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ABSTRACT

THE BASIS AND APPLICATION OF PERTURBATION THEORY
TO NEUTRON DIFFUSION

By
Jeffery Lewins, Captalin, Royal Englneers

Submitted to the Department of Nuclear Engineering on 15 May
1959, in partial fulfillment of the requirements for the degree
of Doctor of Philosophy.

The role of the adjoint flux in neutron diffusion is clari-
fied and extended to a time dependent concept in a generally non-
critical reactor. The fractional importance is defined as the
fractional contribution made by one neutron or precursor to the
ultimate population of neutrons and precursors. From this physical
concept, the mathematical properties of the variational form of
calculation are deduced and the equations for the time dependent
importance are derived in the diffusion and Boltzmann representa-
tions. The equivalence of neutrons is introduced as a time in-
dependent concept also of validity in the non-critical reactor,
and shown to be related to the fractional importance.

A proof of the general properties of the variational form
for the diffusion approximation with multigroups of neutrons and
precursors 1s given and three theorems relating to the stationary
property of the bilinear concomitant are derived. A discussion
of the completeness of eigenfunction expansions is given in which
the concept of joint error is introduced as an extension of the
mean square error for non-self adjoint systems. A proof 1is
given that the joint error is minimized (in a certain sense) by
the use of the adjoint expansion coefficients. The multigroup
equations for the system and the adjoint system are then de-
rived as a consequence of a single variational principle, based
on an appropriate Lagrange density.

The application of the adjoint flux to perturbation theory
is reviewed and a physical account given of the perturbation
form. A detailed commentary is made on the parameters in the
light of the physical derivation of the importance. These re-
sults are illustrated by a series of experiments in the 1MW
enriched uranium-heavy water research reactor of the Massachusetts
Institute of Technology. The perturbation formula is generalized
to include the time dependent reference reactor, and theorems
are proved relating to the arbitrary nature of the kinetics
parameters, with particular reference to the reactivity. The
generating time 1s introduced and shown to lead to a significant
simplification of the reactor kinetics equations.



iii.

The property of equivalence of perturbations and cross-
sections is consldered and the statlc reactivity is compared
with the kinetic reactivity. A number of new applications
of perturbation theory to the calculation of reactivities are
introduced. Control rod calculations and Xenon effects in
reflected reactors are treated. Surface perturbation methods
for reflectors are developed. Experimental results are used
to verify theoretical predictions. The enhancement is intro-
duced as a unifying parameter describing the geometrical ef-
fects of spatially varying samples. The enhancement is re-
lated to the statistical welght and typical values calculated
for a number of important reactor processes.

Thesls Supervisors: Irving Kaplan
Title: Professor of Nuclear Engineering

Theos J. Thompson
Title: Professor of Nuclear Engineering
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But other fell into good ground and
brought forth fruit, some an hundred-
fold, some sixtyfold, some thirtyfold.

Mark, IV, viii.

1.1 Scope of Work

The general field of enquiry concerns the kinetic behaviour of
nuclear reactors with spatially varying properties and the basis and
application of variational techniques to the problem. On the one hand,
the treatment of reactor kinetics can be regarded as a mathematical
excercise in eigenvalue problems. The bilinear or variational forms
of calculations are well known to have improved accuracy in approxi-
mation methods; perturbation theory can be regarded as one applica-
tion of the general variational approach. We are also concerned to
develop a full and consistent physical basis for these mathematical
techniques since we believe that such a physical understanding will
improve the value of their subsequent application to the particular prob-
lems. Thus the exposition, in Section 3, given on physical grounds,
itself leads to certain mathematical developments for the basis of the
theory, given in Section 4. The second main portion of the thesis con-
cerns applications to what is conveniently divided into Kinetics (Sec-
tion 5) and Statics (Section 6).

A reactor described by diffusion theory with one group of neutrons and
having uniform, constant properties, has a kinetic behaviour well known
to be given by the inhour relation. To understand why the more general

problem with spatially varying properties and several groups of



- neutrons requires the application of variational methods, it is necessary
to investigate the nature of the parameters appearing in the inhour rela-
tion and the nature of the general as opposed to the particular solution
to the kinetics problem. The remainder of this introduction serves to
give the model and assumptions used in the subsequent analyses and
also to clarify the role played by the kinetic parameters. Here we will
develop a matrix notation suitable for the generality in which we wish to
work. In Section 2 we give an historical account which relates the con-
siderable body of work on variational methods known to classical physics
with the field of reactor physics. On the basis of this discussion we can
define the concepts that lead to a generalisation of current concepts in
reactor physics and a detailed derivation of the properties of the mathe-
matical techniques. In view of our accent on the physical basis, we are
fortunate that the start-up programme of the Research Reactor of the
Massachusetts Institute of Technology enables us to offer experimental

verification of points of theory and application.
1.2 Neutron Balance Equations

Although the simple diffusion approximation even in the multigroup
treatment is not considered as the best representation of the behaviour
of neutrons in a reactor, from its simplicity and tractability it is un-
doubtedly the most widely used. Because of this common use we choose
to give our development in the diffusion approximation so that the physi-
cal implications can be seen directly. In an Appendix to Section 3 we
give a derivation in terms of the Boltzmann integro-differential equa-

tion to show that all those corrections customarily made to diffusion



theory on the basis of the Milne problem are applicable to our own
development.

We shall not consider the statistical fluctuations occurring in a sys-
‘tem nor any problems of quantum as opposed to classical continuum
theory. We shall have occasion to refer to the existence of one neutron
in a reactor however. Such a statement is intended literally and not
as referring to the average of a large number of neutrons, normalised
to unity. To reconcile this usage with our assumption of the diffusion
equation, we must interpret the results in the sense of the Gibbsian
ensemble; that the diffusion equation will approximate the average
behaviour of one neutron in a very large number of duplicate or identi-
cal reactoré.

The commonly used one-group equation with no delayed neutrons
has the form

DA¢+kE¢—E¢=V‘:IZ-§ (1. 1)

where D is the diffusion coefficient, k, the production rate probability
and ¥ the absorption rate probability. In this form however, the
equation is only valid for a reactor in which the diffusion coefficient
and thus the scattering properties do not vary. If there is more than
one region we must consider the appropriate interface conditions be-
tween the regions. It is more convenient in discussing the properties
of solutions to eq. (1.1) to utilise the form which allows all parameters
to vary over the reactor space and which does not require the separate
considerations of interface conditions. Thus the form we shall employ

has the single equation valid for every small element of volume within



the reactior:

v-Dv¢+kz¢-z¢=V'lg§ (1.2)

Here all parameters are regarded as functions of position, e.g.,
D = D(r). Of course in some parts of the reactor these parameters
may actually be zero, e.g., kZ vanishes within the reflector. We
shall not deal with the more general problems in which the parameters
are also functions of time.

We also assume that we are presented with some initial conditions
represented by the initial value of the flux, ¢{o). Later, the adjoint
flux will be introduced, ¢+, and we shall consider this also to be a
function of time with its appropriate initial conditions. We might
suppose that some arrangement of sources, subsequently removed
from the reactor, can induce any specified initial neutron distribution —
the subsequent behaviour of the flux is then our fundamental problem. *
We remark finally that we consider throughout that the flux, ¥r,t)—
and the adjoint flux — is a real physical entity and we shall not treat
the transformed flux, ¢(r,s) say, in the non-physical Laplace trans-
form space. The transform variable, s, however, does correspond

closely to the logarithmic time derivative of the flux, gT(p/dn

g§=s¢m¢(§,o). (1. 3)

>kWeinberg and Wigner (1) discuss the property of real dissipative
systems, as represented by the diffusion term, that the initial condi-
tions must have occurred at some finite point in time which cannot
be infinitely far back. A similar difficulty with the double sided
Laplace transform is well known where the initial conditions must be
taken to be zero if the system is not to have dissipated infinite energy.



Henceforth we shall employ s for the logarithmic derivative. In
general s may be regarded as a function of time and space. It is
well known however that the problem of the reactor behaviour can
be expressed by considering solutions with constant values of s (the

eigenwert).
1.3 Multigroup

The general form of the multigroup equations has the form typi-

fied by the two-group example

K -1 %

V°D1V¢1¢21¢1+522¢2:V1 9t
(1.4)

99

. _ I B/

p21¢l+v D2V¢2 ZZ¢Z~V2 ot

An important physical point concerns the off-diagonal coefficients,
% 22 ¢2 and p Zl ¢l in equation (1.4). Since there will be some fast
leakage to balance in the reactor, the supply of neutrons from fission
to the fast group must, on the average over the reactor at any rate,

be greater than the return of neutrons to the thermal group by slowing
down. Then l_g_ z, ¢z must on the average be larger than p X, ¢1. This
asymmetry leads to a certain amount of mathematical complexity.

A difficult question arises when the scattering cross section
varies so much with energy that the extrapolation distances at the
outer boundary are significantly different between groups. Obviously
this effect will be most important in small reactors. In general, it
is no longer possible to obtain closed solutions to such systems and

the problem is difficult. In common with general practice, we will

ignore such cases, leaving them to transport theory (see (1) however).



The 2 and 1/2 group example just given in equation (1.4} is proba-
bly the only multigroup equation solved by hand, though for some special
cases we shall use 3 group calculations. The theoretical development

of general results will require large sets of simultaneous equations.
1.4 Precursors and Delayed Neutrons

The simplest representation of delayed neutron effects involves
one group of neutrons and one group of precursors with equations simi-

lar in appearance to the two group equations previously discussed.

v’lg—?:v«Dvwzm(lumm +2C
(1.5)
LE-pre  -aC

The most significant difference from the two-group equations is
in the absence of a diffusion term for leakage in the precursor balance.
We shall not consider those problems corresponding to circulating
fuel reactors where there might be more complicated effects.

Owing to the disappearance of the leakage term, the neutron pre-
cursor ratio can be expressed explicitly in terms of the eigenvalues.

Thus the second equation of (1.5), replacing %% with s C, gives

253 (1. 6)

A+ s

|0

Such a substitution can only be carried out in the analogous equation
with two groups of neutrons when the leakage term is reducable to an
algebraic buckling, i.e., in the one region reactor. The absence of
the leakage term from the precursor equations leads to a useful sim-
plification of the equation for the eigenvalue, s.

A second difference lies in the nature of the decay probabilities )"i"



The effect of the precursors is not to take away any neutrons from the
system — there is no true absorption — but merely to delay the appear-

ance of a neutron before it arrives in the neutron group.
1.5 Matrix Representation

The scope of this work makes it useful to find a shorthand notation
for the simultaneous equations we have discussed. We might want to
allow for the difference in energy between prompt and delayed neutrons
by writing separate neutron groups for each energy. With, say, six
precursors and a few groups of photoneutrons, the number of equations
mounts to an unwieldy figure. Fortunately the matrix and vector
notation is admirably suited to represent simultaneous equations. The
particular scheme we use has the appearance of the simplest one
energy representation which should help to keep the physical principles
in view.

To avoid writing (k ), in view of the fact that in the multigroup
representation this term corresponds more closely to v Zf and,
finally, to avoid confusion with the absorption term, Z, already appear-
ing in the equation, we define a new term, F, to be the total fission
probability per unit flux. Thus F¢ gives the rate of production of
prompt neutrons and precursors per unit volume. F¢ replaces kZ ¢
in equation (1.2) et. seq. When precursors are considered, F gives
the total rate of production of prompt neutrons and precursors.

For the multigroup cases we write matrices for the different
processes. For example, to represent the two-group case, equation

(1.4), we write:



V- Dlv 0
diffusion: = V-°-DV; (1.7)
0 V- Dz %
transfer “Z 0
= =2 (1.8)
and absorption; pEl mEz
k
0 —522
production: = F; (1.9)
¥; 0
[ 1 i
Vl 0
inverse speeds: - vl (1. 10)
-1
i 0 V2 |
Then, if we write a flux vector, ¢, as
¢1
= &, (1.11)
¢2

the usual rules of matrix multiplication make the equation

(V"DVmZd»F)tb:-V@lg? (1.12)

an exact representation of the 2 group equations, (1.4).
Even this expression can be compressed by defining the increase

matrix M,

M=(V-DV-~-Z+F). (1.13)



Then any number of groups can be represented by the concise equation

_y-l 8¢
Mé=V" = (1. 14)

Corresponding to eq. (1. 14) there is an eigenvalue equation which takes

the form
Mé=sV Lo (1. 15)

The full representation of the neutron and precursor balances with
allowance for the energy differences between prompt and delayed
fission neutrons, requires large numbers of simultaneous equations.

It is suggestive and economical to express all of these equations in a
single matrix equation.

Consider the elements of the neutron and precursor balance, which
can be divided into two main terms. First, we have the terms involving
the production of prompt neutrons and precursors and the destruction
of neutrons (including neutron transfer). All these terms were present
in the simplified case where precursor hold-up was neglected. Thus
we extend the meaning of our increase matrix, M, to include precursor
and prompt neutron production as well as neutron destruction. The
remaining terms in the population balance involve the transfer of
neutrons from the form of precursors to the form of neutrons. This
precursor transfer will be expressed by a second matrix, T. The
matrix M will lead to an expression for the reactivity or other meas-
ure of criticality. The matrix T will simplify and vanish in our normal
treatment owing to the fact that no precursors are really lost to the
system, but reappear as neutrons.

For the simple one group example of eq. (1.5), we would define



10.

C V-DV-Z+(1-p)F 0
M = (1. 16)
BF 0
[ o X\
T = (1.17)
0 -\

Then in defining the generalized flux vector, ¢, by

c‘)l

P = = | (in general) (1.18)
C ,Cl
L. Ci-

the matrix expression (M+T) {, exactly reproduces the neutron and pre-
cursor balance, the right hand side of equation (1. 5).
The rate of change of the flux and precursor densities can be ex-

pressed in a similar fashion. Define the diagonal matrix A by

A~ (1.19)

Then A 32 = (M+T) ¢, (1. 20)
with the corresponding eigenvalue equation

s Ay = (M+T) . (1.21)
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1.6 Some Properties of the Matrices

For the most part, the matrices we have defined have the proper-
ties normally associated with algebraic matrix and vector representa-

tion as given for example by Hildebrand (2). Thus, all the matrices
~are associative:
V°D1V+V°6D1V 0

Ve DW= =V:-DV+V:6DV

0 V-DZ‘V+V°6D2V

(1.22)

We now introduce a second vector, ¢+, to be identified later with
the adjoint flux or the importance of neutrons and precursors. The

vector d>+ is always compatible with ¢, i.e., it has the same number of

elements:
¢1
of = | %2 (1.23)
I_¢n_.

Then it is possible to write a scalar product such as <1>+F ¢, Here we
do not need to distinguish between row and column vectors. Since we
shall only be forming this simple type of scalar product, the positions
.of the vectors, row to the left and column to the right, serve to identify

the nature of the vectors in an equation.

The purely algebraic matrices commute in the sense that

ot F o= ¢FT ¢F (1.24)

at every point in the reactor for any ¢ and ¢+, In equation (1. 24), FT
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is the transpose of the production matrix, F, or in terms of the
example of equation (1. 9):
0 0
FT = (1. 25)

The diffusion matrix, V - DV, however, is not purely algebraic
but contains operators. Thus ¢+V » DV ¢ does not commute as in
equation (1,24). We shall show later that it does commute on the
average, when integrated over the whole reactor, under suitable bound-
ary conditions. It follows that the matrix M which contains the dif-
fusion matrix, does not commute in general either, but will do so under
the same conditions as the diffusion matrix.

We can however take the transpose of V «- DV as well as A and
V_l., Since these matrices are purely diagonal, each one is equal to
its own transpose.

When we extend the matrix representation to include precursors
and delayed neutrons, we can extend our vector ¢+ to a vector, 41+ by

defining:

¢+ = | (1.26)
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Again mp+ is defined to be compatible with y so that we can form the
scalar product ¢+(M+T) R

It is convenient to be able to express an actual reactor in terms
of the properties of a reference reactor and the difference in these
properties or the perturbation. We use a prime to indicate the actual
properties while an "unprime" refers to the reference value. The
perturbation is then written in terms of a §, though at this moment,
we do not imply that the perturbation is necessarily small. The
arbitrary choice of the reference reactor establishes the nature of
the perturbation.

Starting with equation (1. 2), we consider the corresponding
equation when the system is perturbed at a number of points to new

properties such that

D' = D + 6D
F' = F + 8F
and (1.27)
V= T+ 62
¢ = ¢+ 8¢

Then we have

VDIV P~ 29+Fa¢szv"°l %_‘i"

We retain the symbol M for the increase matrix in the actual (primed)
reactor. We do not prime M however since we use a separate symbol,
R, for the value of the increase matrix in the reference or unperturbed

reactor. Thus, if the reference reactor is chosen to be critical

(1.28)

Mt =sV Lo, (1.29)

R¢=0, (1.30)
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The difference in M and R is defined to be P, the perturbation in the

properties. We have, in view of the associative property,

P=M-R=V"*® 86DV-6Z+6F (1.31)

1.7 Counting the Population

To find the total number of neutrons in a reactor in the one-group
approximation we need only integrate the neutron density over the

total volume. Thus the population, N, would be given by

N = l/'v'lqv av (1. 32)

All such integrals are understood to be over the reactor volume. In
the multigroup treatment, however, we must form a scalar product
of the neutron density. To do this we use the 'Ones' vector, I, to

count the neutrons where in the 2 group example
I=]1, 1]

Then explicitly

-1 [ -1
IV et =[1 1] |V, 0 2
-1
0 v, ¢
=V=1 ! +V_1¢' (1. 33)
1 "1 2 T2 :

The population is then given, for any number of groups, by

N=[IV=1¢' dv . (1.34)

This counting is done by giving equal weight to all neutrons
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irrespective of position or energy. The ones vector is obviously just
a special value of a general weighting function which counts the neutrons
with a different importance of weight depending on energy and position
such as the ¢’+ of equation (1.23).

When we include the representation of precursors and delayed
neutrons, the definition of the reactor population is extended to in-
clude both neutrons and precursors. Thus if we take I to be a com-

patible vector, the total population is given by

N:ﬁA\p'dv:flv"l¢'dv+[Ic'dv. (1. 35)

Again, the vector ¢ is a generalisation of the ones vector by means of
which the population can be counted with a weighting function dependent

on energy and position, rather than with the unit weighting.
1.8 Eigenvalues and the Inverse Period

One approach to the solution of the time-dependent equations is
based on the following observation. Whatever the initial flux condition
in a reactor, if the properties are fixed (independent of time) then the
flux finally settles to a distribution where the logarithmic time deriva-
tive, Z_j)/ ¢, is the same at every point in the reactor. This logarithmic
time derivative is the inverse asymptotic period, s. Furthermore,
the final flux shape is fixed only by the properties and not by the initial
flux distribution.

It is important to realize that the period or its inverse is the only
observable physical characteristic of the reactor as a whole. It is
the sign and magnitude of the asymptotic period that is the only true

measure of the criticality of a reactor. Our problem can now be
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reduced to finding the solution, not of equation (1. 14), but of the

corresponding eigenvalue equation
M¢' = (V D'V -t + F)¢t= sV 1gr. (1. 36)

Mathemétically it is found that a number of solutions of eq. (1. 36)

can be found, each with a value of s, Sh say, and a flux distribution,

s t
¢;1., Each of these fluxes will then change in time exponentially as e n

Now, the asymptotic flux must eventually dominate all the other fluxes
and it must also, for physical reasons, be positive at every point within
the reactor and in each energy group. We wish to find the solution
corresponding to the algebraically largest Spi in general it is found
that all of the other mathematical solutions cannot exist physically in-
dependently of the asymptotic flux since all other <l>n change sign some-
where within the reactor, i.e., they oscillate.

The German word eigenwert is translated as characteristic value
and indeed s is the one characteristic of a reactor that has signifi-
cance and can be measured. It might be called an operational quan-
tity. Other quantities such as the effective multiplication factor and
reactivity, which we shall discuss, have a clear physical meaning
and yet cannot in fact be measured directly.

Mathematically we might say that since s has the same value at
every point in the reactor, it will not be affected by any averaging
scheme we use, whether with a unit weighting (as with the ones
vector, I) or with a weighting dependent on energy and position (¢+).

Hence, since

Mo = sV Lo, (1.37)

then
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s | otvieave [of Mér dv. (1. 38)

for any weighting function, ¢+., We can write s as the ratio of these
integral terms and it will then have the appearance of an average over

the redcior

[ ¢F M¢' av

s (1.39)

S retvilenay

We should remember that such an average is unique only if s is an
eigenvalue. The average of any properties in a reactor, for example
depends significantly on the weighting function, ¢+9 or importance,
employed.

The form of equation (1. 39) is very convenient in the proof of the
properties of the weighted form that improve approximation methods.
By its means, we shall be able to express diffusion theory for several
groups of neutrons and precursors in a single variational principle.
The form which only displays one value of s, does have the disadvantage
of concealing the additional values of s that we must expect when more
than one equation is represented by the matrix notation. In the case
of one group of neutrons and arbitrary groups of precursors, it be-
comes possible to express the multiple values explicitly by means of
the algebraic coupling coefficients. For more than one group of
neutrons, this is no longer true.

- In addition to the possible oscillations within each mode due to the
higher eigenfunctions which are solutions of equation(l. 43), we antici-
pate additional solutions and eigenfunctions due to changes of sign in

the coupling coefficient between the components within a flux. In a
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pare reactor in two-group theory, even for the lowest algebraic buckling,
BZ, there are two eigenfunction solutions. In one, the coupling coef-
ficient is positive and the eigenfunction is the physically realisable
asymptotic flux with the largest eigenvalue. The other coupling coef-
ficient is negative; the eigenvalue is algebraically smaller, indeed it
may well be smaller than one of the eigenvalues in the next harmonic
where the flux within a component oscillates spatially.

We can group all those eigenfunctions in which each component has
the same number of oscillations and call them a harmonic of the eigen-
functions. The number of oscillations in each component then char-
acterises the harmoenic. The asymptotic flux must lie in the zero or
lowest harmonic. Within each harmonic there will be at least as many
eigenfunctions or modes as there are simultaneous equations. In
three-dimensional systems, as the number of the harmonic rises, there
will be considerably more ways of getting the appropriate number of
oscillations. In many cases, the eigenvalues corresponding to the
eigenfunctions within an harmonic will all be different, but in cases of
symmetry especially, it is often possible for a number of the eigen-
values to degenerate to the same value — an accidental degeneracy.
Only in exceptional and trivial circumstances will there be a degen-
eracy in the lowest mode, the asymptotic eigenfunction (3). Because
of the change of sign of the coupling coefficients, it is not always pos-
sible to use one approximate value to represent all the fluxes within

a given harmonic. The limitations and some solutions overcoming

this difficulty are taken up in Appendix C to Section 5.
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,1.9 Exact Solutions of Non-Critical Reactors
The kinetic behaviour of a one region reactor is well known to have
the form of the inhour equation, usually written as

sB.
o=t 4 L ——L (1. 40)
eff ! ()\i+ s)

We have primed the effective lifetime, £', to emphasise that the actual
absorption properties must be employed. Thus if the problem relates
to the behaviour of the reactor when shut down by a control rod bank,
then the correct lifetime would be calculated by using an effective
absorption cross section to represent the rods as well as the rest of
the reactor.

The characteristic property of equation (1. 40) is the multiplicity
of the roots which appear when the precursors and delayed neutrons
are considered. This multiplicity of roots is a peculiarity of the
spatially separable system. In general, the solution of a non-critical
reactor involves finding not only the different roots but also the dif-
ferent flux shapes that correspond to them, one for one. The different
flux solutions are all fundamental in the sense that they are all of the
same sign throughout the reactor — they do not oscillate. Of course,
one of the roots will be algebraically larger than the others and the
corresponding flux solution is the one that dominates asymptotically
in time, the remaining solutions decaying. In the one region case, the
flux shapes for critical or non-critical reactors are determined by the
external shape only and hence all the fundamental (i+1) flux solutions
corresponding to equation (1. 40) degenerate into the same shape. In

so far as a multiregion reactor can be represented as a one region
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reactor, the separate shapes of the general case cannot be very dif-
-ferent if they are to degenerate to the same shape in the special case.
They must also be very similar to the flux shapes in the reference
reactor if this reactor is not too far different in size and praoperties
from the actual reactor. Usually we choose to use a critical refer-
ence reactor and by ¢ we shall normally mean the flux shape corre-
sponding to the asymptotic period (which is infinite if the reactor is
critical).

It may be apparent that it is exceedingly tedious to obtain an
exact analytic solution of even the simplest cases. Benedict (4) has
given a solution for the reflected spherical reactor with one energy
group, which leads basically to the solution of the transcendental
equation

DC(Bchot BnR== 1) f—‘wDr(KchothKnT"&l), (1.41)

where subscripts r, ¢ refer to the reflector and core, R is the inter-

face and T is the reflector thickness, while

D B« |[k-1-s kz Lk 5 .- (1. 42)

c n n iki%’sn] c V7’ ’
2 Sn

DrKnizr*’!’V, (1. 43)

Two remarks are called for. First, we have neglected for the sake of
clarity to represent the fact that there are higher modes in which the
fluxes oscillate as in the simple one region case but with the corre-
sponding splitting of eigenfunctions. Secondly, it should be noted that
the root to be found, Sy itself makes up part of the nth buckling, Bn’

which gives the shape of the flux solution in the core and part of Kn
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giving the flux shape in the reflector. Also, S, appesars mostly in the
form of an addition to the absorption cross section, Vn That time
dependent equations can be represented as equivalent steady state
equations with a larger absorption is well known; one speaks of

time absorption when the root, S, is positive since neutrons are used
up not only in absorption but also in providing the net increase.

Even this set of equations represents only a very crude approxi-
mation to any real reactor. Few reactors are spherically symetric;
no other fully reflected cases can be solved exactly and analytically.
Furthermore, the one group model not only neglects the fast leakage of
prompt neutrons but also the quite important effects due to the delayed
neutrons having energies that differ appreciably from the mean fission
neutron. Finally we would have to solve this system of equations for
a number of different cases in order to be able to draw an inhour
curve for the reactor. The task is indeed unrewarding.

For a just critical reactor, the precursor concentration is constant
(asymptotically) and the precursors can be eliminated from the equa-
tions. Thus it is much easier to solve for the asymptotic flux in the
reference reactor. An obvious advantage would be to find a form of
approximation in which we could use the known flux of the critical
reference reactor, ¢, in place of the actual flux, ¢'. This approxi-
mation of using ¢ for ¢!, is called the first order approximation. We
must note however that it is required that the form in which we write
our calculations must lead to a very accurate approximation. This
requirement is due to the great sensitivity of reactors to such param-

eters as k For example, if ke £ is unity, we have a just

effective’
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critical reactor. But a 1 per cent error in keff might lead to a prompt
critical situation. Alternatively we can say that the time behaviour
depends on the neutron balance or the difference between production
and destruction. Thus the individual terms must be calculated with
high accuracy to obtain a satisfactory value for their net effect. It is
this stringent requirement for accuracy that rules out some simple
approaches to our problem and forces us to use a more sophisticated

technique.
1. 10 One and Multiregion Reactors

Part of the difficulty in the task we have set ourselves lies in the
difference between the nature of the solutions of the diffusion equation
for the cases where the properties, D, etc., are uniform throughout
the reactor and the cases where these properties vary.

We employ the following nomenclature: point systems, one-
region systems and multiregion systems. Point systems describe
cases where both the actual and the reference reactors have uniform
properties. One-region systems imply a uniform reference reactor
although the actual reactor is allowed to have variable properties.
Finally, the multiregion system refers to those cases where both
reference and actual reactors have variable composition. The dis-
tinction between these cases is not necessarily sharply drawn. A
reflected reactor may be described adequately for some purposes by
the concept of the equivalent bare reactor (e.g., for criticality cal-
culations), while for other purposes (e. g., average neutron lifetimes)
such an approximation may not be successful.

We must also distinguish between the terms homogeneous and
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heterogeneous. Whereas many reactors have lattice or cell structures
and are heterogeneous, they may often be represented, for the purpose
of solving for the coarse flux distribution, as homogeneous systems.
We shall not imply that such a homogeneous system necessarily has
constant properties throughout the reactor, but we will admit macro-
scopic variations within the terminology of the multiregion case. Again,
there is obviously no sharp division between heterogeneous and multi-
region. If there is no variation from cell to cell, then the hetero-
geneous system is representable by a point system in our definition.

For the point system, the kinetic solutions are based on the fol-
lowing argument. The asymptotic flux in a critical or non-critical
reactor behaves as an eigenfunction solution as previously discussed,
the asymptotic inverse period being an eigenvalue. If we then equate
the leakage to all other terms in the neutron balance, we find that the
other terms by definition of the point system and by the eigenvalue
ﬁroperty are each themselves independent of time and position. Hence
the leakage term itself must be such an eigenvalue and can always

be replaced by an expression containing the algebraic buckling
sV 3igszig - Fio=v:-DVe =~ D B¢ (1. 44)

Since the left hand side of equation (1. 44) is proportional to the flux
when the flux has settled to the asymptotic shape, the right hand side
must also be proportional to the flux. The point system is then
representable by an equation whose terms have the same value point.
by point — i. e., all terms can be treated as eigenvalues and are inde-
pendent of any averaging scheme employed. The fundamental dif-

ference between the special case and the general problem springs from
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this property peculiar to the point system (or uniform property reactor).
1. 11 Measures of Criticality in the Point System

Because of the reduction of the neutron and precursor balance to a
simple algebraic equation involving only the properties and the reactor
buckling, it is easy to develop apparently unambiguous measures of
criticality. We have the conventional effective multiplication factor,
the excess multiplication factor and the reactivity. In the one-group

theory:

k
Kk [ . S— (1. 45)
eff 1+ LZ BZ

The effective multiplication factor is better displayed however as the
ratio of production probability to destruction probability (destruction
includes leakage as well as absorption), with the probability in terms
of neutrons per neutron per second:

. s
VF _ production (1. 46)

K .= =
eff V(Zl + D! BZ) destruction

Then the related concepts of excess multiplication and reactivity have

the following significance

increase
k =k -] = == 1.47
ex eff destruction ( )
k .
ex _ increase (1.48)

P K.¢r production

If we consider a point system for which the reference and the actual
reactors have the same over-all size (and hence the same geometric
buckling, BZ), and where the reference reactor has properties D etc.,

and the actual reactor D', etc., the measures of criticality have the
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forms displayed in Table 1. 1. In this table, we have expressed the
‘measures explicitly in terms of ét; the forms given simplify con-
siderably when 6t is zero, i.e., when only thermal properties differ
between reference and actual reactors. We might observe that the
two-group and Fermi age expressions differ from the one-group
expressions in that the production term is consistently reduced to a
smaller effective value by the fast non-leakage probability. The
expressions given for two-group theory are the commonly accepted

ones. We will develop a slight modification in Section 5.
1. 12 Non-uniqueness of Criticality Measures and Lifetimes

We next discuss an important difference between the natures of
measures of criticality and the inverse period, s. The asymptotic
inverse period corresponds to a real, physically measurable property
of the reactor — this statement is the physical counterpart of the
mathematical property of the eigenvalue. Neither the effective multi-
plication nor the other measures of criticality derived from it have
any such fundamental meaning when the reactor is not critical. Nor
is there any way of measuring either the reactivity or the lifetime
separately in a non-critical reactor. For the definition of both the
measure of criticality and of the neutron lifetime are arbitrary in
the sense that the definitions of the destruction process and the
production process are arbitrary. For example, leakage is conven-
tionally regarded as an additional destruction term. In a reflector,
however, the net leakage is negative and the process might equally
well be regarded as a production term of the opposite sign. Again,

a common representation of scattering events, widely used in transport
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theory, is to consider the event as both an absorption of one neutron and
‘a birth of another, i.e., equal amounts are added to the production
and destruction terms. Obviously this does not invalidate the neutron
balance. But who is to say whether the neutron emerging from the
scattering potential is the ‘same! neutron that entered? So long.as we
are consistent in interpreting the scattering event as either a death
and a birth, or as no death and no birth, our choice of description will
not affect the neutron balance or the physical period predicted for a
non-critical reactor.

The choice of description for production and destruction will make
a considerable difference to the values we would report for both life-
time and measures of criticality. Since scattering produces only one
neutron when regarded as a production event, while fission averages
2 1/2, the average yield of production events will drop and our effec-
tive multiplication will be decreased (if originally greater than unity)
or increased (if originally less than unity). However, it is easy to
see that the value cannot change from one side of unity to the other
merely from our changed description (nor can the reactivity or the
excess multiplication change sign), since adding equal amounts to both
terms cannot change the sign of the difference between the terms.
. Similarly if a reactor is critical, production equals destruction what-
ever the (consistent) description.

Since no change in the description can affect the period, the change
in the reported value of the excess multiplication for example must be
paralleled by a corresponding change in the reported lifetime. As an

example, consider the previous case where scattering is included as
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an event. Table 1.2 compares the forms for the two descriptions. The
first description would be the natural one for a diffusion analysis; the
second would be natural for a transport analysis.

Thus both { and kex (and ke £f and p of course) contain an arbi-
trary but common normalization; the physically measurable period
leads only to values of the ratio kex/ £. Note that the reported lifetime
in the reactor may vary just because of the description selected but
that at criticality, kex is zero independent of the lifetime.

Other authors have pointed out the lack of uniqueness in employing
reactivity, etc., as a measure of the departure from critical. Weinberg
and Wigner (_l) for instance quote the example of the n, 2n reaction as
one where it is not possible to determine whether the same neutron
emerges as is absorbed. Thus the effect of the n, 2n reaction on the
multiplication and the lifetime depends, again, on the description.

A study of the results in Table 1.2 is worthwhile. Often a reactor
system is called *safer' than some other system if the lifetime is much
longer for the former than for the latter. In fact, if the reactor cross
sections were changed by the same amount, the inverse periods would
be the same (for the same mean velocity, V), independent of the
neutron lifetime. Thus what is important to compare in such cases is
not the lifetime but rather the amount of uniform addition of material
that the accident represents in both cases. Comparing the addition
of the same amount of uranium to a large and to a small reactor, it is
evident that the perturbation is relatively smaller in the large reactor.
When the two reactors to be compared are the same size, though

perhaps with very different reported lifetimes (such as heavy water and
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Table 1.2 Alternative description of Non-critical Systems

(neglecting delayed neutrons)

Scattering not a Scattering is a
death nor a birth death and a birth
2 2
Kk 6F - 6 - B"86D 4 5F - 82 - B" 6D
ex = + B2 D! nt+ 3¢+ B D!
4 “"L‘g“_ # l 2
V(Z' + B” DY) V(Z' + Z‘s + B" DY)
s=k, /0  V(6F - 6% - B2 6D . V(SF - 6= - BZ6D)

(= is absorption cross section, Z‘S is scattering cross section)

Example

The decay of a pulsed source in a pure moderating material is con-
ventionally analysed by diffusion theory as decaying with the period of
the thermal lifetime. The corresponding values of the kex is then
minus one, and the reactivity is minus infinity.

When interpreted as having production from scattering, the values

change. For the original description based on the diffusion basis with:

B? = .002 cm™? L2 = 100 cm? V = 2200 m/sec
D =1.00 cm z_ =.333 cm = =.01cm !
we obtain ¢ (diffusion) .38% 10”2 sec

¢ (transport) 1.32X 107° sec

kex (transport) =.035

p (transport) -.036
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water), from this crude analysis we see that the effects of the same

addition will be of the same magnitude.
1. 13 Choice of Measure of Criticality: the Reactivity

We can also express the effect of our choice of description through
the relations for the measures of criticality, plotted in Figures 1.1
and 1.2. These figures are parametric in destruction, d1 etc., and
production, Py etc. That is, if we choose a description that will
maintain a constant value for the destruction terms, then the relations
between the inverse period and the measures of criticality are given
by Figure 1.1. These figures also illustrate the relative advantages
and disadvantages of the three measures in different regimes. Evi-
dently it is a better procedure to calculate or estimate p or kex

rather than to find ke and subtract unity, especially in the range

ff
close to critical. For if all the parameters could be calculated with
the same fractional uncertainty, (keff - 1) would be vastly more uncer-
tain than kex or p. And since one of these last two is the required
value for the inhour equation, it is more sensible to calculate the dif-
ferences, kex or p directly. Close to critical there is no essential
difference between kex and p.

For highly supercritical systems, p tends to unity while kex can
be any value, so that in calculating the reactor period, it is probably
more accurate to find kex“ For highly subcritical systems, kex goes
to minus unity (since keff is never negative); for subcritical systems
especially in calculating control rods, it is probably better to calculate

p. For further reasons advanced in Section 6 we shall base most of

our discussion on the reactivity, p.



N
£20% g
Increasing in Kex

destruction |
shorter
lifetimes

20 %
in kKex

E—

FIG.1.1a MEASURES OF CRITICALITY AS A FUNCTION
OF REACTOR INVERSE PERIOD,s,
PARAMETRIC IN DESTRUCTION, d.



b - — o —— —— ——

\

FIG.1.1b MEASURES OF CRITICALITY AS A FUNCTION
OF REACTOR INVERSE PERIOD, s,
PARAMETRIC IN PRODUCTION, p.

32



FIG.1.2a- MEASURES OF CRITICALITY AS A FUNCTION OF REACTOR PERIOD, T,
PARAMETRIC IN THE DESTRUCTION, d.

19



FI1G.1.2b- MEASURES OF CRITICALITY AS A FUNCTION OF REACTOR PERIOD, T,
PARAMETRIC IN THE PRODUCTION, p.

e



35.

Example: Either the properties or the description of a reactor is
changed in such a way as to decrease the destruction, e. g., the load-
ing changed from natural to enriched uranium, as in the Brookhaven
Reactor (5). Then for a given period, kex and p are increased. For
a given value of kex or p, however, the inverse period decreases and
the period increases with the decreased destruction and longer re-
ported lifetime.

The Brookhaven Reactor provides a second example where the re-
ported value of the lifetime is not in itself a sufficient criterion of the
change of safety conditions. Although the reported lifetime was in-
creased by a factor of about five, the keX of a given control rod or
piece of experimental apparatus increased by approximately the same
ratio (the discrepancy is attributable to the fact that the reloaded
pile was actually slightly smaller so that a fixed experiment, further
out from the core, was worth less than if it occupied the original
relative position). As a result, despite the factor of five, the failure

of a given control rod would lead to the same accident condition.
1. 14 Role of Generating Time and Lifetime

Our discussion has served to show that the lifetime, £, like any
of the other parameters in the kinetics equation has no operational
physical significance. It is purely a matter of convenience to solve
the kinetics problems on the assumption that the lifetime is constant.
In fact, the inverse period, the operational result, is independent of
how the lifetime is defined, i.e., how destruction is defined, so long,

of course, as production is correspondingly defined.
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It will be observed from Figures 1. la and l. 1b that when the in-
verse period is plotted against constant destruction, i.e., constant
lifetime, then plots of s against kex are straight lines. Were we to
plot s in units of the lifetime then these straight lines would reduce to
one line in such a non-dimensional plot for the inverse period neglecting
delayed neutrons. Mathematically, this single straight line solution
at 45° to the axes, can be continued past the region where kex is not
less than minus one. Thus to obtain a shut down period smaller than
the lifetime, when the lifetime is held constant, would require negative
production. In the first place, such negative production is admissable
once we have accepted the fact that the definition of production is arbi-
trary and non-physical. In the second place, if a reactor is indeed shut
down heavily in an attempt to get a shut down period less than the life-
time, the addition of control rods implies that the lifetime will not be
a constant parameter in the solution. In a plot of s against p for
constant lifetime, we have a corresponding solution for p larger than
unity when the production becomes negative.

In a plot of s against p for constant production, we now have the
straight lines. Again it is possible to prepare a universal plot with a
straight line through the origin at 45° to the axes. Thus we are led to
introduce the generating time, A, in analogy to the lifetime. Whereas
the lifetime is the reciprocal of the destruction, the generating time is
the reciprocal of the production probability. Table 1.3 displays the
six chief kinetics parameters, three based on destruction and three based
on production.

The generating time is like the lifetime in that it has no operational
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significance and depends on the arbitrary definition of the production
processes. The advantages of using the generating time, A, arise when
delayed neutrons are considered. Here the only natural parameter to
describe the effect of delayed neutrons is the precursor yield as a frac-
tion of the total production, B. The resulting equations are more simply
expressed when use is made of p and A, the other two parameters also
based on the production probability.

A detailed analysis of the effect of using the generating time, A,
rather than the lifetime, £, is given in Appendix A to Section 5. We
should point out that a number of authors have employed the concept
without we feel appreciating the full advantages and implications of the
generating time (6, 7, 8) which is more than just an approximate form
for the lifetime.

When delayed neutrons are neglected, we can write a solution

directly in terms of the production and destruction probabilities

.o _n
sn=-¢ 7 (1.49)

The logarithmic derivative, s, can be interpreted as a probability of

gain, neuirons per second per neutron. Then from Table 1.3 we have

11 (1.50)
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Table 1.3 Kinetics Parameters Based on Production and Destruction

Based On Production

Geénerating Time

1

A Production Rate VEF!
Effective Precursor Yield
Production Rate .
B! of i-th Precursor Vﬁ’iF
i Production Rate V!
Reactivity
Increase Rate V(6F - &3 - 6DB2)
P Production Rate V F!
Based On Destruction
Lifetime
) 1 1
Destruction Rate V(D! BZ‘ + )
Effective Multiplication
Kk Production Rate VF!
eff Destruction Rate V(D BZ, + 3

Excess Multiplication

k

ex

Increase Rate

2

V(8F - §Z - 6 DB")

Production Rate

V(D' B® + =1

Production includes production of prompt neutrons and precursors

Destruction refers to destruction of neuirons

Increase is arbitrarily defined to be production minus destruction
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1. 15 The Linear Approximation

We have seen that even in the one region reactor in one-group theory
there is no unique definition of any of the kinetics parameters. In the
general problem of the multiregion reactor we have the further arbi-
trary manner of defining an average for these parameters.

There are a number of ways in which reactor averages can be set
up for keff and A, say, which can be shown to fail. The failure is not
that they do not predict the inverse period correctly when properly
evaluated, but that they depend in a too sensitive fashion on the value
to be employed for the flux. Thus, since it is essential to use the first
order approximation, these averaging methods fail.

The most typical and the most plausible of these methods of aver-
aging will be investigated in detail. The linear approximation attempts
to calculate the rate of change of the neutron population, N, or of the
population of neutrons and precursors in general. Certainly if ¢' is
the correct asymptotic flux, then the asymptotic period is indeed ob-

tainable from the population behaviour.

fIM(P' dv
L AN (1.51)

S - =

N dt fIV“lW dv

Such an approach is often used in Monte Carlo calculations for

example. For our purposes however, we must consider the accuracy
of the first order approximation, putting ¢' = ¢ where ¢ is the solution

of a critical reference reactor. We have

s |1vietdve [(IRG6+IR66+IPG+IPs¢) dv (1.52)

Now by definition, IR ¢ is zero at every point. Similarly we might well
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neglect the term IP 6 ¢ if P and hence 6§ ¢ are both small terms, since

the error is then of second order. There remains

1

s Jauvie+1vise)dve [(IRs¢+IP ¢ dv (1.53)

In equation (1.53) we might be justified in neglecting IV'=1 6 ¢ in the left
hand side if (5 ¢/¢) is small. But on the right hand side, to neglect

IR 6§ ¢ would be equivalent to throwing away half the effects of the per-
turbation since IR 6§ ¢ is of the same magnitude as IP ¢.

Physically this approximation evaluates the population balance.
Mathematically it would be called a linear averaging of the probabilities,
linear in the flux which acts as a weighting function. In the linear form,
the effect of the neutrons lost in the perturbed material is of the same
order of magnitude as the change in the neutron balance in the remain-
der of the reactor due to the alteration of the flux; hence both terms
must be included and the first order approximation is inadmissable
for the linear form.

An example of a case where the flux change is of equal importance
as the material change is afforded by control rods. In addition to the
neutrons absorbed in the rod, the new flux distribution illustrated in
Figure 1. 3 leads to an increased external leakage and an added reac-

tivity effect for the rod.
1. 16 Summary

At the beginning of this introductory section, we discussed briefly
the aims and outlines of this thesis: to give a complete physical inter-
pretation of the variational approach to problems in reactor physics,

to follow up certain mathematical consequences and then to give a number
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Reactivity effect of rod due to:

(a) Neutrons absorbed in rod.

(b) Change of flux giving new neutron
balance in reactor.

(c) Change of flux increasing
external leakage.

FIG.1.3- INCREASED LEAKAGE IN A SLAB REACTOR
ON INSERTION OF A CONTROL ROD.
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of new interpretations and applications in the realms of kinetics and
statics. The remainder of the introduction served to prepare the
matrix nomenclature to be employed and to prove the need to introduce
the variational methods into the subject.

In the next Section, we shall be able to give an historical account
of the Variational methods and their introduction into reactor physics,

which will lead us to our main contribution, the physical exposition.
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SECTION TWO: HISTORICAL

2.1 Introduction

The development of perturbation methods for reactor physics and in
particular the physical interpretation of the mathematical techniques
- employed was largely pragmatic under the stress of war time research
and development. As a result the interpretations that are now accepted
'in the field bear little relation to the interpretations of the same varia-
tional methods used in a number of branches of mathematical physics.

That the reactor development lacked what Weinberg and Wigner (1)
call a scholarly tradition is no outright condemnation; the interpreta-
tions given had a number of advantages over classical tradition. For
example, whereas Morse and Feshbach (9) can admit the sacrifice of a
certain reality in the variational treatment of mechanically dissipative
systems, the reactor physicist's interpretation of the adjoint flux as a
neutron importance or ultimate fissioning probability, is very much
germane to the criticality of reactors.

Part of the present work is a reconciliation of the classical and
reactor physics viewpoints in which we put forward a generalized
physical principle that retains the advantages of both and serves to unify
the field of reactor physics with the larger body of classical physics in
the use of variational calculations. Our historical account consists
first of a description of the development and outlook of the variational
form in classical physics and second a historical and critical account
of the introduction and interpretation of the adjoint flux in neutron dif-

fusion and transport calculations.
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CLASSICAL MATHEMATICS AND PHYSICS

2.2 Ordinary Linear Differential Equations

The adjoint function for ordinary linear differential equations was
introduced by Lagrange (c 1762) as an extension of the concept of the
integrating factor (10). The term adjoint itself means connected or
related. Though the term was not introduced until Fuchs (1873),
Lagrange's aim was to obtain a formal reduction of the order of an
ordinary linear differential equation. By means of the adjoint function
the original linear equation can be transformed to a new equation, the
bilinear concomitant, linear in both functions. By suitable restrictions
on the adjoint function the bilinear concomitant can be made immedi-
ately integrable or of one less order than the original equation. The
gain is at the expense of the restriction on the adjoint function, that
it satisfy an adjoint equation, similar and of the same order as the
original equation. By a rearrangement, the bilinear concomitant is
related (concomitant) to the two functions and their equations. The
two functions are each others adjoints.

The most striking feature of the adjoint equation is perhaps that
compared to the original equation, all odd powered derivatives are re-
versed in sign, all even powered derivatives being unchanged. There
is a mathematical antisymmetry for the pairs of equations.

Since the bilinear concomitant is reducible to one less order, we
can say the bilinear concomitant is stationary, though the expression
stationary has a further meaning to be developed. Concomitant means

related or existing together and is used in the sense that the original
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equation and the adjoint equation form the bilinear concomitant (Lagrange
identity). In Section 4 a detailed example is worked out to show how
perturbation calculations can be related to the classical adjoint system.
A further use of the adjoint system (which is not utilized in perturba-
tion theory) arises when the adjoint equation is easier to solve than the

original equation.
2.3 Rayleigh's Principle

The principles of Hamilton and Lagrange and the related principle
of Least Action had proved to be powerful methods for the treatment
of discontinuous mechanical conservative systems (1, 11). Typically,

quadratic expressions for kinetic energy (—é-m f‘z) and potential energy
1
(z
extremum or variational principles. Thus Hamilton's principle might

krz) are involved. The laws of motion of the system are derived as

be stated as "for all possible paths of motion, the actual paths mini-
mize the average difference between the kinetic and potential energies".
Since this extremum principle considers all possible varieties of paths,
the average energy difference is being minimized for all possible
variations of paths — i. e., we have a variational principle. Further-
more, if this difference is a minimum, its rate of change with respect
to a variation of any of the paths must be zero — i. e., the difference is
stationary.

In a series of papers on acoustics, Lard Rayleigh (12) extended
the work of Hamilton, Lagrange, etc., on discrete bodies to systems
of continuous bodies. For example, the behavior of an elastic beam
can be expressed in terms of the displacement, y. The energies of

the beam as a system are integrals over suitable functions involving y,
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such as 1/2 f m(x) y (%) dx and 1/2 f(%)z k(x) dx. From the corre-
sponding stationary property Rayleigh was able to show that variations
of the paths corresponded to shapes of the beam other than the shape
actually taken up by the beam in free vibration. Since Rayleigh could
relate the frequency of vibration to the stationary integrals, quite
crude guesses for the beam shapes led to good estimates of the vibra-
tion frequency. Although the beam shape, y, appears everywhere in

quadratic form, it is usual to use the same guess, (yl) for both values

of y, e.g., (yl) rather than (yl) (yz) and (a ) rather than( yl)( o )

A further development, due to Ritz (1), greatly enhanced the value
of Rayleigh's energy method by utilizing the fact that the energy integrals
are not only stationary to variations of the beam shape but are actually
minima. For now guesses for the shape can be adjusted until they are
forced to give a minimum approximation value to the frequency, the
true frequency being known to have a value lower than any of the guessed
frequencies. One should note that the Ritz development is an additional
step which requires that the same guesses for the shape are inserted
into each of the quadratic forms. The Ritz technique is not available
to the reactor physicist except in the mono-energetic approximations,
for reasons to be discussed.

The contribution made by Rayleigh is something more than just the
specific methods for approximate solutions. The inclusion of continu-
ous functions for the description of systems profoundly affected the
thinking of physicists, leading to the general ideas of field theory (a
field, mathematically, being one or more independent functions of space

and time). Rather than the older ideas of expressing, say, electrostatic
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effects through an action at a distance of two charged particles, the
field theorist would consider the behavior of one particle in an electric
field. The change of view has led to significant advances in many
branches of physics, these advances being of two sorts. The field
-formulation is suitable to expression as a variational form. Then not
only do we gain a useful approximation tool but we have a concise ex-
pression that leads to the equations of motion for all parts of the sys-
tem. The satisfaction of these equations, the Euler equations, is the
sufficient and necessary condition that the variational principle is
satisfied. In the general variational principle, it should be noted that
the terms appearing in the quadratic forms are considered to be
separately variable. This aspect will be enlarged in the following dis-

cussion.
2.4 Non-Conservative Systems

Rayleigh's energy method and the variational principle justifying
the approximate methods are applicable only to conservative systems,
with no friction, dissipation, etc. To obtain the advantages of either
the conciseness of expression or the approximation form, we postulate
an adjoint system in which all dissipative effects are reversed. In
such an adjoint system, for example heat 'undiffuses' and flows up the
gradient of temperature — cause and effect are reversed. Then the
combination of the real and adjoint systems exactly cancels out all
dissipative effects and renders the pair of systems conservative.

In the example quoted for the heat conduction, the real system is

described by a temperature field, T, and the Fourier equation
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c%—frV‘kVT (2. 1)

The adjoint system has a temperature field we can call T+, the adjoint
temperature. The equation describing the physical reverse of cause

and effect invoked is just the mathematical adjoint of equation (2. 1), i.e.,

cil ooy kvt (2. 2)

We should note that we must take the same size system, the same prop-
erties and the same boundary conditions if indeed the two systems are
to compensate each other and give a jointly conservative system.

In this example the adjoint equation is easily solved for the given
boundary conditions if the solution of the original equation is known in
terms of eigenfunctions and eigenvalues. It is evident from the equa-
tions and from physical reasoning, that the time behavior of the two
systems is inverse. As the temperature falls in the real systems, the
adjoint temperature rises. Mathematically we have S, =~ SZ where s
is the eigenvalue, while Tn(_r_', o) = Tﬁ(z, o) where Tn is the eigenfunction.
An alternative expression of this relationship is that the systems have
the same equations in the Laplace transform space or the transformed
equations are self adjoint.

The preceding arguments lead to variational expressions involving
now not quadratic forms but bilinear forms in T and T'E; or more gen-
erally, forms linear in the two fields. The two fields are both functions
of all the coordinates. The full specification of the equation and boundary
conditions (i. e., the system) for either the real or the adjoint system
is sufficient to determine the solution of both systems. Although the

classical interpretation of the adjoint system is perfectly valid in
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terms of the reversal of cause and effect, the resulting properties and
indeed the usefulness of the concept arises from the purely mathemati-
cal relations of two such systems. Thus, the mathematical properties
are present whether any physical interpretation is given to the adjoint
system or not. There is no good reason to suppose that there is only
one physical interpretation of the adjoint system. Certainly the imagi-
nary system with cause and effect reversed has only limited physical

usefulness.
2.5 Perturbation Methods

The science of astronomy led to the development of perturbation
methods for finite or discontinuous systems. The problem of the path
of heavenly bodies under the influence of each others gravitational
fields is in general only soluble for the two body case. The influence
of additional bodies must be treated as a correction to the initial
solution — the influerice depending on the path of the bodies. When the
path has been corrected then the new path can be used as the basis of
more accurate corrections in an iterative fashion.

A corresponding development of perturbation methods appears in
the solution of simultaneous algebraic equations where use can be
made of solution estimates or approximations to speed the convergence
and accuracy of machine computations.

The important developments in perturbation theory from our view-
point arose from Rayleigh's extension of variational methods to con-
tinuous systems, discussed above. The emphasis in perturbation
theory is now not to calculate the frequency of vibration of a loaded

beam from scratch but rather to employ the known solution of the



unloaded beam. The difference in properties between the loaded and

unloaded beam is a perturbation. The shape known to be taken up by

the unloaded beam is the first estimate of the true shape. From this

knowledge we can calculate with considerable accuracy the change of

frequency produced by the perturbation. Analogous methods are used
for problems in acoustics.

The techniques of perturbation theory have been advanced most
by the problems of quantum theory. In the realm of quantum theory
or wave mechanics there are only some five or six problems to which
an exact solution is known (analogous to the slab, cylinder and sphere
of reactor physics). Techniques have been developed to derive not
only the eigenvalues but also the wave solutions or eigenfunctions by

sophisticated iterative techniques based on a soluble problem.

NUCLEAR REACTOR PHYSICS
2.6 Mathematical

Perturbation methods were introduced into reactor physics by
Wigner (13) in a treatment of the Fermi-age equations. Much of the
formalism follows quantum mechanical usage — indeed the method is
referred to by Wigner as the Rayleigh-Schroedinger perturbation
method.

The usefulness of the adjoint equations and their solutions was
-quickly realized by other workers in the field. Nordheim, (14, 15)(31)
et alia, applied the methods to the two-group approximation to devel-
op the generalized inhour equation for a multiregion reactor (30)

Soodak (16) and Feynman did more work in the field of reactor statics
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and kinetics.

The extension of the mathematics to the Boltzmann equation was
undertaken by Fuchs (17) Tait (18) Wilson (19) Brooks (20) and
Pendlebury (21). More recently Ussachoff (22) gave a combined mathe-
matical and physical account of neutron importance and its applications
to reactor kinetics. The most useful mathematical account is probably
Davison's textbook (3) on neutron transport problems. This text
contains much material on the use of variational methods in general
for reactor calculations, perturbation theory being only one application
of the general variational techniques. There is however, practically

no treatment of reactor kinetics in that text.
2,7 Physical Interpretation

Shortly after the introduction of the mathematical method by Wigner,
a number of workers gave a physical account (including Wigner himself).
Weinberg (23) has done much to disseminate the concept of the adjoint
flux as the contribution made by one neutron to the asymptotic popula-~
tion, though the term importance is due to Soodak (24). Hurwitz (25)
developed a parallel interpretation in terms of the iterated fission
probability (see 2.8, Nomenclature).

This type of physical account of the adjoint equations has certain
advantages over the interpretations of classical physics. In the treat-
ment of heat conduction for example, a new, nonphysical system was
invoked. In the treatment of neutron diffusion however, we are able
to give physical meaning to the adjoint flux in terms of the behavior

(or potential behavior) of neutrons in the real system. This advantage,
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however, is offset by the increased difficulty in deriving the adjoint
equations from the physical principle.

Unfortunately, the concept employed in the literature for the inter-
pretation of the adjoint flux is of limited usefulness since it is confined
to the just critical reactor. Thus the various authors have been able
to justify only the fundamental mode or eigenfunction and have not
been able to account for the higher modes. Furthermore no resolu-
tion has been made on physical grounds of the interesting mathematical
property of the eigenvalues; that real and adjoint eigenvalues can be
matched one to one in their magnitude.

The general viewpoint of field theory would require that the adjoint
flux is as good a representation of the system as the actual flux— i.e.,
the adjoint flux should be a function of time as well as space with
appropriate boundary and initial conditions. It is not possible to
extend the accepted physical interpretation to encompass this general-
ization because of the two time variables involved — the time at which
one neutron is selected for study and the time at which the neutrons
progeny are counted. In Section 3 we put forward a new principle
which overcomes this difficulty. We shall achieve a representation
which enables us to use the large body of classical physics while re-
taining the advantages of the interpretations already given by reactor
physicists.

Although a number of authors had given an a posteriori justification
of the mathematical form, the first attempt at a derivation of the ad-
joint equations from a physical principle was given by Ussachoff in

his paper on the adjoint Boltzmann flux (22). Ussachoff succeeds in
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deriving the steady-state equation (though actually employing the corre-
sponding eigenvalue equation). Nowak (28) has reviewed some of
Ussachoff's work in deriving the transport adjoint equation though the
corresponding diffusion adjoint equation is only derived by a mathe-

matical reduction of the transport equation.
2.8 Some Common Usage

Owing, perhaps, to the secrecy and pressure of work surrounding
the various war time projects, there is some confusion about termi-
nology in the literature. The following notes give an account of the
controversial terms.

(a) Adjoint Flux

The bilinear form of variational theory requires the introduction
of a second mathematical field, ¢+, in addition to the flux ¢. The
function ¢+ is referred to as the adjoint flux and appears typically in
expressions such as f¢+ Vm1 ¢ dv. . Since, in fact, V_1 $ is the
neutron density, it might be more apt to call ¢+ the adjoint neutron
density — indeed the physical interpretations given to ¢+ all imply a
relation to the neutron density rather than the flux. The formal appear-
ance of V1 in the expression for the neutron density has been mis-
interpreted in the literature and has sometimes led to errors.

1 0¢,

By rearranging the equations of the neutron balance (in V_ 5t
into equations iﬁ the flux balance (g—j ) it is possible to derive a corre-
sponding adjoint that is in fact strictly adjoint to the neutron flux.
- Evidently this adjoint would be just the 4>+ V-’1 appearing in the bilinear

expression, f¢+ vl ¢ dv.
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(b) Self-Adjoint

The general time dependent equations for diffusing systems are
not self-adjoint in the strictest sense, i.e., 4>+(;, t) # ¥, t) even with
an arbitrary normalization. It will be shown that the equation for the
one-group approximation with no delayed neutrons has the property
that the shapes of ¢ and 4>+ are identical to within a normalization
(though of course they have an inverse time behavior). For many
purposes it is only the shapes of the fluxes and not their behavior that
is required and the custom has sprung up of calling this one group
equation self-adjoint.

The multigroup equations lead to solutions that are not even self -
adjoint in the exact or the approximate sense — e. g., the adjoint fast
flux has a shape different from that of the fast flux. However, when
the reactor is uniform, and has only one region, it can be shown that
the shapes within each flux and adjoint flux group are the same (e. g.,
cosine in a slab). Thus Sangren (27) refers to the one region problem
for any number of energy groups as self-adjoint. It should be noted
that the coupling coefficients between the components of the fluxes and
the adjoint fluxes are not the same even in this one region case. For
this reason we shall not use the term self-adjoint for the multigroup

cases.
(c) Importance

The physical interpretation of the adjoint flux, ¢+, is most com-
monly given in terms of neutron importance. The literature contains

references to the importance of neutrons to a just critical reactor;
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we will develop a more general time dependent concept. Thus, where
the literature refers to importance, what is usually meant is the con-
cept of our equivalence, to be discussed in more detail in the body of
the work.

~ Even the importance (equivalence) has been given two slightly
different meanings in the literature. Ussachoff (22) derives the
steady state equation for the importance (equivalence) from a physical
principle for the transport equation and then assumes the correspond-
ing eigenvalue equation. His normalization of the importance (equiva-
lence) is through the steady power level resulting from the introduction
of one neutron in a just critical reactor. Ussachoff quotes dimensions
of the importance (equivalence) as neutrons per second; they might
be better expressed as neutrons per second per one neutron or
(seconds)nl. The bilinear from f¢+ V=1 ¢ dv would then have the
dimensions neutrons per second.

A common American usage (28) is to define the importance (equiva-
lence) as the steady state neutron population produced by the introduc-
tion of one neutron. Hence the importance (equivalence) is non-
dimensional. The bilinear form f ¢+ V-'1 ¢ dv however would then have
the dimensions of neutrons.

We might remark here that the concept of the fractional importance
we develop has the dimensions of (neutrons)“’1 so that the integral
f¢+ v~! ¢ dv is non-dimensional.

. Still other authors have used importance in the sense of the statisti-
cal weight (q. v.) or for the integral f¢+ Vm1 ¢ dv itself (e. g., Soodak

refers to a total importance (29)).
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(d) Iterated Fission Probability

Hurwitz introduced the term Yiterated fission probability" as a
physical concept corresponding to the adjoint flux, referring to the
probability of a neutron causing fission not in itself but through its
progeny at some very much later generation. The dimensions can be

made to correspond to either the American or the Russian usage.
(e) Statistical Weight

The bilinear form f¢+ le ¢ dv has corresponding expressions for
the various reaction probabilities, =, F, etc., such as [¢+ = ¢ dv,
f¢+ F ¢ dv. The statistical weight for a process X is then ¢+ $.
There is a different statistical weight for leakage processes repre-
sented by the integral form f¢+ V * DV ¢ dv; we will show that the
corresponding statistical weight is V ¢+ - V.
In the multigroup case we must also distinguish between the
energy of the flux from which the neutrons come, ¢i and the energy
of the importance into which the neutrons go, 4);- , so that the statistical
weight of a process occurring at a point r is more correctly ¢; (r) ¢i(§).
The use of "statistical weight" is usually confined to the first
order approximation, where the flux and the importance are both
taken from the solutions of the arbitrary reference reactor.
Certain British authors use 'statistical weight theorem!' to include

the whole of perturbation theory (3).
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SECTION 3: PHYSICS OF NEUTRON IMPORTANCE

3.1 Introduction

In the present section we shall define a physical concept, the neutron
importance, which is the basis of our physical account of perturbation
theory. The concept leads to a general interpretation of the variational
form of calculation; the interpretation of the special appli'éation of
perturbation theory will be given in Section 5 on kinetics. The first part
of the present section derives, from physical reasoning, certain prop-
erties which must be associated with our definition of the neutron im-
portance. The second part derives the equations and boundary conditions

for the importance of neutrons and precursors.

DEFINITIONS AND PROPERTIES
3.2 Resident and Transient Fluxes

Experience with reactors at low power, e.g., (39), and analogy with
other branches of physics, gives support to the following statement:
after a transient period, the neutron (and precursor) population of a
reactor settles into a resident distribution or shape with a constant
logarithmic derivative, s, at every point in the reactor. The semilog
plot of flux, ¢!, at any point leads asymptotically to a straight line;
the slope of the line is the same at every point in the reactor. Extrapo-
lation of this line back to the origin of the initial condition clearly de-
fines an asymptotic flux component for all times. We shall speak of
the resident flux, ¢, and the resident population w (the population being

the total number of neutrons and precursors in the reactor at any time,
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independent of position). The difference between the resident and actual
values at any time can be called a transient flux, 6¢ = ¢'- ¢, and a
transient population, § N = N'- w, respectively. By definition § ¢ and
6N die away. Physically the initial flux diffuses outwards until the
shape is such that leakage of neutrons just balances all other processes.
The decay of typical initial conditions is shown in Figures 3.1 and 3. 2.

On physical grounds both the actual and resident fluxes and popula-
tions must be positive. This restriction does not apply to the transient
flux and populations which are merely convenient mathematical repre-
sentations. Indeed it will be shown mathematically that the transient
flux must always change sign in the reactor. Whether the transient
population is positive or negative depends on whether the initial flux is
predominantly towards the outside of the reactor or towards the inside
respectively. The definition of the resident flux by extrapolation is
clear, yet leads to the difficulty of a non-physical transient flux. An
alternative operational definition is to consider a second reactor, the
duplicate reactor, whose properties are identical with the actual
reactor. We further suppose some device which is capable of intro-
ducing into the duplicate reactor an initial condition of any required
magnitude but one which is distributed in the shape of the asymptotic
flux or precursor density. Then the resident flux, and population, are
given by the values of the flux and population in the duplicate reactor
that will lead to the same asymptotic values of flux and population in
both reactors.

Since the resident population changes everywhere with the constant

logarithmic derivative s (and it is just this asymptotic behavior which
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characterizes the reactor) we can certainly write

q fIM‘#dv
af = o (3. 1)
IV “¢dv

E]

s =

|

S0 far, however, we have not found out how to obtain the magnitude
and shape of the resident flux, ¢, associated with an arbitrary initial
flux, ¢'. Even if the shape of ¢ is known from other considerations,

. we still have the problem of the normalization of ¢.
3. 3 Definition of Fractional Importance

One neutron, selected for study at time t and position r, will have
some probability of causing fission and hence having some progeny in
the next neutron generation. These progeny themselves have further
chances of causing fission. After a number of generations, the progeny
of the one initial neutron will have diffused outwards from r and have
taken up the resident flux shape. They will be some fraction of the
total resident population at that time. As time proceeds still further,
both the resident population and the fraction of it attributable to the
one neutron will change on the steady asymptotic period. Thus the
fractional contribution of the original neutron to the resident population
is a constant number, independent of whether the reactor is above,
below, or at critical. By either an extrapolation back to the time t
or by considering a duplicate reactor, we can define this fractional
contribution for all times after the initial selection at time t.

The fractional importance, or more briefly, the importance of a
neutron, ¢+(§,t), selected for study at position r and time t, is de-

fined to be its fractional contribution to the resident population. The
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importance has been shown to be independent of the time at which the
resident progeny are counted (see Figure 3. 3). The importance will
depend on the initial position of the one neutron. A neutron near the
edge of the reactor is likely to leak out and hence has a low probability
of causing further fission and a corresponding small importance. A
neutron at the centre of a reactor has a much better chance of causing
fission and a corresponding high importance. In addition, a neutron

of a higher energy may have a different importance due to a probability
of leaking away rather than slowing down to the lower energy at the
same point,

The importance does have a time dependence in a second sense, in
the sense of the time at which a neutron is selected for study. If a
second neutron is selected for study at the same point in a reactor but
at a later time, t + T, during which the resident population has dropped
by a half, then the fractional contribution made by the second neutron
will be twice that of the first. The less neutrons around, the more
important is one neutron. Thus from our definition the importance
displays an inverse behavior to the population or flux (see Figure 3. 4).
When a reactor is critical, the resident population and hence the
importance must be time independent.

The importance is not a property of a neutron carried everywhere
with it, such as mass. In this, importance is similar to the neutron
density which is not a property of individual neutrons. The importance
however describes the neutron behavior a posteriori. It is a signpost
for the neutron which says by definition what is the likely fate of a

neutron at this point in time, space and energy. If we commit one
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neutron to have say 5 progeny in the nth generation, we have imposed
certain limitations on the behavior of the intermediate progeny at the
(n- l)th generation. Considerations of this sort lead to a balance of
importance and the importance equations, as in Figure 3.5. Before

deriving these we consider some integral properties of the importance.
. 3.4 Integral Properties of Importance

(a) Stationary

From the inverse time behaviors of the resident flux and importance
+ =1
ftb (r,t) V ° ¢(r,t}) dv = constant. (3.2)

{b) Normalization
The total contribution of all the neutrons actually in a reactor when
measured as a fraction of the resident population must be unity and

non-dimensional:
+ =1
f‘# (r,t}y V= ¢ (r,t)dv=1 (3. 3)
If we consider the initial values we have a normalization of ¢+:
+ -1
f¢ (r,o) V.7 ¢'(r,0) dv =1 (3.4)

(c) Orthogonality

Notice that ¢+ always has the same period whereas ¢' only takes up
the corresponding inverse period after the transients have died away.
Yet equation (3. 3) is constant for all times. Thus ¢+ (r,t) acts as a
type of filter on the actual flux, ¢'(r,t), and the resulting integral

behaves as if only the resident component of ¢/(i.e., 9¢) were present.
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Suppose the probable progeny of one neutron is to be 5 at time t_
where there are then a total of say 50 neutrons in the reactor. Then ¢+
(r g+ 1,) is 5/50. For consistency, the importance of any intermediate
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The idea of this conservation of importance is the basis for the
derivation of the importance equations.

Figure 3.5
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Indeed, of all the possible initial conditions that lead to the same
asymptotic population, one of them is certainly ¢(r, o) itself — i. e.,
that the initial condition was established in the resident flux shape.
Then equation (3. 2) must also have the value unity. Alternatively we
can apply our argument to the duplicate asymptotic reactor to show
that equation (3. 3) is unchanged if the resident flux replaces the actual

flux. . Since

6¢=¢'- ¢ (3.5)
we have
f¢+(£9t) qu)' (E»t) dv = 1 :j¢+(£st) VSlq)(l'»t) dv 3 (3:- 6)
+ =1
f¢ (£, )V 8(r,t) dv=0. (3.7)

Equations (3. 6) and (3. 7) represent the orthogonality and normalization
of ¢+ and ¢. For a given initial condition, ¢', equation (3. 4) normalizes
the importance in a reactor. Equation (3. 6) then normalizes the resi-
dent population or tells us how large the resident population is for the
given initial conditions. Equation (3. 7) expresses the definition that
the transient flux dies away and can therefore make no contribution to
the resident population.

It is to be noted that all these relations hold whether or not the
reactor is critical. Owing to the stationary property introduced in the
bilinear form, j ¢% V==1 ¢ dv,by the inverse time behavior, it is

immaterial at what time such forms are evaluated.
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(d) Approximation properties

The actual rate of increase of neutrons in a reactor is given by M ¢
per unit volume so that the total rate of increase of the resident population
: norrhalized to the present resident population is given by the integral of

the importance of each new neutron:

i fcﬁ M ¢' dv
af = 8 = j¢+V=l q)‘d (3. 8)
v

Consider first that the reactor has taken up its asymptotic behavior so

A

that ¢' in equation (3. 8) becomes ¢. Then the neutron increase M ¢ at
every point is supplying exactly the s V‘=1 ¢ neutrons demanded by the
asymptotic period 1/s. There are no excess (or deficit) neutrons to be
accounted for at any point in the reactor. Hence, in this special case it
makes no difference what importance was assigned to neutrons. Thus,
if the correct asymptotic flux is employed in equation (3. 8) the asymptotic
period is given correctly for any guessed value of the importance. Of
course we have to be consistent and use the same guess top and bottom.

Now consider that the correct importance is used but that a guessed
value of the asymptotic flux is employed. This guessed flux corresponds
to some arbitrary initial flux in the reactor which must finally decay to
the resident flux shape. Whatever the initial (guessed) flux, its con-
tribution to the resident population evaluated through the use of the
importance leads to the correct resident inverse period being given by
equation (3. 8).

Finally consider a calculation of s via equation (3. 8), in which
errors are made in both flux and importance. Instead of s we obtain

s plus some error, &s, and we have:
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f(¢*+a¢+>M<¢+a¢>dv
s+ 6s = T r—
jw + 86N v o+ 89 dv

(3.9)

We can still normalize our guesses to unity so that without loss of gen-

erality we have:

s+6s:f¢+M¢dv+f¢+M6¢dv+f6¢+M¢dv+f6¢+M6¢dv
(3. 10)

From our discussion, the two middle integrals vanish exactly;
they are the transient terms that do not contribute to the resident popula-
tion when the correct flux or the correct importance is employed. The
first integral is just the correct value of the inverse period, s. We have

finally

[6¢+M6¢dv
65 = f—ri—1 (3.11)
f‘b V T ¢tdy

where we have reintroduced the unity normalization integral in the de-

nominator.

Equation (3. 11) is the fundamental basis of the variational form of cal-
culation. If the two fields, ¢+ and ¢, can be estimated for example within
10 per cent of their true value, then the error in the eigenvalue, s, cal-
culated from the variational or bilinear form of equation (3. 8),is only
of the order of the product of the error in the two fields or only 1 per cent

in this example.
3.5 The Equivalence of Neutrons

Consider again the concept of the duplicate reactor whose population

is distributed at all times in the fundamental mode. How many neutrons
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need to be distributed in the duplicate reactor to be equivalent to one
neutron at r in the actual reactor as far as the one neutron contributes
ultimately to the population? The answer to this question is called

the equivalence of one neutron, w(r). The equivalence of one neutron
is independent of time and of the actual population. It is not a fractional
quantity like the importance. As a concrete example, the equivalence
of one neutron in the centre of a bare one group spherical reactor is
exactly two (2). Two neutrons in the resident flux shape are needed to
be equivalent to one neutron at the centre. The equivalence of one
neutron at the extrapolated boundary of the sphere is zero, however.
These numbers are given now to supply a concrete example. They will
be justified in Section 4, Mathematics.

The equivalent neutrons once introduced into the duplicate reactor
will then grow or decrease with the period of the population. The popula-
tion in the duplicate reactor equivalent to one neutron at (r, o) will
afterwards change as WeStg The concept of equivalence does not ex-
hibit the inverse time behavior of the importance.

The total equivalence of all the neutrons in a reactor is the resident
population, again whether the actual population has completed its
transient or not. The equivalence and importance of one neutron at r and

t can be related to the resident population since

wir) = n(t) ¢'(r, t). (3. 12)
We emphasize that w is not time-dependent. In a reactor with con-
stant properties, the fate of a neutron does not depend on the time it is
introduced or on how many other neutrons are present. In contrast, the

importance of one neutron is essentially governed by the number of



71.

-other neutrons present.
If the resident flux, ¢, is known and has been correctly normalized,

the resident population is given by

= flv“‘lcpdv , (3. 13)

and equation (3. 12} becomes
+ -1
wir) = ¢ (r,t) [IV ¥r,t) dv (3. 14)

3.6 Sources

If we can neglect, as the diffusion approximation does neglect, any
neutron-neutron interactions, we can estimate the effect of an external
source neutron in a reactor in terms of what one neutron already in the
reactor population is known to do, i.e., in terms of ¢+ and w, the im-
portance and equivalence of one neutron.

(a) One Added Neutron

On the average, a neutron added at r and t will not only increase the
actual population instantly by unity but will increase the resident popula-
tion by w(r), its equivalence. At a later time, the increase of the resi-
dent population due to the source neutron is governed by WGSt. After a
transient period, the actual flux and population will have recovered
from the disturbance of shape induced by the source neutron and will
return to the resident flux shape. The flux, however, will be the amount
weSt higher because of the source neutron as shown in Figure 3. 6.

(b) Constant Source Strength

If the source is not one neutron but is of constant strength, S neut-

rons per second at r, then, although the population is being increased
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by S neutrons per second, the resident population is being increased by
w S neutrons per second. If S is not a point source but rather a distri-
buted volume source, measured in neutrons per second per unit of volume,
we integrate over the source to obtain the rate of increase of the resident
population.

The resident population of the reactor may be increasing or de-
creasing with the asymptotic period of the reactor. The additional change
and corresponding rate of change due to the source terms will be dis-

tinguished by calling the rate of change:

) - f w(r) S(r) dv (3. 15)
S

In the integral of equation (3. 15) we can say that we integrate over the

whole reactor and that the source function, S(r), is zero wherever there

are no source neutrons. In this equation, which applies to the constant

source strength, we can replace w from equation (3. 12). Since w is

independent of time, while w and ¢+ in equation (3. 12) are time depend-

ent, we must use the values of m and ¢+ appropriate to the same time.

cai%T = m(t) f¢+(§, t) S(r) dv (3. 16)
S

(c) Homogeneous Source

If the source strength is not of constant strength but rather is pro-
portional to the actual flux, ¢', the rate of increase of resident popula-
tion is no longer a constant. We can write such a homogeneous source,

. 9, as a product function:

8= 8(x) ¢z, 1) (3. 17)
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Then

¢ (r,t) S(r) o' (r,t) dv
S

It {3. 18)
S fcb(r t)y Vo ¢'(r t) dv

In equation (3. 18) we have reintroduced the unity normalization in the
denominator, so that if we rearrange equation (3. 18) into an equation
for the inverse period due to the homogeneous source, we can see that in
fact the normalization of ¢+ is arbitrary, appearing top and bottom of the

equation:

[ $F(r, t) S(r) $'(r,t) dv
f ot ety vV lon, o) dv

%g_ - (3. 19)

°ls
From the discussion of Section 3. 3 and the inverse time dependence of the
pairs ¢+, ¢, equation (3. 19) is independent of time. Thus a homogeneous
source puts a reactor on a period. This change in the reactor'!s inverse

period due to the source is given by

¢t s ¢ dv

slg= — (3. 20)
S j¢+v 1¢, dv

This result is the basis of the interpretation of the perturbation formula,
where one reactor is interpreted as if it were another reactor, the dif-

ferences between the reactors being expressible as source terms.
- 3.7 Modal Populations and Initial Conditions

The mathematical expression of the neutron equations as eigenvalue
equations leads to the well known concept of the set of solutions ¢n’ each
with its eigenvalue or logarithmic time derivative, S, The higher modes

-above the fundamental mode (our resident flux) will decay more quickly
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(the s are algebraically smaller than our s). Furthermore, each eigen-
function solution oscillates at least once within the reactor, i.e., it
predicts negative and positive neutrons or precursors. If despite this

non-physical behavior we are content to speak of modal populations,

- =1
Nn- IIV ¢ndv s (3.21)

we can give an interpretation to the corresponding eigenvalues and
eigenfunctions of the equations for neutron importance, W, and 4>; say.
First, the importance of one neutron to the modal population, Nn, will
increase more rapidly than the importance of one neutron to the resi-
dent population, w. Furthermore, the importance of the neutrons to the
modal population must exhibit an inverse time behavior just as for the
resident population. Thus the eigenvalues, W of the importance can
be matched in magnitude one for one with the eigenvalues of the flux and
population, S but with opposite sign.

The eigenfunctions of the importance equation will give the spatial
variation of the importance of one neutron to the corresponding modal
populations. The magnitude of these importance eigenfunctions for
any particular case is determined from the initial conditions by the

normalizing integral corresponding to equation (3. 4):
+ =1
jﬁbn (r,o) V."¢'(r,0) dv = 1. (3. 22)

Then the modal flux, ¢n” can be found by the further normalization corre-

sponding to equation (3. 6) )

+ -1
[ ¢ (r,0 V "¢ (r,0) dv =1 (3.23)
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The modal population, Nn’ decays with its characteristic period, l/sn,
independently of the other modal populations. Thus the total importance
of neutrons in the nth modal population as members of any other mode,

th

must be zero. That is, the total contribution of the n*" mode to the

th .
m  mode is zero, or
+ -1 _ %
f¢m(z, oV "¢ (r,o)dv=25_ . (3. 24)

The modal populations above the fundamental (the resident popula-
tion, m) may be either positive or negative according to the initial con-
ditions. The corresponding flux shape oscillations have a parallel in the
oscillations of the ¢;, the eigenfunctions of the importance. Which modal
importance goes with which modal flux can be determined in principle by
matching the magnitudes of the eigenvalues, s, to W

We can argue that oscillations are to be expected in the modal im-
portances, ¢:1, above the resident importance (the importance of neutrons
to the resident mode, ¢+) on the following grounds. Each modal popula-
tion has a value dependent on the initial conditions. In particular the
Nn other than w may all be zero if in fact the flux is in the resident
shape and only the resident population is present. If the contribution of

one neutron to the nlCh mode were everywhere of the same sign, then

the resident population would make a finite contribution to the nth modal
population, i.e., fdb:; V”l ¢ dv could not vanish as it must for any physi-
cal value of ¢ and n > 0.

The concept of the equivalence can also be extended to a modal equiva-

th

lence, Wn(g), the number of neutrons distributed in the n™ flux mode

that is equivalent to one neutron at r. We have

*6 is the usual Kronicker delta.
nm
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. +
w (r) = ¢ (r,t) N _(r,1) (3. 25)

THE EQUATIONS FOR THE IMPORTANCE

The equations for neutron (and precursor) importance in the diffusion
approximation are naturally derived using the same approximations and
procedure as would be used in deriving the equations of the neutron
balance. It is always possible to derive these latter as a mathematical
consequence of transport theory and a reduction of the Boltzmann equa-
tion. However, such a method loses some of the physical insight of the
diffusion theory and this would also be true for the corresponding equa-
tions for the importance. We shall, therefore, follow the simplest pos-
sible mathematical derivation (33) and merely note that transport cor-
rections can be applied to the diffusion equations. The Boltzmann adjoint
equation is derived from the same physical principles in Appendix A.

Following this simple derivation, we treat the problem in three
parts. First, we derive a current of importance and a Fick's law be-
havior for a steady state condition in a pure scattering medium. . Second,
we draw a time-dependent balance of fractional resident population for
a small element of volume of a reactor, allowing for energy transfer
processes in multigroup theory. Third, we consider the appropriate

boundary conditions.
3.8 Current of Importance

Consider an infinite, pure scattering medium with cross section
Z . At some point r let there be unit flux and consider the probability
of neutrons from the elementary volume around r reaching any point

r' and being scattered there in a further distance dr'. Once scattered,
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the neutron can be considered to be in the next generation, i.e., ;che
progeny of the original neutrons are represented by the probabilities of
neutrons being emitted from scattering events throughout the medium.
Although, by assumption, a constant density of neutrons is main-
tained in the elementary volume, there is a continual flow of the neutrons
away from this region; these are replaced by some unspecified process;
With isotropic scattering, equal numbers of neutrons leave in all direc-
tions. Yet those neutrons going towards the region of high importance
(say the centre of the reactor) will have a better chance of producing
more progeny than the neutrons going towards the region of low im-
portance (say the edge of the reactor). The ultimate progeny aséociated
with the neutrons originally in the element of volume flow towards the
region of high importance. This flow leads to a stéady current of ulti-
mate progeny aéross any surface within the reactor. When normalised
to the resident population itself, this flow of fractional resident popula-
tion is called the current of importance. The current of importance
will be derived for the case of unit flux in the element of volume. In
the derivation of the equations for the importance we shall employ the
divergence of the current of importance per unit density in the volume.
We shall derive the importance current under the assumption of time
independent importance. A similar assumption ié made in diffusion
theory in deriving the neutron current. When the time dependent equa-
tions are derived later, we shall be making an error in both derivations.
We might correct the neutron and importance equations by allowing for
the finite time taken by neutrons to go from r to r'. This correction

would lead to the adjoint telegrapher's equation; we prefer to derive
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the adjoint Boltzmann equation in Appendix A, which takes this effect
into account,

- When the neutron is emitted from the scattering event at r', it must
by definition have the importance ¢+(g_‘, t) or just ¢+(£‘) in the steady
state case we are considering. The potential ultimate progeny associ-
ated with one neutron at r diffuses outwards and is distributed partly
in accordance with the importance of the regions to which the neutron
is going. We count the total flow of potential progeny (the resident popu-
lation, w) in the +z direction. The fraction of the resident population
crossing a unit area in the x, y plane in unit time, is the current of
fractional resident population or the current of importance in the +z
direction through the point r due to unit flux around r. If the importance
varies in space the neutrons going to the region of high importance are
more important than those going to the region of low importance. If
there is a gradient of importance, we anticipate a net current of im-
portance or fractional resident population even in the steady state con-
sidered.

With the usual rz and exponential form for the probability of a
neutron going from r to r' (where r = [g' - gl), the current is

-Z.r
0 2w /2 ¢+(£“) e S
i, = ; Z)Srsmerd@cose d¢ dr.
0 0 0 4 r

If the importance, ¢+(_I:'), is a slowly varying function of r' (compared

(3.27)

r
to the transmission probability kernel, e S /4w rz) then it may be ex-
panded in a Taylor series about the origin at r. The procedure follows

the development of Fick's law for the neutron current except that we have
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Neutrons around the origin (the point r) with
importance, ¢+(£), travel a distance r to
scatter in the further distance dr. The
scattered neutron has the importance, ¢*(r'),
of the point of scattering, r'.

Figure 3.7 Derivation of the Importance Current
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a current of importance going from the origin in the +z direction rather
- than a current of neutrons being scattered towards the origin in the -z

direction. Whereas the neutron current, j, was given as:

0
$ok B .20
s

o

the current of importance is given by :

+ +
. _ 9 1 9¢
273 Y83 B (3-29)
or
+ +
. 9
=% o v (3. 2%2)
S

the difference appearing in the sign of the gradient term.
It is shown in Appendix A that those corrections that are convention-
ally applied to diffusion theory are equally applicable to the adjoint system.

The net current of neutrons and importance can be written as

l = =DV q’s
but (3. 30)

+DV¢+ .

1

i
As anticipated, the current of importance is running up the gradient
of importance towards the region of high importance.
The current of importance, i, has been derived under the assumption
of (a) time independence (b) slowly spatially varying importance and
(c) infinite uniform scattering medium. The last restriction can be
dropped in applications to finite reactors with some absorption, if the

boundary is sufficiently far away (i. e., the transmission kernel makes
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the effect of the boundary or changed value of ZS negligible.) Just as for
the diffusion neutron equations, the solution of the importance equations
in the neutron approximation cannot be expected to give an accurate
result close to boundaries, in regions of rapidly varying properties,

or in highly absorbing regions. If we are willing to accept the defects
~of the diffusion approximation, however, then the above derivation of
the current of importance introduces no errors beyond those already

present in the expression for the neutron current.
3.9 The Importance Equations

Our second step is to derive the importance equations allowing for
absorption, production, diffusion and transfer. Just as the conservation
of neutrons leads to equations for the flux, conservation of fractional
resident population leads to equations for the importance. Once an initial
condition has been established, the resident population is determined.
The local probabilities of neutron behavior then govern the way in which
the resident population is shared per neutron actually present.

(a) One Group

Consider an element of volume with unit density of neutrons at posi-
tion r and time t. The neutrons in this element have the importance
<i>*(_r_‘,, t) each. After a time interval 6t the same fraction of the resident
population must be accounted for amongst all the progeny of the original
neutrons. Within the element only (1 =V Z6t+ V F 6t) neutrons remain,
owing to the absorption and production processes. In addition, there is
a net loss of resident population due to the scattering out of neutrons

(and scattering in) which is given by the divergence of the importance .
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current. The remaining neutrons in the element have the importance

¢+(;, t + §t); the accounting gives the equation for the importance,

$fr, ) =(1-v=ot+ VFor) ¢' (r,t+ 6t) + Vv - DV st (3. 31)

or

stt+ 6t - ") =vize - Fot -V DV st (3. 32)

On dividing by V 6t and taking the limit as 6t goes to zero, we have the

partial differential equation for the importance:

+
19¢ g, - +

Note that absorption tends to concentrate the fractional importance of the
remaining neutrons; production tends to dilute their importance.

(b) Multigroup Theory

In multigroup expressions, in addition to the leakage and true absorp-
tion terms appearing in each equation, we have removal or transfer
processes to consider, The transfer process in multigroup diffusion
theory is usually interpreted along the following lines. A neutron scatters
within the group until it has scattered or travelled the average amount for
neutrons of this group. At the end of this process it will suddenly be
changed in energy and appear in the new group. When the balance of
fractional resident population is drawn up, the neutrons about to be
transferred leave fewer neutrons behind, just as absorption does. How-
ever the transferred neutrons must have, as they leave the group, the
importance of neutrons in the group in which they are about to appear.
Hence the share per neutron in the original group is not increased as

much by transfer as by true absorption since some of the fractional
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resident population is transferred out of the group with the transferred
neutrons. . Scattering transfer leads to terms Vi Zij (4>'i" - ¢;') for the
rate of increase of ¢f,

When fission transfers neutrons to high energy groups without con-
serving neutrons, the net expression is modified. There is still the
apparent absorption term, V2 Z‘;z ¢; in a two group model, for the
effect-on the share of the remaining neutrons. The portion of the frac-
tional resident population available to be shared amongst the remaining
thermal neutrons is decreased by the k EZ'VZ neutrons per neutron in
the element of volume taking a share, dff each, away, or decreasing the

effect by -k ZZ V‘z ¢T . Thus the two group example is

-1 8¢‘i" + + +
V1 —8T2=V°Dlv¢‘1=ﬂ”21¢l —214)2,
| (3. 34)
+
9¢
-1 "2 _ _ + _ . + +
Vo B S Fo VDV + 2,4

The general expression governing the formation of the adjoint equa-
tions for neutron importance is easily induced:

(a) ¢ is replaced by the corresponding ¢+,

(b} all probabilities are reversed in sign,

(c) all transfer probabilities (the off diagonal terms) are inter-

changed, row for column.

We can note that rule (b} is equally well satisfied by leaving the sign
of the probabilities unchanged and changing the sign of the time deriva-
tives. . Evidently in the one group case rule {c) is not applicable.

In the matrix notation given in Section One, Introduction, the
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equations for the neutron importance are very easily expressed. We

have

+
vl %—‘f =eMI¢t o v DVt + 5T ¢t - FT ¢t

3. 10 Boundary Conditions

The definition of ¢+, the fractional importance of neutrons to the
resident population, requires that ¢+ be positive. The magnitude may
range from zero to infinity however, if the resident population is
infinite or zero respectively.

. Consider the current of importance as given by equations (3. 27)
and (3. 28). The presence of a source of neutrons tends to dilute the
importance of neutrons. Thus a neutron source acts as a sink of
importance. In the absence of sources and sinks, the current of im-
portance in any direction (i + and i say) is continuous across any sur-
face. Alternative addition and subtraction of the equations for the

currents leads to the requirements
+ 4
¢A = ¢B (3. 36)
+ +
DV ¢ A< DV ¢ B (3.37)

where A and B denote the two sides of the boundary.

Neutrons leaking from the outer surface of the reactor (or into a
black body) do so for good and can have no further probability of causing
fission. Although the surface condition on the neutron current is that
no neutrons return from a vacuum:

i_=0, (3. 38)
outer surface
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the corresponding condition on the importance current is that no im-

portance can be lost to a vacuum:

i, =0, (3. 39)
outer surface.

The change of sign in the expression for the importance current as a
gradient of the importance makes the expression corresponding to
equation (3. 39) formally identical with the expression for the neutron
current at a vacuum boundary;

-.¢ . D \V,
0= 4 + 2 ¢
outer surface. (3. 40)

Then, whenever we wish to replace the strict neutron boundary con-
dition with the concept of the extrapolated flux going to zero, we can em-
ploy the identical concept for the importance. This concept is a mathe-

matical device with no physical meaning.

¢ =0

¢" =0

extrapolated surface. (3.41)

The appropriate initial conditions are determined by the initial con-
ditions of the problem. If an eigenfunction solution is attempted, the
initial conditions lead to a normalizing of the eigenfunctions along the
lines of Section 3. 4.

The one-group approximation is a special case since the eigen-
equations are identical for the flux and the importance;

svile=me

et ¢+ = stl¢+: M ¢+ (one group) (3. 42)
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In addition, the boundary conditions for equations (3. 40) or (3. 41)
are identical. Hence the eigenfunction solutions have exactly the same
shape. The one-group equation is sometimes called self-adjoint. The
homogeneous form of solution leads to an arbitrary normalization.
- When the normalization appropriate to the initial conditions is inserted,
the modal importance is no longer identical to the corresponding modal
flux. Furthermore, the time behaviors are inverse as has been dis-
cussed. Of course, when the fluxes and importances are used only in
ratio form, we may dispense with the normalization and for computa-

tional purposes take ¢>+ = ¢ in the one-group case.
3.11 Importance of Delayed Neﬁtron Precursors

(a) The Equations of Precursor Importance

So far we have neglected the important role played by precursors
and delayed neutrons in the kinetics of reactors. Our results can be
extended to include these phenomena quite easily.

The importance of precursors, C+(L, t), is the fractional contribution
made by one precursor at r and t to the resident population. It is to
be anticipated that the importance of a precursor will depend somewhat
on the energy of the neutron which it will emit, if this energy differs
from that of the prompt fission neutrons.

As before, the total importance of all neutrons and precursors in

the reactor is unity;

f [ v ey + crmncimnlav=1 (3. 43)

The equations for precursor importance are derived along the lines

given for the neutron equations. In the case of one delayed neutron
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group, the importance balance allowing for the leakage of importance,
and the absorption and production of neutrons, leads to the partial

balance:
% _ _yv-Dvetsved-(1-p VFe ... (3. 44)

In addition, however, VB F precursors have been introduced into the pre-
cursor group where they must have the importance of precursors, C+(;c).

The potential progeny represented by these new precursors decrease the

total available to be shared amongst the remaining neutrons. Hence,

the correct importance balance for the neutrons has an additional term,

to give

+
viIG --v-Dvét+ ¢t - (-pFet-prCt. (3. 45)

The balance of precursor importance follows a similar argument.
Consider one precursor per unit volume in a small element of volume,
with importance C+(§, t). After a time 6t, the importance changes to
C+(_r;, t+ &6t). During that interval the one precursor has been reduced to
(1-X6&t) precursors by decay. This decay supplied neutrons to the
neutron group with the importance ¢+(§, t). The balance of importance

for the remaining precursors is

ctir, i) = (1 - a6ty Chr t+6t) + N5t oT(r,1), (3. 46)
whence
ctit+ 5t - ¢ty = (-n ot +aCh st. (3. 47)

On dividing by 6t and taking the limit as &t goes to zero we have the
definition of the partial derivative;

+
= nstaact. (3. 48)
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The generalisation of equation (3. 48) to several groups of precursors
is obvious. We write equations such as (3. 48) with subscript i for
each of the i precursors. For the neutron importance we interpret f8
as the sum of ‘31 and equation (3. 45) is unchanged.

The simple example of one-group of delayed neutrons used here

can be written as;

+
v %% =-V-DV¢ +2¢" - (1-pFé" -pFCt
(3. 49)
3C+= )\¢+ KC+
B < ¥

The general rules for writing the equations for neutron and precursor
importance are induced to be identical with the rules given after equa-
tion (3. 34). In particular, we change the sign of all the probabilities
(or of all the time derivatives) and transpose the transfer probabilities
row for column.

(b) Physical Interpretation

First let us consider the steady state case, when there is consider-

able simplification. Equation (3. 49) gives

0=-v-DV¢ +z¢t - (1-pFet -prct

0=-x¢t et (3.50)
Hence,

ct = ot (3.51)
and

0=V:DVe -zl + Fot (3. 52)

Equation (3. 51) signifies that in the steady state, the importance of
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‘precursors is just the importance of the delayed neutrons they will
become. Equation (3.52) shows that in addition, in the steady state,
the importance of neutrons including the effects of precursors is the
same as the importance of neutrons that would be calculated if delayed
neutrons were neglected. We might note that the precursors have an
importance even in the reflector, i.e., C+ gives the contribution that a
precursor would make to the population. The physical limitation that
‘there are no precursors in the reflector is expressed through the flux
equations rather than the precursor equations.

For the non-critical case, we can take the corresponding eigenvalue

*oact + +
problem, replacing 3t ' ot with wy ¢n, w, Cn' As before we find

mathematically that w, = -8, of the flux equations; the precursor im-
portance has the inverse time behavior to the population as it must
from the physical definition.

Corresponding to the critical case, we have coupling equations for

the general case which are now

C+=X:)-\—w ¢+:Y_J>i_§ + (3.53)
while

~oVTh o' = v DVet - met+ (g F ot + BEL oF (3.54)
or

sVt =v DVt - met 4 Fot - SBE ot

Equation (3. 59) shows that on a rising period, w negative and s posi-
tive, the importance of a precursor is less than that of neutron it will
become. This is due, of course, to the time hold-up of the neutron in

its precursor state and reflects the tendency of a rising flux to outrun
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the precursors. For a falling period, s negative, the precursor im-
portance increases over the neutron importance until at s = - \, the
precursor importance becomes infinitely greater than neutron import-
ance. For s <-M\, the ratio becomes negative and is evidently non-
physical. The singularity and change of sign reflect the fact that a
reactor cannot be shut down on a steady period faster than its precur-
sors decay. Values of s less than - \ cannot correspond to the dominant

asymptotic solution but only to a transient solution.
3. 12 Matrix Representation

The general equations for neutron and precursor importance are

easily represented by the transposed matrix equations

+
—A%I,:— = +(MT + TT) ¢t (3. 56)
oAyt = sayt = (mT + Tyt (3.57)

where L|J+ is the generalized importance vector.

One advantage of extending the matrix representation as we have done
is that the previously given results for the case with no delayed neutrons
are applicable to the general case with delayed neutrons. The distinction
between resident and transient fluxes and populations, the normalization
and orthogonality are all derivable by the same arguments as given in
Section 3.2 to 3.7. In particular, the inverse period calculated by the

bilinear form

f¢+(M+T)¢ dv
s = T
fup Ay dv

. . . +
1s correct to second order for first order guesses of importance, ¢, and

(3.58)
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flux . Equation (3. 58) suffers a serious disadvantage in that s appears
explicitly in only one place. Actually, since the coupling coefficients
between the multigroup fluxes and between those and the precursor con-
centrations, are functions of the inverse period, equation (3.58) really
represents a polynomial expression for s with as many solutions as

there are equations even in the fundamental harmonic.
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APPENDIX A TO SECTION THREE

THE ADJOINT BOLTZMANN EQUATION

The equation for importance is derived in the Boltzmann approxi-
mation on physical considerations. The share that a neutron has in
the resident population (i. e., the fractional resident population) is
conserved. Once one neutron has been specified to have a share
¢+(_I_‘, £, V, t), this can be equated to the sum of the importances of
the neutron's progeny after an interval 6t. In this interval, the neutron
travels 6r = V§&t, in the direction L.

By the time the neutron has travelled ér however, it will have had
a probability of removal 6r/{ where { is the mean free path, i.e.,
the reciprocal of the removal probability, =, per unit path. Hence
only (1 - %r) neutrons are present with the original direction and
speed to contribute ¢+(§ +ér, @, V, t+6t) each. In addition however,
neutrons scattered or fissioned into other elements of the phase
space have there the local value of the importance. We need only
specify the distribution probability, f(VQ - V' Q') and the yield or
multiplicity, c(r,t), to be able to integrate over the distribution
probability and sum these additional contributions. Let us call the
integral over the distribution probability weighted with the importance

of each neutron produced X+, where

X+ ) ﬂ¢+(2» 9'7 v, t) f($_2, v, t"g_'s Vl’ t) av! dQ' (3A' 1)

Then the balance of resident population share per neutron is

oM e, 2 V. 1) = (1-VSst) o (r+ér, @ V, t+6t) +e(r, 2 V, HVEXT 6t
| (3A. 2)
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Then rearranging

ot +6r,Q V,t+60) -0 (r, 2, V,t) = VZ ot +6r,Q V., t+6t)st-c VEXT 8t

(3A. 3)

Hence dividing by 6t and taking the limit as 6t goes to zero,

det + +

¢ _yzet-cvex (3A. 4)

dt

d +
But for this geometry, the total derivative, -?% ,» can be expressed in
+

terms of the local partial derivatives, B—;E and VQ_-V¢+.

1067 + + +

Tf'a% =-oVé  +z¢T - czx (3A. 5)

We have derived the equation for importance or the adjoint time
dependent Boltzmann equation. This equation does not seem to have
been developed or used in neutron transfer though it has been given on
mathematical grounds in the realm of radiation transfer, (38),

One important application of the Boltzmann adjoint is to show
that all those corrections customarily made to the diffusion equatior;zs
on the basis of Milne's problem are duplicated on considering the
corresponding adjoint problem. First let us consider the transport
boundary conditions.

(1) ¢+ positive

(2) No important neutrons are lost. Hence the outward flowing
neutrons at a vacuum or black body surface have no importance

¢+(S, Qo+, V, 1) =0 (3A. 6)

(3) In the absence of sources or sinks of neutrons with their

corresponding importance, the importance is continuous across

an interface:
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$Hr+RY, 8 V,t +3),

<)

is a continuous function of R where r + R§l describes the interface.

(4) Condition at infinity. On physical grounds, no important neu-

“trons can have travelled infinitely far. Hence we take the condition

at infinity to be in agreement with this restriction in every particular
case. |

(5) The initial conditions are specified by the initial actual popu-
lation which itself determines the resident population and the share of
each neutron to the resident population.

A comparison with a standard text in transport theory (3) shows
that the boundary conditions (as opposed to the initial conditions) are
paralleled in the (forward) Boltzmann equation for the neutron flux,
with one exception. The boundary condition at a vacuum surface is
zero for - in the forward equation but for Q+ in the adjoint equation.

In the treatment of the Milne problem, we consider the one energy
steady state form of the Boltzmann equation. Let 41(5, 9) = fVN(-I:’ Vﬁ) dv.

The eigenvalue equation is then
g-vy+y(z+g - czfu»(gg') £(Q - Q) dg! (3A.7)

*
where s is the eigenvalue. The corresponding adjoint equation for

the importance of neutrons in the Milne problem is
2. vyt st (2] ez [ WFa fie - o) ag (3A.8)
Firstly the eigenvalue w can be replaced by -s; the property of the

*
The assumptions involved and the significance of these assump-
tions are discussed by Davison (3) whose nomenclature we follow.
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eigenvalue means that the solution values are not changed by the for-
mal change of representation. Secondly, if f(Q - Q') depends only on
2., 8, we have f(Q - Q) = £( »_82), The equation and boundary con-
dition for the importance is identical with the equation and boundary

condition for the flux with (2) replacing (-2). Thus if for any pair of

eigen solutions, 41:;, npng
4 (r,2) = §_(z,-9) (3A.9)

at some particular point r, £, then this relation holds for every r, Q.
. Such a relation is assured by a suitable normalization. We have derived
an optical reciprocity theorem in the Laplace transform space.

From the above argument it follows that solutions for the Milne
problem can be used without change for the adjoint Milne problem of
neutron importance. The important conclusion is that all those correc-
tion factors derived from the Milne problem now apply to the adjoint
flux. It is for this reason that we can, in the diffusion applications,
take;

(a) DY =D

(b) linear extrapolation distance )\+ =\

(c) extrapolated end point zg =z
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SECTION 4: MATHEMATICS

In the present section, we shall rederive some well known relations
in order to be able to prove and justify on mathematical grounds, some
of the statements made on physical grounds in Section 3. To this end
we briefly review the use of the adjoint function in ordinary linear dif-
ferential systems and show how the requirement of the stationary
property dictates the mathematical formulation of the equations for the
importance.

In the second part of this section, we investigate some of the results
of our physical definitions for the equivalence, the initial values of the
importance and the bilinear concomitant. A contribution is made to
the question of the completeness of the eigenfunction solutions to the
multigroup equations. Finally, from our extension of the importance
to a time-dependent concept, we are able to give a variational principle
which succinctly expresses multigroup diffusion theory. The principle,
which renders a Lagrangian stationary, is shown to lead to the equa-

tions of the system via the conventional Euler equations.
4.1 Review of Ordinary Linear Differential Systems

The first use of an adjoint function was made by Lagrange (c. 1762)
who sought to extend the concept of the integrating factor to ordinary
linear differential equations. The term adjoint itself means connected
or related, but dates only from Fuchs (1873).

To indicate what is involved, we use a second order, ordinary
linear differential equation with time as the independent variable; the

equation corresponds roughly to the telegrapher's equation for the
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diffusion of neutrons with finite velocity:

-1d¢

G tZe=0 (4. 1)

P gf; +V
dt
where p is some coefficient we need not specify.

In general, the coefficients in this equation are also functions of
time. How could we reduce this second order equation to a first order
equation, using an integrating factor or function, ¢*? Consider each
term in the equation (4. 1) multiplied by such an integrating function:

¢*pm9+¢*vl%§+¢*z¢=o. (4. 2)
dt

Each term can be transformed to give

2 2
d“¢ _ d d9) _do¥pde_d (o, d¢)_d dérp,  d o
P = G (o P - T @ a (P ) @ T ¢)+ﬁ¢
-1
prv 90 4 (puyly 40TV (4.3)
$*Té=¢*T ¢

If we sum the transformed terms, equation (4. 2) has been rearranged to

(4. 4)
In equation (4. 4), the left hand bracket is a perfect differential.
We can then reduce that equation to one of first order if and only if,
the second bracket is identically zero. This leads to the so-called ad-

joint equation for ¢* as the necessary and sufficient condition that ¢*

is an integrating function for the equation (4. 1):
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2 -1
d’(¢*p) d(e*V ) -
s g + 95T =0 (4. 5)

From the symmetric form of the perfect differential, we see that we
could have started with the adjoint equation and, working backwards,
have derived the original equation as its adjoint. Thus the equations
are each others adjoints. When both equations can be expressed in
the same form, they are called self-adjoint. More strictly, the sys-
tem of equations and boundary conditions is only self-adjoint when both
equations and boundary conditions are identical.

The expression in brackets in the first term of equation (4. 4) is
called the bilinear concomitant, b, (bilinear since it is linear in both
¢ and ¢* , concomitant since it is related to the two (adjoined) equa-
tions). The coefficient, Z, of the flux itself rather than its derivatives
(i. e., the lowest coefficient) does not appear in the bilinear concomitant.
By shifting the order of the differential equation from 2 to 1, we have
eliminated explicit reference to the lowest coefficient. This coef-
ficient does appear implicitly, since ¢* has to be a solution of the
adjoint equation which does contain Z. The perfect differential can
be integrated to give a constant; we can say that b is stationary, or
rendered stationary by the adjoint function, ¢*. This stationary prop-
erty has further meaning to be developed.

If, for the moment, we denote the two equations, (4. 1) and (4. 5),

by the short-hand notation

L¢ =0,
(4. 6)

L* ¢*

i

0,
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we have the so-called Lagrange identity:
g—]to=¢*L¢—¢L*¢* (4.7)

If both equations (4. 6) are indeed satisfied by ¢ and ¢* respectively,
then b is a constant.

Instead of deriving the bilinear concomitant for each problem, it
is possible to give rules to form the adjoint equation for any given
equation and then find the bilinear concomitant from the Lagrange iden-
tity. The rules for finding the adjoint equation for an ordinary linear
differential equation are two:

(a) Take the coefficient of each term inside the differential. If
the coefficients are independent, and are not variable parameters,
this step is unnecessary.

(b) Change the sign of the odd powered derivatives. This is the
same, of course, as changing the sign of all the even powered deriva-
tives or terms.

In our present example, these two rules do indeed lead to

2

d™ ¢ -1 d¢

p—=+V  F+Z¢=0,
dtz dt

a®(e*p)  d(exVvT]

d(exp) AV | guzo, (4. 8)
dt t

So far we have reduced the order of our original equation, though
at the expense of introducing a second equation, of the original order,
which ¢* must satisfy. There are classes of problems where it is

easier to solve the adjoint equation than the original equation, but
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these will not be developed here.

The bilinear form offers two other advantages, however, which we
shall employ. We note, first, that a judicious selection of the bilinear
concomitant in the first place, and the requirement that it should be
stationary, will lead to both equations as the necessary and sufficient
condition. The derivation of both equations from a single principle
(that a bilinear form should be stationary) is a very powerful and suc-
cinct technique. The extension of this method for the multigroup
treatment of neutrons and precursors is undertaken in Section 4. 10.
While still treating the ordinary differential equation, we illustrate, in
the next section, a second use of the bilinear form in its application

to perturbation calculations.
4.2 A Perturbation Formula for Ordinary Linear Differential Equations

So far we have not had to specify the boundary conditions on either
our original equation or function, or on the adjoint function. Satisfac-
tion of the appropriate equation is all that is required. Mathematically,
the equation together with its boundary conditions is called the system;
we can also talk of an adjoint system.

A common situation arises when it is difficult to solve the given
problem and its boundary conditions, but where a similar problem can
be solved in which there is only a small difference between the lowest
coefficients of the two problems. Thus, we may seek to solve

v‘l%‘i—”+(z+52)¢'=o (4. 9)

knowing the solution of the equation and boundary conditions for ¢:

-1d¢ -
V g tZe=0 (4. 10)
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This equation is, in a sense, a trivial example since a first order equa-
tion can always be integrated by quadratures from the given initial con-
ditions. However, the formalism of this example is the same as for
certain more useful cases with partial differential equations.

In addition, it will be supposed that the real problem is not to

i
find ¢! so much as to find de Thus we may be more interested in

dt *
finding the rate of change of the reactor population than the actual level
or magnitude.

As an approximate solution, to the real problem, (equation 4.9),

we might try to use the known solution to equation (4. 10). We would

calculate the rate of change approximately by writing equation (4. 9) as:

VI (mreme=-(S+eD)(e+59)
or
V-l d¢l_
. (2 - (6T - (269 - (6359) (4. 11)

known known unknown small

In equation (4. 11), if the perturbation, 6%, is small we might argue
that the difference in the solution is also small, §¢ = ¢' - ¢. This can
only be true however if the initial conditions on ¢' and ¢ are in fact
the same. It is at this point that we must start considering the system
of equations and boundary conditions and not just the equations alone.

If indeed 6 ¢ and 6 = are both small (compared to ¢ and £ respec-
tively) we might reasonably neglect their product in equation (4. 11).
Of the other three terms in the equation, the first is known exactly

from the solution of the known problem - it is just the rate of change,

-1d¢

\% at

The remaining terms however are both of the same order of
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magnitude and we cannot neglect one in comparison to the other. To do
so would be to throw away half the answer, the answer depending
essentially on the net effect of the two terms. But one term contains
the unknown, T §¢. Hence, in this formalism, we cannot afford to use
the approximation that ¢' = ¢,

In developing the bilinear concomitant we saw that the lowest coef-
ficient did not appear. It is suggestive, therefore, to use the bilinear
concomitant as an alternative form for an approximation purpose. We
may anticipate that there will then be no term in £ 8§ ¢. It is generally
true that, when the known problem has been solved it is comparatively
easy to find the solution to the corresponding adjoint problem. We
assume that we know the solution, ¢*; to the problem

-1
_éwz_yuq,*z:o (4. 12)

We call this known problem with the known solutions, ¢ and ¢%*, the
reference problem. To some extent, the choice of the reference
problem is arbitrary, though (1) it should be soluble, and (2) it should
be as near to the actual problem as practical in order to improve
subsequent approximations.

Our present results do not require the specification of adjoint
boundary conditions. We need only specify that the boundary conditions
on ¢' should be the same as on ¢ if we want to neglect & ¢ later on.

If, as before, we seek to find the derivative of our actual problem,

we want to approximate

-1d¢'_

V g =

-(Z +862) ¢ (4. 13)
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We form the mixed bilinear expression from equation (4. 13), our actual

problem, but using the adjoint, ¢%*, of our reference problem:

-1 -1
d(¢*V " ¢') _ -1d¢'  d(¢*V )
T XV T @ ¢

—¢H(Z + 6Z) ¢ + ¢ T ¢!

:—(f)*azq)‘

-9X5T(d+ 6P~ -9*¥5Z . (4. 14)
dé*

In equation (4. 14) we know ¢* and gt by assumption. Hence a solu-
tion of this equation gives the behaviour of ¢, the problem in hand. Yet
on writing the known equations for the derivatives, we have reduced to
the simpler form of equation (4. 14) in which it is possible to make the
approximation of neglecting & ¢.

The general procedure to take advantage of the stationary form is as
follows. Form the mixed bilinear expression, b', (¢* V"1 ¢! of the
example) by an expression analogous to the Lagrange identity. That is,

multiply the actual problem by the reference adjoint and the reference

equation by the unknown function, ¢'.

d.at%' =GR - G LT P (4. 15)

The bilinear concomitant, ¢%* V“1 ¢, is stationary. A change that may
produce a severe change in one of the functions (¢ to ¢' say) will lead
to a much smaller change in the bilinear concomitant. Thus the bilinear
form is amenable to approximation techniques. The error is only of
second order although a first order approximation is made. This ad-
vantage of the bilinear concomitant comes about directly from the dis-
appearance of the lowest order coefficient. This enables us to form

analogous expressions for more complicated problems in partial



105.

differential systems.
4. 3 Partial Differential Equations

So far we have derived the bilinear form only for ordinary linear
differential equations. The requirement that the bilinear concomitant
be stationary to changes of the variable (time) led to the two adjoint
equations. The bilinear form was then shown to be less sensitive to
changes in ¢ (or ¢*) than ¢(or ¢*) forms alone. From this we derived
a perturbation formula which enabled us to calculate %? with accuracy
when using the first order approximation, ¢'= ¢,

The problem of neutron diffusion is described by spatial as well
as temporal effects, i.e., we must deal with a partial differential
equation. On the other hand, the basic problem is to calculate either
the time derivative of the flux (or population) or the logarithmic deriva-
tive. We would certainly like to retain the two advantages of the bilinear
form just derived for the ordinary differential equation.

In the one-group case we might expect (quite correctly it happens)
that the adjoint of the one group equation is given by our two rules for

finding adjoint equations. If we apply these two rules to

V_lg—t¢:V~DV¢>—Z:¢+F¢=M¢ (4. 16)

we note that (a) there are no time dependent parameters to consider
(by assumption) and (b) we need only change the sign of the time

derivative. The one-group adjoint equation is

V2.0 DUt -zet +Fet = Mot (4. 17)

In the discussion of Section 2, it was shown that the adjoint equation
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is often interpreted as the equation describing a system where cause
and effect are reversed, where probabilities have opposite signs.
Equation (4. 17) does indeed bear this relation to equation (4. 16). For
this reason, it is common to speak of the actual and adjoint fluxes as
the forward and backward fluxes respectively. It is possible to inter-
pret the multigroup adjoint equations as the description of a system with
reversal of cause and effect; then with this assumption the derivation
of the adjoint equations becomes trivial. Although the combination of
the two systems is understandably stationary in the time sense, it is
not apparent why the remaining properties of the stationary form should
apply, or the meaning of such expressions as ¢+ F ¢. For this reason,
we employ the interpretation of ¢+ as a fractional importance. It is
useful however to retain the nomenclature of the forward and backward
fluxes and equations.

In the example on the ordinary differential equation, the bilinear
concomitant did not contain the lowest coefficient explicitly. This
property improved the accuracy of approximations. By analogy, we
require the terms in M for the present system to disappear in the

bilinear concomitant. From the Lagrange identity, we have
+ + 4
B¢t Le-eLTo =0

+
St (v M - o=V - M) (4. 18)

With the equations postulated, equations (4. 16) and (4. 17), %}E) is

indeed zero. If - ¢+ Mé+ oM ¢+ is to vanish in the one group repre-

sentation we would have to have

o'V - DVe-dTs o+ ¢ Fo=0¢'V DVt -6zt + oF ST (4.19)
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From their algebraic nature, the terms in £ and F do cancel. If we
are to satisfy the corresponding condition in the multigroup representa-
tion where ¥ and F represent algebraic matrices, the adjoint equation
must be modified to contain the transpose of £ and F. Then if we

take as a generalization of equation (4.17),

+
-10¢
-V Bt

=v-Dve -zTot + pTot = mT 6", (4. 20)
which is the correct multigroup adjoint equation, the terms ¢+ =, ¢+ F¢
commute and cancel with ¢ZT ¢+, ¢FT 4>+ respectively.

There remain the terms in 4>+ V-:-DVé¢and ¢V - DV <l>+. Although
these terms cannot be made to commute in general, we still have at
our disposal the hitherto unused adjoint boundary condition. The
following lemmas demonstrate that the divergence terms can be made to
commute on the average over the reactor. Under the conditions of
these lemmas, the fields ¢ and ¢+ and the equations given that define
them can be used in a bilinear form in which the first order approxi-
mation can be used. These lemmas are well known in the form of

Green's theorem in the first form and are given here for the sake of

completeness.
4.4 Two Lemmas

Lemma One: The reactor averages of ¢+V -DVéand ¢V * DV ¢+

commute for any ¢, ¢+ with the appropriate boundary conditions.
+ +
[fb V-DV¢dv=f¢V’DV¢ dv . (4.21)

Proof: Since V- 0Op=6V - -p+p- Vo (4.22)

for any vector, p and scalar 6, we have
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'V .DVe=vV-.6'DVe-Ve . DV, (4. 23)
and

¢V -DVet =V . 9DVt -ve. DV . (4. 24)

Now the dot product of two vectors commutes, being a scalar,

+

Vet . DVo=Ve.DVo . (4. 25)

Hence subtracting equation (4. 24) from equation (4. 23) and integrating

over the reactor, we get:

fv -+ (6'DV - ¢DV ) dv = j(¢+v .DVé- ¢V .DVe) dv.
(4. 26)
The divergence integral can be changed to a surface integral over the

reactor boundary:
fv - (¢"DV¢- DV ) dv = ﬁ(qﬁnw- $DV$) - dn (4.27)

If this surface integral vanishes, the lemma is proved. Thus the con-

dition for the satisfaction is

+
-j@'(¢+DV¢~¢DV¢+)- dg:O:-—ﬁqfl'(p D¥¢'DZ+¢ . dn

(4.28)

The boundary conditions on the flux are assumed either of the form
$(S) =0 or DTY? = % A. Thus the sufficient condition for the lemma
S

is that the same boundary conditions are taken for the adjoint, ¢+, as

are employed for the flux, ¢. The necessary condition is that the sur-
face integral vanish in equation (4. 28).
Lemma Two: The reactor averages of the matrix expressions,

oV - DV ¢+ and ¢+V - DV ¢ commute for the same boundary conditions
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as Lemma One and for arbitrarily many groups.
Proof: ¢+ V+*DVéand ¢V - DV ¢+ are scalar expressions. Since

V - DV is a diagonal matrix we have to prove:
(67 V. D Ve +¢fV-D, Vo, +...6V-D Vé_ ...)dv
1 1 1 2 2 2 """ 'n n n"'°

=j(¢lv‘ D1V¢T+ ¢2V' DZV ¢Z+ ¢nV' DnV¢;... ) dv
(4. 29)
From Lemma One, each group expression can be equated if the boundary
conditions of each group are selected according to that lemma. It is
then sufficient for the second lemma to hold if either of the boundary

conditions are satisfied:

+
¢ (5) =0 D V¢ D V¢
n or n¢ 1.1 T 1 for all n groups (4. 30)
$hs) =0 " *n

The necessary condition is that the following relation hold (where the

matrix notation is used):

(6'DVé- ¢DVeH) - dn=0 (4. 31)

4.5 Integral Properties

The previous discussion of the classical adjoint serves to relate
the body of mathematics and classical physics to the present application.
For completeness, we also gave a proof of the two Lemmas, though
of course their content is well known. We can now use these lemmas
to prove the properties assigned to the importance on physical grounds
in section 3 and to develop further original theorems for the bilinear

form.
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(a) Commutation. From the Lemmas and from the usual algebraic

properties of matrices, we have for the appropriate boundary conditions:

W Ey=yrTyt

+

oy =ysTy (4. 32)
Ty =y1Tyt
ytap=ya o'
(4. 33)
vyt - DVy = vy DT
f«p*vstup dv=f¢V'DVLp+ dv (4. 34)
(b) To show that s is given to first order by the expression:
[¢+(M+T) g dv
s = (4. 35)
qu’ A ydv
where
SAY = (M+T) ¥ , (4. 36)
sAayt = (e Tyt (4.37)
We have for any ¢+:
+ +
sutay =yt (M) Y (4. 38)

Hence integration over the reactor leads to equation (4. 35) for any L|J+.

Similarly, from equation (4. 37), for any weighting function, {:
sfq;A\p* dv =f pM+T) Tyt av = f¢+(M+T)¢ dv (4. 39)

Then the error in s for errors in both qﬁ and Y is given by:

st' ot Ayt dv = f6¢+(M+T) 50 dv (4. 40)
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4.6 Importance of One Neutron or Precursor

To show that cp': gives the fractional importance of one neutron of
the ith group, we consider taking away a single neutron from the flux,

at r' and at time t. Before the removal (at time t-), the flux was, say,

or,t).
After the removal of one neutron, the flux immediately changes to

(at time t+):
$'r) = V, 8(r-r') §(V-V)I (4. 41)

where we have employed the delta functions to localise the one neutron.
The fraction of the resident population contributed by the one neutron
at time t- can be evaluated by multiplying the neutron density by the
importance of neutrons at t- and integrating over the reactor. The

fractional loss of resident population is immediately evaluated to be:

(4. 42)

Then, when the denominator is correctly normalised, ¢+ indeed gives
the contribution of one neutron. The contribution of neutrons to higher
modal populations, or the contribution of precursors is obtained in

an exactly analogous manner.
4.7 Some Theorems Concerning the Bilinear Concomitant

Theorem 1: Conservation of Fractional Resident Population
Consider a generalisation of the Lagrange identity, equation (4. 7),
in which we introduce the partial differential equations. Let the identity

be represented by G so that:
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G=v"Ly-yL e =0 (4.43)
and

+

+
G=¢+A%LE—¢+(M+T)¢+¢A "’ait + oM+ T g (4. 44)

The quantity k|J+AL|J, which has the form of a density of fractional
resident population, can be called d. From equation (4. 34), the terms
in Z, F, and T cancel in equation (4. 44) at every point. Furthermore,
from the vector transformation of the Lemmas, regardless of boundary

conditions on ¢ and qﬁ, it follows that:

G=§%+\7»(¢Dw+ ~utDYY =0 (4. 45)

Whereas =¢+DV¢ is the actual current of neutrons weighted with
the importance of each neutron, ¢DV¢+ is the current of importance
per unit flux weighted by the flux. The sum of these two currents is
the total current of fractional resident population, to be called c¢. Then

equation (4. 45) is a conservation theorem which takes the form:
ad
ﬁ‘i’Vo_@_:O (4. 46)

Then theorem 1 states that the fractional resident population is

conserved.
Theorem 2: Stationary Property of the Asymptotic Reactor.

In the expression for the first theorem, equation (4.46), we can
introduce the asymptotic solutions for the flux and the importance
in a given reactor. More generally, we can consider any pair of
modal fluxes and importances, x];n and Lp;u It has already been shown
in Section 3 that such eigenfunctions have equal and opposite eigen-

values, s_ andw_ = =-s_, say. Then
n n n
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oyt Y

od n + n
A -———at + l]Jn A Bt

5 = ¥n

+ +
=o by Adp s Ay
=0 (4. 47)

Then Theorem 2 states that the asymptotic (or modal) fractional
population is stationary or independent of time. Introducing equation

(4. 47) into equation (4. 46) yields:

v . (qJanqJ;-« lIJ:;Dlen) =0 (4. 48)

or, in an obvious nomenclature,

Veec =0 (4. 49)

It cannot be concluded from Theorem 2 or equation (4. 49), that Shn
vanishes everywhere in the reactor even though the surface integral
of equation (4. 49) over the reactor leads to the vanishing of Shp * B
the normal component of Con 2t the outer surface (from the boundary con-
ditions on the flux and the importance, Lemma 2). Such a conclusion
can only be justified under the condition that on itself can be derived
from a potential, i.e., if:

€y =V O (4. 50)

where Q is some scalar function. In general however, there will be
some circulating component of Shn that will not vanish. There is an
analogous difficulty pointed out by Casimir (37) in irreversible thermo-

dynamic heat flow.

Theorem 3: Equivalence of the Forward and Adjoint Buckling.

The concept of the geometric buckling, Bz, which is a constant
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algebraic number for a one region reactor, can be extended to the more

general problem by defining a B2 which is a function of position:
- ,
V-Div¢i- B, Di¢i 1 (4. 51)
. Similarly, we can define an adjoint buckling:
+ 12 + ‘
V- DiV ¢i =-B, D, <I>i (4.52)

On introducing these definitions into Theorem 2, equation (4. 48), we
obtain, via Lemma One:

2 4 2 .
B,“D, ¢ = B{D. ¢, , (4.53)

or the more general vector equation:

B2 - g2 (4. 54)

Thus Theorem 3 states that the adjoint generalised buckling is equal
to the forward generalised buckling in each group and point by point in
the reactor. It is to be noted that like Theorem 2, Theorem 3 holds
for the asymptotic flux shape and the resident importance (or corre-
sponding pairs of eigenfunctions) and not for transient terms with higher
values of the buckling.

The results of Theorem 3 are used in an operational derivation of
the adjoint equation in Appendix B to this section. In this Appendix,
the starting point is the energy relation between the importance of
neutrons in each group, which is taken to be of the form of the non-
leakage probability or 1/(1 + TBZ). The use of the generalised buckling
leads to the adjoint equations in the general case. Furthermore, it is
a well known property of the two-group, two-region problem, whose

solution is given in Appendix A, that the individual component solutions
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are coupling coefficients which are also of the form 1/(1 + -rBz) where

B2 takes the values pz and -vz, the two compatible roots for BZ.
4.8 Initial Conditions

So far we have found it necessary, for the sake of accuracy, to
impose boundary conditions on the adjoint as well as the neutron flux.
The initial conditions were imposed on physical grounds, that the total
fractional contribution of all neutrons to the resident population is
unity.

To demonstrate how the initial flux determines the importance of
neutrons and the modal populations, we consider a bare sphere in a
one and two-group approximation. Case one treats an initial condition
in which N neutrons are distributed throughout the reactor uniformly
in either group. Case two treats one neutron concentrated at a point,

i. e., it leads to the equivalence of one neutron as well as the importance
of neutrons for this initial condition. It should be noted that in these
examples we do not need to know the period the reactor is on although
this is implicitly implied by the coupling coefficients, Cn and C; , since
these are functions of s. We require the following functions:

¢+" + sinn Br

h =2 ThBr (one group),

or (4. 55)

¢+ _ + sin nBr

N & B (two group),

where B =
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¢n =a, s%_grBr (one group) ,
or (4.56)
1 sin n Br
¢n = c a —HBr (two group) ,
n

where a etc., are time dependent coefficients to be determined.

Case One: Uniform Initial Distribution

(a) ‘N neutrons in group one initially:

fct{; vlerdv=1 (4.57)
Hence
f + sin n Br N41rr2 _
a dr =1,
n nBr 4 3
-3-17R
and
a¥ = L (-pynt! (@m?® (4. 58)
n N 3 y
+ -1 _
[¢n Ve dv=5_ . (4.59)
Hence
cte
ot sin nBr A, nmnp sinnBr , 2 dr = 1
n nBr V1 VZ n nBr T
__and
V.,V
a_ = N-1™" 2 L2 (4. 60)
2TR Vl CnCn+V2
Therefore
V.C +V
N_-= fl vl dvs N _1m 2 (4. 61)
(nwm) V1 CnCn+V2
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(b) "N neutrons in group two initially:

. Similar expressions lead to:

+1 2
+_ (=" (nm)
a_ =: . (4. 62)
n N 3C+
n
+
V.V, C
a_=N-pttt 2, L 2m (4. 63)
2mR V1 Cncn+V2
and therefore,
+ +
_ 6N VICnCanVzCn
Nn" 5 T - (4. 64)
(nm) V,C C +V
1 n"n 2

(c) One group of neutrons only, N neutrons uniformly distributed.

Reduction of the two group case yields:

n+l 2
al = “ﬂ)ﬁ— fm- (4. 65)
a = N(-1)°*1 3V_3 , (4. 66)
2TR
and
N_= 6N2 . (4.67)
(nw)

From equation (4. 67) we have m = 0. 61, the resident population initial

value.
Case Two: One Neutron at Centre
(a) one fast neutron at centre initially:
a =1, (4. 68)

and



[a+ §gm[g_‘ +__1___Ja sinnBr, 2. .
V1 C n

n nBr + n Br
Vzcn n
Hence
a __'rrn2 VIVZ
n - 3 + ’
2R VICnquﬂ-V.2
and
_ V,C +V
an fIV 1 ¢n dv = (al)n+1 > l+n 2
VICnCn+V2

(b) one slow neutron at centre initially:

A
n +
Cn
+
a ‘_A'rrn2 VIVZ‘Cn
n_ 3 +
2R VICnC;n-i-VZ
whence
+ +
) n+l Vl CnCn+V2 cn
Nn (=1) 2 T
V,C_ C +V

(c) one group

a+= 1,

n

a = TrnZV
n 2R3

and therefore

N = (_Dl)n-ﬁ-l >

n
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(4. 69)

(4. 70)

(4. 71)

(4. 72)

(4. 73)

(4. 74)

(4. 75)

(4. 76)

(4. 77)

Equation (4. 77) is a typical result of the delta function initial value that



119.

was assumed. On putting n = 1 we obtain the value of the resident

population due to one neutron at the centre of the reactor:
m=2 (4. 78)

This value is also, by definition, the equivalence of the neutron.

In these derivations we have assumed on the basis of symmetry
that the antisymmetric eigenfunctions in the sphere, involving Legendre
polynomials and Bessel functions, are not present in the modal popula-
tion— i.e., the a, of the corresponding antisymmetric functions is
zero. It should be noted that the corresponding az are infinite. If
there are no neutrons at all in a modal population, one neutron is
infinitely important. Secondly we have given only the initial value of
time dependent coefficients; their time behaviour is as exp(sn t).

Although we have derived the importance and equivalence of one
neutron only at the centre of a sphere, we can induce the resident
equivalence at any other point in the sphere without the necessity of
introducing the antisymmetric eigenfunctions. For if in one group a
number of neutrons were distributed in a thin spherical shell at radius
r, the equivalence would be given by 2 si_g?g per neutron, instead of
2. as at the centre. Yet it is apparent, since the neutrons in the shell
do not interact with each other, that the neutrons distributed in the

shell at distance r from the centre could be concentrated at a point

at r from the centre without changing the physical effect. The equiva-

sin n Br

can be similarly induced. This
n Br

lence in the higher modes in
will not enable us however to determine the equivalence in the anti-

symmetric modes.
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It is useful to note that the corresponding problems in rectangular
and cylindrical geometry lead to analogous solutions. Thus, the
equivalence of one neutron in a one group model at the centre of the
following reactors has the values:

. Sphere 2.00
Cylinder 2.04
Box 2,06

4.9 Completeness of the Eigenfunction Representation

The two common methods of solving partial differential equations
are by integral formation and by eigenfunction expansion. It is probably
true to say that the latter method is the more suitable in obtaining
analytical numerical results. A basic problem in employing the method
is to justify the completeness of the eigenfunction set. That is, if the
initial conditions and boundary conditions are fitted by some suitable
summation of eigenfunctions, can we be sure that these functions give
the correct solution at all later times? Even for the much studied self
adjoint sets of eigenfunctions, the completeness can only be proved in
a (mathematically) limited sense. It is found that the set of such
eigenfunctions can match any initial condition that has at the most a
finite number of discontinuities, i.e., that is piecewise continuous.
Then the set of eigenfunctions is said to be complete when the mean
square error in representing such an initial condition over the range is
zero. Fortunately the limitation to piecewise continuous functions still
includes all the reasonable physical initial conditions. Furthermore

from either the theory of partial differential equations, or on grounds
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Table 4. 1a  Summary of Properties of the Importance of Neutrons and Precursors

Fluxes and Importances

Flux ¢’ = @ + 0o = @ +.]2 bn
Flux and Precursors  ¥* = ¢ + 8¢ = Yo+ 12 Un
(/')+1= §D+ +5(P+ - q‘)++ IE(P?‘\'
gros gt oyt = YT Zyy
Population - N=rn+ ZN,
1
N = [fIvig dv =  [TAy’dv
‘\n: fIVulkpndV = fIA(,bndV
7 = [IVTlgdv = [IAgdy

Normalization and Urthogonality

fl//+ Ay'dv = f¢+A Ydv
f¢: A Un dv

it

forVTlg%dv = [fotVTlgdy =1

I(PFV—]ﬁbndV =1

Jer V8o dv = o' VTemdv=0 = [yT A Oydv=fyg Ay dv
(n#m)

Equivalence

win) =2 et = oWyt ;i w () = N () gh(nt) =N (1) g {nt)
Inverse Periods

[&tM g dv Jot M+ T)ddv (8¢t MB ¢ dv [oyt (MeT) 5y

7¢>+V"¢'dv o Jp™ A v L et Ve T [yt A P dv
Homogeneous Source , S

[&TS ¢ dv [t S 7 dv

=1 s)
[tV 1g dv Syt A rdv

]
!
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Current of Importance

Ly = L4Pi + _2D_ Vot
i - DVe*
Vacuum Boundary Conditions
i = 0 or ¢+ =0 extrapolated surface
Importance Balance
(a) Two Group without Precursors
v aafT =-VD, Vgl + 9t - 219,
d ¢t
v, afz = ~Fgt -VD, Vo3 +X,67
In General
VLS L YT ot - WDV STORD g
gt
wV—]¢+ = —s v—l ¢+f - MT<;5+

(b) One Group with One Group Precursors

+
y-19el VDN gt + S ¢t - (1-g)Fet -pFC*
at
9C* ,
— = —rgt +ACt
In General
ourt
Aa:/’ = -~ MT+TN ¢y = (-vDV+ ET-FT 4 TDy?
wAyt = - s Ayt == MT+TT ¢t
One Group Neutrons Coupling Coefficients
8,F A
CL = ¢ (Ij) ; CL+ = ‘ . +
At s Aits

Table 4. 1b  Summary of Equations for the Importance
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of the uniqueness of the physical solution, we claim that if the eigen-
function set, each term of which is an admissible mathematical
solution to the equation though not to all the boundary conditions, is
a solution at any one time {(i. e., initially) then the set provides the
unique solution for all later times.

For non-self adjoint systems, the requirements on completeness
still exist but from the non positive definite nature of the system, it
is not possible to give a proof of completeness at this time. It is for
this reason that we do not take up in this thesis the general problem
of higher order theory and the convergence of iterative solutions. We
are able to make some contribution to the problem of completeness
on three points. To understand the contributions, we review the
methods of proving completeness for the self adjoint system.

The first step in proving completeness of a self adjoint system of
eigenfunctions is to investigate the nature of the eigenvalues. In gen-
eral it is found that there is a finite largest eigenvalue, the eigenvalue
of the lowest mode. The remaining eigenvalues form an infinite set,
which may be discontinuous or part discontinuous and part continuous,
but having no finite algebraically smallest eigenvalue. The proof of
these properties is generally considered to belong to the realm of
higher algebra. The necessity of proving them arises from the fact
that the error in an expansion based on a given number of eigenfunctions
can be related to the reciprocal of the last eigenvalue employed. Thus
if the expansion set employed is infinite, the error can be shown to
go to zero.

The second step in the proof is to relate the eigenfunctions to some
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variational principle; in particular, the principle must be that some
functional is a true minimum (or maximum) in order that the square
error can be shown to be positive definite.

Finally, the above arguments can be pieced together to show that the
mean square error in the representation of a function by the eigenfunction
set does indeed vanish for the infinite set.

From this discussion, we can appreciate some of the difficulties
introduced by the non-self adjoint nature of the multigroup functions.
The one group system, with no precursors, lies within the conventional
self adjoint systems and proof of its completeness follows conventional
lines (9). For the general problem we make the following contributions:

(a) Relation between the eigenvalues of the forward and

adjoint equations

(b) The joint error as a concept to replace the mean

square error

(c) A variational principle for the eigenfunctions of both

the forward and adjoint equations.

The first contribution, that the eigenvalues of the forward and adjoint
equations can be matched one for one in magnitude has been given as
the result of physical arguments in Section 3. Mathematical proofs of
this theorem have been given by Clark (40) by comparing the functional
determinants of both equations, and by Martino, (36), who casts the
equations into integral form and employs the theory of Fredholm equa-
tions. The extension of Clark's proof to the case including precursors
is trivial and will not be given here. We point out, however, that if the

eigenvalues are to be given our physical interpretation, then the
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eigenvalues for the adjoint equation are of opposite sign to those of the
forward equation.

We now discuss the second contribution to the problem, the joint
error. The general viewpoint of the field theory would demand that
the system is equally well represented by either field function. Hence
it is suggestive to investigate the joint error in representing both
fields by expansion sets. This joint error when integrated over the
range corresponds to the error in counting the resident population and
its rate of change. Since this is the fundamental problem that we seek
to solve, we can claim on physical grounds that the vanishing of such
an integrated joint error is a sufficient criterion of completeness of
the eigenfunctions. Our contribution is to show that the coefficients of
the eigenfunction expansion that we have employed so far, i.e., the
orthogonal of Fourier expansion coefficients, are then in a certain
sense the best coefficients since they minimise the joint error.

Consider the assumed expansions of the actual flux and actual
importance in a reactor in terms of some set of eigenfunctions:

'
! ~Z a 6 LP+ “Z a:; 6:; (4. 79)
o n
Here the Bn and 9; are some solution to the equations of the reference

reactor. They are normalised to the extent only that:
+
fe Ag_dv=25 (4. 80)
n m nm

The orthogonal coefficients, a, and az, are defined in the conven-
tional way by multiplying equations (4. 79) by the bilinear term and

integrating over the range. If the set of eigenfunctions are not complete,
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(4. 79) is not a true equality. However, the definition of the orthogonal

(or Fourier) coefficients holds in general:

]
qu’ Aemdv=Zfa;9;A9mdv=a;, (4.81)
n

|
+ 2 _ + _
femAqJ dv—L fanemAendv_an" (4. 82)
n

Now suppose that we employed some other expansion coefficients, ch
and c:; say, rather than the orthogonal coefficients just described. The
o— t

joint error, E, in representing the two functions ' and Lp+ over the

range is defined by:

a— .’.i + S
E = - c, en) At - Cm Om) dv (4. 83)
ol §oiy
Then

(4. 84)

=
ft
{
g
A
o
1
>
SO
S
+
]
]
=74
0
2]
Bo,
8

where we have employed the unity normalisation of LP+' A y' and of the
6; A en. Furthermore, from the orthogonal properties of the 9+, e,
the double summation in the last term of equation (4. 84) reduces to a
single summation over the terms in n=m. We can now adjust the
separate CZ’ Cp to give the minimum joint error by setting the partial

derivatives of the error to zero:

2B aticteo, (4. 85)
n n

Q)
¢}
!

1]

-a +cn:0,



127,

- We have shown that the orthogonal coefficients are those that give the
least mean error in the representation.

In the above development, we have only allowed the normalising
coefficient-of the vector flux, Y, ¢+, to be adjusted; we did not allow
any freedom to change the coupling coefficients between the components
of any vector flux. If this restriction is relaxed, we would have the

general form of expansion to be:

y! =Z Ci O (4. 86)

n
with the corresponding orthogonal coefficients, a i On setting the
partial derivative of the error to zero we now obtain the condition that
Chni = 3ni’ etc. It would appear at first sight that we have a better
representation of the original function by allowing these extra degrees
.of freedom and hence that the original expansion set cannot be con-
sidered complete. We must consider the nature of the eni more care-
fully however. In the first place, the component solutions in each group
are not in themselves eigenfunction solutions to the original equation
and do not have an eigenvalue time behaviour. = Secondly, the expansion
set of the components within a group is no longer a linearly independent
set. Consider for example, a slab reactor in the two group approxi-
mation. In the lowest harmonic, there are two eigenfunction solutions;
both solutions have components which are cosines but differ in the sign
of the coupling coefficient between the group components. If we ex-
pand the component initial shape in the set of the component solutions,

each group has only the single linearly independent term, the cosine.

The expansion in the original eigenfunction set however provides the two
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linearly independent terms within the first harmonic.

It follows that in general, the number of linearly independent terms
in the set of the group solutions is only the number of the harmonic.
The total number of terms to match the initial condition for all groups
is the number of harmonics times the number of groups. Yet we have
seen that this number is exactly the number of eigenfunctions, so that
no advantage is gained by separate adjustment of the coefficients. We
conclude that the set of eigenfunctions itself supplies the best expansion

set and the orthogonal coefficients supply the best coefficients.
4,10 A Variational Principle

The adjoint equations are derivable in a number of ways. Physically
we can define an importance; the consequences of our definition led to
the adjoint equations in Section 3. We can more intuitively interpret
the adjoint equations as the equations describing a system with cause
and effect reversed. (Appendix A to this Section). In the present sec-
tion we have shown how the adjoint equation and boundary conditions
can be formed to ensure the property that the bilinear form is suitable
for approximation purposes. In Appendix B to this Section, we give a
further mathematical method of deriving the adjoint equations by a
purely artificial device,

We now give a method whereby the adjoint system can be derived
from a single variational principle. This principle itself expresses the
stationary properties of the bilinear form. In addition, it leads as
sufficient and necessary consequences, to the equations for the neutron

balance as well as the importance. Such a principle is evidently an
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elegant summary of the whole of the diffusion system.
We define a Lagrange density including the effects of precursor

transfer to neutrons, (T):

L=V¢+°DV¢+¢+(E=T=F)¢+¢+V=1g%

+
T_pTyyto gv ! &Y (4.87)

+vy-DV gt o

L. is to be regarded as a function not only of eaclg compo_‘{lent, ¢i and
qf;, but of each spatial and temporal derivative, ;J?i, 88%, etc. As a
short hand notation we can write the 3 spatial derivatives in the form
V¢i, quf etc. Otherwise we follow the nomenclature of Morse and
Feshbach (9).

A Lagrangian, L , is found by integrating the Lagrange density, L,
over space and time. We need not specify the limits of the integration
or the values taken up by y, LIJ+, etc. , at these limits. The limits are

understood to be fixed however and not a variable in the subsequent

treatment. We have:

L =ffdvdtL (4. 88)

The principle is that for all possible variations of the functions, ,
.ﬂ.
LP+, Vi, E_)g% , etc., the Lagrangian is stationary, We write this as:

s(l)=0 (4. 89)

Consider qu changing to ¢ + €My where the €, are some numbers and
each nl is an arbitrary function of the parameters that does not alter
the boundary and initial conditions for the ith component of y. L can

be expanded in a Taylor series about the value . If L is stationary
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as required, then at least the first terms in such an expansion, in €;

and 6;, must all vanish for arbitrary values of € e: .

)
) 9 My 9
sl = jfivdtg ei[———ai“i +aqu T +avLu,; Vn]
i

+

5

9 9 N oL

+Zef[ I;n;% L o+ vn] =0 (4. 90)
i o 94, OV Yy

Hence a necessary and sufficient condition for oi to be stationary to
arbitrary small values of € ez', is for each of the 21i brackets to

vanish simultaneously. These are the Euler equations for the system:

oL 3L °M . aL

yl + Vn. =0
(4.91)
ont
9 9 i
S gy 8L+v”:=0
oy} ) BV

We can make use of the boundary conditions to express these equations

in more recognizable form. From an integration by parts we have:

) )
91, N 9 oL, My
[ a“’l ““a?{} fg{ n; d jw 8t (4. 92)

But from the stated conditions at the boundary, the bracketed term

vanishes at the boundary. . Similarly for the spatial derivatives:

OL - _

Hence the Euler equations become:
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[ili_,;’t_ﬂ -- aL+}nf=0 (4. 94)
N oyt IV,

1

But n; and n; are defined as arbitrary functions of the parameters. Hence

the condition for the principle is expressible as two sets of equations:

9L, 98 9L 9L
P - L .Y ==—=— =0,

Bupi 9t oy, BVq,i

) 9 9 )

—I:I‘W’% -V L+ =0 (4. 95)
8] By} BV

It is now necessary to carry out the partial differentiation of the assumed

Lagrangian. We have:

Loayivits e vy, (4. 96)
i

+
By, any,
9 9oL _ i -1, 98 9L _ -1 _Ti
7T ., %t Vi % o¢ Vi B o (4.97)
P, T
i i
Also
9L, + oL
= 2D. . 3 = 2D. - 4,98
Bthi 1v¢1 3V¢; 1v¢1 ( )
So that:
9L + oL,
\% =2V-D. V¢, ; V =2V+*D. V. , (4. 99)
AVAVR iV + i’ T
i 8V¢i
and finally
+
A,
oL _ 3 _ + _ -1 i
3_LlJi =2 Z (Zji Tji Fji) ij Vi Eral (4. 100)

J
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A,
9L _ Z _ -1 7
a-q:; =2 (Eij - Tij Fij) q:j + Vi 5 (4.101)
i j
Hence the Euler equations become the two sets of equations:
= b, o1 2
Z‘V'Divtbi—z (Zji—Tji—Fji)¢j+V T‘:O
i (4. 102)
| o %
z_v-niv¢i~z(zij-Tij—Fijwj-v = | =0

J
These equations are just the two matrix equations:

-1 04"

+
==V

v DV +(F-z+TTy
(4.103)

V- DVy+(F-2+Tp=v"gy,
and are the consequence of the principle that the bilinear form is station-
ary to small variations of the functions.
Corresponding to the Lagrange density we have a Hamiltonian de-

fined by:

H= Z p; ¥ +z p¥; - L (4. 104)
i i

where the p; are the canonical momenta, already derived. We find that:

H=-2V¢" DV - o' =Z-T-Fy -y -T-F"y* (4. 105)
This Hamiltonian can be put into the more recognisable form by the
transformation of the terms VLLJ+ - DV to ¢+V * DVy, by means of

Lemmas One and Two. We have:

H=2¢"V Dy +e F-z+Myu+urF-z=+m)T ¢t

- ¢t M+ ¢+ v T gt (4. 106)

The Poynting vector, S, is given by:
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+
S=z[%1‘t— Dv¢+v¢+D—g—ﬂ , (4. 107)

and the usual relationship holds;

V°,_S_+%%=O (4. 108)

We have already derived the current of the system, ¢, as the spatial term

in the bilinear concomitant
+ +
c=¢yDVYy -4 DV (4. 109)

We have now proved our assertion, that the diffusion approximation
could be expressed as a variational principle. This principle not only
gives the stationary properties that are used in applications of the
bilinear form, but also leads to the equations for the balance of neutrons
-and the importance of neutrons as a sufficient and necessary condition

for the principle to be satisfied.
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APPENDIX A TO SECTION 4

TWO GROUP TWO REGION PROBLEM

We will show that by making a simple and physically meaningful
rearrangement of the adjoint equations for the two group, two region
problem, that the rearranged adjoint system has exactly the form of
a two group, two region flux problem. Hence the adjoint solutions
are found with ease if the corresponding flux problem is solved.*

Before doing this, we wish to present the two group two region
flux solution itself in a form that differs somewhat from that given by
Glasstone and Edlund say (33). We shall consider the general case of
two multiplying regions. The inner region will be called the core and
the outer region the blanket except in the special (but more common
case) when the multiplication factor of the blanket is zero. Then this
case can be obtained by a suitable limiting process. When in fact k
of the blanket is zero, we shall call this outer region the reflector.

In addition, we show how a reidentification of the symbols in the
flux solution for the one dimensional, critical system enables the
form of solution for the general time dependent system and for two and
three dimensional separable systems to be found. These results are
presented as an addendum since they need not modify the basic solution

to the simple problem.

Two Region Flux Solutions

For either the core or the blanket, which are assumed separately

*
Wolfe (3. ) has pointed out a similar rearrangement so that machine
computations can be made to yield adjoint solutions.
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homogeneous, we have

2 k -
(DIV -—21)¢1 +p22¢2—0 core
(4A. 1)
PEZ,; ¢, +(D, ¥ -2,)$, =0  blanket

For a reflector, the same equations hold except that k has the value
zero.

Assuming sepa;able solutions, BZ, as usual leads to the conven-
tional pair of roots for Bz in the equation expressing the compatibility
of eq. (4A.1)

Compatibility equation:
k=(1+7B%(1+L2B? (44. 2)

. with the corresponding roots

- > 9
B? - p2,=é - j:_—+—1§) +‘\/(-_-1—- —13) +-€‘-k—2 core
L L TL7]
or (4A. 3)
B 2 7
=—v2=—; +-i—+~%) + -lr"‘lz‘) +-‘1‘% blanket
i L L 7L

Naturally to find the pz,or vz.solution for the blanket say, we introduce
;‘the properties of the blanket. The theory of equations indicates that
uz will not be positive unless k (for the region) is greater than unity.
. Negative }12 indicates that the corresponding solution will be of the
hyperbolic rather than the trigonometric form.

For the special case of k being zero, in the reflector, the roots
-reduce to

3J.2v =~ 'lTa ; 1}2,: L -reflector (4A. 4)

L T
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Region Slab Sphere Cylinder
Core cos [l x R, sin L e 3 ue)
X cos i xo rosinER, Jo(I‘Ro)
h v x R sinhv {
Y :::h v X ro:i:Fv:? —
° ° Io (VRo)
Finite sin 1 {(X—x) R, sin g (R=v) Jolue) =y Y {pr)
Blonketx sin fL (X-X,) r osin p (R=R_) | T (uR) = y Y _ (uR )
(z2 pos)* sin h ¥ (X-x) R, sinh ¥ (R~r) t, wr) = J<K _(vr) **
Y sin h ¥ (X=X ) r sinh V(R_~r) | T (WR,) = [<K_(VR)
Infinife* D leeXs) ~v{r=R,) K, wr)
- b d rr————
Blanket y 2 ° &. K_(VR_)
r

* For F‘zneg, X is given by Y with pureplacing v (p being I/ p?l)

¥y = Jo{[LR) /Y, (uR), 1<=1, (vR) / K, (vR)

For a relector (blanket with k=0), p= 1/L (;12 neg), v= 7

Inteface at X _, R

o?

Total extrapolated half-thickness, of both regions, X, R

Table LA .1 FLUX FUNCTIONS FOR 2 GROUP 2 REGION, NORMALIZED TO UNITY AT INTERFACE.




When “2 is in fact negative, we shall use p in the same sense as v,

i.e., as the magnitude of the imaginary root of vz.
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Thus one of the solutions in the outer region will vary with different

values of k, depending on the sign of the pz root. As usual the fast and

slow fluxes are not independent but are linked by coupling coefficients.

We write
¢1=SAX+SVCY, =TFX+TVGY
B (core) P (blanket)
¢, = AX+ CY, =FX +GY

(4A. 5)

These equations hold for both regions; Table 1 gives values X and Y

appropriate to each region. Note that the coupling coefficients, which

are called SH etc., to emphasize their dependence on the roots of the

compatibility equation, are not in the conventional position but give the

fast flux related to the thermal flux.

Coupling Coefficients

In the following expressions, the appropriate region values for the

roots.and properties are to be used,

=

D
2 2.2 2 T 2.2
S, T === (1+p" L") === (1 +p°L7)
kTR P2 Dy o1
but for reflector, =0
Similarly
z D
S, T, = —z‘?‘- (1-v212 :D_z T (1-v2 L
P&y 1 pLL
D 2
for reflector, = 2 TOZL )

Dp L

(4A. 6)

(4A.7)
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Actual Adjoint
Flux Solutions
+ o+
s, =(S# A . +(Svc)y 5 _[sK A +<s$ ct)
Core T# F TG 2 Tu* F* Tl’t G+
Blanket A C " o
_ +
P2 =g X 5] ¢ S\pe] XY (G*)Y
Compatability k= (1+7 B2) (14+L28B2)
Core
2 _ 2. L _ /1 1 L1 2 4
Blanket B =" = 3 (- rt L2) * \/(f Lz) * rL? ]
1 1 fl 1 4k
1 - —_— - L =2, —
B2=—v2= —2 [+(r + L2) + (r L2) +fL2 ]
1
Reflecter pt = - l/LZ ; —v? = /r
Coupling Coefficients
s+
Core <SB>= D (h. 28 B>= (1 +r82)
Blanket Tg D, pl.? TE p
<sﬂ> <s,,) D, r-L? S\ LI~ st
Reflecter =0 3 = T 2 + | 2 3 + =0
T“ T, D, pL T# pL Tv
Relations
(sB g\ _ 2, k ) "D, rk
Tg Tg' 2, »p? D, p2L?
+
(SF/SV SV/S; D,
+ = = - ——
B Tp/Tv TV/T; D,

Table lA.2a RELATIONS FOR THE 2 GROUP 2 REGION PROBLEM

(FLUXES NORMALIZED TO UNITY AT THE INTERFACE)
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Interface Conditions

“"Write the currents at the interface as

@ = DIVX, [31 = DIVY (core)
Yy = DIVX, 61 = D1 VY (blanket) (4A. 8)
a, = DZVX etc.:

then the second compatibility or critical equation is given by the
vanishing of the determinant of the flux and current equations of con-

tinuity at the interface. This determinant can be written

(A) (C) (-F) (~G)
s s T T
e v e v
1 1 1 1
A= =0 (4A. 9)
S e 5,8, T, v, T, 5,
a, Ry Y, 5y

From Chio's theorem, A may be reduced to give

(s, ~T,) (8, - T,) (T, - T,)

A= (SualeHyl) (Svﬁl=T yl) (TVGIDTPYI) =0

e

(4A. 10)

It is convenient to define net interface currents as follows :
i) = (8, =T ap=vp)s 3y = (8, =T )(B,~v,hs ky=(S,B,~T v))
12 = (TVE'T'J‘) (Bza\(z) ’ Jz = (TV':T}JL) (aszZ); kz = (TV 613T|&\11) (4A~° 11)

13: (S}J,ET}J,)(GZSYZ); .]3_ (SH'ST“)(ﬁZEYZ) 9 k32 (S}L‘ZIQT}LYI)
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Core

Blanket

Quter

Reflecter

Actual Adjoint

Criticality (1) interface currents

«y = DVX Bl

D,VY y,=D,VX &, =DVY
(core) {blanket)
VY  y,=D,VX  §,=D,VY

=, =D,VX B, =D

2

i, =(S, - T =y - 7)) =G, - T8, - vk =(5, B, - T7) I =.SF(«1 - 8y
i2=(Tv' T#) (ﬁg - )’2) j2=(TV - Tp.)(“z = Y2 kz=(Ty 51 ° prl) |2 =Sv(fgl - 81)

H3= (S TGy - yg) iy=Sy - THB,- v)) ky=(p v Tyw) 1y=T, (6, - By)

(2) Crificality

ky(ig-jg) + ky(iy=ijg + kg (ip-jy) = 0

Flux Coefficients for Blanket as Reflecter

S,A =8, -8, Si AT =Y, By
5,C = a, -5, SECY =ay -7,
TVG=°‘].B] T;F+ =o<2'ﬁ2
5,-B, «y =8, «y= By Ya-By =77, =2~ B2
F = + 3 - T Gt = s 7 PR +
S“ v v 7 Sy T;L

Table ljA«2b RELATIONS FOR T:E 2 GROUP 2 REGION PROBLEM

(FLUXES NORMALIZED TO UNITY AT THE INTERFACE.)
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Then we have the critical equation
A= k1(13 - jz) + kz(l1 = j3) + k3(12 - jl) =0 (4A. 12)
The variables corresponding to each column in equation (4A.9) are in
parenthesis at the head. When the system is critical and equations

(4A. 9) satisfied, then these variables are proportional to the cofactors

in any one row. It is convenient to choose the fourth row for this

purpose, e, g.,
1 1 1
AS ¢ 57! T;1 ! (4A. 13)
B Y] %)
Reflector

For the special case when the blanket is a pure reflector, the previ-
ous results reduce to the conventional simpler form. We have TM =0,

whence:
1) =5, {ey = vyl 5 ) =8,(8, -~ v,) 5 k; =5, B
i‘2 - Tv(ﬁzmy?_) ; j2 »Tv(az - yz) i ky, =T 61 (4A. 14)
iz = SMUSz = Yol i i3~ Sp(ﬁz = Yy) 5 kg = Spal’

so that putting
ﬁl = SPL(a1 = 8,
0, =395 (ﬁlmal) (4A. 15)
£3=T,(8) = By}

the criticality for the special case of the reflector becomes:



2

(+) (+) (+) (+)
COEFFICIENTS S, S, Ty T,
A 5{+) 0 y=5 5-3 B-y
c) s{*) b=y 0 «md y-=
(+)
F(+) Ty 5-8 amb 0 B-u
c(+) TV(+) B-y y-= «=p3 0

1. Coefficients A, At etc. given by sum of terms in the corresponding row. Each
term however is to be multiplied by the two coupling coefficients that do not
appear in its row or column,

2. For actual flux, use =, 3, etc. For adjoint, use =,, B, etc.

3. For the pure relefctor, T# =T5=0

Example (1) G*=S§} T (By =y +SETh (ya=x)) + S5 S) (x2-8),)

(2) G (reflector) = Sp.sv (HI-ﬁj)

"ble |4 .3 ACTUAL AND ADJOINT COEFFICIENTS FOR TWO GROUP, T#0 REGION PROBLEM.
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i1 13 +12£1 +i3£2 =0 (4A. 16)
The coefficients can be expressed directly in the reflector case, as

YSP‘A=(61=~£51); SvC:(alwél); TVG=(al=f31)

(6, =By} e, -8, (a,-8,)
S L SER U S (4A.17)

S S T
1 v v

F

Adjoint Problem

We write the adjoint equations in the inverse order, that is, we
start with the balance of thermal neutrons. Then for each of the two

regions we have:

(D2 Vz - 22) 4% + %— ZZ cb%; =0 core or
(4A. 18)
px. ¢ + (D, V2 -vyeét -0 blanket
1 "2 1 1 1 -

These equations can be given the same form as the flux equations by the
further device of defining an adjoint resonance escape probability, p+g

by, p+ 22 = pEl, For then the equations become:

2 + , k +
(DZV - Zz) ¢2 + bt z, ¢1 =0 core or
(4A. 19)
+ + 2 +
P 22 ¢2 s (DIV - 21) ¢l = 0 blanket

We need only remember that the adjoint resonance escape is to be used
and that fast and slow properties are interchanged. The boundary and
interface conditions are of course the same for the actual and adjoint
fluxes. It is very useful to realize both in this problem and in general,
that the adjoint fluxes tend to behave as their opposite real fluxes. Thus

when the thermal flux tends to peak at the interface, the fast importance
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has a similar behavior. Indeed the adjoint equations themselves can
be interpreted as the description of an adjoint system where cause and
effect are reversed, neutrons undiffuse and unfissioning and”fastening
uﬁz transfer processes occur. For this reason, the actual flux is

often called the forward flux and the adjoint flux called the backward
flux.

The flux solutions have the corresponding form

¢Z=s:A+x+s:c+Y , =T:F*X+T$G+Y
(core) (blanket) (4A. 20)
¢’1’=A+x +cty , =F'x +aty

The coupling coefficients are, by inspecting the actual flux values,
interchanging fast and slow properties and replacing p with p+,

= 2

st,rhe L 4plg e (4A.21)
BTOTH p+E p
2
2
for reflector, = L 2_ T
L™p
While
= 2
st,rt-—L (1-,2qp-U=v' 1 . (4A. 22)
v v + p 3
P Z,

for reflector, = 0

It is to be noted that for each solution, the ratio of the importance
of a fast neutron to a slow neutron at the same position is just the non-
capture, non-leakage probability. The negative roots correspond to
leakage of neutrons into the region diluting the importance of a fast

neutron which is slowed down at that point.
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Interface Conditions

The criticality condition is of course identical for both actual and
adjoint systems, since the time behavior of the importance is deter-
mined by the flux fundamental mode. Thus k, p,z“ and vz are common
to both systems. The actual coefficients themselves are obtainable
from the solutions given for the flux coefficients, making the neces-
gary interchange of fast and slow properties and fluxes. Thus in

equation (4A. 13) we interchange fast and slow gradients to find

atstocy 1 1 1
"
st-1 -l il (4A. 23)
v " v
By Yo 65

Reflector: The special case of the reflector is found by observing that
whereas TM = 0, now we have Ti; = 0, Hence interchanging the columns

of equation (9} corresponding to Tp and TV, we have

+ .+ _ _ ottt _
Spf = lyy = Bp)i 8, C = ey =y, 15 T F = {a, = B,)
(4A., 24)
Gt Yo =Py ey, a, -8B,
= + +
S S T
M v M

Relations between Coupling Coefficients

Certain convenient relations exist between the forward and backward

coupling coefficients. Thus

+
Sp,sp., B Sv Sv _ z?Z k DZ T k‘ (4A. 25)
= “%, 2D [z ¢ .
r )\t 7t Ip P
T vty
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where the parenthesis denote that the coupling coefficients correspond
to the region whose properties are employed. Similarly
, + +
/S| L[S /)R
+ + 1
T, /T, T, / T

Table 4A.4 Matrix Representation of Flux and Adjoint Coefficients

(4A. 26)

1. Let the 4 X 4 table of coefficients in Table 3 be represented by the

matrix n. (Let m imply fast properties, n t slow properties.)

— - —

S 0 0 0 st o 0o o
LI o
2. LetQ = 0 Sv 0 0 ’ Q+: 0 S, 0+ 0
0 0 T 0 0 0 T 0
B —
0 0 0 T 0 0 0 T
L 14 _ v
3. LetR= |A r* - [&*
¢ ct
F gt
G G*
where 1_&, the normalized coefficient
is given by A = A/(S“ S, TH T, ). etc.
4. The coefficients of flux and adjoint are given by
1 1
R=Q n1Q "1
+_ -1 4 -
R =Q mQ 1
5. For the reflector, OZ THL = T: = 0. Limiting process is to be
k =0

r

carried out after evaluation of coefficients.
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ADDENDUM 1 TO APPENDIX A TO SECTION 4
TWO AND THREE DIMENSIONAL GEOMETRY

The solutions given so far have been for a one dimensional geometry.
- Except for the spherical case, fully reflected systems are not amenable
to separation of variables and recourse would be made to approximate
methods of solution. However, certain system reflected in one dimen-
sion only can be solved. These are

(1) Cylinder with top and bottom or radial reflector.

(2) Rectangular with reflector on two opposite faces only., The
asymmetric cases will not be dealt with here; they can be solved by in-
cluding the extra functions (such as sine in the slab core) that are normally
excluded on grounds of symmetry.

In the directions of the bare core, other than in the blanket or reflector
direction, the equation resulting from the separation of variables results
in a uniform (positive) Bf » the one region transverse geometric buckling,
The solution of the core material compatibility equation

k=(1+L%B% (1+1B%) {4A. 27)

must provide a positive root, pz which is larger than Bf . The effective
value of pLZ to be used in the solution of the equation for the reflected

direction as given, is then

2 2 2
bogr = B~ B (4A. 28)

- Similarly, the second root is made more negative — i. e., the side leakage

corresponds to an additional absorption term

S T Bf) {4A. 29)

eff



148,

Even in the reflector, the roots are no longer given by the material

properties alone, but become

2

- (1/1.2 + BY)

“2 reflector effective
{4A. 30)

1]

w2 reflector effective = — (1/7 + B’?)

Note however that the coupling coefficients, which are based on the
complete flux solution, are still correctly given by the p.z and vz solu-
tions of the material equations. The leakage at a point is not changed

in any one solution, but only redistributed in other directions.

ADDENDUM 2 TO APPENDIX A TO SECTION 4
TIME DEPENDENT SOLUTION

It may happen that it is necessary to solve the non-critical system
corresponding to the problem of the critical two group, two region system.
. Since the time behaviour of a reactor is usually governed by the delayed
neutrons, it is unlikely that the time dependent problem is usefully answered
by such a solution. On the other hand, it may be of interest to find the
higher eigenfunctions and eigenvalues of the critical problem for use in a
higher order perturbation theory.

We show how the corresponding flux and adjoint problems can be re-
duced to the same form as the critical problem by expressing time be-
haviour as a pseudo-absorption term. In general, the properties of the
system are fixed by solution of the criticality equation. Then the pro-
cedure would be to guess values of the negative eigenvalues, s, of the
higher orders that will still satisfy the determinantal equations. It will

evidently be advantageous to start with judicious guesses, based on
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solutions for the one region two group or for the one group two region
case. Iteration is made about these guesses until consistent values of s
are found. The flux functions must be checked for oscillation however
to ensure that no required solutions have been omitted. Naturally it will
only be feasible to find a finite number of solutions, especially if a prob-
lem of more than one dimension is attempted with its corresponding
degeneracies.

The general flux equations, for the eigen problem, are

9¢
k vl s
(VD) V-Zé + 52, 4 Vi v, N
(4A., 31)
: -1 6¢2 s
- Define a group lifetime by
L, = V"!”f and £, =5 12 (4A. 32)
171 272
and an effective cross section by
ann— - j;. _
T, =2, + v, " = (1+sL)) (4A. 33)
— - _S_ -
22 = Zz + Vz = 22(1 + Slz)
Then the equations become
(V:D,V-F) +—= _ F, 6,0 (4A. 34)
p(l + sﬂz)

(T'T%z—l) I 4 HV D, V=) ¢, = 0

Let us now define an effective resonance escape probability
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p= —2 (4A. 35)
(1+ sﬁl)

This is smaller than the actual value, p, for positive periods, since some
neutrons are left behind in the fast group to supply the assumed increase
in fast flux. We also define an effective multiplication constant

k
(1+ sil) (1+ sﬂz)

k = (4A. 36)

k is also less than k for positive s, since fission has now to supply the
extra neutrons for the growing fast and slow fluxes in addition to making
up the leakage and absorption.

Our time dependent equations are now in the same form as a critical

system, only with effective values.

(V-DIV==§:1)4>1 =3 ¢2=0

2

kel |::r|

i
o

PZ, ¢ +(V-D,V-E,) ¢,
We may define the related parameters by

T = Dl/z:1

1

/(1 + sll)

ol
i

1t

\ 2
L = Dz/z2 L°/(1 + sf,)

and then the solution follows the critical form. We recollect that there
will be different effective values and hence different roots, puzs vazp
for each value of 8 assumed.

The adjoint solution may be derived from the flux solution exactly

as before.
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ADDENDUM 3 TO APPENDIX A TO SECTION 4
TWO GROUP, ONE REGION PROBLEM AND SOLUTION

From the general two region solution we may obtain the solution for
the case when there is only one region. The interface condition is now
replaced by the requirement that the flux solutions in the core go to
zero at the boundary. We now take the flux functions, X, Y, etc., to
refer to the appropriate function without the normalization at the inter-
face. Thus

sin px

X (one region) COS pX Jo(ux)
T4

Y coshvx -S—M I (vx)
X 0

The boundary conditions are then of the form, to be evaluated at

the boundary,

S AX + SVCY =0
i (4A. 39)
AX+ CY =0
whence the determinantal equation is
AXCY(SH - SV) =0 (4A. 40)

Now Sp. # Sv, and Y # 0 on surface. Hence either A, X, or C must be
zero, If A is zero then C must be zero to satisfy the thermal flux
equation, a trivial solution. If X is zero C must also be zero, but the
Solution is non-trivial. Similarly C zero leads to a non-trivial solution
with X being zero. Thus the non-trivial solution is that only the X

(b positive type) solution can exist and the critical equation reduces to the

requirement that p.z is equal to the geometric buckling of the region.
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APPENDIX B TO SECTION FOUR
ALTERNATIVE DERIVATION OF IMPORTANCE EQUATIONS

We start from the premise that in a critical reactor the importance
of a fast neutron at r is less than that of a slow neutron at the same
position, due only to the probability of the fast neutron becoming the
slow neutron being less than unity. This probability, the fast non-
leakage probability, is known to have the following form in the two group
two region flux solutions. In the core there are two admissible solutions
with corresponding probabilities 1/(1 + “rp.z) and 1/(1 - ). Actually
these terms are merely a special case of the general form, which can
be written operationally as 1/(1 = TV 2). This is to be evaluated at each
point, the VZ operator acting on the fast flux. The result can also be
expressed as 1/(1 + ‘TBZ) where Bz is now understood to be a function
of position, giving the local curvature. Only for a one region reactor
will B2 be independent of position.

Symbolically, we have:

$1/63 = 1/(1 + 1B = 1/(1 - 7V ?)
V.D V
=/(1=——§—1—-), (4B. 1)
1
leading to
+ + +
Z,$)-V-D,Vé =Z ¢, (4B. 2
or
+ +
(V+D, V-3 ¢ + = ¢ =0 {4B. 3)

We also know from the flux solutions that in such a one region criti-

cal reactor k = (1 + TBZ) (1 + LZBZ). With a similar operational
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symbolism we have:

2.2 V-D V
+,+ 1+ L"B S
/= —— = % T,k (4B. 4)
leading to:
+ + . -+
kzz ¢1 - Zz ¢z v Dzv q‘)z b} (4Bo 5>
or
+ +
k2‘2¢1+(V°DZVmEZ)¢2=O (4B. 6)

These two equations are the required adjoint equations for the critical
system. For the non-critical system we can again use a symbolic approach.
Each neutron supplied to the fast group now has two side processes before
it can return to the slow group by slowing down. Firstly there is the
fast leakage and secondly there is the requirement of excess neutrons to
keep the fast group increasing on the assumed rising period. The addi-
tional term gives rise to a new non-leakage probability:

l/(lv+TB2+—‘7‘$—'§—

| =1/ + B2 (1 + s}, (4B. 7)
1%1

1 1
where ¢, = . (4B. 8)
1 ViZy (14489

From our discussion of the inverted time behaviour of the importance,
the time operator s (= 5%) for the flux is replaced by =w. Then, sym-
bolically:

1
(1 + B%)( ~wl))

+,

- 1 (4B.9)

. 1 8
Z; -V Dlv“v1 ot
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Then we have the time dependent equation:

9¢t
. + + 1 1
(VD V=Z)) ¢, +Z, ¢, = ~——V1 5 (4B. 10}

For the second equation, we have from the flux solution:

k:(l+TB2)(1+s£1)(1+L2B2)(1+s£2), (4B. 11)

5 VD,V
and replacing T B™ by the operator -

and s by w ==-—% s we
1
are led to the corresponding equation:

+ +_ 1
kZz ¢1+(V DZV-ZZMZ——-VE T (4B. 12)
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SECTION 5: APPLICATIONS TO KINETICS

5.1 Introduction

In the present section, we shall develop and discuss the perturbation
form of the reactor kinetics equations as a generalisation of the point
system discussed in Section 1, Introduction. After giving the generalised
inhour relation and the interpretation of the perturbation result in terms
of our physical development, we discuss in detail the interpretation and
calculation of the generalised reactor parameters: generating time, K',
and effective precursor yields, E{

In the development of Section 3 and 4, we introduced the concept of
the time dependent importance of neutrons and precursors. The develop-
ment of the inhour relation utilises a reference reactor and its im-
portance. We could choose to give the relation based on the non-critical
reference reactor and then specialise to the particular case of the
critical reference reactor. However, by far the most significant and
useful result is the special case itself so that we choose to give a pre-
liminary treatment in terms of the critical reference reactor and delay
the introduction of the non-critical reactor to a later section. We
follow the conventional treatment of Nordheim (15) and Henry (7) in this
first part, giving our own commentary. After a discussion of the cal-
culation of thevparameters, we give a general account of the properties
of the reactivity and the time dependent reference reactor in Section 5. 14
et seq. In the main we shall only consider the first order approximation
and its validity; a treatment of some solutions where the first order

approximation is inadmissible is reserved for an appendix to this section.
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5.2 One Group of Neutrons and Precursors Example

Consider the equations representing the kinetic behaviour of one
group of neutrons and one group of precursors:
- 1
A" 1 %%= [V:-D'V - =i + (1-g) F'] ¢ + \C* ,

(5. 1)

98_? = BF'¢' - \C'

These equations are multiplied by the importance of neutrons and pre-
cursors respectively, the importance being taken from some arbitrary
reference reactor. We shall assume at this point however, that the
reference reactor properties are chosen to be critical and the im-
portance employed corresponds to the fundamental mode. It follows
that there is no time dependency and, from Section 3, that the im-
portance of the precursors, C+(g), is equal to the importance of neutrons,
¢+(g), in the reference reactor. We might equally well interpret the
operation as one of multiplying by the equivalence of neutrons, since
the normalisation will prove immaterial. The equations are then in-
tegrated over the reactor volume and the order of integration and dif-

ferentiation changed. We obtain

d [ +.-1,,
afd)v ¢! dv

1

fq:*[v - D'V - I + (1-B) F'] ¢' dv +f¢+xc'dv,

(%fcb*c' dv = f¢+ BE! ot dv—f¢+xc' dv (5. 2)

We may define the effective volume averages for the neutron density,

f', and the precursor density, C':

a=fotvieav,
(5. 3)

Cr=[¢"crav
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Then equation (5. 3) becomes

%' = f¢+[v - D'V - ' + (I-B) Fr]¢! dv + \C',

(5. 4)

= j¢+ﬁF' o' dv - A

In passing we note that the addition of the equations in (5. 4) leads to the

rate of change of the weighted population:

Such an equation is equivalent to the matrix form

(%f yF Ayt dv = f¢+Mq;' dv (5. 5b)

We note that the population in equations (5. 5) or (5. 6) is not the m of
Section 3 and 4, since we are weighting the actual flux with the impor-
tance in a different reactor. Furthermore, the right hand side of
these equations contains no reference to the precursor densities but
has the same value as would be obtained in an approximation where all
neutrons were assumed to be prompt.

So far, one arbitrary parameter (¢+) has been introduced. A second
arbitrary step is now employed and both sides of equation (5.5) are
divided by the total weighted production. This second step corresponds
to the development of the reactor parameters in Section 1. To ensure
that the generalised parameters will reduce to their one energy point
system prototype, we actually divide by the production probability per

weighted population of neutrons:
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[ ¢ ¢’ dv
f 4)’ dv

Then we obtain

[o'viiendvran, dC1_ [ o' [V D'V - =+ F] ¢ dv ,
M [dt+dt] 1 — $'v7l e av
[ ¢ Fi ¢ d [ ¢t F et av

(5. 6)

We define the generalized generating time, A', where the bar indi-
cates the bilinear volume average and the prime indicates the use of
the actual flux, by

+o-1
A.:f¢+V ¢! dv (5.7)
[ ¢ F1 ¢t dv

Similarly the generalized reactivity, p', is defined by

[ ot v - D;V - '+ FY) dv (5. 8)
[¢ Fi1 ¢! dv

5t =

It is seen that A' has the form of the reciprocal production proba-
bility and p' the form of the increase of prompt neutrons ana precursors
as a fraction of the total weighted production. For a given flux, ¢',
and properties, the values of A' and p' will in general vary with tne
reference reactor or weighting function, ¢+, employed. Equation (5. 6)

can now be written as

di' , dC'] _ =, =
A[a+_0_&_]_pan, (5. 9)

We can make a further modification of equation (5. 7) by assuming an
eigenfunction solution for ¢ and C'!. In this case we can write an alge-

pbraic coupling relation in the form:
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C = [);‘F; d;' (5. 10)

and equation (5. 9) becomes

K'[sﬁ'+xisj¢+ﬁF'¢' dv]:;‘)'ﬁ' (5. 11)

By a further rearrangement we can write equation (5. 11) as

+ T Bt
Risntsyhy LEEEES ogip, (5. 12)
S [ ¢ F ¢ dv

so that we are led to define an effective precursor yield, B! by

t !
fr= Lo PR eldy (5. 13)
J ¢" Frof dv

to give the desired inhour relation,

Kﬂs+)\isﬁ'=§' (5. 14)

The effective yield in this example reduces to the measured yield,
B, since no energy differences have been represented and there is only
one value of ¢+ implied by equation (5. 13). In general, when energy

effects are included, even in one region B will differ from B.
5.3 Kinetics Parameters

The generalization of the kinetics parameters, which are the bilinear
averages of the parameters of the Introduction, are displayed in
Table 5.1 (a) and (b). These parameters are defined as a convenient
grouping of terms appearing in the kinetics equations. The bilinear
form results mainly from the desire to be able to employ the first order

approximation of using ¢ for ¢'. When this approximation is made, we
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shall drop the prime e.g., p' becomes p in the first order approxima-
tion. A second reason for the use of the bilinear form is that p' may

be related to the perturbation in properties, i.e., in terms of §D, 8F, 6%
rather than the definition in terms of D;F', and X',

As in the case of the point system prototypes, the value of the
parameter depends on the value assigned to production and destruction.
In addition, the values depend on the importance d>+ employed and hence
on the choice of reference reactor. For the point system, the properties
become independent of position and hence the averages become inde-
pendent of the weighting function as far as its spatial dependence is con-
cerned. The parameters will still depend upon any energy differences
and corresponding variations of ¢+. In the point system, the shape
of each flux component will similarly be unchanged. The coupling coef-
ficients behaviour flux groups are functions of the period however.

Hence only if the reactor period is left unchanged (or in the one group
model) can we say that ¢' is identically equal to ¢ in the point system.
- Some further investigations are carried out in Appendix C.

An additional advantage to be gained by the given kinetics parameters
is the concentration of the terms involving the effects of delayed neutron
energy differences in the single parameter E; The remaining kinetics
parameters are very well calculated by prompt models neglecting the
energy differences involved. The error is of the order of (B-B), or
perhaps 0. 03 per cent in the M. 1. T. R.

We have discussed at length the fact that neither the generating
time, A', nor the lifetime, £, are operational quantities associated

with a reactor. Kinetics solutions obtained parametrically for fixed



Generating Time 1

A

production rate

Effective Precursor Yield production rate of ith precursor

161

[ "V o dy
o F gTdy

fo' Bi F o dv

—

production rate

Si

Reactivity increase rate
-
p production rate

Kinetics Parameters based on Production

[8"Fr o dv

[$T (VD V=3" 4 F") pidv
J$* F ¢ dv

TABLE 5.1a production refers to production of prompt neutrons and precursors.

Primes indicate actual properties.

Lifetime !

destruction rate

Z

Effective Multiplication production rate

_—

kef'i:

destruction rate

Excess Multiplication increase rate

—r

k

ex destruction rate

TABLE 5.1b Kinetics Parameters based on Destruction

Increase refers to production minus destruction.

[t V77" dv

[$t(=VD’'V+ 29 ¢ dv

[T F g’ dv
[t (= VD'V + 2%) ¢”dv

Jot (VD'V =374 F) g dv

[ ot (= VD'V+ 3% ¢’ dv
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values of A! or £' do not necessarily mean that any given reactor has a
constant value of either. In selecting which parameter to use we can be
guided by two criteria.

(a) Which parameter gives the more convenient solution? The
answer to this question is that At is more convenient than '. It is
easier to demonstrate this for a point system with no spatial dependence
rather than for the present generality of perturbation theory. Thus in
Appendix A, we solve some of the elementary kinetics problems in
terms of the generating time.

(b} Which parameter is more nearly constant in an actual reactor ?
Again the answer is generally in favor of the generating time. Where
a reactor is controlled by alterations of the destruction probability
(control rods, variable reflector) the lifetime is bound to change corre-
spondingly. The generating time however will be essentially unchanged
(only changed through changes of ¢'). Even if control is exercised by
changes of fuel concentration, it is probable that both destruction and
production probabilities will change. In the MTR and ETR (47), how-
ever, control is achieved with grey absorbing rods replacing fuel
rods. To a good approximation, there is no change in the destruction
processes. Hence in this last example it is {' that will vary less than
A'. In any case, since the variation in either parameter is small, we

can be governed by the simplicity obtained from the employment of Al
5.4 General Kinetics Equations

The general bilinear form for multigroups of neutrons and precur-

sors is obtained by multiplying each balance equation by the appropriate
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importance and integrating over the reactor. In the matrix notation of

Section 1, we obtain

(% [LIJ+A\P' dv =f¢+(M+T)¢' dv (5. 15)

The term 4:* T ' vanishes for the critical reference reactor (where C;'
is equal to the importance of the neutron it will become, ¢:), since
¢+T¢' consists of the sum of all terms (¢: - C'i") )‘i C{. Then we can

write equation (5.15) as

a@tﬁf v g dv+z dﬁt f‘b;'c; dv=f¢+M¢' dv (5. 16)
i

Here we have decomposed the generalized vectors ¢' and ¢+ into the
vector flux components and the individual precursor components. With-
out loss of generality, the term \P+ My can be written as ¢+ M ¢! since
all terms in Ci are related only to the T matrix which vanished on
assuming C: = ¢; . Equation (5. 16) is now divided by the weighted aver-

age production probability to obtain

[otvienay . d [+ _
[ et g dv[dt #V et av +Za¢icidv]~
1

“’M"’d"fcbv o' dv (5.17)
f¢ F! ¢! dv

We can now employ the kinetics parameters of Table 5. l1a. We obtain
~ild + -1 d + -~ +.—1
A'[afth ¢'dv+zd—£j¢iCidv]=p'f¢V ¢t dv  (5.18)

i

We can also write the effective neutron and precursor densities as
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!

A= fcp”v“l o' dv

(5.19)
=, _ +
C{ = f¢i Ci dv
We obtain
— dC!
~, [ dn -
A? [a‘g +2 ~dt—lJ=p'n‘ (5.20)

i
It is to be remembered that n' is actually a sum over all the neutron
groups represented. In general these groups are not changing at the
same rate. Asymptotically, however, (or if we are seeking the eigen-
function solutions) all groups of neutrons and precursors are changing
on the same inverse period, s. With this assumption, equation (5. 20)

becomes

T\'S['ﬁ'JrZ E{]:E"ﬁ' (5.21)
i

We can now substitute for C{j in terms of <l>3 where by ¢! we whall mean
the jth flux giving rise to the production of the itn precursor. If the
production of precursors is from fast and thermal fission for example,

there would be a term in C{l and a term in Ciz. We obtain for equa-

tion (5. 21) the result that

_ [ ot e ¢ av
A,S[,—IWZZ%&_}FW (5. 22)
i

and by a further manipulation equation (5. 22) becomes

+ i
[ ¢ BF' ¢, dv

(n +8) ] ot Fr o av

fcb* v lotdv=5" n' (5.23)

f&‘sﬁ’ +Z Z
i
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The double summation over i and j refers to the summation over the i
characteristic species and the j fluxes producing each characteristic
species. The double summation is conveniently contracted to a single
summation by the renumbering of all the possible ij combinations
against the single index i. Then by employing the definition of the

effective precursor yield, B—;, we have

./—\'sﬁ“+z x.isgiﬁ'=5'ﬁ' (5. 24)
. 1
1

or the conventional inhour relation,

SA'*inséi‘:ﬁ' , (5. 25)

i

Equation (5. 24) can be rearranged in a meaningful way to give

-t

~ B. X, ‘
—|_( '-B! H1 I Y S
sa' = —E—K—'E——n +Z T (Xi_‘_s) ol ) (5. 26)

1

where we have defined
Br=) B (5. 27)
i

In equation (5. 26), p!' is the increase of precursors and prompt neutrons
over the destruction of neutrons as a fraction of the total production.

(f' - B") is the increase of prompt neutrons over the destruction of
neutrons. Divided by the production, this term represents the direct
contribution to the probability of population increase, s, due to prompt
neutrons. The rate of formation of precursors is E' /./-X' In steady state,
one delayed neutron is returned for every precursor formed. On the

inverse period s, however, only a fraction )‘i neutrons are returned
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for every xi + s precursors formed. Thus the second term on the right
-of equation (5. 26) is an indirect contribution to the probability of popu-

lation increase, s.
5.5 The Perturbation Formula

The kinetics equations have been grouped into parameters one of
which, the reactivity, has useful properties. Firstly, since our expres-
sion for the reactivity does not contain precursor decay terms and
corresponding importance, the reactivity is well approximated by using
the flux of a critical calculation that neglects delayed neutron energies.
Secondly, the bilinear form makes the use of the reference reactor
flux for the actual flux sufficiently accurate for most cases. Thirdly,
the reactivity can be expressed explicitly in terms of the difference of
properties between the actual and reference reactors. This third
property is useful in interpreting the effects of an inserted sample or
in calculating the effect of a small change in reactor properties.

The reactivity is given (for a critical reference reactor) by

[ ¢tMeav _ [ e (V-D'V- =+ F) e dy
p - + - + (5.28)
J ¢ F' ot dv J ¢"F1 ¢ dv

From the discussion in the Introduction, Section One, and in Section Four,

this can be expressed as

+ ] + ]
J ¢ Frérdv [¢TFdrdy

where R, the reference increase matrix, is V- DV- X + F and P the
perturbation, M-R, isV+* 6DV - § Z+ §F. Then with the use of the

reference importance, the reactivity reduces to
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,_Je'Podav _ [¢T(V 6DV -85 +6F) ¢ dv (5. 30)
[ ot F ot av [ 6" F ¢ray

To interpret equation (5. 30) term by term, consider for simplicity
a system with no precursor holdup (i.e., A\ - ») in which we could

write:

f¢ M dv _ [¢'(V-D'V- Zt+F)édy (5.31)

fetvlgay ot vle av

Such an equation is to be interpreted as the inverse period resulting
from the introduction of a homogeneous source (M ¢') in a just critical
reactor with resident population, w. In Section 3, we derived the effect

of such a homogeneous source:

+
s)s = f¢+ S ¢ dv (5. 32)
[¢"V ~¢rdv

Thus if equation (5. 31) is written out as

"M ¢1d f¢ R ¢ dv f¢ R 5 bdv, f¢ Pé dv (5. 33)
f¢+v'ldv [etviea f4>v Loray f¢v Loray

we can make the following comment on the three terms on the right

hand side:

(a) [¢ R ¢ dv , whatever the normalization of ¢, is a just critical
[¢"v  era

flux shape in a reactor with the corresponding critical properties. Indeed

¢ is specifically the solution of the equation R¢ = 0. Hence the term

vanishes.

has the form of an initial transient flux in the

(b) f¢ R5¢dv
f¢V cf"dv
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critical reactor. The neutrons resulting from the increase R 6 ¢ can be
regarded as just such a homogeneous source as described in equation
(5. 32). Yet since they result from a transient, by definition of ¢+ they
can make no contribution to the resident population. Hence the term
vanishes.

[P ¢ av

ot v erav
to neutrons that are generated by the actual flux in the perturbed or

has the form of a homogeneous source term due

(c)

added material itself. This is the only term not to vanish: we have as

proved before, that

_ et P ¢ dv
s = f¢+V_1 o dv (5. 34)

Thus the real reactor is representable as the reference reactor plus
two sources. The first source corresponds to a transient flux in the
critical reference reactor and must vanish. The second source corre-
sponds to the actual flux in the added materials and leads to the change
of reactor period as a homogeneous source.

It will be noted that the previous discussion involved only the
numerator and not the denominator of the three terms. Thus in the
general problem with precursors decaying we can make a corresponding
interpretation of the expression for the reactivity

+ + +
51 = f¢+R ¢ dv +f¢+R6¢ dV+f¢+P¢'dV (5. 35)
[ Fr¢rdv [o F1dtdv [¢ Frérdv

We have for the three terms:
(a) R ¢, increase in reference reactor, zero by definition.

(b) R 6 ¢, transient in reference, can lead to no production of resident
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population, hence no reactivity.
(c) Source production term in added material as a fraction of total
production is actual reactivity.

Expanding the term P ¢!, we have

5! f¢+F‘¢'dv=j¢+V°6DV¢'dv-.-f¢+62¢'dv+f¢+6F¢'dv
(5. 36)

Again the three right hand terms have physical interpretation:

(a) [ ¢+ 8 F ¢! dv is the sum of all the neutrons produced in the added
material weighted by their contribution to the reference resident popu-
lation increase rate.

(b) [ ¢+ 6 ¢! dv is the sum of all the neutrons absorbed or trans-
ferred in the added material similarly weighted.

(c) [ ¢+V « §DV ¢' dv is the weighted sum of all the neutrons lost in
leakage in the new material. This leakage term can be usefully trans-
formed on the basis of Lemmas One and Two of Section Four.

It was there shown that with the boundary conditions employed,
+ +
f‘b V-GDV¢'dv=——[V¢ * 8DV ¢ dv (5. 37)

In this transformed expression, (-6DV ¢') is the current of neutrons

in the added material. Such a current of neutrons is not in itself a

gain or loss to the population balance. Rather the balance gains if

a neutron going from A to B goes from a region of low importance to

a region of high importance. Then the weighting by V o' of (-8DV ¢')
gives just this change of importance seen by each neutron in the current.

Equation (5. 37) can be transposed and a further application of the
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Lemmas yields

- fv¢+ * 6§DV dv = -fv:p' - 6DV ¢t dv = f¢'v- 5DV ¢

(5. 38)

The expression in the form V¢!« §DV ¢+ can be understood as follows:
8§DV ¢+ is the additional current of importance, per unit flux in the
reference reactor. Again if the actual flux were uniform, such an
exchange of importance leads to no net leakage. Only when there is a
gradient, V ¢!, in the opposite direction to the importance current will
the resident population lose by leakage of importance. The last form is eas-
ily interpreted as the increased leakage of importance due to the added
material, per unit flux.

The above transformations have some practical advantages. Firstly,
by integrating over the unknown flux as much as possible before making
the first order approximation for the flux, we can improve the accuracy
of our approximation. For example, consider a one region system in
which the reference reactor is one region, with an algebraic buckling Bz.
Then if the change in the diffusion coefficient, 6D, is uniform throughout,
whatever the other property changes and hence whatever the actual flux,

we have
vV-.8DVe =DVl =-sDBZo (5. 39)

Thus the contribution to the reactor period neglecting delayed neutrons,

of just the change 6D, is found exactly:

+ . 2+
f¢+v-flnv ¢dv _ - [¢ 61)_? ¢+dv - V(5D B?) (one group) (5. 40)
J¢ VT ¢ dv Jor vo© oo dv

This result is exact for the model whatever the other perturbations of
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properties, 6Z and § F.

. Secondly the form V ¢+ + 8DV ¢' has advantages since when the
first order approximation ¢' = ¢ is made, we can evaluate the scalar
dot product V ¢+ - V ¢ once and for all. Then for different perturbations
6D, we need only integrate the perturbation with the weighting function

Vet v
5.6 Statistical Weight

Such a weighting function, V ¢+ - V ¢, is well known as the statistical
weight for perturbations of the diffusion coefficient. The ratio involved
in the expression for the reactivity make it unnecessary to carry out the
normalization of ¢+. Then in one group we can take ¢+ = ¢ and the
statistical weight becomes (V ¢>)2. In multigroup we must consider the
separate V ¢:' -V ¢'i'- and talk of the statistical weight for scattering in
the ith group. Figure 5.1 is a plot of the one group statistical weight
for a slab reactor, bare and reflected. Naturally at the centre of the
reactor, where there is a flat flux and no leakage, the change of the dif-
fusion coefficient resulting from a change of scattering properties has
no effect. The effect is larger travelling towards the outer surface
except that once in the reflector, scattering becomes less and less im-
portant as the reflector becomes nearer being infinitely thick.

There is of course a statistical weight for other processes than
change of diffusion coefficient. In one group we can again take ¢+ = ¢,
so that absorption and production in equation (5. 36) are weighted by cbz.
The shape of this weighting function is markedly different from that for

the change of diffusion coefficient, (V ¢)2. A typical slab leads to a cosz
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We_ighting function of the form of Figure 5.2

The result for the absorption and production process is well known.
It is not so well known that the statistical weight for scattering changes
discontinuously between regions in which the reference diffusion coef-
ficient changes — compare Figures 5.1 and 5. 2.

For multigroup we must specify the process in terms of where the
neutron is from (which flux) and where it is going to (which importance).
Thus we have to speak of the statistical weight of the i - j process,

4 6.

Since the statistical weight for various processes varies differently
in a reactor, it is possible to obtain information on the contents of a
sample by positioning it at various places in the reactor and measuring
the period. When the effect is greatest at the centre and negligible
towards the edge of the reactor, we obviously do not have a good scat-
tering sample. By previous calibration of known samples it is possible
to estimate the ratio of scattering to absorption cross-section. Some
practical applications to the analysis of hydrocarbons has been re-
ported (46).

Similar experiments enabled us to make an experimental determina-
tion of the importance of fast and slow neutrons in the MIT Reactor. A
sample of boron was moved along a vertical sample tube — the reactivity
effect as a function of distance from the centre is plotted in Figure 5. 3.
By dividing through by the measured thermal flux, we can obtain a
relative plot of the thermal importance, Figure 5.4, since cb;OC - 5/¢z.

A fissioning sample calculated to have the same thermal absorp-

tion cross-section was also measured. Correction from the previous
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experiment led to a measure of the relative effect of the production of
fast neutrons from thermal and hence to the fast importance.

A plot of the ratio of fast to thermal importance bears out theoreti-
cal prediction. (Appendix A to Section Four.) Just as the thermal flux
tends to rise at a core-reflector interface, the fast importance tends
to dip relative to the thermal importance. This variation makes it pos-
sible to distinguish experimentally between fast and slow processes and
hence add to the information obtainable in analysis.

A number of experiments designed to measure reactor parameters such
as m by the effect of a small sample, can in fact only be interpreted as
measuring (n* -~ 1) where Tl* is an effective n. Although vZ:f neutrons
are emitted in fission, their effect is weighted by the local fast impor-
tance. Similarly the neutrons absorbed, Z, are weighted by the thermal

importance. Hence the effect of the sample can only be interpreted as

+
Sst~ot v - of s ~ ! -1 (5. 41)
P 1 f 2 Ta ¢+TI :
2

Therefore there are advantages in performing such an experiment away
from the centre of the reactor towards the interface, where the ratio
4){/ d% is closest to unity, as shown experimentally for the MITR in
Figure 5.4. Under these conditions any error in the estimate of the
ratio will lead to the smallest resulting error in n.
The idea of interpreting the reactivity effects in different regions
of a test reactor has been applied to new and burnt-up fuel elements, in
order to determine relative burn-up and fission product effects in thermal,

epi-thermal, and fast groups (47).



REACTIVITY WORTHS OF SAMPLES
OF MITR
FIG. 5.3

[ l l 1 I \ l \
Sample®! (2.43 gms U235)
+ 00—
0
1
| Sample”3 (9.4 gms boron
-100}— | loaded (%) stainiess steei) __|
| | Both samples have the same
Centre Line thermal absorption cross -section
I Core I
| |
Top Reflector
-200— | | —
| !
| |
-300 | | I | | | | | I l
-2 -8 -4 0 4 8 12 16 20 24 28 32
Inches

IN VERTICAL SAMPLE TUBE - CENTRAL POSITION

9.1



qf>+,¢s (Arbitrary)

f/ s Fast to slow non-leakage and non-capture probability

+ +

I | | |
+ \
+ O—0 4>$ Derived
30— 4)5 H=—X Cl)f Derived —3.0
b—AN ¢y Measured
‘—-————
X
20
Top
| Reflector
10— ,
+ o+
- /Py —=
| . |
] Centre Line I
| Core | \
| I
0 | l l l | | |
-2 -8 -4 0 4 |12 16 20 24
Inches

DISTRIBUTION OF THERMAL FLUX AND IMPORTANCES IN VERTICAL SAMPLE TUBE -

CENTRAL POSITION OF MITR.

FIG. 5.4

LLt



178.

In contrast to the source free experiments represented by Figures
5.3 and 5.4, it is also possible to determine the equivalence of neutrons
experimentally in a sub-critical reactor with a source. In the experi-
ments briefly reported* in Figures 5.5 and 5.6, a source is moved in
an exponential pile with a detector placed in the conventional source
position in the pedestal. Also shown are the results of a conventional
experiment in the pile with the same source and detector now interchanged,
so that we have an experimental determination of the reciprocity relation
for a loaded and unloaded pile. The preliminary results indicate that
not only is the reciprocal relation valid in both cases but that the novel
procedure can offer worthwhile advantages over the conventional use of
an exponential pile.

The discussion of reactivity given in this section has been on the
basis of its definition in the kinetics equation and its experimental inter-
pretation. In summary, the reactivity is an arbitrary kinetics parameter
which together with the effective precursor yield and the generating time,
are related to the operational inverse period. The bilinear form enables
the first order approximation to be used in calculations. It also enables
the reactivity to be related to the perturbation explicitly, e. g., to the
added sample alone.

The discussion of detailed calculations of the reactivity together

with a new concept, the static reactivity, and the interpretation of

*J. F. Pearson, Jr., and R. B. Sims, An Investigation of Reciprocity
in the Exponential Assembly, to be submitted in partial fulfillment for
the degree of Master of Science in Naval Architecture, Massachusetts
Institute of Technology, June 1959.
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equivalent perturbations, is treated in Section 6. We shall also develop
the enhancement, a concept that expresses through the statistical weight,

the geometric effects of various samples or reactor processes.

THE GENERATING TIME
5, 7 Interpretation

In the general kinetics expression we have the formal term:

Generating time, . A' = f¢:V"1 ¢! dv (5. 42)
[ 4" F ¢t dv
The primes are retained to emphasize that the exact solution of the
kinetics problems requires the use of the exact values of the fluxes,
$', and the production properties, F!. It is one of the purposes of the
bilinear form that we can utilize the first order approximation of ¢' = ¢
reference.

Corresponding to the generating time, we have an alternative form,

the lifetime, f', based on the destruction probability.

— [TV oty (5. 43)
[ ¢ (-V+D'T+3Y) ¢tdv

Lifetime, £'=

Consider the completely artificial case where all the destruction
processes in the reactor (including decay from precursors) is stopped.
Initially the flux is ¢* though evidently it will rapidly change in shape as
well as increase in magnitude. Instantaneously the logarithmic deriva-
tive of the population is given by equation (5. 5) with M replaced by F!
if there are no destruction processes.

Hence, with a critical reference reactor,

sfotviedves [ oTcravsJ ¢t P oray (5. 44)
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Thig time however, under the assumed conditions that A is zero,

B F' ¢
Cl=——r (5. 45)
5]
Hence
fo,01, [ot B P prdy
Sf¢+V ¢dv+Z§ e -1, (5. 46)
[¢" Fr¢tav T % [eTF eav
or
sK-+z Bt =1 (5.47)
i
Hence
s = L]E_'_fi' (5. 48)

The instantaneous period, 1/s, is therefore A'/(1-B') or quite closely,
the generating time gives the instantaneous period if all destruction
processes were stopped (including precursor decay). If delayed neutrons
are neglected, this interpretation yields T (instantaneous) is Al exactly.
A corresponding interpretation can be made for the lifetime, 2.
Consider the instantaneous period when all production processes (prompt
neutrons and precursors) is mysteriously stopped. Then the precursors
decay with their separate periods, s = -xi. The neutron population is

governed by
s f¢+v"l¢'dv= f¢+(+v- D'V-2Y ¢tdv + A f¢+C'dv (5. 49)

Equation (5. 49) cannot be solved without knowledge of the initial con-
ditions, due to the uncoupling that we have assumed between the pre-

cursor equations and the neutron equations. If we further assume that
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the decay probability, X\, is zero we have, however,
sft=1 (5.50)

Thus the lifetime can be interpreted as the instantaneous period after
all production and precursor decay is stopped.

It will be evident from the above discussion that the two interpretive
concepts given are not operationally measurable. The flux and popula-
tion may finally settle on a resident and measurable period. The new
asymptotic flux shape however will in general be different from ¢'.

For a critical system the production and destruction probabilities
are equal and A' = 0'. For most purposes it is sufficient to calculate
either A or £ for the critical reference reactor. Allowance must be
made for the actual properties. For instance in calculating the lifetime,
proper allowance must be made for the effective absorption cross-
section of control rods. Alternatively, if a clean cold reactor has been
calculated using a reduced fictitious value of v, the proper production
probability should employ the true physical value of v. This is equiva-
lent to allowing for hot operating conditions, control rods, etc.

A common hand calculation uses the two group formulation in which
o @ , ¢; @)

vy v
I

The two group representation of the fast fission effect is discussed in

dv

At = (5.51)

2
1! dv

Appendix B to this section. The form of equation (5.51) has been given
or utilized by a number of authors (e.g., 52). It is to be noted that the

literal interpretation lends to our generating time: the lifetime is given
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by the expression containing the weighted destruction terms rather than
the production.

It might be remarked that the two group formulation of reactor
kinetics has not always been borne out experimentally. Rumsey (53)
has given a treatment of slowing down theory which has been verified
in heavy water reactors. Other multigroup approaches have been
employed (e. g., 55). Experience in the MIT Reactor so far is that
the two group calculated values of generating time and the effective yield
(58) lead to a set of consistent relations for the reactivityperiod rela-
tions.

Commonly the generating time will be calculated for a critical
reactor, i.e., the reference reactor itself. Equation (5.51) can be

expressed in two parts:

A=A1+A2, (5.52)

where we define the group generating time, Ai s by

+
f¢i ¢idv
V.
J Vi
f¢+F¢ dv

Evidently these group generating times are also equal to the group

I\i = (5.53)
lifetimes based on destruction, when the reactor is critical.
5.8 Point System Generating Time

The point system values for A1 and Az are easily evaluated:

Ap=12,= 1 . (5. 54)
v, Z,(1 + 7B
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A, =40 = 1 (5. 55)

2= % ° 2.2
V,Z,(1 + L°BY)

These values are appropriate for a 'true' point system and have often
been applied to a reflected reactor using the concept of reflector savings
and the equivalent bare core.

The use of an equivalent bare core is not always valid in calculating
lifetimes, even though a good estimate of the critical mass may be
obtained from the reactor savings concept. For a small reactor,
especially in a DZO reactor like the MITR with its low reflector absorp-
tion (and hence smaller required production probability), the discrepancy
can be appreciable. In the multiregion calculation, the reflector tends
to increase the effective lifetime, even though it has the bilinear weighting
(i. e., roughly ¢2, low in the reflector). Calculations for the MITR
showed an appreciable effect on the two group generating time when the

bilinear rather than the linear form was employed — see Table 5. 2.

Table 5.2

Calculated Generating Time for an MITR Type Reactor

(Enriched uranium/DZO moderated and reflected)

1. AO, EO Core infinite medium generating time 0. 46 milli-sec
2. A ¢ Core finite medium generating time 0. 37
3. A, L Reflector finite medium generating time 7.91

4. A, {, Bilinear weighted generating time for reactor 1.24
5. ot Linear weighted generating time for reactor 1.49

The values of Table 5.2 were calculated for cold clean criticality
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and not the operating condition. In items 2 and 3, the equivalent bare

2Bz), was employed. The cur-

core non-leakage probability, 1/(1 + L
tailment of the production integral at the true core brings up the gen-
erating time from 0. 37 to 1. 24 milli-secs. Alternatively we can say

the low absorption in the reflector brings up the average lifetime the

same amount.

The bilinear value reported here for A is some 20 per cent lower than
the linear averaged lifetime based on j IF ¢ dv. Although for small
reactivities, the error in the lifetime may not affect the inhour equation
appreciably, it should be noted that calculations of reactivities using a

linear averaging scheme will differ from the bilinear form by exactly

the same amount in this reactor.
5.9 Group Speeds V

In the expressions given for either the general or the one region case,
the inverse group speeds, VII, and V-z-1 appear and values are required
for numerical applications. There has been a certain amount of con-
fusion in the literature (41) on how appropriate values are obtained.

First it should be recollected that the kinetics expression are for the
rate of change of population or of neutron density. The reciprocal

speeds appear in the form V—1 ¢ to represent such a neutron density.

The flux ¢ can here be regarded as a non-operational, arbitrarily de-
fined concept which together with the cross-sections, £, correctly repre-
sent the probability of neutron interaction. Thus the question of the
appropriate speeds centres around the definitions of flux and cross

section.
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For the thermal group speed, Weinberg and Wigner (1) have shown
that for a fair scattering medium or better, the use of the Maxwell
Boltzmann averaged cross-sections and 'true' flux requires the use of
the Maxwell-Boltzmann averaged speed, V, for consistency. If how-
ever thermal cross-sections based on Westcott's effective cross-section
treatment (59) are employed, then by definition the thermal flux is V0
times the thermal neutron density. Hence we should use Vo’ 2200 m/sec
to find the neutron density from the flux.

For a two group calculation, the value of the fast group speed, V 1’
can be found as follows. The conventional derivation of multigroup
removal cross-sections is based on a concept of 'true' flux [see Glasstone
and Edlund, for example, (gg)]. That is, the fast flux, 4>1, that we cal-

culate is related to the neutron density by

VO
¢ =[ n(V) V dv (5. 56)
\s

1

From experiment and calculation, the flux spectrum is 1/E or

¢O
HE) dE = 2 dE (5.57)

As a function of velocity however, we have

¢
qV) = ¥E) F =2 (5.58)
and
¢
n(V) = _92 (5.59)
A%

Consistency requires that
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Vv
¢1 o
v =n° n(V) dVv , (5. 60)
1
\£
or
Vo av
v, v
Vi 7 Voav (5. 61)
2
v, V
We have
VO
{n Vt
v v,

For large V o corresponding to 2 Mev, we can approximate equation (5. 62) by

A"

- -t
T2

Vv, = Vt In In (5.63)

1

r‘_<3| <
o
Htlj|otlj

We can take Vt to correspond to a 5kT cut-off energy (or to whatever
cut-off energy was employed in calculating Z)l and Dl) and Vo as the

2 Mev mean fission energy. Then for kT = 0.025 ev,

6
_ 2200 ., 2X10 (5. 64)

Vi=72 0.026 X 5

40, 600 metres/sec ,

compared with

V., = 2,200 metres/sec (5. 65)

2
Fortunately, for most thermal reactors, the slowing down contribu-

tion is significantly smaller than the thermal contribution so that an
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approximate calculation of this nature suffices. This might not be the
case for hydrogeneous reactors or for intermediate and fast reactors.
However, the basic principle remains, that we must maintain a consistent
definition of the group speeds such that the neutron density is correctly

represented.
5.10 Time Absorption

A further aspect of the generating time arises from the interpretation
of the time variation of density as a type of absorption term, the time
absorption. If a reactor population is increasing, the production must
supply more neutrons than are actually destroyed. This extra require-
ment can be thought of as an additional absorption. Since on an inverse
period, s, the extra neutrons are sn for a neutron density n, or sV-'1 ¢
in terms of the flux, the equivalent absorption cross-section is (SV-I).

If the period is unity, s=1, the effective absorption is just V_l. This
effective absorption behaves as a perturbation consisting of the addi-

tion of a 1/V absorption cross-section to each group. Thus the generating
time can be interpreted as the reactivity which would give a unit period:

f«biV"lcb'dv = 5 (5. 66)
J¢  F' ¢'dv

in a system in which the perturbation, P, is the added equivalent 1/V
absorber, P= V_l. Thus generating time can be measured experimentally

by the uniform insertion of a 1/V absorber. To prevent severe distortion
of the flux, it is useful to introduce a fractional increment only, XV—I,

where X can be made smaller and smaller until there is no flux per-

1

turbation. Then if pX is the reactivity effect of the added XV~ absorber,
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we have

+ ~1
X-0" [¢"Fodv
‘The technique of utilising the perturbation equivalent to the time
absorption is well known (e. g., 51). It is to be noted however that
measurements of reactivity lead strictly to our generating time; the life-

time is obtained by measurements of the excess multiplication.
. EFFECTIVE PRECURSOR YIELDS
5.11 Interpretation

The kinetics equation yielded convenient parameters for the pre-

cursor yield that we called the effective yield, E{

_ - [eTs Freav
B =
! [ ¢t Fr et av

(5.68)

Although Nordheim et al in (15) first gave the 2 group inhour equation,
the important role of the effective precursor yield was apparently first
recqognised by de Hoffman (54). Again we emphasise that the 'effective-
ness' is the result of the bilinear weighting used to improve the accu-
racy when the first order approximation is used, i.e., when Ei of the
reference reactor is employed. Only in calculating the Ei do we need
to take into account the energy differences between delayed neutrons
and prompt neutrons. In calculating p' and A" we could use flux dis-
tributions which neglected these differences. As some compensation
for the equations now needed, it is often possible to calculate the ﬁ—i
(or more strictly, the Bi) using an effective bare core. This approxi-

mation will be appropriate for a uniformly loaded core when the flux
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shape in the core is well given by the equivalent bare core, since the
integrals of equation (5. 68) are only evaluated over the true core. We
consider the bare core approximation first and later discuss techniques
that can be employed when the approximation is invalid.

Consider a one region reactor with three groups of neutrons, the
minimum number of equations with which it is possible to represent
the fast energy differences. The logical basis for the calculation of the
Fermi-age for the two fast groups is discussed in Appendix B to this
Section. For a critical system, where the precursor densities can be

eliminated, we have the remaining system of equations

2
~(D,B*+Z)) ¢, +(1-p) Fo, = 0
2
-(D,B*+Z,) ¢, +pF ¢, = 0 (5. 69)
P, T ¢ +p, 5,6, - (D;BY +3,) 0, =0

We have a thermal feed into the prompt and delayed groups. Both
fast groups however feed directly into the thermal group. This partial
uncoupling loses very little accuracy. Although fully coupled, we would
have a three group system, the energy difference between the first and
second groups is so small that little accuracy would be gained. By
the partial uncoupling we introduce many zeros into the matrices repre-
senting the equations and simplify the results appreciably.

It is convenient to use the actual critical reactor as the reference

reactor. The adjoint equations of the reference reactor are then
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H
o

2 + +
-(D;B“+Z ) ¢;+0+p, T, ¢3

2 + +
0- (D, B +3,) ¢, +p, T, b3 =

'
(=}

and

(1-B) F 6] + BF 63 - (D, B>+ 2,) ¢3 = 0

Hence we have the coupling coefficients:

+ Py +
b, = ——5 ¢q,
a8y 7
P
¢;= —2249; (5. 71)
(1+TZB)

The interpretation of these coupling coefficients is obvious. A neutron
in group one will have some probability of leakage or capture before
reaching the thermal group. Hence one neutron in group one is only
as important as the p 1 /(1 +7 1 Bz) neutrons it will become in group 3.
Si...ilarly pz/ (1 + Ty Bz) is just the probability a delayed neutron has
of reaching thermal.

The production matrices required for this example are, explicitly,

[0 0 (I-p)F

0 o0 BF = F (5. 72)
0 0 0

and
0 0 0
0 0 BF| =pF (5. 73)
0 0 0

Thus the effective yield is
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+
5. /¢ pFeav_ [ ¢ PFé5dv

: (5. 74)
[$'F ¢av [ &](1-B) F &, +¢, pF ¢, dv

P,B
2

1+ Ty B ‘
) (5. 75)

2
1+T1B 1+‘rzB

2

This expression for E can be interpreted as follows: The effective
yield is the fraction of neutrons returning to thermal that have come
from precursors.

Under the conditions that § and (-r1 - 2) are both small compared
to unity, we may write the approximation that

p P
= 2 2/ 1 5 (5. 76)
1+1'2B 1+1'1B

wfw|

Y:

In general, the ratio E/B is called the effectiveness, y. Strictly there
will be a different effectiveness, Yy for each group. Often it is practi-

cal to calculate just one value for an average delayed neutron value.
5.12 Mixed Species and Fast Fission

Quite significant effects on the value of the effective yields arise
when mixed fissionable fuels are present. These effects may be
present at the start of the reactor life, when the loading varies across
the reactor, or may build-up due to the presence of fertile material.

In addition, the occurrence of fast fission effects may complicate the
dependence, especially if the fast flux varies in shape from the thermal

flux. The most convenient approach is to write separate equations for
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each type of production and for each resulting decayed neutron flux.

Thus although we may have an ith precursor group characterized by the
décay constant, )\i, if there are j fissionable materials, consider each
yield ﬁij as a separate yield for the purpose of finding the b_ij' Then

the total effective yield of the ith species is just the sum over the j mate-
rials. Of course in evaluating the Eij' these will be the fractional yield
in the pure material multiplied by the fraction of that fissionable mate-
rial present. When fission takes place in more than one group we can
again treat the yields by writing separate equations for each and finally

th effective yield. A discussion

summing the ith decay type to give the i
of these effects has been given by Henry (67) and a more detailed set of

calculations by Jarvis (56).
5.13 Multiregion Reactors

For most cases it is sufficient to evaluate the effective yield on the
basis of a one region reactor. We then have expressions of the form
piPi to evaluate, where P; is the resonance escape probability and Pi
the fast non-leakage probability. . Since resonance absorption takes
place at energies below the energies of both delayed neutrons and
prompt neutrons, the escape probability is essentially the same for
both groups. On the other hand, the two and a half group representation
includes all fast and resonance absorption in the term p X 1 Thus in
some systems, the difference in true fast absorption may lead to effects
equivalent to differences in resonance escape.

The fast leakage effects are reducible to finding the appropriate

differences in the Fermi-age for the delayed neutrons in the slowing down
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medium and finding the appropriate B2 to represent the actual core be-
haviours. For the MIT Reactor, it was necessary to calculate (7 delayed/
7 prompt) for various mixtures of heavy water to aluminum. The calcula-

tions were made along the lines of the original calculation for the age of

fission neutrons in these mixturesj(48). The results are summarized in
Figure 5. 7.

The selection of the appropriate B2 for the bare reactor approxima-
tion can be based on considerations of the fast leakage. In a heavy
water reactor with no appreciable resonance or fast absorption, it is of
course the fast leakage that governs the difference of importance between
the energy groups. Thus as an approximation to a bare reactor, it is
possible to use the B2 corresponding to the fast flux shape in the core,

i. e., mid-way between the material and geometric bucklings as in
Figure 5.8. For the MIT Reactor this approximation had an error of
the same order as the basic data when compared with a three group
calculation of a reflected reactor.

The general equations can be solved analytically if there are no more
than about two regions and three energy groups. Thus calculations for
two or three energies can be done to obtain plots of a one group E para-
metric in energy. From such a plot the appropriate values of the Ei
can be interpolated. Even this limited number of regions leads to a six
by six determinant as a minimum. This can be very tedious. An
alternative analytic approach is based on the fact that the fast importance
differs for prompt and delayed neutrons essentially in the coupling
coefficient to the thermal importance. Thus if a prompt calculation

(neglecting delayed neutrons) has been undertaken, to find the generating
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time, we have available the solution to the prompt importance. In a two

group, two region slab in particular, we have in the core:

p
1 cos px + C+ 5 cosh vx (5.77)

(1+1'1p.) (l—Tlv)

Then an excellent approximation, which is exact in the point system, is

to take

p p
+ 2 cos px + C+-———2—2 cosh vx (5. 78)

(l+‘rzp) (l—Tzv)

evaluating the effectiveness, y, on the basis of the original two group
solutions.

For more complicated systems, where hand calculations become
impfactical/recourse can be had to either machine calculations or to
certain experiments. Certain machine codes are available that will
calculate the reactivity worth of samples and the effective yield can in-
deed be interpreted as the contributioﬁ made by the delayed neutrons to
the reactivity. Alternatively, consider the Eex resulting from the re-

moval of the precursor contribution to the population balance. We have

_ -f¢+ﬁiF " dv —f¢+ﬁiF¢"dv _
kex © T¥ = T = pl (5. 79)
J$(-V* DV + Z) ¢"dv J¢'F ¢" dv
where we have employed the relation that
(-7 - DV + =h) ¢t = FT ot (5. 80)

in the reference reactor. We see that the effective yield, to first order
(¢ for ¢"), is the Eex that would result on removing the particular pre-

cursor before it could decay to a neutron. This result differs slightly
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from that of Abrams (49) who interprets p as a change of reactivity
rather than a change of Eex' In interpreting machine codes, it is neces-
sary to make sure that the calculation in fact gives the bilinear form
of the reactivity and not say a linear form, since the difference between
these results (20 % for the MITR) could lead to an entirely wrong result
for 5 Alternatively, the code should compute the static reactivity, to
be discussed in Section 6. Attempts have been made in the literature
to compare the one region approximation with the true value for E !
be computing the ‘true' value as the linearly weighted non-leakage
probability (49). It will be appreciated from our discussion that al-
though the energy aspects of the effectiveness are the most important,
when spatial variations have to be taken into account, it is essential for
a consistent result, to employ the bilinear weighting.
Corresponding to machine calculations of the reactivity, it is pos-
sible to interpret 'substitution' experiments in which the reactivity
effect of 1/V absorbers is measured as a determination of the total
effective yieid, E - Such experiments depend for their interpretation
on a calculation of p and A in order that inverse periods can be directly
related to [3— (50, 54, etc.) The inhour relation, equation (5. 25),
can be manipulated to give
sA? sA! p 1/ B
Bt Z BT KT sAY
i — + B

=p (5.81)

= [l

™|+

where p'/B' is a fiducially measured reactivity corresponding to the well
known dollars and cents unit. In this form, it is apparent that since the

kinetic parameters appear only in ratio form, it is impossible to
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determine any one of them directly from experiment unless some value is
assumed for the remainder. If the common, and usually apt, assumption
is made, that the effectiveness, Y of all the delayed neutron groups
has the same value, then EI/E reduces to the experimentally measurable
relative yield, a. It is then possible to plot the left hand side of
equation (5. 81) as a universal function of (SK'/B') for a particular fuel,
where the decay constants and relative yields are known, independent
of the effectiveness in the particular reactor under consideration. . Such
a plot is an extension of the Smets Z function (45, 60). . Some further
considerations are given in Appendix A to this Section.

It is seen from equation (5. 81), that if the left hand side is indeed
a function determined only by the value of sf\.'/ 6 !, then measurements

or calculations of p' and A! lead to the value of [—3_'
THE GENERAL NON-CRITICAL REFERENCE REACTOR
5. 14 Generalised Inhour Relation

We now investigate the nature of the results when a reference
reactor is employed that is not necessarily critical. First we consider
the use of arbitrary importances, i.e., that the importance of a pre-
cursor is not necessarily equal to the importance of the neutron it will
become. We have that

ﬁf ot Ap dv = T (M+T) ¢t dv (5. 82)
or
Lietvieav+ S /ctaav-

[ ¢tV D'V - 2 + (1-B) F'] ¢ dv + ch;“ﬁiF' ¢t dv+Zf(¢f—c;') A C! dv
i 1

=] ¢ Mot av +Zf(ci+—¢;) (B, F' o' = A, C!) dv (5. 83)
i

s
4



201.

Then introducing the precursor equations themselves,

S 1c-ehciav=f(cl - ¢)eFre-ncpav, (5. 84)
equation (5. 83) becomes
f—tf¢+V‘1 ¢'dv+(%f¢'+C'dv=f¢+M¢' dv (5. 85)

Equation (5. 85) has the same form as the previously derived kinetics
relation. The result is not surprising since the kinetic behaviour of the
actual reactor is not fundamentally dependent on the arbitrarily selected
reference reactor. When we attempt to express the inverse period in
terms of a perturbation however, there will be afupdamental dependence
on the reference properties, the reference inverse period, and the per-
turbation as far as the value of the kinetics parameters is concerned.

Equation (5. 84) can be reduced to an inhour equation of the con-
ventional form by the introduction of the eigenvalues and the division by
the weighted production rate per neutron. We distinguish between the
inverse period of the actual reactor, s!, (with multiple solutions to be
anticipated in the lowest harmonic) and the eigenvalue of the importance

and reference reactor, s. The corresponding equations are

sYAY!' = (M+T)y', (5. 86)
and

sAwJr = (R+T)T\IJ+ (5. 87)

We neglect any question of varying the group speeds (A unchanged)
or the precursor decay probability (T unchanged). Nominally equation
(5. 87) implies that precursors are included in the solution for the ref-

erence reactor. If for mathematical purposes, we prefer to base the
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reference reactor on a model neglecting precursors, we can take the
fractional yield of precursors to be zero in the matrix R. In this case,
however, the subsequent perturbation must include the introduction of
the fractional yield to precursors.

From equations (5. 86) and (5.87), we may form the bilinear integral

and express the results in terms of perturbations only:

st fytAayrdv = [N R+ ¢ av +f ¢T Pyt dv

=s fytay av+f ¢t Pyt av (5. 88)
or

(s-s") f T Ayt av =/ ¢t Pyt av (5. 89)

Then the kinetic equation (5. 85) can be expressed in terms of
the period of the reference reactor and the perturbation in properties.

To compare the two forms we write both:

(s'-s) [f st vieav+ [ cto dv] = [yt Pyt av, (5. 90)

s [f Fvieavs+ [ ¢t e dv] = [ ot Mét av (5. 91)

The choice of the dividing factor to turn either of these equations
into conventional form is arbitrary. The best choice is probably
to use that value of weighted production such that in the one energy

case, 5' reduces to . We obtain
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Fotvileav | fct ey
(s'-s) f¢+V—1¢' dv + f¢+V-l4>' dv
J oty av Jot Fopray
[yt Pyt av
= J ot v leav (5. 92)
J 4t Py av

Then if the kinetic parameters are generalised to the form

o Jotvleay [etvlgrav

Af
JWtF g av Jut Froe gy
_ Icfcrav  Jcip Frérav
ﬁ:!lz()‘i+s')—_1_i'_ = 11 ,
Jetrrgrav [yt Py av
and
o JytPyrav
e — T (5. 93)
[y Fyray
we have

al=ptat (5. 94)
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or the modified inhour equation:

“ e Bl 7 v w NP
s'A':s[A'i—ZXi—:—S,} +pl- p'*Z)\_iL-I;P—is—' (5.95)
i i

This form of the inhour equation differs from thg‘conventional
| 8

form through the appearance of the term (K'+ z R—l_,-_—g.) s , Which
1 i

would evidently vanish for the critical reference reactor. The
relation between the new form of the reactivity and the original
form 1is given by

. B!

eptrs(Are) g

. 1
1 .

An inhour form 1s also obtained by the operation of divliding

(5.96)

equation (5.91) by the production term‘ﬁ+F“¢'dv . Although a
perfectly admissible operation, the divisor 1s not the welghted
total production of precursors and neutrons, for the general
non-critical reactor.:

Furthermore, the form of equation (5.91) does not include
explicit reference to either a perturbation, or to the lnverse
period of the reference reactor. With the conventional defini-
tion of the kinetics parameters therefore we obtaln the usual

inhour form:

I \.B!
S'At = p'— 5'+i )\_1_*_13: (5.97)
= N
i

5.15 Application of Non-critical Reference Reactors
The previous section served to derive the kinetlc equations
for the general case of the non-critical reference reactor. Two

forms of results were forthcoming. In the first, the properties
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of the reference reactor were not employed and only the import-
ance of neutrons, not precursors, entered the kinetics equation
as a welghting function. Indeed in this form the weighting
function can be arbitrary and the properties of the reference
reactor unknown. For such a degree of arbitrariness however,

we would be unable to claim the important approximation proper-
ties. In the second form, the reactivity was related to the in-
verse period of the reference reactor through the perturbation
of properties between the actual and reference reactors. If the
perturbation is small, the approximation propertles follow as in
Section 4.

Monte Carlo calculations provide an example of the use of
the first form of results, albeit sometimes unknowingly. Quite
commonly such calculations are based on a linear weighting
scheme - i.e., reactivity 1s determined via the number of neutrons
produced or destroyed, each with the same importance. Occasion-
ally the so-called strong focusing technique 1s utllized, playing
the role of a sharply peaked weighting function. Rarely is this
weighting function, analogous to #ﬁ given an energy dependence
that would approximate 1t to the true adjoint function of the
problem. However we should mention the excellent discussion
given by Goertzel, (57), of the role of the importance function
in stochastie processes, together with some related remarks on
reactor kinetics by Weinberg and Wigner (1). The general re-
sult of Monte Carlo calculations 1s a measure of the deviation

from critical as a reactivity, effective multiplication, etc.,
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that may differ significantly in value from the bilinear forms
put forward here and from the static reactivity, etc.¥* The
number that results is not necessarily wrong; it has been
stressed that in themselves the reactor parameters have no
operational significance and cannot be directly verified. To
obtaln correct predictions of the periods however, it is neces-
sary to employ generating times and precursor yilelds that are
consistently determined, using the same welghting function. 1In
particular, if no energy weighting has been employed, the proper
precursor yield to be employed 18 the "true" measured yield.
This general limltation on the Monte Carlo method is very in-
convenient where attempts are made to correlate the results of
the Monte Carlo calculations with other information.

This second general form, involving perturbations about a
non-critical react, may find future applications in the theo-
retical or experimental studies of very suberitical (highly
shut-down) or highly super-critical systems. Such applications
will not be developed here.

5.16 Some Theorems for the Reactivity

Our discussion of the reactor parameters, in particular
the reactivity, has been related to integrals or averages over
the reactor. We should remark that we do not consider the idea
of a spatially varying "reactivity" or "effective multiplication"
to have any operational significance. In the steady state, the

ratlo of production to destructlon is the same at all places in

*See Section 6.
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the reactor; at critical, destruction then equals preoduction
point by point independent of any weighting scheme. It follows
that when the actual flux is employed in calculating the reactor
parameters {(or the actual as opposed to the reference importance),
the reactivity is positive for a supercritical system, zero for
a critical system, and negative for a sub-critical system. This
systematic property is an advantage of the defined reactivity;
we investigate in the followlng theorems the nature of the param-
eter when the correct flux 1s not employed.

Theorem 5.1. Sign of Reactivity at Critical: In general,

the reactivity, p', is not zero unless the asymptotic flux shape
is used. Consider as an example the use of the ones vector as
the weighting function or

T (5.98)
JIF' yrav
For any all positive and hence physically acceptable ' ,
the denominator is everywhere positive so long as F' is defined
to contain only positive elements. The sign of the reactivity
is determined by the numerator. This numerator will only vanish
point by point if ' is the actual critical asymptotic flux.
Furthermore, the reactivlty depends in sign as well as
magnitude on the flux employed. If a flux corresponding to one
neutron at the center of a reactor is employed, [ IMy' dv and
hence p' is positive, the actual population increasing from unity
in this sample. If the flux employed corresponds to one neutron
at the edge of a reactor,.rf IM ' dv and hence thé reactivity
is initially negative éinee the actual population is diminish-

ing.
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If a critical reactor 1s used as its own reference re-
actor to glve the importance or welghting function, then fhe
bilinear form for the reactivity will vanish for any value of
the flux employed:

L Sty gt av  Jer v Tetav
pe= ¥ = + =0 (5.99)
Jy T Pyt av [ 47 Py dv .

If, however, some other critical system is used as the

reference reactor, such that

(M+T)§ = 0
R+ =0 (5-100
then for any flux, $*' , we have
o o L7 (MHT) gt av
R -
_Jwr' ey + P (ReT) 8w + 0t P sy dv
[ Pyt av
Tyt Pepav ,
[yt Py ay (5.101)

Hence the reactivity of such a critical reactor, evaluated with
some other critical reference state and the non-asymptotic flux,
is zero to first order.

The same conclusions can be drawn for the non-critical re-
actor using its actual time dependent importance as a welghting
function: the period will be predicted correctly whatever flux
is employed. However, the result 1s of no practical value since
if the actual importance were known, the problem would be already

Solved.
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Theorem 5.2. Reactivity of a Non-Critical Reactor: The

discussion of Theorem 5.1 indicates that the sign of the re-
activity of a non-critical reactor is indeterminate 1f the

flux used is not the actual asymptotic flux or if the welght-

ing used is not the actual asymptotlic importance. For any
physically realisable reference reactor and hence all positive gt ,
the reactivity when correctly evaluated has the sign of the

reslident period:

6|=f¢+M‘P'dV

[T Fryrav
_sfytAayrav- [yt Tyray
RS
_Sf\lJ+A4J'dV (5°102,)
[t Pyt av

where we have assumed ¢;=:CI . Since the final ratlo of integ-
rals is positive under the assumptions of the theorem, the sign
of the reactivity is that of the asymptotic period.

When non-physical importances, corresponding to higher
modes, are employed, the sign of the reactivity is indeterminate.
In any case, 1if neither the actual flux nor the actual importance
is employed, the sign of the reactivity 1s again indeterminate.
5.17 Reactivity in the Point System

We reduce the general perturbation expressions for the
kinetics parameters, in particular for the reactivity, to the
one region case for various group models. For one group of

neutrons only we obtain:
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_[¢ P éav
[oF Frovdy

_(6F - 65~ B 6D) J ¢" ¢ dv
P f 67 ¢ dv
_ §F - 6= ~ B® 6D (5-103)
= "
The result is seen to be identical with the one group expres-

sion given 1n the introduction, Table 1.1 of Section 1.
The two-group expression, however, does not reduce
l1dentically to the previously quoted result. We have, for the

thermal fissioning case, that

5: ¢§___E___§ Fa¢nz dv =
1+ 7B

2

+ 2 P 2
—P -6z, -B%sD )¢! +6p=, ¢t +(—P _ 6F - 6=, -BZ6D )¢']dv ,
fz[l s B 1 1'% 117 B2 2 2/ %2 (5.104)

The coupling coefflcient between the fast and slow flux can be

eXpresgsed as

¢l
$% - ZF“ ) (5.105)
2 (1+ 5B (1 + sy
where
2 = 1
D vziine - BY (5.106)
Then
(821+B2"6'D"1) T p§F >
-._P 5 5 ¥ > + > w.ﬁZZ—B ﬁDz
1+TB (1+ﬁB)u%ﬁ£p M+T“B>u+sﬂp (1++B7)
-
P pF? (5.107)
1+7B

To reduce this form to that given in Section One, we make the

first order approximation, that 1 + s{ l' = 1. Then taking p
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as unity 1in accordance with Section One, we have

2
, 6=, + B~ 8D
_E‘—?_ 6z, - — — 5FZ—B26D2—622
ZH(1+B T 1++B 1+t B 8
p’: oF (5.10 )
1+ B
But since
6D1 621 D
1= 57 ~wt T (5.109)
1 1 1
we have
-7 B% 57 5F 2
> 5 + 5 - B 6D2—622
—_(1+B“7)(1 + B%1) (1 + B°7)
p = T
(1 + BZT) (5.110)

This expression for the reactivity differs from that of Section
One, only in the denominator, where t' replaces + . However,
it is to be noted that when the reactivity is combined with the
generating time and the effective yield of neutrons, the de-
nominator 1s cancelled out. Hence, both expressions give the
operationally observable behavior to first order, if a consist-
ent use is made of the kinetic parameters.

To extend the comparison to include delayed neutron er'-
fects, we consider the one region reactor with fast non-leakage
characterized by P for the prompt group and Fi for each delayed
neutron group. Then the effective yield reduces to an expression

representing the fraction of neutrons returning to thermal:

ﬁ. = — = ) i
b ovz - P+ IPp] [(1-p) P+ S PP ]
i 1

The perturbation expression for the effective multiplication then

vZ.P.B. P. B.
f7i%i ivi (5.111)

becomes ;
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vEZ[(1-8) P + 2 P, ]

k (5.112)
eff = + B°D

while

1

A-
vE[(1-p) P + ‘; Ps.]

(5.1¢3)

It will be realized that the various P are strictly functions of
the period. The first order approximation consists of using the
critical value.

The bracketed terms in equations (5.111), (5.112), and

(5.113) can be approximated as:

B
(1 P+ ) Ppl=Pli-p+). Fb]
1 1

=Pl1-p+ Z; ¥ifil (5.114)
=P[1- B +B] = P[1+ B(y-1)]
where
v=B,/B: v=B/B: B=)_vp, (5.115)
1

Then the error on neglecting the changed spectrum due to the de-
layed fission energies in calculations of reactivity and generat-
ing time 1s of the order of f(y-1) or say 0.04% for the MITR -

evldently negligible.
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APPENDIX A TC SECTION FIVE
THE. USE OF THE GENERATING TIME IN REACTOR KINETICS
5A.1 Introduction

In the main body of the work we have derived the general inhour equa-
tion for multiregion systems in terms of effective parameters, p', B—i and
K'. The use of the generating time, 1—&‘, rather than the lifetime, Z', is
not very common in the literature; we believe that A' is a more useful
parameter than £'. To demonstrate the advantages of A, we give an
account of the simple one region analysis of the step change of reactivity
to show how the exact solution is easily developed together with certain
approximations. Although we shall not here deal with spatial variations,
the results are indeed valid for the general case when the perturbation
expressions are substituted for the reactivity, p, precursor yield, B i
and generating time, A, that we employ here.

The introduction, Section One, served to demonstrate that the life-

time, £, given in the one group, one region model by

0= ___1_._2_ (5A. 1)
V(= + DB?)

is not an operational concept, but depends on the arbitrary definition of
the destruction processes represented by £ and DB2 in equation (5A. 1).
Analogous to £, we have a generating time, A, based on the production

probability rather than the destruction probability:

A = (5A. 2)

L
VF
where F in the one group model is just v Zf. The generating time, A,

has been introduced in perturbation theory by Henry (6, 7) who regards A
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as an approximate form of the lifetime, while realizing that its use
simplifies the resulting equations. A generation time, T o has been
introduced into kinetics by Feiner, Frost and Hurwitz (43), though no
definition is given and the equations utilized are not derived. It would
seem that T is in fact identical with our A. Other authors have attempted
to simplify the kinetics equations by defining approximate lifetimes— the
Q* of Schultz (8)— and prompt multiplication factors, kp, of Frost et alia,
op cit., and Dietrich (44). Again Schultz employs the form of kinetics
equations used in the present work but regards them as an approxima-
tion only. In fact the results of Schultz have greater validity. The
prompt multiplicity is defined by Dietrich as kp = (14B) ke £ the kp of
Frost, et alia, is not defined but for consistency should be given by kp =
1+p-p.

Hurwitz (65) has derived the kinetic equations for the diffusion
approximation in a form in which the "generation® time is introduced.
The final result is an equation formally identical to our own, so that
the generation time must be taken to be identical with our generating
time. However, the definition of Hurwitz (via the bilinear average of
the reactor period) differs considerably from our own (the reciprocal
average production probability). Furthermore, the approximations
made by Hurwitz imply that the originally defined generation time could
equally well be reduced to the lifetime,

We believe that although not operational quantities, the reciprocal
of the average production and destruction probabilities (i. e., the gen-
erating time and the lifetime) are conceptually clear. Since neutrons

are not divided into discrete generations however, it is not conceptually
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clear what is meant by the time between generations (except in the
limit of the critical reactor where the generating time equals the life-
time). It is for this reason that we eschew the Hurwitz approach.

The main body of the work emphasises that neither the lifetime nor
the generating time afe true physical, operational quantities. However,
if the lifetime is regarded as the mean time of existence as a neutron,
then the generating time may be regarded as the mean time before a
neutron produces a further neutron, or the mean birth time.

The generating time and lifetimes are both reactor parameters.
Neither are operationally determinable; their ratios with the measures
of criticality determine the reactor period. Only the reactor period
can be measured or thought of as an operational concept characterizing

the reactor.
5A. 2 Criticality Measures

Starting with the effective multiplication, ke gpr @S the ratio of pro-

duction to destruction, we have:

Kk _ production probability _ FV
eff = destruction probability (Z+ BZ D)V

kK =k _1 = increase =F-(E+ BZD) (5A. 3)
ex eff destruction s 4 BZ D

_ kex _ increase _F - (Z + BZ D)
P = ke ~ production F

When delayed neutrons are to be considered, it is convenient to re-
gard production as the production of prompt neutrons and precursors
whilst the destruction refers to the removal of thermal neutrons. In

the multigroup representation, each production term is weighted with
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the probability that the precursor or the prompt neutron will eventually
yield a thermal neutron. None of these measures of criticality are

true balances and by themselves do not determine the reactor behaviour.
They are merely useful parameters,

The yield of delayed neutron emitters of type i is given by the
fraction of precursors of type i formed for every neutron ultimately
produced whether prompt or via precursors. Thus 51 is a fraction of
the production rate of prompt neutrons and precursors F as employed
in the measures of criticality. Thus we have a natural grouping of
the reactor parameters according to whether they are based on produc-

tion or destruction.

Production Destruction
5. P F . F
i F eff > + BDZ
2 2
F~-(Z+DB") Kk F-(Z+DB")
p F ex 2
=z + DB
1 1
A e { -+
VF V(= + DB

Table 5A.1 Normalization of Reactor Parameters.

From Table 5A. 1 we have the relation:

kex 4
keff = —-p— =3 (5A. 4)

It will be evident that the terms based on production are the natural

parameters to express the behaviour with delayed neutrons. Their use
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leads to significant simplification.

In addition to the simplified results, the use of A, the reciprocal
production probability, rather than £, the reciprocal destruction
probability, has a further advantage. The majority of reactor control
is achieved with absorbing control rods. Therefore the destruction
terms are more likely to vary in a reactor than the production terms; £
will vary more than A. An estimate of the magnitude of this effect can be
gained from an estimate of the change of k off from shutdown to operation
of a reactor., A reasonable estimate might be 0.7 < keff's 1. Thus
£ might change by a factor of 1.4. This variation is not very important
when delayed neutron effects govern the reactor behaviour but might

be significant for the analysis of an accident.
5A. 3 Kinetics Equations
Neutron balance:

%%:[(1-—{3)F—E—DBZ]Vn-i-ZXiCi, (5A.5)
i

where B = Z Bi. Rearranging we have:
i

2

dn F->-DB _
dn = FV n [SFVn-l-Z A€, (5A. 6)

1

or from the definitions of p and B,

dn _p B _p-P
=& An+z:xcr. n+§:ﬁci (5A. 7)

Consider the case of no delayed neutrons and precursors when equation

(5A. 7) reduces to:
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p
g—% A n, (5A. 8)
whence
k t
_ Pt ex
n/n0 =exp x =exp — (5A.9)
Corresponding to equation(5A. 8) we can write:
Q. FVn-(Z+BDVa
A £
1 17 _1[, A
- K'ﬂn‘xllfﬂ“ (5A. 10)

But (1 - %) is indeed the reactivity p. If we interpret s = —%g—%as the

neutron gain probability we can write:

s=%- 7 (5A. 11)
probability of probability of probability of
gain production destruction

The maximum reactivity is +1, when there is negligible destruction.
Then A is the period on which the reactor would rise if the destruction
vwas not taking place. This result is similar to the better known inter-
pretation of £ as the period on which the reactor would fall if there were
no production processes (kex =-1).

Returning to the delayed neutron case, we have the precursor balance
equations:

dCi
Tt—z ﬁlFVn_)\lcl’ (5A. 12)

whence:

i P
g9t CART A\, C, (5A. 13)
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5A.4 Step Problem

The classic problem of the step change in reactivity is soluble on

taking the eigen equations corresponding to (5A. 12) and (5A. 13):

dn _ __ _p-§ N

g = on =20+ > ncp, (5A. 14)
i

d¢; By

5 =sC; =5 n-\C (5A. 15)

A, B.

p-B i i : :

sn=—-n+ —n, (5A. 16)
Z i A

or

(5A.17)

The roles played by the direct increase of prompt neutrons and the in-
direct supply of delayed neutrons, a fraction )\X)\ + 8) of the precursor

production, are clearly distinguishable.
5A.5 Solution by Inspection

(a) Around zero
Certain properties of equation (5A. 15) in the (p, s) plane can be found
by inspection. Evidently there are poles at each s = _)‘i' Near s=0

however, equation (5A. 17) becomes:

sBi
As =p - > 5
/N

1

oip=s A+Zﬁ)\i—

|
i

(5A. 18)
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B.
Hence the path is through the origin with slope A + Z X—l—
— i

i
(b) Asymptotic

For very large magnitudes of s however we have:

Oi As=p-p (5A. 19)

Thus the asymptotic solution away from the poles is also a line of slope
A but passing through the point p = B on the p axis.
The asymptotic solution is well known in an approximate form
though shown here to be the exact solution for very large magnitudes of s.

We have asymptotically

k =~k ..p
g = 9_3\9 - _325_7 eff” (5A. 20)

(c) Around the poles:

Consider the behaviour of:
Bi M
AS=P—[3+Z'—X.1-_F§, (SA.ZI)
i

in the region around s = -hl. Then Ipl » 1 and certain terms can be neg-

lected. We have approximately:

L vpe gty
A p-B= 5FY, (5A. 22)
1

Equation (5A. 22) gives a rectangular hyperbola in the (p, s) plane
with asymptotes through s = -Xl and p=p. The curve passes through

p - ﬁl +pP on the p axis.
5A.6 Interpretation of Prompt Root

The interpretation of the asymptotic solution above prompt critical
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is also well known. In fact on either side of prompt critical, the
reactor tends to behave as a prompt multiplying or prompt critical
system with a prompt reactivity p below p.

Let us consider for a moment a just critical system in steady state
as a sub prompt critical multiplying system together with a number
of sources of delayed neutrons from the precursors. The total
source strength, proportional to the flux and precursor yield, is
Z ﬂi ¢ in steady state. . Since the flux level is given by the source

i
strength times the multiplication, M, we have

¢=MZﬁi¢=Mp¢ (5A. 23)
i

Hence the multiplication is 1/B. We can see that for every neutron in-
troduced, a further (1-B) prompt neutrons are created in the next
generation. The multiplication of one neutron is given by

M=1+(l—[3)+(1—[3)2+...=1—:—(;1_—m=% (5A. 24)

Equation (5A. 24) is the multiplication as anticipated. If now the reactivity
is increased by p above delayed critical, instead of being f below prompt
critical, the system is now only (B-p) below. Thus the total yield for

one neutron (M) is increased from 1/ to 1/(B=p). Evidently the yield
becomes infinite at prompt criticality, p=p.

From the above argument we can derive the coefficient of the so-
called prompt jump. Although the total yield of equation (5A. 24)
nominally requires an infinite time, it is in fact virtually completed after
a few prompt generating times. Thus the full yield appears before the

precursor density or the source strength has increased appreciably.
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Then the flux level 'jumps' by
¢=—LZBi¢O=—p~¢ (5A. 25)

This expression for the jump is valid for any number of groups.
5A.7 Non-dimensional Representation

A certain simplification of equation (5A. 17) can be obtained by
expressing the variables in a non-dimensional form. The use of
p* = p/B, as a fiducial unit is well known in terms of dollars and cents,
or betas and milli-betas. One advantage of this reduced unit is that the
dangerous condition of prompt criticality (p=p, p*=1) is easily recognized
whatever the value of .

We write equation (5A. 17) as:

As P _

(5A. 26)
B P 1 A(ki + s)

, zAxiﬁi/ﬁ

Then if s and )‘i are all measured in units of the generating time, A, we

can define these non-dimensional units by

;s = B8, \s o1 (5A.27)
1

a, = - (5A. 28)

(5A. 29)
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The roles of the direct contribution from prompt fission and the
indirect contribution from precursor decay are still clearly dis-
tinguishable. We have achieved a useful simplification and our equa-
tions are now independent of the values of A and B.

The asymptotic results achieved by inspection are expressible in
the new units of course. For large magnitudes of s*‘, equation (5A. 29)

becomes

* *

S(asymptotic) = P ~ ! (5A. 30)

* e *
Near s = 0, we have the slope of p against s :
* — a,
i
L1ty L (5A. 31)
s b W
i i
* *
In addition there are the poles at s = -xi . Figure (5A, 1) gives a sketch
of the form of solution for a three group of precursors approximation.

5A. 8 Physical Interpretation of Non-Dimensional Parameters

(a) Neutron-precursor ratio:
The non-dimensional units we have introduced have interesting
physical significance. Consider the ratio of neutron to precursor den-

sity given by equation (5A. 13)

dc, Py
‘-dTSSCj_:K"n—)\.iCi (5A. 32)
Hence
b3 *
A(s+1\)) A(s+\) (s +\.)
1. i _ B L o_ 1 (5A. 33)
i Py By P 3;

# %
Thus (s + )"i ) is related to the ratio of neutrons to precursors. When
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Not Physical

S

FIG. 5A.1 KINETICS SOLUTION FOR A THREE GROUP OF
PRECURSORS APPROXIMATION
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the reactor is on an inverse period, s, the ratio of total precursor, C,

to neutrons is:
1 2’“ 2 : i
== C, = — (5A. 34)
n LoLag® o \F
i i

A typical value of the ratio of precursors to neutrons in a critical heavy

=il

water reactor is 99 to 1, i.e., only one percent of the population is
neutrons, the remainder being precursors.

This expression for the precursor neutron ratio brings out the
physical importance of the delayed neutrons to the reactor behaviour.
In addition we can see that the reactor can never be on a stable or
dominant period of less than —X; where )\j refers to the longest lived
precursors, or else the ratio of densities would be negative — a physi-
cally impossible situation. In the long run a reactor cannot be shut
down faster than its delayed neutrons. This point can be significant
when long lived photo neutrons are to be considered since there may be
an appreciable shut down flux from this source.

(b) Cycle Time:

The kinetics solution without delayed neutrons, equation (5A.9), took

S = q s S - p . 5

We might ask what is the average cycle time, L, to replace A in
equation (5A. 35) such that L. would give the behaviour with delayed
neutrons included. There will of course be as many values of L for
each value of the reactivity as there are roots of the equations.

*
We can write the solution for L formally in terms of s or s as:
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A%
=& (5A. 36)
]

tgla

=B .
L-S,

Thus p*/ s"ﬂ= gives the number of times the average cycle time is greater
than the prompt generation time, a measure of the delaying effect of
delayed neutrons on the reactor.

If we write equation (5A. 29), the general multigroup solution, in

%, %
terms of p /s , we have:

*
a.s
%* * i
sT=p - D (5A. 37)
i)"i+s
or
*® a.
DD
P -1+ = (5A. 37)
% %
s N +s* A

i
5A.9 One Group Approximation

A one group of delayed neutrons approximation is commonly employed
either to simplify kinetics problems or to present the essential physics
involved. Although Smets (45) has put forward several methods of
selecting the group constants B and \ of the one group representation,
we shall only consider the conventional representation.

We wish to match the two representations:

b4
" ” a.\,
s¥ =p o 14 Z NNE A (5A. 38)
— N, +8
1 1
and
*
s .
st epto e M (5A. 39)
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with appropriate selection of B and \ in the one group representation.

* *
To match the asymptotic root, s =p -1, we need only take:
B=>p; =8 (5A. 40)

*
This procedure ensures that at very large magnitudes of p , the
. * : . .
reactivity, p , is correctly given. Actually, the asymptotic root is
£ 3
a fair representation of the solution at intermediate values of s so
* %
long as s is well away from the poles at —Xi .
The second region of main interest is probably around delayed
critical. Both exact and one group representations pass through the
point (0, 0). Hence we are at liberty to match the slope of the exact

solution, given by equation (5A. 18) as:
= L —i (5A. 41)
M

%
(as s =-0)

. . *
Hence we can ensure a correct solution for small magnitudes of s ,

by taking:

i

._a
'D—'

= W X (5A. 42)
M
We can now drop the bars on B and M\ in the one group representation.
Although the solution has been matched asymptotically, the inter-
mediate solution is not necessarily correct. Indeed in the left hand
plane in the region of the poles at the —Xi* ,» it is evident that this
region is not well represented. Physically the flux can never decrease

on a stable or resident period at a rate faster than the decay of the
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slowest precursor group. Thus part of the dominant root predicted by
"~ the one group approximation is in fact unrealisable when it crosses the
right hand pole of the correct representation.

The one group equation forms a hyperbola in the s*, p * plane, with
one vertical asymptote at s’: = —)\* and 45° asymptote through (0, 1),
s'* = p>:< - 1. Further special solutions are easily obtainable by in-
spection,

The quadratic form in s* is obtainable by a rearrangement of
equation (5A. 39):

2
s s e =0 (5A. 43)

The second root corresponding to the asymptotic roots are obtainable

from the final coefficient which is the product of roots:
* %
S18, = =L p

*
Hence we have for the asymptotic value of Sy°

¥ #*

S;=p =1
(5A. 44)
* %k
%*
¥ Ap
2 R
1+<p

% ok
%k
This corresponding solution 8, = LL* takes the form of a rectangular
1-p

hyperbola which intersects the true solution at (0, 0) and has asymptotes

horizontally through p#< = 1 and vertically at s* = —X*. The slope at (0, 0)
is 1/7\,>g€ (cf. 1+ 1/7\,* of the correct multigroup solution.) Since )\* is

so small, the slope is well represented by this second hyperbola, which

in addition is easier to sketch. It is thus a fair approximation to the
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dominant root in the right half plane. This root, incidentally, is
identical with a commonly used approximation derived by expansion
of the equation solution:

% %

Ap _ Mp
* T R-
1% PP

(5A. 45)

The physical interpretation of this root will be given.
Alternatively from the second coefficient we can derive the sum

of the roots:
(s”l‘ + s’;) ==\ +1-p% (5A. 46)

Hence for the asymptotic values:

* A
s;=p - 1
(5A. 47)
& R
8, = =\

Since the particular solution, (0, 0), is known, there is a corresponding

solution at:

%
s;=p = 0

(5A. 48)
* *
S, = (A + 1)

By considering the case where the sum of the roots is zero we find:

RN PR N T (5A. 49)

#
. For A « 1 this pair become

VS (5A. 50)

it

* * * %
The asymptotes intersect at the point (<A , 1=\ ) in the s , p plane.

All particular solutions give rise to second solutions as mirror images
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about this intersection. In particular the origin of coordinates as a
* A

solution leads to the mirror solution (-2\ , 2 - 2\ ). Some of these

results are sketched in Figure 5A. 2.

* *
By an expansion for p > 1 and assuming A « 1, we can find roots

* *
to compare with the asymptotic root, s =p - 1:
*
reduced reactivity: p 2 3 4 5
* % %
. . * * A A A
expansion solution: s 1+ 2 + > 3+ 3 4 + Y
3
asymptotic solution: s 1 2 3 4

*
Hence the fractional error in the asymptotic root for lp l > 1 goes
rapidly to zero as
8- P (5A.51)
s (p - 1)
The equation can be rearranged to yield a rectangular hyperbola in

a form suitable for plotting as a universal equation

&
P-4 1 (5A. 52)

T A *
S AN +s

) , *, % , * s )
Figure 5A. 3 is such a plot of p /s against A + s valid for all values
of yield, B, generating time A, and precursor decay probability, \.

e *

The physical interpretation of (A + s ) as the ratio of neutron to pre-
cursor probability has already been discussed. We proceed with a

¥, %
physical description of p /s = L/A, the cycle time, for the one group

approximation.
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FIG.5A.2STEP REACTIVITY CHANGE. ONE GROUP OF
DELAYED NEUTRONS
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FIG. 5A.3~ ONE GROUP DELAYED NEUTRONS. Universal Inhour Relation
Reduced reactivity versus neutron/precursor ratio. (Valid for all values of
delayed neutron yield prompt generation time and precursor decay time.)
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5A.10 One Group Cycle Time

(a) Exact Value:
The cycle time L in the one group approximation is given by our

universal equation, equation (5A.52):

%

L 1

K:§=1+Fi:; (5A.53)
or:

L=A+ b (5A. 54)

= A(1-p) + B(A + 5

The term A(1-p) is the contribution of the (1-p) prompt fraction with

generating time A. The term B(A + X-}-s) is the contribution of the B

delayed neutrons which have a generating time A as prompt neutrons
and 1/(M\*s) as precursor. Just as neutron destruction probability is:
1/4 and precursor destruction probability is: 1/7 = \, so then neutron
production probability is 1/A and precursor production probability is

A+ s,

(b) Approximate Value:

We have justified the asymptotic root, s* = p* - 1, as the behaviour
of a prompt system sufficiently far away from prompt critical that the
multiplication effects are completed before the precursors have changed
their concentration appreciably. The corresponding roots of the equa-
tion, in particular for the one group approximation, can also be justified
by consideration of the prompt multiplying effect and the average cycle
time, L.

The behaviour of the additional roots of the equation is governed
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basically by the precursor decay time, v = 1/\. The neutron released
initially on decay is multiplied within a few generation times to the value

1 as derived in equation (5A. 24) et seq. Thus more neutrons are re-

p-p
leased per precursor decaying. The probability of a delayed neutron
appearing is greater than the decay probability by B—:‘—p— to A. Thus the
effective delayed neutron lifetime is not v but only @ —-p)r. Thus if we
take the cycle time, L, to be this effective time, we have
S *
L:@;%:%:%ﬂ (5A., 55)

This interpretation does indeed give the second root corresponding to

the solution given by equation (5A. 44):

d ok
sT=_Le (5A. 56)

(p" = 1)
5A.11 Comparison of Solutions Parametric in Generating Time A
and Lifetime, £

From the previous discussion we are able to sketch the solution
to the one group approximation with considerable accuracy. It is inter-
esting to compare this solution with the better known form parametric
in £ rather than A. There is however an additional pole at ~1/{ where
ke ¢p gOes to zero and p to minus infinity when £ is considered constant.
One can say that in practice this root cannot exist since it would not be
possible to lower the reactivity without indeed changing the destruction
probability and hence the lifetime.

The slope of the asymptotic root in a p, s plot is A. Both repre-
sentations follow this solution in the region of ke £ unity. The divergence

as k&ff leaves unity is not noticeable around the poles where the precursor
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behaviour is the dominating influence. These results are sketched in

Figure 5A. 4.
5A.12 Exact Non-linear Solution

In this Appendix, we have given a detailed account of the application
of the generating time to the simplest problem of reactor kinetics, the
step change of reactivity. We have shown the nature of the solution on
using A rather than the lifetime, 2. The simplifications that were there
present hold for more difficult problems and can be applied with advantage
where exact solutions are sought (42, 45). As a single example, it will
be sufficient to discuss Akcasu's solution to the non-linear problem (42),
and show that three approximations made in the treatment can be re-
moved on utilising the generating treatment.

In Akcasu's original treatment, three approximations were made:

(a) the lifetime, ¢, was taken to be a constant parameter,

(b} the precursor equation was simplified by the assumption that:

k «l1,
ex

(c) the neutron equation was simplified by the assumption that:
p«l

In our treatment, assumptions (b) and (c) are removed entirely
while assumption (a}) is replaced by the assumption that the generating
time, A, is a constant. As we have seen, for many practical cases,
this latter assumption is better than assuming { to be constant. Assump-
tion (a} is generally in error by the same magnitude as assumptions (b)
and (c).

We start with the previously derived kinetics equations:



FIG 54.4 STEP REACTIVITY CHANGE
PARAMETRIC IN LIFETIME, £, AND
GENERATION TIME , A.
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&° K _~_4 iMCis (5A.57)
i

ac; B

E{=$Kn_)\ici (5A.,58)

We put p; Ci = Ei and we again measure time in units of the generating

time, A:
A B.
& i * ot * _p i
A, =——; t =—; ==: —— = 4a. .
i B A p B B a; (5A,59)
Then
d ¥ T’ % =
—_— = - 1) n+ N C., 5A.
el 2N (5A. 60)
and
dC.
— = a,n—\'C, (5A.61)
dt !

s & e *
Letp = Po + pz(t ) where p and P, are constant. We seek solutions of

the form
'
sle sk ES
n(t ) = exp f m(t ) dt (bA.62)
0
t*
T,(t) = gt exp / m(t’) dt* (5A. 63)
0

Substitution gives:

m(t) = (pr -~ 1) +pa(t’) + Z A gilt) (5A. 64)
i
%
dg(t ) * * * %
ot gt m(t") = a - X g (") (5A. 65)

These equations are identical in form with these given by Akcasu, except



that p replaces his kex and A replaces f. Thus the solution to the
present form follows exactly as given by Akcasu on making these substi-
tutions, but without the two approximations indicated above. Similar
solutions given by Smets (45) can be made rigorous in exactly the same

fashion.
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APPENDIX B TO SECTION FIVE
FAST FISSION AND FAST LEAKAGE PARAMETERS

5B.1 Two Group Representation of Fast Fission

It is reasonable to demand that a 2 1/2 group representation in-
cluding fast fission will reduce, in a one region reactor, to the modi-
fied one group four factor formula when criticality is achieved. Such
a definition however makes the relationship between € and X g2 function
of geometry.

In practice the correction factor is of the order of €, so that some
uncertainty is admissable. The uncertainty is essentially that involved
in what Weinberg and Wigner (1) call intensive and extensive reactors
properties, € and e*. The !'four factor formula® requires that

VEPZ €EpF

2
2

2 _
1+ B> 1+ 1B

= 2,(1+ .28%) , (5B. 1)

since F‘1 = vzfl; F, = vzfz. The group criticality expression is given

2
by
2 _
“21(1+"B)¢1+F1¢1+F2¢’ =0,
(5B. 2)
s ¢ -2 (1+L2B% ¢, = 0
P2 % 2 2
whence
@ F F -l s (1+12B%
1 2 1 2
ey [1_ —1 - . (5B. 3)
2 z,(1+7B% z,(1+71B% P2

and also



+ -1
R Y P
o (1+7BY Lz (1++BY

Z,(1 +1L.2 B?

F,

From equation (5B. 1) we have

PF, F
%, (1+ 1.2 B%)

= (1 ++B% 7_1—5—1

Hence comparing equation (5B. 1) with equation (5B. 5), we take

P S D
€ Z) 1+ +B%

and the coupling coefficients become:

¢1 _ 3

- = 2

%2z 1+ B
4)'1'

. p
% (14789

1

1 (1+7B%
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(5B. 4)

(5B. 5)

(5B. 6)

(5B. 7)

(5B. 8)

On inserting these results into the one region generating time for a

critical system, we obtain:

A= : 2.
V121(1 + TB")

A = 1/€

A 2.2
VZEZ(I-O-L B)

(5B.9)

It is seen that with this representation, the effect of fast fission is

to reduce the thermal generating time by the fast fission factor.

Other

results have been given in the literature (41). Since the effect is small
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there is no practical difference between them; equation (5B. 9) is perhaps

the easiest and simplest representation.
5B. 2 Consistent Definition of Resonance Escape and Fast Leakage

In evaluating the effective precursor yield, we assumed values for
the resonance escape probabilities for fast prompt and fast delayed neu-
trons and assumed values for the Fermi-age for these neutron groups.
This appendix investigates the consistent relation of such assumed values
to the results obtained by experiment or calculation for a single lumped
fast group.

Since resonance absorption takes place in the kV region, well below
the energies of both groups, it is unlikely that there is in fact any varia-
tion of the resonance escape probability. On the other hand, the symbol
p is used to represent not only the true resonance escape probability
between the groups, but also any true absorption within the fast group.
Thus situations may arise where p differs from the prompt and delayed
group.

The consistent definition of the parameters is again based on the
requirement that the one group representation predicts criticality at
the same loading as the multigroup representation. To determine the
appropriate values of the p, we consider an infinite system; to obtain
the appropriate v we consider a finite system. As in the case of the
fast fission, the Fermi-age will be an extensive parameter dependent
(in theory) on the geometry of the system.

For the resonance escape we require consistency between the sets

of equations:



2 k

- (DB® +Z) o+ £2 4 =0
(5B. 10)
2 _
(p2f¢f—DsB +Z) ¢, =0
and
(D, B2+z)6, +0+(1-p)X .4, =0
1 1" ~1 Pj3 373
0-(D,B2+x,)+pL x5 4. =0 (5B. 11)
2 2 *Pp F3 % :
2 =0

P1Z)9 +Py;Z,9, - (D3 B+ Z3) ¢; =

where for an infinite system we take Bz to be zero. The consistency of

equation (5B. 10) requires that k = 1. This result can be substituted in
equation (5B. 11) to obtain a relation between the resonance escape
probabilities:

p3 = (1-B)p,; *+ Pp, (5B. 12)

At the same time, equation (5B. 12) provides a logical definition of
the average resonance escape probability, p, used in equation (5B. 10).
Thus if we take p = (1-8) P, + ﬁpg, we have a consistent definition of the
resonance escape parameters to be usea in tne calculation or effective
yielas. It is likely that our knowledge of P, and p; comes in the form
of the difference, P, - P3- Then this knowleage and the value of p
serve to fix consistent values of p, and p,.

To aetermine the consistent values of the fast properties, we write

equation (5B. 11) in the form:
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>
2 k™3 _
-”(TIB +1)¢1+0+(1—ﬁ)f’-§: ¢3-—0

2 k 23
0-(+,B +1)¢2+65§—2—¢2=0 (5B. 13)
= =

1 2 2.2 _
pli";"’l*pz'f:;d’z'(LB t1eé;=0

From the determinant of the coefficients of equation (5B. 13), we ob-

tain the condition
(147, B (1+7, BH(1+ L2 B% = S[(1-prp (1 + 7, B%) +pp,(1+7,BY)] (5B.19
On introducing the criticality condition, that
2
k=(1+71B"), (5B. 15)

it follows that

3 = 2t
1+7B° (1+7,B%p

> (5B. 16)
(1+ Ty BY)p
For the practical case where, p = P; =Py equation (5B. 16) reduces

to

1 5 = 1-8 S+ p 5 (5B. 17)
1+ 1B 1+‘rzB

1+TIB

Again we presume that 7 is known from a combination of theory and
experiment, while our knowledge of Ty and T is in the form of a known
difference. Then equation (5B. 16) or equation (5B. 17), serve to deter-

mine consistent values of T and Ty
5B. 3 The Effect of Fast Fission on Precursor Effective Yields

A number of authors have pointed out that the difference in yields

between the fissionable species, the difference in delayed neutron



244,

energies and the difference in fission thresholds all combine to a compli-
cated inter-relation (40, 6, 7, 49, 56). Krasik (61) concludes that the
effectiveness of delayed neutrons is increased by the fast fission factor,

€, in rather the same way as we have shown the thermal generating time to
be decreased in the presence of fast fission. Our previous result for

the genérating time was eminently reasonable; when the neutron group

is partly 'short circuited' within the fast group, the generating time is
decreased. The result quoted for the change in effective yields is by no
means apparent. Since € can be as high as 1. 05 say in light water lat-
tices, the effect is worth investigating in more detail.

We give an account of a much simplified system. As before, the
relation of the multigroup constants to the fast fission factor (or the four
factor formula) is somewhat arbitrary. In particular, for a homogeneous
system, fast fission is naturally related to a fast group cross-section.
For a heterogeneous system however, the fast fission effect takes place
in the fuel elements themselves and is spatially proportional to the first
collision density. In a two group scheme, the thermal flux provides a
better spatial estimate of the density than the fast flux. Consider for
example the edge of a highly reflected core, where the thermal flux
will be peaked and the fast fission effect still high. The fast flux will be
depressed around the interface however as far as it is given by the two
group approximation.

The assumed equations for our system at critical are

2
"(21 +D, B )¢1+(1-;3) (Fl + F3)¢3 =0
2
-(Z, + D, BY) ¢, + B(F + F3) ¢, =0 (5B. 18)
PE;é +pZ, 9, - (£, +D,B%) ¢, =0
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We have made a number of assumptions:

(a) One group of precursors with p(U238) = p(U235) or no dis-
tinction to be made between species.

(b) Common resonance escape probability, P} =Py =P

(c) One region system, with a unique Bz.

(d) Delayed neutron energies, approximately 0.5 Mev, do not
lead to fast fission in U238 (a good approximation) or in U235.

(e} All fast fission effects are included in a thermal probability
even though U235 undergoes fission over the full slowing
down spectrum.

It is apparent that with these assumptions, the introduction of fast
fission makes no formal difference to the results; our previous results
hold with F replaced by F1 + F3, the fast fission probability plus the
thermal fission probability, or € F3 of the four factor formula. We
conclude that the fast fission factor does not appear explicitly in the

precursor effectiveness,
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APPENDIX C TO SECTION 5

SOME CONDITIONS FOR SOLUTIONS WHERE THE FIRST ORDER
APPROXIMATION DOES NOT HOLD

We investigate a system described by two groups of neu-
trons and one group of precursors, to demonstrate the limitation
of the first order approximation in the flux. The system con-
sidered has application to the descriptlion of a reactor excited
by a pulsed neutron source.

The general vector equation for the three equatlion system

results in the form

o Lt ¢t dv (5¢.1)
[ wtayrdy

where the vector fluxes are, in thils example,

+] P
> ¢
vt= ey and = ey
+ ' 5C.2
ol c'] ( )

As usual we employ a Just critical reference reactor so that
T + + +
(R+T) " " =0; C] = ¢, (5¢.3)

For a one regilon reactor, the shapes of the flux components
¢1 s ¢§ and C', are determined only by the geometry and can there-
fore be characterized as the shape of the reference fluxes. The
coupling coefficients, however, are not yet determined; these co-

efficients will be functions of the inverse period, s, itself.
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If the one region reactor is Just critical, though with
transient fluxes whose nature is to be determined, it is most
convenient to use the reactor itself as its own reference state;
The reactivity will then be identically zero for any transient

flux. Equation (5C.1) becomes:

s letonmear JeonnTeter (5C.4)
[ ¢ Aytdv Jy"Aygrdy

Then for any flux employed in evaluating s, including the first
6rder approximation, we obtain the value zero from Equation
(5C.4). However, in view of the three simultaneous equations,
we anticipate two other roots for s in the first harmonic. It
is clear that the single matrix equation 1s not sultable for
finding the other roots, S5 and s3 say, but only for finding
small changes in the asymptotic root, 8- The unperturbed flux,
Y , is only close to that y' corresponding to the resident popu-
lation. Higher eigenfunctions, even within the harmonic, may
be appreciably different to ¢ .

A second root may be obtained by casting Equation (5C.4)
into the form of the inhour equation, i.e., by using the alge-
braic coupling coefficient for C/¢2. If the equations for the
lowest harmonic are

(B°D, +2) ¢, + (1-p) F o, + AC = Vs—l ¢

- (B’D, +3

S

171

(5¢.5)
BF ¢>2 = AC = s8C

then we have the coupling coefficients
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- BF_
C-= N+ s ¢2
_ le __pzl 1 ¢
by = * =3 2.2 "1
S . B2D +3% 2 (1+sL,)(1+L"B") (5C.6)
v, 2 2
where as before,
2, = 1
2 v, 3,1+ L BY (5¢.7)

It 18 seen that the coupling coefficient between the fast
and slow flux is modified by the factor (1 + sﬂz). The coupling
coefficient for the importance is independent of s, or rather,

is the coefficlent appropriate to the value s = 0O:

v+
ct= ¢}
pZ
¢t 1 oto__ P ¢t c.8
] B2D1+21 2 (1++B% 2 (5¢.8)

The inhour equation obtained from Equation (5C.1l) by sub-

stituting for the precursor density 1is

Sﬁ'ﬁgnmgwkis B! (5C.9)

In the present example, the reactivity is zero for any flux
shape. Since no account of energy differences for prompt and
delayed neutrons 1s made in this representation,i9 reduces to B ,

the measured or linear yield. Hence

A ]
sAt = m (50-10)

Whereas the first order approximation when employed in Equation
(5C.1) yielded only the root zero, the first order approximation
( A for A') in Equation (5C.10), yields a quadratic form for s.
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One root is immediately zero and the second found to be
=N+ B
s, = =(\ + &) (5¢.11)

Since 1/ A is large, the second root is approximately -B/A , the
behavior of the reactor as a prompt critical system,-p below
prompt critical.

If there had been only one group of neutrons considered,
the second solution of Equation (5C.11) would be exact. The
actual error in the second root, and the undetermined third root,
can be evaluated in this particular case of the one region re-
actor, éince the coupling coefficients between the neutron fluxes
are algebralc and can be substituted into the expression for the
generating time. It is seen that the error in the first order
approximation corresponds to taking 1 + s£2 to be unity in the
coupling coefficient of Equation (5C.6). Since this is of the
order of B to 1, it is well neglected.

The third root, 53, is obtained by substituting the coupl-
ing coefficient in the exact value of the generating time. This
will only be possible in one region cases; in general, there
will be no unique value of B2 and hence no unique coupllng co-
efficient to substitute. At best we could investigate the
equivalent one region reactor to obtain a rough estimate of the
missing root, or to estimate the error in the first order approxi-

mation. The exact generating time in the present problem becomes

4+ 1 4 0
. ¢ ¢, ¢ =

171 22 1 2 2 2 1

AL v, s+ Vpz, WHL BN sh) t g
f — —
- + ! B F
¢ F ¢
1 2 1-#-1'B2 (5C°12)

=(l+sl,) 0, +4,
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Then the exact inhour equation becomes
S
s[e,(1 +s2,) + 4,1+ =0 (5¢.13)
Again we have the immediate root zero and the quadratic:

2
2,4,s T L, NS +B+H (L +L)N=0 (5C.14)

Further simplification occurs on using typical values for the

parameters of a thermal reactor, listed in Table 5C.1. We obtain

20,0, +s(8, +L,) +p=0 (5C.15)

TABLE 5C.1 TYPICAL VALUES OF KINETICS PARAMETERS

0.007

il

AN = 0.08 B

£, = 5 x 1072 sec [} 1 x 10"3 sec

2

The roots of Equation (5C.15) can be obtained by expansion and

the neglection of terms in B compared to unity:

. =B _
S, =g +q, - B/A
17 %2
. 2=11+12 A
374, L, 1z, (5C.17)

It will be seen that the second root has the value obtained from
the inhour equation with the first order approximation. To a
good approximation, the third root is given by the reciprocal
Slowing down time. On introducing this value of s into the
coupling coefficient, Equation (5C.6), we find that 1 + 54, 1s

approximately - 19, certainly not close to unity.
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Having found good approximate values for the eigenvalues,
it is now possible to express the first three eigenfunctlon solu-
tions explicitly, in terms of the coupling coefficient between
the vector flux components and in terms of the common spatial
distribution. It 1s easily verified that only the lowest mode
has coupling coefficients that are both positive. The higher,
non-physical or transient modes, have components of opposite
signs. The second and third solutions and their elgenvalues are
easily understood to provide the mechanism whereby an initlal
distribution that is not in the steady state distribution, can
decay away. The neutrons out of balance wilth the precursors de-
cay away With the second or prompt root, -f/A . The fast neutrons
not in balance with the thermal neutrons decay away with the third
root, the reciprocal of the fast or slowing down time.

Consider the initial condition that all the neutrons are
introduced into the system as fast neutrons, with a central flux
a. Then the thermal flux decays in time as the sum of the three
terms: alexp(slt) + azexp(sgt) + a3exp(s3t); These coefficients,

after some manipulation, are found to be given by the vector

equation
! [PV, Z, PV, Z, ~PV, Z) 4,
zz 12 fi
al0} = a 1 +a 1 +a 1
! . 2 3 (5C.18)
0 —2 ~AZ 8=
N 2 ] P 271

An&rbther‘initial coﬁditions can be substituted for the left.—

hand vector to enable the expansion coefficients to be determined.



252,

SECTION SIX: APPLICATIONS TQO STATICS

6.1 Introduction

The focus in Section Five, Applications to Kinetics, has been
on the definition and interrelation of the parameter, p', A' and
B' which relate to the measurable inverse period, s. Through the
reactivity, p', was defined and discussed from the viewpoint of
interpreting experiments, no detailed account was given of how per-
turbation methods can be used to calculate reactivity. It will be
remembered that there is no unique value of the reactivity in a
reactor but that its value depends on (a) definition of production
and destruction and (b) selection of the reference reactor. The
use of the bilinear averaging in our definition of p' not only
improved the accuracy of subsequent first order approximations,
but also enabled the effect of the reactivity to be related di-
rectly to a perturbation or the difference between the actual and
reference reéctors.

The peculiar advantages of the grouping of the reactor
parameters adopted for reactivity, is that with considerable
accuracy we can base the calculation of p' on a flux spectrum
neglecting the division of production between precursors and
prompt neturons.* In this section we discuss several ways in
which perturbation methods can be used to calculate reactivity

*Hurwitz, (65), calls such an approximate calculation of the
reactivity the "prompt reactivity." We find the term misleading

since it is more commonly used in the sense that precursors
are assumed to make no contribution at all.
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effects in reactors. Before undertaking this survey, we must

investigate the basis on which reactivity effects can be compared.

6.2 Equivalence of Perturbations
(a) Kinetic

Often the situation arises when a more complicated effect is
to be represented by a simple approximation and the question
is then asked, how can the approximation be made to represent
the actual situation (or represent perhaps a more accurate and
sophisticated representation of the actual situation) ? For example,
what uniform change of absorption cross-section is equivalent to
a spatially dependent absorbing sample. The basic question to
resolve however is in what way two such samples are to be
equivalent.

First, we might ask that the actual reactor and an equivalent
reactor should have the same asymptotic period. We can say
that the two reactors are kinetically equivalent. In terms of

our general matrix notation we demand that

[ua(M, + Ty av [ bl (M + T yp av

=

[l A,y dv [o) A 4 av

(6. 1)

Here we have arbitrary importances, q:; and 41;, for the reactors
with properties Ma’ Aa and Mb’ Ab respectively. We must in

addition demand that ' and ! are the resident flux distributions
a b
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corresponding to the two reactors.
If we wish to equate two perturbations, i.e., parts of Ma
and Mb” we will obviously select a common reference reactor,

xp+ = 41+. Furthermore since the importance is defined b
a b Y

(R+T) T ¥ = say? (6. 2)

we have the cancellation in equation (6. 1) of the terms

[ ReTIgy av [ 4F (ReT) U v

+ . - + : ’ (6. 3)
I A, by dv [y Ay Yy dv
to leave only the requirement for kinetic equivalence, that
+ , +
JW (P, + 8T )yl dv _ JUT (P + 8T ) L dv 6. 2

[oh A, g av fot A av

Unless we are looking specifically at changes in the precursor
decay probabilities, we will have ﬁTa = lSTb = 0 in equation (6, 4),
leaving differences between P1 and Pz’ in the production and the
destruction terms. If in addition the group speeds are unchanged,
we have Aa = Aba Then in these circumstances there will be negli-
gible differences in either the 5{ or the Al

To a good approximation, then for the kinetic comparison of
most perturbations, it is sufficient then to equate the corresponding

reactivities:
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. Je'p erav [P e av o5
Pa® ' " Pp = * oo oa ’
[ ¢ FL ¢! dv [¢" FL ¢ dv

When equation (6.5) is satisfied we can say that the actual
reactor and the reference reactor plus the equivalent pertur-
bation will have the same resident period and be kinetically
equivalent. There i8 no reason to suppose in equation (6. 5)
that the resident fluxés ¢fa and ¢£ are the same nor the
production probabilitigs, Fz‘i and F}'a Furthermore there is no
reason to suppose that there is any unique value of the equiva-
lent perturbation, since we have not specified whether it is

to be a perturbation in the production terms or any of the
destruction terms. It may be convenient to consider standard
types of equivalent perturbation, e.g., an addition of a uniform
1/V absorber. Even when the equivalent perturbation is defined
to be of a unique type, it may have a value dependent on the
reference reactor employed. That is to say, the equivalence
of the reactivities as given in equation (6.5) is not sufficient
to give kinetic equivalence unless the lifetimes and effective
precursor Yyields are exactly equal.

We could demand that the reactivity effects of pertur-
bations in each group should be separately equated to standard
equivalent perturbations. This concept is taken up in more de-
tail in Section 6.6. In that section we consider equivalent

cross-sections and their relation to equivalent perturbations.
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(b) Static

A conceptually different definition of the equivalence of
perturbations is based on the static equivalence. The static
equivalence of two perturbations does not require that two
reactors are put on the same period. Rather it demands that a
critical reference reéctor which has been made non-critical by
a perturbation P should be returned to critical by a second,
subsequent equivalent static perturbation, P g Again we have
no unique answer for Ps if we do not define a standard type of
perturbation to return an actual reactor to critical. Once a
standard static perturbation has been defined in a suitable form
however, there is only one value of that perturbation which
will make an actual reactor critical. The proof of this theorem

is given by Birkhoff and Varga (62).

Two common examples of such standard static perturbations are
(a) uniform addition (or removal) of absorption cross-section and
(b) uniform fractional change of v until the reactor is critical.
Thus, if we assume some properties of a reactor, M, we calculate
the spatially dependent equation Md)s = 0 for varying values of v
until the equation is in fact satisfied at every point in the reactor.
For a single type of fuel loading, we have changed the true physical
value of v at every point in the reactor. Even in the reflector,
v can be thought to have the common uniform value assigned; it

is the fission probability, X, that is zero. Hence §v /v, the
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uniform fractional change of v that we have imposed on our
assumed reactor, is an eigenvalue independent of any averaging
system. Physically it is certainly reasonable to suppose that
there is only one value of the fractional change of the pro-
duction in the reactor that will exactly balance the destruction.
We must note that the flux distribution ¢S, calculated for this
artificially critical case, is not necessarily the flux distribution,
$', that the reactor would have if it were built with properties M
and the true physical value v

The static equivalence of perturbations, especially using
changes in v as a standard, is convenient for a number of reasons.
First, the resulting 6v/vo is unique (once the standard of equiva-
lent perturbation has been defined). Secondly, since v appears
in very few terms in the reactor balance, it makes calculations
considerably easier. Thirdly, both for hand and machine calcu-
lations, the treatment of only the three spatial dimensions rather
than the spatial dimensions plus the fourth time dimensions of
the kinetic analysis, is a great saving. It is usually much
easier to do a few calculations in 3 dimensions and by iteration
or interpolation find the value of v to satisfy Md)s = 0 than it
is to find the solution of M¢' = V“‘1 aaii'. This is partly because v
appears in so few elements of the matrix comprising M.

It is alsq true to say that the question in a reactor

physicist's mind is often what will make this reactor critical
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rather than what will this reactor do if left as it is. However,
it will be realized that calculations of ﬁv/vo are only an ap-
proximate (though useful) answer for the question that asks how
many control rods or how much extra fuel is to be put in a
reactor.

Due to its comparative simplicity, the calculated 6v/vo is
often used to characterise control rod calculations. It is also
dmployed quite widely to express the calibration of control
rods from Kkinetic measurements, e.g., Benedict (4). We now
discuss the relation between the measure of what the reactor
is doing (the kinetic reactivity) and the measure of what needs
to be changed to stop the reactor doing it (the static reactivity).

Calculations of the fractional change of v required for
criticality are not necessarily done using either perturbation
theory or even any of the variational methods. The fractional
change of v is an eigenvalue for any mixed composition of fuels
and is independent of any weighting scheme. However, we can
use the perturbation scheme to relate the static perturbation,
PS, to the requirement that the actual reactor, with properties,
M, is made critical. The condition is that some physically ad-

missible ¢  is found such that at ever oint in the reactor
s yp

(M+T-=P)yp =0 (6. 6)

i.e., that there is a second perturbation, Ps’ that renders

the reference reactor plus actual perturbation critical.
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For any reference reactor and hence for ariy importance, \lJ+,

or weighting function, it follows that
Jofov + T+ P}y, dv =0 (6.7)
or
+ +
Jo" Py dv = - [ ¢ (M+T) g dv (6. 8)
Consider the standard equivalent static perturbation, where a

fractional change in v is made. FEach term in F', the actual

production probability, is changed by Gv/vo or the standard per-
v

turbation PS is o F'. Then equation (6. 8) becomes
o
R v G L g e e g e (69
(6} 0

Hence

J ot (M) @ dv
&) = 2 (6. 10)

Yoo J¥TEy dv

6.3 The Static Reactivity

We should compare equation (6. 10) with our definition for the

kinetic reactivity, p":

Tyt ¢ av
S (6. 11)

Wt Py ay

We see that the integrals in equation (6. 10) and (6. 11) differ

only in having either ¢ g °r {'. The former is the flux



260.

on returning the reactor to critical by changing v ; the

latter is the flux in the actual reactor. Evidently from the
ratios involved, the normalization or power level of the

fluxes is immaterial at this point. From the close resemblance
of the two equations, (- %v-) will be called the static reactivity,

o
The negative sign appears since it is the change of v to

Py
return the reactor to critical rather than the departure from
critical that pg measures. The kinetic reactivity, p', is either
the value arrived at from the interpretation of a reactor period
or else the value to be inserted, together with A' and the Bl
in an inhour equation to predict the period. The static reactivity,
Py is a mathematical computation device. In certain circumstances,
the magnitude of the two is closely the same.

Since Py is an eigenvalue, the magnitude given by equation
(6. 10) is independent of the reference reactor or importance
employed, The kinetic reactivity does depend to some degree
on the selection of the reference reactor, however. Corresponding
to the static flux, x]:s, there is a static importance, xp;, in the

reactor that has been rendered critical by the change in v. This

importance is defined via
Tytoo-= _ T +
(M+T+Ps) ¢S-0—(M+T pSF') QJS (6.12)

We may employ this importance and reactor as the

reference in calculating the kinetic reactivity. To denote
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the special, unique value of the reference reactor, we write
this kinetic reactivity as Sp" ; the superscripts indicating the
appropriate flux averaging:
o J¥lommyrav Jerouen Tyl av
— _

Jeirpar Ty RTela

[Tyt ay

0 (6. 13)

Te T i av s

Hence we have 575' = pg» OT the two reactivities are identical
when Lp; is employed as the importance in the reference
reactor.

If our calculation of the kinetic reactivity is based
on a reference reactor that is reasonably close to the
static reactor, then (¢+—- np;) will be small and there will
be a negligible difference between p' and Py This might
not apply to a calculation of p' based on a linear weight-
ing. There is therefore an extra reason to favour the use
of the bilinear weighting in calculating the kinetic reac-
tivity, above the considerations of accuracy and explicit appear-
ance of the perturbation.

Corresponding to the kinetic reactivity employing the
static importance, LIJ;-, we must use values of A' and B-l'

which consistently employ the same static importance, i.e.,
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SK* and SE{ With these parameters, the kinetic behaviour will
be correctly predicted via the static reactivity.

Just as we can have a static reactivity, there are analogous
expressions for the static excess multiplication and the static
effective multiplication. These are related to the fractional

change of v by 6v from the physical value Vs by the

expressions
. bv
Py = V_o (6. 14)
__ bv
(kedg == 5 (6. 15)
o
(kepds = 3 (6. 16)

In these expressions, Vo gives the actual production, v
the production at static critical which is then equal to
the actual destruction. Often vo/v is written as an eigen-

value, 1/\, so that the static equation appears as,

=(V ' D'V - B¢, = NF' (6.17)

In the present work, we have delayed the introduction
of the static reactivity in order to emphasise that it plays
no direct role in reactor kinetics. It is the kinetic reac-
tivity as we have defined it, that determines the kinetic

behaviour or alternatively, is determined from period
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. measurements in the reactor. Under certain conditions, the
numerical values of the two reactivities may be the same to
first order. In special cases (the one energy, one region
reactor) the two reactivities are identical since both
importances have the same shape. This identity for the
special case has resulted in some misunderstanding of the
different roles and the essential conceptual difference. Thus
Hurwitz (66) and Henry (6, 7) introduce the static reactivity
directly into reactor kinetics, while Webster (63) concludes
that the two reactivities are identical. The latter's proof
however supposes that there is a unique fast non-leakage
probability in the general reactor, which we have shown is not
true (Section 5). Weinberg and Wigner (1) have pointed out that
in general, the static and kinetic reactivities are not identical.
. Control Rod Calibration: Our general ideas have
immediate application to the question of the calibration
of control rods. We have discussed the fact that the effect
of control rods is most easily calculated in terms of the
static reactivity. A When the reactor is built and the effect
of the control rods measured experimentally, the calibration
is commonly of a kinetic nature, i.e., in terms of the
kinetic reactivity. For obvious reasons the change of period
associated with the pulling of a rod is to be limited and

the rod can only be calibrated in a number of steps. Each
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step yields so small a value for the reactivity worth that
it may equally well be regarded as the excess multiplication
value fqr the step. The question arises as to how the individual
measurements are to be combined to represent the over-all
worth of the rod, if it were withdrawn in one step.

Two methods of combining the individual effects are
commonly in use. In one, the effective multiplication of
each step is multiplied together to give a product effective
multiplication. In the second (used in the MITR) the reac-
tivity worths are summed. These two methods differ only when
the total worth is large; the error is of the order rl;i. where
n is the number of steps and x the fractional worth of
each step. An alternative to the second method would be to
sum the worths of all steps but to interpret the result as
an excess multiplication. For a bank of rods worth say
20 percent, this alternative method differs by some one part in
four or five. This serious difference is to be resolved.

The resolution comes on considering the reactivity as
the increase as a fraction of the production. When the pro-
duction in a reactor is essentially unchanged during the over-all
change or rod configurations, then the individual reactivi-
ties are additive. When the control rod change results in
the destruction being constant, then the excess multipli-
cation, based on the destruction, is additive. The condition

of constant production, identical with the condition that the



265.

generating time be constant, is in fact well met by control
systems using black absorbing rods. = Such rods operate pre-
dominantly by altering the leakage probability and hence the
destruction rate. Where grey rods are used to displace fuel,
it is the production probability alone that is basically
altered and hence the lifetime is constant and the excess
multiplication is additive.

Intermediate cases can be handled if some estimate of
the change of production to the change of destruction is
available. Then an intermediate measure of criticality can
be constructed which has the additive property; the final
summed worth can then be expressed back as a reactivity or
as an excess multiplication as desired. We have not been
able to adduce a case for the product of effective multipli-
cations,

Using the foregoing prescription, it is then possible
to obtain a fair estimate of the total kinetic worth of a
control rod bank in a reactor from experimental determi-
nations. This value of reactivity is then to be compared
with the static reactivity worth of the unrodded reactor
using the mathematical device of changing v. If such a
computation is undertaken, it becomes comparatively simple
to determine the static importance and to use this weight-

ing function in calculations of the generating time and the
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effective yields. The unrodded reactor is chosen to enable
the calculations to be carried out with clear boundary con-
ditions and a feasible reactor geometry. Under the conditions
of the experiment, the effective yields and the generating
time will only vary through variations of the flux shape.
Although this variation of the flux may itself be large,

the effect on 'ﬁi and A' is very small due to the cancel-
lation of similar integrals in the numerator and the de-
nominator. Thus the one calculation of generating time and
effective yield will serve to determine an accurate relation
between the observed period and the kinetic reactivity.
However, due to the use of the static importance, the kinetic
reactivity is now identical with the static reactivity. We

can thus put considerable confidence in comparing experi-
mentally determined kinetic reactivities with calculated

static reactivities for the testing of theories, etc.
6.4 The Enhancement

In Section 5.6, the statistical weight was discussed
with a view to interpreting the effect of samples or pertur-
bations. It was there pointed out that if relative effects
only were to be considered, then the normalization of either
the importance or the flux was immaterial. In the present
section we put forward a normalised form of the statistical

weight that brings out more clearly the effect of spatial
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variations. It is useful for many purposes to be able to
estimate the increased effect on reactivity when various
samples are not distributed uniformly through the reactor
but are concentrated or distributed in different character-
istic fashions. For example, irradiation samples are small
and can often be regarded as being concentrated at a point;
fuel burn-up takes place over the reactor according to the
flux distribution; fission product poisons are formed in a
fashion dépendent on flux but with a final concentration
that is affected by decay.

The enhancement, a , is defined as the ratio of the
actual reactivity effect of a sample to the effect of the
sample spread uniformly over the reactor. Where the first
order approximation is valid, the enhancement is evidently
the ratio of the statistical weight averaged over the actual
sample to the average of the statistical weight over the
whole reactor. We shall calculate values of the enhancement
for several illustrative cases based on the first order ap-
proximation for simple one region systems. The results bring
out the effects of the geometric distribution which can change
the uniform reactivity worth by factors up to 8. The results
for the enhancement are useful for rough calculations of many
types even when the first order approximation does not hold,
as for a small black sample say. For in such cases, it is

often possible to combine the results for the enhancement
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with correction factors that give the effective cross-

section or effective perturbation in the unperturbed flux.

- Such factors are discussed in more detail in 6.6. We shall
consider only absorbing and fissioning processes as the most
typical reactor calculations. In the remainder of Section 6,

the use of p rather than p' will indicate that the first order
approximation is being made.

Consider a given amount of absorbing material distributed
uniformly over various sizes of volumes, X in a reactor.
The product Vo 8Z is constant, 6Z being the absorption
cross-section of the sample when occupying the volume Vo
The reactivity effect of the sample is then proportional to the

weighted integral over the volume Vo'

F~ /¢+ 6% b dv ~ &% f¢+¢dv (6. 18)
v

v
o o)

If the average value of the statistical weight over Vs is given

by

v, <¢¥ o> = [¢+¢dv , (6. 19)

v
O

then it follows that
_ + ot
p~62v0<¢ ¢>~ <o ¢ (6.20)

Since Vo 8% 1is constant, the ratio of reactivity effects
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is given by the ratio of average statistical weights in the

two volumes:

- +
N A 2N
=== ——= (6.21)
b <7 &>
For the particular case when the first volume corre-
sponds to the concentration of the sample at a point, r,
compared to the sample spread over the whole reactor, we
have the enhancement, ¢ , to be
_ +
Py, ¢ (r) ¢(r)
o =—2 = (6.22)
Pb n
(¢ 9)

the barred ¢+ ¢ indicating the reactor average. In Table
6.1, the enhancement is evaluated for a centrally located
sample in three simple geometries using the one group ap-
proximation. The results apply to either fissioning or
absorbing samples, but contain the inherent error of the
first order approximation. In many cases, the concentration
of the sample at a point is only a mathematical fiction that
leads to little error in evaluating the average statistical
weight of the small region. The very large enhancement on
concentrating a sample at the centre is brought out by the
results of Table 6.1. The value 8 for the rectangular reactor
is related to the average of c:os2 over the range (1/2) in the

three axial directions. Similarly the cylindrical results
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Table 6.1 The Enhancement — One Group, Bare Reactors For

Absorbing and Fissioning Samples at the Reactor

Centre
Box 8
Cylinder 7.42
Sphere 6.57

contain a factor of 2 from the concentration along the axis
and the remaining 3.71 from the concentration radially to
the centre (1/3.71 is the average of Jg over the range).

A further application of the enhancement, a, is to
the field of fuel burn-up. The importance of allowing for
the spatial distribution of the burnt fuel in evaluating
the reactivity loss is fairly well known both for high flux
research reactors (66) and for power reactors, e.g., (67).
Again we give simple results for the enhancement in three
simple geometries that indicate the magnitude of the
spatial effects.

Consider a one region system where the flux shape is
approximately unchanged through the lifetime of the reactor.
Hence the flux can be written as a constant flux, -4;, (in
shape and magnitude) and the exposure expressed as some
average time,w< ¢(T), for which the reactor has been exposed

*This time differs from the average time at a given power

output due to the burn-up of fuel; the flux must increase to maintain
steady power.
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to the assumed constant flux up to time T. This average

time is related to the flux-time, 6, at any point r, by
T
0(r,t) = / $'(r,t) dt= $(r) c(T) (6.23)
0

Wolfe, in a more detailed account of the present method
(67), has shown how the average time can be related to
the total delivered thermal energy in Mw-days.

The burn-up of fuel, 5zu, in time &t is given by

{
85 =0 én =-¢ ¢'Z Gt=-o T 80 (6. 24)

where L is the microscopic cross-section and n, is the
atomic c’oncentration of the fuel, atoms / cmsB. Equation
(6.24) is in fact easily solved in terms of exponentials

and the initial value Zu(o) for finite exposure.* We shall
only consider the short exposure effects and indicate the
long term departures qualitatively. The perturbation caused
by the burn-up of fuel along — neglecting fission product
poisons — is well represented by the change in thermal ab-

sorption and fission production probabilities:

*If Zu(o) is the initial value of Z:u, then

-cue —wu¢c
> =X (o) e = T (o) e
u u u
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=~ o 66 (6.26)
u u
and
6F=-—ep2f¢u 60 (6.27)
Then since we have vZf = nZu, the perturbation (neglect-

ing minor changes in fast fission factor, etc.) is given
for a one group model by

P=-(en-1) 3,880 (6. 28)

For the one region system, the difference between the
importance of thermal neutrons absorbed in the fuel and
fast neutrons produced by fission is just the fast non-
leakage probability, P. Taking the spatial distribution

of the importance to be the same as for the thermal flux,

the reactivity effect of the burn-up is given by

[T Po av JolenP- 1= o 60 ¢ dv

P= — = - —— (6.29)
[¢  Frodv fqa(l—a'u&G)En PX ¢dv

Substituting 68 = ¢ 6¢c, we obtain

_ f(€n§~l)au6c¢3dv

p = =
[ en Do - v 6 0>) dv
(enP-1) o 6cf ¢3dv

. L (6. 30)

en Pf ¢zdv-€n_1:To'uﬁcf¢3dv
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To obtain the enhancement we should compare the reactivity
loss given by equation (6. 30) with the loss in a duplicate
reference reactor with uniform removal of the same total
amount of fuel. Denoting such a reactivity by <p> and the
spatial average flux by <(¢>, we have

(emn P~ 1) L &c <9>

<py = (6.31)
enP(l - T 6c ()

Then the enhancement is given by

p/<p> <¢3>
a=p/{p) = —5—
o> <o)

Table 6. 2 lists results for the three bare geometries.

(6. 32)

Table 6.2 The Enhancement for Fuel Burn-up.

Short Burn-up Times and Bare One Group Reactors.

Box 2. 37
Cylinder 2.23
Sphere 2.03

For a number of reasons, the results listed in
Table 6.2 are pessimistic. In the first place, larger
burn-up times will decrease the enhancement as the burn-

up flattens the spatial distribution of the product of



flux and fuel. In addition, the flux will be further
flattened by the build up of fission products. Further-
more, the intelligent programming of control rods can
flatten the distribution throughout the life of the charge.
Finally, the enhancement is actually a strong function of
reflector savings. Quantitative results for reflected
reactors will be given in the ensuing section in a dis-

cussion of Xenon poisoning.
6.5 Fission Products-Xenon

The build-up of fission products can be treated in
a fashion similar to the treatment of fuel burn-up. We
have an additional complication in the case of those fission
products, such as Xenon, that undergo radio-active decay.
This time we shall derive an expression for the reactivity
loss for a system with uniform production and burn-out of
Xenon to show how the results differ from some of the con-
ventional expressions. We shall then give the geometric
correction factor to allow for the spatial dependence as an
extension of the work of Chernick (68), (69).
(a) Point System Xenon Reactivity Loss (No Spatial Depend-
ence): The introduction of the Xenon cross-section into
the Fermi-age expression for reactivity (Section I, Table

1. 1) gives

274,
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z
o= 6 - - Xe2 5 (6. 33)
Z(l+L"B")

where we have assumed the reactor originally critical and
the only perturbation to be the build-up of the Xenon.

The expression for the reactivity can be expressed in a
number of ways. First, with Glasstone and Edlund, we define

a poisoning, Po, by

Z"xe
Po = 5 (6. 34)
a
and writing
zm (moderator)
Y= , (6. 35)
u (uranium)
we have
-P
o (6. 36)

p:
(1+v) (1 +L2B%

where Lz has its original value. The expression differs
from that of Glasstone and Edlund by the term in (1+L2 BZ).
Because the Xenon cross-section does not change the leakage,
DBZ, the relative thermal leakage is decreased when the
thermal absorption cross-section increases. Hence the
reactivity loss is slightly less when this effect is con-

gidered.
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A second way to write the expression for the reactivity
loss is to introduce the steady state expression for the

Xenon:

s = xe (6. 37)

where y is the total Xenon yield. With Chernick we define

¢xe = )‘xe/axe’ the flux at which burn-out equals decay.
Then
o =— xe -y 1 ¢
-B%r ¥V BPr%e t?
Fe
-_y I (6. 38)
v —BZT
e
$ .
L . -
where I W For a model other than the Fermi-age

we could replace exp(—Bz-r) by the appropriate fast non-

— 1
leakage probability, P, to obtain p = —%’—{,..

A third firm for the reactivity loss relates to
that given by Kaplan (5). This form is given in reference
(69) but is here modified to allow for the change of thermal
non-leakage probability. . Starting with Kaplan's expression

we have
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L v

= f yU (6. 39)
ao (1 + L

It = -
Za (1 + L° B%)

2 BZ)

But in the original critical reactor, Z_(1 + L2 BZ) = v2f1—3.
Hence p (Kaplan) = - -JVL-IP'—, our second form of the
reactivity loss.

We should aiso mention a difference in the conventional
treatment of Xenon poisoning (Glasstone and Edlund say), the
treatment in a one group model in the useful tabulation of Xenon
effects by Clark and English (70) for transient Xenon and lodine
concentration as a function of local thermal power density, and
the treatment given by us, which allows for fast leakage and the

effect of Xenon on the thermal non-leakage probability. For

one region systems we have:

Conventional Clark and English Kaplan/Lewins
= - X -yl
P==3 I koo v I ‘\:)LY

In these expressions, kco and P refer to the original

values in the critical reactor. It is seen that the
allowance made by changing the thermal diffusion length
takes the form of reducing the reactivity by the thermal
non-leakage probability. In large reactors there is
evidently little change made by the correction; in particu-
lar, the one group expression of Clark and English gives
closely the same value as our multigroup models. In small

reactors, however, the values of koo and P are such as to
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make a significant difference. Typical numbers that correct

the conventional estimate of reactivity loss are given in

Table 6.3
(koo) One Group Multigroup
(a) Natural Uranium 0.93 0. 96
BNL 1. 07
(b) Enriched Uranium 0.61 0.79
MITR 1.65

Table 6.3 Typical Correction Factors to Conventional

Xenon Reactivity Loss

(b) Spatial Dependence of Xenon Poisoning: For the
general case of reflected reactors, it is necessary to evalu-

ate the perturbation expression for the reactivity loss:

[67 P ¢ av
Pl = (6. 40)
[o"Prerav
However, for certain large power reactors, with an original
uniform core leading, the flux and adjoint flux have the
form of chopped cosines, etc. For such a reactor we can
develop an extension of Chernick's method.
We assume
t _ 5.+

and that the steady state Xenon cross-section is given by



_y2f¢za'xe _yzf ¢2

> = =
xe
¢2 ‘rxe * xxe 4)2 + ¢xe
Then
ot o2
Jets._ ¢ a T il
5= - 2 “xe 2 ¢V _ Y 2 "xe

[olvsp e, av T[4 ¢, dv

With Chernick we define the ratio of integrals by

; S,
I= q>2+¢xe

[ &3 ¢, av

dv

Then

7

To evaluate I over the core rather than over the equival-

ent bare reflector, we express the core size as a fraction,

5§, of the bare extrapolated dimension.

in equation (6.44) are to be taken over

0 to 8 slab

™A

0 to 2.405 & cylinder

0 to o sphere

Then the integrals

279.

(6.42)

(6. 43)

(6. 44)

(6. 45)



Consider first the sphere, where

sinﬂ—r

_ R
4>—¢0 T
R

¢
Substituting 0 = o, andy-= -$———3—° we then have Chernick's
R o ¥ ®xe

expansion in the form

T 2 00 T8 3 n
sin 6 2 _ n sin 8 _8in® 2
1/(—9——)959_Z¢/(9)(19)eae
0

n=0 0
We define 8" in spherical geometry by
o

— . n
g - / (0.2, 9, 02 50
0

The right hand integral of equation (6.47) can be expanded in

terms of the binomial coefficients, nCr’ to give

oo n ,
I ez - qJe3 + Z LPn+1 Z (_l)r nCr er+3
n=1 r=1

The explicit expansion for the first five terms is
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(6. 46)

(6.47)

(6. 48)

(6.49)
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n=20 Y ;5

n=1 W20 - 0¥

n=z  fe3-z20% 405

n=3 ¢4:53—3e_4+353 -gﬂ
n=4 ¢5l:;3_4g§+6'e_§_4;%+;7]

For a finite cylinder, or a box reactor, it is necessary

to form a product expansion. We define Gin as

ks

=&

n 2 n
BX = / cos O deo slab ,

0

(6.50)
. 2.405 6
o = / J%(e) 6 de cylinder,
C (o]
0

while as before,

On substituting product fluxes, cos ex Jo(er), etc., into

the expression for I, the integrals can be expressed as
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products in the separate dimensions. Thus for a finite

cylinder we obtain

[e0]
162 + Z pog Z (-r)T ”3 ot ¥3 (6.51)

C

"’I
o™

—3
0, ©

nwl

n=1 r=1

For a box reactor with averages defined in the x, y, and

z directions, we have

10262 0% =ye3 0203
X'y 2z Xy 2
o0
+Z qJn+1 T (-1)F gf+3 gr+3 or+3 (6. 52)
n r x y z
n=1 r=1

The product coefficients can be written in the form
%1—1 where 1 takes the values 1, 2, 3, for spherical cylin-
drical and box geometry respectively. The corresponding
number of components of the separated variables are then

to be multiplied together. With this nomenclature all these

geometries can be expressed as

00 n
1192: llJ163 + Z ¢n+1 Z (_l)r ier+3 ncr (6.53)
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For asymmetric reactors, we can no longer take
all the coefficients over the half range or just the inte-
gral from zero to one edge of the core. The coefficients
must be taken as the sum of the two half-range coefficients
and then the appropriate coefficients in the separable
geometries multiplied together.

Fortunately for the evaluation of the coefficients, a
related table has recently been formed by Murray and Mink

(64) who tabulate cbn, where

o = % Bg sphere *
()

n 2 Pyl .

¢ = 5 GC cylinder
(2. 405 §)

n 1 -n

¢ = = ex slab
> 6

We have given a formal expression for I in terms
of the central or maximum flux, cbo. Although this is the
more convenient for evaluation, the specifically geometric
effects are better understood in relation to the average
flux or in terms of our enhancement. From the results and
tables therefore, we have calculated the enhancement for a
spherical reactor with varying reflector thicknesses, i.e.,
with a range of 6. The enhancement is calculated from its
definition as the ratio of the true value of I to the

The renormalisation is immaterial when, as in the calculation

of I, only ratios of terms are required.



average based on the average flux:

REIIRT N
4>

The results plotted in Figure 6.1 show that in the Ilimit
of very high flux, i.e., when burn-out makes the distri-
bution of Xenon more uniform, the enhancement goes to
unity. The enhancement is seen also to a rather strong
function of the amount of reflector savings. The MITR is
characterised by a & of about 0.6, so that e is unity for
the MITR from about a 3 X 1012 n/cm2 sec central flux up-
wards (i.e., in the range of about 0.1 to 1 Mw). Hence
it would be a very good approximation to base the calcu-
lation of I on the average flux. This result is useful
since the non-uniform loading of the reactor core makes an
analytical determination of I difficult. The approximations
involved in finding a separable flux are probably of less
validity than those inherent in using the average core flux.
Even a large natural uranium pile such as the BNL
reactor, may have a reflector savings corresponding to
6§ = 0.8. Hence there is a slight error in such medium flux
reactors in using a value of I calculated for the equivalent
bare pile (of the order of 10 percent in the Brookhaven pile).

The limiting values of a at low fluxes for different

bare geometries are the same as for the short-time burn-up
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where « = enhancement, ratio of actual reactivity ioss at equilibrium
to loss based on average flux

8 = core radius as a fraction of equivalent bore radius
g = central flux

(2.03) Pre™ Axa/0, 0 Hlux at which burn-up
equals decay (~7.2 x 10'2n/ cm?sec.)

tiote: (A) is the approximate
characteristic of the MITR at
1 Mw (nominal) in the

2x 160 + 11 x 105 gm core
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results, Table 6.1 It is seen that « itself is fairly
sensitive to the geometry. However, Chernick has shown
that the value of I is insensitive to geometry in bare

core reactors and hence is probably insensitive in reflected

cases.

6.6 Control Rod Movement

Perturbation theory has had many applications to
the general realm of control rod calculations. The first
order approximation, even in one group, is often very suc-
cessful in predicting the relative worths of rods in dif-
ferent reactor positions or with only partial insertion.
An experimental verification in the MITR is offered in this
section. The calculation of the absolute reactivity worth
is considerably more difficult due to the large pertur-
bations associated with black rods. It is necessary to
introduce additional methods to allow for the perturbation. One
such method is introduced in the next section.

Control rods are often calculated by methods other than
perturbation theory, for ideal positions in a reactor,
e.g., at the centre, in order to supply symmetry and ease of
computation, The relative change in reactivity on placing
the same control rod in a different position can be estimated
quite well in practice by comparing the statistical weights in the

first order, one group approximation:

286.
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Joltrg) o)) av  o'(ry
[ o (ry) dlr,) dv ¢2(_I:b)

(6. 55)

’OI| |
Tl

It would seem that the errors in the first order
approximation cancel top and bottom or that the relative
flux depression caused by the black rod is about the same
for any position.

A similar problem concerns the partial insertion
of a given rod. Here the flux shapes vary considerably as
the rod is withdrawn. It is not immediately clear perhaps
that the first order approximation in one group should give
a good result even for the relative effect of different rod
insertions. However, a detailed variational calculation by
. Schwindler, (73), has justified the use of the unperturbed
flux as the first term in a variational calculation, the
second term in Schwindler's expression providing a very
small correction. From our own development of the nature of
perturbation theory, the identification with the variational calcula-
tion is not surprising.

The one group bare reactor perturbation treatment,
leading to an S-shaped curve, is well known (26); we apply
the method to the regulating rod of the MITR and compare
with the measured data of Larson (79). This is a hard test

case since a one group equivalent bare reactor is not a good
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representation of the MITR. The reactor configuration is
sketched in Figure 6. 2.

There is the additional complication that the active
length of the absorber does not fill the complete length
of the guide when fully inserted. The flux distribution is
assumed to have a vertical component unaffected by the rod posi-

tion and given by
- P>
¢ =9, c0s 5 (6.56)

where the height of the equivalent bare core is 40 inches.
The radial contribution will cancel in the relative ex-
pression.

We wish to derive an expression for the relative
worth of the rod at different depths of insertion. That is
to say, we want to integrate the statistical weight of the
region along the axis of the rod from the top of the equiva-
lent reactor down to the tip of the rod. Such an integral
is then a function of Z, f(Z) say, where Z is the position
of the tip. Then if f(ZO) is the worth of the fully inserted
rod, with tip atZ_ ( 13 1/2 inches), the fractional worth of
the rod over its range of movement is given by f(Z)/f(Zo).

Thus we calculate

Z+27
£(Z) = / cos 32 = cos £ dz (6.57)
zZ
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Note that the upper limit is given as Z + 27, 27 inches being
the length of the rod. However, the effective length of the
rod is only up to the top of the reactor of course and the (Z +27)
is to be not more than 20 inches.

The expression for f(Z) is easily integrated. In practice,
the rod is not fully withdrawn from the reactor (i.e., f
does not go to zero) but the tip can be raised to a maxi-
mum height of 27 1/2 inches, to Z, say. Then Z, =
13 3/4 inches. The experimental value for the total rod
worth is actually the change of worth between these positions.
The fractional worth, -f(Z), for this limited range of travel is

given for some intermediate tip position Z, by

#z) - £(Z )

FZ) =———=
f(ZO) - f(Zl)
- Vo Zt27, . _w
0=(Zg )™ <z
Since f(Z) = 26 + sin 26
_ 4w
i 19=35

we calculate the value of the fractional worth, equation
(6.58), to be
f(Z)-1. 229

NZ) = ————
2.121-1.229
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(6. 59)

(6. 60)
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The expression for f(Z) with the component (26 + sin 26)
is a typical result and gives a fair approximation for
the S-shaped curve of the experimental results, (see Figure
6.3). The agreement between prediction and theory is good
but could be improved by an a posteriori selection of the

equivalent bare reactor height.

6.7 Control Rod Worth

To calculate the absolute reactivity worth of a rod
from perturbation theory, it is necessary to find some
method to allow for the severe depression in the thermal
flux caused by black rods (naturally the problem does not
arise if the control system is designed ‘'grey', with no
highly perturbing effects). Arnold (71) has suggested that
an equivalent cross-section for the rod can be employed
that in the unperturbed flux will absorb the same number
of neutrons as are actually absorbed in the black rod in
the actual flux. Such equivalent cross-sections are fairly
easily calculated for different configurations and geome-
tries in the diffusion approximation (76). It is not
clear however that such an equivalent cross-section as
defined is indeed an equivalent perturbation. Thus we
investigate the functional relation between the two equiva-
lent forms (72). We follow with a comparison of the dif-
fusion and exact transport solution for one particular

equivalent cross-section.
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The equivalent cross-section is not in itself an equivalent
perturbation, i.e., its use does not necessarily lead to the
same reactivity effect. The two can be related in the
following fashion. Consider a two group model and an equiva-
lent cross-section, =, in each group that will lead to the
same reactor average cross-section in the group in the un-
perturbed flux as the actual property perturbation in the
group gives in the actual flux. In the thermal group it is

sufficient to take

' ' -
Paa 2t Pp1 0] 25 &

= (6.61)
[ ¢} dv 4, dv

Equation (6.61) defines such an equivalent group cross-
section point by point in terms of the removal of thermal
neutrons (+P22) and the production of thermal neutrons
from fast neutrons (-PZI). On taking the wvolume average
of the cross-sections over the whole reactor, i.e., by
integrating both sides of equation (6.61) we have the same
reactor average cross-section for the perturbation and its
equivalent cross-section.

For a perturbation to be equivalent, i.e., to give
the same kinetic reactivity, we follow the method of
Section 6.2. It is sufficient in defining an equivalent

perturbation, 5, to require the equivalence, in the thermal
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group, of
+ . + , + 5
2P %t P P4 (6. 62)
fetvileray fetvilgav
On integration over the reactor, the inverse period with-
out delayed neutrons (and hence very closely the reactivi-
ty) is given by the expression employing the equivalent
perturbations, P1 and PZ’ together with the unperturbed
flux. A Comparing equations (6.61) and (6.62), we find
Pz = EZ 9 (6. 63)
where we have defined
feyav Jotvile av
(6. 64)

2 e, av Jet vl etav

If the physical normalization to unity is employed for the
importance integrals in equation (6.64), then each E reduces
to the ratio of the perturbed to unperturbed neutron popu-
lations. In general the E ratios will be larger than unity
and have the following significance: the reactivity is af-
fected by the flux change as well as by the property pertur-
bation. For example, the leakage out of a control rod
perturbed reactor (Figure 1.3) is likely to be increased.

Thus the perturbation is something more than just the
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neutrons absorbed in the control rod. The ratio depends
on the velocity group since a control rod is likely to
perturb the thermal flux much more than the fast flux.

We can calculate values of E for some simple
geometries to find the correction to be employed to an
equivalent cross-section. Figure 6.4 shows the results of
such calculations for slab and cylindrical geometries for
various values of the ratio of rod thickness to reactor
thickness. These values are all calculated on the basis
of simple one group diffusion theory with the rod thickness
measured in units of the extrapolated thickness at which the
flux goes to zero. These E factors can then be used to cor-
rect the equivalent cross-section. (See Appendix 6A)

The next problem is to calculate the effective cross-
sections themselves such that combined with the unperturbed
flux they will correctly indicate the absorption rate of
neutrons. We shall consider only the case of a black slab
in a medium with a uniform source of thermal neutrons (Figure

6.5). Then the governing equation is
DI R-5 ¢=-5, (6. 65)

where S is the source strength. The unperturbed solution,

infinitely far from the black slab is
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The actual solution has the form

b= (1-Ae %

where

2

K =

If we take ¢ to vanish at the extrapolated boundary,

a

D
a

would have

A=

The current of neutrons into both sides of the slab would

be

which on expanding the exponential gives approximately

kb -0.
e e

25

71\ ir

Actually the more exact transport solution can be shown to

be, (Appendix 6A),

Jtr

;32_§(1==
CK

0.7104«

z

)

we
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where Z is the total cross-section in the surrounding
medium, (3, + X)), and c the multiplicity, (vZ, + zs)/z.
Since the thermal group does not produce thermal neutrons,
we take c = ES/Z in evaluating this example. For the MIT
Reactor we have approximately, ¢ = 0,95,

The equivalent absorption cross-section is now
found by requiring that the equivalent cross-section in
the unperturbed flux (S/Z)a) absorbs the actual number of

neutrons. Hence

=

¥ =211 - X
EZ = Dok (1-0.7104 2)

where the properties refer to the thermal group. We are
now in a position to calculate a control rod worth using

the unperturbed flux, ¢, and the perturbation in the

thermal group, Efz. - Calculations of control rods for the
Yankee Power Reactor based on this simple method (71) gave
results that were about 1 part in 10 too low, which is

quite satisfactory for a preliminary study.

6.8 Surface Perturbations

Considerable work has been done in applying
perturbation techniques to the calculation of the effect
of reflectors, (74). Holway (75) has expressed the effect
of a reflector as a perturbation of a bare uniform core.

This method is elegant since the simple Fermi-age analysis

299,

(6. 73)
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of a bare uniform reactor can be employed, which is potentially
more accurate than the two group approach.

Another class of problem is to consider wvariations in
the thickness of a reflector. For example, the MITR has
an upper reflector capable of being dumped or even main-
tained at intermediate positions. This type of problem is
more one of the variation of the surface or boundary con-
ditions than the perturbation of properties within the
region. We can develop a corresponding surface perturbation
treatment, analogous to certain problems in acoustics (9).

The range of validity of such perturbation methods is
quite severely limited when the first order approximation
is used. Experimental comparisons will be given. The in-
sertion of a black control rod can also be expressed as a
surface perturbation though again of such a severe nature
that the first order approximation fails. Fairly recently
however, Wolfe and Fisher (77) have developed a higher order
treatment of control rods which can be related to the sur-
face perturbation treatment to be developed here.

The reference reactor is chosen such that its
boundary surface, S, lies outside the actual reactor sur-
face,. S'. For convenience the two surfaces should coincide
where possible to reduce the subsequent evaluation. The
reference reactor is chosen to have the same properties as

the actual reactor point by point - i.e., there is no



perturbation of properties within S*. The properties out-
side of S' determine the criticality of the reference reactor
but do not otherwise affect the treatment. We shall, of
course, use a critical reference reactor, with flux ¢ and
importance cp+. The actual flux, ¢' is not the same as ¢
however since the external leakage and hence the neutron

balance has changed. The appropriate equations are

therefore

MT ¢+ =0,
and

M¢'=s V1 ¢

together with the appropriate boundary conditions. These
conditions are that j (S') =0 and i+(§) = 0. The resultis

that we have

+

(%+7DV¢f)S,=o and (% +§D—v¢+)S=O

As usual equation (6.75) is multiplied by the im-
portance and equation (6.76) by the perturbed flux. On
subtraction, the terms in ¥ and F will cancel - there is
‘no perturbation of these properties - in the region within S'.

Hence within the actual reactor

301.
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¢t V- DV -4 V- DVt = 56TV g (6. 78)

By the usual vector transformation we cancel terms in
Vot - DVor:
V- (6tDVe - ¢'DVeY) = 5otV g (6. 79)

On integrating equation (6.78) over the region of validity,
i.e., the actual reactor, we can transform the divergence

to a surface integral:

s/¢+V—1¢' dv = ﬁqﬁnvw-wnvqﬁ)' ds

- #¢+¢, (DZ‘@ _.DV+€b+ ). ds! (6. 80)
¢
From the boundary condition, equation (6.77), equa-
tion (6. 80) Will vanish wherever the two surfaces, S' and
S5, are coincident. Hence the surface integral in equa-
tion (6. 80) need only be evaluated over the perturbed sur-
face. The loss to the resident population due to the
perturbation is seen to be given by the current of neutrons
escaping weighted by their importance plus the current of

importance per unit flux weighted by the flux:
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#(4?’ DVé' - ' DVo') + ds' = - #w*x +4'Q) - ds' (6. 81)

As shown in Section 5, the calculation of an inverse
period neglecting delayed neutrons can be related to the
reactivity of the actual reactor by

[6TVvTierav  #(6TDVe - 41DV - ag

pl= s = (6.82)
f¢+ F'é! dv f¢+F'¢'dv

The above theory was applied to an analysis of
the reactivity worth of the upper reflector in the MITR,
using first of all, a two group approximation. For sim-
plicity and with little loss of accuracy, the boundary con-
ditions employed were those of the extrapolated surface,
so that ¢' in equation (6.79) can be taken to be zero every-

where.

ﬁ¢+DV¢' - ds!
[ " Frerav

7=

(67D, Vol + ¢, D, Vp) * dS*

T (6.83)
[ 4] Foydv

In this equation, the reactivity is the loss of neutrons

at the extrapolated surface weighted by the value of the



importance of neutrons to the reference reactor at that
surface, expressed, as usual, as a fraction of the total
production.

The severe limits on the first order approximation
can be seen by considering a perturbation that removes all
of the reflector, leaving the bare core. There will certain-
ly be an actual current of neutrons out of the core. In
the two group reference reactor however, the peaking of the
thermal flux at the core interface may well result in the
first order wvalue of the thermal current being into the core.
Evidently the first order expression will be severely in
error for such a severe perturbation in the two group
approximation.

The results of such an analysis are compared

(Figure 6.6) with experimental determinations of the reflector

worth in the MITR and in general show the failure of the first

order approximation near the core interface. For small

perturbations of the reflector, the fit is fairly good however.
Apart from the gross result near the core interface,

it is not too easy to apportion the rest of the departure of

the prediction from observation. The experimental results

themselves depend on a perturbation analysis of the measured

periods to obtain a value for the reactivity. The presence
of the delayed photo-neutron contribution (with the corre-

spondingly poor data) makes the uncertainty of the calculated

304.



Top Reflector Height, Cms

70

60

50

H
O

W
O

N
o

305

_E_xpe rimental
B = 0.00756

MIT REACTOR
TOP REFLECTOR WORTH

Two Group, First Order
Surface Periurbation

Lowest Reflector Level

Core \
I I I I | I | / |

0]

I 2 3 4 5 6 7 8

Loss of Reactivity on Lowering Reflector

Fig 6.6



306.

value of B to be up to 1 part in 12. The use of two group
theory to calculate neutron currents in the reflector is

open to doubt, even when a two group analysis correctly pre-
dicts the critical mass of the unperturbed reactor (78).

Consideration must be given to the geometiry of the
MITR,  sketched in Figure 6.7. The presence of a perma-
nent cylindrical annulus of graphite means that the central
heavy water reflector forms part of a reentrant cavity, so
that strictly, the vacuum boundary condition does not apply.
In view of the low flux in the graphite areas it seems
reasonable to neglect this complication. In addition, as
the heavy water is lowered, the aluminum structural com-
ponents, supporting fuel elements and control rods, are un-
changed, further complicating the boundary condition.

These comments on the approximations and assump-
tions show that it is not too surprising that the pertur-
bation calculation failed to give a perfect fit, It should
be noted that as far as the first order approximation alone
is concerned, that the effect of the perturbation should be
underestimated at all levels, since the leakage currents
must always be increased over the reference values on remov-
ing the reflector.

The two group expression does not predict the mag-
nitude of the reflector worth over the whole range of

thickness. In many cases it is comparatively easy to obtain,
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by a separate calculation, the reactivity worth of the bare
core. In those cases, the use of a simple one group pre-
diction of the shape of the reflector worth curve (rather
than the magnitude) enables a prediction to be made .of
intermediate thickness values with ease. The one group
expression does not suffer from the defect of predicting
the wrgng sign for the actual bare core neutron current
and can fit the whole range very adequately. The technique
is analogous to the S-curve fitting of control rod theory.
For a one group model, the flux in the reflector
at a point x measured from the outside (extrapolated) sur-

face, is given by

¢ = ¢o sinh kx

The value of ¢y is determined by matching the flux at the core-

reflector interface, x = T:

¢T = ¢0 sinh «T

Hence

- sinhk x
® = ¢ sinh kT

In the one group approximation, the importance has the

same shape as the flux. Consider the removal of the reflector
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to take place along the axis of a right cylinder (as is the
case for the MITR) so that the evaluation of the surface
integral is trivial. If p(T) is the worth of the fully re-
moved reflector, the worth at some other depth, p(x), is
given by equation (6. 83) to be
Daa— (sinh kx)

X X

o inh
px) =p(T) L%

]
Da—x (sinh KX)T

sinh 2kx
sinh 2xT

= p(T)

For thick reflector, kT > 3 say, the sinh term can be replaced

by the exponential to give

plx) _  2x(x-T)
p(T) ~

Such a one group expression for the relative worth still
retains the reciprocal diffusion length, x, as an adjust-
able parameter. The heavy curve of Figure 6.6, fitted to
the experimental results, then yields the value of k for
the best fit of the data. It is interesting to compare this
experimental value with predictions that do or do not
take into account the presence of the control rods in the

upper reflector.
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In view of the one group assumption, we should expect k to
be given by the modified one group expression, V 1%+ 7! The
value calculated for the upper reflector ignoring control rods is
then 1/\/1835 + 132 = 0.0257 cms_ .. The value obtained by
Larson (79) by a calculation including the effective cross-section
of the rods, as described in Section 6.7, was 0. 0543 cms-l, a
considerable change. The result derived from the experiment agrees

1

with Larson's result better however and is 0.0454 cms . It would

appear that the method has some usefulness.
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CALCULATION OF THE E FACTORS FOR CONTROL ROD WORTH

(a) Slab

Reactor extrapolated width, 2H. Symmetric slab of width 2b. One

group of neutrons.

+:¢_—:COS1T_X..; ¢|=Sin1r.$ﬂ)_

¢ 2H H-b

B pmtah) 4
fcp* dv_ b H-b
= ST
¢ dv 7cosf£dx
J o 5H

+ - 27X g4y = H
f‘i’ ¢ dv = 07008 ZHdX—Z

H
[+ _ X _ . 7(x=b)
J¢ ¢! dv = bfcos——ZHsm TH-p X
4H” (H-b) b
R):

" m(3H - b) (H+b)
+ (3H_b)(H+b)

Therefore E (slab) = 8 35
H™ cos SH

which in the limit of b going to zero gives g w = 1. 18.
(b) Infinite Cylinder
Extrapolated radius R, control rod surface at R!'.

IO RY
=9 = J (ar); ¢ = JO(SI“) - ?;("-R_') Yo(ﬂr)

R R
fqa dv - jJO(ar)r dr=0.5191 &
0

i

(6A. 1)

(6A.2)

(6A. 3)

(6A. 4)

(6A.5)

(6A.6)

(6A.T7)
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R I ( RY
[qb. dv:fR' {Jo(ﬁr) = vrE ¥ (Br)] r dr

J_(BR)

B o R

=5 T1BR) - gy 5 Y4 (BR) - & 3,6RY +
J (BR)
o R!
3R p V1(PRY (6A. 8)

R 2
f¢+¢ dv =[ J%(ar) r dr = % (0.5191)2 (6A. 9)

0 0

N R J_(BRY)
f¢ ¢! dv =f Jo(ar) [J (Br) - Y ([SR') Y (ﬁr)]r dr

Rl
BR' J_(aR') g (eRY |
TTLZ_ gz [Jl(ﬁR ) ¥ _pRy V1R )} (6A. 10)

Solutions of the critical equation to determine B were obtained from
Janke und Emde (35). Evaluation of the E function at 6 points over the
range R'/R = 0. 05 to 0. 25 and the observation that the E function has the

limit of unity in cylindrical geometry, leads to the straight line result.

APPENDIX B TO SECTION 6
TRANSPORT SOLUTION FOR CURRENT INTO A BLACK SLAB

Consider an infinite scattering and producing medium in the one energy
transport approximation. A uniformly distributed volume source of neu-
trons supplies a current of neutrons to a central black slab. We have a
modified Milne problem for which Davison (3) has given a solution in

terms of the solution to the Milne problem itself.
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If
is the source of neutrons per second per unit of volume
L is the diffusion length
£ is the mean free path
vZf + ZS
C is the multiplicity =t
a s
\Lem(o, #) is the angular flux at the interface for the conventional
Milne problem
jm(o) is the Milne problem current at the interface
jt(o) is the current of the present problem
0
. - L+ fu
j;lo) =8 f ) b0 p) du (6B. 1)
-1
whence
0 2
Ju b0 ) dp
. _ L ¥ L
Jt"E'[l_T ] (6B.2)

ju Y0 ) du

Placzek (34) has given a detailed numerical solution of the Milne
problem from which we can derive the required result. It is only neces-
sary to integrate the numerator of equation (6B. 2) since it is known that
the integral in the denominator should be unity. However, we used
Simson's rule for a numerical integration of both functions, in ten
steps over the range, to obtain an estimate of the accuracy of our result.

We obtain the results

0
yﬁi (0, 1) d = 1,00001



314.

0
ﬁxz Y (o, p) du = 0. 71044
.=.l m

We conclude that our result will be accurate to within one part in, say
104. The result for the second moment is of course the classic value
of the Milne problem result. We found no a priori demonstration of

this assertion however.

Introducing these numerical results, we have

. L
iy(0) =E'[1 - o. 7104%—] (6B. 3)
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The symbols are defined according to their Section and Page
of introduction.

Section 1

L |

eff

a?i‘
»

g4 " oUoO"o=2 =B o O

=

Generalised inverse speed matrix
One region algebraic buckling
Precursor density

Importance of one precursor
Diffusion Coefficient
Destruction rate parameter
Element of volume

Production rate (replaces k), of prompt
neutrons and precursors _

Ones vector, (1,.....1)

Effective multiplication

Excess multiplication

Lifetime, inverse destruction rate
Diffusion length

Increase matrix, production less destruction
Neutron (and precursor) population
Resonance escape probability (as p=)
Production rate parameter
Perturbation, M-R

Value of M in reference reactor

Positlon vector

Page
10
18

6
12
3
30
14

14
24
24
19
29

14

30
14
13
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Section 1, Cont. Page
s Inverse period 4
t Time 3
T Precursor Transfer matrix 10
v Group speed, V1, inverse group speed 3

Precursor fractional production rate 6
é Increment or perturbation 13
A Precursor decay rate 6
o] Reactivity 19
A Generating time 36
¢ Flux or flux vector,(¢1...¢n) 3,8
¢+ Importance of‘one neutron 11
P Generalised flux vector,(¢l...Cl...) 10
¢+ Generalised importance,(¢f...c;ﬂ..) 12
T Fermi-age : 25
A Absorption rate, or absorption and transfer

between neutron groups 3,8
K Reciprocal diffusion length 20

Superscripts

' Primes indicate perturbed or actual

properties or actual fluxes 13
+ Importance of neutrons and precursors 4
T Transposed matrix 11

Subscripts
1,2..n Neutron energy groups in decreasing energles

i Precursor groups



Subscripts, Cont.

c

r

n

Section 2

g8 ® &

3

Section

A
B

L | N o
-+

R s e

3

Core
Reflector
Elgenfunction or eigenvalue numbering

Reciprocal specific heat per unit volume

Spring constant
Thermal conductivity
Mass

Temperature field

Adjoint temperature field

Side of interface
Side of interface
Multiplicity

Scattering and fissioning distribution
function

Directilonal current of importance
Vector current of importance
Directional current of neutrons
Vector current of neutrons

Mean free path

Distance from position vector r to r!

Distance to boundary surface

323.

Page
20
20
16

48
45
18
45
u7
48

85

85

93
93

79
81
81
81
93
79
95



Section 3, Cont.

S

g
w(r)

4
o]

nm

M e 3 4

£

o]

Section 4

A, At

a_,a_ '
n’“n

b

2 +2

B<,Bt
c

c_,Cc_+
n’’n

Constant source distribution

Homogeneous source
Equivalence of one neutron or precursor

Extrapolation distance in transport theory

Kronicker delta

Free surface flux slope
Precursor decay constant
Azimuthal angle

Resident population
Isotropic transport flux
Scattering cross-section
Eigenvalue of importance mode
Solid angle vector

Polar angle

Flux, adjoint flux coefficients core
Fourler expansion coefficients

Bilinear concomitant

Generalised buckling

Current of fractional resident population
Arbiltrary expansion coefficients

324,

Page
71

73
71
96

76
96
88
79
57
o7
7
86
79
79

Page
137
115
100
113
112
126



Section 4, Cont.

+
¢,,Cp
c,ct

d

il

1,3,k,1

LI ot }4b t

p,b

Q,¢
R,K

Coupling Coefficients

Plux, adjoint flux coefficients core
Density of fractional resident population
Joint error

Flux, adjoint flux coefficients blanket
Lagrange identity for partial differentials
Flux, adjoint flux coefficlents blanket
Hamiltonian

Bessel functions of first kind

Bessel function of second kind

Interface currents

Group lifetimes

Thermal fission production probability
Forward and adjoint operators

ILagrange density

Lagranglan

Normal vector

Ordinary linear differential equation
coefficient

Canonical momenta

Matrix of coefficlents
Matrix of coefficients
Extrapolated radius of sphere
Radial distance

325.

Page
115
137
112
126
137
111
137
132
136
136
139
149
135
99
129
129
108

98
132
146
146
115
115



Section 4, Cont.

S
S

Su’sv

T'J. ,T '.v

YO

a,B,y,90

Superscript

Surface

Poynting vector

Coupling coefficlents core

Coupling coefficients blanket

PFPlux shapes

Bessel function of second kind
Interface currents

Delta function

Determinant

Arbiltrary small numbers
Extrapolation constant for flux and adjoint
Integrating factor A adjoint function
Positive and negative bucklings

Any vector

Any scalar

Orthonormal shape solutions of flux and
adjoint

Arbitrary functions satisfying boundary
conditions

Any potential

Eigenvalue for adjoint system

Time absorption properties
Renormalised coefficients

326.

Page
108
132
137
137
136
136
139
111
139
129
108
98
115
107
107

125

129
113
113

149
146



Section 4, Cont.

Subscripts

t Transverse buckling

L, V Positive and negative type bucklings
Section 5

¢,C Spatial integral of precursor density

E;ff Bilinear average effective multiplication

ﬁ;x Bilinear average excess multiplication

D Bilinear average lifetime

IF Bilinear average group lifetime

n Spatial integral of neutron density

P Fast non-leakage probabllity

s',s Elgenvalue of actual and reference systems

v Maxwell-Boltzmann averaged group speed

v, Standard group speed (2200 m/sec )

B! Total bilinear averaged yleld of precursors

B} Bilinear averaged yield of precursors of

i th type

€ Fast fission factor

Y Ratlio of effective to actual precursor yleld

A Billinear average generating time

Ar Generating time for non-critical reference

reactor

Bilinear average reactlvity

327.

Page

147
137

156
161
161
161
184
156
211
201
187
187

159
161

239
193
158
203

158



Section 5 Cont.

61

n

n *
Subscripts

i

J

Section &
A
b
c(T)

F(z)

I'

Reactivity for non-critical reference
reactor

Neutron yleld per absorption
Effective n

i th decay characteristic of precursor

J th formatlon characteristic of ith
precursor specles '

An equation constant
Half-thickness of slab
An average exposure time
Multliplicity

Binomial coefficlent

Function relating equivalent cross-section

and perturbations

Fractional worth of partially inserted
control rod

Chernick's Xenon function

Xenon function based on average flux
Integer number of rod calibration steps
Fast to thermal non-leakage and non ab-
sorption probabillity,

Equivalent perturbation

Poisoning

Radial coordinate, also an integer

328 ®

Page
203

175
175

194
194

298
298
270
299
280

294

290
279
276
264
276
293
275
280



Section 6, Cont.

S
S,s!
T

X,¥,2

& o <
" I
o

©

o

<

(a2

D

Superscripts
i

n

Source strength, n/ cms® sec

Reference and actual surfaces
Reflector thickness
Cartesian coordinates

Worth of a step rod movement
Total fission product yleld
Position of rod tip.

Enhancement

Ratic of Moderator to Fuel absorption
cross-section

Ratlo of core dimension to equivalent bare
dimension

Yield of neutrons per fission

True physical value of v

Time invariant flux

Flux at which burn-out of Xenon equals decay
Central flux value

Ratio ¢, /(6 +¢,.)

Spatial flux variable

N th moment of flux

Index of dimension

Integer index of spatial moment

329.

Page
296
300
308
287
264
276
288

267

275

279
256

257
270
276
280
280
280
280

282
280
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Section 6, Cont, Page
Subscript
a,b Identifies systems to be equated 253
s Sphere, static 281,256
r Cylinder 281

X Slab or box 281
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