
However, since f(y) : f(x), this contradicts the assumption the D computes f. Hence p
is a certificate, and the algorithm R can output it. Finally, since R outputs a certificate
for x on each input x, in must make at least Cx(f) queries to x, regardless of the choice of
randomness; hence h(R,x) > Cx(f). Maximizing over all x E Dom(f) gives h(R) C(f),
so Ro(f) > C(f).

The case of one-sided algorithms follows similarly, except that the algorithm need only
find certificates on one type of inputs (say, 0-inputs). 0

Query complexity and certificate complexity can be related in the other direction when
f is a total function, as we now show. The following theorem is due to [42, 23, 841.

Theorem 2.24. Let f : {0, 1}' -+ {0, 1} be a total Boolean function. Then

D(f) :: C(o) (f) Cl) (f) < C(f)2_

Later, we will prove a strengthened version of this theorem (Theorem 2.30). However,
we present a stand-alone proof of this theorem here for clarity, since it is a little simpler.

Proof. We describe a deterministic query algorithm D that makes the desired number of
queries to the input x. This algorithm keeps track of the partial assignment p E {0, 1, *}

of queries it made so far; at the beginning, p = *'. It then repeats the following.
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1. Check if p is a certificate; if it is, the algorithm must know the value of f (x), so output
that value and halt.

2. If p is not a certificate, find some y c f-1 (0) consistent with p. Pick a certificate c C y
such that Ici C( 0)(f).

3. Query the support of c, and update p with the answers.

In each iteration, the algorithm queries at most C(0M(f) bits of the input x. We now show
that the algorithm halts after at most C(')(f) iterations.

The key insight is that each 0-certificate and each 1-certificate must conflict, since no
string in {0, 1}" can be consistent with both. This means their supports must overlap in
at least one index, and on that index the 0-certificate will claim a different value than the
1-certificate. Because of this, the query in step 3 of the algorithm must query at least one
bit from every 1-certificate consistent with p.

It follows that after C(l)(f) iterations, every 1-certificate of size at most C'M(f) must
either be inconsistent with p or else be fully revealed in p. At this point, if p contains
a 1-certificate, the algorithm will terminate; but if p does not contain a 1-certificate, it
contradicts all 1-certificates of size at most CG)(f), and hence all 1-inputs to f; this means
p must be a 0-certificate, so the algorithm terminates anyway. We conclude this algorithm
makes at most C(0)(f) C ()(f) queries.

Corollary 2.25. Let f be a total Boolean function. Then

D(f) Ro(f)2 and D(f) Ro(f) R 1 (f).

2.2.3 Sensitivity and Block Sensitivity

We now introduce two query complexity measures that are fundamental to the study of
query complexity of total functions.

Definition 2.26 (Block sensitivity). Fix a (possibly partial) Boolean function f and an input
x G Dom(f). We say a block B C [n] is sensitive for x (with respect to f) if XB c Dom(f)
and f(xB ' f(X).

The block sensitivity of x (with respect to f), denoted bs:(f), is the maximum size
of a set of disjoint sensitive blocks of x. The block sensitivity of the function f, denoted
bs(f), ismaxxEDom(f) bsx(f). We also define bs(0)(f) := maxxaf-(O) bsx(f) and bs(l)(f)
maxxef -1() bsx(f).

The block sensitivity of an input is the number of disjoint changes one can make to it
to flip its value under the function f. Intuitively, when given an input x, one must make at
least one query in each sensitive block B before determining the value of f(x), as otherwise,
one cannot know whether the input was actually xB rather than x. Since the input has
bs. (f) disjoint sensitive blocks, we must make at least bsx (f) queries. Block sensitivity will
therefore be useful as a lower bound technique for query complexity in various models.

Lemma 2.27. Let f be a (possibly partial) Boolean function, and let x G Dom(f). Then
bsx(f) C.(f). As a consequence, we have bs(0)(f) C( 0 )(f), bs()(f) CM(f), and
bs(f) C(f).
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Proof. We note that every certificate c consistent with x must contain at least one bit from
each sensitive block of x. Indeed, if B is a sensitive block of x, then f(xB) $ f(x), which
means c is inconsistent with xB as it is a certificate for x. But since c is consistent with x,
its disagreement with xB must lie inside the block B.

Now, since there are bs,(f) disjoint sensitive blocks for x and any certificate must in-
tersect all of them, it follows that any certificate for x has size at least bsx(f), so Cx(f)
bsx(f). l

We make use of the following property of randomized algorithms, which we state here in
its most general form.

Lemma 2.28. Let f be a (possibly partial) function, let x G Dom(f) be an input, and let
B be a sensitive block of x with respect to f.

Then any randomized algorithm that solves f using at most T expected queries and with
error at most e must, when run on x, query a bit in B with probability at least 1 - 2E.

Note that we do not require f to have Boolean inputs or outputs for this lemma to hold.

Proof. Let R be such a randomized algorithm. Let p be the probability that R queries an
entry in B when it is run on x. Then with probability 1 - p, it does not query an entry in B
when run on x, which means it also does not query an entry in B when run on xB. Hence
the probability that R does not query an entry in B when run on xB is also 1 - p.

Let q be the probability that R does not output f(x) when run on x given that it doesn't
query inside B. Let r be the probability that R does not output f(xB) when run on x given
that it doesn't query such a difference. Since one of these events always happens, we have
q + r > 1. Note that R errs with probability at least (1 - p)q when run on x and at least
(1 - p)r when run on xB. This means that (1 - p)q e and (1 - p)r < e. Summing these

gives 1 -p (1 -p)(q+r) < 2e, sop> 1 -2e, as desired. L

Corollary 2.29. Let f be a (possibly partial) Boolean function. Then R(f) R(f)
bs(f)/3.

Proof. Let x E Dom(f) be such that bsx(f) = bs(f), and let B1, B 2, ... , Bbs(f) be disjoint
sensitive blocks of x. Let R be a randomized algorithm for f. By Lemma 2.28, when
R is run on x, it queries an entry inside Bi with probability at least 1 - 2(1/3) = 1/3.
Hence the expected number of bits R queries inside these blocks of x is at least bs(f)/3, so
h(R, x) bs(f)/3. It follows that R(f) bs(f)/3. El

We now prove some upper bounds in terms of bs(f) for total functions. We start with
an improvement on Theorem 2.24. This result is implicit in [651, and proven explicitly in
[17].

Theorem 2.30. Let f: {0, 1}" -+ {0, 1} be a total Boolean function. Then

D(f) C(0 )(f) bs()(f) 5 C(f) bs(f).

Proof. We use the same deterministic algorithm as in Theorem 2.24, but with a better
analysis. In particular, we show that the number of iterations of the algorithm is upper
bounded by bs(1)(f) rather than just by C( 1)(f).

Let x be the input on which the algorithm runs for the largest number of iterations. The
idea is to consider the state of the algorithm right before it makes its last batch of queries
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on x. At that point, the partial assignment p is still not a certificate, meaning there is some
1-input y that is consistent with p. When the deterministic algorithm runs on y, it makes
the same number of iterations as when it runs on x, but this time we know that f(y) = 1

(we had no control over f(x)).
Now, let each batch of queries made by the algorithm define a block. That is, if the algo-

rithm ran for k iterations, we have k disjoint sets of bits that were queried, A1 , A 2,..., A,
one per iteration. We claim that each Ai contains a sub-block Bi which is sensitive. This is
because in the ith iteration of the algorithm, the positions queried were the support of some
0-certificate consistent with all the previous queries; hence, the bits we must change to make
y contain that 0-certificate all lie inside Ai. If those bits are Bi g Ai, we have f(yBi) = 0
and f(y) = 1, so Bi is sensitive.

We have therefore constructed a set of k disjoint sensitive blocks for y, where k is the
number of iterations of the algorithm. The maximum possible number of disjoint sensitive
blocks for y is bsy(f) bs(l)(f), so the number of iterations is at most bs(')(f). Thus

D(f) C()(f)bs(1 )(f). 1

Corollary 2.31. Let f be a total Boolean function. Then D(f) 3 R1 (f) R(f).

Proof. We have D(f) bs(0)(f)C(')(f) and D(f) bs()(f)C( 0)(f), so we must have
D(f) bs(f) C1 (f) where C 1 (f) = min{C( 0)(f), C( 1)(f)}. Then use Lemma 2.23 and
Corollary 2.29. E

Next, we give an upper bound for C(f) in terms of bs(f) for total functions. To get the
strongest version of the result, we define some new complexity measures.

Definition 2.32. Let f be a total Boolean function, and let x be an input to f. The
sensitivity of x (with respect to f), denoted ss(f), is the number of bits i G [n] such that

f(x) # f(x). We also use or.(f ) to denote the size of the largest set of bits S c [n] such
that f(xB) $ f(x) for all B C S with B 5 0.

As usual, we define s(f) = max. s.(f) and or(f) = max, or.(f), with s(0)(f), s()(f),
or(0)(f ), and or(')(f ) defined in the natural way.

Note that the sensitivity of an input is simply the block sensitivity with all the blocks
restricted to be of size 1. Hence sz(f) bsz(f) for all x. Moreover, or.(f) is the largest
copy of the OR function we can find in the vicinity of x. The set S in the definition of
orx(f) must consist of sensitive bits for x, so orx(f) 5 sx(f) bsx(f).

We have defined s(f) and or(f) for total functions only, because unlike bs(f). This is
because these measures make less sense for partial functions, and are essentially never used
in that context.

We are now ready to prove an upper bound on C(f) for total functions. The following
argument is due to Nisan [651.

Theorem 2.33. Let f : {0, 1}' -÷ {0, 1} be a total Boolean function. Then

Cx(f) bsx(f) or(f(x))(f) bsx(f) s(f(x))(f).

In particular,

C(0)(f) bs(0)(f) or(')(f) bs(0)(f) s()(f) bs(0)(f) bs( 1)(f)

so C(f) bs(f) min{or(0 )(f), or(')(f)} bs(f) 2 .
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Proof. Let S be a maximal set of disjoint sensitive blocks of x, and assume each block in S
is minimal: that is, no proper subset of it is also a sensitive block. Note that jSI = bsx(f).
The partial assignment consisting of all the bits in all the blocks in S must be a certificate
for x. This is because otherwise, there would be some input y with f(y) = f(x) consistent
with the partial assignment, and this input y would disagree with x on some block disjoint
from those in S, which contradicts the maximality of S.

Hence, we described a certificate c for x. By definition, its size will be at least Cx(f),
since Cx(f) is the size of the smallest possible certificate for x. On the other hand, the size
of c is at most bsz(f) times the maximum size of a block in S. It remains to upper bound
the size of a minimal sensitive block of x.

Let B be a minimal sensitive block of x. Then and f(xB) 5 f(x). Since B is minimal,
A is not a sensitive block for each proper subset A of B. Thus f(xA) = f(x). Note
that xA = (xB)B\A. Setting C = B \ A, we see that f((xB)C) f(X) : f(XB) for
all non-empty subsets C of B. By definition, we conclude that orxB(f) ;> |Bj. Hence

JB or f(XB))(f) - or(f W)(f).

We conclude that or(f W) (f) upper bounds the size of each minimal sensitive block of x,

so we have Cx(f) jcl I bsx(f) or(f(x))(f).

Corollary 2.34. If f is a total Boolean function, we have D(f) bs(f) 3 < 27 R(f).

2.2.4 Polynomial Degree

An interesting class of complexity measures are those corresponding to the degree of a
representing polynomial. In other words, we will represent a function f : {o, I}" -, {0, 1}
by a polynomial on n variables, corresponding to the n input bits.

Definition 2.35. Fix a field F. For a (possibly partial) Boolean function f and a polynomial
p on n variables over F, we say that p represents f if f(x) = p(x) for all x G Dom(f ), where
we identify the bits 0 and 1 with the zero and one elements of the field F.

When F = R, we add the requirement that p(x) c [0, 1] even for input x E {0, 1}' that is
outside of Dom(f).

The additional requirement in the case that F will come in useful later, when we discuss
polynomial degree over the reals as a lower bound for randomized and quantum algorithms.

We will focus on multilinear polynomials (where the degree in each variable is at most
1), since for Boolean input bits, we have x2 = xi anyway. The following lemma will come
in handy.

Lemma 2.36. Let F be a field. Then any function f : {0, 1}' -+ F can be represented in a
unique way as a multilinear polynomial of degree at most n with coefficients in F.

Proof. Any function f : {0, 1}' -* F can be viewed as a vector in F21 . For each block
S Q [n], the monomial ms := I7 iESXi is a function ms : {0, 1}n -+ F that evaluates to 1 on
inputs x that are 1 on the bits in S, and evaluates to 0 otherwise. There are 2n monomials
on n variables, and it is not hard to see that they constitute independent vectors in IF 27;
hence, they form a basis for this vector space. This means any function f : {0, 1}" -+ F
can be represented uniquely as a linear combination of monomials, or in other words, as a
multilinear polynomial of degree at most n. El
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In particular, this means all total Boolean functions can be uniquely represented as a
multilinear polynomial of degree at most n over every field, though the actual polynomial
can be different for each field. Partial Boolean functions can still be represented in this way,
but the representation will no longer be unique. Polynomial representation over a fixed field
defines a query complexity measure, as follows.

Definition 2.37. Let F be a field, and let f be a (possibly partial) Boolean function. The de-
gree of f over F, denoted degE(f ), is the minimum degree of a polynomial over F representing
f. When F = R, we omit it and denote the degree by deg(f).

The key relevance of polynomials to query complexity comes from the following obser-
vation.

Lemma 2.38. Let f be a (possibly partial) Boolean function. Then D(f) degF(f) for
every field F, and QE(f) deg(f)/2.

Proof. We prove that for every decision tree of height T, there is a polynomial of degree at
most T computing the same function as that tree. We proceed by induction on T. If T = 0,
the decision tree is a leaf in {0, 1}, and computes the constant function; hence there is a
constant polynomial (whose degree is 0) that computes the same function as the decision
tree.

For T > 0, let D = (i, Do, D1 ) be a decision tree of height T. Then Do and D1 are
decision trees of height at most T - 1, so by the induction hypothesis they can be represented
by polynomials po and pi of degree at most T - 1. Recall that D(x) evaluates to Do(x) if
xi = 0 and to Di(x) if xi = 1. Therefore, a polynomial for D is xi -p1 (x) + (1 - xi) -po(x),
which has degree at most T, as desired. Note that the field did not matter.

We now deal with quantum algorithms. Let Q be a T-query quantum algorithm that
computes f exactly. Then Q is a sequence of unitary matrices Uo, U1, . . . , UT, none of which
depend on the input x. The output of the algorithm is the result of measuring the output
register of the tape UTUxUT-_Ux ... UxUolinit). Now, recall that the oracle unitary Ux
maps JA)Ii)Ib)|o) --+ A)|i)lb Ezi)|o). We write

IA)|i)1b e )io) = xiIA)Ii)Ib)Io) + (1 - xi)IA)Ii)Ib E 1)1o).

It is then clear that if we write the entries of Ux as functions of x, each of these functions
is either the constant 0, the function xi for some i E [n], or the function 1 - xi for some
i E [n]. In other words, the entries of Ux are linear in the bits of x. From this, it follows
that the amplitudes of the final state of the algorithm are polynomials (over C) of degree at
most T in the variables X 1 , x 2 , -. -, X7 .

Now, the result of measuring the output register is defined by probabilities that are the
sum of squared norms of amplitudes; hence the probabilities of the events Q(x) = 0 and
Q(x) = 1 are polynomials (over R) of degree at most 2T in the variables X1, x2 ,... , XTr. In
particular, the probability of the event Q(x) = 1 is a real polynomial p of degree at most
2T which satisfies p(x) = 1 when f(x) = 1 and p(x) = 0 when f(x) # 1. Moreover, on
each input x E {0, 1} (even outside of Dom(f)), the probability of getting 1 when Q is
run on x is between 0 and 1, so p(x) E [0, 1]. Hence p computes f over the reals, and
deg(f) <; 2T = 2 QE(f) E

We can also use a version of polynomial degree to lower bound bounded-error query
complexity measures such as R(f) and Q(f).

31



Definition 2.39. Let f be a (possibly partial) Boolean function on n variables. A polynomial
p on n variables over R is said to approximate f to error e if |p(x) - f(x)I <; e for all
x E Dom(f ) and p(x) c [0, 1] for all x E {0, 1} (even inputs x outside the domain of f).

The approximate degree of f to error e, denoted deg,(f), is the minimum degree of a

polynomial approximating f to error e. When e = 1/3, we omit it and write deg(f).

Lemma 2.40. Let f be a (possibly partial) Boolean function. Then RE(f) deg:(f) and

Q6 (f) > (1/ 2) deg,(f ).

Proof. As we saw in the proof of Lemma 2.38, the acceptance probability of a T-query
quantum algorithm can be represented as a real polynomial of degree at most 2T. This
acceptance probability is in [0, 1] for all Boolean input strings (even those outside the domain
of f), and it is at least 1 - e for inputs x with f(x) = 1 and at most e for inputs with
f(x) = 0. Therefore, the polynomial we get from a quantum query algorithm computing f
is an approximating polynomial for f, so Q,(f) (1/2) deg,(f).

Next, consider the randomized algorithm computing f with RE(f) queries. This is a
probability distribution over deterministic algorithms that use at most RE(f) queries each.
Each deterministic algorithm computes some Boolean function (possibly different from f),
and by Lemma 2.38, that function is computed by a real polynomial of degree at most
R,(f). Consider the real polynomial p we get by taking the linear combination of these
polynomials defined by the probability distribution of the randomized algorithm. Since
all the polynomials satisfied p(x) E [0, 1] for all x E {0, 1}", their weighted average p
also satisfies this. In addition, the correctness of the randomized algorithm implies that p
approximates f to error e on Dom(f), so p is an approximating polynomial for f. Since the

degree of p is at most R,(f), we get R,(f) 2 deg,(f). 0

Next, we show that deg(f) is lower bounded by fbs(f), which means block sensitivity
can be used as a lower bound for quantum query complexity. We start with the following
lemma.

Lemma 2.41. Let M be a query complexity measure behaving well with input alphabet
change, bit duplication, restriction to a promise, padding, and two-sidedness. Then for all

(possibly partial) Boolean functions f, we have M(f) M(PRoMISEORbS(f)).

Proof. First, observe that block sensitivity is itself a two-sided measure that behaves well
with input alphabet change, bit duplication, restriction to a promise, and padding.

Let x E {0, 1}" be such that bs(f) = bs.(f). If f(x) = 1, we prove the lemma for f
instead, and appeal to two-sidedness to get the result for M. Thus, without loss of generality,
we have f(x) = 0. If x 4 0", we prove the result for fex instead, and appeal to the alphabet
change property to get M(fex) = M(f), proving the result for f. Thus, without loss of
generality, we have x = on.

Let B1 , B2 ,.. , Bbsy) be disjoint sensitive blocks for O". Let S C Dom(f) be the set of

strings consisting of on and (On)B for all i E [bs(f)]. Then M(f) M(f Is) (by restriction
to a promise) and bs(f Is) = bs(f), so it suffices to prove the result for g = f Is. Next,
we appeal to padding to remove any bits in [n] that are not in any of the sensitive blocks

(such bits are always 0 inside the domain S of g). We also appeal to bit duplication to
remove all but one bit in each of the blocks B1, B2 ... , Bbs(f). The remaining function is
exactly PROMISEORbs(f), so we've shown that M(f) M(g) = M(PROMISEORbs(f)), as
desired. R
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Lemma 2.42. The measures degF(f) and de-g(f), for any field F and any e E [0, 1/2), are
two-sided and behave well under alphabet change, bit duplication, restriction to a promise,
and padding.

Proof. Let p be a representing or approximating polynomial for f. Then 1 - p(x) is a
representing or approximating polynomial for f, so these measures are two-sided.

For alphabet change, fix y E {0, 1}, and consider fey. Let p' be the polynomial p with
(1 - xi) substituted for the variable xi whenever yi = 1. Then p' represents (approximates)
fDy, and the degree of p' is at most that of p. Thus M(fDy) <; M(f) for any degree measure
M. Since (fey)Dy = f, we get M(fey) = M(f).

If f'is f with a duplicated bit, then a representing (approximating) polynomial for f also
represents (approximates) f'. For the other direction, take a polynomial for f' and substitute
the variable for the duplicated bit into the variable of its copy; this gives a polynomial for
f (after using xi = xi to make the polynomial multilinear). The case of padding follows
similarly (just substitute a constant instead). L

To give a lower bound for deg(f) in terms of bs(f), it therefore suffices to give a lower
bound for deg(PROMISEORbs(f)). To do this, we will use the symmetrization trick, first
used by Minsky and Papert [62].

Lemma 2.43. Let p: {0, 1}' * R be a real multilinear polynomial. Then the function

psYm :=1 p(x,(1)xo(2 ) ... Xa(n))

can be represented as a single-variate real polynomial q such that q(|xI) = psym(x) for all
x E {0, 1} (here lxi denotes the Hamming weight of x). Moreover, the degree of q is at
most that of p.

Proof. For each multilinear monomial m of degree d, msym is the same polynomial Jd,
the average of all degree-d multilinear monomials. Writing p as a sum of monomials p =

Zsc[n] asms, we get

psYm - E mSsm = s CeSJISI = 30JO + 01J1 + -+ 3deg(p)Jdeg(p)
SC[n] SC[n]

for some constants o, 3 1, ... , 3deg(p) E R. It therefore suffices to show that each Jd can be
represented by a single-variate polynomial qd with qd(1x) = Jd(x) for all x E {0, 1}n.

We use induction. We have Jo = 1 and J, = x 1 + x 2 - - -+ Xn = |xi for x E {0, 1}"n. For
d > 2, consider the polynomial jxld = (x1 +x2+ -X -+xn). Make this polynomial multilinear
by substituting xi -+ xi repeatedly (this does not change the value of the polynomial over

{0, 1}n). Then we get a symmetric multilinear polynomial sd of degree at most d which
evaluates to |xId over {0, 1}". Since it is symmetric, it is not hard to see that ssym = sd.
Thus sd is a linear combination of Jo, J1 ,... , Jd. Moreover, the degree of sd is d, which
means the coefficient of Jd in this linear combination is non-zero. But this means we can
write Jd as a linear combination of sd and J0 , J1 , ... , Jd_1. By the induction hypothesis,
each Ji with i < d is represented by a single-variate polynomial qi of degree i. Then for all
x E {0, 1}, Jd(x) is equal to a linear combination of qo(jxf), qi(JxI), ... , qd1(jx|), 1XId, so it
is a polynomial of degree at most d in the variable lx|. This completes the argument. L
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Note that if we symmetrize a polynomial approximating f, we get a univariate polynomial
q such that q(k) approximates (to within the same error e) the average of f(x) over strings

x of Hamming weight k. This means that to lower bound deg(PROMISEOR,), it suffices
to lower bound the degree of a univariate real polynomial q with q(O) ~ 0, q(1) - 1, and
q(k) E [0, 1] for k = 2,3, ... , n.

Corollary 2.44. Let f be a (possibly partial) Boolean function. Let S C {o, 1, ... n} be the
set of Hamming weights k such that every x E {0, 1}' of Hamming weight k is in Dom(f).
Let fSYr : S -- R be the function where fsyr(k) is the average of f(x) over all x E Dom(f)
with Hamming weight k. We say a single variate polynomial q : R -* R approximates fSYr

to error e if Iq(k) - fsym(k)I e and q(k) E [0, 1] for all k = 0, 1, ... , n. We use deg, (fsym)

to denote the minimum degree of a polynomial approximating fS'y to error e.
Then deg,(f) - deg,(fsym).

Proof. This follows immediately from Lemma 2.43 by noting that the average of approxi-
mations for f (x) (where x has Hamming weight k) is an approximation for the average of
f(x) (over all x with Hamming weight k). L

We use the following tool for dealing with polynomials that are bounded in an interval.

Theorem 2.45 (Markov Brothers' Inequality). Let p : R -* R be a real polynomial of degree
d. If p(x) c [b,b'] for all x E [a, a'], then for all x E [a, a'], we have Ip'(x)I .< bbd2.

Echlich and Zeller [331, and independently Rivlin and Cheney [71], extended Markov
Brothers' inequality to the case where the polynomial is only bounded on integer points.

Theorem 2.46. Let p : R - R be a real polynomial of degree d. If p(i) E [b, b'] for all
i = 0, 1, ... , n, then for all x [0, n], p'(x) I n-d2

Proof. Let c = maxxe[on lp'(x)(. The key idea is that if the derivative of p is bounded, it

cannot deviate too far outside of [b, b'] on the domain [0, n]. This is because for any x E [0, n]
for which p(x) is outside [b, b'], we find i E {0, 1, ... , n} such that Ix - iI <_ 1/2, and by the
mean value theorem, there is a point z between x and i such that Ip'(z)I p(x) - p(i)I/Ix -
i| 2 p(x) - p(i)|. Since p(i) E [b, b'], this implies p(x) lies inside [b - c/2, b' + c/2] for all
x [0, n].

Markov Brothers' inequality (Theorem 2.45) now implies c < c+(b'-b) d2 . Rearranging

gives c < _j-d2  l

Putting everything together, we now prove that approximate degree is lower bounded

by block sensitivity, as shown by Nisan and Szegedy [661.

Theorem 2.47. Let f be a (possibly partial) Boolean function. Then deg(f) V/bs( f)/2.

Proof. By Lemma 2.41 and Lemma 2.42, to lower bound deg,(f) it suffices to lower bound

degE(PROMISEORn) for n = bs(f). By Corollary 2.44, it suffices to lower bound the ap-

proximate degree of PROMISEORsy m : {0, 1,.. , n} -* [0, 1], the single variate function with

PROMISEORs m (0) = 0, PROMISEOR' m (1) = 1, and PROMISEORsym behaving arbitrarily

(inside [0, 1]) on 2, 3, ... , n.

Any polynomial p approximating this function to error e satisfies p(i) E [0, 1] for i =

0, 1, ... , n, as well as p(O) e and p(l) > 1 - e. By the mean value theorem, there is some
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X E [0, 1] with lp'(x)I (p(l) - p(O))/(1 - 0) > 1 - 2e. By Theorem 2.46, the degree of p is
lower bounded by /n(1 - 2e)/(2 - 2e). It follows that

deg,(f) V/bs(f)(1 - 2c)/(2 - 2e),

so deg(f) > /bs(f)/2. L

Corollary 2.48. Let f be a (possibly partial) Boolean function. Then Q(f) bs(f )/4.

Proof. This follows from Theorem 2.47 and Lemma 2.40. L

Corollary 2.49. Let f be a total function. Then D(f ) 4096 Q(f ) 6.

Proof. This follows from Corollary 2.48 and Corollary 2.34. l

2.2.5 Further Results for Total Functions

A few further relationships are known for query complexity measures of total Boolean func-
tions. First, Midrijanis [601 showed the following.

Theorem 2.50. Let f be a total Boolean function. Then D(f) deg(f ) bs (f).

Combining with Theorem 2.47 (setting e = 0) gives

Corollary 2.51. Let f be a total Boolean function. Then D(f) 2 deg(f)3 < 16 QE(f)3 .

Another result of Midrijanis [611 relates R(f) and Ro(f) for total Boolean functions.

This result was improved slightly by Kulkarni and Tal [54], who showed the following.

Theorem 2.52. Let f be a total Boolean function. Then Ro(f ) = O(R(f )2 log R(f )).

For this result, Kulkarni and Tal used a measure called randomized certificate complexity

(or fractional block sensitivity). This measure, denoted by RC(f), was first defined by [1];
we do not define it here, but we note that it lies between bs(f) and R(f).

This essentially completes the list of known relationships between query complexity mea-
sures of total Boolean functions; other known relationships between the measures introduced
so far can all be derived from combining the theorems we saw in elementary ways.

We now summarize the best known relations between the complexity measures studied
in this chapter. Figure 2-1 depicts all known relations of the type M1(f) = O(M2 (f)) for
complexity measures M1(f) and M2 (f). An upward line from M1 to M2 in Figure 2-1
indicates M1(f) = O(M 2 (f)) for all (partial or total) Boolean functions f.

All other known relationships between these mea- D
sures follow by combining the relationships in Figure 2-1
with the following relationships that we showed hold for RO QE
all total Boolean functions:

" C(f) bs(f) 2 [65] C R deg

" D(f) C(f) bs(f) [17]
" D(f) deg(f)3 [60, 83] RC Q
* RC(f) = O(deg(f)2 ) [54]
* Ro(f) - O(R(f) 2 logR(f)) [54] bs deg

Figure 2-1: Relations between
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Separations for total functions are discussed in Chap-

ter 3. In particular, the work of Ambainis, Balodis,
Belovs, Lee, Santha, and Smotrovs [9] showed several new separations between pairs of

measures, and in Chapter 3 we give a general framework for turning partial function separa-

tions into total function separations. Before these works, the largest separations were either

simple functions like OR, or recursively composed functions like the NAND-TREE function

[73].
As a final remark, we define the composition

of Boolean functions, which is a useful for design-
ing new Boolean functions. For any two (possi-
bly partial) Boolean functions g : G -+ {,1},
where G C {0, 1}, and h : H -+ {0, 1}, where

H C {O, 1}m, we can define the composed func-

tion g o h: D -* {O, 1}, where D C {o, 1}nm, as
follows. For an input (z1 , Z2, ... , znm) E {0, 1}nm,

Figure 2-2):

g

hh

ZI ... Zm -.... .Z(n-)m+l - Znm

Figure 2-2: Composition g o h.

we define g o h as follows (as depicted in

g o h(z) := g(h(zi, ... , Zm), h(zm,+, . . . , Z2m), ... , h(Z(n-1)m+1, . . . , Znm)), (2.1)

where the function g o h is only defined on z where the inputs to the h gates lie in the
domain H and the n-bit input to g (consisting of h(zi, . . , zm), h(zm+1,..., Z2m),

h(Z(n-1)m+1, . . . , znm)) lies in G.
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Chapter 3

Cheat Sheets

3.1 Introduction

This chapter is based on work that appeared in [19] and [4], which is joint work with Scott
Aaronson and Robin Kothari. We introduce the cheat sheet technique for constructing total
Boolean functions, and characterize the behavior of cheat sheet functions in various models.

The goal of the cheat sheet technique is to turn a partial function that shows some large
separation between two query complexity measures into a total function that preserves at
least a bit of the same separation. In particular, we show how the cheat sheet technique can
be applied to construct a family of total Boolean functions that satisfy R(f) = f(Q(f)2.5),
beating the previous quadratic separation due to Grover search [41]. (Recall that the rela-
tionship R(f) = O(Q(f)6 ) is known [17], so we cannot hope for super-polynomial separa-
tions).

The cheat sheet technique is motivated by some recent query complexity breakthroughs,
showing new total function query complexity separations for problems that stood open for
decades: Ambainis, Balodis, Belovs, Lee, Santha, and Smotrovs [9] showed new separa-
tions for D(f) vs. R(f) (quadratic) and D(f) vs. Q(f) (quartic), as well as many others.
They in turn built upon the techniques of Gd5s, Pitassi, and Watson [39], who showed a
quadratic separation between D(f) and deg(f). Before these recent results, the largest sep-
aration between deterministic and randomized query complexity was around 1.3 from the
NAND-TREE function, due to Saks and Wigderson [73].

3.1.1 Results

Randomized versus quantum query complexity

We present the first super-quadratic separation between quantum and classical query com-
plexity when both models are allowed bounded error. This is a counterexample to a con-
jecture that had been widely believed about the nature of quantum speed-ups: that if the
function is total, so that the inputs are not handpicked to orchestrate a quantum speed-up,
then the best quantum advantage possible is the quadratic speed-up achieved by Grover's
algorithm.

Theorem 3.1. There exists a total function f such that R(f) = f(Q(f)2.')-

Theorem 3.1 can be boosted to a cubic separation, i.e., R(f) = Q(Q(f) 3 ), in a completely
black-box manner if there exists a partial function (a function defined only on a subset
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of {0, 1}n) with Q(n) randomized query complexity but only poly(log(n)) quantum query

complexity (the best possible separation between these measures up to log factors). It is

conjectured that a recently studied partial function called k-fold Forrelation achieves this

separation [2].

Quantum query complexity versus polynomial degree

Approximate degree has proved to be a fruitful lower bound technique for quantum query

complexity, especially for problems like the collision and element distinctness problems [51,
where it is known that the original quantum adversary method of Ambainis, another com-

monly used lower bound technique, cannot show nontrivial lower bounds.

For any lower bound technique, it is natural to ask whether there exist functions where

the technique fails to prove a tight lower bound. Answering this question, Ambainis showed

that the approximate degree of a function can be asymptotically smaller than its quantum

query complexity by exhibiting a function with Q(f) = Q(deg(f) 1.3219 ) [7]. We dramatically

strengthen this separation to obtain nearly a 4 th power gap.

Theorem 3.2. There exists a total function f such that Q(f) deg(f)4 -o( 1).

Theorem 3.2 is optimal assuming the conjecture that D(f) = O(bs(f) 2).

The cheat sheet technique

These separations are shown using a new technique for proving separations between query

measures, which we call the cheat sheet technique. Our technique is based on a generic

transformation that takes any (partial or total) function and transforms it into a "cheat

sheet version" of the function that has desirable properties for proving separations.

While the strategy is inspired by the recent breakthrough results [39, 9] (and bears some

similarity to older works [57, 101), it represents a more general approach: it provides a

framework for proving separations and allows many separations to be shown in a unified

manner. Thus the task of proving separations is reduced to the simpler task of finding the

right function to plug into this construction. For example, it can be used to convert a partial

function separation between two models into a weaker total function separation.

In this chapter we demonstrate the power of the cheat sheet technique by using it to

exhibit several new total function separations in query complexity.

Other separations

On the path to proving Theorem 3.2, we show several new separations. First, we quadrat-

ically separate quantum query complexity from certificate complexity, which is essentially

optimal since Q(f) < C(f) 2 .

Theorem 3.3. There exists a total function f such that Q(f) = Q(C (f ) 2).

Besides being a stepping stone to proving Theorem 3.2, the question of Q(f) versus C(f)

has been studied because it is known that the original adversary method of Ambainis (also

known as the positive-weights adversary method) cannot prove a lower bound greater than

C(f) [81, 44].
Plugging the function of Theorem 3.3 into the cheat sheet framework directly yields a

function whose quantum query complexity is quadratically larger than its (exact) degree,
improving the recent result of [39], who exhibited a function with D(f) = Q(deg(f) 2).
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Theorem 3.4. There exists a total function f such that Q(f) = Q(deg(f)2 ).

This theorem works in a very black-box way: any separation between a measure like
Q(f) or R(f) and C(f) can be plugged into the cheat sheet technique to obtain the same
separation (up to log factors) between that measure and exact degree. For example, since the
AND-OR function satisfies R(f) - Q(C(f) 2 ), the cheat sheet version of AND-OR satisfies
R(f) = Q(deg(f)2 ).

This result also shows limitations on using deg(f) to lower bound QE(f), since deg(f)
can sometimes be quadratically smaller than QE(f) and can even be quadratically smaller
than Q(f).

Summary of results

We summarize our new results in the table below.
Separation achieved Known relation Result

R(f) = Q(Q(f) 2 5 ) R(f) = O(Q(f) 6 ) Theorem 3.1

Q(f) > deg(f) 4-( 1 ) Q(f) = Q(deg(f)6 ) Theorem 3.2

Q(f) = Q(C(f) 2 ) Q(f) = O(C(f) 2 ) Theorem 3.3

Q(f) = Q(deg(f) 2) Q(f) = 0(deg(f)3 ) Theorem 3.4

Table 3.1: New separations shown in this chapter

We are also able to use the cheat sheet technique to reprove many of the query separations
of [39, 9, 381. Some of their results are subsumed by the results in Table 3.1. We also
prove Ro(f) = Q(Q(f) 3 ) (Theorem 3.23) and R(f) = Q(QE(f) 3/ 2 ) (Theorem 3.24) in
Section 3.5.4. For more details, see Table 3.2 in which we summarize our results and the
best known separations and relations between query measures.

It is also worth pointing out what we are unable to reproduce with our framework. The
only separations from these papers that we do not reproduce are those that make essential
use of "back pointers". Reproducing these separations in the cheat sheet framework is an
interesting direction for future research.

3.1.2 Overview of techniques

Cheat sheet technique and randomized versus quantum query complexity

While we know large partial function separations between randomized and quantum query
complexity, such as Simon's problem [791 or the Forrelation problem [21 that satisfies R(g) =
Q(V/n) and Q(g) = 1, it is unclear how to make these functions total. We could simply define
g to be 0 on inputs not in the domain, but then the quantum algorithm would need to be
able to decide whether an input is in the domain.

To solve this problem, we compose the Forrelation problem g with a total function
h = AND-OR on n2 bits, to obtain a partial function f = g o h on n3 bits that inherits
the properties of both g and h. Since AND-OR has low certificate complexity, it is easier to
certify that an input lies in the domain of g o h, since we only need to certify the outputs of
the n different h gates.

Since R(AND-OR,2) = Q(n2), it can be shown that R(f) = R(goh) = Q(n2 .5 ). However,
since Q(AND-ORn2) = O(n), we have Q(f) = 0(n). Now f is still a partial function, but
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Table 3.2: Best known separations between complexity measures
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there is a small certificate for the input being in the domain. If we could ensure that only
the quantum algorithm had access to this certificate, but the randomized algorithm did not,
we would have our power 2.5 separation.

To achieve this, we hide a "cheat sheet" in the input that contains all the information the
quantum algorithm needs. We store it in a vast array of size nio of potential cheat sheets,
which cannot be searched quickly by brute force by any algorithm, classical or quantum.
Thus, we must provide the quantum algorithm the address of the correct cheat sheet. But
what information do we have that is known only to the quantum algorithm? The value of
f on the input! While one bit does not help much, we can use 10 log n copies of f acting on
10 log n different inputs. The outputs to these 10 log n problems can index into an array of
size nio, and can be determined by the quantum algorithm using only O(n log n) queries. At
this index we will store the cheat sheet, which contains certificates for all 10 log n instances
of f, convincing us that all the inputs lie in the domain. Our cheat sheet function now
evaluates to 1 if and only if all 10 log n instances of f lie in the domain, and the cell in
the array pointed to by the outputs of these 10 log n instances of f contains a cheat sheet
certifying that these inputs lie in the domain.

Quantum query complexity versus certificate complexity

Consider the k-SUM problem, in which we are given n numbers and have to decide if any k of
them sum to 0 (mod M) for some M. For large k, the quantum query complexity of k-suM
is nearly linear in n [18]. While it is easy to certify 1-inputs by showing any k elements that
sum to 0, the 0-inputs are difficult to certify and hence the certificate complexity is also
linear in n.

Building on k-SUM, we define a new function that we call BLOCK k-suM, whose quantum
query complexity and certificate complexity are both linear in n. However, BLOCK k-SUM
has a curious property: for both 1-inputs and 0-inputs, the certificates themselves consist
almost exclusively of input bits set to 1. This means that if we compose this function with
k-SUM, the composed function on n2 bits has certificates of size 0(n) because any certificate
of BLOCK k-SUM consists almost entirely of Is, which correspond to k-SUM instances that
output 1, which are easy to certify. On the other hand, the quantum query complexity of
the composed function, which we call BKK for BLOCK k-SUM of k-SUM, is the product of
the quantum query complexities of individual functions. Thus the certificate complexity of
BKK is 6(n), but its quantum query complexity is !)(n2 ).

Quantum query complexity versus polynomial degree

We show that plugging any function that achieves Q(f) = Q(n2) and C(f) = 0(n) into
the cheat sheet framework yields a function with Q(f) = Q(n2 ) and deg(f) = 6(n). The
quantum lower bound uses the hybrid method [21] and the recent strong direct product
theorem for quantum query complexity [59}. The degree upper bound holds because for
every potential cheat sheet location, there exists a degree 0(n) polynomial that checks if
this location is the one pointed to by the given input. And since the input can point to at
most one cheat sheet, the sum of these polynomials equals the function f.

To achieve a fourth power separation between Q(f) and deg(f), we need to check whether
a cheat sheet is valid using a polynomial of degree O(C(f)). Some certificates can be
checked by Grover's algorithm in time 0( C(f)), which would yield an approximating
polynomial of similar degree, but this is not true for all functions f. To remedy this, we
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construct a new function based on composing BKK with itself recursively log n times, to
obtain a new function we call REcBKK, and show that certificates for REcBKK can be
checked quickly by a quantum algorithm.

3.1.3 Summary of Separations

To conveniently express these results, we use a notion called the critical exponent, as defined
by [36]. The the critical exponent for a measure M1 relative to a measure M2 , denoted
crit(Mi, M2 ), is the infimum over all r such that the relation M1 (f) = O(M 2(f)

T ) holds
for all total functions f. For example, because D(f) C(f) 2 for all total f, we have
crit(D, C) < 2. Furthermore, since we also know that the AND-OR function on k 2 bits
satisfies D(f) = k 2 and C(f) = k, we have crit(D, C) = 2. Note that the critical exponent
between M, and M2 is 2 even if we have M1 (f) = O(M 2 (f)

2 log M2 (f)), or more generally
if M1 (f) M2 (f) 2 +o(l).

Table 3.2 lists the best known separations between these measures. A cell in the table
has the form a, b, where a < b are the best known lower and upper bounds on the critical
exponent for the row measure relative to the column measure. The cell also contains a cita-
tion for the function that provides the lower bound. For example, in the cell corresponding
to row D and column deg, we have the entry 2, 3, which means 2 < crit(D, deg) 3, and a
function achieving the separation appears in [39].

3.2 Randomized versus quantum query complexity

In this section we show a power 2.5 separation between bounded-error randomized query
complexity, R(f), and bounded-error quantum query complexity, Q(f). In Section 3.2.1 we
motivate the cheat sheet framework and provide a sketch of the separation. In Section 3.2.2
we formally prove the separation.

3.2.1 Intuition

We begin with the best known separation between randomized and quantum query com-
plexity for partial functions, which is currently Q( n) versus 1 provided by the Forrelation
problem [2]. (Note that Simon's problem also provides a similar separation up to log factors
[79].) Let g be the Forrelation function on D C {0, 1}" with R(g) = Q(Vin) and Q(g) = 1,
although any function with these query complexities (up to log factors) would do.

One way to make g total would be to define it to be 0 on the rest of the domain {o, 1}"\D.
But then it is unclear if the new function g has low quantum query complexity, since the
quantum algorithm would have to test whether the input lies in the promised set D. In
general since partial function separations often require a stringent promise on the input, we
may expect that it is necessary to examine most input bits to ascertain that x E D.

Indeed, it is not even clear how to certify that x E D for our function g. On the other
hand, the domain certification problem is trivial for total functions. So we can compose g
with a total function h to obtain some of the desirable properties of both. We can certify
that an input to g o h lies in its domain by certifying the outputs of all instances of h.
This means we want h to have low certificate complexity, and since we will use g o h to
separate randomized and quantum query complexity, we would also like h to have Q(h)
smaller than R(h). A function that fits the bill perfectly is the AND-ORm2 function that
satisfies R(h) = Q(m 2 ), C(h) = m, and Q(h) = 0(m).
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We can now compute the various complexities of f := g o h. First we have Q(f) =
0(m), by composing algorithms for g and h. There also exists a certificate of size 0(nm)
that proves that the input satisfies the promise, since we can certify the outputs of the
n different h gates using certificates of size C(h) = m. Also, given query access to this
certificate of size 0(nm), a quantum algorithm can check the certificate's validity using
Grover search in 0(vini) queries. Hence a quantum algorithm with access to a certificate
can solve the problem with 6(m + VT-m) queries. On the other hand, it can be shown that
R(f) = R(g o h) = Q(R(g)R(h)) = (vim2)

Now if we set m = n, then we see that Q(f) = 6(n) and R(f) = n(n2.5 ), but f is
still a partial function. However, f has the desirable property that a quantum algorithm
given query access to a certificate can decide whether the input satisfies the promise using
6(n) queries. But we cannot simply append the certificate to the input as we do not want
the randomized algorithm to be able to use it. It is, however, acceptable if the randomized
algorithm finds the certificate after it spends R(f) queries, since that is the lower bound we
want to prove.

What we would like is to hide the certificate somewhere in the input where only the
quantum algorithm can find it. What information do we have that is only known to the
quantum algorithm and remains unknown to the randomized algorithm unless it spends
R(f) queries? Clearly the value of f on the input has this property.

While one bit does not help much, we can obtain additional bits of this kind by using
(say) 10 log n copies of f. Now the answer string to these problems can address an array
of size n", much larger than can be brute-force searched by a randomized algorithm in a
reasonable amount of time. Furthermore, this address can be found by a quantum algorithm
using only 0(Q(f)) queries. At this location we will store a cheat sheet: a collection of
certificates for all 10 log n instances of f.

Now the new function, which we call fcs (shown in Figure 3-1), evaluates to 1 if and
only if the 10 log n inputs are in the domain of f, and the outputs of the 10 log n copies
of f point to a valid cheat sheet, i.e., a set of valid certificates for the 10 log n copies of
f. This construction ensures that the quantum algorithm can find the cheat sheet using
0(Q(f)) = 6(n) queries, and then verify it using 6(n) queries, which gives Q(fcs) = 6(n).
On the other hand, we intuitively expect that the randomized algorithm cannot even find
the cheat sheet unless it computes f by spending at least R(f) = Q(n2 .5 ) queries, which
gives us the desired separation.

3.2.2 Implementation

In this section we prove Theorem 3.1, restated for convenience:

Theorem 3.1. There exists a total function f such that R(f) =f(Q(f)2.5 .

Let g be the Forrelation function on D C {0, 1}" with R(g) = fn_) and Q(g) = 0(1).
Let h : {0, 1}m2 - {0, 1} be the AND-ORm2 function, defined as ANDm o ORm. This
function satisfies R(h) - Q(m2 ), which can be shown using a variety of methods: it follows
from the partition bound [46, Theorem 41 and also from our more general Theorem 3.5.
We also have C(h) = m, since one 1 from each OR gate is a valid 1-certificate and an OR
gate with all zero inputs is a valid 0-certificate. Lastly, Q(h) = 0(m) follows from simply
composing quantum algorithms for AND and OR, and indeed Q(h) = 0(m) [451.

Let f = g o h be a partial function on nm 2 bits. We have Q(f) = 0(m) by composition,
since quantum algorithms can be composed in general without losing a log factor due to
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error reduction [70, 581. There also exists a certificate of size O(nm) that proves that the
input satisfies the promise, since we can certify the outputs of the n different h gates using
C(h) = m pointers to the relevant input bits. Since each pointer uses O(log n) bits, the
certificate is of size O(nm). Also note that a quantum algorithm with query access to this
certificate can check its validity using Grover search in O(Vnm) queries.

Lastly, we claim that R(f) = R(g o h) = Q(R(g)R(h)) = n(Vxim2 ). While a gen-
eral composition theorem for bounded-error or zero-error randomized query complexity is
unknown, we can show such a result when the inner function is the OR function.

Theorem 3.5. Let f : D -+ {0, 1} be a partial function, where D C {0, 1}1". Then R(f o
OR,,) = Q(mR(f)) and Ro(f o OR,) Q(mRo(f)). Therefore R(f o AND, o OR,) =

Q(m 2 R(f)) and Ro(f o ANDm o ORm) = Q(m2 Ro(f)).

Proof. We prove this for bounded-error algorithms; the argument for zero-error algorithms
will be almost identical. Let A be the best randomized algorithm for f o ORn. We convert
A into an algorithm B for f, as follows.

Given input x to f, B generates n random inputs to ORm, denoted Y, Y 2 -... , Yn, in the
following way. First, each Y is set to 0 m, the all-zero string. Next, a random entry of Y is
chosen and replaced with a * symbol. Finally, for each index i, the * in Y will be replaced
by the bit xi. This causes ORn(Y) = xi to be true for all i.

To evaluate f(x), the algorithm B can simply run A on the string Y1Y2 ... Yn. Since

f oORm(YY2 . . . Yn) = f(ORm (Y)ORm(Y2 ) ... ORm(Yn)) = f(X1X2 ... Xn) = f(x), (3.1)

this algorithm evaluates f(x) with the same error as A. This process uses R(f o ORn)
queries to the input Y. However, not all of these queries require B to query x. In fact,

B only needs to query x when algorithm A queries a bit that was formerly a * in one of

the Y. The expected number of queries B makes is therefore the expected number of *
entries found by the algorithm A. Using Markov's inequality, we can turn B into an R(f)

algorithm, which uses a fixed number of queries to calculate f(x) with bounded error; it

follows that the expected number of * entries found by A is at least Q(R(f)).
We can now view A as a randomized algorithm that finds Q(R(f)) star bits (in expecta-

tion) given input in YY2 ... Yn. Set Y = Y for a randomly chosen i. The number of queries

A makes to Y must be exactly R(f o ORm)/n in expectation. Let the probability that A
finds k stars be Pk, for k = 0,1,... ,n. Then

E kpk = Q(R(f)). (3.2)
k=O

For each k, the probability that A finds a star in Y given it found k stars in total is k/n.

The overall probability that A finds a star in Y is therefore

Zpk(k/n) = n kpk =Q(R(f)/n). (3.3)
k=0 k=O

In other words, A makes R(f o ORm)/n expected queries to Y, and finds the * in Y

with probability Q(R(f)/n). Now, finding the single * in an otherwise all-zero string is an
unordered search problem; the chance of solving this problem after T queries is at most

T/m. In other words, any decision tree of height T has probability only T/m of solving
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Figure 3-1: The function f that achieves a superquadratic separation between Q(f) 0 (n)

and R(f) = Q(n2 )

the problem. Since A's querying strategy on Y can be written as a probability distribution
over decision trees with expected height R(f o ORm)/n, it follows that the probability of A
finding the * is at most R(f o ORm)/nm. Thus we have R(f o ORm)/nm = Q(R(f)/n), or
R(f o ORm) = Q(mR(f)).

If A is a zero-error randomized algorithm instead of a bounded-error algorithm, the same
argument follows verbatim, except that there's no longer a need to use Markov's inequality
to conclude that the expected number of stars found by A is at least Q(Ro(f)).

The last part follows since we can show the same result for ANDm, using the fact that
the query complexity of a function f(xi,... , x,) equals that of f(2T,.... Y;) and the query

complexity of f and f is the same. E

We now define the cheat sheet version of f, which we call fcs, depicted in Figure 3-1.
Let the input to fcs consist of 10 log n inputs to f, each of size nm2 , followed by n1 o blocks

of bits of size O(mn) each, which we refer to as the array of cells or array of cheat sheets.

Each cell is large enough to hold certificates for all 10 log n inputs to f that certify for each

input the output of f evaluated on that input and that the promise holds.

Let us denote the input to fcs as z = (x1,X 2  ,1 OlognY1 , Y2 , . -, Yio), where xi is

an input to f, and the Y are the aforementioned cells of size O(mn). We define the value

of fcs(z) to be 1 if and only if the following conditions hold:

1. For all i, Xi is in the domain of f. If this condition is satisfied, let f be the positive

integer corresponding to the binary string (f(X 1 ), f (X 2),..., f(XIologn)).

2. Y certifies that all xi are in the domain of f and that i equals the binary string formed

by their output values, (f(x1 ), f (X2)... 10ogn

We now upper bound the quantum query complexity of fcs. The quantum algo-

rithm starts by assuming that the first condition of fcs holds and simply computes f
on all 10 log n inputs, which uses O(Q(f)) = 6(m) queries. The answers to these in-

puts points to the cheat sheet Ye, where i is the integer corresponding to the binary string

(f(XI), f (X 2 ),... , f(Xiologn)). As discussed, verifying the cheat sheet of size 0(mn) requires

45



only O( i n) queries by a recursive application of Grover search. The algorithm outputs 1
if and only if the verification of Ye succeeded. If the certificate is accepted by the algorithm,
then both conditions of fcs are satisfied and hence it is easy to see the algorithm is correct.
Hence Q(fcs) = 6(m + V/i ).

We also know that R(f) = Q(V~'m2 ). We now prove that this implies R(fcs) =

Q(R(f)) = Q(N/n-m 2 ). Proving this completes the proof of Theorem 3.1, since setting
m = n immediately yields Q(fcs) = 0(n) and R(fcs) = f(n2.5).

To complete the proof, we show in general that R(fcs) = Q(R(f)).

Lemma 3.6. Let f : D -+ {0, 1} be a partial function, where D C [M]", and let fcs be
the cheat sheet version of f with c = 10 log n copies of f. Then R(fcs) = Q(R(f)/c2)
Q(R(f)).

Proof. Let A be any bounded-error randomized algorithm for evaluating fcs. We will prove
that A makes Q(R(f)/c 2) queries.

We start by proving the following claim: Let xi, X2 ,... ,Xc e Dom(f) denote c valid
inputs to f and let z be an input to fCs consisting of x2 ... xC with blank array-that is,
it has 0 in all the entries of all cheat sheets. Let us assume that the all zero string is not a
valid cheat sheet for any input. This can be enforced, for example, by requiring that all cheat
sheets begin with the first bit equal to 1. Let f be the binary number f (x 1)f(X 2 ) ... f(Xc),
and let he be the fth cheat sheet. Then we claim that A must query a bit of he when run
on z with probability at least 1/3.

This claim is easy to prove. Since the all zero string is an invalid cheat sheet, it follows
that fcs(z) = 0, so A outputs 0 when run on z with probability at least 2/3. Now if we
modify he in z to be the correct cheat sheet for the given input xi, X2,... I XC, then we obtain
a new input z' with fcs(z') = 1. This means A outputs 1 when run on z' with probability
at least 2/3. However, since these inputs only differ on he, if A does not query he with high
probability, it cannot distinguish input z from input z'. Since A is a valid algorithm for fcs,
the claim follows.

We now use the hybrid argument to prove the lemma. For any input z with blank array,
let pz E [0, 1]2c be the vector such that for each i = [2c], (pz)i is the probability that A
makes a query to the ith cheat sheet when given input z. Then the 1-norm of pz is at most
the running time of A, which is at most R(f). By the claim, if f is the relevant cheat sheet
for z, we have (pz)e 1/3. On the other hand, since pz has 2' > n10 > R(f) 10 entries that
sum to at most R(f), almost all of them have value less than, say, R(f)- 5 .

Next, consider hard distributions Do and D1 over the 0- and 1-inputs to f, respectively.
We pick these distributions such that distinguishing between them with probability at least
1/2 + 1/12c takes at least Q(R(f)/c 2 ) queries for any randomized algorithm.

For each i E [2 c], let qj be the expectation over pz when z is made of c inputs to f
generated from D' = E)L" x -Di x... x Dle, together with a blank array (here ij means the

jth bit of i when written in binary). Then for all i E [2c], we have (qi)i 1/3, and the
1-norm of qj is at most R(f), so most entries of qj are less than R(f)-5. The entries of qj
can be interpreted as the probabilities of each cheat sheet being queried by the algorithm
on an input sampled from Di.

Let k E [2c] be such that (qo)k < 1/6. Let ko, .... , kc be such that ko = 0, k, = k, and

consecutive k's differ by at most one bit (when represented as binary vectors of length c).
Since (qk 0 )k < 1/6 and (qgk)k 1/3, there must be some j C [c] such that (qkj+ 1 )k - (qkj)k >
1/6c and (qkj)k < 1/3. Let a = (qkj+1)k and let b = (qkj)k.
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We can now use this to distinguish the product distribution Dkj+1 from Dpk, with prob-

ability of error at most 1/2 - 1/12c: simply run the algorithm A, output 1 if it queried an

entry of the kth cheat sheet, and otherwise output 1 with probability max(0, -a--). If this

maximum is 0, it means we have b > 2/3 and a < 1/3, so this algorithm has error at most

1/3. Otherwise, it is not hard to check that the algorithm will determine if the input is from

Dpk+l with probability at most 1/2 - (b - a)/2 < 1/2 - 1/12c.

Finally, note that since kj+1 and kj differ in only one bit, distinguishing Dpk+l from Dpk
allows us to distinguish between Do and D1 . This is because given any input from Do or

D', the algorithm can sample other inputs to construct an input from Dkj+l or Dkj, and

then run the distinguishing algorithm. It follows that the running time of A is at least

Q(R(f)/c2 ), by the choice of the distributions Do and D1 . 0

3.3 Quantum Query Complexity versus Certificate Complex-
ity and Degree

We now show a nearly quadratic separation between Q(f) and C(f), which yields a similar

separation between Q(f) and deg(f). We will also use the functions introduced in this

section as building blocks to obtain the nearly 4 th power separation between Q(f) and

deg(f) proved in Section 3.4.

3.3.1 Quadratic gap with certificate complexity

In this section we establish Theorem 3.3, restated for convenience:

Theorem 3.3. There exists a total function f such that Q(f) = Q(C(f) 2).

Consider the k-suM problem, k-suM : [M] -+ {0, 1}, which asks if there are k elements

in the input string x 1 , X2,. . ., xn E [M] that sum to 0 (mod M). Belovs and Spalek [18]

showed that Q(k-suM) = Q(nk/(k+l)) when the alphabet M has size nk and k is constant.

In Appendix B, we show that their proof implies a bound of Q(k-suM) = Q(nk/(k+l)/7-)
for super-constant k.

Now the 1-certificate complexity of the k-sUM problem is k (assuming it costs one query

to get an element of M), since it suffices to provide the k elements that sum to 0 (mod M).

If we take k = log n, we get Q(k-suM) = Q(n/ /login) and C1(k-suM) = O(log n). Although
this function is not Boolean, turning it into a Boolean function will only incur an additional

polylogarithmic loss.

While k-SUM does not separate quantum query complexity from certificate complexity,
its 1-certificate complexity is much smaller than its quantum query complexity. Composing

a function with small 0-certificates, such as the ANDn with k-SUM already gives a function

whose quantum query complexity is larger than its certificate complexity: in this case, we

have certificate complexity 6(n) and quantum query complexity Q(n3/ 2 ), which follows from

the following general composition theorem [44, 70, 58, 51]:

Theorem 3.7 (Composition theorem for quantum query complexity). Let f : D -+ {0, 11

and g : E -+ {0, 1} be partialfunctions where D C {O, 1}' and E C {0, 1}m. Then Q(fog) =

e(Q(f)Q(g)).
To get an almost quadratic gap between Q(f) and C(f), we use a variant of k-SUM

itself as the outer function instead of the AND function. From k-sUM, we define a new
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Boolean function that we call BLOCK k-SUM, whose quantum query complexity is 6(n) and
certificate complexity is also b(n). However, although its certificate complexity is linear, the
certificates consist almost exclusively of input bits set to 1 and only 6(1) input bits set to 0.
This means if we compose this function with k-SUM, the composed function has certificates
of size 6(n), since the certificates of BLOCK k-suM are essentially composed of Is, which
are easy to certify for k-SuM. We denote this composed function BKK : {0,1}' - {O, 1}.
It satisfies C(BKK) = 0(n) and Q(BKK) = Q(n2), which yields the desired quadratic
separation.

We now define the BLOCK k-suM problem.

Definition 3.8. Let BLOCK k-SUM be a total Boolean function on n bits defined as follows.
We split the input into blocks of size 10k log n each and say a block is balanced if it has an
equal number of Os and Is. Let the balanced blocks represent numbers in an alphabet M of
size Q(nk). The value of the function is 1 if and only if there are k balanced blocks whose
corresponding numbers sum to 0 (mod M) and all other blocks have at least as many Is as
Os.

We then compose this function with k-SUM to get the function BKK.

Definition 3.9. Let BKKn2,k : {0, 1}"2 -- {0, 1} be the function BLOCK k-SUM on n bits
composed with a Boolean version of k-suM on n bits, and define BK K2 to be BK K2,k with
k = logn.

We are now ready to establish the various complexities of BKK.

Theorem 3.10. For the total Boolean function BKK2,k : {0, 1}n2 - {0, 1}, we have

C(BKK,2,k) = O(k 2 n logn) and Q(BKKn2,k) = Q n-()l . (3.4)

Proof. We start by analyzing the certificates of BLOCK k-SUM. The key property we need
is that every input of BLOCK k-SUM has a certificate that uses very few Os, but can use
a large number of is. To see this, note that we can certify a 1-input by showing the k
balanced blocks that sum to 0 which requires 0(k 2 log n) Os, and all the Is in every other
block. There are two kinds of 0 inputs to certify: A 0-input that has a block with more Os
than Is can be certified by providing that block, which only uses 0(k log n) Os. A 0-input in
which all blocks have at least as many is as Os can be certified by providing all the is: this
provides the number represented by each block if it were balanced (though it does not prove
the block is actually balanced), which is enough to check that no k of them sum to zero. In
conclusion, BLOCK k-SUM can always be certified by providing 0(n) Is and 0(k 2 log n) Os.

We now analyze the certificate complexity of BKK,2,k. For each input, the outer BLOCK
k-SUM has a certificate using 0(k 2 log n) Os and 0(n) Is. The inner function, k-SUM, has
1-certificates of size 0(k 2 log n) since there are k numbers to exhibit and each uses k log n
bits when represented in binary, and has 0-certificates of size 0(n). Therefore, the composed
function always has a certificate of size 0(k 2nlog n). Hence C(BKK2,) - 0(k2n log n).

The quantum query complexity of BLOCK k-SUM is Q(Q(k-sUM)/k log n) by a reduction
from k-SUM. Using the result in Appendix B, this is Q(nl-1 /(k+l)/k 3/ 2 log n). Invoking the
composition theorem for quantum query complexity (Theorem 3.7), we get Q(BKK,,2,k) =

Q(n2-2/(k+l) E
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Thus for the function BKK : {0, 1}2 -+ {0, 1}, defined as BKK BKK,2,o g,, we have

C(BKK) = O(n log3 n) = 0(n) and Q(BKK) = ( n = Q(n 2 ). (3.5)
(log 5n)

This establishes Theorem 3.3, since BKK is a total Boolean function.

3.3.2 Quadratic gap with (exact) degree

We now show how to obtain a total function that nearly quadratically separates Q(f) from
deg(f) using any total function that achieves a similar separation between Q(f) and C(f).
This proves Theorem 3.4:

Theorem 3.4. There exists a total function f such that Q(f) = Q(deg (f) 2 ).

Let f : {0, 1}' -> {0, 1} be a total function with Q(f) = Q(n) and C(f) = O(V/'Y), such
as the BKK function introduced in the previous section. Let fcs denote the cheat sheet
version of f (as described in Section 3.2), created using 10 log n copies of f that point to a
cheat sheet among nio potential cheat sheets, where a valid cheat sheet contains certificates
of size Q(fui) for each of the 10 logn inputs to f and the binary string corresponding to
their outputs equals the location of the cheat sheet. In this case f is a total function so
the cheat sheets do not certify that the input satisfies the promise, but only the value of f
evaluated on the input. We claim that the cheat sheet version of f satisfies Q(fcs) = Q(n)
and deg(fcs) = O(v).

Let us start with the degree upper bound, deg(fcs) = O(fi). Let f E [n10] be a
potential location of the cheat sheet. For any f, consider the problem of outputting 1 if
and only if fcs (z) = 1 and f is the location of the cheat sheet for the input z. Since f is
known, this can be solved by a deterministic algorithm Ae that makes O(fri) queries, since

it can simply check if the certificate stored at cell f in the array is valid: it can check all the
10 log n certificates of size O(V/-) for each of the 10 log n instances of f and then check if
the outputs of f evaluate to the location f. Since polynomial degree is at most deterministic

query complexity, we can construct a representing polynomial for Ae for any location f. This
is a polynomial pe of degree O(Vn) such that pf(z) = 1 if and only if fcs(z) = 1 and f is
the position of the cheat sheet on input z. Now we can simply add all the polynomials pe
together to obtain a new polynomial q of the same degree. We claim q(z) = fcs(z) since if

fcs(z) = 0 then certainly all the polynomials pt(z) = 0 (since none of the cheat sheets is
valid) and if fcs(z) = 1 then q(z) = 1 because exactly one of many pf(z) will evaluate to
1, the one corresponding to the location of the cheat sheet for the input z. Note that the
property used here is that in a 1-input to fcs, exactly one location serves as the correct
cheat sheet, i.e., the location of the cheat sheet for a 1-input is unique.

The claim that Q(fcs) = Q(n) seems intuitive since Q(f) = n(n) and the cheat sheet
version of f cannot be easier than f itself. This intuitive claim is true and we show below
that Q(fcs) = P(Q(f)) in general, which completes the proof of Theorem 3.4.

To prove this general result for quantum query complexity, we will need the following

strong direct product theorem due to Lee and Roland [591.

Theorem 3.11. Let f be a (partial) function with Q1/4 (f > T. Then any T-query quan-

tum algorithm that outputs the value of f evaluated on c independent instances has success

probability at most 0((3/4)c/2)
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We now prove the lower bound on the quantum query complexity of cheat sheet functions.

Lemma 3.12. Let f : D -+ {0, 1} be a partial function, where D C [M]n, and let fcs be a
cheat sheet version of f with c = 10 log n copies of f . Then Q(fcs) = Q(Q(f )).

Proof. By Theorem 3.11, we know that given c = 10 log n instances of f, any quantum
algorithm that makes fewer than T = Q114(f) queries will correctly decide all the instances

with probability at most 0((3/4)c/2)
Now suppose by way of contradiction that Q1/4 (fcs) < T. Then we will show how to

decide c copies of f with probability Q (1/T 2) by making T quantum queries. Since

1 1 ()c/2

T- n 2 > 2c/5 > , (3.6)

this is enough to contradict Theorem 3.11.
Let Q be a quantum algorithm that decides fcs using at most T queries. Then consider

running Q on an input z = (Xi,... Ixe, Y1, Y2 ,... , Y2 c), where the xi are in the domain of f
and whose cheat-sheet array (Y1 , Y2 ,.. ., Y2 ) has been completely zeroed out. We assume
again that the all-zero cheat sheet is invalid for any input. This can always be enforced by
requiring a valid cheat sheet to have the first bit set to 1.

For all y E [2C1 and t E [T], define my't, or the query magnitude on y at query t, to be
the probability that Q would be found querying some bit in cell Yy, were we to measure in
the standard basis immediately before the tth query.

For an input z where we have zeroed out the cheat sheet array, clearly fcs (z) = 0
and hence Q outputs 0 on this input with high probability. On the other hand, if we let
f = f (xi) ... f (xc) E [2C], by modifying only the th cell in the array, Y, we could produce
an input z' such that fcs (z') = 1. From these facts, together with the standard BBBV
hybrid argument [211, it follows that

Vmi-+ .- - + me+ = Q (1). (3.7)

So by the Cauchy-Schwarz inequality, we have

mef,1 + --- + mf,T (3.8)

This implies that, if we simply choose a t E [T] uniformly at random, run Q until the tth

query with the cheat-sheet array zeroed out, and then measure in the standard basis, we
will observe f = f (xl) ... f (xc) with probability Q (1/T 2). This completes the proof. l

3.4 Quantum query complexity versus approximate degree

We now show how to obtain a nearly quartic separation between quantum query complexity
and approximate degree from a function that quadratically separates Q(f) from C(f). As
in Section 3.2, we first motivate the construction in Section 3.4.1 and then formally give the
separation in Section 3.4.2. The main result of this section is Theorem 3.2:

Theorem 3.2. There exists a total function f such that Q(f) ;> deg(f) 4 -o(l).
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3.4.1 Intuition

To obtain the quartic separation with approximate degree, we could try the same approach
as in the previous section for exact degree. Using notation from Section 3.3.2, consider the
algorithm At that makes O(Vn) queries. Instead of using a polynomial to exactly represent
At, we could try to construct more efficient approximating polynomials. If there were a
quantum algorithm that checked the certificate quadratically faster than the deterministic
Ae, then we would be done. This is because such a quantum algorithm would yield a poly-
nomial of degree O(nl/ 4 ) that approximates Ae. Then we could sum up these polynomials
as before, with some error reduction to ensure that the error in each polynomial is small
enough not to affect the sum of the polynomials. This error reduction only adds an overhead
of O(log n), which gives us a polynomial of degree O(nl/ 4 ) that approximates fcs.

However, it is unclear if there is a quantum algorithm to check a certificate of size
O(VTh) quickly. Reading the certificate itself could require !(f) queries. All we know is
that the certificate can be checked using O(V/-) queries classically, but this does not imply
a quadratic quantum speedup. To obtain a quadratic speedup the certificates need some
structure that can, for example, be exploited with Grover's algorithm. But the certificates
in this case are simply 0-inputs of k-sUM of size O(Vhi), and it is unclear how to quantumly
check if an input is a 0-input (even with query access to any certificate) any quicker than
querying the entire input. What we would like is for the certificate to be checkable using
O(nl/ 4 ) queries to the certificate and the input. So we construct a new function that has
this property by modifying the BKK function used in Section 3.3.2.

Let f be BKK : {0, 1} 2 --+ {0, 1} for some large, but constant n. We choose n to be large
enough that Adv(f) ;> n1 .99 and C(f) < n 01 . Such an n exists because asymptotically-
C(BKK) = O(n) and Q(BKK) = Q(n2 ) (and Q(BKK) = E(Adv(BKK)) [58]). Composing
this function with itself d times gives us a new function g : {0, 1}N _ {0, 1}, where N = n2d
This function has C(g) C(f)d < n1.01d < NO. 51 . Since the general adversary bound
satisfies a perfect composition theorem [58], we have Q(g) = Q(Adv(g)) = Q(Adv(f)d) -
Q(nl.99d) = Q(NO-99).

If we view the function g as a tree of depth d and fanin n2, it has N leaves but only
NO. 51 of these leaves are part of a certificate. Consider the subtree of g that consists of all
nodes that are ancestors of these N0 5 1 certificate leaves. This subtree has size O(NO.51)
and the set of values of all nodes in this subtree is a certificate for g. Furthermore, this
certificate can be checked by a quantum algorithm in only O(NO. 26) queries, since each level
of the tree consists of at most N0 5 1 instances of f acting on a constant number of bits.
Checking a constant-sized f costs only 0(1) queries, and searching over all NO-5 1 instances
for an invalid certificate costs O(NO 26) queries by Grover's algorithm. This can be done for
each level, resulting in a quantum algorithm with query complexity 0(NO. 26).

Thus we have constructed a function g for which Q(g) is close to N, but the complexity
of quantumly checking a certificate (given query access to it) is close to N1 / 4 . Plugging
this into the cheat sheet construction yields a nearly 4 th power separation between quantum
query complexity and approximate degree.

3.4.2 Implementation

Recall the function BKK : {0, 1} ' {0, 1} introduced in Theorem 3.10. We introduce a
function we call RECBKK which consists of recursively composing BKK with itself d times;
that is, we replace each bit in BKK with a new copy of BKK, then replace each bit in the
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new copies with yet more copies of BKK, and so on. The resulting function will look like a
tree of height d where each vertex has n2 children and will have total input size N = n2d. We
will choose d = (4/25) log n/ log log n to optimize our construction. The resulting function
RECBKK has the following properties.

Theorem 3.13. There exists a total function RECBKK : {0, I}N M {0, 1} such that given
query access to a certificate of size N1/ 2 +o(1), a quantum algorithm can check the validity of
the certificate using at most N1/4+o(1 ) queries. Furthermore, Q(REcBKK) = N1-0(1).

Proof. Our function RECBKK is defined as the d-fold composition of the function BKK:

{0, 1} -+ {0, 1} with itself. This yields a function on N = n2d bits and we set d =

(4/25) log n/ log log n.
With this choice of d, we can show more precisely that the function RECBKK has a

certificate that can be checked by a quantum algorithm using O(N 1 / 4LN[1/2, 1]) = N14+o(l)

queries, where LN[a, c] = exp((c+o(1)) logaNloglogl- N), and also that Q(REcBKK) =

Q(N/LN[1/2, 1]) = N 1).
With this choice of d, the parameters are now related as follows: Since N = n2d , we have

log N = 2d log n = (8/25) log 2 n/ log log n. This gives log n = (5/4 + o(1)) /log N log log N,
so we get n = LN[1/2, 5/4]. Additionally, since (log n)d = exp(d log log n) = n4/25 , it follows

that (log n)d = LN[1/2, 1/5].
We start with the quantum lower bound for Q(REcBKK). By Theorem 3.10 and the

optimality of the general adversary bound [58], we have

Adv(BKK) = Q(Q(BKK)) = Q ( n (3.9)
logs 5 n (log n) 5+o(l)

By using the fact that Adv(fd) = Adv(f)d for Boolean functions f [58], we get

Q(REcBKK) = Q(Adv(BKK)d) = n N
(log n)( 5 +o(l))d LN[1/2, 1/5]5+0(1)

= Q(N/LN[1/2, 1]).

Now we show the upper bound on quantumly checking a certificate. First note that
every non-leaf node in the REcBKK tree corresponds to a BKK instance. For each such
node, there is therefore a set of C(BKK) children that constitute a certificate for that BKK
instance. We can therefore certify the REcBKK instance by starting from the top of the
tree, listing out C(BKK) children that constitute a certificate, then listing out C(BKK)
children for each of those, and so on. In each layer i of the tree, we thus have C(BKK)
nodes that belong to a certificate.

We require our quantumly checkable certificate to provide, for each non-leaf node that
belongs to a certificate, pointers to C(BKK) of the node's children that constitute a certifi-
cate for that BKK instance, starting with the root of the tree. A quantum algorithm can
then use Grover search to search for a bad certificate. More precisely, the algorithm checks
the certificate for the root to see if the C(BKK) children of the root pointed to and their
claimed values do indeed form a certificate. It then checks if all the claimed values in the
first level are correct assuming the claimed values of nodes in the second level and so on.
The total number of certificates to check is

1-+ C(BKK) + C(BKK) 2 + -- + C(BKK)d- 1 < 2C(BKK)d- 1, (3.10)
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where each certificate has size C(BKK). Therefore, the quantum algorithm will make

O(C(BKK)(d- 1 )/2 C(BKK)) = O(C(BKK)(d+l)/ 2 ) (3.11)

queries, where we have logarithmic factors due to the pointers being encoded in binary and
error reduction. From Theorem 3.10, we have C(BKK) = O(nlog3 n) = n(logn) 3 +o(l), so
the search takes

O(n(d+l)/ 2 (log n)(3+o(1))(d+1)/2) = O(N1 /4LN [1/2, 37/40)

quantum queries, which is is O(N1/4LN[1/2, 1]).

Using this function REcBKK we can now establish Theorem 3.2. This proof is very sim-
ilar to the separation between quantum query complexity and exact degree in Section 3.3.2.

Let f be the total function RECBKK : {0, 1}' -a {0, 1} with Q(f) = n-o(1) and

C(f) = nl/2+o(i), and more importantly given query access to this certificate, a quantum
algorithm can check its validity using nl/ 4+o(l) queries. Let fcs denote the cheat sheet
version of f created using 10 log n copies of f as before. From Lemma 3.12 we know that
Q(fcs) = Q(Q(f)) and hence Q(fcs)= nl-O(1). We now show deg(fcs) = nl/4+o(l).

Let f C [n101 be a potential location of the cheat sheet. For any f, consider the problem
of outputting 1 if and only if fcs (z) = 1 and t is the location of the cheat sheet for the
input z. For any fixed , this can be solved by a quantum algorithm Qj that makes ni/ 4+o(l)

queries as shown in Theorem 3.13, since it can simply check if the certificate stored at cell f
in the array is valid: it can check all the 10 log n certificates for each of the 10 log n instances
of f and then check if the outputs of f evaluate to the location f.

Since approximate polynomial degree is at most quantum query complexity, we can
construct a representing polynomial for Qe for any location f. This is a polynomial pe of
degree nl/ 4 +o(l) such that pe(z) = 1 if and only if fcs(z) = 1 and t is the position of the

cheat sheet on input z. Now we can simply add all the polynomials pe together to obtain a
new polynomial q of the same degree, except that we first reduce the error in each polynomial
to below 1/n10 so that the total error is bounded. (This can be done, for example, using the
amplification polynomial construction of [28, Lemma 11.) Now q(z) = fcs(z) as argued in
Section 3.3.2.

3.5 Cheat sheet functions

In this section we define the cheat sheet framework more generally. Once the framework is
set up, proofs based on the framework are short and conveniently separate out facts about
the framework from results about the separation under consideration. To demonstrate this,
we reprove some known separations in Section 3.5.4.

3.5.1 Certifying functions and cheat sheets

Intuitively, a certifying function for a function f : D -+ {0, 1}, where D C [M]", is a function
# that takes in an input x E [M]', a claimed value yi for f(x), and a proof (y2, Y3,. -, Yk)
that we indeed have x E D and f(x) = yi. The value of the certifying function will be
1 only when these conditions hold. We would also like the certifying function to depend
nontrivially on the certificate y, i.e., for every x E D there should be some y that makes
the function output 1, and some y that makes it output 0. For convenience of analysis, we
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enforce that the certificate y = Ok is invalid for all x. Any nontrivial certifying function can
be made to have this property by requiring that (say) the second bit of y, Y2, is 1 for all
valid certificates.

Definition 3.14 (Certifying function). Let f : D -+ {0, 1} be a partial function, where
D C [M]n for some integer M > 2. We say a total function # : [MIn x {0, I}k --+ {0, 1},
where k is any positive integer, is a certifying function for f if the following conditions are
satisfied:

1. Vx V D, O(x, y) = 0 (invalid inputs should not have certificates)

2. Vx E [M]n, Vy E {0, I}k, if yi = f (x) then q(x, y) = 0 (certificate asserts yi = f (x))

3. Vx c D, 3y E {0, I}k such that b(x, y) = 1 (valid inputs should have certificates)

4. Vx e [MIn, O(x,Ok) = 0 (nontriviality condition)

Typically, a certifying function will be defined so that its value is only 1 if y includes
pointers to a certificate in x and if f is a partial function, we will also want y to include a
proof that x satisfies the promise of f. Thus the query complexity of q may be smaller than
that of f.

We now define the cheat sheet version of a function f with certifying function #. In
the separations in the previous sections we used 10 log n copies of the function f to create
the address of the cheat sheet. For generality we now use c = [10 log D(f)l instead so that
the construction only adds logarithmic factors in D(f), as opposed to logarithmic factors
in n, which may be larger than D(f). This does not make a difference in our applications,
however.

Definition 3.15 (Cheat sheet version of f). Let f : D -+ {0, 1} be a partial function, where
D C [M]' for some integer M > 2, and let c = [10 log D(f)]. Let # : [M]n x {0, 1}k -+

{0, 1}, for some positive integer k, be a certifying function for f. Then the cheat sheet
version of f with respect to 0, denoted fcs(o), is a total function

fcs(4) : ([M]")C x (({0, 1})c)2c - {0, 1} (3.12)

acting on an input (X,Y1,Y 2 ,---,Y 2 ), where X E ([M] )c and Y G ({0,l}k)c. Also, let
X z ([M]')c be written as X = (xi,x2 .. I c), where xi E [M]n. Then we define the value

of fcs(0)(X, Y1 , Y2, ... Y2 ) to be 1 if and only if conditions (1) and (2) hold.

(1) For all i E [ci, xi E D.

If condition (1) is satisfied, let f E [2c] be the positive integer corresponding to the binary
string (f(x 1 ), f (X 2 ), f (xc)) and let Ye - (yl, y 2... yc) where each y' E {0, 1 }k.

(2) For all i E [c], xi E D and (xi, yi ) = 1.

Intuitively, the input to fcs(o) is interpreted as c inputs to f, which we denote by
(XI, X2 .. Ic), followed by 2c strings (Yi, Y2,... Y2 ) of length ck called cheat sheets. The
value of the function will be 0 if any of the c inputs to f do not satisfy the promise of
f. If they do satisfy the promise, let f E [2c] be the number encoded by the binary string

f(xl)f (X 2) ... f(Xc), where 0c and 1 C encode the numbers 1 and 2c respectively. If the fth
cheat sheet in the input, Y, is written as Y = (y', y2 ,... , yc), where y' E {0, I}k for all i,
then the value of fcs($) is 1 if O(xi, y) = 1 for all i E [c], and 0 otherwise.
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In other words, the value of fcs(4) is 1 if the first part of its input consists of c valid
inputs to f that together encode a location of a cheat sheet in the second part of the input,
and this cheat sheet in turn contains pointers that certify the values of the c inputs to f.
The idea is that the only way to find the cheat sheet is to solve the c copies of f, so that

fcs($) has query complexity at least that of f, but once the cheat sheet has been found one
can verify the value of fcs(4) using only the query complexity of 4, which may be much
smaller.

We now characterize the query complexity of fcs(O) in terms of the query complexities
of f and 0 in various models. The following result summarizes our results for the query
complexity of cheat sheet functions.

Theorem 3.16 (Query complexity of cheat sheet functions). Let f : D -÷ {0, 1}, where
D C {0, 1}, be a partial function, and let 1 be a certifying function for f. Then the following
relations hold.

" D(fcs($)) =e(D(f) + D(O))

" R(fcs(4)) = 6(R(f) + R(#))

- Q(fcse()) = O(Q(f) + Q(q))
- deg(fCs(,)) = 6(deg(O))

" deg(fcs(4)) = e(deg(#))
" Ro(fcs(o)) = Q( Ro(f) + Ro(#)) (but the corresponding upper bound relation is false)

* QE f YCS(0)) = O(QE(f) + QE(#)) (we conjecture that the corresponding lower bound
holds)

The algorithmic measures, D, R, and Q behave as expected since Theorem 3.16 asserts
that the straightforward way to compute fcs(O) in these models, which is to first compute
all c copies of f and then check if they point to a valid cheat sheet, is essentially optimal.
We conjecture that QE, the quantum analogue of D, should behave similarly to D or Q,
but we can only prove the upper bound (see Lemma 3.17). In fact, if the lower bound for

QE can be proved, then we would get a near cubic separation between Q(f) and QE(f)-
For the zero-error class RO, while we can show that the lower bound holds, the upper

bound relation is false (see Theorem C.3 for a counterexample). We believe the zero-error
class Qo behaves similarly: we conjecture the analogous lower bound holds for Qo, but are
unable to prove it. For Qo, the corresponding upper bound is false, for reasons similar to
those for RO.

Notably, one-sided error measures do not behave well for cheat sheet functions at all.
In Theorem C.2, we demonstrate f and # such that R1(fcs(o)) < Ri(f), showing that the
lower bound fails. The upper bound need not hold either.

Lastly, note that deg and deg behave fundamentally differently on cheat sheet functions
than the algorithmic measures. The (approximate) degree of the function f does not even
play a role in determining the (approximate) degree of fcs(O).

Theorem 3.16 is proved in the next two sections. In Appendix C we present some
examples where the naively expected relations do not hold.

3.5.2 Upper bounds on the complexity of cheat sheet functions

We start by showing that the usual algorithmic models can compute fcs(4) in roughly the
number of queries they require for f and #.
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Lemma 3.17. Let f : D -* {0, 1}, where D C [M]n, be a partial function, and 9 be a
certifying function for f. Then the following upper bounds hold.

" D(fcs(#)) = O(D(f) + D(0))

" R(fcs($))= O(R(f) + R(O))

* Q(fcs(o)) = O(Q(f) + Q(#))
* QE(fCS(0)) = O(QE(f) - QE9$))

Proof. The algorithm to evaluate fcs(4) is the following: First, evaluate f on the c inputs to
f contained in z, assuming they satisfy the promise of f. If one of these inputs is discovered
to contradict the promise of f, then output 0 and halt. This takes cD(f) queries for a de-
terministic algorithm (and cQE(f) queries for an exact quantum algorithm), O(R(f)clogc)
for a bounded-error randomized algorithm, and O(Q(f)c log c) for a bounded-error quantum
algorithm, where the factor of O(log c) comes from reducing the error enough to ensure that
all c functions are computed correctly with high probability. From the c outputs we get
a binary number f. We can then go to the appropriate cheat sheet, and evaluate 9 on all
the (xi, y') pairs and output 1 if they are all 1. This takes cD(#) queries for a determinis-
tic algorithm (and cQE(#) queries for an exact quantum algorithm), O(R(#)c log c) queries
for a randomized algorithm, and O(Q(#)c log c) queries for a quantum algorithm. Since
O(x, y) = 0 when x does not satisfy the promise of f, this algorithm is correct. L

Before proving the upper bounds for the degree measures, we prove a technical lemma
that shows that log(D(f)) and log(C(#)) or log(deg(0)) are the same up to constants. We
prove this to show that the log factors that appear in our construction really can be neglected
compared to the measures we consider.

Lemma 3.18. Let f : D -+ {0, 1} be a partial function, where D C [M]n, and let 9 be a
certifying function for f. Then D(f) C(1)(0)2 and C(f) C(1)(0). As a consequence,
we have D(f) D(0) 2 and C(f) C(#).

Proof. Note that every 1-certificate for #(x, y) proves that f(x) = yi. In particular, such a
1-certificate must reveal a certificate for f in x. This already shows that C(f) C(l)(4).

Moreover, every 1-certificate of #(x, y) where yi = 0 must conflict with every 1-certificate
of #(x, y) where yi = 1 on some bit in x. This is because otherwise, there would be some x
in the promise of f that can be certified to be both a 0- and a 1-input for f.

We can then use the following strategy to compute f(x). On input x E Dom(f), pick a
1-certificate of some $(x, y) with yi = 0, and query all of its entries in x. This reveals at
least one bit of every 1-certificate of 9 that has y1 = 1. We then find another 1-certificate
of some #(x, y) where yi = 0, consistent with the inputs revealed in x so far. We once
again reveal all of its entries in x. After C(1)(9) iterations of this process, we have either
eliminated all 1-certificates of 9 with yi = 0, or else all 1-certificates of 9 with yi = 1.
This tells us the value of f(x), because since x E Dom(f), there must be some y such that
9(x, y) = 1, and hence there must be some 1-certificate of 9 consistent with x. The total
number of queries used was at most C(1) (4)2 0

Next, we show the upper bounds on the degree measures of fcs(o) and show that they
only depend on the degree of 9 and not on any measure of the function f.

Lemma 3.19. Let f : D -* {0, 1} be a partial function, where D C {0, 1}", and 9 be a

certifying function for f. Then deg(fcs($)) = O(deg(#)) and deg(fcs($)) = O(deg(#)).
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Proof. We start by showing this for deg(fcs(4)). For each t E [2c], we construct a polynomial
which is 1 if fcs($)(z) = 1 and the cheat sheet of z is the th cheat sheet, and 0 otherwise.
We can do this by simply multiplying together the polynomials of O(xz, yi) for all i E [c],
where xi are the inputs to f in z and y are the entries found in the th cheat sheet of z.

The resulting polynomial, pe, has degree c deg(#), is 1 on input z if z is a 1-input for
fcs(O) and i is the location of the cheat sheet for input z, and is 0 on all other inputs. To get
a polynomial for fcs(4), we simply sum up the polynomials pi for all f E [2C]. The resulting
polynomial is equal to fcs($)(z) on all inputs z, and has degree c deg(#).

The same trick works for deg, except in that case we cannot simply construct the AND
of c polynomials by multiplying them together: we must first perform error reduction on
the polynomials and map the output range [0, 1/3] U [2/3, 1] to [0, 1/3c] U [1 - 1/3c, 1]. It is
possible to do this amplification while increasing the degree of the polynomials by at most
O(log c) using, for example, the amplification polynomial construction of [28, Lemma 11.
Therefore we have deg(fcs(o)) = O(c deg() log c) = O(deg(#$)).

Finally, note that c is at most logarithmic in deg(#), since we have c = O(log D(f)) =

O(log CO)(0)) = O(log C(#)) = O(log deg ()), where the last equality follows from [26] and
from the fact that 9 is a total function.

3.5.3 Lower bounds on the complexity of cheat sheet functions

Lemma 3.20. Let f : D -+ {0, 1} be a partial function, where D C {o, 1}", and let # be a
certifying function for f. Then the complexity of fcs(o) is at least that of # with respect to
any complexity measure that does not increase upon learning input bits, which includes all
reasonable complexity models such as Q, D, R, RO, R1 , Q1, Qo, QE, C, RC, bs, deg, and
deg.

Proof. Consider restricting fcs(p) to a promise that guarantees that all cheat sheets of the
input are identical. An input z to this promise problem evaluates to 1 if and only if the 9
inputs from the first cheat sheet all evaluate to 1. We add the additional promise that this
is true for all but the last input to 9. The value of an input z to this function then becomes
exactly # evaluated on a certain portion of the input. The complexity measures mentioned
do not increase when the function is restricted to a promise. Thus the complexity of fcs(4)
under these measures is at least that of 9. 0

Lemma 3.21. Let f : D -- {0, 1} be a partial function, where D C [M]n, and let # be a
certifying function for f. Then D(fcs($)) = Q(D(f)).

Proof. We describe an adversary strategy that can be used to force a deterministic algorithm
to make Q(D(f)) queries. Let xi, x2 ,... , C represent the c inputs to f. Whenever the
algorithm queries a bit not in x1, x2 1... I xI the adversary returns 0. Whenever the algorithm
queries a bit in xi, the adversary uses the adversarial strategy for f on that input; that is, it
returns answers that are consistent with the promise of f, but that force any deterministic
algorithm to use D(f) queries to discern f(x').

Now if a deterministic algorithm uses fewer than D(f) queries on an input to fcs(P), then
there must be many cheat sheets in the input that it did not query at all. In addition, such an
algorithm cannot determine the value of f(x') for any i. It follows that this algorithm could
not have discerned the value of fcs($) on the given input, and thus D(fcs(4)) ;> D(f). El
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Lemma 3.22. Let f : D -* {0, 1} be a partial function, where D C [M]n, and let # be a
certifying function for f . Then Ro(fcs(o)) = Q(Ro(f)).

Proof. Let A be a zero-error randomized algorithm for fcs(4). Then A must always find
a certificate for fcs(4). Consider running A on an input z consisting of c 0-inputs to f,
together with an all-zeros array. Certifying such an input requires presenting 0-certificates
for some of the c inputs to f, and presenting at least one bit from each cheat sheet whose
index has not been disproven by the 0-certificates of the f inputs.

Now, since there are at least D(f)10 cheat sheets, only a small fraction can be provided in
a certificate of size at most O(Ro(f)). It follows that the algorithm A must find certificates
to at least half of the c 0-inputs to f with high probability.

We can now turn A into a new algorithm B that finds a certificate in a given 0-input to
f sampled from the hard distribution DO over the 0-inputs of f. Given such an input x, the
algorithm B will generate c - 1 additional inputs from Do, shuffle them together, and add
an all-zero array. B will then feed this input to A. We know that with high probability, A
will find a certificate for at least half the inputs to f, so it must find a certificate for x with
probability close to 1/2 (say, probability at least 1/3). If it does not return a certificate, B
can repeat this process. The expected running time of B is at most 3 times that of A.

Similarly, if we feed A an input consisting of c 1-inputs to f together with an all-zero
array, we can use a similar argument to construct an algorithm C for finding 1-certificates in
inputs sampled from D' (the hard distribution over 1-inputs for f). We can then alternate
running steps of B and steps of C to get an algorithm that finds a certificate in an input
sampled from either Do or D', which uses an expected number of queries that is at most 6
times that of A.

This last algorithm evaluates f on inputs sampled from the hard distribution for f, and
therefore must have expected running time at least Ro(f). It follows that the expected
running time of A is at least Ro(f)/6. E

The lower bounds for bounded-error randomized query complexity and bounded-error
quantum query complexity are exactly as in Lemma 3.6 and Lemma 3.12.

3.5.4 Proofs of known results using cheat sheets

Theorem 3.23 ([91). There exists a total function f such that Ro(f) = Q(Q(f) 3).

Proof. This proof is similar to that of Theorem 3.1, except with a different function g.
Let g : D --+ {0, 1}, where D E {0, 1}, be a partial function that satisfies Q(g) = 1 and

Ro(g) = Q(n), such as the Deutsch-Jozsa problem [31, 301. Ro(g) = Q(n) follows from the
fact that even certifying that the input is all zeros or all ones requires a certificate of linear
size.

Let h : {0, 1}m --+ {0, 1} be the AND-OR function on m bits. Let f = g o h and let

# be a certifying function that requires the obvious certificate for f (as used in the proof
of Theorem 3.1). Then we have Q(#) = O(n + #ml/ 4 ) and Q(f) = Q(g o h) = O(Vf~).
From Theorem 3.5 we have that Ro(f) = Ro(g o h) = f(nm). Using Theorem 3.16, we have

Q(fcs(o)) = O(Q(f)+Q(#)) = O(v6 +n+ ml/') and R(fcs(4)) = Q(Ro(f)) = Q(nm).
Plugging in m = n2 , we get Q(fcs(4)) = 6(n) and R(fcs(4)) = (n3 ). l

Theorem 3.24 ([91). There exists a total function f such that R(f) = Q(QE (f)
3/ 2

)
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Proof Let g : D -+ {0, 1}, where D = {x E {0, 1}n : lxi = 0 or lxI = 1}, be the partial
function that evaluates to 0 if the input is the all-zeros string and evaluates to 1 if the
input string has Hamming weight 1. This function satisfies R(g) = Q(n), since the block
sensitivity of the 0-input is linear and QE(g) = O(\ ), since Grover's algorithm can be
made exact in this case [251.

Let h : {0, 1}' -+ {0, 1} be the AND function on m bits, which satisfies R(h) = Q(m)
and QE(h) = 0(m). Let f = g o h, and let # be a certifying function for f. The certificate
complexity of this function is O(n) in the no case (by showing one 0-input to each of the
n AND gates), and is 0(m) in the yes case (by showing all the 1 inputs to an AND
gate). We choose the certifying function # that requires this certificate for f and hence

QE() ; D(#) = O(n + m).
Now by composing quantum algorithms for g and h we have QE(f) = O(mji), and by

Theorem 3.5 we have R(f) = Q(mn). Hence using Theorem 3.16, we have QE(fCS(#)) =

O(QE(f) + QE(d)) = 6(n + m + m/i), and R(fcs(O)) = Q(mn). Choosing m = V5 gives

QE (fCS()) = 6(n) and R(fcs(O)) - Nn 3/ 2) I
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Chapter 4

Randomized Sabotage Complexity

4.1 Introduction

This chapter is based on work that appeared in [20], which is joint work with Robin Kothari..
We introduce a lower bound technique for randomized query algorithms that we call ran-
domized sabotage complexity, and use it to prove composition theorems for randomized
query complexity.

4.1.1 Composition theorems

A basic structural question that can be asked in any model of computation is whether there
can be resource savings when computing the same function on several independent inputs.
We say a direct sum theorem holds in a model of computation if solving a problem on n
independent inputs requires roughly n times the resources needed to solve one instance of
the problem. Direct sum theorems hold for deterministic and randomized query complexity
[47], fail for circuit size [681, and remain open for communication complexity [50, 14, 341.

More generally, instead of merely outputting the n answers, we could compute another
function of these n answers. If f is an n-bit Boolean function and g is an m-bit Boolean
function, we define the composed function f o g to be an nm-bit Boolean function such that
f o 9(X1, . - -, Xn) = f(g(xi),..., g(xn)), where each xi is an m-bit string. The composition
question now asks if there can be significant savings in computing f o g compared to simply
running the best algorithm for f and using the best algorithm for g to evaluate the input
bits needed to compute f. If we let f be the identity function on n bits that just outputs
all its inputs, we recover the direct sum problem.

Composition theorems are harder to prove and are known for only a handful of models,
such as deterministic [83, 63] and quantum query complexity [70, 58, 511. More precisely,
let D(f), R(f), and Q(f) denote the deterministic, randomized, and quantum query com-
plexities of f. Then for all (possibly partial) Boolean' functions f and g, we have

D(f o g) = D(f) D(g) and Q(f o g) = E(Q(f) Q(g)). (4.1)

In contrast, in the randomized setting we only have the upper bound direction, R(f o g) =
O(R(f) R(g) log R(f)). Proving a composition theorem for randomized query complexity
remains a major open problem.

'Composition theorems usually fail for trivial reasons for non-Boolean functions. Hence we restrict our
attention to Boolean functions, which have domain {0, 1}' (or a subset of {0, 1}) and range {0, 1}.
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Open Problem 1. Does it hold that R(f o g) = Q(R(f) R(g)) for all Boolean functions f
and g?

In this chapter we prove something close to a composition theorem for randomized query
complexity. While we cannot rule out the possibility of synergistic savings in computing f og,
we show that a composition theorem does hold if we insert a small gadget in between f and
g to obfuscate the output of g. Our gadget is "small" in the sense that its randomized

(and even deterministic) query complexity is E(log R(g)). Specifically we choose the index
function, which on an input of size k+2k interprets the first k bits as an address into the next

2 k bits and outputs the bit stored at that address. The index function's query complexity
is k + 1 and we choose k = 0(log R(g)).

Theorem 4.1. Let f and g be (partial) Boolean functions and let IND be the index function
with R(IND) = e(logR(g)). Then

R(f o IND 0 g) = Q(R(f) R(IND) R(g)) = Q(R(f) R(g) log R(g)).

Theorem 4.1 can be used instead of a true composition theorem in many applications.
For example, in Chapter 3 a composition theorem for randomized query complexity was
needed in the special case when g is the AND function. Our composition theorem would
suffice for this application, since the separation shown there only changes by a logarithmic
factor if an index gadget is inserted between f and g.

We prove Theorem 4.1 by introducing a new lower bound technique for randomized
query complexity. This is not surprising since the composition theorems for deterministic
and quantum query complexities are also proved using powerful lower bound techniques for
these models, namely the adversary argument and the negative-weights adversary bound
[44] respectively.

4.1.2 Sabotage complexity

To describe the new lower bound technique, consider the problem of computing a Boolean
function f on an input x G {0, 1}" in the query model. In this model we have access to an
oracle, which when queried with an index i E [n] responds with xi E {0, 1}.

Imagine that a hypothetical saboteur damages the oracle and makes some of the input
bits unreadable. For these input bits the oracle simply responds with a *. We can now view
the oracle as storing a string p E {0, 1, *} as opposed to a string x E {0, 1}. Although it is
not possible to determine the true input x from the oracle string p, it may still be possible
to compute f(x) if all input strings consistent with p evaluate to the same f value. On the
other hand, it is not possible to compute f(x) if p is consistent with a 0-input and a 1-input
to f. We call such a string p E {0, 1, *}" a sabotaged input. For example, let f be the OR
function that computes the logical OR of its bits. Then p = 00*0 is a sabotaged input since
it is consistent with the 0-input 0000 and the 1-input 0010. However, p = 01*0 is not a
sabotaged input since it is only consistent with 1-inputs to f.

Now consider a new problem in which the input is promised to be sabotaged (with respect
to a function f) and our job is to find the location of a *. Intuitively, any algorithm that
solves the original problem f when run on a sabotaged input must discover at least one *,
since otherwise it would answer the same on 0- and 1-inputs consistent with the sabotaged
input. Thus the problem of finding a * in a sabotaged input is no harder than the problem
of computing f, and hence naturally yields a lower bound on the complexity of computing
f. As we show later, this intuition can be formalized in several models of computation.
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As it stands the problem of finding a * in a sabotaged input has multiple valid outputs,
as the location of any star in the input is a valid output. For convenience we define a
decision version of the problem as follows: Imagine there are two saboteurs and one of them
has sabotaged our input. The first saboteur, Asterix, replaces input bits with an asterisk
(*) and the second, Obelix, uses an obelisk (t). Promised that the input has been sabotaged
exclusively by one of Asterix or Obelix, our job is to identify the saboteur. This is now a
decision problem since there are only two valid outputs. We call this decision problem fsab,
the sabotage problem associated with f.

We now define lower bound measures for various models using fsab. For example, we can
define the deterministic sabotage complexity of f as DS(f) := D(fsab) and in fact, it turns
out that for all f, DS(f) equals D(f) (Theorem 4.29).

We could define the randomized sabotage complexity of f as R(fsab), but instead we
define it as RS(f) := Ro(fsab), where Ro denotes zero-error randomized query complexity,
since R(fsab) and RO(fsab) are equal up to constant factors (Theorem 4.7). RS(f) has the
following desirable properties.

1. (Lower bound for R) For all f, R(f) = Q(RS(f)) (Theorem 4.8)

2. (Perfect composition) For all f and g, RS(f o g) > RS(f) RS(g) (Theorem 4.15)

3. (Composition with R) For all f and g, R(f o g) = Q(R(f) RS(g)) (Theorem 4.17)

4. (Separated from prt(f)) ] total f with RS(f) ; prt(f)2 -,( 1) (Theorem 4.26)

5. (Separated from Q(f)) 3 total f with RS(f) = Q(Q(f) 2 .5) (Theorem 4.26)

6. (Quadratically tight) For all total f, R(f) = O(RS(f) 2 log RS(f)) (Theorem 4.28)

Here prt(f) denotes the partition bound [46, 48], which subsumes most other lower bound
techniques such as approximate polynomial degree, randomized certificate complexity, block
sensitivity, etc. The only general lower bound technique not subsumed by prt(f) is quantum
query complexity, Q(f), which can also be considerably smaller than RS(f) for some func-
tions. In fact, we are unaware of any total function f for which RS(f) = o(R(f)), leaving
open the intriguing possibility that this lower bound technique captures randomized query
complexity for total functions.

4.1.3 Lifting theorems

Using randomized sabotage complexity we are also able to show a relationship between lifting
theorems in communication complexity. A lifting theorem relates the query complexity of
a function f with the communication complexity of a related function created from f.
Recently, G66s, Pitassi, and Watson [39] showed that there is a communication problem
GND, also known as the two-party index gadget, with communication complexity E(log n)
such that for any function f on n bits, DC(f o GlND) = Q(D(f) log n), where DC(F) denotes
the deterministic communication complexity of a communication problem F.

Analogous lifting theorems are known for some complexity measures, but no such the-
orem is known for either zero-error randomized or bounded-error randomized query com-
plexity. Our second result shows that a lifting theorem for zero-error randomized query
complexity implies one for bounded-error randomized query. We use R"C(F) and R"C(F) to
denote the zero-error and bounded-error communication complexities of F respectively.
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Theorem 4.2. Let G : X x Y -÷ {0, 1} be a communication problem with the property that
min{ X|, IYI} = O(logn). If it holds that for all n-bit partial functions f,

R" (f o G) = Q(Ro(f)/ polylog n), (4.2)

then for all n-bit partial functions f,

R"(f o G1ND) = Q(R(f)/polylogn), (4.3)

where G1,N : {0, 1}b x {0, 1}2b _4 {0, 1} is the index gadget (Definition 4.24) with b =

E(log n).

Proving a lifting theorem for bounded-error randomized query complexity was an im-
portant open problem in communication complexity. Such a theorem allows the recent
separations in communication complexity shown by Anshu et al. [121 to be proved simply
by establishing their query complexity analogues, which was done in [41 and [111. Our result
shows that it is sufficient to prove a lifting theorem for zero-error randomized protocols
instead.

Interestingly, a lifting theorem for both zero-error and bounded-error randomized algo-
rithms was recently shown [40, 131. This makes our lifting theorem reduction less interesting.
However, the lifting theorems shown use logarithmic sized gadgets, so it is conceivable that
our reduction will come in useful for proving a randomized lifting theorem with a constant
sized gadget.

4.1.4 Open problems

The main open problem is to determine whether R(f) = O(RS(f)) for all total functions f.
This is known to be false for partial functions, however. Any partial function where all inputs
in Dom(f) are far apart in Hamming distance necessarily has low sabotage complexity. For
example, any sabotaged input to the collision problem 2 has at least half the bits sabotaged
making RS(f) = 0(1), but R(f) = Q(Vn).

It would also be interesting to extend the sabotage idea to other models of computation
and see if it yields useful lower bound measures. For example, we can define quantum
sabotage complexity as QS(f) := Q(fsab), but we were unable to show that it lower bounds

Q(f).

4.2 Basic Properties of Randomized Algorithms

We will assume familiarity with the following basic properties of randomized algorithms,
some of which were already mentioned in Chapter 2. For completeness, we prove these
properties in Appendix A. We restate them here for convenience.

First, we have Markov's inequality, which allows us to convert an algorithm with a
guarantee on the expected number of queries into an algorithm with a guarantee on the
maximum number of queries with a constant factor loss in the query bound and a constant
factor increase in the error. This can be used, for example, to convert zero-error randomized
algorithms into bounded-error randomized algorithms.

2 In the collision problem, we are given an input x E [m]", and we have to decide if x viewed as a function
from [n] to [m] is 1-to-1 or 2-to-1 promised that one of these holds.
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Lemma 2.12 (Markov's Inequality). Let R be a randomized decision tree on n bits, and let
6 E (0,1). On any input x E {0, 1}, the probability that h(D,x) [h(R,x)/6J when D is
sampled from R is at least 1 - 6.

The next property allows us to amplify the success probability of an E-error randomized
algorithm.

Lemma 2.10 (Amplification). If f is a Boolean function and R is a randomized algorithm
for f with error e < 1/2, repeating R several times and taking the majority vote of the
outcomes decreases the error. To reach error e' > 0, it suffices to repeat the algorithm
2ln(l/e) times. In particular, if 0 < e' < e < 1/ 2, we have

2(1(2/)'

RE (f) RE (f) E2 RE (f).
-(1 - 2e)2

Recall that we defined RE(f) to be the minimum expected number of queries made by a
randomized algorithm that computes f with error probability at most e. Clearly, we have
RE (f) RE (f), since the expected number of queries made by an algorithm is at most the
maximum number of queries made by the algorithm. Using Lemma 2.12, we can now relate
them in the other direction.

Lemma 4.3. Let f be a partial function, 6> 0, and e G [0, 1/2). Then we have RE+(f ) <

25R.E(f) :5 RE (f)

The next lemma shows how to relate these measures with the same error e on both sides
of the inequality. This also shows that RE(f) is only a constant factor away from R,(f) for
constant e.

Lemma 2.13. If f is a (possibly partial) Boolean function, then for all e G (0, 1), we have

Re(f) 14 " 2 RE(f). When e =., we can improve this to R(f) 10R(f).

Although these measures are closely related for constant error, RE(f) is more convenient
than RE(f) for discussing composition and direct sum theorems.

We can also convert randomized algorithms that find certificates with bounded error into
zero-error randomized algorithms.

Lemma 4.4. Let R be a randomized algorithm that uses T queries on expectation and finds
a certificate with probability 1 - e. Then repeating A when it fails to find a certificate turns
it into an algorithm that always finds a certificate (i.e., a zero-error algorithm) that uses at
most T/(1 - e) queries in expectation.

Finally, the following lemma is useful for proving lower bounds on randomized algorithms.

Lemma 2.28. Let f be a (possibly partial) function, let x E Dom(f) be an input, and let
B be a sensitive block of x with respect to f.

Then any randomized algorithm that solves f using at most T expected queries and with
error at most e must, when run on x, query a bit in B with probability at least 1 - 2E.
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4.3 Sabotage complexity

We now formally define sabotage complexity. Given a (partial or total) n-bit Boolean
function f, let P C {0, 1, *} be the set of all partial assignments of f that are consistent
with both a 0-input and a 1-input. That is, for each p E Pf, there exist x, y E Dom(f)
such that f(x) # f(y) and x = yi = pi whenever pi # *. Let Pt {0, 1, t}" be the same

as Pf, except using the symbol t instead of *. Observe that Pf and Pt are disjoint. Let

Qf = pf U P C {0, 1, *, t}". We then define fsab as follows.

Definition 4.5. Let f be an n-bit partial function. We define fab : Qf - {0, 1} as

fsab(q) = 0 if q E Pf and fsab(q) = 1 if q E P.

Note that even when f is a total function, fsab is always a partial function. See Sec-
tion 4.1.2 for more discussion and motivation for this definition. Now that we have defined

fsab, we can define deterministic and randomized sabotage complexity.

Definition 4.6. Let f be a partial function. Then DS(f) := D(fsab) and RS(f) Ro(fsab).

We will primarily focus on RS(f) in this work and only discuss DS(f) in Section 4.8.
To justify defining RS(f) as Ro(fsab) instead of R(fsab) (or R(fsab)), we now show these
definitions are equivalent up to constant factors.

Theorem 4.7. Let f be a partial function. Then Ro(fsab) R,(fsab) (1 - 2e) Ro(fsab)-

Proof. The first inequality follows trivially. For the second, let x E Qf be any valid input to

fsab. Let x' be the input x with asterisks replaced with obelisks and vice versa. Then since

fsab(X) = fsab(x'), by Lemma 2.28 any E-error randomized algorithm that solves fsab must
find a position on which x and x' differ with probability at least 1-2e. The positions at which
they differ are either asterisks or obelisks. Since x was an arbitrary input, the algorithm
must always find an asterisk or obelisk with probability at least 1 - 2e. Since finding an
asterisk or obelisk is a certificate for fsab, by Lemma 4.4, we get a zero-error algorithm for
fsab that uses RE(fsab)/(1 - 2E) expected queries. Thus Ro(fsab) RE(fsab)/(1 - 2e), as
desired. 0

Finally, we prove that RS(f) is indeed a lower bound on R(f), i.e., R(f) = Q(RS(f)).

Theorem 4.8. Let f be a partial function. Then RE(f) R,(f) > (1 - 2e) RS(f).

Proof. Let A be a randomized algorithm for f that uses RE(f) randomized queries and
outputs the correct answer on every input in Dom(f) with probability at least 1 - e. Now
fix a sabotaged input x, and let p be the probability that A finds a * or t when run on x.
Let q be the probability that A outputs 0 if it doesn't find a * or t when run on x. Let xo
and x1 be inputs consistent with x such that f(xo) = 0 and f(xi) = 1. Then A outputs
0 on x, with probability at least q(1 - p), and A outputs 1 on xo with probability at least
(1 - q)(1 - p). These are both errors, so we have q(1 - p) K e and (1 - q)(1 - p) < e.
Summing them gives 1 - p < 2e, or p > 1 - 2E.

This means A finds a * entry within RE(f) expected queries with probability at least
1 - 2e. By Lemma 4.4, we get lI 2 RE(f) RS(f), or RE(f) (1 - 2e) RS(f). 0

We also define a variant of RS where the number of asterisks (or obelisks) is limited to
one. Specifically, let U C {0, 1, *, t} be the set of all partial assignments with exactly one
* or t. Formally, U := {x E {0, 1, *, }}" : I{i E [n] : xi {0, 1}}| = 1}.
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Definition 4.9. Let f be an n-bit partial function. We define fusab as the restriction of fsab
to U, the set of strings with only one asterisk or obelisk. That is, fusab has domain Qf n U,
but is equal to fsab on its domain. We then define RS, (f Ro(fusab). If Qf n U is empty,
we define RSu(f) := 0.

The measure RSu will play a key role in our lifting result in Section 4.6. Since fusab is a
restriction of fsab to a promise, it is clear that its zero-error randomized query complexity
cannot increase, and so RSu(f) K RS(f). Interestingly, when f is total, RSu(f) equals
RS(f). In other words, when f is total, we may assume without loss of generality that its
sabotaged version has only one asterisk or obelisk.

Theorem 4.10. If f is a total function, then RSu(f) = RS(f).

Proof. We already argued that RS(f) RSu(f). To show RSu(f) RS(f), we argue that
any zero-error algorithm A for fusab also solves fsab. The main observation we need is that
any input to fsab can be completed to an input to fusab by replacing some asterisks or
obelisks with Os and 1s. To see this, let x be an input to fsab. Without loss of generality,
x E Pf. Then there are two strings y, z E Dom(f) that are consistent with x, satisfying
f (y) = 0 and f (z) = 1.

The strings y and z disagree on some set of bits B, and x has a * or t on all of B.
Consider starting with y and flipping the bits of B one by one, until we reach the string z.
At the beginning, we have f(y) = 0, and at the end, we reach f(z) = 1. This means that at
some point in the middle, we must have flipped a bit that flipped the string from a 0-input
to a 1-input. Let wo and w, be the inputs where this happens. They differ in only one
bit. If we replace that bit with * or t, we get a partial assignment w consistent with both,
so w E Pf. Moreover, w is consistent with x. This means we have completed an arbitrary
input to fsab to an input to fusab, as claimed.

The algorithm A, which correctly solves fusab, when run on w (a valid input to fusab)
must find an asterisk or obelisk in w. Now consider running A on the input x to fsab and
compare its execution to when it is run on w. If A ever queries a position that is different
in x and w, then it has found an asterisk or obelisk and the algorithm can now halt. If not,
then it must find the single asterisk or obelisk present in w, which is also present in x. This
shows that the slightly modified version of A that halts if it queries an asterisk or obelisk
solves fsab and hence RS(f) = Ro(fsab) Ro(fusab) = RSu(f). L

4.4 Direct sum and composition theorems

In this section, we establish the main composition theorems for randomized sabotage com-
plexity. To do so, we first need to establish direct sum theorems for the problem fsab. In
fact, our direct sum theorems hold more generally for zero-error randomized query complex-
ity of partial functions (and even relations). To prove this, we will require Yao's minimax
theorem [891.

Theorem 4.11 (Minimax). Let f be an n-bit partial function. There is a distribution A
over inputs in Dom(f) such that all zero-error algorithms for f use at least Ro(f) expected
queries on P.

We call any distribution y that satisfies the assertion in Yao's theorem a hard distribution
for f.
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4.4.1 Direct sum theorems

We start by defining the m-fold direct sum of a function f, which is simply the function
that accepts m inputs to f and outputs f evaluated on all of them.

Definition 4.12. Let f : Dom(f) -+ Z, where Dom(f) C X', be a partial function with
input and output alphabets X and Z. The m-fold direct sum of f is the partial function
fern: Dom(f)m - Zm such that for any (x 1 , x 2 , ... xM) E Dom(f)m, we have

f'M(Xi, x 2 , ... , XM) = (f(Xi), f(x 2), -, f(Xm))- (4.4)

We can now prove a direct sum theorem for zero-error randomized and more generally
E-error expected randomized query complexity, although we only require the result about
zero-error algorithms. We prove these results for partial functions, but they also hold for
arbitrary relations.

Theorem 4.13 (Direct sum). For any n-bit partial function f and any positive integer
m, we have Ro(f*e) = mRo(f). Moreover, if pi is a hard distribution for f given by
Theorem 4.11, then p m is a hard distribution for fern. Similarly, for c-error randomized
algorithms we get Re(f em) mRE(f ).

Proof. The upper bound follows from running the Ro(f) algorithm on each of the m inputs
to f. By linearity of expectation, this algorithm solves all m inputs after m Ro(f) expected
queries.

We now prove the lower bound. Let A be a zero-error randomized algorithm for fen
that uses T expected queries when run on inputs from p®m. We convert A into an algorithm
B for f that uses T/m expected queries when run on inputs from pL.

Given an input x ~ y, the algorithm B generates m - 1 additional "fake" inputs from
p. B then shuffles these together with x, and runs A on the result. The input to A is then
distributed according to p®m , so A uses T queries (in expectation) to solve all m inputs. B
then reads the solution to the true input x.

Note that most of the queries A makes are to fake inputs, so they don't count as real
queries. The only real queries B has to make happen when A queries x. But since x is
shuffled with the other (indistinguishable) inputs, the expected number of queries A makes
to x is the same as the expected number of queries A makes to each fake input; this must
equal T/m. Thus B makes T/m queries to x (in expectation) before solving it.

Since B is a zero-error randomized algorithm for f that uses T/m expected queries on
inputs from y, we must have T/m > Ro(f) by Theorem 4.11. Thus T > m Ro(f), as desired.

The same lower bound proof carries through for E-error expected query complexity, Re (f),
as long as we use a version of Yao's theorem for this model. For completeness, we prove this
version of Yao's theorem in Appendix A. L

Theorem 4.13 is essentially 147, Theorem 2], but our theorem statement looks different
since we deal with expected query complexity instead of worst-case query complexity. From
Theorem 4.13, we can also prove a direct sum theorem for worst-case randomized query
complexity since for e C (0, 1/2),

Re (fe) Re (f E") mRe(f) 25m Rc (f), (4.5)

for any J > 0, where the last inequality used Lemma 4.3.
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For our applications, however, we will need a strengthened version of this theorem, which
we call a threshold direct sum theorem.

Theorem 4.14 (Threshold direct sum). Given an input to fenm sampled from pOr, we
consider solving only some of the m inputs to f. We say an input x to f is solved if a
z-certificate was queried that proves f(x) = z. Then any randomized algorithm that takes
an expected T queries and solves an expected k of the m inputs when run on inputs from

A Om must satisfy T > k Ro( f ).

Proof. We prove this by a reduction to Theorem 4.13. Let A be a randomized algorithm that,
when run on an input from pom, solves an expected k of the m instances, and halts after
an expected T queries. We note that these expectations average over both the distribution

A OM and the internal randomness of A.

We now define a randomized algorithm B that solves the m-fold direct sum fen with
zero error. B works as follows: given an input to ferm, B first runs A on that input. Then
B checks which of the m instances of f were solved by A (by seeing if a certificate proving
the value of f was found for a given instance of f). B then runs the optimal zero-error
algorithm for f, which makes Ro(f) expected queries, on the instances of f that were not
solved by A.

Let us examine the expected number of queries used by B on an input from pm. Recall
that a randomized algorithm is a probability distribution over deterministic algorithms; we
can therefore think of A as a distribution. For a deterministic algorithm D ~ A and an input
x to fem, we use D(x) to denote the number of queries used by D on x, and S(D, x) 9 [m]
to denote the set of inputs to f the algorithm D solves when run on x. Then by assumption

T= E E D(x) and k= E E IS(D,x). (4.6)
X-1m D~A X-®m D~A

Next, let R be the randomized algorithm that uses Ro(f) expected queries and solves f on
any input. For an input x to fern, we write x = x 1x2 .. .Xm with xi E Dom(f). Then the
expected number of queries used by B on input from prOM can be written as

E E D(x) + E E -.- E 7 Di (xi) (4.7)
x~p& D~ A D1~RD2~ R Dm~ R iE[m]\S(D,x)

E E D(x) + Z E Di(xi) (4.8)
x~ p~m D~ A ( iE [m]\S(D,x ) Di~ R

E E D(x) + 1 Ro(f) (4.9)
X-[(m D~A iE [m]\S(D,x)

= E E (D(x)+ (m-IS(Dx))Ro(f)) (4.10)
X~pOm D~A

= T+(m-k)Ro(f). (4.11)

Since B solves the direct sum problem on Mom, the expected number of queries it uses is
at least rn Ro(f) by Theorem 4.13. Hence T+(m-k) Ro(f) m Ro(f), so T k Ro(f). El
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4.4.2 Composition theorems

Using the direct sum and threshold direct sum theorems we have established, we can now
prove composition theorems for randomized sabotage complexity. We start with the behavior
of RS itself under composition.

Theorem 4.15. Let f and g be partial functions. Then RS(f o g) >_ RS(f) RS(g).

Proof. Let A be any zero-error algorithm for (f 0g)sab, and let T be the expected query
complexity of A (maximized over all inputs). We turn A into a zero-error algorithm B for

sab-

B takes a sabotaged input x for f. It then runs A on a sabotaged input to f o g
constructed as follows. Each 0 bit of x is replaced with a 0-input to g, each 1 bit of x
is replaced with a 1-input to g, and each * or t of x is replaced with a sabotaged input
to g. The sabotaged inputs are generated from M, the hard distribution for 9sab obtained
from Theorem 4.11. The 0-inputs are generated by first generating a sabotaged input, and
then selecting a 0-input consistent with that sabotaged input. The 1-inputs are generated
analogously.

This is implemented in the following way. On input x, the algorithm B generates n
sabotaged inputs from p (the hard distribution for gsab), where n is the length of the string
x. Call these inputs Y1, Y2, - - -, yn. B then runs the algorithm A on this collection of n
strings, pretending that it is an input to f o g, with the following caveat: whenever A tries
to query a * or t in an input yi, B instead queries xi. If xi is 0, B selects an input from
f-1 (0) consistent with yi, and replaces yi with this input. It then returns to A an answer
consistent with the new yi. If xi is 1, B selects a consistent input from f -1(1) instead. If
xi is a * or t, B returns a * or t respectively.

Now B only makes queries to x when it finds a * or t in an input to gsab. But this solves
that instance of gsab, which was drawn from the hard distribution for gsab. Thus the query
complexity of B is upper bounded by the number of instances of gsab that can be solved
by a T-query algorithm with access to n instances of gsab. We know from Theorem 4.14
that if A makes T expected queries, the expected number of * or t entries it finds among

yi, Y2, . . -, yn is at most T/ RS(g). Hence the expected number of queries B makes to x is
at most T/ RS(g). Thus we have RS(f) _< T/ RS(g), which gives T > RS(f) RS(g). El

Using this we can lower bound the randomized query complexity of composed functions.
In the following, fn denotes the function f composed with itself n times, i.e., f 1 = f and

fi+1 = f 0 fi.

Corollary 4.16. Let f be a partial function. Then R(fn) RS(f)"/3.

This follows straightforwardly from observing that R(f") = R1/3(f") (1-2/3) RS(f")

(using Theorem 4.8) and RS(fn) RS(f)" (using Theorem 4.15).
We can also prove a composition theorem for zero-error and bounded-error randomized

query complexity in terms of randomized sabotage complexity. In particular this yields a

composition theorem for R(f o g) when R(g) = O(RS(g)).

Theorem 4.17. Let f and g be partial functions. Then RE(f o g) RE(f) RS(g).

Proof. The proof follows a similar argument to the proof of Theorem 4.15. Let A be a

randomized algorithm for f o g that uses T expected queries and makes error e. We turn

A into an algorithm B for f by having B generate inputs from p, the hard distribution for
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gsab, and feeding them to A, as before. The only difference is that this time, the input x to
B is not a sabotaged input. This means it has no * or t entries, so all the sabotaged inputs
that B generates turn into 0- or 1-inputs if A tries to query a * or t in them.

Since A uses T queries, by Theorem 4.14, it finds at most T/ RS(g) asterisks or obelisks
(in expectation). Therefore, B makes at most T/ RS(g) expected queries to x. Since B is
correct whenever A is correct, its error probability is at most E. Thus RE(f) T/ RS(g),
and thus T > R,(f) RS(g). E

Setting e to 0 yields the following corollary.

Corollary 4.18. Let f and g be partial functions. Then Ro(f o g) Ro(f) RS(g).

For the more commonly used R(f o g), we obtain the following composition result.

Corollary 4.19. Let f and g be partial functions. Then R(f o g) R(f) RS(g)/10.

This follows from Lemma 2.13, which gives R/ 3 (f) R(f)/10, and Theorem 4.17, since
R(f o g) R1/ 3(f 0 g) R1/ 3(f) RS(g) R(f) RS(g)/10.

Finally, we can also show an upper bound composition result for randomized sabotage
complexity.

Theorem 4.20. Let f and g be partial functions. Then RS(f o g) RS(f ) Ro(g). We also
have RS(f o g) = O(RS(f) R(g) log RS(f)).

Proof. We describe a simple algorithm for finding a * or t in an input to f o g. Start by
running the optimal algorithm for the sabotage problem of f. This algorithm uses RS(f)
expected queries. Then whenever this algorithm tries to query a bit, run the optimal zero-
error algorithm for g in the corresponding input to g.

Now, since the input to f og that we are given is a sabotaged input, it must be consistent
with both a 0-input and a 1-input of f og. It follows that some of the g inputs are sabotaged,
and moreover, if we represent a sabotaged g-input by * or t, a 0-input to g by 0, and a 1-
input to g by 1, we get a sabotaged input to f. In other words, from the inputs to g we can
derive a sabotaged input for f.

This means that the outer algorithm runs uses an expected RS(f) calls to the inner
algorithm, and ends up calling the inner algorithm on a sabotaged input to g. Meanwhile,
each call to the inner algorithm uses an expected RO(g) queries, and will necessarily find a
* or t if the input it is run on is sabotaged. Therefore, the described algorithm will always
find a * or t, and its expected running time is RS(f) Ro(g) by linearity of expectation and
by the independence of the internal randomness of the two algorithms.

Instead of using a zero-error randomized algorithm for g, we can use a bounded-error
randomized algorithm for g as long as its error probability is small. Since we make O(RS(f))
calls to the inner algorithm, if we boost the bounded-error algorithm's success probability
to make the error much smaller than 1/ RS(f) (costing an additional log RS(f) factor), we
will get a bounded-error algorithm for (f 0 g)sab. Since R((f 0 g)sab) is the same as RS(f o g)
up to a constant factor (Theorem 4.7),

RS(f o g) = O(RS(f) R(g) log RS(f)), (4.12)

as desired. 0
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4.5 Composition with the index function

We now prove our main result (Theorem 4.1) restated more precisely as follows.

Theorem 4.1 (Precise version). Let f and g be (partial) functions, and let m = Q(R(g j-AT
Then R(f o INDm o g) = Q(R(f) R(g) log m) = Q(R(f) R(INDm) R(g)).

Before proving this, we formally define the index function.

Definition 4.21 (Index function). The index function on m bits, denoted INDm :{0, i m _+

{0, 1}, is defined as follows. Let c be the largest integer such that c + 2c <i n. For any input

x E {0, 1}, let y be the first c bits of x and let z = zoz1 ... Z2 c- 1 be the next 2C bits of x.

If we interpret y as the binary representation of an integer between 0 and 2 ' - 1, then the

output of INDm(x) equals zy.

To prove Theorem 4.1, we also require the strong direct product theorem for randomized

query complexity that was established by Drucker [321.

Theorem 4.22 (Strong direct product). Let f be a partial Boolean function, and let k be

a positive integer. Then any randomized algorithm for fBk that uses at most 73k R(f)/11
queries has success probability at most (1/2 + Y)k, for any -y E (0, 1/4).

The first step to proving R(f 0 IND 0 g) = Q(R(f) R(IND) R(g)) is to establish that
R(IND o g) is essentially the same as RS(IND 0 g) if the index gadget is large enough.

Lemma 4.23. Let f be a partial Boolean function and let in = Q(R(f) 1' ). Then

RS(INDm a f) = Q(R(f) log m) = Q(R(INDm) R(f)). (4.13)

Moreover, if f.d' is the defined as the index function on c + 2 c bits composed with f in only

the first c bits, we have RS(f "') RS,(f 0') = Q (c R(f)) when c > 1.1 log R(f).

Before proving Lemma 4.23, let us complete the proof of Theorem 4.1 assuming it.

Proof of Theorem 4. 1. By Corollary 4.19, we have R(f o INDm o g) R(f) RS(INDm o g)/10.
Combining this with Lemma 4.23 gives R(f oINDmaOg) = Q(R(f) R(g) log n), as desired. E

We can now complete the argument by proving Lemma 4.23.

Proof of Lemma 4.23. To understand what the inputs to (INDm 0 f)sab look like, let us first
analyze the function INDm. We can split an input to INDm into a small index section and a

large array section. To sabotage an input to INDm, it suffices to sabotage the array element

that the index points to (using only a single * or t). It follows that to sabotage an input to

INDm of, it suffices to sabotage the input to f at the array element that the index points to.

In other words, we consider sabotaged inputs where the only stars in the input are in one

array cell whose index is the output of the first c copies of f, where c is the largest integer

such that c + 2C < in. Note that c = log n - E(1).
We now convert any RS(INDm o f) algorithm into a randomized algorithm for fec. First,

using Lemma 2.12, we get a 2 RS(INDm o f) query randomized algorithm that finds a * or t
with probability 1/2 if the input is sabotaged. Next, consider running this algorithm on a

non-sabotaged input. It makes 2 RS(INDm o f) queries. With probability 1/2, one of these

queries will be in the array cell whose index is the true answer to feC evaluated on the
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first cn bits. We can then consider a new algorithm A that runs the above algorithm for
2 RS(INDm o f) queries, then picks one of the 2 RS(INDm o f) queries at random, and if that
query is in an array cell, it outputs the index of that cell. Then A uses 2RS(INDm 0 f)
queries and evaluates f3C with probability at least RS(INDm 0 f)- 1 14.

Next, Theorem 4.22 implies that for any -y E (0, 1/4), either A's success probability is
smaller than (1/2 + -)", or else A uses at least -y3cR(f)/11 queries. This means either

RS(INDm o f)'/4 < (1/ 2 + y)c or 2 RS(INDm 0 f) y 3c R(f)/11. (4.14)

Now if we choose -y = 0.01, it is clear that the second inequality in (4.14) yields RS(INDm o
f) = Q(c R(f)) = (R(f)log m) no matter what m (and hence c) is chosen to be.

To complete the argument, we show that the first inequality in (4.14) also yields the
same. Observe that the first inequality is equivalent to

RS(INDm 0 f) Q (( 2g)c) = (( 2 )1ogm-E(1)
I + 2-Y 1 + 2-y

= Q(mlo2( 2 /1.02)) = (mO.97

We now have m0.97 - Q( .96 log m) = Q(R(f)-lXO. 96 logm) = Q(R(f) log m), as desired.
The lower bound on RSu(fidc) follows similarly once we makes two observations. First,

this argument works equally well for fidc instead of INDm 0 f. Second, sabotaging the array
cell indexed by the outputs to the c copies of f in f EE introduces only one asterisk or obelisk,
so the argument above lower bounds RSu(f Ej) and not only RS (fI I

4.6 Relating Lifting Theorems

In this section we establish Theorem 4.2, which proves that a lifting theorem for zero-error
randomized communication complexity implies one for bounded-error randomized commu-
nication complexity.

To begin, we introduce the two-party index gadget (also used in 139]).

Definition 4.24 (Two-party index gadget). For any integer b > 0, and finite set Y, we
define the index function GND : {0, }b 6X y2 __> Y as follows. Let (x, y) ( {0, 1}b x y2b be
an input to GIN. Then if we interpret x as the binary representation of an integer between
0 and 2 b - 1, the function GIND(x, y) evaluates to yx, the xth letter of y. We also let Gb be
the index function with Y = {0, 1} and let G' be the index function with Y = {0, 1, *, t}.

The index gadget is particularly useful in communication complexity because it is "com-
plete" for functions with a given value of min{XI, IYI}. More precisely, any problem
F : X x Y - {0, 1} can be reduced to Gb for b = [log min{JX|,JYI}. To see this, say
jX 5 1 YI and let IX| - 2b. We now map every input (x, y) E X x Y to an input (x', y')
for Gb. Since X has size 2 b, we can view x as a string in {0, 1}b and set x' = x. The string

y' = yoyi -- y {o, 1}2 is defined as y' = F(x, y). Hence we can assume without loss
of generality that a supposed lifting theorem for zero-error protocols is proved using the
two-party index gadget of some size.

Our first step is to lower bound the bounded-error randomized communication com-
plexity of a function in terms of the zero-error randomized communication complexity of a
related function.
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Lemma 4.25. Let f be an n-bit (partial) Boolean function and let Gb : {0, 1}b x {0, 1}
{0, 1} be the index gadget with b = O(log n). Then

RCC(f oGb) = - ( (4.15)
(log n log log n

where G' is the index gadget mapping {0, 1} x {0, 1, *, t} 2b to {O, 1, *, t}.

Proof. We will use a randomized protocol A for f o Gb to construct a zero-error protocol
B for fusab o G'. Note the given input to fusab o G' must have a unique copy of G' that
evaluates to * or t, with all other copies evaluating to 0 or 1. The goal of B is to find this
copy and determine if it evaluates to * or t. This will evaluate fusab o G' with zero error.

Note that if we replace all * and t symbols in Bob's input with 0 or 1, we would get a
valid input to to f o Gb, which we can evaluate using A. Moreover, there is a single special
* or t in Bob's input that governs the value of this input to f o Gb no matter how we fix the
rest of the * and t symbols. Without loss of generality, we assume that if the special symbol
is replaced by 0, the function f o Gb evaluates to 0, and if it is replaced by 1, it evaluates to
1.

We can now binary search to find this special symbol. There are at most n2b asterisks
and obelisks in Bob's input. We can set the left half to 0 and the right half to 1, and
evaluate the resulting input using A. If the answer is 0, the special symbol is on the left
half; otherwise, it is on the right half. We can proceed to binary search in this way, until we
have zoomed in on one gadget that must contain the special symbol. This requires narrowing
down the search space from n possible gadgets to 1, which requires log n rounds. Each round
requires a call to A, times a O(log log n) factor for error reduction. We can therefore find the
right gadget with bounded error, using O(RC(f o G) log n log log n) bits of communication.

Once we have found the right gadget, we can certify its validity by having Alice send
the right index to Bob, using b bits of communication, and Bob can check that it points to
an asterisk or obelisk. Since we found a certificate with constant probability, we can use
Lemma 4.4 to turn this into a zero-error algorithm. Thus

R8c(fusab o G' ) = O(b + RC(f o G) log n log log n). (4.16)

Since b = O(log n), we obtain R" (fusab o G') = O(RCC(f o Gb) log n log log n). l

Equipped with this lemma we can prove the connection between lifting theorems (The-
orem 4.2), stated more precisely as follows.

Theorem 4.2 (Precise version). Suppose that for all partial Boolean functions f on n bits,
we have

R~c(f o G) = Q(Ro(f)/ polylog n) (4.17)

with b = O(log n). Then for all partial functions Boolean functions, we also have

RCC(f o G2) = Q (R(f)/ polylog n). (4.18)

The polylog n loss in the RCC result is only log n log log2 n worse than the loss in the R'
hypothesis.
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Proof. First we show that for any function f and positive integer c,

RcC(f o G2) = Q Rcc(f(419)
clogc

To see this, note that we can solve fit o G2b by solving the c copies of f o G2b and then
examining the appropriate cell of the array. This uses c Rcc (f o G2b) bits of communication,
times 0 (log c) since we must amplify the randomized protocol to an error of 0(1/c).

Next, using (4.19) and Lemma 4.25 on Rc(f o G2), we get

R G = Rcc(f o G2) _ (R ((fi)usab o G')
Rcc(f 0 G2b) = Q (R (ingdG J k, lglin oglog)~ (4.20)

c log c c log c log nlog logn )

From here we want to use the assumed lifting theorem for Ro. However, there is a techni-
cality: the gadget G' is not the standard index gadget, and the function (fUd)usab does not
have Boolean alphabet. To remedy this, we use two bits to represent each of the symbols
{0, 1, *, t}. Using this representation, we define a new function (f,3)a bin on twice as manyind usab
bits.

We now compare (f) bib oGb to (fc) usab0G'. Note that the former uses two pointers

of size b to index two bits, while the latter uses one pointer of size 2b to index one symbol

in {0, 1, *, t} (which is equivalent to two bits). It's not hard to see that the former function

is equivalent to the latter function restricted to a promise. This means the communication

complexity of the former is smaller, and hence

RSc ((f"c) usab o G'2b) = Q(Rcc ((fiuab o Gb)). (4.21)

We are now ready to use the assumed lifting theorem for Ro. To be more precise, let's

suppose a lifting result that states RBc(f o Gb) = Q(Ro(f)/f(n)) for some function f(n).
Thus

0id ab o Gb) = Q(Ro ((fic )b )/f(n))- (4.22)

We note that

Ro ((fd)uab = Q(Ro((fi )usab)) = Q(RSu(fic)). (4.23)J( )n )sa J d Jind) (~)

Setting c = 1.1 logR(f), we have RSu(fi@) = Q(cR(f)) by Lemma 4.23. Combining this
with (4.21), (4.22), and (4.23), we get

R~c((fi )usab o G2b) = Q(c R(f)/f(n)). (4.24)

Combining this with (4.20) yields

RC (f o G2) = Q clR(f) f2R(f) log2 (4.25)
(f (n)c log c log n log log n f \ (n) log n log no2,

This gives the desired lifting theorem for bounded-error randomized communication with

polylog n loss that is at most log n log log2 n worse than the loss in the assumed Rcc lifting

theorem. El

4.7 Comparison with Other Lower Bound Methods
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In this section we compare RS(f) with other lower bound R
techniques for bounded-error randomized query complexity.
Figure 4-1 shows the two most powerful lower bound tech-
niques for R(f), the partition bound (prt(f)) and quantum RS prt Q
query complexity (Q(f)), which subsume all other general
lower bound techniques. The partition bound and quantum RC d
query complexity are incomparable, since there are functions
for which the partition bound is larger, e.g., the OR function, Figure 4-1: Lower bounds
and functions for which quantum query complexity is larger on R(f).
[11]. Another common lower bound measure, approximate
polynomial degree (deg) is smaller than both.

Randomized sabotage complexity (RS) can be much larger than the partition bound
and quantum query complexity as we now show. We also show that randomized sabotage
complexity is always as large as randomized certificate complexity (RC), which itself is larger
than block sensitivity, another common lower bound technique. Lastly, we also show that
Ro(f) = O(RS(f)2 log RS(f)), showing that RS is a quadratically tight lower bound, even
for zero-error randomized query complexity.

4.7.1 Partition Bound and Quantum Query Complexity

We start by showing the superiority of randomized sabotage complexity against the two
best lower bounds for R(f). Informally, what we show is that any separation between R(f)

and a lower bound measure like Q(f), prt(f), or deg(f) readily gives a similar separation
between RS(f) and the same measure.

Theorem 4.26. There exist total functions f and g such that RS(f) prt (f)2-'(1) and

RS(g) = Q(Q(g)2 .). There is also a total function h with RS(h) deg(h)4 -( 1 ).

Proof. These separations were shown with R(f) in place of RS(f) in [4] and [11]. To get a
lower bound on RS, we can simply compose IND with these functions and apply Lemma 4.23.
This increases RS to be the same as R (up to logarithmic factors), but it does not increase
prt, deg, or Q more than logarithmically, so the desired separations follow. 0

As it turns out, we didn't even need to compose IND with these functions. It suffices
to observe that they all use the cheat sheet construction, and that an argument similar to
the proof of Lemma 4.23 implies that RS(fcs) = f (R(f)) for all f (where fcs denotes the
cheat sheet version of f, as defined in [4]). In particular, cheat sheets can never be used to
separate RS from R (by more than logarithmic factors).

4.7.2 Randomized Certificate Complexity

Finally, we also show that randomized sabotage complexity upper bounds randomized cer-
tificate complexity. To show this, we first define randomized certificate complexity.

Given a string x, a block is a set of bits of x (that is, a subset of {1, 2,... , n}). If B
is a block and x is a string, we denote by xB the string given by flipping the bits specified
by B in the string x. If x and xB are both in the domain of a (possibly partial) function
f : {0, 1}' -+ {0, 1} and f(x) f- f(xB), we say that B is a sensitive block for x with respect
to f.
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For a string x in the domain f, the maximum number of disjoint sensitive blocks of x is
called the block sensitivity of x, denoted by bsx(f). The maximum of bsx(f) over all x in
the domain of f is the block sensitivity of f, denoted by bs(f).

A fractionally disjoint set of sensitive blocks of x is an assignment of non-negative weights
to the sensitive blocks of x such that for all i E {1, 2, ... , n}, the sum of the weights of
blocks containing i is at most 1. The maximum total weight of any fractionally disjoint
set of sensitive blocks is called the fractional block sensitivity of x. This is also sometimes
called the randomized certificate complexity of x, and is denoted by RCx(f) [1, 83, 36].
The maximum of this over all x in the domain of f is RC(f) the randomized certificate
complexity of f.

Aaronson [1] observed that bsx(f) RCx(f) Cx(f). We therefore have

bs(f) RC(f) 5 C(f) Ro(f) 5 D(f). (4.26)

The measure RC(f) is also a lower bound for R(f); indeed, from arguments in [1] it follows
that RE(f) RC(f)/(1 - 2e), so R(f) RC(f)/3.

Theorem 4.27. Let f : {0, 1}' -÷ {0, 1} be a partial function. Then RS(f) RC(f)/4.

Proof. Let x be the input that maximizes RCx(f). Let B1 , B2 ,. .. Bm be all the (not nec-
essarily disjoint) sensitive blocks of x. For each i E {1, 2,... , m}, let yi be the sabotaged
input formed by replacing block Bi in x with * entries. Finding a * in an input chosen from
Y = {yi, Y2,. .-. , Ym} is a special case of the sabotage problem for f, so it can be done in
RS(f) expected queries.

We now use an argument from [1] to turn this adaptive algorithm into a non-adaptive
algorithm. By Lemma 2.12, after [2 RS(f)J queries, we find a * with probability at least
1/2. For each t between 1 and T = [2RS(f)J, let pt be the probability that the adaptive
algorithm finds a * on query t, conditioned on the previous queries not finding a *. Then
we have

1
P1 +P2 + - PT -- . (4.27)

If we pick t E {1, 2, .. . , T} uniformly and simulate query t of the adaptive algorithm (which
is possible since we know x and are assuming the previous t - 1 queries did not find a *),
we must find a * with probability at least 1/(2T) 1/(4RS(f)). This is a non-adaptive
algorithm for finding a *, so it is also a non-adaptive algorithm for finding a difference from
x.

Let the probability distribution over inputs bits obtained from this non-adaptive algo-
rithm be (ql, q2, - . , qn), so that the algorithm queries bit i with probability qi. We have

=i = l and for each sensitive block Bj, we have ZicB3 qi 1/(4 RS(f)).
For each sensitive block Bj, let wj be the weight of B under the maximum fractional

set of disjoint blocks. Then E.T.i wj = RC(f) and for each bit i, we have E jiEBj W1
We then have

C(f) M I M n n

4 RS(f) ,=4I E<4R,() =1 j-1 iGBj i=1 j:iEBj i=1

Hence RS(f) > RC(f)/4.
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4.7.3 Zero-Error Randomized Query Complexity

Theorem 4.28. Let f : 1} - {0, 1} be a total function. Then we have Ro(f) =

O(RS(f) 2 log RS(f)), or alternately, RS(f) = Q(/Ro(f)/log Ro(f)).

Proof. Let A be the RS(f) algorithm. The idea will be to run A on an input to x for long
enough that we can ensure it queries a bit in every sensitive block of x; this will mean A
found a certificate for x. That will allow us to turn the algorithm into a zero-error algorithm
for f.

Let x be any input, and let b be a sensitive block of x. If we replace the bits of x specified
by b with stars, then we can find a * with probability 1/2 by running A for 2 RS(f) queries
by Lemma 2.12. This means that if we run A on x for 2RS(f) queries, it has at least 1/2
probability of querying a bit in any given sensitive block of x. If we repeat this k times,
we get a 2k RS(f) query algorithm that queries a bit in any given sensitive block of x with
probability at least 1 - 2

Now, by [541, the number of minimal sensitive blocks in x is at most RC(f)bs(f) for

a total function f. Our probability of querying a bit in all of these sensitive blocks is
at least 1 - 2 -k RC(f)bs(f) by the union bound. When k > 1 + bs(f) log 2 RC(f), this
is at least 1/2. Since a bit from every sensitive block is a certificate, by Lemma 4.4, we
can turn this into a zero-error randomized algorithm with expected query complexity at
most 4(1 + bs(f) log 2 RC(f)) RS(f), which gives Ro(f) = O(RS(f) bs(f) log RC(f)). Since
bs(f) RC(f) = O(RS(f)) by Theorem 4.27, we have Ro(f) = O(RS(f)2 log RS(f)), or
RS(f) = (./Ro(f)/log Ro(f)). L

4.8 Deterministic Sabotage Complexity

Finally we look at the deterministic analogue of randomized sabotage complexity. It turns
out that deterministic sabotage complexity (as defined in Definition 4.6) is exactly the
same as deterministic query complexity for all (partial) functions. Since we already know
perfect composition and direct sum results for deterministic query complexity, it is unclear
if deterministic sabotage complexity has any applications.

Theorem 4.29. Let f : {0, 1}" -+ {0, 1} be a partial function. Then DS(f) = D(f).

Proof. For any function DS(f) D(f) since a deterministic algorithm that correctly com-
putes f must find a * or t when run on a sabotaged input, otherwise its output is independent
of how the sabotaged bits are filled in.

To show the other direction, let D(f) = k. This means for every k - 1 query algorithm,
there are two inputs x and y with f(x) :A f(y), such that they have the same answers to the
queries made by the algorithm. If this is not the case then this algorithm computes f(x),
contradicting the fact that D(f) = k. Thus if there is a deterministic algorithm for fsab
that makes k - 1 queries, there exist two inputs x and y with f(x) = f(y) that have the
same answers to the queries made by the algorithm. If we fill in the rest of the inputs bits
with either asterisks or obelisks, it is clear that this is a sabotaged input (since it can be
completed to either x or y), but the purported algorithm for fsab cannot distinguish them.
Hence D(fsab) k, which means DS(f) > D(f). L

78



Chapter 5

Quantum Sabotage Complexity

5.1 Introduction

This chapter is based on unpublished work with Robin Kothari. In Chapter 4, we introduced
a new lower bound method for randomized query complexity called randomized sabotage
complexity. This measure satisfies several useful composition properties, can be superior
to all other lower bound methods, and has applications to transferring lower bounds from
query complexity to communication complexity (also known as "lifting theorems").

5.1.1 Quantum sabotage complexity

In this chapter we introduce a quantum analogue of randomized sabotage complexity that
we call quantum sabotage complexity. The quantum sabotage complexity of a function
f : D -÷ {0, 1} (where D C {0, 1}), denoted QS(f), is the minimum number of queries
needed to the input x E D to produce an output state [?/), such that the output states
corresponding to 0-inputs and 1-inputs are nearly orthogonal (or far apart in trace distance).
In Section 5.2, we formally define quantum sabotage complexity and show that randomized
sabotage complexity is the classical analogue of this measure.

Note that the usual bounded-error quantum query complexity of a function f, denoted
Q(f), is defined similarly with the additional requirement that there should exist a 2-outcome
measurement that (with high probability) accepts states corresponding to 1-inputs and re-
jects states corresponding to 0-inputs. Since measurements can only distinguish nearly
orthogonal states, every quantum algorithm for computing f satisfies the definition of quan-
tum sabotage complexity. Hence for all functions f, we have QS(f) < Q(f).

This is a natural relaxation of bounded-error quantum query complexity and has been
mentioned in passing in several prior works. Indeed, Barnum, Saks, and Szegedy call this
measure DQA(f) in an early technical report [15, Remark 1]. This measure often comes up
in discussions about the (positive-weights) adversary bound,' a lower bound for quantum
query complexity introduced by Ambainis [6]. The (positive-weights) adversary bound,
which we denote by Adv(f), has several variants [6, 7, 16, 56, 91], which are all essentially
the same [81]. It was noted in several works [16, 44] that the proof that the adversary bound
lower bounds quantum query complexity only uses the fact that the outputs corresponding to
0-inputs and 1-inputs are nearly orthogonal, and hence for all functions QS(f) = Q(Adv(f)).

Not to be confused with the stronger negative-weights adversary bound (also known as the general
adversary bound), which essentially equals quantum query complexity [44, 581.
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(We also exhibit functions separating these measures in Section 5.5.)

5.1.2 New query relations

Our first result establishes a new relation between query measures for total functions. A
total function is a function of the form f : {0, 1}" -* {0, 1}, as opposed to a partial function,
which is a function of the form f : D -+ {0, 1}, where D C {0, 1}'. We show a new upper
bound on the zero-error quantum query complexity of f, denoted Q0 (f), in terms of its
quantum sabotage complexity, and hence its quantum query complexity. The zero-error
quantum query complexity of f is the minimum number of queries needed by a quantum
algorithm that either outputs the correct answer f(x) on input x, or outputs ? indicating
that it does not know, but does this with probability at most 1/2 on any input x. In
Section 5.3 we prove the following.

Theorem 5.1. For all total functions f: {0, 1} n {0, 1}, we have

Qo(f) = O(QS(f) 5 log QS(f)) = O(Q(f) 5 log Q(f)). (5.1)

Additionally, the algorithm also outputs a certificate for f(x) when it outputs f(x).

This is an improvement over the previous best relationship between zero-error and
bounded-error quantum query complexity, Q 0 (f) = O(Q(f)6 ) [171, which follows from
D(f) = O(Q(f)6 ), where D(f) is deterministic query complexity. In fact, our result is
the first upper bound on zero-error quantum query complexity that does not follow from an
upper bound on zero-error randomized query complexity. Our proof is based on a similar
classical result, Ro(f) = O(R(f)2 log R(f)) [61, 54], which is essentially optimal due to a
nearly matching separation by Ambainis et al. [9].

5.1.3 Quantum statistical zero knowledge

Next we show that, surprisingly, quantum sabotage complexity lower bounds a more powerful
model of computation than quantum query complexity: the query complexity of computing
a function using a quantum statistical zero-knowledge (QSZK) proof system. A QSZK
proof system is an interactive protocol between a quantum verifier and a computationally
unbounded, but untrusted prover in which the verifier learns the value of f(x) but learns
essentially no more. QSZK can also be characterized in terms of its complete problem
Quantum State Distinguishability [86, 871.

In Section 5.4, we discuss the history of quantum statistical zero-knowledge proofs and
define an associated query measure QSZK(f) based on the complete problem Quantum
State Distinguishability. We establish some basic properties of our definition, such as
QSZK(f) Q(f), which corresponds to the complexity class containment BQP C QSZK,
and QSZK(f) = E(QSZK(f)), which corresponds to the statement QSZK = coQSZK. We
then show that quantum sabotage complexity lower bounds QSZK complexity.

Theorem 5.2. For all (partial) Boolean functions f, QS(f) QSZK(f).

As a corollary of Theorem 5.2 and QS(f) = Q(Adv(f)), we have for all (partial) functions

f,
Q(f) ! QSZK(f) QS(f) = Q(Adv(f)). (5.2)
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This sheds some light on why the adversary bound sometimes proves poor lower bounds: it
lower bounds a more powerful model of computation! For example, it is well known that the
adversary bound cannot prove a super-constant lower bound for the collision problem [5]. It
is also easy to see that the collision problem has a constant-query QSZK (and even classical
SZK) protocol.

On the bright side, this gives us a new way to prove lower bounds on QSZK query
complexity and prove oracle separations against the complexity class QSZK. For example,
since we know the OR function on n-bits has Adv(OR) = O(#), this yields an oracle A
such that NPA Z QSZKA, since the OR function has small certificates.

5.1.4 Comparison with other lower bounds

We compare quantum sabotage complexity to the two main lower bound techniques for
quantum query complexity: the adversary bound and the polynomial method.

As noted earlier, the adversary bound is weaker than quantum sabotage complexity since
for all (partial) functions f, QS(f) = Q(Adv(f)). This implies that QS(f) coincides with
Q(f) for most functions studied in the literature, since most quantum lower bounds are
proved using the adversary method. Moreover, not only is quantum sabotage complexity
always larger than the adversary bound, it can be exponentially larger for partial functions
and quadratically larger for total functions as we show in Theorem 5.3.

Another popular lower bound technique is the poly-
nomial method [17], which uses the fact that the ap-
proximate degree of a function lower bounds Q(f). The
approximate degree of a Boolean function f, denoted
deg(f), is the minimum degree of a real polynomial p(x)
over the input variables such that for all inputs x we
have If (x) - p(x)I < 1/3.

We do not know an exponential separation between
quantum sabotage complexity and approximate degree
(for a partial function), since it is not even known if
quantum query complexity can be exponentially larger
than approximate degree for a partial functions. We do,
however, show in Theorem 5.3 that quantum sabotage
complexity can be polynomially larger than approximate
degree for total functions.

Theorem 5.3. There exist total functions f and g with

QS(f) = f (Adv(f)2 ) and QS(g) ; deg(g) 4 -o( 1)

(5.3)
There also exists an n-bit partial function h with

R

SZK

RS QSZK

Q

QC

QS

Adv

Figure 5-1: Relationships be-
tween measures. An upward
line denotes that a measure is
asymptotically upper bounded
by the other measure. E.g.,we
have for all (partial) functions f,
Q(f) = O(R(f)).

QS(h) = Q(nl/3) and Adv(h) = O(log n). (5.4)

This theorem is proved in Section 5.5. Figure 5-1 shows the known relationships between
all the measures discussed in this chapter.
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5.1.5 Preliminaries

For any matrix A, we define the spectral norm of A, denoted I|AII as the largest singular
value of A. The 1-norm of A, denoted ||Ail 1, is defined as Tr (/AtA), which is also equal
to the sum of the singular values of A.

We define the trace distance between two quantum states p and a as IIP - c-||tr =

111p - oll. The factor of 1/2 makes this distance measure lie between 0 and 1 for density
matrices. Trace distance is a useful distance measure since it exactly captures distinguisha-
bility of states and is non-increasing under quantum operations [64, Th. 9.2]. For pure states

1) and 1#), trace distance is related to their inner product as follows [88, eq. 1.1801.

11)(0| - |#)(#|||tr = /1 - |(0|0)|F. (5.5)

5.2 Quantum sabotage complexity

5.2.1 Definition

We now define quantum sabotage complexity more formally. As explained in the introduc-
tion, instead of requiring that the quantum algorithm output the value of the function f(x),
as in standard quantum query complexity, we only want the quantum algorithm's outputs
to be distinguishable (or nearly orthogonal) for 0-inputs and 1-inputs.

As an example of how these definitions differ, consider the collision problem. In this
problem, we are given an input x E [n]n and we are promised that if we view x as a function
from [n] -+ [n], the function is either 1-to-1 or 2-to-1. The goal is to distinguish these two
cases under the assumption that the input satisfies this promise. In this problem, since every
0-input and 1-input differ in exactly half the positions i C [n], our quantum algorithm can
simply create the state lox) = 4 E i, xi) and the states corresponding to 0-inputs and

1-inputs will have trace distance Q(1). Thus this problem has quantum sabotage complexity
0(1), but its quantum query complexity is E(n1 /3) [5].

Definition 5.4 (Quantum Sabotage complexity). Let f : D -+ {0, 1}, where D g {0, 1},
be an n-bit partial function. QS(f) is defined as the smallest integer k such that there exists
a k-query quantum algorithm that on input x E D outputs a quantum state px such that

Vx, y E D with f(x) f- f(y), |Ipx - pylltr > 1/6.

Note that the definition is robust to minor changes. First, we allow outputting mixed
states, although this does not offer any additional power over only outputting pure states.
The reason is that we can always assume that the quantum algorithm is pure until the final
step where some subset of qubits is traced out. But if two states are far apart in trace
distance after a partial trace, then they were far apart to begin with since trace distance is
non-increasing under partial trace.

The constant 1/6 in the definition is also arbitrary and any other constant in (0, 1)
would not change the measure by more than a multiplicative constant. This is because
we can increase the trace distance between the states by outputting multiple copies of the
states.
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5.2.2 Properties

We can now establish some basic properties of quantum sabotage complexity. First, let us
formally show that quantum sabotage complexity lower bounds quantum query complexity.

Proposition 5.5. For all (partial) Boolean functions f, QS(f) Q(f).

Proof. Let Q(f) = k and consider the k-query algorithm that witnesses this fact. Let px be
the probability that this k-query algorithm, when run on input x, outputs 1 upon measuring
the first qubit. Since the algorithm computes f with bounded error, we know that for all
1-inputs x, px 2/3, and for all 0-inputs y, py < 1/3.

Now consider the single-qubit state px, which is obtained by taking the final state of this
algorithm, tracing out all the qubits except the first one, and then applying a completely
dephasing channel to it. This state is px = 0). Thus |IPx - PYItr = IPx - Py
1/3.

As noted in the introduction, quantum sabotage complexity is also lower bounded by
the adversary bound, i.e.,

QS(f) = Q(Adv(f)). (5.6)

We do not prove this since this follows from the arguments that establish that the
adversary bound is a lower bound on quantum query complexity [6, 7, 16, 56, 91, 81], since
all these proofs only use the fact that the states output on 0-inputs and 1-inputs are nearly
orthogonal.

Quantum sabotage complexity is also superior to quantum certificate complexity QC(f),
as we show in Proposition 5.7. Quantum certificate complexity is a lower bound on quantum
query complexity defined by Aaronson [1]. It was later shown that quantum certificate
complexity also lower bounds polynomial degree [54].

Before proving Proposition 5.7, we first define certificate complexity, randomized certifi-
cate complexity, and quantum certificate complexity.

Definition 5.6 (Certificate complexity). For any (partial) function f and any input x E
Dom(f), consider the partial function fx defined on the domain {x} U {y E Dom(f) : f (y) :
f(x)} that satisfies fx(x) = 1 and f'(y) = 0 for all y E Dom(f ) with f(y) $ f(x).

We define the certificate complexity of f, denoted C(f), the randomized certificate com-
plexity of f, denoted RC(f), and the quantum certificate complexity of f, denoted QC(f),
as follows:

C(f) = max D(fx), RC(f) = max R(fx), and QC(f) = max Q(fX).
xEDom(f) xEDom(f) xEDom(f)

The problem fx is clearly no harder than computing f itself in any model of computation,
and hence these are lower bounds on their respective measures, i.e., C(f) 5 D(f), RC(f)
R(f), and QC(f) 5 Q(f). We can now prove that QS(f) is a better lower bound on Q(f)
than QC(f).

Proposition 5.7. For all (partial) Boolean functions f, QS(f) = Q(QC(f)).

Proof. Let QS(f) = k and consider the k-query quantum algorithm that witnesses this
fact. We can use this algorithm to solve fx for any x e Dom(f). Consider the output of
the algorithm on input x before the partial trace operation and call this [|'x). The trace
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distance between I4b,) and I4@y) for y E Dom(f) with f(y) 5 f(x) is at least 1/6 since trace
distance is non-increasing under partial trace [64, Th. 9.21.

Now we construct an algorithm for fx from this algorithm to show that Q(fx)
O(QS(f)). To do so, we run the supposed algorithm and measure whether the output
state is I'bx) or not and accept only when the measurement accepts. This yields an algo-
rithm that outputs 1 on x with probability 1 and accepts inputs y with f(x) 4 f(x) with
some constant probability strictly less than 1. More precisely, the acceptance probability is

I (2|' I V)/' 12 < 1- (1/6)2 due to the relationship between inner product and trace distance for

pure states. Repeating this algorithm a constant number of times yields a bounded-error
quantum algorithm for fx. L

5.2.3 Relation with randomized sabotage complexity

We start by reviewing the definition of randomized sabotage complexity, as presented in

[20]. Fix a (possibly partial) Boolean function f D -+ {0, 1} with D E {0, 1}'. For any
pair x, y E Dom(f) such that f(x) # f(y), let p E {0, 1, *}' be the partial assignment of all
bits where x and y agree (with the symbol * used for the bits where x and y disagree). We
call p a "sabotaged input", imagining that a saboteur replaced bits of x with * symbols until
it was no longer possible to determine f(x).

Let S* g {0, 1, *}" be the set of all sabotaged inputs to f, that is, the set of all partial
assignments that are consistent with both a 0-input and a 1-input to f. Let St E {0, 1, t}
be the same as S., except that the t symbol is used instead of the * symbol. Finally, let

fsab :S U St -* {0, 1} be the function that takes a sabotaged input and identifies whether it
has * symbols or t symbols, promised that it contains only one type of symbol. Intuitively,
fsab is a decision problem that forces an algorithm computing it to find a * or t. We then
define RS(f) := RO(fsab), the expected running time of a zero-error randomized algorithm
computing fsab.

To show that RS(f) is larger than QS(f) for all f, we will start by defining a classical
measure analogous to QS(f). We will then show this measure is equivalent to RS(f).

Definition 5.8 (Alternate definition of randomized sabotage complexity). Let f :D 
{0, 1}, where D C {0, 1}, be an n-bit partial function. RS'(f ) is defined as the smallest
integer k such that there exists a k-query randomized algorithm that on input x e D outputs
a sample from a probability distribution d, such that

Vx, y E D with f (x) : f(y), I1dx - dylt, ;> 1/6.

Here by the trace distance between two probability distributions, we mean to consider
these distributions as diagonal density matrices which is the same as the total variation
distance between the probability distributions.

Since quantum algorithms can simulate classical algorithms, we immediately get that
QS(f) 5 RS'(f). Next, we will show that RS'(f) = e(RS(f)), completing the argument
that QS(f) = O(RS(f)) and justifying the name "quantum sabotage complexity".

Theorem 5.9. Let f be a partial function. Then RS(f)/12 < RS'(f) 5 (12/11) RS(f).

Proof. First, we show that RS(f) 12 RS'(f). Let A be an optimal randomized algorithm
for RS'(f), that on input x outputs a sample from the distribution dx. Let z E Dom(fsab)
be a sabotaged input, and consider running A on z. Since z is sabotaged, there are inputs
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x and y with f(x) = f(y) that are both consistent with the non-*, non-t bits of z. The
variation distance between dX and dy is at least 1/6.

A randomized algorithm can be viewed as a probability distribution over deterministic
algorithms. Split the support of the distribution for A into two parts: a set S consisting
of deterministic algorithms that, when run on z, query a * or t, and a set T consisting of
deterministic algorithms that don't query a * or t when run on z. Note that algorithms in
T behave the same on x and y. If A samples an algorithm from T with probability p, the
total variation distance between the run of A on x and the run of A on y must therefore be
at most 2(1 - p). Since this is at least 1/6, we have p 11/12. Hence when A is run on z,
it queries a * or t with probability at least 1/12.

If we repeat A whenever it does not query a * or t, we get an algorithm that always
finds such an entry and uses at most 12 RS'(f) queries on expectation. This is a zero-error
randomized algorithm for fsab, so RS(f) 12 RS'(f).

We now handle the other direction, showing RS'(f) (12/11) RS(f). Let A be an
optimal zero-error randomized algorithm for fsab. It makes RS(f) queries on expectation,
and always finds a * or t in any sabotaged input. Consider the algorithm B that, on input
x c Dom(f), runs A for at most 2 RS(f) queries and outputs the partial assignment it
queried (that is, it outputs all the pairs (i, xi) that were queried by the algorithm A).

Let x and y be inputs to f with f(x) # f(y). Let z be the sabotaged input defined by
x and y, that is, zi = * if xi = yi and zi = xi = yj otherwise. By Markov's inequality, after
(12/11) RS(f) queries, A finds a * with probability at least 1/12 when it is run on z. This
means that when A is run on x, it queries an index i for which xi # yi with probability at
least 1/12. When this happens, the output of B(x) is not in the support of dy. This means
d. puts weight at least 1/12 on symbols not in the support of dy. Conversely, dy puts weight
at least 1/12 on symbols not in the support of dx. The total variation distance between
the two distributions is therefore at least 1/6, meaning B is a valid RS'(f) algorithm. We
conclude that RS'(f) (12/11) RS(f).

Combined with QS(f) RS'(f), this theorem gives us the following corollary.

Corollary 5.10. For all (partial) Boolean functions f, QS(f) = O(RS(f)).

5.3 New query relations

In this section we prove a new relationship between zero-error quantum query complexity
and quantum sabotage complexity and bounded-error quantum query complexity, restated
below.

Theorem 5.1. For all total functions f : {, 1} -+ {0, 1}, we have

Q0(f) = O(QS(f)5 log QS(f)) = O(Q(f) 5 log Q(f)). (5.1)

Additionally, the algorithm also outputs a certificate for f(x) when it outputs f(x).

Our proof uses ideas from an analogous classical result [61, 541 and the main quantum
ingredient used is the hybrid argument of Bennett, Bernstein, Brassard, and Vazirani. [211.
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5.3.1 Hybrid argument

Before describing the hybrid argument, we need to define the notion of a sensitive block.
For a string x C {0, 1}' and a subset of input bits B C [n], which we call a block, we use
xB to denote the input with all bits in B flipped. In other words, xB agrees with x on all
positions outside B and disagrees on B. For a function f and an input x E Dom(f), we say
a block B is a sensitive block if f(x) # f(xB).

Intuitively this means that any algorithm that distinguishes x from xB, where B is a
sensitive block, must "look" at B. For classical algorithms, this simply means the algorithm
has to query a bit from B with high probability. The analogous statement for quantum
algorithms is not so clear, since quantum algorithms can query all input bits in superposition.
Nevertheless, the hybrid argument still allows us to assert something about queries made to
a sensitive block [211:

Lemma 5.11 (Hybrid Argument). Let x e {, 1}' be an input, and let B C [n] be a block.
Let Q be a T-query quantum algorithm that accepts x and rejects xB with high probability,
or more generally produces output states that are a constant distance apart in trace distance
for x and xB

Let m be the probability that, when Q is run on x for t queries and then subsequently
measured, it is found to be querying position i of x. Then

T

t=1 iEB )

This lemma was implicitly proven in [21]. We reproduce the proof here for the reader's
convenience.

Proof. We start by fixing some notation. A quantum query algorithm will have a work tape
consisting of four registers,

IA)|i)Ib)lo),

where A is a general work register of arbitrarily large dimension, i E [n] specifies the position
to be queried, b E {0, 1} is a bit for the result of the query, and o is the output register for
the entire algorithm. The oracle unitary for input x is the unitary Ux that acts on the tape
by mapping

IA)Ii)Ib)Io) -> IA)i)bGexi)o).
A T-query quantum query algorithm is a sequence of unitaries Uo, U1 , ... , UT acting on the
work tape, and the output of the algorithm is the result of applying

UTUxUT1Ux ... UxUolinit)

(for some fixed initial state linit)) and examining the output register. In the case of a
quantum algorithm computing a Boolean function, the output register o E {0, 1} is simply
measured. In the case of a quantum sabotage algorithm, the registers other than the output
register are traced out, and the resulting mixed state is the output (the dimension of the
Hilbert space of lo) can be arbitrarily large for a quantum sabotage algorithm).

Note that if an algorithm computes f(x) with probability 1 - e, it can output a mixed
state px such that I1pX - PYI1tr >1 - 2e whenever x f y, as we saw in Proposition 5.5. We
therefore restrict ourselves to the case where the algorithm outputs a mixed state such that

86



the mixed state it outputs on input x is 1 - 2E far in trace distance from the mixed state it
outputs on input x B

Define |4') := Uolinit) and lox) := UtUx/4_x for t = 1, 2,..., T, representing the
state of the tape after t queries when the algorithm is run on input x. The final state of
the algorithm is [<4). Since the trace distance is non-increasing under partial trace [64,
Th. 9.2], we have |<,X)(oTXI - [oXB)( xB| tr>B 1 - 2e, which by (5.5) gives

|(OTIO| B )I 1 - (1- 2c)2 < 1 - (1/2)(1 - 2,)2.

Then

|1|10) - lox)|2 = 2- ($/"|@b) - (#|II ) = 2 - 2Re(( LBIX)) 2 - 21(ox )

which is at least (1 - 2e)2, So 11|lox) -|oxB)II 1 - 2c.

Hence the final states of the algorithm are far in apart on input x and xB. We also know
that the initial states lIx) and IXBg ) are identical. We keep track of how much this distance
dt := |lV4) - |of )Ii changes for t = 0, 1,... IT. For each t, we have

dt+ l = I| lo 1) - l ' + B )I = IUt+ iU xkLx) - U t+ BU x ) = | -U B I But 1u t+1 t tBJ, = - uxBIt) B)II,

since Ut+l is a unitary and preserves norms. This equals

I I UXB|) - UOX IB + (UX - UXB)[<4)jI loU) D - UXBI'<M )II + II(UX - UX B)/)

= dt + II(UX - UXB)Iox)||.

Next, decompose |ox) by the value of the query register. On basis vectors when the query
register is not in B, the unitaries Ux and Ux behave the same; such vectors therefore get
mapped to zero. If loxB) denotes the component of [ox) whose query register is in B, we
get

|I(UX - UxB)|v@f) = II(Ux - UB)<x,')|I I|U:h$'5)II +||U'IV@t ' II - 4,B1

=2 - m +1,iEB

where the last equality follows from the definition of the mt+1 (which are defined to be the
probability that the algorithm is found to be querying position i at query t+ 1, after t queries

happened). The increase from dt to dt+1 is therefore upper bounded by 2 ijEB m +1, so
we have

2 Zmti dT - do 1 - 26.
t=1 iEB

Using Cauchy-Schwartz on the outer sum gives

2 T Em >1 - 2E,
\t=1 iEB
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or
T m (1- 2E)2
Z~m% 4T

t=1 iEB

as desired 2  
E]

5.3.2 New upper bound

To prove our result we also need to upper bound the number of minimal sensitive blocks of
a function. It is not too hard to show that any minimal sensitive block has size at most the
sensitivity of f, s(f), which is the maximum number of sensitive blocks of size 1 over all
inputs x. Since there are at most (s(i ) = 0(ns(f)) different subsets of n positions of size s(f),

we know that the number of minimal sensitive blocks is at most this quantity. Kulkarni and
Tal [54 improve this simple upper bound replacing n with randomized certificate complexity
RC(f) (Definition 2.21).

Lemma 5.12. For any total function f : {0,1}' - {0, 1} and any input x E {0, 1}, the
number of minimal sensitive blocks of x with respect to f is at most O(RC(f)s(fl).

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let Q be the optimal quantum sabotage algorithm for f, that uses
T = QS(f) queries. Consider running the following quantum algorithm P on oracle input
x E {0, 1}:

1. Pick t c [T] uniformly at random.

2. Run Q on x for t queries and measure the query register.

3. Write down (on a classical tape) the position i where Q is found to be querying, as
well as the query output xi.

The algorithm P uses t < T quantum queries. Now that the probability P wrote down
the index i is (1/T) ET 1 mt. For any block B C [n], the probability that P wrote down
some index in B is

IT

t=1 iEB

If B is a sensitive block for the input x, then the hybrid argument (Lemma 5.11) implies
the probability that our new algorithm P outputs an index in B is Q(1/T2).

Next, we repeat the algorithm P several times. We claim that after O(T2 s(f) log RC(f))
repetitions, the outputs of P constitute a certificate for x with constant probability.

To see this, note that for any minimal sensitive block B of the input x, the probability
that some run of P (out of the O(T2 s(f) log RC(f)) many runs) queries in the block B
is 1 - O(RC(f)-s(f)). This is because T2 repetitions boost the probability of querying
in a minimal sensitive block from Q(1/T2 ) to Q(1), and then s(f)log RC(f) repetitions
of this boosted algorithm further boost the probability to the claimed bound. Hence, by
Lemma 5.12 and the union bound, there is a constant probability that these runs of P query
a bit in every minimal sensitive block of the input x. But a set of bits that intersects every

2This can be slightly improved to (1 - 2 E(1 - E))/2T.
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sensitive block of x is a certificate for x. Thus these runs of P output a certificate for the
input x with constant probability.

Any algorithm that finds a certificate with constant probability can be turned into a zero-
error algorithm by repeating whenever a certificate is not found. We therefore get a zero-error
algorithm that works simply by repeating P a sufficient number of times. Note that P uses
O(T) quantum queries and must be repeated O(T2 s(f) log RC(f)) times. Recalling that
T = QS(f), we get

Q0 (f) = O(QS(f) 3 s(f)logRC(f)).

We can simplify this to Q0 (f) = O(QS(f) 5 log QS(f)), since s(f) = O(RC(f)) O(QC(f) 2 )
by [11 and QC(f) = O(QS(f)) (Proposition 5.7). E

5.4 Quantum statistical zero knowledge

5.4.1 History

The subject of statistical zero-knowledge proof systems has a rich history in the classical
setting, and the interested reader is referred to the paper of Sahai and Vadhan [721. In-
formally, the complexity class SZK contains problems that can be solved by a probabilistic
polynomial-time verifier interacting with a computationally unbounded prover (like the class
IP) with the additional restriction that the verifier not learn anything from the prover (sta-
tistically) other than the answer to the problem. From this it is clear that BPP C SZK,
since the verifier can simply not interact with the prover, and SZK C IP, since IP is simply
SZK without the zero-knowledge constraint.

More surprisingly, it is also known that SZK = coSZK, and that we can assume without
loss of generality that the interaction is only one round and uses public randomness, which
means SZK C A M ncoA M. Another interesting subtlety is that SZK can be defined assuming
an honest verifier, one who does not deviate from the protocol to learn more, or a cheating
verifier, who may deviate from the protocol. It turns out that these definitions lead to the
same complexity class [371. The class SZK also has a much simpler characterization in terms
of a complete problem called statistical difference, as shown by Sahai and Vadhan [72], which
yields easier proofs of some of these facts. Informally, in the statistical difference problem we
are given two circuits that sample from probability distributions, and the task is determine
whether the distributions are far or close in total variation distance.

On the quantum side, (honest-verifier) QSZK was first defined by Watrous [86], and like
the classical case, it satisfies BQP C QSZK C QIP. The same paper strengthened these
obvious containments by showing that QSZK is closed under complement (i.e., QSZK =
coQSZK) and that the protocol can be assumed to be one round, which gives QSZK C
QIP(2). Watrous also showed that QSZK has a complete problem, called quantum state
distinguishability, which is a quantum generalization of the statistical difference problem of
Sahai and Vadhan. In this problem, we are given two quantum circuits outputting mixed
states and have to decide if the states are far apart or close in trace distance. Later,
Watrous [87] also showed that honest-verifier QSZK and cheating-verifier QSZK are the
same, as in the classical case.

5.4.2 Definition

We now define a query analogue of quantum statistical zero-knowledge. Instead of defining
QSZK(f) in terms of an interactive zero-knowledge protocol for f, we use the complete
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problem characterization by Watrous. This yields a considerably simpler definition of QSZK
in the query setting.3

Definition 5.13 (QSZK). Let f : D -+ {0, 1}, where D C {0, 1}, be an n-bit partial
function. QSZK(f) is defined as the smallest integer k such that there exists a k-query
quantum algorithm that on input x E D outputs two unentangled quantum states px and ax
of the same size such that

* Vx E D with f(x) = 1, 1|px - a-Itr > 2/3,

" Vx C D with f(x) = 0, \Ipx - -xIt, < 1/3.

In this definition, it is only important that the constants 2/3 and 1/3 satisfy the rela-
tionship (2/3)2 > 1/3. Hence an alternate definition with 0.999 instead of 2/3 and 0.001
instead of 1/3 leads to the same complexity measure up to multiplicative constants (see [86,
Theorem 5] for more details).

5.4.3 Properties

As a sanity check, let us prove the query analog of the obvious containment BQP C QSZK.

Proposition 5.14. For all (partial) Boolean functions f, QSZK(f) Q(f).

Proof. Let Q(f) = k and consider the k-query algorithm that witnesses this fact. Let px be
the probability that this k-query algorithm when run on input x outputs 1 upon measuring
the first qubit. Since the algorithm computes f with bounded error, we know that px 2/3
for 1-inputs and px 1/3 for 0-inputs.

Now consider the single-qubit state p, which is obtained by taking the final state of this
algorithm, tracing out all the qubits except the first one, and then applying a completely
dephasing channel to it. This is equivalent to measuring the first qubit in the standard basis
and outputting 1b) when the result is b. This state is px ( ). Let us also define o-
as (18) for allx.

Now let us check that the conditions of Definition 5.13 are satisfied by these states. For
all inputs x, we have I1px - O-xI|tr = jpxj. And we know that px 2/3 for 1-inputs and
0 < px 5 1/3 for 0-inputs, which completes the proof. L

5.4.4 Relation with adversary bound

We have already showed that QS(f) Q(f) (Proposition 5.5) and QSZK(f) 5 Q(f) (Propo-
sition 5.14). We now show that QS(f) is actually smaller than QSZK(f).

Theorem 5.2. For all (partial) Boolean functions f, QS(f) QSZK(f).

Proof. Let QSZK(f) = k and consider the k-query quantum algorithm that witnesses this
fact. We claim that the output of this algorithm already satisfies the conditions in Defini-
tion 5.4 and hence proves QS(f) < k.

To see this, observe that the algorithm outputs the state px 0 o- on input x, which
satisfies the conditions of Definition 5.13. More precisely, this means for any x and y such

3 The complete problem is often used to define SZK (and its variants, like NISZK) in query complexity
and communication complexity (for example, see [24, 82J). It is not obvious whether the interactive-proof
definition and complete-problem definition coincide exactly as the problem is complete under polynomial-
time reductions, which may add polynomial overhead.
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that f(x) = 1 and f(y) = 0, we know that |px - uxI|tr 2/3 and |1py - o-y||t K 1/3. We
want to show that

Ipx 09 Ox - py 9 Oylitr 1/6.

Since the trace distance is non-increasing under partial trace, we have the inequalities

||px 0 o-x - py 0 ayI|t| |Ipx - pyI|t, and ||px ( 0x - Py 0 D-Y11r, 1I0 - UYvltr, which im-

ply

Px 0 (7x - Py 0 CrYltr max {Ipx - PY tr, I 'x - %IY }.

Now if we can show the right-hand side is at least 1/6, then we are done. To show this,
toward a contradiction assume that max {IjpX - pY11tr' I1cx - oytir} < 1/6. Then we have

||Px - x||tr = Px - Py + Py - -Y + cry - OX||tr
IPX - PYI1tr + 11PY - 0'YI1tr + 110*!Y - rX11tr

< 1/6 + 1/3 + 1/6 = 2/3,

which contradicts |Px -- c-Xltr | 2/3.

As noted, as a corollary of this theorem and QS(f) Q (Adv(f)), we have for all (partial)
functions f,

QSZK(f) = Q(Adv(f)).

This can be used to prove lower bounds on QSZK protocols for functions. For example,
consider the OR function and let us try to compute it with an interactive protocol without
the zero-knowledge requirement. It is easy to see that when OR(x) = 1, a computationally
unbounded prover can simply send over the location of a bit i such that xi = 1, which can be
checked using only 1 query. Of course, this protocol leaks information and in particular lets
the verifier know the location of a 1. But is it necessary that an efficient protocol for OR must
leak information? Our lower bound says this must be the case, because Adv(OR) = Q(V6E)
and hence any zero-knowledge protocol for the function must make Q(V/i) queries.

5.5 Comparison with other lower bounds

In this section, we establish the separations between quantum sabotage complexity and the
adversary bound (and the polynomial method) claimed in Theorem 5.3.

To prove this, we will compose known functions with the index function and establish
the behavior of quantum sabotage complexity under composition with the index function.

5.5.1 Index functions

Let INDk :{0, I}k+2k --+ {0, 1} denote the index function, the function that on input (x, y)

with x E {0, 1} and y c {0, 1}2k, outputs the bit of y indexed by the string x. We wish
to study the composition of the index function with an arbitrary Boolean function f, but
composed only on the first k bits of the index function. We'll denote this composition by
INDk Ok f. More precisely, if f is an n-bit function, INDk Ok f is a function on nk + 2 k bits
that evaluates f on the first k n-bit strings to obtain a binary string x of length k, and then
uses x to index into the next 2 k bits of the input and outputs the bit indexed by x.
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In addition to the index function, which is total, we will also study a function we call
the "unambiguous index function," UINDk. This is a partial function defined similarly to
the index function, except that the location of the array y pointed to by the first part of the
input is "marked," and we are promised that no other bits of the array are "marked." More
explicitly, the function is defined on k + 2 - 2 k bits, with the first k bits indexing a pair of
adjacent bits in the remainder of the input. So if the first part of the input represents the
integer x, that means it points to the cells 2x and 2x + 1 in the second part of the input.
The output of UINDk is the first bit of the pair pointed to, i.e., it will be the bit stored at
array location 2x. Moreover, we are promised that the second bit of this pair (the bit at
array location 2x + 1) will always be 1, and also that the second bit in every other pair (i.e.,
other than the pair 2x, 2x + 1) will always be 0.

Intuitively, there is only one strategy to solve INDk, which is to read the first k bits and
find the cell pointed to. But to solve UINDk, there are two good strategies: either read the
first k bits (and determine x), or search the remainder of the input for the unique position
where the second bit of a pair is 1, which marks the cell pointed to by x.

5.5.2 Index function composition

We now examine the behavior of quantum sabotage complexity under composition with the
Index and Unambiguous Index functions. To prove our result, we need the following strong
direct product theorem for quantum query complexity due to Lee and Roland [591:

Theorem 5.15 (Strong direct product). Let f be a partial Boolean function with Dom(f) c
{0,1}n, and let f(k) : Dom(f )k - {0, 1 }k be the task of solving k independent inputs to f
simultaneously. Then any quantum algorithm that solves f(k) with success probability at least
(5 / 6 )k uses Q(k Q(f)) queries.

We can now prove our composition theorems.

Theorem 5.16. There is a constant c such that for any partial function f, if k > c log Q(f),
then

QS(INDk Ok f) = E(Q(INDk Ok f)) = 9(k Q(f))

QS(UINDk Ok f) = e(Q(UINDk Ok f)) = E(k Q(f)).

In other words, composing a function with a large enough index gadget turns QS into Q.

Proof. Recall that quantum query complexity composes perfectly [581, SO Q(INDk 0 f) =
e(Q(INDk) Q(f)) = O(k Q(f)). We argue that Q(INDkokf) is smaller than Q(INDkof). This
is because we can convert any algorithm for Q(INDk o f) into an algorithm for Q(INDk Ok f):
fix a 0-input x0 and a 1-input x1 for f; then, given an input to Q(INDk Ok f), pretend that
each 0 bit in the second half of the input is actually x 0 , and that each 1 bit is actually xi
(the algorithm can do this by applying the appropriate unitary). This converts the input
into an input for Q(INDk 0 f), completing the reduction.

Thus Q(INDk Ok f) = O(k Q(f)). Similarly, Q(UINDk Ok f) = O(k Q(f)). Since QS is
smaller than Q, it remains only to show that QS(INDk Ok f) = Q(k Q(f)) and QS(UINDk Ok
f) = Q(k Q(f)). We complete the argument for UIND; the argument for IND is similar.

Let Q be an optimal quantum sabotage algorithm for UINDk Ok f. We turn Q into a
quantum algorithm Q' that uses the same number of queries, and solves all k copies of f
with non-negligible probability; we then apply the direct product theorem (Theorem 5.15)
to lower bound the number of queries required by Q', and hence by Q.
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Given k inputs to f, the first thing the algorithm Q' does is append an all-0 array to
turn it into an input to UINDk Ok f. (Since the array is all zeros, the new input does not
satisfy the promise of UINDk Ok f, but we will still be able to run Q on it.) Then Q' picks
a random number t between 1 and T uniformly, where T = QS(UINDk Ok f) is the number
of queries used by Q, and simulates Q for t queries. The algorithm Q' then measures the
state of Q to determine the position at which Q was going to query. If this position is in
the array part of the input and is inside a pair that has index i c {0, I}k, the algorithm Q'
will then output the string i.

Consider the correct pair in the array (the one really pointed to by the k copies of f).
Flipping the pair from 00 to 01 causes the input to satisfy the promise of UINDk Ok f, and
causes the output to become a 0-input. On the other hand, flipping the pair from 00 to
11 causes the input to become a 1-input. Let 1,0) be the final state of Q when run on the
original, illegal input. Let 10o) be the final state of Q when run on the flipped 0-input, and
let 14i) be the final state of Q when run on the 1-input. We know that 1bo) and 10i) are
far in trace distance. Hence [t) must be a far in trace distance from at least one on them.

Thus by Lemma 5.11, the probability that Q' finds Q querying inside the correct pair
of the array is Q(1/T 2 ). This means that Q' outputs the correct string of answers to
the k inputs to f is with probability at least Q(1/T2 ). Since Q' uses only T queries,
by Theorem 5.15 we must have either T = Q(kQ(f)) or l/T2 = 0((5/ 6 )k). The latter

implies T = Q(( 6 /5)k/2) = Q(( 6 /5)k/4 - ( 6 / 5 )k/4) = 2Q(k) . 2 (k). When k > clogQ(f)
for a large enough constant c, this gives T > 2Q(k) Q(f) = Q(k Q(f)). Recalling that
T = QS(UINDk Ok f), we get QS(INDk Ok f) = Q(k Q(f)), as desired. 0

5.5.3 Separations

Using this theorem we can now establish Theorem 5.3, restated for convenience:

Theorem 5.3. There exist total functions f and g with

QS(f) = Q(Adv(f) 2) and QS(g) 1eg(g) 4--o(). (5.3)

There also exists an n-bit partial function h with

QS(h) = Q(n1 /3 ) and Adv(h) = O(log n). (5.4)

Proof. There exists an n-bit total function f' with a quadratic separation between quantum
query complexity and the adversary bound, i.e., Q(f') = Q(Adv(f') 2). The function is k-sum
with k ~ log n (see [18, 4] for more details). Now consider the function f = INDk 0 f', where
k = Q(log Q(f)). By Theorem 5.16, the QS of these functions increases to Q. However,
since the adversary bound satisfies a composition theorem [44], its value only increases by a
factor of k. Thus QS(f) = n(Adv(f) 2 ).

Similarly, if we start with the collision problem which has Q(h') = E(n1/ 3) [5], but
Adv(h') = 0(1), and define h = INDk o h' for k = 0(logn), then QS(h) = Q(n1 / 3 ) but
Adv(f) = O(log n).

There also exist total functions with Q(g') deg(g')4-(1) [4]. Composing this function
with INDk on the first k bits with k = Q(log Q(f)) yields a function g with the desired
separation, since approximate polynomial degree also composes in the upper bound direc-
tion [77]. 0
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Chapter 6

Sculpting

6.1 Introduction

This chapter is based on work that appeared in [31, which is joint work with Scott Aaronson.
We introduce the concept of "sculptable" functions, which are total Boolean functions that
can be restricted to a promise on which an exponential quantum speedup is possible. We
characterize the sculptable Boolean functions in terms of a new query complexity measure
H(Cf), which is the H-index of the certificate complexity of the Boolean function f. We
also show some related results, such as a nearly-quadratic relationship between randomized
and quantum query complexity for "unbalanced" functions, as well as a nearly-quadratic
relationship between deterministic and quantum query complexity for functions defined on
a small domain.

More concretely, the sculpting question can be phrased as follows: given a total function
f : {0, 1}N -+ {0, 1} for which R(f) and Q(f) are both large (say, NO)), is there a promise
P C {0, 1}N such that flp, the restriction of f to P, has Q(fIp) = O(polylog N) and
R(fjp) = Nf~l)?

For example, if f is the OR function, such sculpting is not possible, as follows from
[1]. As another example, if f is defined to be 1 when Simon's condition is satisfied and 0
otherwise, then sculpting is possible: the promise will simply restrict to inputs that either
satisfy Simon's condition or are far from satisfying it; this promise suffices for an exponential
quantum speedup [271.

We fully characterize the functions f for which such a promise exists. In particular, we
show that sufficiently "rich" functions, such as PARITY or MAJORITY, are sculptable.

The sculpting problem has been previously studied in [901 for the case where f a recursive
function such as the NAND-tree. They constructed a promise on which this function gives a
small super-polynomial speedup (polylog(n) vs. (log n)(0og logn)). Our results also apply
to such recursive functions, and we improve the speedup to polylog n vs. nQ(1).

Our sculpting construction uses communication complexity in a novel way. In the other
direction, to prove non-sculptability, we prove new query complexity relationships. As a
corollary, we get nearly quadratic relationships between classical and quantum query com-
plexities for a wider class of functions than previously known.
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Results

H-indices

We introduce a new query complexity measure, H(Cf), defined as the maximum number
h for which there are 2 h inputs to f with certificate complexity at least h. We call this
the H-index of certificate complexity (motivated by the citation H-index sometimes used to
measure research productivity [43]). This quantity measures the number of inputs there are
to a function f that have large certificate complexity. We prove various properties of H(Cf);
most notably, we show that for total functions, it is nearly quadratically related to H(bsf),
the H-index of block sensitivity. This is analogous to the quadratic relationship between C
and bs.

Sculpting in Query Complexity

Our main result is the following theorem, which neatly characterizes sculptability in the
query complexity model in terms of the H-index of certificate complexity.

Theorem 6.1. Let f : {0, }' -4 {0, 1} be a total function. Then there is a promise
P C {0, 1}N such that R(f jp) = N"(1) and Q(f1p) = NoM, if and only if H(Cf) = NO).
Furthermore, in this case we also have Q(fIp) = O(log2 N).

This theorem follows as an immediate corollary of the following more general character-
ization theorem.

Theorem 6.2. For all total functions f : {0, 1}N -- {0, 1} and all promises P C {0, 1}N,
we have

R(f p) = O(Q(f p)2 H(Cf) 2).

Conversely, for all total functions f : {0, 1}N -+ {0, 1}, there is a promise P C {O, 1}N such
that

R(f1p) = ) and Q(fIP) = O(log 2 H(Cf)).
(log11/6 N)

We also prove an analogous theorem for D vs. R0 , showing that the same H(Cf) = NOM
condition also characterizes sculpting D(f) vs. Ro(f). On the other hand, we show that
sculpting Ro(f) vs. R(f) is always possible: for every total function f with Ro(f) = N(1),
there is a promise P such that Ro(fjp) - N"M and R(f1p) = 0(1).

Query Complexity on Small Promises

On the way to proving Theorem 6.2, we prove the following theorem, providing a quadratic
relationship between Q(f) and D(f) when the domain of f is small. This provides a ironic
twist to the query complexity story: for a long time, it was believed that D(f) and Q(f) are
quadratically related when the domain of f is very large (in particular, for total functions).
This conjecture was recently disproven by [9] (who showed a D(f) ~ Q(f) 4 separation) and
by Chapter 3 (where we showed an f such that R(f) ~ Q(f) 2.5). Instead, we now show that
the quadratic relationship holds when the domain of f is very small.

Theorem 6.3. Let f : {0, 1}N -+ {0, 1} be a partial function, and let Dom(f) denote the
domain of f. Then

Q(f) = (f .
(log IDom(f)|

96



Query Complexity for Unbalanced Functions

We show two relationships similar to Theorem 6.3 that hold for functions whose domain is
large, but which are unbalanced: they contain very few 0-inputs compared to 1-inputs, or
vice versa.

Theorem 6.4. Let f : {0, I}N -+ {0, 1} be a partial function. Define the measure Bal(f) E
[0, N] as Bal(f) := 1 + min{log |f -1 (0), log |f~ 1 (1)|} (or 0 if f is constant). Then

R(f) = O(Q(f) 2 Bal(f))

D(f) = O(Ro(f) Bal(f)).

A similar polynomial relationship between Ro(f) and R(f) does not hold in general.

New Relationship for Total Functions

We prove the following new query complexity relationship for total functions, generalizing
the known relationship D(f) = O(Q(f) 2 C(f)).

Theorem 6.5. Let f : {O, I}N -- {0, 1} be a total function. Then

D(f) = O(Q(f) 2 H(/ Cf) 2 ).

Here H( Cf) denotes the H-index of the square root of certificate complexity; this is the
maximum number h such that there are at least 2 h inputs to f for which \/C(f) is at least
h. We note that H( /C) 2 < C(f) for all total functions, so this is an improvement over
the relationship D(f) = O(Q(f) 2 C(f)). Moreover, when f = OR, we have H( Cf)2 = 1
and C(f) = N, so this improvement is strict.

We remark that this result could let us improve the relationship D(f) = O(Q(f) 6 ) if we
could show H( /Cf) 2  o(Q(f) 4). Theorem 6.5 therefore provides a new approach for this
long-standing open problem.

Sculpting in the Turing Machine Model

In Section 6.8, we examine sculpting in the Turing machine model. We say that a language
L is sculptable if there is a promise set P such that the promise problem of deciding if an
input from P is in L is in PromiseBQP but not in PromiseBPP. We prove two sculptability
theorems, both of them providing evidence that most or all languages outside of BPP are
sculptable.

Theorem 6.6. Assume PromiseBQP is hard on average for P/poly. Then every paddable
language outside of BPP is sculptable.

Theorem 6.7. Assume there exists a BPP-bi-immune language in BQP. Then every lan-
guage outside of BPP is sculptable.

For the definitions of paddability and bi-immunity, see Section 6.8. These theorems
assume very little about BQP and BPP, and analogous statements hold for other pairs of
complexity classes.
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6.2 Notation and Preliminaries

Instead of denoting the certificate complexity of an input x C Dom(f) by Cx(f), in this
chapter we use the notation Cf(x). This way, we can treat Cf as a set of certificate com-
plexities for f, which will allow us to use the notation H(Cf) to denote the H-index of this
set of numbers. We use similar notation for RCf and bsj.

6.2.1 Balance and H Indices

We will use Dom(f) to denote the domain of a partial function f. We define Bal(f) to be 0
if f is constant, and otherwise, to be the minimum of 1+log f-1 (0)1 and 1+log If -1 (1)| (we
use log to denote logarithm base 2). Note that since If-1 (0)1 + If- 1(1)1 = Dom(f)j 5 2 N

we have Bal(f) N. Thus Bal(f) E [0, N].
We will use a new set of query complexity measures called H-indices (the name is mo-

tivated by the H-index measure of citations, a common metric for research output). For a
given function g : {0, 1}N -÷ [0, oo), we will define the H-index of g, denoted by H(g), as
the maximum number h such that there are at least 2 h inputs with g(x) > h. Alternatively,
the H-index of g can be defined as the minimum number h such that there are at most 2 h

inputs with g(x) > h. It is not obvious that these definitions are equivalent (or even that
the minimum and maximum are attained); we prove this in Appendix D.

Note that H(g) E [0, N], and H(g) 5 maxx g(x). Also, if g(x) g'(x) for all x c {0, 1}N,
we have H(g) H(g').

We'll primarily be interested in measures like H(Cf), H(RCf), and H(bsf). We have
H(C1 ) C(f), H(RCf) 5 RC(f), and H(bsf) bs(f). We also have

H(bsf) H(RCf) < H(Cf).

The H-index of certificate complexity can be much smaller than the certificate complexity
itself. For example, the OR function has only one certificate of size greater than 1, so
H(COR) = 1, even though C(OR) = n.

In Appendix D we show that if a : [0, oo) -+ [0, oc) is an increasing function, then

H(a o g) ! max{H(g), a(H(g))}.

In particular, this will imply H(C2) H(Cf) 2 .

6.2.2 Shattering and the Sauer-Shelah Lemma

For a set of indices A C {1, 2, ... , N}, let SIA 9 {0, I}LAI be the set of restrictions of each
string in S to the indices in A. We say A is shattered by S if SIA = {0, 1}I'^. In other
words, A is shattered by S if S has all possible behaviors on A. The Sauer-Shelah lemma
[75, 761 is a classic result that upper-bounds the size of S in terms of the size of A. We will
use the following corollary of it.

Lemma 6.8. Let S C {0, 1 }N be a collection of strings. Then there is a shattered set of
indices of size at least

log |SI
log(N + 1)~
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Lemma 6.8 follows straightforwardly from the Sauer-Shelah lemma [75, 76]. We will
often use the weaker bound log SI instead, which holds for N > 2. This will sometimes lead2 log N_
to simpler formulas.

6.3 Non-Sculptability Theorems

In this section, we prove the non-sculptability direction of Theorem 6.2. The proof has
two parts: in Section 6.3.1, we prove a relationship between randomized and quantum query
complexities for "unbalanced" functions, and in Section 6.3.2, we use this to prove a sculpting
lower bound in terms of the H-index of certificate complexity.

6.3.1 Query Complexity for Unbalanced Functions

We wish to show a nearly-quadratic relationship between randomized and quantum query
complexities for functions f for which Bal(f) is small. Note that this is a generalization of the
relation RCf (x) = O(Qf (x)2 ) from [1]. That is, [1] showed that for the task of distinguishing
one input from a (possibly large) set of alternatives, randomized and quantum algorithms
are quadratically related. We want a similar relationship for the task of distinguishing a
small set of inputs from a (possibly large) set of alternatives.

We start with the following lemma.

Lemma 6.9. Let f : {o, 1 }N -+ {0, 1} be a partial function. For a V f 1 (0), let fa.0 be the
problem of distinguishing a from f- 1 (0). That is, fa,O is the function fa,o : {a} U f-1 () 
{0, 1} with f(x) = 1 iff x = a. For a f'(1), define fa,I analogously. Then for all
a E {O, 1}N, we have either R(fa,o) = O(Q(f) 2 ) or R(fa,1) = O(Q(f) 2 ).

Note that this holds even when a is not in the promise of f. The constant in the big-O
notation is a universal constant independent of a, f, and N.

Proof. Let Q be the quantum algorithm that achieves Q(f) quantum query complexity in
determining the value of f on a given input. When run on any a E f-1 (0), Q will output 0
with probability at least 2/3, and when run on a e f (1), it will output 1 with probability
at least 2/3.

Consider running Q on an input a V Dom(f). Then Q will output 0 with some probabil-
ity p and output 1 with probability I-p. If p ;> 1/2, then Q distinguishes a from f -1(1) with
constant probability. If p 1/2, then Q distinguishes a from f-1 (0) with constant proba-
bility. Thus for all a E {0, 1}N, we have either Q(fa,o) = O(Q(f)) or Q(fai) = O(Q(f)).
From [1], we have RC(g) = O(QC(g) 2 ) = O(Q(g) 2) for all functions g, so we conclude that
either RC(fa,o) = O(Q(f) 2 ) or RC(fai) = O(Q(f) 2 ).

Finally, note that for a problem of distinguishing one input from the rest, randomized
query complexity equals randomized certificate complexity. Thus we get that for all a E

{0, 1}N, either R(fa,o) = O(Q(f) 2 ) and or R(fai) = O(Q(f) 2).

We're now ready to prove the desired relationship between R and Q.
Theorem 6.10. Let f : {0, I}N -+ {0, 1} be a partial function. Then

R(f) = O(Q(f) 2 Bal(f)).

Proof. Without loss of generality, assume |f~1 (0)| 5 | f 1 (1). We use Lemma 6.9 to con-
struct a randomized algorithm for determining f(x) given oracle access to x, assuming that
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f -(0) is small. The idea is to keep track of the subset Z C f-1 (0) of strings that the input
x might feasibly be (consistent with the queries seen so far). We then construct a string
a from a majority vote of the elements of Z; that is, for each index i E [n], ai will be the
majority of yi over all y E Z (with ties broken arbitrarily).

This string a need not be in Dom(f). The important property of it is that if we query
an index i of the input x and discover that xi $ ai, we can eliminate at least half of the
strings from Z, since they are no longer feasible possibilities for x.

We then get the following randomized algorithm for evaluating f(x):

* Initialize Z = f - 1 (0).

* While Z 5 0:

1. Calculate a from the entry-wise majority vote of Z.

2. Pick b E {0, 1} such that R(fa,b) = O(Q(f) 2) (this exists by Lemma 6.9).

3. Run the randomized algorithm evaluating fa,b on x with some amplification
(to be specified later).

4. If its output is 1 (i.e. the algorithm thinks x = a rather than x E f-1(b)),
output 1 - b and halt.

5. If its output is 0, a bit i was queried to reveal xi : ai, so update Z

(removing at least half its elements).

" If Z = 0, output 1.

We note a few things about this algorithm. First, in step 3, notice that x need not be in
the domain of fa,b. However, we may still run the randomized algorithm that evaluates fa,b,
and use the fact that if x does happen to be in the domain (in particular, if x E f -1(b)), then
the algorithm will work correctly. This is exactly what we use in step 4: if the algorithm
that distinguishes a from f 1 (b) says that x is equal to a, it need not mean that x is in fact
equal to a, but it does mean that x f- 1(b).

Secondly, step 5 assumes that the randomized algorithm for evaluating fa,b will only
conclude that an input x is not equal to a if it finds a disagreement with a. This is a safe
assumption, as argued in Lemma 5 of [1].

Finally, we determine the number of queries this algorithm uses. The outer loop happens
at most Llog If -1(0)|J+1 < Bal(f) times. Step 3 in the loop is the only one which queries the
input string. Since the loop repeats at most Bal(f) times, we can safely amplify the algorithm
in step 3 O(log Bal(f)) times. This gives a query complexity of O(Q(f) 2 log Bal(f)) for step
3, so the overall number of queries is O(Q(f) 2 Bal(f) log Bal(f)).

We can get rid of the log factor by being more careful with the amplification. Note that
if we ever find a disagreement with a when running the algorithm, we may immediately stop
amplifying and proceed to step 5. We keep a count co of how many times we had to amplify
in step 3 for functions of the form fa,0, and a count ci for functions of the form fa,1.

If co ever reaches 2 Bal(f), we output 1 and halt. Similarly, if cl ever reaches 2 Bal(f),
we output 0 and halt. This ensures the total amplification is O(Bal(f)), so the total query
complexity of the algorithm is O(Q(f) 2 Bal(f)).

Note that if f(x) = 0 and the output of the algorithm was 1, it means that we ran the
algorithm evaluating fa,o (for varying values of a) 2 Bal(f) times, and at most Bal(f) of
those times the algorithm said that x E f 1(0). For each individual run, the probability is
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at least 2/3 that the algorithm would say that x E f-1 (0). An application of the Chernoff
bound shows that the probability of this happening is exponentially small. Similarly, the
probability of the algorithm giving 0 when in actuality f(x) = 1 is also exponentially small.

We conclude that R(f) = O(Q(f) 2 Bal(f)), as desired. E

6.3.2 Application to Non-Sculptability

Theorem 6.10 immediately gives the following non-sculptability result, which says that un-
balanced functions cannot be sculpted.

Corollary 6.11. Let f : {0, I}N --+ {0, 1} be a total function. For any promise P C {0, 1}N,
we have

R(fIp) =O(Q(fIp) 2 Bal(f)).

Proof. Note that Bal(flp) Bal(f) for any f and P. Then, by Theorem 6.10, we have

R(f1p) = O(Q(f1p) 2 Bal(ffp)) = O(Q(flp)2 Bal(f)).

We extend this result by showing that any function with a small number of large cer-
tificates also cannot be sculpted. This gives us a non-sculptability result in terms of the
H-index of certificate complexity.

Theorem 6.12. Let f : {0, I}N -- {0, 1} be a total function. For any promise P C {0, 1 }N
we have

R(f1p) = O(Q(f1p) 2 H(C2)).

Proof. We design a deterministic algorithm that reduces the set of possibilities for the input
to an unbalanced set. Specifically, the algorithm will reduce the possibilities for the input
to a set S C {o, 1 }N such that Bal(f Is) H(C2) + 1. We then use Theorem 6.10 to get the
desired non-sculptability result.

Note that every 1-certificate of f must conflict with every 0-certificate of f in at least
one bit. Therefore, by querying all non-* entries of a 0-certificate, we reveal at least one
entry of each 1-certificate.

We design a deterministic algorithm for computing f on an input from P. The algorithm

proceeds as follows: it repeatedly picks a 0-certificate p for f of size at most H(C ) that
is consistent with all the entries of the input that were revealed so far. It then queries all

the non-* entries of p. This is repeated H(Cf) times, or until there are no 0-certificates

of size at most H(Cf) (whichever happens first). Finally, the algorithm returns the set S
of strings that are consistent with the revealed entries of the input.

This algorithm uses at most H(C2) queries. We check its correctness by examining the
set S. Clearly, the input is in S. Furthermore, if any certificate of f was revealed, then f is
constant on S, so S contains either no 0-inputs or no 1-inputs.

There are at most 2HC)inputs with certificate complexity larger than H(Cf).

If the algorithm terminated because there were no consistent 0-certificates, then the only

0-inputs in S have certificates of size larger than H(Cf). There are at most 2 H(C)) of them,

so S has at most 2 H(C)) 0-inputs to f. Conversely, if the algorithm went through H(Cf)
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iterations of querying consistent 0-certificates, then it must have revealed H(Cf) entries

of each 1-certificate to f. If no 1-certificate was discovered, it means the revealed entries

contradicted all 1-certificates of size at most H(Cf). Thus the only 1-inputs in S have

certificate size greater than H(Cf), from which it follows that there are less than 2 H(C))

of them.
We conclude that S contains either at most 2H(C)) 0-inputs to f or at most 2H(C))

1-inputs to f. This gives Bal(f is) < H(C2) + 1.
We design a randomized algorithm for fIp as follows. First, we run the above determin-

istic algorithm to reduce the problem of computing fIl to the problem of computing fisnp.
This costs H(C2) queries. By Theorem 6.10, there is a randomized algorithm that uses

O(Q(flsnp) 2 Bal(flsnp)) = O(Q(flp) 2 Bal(f Is)) = O(Q(f p) 2 H(C2))

queries to compute flsnp. Running this algorithm allows us to compute flp. The total
number of queries used was

O(Q(flp) 2 H(C2) + H(C2)) = O(Q(fjp) 2 H(C2)).

Note that Theorem 6.12 completes the first part of the proof of Theorem 6.2, since
H(C2) < H(Cf) 2 . It is natural to wonder whether Theorem 6.12 is always at least as strong
as Corollary 6.11. In Theorem 6.22, we will show that it is, up to a quadratic factor and a
log N factor.

6.4 Sculpting from Communication Complexity

In this section, we show that if a function f has many inputs with large randomized certificate
complexity then it can be sculpted: there is a promise P so that fIp exhibits a large quantum
speedup. This means that if H(RCf) is large, the function f can be sculpted. In Section 6.5,
we will relate H(RCf) to H(Cf), thereby completing the proof of Theorem 6.2.

Our sculptability proof will rely on the solution to a problem we call the "extended
queries problem," which might be of independent interest. The solution to this problem will
in turn use results from communication complexity.

6.4.1 The Extended Queries Problem

We usually let an algorithm for computing a (possibly partial) function f : {0, 1}N g {0, 1}
query the bits of the input x. But what happens if we let the algorithm make other types of
queries? For example, if x is a Boolean string, we can let the algorithm query the parity of
x. How does this extra power affect the query complexity of f? In particular, is there some
special set of additional queries such that if a randomized algorithm is allowed to make the
special queries, it can simulate any quantum algorithm? If so, how many special queries
suffice for this property to hold?

To formalize this question, we need a few definitions.

Definition 6.13. An extension function with extension G is an injective total function

q : {0, 1}N -÷ {o, 11G (in particular, we need G > N).
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An extension function specifies, for each input x E {0, 1}, the types of queries an
algorithm is allowed to make on x. In other words, we will let algorithms query from O(x)
instead of from x. Note that the extension function may provide easy access to information
about x that is hard to obtain otherwise (such as its parity).

Definition 6.14. Let f : {0, I}N _ {0, 1} be a partial function, and let # be an ex-
tension function. The extended version of f with respect to # is the partial function
f : (Dom(f)) -+ {O, 1} defined by f 0 (x) = f(0-'(x)).

Note that f k is a partial function from {0, 1}G to {o, 1}. We can consider D(f ), R(f0),
Q(f 0), and so on. To pose the extended queries problem, we will need a notion of the
complexity of a set of functions, defined as the maximum complexity of any function in that
set.

Definition 6.15. For any set of functions S, we define D(S) := maxfEsD(f). We define
R(S), Q(S), etc. similarly. Further, we define DG(S), the extended query complexity of S
with extension G, to be the minimum, over all extension functions # with extension G, of
maxfEs D(f 0). We define RG(S), QG(S), etc. similarly.

In other words, for any set of functions, the extended query complexity of the set with
G extension is the number of queries required to compute all functions in the set given the
best possible extension. We observe that if G > |SI, the extended query complexity DG(S)
is 1, since the extension O(x) for a given input x could simply specify the values of all the
functions in S on x. We also observe that for all G > N, we have DG(S) < D(S), since
the identity function is always a valid extension function. Moreover, the extended query
complexity of a set is decreasing in G. We now ask the following question.

The Extended Queries Problem. Is there a set of functions S for which Q(S) is
small but RG(S) is large, even when the extension G is exponentially large in the input size
N? We can also ask this question for other complexity measures, such as R(S) vs. ROG(S)
or Ro(S) vs. DG(S).

It turns out that a positive solution to the extended queries problem implies a sculpt-
ability result in terms of H(RCf), as the following theorem shows.

Theorem 6.16. Let f : {0,1}N -+ {0, 1} be a total function. Let A = H('f) and let S4 logN N

be any set of partial functions from {o, 1}A to {0, 1}. Then there is a promise P C {0, 1}N
such that

Q(fIp) = O(Q(S)), R(flp) = Q(RN(S)).

Analogous statements hold for other pairs of complexity measures, such as D and RO or RO
and R.

We delay the proof of Theorem 6.16 to Section 6.4.3. First, we settle the extended
queries problem for R vs. Q: Theorem 6.18 will provide an exponential lower bound on G
by reducing the extended queries problem to a problem in communication complexity.

6.4.2 Reducing Extension to Communication Complexity

For a partial function f : {0,1}Ni X {, I}N2 -+ {0, 1}, we will denote the communication
complexities of f by Dcc(f), Rcc(f), Qcc(f), and Rcc(f). We will use the following
definition.
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Definition 6.17. Let f {o, 1}N, X {O, 1}N 2 -9 {0, 1} be a partial function. For any
x E Dom(f), we write x xAxB, with xA G {0, 1}N1 and xB E {0, 1}N2 . Let DomA(f ) =
{xA : x c Dom(f)} and DomB(f) = {XB : x E Dom(f)}. For any a E DomA(f), we
define the marginal of f with respect to a to be the partial function fa : {0,1}N2 4 10, 1}

defined by fa(b) := f(a,b) for all b G {0, 1}N 2 such that (a,b) e Dom(f). We define
Mar(f) = {fa : a c DomAMf)} to be the set of all marginal functions for f .

We now connect communication complexity to the extended queries problem.

Theorem 6.18. Let f : {0, 1}Ni x {0, 1 }N 2 - {0, 1} be a partial function. Then for all

G ;> N,

RG(Mar(f))-Q( = (f .

Similarly, we have DG(Mar(f)) = Q(DCC(f)/logG), RG(Mar(f)) = Q(RCC(f)/logG),
and QG (Mar(f)) = Q(QCC(f)/ log G).

Proof. We prove the theorem for R. The statements for D, RO, and Q will follow analogously.

Let : {0, 1}N2 _4 {0, 1}G be the best possible extension function, so that RG(Mar(f)) =

maxgeMar(f) R(go).

We now describe a randomized communication protocol for computing f. Alice receives a

string a, and must compute f(a, b), where b is Bob's string. This is equivalent to computing

fa (b). Since Alice knows fa, she also knows fg. Let R a randomized algorithm that computes

f' using at most RG(Mar(f)) queries. Alice will run this algorithm, and for each query,
she will send the index of that query to Bob (as a number between 1 and G). Bob will

reply with the corresponding bit of 0(y) (as a bit in {0,1}). This allows Alice to compute

fa(b) = f(a, b).
The total communication in this protocol is at most ([log Gl + 1) RG(Mar(f)). Since

this upper-bounds the randomized communication complexity of f (using private coins), the

desired result follows. L

Theorem 6.18 allows us to use communication complexity as a tool for lower-bounding

the extended query complexity of certain sets of functions. To use it to solve the extended

queries problem, we need a function f that has large randomized communication complexity
but for which Q(Mar(f)) is small. To construct such a function, we start from a simple

function that was recently shown to separate randomized from quantum communication

complexity, called the Vector in Subspace problem.

The Vector in Subspace Problem. In this problem, Bob gets a unit vector v E Ri,
and Alice gets a subspace H of R' of dimension n/2. It is promised that either v E H or

v E H'; the task is to determine which is the case. We assume for simplicity that n is a

power of 2.

This problem was first studied in [531 and was also described in [691. Klartag and

Regev [52] showed that this problem has randomized communication complexity Q(nl/3).

In addition, it is easy to see that the one-way quantum communication complexity of the

problem is at most log n: Bob can send a superposition over log n bits with amplitudes

determined by v; Alice can then apply the projective measurement given by (H, H').

To apply this function to the extended queries problem, we need a few modifications.

First, we need a discrete version of the problem. [52] showed that a lower bound of Q(nl/ 3 )
for randomized communication complexity applies to a discrete version of the problem in

which each real number is described using O(log n) bits; that is, Alice's subspace is given
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using n/2 vectors of length n, whose entries are specified using O(log n) bits, and Bob's
vector is specified using n real numbers of O(log n) bits each.

Mar(f) is the set of functions where we know Alice's subspace H, and are allowed to
query from Bob's input vector. However, phrased this way, it is not clear how to use a
quantum algorithm to compute such functions using few queries. To solve this problem, we
modify the way Bob's input is specified. Instead of specifying only the entries to the vector,
Bob's input string also lists some "partial sums" of the vector entries.

The idea is for Bob's vector to allow Alice to use the following algorithm to construct
the state with amplitudes specified by v. We interpret v as specifying a superposition over
strings of length log n. Alice starts by querying the probability p that the first bit of this
string is 0 when this state is measured. Alice will now place a l amplitude on querying
the probability that the second bit is 0 conditioned on the first bit being 0, and a 1 - p
amplitude on querying the probability that the second bit is 0 conditioned on the first bit
being 1. Alice keeps going in this way, until she gets to the final bit of the string of length
log n, at which point she queries the phase. This allows her to construct the state determined
by the amplitudes in v.

Of course, for this to work, Bob's input must provide all of these conditional probabili-
ties. There is one such probability to specify for the first bit, two for the second, four for the
third, and so on. Since there are log n bits, Bob's input needs to specify only 0(n) probabil-
ities. Each can be specified with O(log n) precision, so Bob's total input size is O(n log n).
Moreover, Alice constructs the desired state after O(logn) queries to the probabilities, or
O(log2 n) queries to the bits of Bob's input.

We thus get the following theorem.

Theorem 6.19. For all A E N, there is a set S of partial functions from {0, 1 }A to {0, 1}
such that for all G > A,

Q(S) = O(log 2 A), RG(S) ( 1/ g9 logl/3 A - log G)

Proof. Let f be the function described above with n = A/log A, and let S = Mar(f).
Then Q(S) = O(log2 n) = O(log2 A) and Rcc(f) = 1(nl/

3 ) = Q(A1/ 3/log1/ 3 A). By
Theorem 6.18, we get RG(S) = Q(A1/3/(log1/ 3 A -log G)). El

Together with Theorem 6.16, this implies that any function with large H(RCf) can be
sculpted, simply by plugging S from Theorem 6.19 into Theorem 6.16 and setting G = N.

6.4.3 Reducing Sculpting to Extended Query Complexity

We now prove Theorem 6.16, restated here for convenience.

Theorem 6.16. Let f : {0,1}N + {0, 1} be a total function. Let A = H(RCf) and let S41ogN
be any set of partial functions from {0, 1}A to {0, 1}. Then there is a promise P C {0, I}N

such that

Q(f1p) = O(Q(S)), R(fIp) = Q(RN(S)).

Analogous statements hold for other pairs of complexity measures, such as D and Ro or Ro
and R.
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Proof. There are at least 2 H(RCf -2 log N) inputsx E {E, 1}N that satisfy the relation RCf(x)

H(RCf .2 log N)/(2 log N). Let the set of such inputs be C. By Lemma 6.8, if N > 2, there
is a set B of

H(RCf -2 log N) H(RCf)
2log N - 2log N

indices in {1, 2,..., N} that is shattered by the inputs in C. We'll restrict B to have size

at most H(RCf)/(4log N), so IBI = A. Let q : {0,1}^ A {0,1}N be defined by mapping
each string x E {0, 1}A to a string z in C such that restricting z to A gives x. This is an

injective mapping, so # is an extension function with extension size N.

Next, consider the set S of partial Boolean functions from {0, 1}A to {0, 1}. Let SO =

{gO : g C S}. Then R(S) > RN(S). It follows that there is some function go E SO such

that R(g") > RN(S).

We will use the function gO to define the desired promise P. The domain of gO is

contained in C. Let x be in this domain, so RCf (x) H(RCf .2 log N)/(2 log N) > 2A. Let
px be a distribution over inputs y such that f(x) # f(y), with the property that for any

bit i, Pr[yj 5 xj] 1/RCf(x) 1/(2A). Then for all x E C, a randomized algorithm has a
hard time distinguishing between x and p,. For each such x, let p' be the distribution px
conditioned on the sampled input agreeing with x on the bits in B. Since the probability

of an input sampled from px disagreeing with x on B is at most |B| - 1/(2A) 1/2, the

distribution p' is not too far from px. In particular, any randomized algorithm that finds

a disagreement with x on an input sampled from p' with probability p will also find a

disagreement with x on an input sampled from p2 with probability at least p/2. It follows

that a randomized algorithm must use Q(A) queries to distinguish x from p'.
We construct the promise P as follows. Start with P = 0. For each x C Dom(gO), we

add x to P if f(x) = gO(x); otherwise, we add the support of p' to P.

It remains to lower-bound R(flp) and to upper-bound Q(flp). We start with the upper

bound. Let y E P, and consider the value of y on B. If x is an input of the domain of gO that

caused y to be added, then x and y agree on B. Further, the values of x on B are simply

01(X) E {0, 1}BI , and g(0-'(x)) = g" (x) = f(y). This means g(yjB) = f (y). We now have
the quantum algorithm work only with the bits of yIB, ignoring the rest. The algorithm

need only compute g(yIB). Since g E S, we get Q(flp) Q(g) Q(S), as desired. A
similar argument would upper-bound other complexity measures, such as R, Ro, or D.

For the lower bound, consider the hard distribution y on inputs to gO obtained from Yao's

minimax principle [891. This distribution has the property that any randomized algorithm

for gO that succeeds with probability at least 2/3 on inputs sampled from p must use R(gO)

queries. We construct a new distribution M' over P by generating an element x E Dom(go)

according to p, and then outputting either x or a sample from ' , depending on which

of them was added to P. We lower-bound the number of queries a randomized algorithm

requires to compute f on an input sampled from /' by a reduction from either computing

90 on inputs sampled from p, or else distinguishing x from p'.
Let R be a randomized algorithm for flp. Let x ~ p. We wish to compute gW(x).

Although x may not be in P, consider running R on x anyway. The algorithm will correctly

output gO(x) with some probability p, depending on both the internal randomness of R and

on p. If p > 3/5, we could amplify R a constant number of times to turn it into an algorithm

for g that works on inputs sampled from the hard distribution p, which means R must use

Q(R(gO)) - Q(RN(S)) queries. So suppose that p < 3/5.

Next, given x - p, we let yx be either x or a sample from p', as p' dictates. Then
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running R on y., gives f(y ) = gO(x) with probability at least 2/3. On the other hand,
running R on x gives output gO(x) with probability at most 3/5. That is, we have

Pr [R(x) = g'(x)] = E Pr[R(x) = g(x)]] 3/5
R,x-p x-tt RI

Pr [R(y) =g(X)]= E Pr [R(yx) = gl(x)] > 2/3
R,x p,yx x Lp R,yx

From which it follows that

E Pr [R(yx) = gl(x)] - Pr[R(x) = g'(x)] 1/15.
x y R,yx RI

This means there must be some specific input i such that the probability of R outputting

g9(-) when run on yj is at least 1/15 more than the probability of R outputting go (I) when
run on -. In particular, we must have y, = , so ys is a sample from p'. Therefore, R
distinguishes , from IL' with constant probability, so it uses at least Q(A) queries.

We conclude that R(flp) = Q(min{RN(S), A}). Since the domain of the functions in S
is {0, I}A, their query complexity is at most A. Thus R(flp) = Q(RN(S)), as desired. A
similar argument lower-bounds other complexity measures, such as R0 or D. El

This proof uses the fact that RC lower-bounds R, so it would not work on complexity
measures that are not lower-bounded by RC (for example, C 1)). For Q, it might be possible
to use a similar argument and suffer a quadratic loss, since Q is lower-bounded by v RO.
However, this might be trickier to prove (we will not need it).

We can use the previous theorems to get a sculptability result for R vs. Q in terms of
the H-index of randomized certificate complexity.

Corollary 6.20. Let f : {o, I}N _ {O, 1} be a total function. Then there is a promise
P C {0, 1}N such that

H(RCf)1/3
Q(fIP) = O(log 2 H(RCf)), R(f p) = Q log.5 3 N

Proof. This follows from Theorem 6.16 together with Theorem 6.19. l

To complete the proof of Theorem 6.2, all that remains is relating H(RCf) to H(Cf).

6.5 Relating H(Cf), H(RCf), and H(bsf)

In this section, we relate H(Cf) to H(RCf), completing the characterization of sculpting.
Actually, we will prove a relationship between H(Cf) and H(bsj), which implies the desired
relationship since H(bsf) 5 H(RCf). The proof is somewhat involved, but splits naturally
into three parts. In Lemma 6.21, we show a relationship between Cf(x) and RCf(x) in
terms of the number of 0- and 1-inputs of f. In Theorem 6.22, we show that H(Cf) =
O(Bal(f) log N). Finally, Theorem 6.23 gives the desired relationship between H(Cf) and
H(bsf).
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Lemma 6.21. Let f : {0, I}N - {0, 1} be a partial function, and let x E Dom(f). If
f(x) = 0, then

Cf(x) RCf(x)(1 + log If 1 (1)|)

and if f(x) = 1, then

Cf (x) RCf (x)(1 + log If -1 (0) 1).

Proof. For x E f-1(1), we wish to upper-bound Cf (x) in terms of RCf (x), assuming f - 1 (0)

is small. A certificate for x consists of a partial assignment of x that contradicts all the

elements of f- 1 (0).

Consider the greedy strategy for certifying x, which works by repeatedly choosing the

bit of x that contradicts as many of the 0-inputs as possible, and adding it to the certificate.

By definition, this strategy produces a certificate for x of size at least Cf (x).

Let pi be the fraction of the remaining inputs which are contradicted by the i-th bit

of the greedy algorithm. The number of remaining inputs during the run of the greedy

algorithm is then

If~1(0)1, If -1(O)|(1 - P ), If -1(O)|(1 - P )(1- P2), -- -

The number of remaining inputs in the greedy algorithm will be upper-bounded by
a geometric sequence that starts at If -1(0)1 and has ratio 1 - minipi. Such a sequence

decreases to 1 after at most

-1 ( + 10g f~1(0)|) < 1 + log If - 1(0)1
log(1 - mini pi)) mini pi

steps. It follows that

C 1 (x + log If (0)|Cf (X) - min pi

It remains to show that RCf(x) = Q(1/minipi). Let j be the step of the greedy

algorithm that achieves this minimum, i.e. p, = mini pi. Then before the jth step of the

algorithm, there is a non-empty set S of 0-inputs for f such that for any bit of the input,
at most a pj fraction of the elements of S disagree with x on that bit. In other words, x

is entry-wise very close to the "average" of the elements of S. If we give each element of

S weight 1/(pjISI), we would get a feasible set of fractional blocks with total weight 1/pj.
Thus RCf(x) I/pj, so Cf(x) RCf (x)(log If- 1 (0)1 + 1). An analogous argument works
when x is a 0-input to f. E

Theorem 6.22. Let N > 2, and let f: {0, 1}N - {0, 1} be a total function. Then

H(Cf) 10 Bal(f) log N.

Proof. Without loss of generality, suppose If - 1(0)1 I f-1 (1)1. The number of 0-inputs with

large certificates is at most If- 1(0)I 2 Bal(f). Let S be the set of 1-inputs with certificates

of size greater than 5 Bal(f). We wish to show that S is small. Lemma 6.8 implies there

is a set B = {ii, i2 , ... , iBI} of indices of the input of size at least log ISI/(2 log N) that is

shattered by S. Therefore, to show that S is small, it suffices to show that B is small.

From Lemma 6.21, we have Cf(x) 5 RCf (x) Bal(f) for any 1-input x, so for all x E S,
we have RCf(x) Cf(x)/ Bal(f) > 5. This means for all x E S, there is a distribution p,,
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over 0-inputs such that for each i, the probability that yi = xi when y is sampled from px
is less than 1/5.

Let PB be the uniform distribution over B. Let 6(b, c) = 1 if b c and 0 otherwise. We
then write

1 > E E J(Xi, ys) =E E (, y5 2~ps yJp Xi, Yi))

We can conclude that for any x E S, there exists a 0-input yx that differs from x in less
than one fifth of the bits of B. In other words, the distance between xIB and YxIB is less
than |BI/5. The idea is now to upper-bound BI by using the fact that for every string in
{0, 1}1BI there is a 0 input y such that YIB is close to that string, and there are few 0-inputs
overall. Indeed, the number of strings in {0, }1BI is 21B1, and each 0-input can only be
of distance less than |BI/5 from 2 H(1/5)IBI of them (where H(1/5) denotes the entropy of
1/5). Therefore, to cover all the strings in {0, I}IBI, there must be more than 2 (1-H(1/5))IBI

0-inputs. Then

Bal(f) log If 1 (0)I > (1 - H(1/5))IBI (1 - H(1/5)) ,log N2 log N'

so

log ISI < 2Bal(f)logN 8 Bal(f) log N.
I - H(1/5) ~

This means there are less than 2 8Bal(f)logN 1-inputs with certificate size at least 5 Bal(f).
There are also at most 2 Bal(f) 0-inputs with certificate size at least 5 Bal(f) (because there
are at most that many 0-inputs in total). Thus the log of the total number of inputs
with certificates larger than 5Bal(f) is at most 10Bal(f)log N. It follows that H(Cf) <
10 Bal(f) log N. L

Theorem 6.23. Let f : {0, I}N -+ {0, 11 be a total function. Then

H(Cf) = O(H(bsj)2 log N).

Proof. Let A be the set of inputs that have certificate size more than H(Cf). Let Ao be the
set of 0-inputs in A, and let A 1 be the set of 1-inputs in A. Let B be the set of inputs that
have block sensitivity more than b, with b = VH(Cf)/2. Let Bo be the set of 0-inputs in
B, and let B1 be the set of 1-inputs in B. Without loss of generality, assume JAol JAiI.
Since JAI 2 H(C), we have |Ao| 2 H(Ci)1.

Now, let g : {0, I}N + {0, 1} be the total function defined by g(x) = 1 if and only if
x E B1 . Suppose x is an element of Ao\Bo. Consider certifying that x is a 0-input for g;
let p be the smallest such certificate. Then p is consistent with x but inconsistent with all
the strings in B1 . We claim that this certificate must be large: its size must be greater than
H(Cf) - b 2 = H(Cf)/2. To show this, we show that we can turn p into a certificate for x
with respect to f (instead of with respect to g) by adding only b 2 bits to it.

Let q be a minimal sensitive block of x (with respect to f) that is disjoint from p. Since
x is a 0-input for f, Xq is a 1-input for f. Since q is disjoint from p, Xq is consistent with p,
so Xq V B 1 . Thus the block sensitivity of Xq is at most b. However, since q was a minimal
sensitive block, the sensitivity of Xq is at least Iqi; thus |qJ < b. It follows that all minimal
sensitive blocks of x that are disjoint from p must have size at most b.

In addition, since x E Ao\Bo, the block sensitivity of x is at most b. We can now
construct a certificate for x by taking a maximal set of minimal disjoint sensitive blocks for
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x, all of which are disjoint from p. There will be at most b such blocks, and each will have
size at most b. Therefore, this certificate for x has size at most IpI b2 . Since x E Ao,
we must have jpJ + b2 > H(Cf), or IpI > H(Cf) - b = H(Cf)/2. We have shown that the
elements of Ao\Bo all have certificate size greater than H(Cf)/2 even with respect to g.

Now, by Theorem 6.22, the number of inputs x that have certificate size more than
10(1 + log B) logN with respect to g is at most 2 10(1+logIBil)logN. It follows that either
H(Cf)/2 < 10(1 + log B) logN (so that the theorem doesn't apply), or else JAo\Bo

20(1+Iog IBi 1) log N

In the former case, we have

log |BI > log B1 | > H(Cf)
-20 log N

In the latter case, we have

2 H(Cf)-1 < JAo| 5 Bo| + 2 10(1+logIiI) logN - |Bo| + (2 |B1 ) 10logN < (21B lologN

so in that case,
H(Cf) - 1

- 10 log N

Thus, in both cases,
H(Cf) - 1  (H(Cf)

logI 20 log N logN

Hence there are 2 0(H(Cf)/log N) inputs with block sensitivity more than \H(Cf)/2. We

thus have

H(bsf) = Q min g H(Cf) =Q loN

Theorem 6.2 now follows from Theorem 6.10 (the non-sculptability theorem in terms
of H(C2)), Corollary 6.20 (the sculptability result in terms of H(RCf)), and Theorem 6.23

(relating H(bsj) to H(Cf)), together with the properties that H(C2) H(Cf) 2 and that
H(bsj) H(RCf). We restate Theorem 6.2 here for convenience.

Theorem 6.2. For all total functions f : {0, 1}N -+ {0, 1} and all promises P C {0, 1}N,

we have
R(fjp) = O(Q(f1P) 2 H(Cf) 2 )_

Conversely, for all total functions f : {0, 1}N - {0, 1}, there is a promise P C {o, 1 1N such
that

R(f1p) = H(Cf)1/6 and Q(fIp) = O(log 2 H(Cf)).

Theorem 6.1 follows as a corollary. This completes the proof of our main result.
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6.6 Sculpting Randomized Speedups

Now that we've characterized sculpting quantum query complexity, we turn our attention
to sculpting other measures. Recall that

Q(f) R(f) Ro(f) < D(f).

We showed that sculpting R(f) vs. Q(f) is possible if and only if f has a large number of
large certificates. We now show that the exact same condition characterizes sculpting D(f)
vs. Ro(f). On the other hand, we show that Ro(f) vs. R(f) behaves differently: it's always
possible to sculpt a function f to a promise P such that R(fjp) is constant and Ro(flp) is
almost as large as Ro(f).

We start by characterizing sculpting for D vs. R0 .

6.6.1 Sculpting D vs. Ro

The proof of this characterization will follow that of Theorem 6.2. For the non-sculptability
direction, we need an analogue of Theorem 6.10, relating deterministic and zero-error ran-
domized query complexities in terms of Bal(f). We prove the following theorem.

Theorem 6.24. Let f : {0, I}N -÷ {0, 1} be a partial function. Then

D(f) 5 2Ro(f) Bal(f).

Proof. Consider the zero-error randomized algorithm which takes Ro(f) expected queries to
evaluate f. By Markov's inequality, if we let this algorithm make 2 Ro(f) queries on input
x, it will succeed in computing f(x) (and provide a certificate for x) with probability at
least 1/2. This gives us a probability distribution p over deterministic algorithms, each of
which makes 2 Ro (f) queries, such that for each input x the probability that an algorithm
sampled from M finds a certificate when run on x is at least 1/2.

For a deterministic algorithm D and an input x, let c(D, x) =1 if D finds a certificate
for x, and c(D, x) = 0 otherwise. Let Z C {0, 1}N. Then

E D : c(D, x) = E [c(D, x)] > Z(1/2) = 2
D- .xEZ . = xZ D-y xEZ

It follows that there is a deterministic algorithm DZ that makes 2 Ro (f) queries and finds a
certificate when run on half the inputs in Z.

Suppose without loss of generality that f- 1(0)I 5 f- 1(1). Now, on input x, set
Z = f- 1 (0), and run DZ on x. If it fails to find a certificate, then we have eliminated half
of Z as possibilities for the input. Repeating this [log If -1(0)|i + 1 < Bal(f) times suffices
to eliminate all of f- 1 (0) as possibilities for x, and hence to determine the value of f(x).
The total number of queries used is at most 2 Ro(f) Bal(f). l

Note that Theorem 6.24 and Theorem 6.10 together complete the proof of Theorem 6.4.
Next, we turn Theorem 6.24 into a non-sculptability theorem in terms of H(Cf). The

argument in Theorem 6.12 follows verbatim, and we get the following sculpting lower bound.

Corollary 6.25. Let f : {0, I}N _ {0, 1} be a total function. For any promise P C {0, 1i}N,
we have

D(fjp) = O(Ro(f1p) H(Cf) 2 ).
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We now prove the other direction: we show that sculpting is possible when H(RCf) is
large. Using the arguments from Section 6.4, it suffices to solve the extended queries problem
for D vs. RO. We do this using the reduction to communication complexity in Theorem 6.18.

Theorem 6.26. For all N E N, there is a set of partial functions S from {0, 1}N to {O, 1}
such that for all G > N,

Ro(S) = 0(1), DG(S) = Q (1 )
log G

Proof. We start with EQUALITY, in which Alice and Bob are each given an n-bit string and
wish to know if their strings are equal. This problem has deterministic query complexity
Q(n), but small randomized query complexity. To make the zero-error randomized query
complexity small as well, we give Alice and Bob two strings each, with the promise that
either their first strings are equal and the second strings are not, or vice versa. The goal will
be to determine which is the case. It is not hard to see that the deterministic communication
complexity of this problem is still )(n).

We need to get the zero-error randomized query complexity of the marginal functions to
be small. To do this, we introduce another modification: we encode each of Bob's strings
using a fixed random code of length 3n. This code will have the property that the distance
between any pair of codewords is Q(n). To compute a marginal function faa2 indexed
by Alice's strings, we can simply randomly sample from each of Bob's strings; after 0(1)
samples, we will discover which of his strings do not match the codeword corresponding to
a, and a2.

This construction gives us a function f : {0, 1}2n x {0, 1}6n _+ {0, 1} such that DCC(f)
Q(n) and Ro(Mar(f)) = 0(1). Setting N = 6n and using Theorem 6.18 finishes the proof.

Putting this together, we get the following sculpting theorem which, together with Corol-
lary 6.25, is analogous to Theorem 6.2.

Theorem 6.27. For all total functions f: {0, I}N _ {0, 1}, there is a promise P C {0, I}N

such that
( H(Cf)\

D(f 1p) = Q g N) and Ro(f1p) = 0(1).
log5/2 N

Proof. This follows from Theorem 6.26, Theorem 6.16 and Theorem 6.23. LI

We also get the following corollary, analogous to Theorem 6.1.

Corollary 6.28. Let f : {0, 1}N - {0, 1} be a total function. Then there is a promise
P C {0, 1}N such that D(f p) = N"(1) and Ro(f p) = NOM, if and only if H(Cf) = NOM.
Futhermore, in this case we also have Ro(f1p) = 0(1).

6.6.2 Sculpting RO vs. R

While it is possible to use the above argument to get a sculptability result for RO vs. R, we
can get a stronger result by a direct argument. In fact, unlike R vs. Q or D vs. RO, sculpting
Ro vs. R is always possible (there is no dependence on any H-index).
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Theorem 6.29. Let f : {0, 1}N -÷ {0, 1} be a non-constant total function. Then there is a
promise P C {0, 1 }N such that

R(flp) = 1, Ro(fjp) > 6
6

Proof. We actually prove a stronger result, finding a promise P such that R(f1p) = 1 and
Ro(flp) bs(f)/6. We then use the known relationship Ro(f) bs(f) 3 for total functions
to get the desired result. Note that finding P with R(f1p) = 1 and Ro(f p) bs(f)/6 is
trivial when bs(f) 5 6; thus we assume bs(f) > 6.

Let x E {0, 1}N be such that bsf(x) = bs(f). Assume without loss of generality that
f(x) = 0. Let Si be the set of all 1-inputs with Hamming distance at least (2/3)N from x.
For any partial assignment p consistent with x, let SP C Si be the set of all inputs y in S1
that are consistent with p.

There are two cases. If SP is non-empty for all partial assignments p consistent with
x of size less than bsf(x)/6, then we can pick the promise to be P = {x} U S1. It then
follows that certifying that fjp is 0 on input x takes at least bsf(x)/6 queries, whence
Ro(fIp) bsf(x)/6. On the other hand, a randomized algorithm can make 1 query to
check if the input differs from x. Thus R(fIp) = 1.

The other case is that there is some partial assignment p of size less than bsf(x)/6 such
that SP is empty. We restrict our attention to inputs consistent with p. Since x has bsf(x)
disjoint sensitive blocks, it has at least (5/6) bsf(x) disjoint sensitive blocks that do not
overlap with p. We exclude blocks of size larger than N/3. Since there are at most 2 such
blocks, this leaves at least (5/6) bsf(x) - 2. Let B be the set of inputs we get by flipping
one of these blocks of x. Then B contains only 1-inputs to f that are consistent with p, all
of which have Hamming distance at most N/3 from x. Since bsf(x) = bs(f) > 6, we have
B # 0.

Let S be the set of inputs consistent with p that have Hamming distance at least (2/3)N
from x. Since SP is empty, S contains only 0-inputs to f. Let P = B U S. Now, consider
certifying that an input y to fIl is a 1-input. Since all inputs of Hamming distance at least
(2/3)N from x that are consistent with p are 0-inputs, this requires showing at least N/3- pI
bits of y. Since IpI < bsf(x)/6 < N/6, this is at least N/6. Thus Ro(f1p) N/6 > bs(f)/6.

On the other hand, a bounded-error randomized algorithm can simply query a bit of the
input at random, and check for agreement with x. If the bit agrees, the algorithm can output
1, and if the bit disagrees, the algorithm can output 0. This works because 0-inputs have
distance at least (2/3)N from x, while all 1-inputs have distance at most N/3 from x (since
the sensitive blocks used to construct B were of size at most N/3). Thus R(f1p) = 1. EL

6.7 Other Query Complexity Results

We can use some of the tools introduced in the previous sections to prove some new relations
in query complexity. In Section 6.7.1, we prove a quadratic relationship between D(f) and
Q(f) for partial functions f that have small domain. In Section 6.7.2, we prove a quadratic
relationship between D(f) and Q(f) for total functions f for which H(Cf) is small.

6.7.1 Query Complexity on Small Promises

We prove Theorem 6.3, which we restate for convenience.
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Theorem 6.3. Let f : {0, 1}N -+ {0, 1} be a partial function, and let Dom(f) denote the
domain of f. Then

log I Dom(f) I

Proof. We follow the proof of Theorem 6.10. The randomized algorithm used in that proof
relies only on the existence of a randomized algorithm distinguishing a string a E {0, 1 }N
from either f- 1 (0) or f- 1 (1), which is in turn guaranteed by Lemma 6.9. To make that
algorithm deterministic, we only need to turn this distinguishing algorithm into a deter-
ministic one. By Lemma 6.21, we have Cf(x) = O(RCf(x) log I Dom(f)1). On the task of
distinguishing a single input from a set of inputs, certificate complexity equals deterministic
query complexity. Using this observation, we can modify the proof of Theorem 6.10 to get
the result

D(f) = O(Q(f) 2 Bal(f) log I Dom(f)I) = O(Q(f) 2 log 2 I Dom(f)I),

from which the desired result follows.

6.7.2 Relationship for Total Functions

We can use H-indices to improve some of the relationships between complexity measures on
total functions, proving Theorem 6.5. Recall that for total functions, we have D(f)
C(f) bs(f) and bs(f) = O(Q(f) 2), from which we have D(f) = O(Q(f) 2 C(f)). We
strengthen this result to D(f) = O(Q(f) 2 H( C1 )2 ) for total Boolean functions. Since

H(V'f) VC(f), this result is always stronger. In addition, since C(OR) = n and
H(COR) = 1, this improvement is sometimes very strong.

We restate Theorem 6.5 for convenience.

Theorem 6.5. Let f : {0, 1}N - {0, 1} be a total function. Then

D(f) = O(Q(f) 2 H( Cf) 2).

Proof. The proof follows the proof that D(f) C(f) bs(f) [171. We start by reviewing this
proof. The deterministic algorithm repeatedly picks possible 0-certificates that are consistent
with the input observed so far, and queries the entries of these certificates. If the queried
entries match the 0-certificate, the algorithm is done (the value of f(x) is known to be 0).
If ever there are no additional 0-certificates consistent with the observed part of the input,
the value of the function is known to be 1.

The key insight is that if this process repeats k times, then the block sensitivity of the
function is at least k. Indeed, let p be the partial assignment revealed after k iterations.
Pick a 1-input y for f that is consistent with p. Let Bi be the set of entries queried in the
i-th iteration of the algorithm. Then for each i, there is a way to change only the variables
in Bi to form a 0-certificate for f. It follows that each Bi contains a sensitive block for y.
Since the Bi sets are disjoint, we get bsf(y) k, so bs(f) > k.

We modify the algorithm as follows. In each step, we only allow the algorithm to
pick 0-certificates that are of size at most H( C1 )2 . Thus the algorithm uses at most
bs(f) H(d C) 2 queries before it gets stuck. When it gets stuck, either the value of f on the
input is determined, or else there are no more 0-certificates that are small enough.

Next, we repeat the same process with 1-certificates instead of 0-certificates. If the value
of f is not yet determined, it means that the input is not consistent with any small enough
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certificates, so the certificate complexity of the input x is greater than H( Cf) 2 . This gives
/Cf(x) > H( C ).

By definition of the H-index, there are now at most 2 H( Cf) possibilities for the input.
We've therefore restricted f to a small domain P. We now use Theorem 6.3 to evaluate f
using

O(Q(f) 2 log 2 I Dom(fip)I) = O(Q(f) 2 H( /C) 2 )

deterministic queries. This is added to the bs(f) H( Cf) 2 queries from before. Using
bs(f) = O(Q(f) 2 ), we get

D(f) = O(Q(f) 2 H( Cf) 2 ).

l

6.8 Sculpting Computational Complexity

In this section, we examine sculpting in the computational complexity model. We start with
some notation. Given a language L C {o, 11*, we let L(x) E {0, 1} be its characteristic
function. Also, given a language L together with a promise P C {0, 11*, we let Ljp be the
promise problem of distinguishing the set P n L from the set P \ L.

Now, we call the language L sculptable if there exists a promise P, such that the promise
problem L~p is in PromiseBQP but not in PromiseBPP. We will use the following definition.

Definition 6.30 (1221). A language L is called paddable, if there exists a polynomial-time
function f (x, y) such that

(1) f is polynomial-time invertible, and

(2) for all x, y, we have x E L 4=> f(x, y) E L.

In other words, L is paddable if it is possible to "pad out"any input x with irrelevant
information y, in an invertible way, without affecting membership in L.

The paddable languages were introduced by Berman and Hartmanis [221, as part of their
exploration of whether all NP-complete languages are polynomial-time isomorphic: they
showed that the answer was 'yes' for all paddable NP-complete languages. Under strong
cryptographic assumptions, we now know that there exist NP-complete languages that are
neither paddable nor isomorphic to each other [55]. Nevertheless, it remains the case that
almost all the languages that "naturally arise in complexity theory" are paddable.

Next, let us say that PromiseBQP is hard on average for P/poly if there exists a promise
problem HIS E PromiseBQP, as well as a family of distributions {Dn}, with support on the
promise set S, such that

(1) D, is samplable in classical poly(n) time, and

(2) there is no family of classical circuits {Cnln, of size poly(n), such that for all n,

3
Pr [C(y) =H(y)];> -.

y Dn 4

So for example, because of Shor's algorithm [78], combined with the worst-case/average-
case equivalence of the discrete log problem, we can say that if discrete log is not in P/poly,
then PromiseBQP is hard on average for P/poly.
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We now prove Theorem 6.6, which we restate here for convenience.

Theorem 6.6. Assume PromiseBQP is hard on average for P/poly. Then every paddable
language outside of BPP is sculptable.

Proof. Let L be a paddable language, and let f be the padding function for L. Also, let His
be any problem in PromiseBQP that is hard on average for P/poly, and let {D,}, be the
associated family of hard distributions. Then we need to construct a promise, P C {o, 1},
such that the promise problem Lip is in PromiseBQP but not in PromiseBPP.

Our promise P will simply consist of all inputs of the form f(x, y, a) such that y E S
and

L(x) = H(y)+ a (mod 2).

Here a E {0, 1} is a single bit, which we think of as concatenated onto the end of y.
Clearly, Lip is in PromiseBQP: just invert f to extract the "comment"(y, a), then com-

pute H(y) + a (mod 2).
We need to show that Lip is not in PromiseBPP. Suppose by contradiction that it was,

and let A be the algorithm such that A(x) = L(x) for all x E P. Then we'll show how to
either

(1) decide L in BPP (with no promise), or

(2) decide H in P/poly, with high probability over D,,.

Given an arbitrary input x E {O, 1}n, imagine we do the following: first sample y - D,
then run A on the inputs f(x, y, 0) and f (x, y, 1). There are two cases: first suppose

A (f (x, y, 0)) = A (f(x, y, 1)).

Now, one of the two inputs f(x, y, 0) and f (x, y, 1) must belong to P. If f-(x, y, 0) E P, then
A (f(x, y, 0)) = L(x), while if f (x, y, 1) E P, then A (f (x, y, 1)) = L(x). Either way, then,
we have learned whether x E L, and we know we have learned this.

Second, suppose
A (f(x, y, 0)) # A (f(x, y, 1)).

Then assuming y E S:

x E L, y c H =-> A (f(x, y, 0)) = 1 = A (f(x, y, 1)) = 0,

x E L, y ( H -> A (f(x, y, 1)) = 1 == A (f (x, y, 0)) = 0,

x ( L, y E H => A (f(x, y, 1)) 0 =-> A (f (x, y, 0)) = 1,

x ( L, y ( H =-> A (f(x, y, 0)) = 0 ==> A (f (x, y, 1)) = 1.

Thus, regardless of whether x E L, we have learned whether y c H, and again we know we
have learned this.

Now suppose there were an input x E {0, 1}n, such that running A as above told us
whether y E H with probability more than (say) 1/2 over the choice of y D,. Then let
C, be a polynomial-size circuit that hardwires x, and that given an input y E S:

" Simulates both A (f(x, y, 0)) and A (f(x, y, 1)).

" Outputs H(y) whenever it successfully learns the value of H(y).
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* Guesses a hardwired value for H(y) (whichever of {O, 1} is more probable) whenever
it does not.

Then
3

Pr [Cn(y) = H(y)] > ,
y Dn 47

violating the assumption that no such circuit exists.
So we conclude that for every x E {0, 1}, we must instead learn whether x E L with

probability at least 1/2 over the choice of y - Dn. This, in turn, means that by simply
generating y's randomly until we succeed, we can decide L in PromiseBPP. L

Next, given a language H C {0, 1}*, we say H is BPP-bi-immune if neither H nor its
complement H has any infinite subset in BPP. The notion of immunity was introduced by
[351. Here is a useful alternative characterization:

Lemma 6.31. A language H is BPP-bi-immune if and only if there is no infinite set S E
BPP, such that the promise problem HIs is solvable in PromiseBPP.

Proof. First, suppose H is not BPP-bi-immune, so that either H or H has an infinite subset
S E BPP. Then clearly, S itself is an infinite set in BPP such that the promise problem HIs
is trivial (the answer is either always 0 or always 1).

Conversely, suppose there exists an infinite set S E BPP such that HIs is solvable in
polynomial time. Then clearly S n H and S n H are both in BPP, and at least one of the
two must be infinite. So H is not BPP-bi-immune. L

We now suggest what, as far as we know, is a new conjecture in quantum complexity
theory.

Conjecture 6.32. There exists a BPP-bi-immune language in BQP.

Conjecture 6.32 is extremely strong. Note, in particular, that none of the "standard"BQP
languages, such as languages based on factoring or discrete log, will be BPP-bi-immune,
because they all have infinite special cases that are classically recognizable and easy (for
example, the powers of 2, in the case of factoring). Nevertheless, we believe Conjecture 6.32
is plausible. As a concrete candidate for a BPP-bi-immune language in BQP, let g: {0, 11* -+

{0, 1}* be some strong pseudorandom generator. Then consider the language

L = {x : g(x), as a positive integer, has an odd number of distinct prime factors}.

We now prove Theorem 6.7, restated here for convenience.

Theorem 6.7. Assume Conjecture 6.32. Then every language outside of BPP is sculptable.

Proof. Assume by way of contradiction that L BPP is non-sculptable. Also, let H be a
BPP-bi-immune language in BQP. Then consider the set

S:= {x : L(x) = H(x)}.

By our assumption, S is a promise on which no superpolynomial quantum speedup is possible
for L, and S is another such promise. Hence, there must be a BPP algorithm, call it As,
that solves the promise problem HIs, which (by the definition of S) is equivalent to solving
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Ljs. And there must be another polynomial-time classical algorithm, call it Ag, that solves
Hjg, which (again by the definition of S) is equivalent to solving ITg.

Now, given an input x, suppose we run both As and Ag. Then as in the proof of
Theorem 6.6, there are two possibilities. If As(x) = Ag(x), then x E S implies H(x) =
As(x) while x S implies H(x) = Ag(x), so either way we have learned H(x) (and we
know that we have learned it). On the other hand, if As(x) $ Ag(x), then x c S implies
L(x) = As(x) while x V S implies L(x) = 1 - Ag(x). So, merely by seeing that As(x) and
Ag(x) are different, we have learned L(x) (and we know that we have learned it).

In summary, there is a BPP algorithm B that, for every input x C {, 1}*, correctly
outputs either H(x) or L(x), and that moreover tells us which one it output.

Now let Q be the set of all x such that B(x) outputs H(x). Then there are two possi-
bilities: if Q is finite, then B decides L on all but finitely many inputs. Hence L E BPP,
contrary to assumption. If, on the other hand, Q is infinite, then HIQ is an infinite promise
problem in PromiseBPP. So H was not BPP-bi-immune, again contrary to assumption. El

In Theorem 6.6 and Theorem 6.7, there is almost nothing specific to the complexity
classes BQP and BPP, apart from some simple closure properties. Thus, one can prove
analogous sculpting theorems for many other pairs of complexity classes. In some cases, we
do not even need an unproved conjecture. For example, we have:

Theorem 6.33. For every language L P, there exists a promise S such that LIs is solvable
in exponential time, but is not solvable in polynomial time.

Proof. The proof of Theorem 6.7 follows through for P and EXP instead of BPP and BQP.
In addition, it is known that there is a P-bi-immune language in EXP [221. The desired
result follows.

6.9 Concluding Remarks and Open Problems

In this work, we gave a full characterization of the class of Boolean functions f that can be
sculpted into a promise problem with an exponential quantum speedup in query complexity.
We similarly characterized sculptability for Ro vs. R and D vs. Ro. Along the way, we
showed that Q is polynomially related (indeed, quadratically related) to D and R for a much
wider set of promise problems than was previously known. Finally, we studied sculpting in
computational complexity, giving a strong conjecture under which every language outside
BPP is sculptable into a superpolynomial quantum speedup, and a weaker conjecture under
which every paddable language outside BPP is sculptable.

One might object that many of our sculpted promise problems are somewhat artificial.
This is particularly clear in the case of paddable languages, where (in essence) one uses
the paddability to append to each instance x, as a "comment," an instance of a hard BQP
problem (such as factoring) that is promised to have the same answer as x. Even in the
query complexity setting, however, one can observe by direct analogy that the property of
being sculptable is not closed under the removal of dummy variables. So for example, we saw
before that the N-bit OR function is not sculptable. By contrast, observe that the function

f(Xi, ... , x2N) := OR(xi, ... , xN)

is sculptable. This follows as an immediate consequence of Theorem 6.1: just by adding
dummy variables to the OR function, we have vastly increased the number of inputs x that
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have large certificate complexity, from 1 to 2 N. However, an even simpler way to see why f
is sculptable, is that we can embed (say) Simon's problem into the variables XN+1, - ,X2N,
and then impose the promise that

OR(xl,..., XN) = SIMON(xN+1,. -,X2N)

(in addition to the Simon promise itself).

Of course, most Boolean functions do not contain such dummy variables, so the prob-

lems of sculpting them, and deciding whether they are sculptable at all, are much more

complicated, as we saw in this chapter.

Now, it might feel like "cheating" to sculpt a promise problem with a large quan-
tum/classical gap by using dummy variables to encode a different, unrelated problem. If so,

however, that points to an interesting direction for future research: namely, can we some-

how formalize what we mean by a "natural" special case of a problem, and can we then

understand which problems are "naturally" sculptable?

Here are some more specific open problems.

" Some of our inequalities could be off by polynomial factors; it would be nice to tighten

them (or prove separations). For example, it may be possible to improve Theorem 6.3
to Q(f) = Q( D(f)/ log I Dom(f)I), quadratically improving the log I Dom(f) factor.

" Can our results - and specifically, Theorem 6.5 - be used to improve the relation

D(f) = O(Q(f) 6 ) due to Beals et al. [171?

" Can we give a characterization of the sculptable Boolean functions in communication

complexity - analogous to this chapter's characterization of sculptability in query

complexity?

" Is there any natural pair of complexity classes C C D, for which C is known or believed

to be strictly contained in D, and yet it is plausible that no languages in D are C-bi-

immune, and (related to that) there exist languages L C that cannot be sculpted

into a promise problem in D \ C?

" One can, of course, consider sculpting for many other pairs of computational models,

besides R vs. Q or Ro vs. R or D vs. R0 . One interesting case is sculpting versus

certificate complexity - for example, D vs. C. What is the correct characterization
there?

We make some observations on the last problem. It's easy to see that D(ORIp) =

C(ORIp) for any promise P, so sculpting D vs. C is not always possible. On the other

hand, sculpting D vs. C is sometimes possible even when H(Cf) is small. To see this,

consider the function f with f(x) = 1 if and only if the Hamming weight of x is 1, and
the single '1' bit occurs on the left half of the input string. This function can be sculpted

to D(fjp) = N/2 and C(f1p) = 1 by setting P to the set of inputs with Hamming weight

1. However, H(Cf) = O(log N) for this function, since all inputs with Hamming weight at

least 2 have small certificates (just display two '1' bits).
This means something qualitatively different happens with D vs. C than what was found

in this chapter.
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Appendix A

Properties of randomized algorithms

We now provide proofs of the properties of randomized algorithms described in Chapter 2,
which we restate for convenience.

Lemma 2.12 (Markov's Inequality). Let R be a randomized decision tree on n bits, and let
6 G (0,1). On any input x E {0, 1}, the probability that h(D,x) < [h(R,x)/6J when D is
sampled from R is at least 1 - 6.

Proof. If A does not terminate within [T/6J queries, it must use at least [T/6] + 1 queries.
Let's say this happens with probability p. Then the expected number of queries used by A is
at least p( LT/6] +1) (using the fact that the number of queries used is always non-negative).
We then get T > p(LT/Jj + 1) > pT/J, or p < 6. Thus A terminates within T/6 queries
with probability greater than 1 - 6. I

Lemma 2.10 (Amplification). If f is a Boolean function and R is a randomized algorithm
for f with error e < 1/2, repeating R several times and taking the majority vote of the
outcomes decreases the error. To reach error E' > 0, it suffices to repeat the algorithm
21ln(1/f') .Inpri

(1n2,)2 times. In particular, if 0 <e' < e < 1/2, we have

R.E(f) ! R.E'(f) 2 n(1/e') R f
(1 - 2e)2

Proof. Let's repeat A an odd number of times, say 2k + 1. The error probability of A', the
algorithm that takes the majority vote of these runs, is

2k + 1) 2k+1-i( _)i < e2k+1-k( - E)k (2k + 1), (A.1)
i=O i=O

which is at most

ek+1(I - k (2 2k+1 /2) - fk+l(l - E)k 4 k =,E(4e(1 _ E))k = e(1 - (1 - 2 E)2)k. (A.2)

It suffices to choose k large enough so that e(1 - (1 - 2 E)2)k < e', or In E + k In(1 - (1- 2E) 2 ) <

In E'. Using the inequality ln(1 - x) -x, it suffices to choose k so that k(1 - 2e) 2 >

ln(1/e') - ln(1/E), or

k > ln(1/e') - ln(1/e)(A3)
(1 - 2e) 2
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In particular, we can choose

k = ln(1/e') - ln(1/e) ln(1/e') + I_ ln(1/e) (A.4)
(1 - 2e)2 - (1 - 2E) 2  (1 - 2E)2

It is not hard to check that 3(1 - 2e) 2 < 21n(1/E) for all e c (0,1/2), so we can choose k to

be at most - 1/2. This means 2k + 1 is at most () 2 , as desired.

Lemma 4.3. Let f be a partial function, 6 > 0, and e E [0, 1/2). Then we have RE+s(f)

26 RE(f) ! iRe(f).

Proof. Let A be the RE(f) algorithm. Let B be the algorithm that runs A for [R,(f)/aj
queries, and if A doesn't terminate, outputs 0 with probability 1/2 and 1 with probability
1/2. Then by Lemma 2.12, the error probability of B is at most a/2 + (1 - a)e. If we let
a = 26/(1 - 2e), then the error probability of B is at most

6 (1 - 2E - 26)E

-2E+ =2 6  E + , (A.5)

as desired. The number of queries made by B is at most LA(f)/aJ l- 2 ERE(f) -RE(f).

Lemma 2.13. If f is a (possibly partial) Boolean function, then for all e G (0, 1), we have

RE(f) 14 1n(1/ RE (f). When e = }, we can improve this to R(f) 1OJ(f).

Proof. Repeating an algorithm with error 1/3 three times decreases its error to 7/27, so in
particular R7 / 2 7 (f) < 3R(f). Then using Lemma 4.3 with e + = 1/3 and e = 7/27, we get

1-14/27 13- 39-
R(f) 2(1/3 - 7/27)7/27(f) = -R 7/ 2 7 (f) -R(f) 10R(f). (A.6)

To deal with arbitrary e, we need to use Lemma 2.10. It gives RE,(f) 2 I" ( Re(f).
When combined with Lemma 4.3, this gives

1 - 2e' ln(1/e') - () A7
Re, (f) I - 2Rc' (f).E (A.7)

E - E (1 - 2e) 2

Setting e = (1 + 4E')/6 (which is greater than e' if e' < 1/2) gives

27 ln(1/e') - ln(1/e') -
RE'(f) - 2(1 - 2e') 2  ( (1 - 2e')2 Ri,(f), (A.8)

which gives the desired result (after exchanging e and e'). L

Lemma 4.4. Let R be a randomized algorithm that uses T queries on expectation and finds
a certificate with probability 1 - e. Then repeating A when it fails to find a certificate turns
it into an algorithm that always finds a certificate (i.e., a zero-error algorithm) that uses at
most T/(1 - e) queries in expectation.

Proof. Let A' be the algorithm that runs A, checks if it found a certificate, and repeats if
it didn't. Let N1 be the random variable for the number of queries used by A'. We know
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that the maximum number of queries A' ever uses is the input size; it follows that E(N1 )
converges and is at most the input size.

Let Mi be the random variable for the number of queries used by A in the first iteration.
Let Si be the Bernoulli random variable for the event that A fails to find a certificate. Then
E(M1 ) = T and E(S1 ) = e. Let N2 be the random variable for the number of queries used
by A' starting from the second iteration (conditional on the first iteration failing). Then

Ni = Mi + SiN2, (A.9)

so by linearity of expectation and independence,

E(N1 ) = E(M1 ) + E(S1 )E(N2 ) = T + eE(N2 ) < T + eE(NI). (A.10)

This implies
IE(N1 ) T/(1 - e), (A.11)

as desired. 0

Lemma 2.28. Let f be a (possibly partial) function, let x E Dom(f) be an input, and let
B be a sensitive block of x with respect to f.

Then any randomized algorithm that solves f using at most T expected queries and with
error at most e must, when run on x, query a bit in B with probability at least 1 - 2E.

Proof. Let p be the probability that A queries an entry on which x differs from y when it
is run on x. Let q be the probability that A outputs an invalid output for x given that it
doesn't query a difference from y. Let r be the probability that A outputs an invalid output
for y given that it doesn't query such a difference. Since one of these events always happens,
we have q + r > 1. Note that A errs with probability at least (1 - p)q when run on x and
at least (1 - p)r when run on y. This means that (1 - p)q E and (1 - p)r < e. Summing
these gives 1 - p 5 (1 - p)(q + r) < 2e, so p > 1 - 2e, as desired. El

Minimax theorem for bounded-error algorithms

We need the following version of Yao's minimax theorem for RE(f). The proof is similar to
other minimax theorems in the literature, but we include it for completeness.

Theorem A.1. Let f be a partial function and e > 0. Then there exists a distribution p
over Dom(f) such that any randomized algorithm A that computes f with error at most e on
all x C Dom(f) satisfies Ex-ILA(x) : R,(f), where A(x) is the expected number of queries
made by A on x.

We note that Theorem A. 1 talks only about algorithms that successfully compute f (with
error e) on all inputs, not just those sampled from p. An alternative minimax theorem where
the error is with respect to the distribution M can be found in [851, although it loses constant
factors.

Proof. We think of a randomized algorithm as a probability vector over deterministic al-
gorithms; thus randomized algorithms lie in RN, where N is the number of deterministic
decision trees. In fact, the set S of randomized algorithms forms a simplex, which is a closed
and bounded set.
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Let errf,,(A) := Pr[A(x) # f(x)] be the probability of error of the randomized A when
run on x. Then it is not hard to see that errf,x(A) is a continuous function of A. De-
fine errf (A) := maxx errf,x (A). Then errf (A) is also the maximum of a finite number of
continuous functions, so it is continuous.

Next consider the set of algorithms SE := {A E S : errf(A) ; E}. Since errf(A)
is a continuous function and S is closed and bounded, it follows that S, is closed and
bounded, and hence compact. It is also easy to check that SE is convex. Let P be the
set of probability distributions over Dom(f). Then P is also compact and convex. Finally,
consider the function a(A, p) := Ex~,ED~AD(x) that accepts a randomized algorithm and
a distribution as input, and returns the expected number of queries the algorithm makes on
that distribution. It is not hard to see that a is a continuous function in both variables. In
fact, a is linear in both variables by the linearity of expectation.

Since SE and P are compact and convex subsets of the finite-dimensional spaces RN
and RDOm(f) respectively, and the objective function a(., -) is linear, we can apply Sion's
minimax theorem (see [80] or [88, Theorem 1.121) to get

max min a(A, /) = min max a(A, p). (A.12)
JIEP AES, AES, pEP

The right hand side is simply the worst-case expected query complexity of any algorithm
computing f with error at most E, which is RE(f) by definition. The left hand side gives us a
distribution yt such that for any algorithm A that makes error at most E on all x E Dom(f),
the expected number of queries A makes on 1y is at least R,(f). L
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Appendix B

Quantum query complexity of k-SUM

Belovs and Spalek [18] proved a lower bound of Q(nk/(k+1)) on the quantum query complexity

of k-SUM for constant k, as long as the alphabet is large enough. However, in their result,

Belovs and Spalek do not keep track of the dependence on k. We trace their proof to

determine this dependence, ultimately proving the following theorem.

Theorem B.1. For the function k-suM: [q]" -+ {0, 1}, if jqj 2 (n), we have

Q(k-suM) = Q(nk/(k+1)/VWk), (B.1)

where the constant in the Q is independent of k.

Proof. We proceed by tracing Belovs and Spalek's proof, which can be found in section 3 of

[18], to extract an unsimplified lower bound. We then tune some parameters to determine

the best dependence on k.

The proof in [18] proceeds by the generalized adversary method. Belovs and Spalek

construct an adversary matrix F, which depends on parameters am for m = 0, 1,..., n - k.

This construction can be found in Section 3.1 of their paper. They then show a lower bound

on 11IF1 and an upper bound on l1I o A 1 in terms of the parameters am (the upper bounds

on (IF o Aili for i : 1 follow by symmetry). Finally, they pick the values for the parameters

that give the best lower bound.

A lower bound on 1F11 without Q notation, which therefore does not ignore factors of k,

can be found in Section 3.6 of their paper. In that section, they show

||17|1 ao 1k ,I-I k (B.2)

where q is the alphabet size. When q : (n), this gives

||17|| > . (B.3)

For the upper bound on lip o A 1 11, it turns out to be more convenient to switch to a

different matrix, F, which satisfies IIr o A 1 1 !I I f o A 1 |1. This is explained in the beginning

of Section 3 of their paper and in Section 3.1. To upper bound If o A111, in Section 3.3 the

authors switch to yet another matrix, F1 , with the property that F 1 o A, = r o A, and that

lIP 1 o A 1 |1 5 2|1,11. This gives 1I1 oA 11 2117|1, so it suffices to upper bound 1ill.
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In Section 3.4, the authors express IIf 112 as the norm of a sum of matrices, with the sum
ranging over a set S. They split S = S1 U S2 ; by the triangle inequality, it then suffices to
separately upper bound the norm of the sum over Si and the norm of the sum over S2. The
former is upper bounded by maxm am(m k-1), and the latter by k ("g) maxm(am -am+1)
We therefore conclude that

II1oA 112 4maxa2 m njk + 4k n k 1 max(am - am+1) 2 . (B.4)

It remains to pick values for am to optimize the resulting adversary bound. There are
no restrictions on the am parameters. To maximize the adversary bound, we want ao to be
large, consecutive a's to be close (to minimize maxm(am - am+1) 2), and am for large m to
be small (to minimize maxm a2 (M+-1)). We choose to make the am parameters decrease

to 0 in an arithmetic sequence, with am - am+1 = c > 0 for all m < ao/c, and am = 0 for

all m > ao/c. Let / = ao/c. Then am = ao - cm for m < /.
We can write the final adversary bound as follows:

Adv(k-sUM)2 = Q ( k k(n1)c2 (B.5)
maxm<,p(ao - cmn)2(m+k-1) + k ( c

{ (n) (n)
Q min { k -1 32 (B.6)

maxmsO(1 - mn/,)2( _-1)' k(n-)

The second term in the minimization simplifies to k(n k)02, which is Q(0 2/k). To deal with

the first term, we use the well-known inequalities (n/k)k < (n) (en/k)", which hold for

all n and k. This gives

Adv(k-suM) 2 (k - 1) maxm (1 - m/)2(e(m + k - 1))k-1 k k

= mn(nk )32
Q (mi {k maxm< (1 - m/0)2 (e(m + k))k-1 ' k

We can solve the maximization in the denominator using calculus. The unique maximum

occurs at m = 0 - ( - k). Substituting this in and simplifying, we get

AvkSM2= Q (m 1k, ( )k /2} (n (m {)k, /2}
AdIk--) k/#)2 e(O + 3) k mi0 k

where for the last equality we assumed # 2k and / 3e/(3 - e).

Finally, we set 3 = (1/ 3 )nk/(k+1). This gives

Adv(k-sUM)2 = ( min kn k(k+) +1))k n2k/(k+1) Q(n 2k/(k+l)/k), (B.7)

so

Q(k-suM) = Q(Adv(k-sUM)) = (nk/(k+1) / . (B.8)

Note that we assumed # > 2k. Since 0 = nk/(k+1)/ 3 , we need n(k(k+B) 6k, or
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n > (6k)1+1/k. Since (6k)l/k = exp(ln(6k)/k) =1 + (log(k)/k), it suffices to have n >
6k+w(log k). In particular, this bound works as long as we have k < n/10. When k > n/10,
we can directly prove a lower bound of Q(y ) by a reduction from Grover search; this means
there are no restrictions on the size of n and k in this result. L
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Appendix C

Measures that behave curiously with
cheat sheets

In this appendix we show that R1 and Q, can behave strangely on cheat sheet functions,
potentially decreasing from Ri(f) to R(f) and from Qi(f) to Q(f).

Theorem C.1. Let f : D -+ {0, 1} be a partial function, where D C [M]n, and let 4 be a
certifying function for f. Then

R,(fcs(.0))= O(R(f) + Ro()) and Q1(fcs(.)) = O(Q(f) + Qo(#)). (C.1)

Proof. We show a randomized (and quantum) algorithm for fcs(o) that uses the required
number of queries and finds a 1-certificate with constant probability. Such an algorithm
could be made to have one-sided error by outputting 1 only if it finds a 1-certificate.

The algorithm works as follows. First, use the randomized (resp. quantum) algorithm
on the c inputs to f (with some amplification), to determine the number f of the correct
cheat sheet with high probability (assuming the promises of f all hold). Next, go to the th
cheat sheet, and use a zero-error algorithm to evaluate #(xji, yi) for i = 1, 2, ... , c, where xi
are the inputs to f and y2 are the cheat sheet strings. This finds certificates for each input
to k.

Now, if the value of the function is 1 on the given input, then with constant probability,
all the c certificates found should be 1-certificates for #. These 1-certificates certify the
value of the inputs to f. Therefore, taken together, they constitute a valid 1-certificate
for fcs(O). It follows that this algorithm uses O(R(f) + Ro(#)) randomized queries and
finds a 1-certificate with constant probability. The result for quantum algorithms follows
similarly. 0

We now show that it is possible for R1 (fcs($)) to be much smaller than R1(f), unlike
some of the other measures studied. Intuitively, this is because 1-inputs of fcs() contains a
cheat sheet with a certificate and hence even if the algorithm is not sure of its answer before
finding the cheat sheet, the cheat sheet may convince the algorithm of its answer.

Theorem C.2. There is a total function f {0, 1}' -+ {0, 1} and a certifying function 0
for f such that R1(fcs(O)) = U( R1(f)).

Proof. We can use Theorem C. 1 to construct an explicit function f and a certifying function
# for f such that R1(fcs($)) is smaller than Ri(f). The construction is as follows. In [9], a
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Boolean function was constructed that has Ro = n(n2) and R1 = 6(n). This function has
certificate complexity roughly equal to n. Now, by taking the XOR of this function with an
additional bit, we get a function f for which R1 is roughly n2 but R and C are still roughly
n.

We define # to be a certifying function that simply checks if y provides pointers to a
certificate for f. Then Ro() = O(n). It follows that R1(fcs(4)) = 0(n), while RI(f) =

f(n 2).

Lastly we show that even zero-error randomized query complexity behaves curiously
with cheat sheets. We might have expected that the obvious upper bound Ro(fcs(o)) =
O(Ro(f) + Ro()) holds, but in fact it does not. The reason is subtle and relates to the
behavior of the zero-error algorithm on inputs outside of the domain D. For a partial
function f : D -+ {0, 1}, a zero-error algorithm's behavior is not constrained on inputs
outside the domain D. The algorithm could, for example, run forever on such inputs. The
obvious algorithm, which simply runs the zero-error algorithm for f on all c inputs to f now
fails to output any answer on 0-inputs to fcs($) in which the inputs to f do not lie in D.
We exploit this observation to prove the following counterexample.

Theorem C.3. There is a partial function f : D - {0, 1}, where D Q {0, 1}, and a
certifying function # for f such that Ro(fcs(o)) = Q( Ro (f)3 / 2 + Ro(0)3/2 )

Proof. Let g : {0, 1}4m -> {0, 1} be the partial function defined as follows. On input (x, y)
with x, y E {0, 1}2,, define g(x, y) = 0 if the Hamming weight of x is m and the Hamming
weight of y is 0, and define g(x, y) = 1 if the Hamming weight of y is m and the Hamming
weight of x is 0. The promise of g is that one of these two conditions holds for every input

(x, y).
It is easy to see that Ro(g) = 0(1). Let f be the composition of g with an m by m

AND-OR, and let n = 4m 3 . Then Ro(f) = O(m 2 ) - 0(n 2 /3 ). Let q be a certifying function
for f that takes an input to f and an additional string, and asserts that the latter provides
pointers to a certificate for each AND-OR instance in the input to f. This assertion can be
verified (or refuted) in 0(m 2) deterministic queries, so Ro(#) < D(O) = 0(m 2 ).

We now show that Ro(fcs($)) = f(m
3 ). Consider an input consisting of c inputs to

f, each of which has all its AND-OR instances evaluate to 0. Note that these inputs to f
do not satisfy the promise of f. We attach a blank cheat sheet array after these c inputs.
By definition of fcs($), the resulting input is therefore a 0-input to fcs(O). However, any
0-certificate of it (of reasonable size) must "partially certify" at least half of the c inputs to
f; that is, for at least half the inputs to f, it must either prove the input is not a 0-input
or prove it is not a 1-input. The only way to do this is to display (c/2)m 0-certificates for
AND-OR instances.

This means we have an algorithm that takes in 4cm zero-inputs to AND-OR, and finds
a certificate for at least cm/8 of them using Ro(fcs(o)) expected queries. It follows that
given one input from the hard distribution over 0-inputs to f, we can find a certificate for
it by generating 4cm - 1 additional inputs from this distribution, mixing them together,
and running the Ro(fcs(o)) algorithm. This finds a certificate with probability at least 1/8,
and uses Ro(fcs($))/cm expected queries. By repeating the algorithm if necessary, we find
a certificate using 8Ro(fcs(0) )/cm expected queries.

We construct a function f' is the same as f except with NOT-AND-OR instead of
AND-OR. Repeating the argument provides a randomized algorithm that finds a 1-certificate
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for AND-OR using 8Ro(fCS($')/cm expected queries. By running both algorithms in parallel,
we get

Ro(AND-OR) 5 8Ro(fcs(k))/cm + 8Ro(fCS(0'))/cm. (C.2)

Since Ro(AND-OR) = Q(m2 ), it follows that either Ro(fcs($)) = Q(m3 ) or Ro(fCs(0'))
Q(m 3 ). The desired result follows. I
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Appendix D

Properties of H Indices

Lemma D.1. Let g: {0, 1}" -+ [0, oo). Define

H(g) := inf {h E [0, oc) : j{x e {0, 1}' : g(x) > h}f < 2 h}.

Then

1. H(g) E [0, n]

2. H(g) < maxx g(x)

3. The number of x E {O, 1}' for which g(x) > H(g) is at most 2H(g) (equivalently, the
infimum in the definition of H(g) is actually a minimum)

4. If g': {0, 1} -+ [0, oc) is such that g(x) g'(x) for all x E {0, 1}, then H(g) 5 H(g')

5. If a: [0, oc) -+ [0, oc) is an increasing function, then H(a o g) max{H(g), a(H(g))}.

6. There are at least 2H(g) inputs x E {0, 1} with g(x) > H(g).

Proof. Let Sg(h) = {x E {0,1}' : g(x) > h} and let H = {h E [0, oo) : |Sg(h)I < 2h}

Then H(g) = inf Hg. Part 1 follows from noticing that for all h, Sg(h) 9 {0, 1}, so

JSg(h)I < 2", whence n E Hg. Part 2 follows from noticing that Sg(maxx g(x)) is empty, so
maxx g(x) E Hg.

To show 3, we show that Hg contains its infimum. Consider an infinite decreasing
sequence hi, h2 ,... E Hg that converges to H(g). Then the sequence 1Sg(hi)I, 1Sg(h2)I, ... is
a non-decreasing sequence of integers which is bounded above by 2n. In addition, Sg(hi) C
Sg(hi+1 ) for all i. It follows that there is some f such that Sg(hi) = Sg(hj) for all i > t. For
each x E Sg(hj), we have g(x) > he > H(g), and for each x 0 Sg(h), we have g(x) i hi for
all i. It follows that g(x) H(g) for each x V Sg(he), so Sg(H(g)) = {x E {0, 1} : g(x) >
H(g)} = Sg (hi) for all i > t. Finally, since hi C Hg for all i, we have ISg(H(g)) = S9 (hi)

2 hi for all i > f. From this it follows that ISg (H(g)) limioo 2hi = 2 H(g), so H(g) E Hg.
We now show 4. If g' is point-wise greater or equal to g, then S (H(g')) C Sg,(H(g')).

Since H(g') g Hg, we have ISg(H(g'))I < 2 So ISg)'))2 H 2 H(g'). Thus H(g') E Hg,
so H(g) = inf Hg H(g').
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We prove 5. Let a be an increasing function. We have

Sg(H(g)) = {x E {0, 1}' g(x) > H(g)}

= {x E {0, 1}" a o g(x) > a(H(g))}

Saog(a(H(g)).

Thus

jSaag(max{H(g), a(H(g))}) jSQo(a(H(g)) = ISg(H(g))l < 2 H(g) < 2 max{H(g),a(H(g))}

so max{H(g), a(H(g))} E Haog. Hence H(a o g) max{H(g), a(H(g))}.
Finally, we show 6. If it was false, there would be less than 2 H(g) inputs with g(x) > H(g).

Thus there is some c > 0 such that there are less than 2 H(g)-e inputs with g(x) > H(g) >

H(g) - e. But t.his implies H(g) - E > H(g), a contradiction. El
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