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Abstract: We introduce new shape-invariant electron wavepackets constructed via superpositions of 
states in the ionization continuum, enabling customizable optical emission spectra in the eV-keV range. 
Their shape-invariance is prolonged indefinitely in exchange for larger spatial spreads. 
OCIS codes: (270.5580) Quantum electrodynamics; (260.6042) Singular optics; (070.7345) Wave propagation 

  

The rich physics of bound electrons in atoms and molecules is typically limited by the discrete nature of the energy 
spectrum and by the ionization energy threshold. Going beyond the ionization energy usually involves electron states that 
are not bound in space—extended sates—which have positive energy and are therefore not considered relevant for atomic 
physics phenomena.  An approach to create states of positive energy that behave as bound states is by shaping the electron 
wavepacket as a superposition of extended states, thus creating a localized state. For example, in 1979 Berry and Balázs 
proposed a solution of the free-space Schroedinger equation that appears to be localized in space and whose shape remains 
time-invariant as with bound electron states [1]. In recent years, this idea has been extensively explored in the optics 
community, with paraxial and non-paraxial optical beams [2-4]. More generally, these kinds of optical beams, such as 
Bessel [5] and Airy [3] beams, are propagation-invariant wave functions that also accelerate in the absence of external 
force, and have the intriguing property of self-healing—restoring their original shape after encountering an obstacle [6]. 
Importantly, due to the mathematical analogies between optical wavepackets and electron wavepackets, similar concepts 
are applicable to electrons [7-8]. However, the well-known problem with all of the above time-invariant or propagation-
invariant wavepackets is that their probability density is not square-integrable (hence without a physical interpretation as 
a probability density). To remedy this, wavepacket shaping in space and time offers localized and long-lived electron 
wavepackets in the continuum of energy levels, created from superpositions of extended states.  

Here, we propose and study the shaping of shape-invariant 
wavepackets that simultaneously suppress their own diffraction, while 
enabling access to a customizable spectrum of transitions, ranging from 
the visible to the hard-X-ray, via radiative decay to bound states. We 
develop the analytic tools to maintain the shape-invariance of shaped 
electron states and the analytic tools to calculate the radiative 
transitions of such states into bound states. Our methods can be 
extended to a variety of potentials, including the transitions of free 
electrons illuminated by general time-dependent fields. Specifically, 
for attractive static potential, we derive the non-diffracting electron 
wavepackets and study their dynamics. For example, we find that a 
non-diffracting shape of the wavepacket also affects the behavior of 
the electron in an attractive potential. We show that the presence of a 
Coulomb potential changes the physics of the system drastically by 
allowing propagating wavepackets to decay to bound states through 
radiative capture. We monitor the “competition” between spontaneous 
emission and diffraction by developing a Fermi Golden Rule (FGR) 
formalism which quantifies the rate of decay by the excited 
wavepacket. We find that in all these cases, the electron state lifetime 
is limited by the diffraction dynamics of its wavepacket. We concisely 
refer to the constructed states, which are almost propagation-invariant 
and time-invariant, as being quasi-shape-invariant.  

To illustrate quasi-shape-invariance we begin from the textbook example 
of the hydrogen atom, consisting of the Schrödinger equation with the 
Coulomb potential 𝑉 𝑟 = −𝑒&/4𝜋𝜖+𝑟. Fig. 1 presents the shaping of 
the electron wavepacket created from superpositions of eigenstates at 
positive energies, which are called the Whittaker functions 𝑤- 𝑥, 𝑡 , 
whose particular form is described in [9], at dimensionless momentum 

 Figure 1: Shaping of electron states in the continuum of 
energy levels of the hydrogen atom creates localized and 
quasi-shape-invariant high-energy wavepackets. As 
opposed to the bound states, the electron states in the 
continuum of the energy spectrum are described by 
Whittaker functions, thus we call our wavepackets 
“Whittaker wavepackets.” The possibility of decay to 
bound states enables a photon emission with energy 
higher than the ionization threshold. We present 
truncated temperature maps of the typical shapes of the 
probability densities for both Whittaker wavepackets 
and bound states. As we decrease the energy spread 𝚫𝑬, 
the wavepacket spreads out in space, hence the electron 
is more likely to be found farther from the origin. 



𝜅 = 𝑘𝑎+, distance 𝑥 = (2/𝑎+)𝑟 and time 𝑡 for the Bohr radius 𝑎+. 
For simplicity, we focus on a spherically symmetric wavepacket with 
a Gaussian weighting over momentum space Ψ:,;:(𝑟, 𝑡), given as  
Ψ:,;: 𝑟, 𝑡 = 𝒩 𝑒= -=> ?/&@?A

=A 𝑤- 𝑥, 𝑡 𝑑𝜅, where 𝒩 is a 
normalization constant, 𝜇 and 𝜎 are the mean and spread (standard 
deviation) of momentum. In SI units the energy 𝐸 is parameterized 
as 𝐸 𝜅 = 𝜅&(2𝑒&/4𝜋𝜖+𝑎+). We denote 𝐸 = 𝐸(𝜇) and ∆𝐸 for the 
spread (standard deviation). We call the resulting wavepackets, 
which are superpositions of the eigenstates, “Whittaker wavepackets” 

We now characterize their spatial and temporal dynamics. We can 
define a spatial spread Δ𝑟 given by a standard deviation Δ𝑟 =
var(envelope(Ψ 𝑟, 0 )), and a diffraction lifetime Δ𝑡, also defined 

as a standard deviation Δ𝑡 = var(𝕆 t ) of an overlap function 

𝕆 t = Ψ∗ 𝑟, 0 Ψ 𝑟, 𝑡 𝑟&𝑑𝑟A
+

&
. As we decrease the energy 

spread ∆𝐸, then Δ𝑟 increases (fig. 2 (a)) and Δ𝑡 can become very 
large if ∆𝐸 is as small as possible (fig. 2(b)). Naturally, as this limit 
is taken, Δ𝑡 increases without bound (fig. 2(c)). 

Importantly, the physics of (hydrogenic) Whittaker wavepackets is 
different from that of free electrons, because of the spontaneous 
emission to bound states. To our knowledge, the entire concept of 
studying optical transitions of customizable electron states that are 
not just the conventional bound states has never been explored. In 
fig. 3 we show both qualitatively and quantitatively the properties of 
the total probability of decay, which is the sum of all probabilities of 

decay to single bound states.  To calculate the radiative decay, we 
develop a FGR formula based on a QED formalism and the S-matrix 
approach [10], for which the infinitesimal probability of transition 
from the initial state |i  to the final state |f  through the emission of a 
photon with momentum 𝐤 and polarization 𝜆, is given by 
𝑑𝑃[\ 𝐤, 𝜆 = (𝑉𝑑]𝐤)/ 2π 𝟑 𝑆[\ 𝐤, 𝜆 &; here 𝑆[\ = f|exp − 𝑖/

ℏ 𝐻\ef𝑑𝑡g
h
+ |i  is the matrix element of the time-ordered unitary 

evolution operator of the EM interaction Hamiltonian. Up to first 
order we compute the universal expression  𝑆[\ 𝐤, 𝜆 =

− i
jk

ℏ
&lmnop

𝑑𝑡g𝑒qnohrh
+ 𝜀𝐤t ∙ ∫ 𝑑]𝐱 f (𝑡g) 𝐱 𝑒=q𝐤∙𝐱∇ 𝐱|i (𝑡g)  for 

the photon’s frequency 𝜔z and its polarized direction 𝜀𝐤t. 
 
Since the radiative lifetime is much longer than the diffraction 
lifetime Δ𝑡, the customizable parameters Δ𝑡 and Δ𝑟 determine the 
stability of the quasi-shape-invariant Whittaker wavepackets. For 
example, a Whittaker wavepacket with a fixed diffraction lifetime 
Δ𝑡 = 53	as (compared to the shortest X-ray pulse duration measured 
in [11]) allows for the following customizable optical spectra: 1. A 
soft X-ray (𝐸 = 200	eV) wavepacket with energy spread Δ𝐸 =
0.033	eV and spatial spread Δ𝑟 = 0.72	nm; 2. A hard X-ray (𝐸 =
10	keV) wavepacket with energy spread Δ𝐸 = 66	µeV and spatial 
spread Δ𝑟 = 5.1	nm. We also studied Whittaker wavepackets with 
lifetimes on the order of nanoseconds, which require spread Δ𝑟 on 
the order of microns.  

[1]   M. V. Berry and N. L. Balázs, “Nonspreading wave packets,” American Journal of Physics 47, 264-267 (1979).  
[2]   G. A. Silvioglou and D. N. Christodoulides, “Accelerating finite energy Airy beams,” Optics Letters 32, 979-981 (2007). 
[3]   G. A. Silvioglou, J. Broky, A. Dogariu and D. N. Christodoulides, “Observation of accelerating Airy beams,” Phys. Rev. Lett. 99, 213901 (2007). 
[4]   I. Kaminer, R. Bekenstein, J. Nemirovsky and M. Segev, “Nondiffracting accelerating wave packets of Maxwell’s equations,” Phys. Rev.  Lett. 108, 163901 (2012). 
[5]   J. Durnin, “Exact solutions for nondiffracting beams. i. the scalar theory,” Opt. Soc. Am. A. 4, 651-654 (1987). 
[6]   J. Broky, G. A. Silvioglou, A. Dogariu and D. N. Christodoulides. “Self-healing properties of optical Airy beams,” Optics express 16, 12880-12891 (2008). 
[7]   N. Voloch-Block, Y. Lereah, Y. Lilach, A. Gover and A. Arie. “Generation of electron Airy beams,” Nature 494, 331-335 (2013). 
[8]   V. Grillo, E. Karimi, G. Gazzadi, S. Fabboni, M. Dennis and R. Boyd “Generation of nondiffracting electron Bessel beams” Phys. Rev. X 4, 011013 (2014). 
[9]   M. Abramowitz and I. A. Stegun, Handbook of Differential Equations (Academic Press, 1997). 
[10] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory (Elsevier, 1981). 
[11] Jie Li, et al., “53-attosecond X-ray pulses reach the carbon K-edge,” Nature Communications 186 (2017). 
 

Figure 3: The radiative decay of the Whittaker wavepackets 
to bound states. (a) The decay probability reaches a 
saturation line. As time evolves, the electron is farther away 
from the origin, thus the effect of the Coulomb potential is 
reduced, and the instantaneous rate of decay converges to 
zero. The profile of decay rates to individual bound states 
follows an oscillatory pattern, with the highest decay rate to 
𝒏 = 𝟐. (b) The profiles of the decay rates are monotonously 
decreasing in comparison to the profiles in (a). The dynamics 
and lifetime of the electron wavepacket are dominated by the 
diffraction and not by the radiative decay, since the 
diffraction lifetime is generally shorter than the radiative 
(FGR) lifetime. 
 

 Figure 2: By shaping the (Whittaker) electron wavepacket 
we can prolong the lifetime to a desired duration in 
exchange for increasing the spatial spread. (a) As we 
decrease the energy spread 𝚫𝑬, the probability density 
spreads out farther in space. Thus there is less probability 
to find the electron near the origin. (b) The benefit of 
making 𝚫𝑬 small, however, is that the diffraction lifetime 
also increases; 𝚫𝒕 = 𝟏𝟗. 𝟏𝟒	𝐧𝐬. (c) The envelope of the 
wavepacket at three points in time A,B,C (also marked in 
(b)), showing shape-invariant dynamics and slow 
diffraction over tens of 𝐧𝐬.  
 


